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Abstract

This Ph.D. dissertation consists of four chapters and mainly deals with the dynamics
of several neural network models described by delay differential equations, difference
equations and stochastic differential equations.

In Chapter 1, some background of neural networks and the motivations of this
work are briefly addressed.

In Chapter 2, Liapunov functional method and the theory of monotone dynam-
ical systems are employed to obtain some delay independent and delay dependent
stability results for the general continuous-time Cohen—Grossberg neural networks
with distributed delays. Detailed local stability and bifurcation analysis are also
given in this chapter for the bidirectional associative memory (BAM) neural net-
works with and without self-connections.

Chapter 3 is devoted to the study of discrete—time neural networks with delays.
Specifically, we first derive some global stability results for the discrete—time neural
networks with variable delays and then investigate the capacity of the discrete-time
BAM neural networks by giving the number of all possible stable periodic solutions.

The stochastic neural networks are studied in Chapter 4, in which some cri-
teria for the almost sure exponential stability, mean square exponential stability
are established for stochastic Cohen—Grossberg neural networks with and without

delays.
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Chapter 1

Introduction

What is a neural network? As stated by Hirsch [46], a neural network could be many
things: a piece of hardware, a computer, an algorithm and so on. In this thesis, we
only consider artificial neural networks, that is, networks of interconnected elements
behaving like biological neurons. Such a network is usually described by a system
of differential equations (continuous—time) or difference equations (discrete-time).
For each single neuron, the simple structure results in a very simple mathematical
formula so that the function of a single neuron can be easily fulfilled by a simple
electrical element. However, when many such simple neurons are connected to form
a network, which results in a system of coupled differential equations (or difference
equations), the whole network could have very rich dynamics and thus could admit
various applications.

We plan to discuss three types of artificial neural networks: continuous-time
neural networks; discrete-time neural networks and stochastic neural networks. They

all have the following common characteristics:

(i) to each neuron %, a variable is associated to represent its state or activation;



(ii) a real valued weight w;; is assigned, with |w;;| giving the strength of the con-
nection between two neurons ¢ and j, and the sign of w;; telling whether the

connection is excitatory (w;; > 0) or inhibitory (w;; < 0);

(iii) each neuron is assigned a nonlinear function (activation function, or transfer

function), which yields an output to other neurons in the network.

The first mathematical model of biological neurons was proposed by McCulloch and
Pitts in 1943 [76], in which the evolution of the network is governed by the system

of difference equations
n
mi(t+1)=s (sz-jxj(t) E 0i> i=1,2,..,m, (1.0.1)
j=1

where z; is the state variable associated with neuron ¢, w;; represents the synaptic
coupling strengths between neurons j and ¢. 6; is a threshold and the transfer
function s(x) is the unit step function. Although McCulloch and Pitts showed that
such a network can carry out any logical calculation and thus can be viewed as a
kind of computer working in parallel manner, there was not a good algorithm for
choosing the synaptic couplings for the desired output until 1961, when Caianiello
[8] introduced a learning algorithm based on the well-known Hebb’s learning rule.
For many other neural network models, we refer to [27].

The theory and applications of neural networks have been greatly developed
since 1980s after Cohen and Grossberg’s paper [24] and Hopfield’s paper [50] were
published. In [24], Cohen and Grossberg discussed a network model now known

as the Cohen-Grossberg neural network (CGNN) model described by a system of



ordinary differential equations
;(t) = ai(zi(t)) (bi(ﬂfi(t)) - ZE:’%(%@))) , i=1,-0,m, (1.0.2)
j=1

In [50], Hopfield proposed an additive network known as the Hopfield neural network
(HNN) described by the following system

j=1

which was later implemented by electric circuits to fulfill various tasks such as lin-
ear programming, solving the sales-man problem [95], etc. Due to their promising
potential for the tasks of classification, associative memory, parallel computations,
and their ability to solve difficult optimization problems, (1.0.2) and (1.0.3) have at-
tracted great attention from the scientific community. Various generalizations and
modifications of (1.0.2) and (1.0.3) have then been proposed and studied, among
which is the incorporation of time delay into the model. In fact, due to the finite
speeds of the switching and transmission of signals in a network, time delays do
exist in a working network and thus should be incorporated into the model equa-
tions of the network. More detailed justifications for introducing delays into model
equations of neural networks can be found in [73], [80] and the recent book [106].
Marcus and Westervelt [73] first introduced a single delay into (1.0.3) and con-

sidered the following system of delay differential equations

x

1 j=1

They observed both experimentally and numerically [73] that delay could destroy a

stable network and cause sustained oscillations and thus, could be harmful. System



(1.0.4) has also been studied by Wu [107], Wu and Zou [112]. Recently Gopalsamy
and He [36], and van den Driessche and Zou [97] studied a further generalized version
with multiple delays
n
Bi(t) = —bimi(t) + > wisi(zi(t — 7)) + S, i=1,2,...,n. (1.0.5)
j=1
For the Cohen-Grossberg model (1.0.2), Ye, Michel and Wang [119] introduced de-
lays by considering the following system of delay differential equations
K n
() = —ay(zi(t)) (bi(xi(t)) =3 wls (- Tk))> L i=1,2,...,n. (1.0.6)
k=0 j=1

Established in the pioneering work of Cohen and Grossberg [24] and Hopfield [50]
was the “globally asymptotic stability” of systems (1.0.2) and (1.0.3), respectively,
in the sense that given any initial conditions, the solution of the system (1.0.2)
(or (1.0.3)) will converge to some equilibrium of the corresponding system. Such
a “global stability” in Hopfield [50] and Cohen and Grossberg [24] was obtained
by considering some energy functions under some assumptions, among which the
symmetry of the connection matriz T is crucial.

When it comes to the delayed systems (1.0.4), (1.0.5).and (1.0.6), it is natural
to expect that such a global stability remains if the delays are sufficiently small.
Indeed, such an expectation was confirmed in [118] and [119] under a certain type
of symmetry conditions on the connection matrices. When a network is designed
for the purpose of associative memories, it is required that the system have a set of
stable equilibria, each of which corresponds to an addressable memory. The global
stability confirmed in [50], [24], [118] and [119] is necessary and crucial for associative

memory networks. However, an obvious drawback of the above work is the lack of



description or even estimates for the basin of attraction of each stable equilibrium.
In other words, given a set of initial conditions, one knows that the solution will
converge to some equilibrium, but does not know exactly to which equilibrium it
will converge. In terms of associative memories, one does not know precisely what
initial conditions are needed in order to retrieve a particular pattern stored in the
network. Furthermore, the work of [118] and [119] cannot tell what would happen
when the delays increase. Usually large delay could destroy the stability of an
equilibrium in a network. Even if sometimes the delay does not change the stability
of an equilibrium, it could affect the basin of attraction of a stable equilibrium. For
such a topic, see [2], Pakdaman et al [83] and [84], or Wu [106].

On the other hand, in applications of neural networks to parallel computation,
signal processing and other problems involving the solutions of optimization prob-
lems, it is required that there be a well-defined computable solution for all possible
initial states. In other words, it is required that the network should have a unique
equilibrium that is globally attractive. In fact, earlier applications of neural net-
works to optimization problems have suffered from the existence of a complicated
set of equilibria [95]. Thus, the global attractivity of a unique equilibrium for the
system is of great importance for both practical and theoretical purposes, and has
been the major concern of many authors. For the Hopfield type neural networks,
see, for example, Bélair [3], Cao and Wu [12], Gopalsamy and He [36], Hirsch [47],
van den Driessche and Zou [97], Lu[69], Matsuoka [74], Guan, Chen and Qin [38].
But, to the best of our knowledge, for the Cohen-Grossberg type neural networks,
results appeared in the literature are very few (See, [98], [99], [102], [103] and [119]),

especially when multiple delays (infinitely distributed delays, finitely distributed



delays, variable delays) are involved in the model.

In designing and implementing a network, it is preferable and desirable that the
neural network not only converge, but also converge as fast as possible. It is well
known that exponential stability gives a fast convergence rate to the equilibrium.
Therefore, we expect to obtain some exponential stability results as well.

As we mentioned before, the delays in a network have impact on its dynamics.
One way to see how the delays will affect the dynamics of a neural network is to
carry out a bifurcation analysis by viewing some delay as the bifurcation parameter.
In this work, we will consider the bidirectional associative memory (BAM for short)
neural networks with multiple delays and study the Hopf bifurcations caused by the
self—connection delay and off-diagonal connection delays, respectively.

In associative memory, the capacity of the network is a big issue that needs to
be concerned with. Thus, in this work, we will study the capacity of discrete-time
BAM neural networks. Our results show that even though the discrete—time BAM
neural networks allow relatively small equilibrium capacity, the delayed discrete—
time BAM neural networks can admit large capacity for stable periodic solution
under certain conditions.

We also notice that researchers have paid little attention to the study of stochas-
tic neural networks. This encourages us to explore the dynamics of stochastic neural
networks. Note that a stochastic neural network can be viewed as a deterministic
neural network with stochastic perturbations, it is therefore of importance to iden-
tify the role of stochastic perturbation in the dynamics of neural networks. To this
end, we shall mainly study the stability including almost sure exponential stability

and mean square exponential stability for both stochastic Cohen—Grossberg neural



networks with and without delays.
Throughout this thesis, the following general notations are adopted:

R : the set of real numbers

R, : the set of all nonnegative real numbers
RP=RXxRx---xR

n

R "™ . the set of n X n real matrices

T = (z;,--- ,z,) : the transpose of z

WT . the transpose of the matrix W

|[W]|2 = (max{|A| : X is an eigenvalue of WTW})I/2

N(a) ={a,a+1,---,}, N(a,b) ={a,a+1,---,b—1,b}, wherea < b
o(W) : the (point) sepctrum set of an matrix M

p(W) : the spectral radius of the matrix W

C:C([-m,0],R")

|l¢|| = sup {|4(0)],0 € [-7,0],¢ € C}

Lip(f) = sup{ f@=IO) |y £y, u,v € R}.

u—v

Other notations will be specified in the context.

The rest of the thesis is organized as follows: In Chapter 2, the Liapunov
functional method is first employed to discuss the stability of the general continuous—
time Cohen—Grossberg neural networks with distributed delays. The Hopfield neural
networks with infinite (finite) distributed delays, periodic inputs, are then studied.
Moreover, the detailed local stability and bifurcation analysis are also given in this
chapter for the bidirectional associative memory (BAM) neural networks with and
without delayed self-connections. The exponential stability of discrete—time neural
networks with variable delays and the capacity of stable periodic solutions in the

discrete-time BAM neural networks are investigated in Chapter 3. The almost



sure exponential stability, mean square exponential stability of the stochastic neural

networks with and without delays are established in Chapter 4.



Chapter 2

Dynamics of Continuous—Time
Neural Network Models with
Multiple Delays

In this chapter, we study the (global) stability of some general continuous-time
neural networks with multiple delays. We also consider the local stability and
Hopf bifurcation of delayed BAM neural networks with and without delayed self-
connections.

In Section 2.1, some global stability results for the Cohen—Grossberg neural
networks with infinite distributed delays and finite distributed delays are established
by using Liapunov functional method.

Section 2.2 is devoted to the stability of Hopfield neural networks with infinite
and finite distributed delays. By analyzing the associated characteristic equation,
we obtain the local stability for Hopfield neural networks with infinite distributed
delays. Moreover, the stabilization roles of inhibitory self-connections for Hopfield
neural networks with finite distributed delays are identified via the theory of mono-

tone dynamical systems.
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In Section 2.3, we first apply our results obtained in Section 2.1 to the BAM
neural networks to obtain some global stability results and then investigate the
local stability and Hopf bifurcation and establish the corresponding algorithms to
determine the direction and stability of the Hopf bifurcation. Some examples and

numerical simulations are also presented.

2.1 Continuous-time Cohen—-Grossberg neural net-
works with distributed delays

Cohen and Grossberg [24] proposed a neural network model (CGNN) in 1983 de-

scribed by the following system
i(t) = —ai(z:(t)) (bi(wi(t)) - Zaz‘jgj(ivj(t))> ;i € N(1,n) (2.1.1)

where 7 € N(1,n) and n > 2 is the number of neurons in the network; z;(¢) describes
the activation of the ith neuron at time ¢; a; represents an amplification function and
the function b; can include a constant term indicating a fixed input to the network;
the n x n connection matrix A = (a;;) tells how the neurons are connected in the
network; the activation functions g;, j € N(1,n) show how the neurons react to the
input. As pointed out in [24], the system (2.1.1) includes a number of models from
neurobiology, population biology and evolution theory, among which is the Hopfield

neural network (HNN) model
Zi(t) = —bizi(t) + Zawg] z;(t)) + I;, i € N(1,n) (2.1.2)

where I; (i € N(1,n)) is a fixed input from outside of the network. Systems (2.1.1)

and (2.1.2) have attracted great attention of the scientific community and have been



11

extensively investigated, see, for example, [3], [9], [12], [13], [14], [15], [16], [17], [31],
[32], [36], [38], [45], [56], [58], [64], [69], [73], [74], [79], [97], [101], [102], [103], [107],
[113], [114], [115], [116], [117] and [119]. Instead of considering discrete time delays
like in [36], [97], we incorporate time delays which are continuously distributed
over an infinite interval reflecting the fact that the distant past has less influence
compared to the most recent neurons’ states on the current states of system (2.1.1)

and obtain the following CGNN model with infinite distributed delays
n ¢
i(t) = —ai(2i(?)) (b,-(x,-(t)) - Z%’gj(/ kij (t — 8)33j(5)d8)) ; (2.1.3)
j=1 —o0

where the delay kernel functions k;;(t) are assumed to be piecewise continuous and

satisfy

kij(t) >0, t >0, / kij(t)dt =1, / thi; (t)dt < . (2.1.4)
0 0

We now give some assumptions which will be used later:
(H,) For each i € {1,2,---,n}, a; is continuous and satisfies 0 < @, < a;(u) < @;.
(H,) For each i € {1,2,---,n}, b; is continuous and strictly increasing.

The activation functions g;(z), ¢ € N(1,n), are typically assumed to be sigmoid,

that is, they are required to satisfy the following

(4)) g; € C*(R), g;(m) > 0, for all a:,supmeRg;(u) = g;(O) =1,7€ N(1,n);

(A2) ¢:(0) =0 and lim, 1 gi(z) = £1.

One commonly used such function is g(z) = tanh(x).
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The above assumptions (A;) and (Ag) imply the monotonicity and smoothness
of the activation functions. However, as argued in [97], for some purposes, non-
monotone and non-differentiable activation functions would be better candidates
and have been frequently adopted in implementation. Such a practical motivation

suggests that sometimes we may consider the following replacement for (A4;) and

(Az):

(S1) For each i € N(1,n), g; : R — R is globally Lipschitz continuous with a

Lipschitz constant L;;
(S2) For each i € N(1,n), |gi(z)| < M;, z € R for some constant M; > 0.

Clearly, (S1) — (S2) implies (A;) — (A2).

The initial conditions associated with (2.1.3) are of the form
z;(s) = ¢i(s),1 € N(1,n), (2.1.5)

where (@1, 2, - ,¢n) =: ¢ belonging to the Banach space BC of bounded and
continuous functions that map (—o0,0] into R*, with the uniform norm ||¢||e =
SUP,<q |#(s)|, where | -| is a chosen norm on R". For the general standard existence,
uniqueness, continuation of results for the system (2.1.3), we refer to [37], [39], [42],
[108].

We first establish an existence result for an equilibrium of system (2.1.3).

Theorem 2.1.1. If (H;) — (H) and (S1) — (S2) (or (A;) — (A42)) hold, then there

exists at least one equilibrium for system (2.1.3).
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Proof. By (H;), we know that z* is an equilibrium of (2.1.3) if and only if z =

*

z* = (z3,---,z5)7 is a solution of the equations
bi(z;) awg] / kij(t — s)z;ds) =0, i € N(1,n). (2.1.6)
From (S3), we have

n
< a1 M; =: P,i € N(1,n).
Jj=1

/ i (t — s)xz;ds)

Since (H;) holds, then b;! exists and is strictly increasing. Now consider

x; = hi(x1, %0, -+, T <Zalﬂgf/ kij(t — S).’Ede))

for i € N(1,n). We have

’h,i(ﬂil,.’l?z, U ’mn)| < max{‘bi—l(Pi)l? |b7,_1(_PZ)‘} = Di’ 1 € N(lvn)'

It follows that (hy, hg,- -, hy)T maps a bounded set D := [~D;, Di] x [—Dz, Dy] x
X [—=Dn, Dy] to itself. Then the existence of the equilibrium follows from the
Brouwer’s fixed point theorem (Theorem 3.2, [26]) and the proof is thus completed.

a
Let z* be an equilibrium of (2.1.3) and u(t) = z(t) — #*. Substituting z(t) =
u(t) + z* into (2.1.3) leads to

(1) = —ai(u;(t)) (Bz ug(t Zawf]/ kij(t — 8)u;( )ds)) (2.1.7)

for i € N(1,n) where o;(ui(t)) = a;(wi(t) + z}), Bi(ui(t)) = b;(u;(t) + z7) — bi(z]),
f kij(t — s)u;(s)ds + z3) — g;(=7).
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Next, we will use Liapunov functional method to establish some sufficient condi-
tions to guarantee the global stability of the equilibrium of (2.1.3). Such Liapunov
functional method to achieve the global stability for functional differential equations

with infinite delay has been used in [6], [18], [62], [63].

Theorem 2.1.2. Assume that (Hy), (Hz) and (S1), (S2) hold. If there exist v; > 0,

and q; > 0 such that

bi(u) — bi(v)

2 2 forucR, i€ N(1n) (2.18)
and
n
M= 122» {Qi’}’i% —L; Z;bfﬂajilqj} > 0, (219)
]:

then every solution of (2.1.3) will finally approach to the equilibrium z*, namely,
z;(t) = =} ast — 00,4 € N(1,n). (2.1.10)

Proof. Combining (2.1.7) with (2.1.8), we can estimate the upper righthand deriva-
tive of |u;(t)| as below
D¥us(t)] = sgnlu(t))ia(t)

n ¢
< —anlul®) + S Lilag / gt — ) ()] ds
i=1 —o0

= —gmlui(t)H@iZleaijI/O kij(8)|u;(t — s)|ds, (2.1.11)

j=1

1, >0,
sgn(z) = 0, z=0,

-1 z<0.

where
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Let V(t) = V(u)(t) be defined as

n

V(t)=Z (qi|ui(t)|+minL,-|aij,/0°°kij(s) /t_ ;uj(w)\dwds>. (2.1.12)

9=1

Then

min {g:} max {[ui(8)]} < V(u)(0)

1<i<n 1<i<n
and the upper righthand derivative of V (¢) along the solution of (2.1.7) satisfies the

following
D'V < Y a <—%%‘\Ui(t)| +5iZLj!aij|/ kij(s)|u; (t — S)Ids)
i=1 j=1 0
n n o0
+ Yo > Lile| [ ky(e) ()] = st = 5)) ds
i=1 j=1
> (—%%qﬂui(t)! + g Y |a,-j|Lj|uj(t)|)
=1 j=1

= - Z (Qﬁi% - L Zaj|aji|qy'> |ui(t)]
=1 j=1

< -n) fw(o)] (2.1.13)

IN

This shows the zero solution of (2.1.7) is stable and ) ; |u;(t)| is bounded for all

t > 0, thus the solutions of (2.1.7) exist globally. Moreover, we have

V(t) +u/0 (Z |u,~(s)|> ds < V(0).

i=1
On the other hand,

n

V() = Z(q¢|ui(0)|+6@-inL,-la¢j| /0 " ki (s) /_ |uj(w)|dwds)

i=1

> (%‘ + Lizanjlaji|/ Skji(s)d3> sup |¢i(w) — 27| < oo,
=1 0

i—1 wE(—00,0]

IA
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which implies that

n

F) = lui(t)] € L'(0,00). (2.1.14)

=1

It is clear that f(¢) is nonnegative and is defined on [0,00). Estimate implies the
boundedness of f(t), which, together with (2.1.7), leads to the boundedness of
ui(t), 1 = 1,2,--- ,n. This in turn implies that f(¢) is uniformly continuous on

[0, 00). By Lemma 1. 2. 2 of [34], we obtain

> lui()] = 0 ast — oo, (2.1.15)
i=1
which shows that (2.1.10) holds. The proof is complete. 0

Remark 2.1.1. As stated in [62], [65], the space BC may cause problems for the
usual well-posedness questions and compactness of solution semiflow related to func-
tional differential equations with infinite delays. It is suggested in [62], [63], instead
of BC, a more friendly space UC, (the definition can be found in [39], [42], [62],
[63], [108]), can be adopted. However, in Theorem 2.1.2 (also in Theorem 2.1.8), we
use estimates of solutions in R™ in the proof of the global convergence result. Thus,
neither the choice of BC nor UC, will cause any problem for our global convergence

property.

Corollary 2.1.1. If (2.1.8) holds and (2.1.9) is replaced by

1<i<n

{1 = min {Qﬁi - Liz—dj\aﬁ]} >0, (2.1.16)
j=1

then the equilibrium z* of (2.1.8) is globally asymptotically stable.
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Proof. Condition (2.1.16) implies (2.1.9) holds for ¢; = 1,7 € N(1,n), and thus this

corollary follows directly from Theorem 2.1.2. O

By using a different Liapunov functional, we have

Theorem 2.1.3. Assume that (Hy), (Hz), (S1),(S2) and (2.1.8) hold. If there exist

positive real numbers p; > 0, and n; > 0 such that for i € N(1,n)

n n
_ L B
20;7ipi — @pi Y _ |ai; | Lim; — ‘nl > lajilap; > 0, (2.1.17)
(2 =1

=1

then the equilibrium x* of (2.1.8) is globally asymptotically stable.

Proof. Define V(t) = V(u)(t) by

V() = Z( —l—aqp,Z[anl 7/ i (s )/tj u?(w)dwds). (2.1.18)

=1

Now we can estimate the upper righthand derivative of V (¢) along the solution of

(2.1.7) as follows
DV < Y op <—2gi7iu§(t) + 2@ |u;| Y | Ljlay] / kij () u;(t — s)]ds)
i=1 =1 0
n _ n L. fore)
+ Zaz‘pi Z |aij|_],/ kij(s) (’%2(75) - u?(t - 5)) ds
i=1 j=1 i Jo
Z (—QQﬂipiU?(t) + p; Z lailej/ ki (8) (njus (t)+
i=1 j=
2t — s)
n; ) +ZazpzZIaz]] / kzg _u (t—S)) $

= -3 (e - S iz - 23 |aﬁ|a]-pj> 20
i=1 j=1 t =1

IA
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The rest of the proof is similar to that of Theorem 2.1.2. O

Varying the parameters in Theorem 2.1.3, we immediately have

Corollary 2.1.2. Assume that (H,) — (Hz), (S1) — (S2) and (2.1.8) hold. If one of
the following conditions holds for some positive real numbers n;, p;,1 € N(1,n), then

the equilibrium z* of (2.1.8) is globally asymptotically stable.

_x Lix~,
20,7 — % Y lay|Lim — — Y |ajila; > 0; (2.1.19)
j=1 777' i=1
J Y
n I
205,705 — Qp; Z lai;|L; — Li Z |laji|ejp; > 0; (2.1.20)
7=1 j=1
n n
20,7 — % Y lay| L — Li Y |aql@; > 0; (2.1.21)
j=1 j=1
n n
20,7ipi — Gips Yy lagl — L2 lajilayp; > 0; (2.1.22)
7j=1 j=1
n T
2Qi7ipi — O;p; Z |afij|L? - Z |aji|'o7jpj > 0; (2.1.23)
j=1 j=1
n n
20,% — @ Y lail — L2 lazil@; > 0; (2.1.24)
Jj=1 j=1
n n
20% — @ Y lag L2 = |az[a; > 0. (2.1.25)

Proof. The above conditions can be obtained by letting p; = 1; 1, = 1;p; = =

1, m= L%? m=L;,p;=1,m = L%.; pi = 1,1, = L;, in (2.1.17), respectively. o

It is well known that exponential convergence to an equilibrium means fast con-

vergence in the network, and thus, is desirable in the implementation of artificial
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neural networks. Regarding the global exponential stability of the equilibrium of

(2.1.3), we have

Theorem 2.1.4. In addition to the conditions in Theorem 2.1.2, if we further as-
sume that

ki(t) <e % t>Tp,4,5€N(1,n 2.1.26
J

holds for some positive numbers § and Ty, then the equilibrium of (2.1.8) is globally

exponentially asymptotically stable. More precisely, we have

D lmi(t) -} < Crem Y ( sup |¢p;(w) — x;|) , t>0, (2.1.27)
i=1 ]

=1 we(—00,0

where Cy; > 0 and o, > 0 will be specified later.

Proof. From (2.1.11), we have

n o0
D us(t)] < —aslu(®)] + @ Y lags| Ly / iy (5) g (¢ — 5)]ds

j=1

Since (2.1.9) holds, we can choose a positive real number o, € (0,6) such that

v = min (qigﬂi —gio1 — L; Z'djqj]aji]/ kﬁ(s)e‘“sds) > 0. (2.1.28)
0

1<ikn -
j=1
Let y;(t) = e”**|u;(t)], a direct calculation shows that
Dty(t) = €™ (o1|wi(®)| + DT |ui(t)])

€U1t (0’1|U¢(t)| - g_ify,-\ui(t)I + 0; ZLJMUI /0 kij(3)|uj(t — S)|d8>
Jj=1

IA

n 0
= —(gi’yi - al)yi(t) + &; 2 leaij| / kij(s)ealsyj(t — S)dS.
j=1 0
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n

V) =Vy@) = Z(%yz( +azquLlaU?/ i ( e"”/t Y (w )dwds)

=1
(2.1.29)

It is easy to show that

DHV() = i(qzmyz( +azquL|am [ raterer e - yj(t—S))dS)

n

<3 (—qi(gm Coul) + TS Llay| / k,,(s)emy,.(t)ds)
j=1

=1

n n 00
= - (qi(%%' —o1) =L Zanjlaji|/ kﬁ(s)emds) ¥i(t)
i=1 j=1 0

—szi(t)

< 0

IA

which indicates that

Hence, we have

i%‘yi(t) < V() <V(0)

n n 00
Z (qzy,(O) + Eiqi Z Lj]aijl / kij(s)se‘“sds sup yj(w)>
i=1 j=1 0

we(—00,0)

< Z(qi+LiZquj|aﬁ|/ kji(8)86018d3> sup  y;(w).
e — 0

w€(—00,0]

(A

By virtue of (2.1.26) and (2.1.4), it follows that

To
. J— 0’3 . 018
kji: = / kji(s)se’’ds = / / kji(s)se®**ds
To

< TpeorTo "‘/ se”0=o3gs — Tpent T 4~ < 0.
- 0 (5 - 0'1)2
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Putting
max {% + L; Z; ajqj|aji|ka'}
C = =
! min {g;}
1<i<n

and noting that
sup yi(w) = sup e”[¢i(w)—zi| < sup |gi(w) — 77l
w€(—00,0] w€(~00,0] w€(—00,0]

we have

Su) <Y sw () -5
1=1

=1 we(—00,

which implies that

D lmi(t) =2 < Cre™™ Y sup |¢y(w) — 7. (2.1.30)
=1 =1 w€(—00,0]
Thus the proof is complete. m|

Similarly, we have

Theorem 2.1.5. Assume that all conditions in Theorem 2.1.83 and (2.1.26) are
satisfied. Then the equilibrium of (2.1.3) is globally exponentially stable in the sense
that the following inequality holds.

> (@ilt) — 27)? < Coe™ ) ( sup (¢;(w) —2)? |, t>0, (2.1.31)

im1 =1 we(—00,0]
where Cy > 0 and 65 > 0 are given by

Li &~ -

Jax VPt o > apslagilkss

) j:l

Cy =

- b
1%21n{pz}
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and

n
o < sup {0 € (0,8) : 20,pi7 — pio — ip; Y _ |z | Ljm;
i=1

*%l' Z&ipjlajif/ kji(s)e’*ds > 0,4 € N(l’n)} :
A 0

i=1

Corollary 2.1.1 together with Theorem 2.1.4 immediately gives

Corollary 2.1.3. If all conditions of Corollary 2.1.1 and (2.1.26) are satisfied, then

the equilibrium of (2.1.8) is globally exponentially stable.
Combining Corollary 2.1.2 and Theorem 2.1.5, we have

Corollary 2.1.4. If all conditions of Corollary 2.1.2 and (2.1.26) are satisfied, then

the equilibrium of (2.1.8) is globally exponentially stable.

If the kernel functions k;;(t) are assumed to take some special forms in (2.1.3),

such as
N . lij (t), (RS [0, Tij]
kij(t) = { 0, otherwise,

then the duration intervals for time delays are finite, and thus the corresponding

Cohen-Grossberg neural network model can be described by

(1) = —ai(zi(?)) (bi($i(t)) - Z%’gj(/t L (t - 3)$j(3)d3)) , (2132

i
where i € N(1,n) and the delay kernel functions [;;(¢) are subject to

L (t) > 0, fort >0, / Tyt = 1. (2.1.33)
0

Using similar arguments, we have
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Theorem 2.1.6. Suppose that (H,), (Ha), (S1), (S2), (2.1.8) and (2.1.9) hold. Then

the equilibrium x* of (2.1.32) is globally exponentially stable in the sense that
D lzilt) — 25| < Cye™ "3tz< max [;(w (w) - x;|> ,t>0 (2.1.34)
i=1

with T = max (735,1,7 € {1,2,--- ,n}), 03 > 0 such that

1Iél’bléln {_z’quZ q’LU3 - L Z a]Q] Ia]z’ / _71 S)easst} 0

7j=1

and

n

max 4 L. 00 || T €%3758

2 {% i E 1: 9510l Ti
J=

03 = .

win {g:}

Theorem 2.1.7. Assume that (Hy), (Hz), (S1), (S2) and (2.1.8) hold. If there exist
positive real numbers p; > 0, and n; > 0 such that (2.1.17) holds, then the equilibrium
x* of (2.1.82) is globally exponentially stable with

n

Z( () —x)? < 046_‘7‘“2 ( sup (¢;(w) — x;‘)2> , t>0, (2.1.35)

i=1 we(—7,0]
where o4 > 0 such that
n
glgnn {2%1%% D04 — Otzpz; |ag; | Lin; ——zz;azpjlaﬂl/ Lii(s) "”ds} >0
j= j=

and

_ =
= min 71)

1<i<n

1<z<“ {pz T Z a@;pjlaji 7jie 47]1}
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2.2 Hopfield neural networks (HNNs) with dis-
tributed delays

Letting a; = 1,b;(z) = bz + I;,1 € N(1,n) with b; > 0,4 € N(1,n) in (2.1.3) leads

to the Hopfield neural network model with distributed delays
n t
.’Ez(t) = ~—bia’,‘i(t) + Zaijgj(/ ]Cij(t - 8)37j(8)d5) + Iz,’L € N(l, 7’1,) (221)
j=1 —oo

In this section, we will first consider the case where the inputs I;,7 € N(1,n), are
constants and then study the case where the inputs I;,7 € N(1,n), are functions of
time ¢ and are periodic with period w, that is, I;(t) = L;(t + w) for all t.

Note that the models with discrete delays can be included in our models by
choosing suitable kernel functions, for example, taking the delay kernel functions
ki;(t) as

kij(t) = 0(t — 7;), 1,5 € N(1,n). (2.2.2)

System (2.2.1) has been briefly studied by Burton [7], Gopalsamy and He [36]
and Mohamad and Gopalsamy [79]. However, as we will see, their conclusions can be
included in our results as special cases. An application of system (2.2.1) can be found
in Tank and Hopfield [95]. Clearly the Hopfield neural networks with distributed
delays (2.2.1) has the same equilibria as the system (2.1.3) does and hence based on

the same assumptions, we know (2.2.1) admits at least one equilibrium.

2.2.1 Global stability of HNNs

Since (2.2.1) is a special case of (2.1.3),results established in Section 2.1 all apply to

(2.2.1). For convenience of applications, in this subsection, we state some criteria
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for the global stability of (2.2.1). First, applying Theorem 2.1.2 and Theorem 2.1.4
to system (2.2.1), we have

Theorem 2.2.1. If there exist ¢; > 0,1 € N(1,n) such that

v := min {bzq, - L; Z ]ajz-|qj} >0, : (2.2.3)

1<ikn -
Jj=1

then the equilibrium x* is globally asymptotically stable. In addition, if (2.1.26)

holds, the x* is globally exponentially stable.
Letting ¢; = 1,7 € N(1,n) in (2.2.3), we have

Corollary 2.2.1. If

v = 1121<nn {bi - L; XH: ]aj,-|} >0 (2.2.4)
<i< =
holds, then we have the same results as Theorem 2.2.1.
Remark 2.2.1. Corollary 2.2.1 coincides with Theorem 3.3 in [79].
Applying Theorem 2.1.3 and Theorem 2.1.5 to system (2.2.1), we have

Theorem 2.2.2. If there exist p; > 0,1; > 0,1 € N(1,n) such that

min {2[)1}71 — Di Z |a1]|L]77] — ,r]—l Z ]ajilpj} > 0, (225)

1<i<n - i <
- J=1 J=1

then the equilibrium x* is globally asymptotically stable. In addition, if (2.1.26)
holds, the x* is globally exponentially stable.
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2.2.2 Local stability of HNNs

This subsection is dedicated to local stability analysis. Instead of (Sy) and (S3), we
assume that (A;) and (A4;) hold and b; > 0 for ¢ € N(1,n). Linearizing (2.2.1) at

an equilibrium point z* = (3,3, -+ ,z:)7 gives

% (t) = —biz; (t) + Zn:aijg;(w;) /Ooo kij(s)z;(t — s)ds. (2.2.6)

Then the characteristic equation (for the characteristic equation of functional dif-

ferential equations with infinite delays, we refer to [94]) is

F(\) =0, (2.2.7)
where
S - b1 + (311’{211()\) s Clnkln()\)
Cor ko (A Conkon (A
F()) = det “ fl( ) . *) ,  (228)
Cnlknl()‘) s =A - bn + Cnnknn()‘)

in which ¢;j = a;;g;(x3) and ki;(X) = [ kij(s)e™ds.

Theorem 2.2.3. If F'(0) # 0 and there exist ¢; > 0,7 € N(1,n) such that
(=b; + |ciil)a + Z lcijlg; <0, forie N(1,n), (2.2.9)
i#i
then the equilibrium of (2.2.1) is asymptotically stable [41].
Proof. Let A be a root of (2.2.7). Then ) is an eigenvalue of the matrix D = (d;;)
with dii = —bi + kaim()\), dij = Cij]ﬂij()\),i 75] for ’i,j c N(]., TI,) Let .D = (Ci”) with
dij = ¢7*di;q;. Then D = Q~'DQ, where Q = diag(q1, ¢z, - ;¢n)- So D and D are
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similar and thus have the same eigenvalues. Let ) be an eigenvalue of D. Applying

the Gershgorin’s theorem [33] to D, we know that for some i € {1,2,---,n}

A= dul <D ldyl,

J#i
that is,
A= dul <> g7 dislas
J#i
Therefore, we have

Re(\) = Re(}) < Re(di) + Y q; " ldys1g;.
J#i

If Re(A) > 0, then

Re(du) = Re(_bz+czzkzz()‘))

IA

IA

—b; + |ciil,

and
|dij| = |eiiki (V)] < leigl.
Hence, we have

Re(A) < —=b; + |eal + Y 67 el
J#L
Multiplying both sides of the above inequalities by ¢;, we get

giRe(A) < (=b; + |cul)g + Z l€ijl g5,
I

which implies that Re()\) < 0. From the analysis, we know the equality occurs only

when A is real and F'(0) # 0 implies A can not be 0. So we must have Re()\) < 0.
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This is a contradiction with our assumption Re(A) > 0. Thus we show that all
the roots of F'(\) have negative real parts, which implies that the equilibrium z* is

locally asymptotically stable [41]. 0

Remark 2.2.2. If we denote K = —B + |C| with B = diag(by, bz, ,b,) and
IC| = (lcis]) and use a similar argument as in [9], then Theorem 2.2.8 can be modified
to: If —K is weakly diagonally dominant in the sense of [49] and F(0) # 0, then

the conclusion in Theorem 2.2.3 still holds.

2.2.3 HNNs with finite distributed delays

In this subsection, we study the Hopfield type neural networks with finite distributed

delays described by

n ¢
:Ez(t) = —bz(sz(t)) + Zaijgj (/ k)ij(t - 8).77]'(3)618) + J, 1 € N(l,n), (2.2.10)
j=1 E=Tij
where 7;; > 0 for 4, j € N(1,n) with 7 = max{7;,7,7 € N(1,n)} and the delay
kernels satisfy
) 20, [ h(tde = Lij € N(Ln).
0

Note that (2.2.10) includes

(1) = —b;(z:(2)) + Zaijgj(xj(t)) +J;, i€ N(1,n), (2.2.11)
and
Ei(t) = —b;(zi(t) + Z aijg; (z;(t — 755)) + Jiy 1 € N(1,n), (2.2.12)

as special cases. We will establish some global attractivity results for (2.2.10), which

can not be derived from the results in Section 2.1. Instead, we will employ the ideas
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and techniques in van den Driessche, Wu and Zou [96] and van den Driessche and
Zou [97] to show how to stabilize the Hopfield neural networks (2.2.10) with general
activation functions and distributed delays via the self-inhibitory connections.

Unlike in [96] and [97], we do not require any differentiability for the activation
functions and the time delays are not necessary to be fixed constants, indeed they
are distributed over a finite interval. We will see later, by applying our results to
(2.2.12), that the results in [96] and [97] are reproduced with a better estimate for
the smallness of effective delays.

The initial conditions associated with (2.2.11) are set to be
z;(0) = ¢;(0),7 € N(1,n) (2.2.13)
and the associated ones for (2.2.10) are
zi(s) = ¢i(s), s € [-7,0], i € N(1,n). (2.2.14)
We assume that for each i € N(1,n)

bi(u) — biv)

b; is continuous with — > m; > 0. (2.2.15)
u—"v

By a similar proof to that of Theorem 2.1.1, we can establish the following

existence result for an equilibrium of system (2.2.11).

Theorem 2.2.4. Assume that g;,i € N(1,n) satisfy (S2) and (2.2.15) holds, then

for every input J, there exists an equilibrium for system (2.2.11).
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2.2.3.1 Global stability of (2.2.11)

Let z* be an equilibrium of (2.2.11). Substituting z(¢) = u(t) +z* into (2.2.11) leads

to
ui(t) = — | bi(ui(t) + ) — bi(z]) — Zaz‘j(gj(uj(t) +237) — g;(z})) |, (2.2.16)
which can be denoted by
ui(t) = =B (uilt)) + Z ai;8;(u;(t)), 5 € N(1,n) (2.2.17)

where £;(u;(t)) = bi(ui(t) + x7) — bi(z]), s;(u;(t)) = g;(u;(t) + 23) — gj(x;‘) If we
let w = (ug, - ,u,)T € R*, T = [@ijlnxn, s(u) = (s1(u1),--- ,Sn(ua))”, B(u) =

(Bi(u1),+ -, Bulus))¥ € R", then system (2.2.17) can be rewritten as
u(t) = —B(u(t)) + Ts(u(t)). (2.2.18)

It is obvious that z* is globally asymptotically (exponentially) stable for (2.2.11) if
and only if the trivial solution u = 0 of (2.2.17) or (2.2.18) is globally asymptoti-
cally (exponentially) stable. Moreover, the uniqueness of the equilibrium of (2.2.11)
follows from its global asymptotic (exponential) stability.

From Theorem 2 of [31], we have

Theorem 2.2.5. Suppose (2.2.15), (S1) and (S3) are satisfied. Assume also that
for each i € N(1,n),
usi(u) >0 whenu #0. (2.2.19)

Then, for every input J, system (2.2.11) has a unique equilibrium x* which is globally
asymptotically stable if the matriz W* defined by

pimy L. Py, 1

Y= di - (PT+T"P 2.2.
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is positive definite for some P = diag(p1,- -+ ,pn) with p; > 0, i € N(1,n).
A direct corollary of this theorem is

Corollary 2.2.2. Suppose (2.2.15), (S1) and (S2) and (2.2.19) hold. If for some
p; > 0,5 € N(1,n)

i ;e N(1,n), (2.2.21)

1
@i T 5 Z pias; + pjasi| < pi I

J#i

holds, then the equilibrium z* of (2.2.11) is globally asymptotically stable.

If (2.2.21) is strengthened a little bit, we can actually obtain the global expo-

nential stability, as is stated in the following theorem

Theorem 2.2.6. Suppose (2.2.15), (S1) and (S2) and (2.2.19) hold. If

m; .
Piai + Z |p,-aji| < pif:z, 1€ N(1, n) (2.2.22)
J#i ¢

holds for some positive numbers py, pa, - - - , Dy, then, for every input J, system(2.2.11)

has a unique equilibrium which is globally exponentially stable in the sense that

n

> lwi(t) — 25] < Cre™, (2.2.23)

i=1

where C4, 01 will be specified later.

Proof. Let é; > 0 be defined by

8; == mip; — max(0, Li(piasi + > _ pslasl)
J#

and let o; > 0 be a number such that

§:= 1Iill<n {6; — pio1} > 0, for i € N(1,n).
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Define V (t) = V(u(t)) by
V(t) = Z ety (2.2.24)

Then

DioyV(t) = sz o1 |ui(t)] — sign(u;(t))[Bi(wi(t Zaz]s] (u; (¢ }

AN

J#i

= Zemt pio1|ui(t)| — pami|uwi(2)] + paai] si(ui(t))| + ijlaanz ui(t))|

J#
= Y e | pion|ui(t)] — pemalui(t)] + (piai,- + ij|aji|> |3i(ui)|>
=1 FES
< —de”t Z us(?)]
=1
This shows that V' (¢) is a Liapunov function and hence
= Zpi\gbi(O) —zf| =1 Cy < 00 (2.2.25)

and thus we have

Z Jui(t)| = Z |zi(t) — 7| < Cre™* (2.2.26)

Remark 2.2.3. Corollary 2.2.2 and Theorem 2.2.6 show that the self-inhibitory

connections do play an important role in stabilizing a network.

Zemt pio1|ui(t)] — pimilui(8)] + pigas|si(ui(2))] + ZPJ%H% (u;(8))]

)
)
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2.2.3.2 Global attractivity of HNNs with finite distributed delays

Note that the delays do not change the equilibrium, but the stability may be lost if
the delays are too large. It is natural to expect that the stable equilibrium of the
system without delays remains stable for the delayed system when the delays are
sufficiently small. In order to give an estimation for the smallness, we are going to
use the powerful theory of monotone dynamic systems. To be more precise, we shall
use the related theory about the nonstandard ordering —exponential ordering.

In the following, as in [91], the partial order < on R™ will be the usual com-
ponentwise ordering. The partial order ¢ < 9 on C := C([-7,0],R*) will mean
#(0) < () for each # € [—7,0]. The inequality z < y (z < y) between two vectors
in R* will mean z < y and z; < y; for some (all) : € N(1,n). The inequality ¢ < ¢
in C will mean that ¢ < 1 and ¢ # ¢, and ¢ < 9 will mean that ¢(8) < (8) for
all 6 € [—,0].

Let D be an n X n essentially nonnegative matrix, that is, D + Al is entry-wise

nonnegative for all sufficiently large A. Define
Kp={y€C:¢¥>0andp(t)> ePl=p(s), -1 < s <t < 0}.

It can be seen that Kp is a normal cone and thus it induces a partial order on C
denoted by <p, in the usual way, that is, if ¢ <p ® if and only if v — ¢ € Kp and
¢ <p ¥ means ¢ <p Y and ¢ # Y, ¢ Kp ¢ is similarly defined.

Consider the functional differential equation

z'(t) = f(xy), (2.2.27)

where f : C — R" is globally Lipschitz continuous. By the fundamental theory of
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FDES [41], the system (2.2.27) generates a semi-flow ¢ on C by

(I)(ta ¢) = q)t(¢) - xt(¢), t Z 0, ¢ € C

for those t for which z;(¢) is defined.

The following theorem is from Smith and Thieme [93]
Theorem 2.2.7. Assume the following conditions are satisfied

(Ip) If ¢, € C satisfy ¢ <p ¢ and K is a proper subset of N(1,n) such that
o < Yi,k € K and ¢(0) = 4 (0) for k € N(1,n) — K then for some
pe N(L,n) — K
Fo) > f,(9).

(SMp) If ¢,v € C satisfy ¢ <p ¥ and ¢ <K 2 then

F(@) = f(8) > D(%(0) — $(0)).

Then & is strongly order preserving (SOP) on C under <p.

Using the above theorem, we will show that the semiflow ® generated by the
solution of (2.2.10) is SOP under the exponential ordering, if the diagonal delays

corresponding to negative self-connections are sufficiently small.

Theorem 2.2.8. Assume that b;(u) is Lipschitz continuous with Lip(b;) = ; for

i€ N(1,n), ai; >0 for i # j, T is irreducible and g; satisfies

gi(w) — 6:(v)

0<

< L;, i € N(1,n). (2.2.28)
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If the diagonal delays 1; corresponding to negative a;; are sufficiently small, satisfy-
ing
1
Tii < = (2.2.29)
T
where 7 will be given below, then the semi-flow ® generated by the solution of

(2.2.10) is SOP under <p.
Proof. Take D = diag(dy,--- ,dp) with
di=—v;—r1i 1 € N(l,n), (2230)

where r; > 0, i € N(1,n), are constants to be specified later, then D is essentially

nonnegative. For the system (2.2.10), we have

5(8) = bl 0) + 3 0t ( /

—Tij

’ k)ij(—S)QSj(S)dS) + Ji, 1€ N(l,’)’b) (2231)

Let ¢, € C satisfy ¢ <p 9 and ¢ < ¢. Then

0

i) = fil¢) = —bi(¥(0)) +Zaijgj (/ kij(—8)¢j(3)d3>

+bi(¢i(0))_zaijgj( 0 kij(—3)¢j(5)ds>
= —[B:i(1:(0) — b;(¢:(0))]

+ Z Qi [gj( kij(—s)p;(s)ds) — gj(/ kij(—5)¢j(3)d5)]

~7ij —Tij

~Tij

> i (0) — 6O + ol [ ka(—s)i(s)ds)
—gi( [ ka(=5)$i(s)ds)] + D ailgs( [ kij(—s);(s)ds)
—Tii G —Tij

~oi( [ hy(=9)6(5)ds)L.

—Tij
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Clearly if the matrix T is a nonnegative matrix, then (SMp) holds. In the following

we therefore may assume that a; < 0 for some i € N(1,n). Then for such an 1,

fi(¢) — fi(@) — di[$i(0) — ;(0)]

—%[$i(0) — 6 (0)] + aislgs(J°,., ki(—5)vi(s)ds) — gi(JZ,,, is(—9)$i(s)ds)]
( z+7"z)[¢z( ) — 6i(0)] . .
ri[1i(0) — ¢:(0)] + auilgi (S, "(‘S)Tﬁi(s)ds) = 9i(f_,, kia(=s)¢i(s)ds)]
rilei(0) — $i(0)] + aisLi J°, ka(=9)[i(s) — di(s)]ds

On the other hand ¢ <p v implies that ¢ — ¢ € Kp and hence

$(0) — ¢(0) > e™P*[o(s) — (s)], for s € [-7,0],

that is
Pi(s) — ¢i(s) < e T[4 (0) — $;(0)], for i € N(L,n).

This indicates that

(A

[ bl o) - g0

| kal=9)lus) - di(s)1ds
< [h:(0) — ¢i(0)]e(ri+%‘)‘rii_

Therefore we have

(%) = fi(¢) — di[4:(0) — ¢4(0)]

fi
> (ri+ 0 Lie™ U4 [1(0) — ¢4(0)]
> 0.

provided that

> |ag| Lie™ %) e N(1,n). (2.2.32)

Inequality (2.2.32) is satisfied if and only if

—lelh e N(1,n). (2.2.33)
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;Z S): : ; E 1,72/ . 2.2:;4

A simple calculation shows that 7;(s) < 0 for s > |a;|Li, 7i(Jai|L;) > 0 and

7;(Jaii)L;) = 0. Therefore 7;(s) attains its maximal value % for s > |ay|L; at

¥, where 7} is the unique positive root of equation

=140 _
h(s):=1+ . ln’an’lLi

= 0, for s[anle
Taking r; = r} in (2.2.30) for s € N(1,n), then (SMp) holds if the diagonal delays
T corresponding to the negative a;; satisfy
1.
T < — 0 S N(].,’I’L) (2235)
i

The property (Ip) can be easily verified under the assumption that the connection

matrix 7 is irreducible. Thus the proof is complete. a

Since Corollary 2.2.2 and Theorem 2.2.6 imply the uniqueness of the equilibrium
z* of system (2.2.11), which shows that under the same assumptions, the equilibrium
z* of system (2.2.10) is unique. Note that the phase space here is X = C =
C(]—-1,0],R*) and it is easily seen that every non-equilibrium point in X can be
approximated from below and from above under the exponential ordering. Also
from the boundedness of the activation functions, it is easy to show that every
bounded set B C X has a bounded orbit and thus the relatively weak compactness
requirement (C) in [91] is met. Thus Theorem 2.2.8, together with Theorem 2. 3. 1

of Smith [91], immediately gives
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Theorem 2.2.9. Assume that (2.2.28) holds and b; satisfies

u—7v

T is irreducible and a;; > 0 for i # j. If either (2.2.21) or (2.2.22) holds, then

the system (2.2.10) has a unique equilibrium which is globally attractive provided

the diagonal delays 1; corresponding to negative a;; are sufficiently small satisfying

(2.2.29).
Letting s = e|a;|L; in (2.2.34), we have

Corollary 2.2.3. Under the same assumptions as the above theorem except that

(2.2.29) is replaced by
- i € N(1,n). (2.2.36)
Then we have the same conclusion.

Note that in Theorem 2.2.9 and Corollary 2.2.3, the connection matrix 7" is
supposed to be irreducible and the off-diagonal terms a;; > 0, j # i. Motivated by

[96], we will remove those restrictions. Indeed, we have

Theorem 2.2.10. If either (2.2.22) or
°< pilai;] + pjlajil m;
— 2 L;
J#
for somep; > 0, i € N(1,n), then system (2.2.10) has a unique equilibrium which is

globally attractive provided the diagonal delays ; corresponding to negative a; are

sufficiently small such that (2.2.29) holds.
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Proof. Let a™ = maz(a,0) and ¢~ = maz(—a,0). Then a* and ¢~ are nonnegative

and a = a* —a”, |a| = a4+ a”. Define n x n matrices A = (4;;) and B = (B;;) by
] e, for j =1 ], for j =1

A”*{a;fj—l-s, for j # i ’B”—{ai"j—!-s, for j #1 (2:2.:38)

where s > 0 will be specified later. Now system (2.2.10) can be rewritten as

n ¢
i(t) +Z Asjg; /t kij(t—s)z;(s)ds)— Y _ Bijg;( /t kij(t—s)z;(s)ds)+J;.
Tij j=1 —Tij
(2.2.39)
Let y; = —;, 1 € N(1,n). Then (2.2.39) can be embedded into the following system

with dimension 2n:

ii(t) = —b; (371( )) + Zyn 1Aug] j;f_',—” ku(t )xj(s)ds)

+Z] 1B’L_7fj j;; Tij z] t_s)y](s) ) .
< i€ N(1,n) (2.2.40)

yz(t) = _Qz(yz( )) +Z] 1B1]gj(ft Tij kz](t S) ( )ds)
\ + 5 A f U, kst = s)ys(s)ds) -

where ¢;(z) and f;(z) are defined by ¢;(z) = —b;(—z) and fi(z) = —g;(—z) , respec-

P

tively, for 1 € N(1,n) and z € R. Clearly ¢; has the same property as b; does and

fi has the same property as g; does. Define u;(t),7 € N(1,2n) by
ui(t) = 2i(t), un4i(t) = wi(t), i € N(1,n),
bi(u),7 € N(1,2n) by
b; (u) = bi(u), bpyi(u) = @ (u), i € N(1,n),

and h;(u), 1 € N(1,2n) by
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Then (2.2.40) can be rewritten as
2n +
uz(t) = —b: (’U/,(t)) + Zwijhj(/ Kij(t - S)Uj(S)dS) + Ii, 1 € N(l, 2n) (2241)
=1 =0y

where I; = J; and I,,;; = —J; for i € N(1,n), the 2n X 2n matrix W = (w;;) is given

=5 1)

and §;;, K;; for i,j € N(1,2n) are given by

by

0ij = Ontij = Oin+j = Ontim+s = Tij» 4, J € N(1,n),

and

Kij = Kntij = Kintj = Knvinvj = kijy 1,5 € N(1,n).
It is obvious now that A;; > 0 and B;; > 0 for i,j € N(1,n) and j # ¢ and thus
w;; > 0 for 4,5 € N(1,2n) and W is irreducible. So if condition (2.2.37) holds for

some p; > 0, i € N(1,n), then we are able to choose a sufficient small s > 0 such

that

pilai| + pjlajs -
aipi + Z —l% 5 Z pi +p;) < pi Lz, i€ N(1,n) (2.2.42)
J#i Jj#i

which implies that for p; > 0,7 € N(1,2n) with p; = p; and p},_; = p; fori € N(1,n),

we have

w + w
meFszl is| + Pjlwjil <pi%, i€ N(1,2n). (2.2.43)
J#i

If (2.2.22) is true for some p; > 0,¢ € N(1,n), then similarly we can find sufficient
small s > 0 such that

aiipi + Z;og\a,A + SZp] <8 L i€ N(1,n), (2.2.44)
J#i J#i
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which implies that for pf > 0,7 € N(1,2n) with p} = p; and p}, |, = p; fori € N(1,n),

we have
2n e
piwi+ Y pilwjil < P} i € N(1,2n). (2.2.45)
j#i ¢

Applying Theorem 2.2.9 to the system (2.2.41) immediately completes the proof. O

2.2.3.3 Examples

Example 2.2.1. Consider
(20)=-(20)+ (i b2) (i

Here, T = ( i;; —ig ), bi(zi(t)) = zi(t), si(z;) = tanh(2z;/V3), m; =

1, L; = % for i = 1, 2. Clearly, by choosing p; = p, = 1, all conditions of

w
N—
_|_
TN
S
N—

Corollary 2.2.2 are satisfied. Therefore, the system (2.2.46) has an equilibrium,
which is globally asymptotically stable. We point out that Corollary 2 of [69] cannot
be applied to system(2.2.46).

Note that the stabilizing role of inhibitory self-connection given in (2.2.21) and
(2.2.22) is conditional for the delayed network (2.2.10), in the sense that the corre-

sponding delays 7;; must be small. This is demonstrated in the following example.

Example 2.2.2. Consider the CNN networks with two neurons

{ i?l(t) = —xl(t) — 05f(x1(t — ’7'11)) + 17f(.'172(t - T12))

. (2.2.47)
Zo(t) = —zo(t) + 1.25f(21(t — 721)) — 0.6f (z2(t — 72))

where [(s) =3 (|]s+ 1] — |s —1]).
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Applying Theorem 2.2.9 to this example, we know that the system (2.2.47) has a
unique equilibrium (z1, z2) = (0, 0) which is globally asymptotically stable whenever
the diagonal delays are small, satisfying 71 < 0.463, 752 < 0.408. This conclusion
is shown by Figure 2.1. However, if (2.2.29) is not satisfied, then it is possible for
system (2.2.47) to have a solution which is not asymptotically stable. Indeed, if we
let 71 = 1.2, 72 = 0.5, 791 = 2.0, 732 = 1.0, the numerical simulation Figure. 2.2
shows that system (2.2.47) has a periodic solution. While Corollary 2.2.3 gives a

smaller estimation of the diagonal delays as 7; < 0.424, 759 < 0.38.

2 T T T T T —T T T T

Figure 2.1: Numerical simulation for (2.2.47). Here we choose: J; = J; = 0
and the related data as: t1; = —0.5, t;5 = 1.7, toy = 1.25, tyy = —0.6 and 7; =
0.45, 112 = 0.5, 721 = 2.0, T2 = 0.4; the initial data are: z;(s) = —0.8,22(s) = 1.9
for s € [-2,0].
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x,0)

Figure 2.2: Numerical simulation for (2.2.47) with 7; = 1.2 and 7, = 1.0.

2.2.4 HNNs with periodic inputs

In this subsection, we consider the HNNs with periodic inputs,
t—T75

where I;(t) = I;(t + w) for t > 0 and the activation functions g;, j € N(1,n) satisfy

(S1) and (S;). The initial conditions associated with (2.2.48) are given by

zi(s) = ¢i(s),s € [-7,0]

with [|@]| = maxicicn ||@ill, |[63]] = maxse—rq [$i(s)] for i € N(1,n). Letting

Qi=PF + mazx, | Z:(8)1,

where P; := 77, |ai;|M;, then from (2.2.48), we have

&5(t) < —=biz;(t) + Qi
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which gives

zi(t) < (@:(0) + %)e—"it Ci— (2.2.49)
Therefore, we have
()] < 22 + i (0)le™ <22+ |50), (2.2.50)

Z

which shows that the solution of (2.2.48) is defined on [—7,00). Denote z(t) =
(@1(t), 22(1), ..., 20 ()T, & = (b1, 2,-., )" Let (T()9)(0) = z(t + 6, ¢) for
6 € [—7,0]. Then T'(t)¢ is defined for all ¢ > 0 and is an w—periodic process [41].
From (2.2.50), we can see T'(t) is also a bounded map (mapping bounded sets to

bounded sets) and point dissipative. Hence from Theorem 4.1.11 in [40], we have

Theorem 2.2.11. Assume that the activation functions g;,i € N(1,n) in (2.2.48)

are continuous and satisfy (Ss), then (2.2.48) has an w-periodic solution.

Denote, by Z(t) = (Z1(t), -+ - , Zn(t))?, the w—periodic solution claimed in Theo-
rem 2.2.11. We will prove that the w-periodic solution Z(t) is globally exponentially
stable.

Theorem 2.2.12. Assume that (S1) and (S2) hold. If (2.2.3) or (2.2.5) holds, then

the w-periodic solution Z(t) (2.2.48) is globally exponentially stable.

Proof. Let z(t) be a solution of (2.2.48) other than Z(t). Then we have

DF[zi(t) — ()] = —bs [2:(t) — Z:(t)] + Z] 1 %i59; j;: — Lij ( — 5)z;(s)ds)
_Z] 1395 j; — Lij(t — s)z;(s)ds)

(2.2.51)

Letting u;(t) = x;(t) — Z;(t), we then have

DHui(t)] < =bifus(®)| + \%‘|Lj/ Lij(t — 8)|u;(s)|ds.

j=1 -7y
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Using similar arguments to that in previous subsection, we complete the proof. O

For the HNNs with infinite distributed delays and periodic inputs
Zi(t) = —biz;(t Za”g] / 3 (t — s)xi(s)ds) + I;(t),t > 0, (2.2.52)

with I;(t) = I;(t + w),i € N(1,n), using the result in [75], we have

Theorem 2.2.13. Assume that (S1) and (S2) hold. Then system (2.2.52) admits an
w-periodic solution. Moreover, if (2.2.3) or (2.2.5) holds, the w-periodic solution is
globally stable. In addition, if (2.1.26) holds, then the w-periodic solution is globally

exponentially stable.
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2.3 Stability and Hopf Bifurcations of Bidirec-
tional Associative Memory Neural Networks
(BAMNNS)

In this section, we consider the delayed bidirectional associative memory (BAM)

neural network described by the system

{ 2i(t) = —zi(t) + 25 @i fi(y(t — 7)) + L (23.1)
U(t) = —ui(t) + 225 biggi(mi(t — rig)) + J;
and the delayed BAM neural network with self-connections described by
{ $i(t) = —mit) + casra(zi(t — da)) + D20, i fi(y;(t — 7i5)) + L (23.2)
Uit) = —vilt) + lasoi(ya(t — mai)) + o5 bijgi (@i (t — ri5)) + Ji. -

Here, ¢; and [l; are the weights of self-connections; d; and m;; are the associated
self-connection delays; a;;, b;;, i,j € N(1,n) are the connection weights between
the neurons in two layers: the I—layer and the J—layer. On the I—layer, the
neurons with states denoted by x;(t) receive the inputs I; from outside and the
inputs outputted from those neurons in the J—layer via activation functions (input—
output functions) f;. While, on the J—layer, the neurons whose associated states
denoted by y;(t) receive the exterior inputs J; and the inputs outputted from those
neurons in the J—layer via activation functions (output-input functions) g;. The
non-negative constants 7;;,745,%,7 € N(1,n) are the associated delays due to the
finite transmission speed among neurons in different layers.

When there is no delay present, (2.3.1) reduces to a system of ordinary differential
equations which was investigated by Kosko [59]-[61]. Although system (2.3.1) can be
mathematically regarded as a Hopfield type neural network, which was extensively

investigated recently (see, for example, [3], [12], [29], [31], [35], [38], [50], [69], [73],
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[74], [95], [97] and [107]) with dimension 2n, we will retain the model (2.3.1) as
it stands since we do not want to alter the bidirectional interplay of the input-
output nature of the two layers. Networks with such a bidirectional structure have
practical applications in storing paired patterns or memories and the ability to search
the desired patterns via both directions: forward and backward directions. See
[36], [59]-[61] and [77] for details about the applications on learning and associative
memories of neural networks.

As far as multiple delays are concerned, for the stability analysis, Gopalsamy
and He [36] established some delay-independent stability criteria for (2.3.1) and
Mohamad [77] addressed its global exponential stability. Note that in [96] and
[97], as well as in Section 2.2 of this thesis, the stabilization role of self-inhibitory
connections in Hopfield type neural networks has been revealed. It is natural to
incorporate the self-inhibitory connections into (2.3.1) if we want to stabilize the
BAM network. In this section, we therefore consider the stability of BAM neural
network model with self-connections and we show the self-inhibitory connections do
play a stabilization role in the BAM neural networks. On the other hand, not much
work has been carried out in the literature for the bifurcation analysis of (2.3.1) and
(2.3.2). Due to the complexity arising from the multiple delays and high dimension,
even for the Hopfield type neural networks, very little work has been accomplished
for the bifurcation analysis. For cases of general n but with only one single delay, we
refer to Wu [107] and Wu and Zou [112] and for planar systems, i.e., the networks
with two neurons, we refer to [28], [82], [86] and [105], where it was assumed that
two delays are equal or are different but without self-connections (this is the case of

n =1 in (2.3.1)); For the networks with a special architecture, i.e. ring structure,
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Campbell [10], Campbell, Ruan and Wei [11], Ncube, Campbell and Wu [81] and
Shayer and Campbell [90] obtained some nice results for the bifurcations. We may
regard the BAM neural network models (2.3.1) and (2.3.2) as a Hopfield type neural

networks with another special architecture, i.e. bidirectional two-layer structure.

2.3.1 BAMNNSs without self-connections: model (2.3.1)

If we assume that in the BAM model (2.3.1), the activation functions f;, ¢;, % €
N(1,n) are continuous and bounded, similar to Theorem 2.1.1, we can show that
(2.3.1) has at least one equilibrium. Therefore, without loss of generality, we can
place it at the origin and assume that I; = J; = 0 and f;(0) = g;(0) = 0 for
i € N(1,n), and hence (2.3.1) reduces to
{ 2i(t) = —xi(t) + 252, aiifi(ys(t — 7i5)) (239
Gi() = —uilt) + 225 bijgi(@i(t — rig))-

2.3.1.1 Global stability of (2.3.3)

We may establish the following global stability results by applying Theorems 2.2.1
and 2.2.2 to system (2.3.3):

Theorem 2.3.1. Suppose f; and g; are Lipschitz continuous. If one of the following

conditions holds for some positive real numbers p;, ¢, &, m;, © € N(1,n),
{ Lip(gi) i1 1bjilg; < ps
Lip(f;) 321 lasilp; < @,
{ Pi )i lailé + Mp:,,-ii) > =1 Ibjilgy < 2p
i D5y 1ijlmy + g’zﬁ >0 lasilpy < 2gi,
{ 3 21 (ilaig] + glbiil) < B

(2.3.4)
(2.3.5)

(2.3.6)

3 25— (6lbig| + pilajil) < W?Eff)’
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then the system (2.3.3) is globally asymptotically stable (if (2.58.4) holds, we can get

the global exponential stability).

Note that we can obtain some easily verified sufficient conditions to guarantee
the global stability of (2.3.3) by varying the numbers p;, ¢;, & and 7; in the above

inequalities. For example, letting p; = ¢; = 1 for i € N(1,n) in (2.3.4), we have

Corollary 2.3.1. If
n n
Lip(g:) > lbil <1, and Lip(f;) > lajil < 1 (2.3.7)
5=1 j=1

hold, then the system (2.3.8) is globally exponentially stable.

Remark 2.3.1. When g; and f;,i € N(1,n) are smooth and satisfy

9:(0) = sup g;(z), f;(0) =sup f;(z), forie N(1,n),
z€ER z€R

Corollary 2.8.1 reproduces the main results of [35] and [77].
2.3.1.2 Local stability and Hopf bifurcation of (2.3.3)

In this subsection, we do some analysis on the local stability and Hopf bifurcation
of (2.3.3). To this end, we assume that the activation functions f; and g; are differ-
entiable. The existence of multiple delays makes such an analysis extremely hard,
if not impossible. Thus, we just focus on a special case of (2.3.3): the delays in the

same layer are identical, i.e., we consider

{ 2i(t) = —xi(t) + 25 @i fi(y(t — 7)) (23.8)
Bi(t) = —ui() + 225 big5(zi (¢ — 72))- -
Then the linearization of (2.3.8) at 0 gives
{ :f:,-(t) = —zi(t) + ZS=1 o;y;(t — 1) | (23.9)
Ui(t) = —ylt) + 2051 Bzt — )
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where a;; = a4 f1(0), Bi; = bi;g;(0) for i € N(1,n). Denote the n xn identity matrix

by E,, and let A = (a;;), B = (8i;) and 7 = 71 + 2. Let

W= (z+1)E, —e A
T\ —emB (2+1)E, )

Then the associated characteristic equation is
detW = 0. (2.3.10)

If

0 A
do._det(B 0)740,

then z = —1 can not be a root of (2.3.10). In the sequel, we assume that dy # 0 and
look for roots z of (2.3.10) satisfying z # —1, and thus (z + 1) E}, is nonsingular. It
follows from Theorem 1.23 of [30] that

detW = det((z + 1) E,)det[W/(z + 1) E,],

where [W/(z + 1)E,] is the Schur complement of the block (z + 1)E, in W (for the
definition of Schur complement, we refer to [30]). Therefore, (2.3.10) is equivalent
to
det[(z +1)*E, — e *"BA] = 0. (2.3.11)
It is easy to see that z is a solution of (2.3.11) if and only if there is A € o(BA) such
that
(z+1)2 = Xe™* = 0. (2.3.12)
Hence, if A;, j € N(1,n) are the eigenvalues of BA, then (2.3.11) is equivalent to

the n scalar equations

(z+1)> = XNje™™ =0, j € N(1,n). (2.3.13)
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Analyzing the distribution of roots of (2.3.13), we have

Theorem 2.3.2. Let \j, j € N(1,n) be eigenvalues of BA. Then the following

statements hold.

(I) The zero solution of system (2.3.8) is asymptotically stable when 7 = 0 if and
only if
|Re(£/A;)] <1, j € N(1,n); (2.3.14)

(IT) The zero solution of system (2.8.8) is asymptotically stable for all non-negative
T if
IAjl <1, j € N(L,n). (2.3.15)

Proof. Note that the zero solution is asymptotically stable if and only if all roots
of (2.3.11) have negative real parts. Case (I): 7 = 0, then (2.3.13) reads, for each
jE€N(1,n)

(z+1)>=x; =0, (2.3.16)
which shows that

z=—1=x \/E
It is easily seen that Re(z) < 0 if and only if (2.3.14) holds.
Case (II): Letting A\; = a + ib and z = u + 4v and substituting them to (2.3.13), we
have
(14 u+w)? = (a+ ib)e W+,

which gives

(L+u)’—v* = e™“acos(vr) + bsin(vr)]

21 +u)v = e “[becos(vr) — asin(vr)].
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Taking square on the both sides of the above two equations and summing them up,

we get

[(1+w)? + 07 = e N1,

or

(1+u)®+0v° =e "N (2.3.17)

Hence if w > 0, the left hand side of (2.3.17) will be greater than or equal to 1.
However, the right hand side e™*7|);| < 1 due to u > 0 and (2.3.15). This shows if
(2.3.15) holds, then (2.3.11) does not admit a root with nonnegative real part and

thus the proof is complete. m|

From the above theorem, we see that for positive 7, if (2.3.15) does not hold,
then the stability of the zero solution of (2.3.8) may be destroyed. To check this
point, in what follows we assume that

jemN?i),(n) |Re /| <1< je%%)’(n) |- (2.3.18)
Here and in what follows, we will restrict our attention to the case that BA is a
nonzero matrix having only real and purely imaginary eigenvalues. Since BA is a
real matrix, its imaginary eigenvalues must appear in pairs. Thus we may assume
that

o(BA) ={a1, ag, -+, ap, £idy, £idg, -+, Lids}
with

p+2¢g=n
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and

o << <o <0< o4 <00 L oy,

and

0< 8, <01 < <.

In such a case (2.3.18) demands that

ap < 1, (2.3.19)
and
0 < 2, (2.3.20)
and
o < —1, (2.3.21)
or
0 > 1. (2.3.22)

Lemma 2.3.1. Suppose that (2.3.22) holds. For each §; > 1, define

1 1—w?
7(8;) = — arcsin ’

Wy 5]' ’
where w; = 1/0; — 1. Then we have

(2.3.23)

(a) At7(d;), (2.3.12) with X = id; has a pair of purely imaginary simple roots Fiw,

and all other roots have negative real parts.

(b) 7 €(0,7(5;)), all roots of (2.83.12) with X = 18, have negative real parts.

(c)
dz(7)
dr

Re
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(d) T(dj) > 7'(51), if 61 > 5]' > 1.
Proof. Suppose z = iw is a root of (2.3.12) with A = 44;. Then we may get
1—w? = d;sinwT, 2w = §; coswr.

which shows that

w = (Sj -1
and
1 1—w?
T=— (arcsin d + 2k7r> ,
w J
where 0 < arcsin% < 7 and k is an integer. Clearly 7(d;) is the least such

positive 7. Hence at 7(d;), (2.3.12) with A = ¢é; has a pair of purely imaginary roots
+i4/0; — 1. Let Hs,(2,7) = (z + 1)> = i6;e™*". Then %i = 2(1 + z) + it 7.
Notice that Hs; = 0 and %j- =0 give 7 = —z%, which implies z is real. This
shows that the multiple zeros of Hg, (2, 7) have to be real, and hence z\/éjTl is a
simple purely imaginary root of (2.3.12) with A = i6;. Next we show that (2.3.12)
with A = 4, has no root with positive real part. Suppose, by way of contradiction,
that z = u + v with v > 0 is a root of (2.3.11) with A = 4d,. Since the roots of
(2.3.12) continuously depend on the parameter 7, using Lemma 2.1 of [25], there
exists 7 € (0,7(d;)) such that (2.3.12) with A = 4d; has a purely imaginary root
at 7 = 7, which contradicts the fact that 7(J;) is the smallest such 7. Thirdly, we
will show that (c¢) of this lemma is true. Differentiating both sides of (2.3.12) with

respect to 7 leads to

dz(7) —idje "z

dr T=7(d;5) ST + 2(Z + 1) 7=7(d;) .
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A straightforward calculation yields

dz(7) (6; — 1)[2+ 6; + 27(5;)]
R = > 0.
e dr rer(dy) (T + 2)2 + 4(5j + 1)
Let 7(x) be defined by
(z) = arcsin ——, forz > 1
(@) = —— — .

Then (d) of this lemma follows from the fact that 7(x) is decreasing for > 1. Thus
the proof is complete. m|

Similarly, we have

Lemma 2.3.2. Suppose that (2.8.21) holds. Then for each oy < —1, define

1 2
T(a) = — arcsin ﬂ, (2.3.24)

Wk — O
where wy, = +/|ag| — 1, we have

(i) At t(oy), (2.3.12) with A = ay has a pair of purely imaginary simple roots +iwy

and all other roots have negative real parts.
(ii) 7 €[0,7(aw)), all roots of (2.8.12) with X\ = oy, have negative real parts.

(iii)
ReM > 0.
dr

’T=’r(ak)

(iv) 7(ax) > (1), if o1 < o < —1.

Proof. (i)-(iii) can be obtained from Lemma 5 of Wei and Ruan [105]. (iv) follows

from the fact that the function
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is decreasing. ' a

If both (2.3.21) and (2.3.22) are satisfied, then we may define
7 = min{7(61), 7(c1)}, (2.3.25)

which is the least value of 7 destabilizing the trivial solution of (2.3.8). Let z = 2*(4:)

be the unique solution of the equation

1 24/
JisT arcsin —xa-:——— = 7(61)- (2.3.26)

Then we have

- { 7(61) if |oy] < z*(6y)
T(ey) if |og| > 2*(61)

In order to use the general Hopf bifurcation theory for functional differential equa-

tions developed in [43], we assume that

loeg | # 2*(67)- (2.3.27)

By the above lemmas, we immediately have the following result on local stability

and bifurcation for system (2.3.8).

Theorem 2.3.3. If (2.8.19)-(2.3.22) and (2.8.27) are satisfied, then we have
(1) If r € [0,7%), then the zero solution of (2.8.8) is asymptotically stable;
(2) If 7 > 7*, then the zero solution of (2.3.8) is unstable;

(8) Hopf bifurcation occurs at 7 = 7*. That is, system (2.8.8) has a branch of

periodic solutions bifurcating from the zero solution near ™ = 7*.
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2.3.1.3 Direction and stability of Hopf bifurcation

In the above subsection, we have shown that Hopf bifurcation occurs at some value
7 = 77 + 75 for the BAMNNs without self-connections. In this subsection, by
using the normal form method and the center manifold theory in [43], we will give
an algorithm to determine the direction, stability and the period of the bifurcating
periodic solutions. Usually, the direction and stability of Hopf bifurcation can be
computed by the general algorithm developed in [43] (see also [57]). But in the
practical application, it is not an easy job for high dimensional cases. We will give
a specific algorithm for a special case. More precisely, we will consider the BAM
neural networks with 2 neurons in each layer, that is n = 2 in (2.3.8). Moreover,

noting that the most often used activation function tanh(z) has the property
tanh'(0) # 0, tanh” (0) =0, and tanh" (0) # 0,
we may assume that the activation functions in (2.3.8) satisfy:

(P) for i € N(L,n) f1(0) # 0, f(0) = 0, f"(0) # 0 and g{(0) # 0, g/(0) =
0, g/"(0) # 0.

Since when n = 2, the matrix BA is a 2 X 2 matrix, then based on the analysis in
the previous subsection, we have two cases to consider: case (1) both eigenvalues of
BA are real; case (2) the eigenvalues of BA are a pair of purely imaginary numbers.
In what follows, we will deal with case (1). In this case, (2.3.19) and (2.3.21) require

that the two real eigenvalues a; and a, of BA satisfy

ap <ag <1, o <—1. (2328)
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Obviously 7* = 7(«;) in this case. It is seen from the conclusions of Lemma 2.3.2
and Theorem 2.3.3 that all roots of (2.3.10) other than +iwy with wy = /|ay| —1

have negative real parts, and the root of (2.3.10)
A7) = a(r) + iw(r)

satisfying a(7*) = 0, w(7*) = wp admits

da(1*)
¥y o
o (%) = > 0

and

W () = dw(T™) —we(2+ 7 + T*wp)

dr (24 7)2+ (T*wy)?’

Following the idea in [105], we let 7* = 7f + 75 with 77 < 75 and 7 = 7* + p =
(77 + p) + 75, where |u| < 73 — 7f. Then p = 0 is the Hopf bifurcation value for

system (2.3.8). Choose the phase space as
C= C([_T;a 0]) (C4)7

where we use C* instead of R* for the convenience in the later computation. Now

the system (2.3.8) can be rewritten as

((21(t) = —z1(t) + ot (t — 77 — p) + ooyt — 71 — p)
+oqyi(t— 11— ) + oty (t — 1 — ) + O(yt, v3)
Eo(t) = —x2(t) + ot (t — 7 — p) + any(t — 77 — p)
) +ag i (E— 11 — u) + 0sy3(t — 77 — 1) + O(u1, v2) (2.3.20)
n(t) = —yi(t) + Puzi(t — 73) + B2t — 75)
+Bna3(t — 73) + BRzi(t — ) + O(al, 23)
P2(t) = —ya(t) + Puzi(t — 73) + Baoza(t — 75)
\ +B5,23(t — 75) + Brxd(t — 73) + O(x1, 5)
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where Qi = a”fj'(O), CM% = %a,—jf;"(O) and ,Bij = b,]g;(O), z*J = %b”g;”(O) for
i,7 € N(1,2).

Let U = (51(0 220 ). (®)", B = () and Bo= (0 ) and

a1 @3(=T7 — p) + afp bl (—T — 1) + O(d3, ¢%)
a5, 83(=T1 — 1) + a5, B5(—7 — ) + O(3, 93)
B3 (=73) + Bad3(—73) + O(41, 63)
B #3(—735) + Bd3(—73) + O(¢1, ¢3)
for ¢ = (41, o, ¢3,#2)” € C. Then system (2.3.29) can be rewritten as

F(u,¢) =

Ut = —Ut + BlUt—’rl*—-u + B2Ut—'rz* + F(,U,, Ut), (2330)

where U,(0) = U(t + 0) for 6 € [-75,0]. Let

—Id, 6=0
n@,p) =< Bid@+m +u), 0€[-m—p0) (2.3.31)
=Bd(0+13), O€[-15,—1 —p

where Id is the identical matrix and 0 is the usual Dirac function. For ¢ € C, define

A(u)¢(0) = { ¢; Velm0 (2.3.32)
J=sy dn(s, 1)d(s), 0=0
and
R(u)¢ = { 2;(”, 5) Zi[oq‘;’o) (2.3.33)
Then (2.3.29) can be further rewritten as
U, = A(w)U; + R(w)Us. (2.3.34)

Let C* = C*([0, 73], C*). For ¢ € C*, we define, the adjoint operator A*(0) of A(0)
by .
-1, s € (0,73]

[, (€, 0)(~E), s =0 (2.3.35)

A" (0)¢p(s) = {
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where 77 is the transpose of . For ¢ € C([—73,0],C*) and 9 € C([0, 73], C*), we

define the bilinear form

0 [
<w9>=T090) - [ [ Fe-omoos0r @i

where a-b= "7 ab; for a = (a1,a2,--- ,a,)" and b = (by, by, -+ ,b,)7. As usual,
we have

<1, A(0)p >=< A*(0)y), ¢ > .

It is easily seen that A(0) = iwy is an eigenvalue of A(0), and —iwp is an eigenvalue
of A*(0). Denote their corresponding eigenfunctions by ¢(#) and ¢*(s), respectively,
namely,

A(0)q(0) = iwog(6), and A*(0)¢"(s) = —iwoq"(s).

We compute here with

2(6) = g(0)¢™*, and ¢*(s) = g* (0)c™* (23.37)
where
4(0) = (¢:(0), 42(0), ¢5(0), 4(0))",
and
¢*(0) = (45(0),45(0),45(0),45(0))"
= D(1(0),%2(0), ¥3(0), %(0))"
with

o100 + PordetA
0) =1, ¢(0) =
Q1( ) QZ( ) a1a11 - ,ngdetA
e~ WwoT3 e~ WoTy

Ps3,q4(0) = T z'woP4

43(0)

- 1+z'w0
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and

a1 812 + ajpdet B
=1 =

wl (O) ’ ¢2(0) a1ﬁ11 - OlQQdEtA

6iw071’* eiworf

7703(0) —Qs, 1/14(0) = Q4

1—’in 1—iw0

P := f11 + B12¢2(0), Py := Bo1 + P22¢2(0)

Q3 = 11 + a21¢2(0), Q4 := 012 + az21)2(0)

and

D = {1+@(00a(0) + o (AQu+PiQ) + (1~ iwy)
[Tl*(Pg (all + a21w2(0)) + P4(a12 + @221 (O))

+75(B11Qs + B21 Qs + q2(0)(Br2Qs + B22Qa)]} "
Then ¢ and ¢* satisfy
<qg*,g>=1, and < q*,§>=0.
If Uy is a solution of (2.3.34), we define
2(t) =< ¢, U >, w(t,0) = w(zZz,0) = U(8) — 2Re{2(t)q(6)}.

Then on the center manifold for (2.3.34) at u = 0,

2 2

w(z,?, 9) = wgo(e)% + w11(0)27+ wOQ(G)% 4+ ...

holds. Therefore, at 4 = 0, (2.3.34) can be reduced to an ordinary differential
equation

5(t) =< ¢, AQ)U; + RU, >= iwoz(t) +7*(0) - Fo, (2:3.38)
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where

Fy = F(0,w(z,7,0) + 2Re{z(t)q(0)}).

We may rewrite (2.3.38) as

z(t) =< ¢*, A(O)Us + RU; >= iwpz(t) + g(2, %), (2.3.39)
where
9(2,Z) = 7(0)- Fp (2.3.40)
2 _ Z2 2*z
= gng touZtgny tgno too (2.3.41)

We know from [43] and [57] that in order to study the stability and direction of
the Hopf bifurcation, it is crucial to compute these coefficients gag, 911, go2 and go;.

Observing that
yi(t —77) = ws(t, —77) + 2(t)gs (—77) + Z(t)qs(—77),

Yot — 1) = walt, =7) + 2(t)qa(=77) + Z()Gu(=T7),
and

21t = 75) = wi(t, =13) + 2(O)qu (=77) + 2(OT (=77),

2o(t = 13) = wo(t, —73) + 2(t) g2 (—71) + Z(H) (=71,
where

* 7 * 2’ ] o ] * 7
wit, =7) = wid (=7}) 5 + wid (=122 + wi (=) 5 + -



for i € N(1,4) and j = 1,2, we then have

9(2,2) = q(0)- Fo
= 71(0) (ayyi(t — ) + odaya(t — 77))
+75(0) (05,43 (t — 7)) + agays(t — 7))
+73(0) (B2l — 73) + Biaz3(t — 7))
+75(0) (B5121(t — 73) + Bayza(t — 73))

+O(UY).
Expanding the above and comparing the coefficients with (2.3.41), we have

920 =911 = Ggo2 =0

and

g = G0) (efilas(—m)Pe(=) + ofalaa(—1) Pau(—77))
+75(0) (03, lgs (=) Pas(—77) + adalaa(—71)Pqa(—77))
+25(0) (Bh1 a1 (—75) P (—78) + Bhalaa(—73) Pga(—71))

+73(0) (851101 (=73) P01 (=77) + Bralaa(—73) Paa(—17)) -

Now we define

and

Mo = —-ReC’1 (0), ,62 = 2R601(0), T2 =

= —;%(Imcl(O) + ,LLQCOI(T*)).
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The above analysis, the general theory on Hopf bifurcation [43] and the fact that

t2f2 < 0 immediately give



64

Theorem 2.3.4. Assume that n = 2 in (2.8.8), the activation functions have the
property (P) and both eigenvalues oy, of BA are real satisfying (2.3.28). Then
the direction and stability of Hopf bifurcation of (2.8.8) can be determined by the
sign of pe. Indeed, if po > 0(< 0), then the Hopf bifurcation of (2.3.8) at T = T
is supercritical (subcritical) and the periodic solution of (2.8.8) bifurcating from the
Hopf bifurcation value 7 = 7* is asymptotically orbitally stable (unstable). Moreover,
the period of the bifurcated periodic solutions are given by

P=2T(1 4+ The + O(eY)
Wo

with € = €(u) = (%)1/2'

Example 2.3.1. Consider the following BAM neural network with two neurons on

each layer
' .’171(t = I (t) + a1 tanh(yl(t — 7'1)) + 19 tanh(yg(t - ’Tl))
Zo(t) = —z2(t) + ag1 tanh(yi(t — 71)) + age tanh(ya(t — 71)) (2.3.42)
yl (t) = - (t) + b11 tanh(x1 (t — 7'2)) + b12 tanh(acg(t - TQ)) e
; yg(t) = —’yg(t) -+ b21 tanh(xl(t - 7'2)) + b22 tanh(:cz(t — 7'2))
Corollary 2.3.2. If
|a11|p1 + |a21]p2 < @1, |awalpr + [azelpe < ¢ (2.3.43)
and
biilgr + |ba1lge < p1, |brzlgr + [boz|ge < 2 (2.3.44)

hold for some positive p;, ¢;,t = 1, 2, then the zero solution of (2.3.42) is globally

asymptotically stable (exponentially) for any choice of 71 and 7.

Remark 2.3.2. If p;=¢q; =1, i = 1,2 in (2.8.43) and (2.3.44), then Corollary

2.3.3 reproduces the main theorem in [77].
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If we take

ap] — 1, a1 = —]., ag1 = —1, A9y = 1.2 (2345)

and

bii = 0.8, bio =1, byy =1, by = —2 (2.3.46)

and 77 = 0.1, then we have
7" = 0.6568, oy = —3.7391 < —1, ap = 0.1391 < 1

and

wo = 1.6550, go1 = —4.4504 — 2.5948i, C;(0) = —2.2252 — 1.2974;

and

Ly = 2.2252, B, = —4.4504, T, = 1.9872.

This means the zero solution of system (2.3.42) with (2.3.45) and (2.3.46) is asymp-
totically stable if m + 72 < 7 = 0.6568, and the Hopf bifurcation occurs at
71 + 7o = 0.6568. Furthermore the Hopf bifurcation is supercritical and the bifur-
cating periodic solutions are asymptotically orbitally stable. Moreover, the period

of the bifurcation periodic solutions can be estimated by
T = —(1 + Tpe?) = 3.7965 + 7.5443¢”

with € = (%)1/2. The numerical simulations, which are performed by the DDEs

Solver developed by Shampine and Thompson [89], are given in Figs.2.3-2.4
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Figure 2.3: ; = 0.1, =0.5 and thus 1 + » < 7*
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2.3.2 BAMNNSs with delayed self-connections

Now we turn to the stability and Hopf bifurcation for the BAM neural networks

with delayed self-connections.
2.3.2.1 Global stability of (2.3.2)

We assume that (2.3.2) has at least one equilibrium. Indeed, by using the Brouwer

fixed point theorem [26], we can establish

Lemma 2.3.3. Suppose the activation functions f;, g;, 1 € N(1,n) are continuous

and bounded, then (2.3.2) has at least one equilibrium.

Hence we can always perform a transformation such that the origin is the equi-
librium of the new system. Therefore, without loss of generality, in what follows,
we assume that I; = J; = 0 and f;(0) = ¢;(0) = $14(0) = s2,,(0) = 0 for s € N(1,n).
Then (2.3.2) reduces to

{ Ti(t) = —@i(t) + casia(@i(t — du)) + D5, @i fi (Y (¢ — 7ij)) (2.3.47)
Gilt) = —yi(t) + lasoi(wi(t — ma)) + 32500 bijg; (5t — rag))-

Theorem 2.3.5. If there exist some p; > 0, ¢; > 0, i € N(1,n), such that

{ |ciil Lip(s1,4)ps + Lip(gi) 35—, bsilg; < pi

| | 7 (2.3.48)
i Lip(s2,)qs + Lip(fi) 3 25—y lajilpi < @i,

then the zero solution of (2.8.47) is globally exponentially stable.
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Proof. The proof can be achieved by defining a Liapunov functional as

V(t) = Zpi ( ’$1(t)l + |Cii|L’ip(81,¢) ‘/t—d“ |$,(S)|d8 -+

Z Iaij|Lip(fj)/t_ ) |yj(s)|ds) +

j=1

n t
Z 5 ( i ()| + |lis| Lip(sa,) / lyi(s)|ds +
t—mi;

i=1

Z |bij| Lip(g;) / }acj(s)[ds) .
-~

Theorem 2.3.6. If there are some real positive numbers p;, ¢;, &, n;, i € N(1,n)
such that

o - Lip*(9:) ¢
D; ’Cu| + ’Cii’LZp (81,1‘) + Z ‘aij‘fj + Py Z lbﬂlqj < 2pi, (2349)

j=1 =t

and

) = sz
gi (|lu'| + [l Lip*(s22) + ) |bij|77j) Z |ajil; < 2g; (2.3.50)

=1

hold, then system (2.8.47) is globally asymptotically stable.

Proof. The proof can be completed by using a different Liapunov functional defined

by

t—di; t—Tij

N Zqz (yl +|lu\fmu i(wils ds““zw/r, )

sz ( ) + leiil t ;(zi(8))ds + Z ja ”| ff(w(s))ds)
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Next we assume that s;; is set to be g; and sy; = f; for each i € N(1,n). Then

we have

Lemma 2.3.4. Assume that there are some positive real numbers p;, q; such that

DiCii + Z ’pzaz] + q_yb]1,| —]‘)—i—, 1€ N(l, TL) (2351)
2 Lip(g:)
and
alis + = Z lgsbi; + pjagi| < 1()1( £y i€ N (L) (2.3.52)

] 1
hold. Then system (2.8.47) admits a unique equilibrium which is globally asymptot-

ically stable if no delay is present.

Proof. This lemma can be proved by using the main results of [31] and embedding
this system to a single layer network with dimension 2n. Also we can use the

following Liapunov function to prove this lemma.

n

vo =3 (n [ s@ista [ ). (2.3.53)

i=1
O
Using a similar argument to the one in [100], but taking
T
V) =) milz®)] + alwm@)D), (2.3.54)
1=1
we can establish
Lemma 2.3.5. If there are some positive constants p;, q; such that
picii + Z gjlbji| <+, i € N(1,n) (2.3.55)

L(z)

7j=1
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and

qllu+Zpglaﬂ| <7 (f), ie N(1,n) (2.3.56)

hold and no delay is present in (2.8.47), then system (2.8.47) is globally exponentially

stable.

Note that the delay dependent stability results in [96] and [97] are for smooth
activation functions. In Section 2.2.3 (see also [100]), we have recently generalized
the results in [96] and [97] to a general model with non-differentiable activation func-
tions, where an even better estimation for the smallness of delays is given. Applying

the delay dependent stability results established in Section 2.2.3 to (2.3.47), we have

Theorem 2.3.7. Assume that the activation functions f;, g;, i € N(1,n) are non-
decreasing and Lipschitz continuous, and the delays dy;, my; corresponding to c; <

0, li <0 forie N(1,n) satisfy

where d* and m* are the unique positive roots of equations

1 d 1 m
1+-—-n——F7—=0,14+—-lIn———+—~ =0, 2.3.58
" GlTin(e) TRy A (2.3.58)

respectively. If for some positive constants p;,q;,t € N(1,n), either (2.3.55) and

(2.3.56) or

picii+lzn=1 (pz|az]‘+q|b,l) < —Pi _ ~,
{ 12 : 3107 sz.(ga) i€ N(1,n), (2.3.59)
Gilis + 3 Zj:l (ibij| + pjlaj]) < L_igm’

hold, then the trivial solution of system (2.8.47) is globally attractive.
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2.3.2.2 Local stability and Hopf bifurcation

In this subsection, we focus on local stability and Hopf bifurcation for the BAM
neural network with delayed self-connections (2.3.2) by viewing the self-connection
delay as a parameter. We assume that [; = J; = 0 and f;(0) = ¢;(0) = 514(0) =
82,4(0) = 0 for ¢ € N(1,n) so that the zero is a trivial solution of (2.3.2). In addition,
since we will discuss the linear stability, we may assume that all the activation

functions in (2.3.2) are differentiable with neuron gains 1, that is,

fi(0) = ;(0) = 514(0) = 55,(0) = 1,2 € N(1, ).

1

From now on, we assume that
Ci = ly = Bidyy = myy = 03735 = 11315 = T, 4,5 € N(1,n).

The linearization of (2.3.2) at the origin is

{ 2i(t) = —zi(t) + Bt — o) + 30, aiy;(t — )
Ui(t) = —ui(t) + Byt — o) + 25, bz (t — ™)

As in Section 2.3.1, denote the n x n identity matrix by E,, A = (a;;), B = (b)

(2.3.60)

and 7 = (71 + 72)/2 and let

W= (z+1—Be*)E, —e "M A
—e ¥ B (z+1—pe *)E,
and
W —e *" B (z+1— Be *)E,
= (Z + 1 _ ﬂe—za)En _e—zT1A .

Then the associated characteristic equation of (2.3.60) is given by

detW = 0. (2.3.61)
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Note that
detW = (—1)"detW™*.

In what follows, we assume that
detB # 0, (2.3.62)
which implies that e™*™ B is nonsingular. Then from Theorem 1.23 of [30] we have
detW™ = det(e "™ B) det[W* /e "™ B],

where [W* /e~#*7 B] is the Schur complement of the block e™*™ B in W* (See, e.g.,[30]).

Therefore, (2.3.61) is equivalent to
det[(z + 1 — Be *°)°E,, — e *"BA] = 0. (2.3.63)

It is easily seen that z is a solution of (2.3.63) if and only if there is a A € o(BA)
such that
(z4+ 1~ Be )2 - Ne %™ = 0. (2.3.64)

Hence, if );, j € N(1,n) are eigenvalues of BA, then (2.3.61) is equivalent to n

scalar equations
(z+1—Be ™) - Nie " =0, j € N(1,n). (2.3.65)
For any A; € 0(BA),j € N(1,n), we can write it as
A = [As1e%, 0; € [0,2m),
and then (2.3.65) is equivalent to

.0
Z2+ 1= Be™™ +4/1\le e’ =0, (2.3.66)
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Let z = p + iw, then (2.3.66) is equivalent to
R(p,w) := p+1— Be # cos(wo) £ /|Ajle ™ cos(wr — 0;/2) =0
{ I(p,w) = w + Be ™ sin(wo) F 1/[Ajle™#" sin(wr — 6;/2) = 0.
Noticing that

R(p,w) > 1= 1|8 —1/|Al, forall p> 0,0 >0,7 >0,
we immediately have

Theorem 2.3.8. Assume that (2.3.62) holds. If
VIA+ 18l <1,02>0,7 >0, (2.3.67)

where

A= max {4, 4; € o(BA)},

then all roots of (2.8.65) have negative real parts, and hence the trivial solution of

(2.3.2) is asymptotically stable.

From R(p,w) = 0 and I(y,w) = 0, we obtain

p = —1+ Be ™ cos(wo) F 1/ |Ajle™ cos(wr — 8;/2), (2.3.68)
w = —Pe " sin(wo) £ 1/|A;le”* sin(wT — 6;/2). (2.3.69)
and hence,
(5 + 1 = Be7 cos(wa))? + (w + Be sin(wa))? = [Agle 2,
or

(B+1)*+w®—28e#[(p+1) cos(wo) —w sin(wo)|+ B2 24 — | Ajle ™7 = 0. (2.3.70)
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If we assume that
1
,B < 0, and 1/ ‘)\| < _ﬁ,O' S [0, _—w], (2371)

then, it follows from (2.3.69) that
w< =2@for u>0,7>0, and wo € [0,1].
Letting the left hand side of (2.3.70) be M (u), we then have

M) = 1+ w?—28(cos(wo) — wsin(wo)) + % — |
= 14 8% —|\j| — 2B cos(wo) + w? + 2Bwsin(wo)
> w? + 28w(wo)

= w*(1+2B0)

v

0.

Moreover, we have

dM (p)

—_— 2{(p+ D[1 + Boe " cos(wo)] — Be ™ [cos(wo) + Boe ]
dys >0

+|\jloe” 7 — Bowe ™’ sin(wo) }

> 0.

This shows that M(u) > 0 for all 4 > 0 and thus we have

Theorem 2.3.9. If (2.3.62) and (2.3.71) hold, then for all T > 0, the trivial solution

of (2.3.2) is asymptotically stable.

In the following, we will regard o as the parameter and try to find its critical

value at which the bifurcation occurs.
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Letting o = 0 in (2.3.66), we have
R(p,w) = p+1— B £ 4/|Aj|le ™ cos(wr — 0,;/2)

and hence

R(p,w) > 1— 3 —4/|A;] for all 4 >0,

which indicates

Lemma 2.3.6. If

B<1—1/IAl, | (2.3.72)

then all roots of (2.3.66) have negative real parts at o = 0 for all 7 > 0.

Next we investigate if o > 0 will destroy the stability. Theorem 2.3.2 and Lemma
2.3.6 suggest that in order to explore the possibility that o > 0 destroys the stability,

we need to assume that (2.3.72) and |3| + 1/A; > 1 hold, or equivalently,

ﬂ<—‘1—m

Under this assumption, we know for any fixed 7 > 0, all roots of (2.3.66) have

. (2.3.73)

negative real parts when o = 0 and it is possible for some roots having non-negative
real parts when o > 0. It follows from [11] that the only way to achieve this is by
way of crossing the imaginary axis.

Note that z = 0 can not be a root of (2.3.66) due to (2.3.73). If z = iw with

w > 0 is a root of (2.3.66) if and only if

{ Beos(wo) =1+ /[X;[cos(wr — &) (2.3.74)

Bsin(wo) = —w % \/|Aj|sin(wr — %L)



77

which gives
2 2 9 : 0
8% =1+ |\j| +w? £24/|Aj] [ cos(wr — 5) — wsin(wT — E) . (2.3.75)

Eq.(2.3.75) can have either finitely many or no root for w > 0. In the case
of finitely many roots, we denote them by wli()\j),l =1,2,...,m. It follows from

(2.3.74) that

1+ /N cos(wi (M) — %
L i1 (arccos A5l cos(w;” (A)T — 3) +2,m) =: o7 (k), (2.3.76)

w;(45) p
where p € N(0) = N. In the case where (2.3.75) has no root, we denote the

corresponding offj(O) = o0o. The above analysis and a direct calculation give
Lemma 2.3.7. Assume that (2.5.78) holds. Then

(i) all roots of (2.8.66) have negative real parts for any fized T > 0 and for
o € [0,0(A))); (2.3.77)
(ii) Eq. (2.3.66) has a pair of simple purely imaginary roots and all other roots have
negative real parts at 0 = o(A;);

(iii) at least one root of (2.3.66) has positive real part if
o> a(}). (2.3.78)

Here o();) := min{0;7,(0), 0,;(0), I € N(1,m)}. Moreover,

dRe(z)
do

£0

2=iw
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if and only if
T # Ti()‘ja w),
where 7E()\;,w) is the solution of
6; . 0;
w | 1F 74/ |7 cos(wT — 5) = +4/|A|(1 + 7) sin(wr — —2—), (2.3.79)
and in the case that (2.5.79) has no solution, we denote 7=(A;,w) = oo.
Let
o =min{o();),j € N(1,n)} = a(};,), for some j, € N(1,n).

Then o* is the first critical value at which Hopf bifurcation possibly occurs. Corre-
sponding to such value, we denote iw by iwg, Aj, by Ao, and o by 0. Summarizing
the above analysis and applying the standard Hopf bifurcation Theorem in [43], we

have
Theorem 2.3.10. Assume that (2.3.62) holds. Let |A\| = 1n<1a£)({|)\][ 1 A; € o(BA)}.

@ I
B<1—-+|A, (2.3.80)

then the trivial solution of (2.8.2) is asymptotically stable at o = 0 for all

72> 0

an I
B<-|t- VN

then the trivial solution of (2.3.2) is asymptotically stable for o € [0,00) and

; (2.3.81)

unstable if o > oyg.
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(IIY) Hopf bifurcation occurs at o = oy provided
m()\o) = 1, T # T()\(),UJ()),
where m(Xo) is the multiplicity of Ao being an eigenvalue of the matriz BA.

Remark 2.3.3. If m()\o) = 2 in (III) of the above theorem, Hopf-Hopf bifurcation

occurs at 0 = oy.
2.3.2.3 Hopf bifurcation and its direction and stability for 7 =0

The direction and stability of the Hopf bifurcation established in Section 2.3.2.2 is
not easy to confirm and thus in this subsection, we will focus on a special case:
7 = 0, and give the Hopf bifurcation theorem and an algorithm for direction and

stability. Note that (2.3.2) is now reduced to

{ $i(t) = —mi(t) + Bsva(mi(t — 0)) + D20, 03 fi(y;(2) (2.3.8)
Gi(t) = —uilt) + Bs2:(ui(t — 0)) + D27, bijg;(w;(1)) -
Let
+ 2 . gﬂ_ 2 Tain i
wi =4/ B% = (1 £ 4/|A;| cos 2) T 4/ |}, sin 5
and
1 1+ /A]cos&
O-;E(O) = Z)J; arccos ﬁ] 2

It w;t ¢ R, we denote the corresponding aji(O) = oo, where \; = |)\;|e?% is the

j—th eigenvalue of BA and j = 1,2,...,7n. Let o(};) = min(c} (0),0; (0)) and

0o = min {o(Aj)} = o(A,) for some jo € N(1,n).

For this special case, one can easily show that the condition 7 # 7% (\;,w) for w > 0

holds. Thus, Theorem 2.3.10 reads in this case as following
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Theorem 2.3.11. Assume that (2.3.62) holds.

(i) If
B<1—+/]A] (2.3.83)

then the trivial solution of (2.3.82) is asymptotically stable at o = 0.
(ii) If
B<-— Il - \/|)\|‘ , (2.3.84)

then the trivial solution of (2.8.82) is asymptotically stable for o € [0,00) and

unstable if o > oy.
(iii) Hopf bifurcation occurs at o = oo provided m()g) = 1.

We assume for simplicity that the activation functions in (2.3.82) satisfy

"

fi (0)=g;(0) = 3,1’,1’(0) = 8,,;(0) =0, for i € N(1,n),

as the prototype functions tanh(z) and arctan(z) do. Then the Taylor expansion of

(2.3.82) at zero has the form

((&:i(t) = —zi(t) + Brit — 0) + X7y aiy;(2)
] +yxd(t — o)+ 35, a;-‘jgf-’(t) + h.o.t. (2.3.85)
Bi(t) = —wilt) + Byt — o) + 225, bijz;(2)
\ +agyi(t — o) + Y7, bad(t) + ho.t.

where h.o.t. stands for the high order terms, v; = Bs'{',i(O)/G, o = Bsg"i(ﬂ)/ﬁ,a;‘j =

aii f; (0)/6,b%; = bi;g; (0)/6,%,5 € N(1,n). Let ¢ = 0o+, then Theorem 2.3.11 im-

plies that Hopf bifurcation occurs at © = 0. By using the general method introduced
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in [43], we can give a specific algorithm to determine the direction and stability of

such Hopf bifurcation as below. Note that a direct calculation shows that

dRe(z)

do |,in > 0.
Our algorithm is given as follows:
Algorithm
1. Put ap := 1 + dwy — Be~ ™0,
2. Find an eigenvector Q = (q1,2,--.,,)" for matrix BA corresponding to its

eigenvalue Ay, i.e.,

()\OEn — BA)Q =0;
3. Let
P=qB'Q, P*=®B"'Q,
where P = (p1,p2,--.,0a)%, P* = (},05,...,00)7;

4. Compute D, which is defined by

1

D= : _ -
(1 + Boge=iwoo0) 570\ (@05 + Pigj)

5. Let

n n
@O = 3p {Z % (%' [pil*pse 00 + 3 ‘1?“’1’“'2%)

7=1 k=1

n n
+ D7 (aj|qj|2%6_i‘”°"° +> b kalzpk> }

j=1 k=1
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6. Let
p2 = —Re(C1(0)).

Then we have

Theorem 2.3.12. If uy > 0 (< 0), then the Hopf bifurcation of (2.8.82) occurred at
o = 0y s supercritical (subcritical) and the periodic solutions of (2.8.82) bifurcating

from Hopf bifurcation value are asymptotically orbitally stable (unstable).
2.3.2.4 Some examples and numerical simulations

Example 2.3.2. A BAM neural model with three delays.

Consider the following BAM neural network with two neurons on each layer

#1(t) = —z1(t) +Bf(xi(t— o)) +anf(yi(t — 1)) + araf (vt — 1))
Eo(t) = —z2(t) + Bf(22(t — 0)) + aar f(11(t — 7)) + aga f(ye(t — 1))
() = —unt) +Bf(yi(t —0)) +buf(z1(t — 72)) + biaf (x2(t — 72))
P(t) = —1y(t)+ Byt — o)) + bar f(@1(t — 72)) + bao f (w2(t — 72))
(2.3.86)
where f(z) = tanhz.
Corollary 2.3.3. If
1Blar + |en|p1 + |aar|p2 < @1, |Blaz + |a2lpr + |azlp: < ¢ (2.3.87)
and
|Blp1 + [b11lgr + |barlg2 < p1, |Blp2 + |bizlar + |bo2]ge < p2 (2.3.88)

hold for some positive p;, ¢;,t = 1, 2, then the zero solution of (2.3.86) is globally

asymptotically stable for all o > 0, 74 > 0 and 75 > 0.
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-10 1.2 1.0 —2.0
Theorem 2.3.7 we know that the zero solution of (2.3.86) is globally attractive for

Take f§ = —2, and A = ( 10 —1.0 ), B = (0'8 1.0 ) Then from

all m > 0 and 7 > 0 provided ¢ < 0.1572. The eigenvalues of matrix BA are:
AL = 0.1391, Ay = —3.7391. If 7 = (71 + 72)/2 = 0, then a direct calculation gives
oo = 0.5598 with the associated Ay = 0.1391, wy = 1.4543. This shows that the zero
solution of (2.3.86) is asymptotically stable when o € [0,0.5598),77 = 75 = 0 and
local periodic solutions appear via Hopf bifurcation near o = 0.5598. The numerical
simulations are shown in Figs.2.5-2.6. If i, + » = 0.02, we can compute that
o9 = 0.5544 and the associated Ay = —3.7391, wy = 3.7038. This implies that in
this case the zero solution of (2.3.86) is asymptotically stable when o € [0,0.5544)
and Hopf bifurcation occurs around ¢ = 0.5544. The numerical simulations, are
given in Figs.2.7-2.8. We acknowledge that all numerical simulations presented here

were performed by the DDE23 Solver developed by Shampine and Thompson [89].
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Figure 2.5: Hopf bifurcation occurs when ¢ is near the critical value o, here we
use 7 = 0,0 = 0.58 and just give the first component z;(t) vs t. The behavior of
%2(t), y1(t) and y(t) are similar to that of z1(¢).
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Figure 2.6: Locally stable solution of (2.3.86) is obtained when o < oy, here
T =T = 0,0 = 0.55 and z,(t) vs ¢ is shown. The behavior of z3(t), y1(t) and y»(%)

are similar to that of z(¢).
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Figure 2.7: Long time behavior of solution of (2.3.86) which bifurcates from
the zero solution when o is near the critical value gy, here we use 7 = 0.008, 7 =
0.012,0 = 0.57. The component z;(t) is shown here and the behavior of z5(t), y1(t)
and yo(t) are similar to that of z;(¢).
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Figure 2.8: The zero solution of (2.3.86) is locally stable when o < oy, here
71 = 0.008,7, = 0.012,0 = 0.54. The behavior of z3(t), y1(t) and y»(t) are similar
to that of z1 ().

Example 2.3.3. Ring structured neural network models.

A general neural network model with a special connection architecture, i.e., ring
structure, was investigated by Campbell in [10]. A simplified such model takes the
form

uj(t) = —u;(t) + 5(u;(t — o)) + hj(u;—1(t — 7)), (2.3.89)
where j = 1,2,...,k and up = ug. In the case where k& = 4, (2.3.89) was discussed
in [11] on the local stability and Hopf bifurcation. Note that we can topologically
regard (2.3.89) as a simple BAM model when the number of neurons % is an even

number. For example, a ring of 6 neurons shown in Fig.2.9 can be reorganized as a

BAM neural model with n = 3 shown in Fig. 2.10.

For general even number k& = 2n. Let

.Ij(t) = qu_l(t),yj(t) = Uzj(t),j = 1, 2, oy .
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ag

Figure 2.10: The BAM neural network obtained from the ring of six neurons.
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Then we can rewrite (2.3.89) as

{iﬂﬂ=—%@+ﬂwﬂ%@—0ﬂ+%rﬂwAU—ﬂ) (2.3.90)
95(t) = —y;(t) + 525 (y;(t — 0)) + haj(w;(t — 7)),
where yo(t) = yn(t). For convenience, we may further rewrite (2.3.89) as
{fﬂﬂ=—%®+ﬁd%ﬂ—aﬂ+ﬁ4%4@—ﬂ) (2.3.91)
U;i(t) = —y;(8) + 52,3y (t — 0)) + g;(z; (¢ — 7)),

Without loss of generality, we can assume that zero is an equilibrium of (2.3.91),

then its linearization at zero is
z;(t) = —z;(t) + a;x;(t —o) + b;1y; 1 (t —T
]() i (t) 3% ( )+ bj—1y5-1( ) (2.3.92)
() = —y;(t) + aj4ny; (¢ — 0) + bjynz; (E — 7),

where a; = 3/17j(0),aj+n = s'Q’j(O),bjM = ¢;(0),5 = 1,2,...,n and b; = f}(0),5 =

L,2,...,m =1, by = by, = f3(0). If we let a; = B for j = 1,2,...,2n, and denote

0.0 0 ... b oo O ... 0
by 0 0 ... 0 o 0

A=0 b 0 0 |,B=]. "2 7 | Then we can
0 0 ... by O 0 e 0 o

apply our results to this model to discuss the local stability and Hopf bifurcation,
regarding the self-connection delay o as the parameter. Note that in [10], 8 works
as the parameter, and in [11], 7 does that job. Using our main results, we can obtain
the bifurcation analysis by varying o and this together with [10] and [11] can enrich
the bifurcation analysis for the neural networks with ring structure.

In the following, we restrict our attention to a special case: 7 = 0 and b; = b for

0 0 0 ... b
o 0 ... 0

j=1,2...,2n. We then have BA= | 0 » 0 ... 0 , which implies
0 0 ¥ 0

nXn
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that
o(BA)={\;,7=1,2,...,n}

with \; = b% 0,0, = (J—T%)— (In particular, if n = 2, this corresponds to the model

investigated in [11]) and we have A\; = b? and A, = —b2.) Let

w1:\/ﬁ2—(1+|b|cos%—) |b]s1n¥,w —\/ﬁ2 1—]b[cos ) +|b[sm

and

.1 1+]b|c0s%j— s 1 1—{b|cos€2i
0; = — arccos ——————=, g5 = — arccos —————=,
=3 c 5 o; 2 rcco 5
for j € N(1,n). If wi ¢ R",s = 1,2,j € N(1,n), we denote the corresponding

o} = +00. Set 0o = min{o? : j € N(1,n),s = 1,2} = 0} for some j, € N(1,n) and

so € {1,2} . We denote Ao = Aj, = b*¢™ and wy = w;°. Letting

. ; (i « Q .
a0 =1+ iwg — Be™0%, g; = 70%), p; = —3q;, pj = 2q;, j € N(1,n),

b

and

_ b

" 2nag(1 + Boge—iwoo)’
This gives

= 3D26_1(27‘90) { (aoa] + agy;) + d + dj_1€®
and
Mo = "'RC(C] (0)), (2393)

where 7y; = 5”6(0),01]- = szg(o),d; = gLs(i) and d;j_; = “1(0) == d, = dp for j € N(1,n).

Corollary 2.3.4. Suppose that b # 0.

(1) If B < 1—1b|, then the zero solution of (2.3.89) is asymptotically stable at o = 0.
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(2) If B < — |1 — |b||, then the zero solution of (2.3.89) is asymptotically stable for

o € [0,09) and unstable if o > oy.

(3) Hopf bifurcation occurs at 0 = gy and its direction and stability are determined
by po given by (2.3.93), namely, the Hopf bifurcation is supercritical (subcrit-

ical) and stable (unstable) if ps > 0(u2 < 0).

For example, taking k¥ = 4,7 = 0, s;(z) = —2tanh(z) and k;(z) = 2tanh(z)
in (2.3.89), then we have 0g = 0.5612, ¢ = —4,wp = 3.7321,0y = 7, and p2 > 0.
This shows that in the case k = 4,58 = —2, and b = 2, Hopf bifurcation occurs at
o = 0.5612, which is supercritical and the bifurcated periodic solutions are asymp-

totically orbitally stable. The corresponding numerical simulations are presented in
Figs.2.11-2.12.

0.5 T T T T T T T T

7Y O OO PPV SUUTRSUOT SUOPRSUR SUOPPIR SPRON
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Figure 2.11: A periodic solution of (2.3.89) bifurcates from zero solution at
o = 0.57. Here b = 2,8 = —2,k = 4, the component z;(¢) is shown and the
behavior of z5(t), y1(t) and y»(t) are similar to that of z;(¢).
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Figure 2.12: The zero solution of (2.3.89) is locally stable when o = 0.55 < 0.
Here b = 2,3 = —2, k = 4, the component z;(t) is shown and the behavior of z4(t),
y1(t) and yo(t) are similar to that of z;(¢).

If ¥k = 6 and s;(z) and hj(z) remain the same, then we can compute that
oo = 0.4209, X = —4(—% + ‘/751) = —4eif g, = 2—;’— and py > 0. This shows

supercritical Hopf bifurcation occurs at ¢ = 0.4209 and the bifurcating periodic

solutions are asymptotically orbitally stable.
Remark 2.3.4. Our result works for (2.8.89) whenever k is an even number.

2.3.2.5 Discussions

We have investigated the stability including both global and local stability and Hopf
bifurcation for the BAM neural networks with delayed self~feedback. An effective al-
gorithm to determine the direction and stability of the Hopf bifurcation is developed
for a special case (7 = 0). In the case 7 # 0, a similar algorithm can be expected.
As an example, we showed that a ring structured neural network model with even

number neurons could be reorganized as a BAM model and thus our results and al-
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gorithm obtained in this section are applicable to such a neural network. Indeed we
successfully employed our results to consider the bifurcation of a simplified neural
network model with ring structure (2.3.89) by viewing the self-connection delay as

a parameter. Several specific examples and their numerical simulations were also

presented to demonstrate our results.



Chapter 3

Dynamics of Discrete-time Neural
Networks

In this chapter, we study the dynamics of delayed discrete-time neural networks.
When a neural network is updated discretely, the model describing the network is
in the form of a system of difference equations (See, e.g., Hopfield [50]). On the
other hand, in numerical simulations and practical implementation of a continuous-
time neural network, discretization is needed, leading again to a system of difference
equations. Therefore, it is of both theoretical and practical importance to study
the dynamics of discrete-time neural networks. For the same reasons as stated
in the introduction of this thesis, we will incorporate time delays into the network
models. More precisely, in Section 3.1, we will discuss the exponential stability of the
discrete-time neural networks with variable delay and establish some criteria based
on linear matrix inequalities (LMIs) to guarantee the global exponential stability
and obtain some componentwise exponential stability results by using cmbedding
technique. Section 3.2 is devoted to the study of the capacity for storing stable

periodic solutions in the discrete-time BAM neural networks.

92
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3.1 Exponential stability of discrete-time neural
networks with variable delay

Consider the discrete-time neural network model with variable delay
zi(n+1) = aizs(n) + Y wig;(z;(n — k(n))) + I, € N(0), i € N(1,m) (3.1.1)
j=1
where k(n) are positive integers with 0 < k(n) < k, a; € (0,1).
System (3.1.1) can be regarded as the discrete analog of the continuous-time

Hopfield neural network model
(1) = —ami(t) + > wig;(z;(t—7(1)) + L, i € N(1,m). (3.1.2)
j=1

However, generally speaking, the dynamics of discrete-time neural networks may be
quite different from that of the continuous-time ones. For instance, the stability
criteria established for system (3.1.2) may not be applicable to system (3.1.1). In
the literature, there have been some papers (e.g., [23], [52], [53], [54], [55] and
[68]) discussing the dynamics, including the stability, of some discrete-time neural
networks. But for the delayed discrete-time neural networks, stability, especially
exponential stability results are very few in the literature, in contrast to continuous-
time neural networks with delays.

Our aim in this section is to investigate the exponential stability of system (3.1.1)
by combining Liapunov function method, comparison method for monotone system
and LMI approach. The latter approach has recently been used in [65] and [88]. Note

that in terms of LMIs, our criteria can be tested by efficient and reliable algorithms

[5]-
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3.1.1 LMI based criteria for exponential stability

We use the following notations: Z+ = N(0); A(W): the set of eigenvalues of the
matrix W; Ay (W): the largest eigenvalue of the symmetric matrix W; A, (W): the
smallest eigenvalue of the symmetric matrix W; W7T: the transpose of the matrix
W; W1 the inverse of the matrix W; ||z|| = O, :cf)%: the Euclidean norm of
the vector z = (Z1,Zo, ..., Zm)’ € R™ and ||W/|| = ||W||2: the matrix norm induced

by the Euclidean vector norm.

The initial conditions associated with (3.1.1) are of the form
zi(s) = ¢i(s),i = N(1,m),s € N(—k,0). (3.1.3)
Throughout this subsection, we assume

(H) For each i € N(1,m), g; : R — R is globally Lipschitz continuous with

sup |9i(u) — gi(v)] =1,
u,vER,uFv u ~ v

and [g;(u)] < M;,u € R, M; > 0.

If we let z = (z1,%2,...,%Zm)", A = diag(ai,az,...,am), W = (Wijlnxn, I =

(I, Iy, ..., )T, and g(z(n)) = (g1(z1(n)), g2(z2(n)), - - -, gm(Tm(n)))T, then (3.1.1)

can be written in matrix form:
z(n +1) = Az(n) + Wyg(z(n — k(n)) + I,n € N(0). (3.1.4)

As usual, a vector z* = (z},z3,...,z} )7 is said to be an equilibrium of (3.1.4) if it
satisfies

z* = Ax* + Wy(z*) + L.
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Based on our assumption on the activation functions, it is easily seen that (3.1.4)
admits at least one equilibrium.

In what follows, S > (>) 0 means the matrix S is symmetric and positive
definite(semi-positive definite). From the theory of matrices, we have the following

facts
Lemma 3.1.1. (i) IfA>0,B>0,a>0, then A+ B >0, aA > 0;
(ii _{ An Ap . ; -1 :
ii) A= Ay Ag > 0 if and only if A;1 > 0 and Agy — A AT Ay > 0;
(iii) For any real matrices A, B,C and a scalar € > 0 with C > 0, the inequality
ATB+ BTA < eATCA+ ¢ 'BTC'B
holds.

Proof. (i), (ii) and (iii) can be found in [30] and [87], respectively. O

If we let y(n) = z(n) — z* and f(y(n)) = g(xz(n)) — g(z*), then the stability of

equilibrium z* of (3.1.4) corresponds to that of the zero solution of the system
y(n+1) = Ay(n) + W f(y(n - k(n)), (3.1.5)

where f has the property:
F I < Lyl (3.1.6)
with L = diag(ly, la, . .., lm)-
We are now in a position to state our main results in this subsection, which are

based on LMIs approach.
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Theorem 3.1.1. Assume that the variable delay k(n) is bounded, satisfying 0 <
k(n) < k and Ak(n) = k(n+ 1) — k(n) < 1. If there exist two scalars ¢ > 1,¢ > 0

and two matrices P > 0, R > 0 such that

R WTPA
( LAPW P —qAPA~LQL ) >0, (3-1.7)

then the eqdz’librium z* of (3.1.4) is exponentially stable. More precisely, for any

solution x(n) of (3.1.4), the inequality
|lz(n) —2*|]” <g"Cy sup [lz(s) —*| %, (3.1.8)
SEN(—k,0)

holds, where

C, = A (P) + A (Q)|IL] 2

oo 1= (1/g)F
o (P) , with 6 = p—

and

Q = ¢"**eR + ¢! *WTPW > 0.

Proof. Define V(n) = V(y(n)) by
n—1

V(n) = ¢y (m)Py(m)+ D ¢ y(s)Qf(y(s)) (3.1.9)

s=n—k(n)

Then

AV(n) = Vin+1)-V(n)

= ¢y (n+1)Py(n+1) — ¢"y" (n) Py(n)

Y U@ - S )W)
s=n+1—k(n+1) s=n—k(n)

¢t (Ay(n) + W f(y(n — k(n)))" P (Ay(n) + W f(y(n — k(n))))
—¢"y" (n)Py(n) + ¢" f (y(n))Qf (y(n))

~¢" " {1 (y(n — k(n)))Qf (y(n — k(n))),

IA
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which further gives

AV(n) < ¢yT(n)APAy(n) — ¢"y" (n)Py(n) + ¢" T (y(n))Qf (y(n))
+¢" M [yT (n)APW f(y(n — k(n))) + {7 (y(n — k(n)))W* PAy(n)]
+fT(y(n — k() (@ TWTPW — ¢"F™Q) f (y(n — k(n))).

From Lemma 3.1.1 (iii), we have

y* (n)APW f(y(n = k(n))) + £ (y(n — k(n
< eff(y(n — k(n)Rf (y(n — k(n))) + "

Therefore, we have

)))WTPAy(n)
(n)APW R-'WTP Ay(n).

AV(r) < —q"y"(n) (P—qAPA-LQL - gAPWR‘lWTPA) y(n)
) T (y(n — k(n))) (Q — ™ (eR + WTPW)) fT(y(n — k(n))).

Recalling that Q = ¢'**(eR+ WTPW), we know from Lemma 3.1.1 that Q > 0 and
Q — ¢+ (eR + WTPW) > 0. This shows that

AV (n) < —¢"y" (n)Qy(n),

where Q = P—gAPA-LQL—2APWR*W7”PA. Condition (3.1.7) and Lemma 3.1.1-

(ii) imply that £2 > 0 and hence
AV(n) <0.

Therefore, we have

-1

Vi) <V(0) = y"(0)Py(0)+ Y ¢ (y(s)Qf(u(s))

s=—k(0)

< P OIP+ 3 Aw(@IIL|Py(s) P

s=—k
= (Am(P) +Au(@IILI) sup [y(s)II*

SEN(—k,0)
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On the other hand, from the definition of V/(n) that

V(y(n) = ¢"Am(P)|ly(n)|.

We then obtain

Ty < g 2D EAu@UEIE Tyt

)\m(P) sEN(—k,0

which gives (3.1.8) and thus the proof is complete. a

Theorem 3.1.2. Assume that there are two matrices P > 0, ¥ > 0 and a scalar

o € (0,1) such that

by WTPA
(APW oP — APA ) >0 (3.1.10)
and
A+ WIPW)H||L|? < An(P)(1 = 0). (3.1.11)

Then every solution of (3.1.4) is exponentially stable with

lz(n) — z*||* < Co0™ sup ||z(s) — z*|?, (3.1.12)
SEN(—k,0)
where
B Au(P) _ Au(E+WTPW)||LI]?
W TGN 1) U L Wi o v P
and

Fy=sup{y€ (0,1): 0 < Cs(y) < 1}.

Proof. Define V(n) = V(y(n)) = y*(n)Py(n), then we have

An(P)ly@)II* < V(n) < Aur(P)|ly(n)]? (3.1.13)
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and
AV(n) = y'(n+1)Py(n+1) -y (n)Py(n)
= (Ay(n) + W f(y(n — k(n))))" P (Ay(n) + W/ (y(n - k(n))))
—y" (n)Py(n)
=y (n)(APA = P)y(n) + " (y(n — k(n))) W' PAy(n)
+y" (n)APW f(y(n = k(n)) + f7 (y(n — k(n))WT PW f(y(n — k(n)))
Using Lemma 3.1.1~(iii), we can further have
AV(n) < yT(n)[-P+ APA+ APWL'WTPAJy(n)
+f7 (y(n — k(n)))[E + W PW]f(y(n — k(n)))

yT(n)[-P + APA+ APWES'WT PAJy(n)

AN

(S + WEPW)|ILI P ly(n — k(n)|?
= —(1-0)y" ' (n)Py(n) —y*(n)[oP — APA — APWES'WTPAJy(n)
+Au(Z+ WPW)ILI ly(n ~ k(n)]?

Notice that condition (3.1.10) and Lemma 3.1.1-(ii) imply that oP — APA —
APWY 'WTPA > 0. This shows that

AV(n) < —(1 = o)V(n) + A (S + WTPW)|ILIly(n — k(n))II*,n € N(D),

and hence we have
n—1
V(n) < o™V (0) + A (S + WIPW)[IL[2D o™ 17 [y(s — k()| (3.1.14)
=0

From (3.1.13), it follows that

V(0) < APy (0)I* < 2 (P)| o up lz(s) — | I*.
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Thus, (3.1.13) together with (3.1.14) shows that

)P < o320 ONCORE +C 3" ly(s — k(s))IP, (31.15)

where

M (Z + WTPW)||L|?
A (P) ’

Condition (3.1.11) guarantees that ¥ € (0,1) exists. Multiplying both sides of
(3.1.15) by o™, we have

Cy =

o ™y@n)|]? < o7 sup ||z(s) — z*|?
lly(n)]| (D) sEN(_k’O)H (s) — =]

n—1

+Ci ) 0"y (s~ k()]

§=0

5
=

A 2 —1+(1-7
sup  ||z(s) — z¥||? + Co™H-7m
Am(P) sEN(—k,O)H () ==+ G

IN

n—1

Z0.——(1—’7)30-—’7k(3)0-—’7(3_k(s))||y(8 — k(s))|>.

$=0

Letting

z(n) == sup o ||y(s)|? (3.1.16)
S€[—k,n]

and noticing that k(n) < k and o € (0,1), we obtain

s Au(P) k1
o ™ ly(n)|? < su z(s) — z*||? + Cyo™7*F — z(n
Wl < 5y o lle(s) =2+ Cuo™™ 5an)
Au(P)

= su z(s) — z*||* + C3(7 ,
o P) sEN(_pk’o)ll (s) — =*|I* + C3(7)2(n)
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which shows that

2(n) = sup o7”[y(s)l

s€[—k,n]
M(P) *12 =
o (348 o)< 0

_ (P o
= RnlP) sen P TP G

IN

Therefore,

IN

(1= Cs(7))z(n) sup [a(s) — 2”|I*.

This indicates that

ly(m)|fPe™™ < 2(n) £ Cy sup Jla(s) — 2*|%,

SEN(—k,O)
that is,
ly(m)[? < o™Cz sup |la(s) — 2| [
seN(—k,0
This shows the proof is complete. a

Remark 3.1.1. Theorem 8.1.1 and Theorem 3.1.2 show that the equilibrium of

(8.1.4) is unique under the hypotheses of these theorems.

Remark 3.1.2. In Theorem 8.1.1, we require Ak(n) < 1, while Theorem 8.1.2
only requires that k(n) be bounded. In Theorem 3.1.1, the condition (3.1.7) is delay-
dependent through the expression of Q), while the condition (3.1.10) in Theorem 3.1.2
s independent of the delay, even though the delay does have impact on the solution

orbits which can be seen from (3.1.12).
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Remark 3.1.3. Based on Theorem 8.1.1 and Theorem 8.1.2, we can determine
an upper bound of q in (8.1.8) and a lower bound of o in (8.1.12) so that the
neural network (8.1.4) has rapid convergence. This requires us to solve the following

optimization problems:

Maz q (3.1.17)
Subject to P > 0,R > 0 and (8.1.7) is satisfied
and
Min o (3.1.18)
Subject to P > 0,% >0 and (3.1.10) and (3.1.11) are satisfied, o

respectively. Note that (8.1.17) and (8.1.18) can be solved easily by the LMI Toolboz
such as the Scilab developed by INRIA and ENPC in France, which is available

at-www-rocq.inria.fr/scilab/.
The following example demonstrates the feasibility of our main result.

Example 3.1.1. Consider

{ zi(n+1) = 1/2z1(n) + 1/4 tanh(z;(n — 1)) + 1/8 tanh(za(n — 1)) (3.1.19)

za(n+1) = 1/2z9(n) + 1/4tanh(z,(n — 1)) + 1/16 tanh(ze(n — 1)).
1/4 1/8
1/4 1/16
), € = 0.5 and ¢ = 1.2, we then find that R > 0, P > 0,

In this example, k(n) =k =1, L =1, W = (

1.6 0
0 1.8

e >0, ¢ > 1 and (3.1.7) holds. This shows, according to Theorem 3.1.1, that the

), and if we take

R:LP:(

zero solution of (3.1.19) is globally exponentially stable with the exponential decay

rate less than 1/¢ = 5/6.
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3.1.2 Componentwise exponential stability

Under certain circumstances, one may wish to estimate the rate of convergence
of each or some of the neurons in the network. This subsection deals with such
componentwise convergence. To this end, we will employ the comparison method in
monotone dynamical systems. Due to the variety of connections in a network, the
network system may not be monotone and thus the comparison method can not be
applied directly. Motivated by the work of Chu [23] and van den Driessche, Wu and
Zou [96], we will first use an embedding technique to embed the model system into
a monotone dynamical system with (double) higher dimension and then from the
global componentwise convergence of the new system, we obtain that of the original
system.

As is in Section 3.1.1, we only need to consider the stability of the zero solution

of system (3.1.5), that is,
y(n+1) = Ay(n) + W f(y(n — k(n)). (3.1.20)

In this subsection, we assume that for each 7 € N(1,m), f; satisfies

0< fi(u) — f(v)

<; .
- <l foru#wv

Denote W+ = (w;}), W~ = (wj;) with w;; = max{w;;,0}, w;; = max{—w;;,0}
and h(—s) = —f(s). It follows from W = W+ — W~ that (3.1.20) can be embedded
into a 2m-dimensional system

) R ) R R A it R

Let
2n) = [u(n)]’Bz H 2],02 [W+ W",F(z(n)): H(u(n)

v(n)
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then (3.1.21) can be rewritten as
z(n + 1) = Bz(n) + CF(z(n — k(n))). (3.1.22)
For system (3.1.22) we have the following comparison theorem.

Theorem 3.1.3. Let ¢(n) and ¥(n) be two solutions of (3.1.22) with initial data
é(s),¢¥(s),s € N(—k,0). Then ¢(n) < (n) provided that ¢(s) < ¥(s) for s €
N(—k,0). Moreover, if ¢(n) satisfies

¢(n+1) > Bo(n) + CF(p(n — k(n))), n > 0,

and z(n) is the solution of (8.1.22) with initial data 2(s),s € N(—k,0), then z(s) <
&(s), s € N(—k,0) implies z(n) < ¢(n),n > 1.

Proof. Taking advantage of the fact that both B and C are non-negative matrices,

we can easily complete the proof by using the method of induction. m|

A consequence of Theorem 3.1.3 is the following

Corollary 3.1.1. Assume for system (3.1.20) and system (3.1.22) that initial data

y(s), d(s) = [ ZE::; } ,8 € N(=k,0) satisfy —v(s) < y(s) < u(s),s € N(—k,0), then

the corresponding solutions y(n) of (8.1.20) and ¢(n) = [ ZEZ; ] of (8.1.22)satisfy
—v(n) < y(n) < u(n) forn € N(1).

In order to establish the componentwise exponential stability, we need to intro-

duce the definition of Class Ky and Class K for matrices.

Definition 3.1.1. Let A € {A = (ai), 5,k =1,...,n; ax < 0,7 # k}. The matriz
A is said to be of class Ky (respectively, K) if there is a vector x > 0 such that
Az > 0 (respectively, Az > 0).
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0 L
dimension m by I, and using the property of matrices of class K, and class K, we

Denoting L = diag(ly,...,ln), D = [ ] and the identity matrix with

may establish our componentwise exponential stability result as follows.

Theorem 3.1.4. Assume that there is a o € (0,1) such that
Ql = O'IQm - B- O'_kCD

is of class Ky. Then the zero solution of (8.1.20) is componentwise (globally) ez-
ponentially stable in the sense that for every solution y(n) of (8.1.20), there exist

&0, mo € R™ with & > 0 and 1y > 0 such that

—o"ny < y(n) < o™&.

Proof. Q; € K, implies that there exists a vector (£,1)? € R?™ with £ € R™,n €

R™ and £ > 0,7 > 0 such that
Q[f] >0,
n

Let y(n) be a solution of (3.1.20) with given initial data y(s), s € N(—k,0). We then
can find a positive constant ¢ such that —¢n < y(s) < g€ for s € N(—k, 0). Denoting
the solution of (3.1.22) with initial data ¢(s) = [ u(s) ] =q [ 757 ] , s € N(—k,0),

v(s)
by ¢(n) = [ Z(Z) , we then have —v(n) < y(n) < u(n) for n € N(1). The fact
that € [ a ] > 0 implies that z(n) = [ qaZf ] ,n € N(—k), satisfies
an qan

z(n+1) > Bz(n) + CDz(n — k(n)), forn > 0,
which shows that z(n) = [ 907 ] ,m € N(1) is a solution of the following inequality

qa™n

z(n+1) > Bz(n) + CFz(n — k(n)), for n >0,



qo°n

[ ngf’) ] , § € N(—k,0), and Theorem 3.1.3 imply that

with initial data z(s) = [ 40°¢ ] , 8§ € N(—k,0). The fact that ¢(s) = ¢ { ¢ ] <

o) < =) = | 176 | ne v,

This indicates that
—o"™np := —qo™n < y(n) < g€ =: d"&

for all n € N(1). Thus y(n) — 0 exponentially and componentwise as n — oo and

the proof is complete. a

Corollary 3.1.2. If
Q) :=I,—B-CD

is of class K, then the zero solution of (8.1.20) is componentwise (globally) expo-

nentially stable in the sense of Theorem 8.1.4.

Proof. ] is of class K implies that there is a o € (0,1) such that ©; defined as in

Theorem 3.1.4 is of class K. Therefore the proof follows from Theorem 3.1.4. O

Denoting |W| = (Jw;;|), we have

Corollary 3.1.3. If there exists a o € (0,1) such Qp = oI, — A — o7 *|W|L is
of class Ky or equivalently if Q) := I, — A — |W|L is of class K, then the zero
solution of (3.1.20) is componentwise (globally) exponentially stable in the sense of

Theorem 3.1.4.
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Proof. Since Qy := 0, — A—0cFk |W|L is of class Ky, there exists a positive vector
& € R™ such that £25¢ > 0. This implies that

91{2]20,

which shows that €, is of class Ky and then the conclusion follows from Theo-

rem 3.1.4. 0

Remark 3.1.4. In [30], the matrices of class Ko (K) are called M —matrices (non-
singular M —matrices). Many other equivalent definitions are also available in [30].
For example, a matriz M is of class K if (a) all principal minors of M are positive;

or (b) every real eigenvalue of M is positive.

Remark 3.1.5. The embedding technique used in the proofs of Theorem 2.2.9 and
Theorem 8.1.4 was used by Chu [23] to get the specific performance for a class of
discrete-time neural networks without delay; by van den Driessche, Wu and Zou [96]
to obtain global attractivity for the continuous-time Hopfield neural networks with
constant delays; by Wu and Zhao [111] for delayed differential systems and by Smith
[92] for difference systems.

Next, we give an example to demonstrate the componentwise exponential stabil-

ity of a two-neuron network.

Example 3.1.2. Consider

{ z1(n+1) = 1/2z1(n) + 1/4 tanh(z:(n — 2)) — 1/4tanh(z2(n — 2)) (3.1.23)

za(n+1) = 1/4za(n) — 1/8tanh(z(n — 2)) + 1/2 tanh(z,(n — 2)).
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_ L (12 0 _( 1/4 -1/4
Inthlsexample,m-2,L—IzandA—( 0 1/4)7W_(_1/8 1/2)'

1/4 —-1/4 \ .
~1/8 1/4 ) is of class K and

thus, by Corollary 3.1.3, every component of each solution of (3.1.23) exponentially

It is easy to verify that Q) = I, — A — |[W|L = (

converges to zero.

3.1.3 Discussions

In this section, some LMI based criteria for the exponential stability and compo-
nentwise exponential stability are derived for the (autonomous) discrete-time neural
networks with variable delay. The LMI based criteria have the advantages that they
can be numerically verified by using LMI algorithms and the componentwise expo-
nential stability can be obtained by examining if the related matrices are of class K
or not, which admits many effective methods.

Note that the globally exponential stability achieved in this section shows that
the equilibrium is unique under the stability conditions. Applying the theory in
asymptotic autonomous systems, we may even establish some related convergence
results for the asymptotic autonomous discrete-time neural networks. For instance,

consider
z(n+1) = A(n)z(n) + W(n)g(z(n — k)) + I(n),n € N(0), (3.1.24)

where A(n) » A, W(n) = W,I(n) > I as n — oo. That is, the limiting system of
(3.1.24) is system (3.1.4). Then we have

Theorem 3.1.5. Assume that all conditions in Theorem 3.1.1 or in Theorem 3.1.2
or Theorem 3.1.4 are satisfied, then all solutions of (8.1.24) will converge to the

unique equilibrium of the limiting system (8.1.4).
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Proof. By the variation of constants formula, it is easy to show that given any
bounded initial data, the solution of (3.1.24) will be bounded. Under the assump-
tions, we know that the w limit set of a solution sequence of (3.1.24) is an internally
chain transitive set of its limiting system (3.1.4)(See [48] for the definition of inter-
nally chain transitive sets and their properties). On the other hand, by the Strong
Attractivity Theorem (Theorem 1.2.1, [120]), under the given conditions, an inter-
nally chain transitive set of (3.1.4) is an equilibrium set. This shows that all solu-

tions of (3.1.24) converge to the unique equilibrium of the limiting system (3.1.4). O

3.2 Capacity of Periodic Solutions in Discrete-
Time Bidirectional Associative Memory Neu-
ral Networks

One of the main tasks that artificial neural networks can fulfil is associate memory.
In associative memory neural network, the addressable memories or patterns are
stored as stable equilibria or stable periodic solutions. Thus, for the purpose of
the associate memories, it is desirable for the network to have as large capacity as
possible for retrievable memories. In terms of the terminology of dynamical systems,
this requires that the network admit as many as possible stable equilibria or stable
periodic solutions.

In continuous-time models, the series papers [19]-[22] established the co-existence

of multiple periodic solutions and described their domains of attraction. However,
all these periodic solutions, except one, are unstable and they have large domains of

attraction only in some sub-manifolds. On the contrary, for the discrete-time models,
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a large number of stable periodic solutions can possibly coexist. In this context,
Zhou and Wu [121], [122] proved the existence of 2 stable periodic solutions with
special periods for a class of discrete-time neural network model with two identical
neurons. For this model, Zhang and Wu [109] recently explored the existence of
periodic orbits with all possible periods and even provided a formula to compute
the number of all possible stable periodic orbits. More recently, Wu, Zhang and Zou
[110] extended the idea in [109] to a model with ring structure and showed that the
number of neurons and the delays all have impacts on the periodic solutions capacity
of the neural network model under certain conditions. One naturally wonders what
would happen if the network has other types of connection structure. For general
connection topology, it is very difficult, if not impossible, to answer this question. In
this section, we will further consider a class of discrete-time neural network model
with more trainable parameters and with another special connection topology: BAM
models. As is seen in Chapter 2, a ring network with even number of neurons is a
special case of BAM networks. More precisely, we study the delayed discrete-time
BAM neural network model described by

{ zi(n) = Bizi(n — 1) + 3700, aiifi(y;(n — kj)) (3:2.1)

yi(n) = ayi(n — 1)+ 3770 bijgi(xi(n — ;)

where §;, 05 € (0,1), 4 € N(1,m) are decay rates, a;;, b;j, i,j € N(1,m) are the
connection weights between the neurons in two layers: X —layer with neurons whose
states denoted by z;,1 € N(1,n) and Y —layer with neurons whose states denoted
by vi,i € N(1,n), and the positive integers k;,l;, ¢ € N(1,m) are the associated

delays due to the finite transmission speed among neurons in different layers in the
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network. The activation functions f;, g;,¢ € N(1,m) are of class CLET’ Rp where

Y ()~ 1 <e we€(nR]
CL(T,R].—{f.]R—HR F@tll<e ae }

and the constants € > 0,0 < 7 < R as well as §;,; € (0,1), ¢ € N(1,m) will be
specified later. We will show that for this network, the delays, together with the size
of the network, also have advantageous impact on the capacity of stable periodic
solutions.

Note that the delays in (3.2.1) do not change the number of its equilibria. How-
ever, as we will show, they are related to the number of periodic solutions of (3.2.1)
under certain assumptions and indeed the delayed discrete-time BAM neural net-
works can have large periodic solution capacity to store the paired patterns or mem-

ories.

3.2.1 Preliminaries

As usual, a solution of (3.2.1) is a sequence

{(@1(n), 22(n), ..., Tm(n), 41(n), 2(n), - - ., ym(n)) }

of points in R*™ which is defined for every integer n > —max {k;, ;,i € N(1,m)}

and satisfies (3.2.1) for n > 1. In what follows, we denote

A=(ay) .., B=(b), ., K= Z ki, L= Zz

and suppose that: A is strongly diagonally dominant, that is,

Ay > Z Ia,-j| = A,,‘Z c N(l,m)
J#i
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and B is strongly quasi-diagonally dominant, i.e.,
bii+1 > Z ‘b'L]I = Bz,l € N(l,m), where bmm—H = bml-
JFi+1
Let
uij(n) =zi(n—lLi+j—1), j=12,...,1;
’Uz"j(’n,) = yl(n_ k;7'+.7 - 1)7 .7: 172a"'aki;
uwi(n) = (uia(n), uiz(n), ..., uig,(n))* € RY;
vi(n) = (vi1 (), vip(n), .. ., vig, (n))" € RE

for ¢ € N(1,m). Setting w(n) := (u1(n), vi(n), uz(n), va(n),. .., un(n), vm(n)) by

w(n) = (wi(n),ws(n), ..., wk r(n)) € REFL,

and letting '

)

i{-}i = Zk‘j, Eo = 0, l_z = le, l_() = O,
j=1 j=1
we then may rewrite (3.2.1) as

win+1) = Fw(n)), (3.2.2)

where F : RE+L — RE+L jg defined by

F,(w), s€S:={li+k;, j=i—1,i, andie N(1,m
Fuw) = (w) {litkj J (1,m)} (3.23)
ws+1, SENL,K+L)-S

with

m
F‘l-i+ki—1 (w) = ﬁiwl—ri-l_ci—l + Z a’ijfj(wij+l?:j—1+1)
=1

and

m
Fh—i-h (w) = aiwi{-f'l_i:i + Zbijgj(wij_1+l_0j_1+l)'
j=1
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We denote the solution of (3.2.2) with initial value w(0) by w(n,w(0)),n =

1,2,.... For w = (w1,...,wgsr) € RETL | its norm is defined by
||w|| = max{|w,|,5 € N(1, K + L)}.

Let

7.n_ Qi m_ bz
d:max{zlj__lg.”, 221311(‘1'3[7 iEN(l,m)}.

We assume that the following holds:
(0<B<i(l—2), 0<ai<i(l—20),

G bu’+1

L2hal] — (1- 264 3l }

€ < MiNieN(1,m) —2a; bist1

i i — 204
_— R b — (1 - 20) 2
R>d(1+¢) =:b",

ai — A — Bib* — Z;?_q |aijle } «
_ =: a*.
L biit1 — By — a;b* — Zj:l |bijle

Let r, := min{R — b*,a* — r} and define

b+1

r < minieN(lym) {

ac=a" —¢, b.:=b"+c, for ce[0,r,).

In the sequel, we will use the following notations:

>
sgn(z) := { _i’ f; < 8 forx € R

sgn(z) = (sgn(z1), ..., sgn(zm)), for x = (z1,...,1,) € R™.

8= {o=(01,09,...,0x41) € RETL;0; € {-1,1},j e NQ,K + L)}
CLE? = {f R R |f(z) — f)] < Lip(f)lz — yl, 2,y € [~R —r) U (r, R]}
Q= {w e R¥*5jw]| € (r, R)}

Vo, 0) = {w € R¥*; ||w]| € [ac, be], sgn(wi) = 03,0 = (01, .., 0K+1) € T}
Qo) = {w € RE*E; ||w|| € (r, R), sgn(w;) = 01,0 = (01,...,0k41) € L}

Q*(0) == {w € REL; ||wl|| € (r,b%), sgn(w;) = 05,0 = (01,...,0k41) € T}
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We point out that C’LET’ A and C’Lff”;ﬂ include those frequently used sigmoid func-

tions when r and R are properly chosen.

3.2.2 Multiplicity of stable periodic solutions

Define a mapping 7 : ¥ — ¥ by for any ¢ €

(r0); = { oj+1, forjeN(1,K+L-1) (3.2.4)

01, forj =K+ L

For p > 2, the mapping 7? : ¥ — X is given by
o = m(rP o)

and it follows that

(P0); = Oj+ps forje N(1,K + L —p)
7 Uj—K—L—i—p, forj=K+L—p+1,,K+L

and

78Ktls =g, Vo € X.
We denote by
Ypi={oce¥:nPo=0,m10#0,9€{1,2,...,p—1}}

the set of all p—periodic points of 7 in X for p = 1,2,.... Thus ¥; is the set of all
fixed points of 7 in X.

The following lemma is needed in the proofs of our main results.

Lemma 3.2.1. Assume that K and L are positive integers. Then

(i) for eachpe N(1,K+L),X, #0 < p| K + L;
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(ii)
L= B

p|K+L

(iii) for eachp € N(1, K + L), the number of elements in &, denoted by N(Xp), is

given by
2, p=1
N(Z,) =< 22 -2, D is prime,
2 — Y pa<p N (Eq), otherwise.
Proof. See [109] or [110] O

We next give an existence result for periodic solutions of system (3.2.2).

Theorem 3.2.1. Assume that (DH,) is satisfied and f;, g; € CL{, glori e N(1,m).

Then for any p and ¢ with p | K + L and o € %, (3.2.2) has a p—periodic solution

{w(n, W) bnen-

Proof. We first show that for any o € ¥ and ¢ € [0, 7,),

F : Q(o,¢) = Q(mo, c).

Define
m
hi(2) := Bizo + Z ai; (%)
j=1
where
2= (20,21, .., 2m) € R™ with |z € [ac,b.],5 =0,1,...,m.

We claim that

sgn(hy(z)) = sgn(z1), and |h1(2)] € [ac, be]-
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To this end, we have two cases: 1)z; > 0; 2)2z; < 0, to be considered. If z; > 0, we

then have

hi(2) < Brbe+ ann(l+€)+ D lay|(1+€) < b,
‘ j#1
and

hi(2) > = Bibe + a1 (1 —€) — Z lay;|(1+¢€) 2 a,
J#1
which are due to

(1= B1)be 2 (1= B)b" = (1 - Bi)d Zam (1+4¢)
and

ae + b, = a*—c+51(b*+c):a*—f-ﬂb*—(l—/a’l)c

< a’ + Bib" <a11‘Z|“lJ’_Z|‘IIJ|€

J#1

= an(l—€ = |ayl(1+e).

J#l

Similarly, for case 2), we can show that
~b, < hy(2) < —a.

Therefore our claim is true. Using this argument and the definition of F', we can
show that
|Fj(w)] € [ac, b, for j =1,2,..., K+ L,
Sgn(F.I?(w)) = sgn(wj+1) = 0j+1aj - 17 27 DR K + L-1
and

sgn(Frir(w)) = sgn(wi) = o1.
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This shows that for any w € Q(o, ¢),
F(w) € Q(ma, c).

Notice that (o, ¢) is convex and closed. Then for any p | K + L and o € £, we
have

FP(Qo, c)) C Q(nPo,c) = Qo,c)
and hence the continuous mapping F? admits a fixed point in Q(c, ¢), which is ex-
actly a p—periodic solution, denoted by {w(n,w?)}nen, of (3.2.2) with initial value

in Q(o, ¢). The proof is complete. a

Theorem 3.2.2. In addition to the conditions in Theorem 3.2.1, assume that f;, g; €

CL%, with

J:= max {B,- + Z lag;| Lip(f;), o + Z lbij|Lip(9j)} <L
j=1

i€EN(1,m) =

Then

(I) For any p | K+ L and 0 € %,, (3.2.2) has a unique p—periodic solution
{w(n,w?)}nen with w” € Q(0,0) and this solution is exponential stable in

the sense that for any &@° with ||@” — w?|| < (o), we have
lw(n, &%) = w(n,w’)|] < CEM|w” — w?|l,

where
€= JRT < 1, C:= e+ 5 ¢
and

r(o) == min{||w’|| — a* + 7., b* + 7 — |||} > 0.
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(I1) If {w(n)}nen is a p—periodic solution of (3.2.2) in Q, then p | K + L and there

ezists a unique o € &, and some w® € Q(0,0) such that w(n) = w(n,w’).

(II1) For any solution {w(n,w(0))}nen of (3.2.2) with ||w(0)|| € (@* — 7\, b* +74),

there exist a unique p € N with p | K + L and a unique o € £, such that
w(n, w(0)) - w(n,w)|| < C&*|w(0) —w’]], n € N.

(IV) Forpe Nuwithp | K+ L, (3.2.2) has N(%,) p—periodic solutions in Q, which
are all exponentially stable. If pt K + L, (3.2.2) has no p—periodic solution
in €.

To prove this theorem, we first establish the following useful lemmas under the

same assumptions.

Lemma 3.2.2. Forw',w" € Q(o,c)(Q, 2*(0)), we have
|[FEHE W) = FEE W) < Jllw' = W), (3.2.5)

Proof. This can be easily proved by the fact that J € (0,1) and the definition of
F. i

Lemma 3.2.3. If {w(n,w(0))}nen is a p—periodic solution of (3.2.2) in ), then
|lw(n,w(0))]] < b".

Proof. Since {w(n,w(0))}nen is a p—periodic solution of (3.2.2) in 2, we can obtain
a p—periodic solution {(z1(n),...,Zm(n),y1(n), ..., Ym(n)) nen for (3.2.1). We will
show that

lz:(n)] < di(1 +¢), |y(n)] < digm(l+¢),
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where

_ Yjer oy .

g 2gmlel 3 byl
(N l_ﬂia i+m -

,t=1,2,....,m
1—0[1;

By way of contradiction, suppose that for some 7, there exists ng such that |z;(ng)| >
d;(1 +¢€), say, z;(no) = di(1 + €) + & (the proof for the case z;(ng) < —d;(1 + ¢) is

similar) for some 8y > 0. Then from (3.2.1), we have
1 m
zi(no—1) = A (l‘i(no) = aiifi(ys(n— kj)))
% =1

% (d,,(]. + 6) + 50 — zm: [CLUI(I -+ E))

i=1

v

1
> dz(l + 6) + do (since ﬁz < 1)

= z;(no).
Repeating this procedure, we can show
zi(no — p) > xs(no),
which is a contradiction. Thus we have shown that for all n € N,
lzi(n)l < di(1 +€), [yi(n)] < diym(1 +6),
which implies that
llw(n, w(0))|] < b* := max {d;(1 +¢€),: € {1,2,...,2m}}

and the proof is complete. a
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Lemma 3.2.4. If {w(n,w(0))}nen s a p—periodic solution of (3.2.2) in 2, then

p| K+ L and w(n,w(0)) = w(n,w’) for some o € £,, and w’ € Q(o,c).

Proof. Note that

o= J U o). (3.2.6)

g K+Lo€x,

Then there exist ¢ and o with ¢ | K + L and o € ¥, such that w(0) € Q(o). From
Lemma 3.2.3, we further know w(n,w(0)) € Q*(c). Moreover, for such ¢ and o, it
follows from Theorem 3.2.1 and Lemma 3.2.3 that (3.2.2) has a ¢—periodic solution
denoted by {w(n,w?))} with w(n,w?)) € Qo,c) for n € N. Therefore for each

n € N, we have

lw(n, w(0)) —wln, )| = [lw(n+pg(K+ L),w(0)) — w(n+pg(K + L), w)]]
= [[(FE)P (w(n, w(0))) — (FX )P (w(n, )|l

< JP|w(n, w(0)) — win,w?)||,

which shows that w(n,w(0)) = w(n,w’) for n € N and ¢ = p and hence p | K + L.

0

Now we are in the position to prove Theorem 3.2.2.

Proof of Theorem 3.2.2:

(I). The existence and the uniqueness follow from Theorem 3.2.1 and Lemma
3.2.4. We just need to show the exponential stability. For any n € N, we have

n = s(K+L)+q with ¢ € {1,2,...,K + L — 1}, and then for any @° with
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||@® — w|| < r(o), it follows from Lemma 3.2.2 that

lw(n, &%) —win,w)|| = [[FEDH(ET) ~ PRt )
< [FS(K+L)(LDU) _ Fs(K+L)(wa)H
< Jlwo” —w|

Cf(S(K+L)+K+L_1 ’ |wa _ G'H

w

IN

)

(II). The proof follows from Lemma 3.2.4.

(III). We may find a ¢ € [0, r,) such that ||w(0)|| € [ac,b.]. Now let o € ¥ with
o = sgn(w(0)), that is, w” := w(0) € Q(0,¢). Since ¥ = J, ., Lp, there must exist
a unique p | K + L such that ¢ € £,. For such o and w?, there exists a p—periodic
solution {w(n,w’)}nen. The rest of the proof follows from Lemma 3.2.2 and (I).

(IV). This follows from the definition of N(%,), (I) and Lemma 3.2.4.

Remark 3.2.1. (I) gives a domain of attraction for each stable periodic solution of

(3.2.2).

It is possible for two periodic solutions to have the same orbit. To distinct orbits,

we give a definition for equivalent periodic solutions:

Definition 3.2.1. Two p—periodic solutions {w(n,w(0))}}nen and {w(n,@(0))}nen

are said to be equivalent, denoted by
w(n,w(0)) ~ w(n,(0)),
if there exists ¢ € {1,2,...,p — 1} such that

w(n,w(0)) = w(n + ¢,(0)).
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In other words, two p—periodic solutions are equivalent if they generate the same

orbit.

Lemma 3.2.5. For any p | K + L and any 0,6 € X, with 0 # &, then the two
p—periodic solutions {w(n,w?) }nen and {w(n,w?)}nen generated by w® and wW° are

equivalent if and only if there exists a q € {1,2,...,p — 1} such that
o =nl0, or o =nlo.

Proof. Suppose 0,6 € £, and & = 7% for some q € {1,2,...,p — 1}. Note
that F? : Q(0,0) — Q(7m%,0) and w(n + ¢,w’) = w(n, FY(w’)), which implies
that w(n, F4(w?)) is a p—periodic solution with initial value F4(w’) € Q(n%:,0) =
2(7,0). On the other hand, we know that w(n,w’) is a p—periodic solution with

initial value w? € (7, 0) too. Therefore, we have
w(n,w’) = w(n, F4(w’)) =wn+q,w),n=0,1,...
That is, {w(n,w’) }neny and {w(n,w®)}nen are equivalent. Next suppose
w(n,w’) ~ w(n,w’),

and thus there exists ¢ € {1,2,...,p — 1} such that w(0,w’) = w(q,w’). It follows
that

o = sgn(w(0,w?)) = sgn(w(g, w’)) = sgn(F(w°)) = 76.

This completes the proof. a

Consequently, we have
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Corollary 3.2.1. For anyp | K + L and any o € £, we have
wP_la)

w(n,w?) ~ wn,w™) ~ - ~w(n,w

and

w(n, w”i”) % w(n,w”j"), fori,j €{1,2,...,p— 1} withi # j.

If we use n(p) to denote the number of all p—periodic orbits of (3.2.2) (and thus

that of (3.2.1)), then we have

Theorem 3.2.3. Vp e Nwithp | K+ L,

Proof. The proof follows immediately from the definition of N(¥,) and Corol-

lary 3.2.1.

Remark 3.2.2. The number of all periodic orbits of (3.2.1) is
WK+D)= 3 n).
p|K+L
The related numbers for N(%,), n(p) and n(K + L) are given in the following

tables.

p [1]2[3[4[5]10] 15 20
N(Z,) |2 12 [ 30 | 990 | 32730 | 1047540
n(p) |2(1|2|3 |6 |99 | 2182 | 252377

=2}

Table 3.1: N(3,) and n(p) for some p.
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K+1L 2 3] 4 |5 10 15 20
pp|K+L|1,2|1,3|1,24]|1,5]1,2,5,10]1,3,5,15 | 1,2,4,5,10, 20
n(K+L) | 3 | 4] 6 |11 108 2192 52488

Table 3.2: n(K + L) for some K + L.

3.2.3 Discussions

We have shown that the delayed discrete-time bidirectional associative memory
neural network (3.2.1) can admit ), ., n(p) stable periodic solutions. We have
also investigated the relation between the number of periodic solutions and the sum
of all delays (K + L) and discussed the multi-stability of those periodic solutions.
This shows that (3.2.1) is a network model admitting large capacity of stable periodic
solutions and thus, has great potential for applications in associative memories of
periodic patterns.

Note that for a simple two-neuron discrete-time neural network with delayed
feedback, [109], [121] and [122] discussed the existence and stability of periodic
solutions, and [109] also showed the large capacity of periodic solutions. However,
in their models, there are just a few parameters, and thus as pointed out in [109], it
is hard to train the network to store the large number of stable periodic solutions.
In contrast, there are many parameters in (3.2.1), which can be used to train the
network to have the ability to generate a large number of stable periodic solutions so
that the network can serve the purpose storing large number of content-addressable

memories or patterns.



Chapter 4

Dynamics of Stochastic Neural
Networks

We have studied the dynamics of continuous-time neural networks and discrete-time
neural networks in Chapter 2 and Chapter 3, where both type of neural network
models are deterministic. However, in real nervous systems and in implementation
of artificial neural networks, noise is unavoidable and should be taken into consider-
ation in modelling the activation of neurons [44] . It is therefore important to study
the stochastic neural networks. In this chapter, we will study the stability of the
general stochastic Cohen-Grossberg neural networks and stochastic delayed Cohen-
Grossberg neural networks by employing Liapunov methods, Razumikhin techniques
and LMI approaches. Note that some stability results for the stochastic Hopfield
neural networks with specific activation functions were established in [4], [66] and
[67].

For the basic theory of stochastic differential cquations and stochastic functional
differential equations, we refer to [1}, [71], [72] and [78].

The rest of this chapter is organized as follows. Section 4.1 is devoted to the
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study of stochastic Cohen—Grossberg neural networks. The almost sure exponential
stability and mean square stability of stochastic Cohen—Grossberg neural networks

with multiple delays are discussed in Section 4.2.

4.1 Stability of stochastic Cohen-Grossberg neu-
ral networks

Consider the stochastic Cohen-Grossberg neural network model described by
du(t) = —A(u(t)b(u(t) — Wo(u(®)]dt + o(u(®)dB(r), t >0,  (4.11)

where u(t) = (ui(f), . . ., un(t))” is the neuron states vector; A(u(t)) = diag(ai(us(t)));

b(u(?)) = (b (u(t)), - ,bp(u(®)))T; W = (Wij)nxn is the connection matrix; g(u) =
(91(u1), -+, gn(ua))T is the activation functions vector; ¢ = (0i;)nxn is the diffusion
coefficient matrix and B(t) = (Bi(t),...,Ba(t))? is an n—dimensional Brownian
motion.

From the standard textbook [71] on stochastic differential equation, we know
that for any given initial data ug there is a unique solution denoted by u(t; ug) for
the system (4.1.1) if we assume that a;(u), g;(u), 04;(u) are locally Lipschitz and
satisfy the linear growth condition.

In what follows, we assume that b;(0) = 0, g;(0) = 0 for i € N(1,n) and 0(0) =0
so that u = 0 is a trivial (equilibrium) solution of (4.1.1).

For convenience, we introduce some definitions.

Definition 4.1.1. Let (Q, F, P) be a probability space, X and Xy, k > 1 the R*-

valued random variables. If there exists a P—null set Qy € F (meaning P(€) = 0)
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such that for every w ¢ , the sequence {Xy(w)} converges to X (w) in the usual

sense in R™, then {Xy} is said to converge to X almost surely and we write

Iim X; = X a.s..

k—00

Definition 4.1.2. The trivial solution of system (4.1.1) is said to be almost surely
exponentially stable if
} 1
lim sup ~ log(|u(t; wo)|) <0 a.s.
t—00 t

for all ug € R*.

Definition 4.1.3. The trivial solution of system (4.1.1) is said to be almost surely

exponentially unstable if

lim inf + log([u(t; ug)]) > 0

im inf - log(Ju(t; uo >0 a.s.
for all ug € R™.

Throughout this chapter, we follow the standard notation to denote the mathe-

matical expectation or mean of a random variable £ by E(£).

Definition 4.1.4. The trivial solution of system (4.1.1) is said to be exponentially

stable in mean square if
. 1 2
lim sup — log(E|u(t; up)|“) < 0
t—o0 t
for all uy € R".

Let C*!(R" x R, ; R, ) denote the family of all nonnegative functions V (u;¢) on

R® x R} which are twice differentiable in z and once in £. For each such V' (u;t), we
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define an operator LV associated with (4.1.1) as
LVluit) = Vit + %l - AWO)BW) - Wow))
+itracelo” (u(t)) Viu (s t)o (u(?))],

where

oV (u; t oV (u; t oV (u; t 0%V (u; )
? nXn

8U1 ’ ’ aun

We will need the following assumptions:
(H1) for each 5 € N(1,n), there is v; > 0 such that ub;(u) > v;u?;
(H2) for each i € N(1,n), |g:(u)| < L;|ul;

(H3) for each i € N(1,n), ugi(u) > 0 for u # 0;

(H4) for each i € N(1,n), o; < a;(u) < @;

(H5) lo(u)® < klul?;

(H6) for each i € N(1,n), 0 < b—“(ui%:’;v) < B; Vu,v € R with u # v.
2

Our special notations are as follows: |u| = (37 _; u;

R"; for a matrix @, |Q| = v/trace(QTQ) denotes its trace norm; @ > 0(> 0) means

the matrix @) is symmetric positive (semi-positive) definite and A,,(Q) and Ay (Q)

)Y2 for u = (ug,Ug,...,un)’ €

denote its smallest eigenvalue and largest eigenvalue, respectively.
The following lemma plays a crucial role in establishing our main results in this

section.

Lemma 4.1.1. Assume that there exists a symmetric positive definite matriz Q) and

two real numbers y € R and p > 0 such that

20T Q- A(u)b(u) + A(u)Wg(u)] + trace(c” Qo) < puTQu
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and
[T Qo ()2 > p(u’'Qu)?, Yu € R™. (4.1.3)
Then we have
limsupllog(lu(t; u)|) < —(p— E) a.s.
too 1 2

whenever ug # 0. If p > &, then the trivial solution of (4.1.1) is almost surely

exponentially stable.

Proof. This lemma follows from Theorem 4.3.3 [71] by letting V (u;t) = v Qu. O

Based on this lemma, we establish our main results in this section as follows.

Theorem 4.1.1. Suppose that (H1), (H2), (H4) and (H5) hold. Assume also that
there are a matriz Q = diag(q1,q,---,49,) > 0, a real number p > 0 and some

positive constants &, i € N(1,n) such that (4.1.3) and

n n
L;
zerlfll(lll,ln){ Q97 azsz; |ww’ & 3 ;a]qj|wn[}

If p > & with
MaXien(i,n) ¢ A

. ?
MNie n(1,n) Gi maX;en(1,n) 9

wi==k

then the trivial solution of (4.1.1) is almost surely ezponentially stable, i.e.,

1
lim sup - log(ju(t; up)|) < — (p - g) a.s.

t—00 t

whenever ug # 0.
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Proof. Let V(u,t) be V(u,t) = u” (t)Qu(t). Then, by (4.1.2),

LY =

2T Q[—A(u)b(u) + A(u)Wg(u)] + trace(c” Qo)
—2 Z a; (u,)qzuzbz (’U,z) + 2 Z a; (uz)qluz Z wijgj (u])

+trace(o” (u)Qo(u))

Following from the assumptions (H1), (H2), (H4) and (H5), we have

LV <

IA

IA

IA

-2 Z azqz’)’zu +2 Z 0;q;U; Z Iwilej|uj’
j=1
+tmce( "(w)Qo(u ))
n n n 1
-2 Z cugevul + Y Gig Y lwil L (&l + guf)
i Jj=1 J=1

2
+ zE%gxn) gilo(u)l

- Z l:zaiqi7i — Qg Z |wz]|L é-] f Z a]Q]lwﬂ’j'

=1 j=1 j=1

2
i i)

- 2+ k max
;’%-}- zEN(lnquu

(_ A + p EieN (1) %) Zq
maX;en(1,n) & miNienN(1,n) % i
T
pu Qu

The the rest of the proof is a consequence of Lemma 4.1.1. O

Note that if x4 < 0, then one can take p = 0. Thus, we have

Corollary 4.1.1. Suppose that (H1), (H2), (H4) and (H5) hold. Assume also that

there are a matriz Q = diag(q1,42,.-.,4.) > 0 and some positive constants &;, i €
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N(1,n) such that

n n
L,
A= min < 20;¢,77; — 8¢ wii| L€y — E :d-q~w~ > 0.
ieN(l,n){ i ;’ Jl & 3 pa J J’ Jz'

If
MaXieN(1n) & A

miniEN(l,n) g;  MaXieN(1,n) ¢

==k <0,

then the trivial solution of (4.1.1) is almost sure exponential stable, i.e.,

1
lim sup — log(Ju(t; uo)l) <

t-—>00

N =

a.s.

whenever ug # 0.

If we denote [w]" = max{0, w}, then the same argument, together with assump-

tion (H3), gives the following

Theorem 4.1.2. Assume that that (H1)-(H5) hold. Assume also that there are a

matriz Q = diag(q1, g, - - -, qn) > 0 and a real number p > 0 such that (4.1.3) holds

and

' n n

)\ = ) I]l\'rlliﬂ {20{,;(],;’)’1‘ — 2&iqiLi[wii]+ - &iqi Z |’IUU‘LJ — Lz Z szqj|wj,-|} > 0
rentin j=Li#i j=Ljki

If p > £ with

o AKieN (1) G A

. ?
MiNeN(1,n) §: MAXieN(1,n) G

H1 =

then the trivial solution of (4.1.1) is almost surely exponentially stable, i.e.,
1
lim sup - log(|u(t; ug)|) < — (p - H—l) a.s.
t—o0 t 2

whenever ug # 0.
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Corollary 4.1.2. Suppose that (H1)-(H5) hold. Assume also that there is a matriz

Q = diag{q1,q,---,q) > 0 such that

n K
A= min {2a¢qi7i—2@iqilzi[wii]+—(_lz'qz' Z |wij|Lj — L Z aj‘]jlei’} > 0.

ieN(1
e j=Ti j=T i

If R

MaXieN(1n) §i A
MileN(1,n) G MAXeN(1,0) 6

M1 = k < 0,
then the trivial solution of (4.1.1) is almost surely exponentially stable, i.e.,

1
lim sup - log(|u(¢; uo)|) < Bogs.

too 1t 2
whenever ug # 0.

Under other assumptions, we may obtain an instability result.

Theorem 4.1.3. Assume that (H2)-(H4) and (H6) hold. If there are a mairiz

Q = diag(q1,9,---,9,) > 0 and a real number p > 0 such that
' Qo(w)* < pu” Qu)® (4.1.4)

holds for all uw € R* and |o(u)|?> > k|u|?, then the solution of ({.1.1) satisfies

o | T

.1 .
hgglf;log(lu(t, u)l) > = —p a.s.

whenever uy # 0 and i will be specified later in the proof. Particularly if % —p>0,

then (4.1.1) is almost surely exponentially unstable.
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Proof. Let V = uQu = Y"1, ¢;u?, then

LV = —2uTQA(u)b(u) + 2u"QA(u)Wg(u) + trace(o” (u)Qo(u))
n n n
> -2 Z Giligug +2  gi(us) Z @9 Wjitk;
=1 i=1 j=1
+ min{g;,i € N(1,n)}|o(uw)|?
> —2) aifigul +2) _[wi] Lisigiu;
=1 1=1
-y <q—z > aglwl+a ) La’Wij\) giu;
=1 \ ** j=l,j#i j=15#i
+min{g;,i € N(1,n)}o(u)
> —v Zqzuz2 + min{g;,i € N(1,n)}k|ul?,
=1
where
L- n n
V= IJIVlaiX {zaiﬂi + —z Z L_quj'|'wji| + a; Z Lj['w,;jl - Z[wii]_diLi}
ientm U jeris j=Lii
and [wy]~ = min(0, wy;). Then we have
LV 24y g,
i=1
where
. Emin{qi,i € N(L,n)}
~ “max{g;,i € N(1,n)}
The rest of the proof follows from Theorem 4.3.5. of [71]. O

4.2 Stochastic Cohen-Grossberg neural networks
with multiple delays

As stated in Chapter 1 of this thesis, time delays can not be avoided in many

networks. Therefore, we will study the delayed stochastic neural networks in this
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section. Let us first consider the stochastic Cohen-Grossberg neural networks with

constant delays modelled by

du;(t) = —a;(u(?))[b Zw”gg u;(t — 735))]dt + ZU’J u;(t))dB;(t), t > 0,

(4.2.1)
where 7;; € [0,7] are associated delays and the other terms are the same as in Sec-
tion 4.1. We assume for any given initial data ¢ = (¢1, @2, ..., és)" € C([-7,0],R?),

system (4.2.1) admits a unique solution denoted by u(t; @).

Theorem 4.2.1. Assume that (H1), (H2), (H4) and (H5) hold. Assume also there
are positive numbers p;,&,1 € N(1,n) with max{p;,;s € N(1,n)} = p and P =

diag(p1, P2, - - -, Pn) Such that

do = 1611{71(111}71 {20%1)1% (Z 95 + DiG; Z |wij!Lj§j> } >0

and
(51 = 6() - ﬁk > 0,
where
_ pili|wy| Ly
qi; = ——5——
¥

Then the trivial solution of (4.2.1) is exponentially stable the following mean square

sense.

lim Supllog(Elu(t 5 < —e

t-->00

with € € (0, %) satisfying

zerlrvlglx { Zq]ﬂ-ﬂe it +ep} 1.



Proof. For any fixed ¢, we denote u(t; ¢) = u(t) and define
n n n t
=Y m2t)+ 33 g / W2(s)ds, for (u,1) € R® [0, 00).
i=1 i=1 j=1 t—y;
By It6 formula [71], we have

av(u,t) = (Z 2p;uia; (u;) [0 (u;) wagj (u;(t — 7i5))]

i=1 j=1

+ ZZ%, u;(t)® —u(t — 7)) + tmce(aT(u)Pa(u))> dt

i=1 j=1

+2u” (t) Po(u(t))dB(t).
Note that

> —2piui(t)ai(ui(t)) {bi(uz‘ (t) - Z wijg;(u;(t — Tz’j))]

i=1

< Z ( 2a;piyii; (1) + 2piilui ()] Y fwigl L (¢ — n-j)l>

7=1
1
< Z ( 2azpz")’z +pzaz Z |wzJ‘L |(€Ju + = f (t - Tij)))
j=1
= Z ( 20ipiY; + pil Z |wij| L; 5;) )+ Z un — Tij)
=1 j=1 =1 j=1

and
trace(a*(u(t))Po(u(t)) < plo(u(t)|* < pklu(t)|.

We therefore have

dV (u,t) < —61|u(t)|Pdt + 2u” (t) Po(u(t))dB(t).

135
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- d
For ¢ € (0, -ﬁl),

d(eV(u,t)) = e®(eV(u,t)dt+dV(u,t))

e[~ (6, — ep)|u(t)|? +EZQ,J/ u3(s)ds)dt

IN

Tij

+2e" (t) Po (u(t))dB(t).

Integrating the above inequality from 0 to 7" and then taking the expectation give

T t
eTEV (u,T) < C’1+E/ e {GZ%‘J’/
0 .. —

where

ul(s)ds — (0 — eﬁ)]u(t)Iz} dt

n n 0
Cy = EV(u,0) = Z (piqﬁ?(O) + Z Qi / ¢?(S)ds> < 0
i=1 i=1 e

It is seen that

T min(T,s+7;;)
/ e / s)dsdt < uZ(s) / edt
t—7i; —Tij max(0,3)

T
< / 73;€ 42 (5)ds
ij r
S Tizjemj‘lﬁbjuz'*‘/o 7_ijeemeesu2(s)ds7
where ||¢;]| = ;(s)|- Hence,
T
eTEV(u,T) < C’1+Cg+EeZqij7-ije"ﬁ/ eftuz(s)ds
0
—E/ Z 61 — ep)eul(t)dt
T T
< Ci+Co+ CE / et ju(t)2dt — E / (61 — ep)et |u(t) [2dt
0 0

T
e O+ G+ E / (€Cs + €p — 1] eu(t) P,
0
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where
n

n
o 2 _€Tii 2 . . €T
Cyi=¢€ E 075 [|8;]]°, C3 := max E ;7€
— 1€N(1,n) £ 1
4,7 J=

By our choice of €, we obtain
eTEV (u,T) < Cy + C;y < o0,

which implies
eTE(Ju(T)*) < oo
and hence
lim sup ! log Blu(t)]? < —e.
t—+o0 T

The proof is complete. 0

Using Razumikhin technique [71], we may obtain

Theorem 4.2.2. Assume that (H1), (H2) and (H4) hold. Let

n n
R e SN SRR () Sl

j=1
If Ay > Xg, then the trivial solution of (4.2.1) is exponentially stable in the following

mean square sense:
Elu(t; 9)* < Elll’e™™,t > 0,
where 1 < Ay — qAo with ¢ > 0 satisfying

e(Al -qA2)T — q.

In addition, if (H5) holds, then the trivial solution of (4.2.1) is almost surely ezpo-
nentially stable, i.e.,

n

) 1
limsup = log |u(t; ¢)| < —=, a.s..
t—rco t 2
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Proof. The proof can be completed by letting

Viwt) =5 > )

and applying Theorem 5.6.1 and Theorem 5.6.2 in [71]. O

We next consider the stochastic Cohen-Grossberg neural network model with a

variable delay described by
du(t) = —A(u(e)[b(u(t)) —Wg(u(t —7(t)))]dt + o (u(t), u(t — 7(t)), t)dB(t), (4.2.2)

where 7(t) € [0,7]. We assume that 0(0,0,¢) = 0 so that u = 0 is the trivial solution

of (4.2.2). Then we have

Theorem 4.2.3. Assume that (H1), (H2), (H4) hold and there exist three matrices
Dy >0,Dy >0,D3 > 0 such that

trace(o” (u,y,t)o(u,y,t)) < uT Dyu+ ¢" (y)D2g(y) + y" Day

for all (u,y,t) € R* x R* x R,. Assume also that there exist M > 0 and P =

diag(p1,p2,- -+ ,pa) > 0 with p = maX;en(i,n) Pi Such that
Q = 2diag(a;v;)P — pD; — PAWM'WTAP > 0,
where A = diag(a;). Let

A= Am(Q), de= max [Ar(M + pDs)L2 + Ay (5Ds)].

i€N(1,n)
If Ay > A2 > 0, then the trivial solution of (4.2.2) is almost surely exponentially
stable, i.e., the following holds:

. 1
lim sup gloglu(t; P)| < I a.s.,

t—o00 2
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where r € (0, A\ — A\2) is the unique root of
AL =T+ de".
Proof. Let V(u,t) be defined as
V(u,t) = ipluf(t) = uT(t) Pu(t).
Then a
LV (u,y,t) < - zn: 20;pyviu; (t) + g7 (y)WTAPu + u" PAWg(y)
i=1

trace(o” (u,y, 1) Po(u, y,1))

< 20T (t)diag(c;v;) Pu(t) + wT PAWM*WT APy
+9" (y)Mg(y) + pirace(o” (u,y,t)Po(u, y,1)
< —2uTdiag(a;y;)Pu+ uTPAWM *WT APu

+9"(y) Mg(y) + p(u” Dyu + g7 (y) D2g(y) + y* Day)
= —u'[2diag(e;v;)P — pD; — PAWM'WT APu
+97 (y) (M + pDo)g(y) + y" (PDs)y

= —uTQu + ¢ (W) (M + pDy)g(y) + y* (HDs)y

n n
< -\ Zuf + )\22%2-
i=1 i=1

In the above, we have used Lemma, 3.1.1 stated in Chapter 3. The rest of the proof

follows from Theorem 2.1 of [4]. O

Remark 4.2.1. In the above theorem, based on Schur complement [30], Q@ > 0 if
and only if

M WTAP o0
PAW 2diag(a;y;)P — pD, ’
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which can be easily verified by an LMI algorithm [5].

Example 4.2.1. Consider

f(50) = - (8 2) (26 (3 1) (=) )

05 0
0 025

dimenstonal Brownian motion. It is easily seen that in this example ay = g = 1,

where g1(z) = g2(z) = tanh(z), 7 = 1.2, G; = ( ) and B(t) is a 2-
=4, v =2,D =D3 =0, Dy = GTG, > 0. If we choose M = P = I then

Q0 = ( 3 (2) ) > 0 and Ay = 2 and Xy = 1.25. Therefore, from Theorem 4.2.3,

the trivial solution in this ezample is almost surely erponentially stable with r =

0.2705 € (0, Ay — Ag) = (0,0.75).
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