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Abstract

In this thesis, we consider N quantum particles coupled to collective thermal quantum
environments. The coupling is energy conserving and scaled in the mean field way:.
There is no direct interaction between the particles, they only interact via the common
reservoir. It is well known that an initially disentangled state of the N particles will
remain disentangled at all times in the limit N — oo. In this thesis, we evaluate the
n-body reduced density matrix (tracing over the reservoirs and the N — n remaining
particles). We identify the main, disentangled part of the reduced density matrix and
obtain the first order correction term in 1/N. We show that this correction term is
entangled. We also estimate the speed of convergence of the reduced density matrix as

N — oo. Our model is exactly solvable and it is not based on numerical approximation.
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Chapter 1
Introduction

One of the important problems in quantum theory is the study of the effect of noise on
quantum systems. There are many situations which have this behaviour. For instance,
quantum information processing is based on manipulation of superposition and entan-
glement of basic quantum bits forming a quantum processor. The effect of noise can be
due to interaction with thermal environment or another open system. This interaction
will destroy phase coherence (decoherence) and quantum correlation (entanglement) [1—
4]. To study this behaviour we need to model the system mathematically. In general, a
collection of particles can interact directly or indirectly via common reservoirs. In direct
interaction, there are mathematical difficulties to solve the problem exactly or numeri-
cally complicated models involving many particles. In indirect interaction, one can start
with a system with disentangled states and create and control entanglement by coupling
the system with a common thermal noise [1-4]. In this work we will consider indirect
interaction.

Before studying a system with many particles interacting indirectly, first one should
study the entanglement of two subsystems interacting indirectly via a common reservoir
(quantum thermal noise)[4]. In [4], the authors obtain expressions for the character-
istic time-scales for decoherence, relaxation, disentanglement, and for the evolution of
observables, valid uniformly in time ¢ > 0. In [5] the authors consider an open quan-
tum system of N not directly interacting spins (qubits) in contact with both local and
collective thermal environments and it is shown numerically that creation of two-spin
entanglement is suppressed if N is large. Obviously, to study this problem analytically
and solve it exactly we need some other restrictions and physical assumptions. Since the
size of interaction energy will be proportional to the number of pairs of particles [6], for
balanced competition between individual energy and interaction energy one can choose

an appropriate scaling for interaction with negative power of N. In [6] it is shown the



only scaling with non-trivial dynamics for large NV is the so-called mean field scaling.
Note that the mean field models (theory) are very useful mathematical tools to study
complicated systems. This approximation theory allows us to reduce a complex problem
to a one particle problem. Mean field methods are deterministic methods, making use of
tools such as Taylor expansions. They have many application in physics and information
theory such as phase transition in Ising model. One of the main applications of mean
field model is the study of N-body quantum system. In the classic paper of [7] mean field
models of directly interacting systems have been studied. It has been proved that an
entangled system will be disentangled after time evolution when we increase the number
of particles. The evolution of the state of single particle turns out to be nonlinear in the

state, the nonlinear Hartree equation.

In [6] the authors studied a large number N of particles interaction via thermal noise.
They proved that common noise cannot create entanglement in the N particle system if
N is large enough. Moreover, it is shown that dynamics of the system is very close to a
product state and the difference is of order 1/N. This behaviour has an explicit speed
of convergence(N — o00). This problem is very interesting since it is exactly solvable
without any extra assumptions such as weak coupling or any Markovian approximations.

In reality, one does not have N = oo, but only N very large, so it is important to know
the corrections to the case N = oo for large but finite /V only. In this thesis, we study this
problem. We consider an open system of /V particles interacting indirectly via a common
thermal reservoir. Moreover, the interaction is energy preserving. To model the system
and solve it exactly we follow these steps: First, we select appropriate Hilbert spaces for
particles and Fock spaces for reservoirs. Second, we construct the Hamiltonian of the
system as sum of the Hamiltonian of each particles and a mean-field scaled interaction
Hamiltonian. Third, we find explicit expression for reduced n-body density matrix of the
system. Then we calculate the leading order correction of the n body reduced density
matrix (the one proportional to 1/N). We show that the first order term (o< N71) of
the density matrix is entangled, while the one oc NV is factorized. Moreover, we find the
explicit expression for the entangled first order term and we compute the speed of this
behaviour exactly.

This thesis is organized as follows. In Chapter 2 we review mathematical preliminaries
and some basic concepts such as Hilbert spaces, linear operators, their spectra, and tensor
products of Hilbert spaces and Fock spaces. Moreover, we continue with the concepts
of dynamics of open and closed quantum systems, entanglement, and von Neumann
entropy. In Chapter 3 we present the main structure of our model and give the main

results. Finally, the proof of the main results are given in Chapter 4.



Chapter 2
Basic mathematical background

In different parts within this work, we will need some definitions and properties of the

foundation of our study.

2.1 Hilbert Space

In this section we will define some basic definitions and theorems about Hilbert spaces
[8-10].

Definition 1. Let X be a vector space over either the scalar field R of real numbers or
the scalar field C of complex numbers. Suppose we have a function ||-|| : X — [0, 00) such
that

o |[z|| =0 if and only if x =0 for any x € X,

o 1o+l < ll2] + gl for all o,y € X, ond

o |laz|| = |af ||x|| for all scalars o € R or C and vectors x € X.
We call (X, ||||) a normed linear space.
Example 2.11. Let X = C" = {(z1,22,+ ,2n) : 25 € C} with ||(z1, 22, -+ ,2,)] =
(Zhalel) s

this is called Euclidean norm.

Example 2.2. The space X = C" with ||(z1, 22, , zn)|| = max{|z;| : 1 <j<n}isa

norm linear space.

Definition 2. A sequence {z,} in X is said to be a Cauchy sequence if it has the following

property: Given any € > 0 there exists N such that if n,m > N, then ||z, — x| < €.



Definition 3. A space is said to be complete if every Cauchy sequence in X converges
m X.

Definition 4. A Banach space X is a complete linear space with a norm ||-||.

Example 2.3. A basic example is the n-dimensional Euclidean space with the Fuclidean
norm. Usually, the notion of Banach space is only used in the infinite dimensional setting,
typically as a vector space of functions. For example, the set of continuous functions on

closed interval I = |a,b] of the real line with the norm of a function f given by
If]] = sup | f(2)] (2.1)
z€l

is a Banach space.

Definition 5. Let X be a vector space over C. An inner product is a map (-, -y : X x X —
C satisfying, for x,y and z in X and scalars o € C

o (z,y) = (y, )

o (z,2) >0, with (z,z) = 0 if and only if = = 0,
o (x+4y,2) = (x,2)+ (y,2)

o (z,ay) = a(x,y).

An inner product on L*(X, u) is

(fr9) = /X fadp. (2.2)

This general framework includes, as special cases, the example C™ with
<(Z17 29, 7Zn) 9 (wla Wa, + - awn)> - Z Z]w] (23)
j=1

Proposition 1. If (-,-) is an inner product on X then ||z| = (x,x)é is a norm on X.

Definition 6. A Hilbert space H is a vector space over C with an inner product {-,-)

such that H is complete in the norm obtained from the inner product

ll* = (¥, 9), ¥ e (2.4)

Any space L* (X, 1) as described above is thus an example of a Hilbert space, since we have
already observed that L*? (X, p) is a Banach space under the norm | f|| = ([y |f]2d,u)5

which we recognize as (f, f)é



In quantum theory a normalized vector in a Hilbert space called ket and denoted by
|1)). Moreover, the dual element associated to |1/) is called the bra (y| = [¢)7, it is the

linear functional on H defined by

(W (@) = (W, ), YVpeH. (2.5)

Definition 7. Given vectors f, g in a Hilbert space H, we say that [ is orthogonal to
g, written flg, if (f,g) = 0. For M C H, we define the orthogonal complement by
Mt={feH : (f,g) =0 forallgec M}

Theorem 1 (Projection Theorem). : Let M be a closed subspace of a Hilbert space H.
There is a unique pair of mappings P : H — M and Q : H — M~ such that v = Pz +Qx
for all x € H. Furthermore, P and Q) have the following additional properties:

e r € M= Px=uxand Qr =0.
ez Mt = Pr=0and Qv = x.

Pux is the closest vector in M to x.

Qw is the closest vector in M+ to x.

1P||* + |Qz* = ||| for all «.

e P and () are linear maps.

Definition 8. If X is a normed linear space over C, then a linear functional on X is a
map A : X — C satisfying A (ax + By) = aA(z) + BA(y) for all vectors x,y € X and all
scalars a, B € C.

Theorem 2 (Riesz representation Theorem). : Every bounded linear functional A
on a Hilbert space H is given by taking the inner product with a (unique) fixed vector
ho € H : A(h) = (ho, h). Moreover, the norm of the linear functional A is ||ho]|.

Definition 9. An orthonormal set in a Hilbert space H is a set S with the properties:
o for everye € S, |le|]| =1, and
o for distinct vectors e and f in S, (e, f) = 0.

For an casy example of an orthonormal set in the Hilbert space L*([0,27]), with

respect to normalized Lebesgue measure dt/(27), consider the collection of functions e

for any integer n form an orthonormal set.



Definition 10. An orthonormal basis B for a Hilbert space H is a maximal orthonormal
set; that is, an orthonormal set that is not properly contained in any orthonormal set and

every x € H can be written as a linear combination of the elements of B.
It is easy to see that the set {e™ : n € Z} is an orthonormal basis for L*([0, 27], dt/27).

Definition 11. Let X and Y be normed linear spaces, a map T: X — Y is linear if
T(axl + ﬁﬂ?z) = OéT.Tl + 6T$2 (26)

for all z1, 29 € X and scalars o, 5 € C. We say the linear map T is a bounded linear
operator from X to Y if there is a finite constant C' such that || Tzl < C'||z||x for all
reX.

Proposition 2. If T: X — Y is a linear map from a normed linear space X to a normed

linear space Y, the following statements are equivalent:
o T is bounded.
o T is continuous.
e T'is continuous at 0.

Theorem 3. Given Hilbert spaces H and IC and a bounded linear map A : H — K there
15 a unique A* : K — H such that

(Ah, k) = (h, A™E) (2.7)

forallh € H and k € K.

The operator A* called the (Hilbert space) adjoint of A. In the case that H = K and
A* = A we say that A is self-adjoint or Hermitian.

Proposition 3. For A and B : H — K we have
o A = A where A**= (A*)".
e (A+ B)" = A*+ B*.
e (aA)" = aA* for a € C.
o (AB)" = B*A*.

o Al =A%l and ||A*Al|l = | Al



Definition 12. If T: X — X is a bounded linear operator on a Banach space X, then
the set of complex numbers X for which T — A\l is not invertible is called the spectrum of
T.

We will denote the spectrum of T by o(T). The collection of the eigenvalues of T
is called the point spectrum of T; we denote it o,(T). If A is in o(T) but is not an
eigenvalue, then the range of T — A\ is a proper subset of a Hilbert space H, and this can
happen in two different ways: Either the range of T — AI is a proper, but dense, subset
of H, or the closure of the range of T — Al is a proper closed subspace of ‘H. This leads
to a classification of ¢(T)\o,(T) into two disjoint pieces: the continuous spectrum, where
the range of T — AI is dense in, but not equal to, H, and the residual spectrum, where
the closure of the range of T — Al is a proper subset of H. So now we have decomposed
o(T) into three disjoint picces:

e point spectrum : { A : T — X is not one-to-one }

e continuous spectrum : { A : T — X is one-to-one, (T — \)/H # H, (T — \H = H}

e residual spectrum : { A : T — X is one-to-one, (T — \)H # H}.

Definition 13. Let T be a bounded operator on a Hilbert space H. For a fized orthonor-
mal basis {e,} of H we define trace of T by

Tr(T) =Y {ealTlen) =Y {en, Ten). (2.8)

neN neN

Proposition 4. The quantity Tr(T) is independent of the choice of the orthonormal

basis.

Definition 14. A bounded operator T on Hilbert space H is trace-class if

TH(T) < o0 (2.9)

2.2 Tensor product of Hilbert space

Definition 15. Let Hy, Ha be two (separable) Hilbert spaces with orthonormal bases
{er}i>1 and {f;}j>1. Then Hy ® My is the tensor product of Hy and Hy. It is the
separable Hilbert space with basis {ex ® fi}lk>1. For ¥ € Hi @ Ha,

b= auer®fi  where an = (ex ® fi,¥) (2.10)
ki1



Note: (e ® e, e Q ep) = (ex Q@ €}) (e1 @ ep) = Sl -

Theorem 4. Let H; and Ha be (separable) Hilbert spaces. Let A and B be bounded
operators on Hi and Hs, respectively. If A and B are trace-class operators then A ® B
is a trace-class operator on Hy ® Ha. Moreover, Tr(A ® B) = Tr(A) Tr(B).

Let Hy,...,H, be Hilbert spaces. The finite tensor product

QR Hi=Hi®H @ @ Hy (2.11)

1<i<n
is well defined. But the infinite tensor product will be defined as follows.

Definition 16. Let H®" be a Tensor product of the Hilbert spaces, then Sym(H®") is a
Hilbert subspace of H®" such that for all T € Sym(H=")

fo(T) =T (2.12)
where o 1s any permutation of 1,--- ,n and
frli® - ®L) =l ® - ®lom. (2.13)

Definition 17. Let (H,)nen be a sequence of Hilbert spaces. Choose a sequence {uy }nen
such that u, € H, and |u,|| = 1 for all n € N. This sequence is called a stabilizing
sequence for @, ey Hn - The space Q),,c Hn is defined as the closure of the pre-Hilbert

space of vectors of the form

neN

X en (2.14)

neN
such that e, € H, for all n and e, = wu, for all but a finite number of n. The scalar

product space on the space being obviously defined by
<®en,®fn> T £ 215
neN neN neN

Definition 18. A (bosonic) Fock space is the direct sum of the symmetric tensor prod-

ucts of copies of a single-particle Hilbert space H

F(H) = 5 Sym (H*") (2.16)

n>0

Where Hy = C. F(H) is called the Fock space over the Hilbert space H. The Hilbert

space H,, identified as a subspace of Fock space is called the n-sector (or the nth chaos,



in quantum probability). The zero-sector is also called the vacuum sector.
Now we will define the following operators which we will use in the last chapter.

Definition 19. Let R; and L; be the operators on H & --- @ H defined by
R(WMXi® 0Xp=X10-0X; 18 X,W®--- X, (2.17)

and

LiW)Xi® X, =X19--- X, 9WX;9---® X, (2.18)

Definition 20. [11] Let H be an operator acting on H. The second quantized operator
dU'(H) acts on F. Its action on the n-sector is defined by

M(H)=H1® - 1+10H®1® - 1+ +1Q---Q1Q®H (2.19)

2.3 Partial Trace

In this section we will define partial trace operator [12]

Definition 21. Let H = Hi1 @ Ha, T= A1 @ Ay € B(H). The partial trace of T over
Ho is given by
TTQ(T) = A1 . TT’].Lz(AQ) (220)

Try extends by linearity to a linear map B(H) — B(H1).

Example 2.4.
H=C*®C? T=|0)(1|e|1){1]+|1)(0]®|0)(1] (2.21)

Try(T) = 10) (1] - 1+ [1) (O - 0 = |0) (1 (2.22)

2.4 Density matrix

A density matrix p is a representation of a quantum state or a statistical ensemble of
quantum states [13, 14]. A normalized vector in Hilbert space is called a pure state.
The density matrix of a pure state |)) in Hilbert space C? is given by the outer product

of the state vector with itself:

a o) laf*  ab*
p=|¢><w|=<b>(a b )—(a*b W)- (223
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Where we have used the general two-dimensional state vector of |¢)). Density matrices
can also describe ensembles of pure states {|¢;)} with probabilities {p;} by constructing

a linear combination of pure states.

Definition 22. Suppose {|1;)}; are (orthogonal) vectors in H, and p; are probabilities

then the associated density matrix is
p=_pilts) (¥ (2.24)

Here 0 <p;, <1 and ) p, =1

If p= % where [ is an identity matrix, then they are maximally mixed, without

any quantum superpositions. We give some examples for density matrix.

Example 2.5. Consider the mized state |0) = (1,0)" with probability of 1/4 and |1) =
(0,1)" with probability 3/4. Then

|0><0|=<(1)><1 0>:<(1)8> (2.25)
\1>(1|=<(1))(0 1):<82). (2.26)

1

p=§|o><0|+§|1><1|=(3 0) 2.7

and
Thus in this case

Example 2.6. Now consider another mized state, this time consisting of |+) = % (1,1)*

with probability 1/2 and |—) = % (1, =1)" with probability 1/2. this time we have

(1)(1 1)=%<11> (2.28)

|—><—|=%<_11>(1 —1)=%<_11 _11> (2.29)

Thus in this case the off-diagonals cancel, and we get

and

1
[—

p=3 ) (++3 ><—=( 0)- (2.30)

Note that the two density matrices we computed are identical.

O NI
N[
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2.4.1 Properties of density matrices

The definition of density matrix is (2.24). In an arbitrary orthonormal basis {|b;)} each

element of density matrix is
pri = (be|plbr) = Zpi (Ok|v3) (Wilbi) - (2.31)

From this it follows that p has the following properties:
1. Trp=1 (unit trace)
2. p=p* (Hermitian)
3. (¢ |p| )y > 0 (positive definite)
4. 0 < Tr(p?) < Tr(p) =1

Example 2.7. The density operator of a pure stale can be written p = [1) (Y|, so il’s

clear that p? = |¢) (Y|Y) (Y| = |¥) (W] = p, so Tr(p?) = Tr(p) = 1. However, it can
be shown that for a mized state 0 < Tr(p?) < 1. We check this for the mized state in

example 2.5
2y _ i 1
Tr(p)—Tr<< )(0 ))-Tr(o )—5 (2.32)

Definition 23. Choosing an arbitrary orthonormal basis {|b;)} and density matriz p =

O o=
= O

D[
o= O
= O

> i pi|wi) (W], the expectation of an operator T with matriz elements Ty = (bg| T\by) is
given by

(T) = Zpi (Wil Tlbsy =D pi (ilbw) (Bl Thou) (iltbi) = Y pue T = Tr(pT) . (2.33)

ikl k.l

The variance of T in the state p is defined by

var(T) = (T?) — (T)? = Tr(pT?) — {Tr(pT)}". (2.34)

Definition 24. An observable is a self-adjoint operator having the following physical

interpretation:

o Any physical quantity corresponds to an observable (e.g. the total energy is associ-
ated to the Hamiltonian).

e Figenvalues are the possible outcomes of measurements of a given observable.
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2.5 Quantum system

Definition 25. A closed quantum system is described by Hilbert space of (pure) states
which does not interchange information with any other system with two cases. Pure states
of the system are given by normalized vectors » € H, ||¢|| = 1. Mized states are density
matrices p € B(H).

Physics determines what the Hilbert space and Hamiltonian of a closed quantum

system are, based on the physical system considered.

Example 2.8. Assume there is a particle in a potential V(x). Then the Hilbert space
will be H = L*(R®, d®z) with hamiltonian H = —A +V and |1(t)) € H. Moreover,
[, t)|* is probability density of location of the particle.

Example 2.9. Assume an spin % particle (e.g. a qubit ). Then the Hilbert space will be

) § i
and states |1,,) = and | goun) = .
0 -1 0 1

Then every state vector can be written as linear combination of this basis

H = C? with hamiltonian H = % [

W) er  [9#) = alt) [Yup) + 0(t) [Yaown)

where |a(1t)|2 is probability of being in state “up” and |b(1t)|2 is probability of being in state

“down”.

2.5.1 Composite quantum system and reduced density matrices

Definition 26. Let (Hg, Hs) and (Hp, Hg) be two quantum systems. The composite

interacting system is (H, H) where
H=Hs®1+1® Hg+ Hsg H=HsRQRHp

Now if we consider two orthonormal bases of states {|¢z>s} and {|1/Jj)B} “in Hilbert
i j

spaces Hg and Hp respectively, a general state in the tensor product space H may be

written as

[0y =D ln)” @ ;)”, (2:35)

where «;; are the coordinates of [¢)), with 37, [a;;|* = 1. This means that |9h:)° @ ;)P
is an orthonormal basis for composite system H. Now if Ag is an operator acting on Hg

and Ap is an operator acting on Hpg, their tensor product is defined as

45 ® Ap ([0)° @ 14:)") = (4s [9)°) ® (4 l:)”) (2:36)
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Then an operator on composite system H can be written as linear combination of tensor
product of operators , i.e. A=73", Ag' ® Ap'. A mixed state of the composite system is

a density matrix p on H. If p is of the form

p=ps®ps (2.37)

where pg g are density matrices of the systems S and B, then p is called separable. For a
separable state, expectation values of any tensor product of operators pertaining to the

subsystems factorize, namely,
(As ® Ap) = Tr (As ® Ap(p)) = Trs (Asps) - Trs (Asps) = (As) (As)  (2.38)

where Trg and Trg are the traces over Hilbert spaces Hg and H g, respectively.

(S+R,Hs®HR,ps ® pR)

- e
(S, Ms. ps)
System

(R,HR,pR)

Environment

Figure 2.1: Open quantum system

Definition 27. Lel p be a state of the composite system. The reduced density matriz

pertaining to the subsystems S and B are
ps = Trp (p) and ps = Trs(p), (2.39)

respectively.

We can see in figure 2.1 an open quantum system, where a system S interacts with a

reservoir R.



14

2.5.2 Dynamics of open and closed quantum systems

According to quantum mechanics the state vector |¢(¢)) evolves in time according to the

Schrodinger equation ;
2 (6)) = H () (2.40)

where H is the Hamiltonian of the system and Planck’s constant A has been set equal
1. The solution of the Schrédinger equation may be represented in terms of unitary

time-cvolution operator U(t, ) which transform the state from ¢, to ¢ by

[(t)) = U(t, to) [¢(to)) (2.41)
The time-evolution operator has the form
Ult,ty) = e "t0H,
and the time evolution of the system is

|9(t)) = e =M [y (ty)) (2.42)

Similarly, an initial (time ;) density
p(to) = sz’ |1i(to0)) (¥i(to)] (2.43)

evolves as
,O(t) _ e—z‘(t—to)Hp(tO)ei(t—to)H (2'44)

The equation of motion for the density matrix obtained by differentiation of the previous

equation and it is called the von Neumann or Liouville-von Neumann equation. It reads

< p(t) = ~ilH, p(t) (2.45)

There is another picture for the dynamics of a quantum system, called the Heisenberg
picture. In this picture the dynamics is obtained by transferring the time dependence
from the density matrix p to the observables A as follows. By the cyclicity of the trace
(and setting ¢y = 0),

Te(p(t)A) = Tr (e p(to)c " A) = Te(p(0) A(#)) (2.46)
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where
A(t) — eitHAe_itH.

The map t — A(t) is called the Heisenberg evolution of the observable A. As (2.46)
shows, the physical quantity (average of A in state p at time ¢) is expressed equivalently

using the Schrodinger evolution of states (p(t)) or the Heisenberg evolution of observables

(A(?)).
The case of open quantum system is more complicated. The time evolution of the

reduced density matrix of an open quantum system is

ps(t) = Trr{U(t, to)p(to)U" (£, 0)} (2.47)

where U(t,tg) is the time-evolution operator of the total system. The expectation of an

observable A of the system alone is given by

(A@®)) = Trsn{p(t) (A® 1g)} = Trs {Tra(p(t))A} = Trs {psA} (2.48)

In addition, the equation of motion of the open quantum system will be

% ps(t) = ~iTei[H, (1) (2.49)

We can distinguish three types of open quantum system models:

(1) System near equilibrium: e.g. a collection of spins in contact with an infinitely

extended environment in thermal equilibrium

R
Rescrvoir

Figure 2.2: A system near to equilibrium

(2) Systerms far from equilibrium: e.g. a collection of spins which has interaction with

two (or more) infinite heat reservoirs.
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Ry with T}
Reservoir

Ry with Ty
Reservoir

Figure 2.3: A system far from equilibrium

(3) Repeated interaction system: e.g. a collection of spin particles shooting inside
of an open system which consists of a cylinder and a spin particle. Then they interact

repeatedly.

2.6 Quantum entropy and entanglement

Quantum entropies play a crucial role in quantum statistical mechanics and quantum
information theory. Von Neumann entropy provides an important entropy functional

used in quantum statistical mechanics and thermodynamics.
Definition 28. The von Neumann entropy of a density matriz p is S(p) = —Tr(pln p).
Now we list properties of the von Neumann entropy

1. For all density matrices one has
S(p) >0 (2.50)

where the equality sign holds if and only if p is a pure state.

*«-> [ o d %—) [ o4

Figure 2.4: Particles shooting inside a cylinder and interact with the particle inside
cylinder.



17

2. If the dimension of the Hilbert space is finite, dimH = D < oo, the von Neumann

entropy is bounded from above S(p) < In D, where the equality sign holds if and

only if p is the completely mixed or infinite temperature state p = %.

3. The von Neumann entropy is invariant with respect to unitary transformations U
of the Hilbert space, that is S(UpU*) = S(p).

4. The von Neumann entropy is a concave functional p — S(p) on the space of density
matrices. This means that for any collection of densities p; and numbers A\; > 0

satisfying » °. A; = 1 one has the inequality

The equality sign in this relation holds if and only if all p; with non-vanishing A;
are equal to each other. This property is called strict concavity of the entropy

functional.

5. Consider a composite system with Hilbert space H = Hg ® Hr and density matrix
p and reduced density matrices pg and pgr. Then the von Neumann entropy has

the sub-additiviy property
S(p) < S(ps) + S(pr) (2.52)

where the equality sign holds if and only if the total density matrix describes an

uncorrelated or separable state, i.e. p = ps ® pg.

Definition 29. Let (H := Hg ® Hr, H) be an open quantum system with density matriz
p and

R(p) = {(Q/Jiapi) c €Hy il =1,0<p; <1 st p= sz' |3} (il }
The entanglement (of formation) of p is defined by

= 1nf sz (Trg ) (Ws)) (2.53)

The entanglement has the following properties

1. E(p) =20
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2. £(p) = 0 < p is separable, i.e

o= S (105) (65| @ W) wll) = Vs @ o

In other words for pure states, consider a state [ 45) of a composite system. |¢ap)

is entangled if and only if there do not exist |14), |¢p5) such that

[VaB) = [ta) ® |¥B) .

Equivalently, we may say that the state is non-separable. If a state is not entangled, then

it is called separable [15]

Example 2.10. Consider [0) = (1,0)", |1) = (0,1), |00) = |0)®]0), and |11) = |1)®|1),
then the four Bell states

00y +[11)  [00) — [11) ]01) +[10) |01) — [10)
V2 V2 V2 V2

are well known two-qubit entangled states.

Example 2.11. |00) + [11) + |22) is an entangled state. In fact, this is a common form
for writing entangled states, because, for example consider the case when Alice and Bob

share two Bell states. They thus have

(100) + [11))¥° = (]00) + [11)) ® (|00) +]11))
= |0000) + |0011) + |1100) + |1111) (2.54)

Rearranging the labels by grouping all of Alice’s qubits together, followed by Bob’s qubits

gives us
|0000) + [0011) + |1100) + [1111) = |00) |00) + |01) |01) + |10) |10) + |11) |11)

In fact, most multi-qubit states are entangled.



Chapter 3

Statement of the problem and main

result

3.1 Statement of the problem

We consider N quantum particles, each one coupled to its own local reservoir and all of

them coupled to a common reservoir, as illustrated in Figure 3.1.

R

Reservoir

R,

Figure 3.1: Interaction of N particles with common and local environments (reservoirs).

The associated Hilbert space is

N N
’HN=®/H5®®/HR®/HC; (3.1)

J=1 Jj=1

where Hg, Hr and H are the Hilbert spaces of a single system, a single (local) reservoir
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and the collective reservoir, respectively. We assume that
dim Hg = d < oc.

In this sense, we can assume that Hg = C?. The Hilbert space of every reservoir is the
Fock space
Hp=He=F =P LR k). (3.2)

n>0

Here, L2, (R? d®"k) is the space of square-integrable complex-valued functions which
are symmetric in n arguments from R3. The direct summand for n = 0 is interpreted to
be C, it is called the vacuum sector. The one for n > 1 is called the n-particle sector.

A general element 1) € F is a sequence v = (g, ¥1, o, .. .), with ¢, € L2 (R3 d*"k),

symm

satisfying

1/2
19l = <Z ||¢n!|%2(Rs,d3nk)) :

n>0
The last quantity defines the norm of F. A ¢ € F with ¢, # 0 for a single ny € N is
interpreted to be the wave function of a system having exactly ng particles. Fock space
allows to describe creation and annihilation of particles (variable number of particles in
a system under consideration), since it encompasses n-particle sectors for all n.

The creation operator a*(f), with f € L*(R3,d®k) (f is a single-particle wave func-
tion), is defined on F as follows. On the n-particle sector, for ¢» = (0,...,%,,0,...), its

action is given by

0 ifk#n+1

Vn+1Sfey, ifk=n+1. (3:3)

(a"(f)e), = {

Here, § is the symmetrization operator. In particular,

n+1

1
(Sf & wn) (kb RS kn+l) - m Z f(k])wn(klv o akj—lv kj—l—l? RS kn+l)'
i

The action (3.3) is then extended to vectors in F by sector-wise linecar action. Note that
a*(f) maps the n-sector into the (n + 1)-scctor, hence the name of creation operator.
The adjoint operator of a*(f), denoted by a(f), maps the n-sector into the (n — 1)-sector

(and the vacuum sector onto zero). It acts, for ¢» = (0,...,4,,0,...), as

0 ifk#£n—1

3.4
VT fos F(kn)n (R, - )Pk, if bk =n— 1. E5

o)~
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The field operator is the self-adjoint operator

1 *
o(f) = ﬁ(a (f) +a(f)). (3.5)

The dynamics of the total system is generated by a self-adjoint Hamiltonian Hy,

acting on Hy, defined by

Hy = zN:Aj+2N:Kj+K (3.6)
j=1N =1
+Z%jvj®903(f]) (3.7)
jzl .
+\/—N;WJ~ ® o(f). (3.8)

Here, A; is understood to act nontrivially only on the j-th factor Hg in (3.1). There,
it is a fixed (equal for all j) single-particle operator A on Hg (represented by a d x d
matrix). The operators K; and K are the Hamiltonians of the j-th local and the collective

reservoir, respectively. They are all given by
K, = K = dI(k]), (39)

where dI'(X) is called the second quantization of the operator X. It is defined on the the

n-sector of Fock space by
dI'X)=X®1®---1l+19Xe1l® - 91+ +1Q®---1Q X,

then extended by linearity to F, see also Definition 20. In (3.9), X = |k| is the operator
of multiplication by |k|, acting on L*(R3, d3k).

The operators ¢; and ¢ in (3.7) and (3.8) are field operators, (3.5), of the j-th reservoir
and the collective one, respectively. Also, s¢; and s are coupling constants. The Vj is
interaction operators, acting nontrivially on the j-th system factor as a fixed operator
V € B(Hs). Similarly for W; (which acts as a fixed W € B(Hsg)).

Note that the common interaction term (3.8) has the N-dependent scaling s/v/N.

This scaling is called the mean field scaling.
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The dynamics of an initial (pure) state ¢y € Hy is given by a path {¢,}er, deter-

mined by the Schridinger equation

i%lﬁt = Hyy, W],y = Yo, (3.10)

equivalently expressed as
W = e Ny, (3.11)

For initial mixed states, given by a density matrix py (acting on Hy), the dynamics is
given by
pr = e HN poettHN, (3.12)

We are going to consider initial product states, namely, states of the form
pn(0) = ps ® pjg, (3.13)

where
Pg=po® - ® po (3.14)

is the N-fold tensor product of a fixed initial single-system state p, and

P =PrRO - ® pr® pc (3.15)

is the N-fold tensor product of a fixed (local) initial reservoir state pgr times the initial

state of the collective reservoir, pg. Then the total density matrix at time ¢ is given by
pn () = e N o (0) ™Y, (3.16)
The state of the first n systems (n < N) has the reduced density matriz

prn () = Trp g vy s PN (E)- (3.17)

Here, the partial trace Trp,1q n] (discussed in section 2.3) is taken over all local and the

collective reservoir.

Assumption. We suppose that the interaction is energy conserving, meaning that

all operators A, V and W commute. More precisely, there are rank-one spectral
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projections PU, ..., P on Hg such that
- (m) p(m)
A = mz_la P
N o
V mz_:lv

d
W = Zw(m)p(M)'
m=1

Here, the al™ are the d real cigenvalues of A (possibly repeated), and similarly for

o™ and w™.

We introduce the quantities

sin([k| ¢)

T >k (3.18)

s -3 [ 1ot

and

re) = [ |f<k>|2coth<5 'j') sin ﬁ':l'f/ 2 k. (3.19)

The large N limit of the reduced density matrix has been investigated in [6].

Theorem 5 (Merkli & Berman 2012, [6]). For any t € R and n > 1 we have

=0.

im Tr|pp n(t) — pre ® P2, @ -+ @ Py
N—oo

The single particle matrixz p;, satisfies the time-dependent non-linear Hartree-Lindblad

equation

ipie = [Aj, pitl + Tra[Weg(t), pji @ pjel + Li(t)pje-

Here, A; is the single system Hamiltonian, W.g(t) is an effective two-body interaction
given by
W= 2S(O)W @ W

and L;(t) is a Lindblad operator, describing the effect of the local environment,

L;(t) = S;(0)V7, ol =T33, Vi, ol

Note that the theorem shows that for large N, the state of the n first systems is
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(nearly) of product form. However, the corresponding single-particle density matrix (of

one factor) obeys a more complicated non-linear evolution equation.

Theorem 6 (Convergence Speed; Merkli & Berman 2012 [6]). Fort e Rand1 <n < N
such that N > 4n |W|*|S(t)|, we have

Trpan(t) — P14 @ p2s ® -+ @ pry| < C’;\;t) : (3.20)
where
Co(t) = nod®n ((2n + 29 |S(2)] + 1)emelSOI2mISORD 4 p (1)), (3.21)
with ny = 40 |W|)°.
3.1.1 Main result
Theorems 5 and 6 show, formally, that
Puv(t) = pucolt) + O(1/N), (3.22)

where pp, oo (t) = p1+® P2, @+ - ® pn¢. In this thesis, we refine the result (3.22) and obtain

an expansion

pni(t) = pusel®) + A1) + O(U/N), (323)

with an explicit expression for the correction term pgll)(t). While the main term py, o ()
is of product form, p%l) (t) is not. However, we show that p%l) (t) is obtained by applying
an explicit operator to a product state. In this sense, we are calculating the lowest order
correction to the mean field limit, which makes the density matrix entangled (for finite
values of N).

In the following, we consider A; = 0 and »; = 0 in (3.6), for simplicity of notation.
The main result, stating (3.23), is given in Theorem 7 below.

Recall that pg is the initial single-particle density matrix. We introduce the notation

(T)y = Tr(poT) (3.24)
var(T) = (T%) —(T)?, (3.25)

for all T € B(Hg). Also, given any single-particle operator T' € B(Hg), we define the
operators T, and Tz by
Thp=pT, Tpp=Tp, (3.26)
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for any single-particle density matrix p. Finally, we define the time-dependent operator

Eni = —32T()(dT(Wg) — dU(W))? + is2S(t) ([dT(W)]? — [dT(W,,)}?)
—2in325(t) (W) dT (W — W) — 25¢*S(t)? var (W) [dD (W — W1)]%(3.27)

which acts on the n-fold tensor product of Hg with itself. Recall that the functions S(t)
and I'(t) are defined in (3.18), (3.19).

Theorem 7 (Main result of thesis). For anyt € R and n > 1, we have

1
P (t) = proo(t) + =08 (t) + Rasains (3.28)
N
where
pPO(t) = Ent Po® -+ @ fio (3.29)
and
o == 6—21‘%2S(t)(W)W o 62i;{28(t)(W)VV' (3.30)

The trace-norm of Ry 18 bounded as

Cn(t
|| Rtain| < N(Q). (3.31)
The following result gives an upper bound on the constant C,,(t), (3.31). Set
&= 1 ||W*1S(1)]
and
0= 4n? WP (1S@)] + [T (@)]).

Also, recall that d = dim Hg.
Lemma 3.1. For N > 2¢, the constant C,(t) in (3.31) satisfies the bound

Cu(t) < @ (ME + g (IM +n+) +5 2" (14 ¢ +1M)),  (332)

where
€2 (a7e 3. 1
M = (e + 3n) ew B3 1 Le2 4 nef(n + €2) + £2e36(1 + € + £6F).

Note that the t-dependence on the right side of (3.32) is in n=n(t) and & = £(t).
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Proof of Results

4.1 Proof of Theorem 7

We start with the following expression for the reduced density matrix.

Lemma 4.1. We have

Pn,N (t) =

where

o~ it(A1+..+An) Z Z H mJ)

MmN m,...,ml, j=1

N
Kp = ) K;+K,

L = Z%g 903 (fi) + Z %]U J)SOJ (f3);
j=1

n N
I, = ﬁ;w(m3)¢(f) + N :Z w ™ (f)

Py T
~j) HPj

j=n+1

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)



Proof. We know from the definition of the n-body reduced density matrix that

e—itHN itHn

P (t) = Trp, 10,5 Po @ po& - QpoRpge

By definition of Hy as (3.8) we have

e~ tHN Z Pl(ml) Q- ® PJS]mN)e—itHN
mi,...,,mMN
— (m1) (mn)
— Z P1 QR PN
mi,...,mMN

o S A KR+, 4 Vi®e; (f)+F X0 Wie(f)

Also we know PV =y P and PUIW = w™ P o

e—itHN — Z Pl(ml) ® . ® .P]S[mN)

mi,...,mMN

oI A+ KA il 0 05 (1) + g il w ()

Thus, by the definition (4.3),(4.4)

o itHN _ Z Pl(ml) Q@ P](VMN)e—it(ZjilAj+KR+Il+L:)

my,....,mMN

Similarly, if we proceed with similar steps as above for the conjugate we have

citHN Z Pl(m’l) Q- ® P](VmQV) oIy Aj+K i+ Je)

MMy
where J; = E;V:1 0™ (f;) and J, = F Z;\le w™o(f).
By equations (4.10) and (4.11) we have

pan(t) = Trpiini > P @ ... @ P = it(Ely At Knthitle)

M,y TN
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(4.8)

(4.10)

(4.11)

X (®p® - ®p@pg) Y. P @@ Py Sl Akt i

/ /
My, My

Trps1 VLB Z Z e~ (EiL A Kt Le) pim) o pm) @

mi,...,mMN mll’,,,7m§v

2 PJ(VmN)pOP](VmQV) ® pﬁez‘t(zjil Aj+Kp+J+Je)

(4.12)



28

We know that Ky, I; ,1.,J; and J. are operators acting non-trivially on the space of the

reservoirs, only. Therefore,
pon(t) = Trpuwa e Bmb 37 37 PMp ™ @@ P pg Py
M, sMN MY, mly

Qe Erthtle) ) it(KptJitde) it 5501 A; (4.13)

pRe

From trace properties we know Trp, 1 m(N1 @ - - @ Ny) = N1 ® -+ @ Ny, Tr(Nppq ®
-+ ® Ny). Thus,

pn,N(t) _ e—it(A1+4..+An) Z Z Pl(ml)popl(m’l) QR ® P(mn)p P(mn)

mi,...,,MMN m’l,...,mﬁ\,

- x TrR{e—it(KR-l—Iz+1c)péeit(KR+Jz+Jc)} (4.14)
But we know Tr(PU™) po P(m)) = Tr(PU™) P py) and by projection properties we have
plme) plmy) —

unless my, = m}. So, Tr(PU™) py P)) = Tr(P™) i) py) = Tr(émk,m;gpo) = Oy m!, Dk
forn+1<k<N. Thus

N
e m; (m’-)
() = ) Sy 17 0b™ 11 #
LN mlv ;m! j=1 j=n+1
% ﬂé{e—it(KR+Il+IC)péeit(KR+Jl+JC,)}eit(A1+...+An) (415)
We should note that since m; = m; forn+1 < 5 < N, we should define another version

of J. and J; that divided summation by two parts, that are I/ and I]. Therefore, we

obtain the final result

) = mA) 5 S T[Eme) ] 5

mi,...mN mf,...mj, j=1 j=n+1

. Tré{e—it(KR—i-Il-‘rIc)péeit(KR-‘rIl’-‘rIé)}eit(Al-‘r...-l—An) (4.16)

This proves Lemma 4.1. O

Now we give the prove of Theorem 7.
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Proof. According Lemma 4.1, we know

i N
pan(t) = e~ At +AR) Z Z H(]ngmj)popjgmj)) H P,

MY yeeyMN mll?""m;L 7=1 j=n+1

% Trﬁ{e—it(KR-i-Il-i-Ic)pﬁez’t(KR+Il’+I;)}eit(A1+...+An) (4’17)

Now we simplify the trace term in (4.17)

n

o~ t(ER+I+1e) _ p—itlK+(e/VN) T3, wl™ ()] H o~ itlE i+ 05 (55)] (4.18)

j=1
and similarly for the second exponential in the trace in (4.17)

n

H <ez‘t[Kj+xjv“"9%oj<fj>1e—z‘t[Kj+xjv(mj>%<fj)1>

Jj=1 B
% <€it[K+<u/¢N>{2;=1 w4y w9 Yo ()] o =it lK+(2/ V) T, w3 ()] >

B
(4.19)

where (X); is the average of an operator X in the Bosonic equilibrium state at temper-
ature 1/0.
By [16], for z,y € R

<eit(Ker(f))6—it(K+y<p(f))> _ ei(x—y)(xﬂ/)s(t)6—(9:—24)21“(75)’ (4.20)
B

where S(t) and I'(t) are defined in (3.18),(3.19). By (4.19),(4.20)

n ’ ! /
|1 G 7 o) 40 ]85() 22— 215 (1)

=1
ORI D MO (D ™) b2 T w8 (1)
oGRSy (@) MR () (4.21)
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Now we insert this expression into (4.17)

pn,N(t) — —zt(A1+ +An) Z Z Hp(m]) (m'))

M1y, Mn mf,...,ml, j=1

n

[T (o5 =0 [ 40" )5; 1) =2 oD o "IPT )
j=1

o iGN (0 IS (w5 ™)) s (1)
=GRS (P —w )20 ()

N—n
3 Dy eCA N S @ —w™D) s (1) et +an) (4 99)

The dependence on the uncoupled Hamiltonians A; of the particles is trivial (a conjugacy
by a unitary operator in (4.22)), so we consider just the case A; = 0. Furthermore, we

take s¢; = 0, meaning that there is no coupling to local reservoirs. Then we have

(@) = S S ([P 0P

M1yeMn mh,..omfy j=1
RN @™ IS (™ ™)) (1)

o= CAMISI (@D —wmD)2r()

N—n
X | 3 ppaeBO /W T =) (4.23)
Now we define
o =i — w3 @ + S - (3o - w™)Pr()
j=1 =1 j=1
Ty = 2520 Z w™)) S (¢) (4.24)

So (4.23) becomes

mx0= 3 Y (1A ﬁ T e PP 429

mi,....;Mn mf,...,m!, j=1
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e Now we expand expression /. In the first step by Taylor expansion of the exponen-

tial function, we have

e = ) Ly (4.26)

s i 1 s
pPme N = 2; _I(N) mexm (427)
The second term in I is equation (4.27) with power N —n. To expand this we need

a special trick by rewriting this term as the exponential of a logarithm and then

expand the logarithm, that is

[ eiajvm ]N—n _ e(N—n) log(zm pmei_a?\fm)
Emjpm

=) log(1+zm Pm (e_Nm _1))

= WN-nE (4.28)
We start by expanding the power of the exponential function in (4.28) by the
following expression
(-1
log(1+z) = Z Tﬂ:k (4.29)

k>1
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. V.
and since e ¥ — 1 = O(+) we have

= = log <1—|—me (e%—1)>

m

2
iTm 1 iTm
= 2opn (e ‘1>‘§lzpm(€N ‘1)]

~—

1 iTy )’ 1
t 3 [meZHNZ] +0l5m

mm (izm)?  (iTm)3 1
= 2om ( vz gy HOFR)

m

S |

; Pm (Z%m + 0(%))

3
1
+Olga)

Wl

(4.30)

Therefore, we have
= log <1 + me (eme — 1)>

2
= ﬁ( mexm> g (‘Zl’mx t3 <me”’m> )

3 .

= % (x) — 2—]172var(:v) - # (% <333> + (z) + ; () <x2>> + O(%)

[1]

(4.31)

Where (z) == 3. Py and var(z) := (z2) — (z)°. Now we combine equations
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(4.28) and (4.31)

: ing e (N—n)log (zm pmei_gj\fm)
Zm:pme &

= - e var@) =i (3 (s°) )+ § (@) (+2) ) +O(5m)
_ ei(x)e—i%(x)e—%var(z)e—ig—gg(%<a:3>+(a:)3+%(a:) <w2 )
1
+ O(ﬁ)
2
— i@ [ ey = 2
e (1 ZN<x> 2N2<>
X (1 — anr(a;) + o3 {gvar(az) + gvar(x)2}>
1 1 3 3 3 9 1
X ( 3N2<2<x>+<33) +2(x><x> -I-O(N3)
(4.32)

Now by combining equations (4.26) and (4.32) as I in equation (4.25) we have

pan(t) = Z Z (ﬁpj(mj)popj(m})> ei(m){l
j=1

MLy Mo Y,

[, . 1
+ N {% a—in(r) — ivar(:l:)]
o [<%Q - 31 (e + guvar(a) + 5(var(@))? + sa(—in (2
1 1. v, 1 3,93 2 L
~ gvar(e)) + in () var(@) = 35 () + (@) + 5 {2) (7)) +0<m>}

(4.33)

Now we consider the coefficient of %

1 o) o)) 1
coefficient of i Z Z , (H(Pj( j)pon( a)>@"<$> (%204 —in (x) — §Var(x))

(4.34)
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This equation includes three terms. The product of the first two terms is

i !
<H p].(mi)po pj(m9‘)> oife)  — (H p(mj m;) ) 2052 S(1) 3 P ™ 7 (0™ —M3))
j=1

H Pj(mj) e~ HASWWIW ) 202 (0) (W)W Pj(m})

Jj=1

= [[2" 5P (4.35)
j=1

J

Where py is given in (3.30). Hence,

coeflicient of— = Z Z (H P(m]) N )> < s —in (z) — %V&I‘((L‘))

7777 mn m1 g ,m

(4.36)
Since this is a complicated formula we need to expand and simplify term by term. We
compute this in three steps as follows
Step 1: Recall that « is given in (4.24)

Z Z (H Pj(mg)~0P](m3)> o = Z Z (H P](mj)ﬁopj(m;)) 2

mi,..;Mn m1 .....

_ ][Zw(mg) + 2I'(¢ Zw (mk}

= I+ i +IIT (4.37)

Remark 4.1. Let W =3 w™ P where w'™ are eigenvalue of matriz W. Then we

have
pmw = pm Z w™ p®)
— Z w™ pim) p)

n
— ™ pim) pim)
— ™ pm)

= Py (4.38)
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and

w2 o= > (w)2pr (4.39)

n

Now we first compute I as following

> z/(npw 79 ) st - O

MyesMn m,...mf, \j=1

_ (zS Z Z P1(m1)~ Pl(ml) Q- ® Pﬁm”)ﬁopﬁm;‘)[z w(m;)]Q

M, MY, J

_ %2(ZS(t) o (t)) Z Z Pl(ml)ﬁﬂpl(mﬂ R--® PT(Lmn)ﬁOPT(Lm;L)

X Do) 423w

J J<k

J mi,...,mn ml .....

® - ® p(mn)ﬁ pm)

BRSO X AMAH 6o p i
J<k mi,...,mn m/,...,mf
®- - @ P Py @ ... @ Pimn) o pima) (4.40)
Since Zm__l P = 1 we obtain

I = zQ(iS(t)—F(t))Zﬁ()(X)---®f)0W2®w®ﬁo

jth
+ 22ESE) —T()D fo®--@pW - W - ® fy
J<k jth kth
= (ZS (Z R(W po ® -+ @ pg+ 2 Z R(W)R,(W)py® -+ & ﬁo)
1<k
= 2 Z Rl po ® -+ ® po (441)

We use here the notation introduced in definition 19. We carry out a similar argument



for the term II in (4.37) and obtain

36

nm= > Y (ﬁpj(mj)ﬁopj(;> 2 [—iS(t) [Zwmﬂ]2

= 2 (=iS(t) = T(#) D LiW)Le(W)po ® - ® po

Next, we calculate

Il = Z Z <Hpma>~ )2%21“ Zw W™

7777 mn ml sl

= 22T Y Y PMapPMe. ®P(m",0P(m > w

MLy Mn ml ... om)] ik

= 22T)Y. Y Y PMaP ™ e P ™)

= 2%21“ Zp()@ QW QW ® - ® o
—~— —~—
= 2%21" ZR P0®"'®ﬁo

Combining(4.37) with (4.41), (4.42), and (4.43), we obtain

z X (ﬁf’y‘m”ﬁopj(m;)> e

J=1

(4.42)

w(mk)]

(4.43)
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Step 2: We analyze the second term in (4.36). Proceeding above, we obtain

{ — 2ins”S(t) (W) > (w<m;~> _ w(my)) }

J

_ —27jn%25(t) (W) Z Z Pl(ml)ﬁopl(mll) R ® Pémn)ﬁopém%)

= —2imsS(t) (W) [S° R(W) — Lo ® -+ @ fo (4.45)

Step 3: Similar to step 1 we can compute the last term in (4.36),
1 - (mj) ~ (mj)
4 2 5 ([TAmae) e
- X% (A e - o

m1, “Mn MY ,...,mj,

n 2
= —2x*S(t)*var(w) Z Z (H P;’”j)ﬁofz(m;)) <Zw(m3‘) +Zw(mj))

= —2*S(t)*var(w) (Z R(W) — Ll(W)> Po® - @ po

(4.46)

Thus, by equations (4.44), (4.45), (4.46) and Definition 20 we have

Z Z <1j1 Pj(mj)ﬁopj(m;)> (%205 —in (x) — %var(x)) =

<M ml ..... m;l

{ — S2T() [dT (W — W12 + 528 (t) ([dD(Wg)]? — [dD(W,)?))

—  2ins2S(t) (W) dT(Wx — W) — 2545 () *var(W) [dD (Wg — WL)]Q}
X po® & po (4.47)

where Wgpo := poW and Wi pg := W py. Therefore,according to (4.33),(4.34) and (4.47)



38

the expansion of reduced density matrix is

prn(t) = Pnoo + - ( —5*T(t) [AL(Wg — WL)]* + i5°S(¢) ([dT(W)]? — [dD(WL)]?)

N
— QZn%ZS(t) <W> dF(WR — WL)
— 23A48(t)2var (W)[dD(Wg — WL)]2> Fo® -+ ® po
+ RMain (448)

This shows the expression (3.28) with ,0511)(15) given in (3.29).

4.2 Proof of Lemma 3.1

From(4.25)

Pn.n(t Z Z H (P(mJ ( /)) euzTa [meei_?\fm] (4.49)

..... mnml, ,m ] 1

where o and z,,, are given in (4.24). Now we expand

2o 1 - (%Qoz)kl
e N = 1+N%204+kz_; Nk E

2 oo
nx %Od
_ . L 4.50
* %‘”(N kzzo N k+2) (4.50)
—R

=< /x2a\" 1 < /x2a\F 1 Pn
LAl 4.51
Z(N) (k+2)!<;o(]v) Mo (4:51)

then we have )
2
|R| < mz“n%w" (4.52)

Moreover,

N—-n
[ e i ] — o(N—n)log},, pme X — p(N—njlog(1+a) (453)
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Where
a=3 pn (ef?v’" - 1) (4.54)
Expanding the logarithm we have (for |a| <1)
a? (—1)*
log(1 =a——+d a* 4.55
og(l+a)=a 2+a Zk—i—?) (4.55)
In addition, we know |> 7, %ak is bounded above by the geometric series, 1— | < 2
. Thus
a’? .
log(l+a)=a— 5 + a*Ry (4.56)
with [R;| < 2. Note that a = Y7, (%)* % (3, pmak,). Therefore, we have
02
(N —n)log(l+a)=(N—n)(a— 5) + Ry (4.57)

With |R2| < 2(N —n)| Zmpm(ei_?vm — 1)*and we know for ,, real, we have |e"¥ — 1| =

f L8 eVdy| < T’”' = £ (by the definition of &), so

m v 63 63
|Re| < 2(N Z |3<2(N—n)mn%x|eN — 1P <2(N - )Ng_Qm
(4.58)

Now we expand first term of (4.57) with 3 steps Step 1: First we multiply N —n and a

(N—-n)a = (N—n) (me(eﬁvm - 1)) = (N —n) <mez FINF )
m k>1
1 (1 , 1 )
= = <§me$m> + e (5 mexm>

. owN—-n(1l iz, 1T, 1
D palinn) = <§+ N (N)k(k:+4)!> (4:59)
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Step 2: second we multiply N — n and “2—2
. ‘ 2 )i 2
(N-m)5 = 3(N-n) <me<e%’” - 1)) =3 <2pm on)” )
1 1 (i 1T 1 ’
= 30 [‘F( pmf”m) (Z - 2 zvm)kmm!)

£>0
1 zxm
k>0
] 2
— I — —2 ’ ’
3 @m) ] @@w)
. 2
g WTm \k
’ <me“”’" ) <k+2>!> *”(mexm) ]
™m k>0 m
n 2 3O Wy L
m/ m k>0
2
n Z Z (LLm (4.60)
2]\74 Pl N k;+2 '

Step 3: Then we add final terms from step 1 and 2

a? , 1 (. 1 1
(N — n)(a - ?) =1 mexm - N <lnzpmxm + 5 mexfn - §(me$m)2> + R3
(4.61)

where

Ry = [ (mea: me«fm )
+ z(me) (mexm 2 Zf;c\}n k+2 )]
1| mm )k L
— m n ;pm/xm/ mel'm ];0 (k + 2)'
N—n ) 1T 'Lxm
+ W 2:10771(me)3 (_ N k: —|-4) )

2
. Non (me m2 (5 (g k+2 ) (4.62)

k>0
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We know by assumption that N > 2§ = % < 1 and, since |z, < €

2 (va"’)k (ki2)!

k>0

1 1 1

T S ;(5)km <1 (4.63)

.k
1T,

N

<2
k>0

Therefore,

R3] <

(§n - §§> (4.64)

Now we add Ry and Rs and we call it Ry

(N —n)log(l+a) = i;pmxm — % (m ;pmxm + %;pmﬁn = %(mexm)z)

+ Ry
(4.65)
where
263 £2 3 23 £2 47 3
< <S4S (g = (£ + Sn). .
|Ry4| < |Ra| + |R3| < A2 + N2(2n+ 125) N2(12€+ 2n) (4.66)
Hence, by equations (4.53) and (4.66) we have
e(N_n)log(1+a) _ eizmpma:m—%(mzmpmxm-i-% Z,—npmx%z_%(Zrnpmxm)Q) v 6R4 (467)
Also, since |ef* — 1| < |Ry| el we conclude that
(1 + a)N—n — eizmpma:m—%(inzmpmwm-l—%Empml’gn_%(zmpmwmh) + R5 (468)

where Ry has following bound

2 2
IRs| <+ (gg + gn) enz(16+5n) (4.69)
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We have used here that the first exponential on the right side of (4.67) has modulus
bounded above by 1. Thus,

—in 1 var(z)

(1+a)N—n _ z(:c)e x (:c) "3 N + Rj
[ee) . k k
_ i) _in in(z)\" (-1)
e <1 I (x) + kZZQ ( i ) X
 1var(z) o 1 var(z) ¥ (=1)F
. (1 2 N +;;2<2 N P R
= €@ <1 - % (x) + A) <1 - %Vaj\(fw) + B) + Rs
= ¢ (1 - % (z) — %%@U + %) Rg + Rs (4.70)
where
1L |n(z)var(z)| 1|va ( ) ( )
< |2 A Z
[Rol < |A]+|B| + 4] B + 5 | D) 2 x (@.1)
where A and B have following bounds
|A] < Z o et (4.72)
k—0
1|var(z) P X [var(z)|* 1 & «
Bl <11 25| 1w < e (4.73)
k=0 )
Therefore, we have
2
|Rs| < £ { —&% 4+ nef(n+ &) + 52655(1+£+§e§)} (4.74)

Now we add last two terms of equation (4.70) and call it R;, then equation (4.70) will be

. ) 1
1+ @)V = i@ (1 - % (z) — 5%‘}@)) + Ry (4.75)
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To find bound of R; we need bounds of R5 and Rg which are equations (4.69) and (4.74),

respectively. Then we have

IR;| < |ei<x>R6\+|R5
- 2 (a4 43 1
< fw{( E+2 ) vz (136+3n) %§2+ne‘f(n—l—§2)+§265§(1+§—|—§e§)}

(4.76)

Going back to (4.49), we multiply two terms as

N—-n
= e 1 ; in 1 var(x
[t =i praca e (15752 o)

(4.77)

where |R| < ZE e 2lW % (|S(8)] + IT(2)]) so we have

N—-n
E Pme N ] =@ N {—Zem")n (z) — '@ var2(:)3) + ez<x)%2oz} + Ry

(4.78)
where
Ry = L%QQ —inet® (z) — @ o) Yar(z) + iJ{QQR
* N2 2 N !
1 X )
+ NR <_m62(w> (z) — e Var2( )> + R; + Reé*® + RR; (4.79)
If we define

2 1
M = ( £+ n) rz(H56+in) 4 52 +net(n + €2) + %35 (1 + € + &eb) (4.80)
such that |R;| < £ M’ then we have following bound

|Rr| < — L {§M+%n§( M—i—n+§)+%nen (1+&+ §+1M)} (4.81)
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Thus, from (4.49)

M yeney Mn My, ’l’n,’n 7=1
; 1
x qef® 4 — 8 —ine'™ () — '@ var(z) + e b + Ry
N 2
1
Pro + =204 (8) + Ratoin (4.82)

N

Where Ryain = Zmlm Zm'l ol H?Zl Pj(mj )p P(m ) Rr. Rprain is an operator on

the n-fold tensor product H, := H ® --- ® H where H is the Hilbert space of a single
particle. Since the space of bounded linear operators on H,, denoted by B(H,,) is the
dual space of the Banach space Ly (H,,) of trace-class operators on H,, (with norm ||z, =

Tr|z|), we have

| Ratainll; = sup | Tr Rt qin Bl (4.83)
Be(Hn),||Bll=1

Let B be a bounded operator on H,,. By cyclicity of the trace we have

TrRyainB="Tr | po® -+ Z > Ry <HP(’” )> (ﬁp}mﬂ> (4.84)

~~~~~ Mn ml,...,m 4=1

Since |TrXY| < ||Y|| Tr| X| and because a density matrix has trace one, we obtain

el < | 55w ([107) 8 ([17)
M1y, Mp ml, j= _]:1
S “Bl dQnsupml ..... Mo, 5o ml, RT
< |B|ld*|Ry| (4.85)

where d = dim Hg. Thus, || Raeinl| < & |Rr|. O
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