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Abstract

“This thesis prescnis a methodology for gencrating and analyzing steamlines in
reservoirs near wellbores using a fnte ifference method and the Pollock method.
The proposed methodology has been appled in 200 using Cartesian and Polar

coordinate systems.

“This proposed method demonsirates how all potential geological and mechanical

factors affect sreamline behaviour and analyze thei effect on route of stream path

lines movement. By using this method, stream path lines can be visualized for any.
given boundary conditions. Subject 10 the basic assumptions of incompressible fluid
and avoidance of gravity effects, there is an opportunity o simplify numerical
equations for streamline simulation and retrieve more effective results. Fluids are

‘moved along the natural streamline grids.

Permeabily, well conditons and oher proces actorssuch s presur, eloity and
e of ravel dictate the route and dircton of srcamlines. The advaniages o this
‘methd incde flow visalzation, more fficency and computatonal specd. and the
ailty to s ofaditonal boundary conditons i various umbers of rid lcks. I




‘on fine-grid, high-resolution models in reasonable times on offthe shelf hardware. In

additon, denifies Mlid flow paths bet ks and

isual and quantifsble inform

allows geoscientists 1 examine model
comectivity, s wellas drinage and iigation zones assocised with producers and

jectors. A i dons and predict
et for cfcent drilling.

“The Pollock's method generally is used for an orthogonal grid cel, however in reality

most Thus,

the next advancement in this research explored ways 1o find stream path lines.
according 10 the Pollock method but with assuming Polar coordinates instead of

Cartesian coordinates, when wells® location is in the center of the rings and all

the following

parameters




B o

i cachgrid cll and conneting al poins by ine segments.

Most of the mathematical formultions ar taken from avaiabe litcrature and other
documents. This methodoogy s demonsrated trough the use of e case sulis
for both Cartcsian and polar coordinats. The rescarch includes fwo min topics:
Sucamline simulton in Caresian and Pola cooninstes. Each topic has two main

parts:

« Theoretical part; in this part, all numerical and mathematical modeling is

described, using fnit difference methods for pressure solving.

. waTL this part,a MATL
according to theoretical equations.
The MATL This MATLAB,

i different reservoir areas. The graphs which are resuled from this numerical

w



method can provide valusble information for engineers to have betr understanding.

of fluid flow inthe reservoi

Regarding research novely, streamline simulation in near well bore regions using

radial geometry has not been done before. Numerical methods are effective twols to

Finaly this rescarch has sgnifican potntial aplications i the fure t0 improve
id flow modeling near wll bores. The numerial method discussed in this sudy
can be cxtended 1o tree dimensional coordinates. In this sudy luid has been
assumed o be incompressble. The method can be usd with compresibe flids in

future, which s closr toreaity.
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Chapter 1

Introduction

Streamline simulation of displacement processes in oil reservoirs gained industrial
attention during the 19805 and 19905, when the method was implemented as a 3D

procedure (Bratvedt et al. (1993)). Originating from the more complicated and less

applicable i 1983

offered the apportunity of incorporating operator spliting techniques to include the

effects of luid compressbilty, difusion and graviy effects.

for purely such operator

First, the 3D pressure cquation is solved and streamlines generated according 1o the

pressure feld.



T

Secondly, the luids are moved along the computed 1D streamlines over a time step.

ignoring gravty

“Thirdly, a gravity correction step is made where the fluids of different densities are

segrgating vericaly.

“The success of this streamline approach lis in the fact that operating splittng is

‘mathematicaly rigorous, together with the fact that lid transport along streamines

Furthermore, streamlines can be updated at any time, for example if new wells are
drilled. In fact, sreamlines may be updated on cach time siep in which case a
srcamline method reduces to an adaptive grid fnte diffrence method., When
sreamlines are updated on each time step the computational advantage, n tems of

CPU timesavings, s lost.

In spie of the successfl application of aperator spliting techniues, sramline
simulaion has limitations and can neverreplce conventional simulaion echniques
Fist of all this is because th spliting of a pressre equation from the viscous/
iffusive pant of the problem is not acurate i the fuds are highly compressible
andlor when gravity ffects dominae over viscous ransport mechaniss. Therelore,
sucamline simulation is mosty used for wete flooding n ol resevoirs and ess for

gas injection and recovery of heavy ol



Another limitation of the streamline approach is that the numerical method used for

bores. Therefore, detaled streamline modeling of near-well flow is abscent from the
published literature. The work presented here focuses on this aspect of streamline

modeling.

11 Problem Identification

The traditional

tselfand

solution of Jacian). Figure 1.1

Figure 1.1: Exit Point (Calculated)




Once the exit point s calculated, a straight line-draw s made to connect the exit and

The Pollock metho is described in detail in Chapter 1. Here, it suffces o identify
the lack of accuracy inherent in the method as applied o near well situations
Referring o Figures 1.1 and Figure 1.2, the fluid velocity across the faces of the grid

block can be approximated:

“The velocity, ¥,
‘permeabilites and the pressures 7 and 7, i Figure 1.1. Similaly, the velocities ;.

¥, and ¥, acrossthe other faces ar calculated (Figure 12).

Vi i

Figure 12 Velocity Across the Four Faces of Grid Cell



Each of the velocities ¥, are assumed to be constant over the fie i, however, the

borizontal x and vertcal  velocitis are assumed to vary linearly inside the grid

block, . itis assumed that:

-

where the constants a, band ¢,d are chosen to match the known velocities ¥, ¥,

and ¥, ¥, respectvely.

An obvious limitation of this procedure is tha it does not allow an entrance and an

in 0 be located on the same face (Figure 1.3). Therefore, grid blocks must be

small to capture this effet. In near-wel bore si al geometry mitigates

Figure 1.3: Entrance and Exit Point

Such situations can oceur close to well bores, for example, when fluids have to




Another problem with the Pollock method is that for near-well flow, the flow velocity
does ot vary linearly as linear flow geometies as shown in cquation (1-1),
Therefore, consider a cylindrical grid, as shown in Figure 1.4. As the fluids approach

the wel bore, the velocity increases, howener not linearly.

‘
o
)

Figure 1.4: Cylindrical Grid Cells

7,

“This follows from the fact that the pressure decreases logarithmially towards the
el bore (asuming purly radia):

a2 Poy=ahrsh

Acconding to Darcy's Law:

Const

a3 v




‘When we also allow angular flow in Figure 1.4, we must allow fluds t0 “leak” into
the neighboring blocks in the angular direction. Instead of equation (1-3), we

therefore assume;

14

amnd b Known radial velocitis over the

faces of the block in the r-direction.

Inthe angular irection, th asumpio ofincar change i sdequse:
) V0)=co+d

where againthe consant ¢ and d e determind from the known face velocies.
T primary objective of this work i thereore to implement the modified Pllock

method in Polar coordinates to better adapt 1o the near-well geometry.

based. p

distibution a prior. This is obtained by solving the Laplacian. In this work, we are

primarily focusing on the method as applied to the near well region, . we need to
Solve the Laplacian in a cylindrical geometry. In reservoirs, we can not impose an

‘assumption of homogenous and isotropic medium,

It s a fact that the general (anisotropic) Laplacian in a cylindrical geometry
frequently is misformulated in the petroleu literature. This is because a non-
tensorial formulation i highly desirable for simplicity reasons. Therefore, the concept

of angular direction permeabiliy s often used. Howeer,this entity does not existin



an ansotropic. medium and consequently a full tenoril fomulation cannot be
avoided. A sccondary objective of this work is thercfore to rigorously derive the

‘appropriate Laplacian for near well streamline modeling. This i presented in Chapter

vi

I conventional reservoir models, the wells are represented as sources/sinks within
individual prid blocks. The well segment penetrating a id block is assumed t0 be.
aligned with the block boundaries (faces). This was an adequate approach before

1990 where all well i fields were vertical (Figure 1.5).

well

Figure 1.5: Wells in Ficlds




However, during the 90s, formidable technology developments were made within
rllng and completion of advanced well specifically lateral wells, and driling wells
of 2000-3000 m long production sections became common practce. The traditional

well representation for such wells can be completely inadequate as shown in Figure

6

\

A
N

]
—

Actual Well Trjectory

Numerical Well Trajectory

Figure 1.6: Numerical and Actusl Well Trajectory

Clearly, representation of advanced wells in reservoir simulation therefore necds

w bores, the detals
of the flow pattem can be captured and the well productiviy can be aceurately



caleulated by integrating flow along sireamlines. These local productivity models can
subsequently be incorporated into standard simulator models
“The work presented here s the firststep o achieve the ultimae goal of this rescarch;

To develop accurate, local productivity models, which incorporate near well

het . i ajestores.

1-3 Objectives of the Research

The objectives of this work are:

1-Torig

both Cartesian and eylindrical geometries

Polar coor

nate sysems.
3- Develop MATLAB programs for both Cartsian and Pola coordinates for
strcamlines simulaton near wel bores.
4 To investigate flow behavior using the stcamline. models in hetrogencous
isotropc
reservoirs withdiferent esersa conditons and well conditons
5-To investgat efects of various boundary conditons on stzcam line behaviour.

6 To provide recommendations on futher development of the models.



14 Thesis Organization

near well bores by findi i i
i developed based on locating the entry and exit points of each streamline in cach
given grid cell using the Pollock method for Cartesian coordinate system and a

moxified Pollock method for cylindrical geometres.
“This thesisis divided into seven chapters. The first chapter provides an introduction
1o the thesis, background information, objectives of rescarch, scope of study and

thesis organization

Chapter I presents literature review, previous background works and researches on

“Then,

In Chapter Il there is a comprehensive explantion of the Pollock method. Finite
difference grid cells and the strueture of the grid blocks are introduced. In addition,
uid flow modeling is introduced. In addition, formulation and equation series for

‘computation of low modeling are described.



Chapter 1V presents the pressure solution in Cartesian coordinates. This chapter

provides calculation process for finding the pressure disribution across the given

reservoir by solving Laplacian cquation.

Chapter V' presents solution for the pressure distribution in radial coordinates and

shows develop a MATLAB code

in reservoirsin radial coordinate system

and i Three

o B ot G
case studis in Cartesian coordinates and two case studies in Polar coordinates with

various boundary conditions are preserted.

The thesis is summarized and concluded in Chapter VIl where rescarch novelty and

recommendations for future research are discussed.



Chapter 1t

Literature Review

The curent populaiy of stcamine simulation should more apdy be.termed
resurgence, given that sucamiines have been in the lerature since the pape by
Maskat t . (1934), The method has eceivd repeatd atetionsince then, and over
the last 70 years differnt ideas and aplications have becn published. sbout

sreamline simulation as discussed in this chapter, .. Thicle (2001)

| 21 Whatis Streamline Modeling?

pathlines and streaklines are convenient tools for describing and

visualizing low given by an extemal flow velociy field

@




s gent to the velocity

vector  at every paint;

@

Streamlines can be traced for any vector field, although the most common is that ¥/
represents a velocity obtained from the solution of a set of flow equations. For
incompressible flow, sireamlines defined at a single instant do not intersect and

cannot begin or end inside the medium except at

ulaites (sources and sinks).
Streamiubes are regions bounded by srcamlines. Because streamlines are tangent o
the velocity field, a fluid that is inside a streamtube must remain within the same

streamiube.

A

the flow of the fuid from a given sarting point,

v

L
ey a
()

A streakline i the locus

a given instance of the positions of all Muid particles that
have gone through a fixed spatial point in the past. I steady state flow sreamlines,
streaklines and pathlines coincide. In an unsteady flow they can be different. In this

work we consider only steady sate flow. Streamline s

wlation s  technique that
predicts multi-phase displacements along the streamlines generaed from numerical

solutions o the Lap




difference method, th initia seady state pressure fild is computed based on spatial

variations in mobility, and is updated in response o significant time-dependent

ty

and srcamlines are waced based on the underlying velocity fiekl. Sucamiines
orginate at the njectors (source) and culminate i producers (snk). Once the
streamline paths are determined, displacement processes are computed along the
swcanilines using 1-D, analytcal or numerial models (Thicke (1994), Batycky

(1997)) and ResAssist (hipy/www res-assist.com).

as particle tracking, for which there exists extensive ltrature. The particle tracking.

at a finite set of points, either measured or caleulaed from a flow model, and
interpolation is needed o integrate. pathlnes. In computational fluid dynamics,

purticle racking has been used for visualization (Kiper et al. (2003), Ki

(1996), Sadarjoen et al. (1997), Shirayama (1993) and Stid et . (1989))

Velocity interpolation in control-volume mixed finit-clement methods is a related

Naffetal

(2002), Within groundwater flow simulation, partcle tracking is used to model
contaminant transport (Oliveira t a. (1998), Cordes et al. (1992), Schafer-Perini ct

(1991) and Shater (1987).




s ically using.

" h dyticalintegration

is the most common. In some rescarch, sireamline tracking is a subset of particle
tracking, since streamlines may be computed by partice tracking if the streamline.
‘parameters are introduced as an artificial time variable for which the instantancous

velocity field ¥ i steady.

Most researchers consider streamline tracing in the context of streamline simulation

of Bratvedt etal

al. (1998)). In some cases, the fluid velocity 7 i typically given as the numerical

Solution of a set of flow equations for ¥ and the luid pressure p of the form;

2

9 o

7 =-a(ip

“The two equations are commonly referred to as the pressure equation and Darcy’s.
law, respectively. The corresponding discree velocity approximation depends on the
numerical method:

© For finie-

fference methods,the pressure is usually computed at cell centers,
‘and fluxes can be obtained at cel edges by application of a discrete form of Darcy's
law (Zheng etal. 2002)).

. For the numerical

12 node values. Although a continuously defined velocity can be

16




obtained from Darcy’s law, a bettr srategy where continuous fluxes are obiained at
cell edges, is given in some lteratures (Durlofsky (1994) and Kinzelbach et al
(1992)).

« Mixed finte-clement methods solve for velocity and pressure simultaneously,

field than finite difference and standard finite

clement. The continuously defined velocity s given by the degrees of freedom at the
edges and the corresponding basis functions (Kaasschicter (1995) and Durlofsky
(1994)).

+ Finite-volume methds include mult-point flux approximations and control-
volume finte-clement methods (Verma et al. (1997), Asvatsmark (2002) and

Edwards (2002)).

In these methods fluxes are computed at cell edges. In other words, a continuously
defined velocity field is obtained only for the mixed fiite-clement methad. For the

scheme to determine the velocity from

other methods one must use an interpol

the discrete fluxes at the cell edges

In reservoir simulation and groundwater flow, the predominant way of compuling
streamlines s by use of a semi-analytical technique. In semi analytical methods, the
interpolation of the velociy is simple enough that analytical integration is possible:
within each grid cell. As an example, lt us consider the popular Pollock method.

(Pollock (1988)) which is described in more detail in Chapter Il Given an entry

. L, Pollock’s method stars by



0 isthen
approximated in refernce space by  lincar funcion, in which case the srcaline
pa i each diretion i given as an exponentalfunction of the traveltime. To race
the sreamline, Pllock's method detemines the ravl time through the grid block as
the minimum time o extin cach sptal dircton, whichis given by 3 logrithmic

expression

mapped sace o g point nd
I this method, incompressib fluds ae sssumed and gravity ffcts ar ignored
Thus, severe limitations are assocised with this methodology. However, a will be
discusse e, thes assumptons can both be relaxed using operstor sliting and

streamlines can then be approximated.

Flow phenomena are governed by Partal Differential Equations (PDES) involving
functions of space and time. Most single-phase flow models in engineering are partial
differental equations of sccond order and are often linear, while muld-phase flow

models are highly non-linear.

A general second order lincar partial diffrential equation in two Cartsian variables
can be written as;

o
ooy

@9 AenTE BT ((x.n%’j - /[ .

Three main types aris, based on the value of the discriminant, D, D = B” - 44C

Hyperbolic, wherever (x ) is such that D > 0,

18



Parabolic, wherever (5, ) s such that D = 0;

Elliptic, wherever (x, ) is such that D < 0.

the form of

ol
conditions (values of the dependent variable and it first partal derivatives at ( - 0),
boundary conditions (values of the dependent varisble on the boundary of the

domain) or some combination of these conditions.

Streamlines exist only for elliptic problems when the following conditions are

satisfed:

ele phase flow
‘ * Incompressibe fuid
* Nogravity (Horizontal flow)
 Zero dispersion
However, reasonable approximations o other situtions have been prepared which

will be discussed below.



2.2 Variation of Streamline Modeling

221 Eulerian-Lagrangian Methods

For mult-phase flow, the governing PDEs are highly nonl

incar in the unknown

pressure and saturations. Some researchers used Eulerian-Lagrangian methods in a
sequential approach, first solving a pressure cquation and subsequently a saturation
equation for two-phase immiscible flow (Dahle et al. (1990), Dahle et al. (1992),

Dawson (1991), Douglas et al. 1997) and Espedal etal. (1999)).

The Eulerian-L

cither by observing the trajectories of specific fluid parcels which yields what is

commonly termed a Lagrangian representation, or by observing the fluid velocity at

the most effcient way (o sample a fluid flow and the physical conservation laws are
inherently Lagrangian since they apply (o moving fluid volumes rather than 1o the

n

that happens 1o be present at some fixed point in space. Nevertheless, the

Lagrangian equations of motion applied to a three dimensional continuum are quite

difficult in most appliations. Therefore, almost all theoris in fluid mechanics are
developed within the Eulerian system. Lagrangian and Eulerian concepts and

‘methods are used side-by-side in many investigatios.



The Eulerian-Lagrangian methods require a tracking algorithm o trace a streamline
from the starting point until the exit boundaries. The Lagrangian method calculates

streamlines locally around specific group points on a fixed grid. Ths to advect the

‘advected solution is projected back onto a fixed grid cell and then used as inital

‘condition for the equation (Ask, et al. (2000)).

222 Particle Tracking Technique

A popular method for tracing steamline in ground water is the particle tracking

echnique.
and ground wate aqifes. Normaly,the veocty forcach rid bloc is found prior
o gencrton of sucamlines and the steaine computaton is dore by semi-
anlytical methods (Pollok (1988), Goode (1990). Lu (1994, Datta-Gupta t al.

(1995), Russel et al. (2000),or less eficently by Runge-Kutta

methods (Ask et al. (2000).

The paper by Pollock (1988, (descibed it in more deta), was  breskthough for
this method. Since the veloity fed is obisind pumericlly, the method can
tigorously handle bitary geometrie, ate imbalance and arcal hetcrogeneitcs,
(DataGupta sl (1994). I addion,sircamline methods usd on tracr ests can
el o fnd the prefered flow paths and include reservoie eteogeneiis dta that

encrally does not appear in a conventional pressure transient test. In addition, the



particle racking technique is designed to trace particles of the fluid flow field where
the flow velocity i calculcated at a imited number of locations. Given a velocity
field, a paricle s traced one element by one element until cither a boundary is

heng etal. (199

223 Streamline VS, Streamtube Modeling

A region bounded by streamlines is called  streamtube. In a steady flow, because the

streamlines are tangent to the flow velocity, the fluid that a stream tube must

remain forever within that same stream tube.

Imagine a set of strcamlines starting at points that form a closed loop, (Figure 2.1).

of the tube are
made up of streamlines. By definiton, in the abscense of dispersion and gravity there

can be 1o flow nomal to a streamline. This tube is called a streamtube.

e
oo m

Figure 2.1: Streamtube- Schematic Figure

P the fact

that hetcrogenciy controls recovery factors for most felds. This realization caused

2



the derivation of more complex. geological models. Afler Muskat et al. (1930)
research about streamline modelng, streamtube technology was developed in the

19605, (Higgins, et al. (1962), Leblane, et al. 1971)). Two dimensionl sicamtube

models were initlly avalale for homogenous permetily regular flow patems,
ch a five-spo patems. Sramtube models wee e generated oriegulr wel
postons and arealy hetrogencous. resevois. Steamtube. models oy allow
consant wel acs and positons. Gravity effects, and therefore he vertical sweep

efficiency are not accounted for. Thus, steamtube modeling often cannot allow for

e flow,the mass
along a steamtube, n 3 constant density flow,thercfore, the cross sectional area of
the sramtube gives informtion on the local velociy.In the st flow region the
steamlines come closer togeter, and th arca between them decreases Since the
lid density i constant, th velociy must increase according (0 the principe of mass

conservation. For constant density flow, wherever the area between streamlines

decreases, the velocity increases. This is similar to what happens with constant-
density flow through a duct or a pipe; f the area decreases, the velocity increases o
that the volume flow rate is maintained constant (volume flow rate out must equal

Volume flow rate in by continuity).



ket ettt

Before the current technology of streamline simulation developed in 1990s, several
methods had been proposed. Muskat et al. (1930) considered streamline for 2D flow.
modeling. Fay et al. (1951) brought in “time of flight" for finding movement along

i G, i i

1D conservation equation in each streamtube.

The difference of sireamline with sireamtube simulation using the time of flight
‘approach is that the flow can be determined by integrating along a streamline rather

than firs defiing the streamtubes.

' Usog sroenioe s o hsproblm st o the 50 and o s
‘ popular in oil and gas research areas, (Data-Gupa et al. (1995), Bratvedt et al.
(1996), Hewet et al (1997) and King ct al. 1998)), and now stramines based flow

simulation is accepted as an effective and complementary technology (o more

Batycky (1997) presented the development and application of a three-dimensiona,
two phases strcamline simulator that is appled to field scale multi-well problems. A
streamline simulator for the pressure field and for the saturation distribution consists

of two factors:



Iestream path lin tracking and

2modeling sreamline solution i 1D

A streamline model uses an IMPES approach ie. implicit in pressure and explicit in

" as

saturation,

Tong as there s more than one phase, the equations are nonlinear. This i the main

23 Periodic Updating of Streamlines

Assuming 3 fixed stamtube/ fixed sl assmipton was one of the
disadvantags ofthe strcamines method during 70s and 80's. Martin t al. (1979)
and Renard (1990) considerd changing sircains and sice he middle of 90's this
assumpion has ot becn uscd anymare (Thicl ct al. (1996) and Batycky t al
(1997). The min apiicaton of consdering changing scamlies was fo problems
with changing well condiions and graviy. To define changing sicamines the
problem was assumed seady state at cach fixd time ntrval before bing updated
This method worked wel for mobily induced nolinear case sudis, but mapping
anaytcal, selfsimilar hyperbolic soluions would not allow solving sysems with
changing wel conditons and gravty (Theile e al. (1995), Theie tal. (1997), Theie
(2001, Another important fctorreuired was th aility o sove ransport probems

with generalized it conditions along cach streamlines (Batycky et al. (1997).



Then streamline changing could be modeled while guaranteeing the fluid

2.4 Numerical Modeling for Streamlines Simulation

Bommer et al. (1979) introduced numerical 1D solution for streamlines to solve &

U problem. They used
solution. Batycky et al. (1997), combined changing 3D streamlines with 1D
numerical solution in time-of-light (TOF)-space. This combination of the ideas had

where the

significnt cffcts on using sweamline-based_ simulation i real
scamlines change because of mobilty iffrences and changing well conditons.
Theefore,streamlings coud adjust thee il condions with the new location. i
the condiions exsting at the end of the previous timestp. Using 1D numerical
olution also made it possbl o consider any 1D soluion along srcamlines,
includingcomplex compositonaldisplcements o contaminant _ migration

displacements, (Cranc et al. (2000) and Thicle et al. (1997), Thiele (2001)).

25 Gravity

Gravity is another factor that needed to be considered in calculations. The velocity

vector is the sum of the phase vectors; however, the phase vectors are not parallel



when gravity exsts. Bratvedt et al. (1996) prescnted a soluton using the concept of
operator spiting, an idea tha had been used before in fron tracking. (Glimm et al
(1983), Bratvedt et al (1992). This method solves the materal balance equtions in
twosteps:

A “convectiv step” along srcamlines and a “graviy sep” long gravity lines. I the
sccond sicp, flids are segregaed in the vertical direction with regards to their phase:

densites

2.6 Compressible Flow

in the past. Using this assumption helps to simplify equations and calculations in

sreamline simulation. Other assumptions introduced together with incompressible
flow are:

1) Streamlines must start in a source and end in a sink

flow inreaity.

In compressible flow, sreamlines can start from or end in any grid block (e.g.

because of pressure change) but i

an incompressible flow, each grid block has
‘constant ate of flow regardless of pressure increace or decreace. When compressible

flow moves through grid blocks, the flow rate can change because of pressure



difference or other physical fctors in one grid block. It means each gird block in a
compressible flow can play the role o being sink or a source and change the volume

of the flow.



Chapter

The Pollock Method for Streamline Generation*

In this chapter, we first give detailed description of the Pollock method in 2D

streamline simulation method o more general flow problems including gravity,

Finally, we method for

scometries as also discussed in the introduction.

31 Mass conservation

|
computional s s prsrsd i Polock (1988, Frhermore, e vill exind te
The genel o onsraion sty sqution o sl i 1n 8 porvs

mediumis:

2
&30} PG

) From Pollock, (1998)



where p s fluid density Irwe
and rock, this reduces (o

62 v

at any source free point in the medium. Equation (3-2) is the elliptc (ime
independent) Laplace equation which can b solved for pessure at any location in the
‘medium. Once pressure distribution is known, the velocity field can be calculated

from Darcy's Law, which s the base for srcamline generation.

32 Time of Flight

The varisble called Time Of Flight (TOF) was fist intoduced in Milligan et al

(1951). Physically, it ird for a partice that i

0 reach a location £ measured curvilineary along the streamline at & from the

beginning of the streanline, Fig 3.1

&

Figure 3.1: Particle Travel Through Streamline



Once the streamlines have been determined from equation (3-2) as explained in

section 3-1,th time of light (TO) can be determined from:

63

&3

where u is the length of the volumetri

2
-4 2 (pg5)+ Vipu
G4 S P#+ V0,

where S, ible fuids,the

65)

where F, is the fractional flow of component i, This explains the benefit of
streamline simulation over conventional methods: cquation (3-5) is one-dimensional

and can be solved along individual strcamlines using time of flight.

In other words,the streamline method has reduced the 30 flow problem to;
1) Solution of 3D Laplacian

2

It is emphasized that this simpli

on assumes. incompressibility, negligible

Juence of gravity (all luids have the same density) and incompressibl rock. We

will discuss this in more detai latr.



tage of the new model
three-dimensional modeling rather than two dimensions. In 2D modeling, th vertical

dimension i ignored.

‘As mentioned the advantage of Pollock's method is competently tracing streamlines
in 30 in terms of ime of fight (TOF) using a simple analytical calculation method.

Darcy’s law is used to find velocitis across boundaries of grid blocks. It i assumed

that the f id Darcy's law.

straml

is calculated. This exit point is the entrance point for the next cell
Assuming linear velociy in each direcion, time of light can be calculated for each

Pollock’s

notadjust in Thus, the next ad the research

explored ways to find stream path fines according to the Pollock method but with

point g w
into unit cubes, (Prevost t al. (2001) or Cordes et al (1994). Therefore, the Pollock

method can also be used for imegular grids.



33

331 Flow Modeling

In finite difference method, finding the velocity at every point is based on an
interpolation scheme. The velocity vector is determined at each node of a finite

difference grid in the modeled reservoir. In other methods, such as analytical

methods, poi

“Three kinds of nterpolations for this issue may be considered:
A~ Step function of interpolation
B- Simple inear interpolation

C- Mult inear interpolation

In A the velocity components are constant between grid cells and will only change

i the nodes. In -B- the velocity direction changes linearly through the grid cell and

independently from other directions. In -C- velocides i three directions are

velocity

be computed through the other two directions” velocity vectors.




T R e o e
B S ——

o 0,0 ),
A,
#: Porosity

W: Volume rate of water created (Source term) or consumed per unt bulk volume

Figure 32 in

Figure 3.2 i id outgoi from each

of the s fisces of the cell As tis shown in Figure 3.2, %,5,.3,,3;,% and 7, are the

fices of the cel ™ for cach face

s found by the A

porosity of the materialin the eell,



0,
(@8

@n

(aya)

0 Volume flow rate across  cell fuce
A, Ay, s Length of cellfaces

: Porosity

3:3:2 Discretized Mass Balance Equation

Comparing the above two equations (-6) & (3-7), a discrete form of mass

‘conservation equation ean be writen:

] W=ty (W,rn'/ RCACIA
&

o

In addition, Darcy’ law can be writen for ach sde cell. Substitution of Darcy’s law

for each of the flow terms in equation (3-8) results in a set of algebraic equation



expressed i terms of pressures at nodes located at the cel centers, (McDonald and
Harbaugh, (1984).

When the

from Darcy's law using.

In order to achieve the main target of finding the path lnes, te calculation process.

y he

Asit foned before,the main goal is to using simpl
linear interpolation. The components of velocity vectors obiained with simple lincar

interpolaton are given by:

Vo Ax)
@9 V= A=),
[ARIETA

Where [ 4, 4,4 s velocty gradient within acll, .

PR

&
@10 GV

4= %zt



“To elaborate, when lincar velocity elements shown in equation (3-9) are substiuted
into equation (3-6),the three derivatives of equation (3-6) will be constant. They are

the same as the three terms on the eft side of equation (3-8).

Accordingly, polation of the six
a velocity vector field within the cell that automatically satisfies equation (3-8) at

every point inside the cell Thisis correct provided that any internal sources or sinks

The change rate of particle movement can be found as:

@

D

where supseript p is used for “partcle”;

Veloci
5 ity
‘The velocity vector in x direction s

G12)

Also, from equation (3-9)the velocty gradient can be found as fllows:

A
'A),,{)

G13)

Consequently, according to equations (3-11), (3-12) and (3-13):



¥, and ¥,, are the velocity of particle p in x and y direction at (,,,) location

Thus equation (3-14), becomes:

@15)

@16

ing equation (3-15) between 1, and, -

N \ 0
v‘]ty—'*)dV, ’I‘-"' 2 G = A=)

Y & .
Lyt = [Adi=>n(ie), = A=
“jtywwm JA,m G Ean = A=

o v,
L =ine),, = dp =
!lymn/v, At mV'»,w Adi=




%0, 3,(6) and z,(1)

be followed for ach direcion:

For x dircetion according o cquation eris (3-9)
V)= A, ) -x) ¥,

[l

G175

AORAT

7, can be found from equation serics (3-16):

4] 742)
Vo)

:I%M., :"‘]A.a.aw%

[l

Vlts)
T

1l

G191 0=V G enAa)

Thereore from equations (3-17) and (3-19):
=00 F e

0= )Y,

V)=V, XA

-



Repeating the sbove proeedure for y and  directions results in

50 =5+ Owenam -1, ]
G 5,0+ @ean)-,]
£0)=5+ [ Wenda1,]

“Therefore, if the velocity at 1, s known, the location ofthe particl at time 1, can be

This model

ach path line location in one grid cell and repeating the calculations again for the

following next grid cels.

In Figure 3.2 one grid cellis shown

all velociy vectors. ¥, and ¥, velocities
the x, and x, faces, respectively. In Figure 32, ¥,,.V,,¥,, and ¥, are assumed to

be positive.

W
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(83,15 Paticl coordinate inthree dimensions at the entrance point

=, Particle coordinates at the exit po

treamline paticle time of ravel inx direction
v, Streamline particle time of travel in  direction
¥,y Velocity of Streamline inx diection

Velocity of Streamline iy direction

Figure 3.3: A

As mentioned, to find x and y location for each streamline paricle for every grid

blocks equation seris (3-20) is used

Byc uid flow is




As explained before, no particle disappears inside cels. Furthermore, o sinks or

located on the

boundarics.

Let (5,.3,) be steamiine parile coondinate at the enrance point of the first grid
cell nd ¥, be the partcke velocty in x direction. Hence ¥, can be calulated from

cquation (3-9). In equation (3-9), ¥, s the same as ¥ at fuce x, (Figure 3.4).

Ve
] V.=V,
ey iven |— %i=Va
- rid cell
Facex, — —
Face x,

Figure 3.4: Schematic of a Grid cell and Fluid Flow in x Direction

After calulating ¥, the time difference in x and y direction can be casily found
from equation (3-18) and equation (3-21) which are resulted from cquation (3-16)

Fory direction results n:

@21




Possible(x,,y,)in e y,

t

i

@2,) Ly Possible(s,y)in face x,

Given g
el

I

Face 5 e 5

Figure 35: Schematic of the Grid Cell and Time of Travel in x and »

Directions

After finding A7,and A the time of fightin a grd cell s

62) &1, =Min (&, 1,)

Hence, according to above calculation process, this specifies the next target of the

particle to block If Ar,isles than &,

frst, leaves the cell across from the fce y, and enters grid cell (1+1,). Similaly, if

A1 <4, the particle enterscell(+1).

If &, =ar

and will ente to the cell (+1,/+1)



I, @ &
) B )
@2, 0
T Gn
—
500
B2

‘We next determine how to find the exitlocation of partcle P(x,.y,) using equation
20

Thus the exittime can be found casily through , =, + A,

This computation series procedure can be reiterated until the mentioned paricle
reaches the boundary outlet Thus, this kind of ieration shall be generated as one

specific algorithm asis shown in Figure 3.7

flow can be

N



used for more than two dimensions (x, ).




Chapter IV

Pressure Solution in Cartesian Geometry

“This chapter deals with oil streamline numerical modeling in Cartsian coordinates.
Each component of the velocity fiekd is approximated in reference space by a linear
function, in which case the stramline path in cach direction s given as an

exponential function of the travel time. To trace the streamline, Pollock’s method

0 exitin cach

spatial directon, which is given by a logarithmic expression. Then the travel time s
used 1o compute the exit point and the exit point is mapped back into physical space

o give the entry point into the next cll, and s0 on.

Note: As an essential assumption in this method, incompressible fluids are assumed

and graviy effects are ignored.




-

cube in 3D) should be provided for the given reservoir. There is no limitation for

choosing the number of grid blocks in this method. It could be different according to
the accuracy necded in a stody and time available. The Laplace equation s

o Thus, according.

o the Laplacian solver one specific pressure is obtained for cach grid cell. The
following sub- scctions show how to find the pressure distribution over a finite

difference grid

‘The Laplace Equation In Cartesian Coordinates

@ Vis0

where i is volume flx in  source free medium.

o

Solving the Laplacian. The description is a compromise between accuracy and



simplicty, and for cases with small permeability contrasts between grid blocks, it is

reasonably accurate. However, it is emphasized that when solving the general
Laplacian adequate upscaling procedures must be used, ic. arithmetic average of
w parallel o perpen

o layers. For flow in radial geometries, which is the main focous in this work, we.

will give a rigorous description of the solution of the Laplacian in chapter V.

Therefo ivea sir for

‘The numerical formulation for solving pressure distribution in finite difference grid
cells starts with using a simple form of the Laplace cquation in two dimensions

Incompressible fluid is assumed, ie. 4 and p arc constant. This determincs the

e V.(KVp)=0
@)

21k, @+ 21k, (2=
kG K GI=0

1 the medium is homogenous then:

@ KGR GED

. Permeabiltyin x direction

K, Pemmeabilityin  dircction



Pt Pressure

Figure 4.1: Pressure Distribution in a Sample Grid Blocks, (Das 1997)

According o Dareys’ law:

@) 0

Kapop
W T

Dividing both sides of the equation by the area and using more general notation lcads




where g_is the flux (discharge per unit area, with units of length per time, ), K is
permeability ("), 4 is viscosity (Pas) and Vp is the dimensionless pressure

radient vector (Pa/m).

In Figure 41, pp, P Py py and p, are pressures at points 0, 1, 2, 3 and 4
respectingly and Ax and Ay are length and widih of each grid block. At the middle
point, p, can be found through the following calculations using finite difference

‘method.

“The following cquations can be writtn for the rat of flow for all four points through

the channels shown in Figure 4.1, according o equation (4-6),

PR from it 10 point 0
Woa

WD g -Kalny, from point 1o poiot 3
Woa

—P pxre from point 2 o point 0
A

PR Y5 frompoint 010 pint 4
oA

Here, w s the width of the model perpendicular o .  -dircctions.



In Figure 4.1, sincethe total rat of flow into point 0 is equal 1o the totl rate of flow

outof point 0, 4, ~4,.
hence,

@B (0t~ 4.0 =0

Substituting equation (4-7) nto equation (4-8), we get:

Kn-my Kp-p, Kp-p ,ﬂ., -
“oax S

Kt | K
) B ) B 0 B =0

Ky Kby &
ity ), K Loty K
A gy K, (0= 28 55,
K K
o 5 e 0
KA
[ =

Multiply equation (4-9) by (Ay)(A¥)gives;



P+ p)+

w10 -n
@10 A0 K A7) "
pressures, point. . il .
whee K, and X, arsconstt.
® ®
2

T T ?, |
’
. 3 XXX
TAy sl

K
Soil1

K
Soii2

Figure 42: Different Case Studies for Solving Presure Distribution, (Das

(1997



are equal.

1K, =K,

@i p, UXTRTRIN)

422 Pressure Solving at the Boundary of Impermeable Layers

Ifthe point

xandy

in Figure 4.2b, cq

(4-10) must be modified as follows:

@12)

For continiy of flow,

@13 a0z ey

Substituting equation (4-12)into cquation (4-13):



Kby K Ky
@19 32 p) -2 )i
@19 2 “lp P A”‘(P P, ﬂ{p

Assuming Ay=Ax, and K, = K, it eads o the following equation:

@15 ay=ac=p,

P+ Pt 2m)

42:3 Pressure Solving at the Boundary of Two Different Layers

Equation (4-15) is valid for grid cels in homogenous sols. However, in real fields,
each reservoir consists of various layers with diffrent permeabiliies. When flow
region includes different reservo layers with different permeabilities (e.¢. Figure

420), equation (4-15) must be modified accordingly.

Forthe case of flow in x directon in Figure 4.2¢ , the flow region is located equally
inlayers 1 and 2 with coeficients of permeability of &, and K, respectingly.
According to upscaling laws, when flow direction is parallel  the boundary between

two soil i x

K+K,
. kKK

@16) =32

Forthe case of low in y- direction n Figure 4.2.. if we replace soil 2 with soil I,

and use p instead of p, for the pressure at point 4, for the velocity o remain the



K,
“p)+,
AR

“Thus equation (4-4) can be witten a:

Pp,c Op
22k a0

K Koptp-2p g mtpc2n
(& (4y)

4_1.,1. ~(ny
Py (PP P"Av)“’

P2

using p, from equation (4-17):

Ak nen-2m)+, ,1,v4\< )+ py-2p)=0
M'nnp. A,vp .- P

By - Kk s Ko e s ) Ko - B <0
e e A e




Kok,
SPS. WPRNLAL
0 Gy iy

T pr gy

Multipling by (2A¢'4°);

(K, K+ )+ 2K (800 (1) 2K, A0 ) = 20K, + K + )y

Solving for p , the general equation for this case would be:

(A K+ KX+ ) +2K, (A9 () +2K, (A ()
ax)

o 20K+ KXy
¥iaking v
o= Kt Kol ) 42K, (1) + 2K )
' KD

1 X £
@ Lioepre= K gy Ko
[ R Tova 7

Therefore having the relevant cquation according 1o the grid cell and boundary
conditions in the assumed finite difference grid, the pressure disribution for the

whole block vill b found.




43 Velocity

Afte finding presures for all grid clls, the volumetrc flux can be found according

o Darcy's law, for each grd cel.

: Fluid viscosity

P+ Flid densi
K : Permeabilty of the soil and

A Cross section of the eell

Kp-p
zZ

@m

+p8)

“The differental form of Darcy’s Law s:




Here, L 0 itive x

flow direction measured counter clockwise. Therefore, according 1o all pressures
derived from the Laplacian and Darcy's Law, the entrance velocity and exit velocity

will b found for each grid cell

e substiuing allrelvant cocficients i Darey's Law,volumetric flx or Darey's
veociy n x dirction will be found cither a3 etrance velocity n the grid or exit
veocity from the grid . Consequently aftr findingpressre and velciy for cach
id el tim of ravlin  direction will be found casily accordin to cquatons 3-

15) and (3-16).

For y dircction, all the above calculations process is repeated. Then, according to

equation (3-16), the time of travel for y direction il be found as well. In the next

scp, hetme of Nigh s cleulted ccording (0 equation (322,

Finally, all required coeffcients are substitutd in equation (3-20) thus x, and y,as

xit point forthe streamline partice i e gird block will be found.

These calculation series can be reiterated until the assumed paricle reaches o the
boundary. Hence all x, and , (exit coordinate) are assumed the entrance points for

the next grid el and the caleulation procedure can be repeated.




Afte all, from the beginning unil the lat boundary place, there are bench-marks for
ach grid cell as entrance points and exit points or streamline flow. Easily they can
‘connect together like a chain and produce one. prolonged line that shows one.
sweamline in the given reservoir. It visualizes streamline bebavior according to




Chapter V

Pressure solution in Radial Geometries*

51 Polar Coo

Let x,y and = be the Cartesian coordinate system aligned with the principal
permeability dircctions with permabiliies K.,K, and K, respectively. Assume
well s parallel 10 the 7-axs. Consider a cylindrical cross section perpendicular 10 the

well, Figure 5.1

Figure S.1: Radial Geometry

) From T ohansen, 2009)




The Polar epreseatation of point (x,3) . (7,6) i

x=reosd
y=rsing
ey’

= arcan()

1)

“The gradient of a vector in Cartesian coordinates i:

22
o o2

Using the chain rle for differntiation:

3

Acconding to equation (5-1),in x direction, t i calculaed:

x=reoso=

yersing=




(s6)
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52 Gradient in Polar Coordina

Hence, the gradient in Polar coordinates becomes:

R LIV LB
o g jme funoefemo]

The componens of radicnt i the dietion of the it vestor;, i Figure 5.,

respectively,are:

os0.5in0]
%

o =[-sin,cos0]
521 Gradientin r Direction

Therefore the gradient in  direction is:

v [omll.gmﬂ}i['_—':-mﬂ—%xmlf

! 2
Lcorto-Lsinocoso 21 L 0+ Lsinocoso £
oo 0= sin0eos0 G i 0+ Lsind 'wJ




oo

522 Gradientin 0 Direction

“The gradient in 0 directon will be:

10 sntcosolf Lewso-Lino 2 LnoLewso £
sin0o0s02+Lsin?6-2 4 2. conpsing s Loost 02
il 7 %
° 10 ioveost
2 (ingcos0-sindcos) +L-Z (sin' 0 s cos'
2 cost) o2 i 008 0)
Heae:
2
A
10
Ve vae

Combining equation (5-9) and equation (5-10),

.[1!9]

(510

The divergence of a vector i in Cartesian coordinates s:

v
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53 Velocity in Polar Direction

Let 1, 4, be the coordinate of i the coordinate system ¢,

-13) u=lum]

Note that

L Hue )

12,2
L]




s, B e B, B L0, ey L2
e L s e G v
be wrien s
o W Vo o, Vo1 3w) 10w,
w ar rorae o r ro@ r o roo
which gives;
517 Hrw,) , o)
& o0
S4 Darey's Law
Darey's L
18
(5-19) koo
(519 0k
ponents 1, and foll
According to equations (5-14), (5-15) and (5-18):
3l
(s:20) .2
£l

e

g
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S4-1- Velocity in r direction

Dk, cos' 0+ K, sin’ 0)+ - L xsindcosor, -
[a'm, 0 K, sin 0)+1 B csinocos0(K, m]

The velocity in ¢ dircction can be obiained from below equations:




P Ksin'o ap K80
w0 T w0

D, (K, costsing K, sincos)+ 2
P (K, costsing—K, sin0cos0) + 2
)

T TN o)

5.5 Permeability representated in Polar Coordinates

Introducing the following derived quantities
K, K,cos' 0+ K,sin’ 0
(524 K= K, sin' 04K, cos'0
Ky =(K, K, )sindcos0

629 T

5, con' 04K, i)
Lik,ononk,

&1, 0,
il

1
o

B contsink, - K1+ LK, 04 K, o o)L, 2 L 2




2,1y
(K'ﬂr rK”JS’

(526)

Recalling equation (5-18), it turns into the following equation:

KK
62 KV, p= [K K]

“This is Darey's aw in Polar coordinats.

Note that K, and K, are directional permeabiliies in the radial and tangential

ditectons, respectively.

5.6 The Laplace Equation in Polar Coord

“The Laplacian in Polar coordinates s
V,,i=0

Using equations (5-15),(5-25) and (5-26);

20,1
W)V, i)+

2ok 21k, 212 (2
()= 2K, e K SDy K,

Hence, the general Laplacian in Polar coordinates becomes



), 12, 2,12

10,0 2,
G2 V x, ar Y00 roo

2, 5 (&, 2)
I K

“This s the general Laplacian in Polar coordinates for the case when the Cartesian

5:6-1 Laplacian in Isotropie Medium Case

For an isotropic medium, K,

0 for this case, the Laplacian

becomes:

30 L2k L

5.6:2 Laplacian in Homogenous Medium Case

For a homogencous medium, permeabilitis in equation (5-29) can be placed outside

differeniaton:

(531

563 Laplacian in Homogenous and Isotropie Case

(532)




5.7 General Laplacian in 3D Polar Coordinate System

In 3D case studies, i is staightforward to add the 7 direction (0 the 2D description

3

& =[eos0,5in0,0]

(533

“Thus the general Laplacian would b

19 @0
2 K 2ye
rag X 4

12
roe a0 o

a5) L2k 22,10 .10 0 O, &,
639 ek DS KD KT (K. ZD=0

The velocities u, and u, given by cquation (5-26) are used in the Pollock method to
gencrate streamlines. These velocities can be approximated once the Laplacian is

Solved for pressure on a radial rid.




Figure 5.2: Radial Grid

Acconing o Figure 52, a gid bk (0 is cosidered and an enrance point £,
forthe sucamiin s assumed. The goal st ind the xit oin, which st be locted
on one of the four faces of the grid blocks. Thus, aftr finding the presire
disributon throughaut the grd Blcks,the locites 1, nd 1,00 cachof the faces
of grid (i e calulted. They are esimated using the pressures i the odes
Shownn Figure 5.2 I addion,coret upcaling procedares for permeabilty must
be usd i the caleulstion procedurs n orderto caleult the ext o, he veloity

fieldinside of (i ) is needed as well.

581 Velocity Formula Assumption in ¢ Direction

The general formula of velocity in the & directon is assumed inear, and i given as:

(536 wO)=ab+h



“The constants a and b are determined to match the known velocities on the faces of

erid(i. )

(s37)

1(0) -1y (0)
«

(538) b=y (0)- A‘M,

582 Velocity Formula Assumption in r Direction

General formula of velocity in the rdirection willbe:

(539) un=2+b

The constants a and

coming from case study substituted in equation (5-39);

Gy a0

(541 b=u,()

This is consistent with a adial flow situation with an angula “leak off”

“This approach is novel and differs from the Cartesian case, s it is 4 non-lincar
relationship. Consequently, the formulas for exit point and time of light calculation

are also novel. These formulasare derived next.



583 Finding Time of Flight for Streamline Movement in Grid Blocks

Travel Time in £ Direction

In Figure 5.2, the time needed for a paticle o travel with the velocity u,(7) from the

Y Jete T

e

(80~ alogta 07, )~ (00 - alota+ e ] =

mm:,_y

) -atloa(

- dlota+ b, ) -log(a 5, )| =516, =1

[l

00 -aton

(542)

a and b can be substituted from equations (5-40) and (5-41), 1o the 1, equation (5-

entrance point 1o the opposite angular fuce s
),



‘ Similarly, the time needed for the partcle 1o travel with velocity u,(0) from the

entrance point to the opposite face in radial direction s

:f oo [uug(.,am,]::

) 2 Py
af,, +b, ‘
L =]

@ and b can be substituted from equation (5-37) and equation (5-38), 1o the 1,

equation (5-43).

Time of Flight

(544) 1= Mintt,1,)

Thisis the time of fight as discussed before. The following equations determine 7,

i,
49 ) a3 U 435 To)
wla
s46) Ot D
il



between nodes in ring number i and ring number (+1) is the same for all

23..N for

510 Radius Equation

Grid blocks are ring tragments as shown in Figure 5.2, The relation between the
radius of consccutive rings is
P =M =r M

where M. is constant and r, =

I8, isthe drainage radius,

M= M

Therefore:

(s47)




1 Flow Rate Equation

i and Darcy's law.

where Az

(649) g, KL Pa-p)
"

Here, 1., is the radius of the ring between blocks # and (1+1). Using these two
expressions for g, we find:

_Cumn)
i)

50

A second consistent definition o r_, s obtained if we use:

Demanding p,~p | =p,

(551) [®




512 Permeability Equa

5-12-1 Radial Mobility

Permeability s considered o be a function of the radius:
K=K()
“This s reasonable because well bore damage caused by mud invasion is constant in

the angular diection and various radialy.

Then flow rate equation can be presented as:

552

The upscaled radial transmissibility will be:

inety
(554 -




(555

2is a0,

(556)

(557) Zn

512:3 Theta Mobility

For the upscaled value 4%, ,2*, in the thind and second term of equation (5-35),

respectively,

(5-58) LY T

T i)y 1 o et
2 )

69 A

The second term arithmetic average will be:



513 Face Velocity Equation in Polar Coordinate System

between block (/)

according to following equation seres:

S-13-1 Deseritzed Face Velocity Equations in 7 Dircction

(6 w, Pun=P) 4o Py=P, ‘)]
o TR

(63 w,

5-13:2 Face Velocity Formla in 7 Direction in Isotropic Case

For an isotropic medium:

K,




Therefore,

¥

Thus equations (5-62) and (5-63) are converted to

6 fon, LD
65

i
(555

(566

Aan

) , )
( : (e,
@ Ty i ) ity )




When 1, multplied by, the result will be:

(567

Now i this step, 4., formula will be found;

Foru,in,

)
Yoy
A
)
i [
e e T =
y+-L iy
2 A
(5-68) | bl:‘r \m")
T T T T o
4_",’ A g v K’ =4




When 1, is multiplied by ..t will be:

5133 Deseritized Face Velocity Equation in 0 Direction

o o, BB g i) Ly

o Bumn) 1 (e
51 oty PuPa) Ly (2P
@l ) A R e

5-13-4 Face Velocity Formula in 0 Direction in Isotropic C:

For an isotropic medium:
K,=0

Therefore

A0

Thus equations (5-70) and (5-71) will be reduced to:



)

1
L s multplied by i, .., it results i
T plicd by ",

VA %
619 |G )Jx(p, MMM,‘A,

Now .. can be found.

) s

Ths foru’,

[CONNT A




P
. A+ay,

R A Ve YO B W W2 1Y N7 VN
R Y V) 267442, " ey, 1»4' R

11
When 1L is multiplied by u’,,., it will be:
Frvi plied by ', 13

M) [(

514 Discritization of The General Lapacian Equation

According o equation (5-29), the discritzation of the general Laplacian can be.

writen as follows;

(=78

s

Therefore, in equation (5-78) all the previous known factors can be substituted

according 1o their specific equations as previously explained in this chapter

Consequently, face: equation will ing 1o

and (5-69):



(Pa)) = s, =1,

For equations (5-75) and (5-77):

! ,
Tﬁ‘” s =W )

1 Ak, [N [
P T I i A

Psa)

i,
Tz,

1
SV ,,'.M,

T




P+

+(M,71.‘, o)+ (s ).,1, PP, =0

Substiing cmions (519 (50 i o 57
| (5-81)



Equation (5-82) can be wrien

ilar 10 equation (5-50) for a neighboring grid
block:

550 1,

8 1,0
N

1

T T
ity ¢ Lo
o )4 o

i
i

) [xe)
Lin-"ye-Linin
" 'L. )

ik /\/l‘,,
Tl e ]
a T T dy A

S N .
) Ga=8) " Ty

iy A0 %

L in(’)
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[
(83) «M,, T

Mulipling by A6°r’:

A,
Tt 1 )

__ Ao

*(Pun)

)x(pa )t
Pl

,;

(B e
) (1‘44, Xp)

(589

“The sbove cquation (5-84) can be writen as:



okt

(S85) alh )P +B0. )P+ € P,y + AP+ P, =0

For 122, Nij =M

For the first ring, close 1o the inner boundary condition and near the well bore,

equation (5-85) becomes:

($46) a1 )p, +bNP . +e0.DP, 1+ )Py, =40 ))p.

For =l M

Forthe last ring, close o the outer boundary condition

(S8T) NIy, + BN DIPy o+ NPy s+ AN Py, =N, P,
For 1j=1. M
here Mi of sectors and N

£y =k and

s By, = F.

bedumd e

(s88) o




2
189) B ) = ()
68 ben=GTn

(592) eli.f)

Wit T

¥

The cquatonssris (5-88) 0 (5-92)canbe simpliid using ., and 4. a:

I’

69 &

T o, 1
In12y o
7 ()

Ay han

% N
69 Kyp=— 7
e o

Finally equation seris (5-88) o (5-92) will convert t0:

AP Ky, Kas ) (A
599 ap--—S00 (B, Ky Al
K i e s




96 bip=li s A;.‘J
L

(597) el

20 A

(598 dG.j)
) Iy

Inthe 0 direction 1,

Consequent

the MATLAB code.

ways using

After solving the Laplacian and finding the pressure for each rid block in a Polar

rid acconding (0 the previous equation series and writng the appropriate MATLAB

code for this step, velocities for cach rid block in both directions 7 and 0 wil be

found.

According to equation seres (5-62) and (5-63) for 7 direction, and equation series

(5-70) and (5-71) for 0 direction, te appropriate pressure can be substitued for the




d block in these cquations and the relevan velocity for that cel can be

7 and 6 directions

an now be from the pressure distribution

The next scp i to determine streamline time of travel for both diections in one grid

el i i Parameters @

and b are found from the velocity equations, (equations (-39), (5-40) and (5-41)).
Similarly for @ directon, time of travel is found according to equaion (5-43) using
velocity equation in 0 dircetion and finding a and b according to cquation ( 5-37)

and (5:39)

‘Consequently, when time of travel for each grid cel in 7 and 0 direction ae found,
then the time of flight for the streamlines” parice i fixed according to equation (-

@),

i time of flight for  exitlocation, 7,

6,.. can be found accordi

1o equations (5-45) and (5-46). This caleulation process

shall be repeated step by step for the next grd cell and at the end the strcamlines”

route can be visualized in Polar coordinates. Figure 3.7 shows the calculation

sequence ina flow chart



Chapter VI

Case Studies

61 Summary of Previous Chapters

As mentioned in previous chapters, this research includes streamline simulation in
Cartesian and Polar coordinates. The solution for each coordinate system comprises

of two main parts: Theoretical part and MATLAB code programming.

The goal of the theoretcal part is (o develop a new method for generating and
analyzing streamlines in reservoirs near well bores using a finite difference method

and the Pollock method in cach coordinate system.

In Cartesian coordinate system, as it is mentioned in chapter 11l and chapter IV, the
pressure distribution s found by solving the Laplace cquation using finit difference.

method, (details of the pressure solution are described in chapter 1V). Then, on

%



streamline pastile is assumed at the entrance point of one grid block at the outer

boundaries. Exit coordinate of strcamlinc’s partile for the grid block can be found

Pollock method, equati Hence, the new exit

be reterated for next grids.

“This procedure continues until the next boundary condition (e the well bore) is
encountered. At the final step, allthese entrance and exit points connect together and

constitute the streamline.

The same procedure can be used for new entrance points a the boundary 10 produce

more srcamline paths. By using this method streamline behavior and fluid flow, all

- Polar coondinate system, th relvant cquatons fo pressre disibution are
developed for iotropic medium cas ccordin o chaptr V. Then, cqations for
vlocity and ime ofravel i 7 and 0 directions re developed,(equaton srcs (5
35)10 (5-46). I the thirdscp,rdil, gl and thes ransmisiiliy cquations
e developed and. subsited in Darey's equaton and face velocty cquations,

(cquation series (5-47) 1o (5-77)). Consequently, all these known factors are

84,



After solving the Laplacian and finding the pressure for every grid block in a Polar

coordinate system, the velocities for each grid block in both » and 6 dircctions are
found, (equation seres (5-62) 1o (5-71). The pressure for the assumed grid block,
which has been calculated before, can be substituted in these equations and the

velocity for that ell an be found.

Atthe nextstep,time of travel i 7 direction, (the time needed for a partcle o travel

()
of travel in 6 direction, (e time needed for the particle to travel with velocity
4,(6) from the entrance point to the opposite face in radial dircction) are calculated
Consequently time of flight, (the minimum of time of travel in r and 0 dirctions)

for streamlines in every cell is found from equation series (5-38) to (5-42).

et

For other grid cels the same calculations could be repeated step by step and at the

end, the sireamlines’ pat the

1o the specified boundary conditions.

The second main part of i resesch i programming and developing seamine
simulton code using MATLAB. In thetheoretical part o he rescarch, llrelvant
cqustions for modelng are developed. I his part he MATLAB code s developed
scconding o all theoretcal cquations. Some xamples re shown i thischapter and

detals of the MATLAB code are presented in the Appendix. The developed




MATL i bound:

conditions and heterogeneous reservoirs.

Two sparste types of MATLAB codes are developed for sircamiine simulaton in
Cansion and Polar coondinate sysems. Th code devcloped in the Cartsian
coondinate sysem ncludes two main parts: main il and subrouties, Pemeabily,
pressure and velociy for cach ode ar found by subroutines and oher calclations

are conducted in the main file.

The MATLAB code developed in the Polar coordinate system includes main route

Al

do ploting.

Various outputs are resulted from the codes depending on the case studies and

requirements. The sput

conditions.

I expectation



621 Homogenous and Isotropic Medium

igure 6.1), boundary at the el

A no-flow boundary condition i assumed at both horizontal boundarics. The inflow

o This case study

is assumed to b in a homogenous medium.

Basic Assumptions
1 Iotropic and homogenous medium for the given reservol

2- No-flow boundary conditon for horizontal boundaries

Permeability Distribution

K, (i) =02x10"m*
K, (0.0 =02510"m

() Girid cells numbering

Grid Cells Numbering (N, M)
The problem is solved for two cases of 100 by 100 (M-N~/00) and 50 by 50

(M-N-50) grid cells,

s the number of grid cell(s) in horizontal direction



Mis the number of grid cell(s) i vertical direction.

Grid Cell Length (L)

xand y
ax-t0m
welom
The relevant ol length of eservoi is qual 0 the mumbe of grid clls i cach
directon mltiplied by th gridcell engt

L=100m=to0m
100x1m=100m = 1007100

L, =50xIm=50m
L,=50xIm=50m

= SomxSom

Boundary Conditions
Pressure
Atthe entry points of the inflow boundary:

1

bar
and on the exit boundary:
PUN) =001 bar
Viscosity

400005 Pas
Porasity

$=02




Physical Expectation

i

e o
Low
Preare

atomdll oo SN B S

Figure 6.1 : Theoretical Expectation for First Case Study in Cartesian

Coordinate System

For mumericl clcultons, in fsotropic medium, pressures for every rid cels e
found sccording 1o cqustions (411 o (4-19)and are substitutd i equation (420,
Acconding to cquation (4-20,the diferntal presure has diret effct on velociy
Since,streamlines time of trave i o funtion of vlocty, and then from equasion (-

20), the exit location can be. found. Therefore, it is expected 10 see smooth and

%



MATLAB Program Result

For details of MATLAB code, refer to Appendix.

Figure 6.2: Permeability Quiver for S0 by 50 Grid Cell for First Case

Study in Cartesian Coordinate System

i

As itis shown in Figure 62, K,and K, , permeabiliis in x

prid ells.

100



Figure 6.3: Pressure Contour in 50 by 50 Meshes for First Case Study in

Cartesian coordinate system

Figure 63, inthe x < nd i 5~

direction



%% = ®

igure 6.4: i iorin 100 by

Study in Cartesian coordinate system

100 by 100 gri .
assumptions. As shown in the Figure 6.4, al streamlines are horizontal from high
pressure {0 low pressure boundary condition with no vertical movements. There is

e sreamline per vertical grid cell.



622 Low Permeability Region in the Middle of an otherwise homogencous

Reservoir.

I this case study the sireamline behaviour is analyzed in an isotropi, heterogencous

reservoir. A low permeabilty region s located in the central part of reservoir and the

background permeailiy has a higher value

Basic Assumption

1- No-flow through horizontal boundaries

2- Heterogencous and Isotropic medium

Permeabiliy Distribution

Low Permeability Region

K,0.)=01x10"m
K,/ = 01510 *m’

Background Permeability

K, =02x10"m
K,G,/)=02x10"m"

(4,) + Grid cels mumbering

103



Grid Cells Numbering (N, M)

The problem is solved for two cases of 100 by 100 (M=N=100) or 50 by 50
(M=N=50) grid cels.
i the number of grid cells)in horizontal dirction,

Mis the number of grid cel(s) in vertcal directon.

Grid Cell Length (L)
Horizontal and vertical dimensions of ach grid cell ae one meter.
ax=l0m

y=10m

Total Length
“The relevant totallength of reservoir is equal (0
L,=100xim

L, =100x1m=

o 100m 100
oo = 100mx100m

L=Soxim=som
Soxtm=som — "0

‘Boundary Condition
Atthe entry points of the inflow boundary:

P

bar

and on the exit boundary:



PN =001 bar

N the number of grid cel(s) in horizontal rows,

Viscosity

14=00005 Pas

Porosity
9=02

Physical Expectation

= - .
~—— e el
Ee=~NSN——7
E\N—=="7_=

s RSIZ=2227

Figure 6.5: Theoretical Expectation for Second Case Study in Cartesian

[ —

Coordinate System



‘constant lower pressure on the outflow boundary are assumed. A low permeabilty

the middle of the

permeability. The Pressure disributon is calculated according o equations (4-10),
(4-11) and (-18). In one grid cell steamlines exit point is found according to
quation (4-6). When there s lower permeabiliy, lower velocities will be found. In
the equation (3-16), with low velocity, a lrger time of travel will e found. In other
words, reaching 10 the next grid cell that has lower permeability takes more time in
the low permeability region. Hence, according to cquation (3-22), minimum time of
ravel is the actual time of flight, which means that sreamlines' partile prefers to
pass through higher permeabilit region and move around low permeabilty regions.
Therefore, according 1o the given boundary. conditions, it is expected 10 see

streamlines bypas the low permeabilty region, (Figure 6.5,



MATLAB Program Result

AR

For details of MATLAB code, rfer 10 Appendix.

NANNA

in Cartesian Coordinate System






Figure 6. i ion in

Study in Cartesian coordinate system

Figure 6., shows the ouput of numerical simulation where sreamlines tend to move

around the low per by pass it There y inthe
srcamlines in the middle of the reservoir which is suppocd to be in low permeability
arca, The assymmetry comes from a numerical error in MATLAB seript that could

Dot be trcked

109



6:2:3 Assuming  Wellin the Corner of the Region

In this case study, (Figure 6.9), the inflow boundary i the vertical boundary on the
et hand side. In the exit boundary, on the right side of the reservoir, a well is
assumed with lower pressures at the upper comer and the rest of the right hand side
vertical boundary is assumed as no-flow boundary. The no-flow boundary condition
s assumed at both horizontal boundaries This case study is assumed 10 be in an

isotropic, homogeneous reservoir

Basic Assumption

1 Isotropic and homogencous medium

Permeability Distribution

K1) =02x10"m*
K,(0.1)=02x10"m

(1) Grid cells numbering

Grid Cell Numbering (8, M)
The problem s solvd for two cases of 100 by 100 (M=N=100) or 50 by 50
(M-N-50) grid el

i the number of grid cells) in horizomal dirction.

Mis the number of grid cell(s) in vertical direcion.



Grid Cell Length

Ax=10m 8y

Total Length
The relevant total length of reservoir i

L, =100x1m
L,=100x1

o 100m 100
o = 100mx100m

L=S0ximesom
L, =S0xim=s0m = 20"

Boundary Condition
Atthe inflow boundary:

P

and on the exit boundary

7 i the number of gid celsin vertical ows in well bor region.

LRI R ——

Viscositly

000 Pas.

Porasity

$=02



Physical Expectation

St

oo

Figure 6.9: Theoretical Expectation in Third Case Study in Cartesian

Coordinate System

According 1o eqution (3- 6), larger differential pressures resul in lrger velocitis.

Then, based on equation (3-16), time of ravel in the direction with larger differential

\ pressure i lss than the other dircetion and consequenty streamlines” partice tend to

0 in the direction with larger ifferential pressure.

Therefore, according 1o the boundary conditions and assumptions, it is expected to
sce streamlines moving toward the upper, right comer and collect in the sink, (well)

area




MATLAB Program Result

For detils of MATLAB code, refer o the Appendix

N
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e

Figure 6.10:

in Cartesian Coordinate System

K, i

10, K, and

Asitis shown

the quiver of both K, and K, has the same directon in all grid cels.

nm



Figure 6.11:

Figure 6.1 shows pressure decreasing from highspressure boundary at the Ieft to

Tower pressure boundary at the well arca.

Coordinate System

na



on for 100 by 100 Grid Cells for Third Case.

Study in Cartesian coordinate system

As it s shown in Figure 6,12, sreamlines smoothly tend (0 go toward the well area

‘and collectinthe lower pressure boundary (sirk).



6:3 Case Studies in Radial Geometries

631 Isotropic and Homogeneous Medium

In this case study, (Figure 6.13), higher pressure is assumed at the outer boundary
(inflow) and lower pressure is assumed in the center (well. Isotropic, homogeneous

mediumis assumed forthe given reservoir.

Basic Assumption
1 Isotropic homogeneous medium

2. Constant pressure at the boundaries

Permeability Distribution
I this case, permeability is constant

K0/ =2x10

Boundary Condition
Pressure

Pressure at the center ofthering, (well;
102 bor

Pressure at the inflow boundary

R=10 bar



ot it

P Well pressure

P Pressure t th outer boundary

Viscosity

1=0.001 Pas

Porasity

Grid Cells Numbering
Number of the ings (¥) <10

Number of sectors () = 60

Grid Cells Measurements

P23

e angle foreach sector is
The ang! =

The radius,  for the rings increases exponentially

Physical Expectation



Figure 6.13: Theoretical Expectation for the First Case Study in Radi

Geometry

Then,

{hese found presures are substituted inequaton e (5-64),(5-65), 5-72)and (5-
73) and velosites in » and O-dircetions re found. Radil and angential
ransmissbility ar found according to cquaton seres (5-54) to (5-57). Note that
e transmisiiliyis not usd i tis cas because of sotropic case. Afer inding
time of fight scconding o equatons (5-42), (5-43) and (5-44), the resuls are

substitted in equation (5-45) and (5-46) and 7 and @ for exit coordinates are found.

P 3
it is expected 10 sce streamlines being radial, gathering in the low-pressure arca

(el

g



outer boundary to lower pressure in the center.



Figure 6.15: Streamline Simulation in Polar Coordinate for the First Case Study

in Radial Geometry System

As itis shown in Figure 6.15, al sireamlines move toward the center of the rings

radially.
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632 Low Permeabilty Region in the Middle of an otherwise homogeneous,

isotropic Reservoir

Inthis case study the streamline behaviour s analyzed in an isotropic, heerogenous
reservor in Polar coordinate system. A low permeability region is located in the

reservoir and the background permeabiliy has a higher value

Basic Assumption
1+ Heterogencous, Isotropic medium

2. Constant pressure at the boundarics

Permeability Distribution

1- Permeability i low permeability region;

K,(4,7)=01x10 "

2- Permeabiltyin other areas:

K, (4,)=2x10"m

(1) Grid Cells numbering in Polar coordinate system in r and 0 direction

21




« kot R

Boundary Conditions
Pressare

Pressure it the center oftheing (el
£=02 bar

Pressure st the nflow boundary:

P10 bar

P Well pressure

P, Pressure at the outer boundary

Viscosity

=000 Pas

Porasity

$=02

Grid Cells Numbering

Number of the ings (V) <80




Number of sectors (1) = 80

Grid Cells Measurements

2
The angle for cach scctor is 2
< 80

“The radius, 7 for different ings increases exponentially.

ial Expectation

[

I Expectation for the Sccond Case Study in Radial

Figure 6.16: Theo

Geometry

When ther s low permeabiliy region in the grid cels, then radial and tangential
transmissibility have smaller values according 0 equations (5-54) o (5-57)

Therefore velocitis in r direction have smaller values compared o @ diection,

23




based on equation series (5-64), (5-65), (5-72) and (5-73). Then, it takes more time
for streamlines” particle (time of travl) o reach to the other ide of the rid cell and
acconding to equation (5-44) time of fight will be equal o the time of travel in 6
direction. Conscquently, sreamlines" partcle changes its pah to in the 0 direction

and getsaround the lower permeability region.

MATLAB Program Result

For detils of MATLAB code, refer o the Appendix.

Pressure distribution is shown in Figure 6.17. Generally, pressure contours are

decteasing from high pressure at the outer boundary o lower pressure in the center.
i pe

of higher pressure gradicnt atlow permeaility area

When low per gion is assumed in the middle of the h

in Figure 6,18, srcamlines ry to move around the low permeability region. I figure:
618 the main goal has been capturing the path of steamlines near the low.

permeabilty region.

There is & minor asymmetry in the streamlines on the other side of the reservoir that

‘comes from a numerical eror in MATLAB script that could ot be tracked. The

12



outherwise sound solutions. The behavior shown in the igures would not have been
possible had there been a major modeling error
As mentioned before the shape of streamlines in the low permeabilty region

conforms to what we expect from theory.

Low permeability area

y

Figure 6.17:

Radial Geometry
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Figure 6.18: Streamline Simulation in Polar Coordinate for Second Case Study

in Radial Geometry
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Chapter VI

Research Novelty, Conclusions and Recommendations

71 Summary and Conclusions

This research presents a methodology in Cartesian and Polar coordinates for
gencrating and analyzing. streamlines i reservairs near wellbores in finitc

difference grids using the Pollock method.

Given an catry point of a stcamlin into a grid cll, Pllock's method st by
mapping the grid cell ont the unit squar, Each component of the velosiy fied is
hen approximated in refernce space by  linca functon in which case the
reamiine path in cach dircton s given asan exponentisl function of te ravel
time. To trac the sircamiioe, Pollock's method detrmines the trave ime through
the g block s the minimum e 0 cxit ach spatial dirction, which i given by

a The
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-, o i

point of the next cel,

and soon.

factors change in the reservoir and effects on route of steam path lins. By using
this proposed method, stream path lnes can be visualized for any given boundary

conditions.

his method has the strong aily for considering larg finite diffrence grids with
{housands of grd blocks and various potenil i flow mechanical factor, such
aspressure, vlocityand viscosity and als various eologca fcors.

A these processs are working for bth Catsia and Polar geometries with two

different variables (x,)and (), respectively.

In this research, five case studies have been examined 1o ensure acceptable and

stable results when applied o real physical examples.

72 Research Novelty

To our knowledge, sreamline simulation in near well bore regions using radisl

‘geometry has not ben done before.
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Numerical analytical tools ar regulaly used in the oil and gas industry as means (o
establish the optimal procedure to maximize the efficiency of the project in

computation time, less error caleulation and in a cost effective manner. Several

older modeling methods. Some of the benefts of streamiine method in calculation

process are as follows (Thicle 2001):

« Flow Visuslization:
Flow visualizaion is one of the interesing issues for academic and industrics
because it shows flow path lines and the geometric condition of wells. Using flow
visulization allows for the opportunity to follow streamline behaviour in a
reservoir and gives the abilty to analyze wel conditions and reservoir modeling
with respect o streamline movements,

© Full Field Modeling

When thereis @ problem in a reservoir, most of the time, considering  small model

of all interaction and effects that come from outer boundaries; thus, the best way (0
Solve the problem is modeling the eniire reservoir. When all pats of the reservoir

are considered in calcul

n. all the influences and cell communications will also.

be considered.




« Efficiency and Computationl Speed

efficient and faser in approaching the result compared with more conventional

caleulation methads.

« Flow Physics-

rting With the Simplest Model

In streamline simulation, the problem, solving can stat with the simplest model,
which s the fastest. Then progressing flow physics and model complxities can be
added.

7-3 Recommendations for Future Research

“This research developed a comprehensive approach to simulate streamlines near &
well bore in a reservair. With further rescarch, the proposed method has great
potentialto improve upon the iital assumptions, which will lead to more accurate

and practcal results,

7:3-1 I this research, oil sreamline is simulated in two dimensions in Cartesian

coordinate in x and  direction. This rescarch can be modified in three
@
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7:3:2 I this research, sotropic medium is assumed. The next stcp could be refined

by choosing an anisotropic medium for the reservoi.

733 In this research, fluid is assumed (o be incompresible; thercfore, further
rescarch that uses compressible flows in a case study close o real conditions

is recommended.
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Appendix

Source Code for Streamline Simulation

This appendix includes five parts, whieh i described in following pages

This MATLAB code is developed originally by MARJAN HASHEM.
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Third Case Study in Cartesian
Coordinate
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