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Abstract

In this thesis, the one dimentional moving finite element (MFE) scheme of Miller is
analyzed and simplified.

We show how the MFE scheme can lead to a decoupled system of nonlinear ordinary
differential equations for node placement and corresponding amplitude of approximate
solution.

For a scheme with penalty terms, the simplified MFE scheme leads to nonlinear ordi-
nary differential system with respect to mesh points and a separate system of differential
equations related to solution values at each mesh point.

We also establish simplified scheme for Gradient Weighted Moving Finite Element
method. The resulting ordinary differential equations are completely decouple, and partly
decouple when penalty terms are added into the scheme.

The error analysis for application of MFE scheme to linear partial differential equations
is discussed. An a posteriori error estimate is derived. It provides insight into overall
accuracy of the approximate solution.

We also combine MFE with the moving mesh method of Russell. Specifically, we
couple the equation for mesh points from Russell’s method with the one for solution of
PDE in simplified MFE. This combination allows for the application of the MFE scheme
without an explicit selection of a penalty function.

Finally, results from a set of numerical experiments are presented. These demon-



strate both the reduced computational cost and improved stability of the simplified MFE

method.
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Chapter 1

Introduction

Many mathematical models of science and engineering take the form of partial differential
equations (PDE’s). With the rapid development of high speed computers over the last
decades the possibilities of efficiently utilizing these models have dramatically increased.
Using computer-implemented mathematical models, one can simulate and analyze com-
plicated systems in engineering and science. This reduces the need for expensive and
time-consum:ng experimental testing and makes it possible to compare many different
alternatives for optimization and so on. To use mathematical models on a computer one
needs numerical methods. Only in the very simplest cases is it possible to find exact
analytical solutions of the equations in a given model, and in general one has to rely
on numerical techniques for finding approximate solutions. The finite element method
(FEM) is a general technique for the numerical solution of differential equations. The

method was introduced by engineers in the late 50’s and early 60’s for the numerical



solution of PDE’s. Later, mathematical study of the finite element method started and
was developed soon by engineers, mathematicians and numerical analysts, into a general
method for the numerical solution of PDE’s with application in many areas of science and
engineering.

The basic idea in FEM is to approximate the solution by using piecewise polynomials.
In this thesis, we mainly consider piecewise linear approximation, which is most common
in FEM. Actually, many functions, especially piecewise continuous functions, can be ap-
proximated by a piecewise linear function with respect to a suitable subdivision = for the

considered interval such as [0, 1]
T:0=2p<2, <+ <2y <ZTps =1.

Let piecewise linear function U be the approximation of u with zero boundary values by

U(.’Ii) ] u(:z:,-).

[} Q2 [ U} [T} [V} 1

Figure 1.1: The function u and its approximation U, a piecewise linear function.



Notice that the approximation is decided by its values at all endpoints of subinterval
{xi—1, z;] or amplitudes at z; for i = 1,--- , n. To obtain an approximation to the solution
of a given PDE, the first step is to divide the considered interval into several subintervals
(or elements) and then find the approximation of the exact solution at endpoints of each
subinterval. In most cases, those subintervals are of the same shape, and the division
thus is called uniform mesh. The amplitude U(z;) (: = 1,--- ,n) at z; can be obtained
by solving a system of equations which may be nonlinear. In such a case, the issue of
existence and uniqueness of solutions is more difficult to settle. The details for finite
element methods can be seen from Ciarlet [18] and Johnson [34], and from Brezzi and
Fortin [11] for advanced finite element methods.

Many important PDE’s have solutions that are too rough to be approximated satis-
factorily by uniform meshes. For this reason, the literature on adaptive mesh algorithms
is growing rapidly. Most of approaches that have been developed so far rely on one of
two basic mechanisms: grid refinement, in which an initial coarse mesh is enriched by
subdividing selected cells or elements, and mesh movement, in which, for a fixed number
of cells or elements, the nodes of the given initial mesh are moved to new locations.

The necessity for mesh movement can be seen from solving time-dependent problems.
When the solution has steep front and the location for this front is unknown, one is
naturally led to consider methods which would place a large number of the nodes or
conduct mesh refinement in the vicinity of the steep front. It is also clear that such

methods will not be very efficient since it is difficult to figure out where the steep front is.



Moreover, in the case that the steep front is changing with the time, or moving steep front
exists, grid refinement can hardly be used even if the location of steep front is known.
The ideal scheme for this is to allow grids to concentrate on steep front automatically, i.e.
mesh movement method. However the resulting ODE system contains unknowns of both
nodes and amplitudes and causes larger computations than that in fixed nodes.

One mesh movement approach is the so-called moving finite element (MFE) method.

MFE method was first introduced in 1981 by Miller and Miller [43], in which the MFE
approach was established for dealing with problems whose solutions develop sharp transi-
tion layers or “near-shocks”. This method, based on a least square principle, succeeded in
allowing many nodes to automatically concentrate in the critical regions and move with
them by solving a nonlinear ODE system for nodes and corresponding amplitudes.

In [44], MFE method was extended and improved by Miller. To prevent all movable
nodes from moving towards critical regions and to prevent resulting matrix from being
singular, penalty functions, or “internodal spring forces”, were added. Also improvements
included a working implicit stiff ODE solver.

MFE was extended to 2-D problems by Alexander, Manselli, and Miller [1], extended
in 1-D to systems of PDE’s by Djomehri [20] and by Djomehri, Gelinas, Doss, and Miller
[21], and extended in 2-D to systems of PDE’s by Djomehri and Miller {19] and by Gelinas,
Doss, Vajk, Djomehri and Miller [28].

Researchers in MFE also concern about two aspects, nodes distribution and resulting

ODE solver.
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Herbst and Schoombie [29], and Thrasher, Sepehrnoori [48] showed that MFE moves
nodes according to approximate equidistributing principle and leads to a criterion for the
placement of the nodes. Miller [39] considered and demonstrated, on test examples, a
variety of approaches to achieve more desirable and fully automatic control of the nodal
movements in the MFE method by using suitable penalty function. Hrymak, McRae and
Westerberg [30] discussed in detail the choice of penalty function to generate better node
control. The key for node control is actually users-chosen constants in penalty function.
Unfortunately, choices for those constants are mostly based on experience and test.

For ODE solver, the attention is focused on studies of mass matrix. Wathen [51, 52]
found that the eigenvalues for diagonally-preconditioned piecewise linear moving finite
element mass matrix in d-dimensions lie in the interval [1/2,1 + d/2]. Then Wathen [53]
extended these results moreover to the mass matrix of standard fixed node finite element
methods. One important conclusion to be drawn from this is that the mass matrix can be
inverted extremely rapidly by a few iterations of the diagonally-preconditioned conjugate
gradient method. Wathen, Baines and their colleagues (see [4], [5], [36] and [54]) are
thus able to use explicit rather than implicit solvers for the resulting ordinary differential
equation (ODEs) of the MFE method in multidimensions. This leads to a class of high
efficient explicit methods for certain purely hyperbolic problems. Miller {41} pointed out
the inappropriateness of employing explicit methods to parabolic problems, i.e. it should
be avoided due to the extremely small time steps imposed by stability considerations.

Because the computations (including the few conjugate gradient iterations) can all be

11



done locally (element by element and then node by node) with little global storage of
the mass matrices or Jacobians as required by implicit methods, Baines [4] and Baines &
Wathen [5] call these methods “local ™ MFE.

Baines, using similar considerations, also designed methods which have block-diagonal
mass matrices [5]. This therefore does away completely with the need to invert the
mass matrix in multidimensions when attempting to solve the ODEs by explicit meth-
ods. Baines also calls these methods “local” MFE. Miller [41] called this method “very
local” MFE, extended it to gradient-weighted MFE method (GWMFE) and designed an
equivalent method to Baines’ to retain the desired conservation properties for PDE’s in
“conservation law” form.

In this thesis, we discuss a simplified MFE scheme for Miller’s method formulated
with and without penalty functions. This scheme only needs to solve a decoupled ODE
system for nodes, and then solve other ODE system for amplitudes. Numerical examples
show that the computational cost is greatly reduced and the accuracy is also improved.

In Chapter 2, we introduce some concepts for finite element methods. It includes
Sobolev space and related norms, weak formulation for PDE’s and basic ideas for Galerkin
methods in one dimensional case.

Chapter 3 presents the MFE method (Miller & Miller {43]) by least square principle.
Its derivation is also examined together with Lagrangian methods. This chapter mainly
derives the simplification of Miller’s method by using discrete sided d-function technique

to reduce computational cost. This is the main aim of this thesis. Also the analysis for

12



this simplification is shown.

Chapter 4 discusses the error analysis for MFE method. It presents both a priori and
posteriori error estimate.

In Chapter 5, we derive simplified scheme for Gradient-Weighted MFE (GWMFE)
with and without penalty. Chapter 6 presents simplified MFE form for systems of PDE’s,
which is direct extension of scalar PDE’s.

In Chapter 7, we combine MFE with moving mesh method of Russell. The mesh PDE
is determined from moving mesh method, which is based on the approximate equidis-
tribution principle, to obtain the location of nodes. The original PDE is then solved
numerically by using simplified MFE scheme. This method does not require the explicit
selection of a penalty function. But its application is limited.

Chapter 8 presents some numerical examples, which includes the comparison of accu-
racy and execution time between usual and simplified MFE scheme.

Chapter 9 brings together our conclusions and presents open problems worth further

investigation.
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Chapter 2

Preliminary

2.1 Sobolev space

2.1.1 The space LP(2)

To study FEM for solving PDEs, it is necessary to introduce Sobolev space and some
related concepts (see (2]).
First, we review basic concepts of Lebesgue integration theory. Let the real valued

function, u, on a given domain, 2, be Lebesgue measurable: by

/n u(z)dz

we denote the Lebesgue integral of u (dz denotes Lebesgue measure), for 1 < p < oo, let

”u”u(g) = (fnlu(z)l‘”dz)”",

14



and for the case p = oo set
lull Lo() := esssup{|u(z)| : z € Q}.
In either case, we define the Lebesgue spaces
LP(Q) := {u : |lull oy < o0}

Two fundamental inequalities are:
Hdlder Inequality For 1 < p,q < oo such that 1/p+1/¢ = 1, if u € LP(Q) and

v € LY(N), then uv € L}() and

luvllrey < ll2llo@llviize)-

Schwarz’s Inequality This is simply Hélder’s inequality in the special case p =

g=2. If u,v € L?*(Q) then u,v € L}(Q) and

luvlizyy < lullzaolivlieae)-

2.1.2 Weak derivatives

For the sake of simplicity, we let 2 be an interval in one-dimensional space. There are
several definitions of derivative that are useful in different situations. The “calculus”

definition

. u(z+ h) —u(z)
i h :

is a “local” definition, involving information about the function u only near the point z.
We call this strong derivative. The most we discuss later is integration so that pointwise

15



values of derivatives are not needed. Only derivatives that can be interpreted as functions
in the Lebesgue space L?(2) occur. Thus it is natural to develop a global notion of

derivative more suited to the Lebesgue spaces.

Definition 2.1 Let Q = (a,b) be a domain in R'. We denote C°(a,b) to be the set
Cs(a, b) = {v : v ezists and v (@) = v (b) = 0 for any nonnegative integer n}.
For example,
et/ g <1,
p(z) ==
0 lz| 2 1,

is in C$(0,1).

Definition 2.2 Given a domain (Q, the set of locally integrable functions is denoted
by

LL.(Q) :={u:ue LYK) Vcompact K C interior Q}.

We remark that L} .(Q) contains all of continuous functions. Now we come to a more

appropriate (for our purpose) definition of a derivative.

Definition 2.3 A given function u € L}, .(Q) has a weak derivative of order n, denoted

by DLu, provided there ezists a function v € L} () such that

[ v@e@yz = (-1 f u(z)e™ (2)dz Yy € C(Q).
[ Q

If such a v ezists, we define D2u = v.

16



For example, take n = 1 and Q = [0,1], and U(z) be the continuous piecewise linear
function with respect to the subdivision n defined in Chapter 1. From Fig 1.1 we see
that in each subinterval [z;_;, z;|, the strong derivative of U is a constant, denoted by ¢;.
We claim that DlU exists and is given by v(z) := ¢; for £ € (z;—1,z;). To see this, we
integrate by parts. Let ¢ € C§°(0,1). Then since U is continuous and ¢(x) vanishes at

the endpoints of [0, 1], we have

n+l gz

1
fo U@z = 3 [ U (a)ds

i=1 Y Ti-1

n+l T
= S[- [ vereis + vee.|

i=l1 Ti-1

n+l Az,

= =Y | cep(z)dz
i=1 Y Fi-1

= —/‘ v(z)p(z)dz
0

One can see that, roughly speaking, the weak derivative is the same as the strong
derivative wherever the function being differentiated is regular enough. In particular,
continuity of U in the example is enough to ensure existence of a first-order weak deriva-
tive, but not second-order and not strong differentiability. Without confusion, we still

denote u™ by Du later since being strongly differentiable implies being weakly differ-

entiable.

2.1.3 Sobolev spaces and related norms

Using the notion of weak derivative, we can generalize the Lebesgue norms and spaces to

include derivatives.

17



Definition 2.4 Let k be a nonnegative integer, and let u € L} (R). Suppose that the

weak derivatives D3 u ezists for all nonnegative n < k. Define the Sobolev norm

1/p
allwanay = (2 uD::,un:,(,,,)

n<k

for 1 < p < 0o, and in the case p = 00
||“||wk.w(n) = !22-2‘ | D% | 2= ()-
In either case, we define the Sobolev spaces by
wkP(Q) := {u€Li,(Q): [ullwerq) < o0}
When p = 2, we denote W*?(Q) by H*(Q). In particular,
Hy(Q) == {u € H(Q) : u|sn = 0}.

For technical reasons it is necessary to introduce the following notation for the Sobolev

seminorm.

Definition 2.5 For a nonnegative integer k and u € W*?(Q), the seminorm of u in
Wkr(Q) is defined by
lulwe.ria) = | Dyull Lo

for1 <p<oo.

18



2.2 Weak formulation of PDE

Consider the PDE
Up = Uz + f(u,u) z€(0,1)2>0,
u(0,t) = u(1,t) =0, (2.2.1)
u(z,0) = uo(x).

For any function v € Hj(0,1), through multiplying both sides of the first equation in

(2.2.1) by v and integrating by parts, we obtain that
1 1 1
f uvds = f UrvdT + / f(u, uz)vdx
0 0 0
1 1
= - f Uz U;dT + / f(u, uzjvdz.
0 0
Thus the weak formulation of (2.2.1) seeks u € H;(0,1) such that
1 1 1
/ Ul = -f u,v,dz-i-/ f(u,uz)vdzr Vv € Hj(0,1). (2.2.2)
0 0 0
Now we try to find the relation between (2.2.1) and (2.2.2).
Lemma 2.1 Let u and v be continuous in H}(0,1) and
1 1
[ u@ta)dz = [ vz Yo e O,
0 o
then u =v in (0,1).

Proof. If there exists an zo € (0,1) such that u(zy) # v(zo), then there exists a neigh-
bourhood p(z;) C (0,1) such that u(z) # v(z) for any z € p(z,). Define ©(z) by
u(z) —v(z) z € p(zo)

0 z ¢ p(xo).

w(z) =

19



Thus we have ¢(z) € H}(0,1) and

/ l[u(:z:) — v(z)jp(z)dz = / [u(z) — v(z)]*dz # 0,
0 p(zo)

which contradicts with the condition. O

Theorem 2.1 The solution of (2.2.1) satisfies (2.2.2). Conversely the solution of (2.2.2)

satisfies (2.2.1) if u(z,t) € C?(0,1) for any t.

Proof. The first part of theorem has been proved from the derivation of (2.2.2). From

integration by parts, we can also obtain from (2.2.2) that

1 1
/ uvdr = [ [uzz + f(u,uz)jvdz Vv € H}(0,1),
0 0

which, from lemma 2.1, implies that

Uy = Uz + f(u,uz). O

2.3 The finite element method

Let

0=20< 11 < < Ip < Tp1 =1
be a partition of [0, 1], and let V' be the linear space of functions v such that
1. v is continuous in {0, 1].
2. vl is a piecewise linear polynomial, and

20



3. v(0) =v(1) =0.

We see that v is in the Sobolev space H}(0,1) or we can say finite dimensional space V

is a subspace of H}(0,1).

Ti-y T Tit)

Figure 2.1: The basis function a;.

For each i = 1,--- ,n, we define

5= gy Lo <,
. -_— il —%
ai(z) = Ao Ti ST < Zig,
0 elsewhere,

\

where Az; = z; — z;_;. Figure 2.1 illustrates a typical a;(z).

Definition 2.6 Given @ continuous function v defined in [0, 1], the interpolation v; € V

of v is determined by

Zv(xi)m.

=1

21



In fact, {a;(z) : 1 < i < n} is a basis for V since ) ;_, kiai(z;) = 0 implies k; = 0 for
each j=1,---,n.

The set {a;} is called a nodal basis for V, and {v(z;)} are nodal values of a function
of v (the points {z;} are called the nodes).

Now it is time to introduce finite element approximation for the equation (2.2.1).
Regarding V as an approximate space of H}(0,1) and then replacing Hj(0,1) in weak

formulation (2.2.2) by V, we obtain the Galerkin or finite element approach which seeks
U=a(t)a; +ax(t)as +--- + ax(t)a, € V x (0,00) (2.2.3)

such that
(U, v) = —(Uz,vz) + (F(U,Uz),v) WweV (2.2.4)

with U(z,0) = (u¢(z));. Here and thereafter (-, -) denotes the inner product in the space

L3(Q), i.e.
{u,v) = ./r; uvdz.

Taking v = a; (1 < j < n) in (2.2.4) yields
(X ailt)as, ag) = —(Us, (@5)a) + (F(Uz, U), ). (2.25)
i=1
Denote b;(t) by the right hand side of (2.2.5) and let A = [(ay, @}]nxn, Y(t) =

[ai(t),--- ,an(t)]T and b(t) = [by(t),- - - ,ba(t)]T, then (2.2.4) implies a linear ODE system

Ag(t) = b(t) (2.2.6)

22



with the initial value y(0) = [uo(z1) - - - uo(zn)]7. As well

f
Az;/6 j=i-1,
(O;‘, aj) = 4
(Az; + Aziy)/3 j =1,
{ A.‘I:.'+1/6 J=i+1,

which shows that A is tridiagonal. In addition, A is positive definite since
2TAz = ||z1a) + - -+ + zpag]2s

for any z = (21, - ,2.)7 € R" so that 2T7Az =0 if and only if 2 = 0.

In principle, we can use ODE solver to solve the initial value problem (2.2.6). The usual
finite element method with fixed mesh, which is described above, is popular and powerful
amongst numerical methods for PDEs. However, some PDEs, especially in nonlinear
cases, have very large gradient or moving steep front in a local area. For these, the usual

finite element with fixed mesh is inefficient. To see this, consider Burger’s equation

U = VlUgp —UUg, € (0,1),
u(0,t) = u(l,t)=0,

u(z,0) = sin(27z) + sin(7zx)/2,

with v = 0.01.

23
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Figure 2.2: Solution of Burger’s equation, solved by usual FEM with n = 80.

With n = 80, we solve (2.2.6) using explicit Euler method and illustrate the results in

Fig 2.2, which shows an oscillation with the increase of time. A shock is evidently forming

around which the method is not capturing sufficient information.
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Chapter 3

Moving Finite Element

3.1 Dirac é function

The Dirac ¢ function is widely used in mathematics and physics. For any point z in a
domain (0, 1), the J function with respect to z is defined by

é.(x) =0, Vz # 2

fj:o o.(z) =1

It can be thought of as the limit of

+~ z€(z—¢,2+¢),
Sz ={ * )
0

other points

as € — 0. Since for any function ¢ continuous at z,

[ " @)z - o(2)
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we have
[ : o(2)8:(z)dz = (),

which is an important property of 4 function. From

1
65 — ——
" zul’2 \/-2—5'
we see that
18:l[z2 = o0

and thus conclude that the § function is not in L? space.

3.2 6 - Mollification

To see the necessity of d-mollification, let us consider L? norm of v, given v € V,
a piecewise linear function. For the sake of simplicity, we assume the partition 7 be
uniform with mesh size A, that is |z; — z;_;| = hforany 1 <t < n+ 1. Then v, =

[v(z;) — v(zi-1)]/h := m; when z € (z;—1, z;). From the intergration

1 n
/0‘ Uy dT = Z W‘pz('z)dz
i=1

Ti-1

Y mile(z:) — p(zi1)]

i=1l

= ) (mi— mi)o(z:)

=1

n 1
= S (mi—ma) [ bpds

i=1

= f 1 [Zn:(mi — m.-+1)6z.-] pdz.

Vb=t
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rom the definition of weak derivative we see that v, is linear combination of &, for
i=1,---,n and is thus not in L? since §-function is not in L2. The complication with
vrz, Namely the discontinuities, is concentrated at nodes. Since we have to deal with
a least square minimization in L2-norm containing v.; in later discussion, we need to
smooth v;;. The technique for dealing with this problem we adopt herein is known as 4
mollification.
Let ps be a Cg° function of unit total integral which has support within a radius §

about the origin. We consider the smootuing operator T; defined by Miller as

oo

Tw)@) = [ ootz - v)olu)ay
for any function ¢ € L?(0,1). Then Ts¢ € C§°(0,1) and
ITsp — plizs =0 (6§ —0).
Also
oC
T = [ (wlz -9y

= - [ ulaDarta - 2)ds

- L ™ pe(2)va(z — 2)dz
= [ a-vuway
= Ty,

- v

in L? norm as § — 0. For piecewise lincar function space V" with basis function o, - - - , &g,
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define its approximate form V; by T;V:=(Tsa, - - , Tsa,). Thus for any function in T3V,

it should be in the form Tyv = ¥ [, v(zi)Tsa; withv € V.

3.3 The alternative interpretation for finite element

method

Now we can give an alternative interpretation for finite element method introduced in

section 2.3 by finding U € V such that the residual function
R;(U) == (T3U): — L(T5U)
is orthogonal to T5V. This requires
((T5U)e, Tow) = (L(T5U), Tsv) Vv €V, (3.3.1)
which, if £L(u) is in the form u; + f(u,u;), is expressed by
(TsU)e, Tsv) = —((T5U)s, (Tsv)e) + (f(TeU, (T5U):), Tov) Vv eV,
where we use integration by parts
(TsU)sz, Tsv) = =((TsU)z, (T5v)z)-
Taking the limit as § — 0 over the above equation, we have

(Up,v) = =(Uz, v) + {(f(U,U),v) Yv eV,
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which is exactly the same as Galerkin formulation. Also the equation (3.3.1) is equivalent
to minimizing
W(T5V)e — L(T5U)I3: (3.3.2)

with respect to (T;U),. This gives the “best fit” of (T;U), to L(TsU). So the Galerkin

formulation can be thought of as the limit of the least square minimization (3.3.2).

3.4 Moving Finite Elements

The moving finite element scheme of Miller [43] was developed for numerically solving
time-dependent PDEs which have the propagation of sharp fronts or very large gradients
through the mesh. Its basic principle is almost the same as the usual finite element
methods (MFE) except that the mesh is function of time. This allows nodes to move
automatically with the solution, ideally to regions where high resolution is required as
time evolves.

To be more general, we consider the equation
u=L(u) z€(0,1)t>0,
u(0,¢) = u(1,t) =0, (3.3.3)
u(z,0) = uo(z),

where L is a differential operator to be specified. Let the partition for the interval [0, 1]

be
w(t): O0=z(8) <zi(t) <z} < -+ < zp(t) < Tp1 () =1,
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and the basis corresponding to the node z;(t) be

,

——lej";‘i-(;)' zi-1(t) < z < zi(2),

a;i(z, 8(t)) = ¢ %ﬁ%’ z;(t) < T < zi41(2),

0 elsewhere,
for i = 1,---,n, where Az;(t) = z;(t) — z;-1(t) and 8(t) = [z.(¢), -+ ,za(t)]T. The

derivative of the approximate solution

U(z,t) = Z a;(t)ai(z, 8(t))

(with time-dependent coefficients) with respect to ¢ is then expressed by

. e, .0U | 3U = . _
U= §(ai&: + Iia_xi) = ;(aiai + Z:6:),
where
ou

Bi

The function U contains z; only when z € (z;_;, Zi41). In (zi-1, z3),

U = ;1041 + Qi = —0;_; ——2 + g; 212t
t—10Eg—] 1&g -1 A.’L‘,‘ a; A.’L’g
so that
oU = a: T —Ti-y AI-.’L’,'_l
oz; HTAR YA
= H &
AZ,' '

Similarly, we have for z € (z;, z;41)

_3_({ — _%in -aia

oz; Az '
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Hence,
—-m;x; Ti1 (t) <r<L .’L‘i(t),
ﬂi(-ts S(t)) = —U;a; = 1 - 104 a:.-(t) < T <K< ZTi4 (t),

0 elsewhere,

\

where

_ ai(t) —ai-\(t)
™= Azi(t) o

is the gradient of U over the segment [z;_;,z;]. Unlike the usual finite element method,
U has two sets of basis functions; a; and S; for i = 1,--- ,n. The function S; is discon-
tinuous at z = z; unless m; = m;,,. In general, m; # m;;, holds for each i so that
Qp,: - ,Qn, B, -, Pn are linearly independent. As a result, Uis usually discontinuous at

all nodes.

Zi-1 L; Titt

/ Bi . _mi-{—l
a_ . -
U\ !
—mi
Ti-1 Ty ZTiq Ti-1 I Ziv1
: . : _ 38U _ 8u
Figure 3.1: The function U, a; = 3., i = 5

It can also be easily seen that

(D) = 3 s Tac + 5Tafi).

=0
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In analogy with the usual finite element methods with fixed nodes, we fix Rs(U) :=
(T5U).— L(T5U) to be orthogonal to the space TS spanned by Tsa; and T35; (i = 1,---n),

where S = span(a;,---a,, 51, - ,Bn). This generates

(T5U)e, Tsas) = (L(T5U), Tso)
(3.3.4)

(TsU)e, TsBi) = (L(TsU), T5p:)
for i = 1,---n. The equation (3.3.4) can be also obtained by seeking the “best fit” of
(TsU)e to L(T5U) or minimizing L?-distance between (T;U), and £(T3U), which can be

realized by minimizing
I(TsU)e — L(T5U) 35 (3.3.5)

with respect to (TU)..

If £L(u) is in the form £(u) = uz; + f(u,u;), then the first equation of (3.3.4) becomes
(TeU)e, Tses) = ((TsU)zz, Tsos) + (f(T5U, (T5U)z), To),
the limit of which as § — 0 is
(Ue, ai) = =(Uz, (@i)2) + (f (U, Uz), i).

As for the second equation, we have to deal with limit of the term ((T;U):, T55;) com-
plicated by the fact that 3; is usually discontinuous.
It is easily seen that

Iipi = —— = -T5(Ur ).
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Since (T5U).: is concentrated near the nodes (because U, is linear combination of §

functions with respect to nodes) and that a; is linear with the value 1 at the ith node

and 0 at the others, we have

Ti+46
(T)an TsBs) = - f (TU)oeTs (Users)dz

=5
zi+8 zi+0
= — f TV d(TsU), + / (@TsUs — T5(asUs))(TsU)aedz
z;—4 z;—4
= I+]II.

Notice that a; — 1 as § — 0 in the above equation, the sign of T3U,. does not change as

d is sufficiently small, and o;TsU,; — T5(a;U;) — 0, therefore we have

I _m:?+1 ~ m}
2
and
II -0,
so that
__m:?+l ~m}

(T5U) 2z, T555) — (6 = 0).

2
The limit (as § — 0) of (3.3.4) or (3.3.5) is the the MFE scheme which can now be put

in the form
(Y (aja5 + 2i8) — LWU),a) = 0, (3.3.6)
=1
(3 (ajaj +285) — LU),B) = 0, (3.3.7)

—1

fori=1,2,--- ,n. If L(U) contains a U, term then we interpret (U, a;) = —(Us, (a;)=z)
{or ey — my) and (Usee, Bi} = —(m, — m}/2.
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Let y denote the vector [a1, z1,a2,Z2," - ,@n, Tn)?, We see that (3.3.6) and (3.3.7) lead

to a system of coupled nonlinear ordinary differential equations of the form
A(y)y =g(y) fort >0 and y(0) given, (3.3.8)

where A(y) is symmetric and 2 x 2 block tridiagonal since {a;, a;),{a;, B;) and (B;, B;)
are zero when |i — j| > 1. Also A(y) is positive semi-definite since it arises from ||U I12,

in (3.3.6) and (3.3.7), which in the absence of L(U) gives
T AW = U1,

This shows that the quadratic form g7 A(y)¥ is positive semi-definite, being zero only for
nonzero ¥ when A(y) is singular. On the other hand, when m; # m;;, forany 1 <i < n,
ay, -+ yap, Py, -+, Bn are linearly independent so that A(y) is nonsingular. In this case,

A(y) is positive definite and of the form
- .
A A

Az A2 Az

A=
An-l,n-z An—l,n-l An—l,n

An—l,n An,n

where

(ai, @) (ai,B;)

(ﬂiv aJ) (ﬁi) ﬁ])
For the right-hand side vector of (3.3.8) , we see that

g(y) = (LY, e}, (L), B}, - ALY, e, (L), BT
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The calculation of A(y) is simplified by the relations

(aj, a5) = ¢

4

0 i —7| >1,
LAz, j=i-1,

1Az + Aziyy) =1,

; 1AzZ; j=i+1,
r
0 Il —jl > 1!
— ML j=i-1,
(aj, Bi) = 4
—3MAL; + mi Aziyy) J =4,
\ —iMin AT j=i+1,
and
0 i - 4] > 1,
smiAz; j=i-1,

(Bir Bi) = ¢

\

1,2 )
sMina Az

smiAz; +mi Azy,) =4

=1+ 1.

(3.3.9)

(3.3.10)

(3.3.11)

Solving the nonlinear systems numerically quickly leads to large scale computation

as the number of nodes n increases. To determine the vector function y, it remains to

integrate the solution of (3.3.8) in time. One approach is to use the explicit forward Euler

method, which, when applied to (3.3.8), leads to the linear system of algebraic equations

Ay - oY) = otg(y”).
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Of concern is the condition number of A(y”") which is defined by ||A(y™)||||A~*(¥")|| and
affects the accuracy of any numerical solution of (3.3.12).

In section 3.8, we shall show how one can obtain explicit expressions for £ and ¢ in
terms of z;,a;, Az; and m; (i = 1,-- -, n), thereby simplifying considerably the computa-

tional effort involved with (3.3.8).

3.5 Node Crossing for MFE

One of the most important problems for MFE is whether all nodes stay in the order in
which they are initially specified or whether there exists i such that z;,,(t) — z;(¢) is not
positive at a certain reachable time. If one node catches its neighbour, then we have
a; = ay for certain i so that A(y) is singular. Here we study this node crossing for the

second order problems, in which
C(u) = Vg + f(u, ur)
where f(u,u.) is continuous with respect to u and u..

Theorem 3.1 If L(u) = ugz+ f(u, uz), f(z,y) is continuous, and (3.3.8) is well-defined,

then Az; > 0 as long as m; # mi4;.
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Proof. We only need to prove that Azx; cannot be zero when m; # mjy. After

integration, the form of (3.3.6) and (3.3.7) are

%Axidi—l + %(Afﬂi + AZiyy)a; + %A3i+ldi+l - %Aﬂ?imii‘i-l
1 ] 1 .
-§(A-’5imi + ATy Miy1)Es — §A$i+1mi+1$i+1 = (L(U), a;) (3.3.13)

1 . 1 . 1 . 1 .
"gAzimiai—l - E(Azimi + Az 1mig1)a; — EAIi+1mi+10i+1 + EAIim?Ii-l
1 . 1 .
+§(Az.mf + A:z:.—+1m?+1)1:,- + §A$§+1m?+11'{+1 = (E(U), ﬂ.) (33.14)
Multiplying (3.3.13) by m;;,; and then adding to (3.3.14) we obtain
1. 1 . 1, 1 .
Miy1 — M) AT 28i-1 — ZMLiTi-) + Qi — 4T
( JAz(G 6 + 3%~ 3mid)
= mi1{L(U), ) + (L(U), Bi),
Since
(Uzz,5) = miy —m; (3.3.15)
2 __m?
(Uzz, Bi) ﬁ'—# (3.3.16)
we see that
1. 1 . 1. 1 . i1 — M T
AI:'(EGi*l = gMudi-1 + 3ai — gmm) = 1".11_2____ + fUmy)aydz.  (3.3.17)

Ti=l

Assume that there exists ¢y such that Az;(ty) = 0 and then we define
my(to) = lim m(2).

Since f is continuous we see that

Ti

FU,m)audz < g|Az max|f(U,m)|.

Ti-1
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We immediately obtain m; = m;;, at t = ¢, from (3.3.17), which contradicts with the
assumption. O
This theorem indicates that node crossing never happens as long as the matrix A(y)

in (3.3.8) is nonsingular.

3.6 Time-stepping

The MFE method gives rise to the system of ODE’s in (3.3.8), which requires integration
in time to obtain a complete solution. There are two entirely different views on how the
ODE's should be integrated, dependent upon the type of approach used.

For MFE methods without penalty functions it has been suggested by Johnson (33],
Johnson, Wathen & Baines [36], and Wathen & Baines [54], that for a wide range of
problems explicit time-stepping is sufficient and that implicit methods do not give any
advantage. This is particularly true in the simplified MFE introduced in a later section.

Here time-stepping is carried out using the explicit Euler method
gVt =gV 4 AN,

Ideally we want the time-step to be as large as is consistent with good accuracy while re-
maining within the solver’s stability region. However to avoid node crossing (in which case
a single-valued solution is expected) the time step must be no larger than that which would
allow any node to catch up with its neighbors, that is, the condition max;<i<n+1 Az;(tN+1) >

0 must be satisfied, (where tV is the time after N-th time step).
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An alternative view was presented by Miller [43], who introduced a penalty function
to prevent node crossing. On the grounds that system of ODEs that are obtained are stiff
he argued that an implicit method must be used. In many papers, the systems of ODEs
obtained by this method have been solved by Miller using the implicit Euler time-stepping
method

yN+l = yN + Ath-{—l

with a Newton solver. The iteration does not always converge, however, as the resulting
nonlinear problem may not have solutions and both At and the parameters in the penalty
functions have to be tuned so that convergence can take place. We'll examine the relevant
details in later sections. For the moment it suffices to say the both approaches are

problematic.

3.7 Discrete delta-function

In the analysis of numerical computation, the discrete Dirac § function, which is defined
in a finite dimensional function space, is very powerful. This is manifested in maximum
norm etror estimate for the usual finite element methods with fixed mesh [46]. The use
of Dirac § function is also instrumental in the derivation of simplified MFE. Note that
several authors prefer the term Dirac mass to Dirac function as “function” in a strict
sense is abuse of terminology.

Hopefully without confusion, we still denote discrete delta-function by 4, for a fixed
point z.
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Theorem 3.2 For a finite dimensional function space V C L*(Q), there etzists, for a

fized point z € Q, a unique discrete delta-function §; € V such that
(p,0:) =9(2) VpeV,
if ¢ is well-defined at z.

Proof. Let N be the dimension of V and ¢,,---,px be its basis. Since §; € V', there

exist numbers k,,--- , ky such that
. =kipr+---+knon.
From (y;,d;) = ¢i(z) for i =1,--- ,N and for z fixed in , it follows that

ki(p1, 1) + k2o, 02) + - + kn{pn,08) = @i(2)

............ e (3.3.18)

ki(on, o1) + kalon, 02) + - - + kn{on, on) on(z).

The coefficient matrix is positive definite because for any vector [c;,- -+ ,cn]T,

[er, -+ s en] ((wf, w))

NxN

N N
[ch ot 1CN]T = (th(\ohzcl‘pl) 2 0

=1

so that

[ch"' 1CN]((‘pia(pj)) [Cl,"' ,CN]T=:0

NxN

if and only if [c1,--- ,en]T = 0.

Thus the system has unique solution, and the existence and uniqueness for 4, is proved.

(W]
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When ¢ is discontinuous at z, we need to consider both ¢(2*) and ¢(z~). For the
special case involving the space S spanned by a3, - ,ayn, 81, ,8n defined in section
3.4, every node z; corresponds to two basis functions a; and §;. Note that S is a subspace
of the discontinuous piecewise linear function space S with respect to 7(¢). S also has
two independent degrees of freedom associated with each node z;. Therefore, S is exactly
the discontinuous piecewise linear function space S. On S, we need to find two one-sided

delta-functions 8, and §; for each z; respectively such that

67,9y =w(zi) and (&7, ) =o(z])

for any p € S.

Figure 3.2: The one-sided discrete é-function
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It can be checked by (3.3.9)-(3.3.11) that when m;_, # m; for each i € [2,7n]

- = 2mi—, i 4mi, '
o = (s — mi—-l)Azia‘-l + (miyy — m)Az;
2 4
+ i-1 + A
(m; — mi-l)Aziﬂ ! (migy — m,-)AJ:‘-ﬂ

(6z - 2z; — 42{-1)/A$,2 in [zi—la zi]v
= (3.3.19)
0 elsewhere,

whereas

6; = 3me a; + 3
v YT (mg — my)Az,

B

(mg - ml)Azl

3z/Az2 in [z, 74,

(3.3.20)
0 elsewhere.

Likewise

6+ = - 4m‘l Qi — 2mi+2
(Mig1 — M)AZi1 | (TMive — Mig1)AZipy
4 2

B (migy — mi)A-"-'i-l»l b= (mi+2 - mi+1)A3i+1

Qi

Bis1

_ ) 6z -2z 4zi41)/ Az, in [z, Ti), (3.3.21)
0 elsewhere,

for each ¢ € [1,n — 1] and

5+ 3my, 3

= - o, — B
* (Mnt1 — Mn)AZnpr + (Mg — M) ATyt

-3(z - zn+1)/AIﬁ+1 in [Imzn+1],

(3.3.22)
0 elsewhere.
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For simplicity and generality, we write
67 = rioioy +rpa+ spBioy + siph; (3.3.23)
6 = rioei+rhoin +siBi + sHBiv, (3.3.24)

. . = ot o
withr, =s;, =1 =5, =0.

3.8 A Simplified Moving Finite Element (SMFE)

Obviously, the computational cost for MFE is much more than that for usual FE-method
because of the added unknowns and nonlinearities involved. This section will use discrete
sided delta-function to simplify the system (3.3.8).

Since both &; and §; are in the space S, we can derive from (3.3.6) and (3.3.7) that

(Xi=i(@jos + 2;8;) — L(U),6;7) = 0, (3.3.25)
(Xiailaja; + £58;) — L(U), 6F) = 0.
Thus we have
i —migi = (L(U),67), (3.3.26)
a; —minz; = (LU),8). (3.3.27)

When m; # mi, for every 1 < i < n, we obtain the Simplified Moving Finite
Element in the form

i = il (3.3.28)
My =My
o = MunnlLU),60) —mi(L(U),5}) (3.3.29)
My — Ny
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fori =1,---,n, which is a decoupled nonlinear ODE system.

Substituting i — 1 for ¢ in (3.3.27), we obtain

i1 — mitioy = (C(U), 61,),

which when subtracted from (3.3.26), yields

Aa; - mAL; = (E(U)76:> - (L(U)véntl

or

A% STE (L)1) ~ L), 6Ly

Az;

since m; = Aa;/Az;. The expression

i = EQLID) < (EQVSE)

(3.3.30)

then decribes the rate of front formation on [z;_,, ;]

As an example, let us consider the semilinear parabolic equation

U =uz. +u® t€(0,1), t>0,
u(0,t) = u(1,t) =0,

u(z,0) = 20sin(rz),

the solution of which is known to blowup in finite time. We shall attempt to solve it

numerically by using SMFE with n = 20.
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. i " "
] 2 a s (1] 1

Figure 3.3: The solution at ¢t = 0.07798 with n = 20.

Figure 3.4: The node movement for ¢ € [0,0.07798] with n = 20.

From Figure 3.2 and Figure 3.3, we see that all the nodes except endpoints come
quickly close to z = 0.5, the blowup point. This produces two big gaps between the first

and the second node and between the last and the second last node. We cannot have good
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approximate solution because there are no nodes in those two large and growing gaps. In
the following section, we shall use penalty to control the movement of nodes. This idea

was presented in [43] and [44] by Miller & Miller.

3.9 MFE with penalty function

The ODE system (3.3.28-3.3.29) strongly depends on the condition m; # m;;;, which
means the gradients of U on adjacent cells cannot be equal. If for some i, m; = m;y,,
there are at most 2n — 1 linearly independent functions for {a;, -, an, 51, , 8.} and
the matrix A in (3.3.8) becomes rank deficient.

In addition, in the practical computation for MFE described above, the nodes move
quickly towards the shock so that there are almost no nodes left outside shock to represent
the solution (see Fig 3.2). Of course, this produces a poor global approximation. To avoid
this, Miller suggests that these two problems can be tempered by introducing a penalty

term in the residual minimization; namely, that in place of (3.3.5) one instead minimize
. n
1T — £@)liE + Y_(e:rdi + S)?
i=1
or

I i(d.-a.- + &) - LOU)13: + i(e,-Aa'c,- +5;)? (3.3.31)
=1 i=1

with respect to U. This minimization is still interpreted as limit of § mollification. The

parameters {¢;, S;} are presented later. Setting derivatives of (3.3.31) with respect to Z;
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and a; to be zero and keeping in mind that (a;, a;), (o, B;) and (B;, B;) are zero when

| = j| > 1, a minimum requires that

;'g-l [(aj1 ai)dj + <ﬂj1 ai)ij] = (L(U)’ ai)a (a)
il BiYa; + (B;, B ;) _ ) (&), B ) (3.3.32)
+e2Az; — €2, Aty +€iSi — €i+1Si+1,
or
U,a) = (C(U),a), (3.3.33)

(U Bi) +e2Az; - 5:?+1A5-'i+1 = (L(U), B} + €iSi — €i41Si41, (3.3.34)
for i = 1,---n. Equation (3.3.32) leads us to a coupled nonlinear ODE system

A:(»)9 = be(y), (3.3.35)

with the same order and structure as (3.3.8).

When m; = m;,;, the equations (3.3.33) and (3.3.34) are the same if without the
penalty term so that A, is singular. Since A, is 2 x 2 block tridiagonal, it is nonsingular
if each two rows within a block are not in proportion. Hence penalty term can effectively

prevent A, from becoming singular. If m; = m;,, happeuns, (3.3.34) can be replaced by
elAL; — el | Adiyy = &Si — €1 Si1.

The choice of penalty terms will be discussed in the following section.
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3.10 Node Control

As discussed previously, the penalty used in the least squares formulation (3.3.31) will
prevent the system of ODEs (3.3.35) from becoming singular. The penalty terms ¢; and
S; also prevent nodes from coming too close together. By controlling the node spacing
the stiffness of the ODE set is not made worse by the introduction of a moving mesh.
Therefore, the selection of the ¢; and S; parameters is important in a robust and efficient
implementation of the MFE. However, one must remember they are required only because
the basic formulation of the moving finite element method is singular for a number of
important cases. In the least square formulation (3.3.31), ¢; is coefficient of Az; and thus
specifically monitors the size of Az;, the speed of the relative node spacing, while S; takes
into account the possibility that there may be no relative node movement, as the steady-
state is approached or when nodes are brought together into a shock. In the degenerate
case the penalty terms solely determine the solution in the local interval containing the
singular set of equations.

Though many different types of penalty forms have been tried, the basic requirements
of ¢; and S; are simple. The parameters €; and S; cannot be functions of the nodal
amplitudes because this would change the classical finite element formulation embedded
within the moving finite element method, i.e. MFE has to be the same as classic FE when
I; is zero for every 1 < i < n + 1. The penalty terms must only be a function of nodal

positions z; and must increase as the nodal positions approach one another.
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Consider the structure of A,, the entries containing penalty terms are of the form

2 2 .
m2Az; 2 m2Ax; + m2 Az m? Az

— & —3 3 e ten, —te—— —€ln
or
Aa} &2 Ad} | Ad}, +e2 4 €2 Ad},, 2
GA.‘B.' i 3AI,‘ 3.'Bi+1 ! i+l

6AT:,, = &gl
since m; = Aa;/Axz;. This can be also seen from (3.3.32b). Therefore, to maintain balance

between the solution and penalty terms, Djohmeri [20] and Miller [39] have suggested

Ct

i = ———=

Az;—d’
where C) is a constant and d is a minimum approach distance. Note that as Aa; becomes
very small then the £? terms become important. Since Ag; is known only within an order
of magnitude of the relative error tolerance € from the ODE integration, this then suggests
that

Cl ~ O(E)

If the constant C| is chosen a few times larger than the error tolerance then this will cause
a smoothing of the node movement due to more drag on the nodes.
Now let us consider the penalty term S;. The size of S; directly affects Az; since the
least square formulation tries to keep
n

Z(E,‘A.’ifﬁ - S’.‘)2

=l
small. So the presence of positive S; prevent Az; from being too big in the negative

direction, that is, it keeps the nodes apart. As an example, we consider Burger's equation
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in which
L(u) = vug; — uLu,

with small number v, usually viewed as dissipation parameter. Then the right-hand side

of (3.3.32b) contains

m? 2

V—l—i*‘ﬂ'— + €;Si — €ir1Sin1
or
Aa? Aagﬂ
v +£;8; — Ve——a— — €i+15it1.
2 [ T4 2 t+10841

So the right-hand side terms are augmented by

C%
=V Es - dp
and

Cg ~ O(E)

In this case, it is better to have C, smaller than the truncation error because the nodes
will come apart too quickly if there are no convective forces present and the solution has
zero gradient.

The only constants left for the user to choose are the ODE truncation error and
the minimum node separation. In the examples to be presented it was found that d is
determined by the expected gradients within the problem itself, and therefore, is not
really at the user’s discretion. The ODE truncation error ¢ is very important because an

excessively small error tolerance will lead to very many iterations in the ODE solver.
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Herbst & Schoombie ([29]) proved that approximate equidistribution principles are
implicit in MFE methods. Thrasher & Sepehrnoori [48]) gave stronger distributing prin-
ciple in the assumption that the third derivative of the exact solution exists. We can
use the former to check or confirm if the distribution of mesh points is reasonable. The

approximate equidistribution principles derived in ([29]) is
hi+luzz(1‘?) = hiuzz(m:) +O(h2)

where h = maxh;. Provided that the O(h?) terms are insignificant compared with the
other terms in the above, the “forces” responsible for the movement of the nodes are
provided by the second derivative of the solution. In practical computation, we can

properly appriximate u.z(z}) by

Myl — My

hiv1
and u.z(z;) by

m; — My

to see if mesh points are well distributed.

3.11 The First Simplified MFE (SMFE1)

In this section, we present a simplified MFE involving penalty. This scheme is composed
of a nonlinear ODE system of equations with respect to velocity of nodes and the explicit

expression of each a;.
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From (3.3.23) we see that 4; is linear combination of a;_,, a;, f;—; and B; with coeffi-
cients r;;, 755, s; and s;;. Multiplying (3.3.33) by r;; and then by r; with substitution of

i — 1 for ¢ we obtain by summing that
(U, riai +1505) = (LU), 061 + T0).

Doing likewise for (3.3.34) with multiplier s;; and s;; we obtain

. (L(U), s3Bi-1 + 8325)
U, $,6i-1 + 3,-2/3.') + 3.-_1(6?_1A.'i2,'_1 - sza:,)
=93 +s7(€i-1Si-1 — €:S5)

+S‘-—2(E?Ai'i - 5?+1Aii+l)

‘ +35(€iS; — €i4+1Si+1)-

Adding the above two equations, we see that

<U, 07) + 3,'-1(5?_1Ai‘i_1 - E?Aii) (ﬁ(U),&:) + 55 (€i-1Si-1 — &:iS;)
= (3.3.36)

+si;(E'gAi‘i - E?+1Ai'§+1) +8‘-2(E.'S,' - 5i+1Si+1)v

Similarly, we have for §;} that

(U, (5?) -+ SE(G?Ai,' o E?+1Ai‘i+1) (L(U), 6?) + SE(E;'S,' - Ei+lSi+t% 3 37)
+3i+2 (€?+|Aii+l - 5?+2A57i+2) +35(€i+15i+1 — €i+25i+2)

which, as per derivation of (3.3.26-3.3.27), are actually

\ ¢
@i — mqt; + s (€3 | AL, — €] AZ;) (LU),67) + 551 (€i-1Si-1 — €iS5)
P = 4 (3.3.38)
+85(e2A%; — €2, Adiy) ) | +355(&iS;i — €i+1Si41),
\ ¢
ﬁ,‘ - 17!,'+1:itg + SE(E?A."E{ - é'.?,‘,lAi'H.l) (C(U), 5:') + S.—*i(E,'Si - E,’+1Si+1)
y = (3.3.39)
+3$(5?+1Aii+l - s§+2A:i:.-+2) ) | +85(Ei+1Si+1 — €i42Si+2)-



Eliminating &; from (3.3.38) and (3.3.39), we obtain that

—sii€ioidioe + [shedy + (57 — s + sf)edlZin
+[meyr — my — (s — s + shlet+ (sp—sh+ S$)€?+1]1'7i
+[(~s + s — 3?5)5?“ - 335?+2]-""'i+1 + 355?+2ii+2
= (LU),8; = 6F) + s;1€i-1Si1 + (=87 + s — sih)&iS:
+(—85 + 5, — 85)€i41Si+1 + SHEi2Siv2- (3.3.40)
Denote [a;(t),-- ,a(t)]T by @ and [z:(t), - ,za(t)]T by 8. We then obtained, from

(3.3.40), a nonlinear ODE system of order n describing the velocities of nodes z;. This

system can be expressed in the form
B(s,a)s = b(s,a). (3.3.41)

As for nodal amplitudes, they can be individually obtained from either (3.3.38) or
(3.3.39) after (3.3.41) is solved.
We now briefly summarize the process for obtaining SMFEL1 as follows. Using MFE

with penalty term, we discretize the equation (3.3.3) into a system of equations

Ac(¥)¥ = be(v), (3.3.42)

which is actually (3.3.35). Then, (3.3.42) is simplified using one-sided discrete delta-

functions into a system of equations of the form
B(s,a)s = b(s,a),

(3.3.43)
@ = Ma+e.
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where M = diag(m,,--- ,my);

Thus, by using the one-sided discrete delta-function, we are able to obtain an equiva-
lence or a simplified form of (3.3.35) when m;;; # m;, which contains an adaptive mesh-
motion algorithm (3.3.41) together with an explicit equation for each nodal amplitude
dependent on this moving mesh.

In the next section, we study the properties of matrix B(s, a) and feasibility of sim-

plification when m; = m,,; for some i.

3.12 Analysis for SMFE1

In the process of simplifying (3.3.35) or (3.3.42), the condition m; # m;,; is necessary
since division by m;;; — m; is often required. Although we can multiply d; by (m; —

mi-1)(miy; — m;) and & by (M4 — m;)(mi2 — miyy) or multiply (3.3.39) by
(m; — mi_1)(Miy) — ms) (Mg — Miyr)

to avoid this, at least two equations disappear when m; = m;,; for certain 1 < i < n.
Hence we have to study how the system (3.3.43) is equivalent to (3.3.35). Notice that

(3.3.38) and (3.3.39) contain a term of the form

EiAik - 5£+1Ai°k+1 — €Sk + €x+15k+1
Mgy — My

(3.3.44)

fork=i—1,70ori+1.

We shall prove that m; = m;,, exerts no influence on the SMFEI.
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Theorem 3.3 If there erists reachable time to such that m;(to) = mi41(te), then the

system (8.9.32a) and (3.3.32b) is still equivalent to (3.3.38) and (3.3.39).
Proof. Mulitiply (3.3.32a) by m; and then add to (3.3.32b) to obtain
1 .1 .
_Ts'(mi+1 — m;)ATi;16; — E(mi+1 — m;)AZig18i4
1 . 1 .
+§mi(mi+l — M) AT T + gmi+l(mi+1 - M) AT T
Tipl
= —(miy —my) L(U)adz
T
+€iS;i — €i+15i41 — [e?A:i:,' - €?+1A5?i+1],
which, when m; = m;,;, implies that

2 A 2 -, _—
;AL — £, ALy = &S — €i+1Sim1

at t = tg. As well,

e2A%; — e, | Aty — €Si + €ir1Sin1

lim
t—to Mig1 — My
Ti4l 1 . . . .
= --[ C(U)a,—dﬂ? + EAIi+l (201 + @41 — 2mMyT; — mi+l$i+1)] t=to"

Ti

Since (3.3.32) is equivalent to (3.3.39) and (3.3.38) when m; # m;;, forall1 < i < n,
we see that (3.3.38) and (3.3.39) is still equivalent to (3.3.32) at ¢, since when m;,, = m;
(3.3.44) can be well-defined due to the above limit. O

Now we can say that the system (3.3.35) is equivalent to (3.3.43) in any cases and
thus B(s, @) is nonsingular.

From the form of (3.3.40), we see that B(s, a) is a band matrix with width 5. However
it is neither symmetric nor positive definite, making it difficult to decide whether it can

be safely solved by Gaussian elimination without row interchanges.
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Definition 3.1 Given an n x n matriz A of order k, a leading principal submatriz of A

defined to be a submatriz of the form

o b
a1 a2 - Qauik
Q21 G2 -°°° Q2
Gk Qg2 °** Ok J

Now we show that Gaussian elimination can be performed to B(s,a) without row
interchanges so that computational cost is reduced. Actually Gaussian elimination can
be reliably performed on a matrix without row interchanges if and only if all its leading
principal submatrices are nonsingular. Hence we only need to show that any leading
principal submatrix of B(z, @) is nonsingular at any reachable time ¢y. Forany 1 < k < n,

we consider the equation with initial time ¢,

Uy = C(U) TE (01 xk+1)7 t 2 to,
u(0,t) = u(zr+1(t0),2) =0, t >, (3.3.45)
u(z,t) =U(x,ty) z € (0,Zp+1)-

Solving the above equation by penalty MFE method with the initial nodes z4(tp), 1(%0), - - * ; Tk+1(to),

we then derive a nonlinear ODE system

Ax(Ye) sk = 9 (ye) (3.3.46)

which, in form, is similar to equation (3.3.42) except that the order of matrix here is
2k, where ¥y, = [z1(t), ar{t),--- , Ta(t), a(t)]T and sc = [z.(2), - (BT, Acly(te)) is a
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positive definite matrix, which is in fact the 2k-th leading principal submatrix of A.(y)

at time ty. Using delta-function technique, we can derive a simplified MFE system for

(3.3.46)
Bi(ye)ae = bi(ys),
a = M8+ ck,
which are in form similar to (3.3.43) where ax = [a;,--- ,ax]T and sx = [z, -~ ,z)T.

Actually, By is just the k-th leading principal matrix of B(y) in the first system (3.3.43)

at t =t and thus is nonsingular.

3.13 The Second Simplified MFE (SMFE2)

In the least squares problem (3.3.31), we have two unknown vectors, @ and 8. Similar to
that for SMFEL, the principle for the SMFE2 is to find an explicit expression of each g;,
and then minimize the residual with penalty. This idea was proposed by Dukowicz [24].

From (3.3.26) and (3.3.27) we can write

. . - +
o= T (), 20, (3.3.47)
where
m; + Miyy
2

can be regarded as average slope of U at the point z;, by which we denote 77;. Although
there are some other expression of a; which can arise from (3.3.26) and (3.3.27), we prefer

(3.3.47) for a reason to be presented in the section 3.15. The least squares problem (3.3.31)
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then becomes

&7 + 67 2 n \
)] = LW)[pa + D (€507 - 5;)F (3:348)
j=1

| Y [mja; + 8))2; + (L(U),

=1

which, by setting the derivative with respect to z; to zero, yields

i+l (L(U), aqmmv; + fBs)
2 jmi—1(a; + By, ciTli + Bi) £ L

2A; 2 . - T —(£W), . ;6. ) ;::'—x(aj:“iﬁi + Bi)
+e; AL — €51 ALis
£iSi — €ix15i41-

\

(3.3.49)
With 7 ranging from 1 to n, we obtain an ODE system only with respect to the velocity

of node

B(a, 8)s = b(a, 8). (3.3.50)
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Notice that {8;,a;) = (a;, Bi) so that we have,

(a;m; + Bj, ai; + Bi)

(B, Bi) + (Wi + ™)y, Bi) + Mymi(a;, o)

0 li—jl>1,
! Lm?Az; — (W; + i1 ) AZ; + T AT j=1i-1,
L(miAz; + mi Azig) — 2M(miAZ; + M1 ATiy) + T3 (AT + AZiy)] § =14,
\ Hm?, | Aziyy — (T + Mg )Mi 1 ATy + T AT J=1i+1,
' 0 |t -3l > 1,
- — 25 (mi — mi_1) (Mg — my)Az; J=i-1,
5 (Migr — M) (Az; + Aziy) j=1i,

L -%(mﬂ-l ~m;)(Miy2 — M)Az =i+ 1

The i-th row and j-th column entry in matrix B of (3.3.50) is

7

0 i=3il>1,
(a;7; + Bj, 0T + ;) — €} j=1—-1

(ajﬁj + ﬁ,—,aﬁn“,— + Bi) +5’? + E,?_H j=t,

| (a;m; + Bj, a5 + B;) — €34, j=i+1,
and thus B is tridiagonal and symmteric positive definite, since it arises from the least

squares problem (3.3.48).
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3.14 Lagrangian framework for MFE

To analyze the SMFE2 and give MFE more intepretation, we need to recall the Lagrangian
framework and approach to the derivation of MFE given by Mueller and Carey in [43].
Define a coordinate transformation (assumed nonsingular) between z,t and new inde-

pendent variables £, 7 by
z=z(&71), t=1, u=u(z&7),t)=1a(&). (3.3.51)

The Jacobian matrix of the transformation is

o(z,t)
J= —=
a, )
and its determinant
|J| = det(J).

|J| is associated with length in one dimension. For invertibility of the transformation, it
is necessary for |J| to be sign definite over the entire domain or |J| # 0. Accordingly, we

shall take as a constraint on the admissible transformations
|J] <0 for any allowable t.

The partial derivatives of 4 satisfy

di Ou Oudr i _0zdu

; = E <+ %5' a—E = 55.8—2: (3.3.02)
Then the equation (3.3.3) becomes, in a Lagrangian framework,
ot Sudz
il L(u), (3.3.53)



with initial and boundary condition. Using the notation

R -
U= e I= 3 (3.3.54)
we can write
8 — uz = L(u). (3.3.35)

Here and in what follows u. is to be regarded as a notation for u¢/z¢ (cf. (3.3.52)).

Define the mean square residual
1
R(u, 1) = / (4 — uet — L(u))%dz. (3.3.56)
0

For a solution (z,«), R(%, £) is identically zero and minimizes R with respect to both the

transformation and solution rates £ and #%. It can be done by minimizing
R(t + pv, £ + pz)
with respect to p with test function v and z selected both from H{ (0, 1) since the endpoints
are fixed at the boundaries. The variational problem is to seek (u, z) such that
(& —uzz - L(u),v) = 0 ve HNO1) (3.3.57)
(2 — ug® — L(u),zu;) = 0 z€ H}0,1) (3.3.38)
hold for all admissible 7 > 0. The test functions (v, z) are with respect to (%, £), instead

of (u,v). We require here that the admissible transformations be invertible. If £(u) =

uzz + f(u,u.), then the above equations become

1 1 1
/ (@ —ug)vdz = - f U v,dT + / f(u,uz)vdz v e Hy(0,1) (3.3.59)
0 0 0
1 1 1
[ (&t ~ upd)uzzdz = % / ulz.dz + / f(u,uz)uzzdz  z € Hj(0,1) (3.3.60)
) 0 )

62



for any possible 7 and admissible transformation. Notice that if the transformation is
z = €, then £ = 0 so that z = 0 and the above equations are the same as weak formulation
(2.2.2).

One can choose various pairs of finite element spaces Ve x W C [H}(0,1)]? to find
approximations of u and r as long as the transformation is invertible. Mueller and Carey
called this a continuous deforming finite element methods (CDFEM). In the author’s
point of view, it is a kind of mixed finite element method (see Brezzi and Fortin [11]). In
this thesis, we set the approximation U of u and X of z to piecewise linear functions, i.e.
U, X) e Vg, where V¢ is similar to V' defined in section 2.3 but it is with respect to §

(and the mesh for £ is fixed). By writing

i=l
n+l

X = ) Xr)a©), (3.3.62)
i=1

where X,,,; = 1, we see that

_9X,t) _ Xi— Xin
S AT AL

J (3.3.63)

for £ € (&i-1,&;). Hence the transformation (3.3.62) is invertible if and only if X; does not
catch X;,, for any 1 < ¢ < n. This result is the same as in Miller’s method.

Actually, for a;(X) € V and a;(§) € V, both are of value 1 at &; and 0 at other nodes.



Furthermore,

)
—(—L—'—X;i;{'; L X € [Xi-1, Xi)

a;(X(r,§)) = ¢ X=XO ¥ ¢ [X;, X;,1)

Xis1—=Xi

0 elsewhere.
\

Since X (7, &) is piecewise linear and X (T7,&;) = X; for any 1 < ¢ < n, we can see by mean
value theorem that a;(X(1,&)) = &;(£€). The discrete formulation of (3.3.59) and (3.3.60)

become

1 . 1 1
f (U = UxX)wdX = — f UxvxdX + f fUUwdX — (3.3.64)
0 0 0

1 . 1 1
/ (U - UxX)UxZdX = -;- / U2 ZxdX + f f(UUx)Ux2dX (3.3.65)
1] 0 0

for all test functions (v,Z) € V2. Hence by transformation (3.3.62), we can rewrite
(3.3.64) and (3.3.65) as

1 n 1
f S Wia — XiMio)ogdX = (M — M;) — f fU,Ux)a;dX  (3.3.66)
0 0

=1

2 - 2 1
_(ME, - M) f £(U, Ux) M;0;d18.3.67)
0

1 n
0

i=1
for j = 1,---n, where M; = Ux is slope of U in segment (X;_;, X;). We can see that
(3.3.66) and (3.3.67) are exactly the same as (3.3.6) and (3.3.7) respectively when L(U) =
Uzz + f(U,U;). So we can say that Miller’s MFE scheme is a special case of CDFEM
in which X is taken piecewise linear function. The distribution of &; is dependent on
the initial mesh of z. In this way, one can circumvent the 4-mollification and limit

interpretation.



3.15 Analysis for SMFE2

This section will present why the equation (3.3.47) in SMFE2 is the approximation of
the original equation (3.3.3). To do this, we need to use the Lagrangian framework of
MFE, which, through the transformation z = z(£,7),¢t = 7, make the original equation

u, = L(u) be
u—uz — L(a) =0. (3.3.68)

Since u(z;, t) = u(z(&, 1), 7) = 4(&;, ) and a;(t) is an approximation of u(&;, t), a;(t) =
Ui(t) is the approximation of %(£(&;, 7), 7). Also z;(t) = z(£,t) implies that ; = (&, 7).
Finally m; is the average slope of U in [z;_), z;] and [z;, Zi+], which is thought of as the
approximate slope at the point z;, and thus the approximation of u, at ;. Now we show
that

S(EW), 67 +67)

is approximation of £(@). For convenience, restrict £(u) = vuz; + f(uz,u), which is the

general form we study in this thesis. We first show that
1 - +
is an approximation of u.,, and then
1 - s+
§(f(Ux1 U)1 6.' + 6;' )

is an approximation of f(u.,u).



From a direct computation using (3.3.9)-(3.3.11), it follows that

%(Uu, 67 +4F) = %(2m.-+1 ~3m; + mi, + —Miyo + 3IMiyy — 2171;)_ (3.3.69)

Az; Az

Actually, m; = U; for any z € (z;-,, ;). If we ignore the subscript i, we can write

m; T € (%i-1,%:)
m=U,= (3.3.70)

m; = Iy,
which, through the transformation z = z(§,7),t = 7, becomes M (£, ), a piecewise

smooth function. Hence

2miyy — 3m; +my, 2M (i1, 7) — 2M (& 7) — M(&, 7) + M(§i-1, 7)
Az; X(& 1) — X(&i-1,7)
x_lf_li

‘YE (&i-1.£i)

4

and similarly

—Miya + 3Miy — 2my ~ Mg
Az X

(& i€ier)

so that the right hand side of (3.3.69) is a difference approximation of the expression

LM M) wamy
2 € 1(&iv1060) € 1(&&im1)

Moreover, the above term is actually

1 (BU= 0X

1(3U; 9X| U oX
2\ 6 ' B¢

(&iv1:3) o * o (-fi,&-x))’

which is an approximation of u.; at z;.
It remains to deal with the function f(U;,U). As explained in section 3.7 the space
spanned by o, - - ,an, 81, -, Ba is actually pjecewise linear (discontinuous) function
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space S and both 4 and &7 are functions of S. Let P be the projection operator to S,

then
(Pf(Uz,U),p) = (f(Us,U), ) Vp€S.

Thus
%(f(U:,U),J;-f-J:‘) = -;-(Pf(Ux,U),J.-‘ +67)
= %[(p fUz, U)z7,t) + (Pf(Ur, Uz}, t)]

which is the approximation of f(u;,u).

Hence, the solution of (3.3.50) followed by (3.3.47) constitutes an approximate solution

of the original problem (2.2.2).
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Chapter 4

Error Analysis for MFE

In the description of Chapter 3, the MFE equation is of the form

U i) = (L(U), o) (4.4.1)
({U,B) = (L(U),B:) + penalty (4.4.2)
for ¢ = 1,.-- ,n. If we solve the equation (4.4.1) for a,,--- ,d, and then substitute the

result in (4.4.2), the latter then yields equations only with respect to derivative of the
mesh points ; (i =1,---,n). Thus we can think of MFE equation as an approximation
of original PDE coupled with a mesh PDE. In this section, we shall pay more attention
to the equation (4.4.1) to conduct error analysis.

As we all know, MFE method is very efficient to solve the problem with steep moving
front. To the author’s knowledge, few papers show why this method is efficient. The
principal piece of error analysis known for the MFE method is the early work of Dupont
(25], although a number of authors have been encourged by the MFE method to obtain
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error estimates for related adaptive methods ([7], [38] and [49]).

Since we have been able to show that the method can be broken into a mesh PDE
separate from the orginal PDE (4.4.1), we only need to analyze the error of the discrete
formulation of original PDE based on the mesh which is just obtained from mesh PDEs.

In this chapter, we always use L? and H" to denote L2(0,1) and H"(0, 1) respectively
for r = 1 or r = 2, and also denote k;(t) = Az;(t) as well as h(t) = max,<i<n41 Azi(t).
The constant c that arises are always independent of the mesh and the solution but can,

of course, differ wherever they occur.

4.1 Interpolation with piecewise linear functions

We have mentioned a little about piecewise linear interpolation in Section 2.3. Now we
discuss a bit more about it as it relates to error analysis. For convenience, we repeat some
concepts introduced previously. Thus, let V' be the piecewise linear function space with

respect to the division
T(t): 0=2p < 21(t) < -+ < Tp(t) < Tpi(t) =1,
that is

V={veC(0,1) x L[0,T] : v|iz_,.j is linear for z, 1 <i < n+1, v(0,t) =v(1,t) =0}.

(4.4.3)
Let {a;}, be the basis function of V. The interpolation of u is defined by

u;(.’r, t) = zn: ‘ll(.'l.','., t)ai(xf t): (44‘4)

=l

69



which implies u(z;, t} = us(z;,t) fori=0,1,--- ,n+ 1.

Lemma 4.1 Let P, be an operator with P,u being polynomial of degree less than r+1 and
satisfying P,u = u when u is a polynomial of degree less than r+1. Ifu € W+12(z;_,, z;),

then there erists a constant c independent of h and u such that
”u’ - Prullw‘-'(:i_;,:.-) S Ch;+“-l(t)|u|w"“‘"(:i_;,zg)
where0<I<r,1<s<+ooand p=0or1.
Theorem 4.1
. 1,,
l|le — ul”L’(z.'-l.ri) < min hi(t)lulll‘(zi-hzs)v ghi ) |u|H’?(z.v~1.z.-J .

This theorem can be seen from [34].

It follows from Theorem 4.1 that
. 1
Iu = urllzs < min (A@lulan, 3Ol ) (4.4.5)
Lemma 4.2 Ifu € H*(z;_1,;), we have

|Iu,_.(:z:,-, t) - (uf)zllm(zi-hzi) < Chi(t) |u|H’(z.--l,:.-)-

Proof. Since

lluz(zi, t) — (Ur)ellezziciz) < Nue(Zit) — vellz2(zi, 2 + |8 — (@r)2llL2(z, 20)

from u;(z;) = u; and u = u; when u is linear function and Theorem 4.1, the Lemma 4.2
follows. O
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4.2 A priori error estimate for linear equations

Consider the equation (3.3.3) with
L(u) = —‘?—[p(:r t)-a—u-(a: t)] — q(z, t)u(z,t) +r(z,t) (4.4.6)
oz N A ’ ’ ’
and t < T, where

peC'0,1], p>0,

q,r€C[0,1], g > 0.
Lemma 4.3 (Poincare Inequality) There ezists a constant ¢ such that
lzllze < clulm
for any u € Hj.
Proof. Integrating by parts and Schwarz’s inequality yield

1
f u?dz
0

1
Tu?| - 2/ ruv'dr

llullzs

0
1
< 2 / |uu’|dz
0

< 2fluf|aliu’ll e,

which implies that
fullez < 2lulg. O

From the proof, we see that the constant for Poincare Inequality is 2 when the interval
is [0,1].
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Lemma 4.4 There exists a constant v such that
(puz, uz) + (qu, u) = Y|ulm.
Proof. Let + be the minimum value of p in [0, 1], then v > 0 and
(Puz, uz) + (qu, u) > ¥(uz, uz) = vlulfn
sinceg>0. O
Lemma 4.5 If u € H?, then there erists a constant c such that
(p(u — ur)z,vz) + (g(u — ur),v) < ch?(t)|ulgz||v]|an-
Proof. Let s = +00, { = r = 0, then we obtain from Lemma 4.1 that

lip(z.2) — p(zs, )| Loz 2y S ha(@)lPllwrien(zi_y 20y < chi(t),

since p = p(z;,t) when p is a constant with respect to z. Considering v, is a constant in

each subinterval [z;_,,z;], we obtain by Schwarz’s inequality that

n+l z; £
o —uzo) = ([ o= plantlu - whaveds + plat) [ (u = ur)svdz)

i=1 Ti-1
n+1 T
<> (Ilp = P, )| Lom(ziy 20) f
i=1 Fi-t
n+l
< e h@)llw — ueller@io collvzll Lo z0
=1
n+l
< ¢ R ul iy <o Ul m ez
=1
n+l 1/2 ; n+l 1/2
< Chz(t)(z Iuﬁ?’(ri-x,zi)) (E lvﬁf‘(!s-mi))

i=1 i=1

— ”~ 2 lﬂ' - i .
-_ '2 (t)l“'{H‘i"{H"
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Considering

(a(u — ur),v) < lgllzelle = urllz2llvllze < ch®(@)lulmallvllze < ch?(@)lulmallvilm,

we get the result of this lemma. O
Now we go back to the equation (4.4.6). The weak formulation of (4.4.6) is to find

u € H}(0,1) such that
(@, v) + (pug,vz) + (qu,v) = (r,v) Yv € Hj. (4.4.7)
We let a(u,v) denote the bilinear form
(puz, vz) + (qu, v).

From (3.3.6), we see that

{U,v) = (L(U),v) WweV,

which with respect to (4.4.7) is
(U, v) + (pUs, v:) + (qU,v) = (r,v) YveV (4.4.8)
or
(U,v) +a(U,v) = (r,v) YveV. (4.4.9)
Substracting (4.4.7) from (4.4.9) yields

(@-U,v)+a(u-Uv)=0 WwevV (4.4.10)
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since V ¢ H}. For usual FE-method with fixed mesh, the error estimate for parabolic

equation is obtained via the elliptic projection Ru of the exact solution which is defined

by
e{Ru—u,v)=0 YveV (4.4.11)

and the estimate

. dRu . .
(u-—F,v) = (i — Ru,v)

< % — Rafjga[vllz

< ch?(t)|ulmzllvlle.

However, for MFE, d% is different from R since the former contains discontinuous parts
n
Z z;( Ru)za;
t=1

so that we have to employ other technique to derive the error estimate.

Lemma 4.6 Let u € H? x L*(0,T). Furthermore let At, denote the time step for the
k-th iteration and let K be the number of total iterations, there erists a constant ¢ such

that

fn ()t = (ur)esv)

< o gax h@)lullolz
for any T € [0, T], where

K

A= maxz Atplz;|.

1<i<n klzll
T k=1
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Proof. From Lagrangian framework for MFE in Section 3.14, we have

ut(x(fs t)1 t) =u- uz-'i:r

from which, we see that

n

(w)r = 2[ﬁ(z(s,-,t),t)—u,(z(ef,t),t)i(f.-,t)]a.

i=1
n

= 2 [iz(zi,t) — ug(z;, t)ii] a;

i=1

where we use z(§;,t) = z;(t). Since for any v € V,

v= zu: v(z;, t)a; = zn: vi(t)a;

i=1 =1

we have
= v ov
v = (i t)z— + Tiz—|,
‘ ;[ ( )av,- 61:,-]

and thus we see that

(u;)g—z:[u(z.,t)a.+x.ﬁ.] Z[u(:r,,t)a, (u,),z.a,]

i=1

Applying Lemma 4.2 we obtain

’<E(<uz)= — g )i, v)

(ur)es 'v)

f (1)s — s (21, ) asvdz

0<!<T

IA

0<¢<TE Ah(t)lulﬂ'(‘wl .1’-+1)”v“L7(z.-1 Tiel)

i=1

IA

e max (h(t)lulgzllv"m) a)
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In the following, we shall often use the inequality
ab < %(e"az +eb?) for nonnegative a, b, and positive ¢. (4.4.12)

If e = 2v, we have

1
ab < —a? + vb?
4qu
where v is a positive number.

Theorem 4.2 If u € H? and u, € H?, there ezists a constant c such that

L

u=Ule < e o (5400 [ Qutlulam) e+ X200 Pl Ol 820l ).

T
where

K
A= fmax kzl Atz

i<n

Aty is the time step for the k-th iteration and K is the number of total iterations.

Proof. Let 0 = U —u; and p = u; ~ u, then U — u = p+ 6. From (4.4.10) and Lemma

4.5, we see that

(ota ‘U) + a(oi ‘U)

(ue = (ur)e, v) + a{u — ur,v)

(ue = (ue) 1, v) + (o)1 = (ur)e, v) +a(u —ur,v)

< ch?(t)(Juelaz + [ula2)vlm + ((uer — (wr)e v)-

Taking v = 6, we see from Lamma 4.4 and the inequality (4.4.12) with £ = 24 that

1d[6|z

1
5= g + Y6k < 277 ekt (t)(udlme + [ulm2)” + 7165 + ((we)r — (ur)e,0),

76



which implies

1d||6][7.

7 < k() + ular)? + (s — (ur)e 6)] (4413

For any fixed 0 < 7 < T, we assume that 7' € [0, 7] such that

max |6(t)| = |6(r")].

0<t<r

Integrating (4.4.13) from 0 to 7’ and using Lemma 4.6, we see that

.rl
216 Es = Z16ONEs < [ B O ulan + ulime Pt + ¢ guax A(OIulual167)z
0 >

,
<c f R () (luel g2 + [ulg2)’dt + A2 max k(8 [luli}: + lII‘5’(T’)II"}.=v
0 0<t<r 4
which can yields
1 T 1
1671122 < c[ [ B Ol + fulae VPt + 3* s K28 ule + -uo(0)||i=] :
0 <t<r 2
Hence, we have

8llze < [16(r)|ce

< ¢ max, [h‘(t)/; (|ue| g2 + |u)ga)?dt + A2 o?%[h(t)zlulﬂa + h4(0)|uol%2]?

since
100)]| 2 = [fuo — (uo)1llzz < ch*(0)|uo|aa-

Finally, this theorem follows from

llollez = llu — urllzs < ch(t)?lulum
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and
e = Ullez < liollze + [|0]] 2. O
In this error estimate, the number A is related to computation. Now let us see an
example by considering the equation
U = Uz + (72 + 1)sin(rz) z € (0,1) t > 0,
u(0,t) =u(l,t) =0 t>0,

(4.4.14)

u(z, 0) = sin(rz),

with T = 2 and nodes as indicated in the table.

n=25 | n=50 | n=75 | n=100

A 67 70 102 93
max[o | h(¢) by SMFE | 0.176809 | 0.086335 | 0.06087 | 0.071309
lu = Ullg2 0.144019 | 0.101917 | 0.053815 | 0.049851

Table 4.1: A and maximum mesh size when solving (4.4.14) by MFE.

We see that a priori error estimate presented above is not sharp because A is not in
proportion with the reduction of maxo 1} h(t). The following section considers other kind

of error estimate.
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4.3 A posteriori error estimate

In most of the error analysis in finite element methods, the error is bounded by the
product of a constant, the mesh size with certain power and the Sobolev norm of the
exact solution. The general form is ch”||u||. This kind of error estimate, as in Theorem
4.2, needs smoothness of the solution, which depends on the norm needed. Moreover, the
exact solution is an unknown so that the error bound cannot be predicted. For MFE, the
mesh size is the function of time ¢. In some cases (see Table 4.3), the maximun length
of subinterval is very large and almost half of the whole interval. Furthermore, ||u| can
be large too so that the error estimate in the form ch7||u|| is almost meaningless. In the
following, we introduce so called a posteriori error estimate, in which the error bound is

a function of the approximate solution.

Theorem 4.3 Let U be the approzimate solution of (4.4.6) solved by MFE and -y be the

minimum of the function p in [0,1], then

n+l 1

16 = ulis < (305 [ RIRO syt + o= Gl )
where
R(U) =U - (pU.): +qU —r on each subinterval (z;_y, ;).
Proof. Let e = U — u. Considering
(ue, €) +a(u,e) = (r,e)
and
{Uyeq} +a(U,er) = (rye4),
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then since e € H} and e; € V, we see

(Uy — ug,e) +a(U —u,e) = (U, e)+a(U,e) — (u,e) —a(u,e)
= (Ue)+a(U,e) — (r,e) + (r,e;) — (U, er) —a(U,er)

= (Ue—er)+a(U,e—er) —(r,e—e;)
n+l T

(Ue+qU —re—er) + Z/ pU.(e — er).dz.

i=1 Y Ti-1

Integrating by parts over each subinterval [z;_,,z;] in the second term and using (e —

er)(z;) = 0, so that all resulting boundary terms disappear, we obtain from Theorem 4.1

that

n+l g

(Ue — upye) +a(U —u,e) = Z/

(U — (pUz): + qU - r](e — €;)dz

n+l

Z hi(t)llR(U)llL’(ti-L.ri)!elﬁl(ri-xm)

i=1

n+l 1

< [ BOIRO) ey 0] *lelriczeoszn
i=1
1 n+l

< 35 2 HOURU ey 2 + Vel

i=1

IA

which implies from Lemma 4.4 that

1d|U - ul2 15 -
5-——” p “Lz +’7|e|§11 < 4—7'Zh?(t)”R(U)H%‘I(Ii—hzi) +7"e“§”‘
i=1

Integrating both sides in the above from 0 to ¢ and considering U(z,0) = (uq);, we have

1

n+l ¢
1 2
WU - ulz2 < (Z Efo R IIR(UZ 2z, 2t + lluo — (uo)rlliﬂ) . o
=1

Now if we return to our example from the previous section we can see, from the following
tables, that this bound has more to offer than priori error estimate.
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n =25 n = 50 n=75 | n=100

A posteriori L2-error bound by SMFE | 0.527510 | 0.504474 | 0.500638 | 0.499517
maxqo 7} h(t) 0.176809 | 0.086335 | 0.06087 | 0.071309

mingg 11 h(t) 8.918E-7 | 4.25E-8 | 3.459E-9 | 9.14E-10

flu — U2 0.144019 | 0.101917 | 0.053815 | 0.049851

Table 4.2: A posteriori error bound, real L? error and maximum mesh size when solving

(4.4.14) by SMFE.

4.4 Sharp error bound for a posteriori error estimate
This section deals mainly with a posteriori error estimate for the equation
L(u) = vuzz — Uy,
with small positive v. Similar to the former section, we still denote
e=U-u.

Using various integral identities, instead of inequalities, we can derive a sharp error
bound. Let z! be the midpoint of the interval [z;_;,z;] and A; = h;/2, then the error
function

Ei(z) = %[(1' —zt)? — A}
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is negative on (z;_;, z;), zero at z;_, and z;. Moreover we have
Elz) =1, z-3i=El(2) = ;[E}@)]". (4.4.15)
Lemma 4.7 Let v be a linear function in the interval [z;_,, z;|, then we have

Zi 1 1 1 ;
/ (e — e;)vdz = o (-7—26);?03 + ﬁh?vz(zl)) +vieliz, 2y

=1

Proof. Using Taylor expansion
v = Bl(2)o(ed) + 5B (2)|¥va(ad),

integration by parts, and considering that both E;(z) and e — e; are zero at z = z;_; and

T = z;, we have

[ tememmas = [ temen(Ertanted + GlER s )
= /3 : e’ (Ei(z)v(zi) + %[E?(z)]'v,) dr
- - / " (Ez(z)v(zg) + %[E‘?(z)]"vz) “

Taking € = 2v in inequality (4.4.12), we have

T 1 [= . 1 2 zi
(e—erjuvdz < — (E,’ (z)v(zh) + —[E,?(a:)]"v,) dr + v (¢')dz
Ti-1 v Ti-1 6 Ti-1
1
= 4—1/.1‘ + u|e|";,l(,_.‘__hz‘,). (4.4.16)

Now let us calculate I;. Since

Ei(s) =z - o
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and

[Ei)]" = 2Ei(z) +2[Ei(z)]®

3z —z¢)% — A2,
we see that

% (1 . . . 1 2
o= [0 (- o+ (o= sholad) - i) do
Ti=1

z; 1 i . . A . 1
= / (Z(:z: - )} + (z — 20)’v0(2l) + (z — 20)?[v%(2) - g’\?"i
k4

-1

. : 1
—%/\?(z — z})vzu(zy) + 3—6/\;‘1}:) dz
2 2 ;
= ‘E,\fui + Ez\?vz(zz)
1

1 .
5,2 3,,2(pi
720h1 v: + 12hlv (Ic)'

We obtain from (4.4.16) that

zi 1 1 1 i 2
(e - e;)vdz = E (ﬁ(—)hfvi + ﬁh?'uz(xc)) + V!eliﬂ(:.--n:ti)' =
Zi-1

Lemma 4.8

@) G+U)() = %(a,- + iy — mi(d; + Bim) + 2m),

(i) U.= hl(a, — @iy — mi(E; — &in1)).

Proof. In the interval [z;_,, z{],
U = a;a; +ai1ai,

with

T —ZTi1
I — Ti-1
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and

so that
U = ai0; + ;1) — mi(&i0; + Zi_10-1)
for z € [z;-1,z;]. Thus, we obtain that
() = 3 (65 + sy — (i + 30)).

Hence (i) can be derived from U, = m; in [z;_, z;], and

U, = @; — Gi— — mi(&; — £i-1)

h;

yields (ii). O

Lemma 4.9

(Uz — uz, e} =0.

Proof. From integrating by parts, we have

1
(U; — uz,e) = f e-edr
0

1
= 58215

0. O

Theorem 4.4 There holds that

o

n+l 3

t
10—l < (355 [ Gul0de +lua)s = wolt:)

M=l
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where

1 ] . . .
Gi(t) = ﬁh‘;’ (@i = @iy — ma(E: — &) + 27"-1‘)2
1

25 @+ &ay = mi(a + 80))”.
Proof. Since

(i, e) + v(uz, ez) + (uz,e) =0
and

(U, er) + v(Us, (er)z) + (Uz, 1) = 0,

we have
(U - u, e) + V(Uz - Uy, e:) + (Ux — Ug, e)
= (U, e) + v{Us, e:) + (Us, €)

= (U7e-el) +V(Uzr (e - el)z) + (Ume - 6[)

. n+l T5
= (U+Une—e)+v)_ [ Uszle—e).ds.
i=1 ¥ Ti-1

Notice that since Uy is a constant on each interval (z;_,, zi], we have

x:

Uz(e - er)zdz = Uz(e —en)lzi_, = 0.

Ti-1

Thus we have
(U —t,€) + v(Uz — vz €s) + (Uz — uz,€)
= (U,e—er)+v{Us, (e —e1)z) + (Us, e —ef)

= ((7+U,,e—e1)

n+l T .
= S [ W+Ue-eds.
i=1 Y &i-1
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Take v = U + U, in Lemma 4.7 and then use and lemma 4.8 to yield

n+l
(U —t,€) + v{Uz — Uz, €z) + (Uz — uz, €) < ZG (t) + vle|3n

l-—l

Thus we have

Ldfle[?.
QT +u|e| < —ZG (t) +ule[m

so that

ldjleff. _ 1 3~
2 dt —4 ZG‘(t)

Notice that e(z,0) = (up); — uo and hence we have
n+1 1
el < (522 [ G+ lwoh —woll) . @
Let us consider solving the equation

U =VUzs ~u; TE€(0,1)E>0
u(0,t) =u(l,t) =0 t>0, (4.4.17)

u(0, z) = sin(7z)

by SMFE and SMFE1 respectively with v = 0.1. The posteriori error estimates are as

follows.
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n =25 n=30 | n=75 | n=100

Sharp a posteriori L2-error bound by SMFE | 0.517523 | 0.517080 | 0.516375 | 0.516136
maxio 1] h(t) 0.637405 | 0.643031 | 0.596892 | 0.616661

ming 1} h(t) 1.9E-8 | 3.93E-10 | 8.4E-11 | 8.17E-11

Table 4.3: A posteriori error bound, maximum and minimum mesh size when solving

(4.4.17) by SMFE.

n =25 n = 50 n=75 | n=100

sharp a posteriori L2-error bound by SMFE1 | 0.495637 | 0.494188 | 0.491299 | 0.482700
maxo ) h(t) 0.040026 0.02 0.01333 0.01
min 7 h(t) 0.039819 | 0.19998 | 0.01332 0.01

Table 4.4: A posteriori error bound, maximum and minimum mesh size when solving

(4.4.17) by SMFEL.

We can observe that the distribution of mesh points using penalized MFE is much

different from that without penalty. Although the model considered is linear PDE, some

nodes are still very close at certain time when using MFE without penalty. The presented

tables show that a posteriori error from penalized MFE is better than method without

penalty. Hence, we can conclude that distribution of mesh points affects a lot on accuracy

and penalty plays an important role in MFE computation.

The rcason we cannot use thecrem 3.2 is that in (4.4.17) £{u) = vu,; — u is not of
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the form (3.3.6) and there is no result similar to Lemma 3.4 with respect to it. Unlike
solving (4.4.14), SMFE yields such a large maximum mesh size when solving (4.4.17) that
it is over half the domain. When using SMFE]1, the error bounds are improved a little

bit and the maximum mesh size is controlled to be small.
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Chapter 5

Gradient-Weighted Moving Finite

Element

The gradient-weighted moving finite element (GWMFE) method was introduced by Miller
in [39] and [40]. Similar to MFE, GWMFE allows the nodes of the approximant to move
and concentrate automatically and is especially suited to those many nonlinear PDEs
which develop sharp moving fronts. One of the major weaknesses for MFE method is
the need for excessive tuning in the choice of the internodal regularization terms (&; and
S; in (2.2.30)). A consistent rationale for the form and coefficients of the regularization
terms of MFE was given in [39], but the choice of coefficients for an efficient computation
nevertheless remains overly sensitive. It was in part for this reason that gradient weighting
was introduced (see [39] and [55]). The reported experimental computations shows that

GWMFE is far less parameter sensitive than MFE. This excessive sensitivity of MFE
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has been reported by some researchers, most recently by Furzeland, Verwer, and Zegeling
([27]) in an extensive comparison of MFE with two other moving node methods in one
dimension. Since then, that study has been extended from MFE to GWMFE by Zegeling
and Blom [55], who report greater robustness in the choice of regularization coefficients.
The gradient-weighting amounts to the use of weighting functions in the finite element
formulation that depend on the gradient u; of the solution. This treatment results in a

more robust process in that parameter tuning becomes easier and less critical.

5.1 The description of GWMFE

We still consider the initial boundary value problem

u=L(u) z€(0,1), t>0,
u(0,t) = u(1,t) =0, (5.5.1)

u(z, 0) = up(z).

For Burgers’ equation, £(u) = vu,, — uu,, representing an important class of PDEs. As
discussed in chapter 3, this equation develops a steep moving front. In such a front, u,
behaves like a delta-function and in case of a true shock, u, is not an L2-function. To
use the L2-norm in the minimization of the residual u, — £(u) with respect to u, in the
sense of limit of d-mollification is therefore not appropriate for such problems. Since the
normal component of u,, [u]y, remains bounded even in an arbitrarily steep front, it is

preferable to minimize the residual of the PDE for the normal motion of the solution. So,
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instead of using the L2-norm, GWMFE uses the weighted L2-norm

f I[U. - L())4ds = f 1[Ut - L(U)Pwdz, (5.5.2)
0 0

where the weighting function w = w(U;) is defined by

1

V1I+U02

We still assume that U(z,t) is a piecewise linear approximation in space expressed by

w(lz) = (5.5.3)

U(z,t) = a1(t)ar(z,t) + - - - + an(t)an(z, t). (5.5.4)
The variational interpretation to motivating the GWMFE minimization procedure is to
multiply the differential equation (5.5.1) by /1 + u2, giving

Ug L(u)

itz Jita

The left hand side of equation (5.5.5) is then the component of the velocity of the solution

(5.5.5)

curve at right angles to itself. Minimizing the square of residual of (5.5.5) with respect

to u; over spatial variable yields

.t ) S
min [ [(ue— £(u))———2] ds,

weH} Jo 1+us

based on which, we get the equivalent form to (5.5.2)

1
. 2 1 -
gtlél‘l,‘/; (U - L(U)) Wieti :da:. (5.5.6)
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Since U is the linear combination of the basis functions ay, - -+ , a,, we obtain the normal

equations of (5.5.2) by setting the derivatives with respect to Z; and a; to zero

i+l

E (i, ajw)a; + (aq, Bjw)z; = (i, L(U)w), (5.5.7)
Jj=i-1

i=i—1

fori=1,---,n,o0r

(qw,U) = (aw,L(U)), (a) _
(5.5.9)
(/Biw!U) = (ﬂlwyﬁ(U))! (b)
where the weighting function is defined by (5.5.3). When L(U) contains U,, we still
consider the minimization as the limit of 4-mollification. The only difference with (3.3.6)
and (3.3.7) is the inner products are replaced by weighted inner products. A nice property
of w, due to the piecewise linear approximation (5.5.4), is the fact that it is a constant

on each cell. Like in Chapter 3, insertion of all inner products yields the semi-discrete

GWMFE system of the form

Ag(y)y = be(y), (5.5.10)
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where y is the same as that in (3.3.8), A,(y) is symmetric and 2 x 2 block tridiagonal of

the form _ -
Al A,
A, A3, A3y
Ag =
Aﬁ-l,n—-Z Az—l,n—l A?l-l.n
L Avgt—l.n ‘42,1: i

where

s (ai, azw) (@i, Biw) (ai, aiiw) (@, Biaw)

Aj; = Li+l =

(Bi, ww)  (B;, Biw)

For the right-hand side vector of (5.5.10) , we see that

9(y) = (L), mw), (LU), Brw), - -+ , (L), anw), (C(U), Baw)]T.

The calculation of A,(y) is based on

,
0 [1 —JI > 1:
éA:z:.-w,- ] =1- 1,
(aj, a;) = <
(Azw; + Aziwi) j =1,
\ %A:c.—w,— j=t+1,
)
—smMATw; j=i-1,
(aj’ ﬁ!) = ﬁ

-

-%(m.'Az;w,- + M1 AT Wigr) J =1,

— e Mi 1 AT w; j=i+1,
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(5.5.12)



0 [t =3l >1,

1,2 .
g AT w; j=i—-1, i
(85 B = § (5.5.13)
%(m?Az,-w,- +mi AT win) =4,
where
1
ws =

V1+m?

Also in this case, the mass-matrix A, may become singular. It is known that singularity
occurs if we have parallelism, i.e. m; = m;;, for certain i. In order to prevent these
singularities, Miller [40] has suggested to carry out the minimization for the penalized

expression (if £(U) contains U,., the minimization is still in the sense of §-mollification )
1 n )
f [Us — L) Pwdz + (i - S, (5.5.14)
0 i=1
or
1 n n
f D (a0 + £:8:) — L) Pwdz + D (e — Si)?, (5.5.15)
9 =1 i=l

where €2 = A?/l;, £;S; = B?/I?, with A and B user-chosen constants, and

L= V(Aa)? + (Az;)?,

the length of the ith segment. In contrast with MFE, the modifications involved induce
changes to both equation of (5.5.9a) and (5.5.9b). The combined effect is that each
ith segment adds a “viscous” penalty force of magnitude £2i; = A2;/l;, and a “spring”
penalty force of magnitude £;S; = B2/I? to the two nodes at its ends, both penalty forces
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working in the tangential direction. It is clear that, with the modifications, GWMFE
produces equations that are even more complicated and nonlinear than the penalized
MFE equations (3.3.32).

As for MFE, the “segment viscosity” terms &2 serve to avoid parallelism. This means
that the parameter A provides for the regularity of the mass-matrix A, in the near de-
generate situation of an almost flat solution. Likewise, the “internodal spring” terms ¢;5;
take over to regularize the semi-discrete system in the steady-state case b, = 0 whenever
parallelism occurs. In applications, it is often possible to put B equal to zero so that
only the parameter A remains. A third penalty parameter, such as the d in MFE, is not
considered in the present form of ¢; or £;S;. The direct analogue [; — d is redundant: it is
unlikely that I; tends to zero because this would require that both Az; — 0 and Ag; — 0.
Leaving out the penalty parameter to refrain Az; from becoming zero might be defended
by noting that GWMFE is supposed to send considerably less points in the steep parts

of the solution.
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The system (5.5.7) and (5.5.8), based on (5.5.11)-(5.5.12), becomes

)
1 . t o
aw,-Aa:,-a,-._l + Ew.-Aa.-a:.--l

+(3wiAT; + Jwi1ATi4)a;

‘ = (C!i, E(u)w) (a)
+(3wila; + JwinAaiy)E;

1 . L .
+5Wir1ATi+18i41 — §Wit1A8i41Tiyy

7\

(5.5.16)
—éw,-Aa,-d,-_l + %wimiAaii'i-l
—(fw;Aa; + twip1Aaiy)a;

3 3 > = (Bi, L(u)w). (b)

1 1 :
+(3wimiAe; + M Wi 18641 )T

—tWit188i418i41 + gWit1Mit1 D841 Fig 4
The system is almost the same as MFE system (3.3.8) in the form.
Let us get an idea of the complexity of the ODE system arrived at from penalized

least square form (5.5.14). The normal system for (5.5.14) is

i+1 . .
reiil{asw, ai)a; + (Biw, ai)ij]
(L(U)w, as;)
€2Aa;A7;A%;+c2Aa? Ad; } = (a)
+ i3
! +EiSi8a; _ Eig1Siv188ivy
€2,180i4+182i41ATiy1+e],, 802, Adiyy L birr
- 7
fs ﬁ (5.5.17)
i+1 . .
E;:i-l[(ajw: ﬁi)aj + (ﬁjwa ﬂi)xj]
At bt an A AL (LW)w, 6
+8i l-At-"h:! Azidaiddi Y = (b)
' +ESiAz E.’:xsaa:lAziu
€13182], 1 Fiv1 +€], 1 AZi4180i41 80041 L et ’
- li2+l
Due to
1 Aa;
w; = and m;=-—
' 1+ m? " Az
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we see alternative form of (5.5.17)

Y
o il(aw, ai)a; + (Biw, ai)i;)
(L(V)w, a;)
e2wmi(Ad; + mida;) (= (a)
+mMwigiS; — M Wit1€i+1Siw1
‘€:2+1wi2+1mi+1(A-’f?i+1 + M1 Adiy)

Yo lleyw, e + (Bjw, Bi)i;)
(L(U)w, 5:)

o

+e2muw?(AL; + miAd;) (b)

+€iSiw; — €i41Si41Wig1.

+€2, ;M1 wi | (AZiy) + Mip1Ddiy) ‘

5.2 Relation between MFE and GWMFE

Notice in the equations (5.5.16) that the test functions {a;w, S;w} span exactly all piece-
wise linear functions (continuous or discontinuous) and that the original test functions
{ai, Bi} do the same. It seems that the weighted MFE (5.5.16) and unweighted (3.3.6) and
(3.3.7) MFE equations are equivalent. This however is not the case when £(u) contains
second order terms u..; recall that the second order inner products must be interpreted in
the sense of mollification, and that makes all the difference. Let now our piecewise linear
functions U be slightly smoothed off or “mollified” to be T3U. Using §; = —a;U;, we
obtain, if W (m) denotes any antiderivative of w(m) and MW (m) denotes any antideriva-

tive of mw(m), the following limits (as the mollification parameter § tends to zero) for
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our second order inner products

Veow(Uz)) = Wm{(TeU)es, cw((Ts).))

T~
lim a;w(m)dm

50 zi+4

/m‘“ w(m)dm

mg

(TsU)e=m

mMisl

= W(m)

= In(m;y1 + /m?, +1) —In(m; + y/m? +1), (5.5.19)

(U:::n ﬂlw(Ut)) = ((TJU):::: ﬁtw((TJU)z))

z;+6
lim ma;w(m)dm
§—0 zi+d

= / m mw(m)dm

(T U_)-g =m

M4y

=  MW(m)

m;
= \/mf +1- \/m?_,_1 +1, (5.5.20)

since the values of U, concentrate at nodal points and are zero at elsewhere. The im-
plementation of the “u..-terms” has to be done carefully because both the formulas
In(miy1 + /mZ + 1) = ln(m; + /m? +1) and \/m? + 1 — /m?,| + 1 are susceptible to
loss of accuracy by roundoff error if m; or m;,; is large and negative. Usually (U, fiw)

is evaluated as

2
mi,

2
2 41— /m2 =—"5 Tl
Ymi+l- i+l s -
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which gives automatically the correct expression even for small values of m;. In (U,;, a;w),

In(m; + y/m? + 1) is evaluated as
sign(m;) In(|m;| + \/m? + 1)

to avoid the problems for large and negative m;, and in case 7 = m;//m? + 1 is small as

a truncated Taylor series, i.e.

1. 1+ 1 1 1
In(m; + m?+1)=§lnl_:”zn+§n3+gn5+?n7,

5.3 Simplified GWMFE

In this section, we use delta-function technique to simplify GWMFE without penalty

terms. Similar to (3.3.25), we obtained from (5.5.9) that

67w, U) = (67w, L(V)),

(5.5.21)
(6:-"-’1 U) = (6:-".“”1 L(U)),
which simplify to
omd = (57w, L(U)),
Vieni = (im0 (5.5.22)
@i—Mipr1di +
Vi = (6w, L))
Thus we obtain the simplified GWMFE of the form
;o= V1+m3(E;w, L(U)) — /T+mZ_ (6w, L(U)) (5.5.23)
' Miy) — My o
i = mi1/ 1+ m{(6;w, C(U)) — m;iy/1 +mZ (6} w, L(U)) (5.5.24)
Miy — My

99



when m; # m;,; for each i € [1, n] or no parallelism. If £(U) does not contain the second
order term U, then w can go out of inner products since it is a constant in each cell. As

a result we obtain exactly the same form as simplified MFE (3.3.28) and (3.3.29).

5.4 Simplified Penalized GWMFE (SGWMFE)

In chapter 3, we use delta-function technique to obtain a simplified MFE (SMFE1) scheme
which is equivalent to the original penalized MFE. The main idea is to get a system only
involving velocities of nodes. The technique is feasible mainly because the penalty term
is only with respect to nodes and only half of MFE equations have penalty. However, the
penalty term in GWMFE is function of both velocities of nodes and its amplitude and
thus attached to all GWMFE equations. When &, and &7 are in the inner products by
using (5.5.17) neither velocity of node nor velocity of nodal amplitude is removed. Hence,
to obtain simplified GWMFE, we have to use the technique similar to SMFE2, that is, we
get approximation of &; from (5.5.9) and then minimize penalized square form (5.5.15).

From (5.5.22), we see that

@ = Myd; + %( 1+ m2(67w, L(U)) + /1 + m2, (67w, C(U))) : (5.5.25)

where 7; = 3(m; + my41). Denote M; by

%(5;\/1 +m? + 671+ miy, LUYw).
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Since

Aa,-Ad,- + Aa:iA:i:g
v/ (Aa.-)2 + (AIi)z

= wg(m.-Ad,- + Mi),
we see from (5.5.25) that
[ = w; [(1 + m;my)z; — (1 + M )iy + my(M; — 1"!,'_1)] .

Thus (5.5.153) becomes
1 n 2
./o‘ [Z ((ﬁ,-a,- + ﬂj)ij + M,-a,-) - C(U)] wdz
1=l

n 2
+ E (s,-w,- [(1 + mjﬁ,-):z':j -1+ m,-ﬁj_l)d:,-_l + m,-(M,» - Mj_l)] - Sj)5,5.26)
=0

Minimizing the above square formulation with respect to [£,,---,Z,|T by setting the

derivative with respect to i; being zero yields
i+l
Z (Mja; + B, (Mic; + B;)w)z;
j=i=1
-e,?w,-z(l + miﬁ,--l)(l + m.-ﬁi)a':,-_.l
Hetwi(1 + mim;)? + 2wl (1 + mea T)?) 4
-2 Wi (1 + mi ) (1 + M i1 ) Eiv
1
= f (Miai + Bi) L(u)wdz
0
1
_ﬁ(mﬂ-l — my)[Mi—1 Aziw; + 2Mi(Aziwi — AZiWiv1) — Mig1 AT wig1)]
+(1 + mim)[eFwimiAM; — e;w;S;)

-+ mum)ed wl me AMy — g0 win S, (5.5.27)
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where

AM; = M; — M;_,,

and

(Mja; + Bj, (Mici + fi)w)

'
0 li il > 1,
_%(m‘ - mi"’l)(mﬂ—l - mi)Aa:.-w,- j=i-1,

_.é(mﬂ-l - m,i)2(A:r.-w,- + Axi+lw£+1) j=1,

{ —ai(Mis1 — M) (Mip2 — M)Az wiyy j=i+1

This can be expressed in the form
Bys = f,, (5.5.28)

where matrix B, is symmetric, positive definite, tridiagonal and its order is n. Hence the

system of equations (5.5.28) is much simpler than the penalized GWMFE system resulted

from (5.5.18).

5.5 Analysis of SGWMFE

Similar to SMFE2, (5.5.28) can be regardea as mesh equation, based on which the ap-
proximate solution is obtained from (5.5.25) which in turn is an approximation of the
original equation (5.5.1).

Now we show that (5.5.25) is really an approximation of the original equation (5.5.1).
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We still assume that

L) = vU,: + f(U,, U).
When m; is close to m;,; and m;_;, we use formulas

Am,-

v1+ m?’
A .
In(miy1 + /1 4+miy,) —ln(m; +y/1+m}) = __\/_;r:=.:‘2

In(m; + /1 + m?) —In(mi—y +4/1+ m?—l) =

and
2 2
ms_, — ms
\/1+m?_1_\/1+m? ~ _"_l.___.'_’
2\/1+m?
2 2
ms — me
1+m?—\/1+m? r ————ttl
f 1 i+l 2 1+m$
to obtain

\/’1+—[ 2m;_, m; +v/1+mf AMiyy | M + VI+mi,

Am.A:z:. i+ V1+ m,’ ) T Aminbz m; + /1 + m?
—c 2 _ )y — 2 2 _ 2

+ Am,-Az,-(\/l+m"‘ \/1+m')+Ami+1Az.-(\/1+m' \/1+m,+,)]

2miy — 3m; + My
A:L'i ’

~~

where Am; = m; — m;_,. In the same way, we see that

AMi1ATiq m; + /1 + m? Ami oAz myp +/1+m7,

i firm- 2
V1 2 Siemr, - J1+m?
Amiy Az Lrm M) = AMi28%i41 (\/ * M \/ +m,+2)}

—Miyo + 3Mip — 2my;
Az

Vit m} [— s In L tVltmi  _ 2mie Ip T+ +1+mi,
i+l :
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The above two equations indicate that

1
Y1+ m¥(Ues, 67 w) + 1+ m2,, (Uzz, 6} )w)]

2miy — 3m; +mi 4 T2 +3m;y; — 2m;
Az; Az ’

which is the same as
5 Ues, 67 +5)
so that it is an approximation of u,, at z = z;.
As to
%[ 1+ m3(f(Us, U), 67 w) + /1 + mdy (f(Uz, U), 6} w)],
it is directly the same as

(U 0),67 +6)

since the gradient weight function can go out of inner product, and thus it is an approxi-

mation of f(U,,U) (we discussed in section 3.15).
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Chapter 6

SMFE, SMFE1 and SMFE2 for

Systems of Equations

Many problems of practical interest involve systems of equations with several unknown
variables, for example the equations of Euler or Navier-Stokes in fluid mechanics.

An obvious departure point for such systems is a generalization of the residual mini-
mization of (3.3.5), which may simply be extended to include a sum of the norms of the
residuals taken over all the equations ([20], [21], [16])

For the system of evolutionary equations
w — Lt u?, -, uM) =0, (1=1,2,--- M), (6.6.1)
we may generalize the procedure in section 3.4, seeking semi-discrete solutions of
n
Ul(z,t) =) _ dl(t)al(z, 1), (6.6.2)
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where a! is the nodal amplitude at z! for each component of U. For each component [,

we use a separate mesh
mt): 0=z <zi(t) <---<zh (t) <z ()= 1

The argument proceeds as in Chapter 3 with addition of superscripts !.
In place of (3.3.5), we minimize the L? norm
M -
SNt - Ut U3, - UM (6.6.3)
=1

with respect to U* in the sense of §-mollification and this leads to the set of MFE equations

i d5(a, o) + 25(B], o) (iU, u?,--- ,UM),af)

(6.6.4)
;lzl "‘;(0‘5" ﬂ:) +i§(ﬁ;’ '8:) = (L‘(Ul’ U,---, UM)! Bf)
fori =1,2,---,myand [ = 1,2,--- , M, where a} and 3! have the same definition as a;
and 5; in section 3.4, except that the partition is different. If we write
y‘ = [alhz‘lvalzr 1‘21 e ,a:"zﬁg,]T: (665)

the equation (6.6.4) can be written as M ordinary differential equation systems linked

only by their right-hand sides, namely,

A(y‘)gl = g‘(yl1 y21 DR} yﬂ") (6.66)

forl=1,2,--- , M.
The structure of the 2n; x 2n; matrix A of (6.6.6) is precisely the same as for the
scalar case, with elements calculated using the nodal amplitudes and positions of the ith
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component only. The 2n; vector ¢' has elements given by

g‘ -1 = (C‘(ul: u'21 Tty uM)w ai’)’
2i—1 (6.6.7)
géi = (cl(ul, u2, ot 1“M)1 :Bf)
fori=1,---,n;.

In this chapter, we’ll focus on SMFE methods for systems since the adaptation of

SGMFE to systems can be arrived at via a completely analogous manner.

6.1 SMFE for systems of equations

Let V! be the space spanned by o! (i = 1,---,n;) and S' be the space spanned by
al (i=1,---,m)and BlGE=1,---,m), é'f“ and Jﬁ*’ be two sided discrete delta-functions

with respect to the mesh 7‘(t) such that

(6{~,v") = v'(z{") and (6}*, v') = o' (z}) (6.6.8)
for any v' € S, where
O Ny -0, d-al - ol
0" = ryop +rgai+sBioy +5izb6
I+ 4 +.0 . d+al I+ gl
&Y = rifai +rga;+ 8B, + 836

The coefficients of 5.~ and 6!* are exactly the same as those of 5, and &; in Chapter 3
except superscript {.

Then (6.6.4) is equivalent to seeking U € V! such that

E“";(ﬂé:"‘) + (B, o) = (LU, U3, -+ .UM, Webe S (6.6.9)

=1
J—
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forl=1,2,--- , M.
Since both 8!~ and &* are in S, we see that

Yok ajal, &) + (B}, 87) = (LU, U3, -+, UM), &)

(6.6.10)
3—1 J(aj,éf*”) + i:;(ﬁ;,&f*) = (LYU,U?,--- . UM), 8
forl=1,2,---,M, from which it follows that
at —mlzt = (C{UYLU?,--- ,UM), 6,
(6.6.11)

at —ml & = (LY(ULU?,--.,UM),67).
Therefore, we obtain SMFE for system of equations in the form

i _ (cl(Ul= U21 ) UM): 65—) - (ﬁl(lﬂ! Uzv tCe vUM)» 61“+>

m£‘+1 - mﬁ
-1 mi’+l(£‘(U1: U2a ) UM)’ 6:-) - mé(ﬁl(Ulv Uz’ ] UM)! 6£+)
% = m o —mb
i+l i

fori=1,2,---,mpand ! =1,2,--- , M.

6.2 SMFE] for systems of equations

Being almost the same as in scalar case, the penalized MFE for systems is based on the

minimization of

M M n
DU~ LU U UM+ D D (el — 812, (6.6.12)
=1

=1 i=1

in the sense of 4-mollification, which yields a set of penalized MFE equations

ZJ“'I[G ( i) + I;(ﬁ;! Oi)] = (C‘(Ulv Tt UM)! ai‘)!

ik lal(al, B + £(B}, B (CWUL,--- ,UM), Y (6.6.13)
+(e})*Axf - (5£+1)2A3£‘+1 +E£'S£ - €i+ls£+1'
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Using the method similar to derivation of (3.3.39), we see that
¢
) (LU, UM),6)
&} — mial + siy [(el_1)? A%, — (el)*Ad]
>

> .

+ali (el SL, - els])(6.614)

+3£‘1-[(5{')2Ai'§ - (5£'+1)2A1'7£'+1] )
+3§;(E§S£ - €£'+IS£+1)

.

A <£1(Uli Tt UM)76£+)

£ — mi, al + siT[(e)?A + 2] — (eh4))?Ad ]

[

+sif (elS} - 5€+IS£+1)(6'6'15)

sit[(e1)?A2,, — (eh42)2A3 ] )

I+ al | ol
\ +8:7 (€i418i41 — €1425i42)-

We obtain the mesh equation by eliminating 4! from above two equaitons

—sit (6-1) Zig + [ST (61-0) + (s3] — sig + st )(eD)’}0,
Hmiyy —mi = (siy — siz +si)(el)? + (sl — st + (3 ) (ed1)?)4
+(—siz + s — siF)Etn)? — 83 (h42) |20 + 813 (€t42) i 4g
= (LU -, UM), &7 — &%) + siyei1Si_y + (=i +si; — sif)elS!
+(=si7 + 8 — 8i3)el11Si + Si3eL2Sira- (6.6.16)
Either (6.6.14) or (6.6.15) couples with (6.6.16) fori =1,---njand [ = 1,--- M to form

SMFEL for system of equation.
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6.3 SMFE2 for systems of equations

Similar to scalar case, we find the expression of a} from the summation for two equations

of (6.6.11),

at =m +

(LU, --- , UM), 8 +6%). (6.6.17)

Do =

Then the minimization of (6.6.12) becomes

M ng

g4 1 -
S (mial + B + E(c‘(U‘, s, UM), 88 + 855y - LU, - UM,
=1 j=1
M n
+ )Y (dadh - Sh?,
=1 j=1

which yields

i+l

D (mial + B, mial + B + (A — (el,,)? AL,
j=i—-1
= (LU, UM), Tl + B — (LU UM), 6 +8%)
j=i+l
D (ol mial + BelS! — el Sk, (6.6.18)
j=i-1

fori=1,2,---,nyand l =1,2,--- , M, where

(M + B, mial + BY)

0 li—j>1
—s5(mi —mi_,)(mi,, — m})Az; j=i-1
= (6.6.19)
S(ml,, —mi)?(Azl + Azl,,)) j=1
{ —(miy, —m)(mi,, —mi Az, j=i+ 1.
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Thus, we derive SMFE2 in the form

B'(a',z') = b'(a', 2" (6.6.20)
@ = m+ -;-(c'(tﬂ, e, UMY, 8 4 55 (6.6.21)
where By = (b};)n,xn, With
r
0 li—j>1
: mja; + B, mial + B) — (e1)® j=i-1
by = (6.6.22)
(ﬁjaj + 'Bl’m i + ﬁ!) + (5;-4-1)- + (51)2 J =1
{ (Mo + B, M) + BY) — (6141)° j=i+1

fori=1,2,--- , M.
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Chapter 7

The Combination of Moving Mesh

Method and Moving Finite Elements

In previous chapters, we studied simplified moving finite elements and gradient weighted
moving finite elements. Although the computational cost is greatly reduced, the sensitivity
for choosing parameters is still a problem. Furzeland {27] compared several moving grid
methods for solving one dimensional equations and recommended the one that has been
developed as so-called moving mesh method by Russell et. al. in [31}-[33]. The basic idea
for moving mesh method is similar to all simplified scheme described before. That is to
establish a mesh PDEs first and then solve the original PDE based on the derived mesh.
Unlike simplified MFE and GWMFE, the mesh PDEs of which arise from least square
minimization, the mesh equation for moving mesh method is based on an equidistribution

principle introduced by de Boor and Dodson {12]. This chapter will present a method, in
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which the mesh PDE is determined from moving mesh method and the original PDE is

solved by SMFE and SGWMFE.

7.1 The equidistribution principle and continuous equidis-

tribution equation

The basic idea of equidistribution, introduced by de Boor [22] and Dodson [12], takes
some measure of the error M(z,t)(> 0) such that a good choice for a mesh #(t) : 0 =
ZTo < T1(t) < -+ < Za(t) < Tp4+1 <= 1 distributes the contributions to the error evenly

over the subintervals, i.e. the meshpoints of 7(t) are taken to satisfy the integral identity

zi+1(t)
f M(z,t)dz = LU
zi(t) n+l

or equivalently

z;(t) i
M(z,t)dz = —0(t)
0 n

where
1
6(t) = / Mdz.
0
If we still take the transformation z = z(§,t) for 0 < £ < 1 such that z; = z(i/n,t), then

the above algorithm can be interpreted in a continuous form such that z(&,t) satisfies

z(§,2)
M(z,t)dz = £6(t) (7.7.1)
0

with
z(0,t) =0 and z{1,t)=1.
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Here £ is regarded as the computational coordinate. Of course, u(z(§,t),t) is smooth in
€, and thus we can use a uniform mesh in the computational coordinate §. Differentiate

both sides of (7.7.1) with respect to £ to obtain

d,,0z
B—E(Mﬁ(f, t)) =0. (7.7.2)

Discretization of (7.7.2) coupled with the discretization of the original equation leads to

system of ODEs for the solution a; and mesh point z;.

7.2 Moving mesh PDEs

In [47], Ren and Russell pointed out that moving mesh methods based on (7.7.2) can
be unstable and that some sort of smoothing of the mesh is often necessary in order to
obtain nonoscillatory and reasonably accurate solutions. We use smoothing in both the

temporal and spatial variables. It follows from (7.7.2) that

(M(x({,t+1‘)t+f)a§(§,t+r)) = as(M( t)aE(E,t))-i- 6t8§(M af(g, t))

62 i}
2 atzag(M( t)af(frt))'i'

0

where 7 is a suitable small relaxation time. Dropping higher order terms in 7, we get [31]

that

a2 oz
o M@tz g)—-' (M(z t)af(f,t)) (7.7.3)
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Two simplified versions of (7.7.3) often used are

0 ozt 10 oz
a—E(MEE) = -;55-(Ma—£) (7.7.4)
and
0%z 10 or
3_52 = -;—BZ'( 3_8 (7.7.5)
for which
. _ 1. rF _
:z:-—-;[‘/o‘ Mdz — £6(2)). (7.7.6)

In the latter case the relaxation time becomes 7/M. Solving these equations has the
additional advantage that we may start with an initial mesh z;(§;,0) = & = i/(n + 1),
which is not equidistributed.

However, for most problems which involve large solution variations, the monitor func-
tion M is generally fairly nonsmooth in space, and some kind of smoothing of M(z,t)
should be employed in (7.7.1) in order to make the transformation smooth (see [27] [31]

and [23]). In [23], Dorfi and Drury use a technique which smooths the node concentration

defined by —% In [50], Verwer et al. prove that smoothing the node concentration is

Tiv1—2i "

basically equivalent to smoothing the monitor function over all points. To maintain the
local structure of the underlying difference equations, we use the technique employed in
[31] and [14]. Specifically, the values of the smoothed monitor function M at nodes are
defined by

St s, M(E)*

k:i—l'p 41

2 ~
bt ()

M =

, (7.7.7)
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where M; = M(&;,t), i, is a non-negative integer and v is a positive constant. The
summations in (7.7.7) are understood to contain only elements with indices in the range
between 0 and n + 1. The replacement of M; by M; is basically equivalent to using a
smoother monitor function and i, = 0 corresponds to the non-smoothing case. Values of
the parameters 7 and i, need to be selected for these moving mesh PDE methods. In this
chapter, we use ¥ = 2. The value for i, usually is taken as 0, 1, 2,3, or 4. The final

forms for the discrete moving mesh equations for (7.7.4) and (7.7.5) are

-

T((Mi+%Aii+1 - M_%A.’L’.) = —((MH.%A-TH»I - M.—_%AI,‘), (778)
and
T(Tig1 — 28 + Timy) = —((A.li+%(zi+1 - I;) - Mi-g(l'i - Zi1)), (7.7.9)

fori=1,---,n — 1 supplemented with zo = 0,z, =1, where

M, = _1”"'2&1

(ST

We couple (7.7.8) and (7.7.9) with SMFE and SGWMFE to yield following algorithms,

T((Mi+%Aii+1 - M-_%Ai'i) = '-((Mi+%Azi+1 - M—__;,A.’L’,-)

(7.7.10)
;= Mds + (LU, 67 +67),
7‘((A.li+-.};‘A"i;i-i-l - M'__%Al’,) = -((MH“;'AIH'l - @“%Az’i) (7_7-11)

i = i + V1 + mALO)w, &) + T+ mi (L(U)w, 6})),
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T(Zip1 — 28 + £i1) = —([My 1 ATi — M;_1 ATy) (7.7.12)
u; = I + %(L(U): 6;‘. +6:-)
and
T(Tip1 — 2Z; + Zi—y) = -([Mi+§A$i+1 - M._%A:L'.-)

a; = mid; + 21+ mHL(U)w, 67) + /1+ mZ, (L(U)w, 6})).

fori=1,---,n.

(7.7.13)

We have already mentioned in Chapter 4 that MFE equation can be divided into mesh
equation and the approximation of original PDE. For moving mesh method, we can use
either finite difference method or finite element method. If the latter is used, the resulted
equation is the same as (3.3.6), which needs to solve linear system for each time step. The
method presented in this chapter only needs to solve an explicit ODE system. Also this
method keeps advantage of moving mesh method, which avoid sensitivity of user-chosen

parameters. However, it is good for blowup problems, but not for many other problems.
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Chapter 8

Numerical Experiments

This chapter presents numerical examples introduced in previous chapters. Through this
chapter, we denote the number of nodal points by N + 1; CFE stands for classical finite
elements with fixed mesh; and PMFE stands for the general penalized MFE.

We mainly use explicit Euler method to solve the nonlinear ODE systems that arises.
The main reason for using Euler’s method is that it can be controlled so as to avoid node
crossing by restricting time step via

Az?

Atﬂ-l-l <
n+1
Az}

for each 1 < i < N, where the superscript n stands for n-th iteration. Such a time step

makes

Az = Azl — AtPTIAER
positive for each 0 < ¢ < N + 1. In practical computation, we select At"*! by following
algorithm:
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1. Initialize At"*! (eg. At"*+! = 0.01).
2. Keep multiplying At"*! by 1/10 until Az? — AtAz**! is positive for each i € {1, N].
3. Multiply At"*! by a constant p.

Through this chapter, the initial mesh is always uniform, that is

]

z;(0) = N

8.1 Sample calculations with SMFE

As describe in Chapter 3, SMFE only needs to solve a decoupled nonlinear ODE system
(3.3.29), which is in the form
(L(U),67) — (L(U), 67

5 - )~ (&1 , (8.8.1)
i+1 = Ty
i = m.-+1(£(U);nt5ii z:"n:(ﬁ(U)"s? ) (8.8.2)

fori=1,---,n.
Now we consider solving the diffusion equation
Uy = Uzg + (72 + 1)etsin(rz) z € (0,1)
2(0,2) = u(1,t) =0 (8.8.3)
u(z, 0) =sin(rz),
by both SMFE (12 = 1) and classical finite element method with fixed mesh. The exact
solution of this equation is e‘sin(wz). We present in the following tables the L? error

obtained by two methods with various divisions at ¢t = 0.5 and ¢ = 1 respectively.

119



N=10 N=20 N=40 N =80
CFE Error | 4.02051F —1 | 3.48182E — 1 | 3.10685E — 1 | 2.8887F — 1
SMFE Error | 7.7264F —2 | 5.2293FE — 2 | 29121F -2 | 1.2995F — 2

Table 8.1: CFE and SMFE error in L2 norm when ¢t = 0.5.

N=10 N=20 N =40 N =80
CFE Error | 9.0594F —1 | 8.45173E — 1 | 7.86583FE — 1 | 7.47789E — 1
SMFE Error | 1.09527FE —1 | 8.7044F -2 | 4.8643F -2 | 1.7925F ~2

Table 8.2: CMFE and SMFE error in L2 norm when t = 1.

These two tables show that the L2 error by SMFE is better than by CFE. The reason
is MFE (equivalent to SMFE) confirms to approximate equidistributing principle (see [29]
and [48] ). Therefore nodes move to a good place to make L? error smaller. From following
figure, as the solution remains relatively smooth, the overall motion of the nodes is not
too much different from the original nodal distribution. Hence we can say that SMFE
is of advantage not only for steep front problems but also for other problems. However
SMFE is at risk if m; = m;,, for some 1 < i < N although the condition does not arise

with this problem.
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Figure 8.1: The movement for nodes when solving equation (8.8.3) by SMFE with N = 25

and t € [0,2).

Now we use SMFE (z = 1/50) to solve the Burger’s equation

Uy = Vg, — Uy T € (0,1),
u(z,0) = sin(27z) +sin(7rz)/2 z € 0,1}, (8.8.4)

u(0,t) =u(1,t)=0 t>0,

with v = 0.001.
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Figure 8.2: The solutions of Burger’s equation (8.8.4) solved by SMFE.

Figure 8.2 indicates that nodes rush into steep front leaving no nodes outside the
front region as time evolves. This, of course, yields poor global approximations. Figure
8.3 illustrating nodal displacement also shows this fact. Another problem is that the
computation cannot continue because m,s = m;g when t = 1.416246. For both these

reasons, the penalty term is needed.

122



'.6 L 1 L 1 L) ¥ L] L] L]

147

12

08 F

5

04

02p

0

x
0 0.1 02 03 04 0.5 1] 07 08 09 1

Figure 8.3: The movement for nodes when solving Burger’s equation by SMFE with

t € [0,1.416).

8.2 SMFE]1 applied to Burger’s equation
In deriving our first simplified MFE method with penalty, we obtained in (3.3.43) a
problem of the form

B(s,a)s = b(s,a),

Ms +c.

Y
i

The above requires the solution to a linear ODE system only when solving the mesh
equation B{s,a)s = b(s, a).
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First let us still consider the Burger’s equation (8.8.4). We present the computational

results with v = 0.001 and N = 25, as well as with ¢; = 0.01, ¢; = 0.001 and d = 0.0005.

1.5 T T ! L

e
&
[~ ]

95

Kl L 1 1 1 X

0 0.2 04 06 08 1

Figure 8.4: The solutions of Burger’s equation (8.8.4)

We have no formula to chose the paramters c;, ¢, and d, by using experience instead.
Unlike our results with SMFE, the solution of (8.8.4) solved by SMFE1 always has some
nodes (first three and last two) out of front although most of them still rush towards steep

front. We can also see that from Figure 8.5.
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Figure 8.5: The movement for nodes in solving Burger’s equation by SMFE1.

For SMFE2, the nodes rush towards the front although at a slower rate than observed
with SMFE. Moreover we do not need to worry about the condition m; = m;,; for any
0 < i < N. The role of parameters is the same as that in PMFE or SMFE and we still
have sensitivity for chosing parameters. Although the cofficient matrix of linear system
is positive definite and tridiagonal, the cpu time is not reduced too much and in some

situation it is longer than PMFE because of more iterations. Nodes move faster than that
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in SMFE1 with increase of time to preduce gap when solving Burger’s equation. We shall
see that from the following section. But equations for solution a; (2 = 1,-- - N) is explicit

and thus the lost accuracy should be less than that of PMFE.

u
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Figure 8.6: The solutions of Burger’s equation at different time by SMFE2.

From the above figure, we can see that the solution of Burger’s equation solved by
SMFE2 is not so good as one solved by SMFE1. The reason is that the amplitudes
are obtained from least square formulation without penalty and the mesh points are
derived from penalized one. By comparing results from SMFE]1 to those of SMFE2 for
t > 0.7, we observe substantial difference in node position relative to developing front and

corresponding differences in amplitude of the solution to Burger’s equation.
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The match between mesh points and amplitudes is not so good.

8.3 Application to blowup problem
Now we consider solving quasilinear parabolic equation

u=uz+ f(u) z€(0,1)t>0,
u(0,t) =u(l,t) t>0, (8.8.3)

u(0, ) = uo(z),

where f(u) is any convex function of u such that f(u)/u — oo as u = oo. It is well
known [26] that if ug(z) is “sufficiently large” and has single non-degenerate maximum,

l- !

and

Jim u(z,t) = u(z,Tp) < oo, ifz #zs,
a1

that is, the solution exhibits blowup behaviour. If ¢ > T, the solution becomes infinite
everywhere. Close to z,, the solution u(z,t) develops an isolated peak which becomes
narrower, tending to zero width, as ¢ — T,. A derivation and general study of these
systems are given in [8]. Brunner took a survey in [6] for numerical solution of blowup
problem. Existing adaptive numerical methods for solving (8.8.5) are also described in
110}, 113}, [17] & [37]. These are based either on closely exploiting the known analytic
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structure of the singularity or on an adaptive procedure with request for an increasingly
larger number of mesh points to model the developing singularity as t — 7. Moving grids
method was initially used for solving (8.8.5) in {14]. This section will use MFE to solve
(8.8.5).

We first consider the equation

U =u . +ul z€(0,1)t>0,
u(z,0) = 20sin(nz) z € (0,1), (8.8.6)

u(0,t) =u(l,t) =0 t>0.

In SMFE]1 for solving blowup proplems, the constant 4 in time step algothrim is 1/500
and the number of nodes is N = 40. Through this section, we consider u to have blown
up once |uf > 10%.

First we set user-chosen constants by ¢; = 0.1, ¢; = 0.01, and d = 0.001. On a DEC

Alpha AXP, the CPU time for this problem was 118.6 seconds.
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Figure 8.7: The solution for (8.8.6) with T, = 8.257F — 2 and z, = 0.5.

We repeat the calculation with ¢; = 1.3, ¢; = 0.08, and d = 0.001 and observe blowup

in 86.9 seconds (see Figure 8.8).
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Figure 8.8: The solution for (8.8.6) with T, = 8.255F — 2 and z, = 0.5.

From Figure 8.7 and Figure 8.8, we see that when ¢; and c; are larger, the speed of
nodal movement is slower and computational effort is less. In both cases, many nodes
concentrate near z, leaving two symmertric gaps. The situation can be avoided by setting
the time step as monotonic decreasing so that At"*! < At" for each time increment.
Figure 8.9 and Figure 8.10 are obtained by using SMFE1 with monotonic decreasing time

step increment.
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Figure 8.9: The solutions of (8.8.6) solved by SMFE with ¢; = 0.1, ¢; = 0.01 and

d =0.001. T, = 8.2573F — 2 and z, = 0.5.
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Figure 8.10: The solutions of (8.8.6) solved by SMFE with ¢; = 1.3, ¢ = 0.8 and

d =0.001. T, = 8.2551F — 2 and z, = 0.5

With monotonic decreasing time step increment, we still see that larger ¢, and ¢,
result in lower speed of nodal movement and less computational effort. This can also be

shown from following PMFE examples.
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Figure 8.11: The solution of (8.8.6) solved by PMFE with ¢; = 1.3, c; = 0.8 and d = 0.001.

T, = 8.261F - 2 and z, = 0.5.
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Figure 8.12: The solution of (8.8.6) solved by PMFE with monotonic decreasing time

step, ¢; = 1.3, c; = 0.8 and d = 0.001. 7T, = 8.261F — 2 and z, = 0.5.

Now let us see the comparison of CPU times between SMFE1 and PMFE in solving

(8.8.6). User chosen parameters are ¢; = 1.3, c; = 0.8 and d = 0.001.
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unrestricted time step | monotonic time step increment

SMFE1 CPU time 86.94 262.86

PMFE CPU time 156.2 3817.97

Table 8.3: The comparison of cpu time when solving (8.8.6) by SMFE1 and PMFE

Obviously, SMFE1 is much more efficient than PMFE.

Now we consider an initially unsymmetric blowup problem in the form

Uy =Ug +u t€(0,1)t>0
20sin 7= 0<z<z,
u(z,0) = ¢ z € (0,1) (8.8.7)

20cos%§-’l% Ta<z <1

u(0,t) = u(1,t) = 0.
Unlike equation (8.8.6), The initial condition in (8.8.7) is not symmetric if z, is not 1/2.
The point at which initial maximum value reaches is z,. We use SMFE1 with ¢; = 0.8,
cz = 0.08 and d = 0.001 to solve (8.8.7) with z, = 0.2. The adopted time increment is

still monotonic decreasing.
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Figure 8.13: The initial condition of (8.8.7).

136



120000 Y T T Y
100000 | ﬁ .
80000 | .
60000 |- -
3
40000 + -
20000 | -
0 l X
0 02 04 06 08 1

Figure 8.14: The solution of (8.8.7) solved by SMFE1 with monotonic decreasing time

step, T, = 8.931F — 2 and z, = 0.468067.
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Figure 8.15: The movement of nodes when solving (8.8.7) SMFE1 with monotonic de-

creasing time step.

We see that after certain time, some nodes are concentrating on blowup point z = 0.5.

8.4 Comparison of PMFE, SMFE1 and SMFE2

Table 8.4 lists times for the three methods to solve Burger’s equation when v = 0.001.

Similar results for ¥ = 0.01 are presented in Table 8.5 while errors are shown in Table 8.6.

When v = 0.001, we describe the cpu times as in the following table.
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t=001(t=03{t=07|t=10|¢t=15
SMFE1 CPU time | 0.34 10.23 | 2292 | 32.93 49.91
SMFE2 CPU time 1.66 55.21 | 12291 | 173.72 | 255.88
PMFE CPU time 1.24 212.36 | 705.46 | 1074.49 | 1208.86

Table 8.4: Comparison of cpu time when solving (8.8.4) with »

SMFE2 and PMFE.

and when v = 0.01, the CPU times are listed in the table.

0.001 by SMFE],

t=001|t=03|t=07|t=10|t=1.5
SMFE1 CPU time | 0.36 9.8 22.84 | 32.72 | 49.12
SMFE2 CPU time 1.7 49.98 | 116.40 | 166.16 | 249.08
PMFE CPU time 1.23 37 86.43 | 123.53 | 185.04

Table 8.5: Comparison of cpu time when solving (8.8.4) with » = 0.01 by SMFE1, SMFE2

and PMFE.

We see that SMFE1 uses shortest CPU time and is thus most efficient.

Now let us see L? error comparisons for solving usual equation (8.8.3).
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t=0.01 t=01 t=03 t=0.5 t=0.7
PMFE Error | 4.691FE —3 | 4.347T4FE — 2 | 1.433694F — 1 | 2.65377TE —1 | 4.144E -1
SMFEL1 Error | 592E—-4 | 6.25F -4 713F -4 8.7E -4 1.067E - 3
SMFE2 Error | 783E -4 | 1.811E -3 2.806F — 3 3427F -3 [ 1811F -3

Table 8.6: Comparison of error when solving (8.8.3) by SMFE1, SMFE2 and PMFE.

SMFE]1 is equivalent to PMFE in theory. In SMFE], the solution is explicitly ex-

pressed and the linear system is only for solving mesh equation. Hence the accuracy lost

in solving mesh equation has few affects on accuracy of solution. That is the reason the

L? error obtained by SMFEL1 is much better than by PMFE. For the same reason, the

approximate solution solved by SMFE2 is more accurate than that solved by PMFE (K.

Dukowixz has the same result in [24]). We see that SMFEL is still most efficient in the

accuracy’s point of view.

8.5 Combination of moving mesh method and MFE

As seen earlier, the moving mesh method does not need to set user-selected parameters

if the monitor function is chosen. We use the algorithm (7.7.12) with the same monitor

function as one in [14], which is M = u, to solve the equation (8.8.6).
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Figure 8.16: The solution of (8.8.7) solved by (6.6.12).

Most of nodes are located on steep fronts but still some are out of them.
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Chapter 9

Conclusion

We present several simplified moving finite element methods. The common point of those
is that equations with respect to solution of model equation are explicit and separate from
mesh equation. Compared with usual MFE, in which both mesh points and amplitudes are
solved simultaneously from one ODE system with incumbent accuracy loss from having to
solve nonlinear system, simplified MFE separates mesh equation from discrete formulation
of original PDE so that the nonlinear system only appears in mesh equations. In this
way, solution is obtained based on an existing mesh so that not only is computational
cost reduced, but also the lost accuracy due to solving nonlinear system influences little
on the approximate solution.

All equations in SMFE are explicit and thus have least computational cost. However,
nodes tend to move too fast and form some big gaps (without mesh points) when front

appears. Of course, the global approximation is very poor in this case. In addition,
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the slopes in neighbor elements are possibly equal, especially in nonlinear case, so that
computation cannot continue. This problem can be solved by removing common endpoint
of those neighbor elements if such a phenomenon happens only for limited times.

Of all simplified MFEs, SMFE1, which is equivalent to the original penalized MFE,
is most efficient. Comparisons for solving Burger’s equation, blowup problems and linear
equations support this assertion. SMFE1 is actually direct simplification of penalized
MFE. However, mesh points and amplitudes are solved from different least square for-
mulation and thus mesh equation and discrete formulation of original PDE do not match
very well. That is one reason why SMFE]1 is better than SMFE2 although the resulting
matrix in SMFE2 is symmetric, positive definite and tridiagonal.

Like other simplified MFE scheme, SMFE2 loses less accuracy and has simple ma-
trix structure for nonlinear system. However that does not imply computational effort
is reduced. For example, a model calculation using Burger’s equation with modest diss-
apation parameter nu, computational effort when using SMFE2 is more than that when
using general penalized MFE with the same user-chosen parameters.

All of the simplified MFE schemes can be easily extended to PDE systems. The idea
for yielding SMFE2 can be applied to generating simplified gradient-weighted MFE. The
GWMFE is much more nonlinear than MFE and thus the computational cost will be
much more expensive. However, for WGMFE, the sensitivity of user-chosen parameters
are reduced and it behaves well when the gradient of solution is very large (i.e. the front

is very steep).
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Also we can combine mesh PDEs in Russell’s moving mesh method with discrete
scheme of original PDE in Miller’s method to avoid sensitivity of user-chosen parameters.
Sample numerical test is done with a model blowup problem. However, in other problems
such as Burger’s equation, the application is not successful. In author’s point of view, it
is because mesh equation does not match discrete formulation of PDE well.

In priori error estimate, discontinuous part of derivative for approximate solution
with respect to time contributes a term related to time step in every iteration and the
number of iterations in error bound. A posteriori error estimate is more practical and
gives approximation reliability theoretically. Unfortunately, the result is derived strictly

for linear problems. Nonlinear cases are still an open problem. For example, we have

difullr:

Uy — VU Uz, =
(t 1:1'+ uzu) dt

+ vi|ulg + (uug, u)

for Burger’s equation. But we cannot decide if (uu.,u) is positive. Not knowing much
about (uu,,u) brings difficulties for error analysis.

The sensitivity of user-chosen parameters for MFE is still a problem. That is, we
cannot use function in terms of mesh points to express those parameters. It is main
weakness of MFE. From numerical examples presented in Chapter 8, we can see that
those parameters impact considerably on computational effort and the movement of nodes.
Thus keeping balance between execution time and good distribution still depends on the
problem considered and user experience.

In the literature, MFE has been extended to two dimensional PDEs both with and
without penalty. However, how to establish simplified MFE methods in two dimensional
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cases needs further study. In one dimensional case, every node is associate with at most
two elements and each element at any time is just an interval. The only difference for
those elements are in their lengths. Higher dimensional cases are different. Even though
we could obtain the §-function with respect to an initial mesh when is regular or uniform,

how to get that for moving mesh is still a problem for higher spatial dimensions.
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