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ABSTRACT 

Identification of defects in structures and components is an important aspect in decision 

making about their repair and retirement. Failure to detect the faults has various 

consequences, and they vary based on the application, and importance of the structures. 

and components. 

In recent years, significant efforts have been devoted in developing non-destructive 

techniques for damage identification in structures. The work reported in this thesis was 

on the experimental investigations of the effects of a crack on beams with fixed and 

simply supported end conditions, with a view to detecting, quantifying and determining 

its extent and location. Two sets of aluminum beams were used for this experimental 

study. Each set consisted of seven beams, the fllSt set had fixed ends, and the second set 

was simply supponed. Cracks were initiated at seven different locations from one end to 

the other end along the length of the beam for each set, with crack depths ratio ranging 

from O.ld to 0.7d (d was the beam depth) in steps of 0.1, at each crack location. 

Measurements of the acceleration frequency responses at seven different points on each 

beam model were taken using a dual channel frequency analyzer. The measured 

responses were curve-fitted using a STAR Structural Analysis Software package running 

on a PC. The results obtained wen: tabulated, plott~ and discussed in this thesis. 

The damage detection schemes used iJl this study depended on changes in the fll'St three 

natural frequencies, the abrupt changes in slopes of the mode shapes near the crack 

ii 



location and changes in the peak amplitudes of the mode shapes. From the observations 

made, a method was suggested for locating the extent and position of the crack. The 

fundamental principle of this technique is the fact that the dynamic response of a 

structure changes when it is damaged. Measurements of these changes can be used as a 

diagnostic tool when the relationships between the dynamic properties of a structure 

change, and the damage is established analytically or experimentally. 

The experimental results obtained were compared with theoretical results obtained in an 

earlier study and found to compare very well. 
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CHAPTER 1: INTRODUCTION 

1.1 Bacqrouad 

The procedure of crack identification through experimental modal analysis started in the 

early 40s of the last century with the work aimed at getting the modal parameters of an 

aircraft so that the problem of flutter could be predicted accurately (Allemang, 1990). 

However, the methods used then were time consuming and not reliable for most real life 

practical problems because the instruments used to measure the dynamic force were 

primitive. 

In the early 60s of the 20dl century, with the invention of digital computer, and the Fast 

Fourier Transform (FFT) techniques, the modem approach to experimental modal 

analysis became viable. The ever-increasing advancement of the modem computer 

technology has made the availability of the microprocessor-based FFT analyzer possible. 

Many engineers have an interest in the dynamic behavior of the structures during design 

or operational stage. The microprocessor-based FFT analyzers play an imponant role in 

the acquisition and analysis of vibration data. Experimental modal analysis has grown to 

a stage wheftby it has become interdisciplinary in that it integrates computer 

developments with developments in electrical engineering, mechanics, vibrations, and 

control systems. 



The modal testing procedures offer a promising methodology for detection of defects or 

faults in the structures. Defects or faults according to Richardson and Mannan { 1991) 

include: loosening of assembly pans; failure of structural materials; flaws, voids, thin 

spots caused during manufacturing or handling; and improper assembly of parts during 

manufacturing. 

It is a well established fact in vibration theory that modal parameters {frequency. 

damping, and mode shapes) of a physical system are functions of its physical properties 

{mass, stiffness, and damping) of the structure. These modal parameters are the solutions 

of the homogeneous pan of the differential equations of motion of a physical model 

which is expressed by its mass, damping, stiffness, acceleration, velocity, and 

displacement. Consequently, any changes brought about in the physical propenies of a 

model by the presence of defects or faults will directly cause some changes in the modal 

parameters. Vibration, being a very powerful detector of the changes in the physical 

parameters in a structure, could under some circumstances be used to detect the presence 

of faults in a physical system. These changes could be accurately measured by using the 

available modal testing methods. 

Having sufficient data from a dynamic test could enable engineers to identify the system 

parameters, and derive a mathematical model that could describe the dynamic behavior of 

the test structure in diverse vibration environments. Consequently, such a model may be 

subjected to further analysis sw:h as to predict the effect of modifications in the structure. 

By observing the developed mathematical model, and the analytical results, at least a 
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method could be devised to correlate specific shifts in one or more of the modal 

parameters with the occurrence and growth of defects. 

Several methods have been used in the past to detect faults in structures; however, most 

of the methods available did not go beyond the detection of the faults. A new approach is 

presented in this thesis which does not only identifies the presence of a crack. but. also 

indicates its location and quantifies its extent. Two types of beams are considered in the 

study viz .• simply supported and fixed-fixed beams. The changes that occur in a few of 

its lowest modal frequencies (specifically the first three) are utilized for identifying the 

crack. The study is primarily experimental, and the results of this study are presented in 

the thesis. 

l.l Scope of Research 

To reiterate. the research reported in this thesis is primarily experimental. Experiments 

are performed on fourteen beam specimens; seven of them have simply supponed ends, 

and the rest have fixed-fixed ends. All the models are assumed to be identical, in shape, 

geometry, physical, and mechanical propenies for the given set of boundary conditions. 

Cracks of varying depths are made (with a blade) at different locations on beams having 

similar boundary conditions. Since the crack is made with a thin blade, the crack always 

remains open during the vibration test. Several accelerometers (of similar sensitivities) 

are used to measure the frequency responses at different points on the model. The 
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acquired data are analyzed, and inferences are drawn based on the analytical results. The 

basic steps involved in achieving the objectives of the project are: 

a) Experimental set up; 

b) Experimental data acquisition; 

c) Curve-fitting to estimate the modal amplitudes, frequencies, and damping; 

d) Obtaining the mode shape plots, and frequency contours; and 

e) Drawing inferences and conclusions. 

1.3 Objeetives 

The primary objectives of this research are: 

a) Identification of the presence of a crack; 

b) Location of its position; and 

c) Estimation of the extent of cracking 

in the tested beams using results obtained in experimental modal analysis (mode shapes, 

natural frequencies, and resonant&. anti-resonant responses). 

1.4 Orpaizatioa of tile Thesis 

The thesis is organized as follows; Chapter One gives a brief introduction, and states the 
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thesis scope and objectives. It also gives the background of the research study. Chapter 

Two reviews the various techniques that are available for crack identification. The 

techniques enumerated and discussed brieRy include: visual inspection. liquid penetrant, 

magnetic panicle, radiography, ultrasonic, electrical, and Vibration-based testing (used in 

these experimental investigations study). It also reviews the relevant literature on the 

topic and states some of the various damage indicators used in vibration-based testing. In 

Chapter Three, the theories and fundamental principles of modal analysis are stated and 

discussed. It states the basic linear differential equation of motion of a linear multiple 

degrees of freedom system and also explains the concept of modes of vibration of a 

structure. Several ways of representing the dynamic response of a structure and the 

transformation techniques available in changing from one form to the other are stated and 

discussed in Chapter Three. The concept of curve-fitting is also stated and explained in 

chapter three. Chapter Four gives the detailed descriptions of the experimental set up and 

discusses the various sources of errors. It states and discusses all the equipment used in 

the experimental investigations. The various ways by which some of the equipment are 

calibrated are discussed. Chapter Four also gives the details of the experimental 

procedures. The results obtained are tabulated~ plotted, and discussed in Chapter Five, 

and a technique for identifying the crack location(s), and depth(s) were also stated. The 

salient features of chapter Five include: changes in natural frequencies; changes in mode 

shapes; and · frequency response functions. A comparison of the experimenlal and 

theoretical results was also presented in Chapter Five. Chapter Six gives the conclusions 

and recommendations. The references and appendices are also included in the thesis. 
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CHAPTER 2: LITERATURE REVIEW 

2.1 Fault Detection Techniques 

A number of non-destructive techniques are available to detect faults and defects in a 

structure. Their use and reliability have consequently become an imponant factor in the 

evaluation of the safety of any structure. Various engineers and scientists have devoted 

their time and efforts towards developing new, more reliable, efficient, and less tedious 

detection techniques. Some of the many available non-destructive techniques for damage 

identification are briefly enumerated and discussed below. 

2.1.1 Visual Inspection Method 

Visual inspection technique is probably the oldest, and the most widely used technique of 

all the non-destructive methods. It is a very simple, easy to apply, and less time 

consuming procedure for inspection. Visual inspection by a qualified engineer can reveal 

appropriate information about the condition of a structure. It could indicate, for instance, 

the structural quality, presence or absence of defects, the degree of penetration, and 

surface porosity. It could also serve as a precursor to other test methods. The underlying 

basis for this technique is the illumination of the test structure with light mostly in the 

visible region after which it is examined with the human eyes or by using other optical 

aids such as minors, lenses, periscopes, telescopes, projectors, comparators, horoscopes, 

and other light sensitive devices such as photocells. The optical aids provide a means of 
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compensating for the limits of visual acuity of the eyes. For rapid inspection of very 

small precision components, comparators and enlarging projectors provide means of 

improving viewing conditions. The interior of hollow tubes and other internal chambers 

can be easily and directly inspected by using a boroscope. Borosc:opes have a large field 

of vision and sufficient illumination9 and the image is less distoned. It is to be noted that 

some of the equipment used in visual inspection requires that the defect location be 

accessible. In using optical aids, the effects of the illuminating light must be taken into 

consideration. Its direction should be in such a way that details can easily be viewed, and 

glare and dazzle effects are reduced or eliminated. The industrial applications of optical 

aids depend to a greater extent, on the nature of the surface being inspected; several real 

life engineering surfaces are non specular and curved. 

l.l.l Liquid Penetrant Method 

The technique can be used to detect faults that extend to the surface of the structure. It 

also portrays surface discontinuities to a very great extent. The method can be applied to 

metals9 ceramics9 and other non-porous materials. It is also quick, reliable, and cost 

effective. It can be used to locate surface cracks (grinding, fatigue and welding). This 

method reveals the discontinuity to a greater extent than the visual inspection. Some 

cracks in structures can be deep in the core of the structures, yet9 with little opening on 

the surface, and consequently can pose very serious defects on the structures despite the 

fact that they have little surface indication. By inspecting these structures visually, such 

cracks can be very difficult to detect. The fundamencal principle of operation is the fact 
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that when a liquid (which often contains a dye or a fluorescent substance which makes 

the crack visible) is sprayed on a surface~ it seeps into the crack (visible or invisible) by 

capillary action. After a sufficient time has been allowed for the liquid to seep into the 

structure. the surface of the structure is wiped clean in order to remove the excess liquid. 

This is followed by the spraying of a substance known as the developer (which draws the 

penetrant out of the structure). The surface is then examined under appropriate viewing 

conditions. The basic steps involved can be summarized as follows: 

a) Initial surface cleaning; 

b) Application of the penetrant; 

c) Removal of the excess penetrant; 

d) Application of the developer; and 

e) Inspection. and interpretation. 

Oil and whiting technique is the old~ and simplest of this method; its procedures are 

similar to those enumerated above. The liquid used is penetrating oil, and its developer is 

calcium carbonate, a thin coating of whiting. Some of the other techniques in liquid 

penetrant methods are: oil vapor blast test. radioactive penetrant method, filtered panicles 

meth~ etc. Factors such as sensitivity of the required defect, surface fmish of the 

structure, compatibility of the penetrant with the structure, zone to be inspected {size, 

shape, and accessibility), and usage to which the component is made are taken into 

consideration while using the liquid penetrant method. The surface could be 

photographed or video recorded after inspection for pennanent record purpose. Its major 
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demerit is that it is only applicable to flaws opened to the surface. A thorough surface 

cleaning is required before this method could be applied. 

2.1.3 Mapetic Particle laductioa Method 

Distonion of flux linkages. in a magnetic material, could be caused by the presence of 

inhomogenities such as inclusions, cracks. etc, in the structure. The magnetic flux path is 

distoned because the defects have different magnetic propenies than the surrounding 

materials. This method of crack detection is applicable to ferromagnetic materials. The 

magnetic line of forces will be distoned when they encounter a defect, if the plane of the 

defect is at a right angle to that of the field. Both surface and subsurface flaws can be 

detected. The fundamental principles of this method are very simple. They involve 

basically two steps; magnetization of the components, and the application of magnetic 

particles. Fine particles, either dry or in a liquid suspension, are spread on the surface of a 

magnetized body. The panicles are attracted to the distoned field caused by the presence 

of a defect in the material. The mode of assemblage of the panicle reveals the presence of 

the field as well as the defects. Subsurface defects frequendy produce particle patterns 

that are less sharply defined. The nature of the particle patterns detennines the extent of 

the defect. 

There are basically two techniques: the dry and wet methods. In the dry method, the 

magnetic powder is spread over the surface of the magnetized component. The excess 

powder is removed by blowing on or tapping of the component. It gives a better result 

9 



than the wet method in detecting a subsurface defect. The wet method is mostly 

applicable for detecting defects in machine casting and forging. 

The method is very simple, and it does not depend on the size, shape, and composition of 

the ferromagnetic material. The metha<L however, has some limitations. It is only 

applicable to magnetic materials. Its usage also depends on factors such as: depth. 

sharpness, direction, and orientation. These detennine the possibility of locating a 

subsurface defect. Also sudden changes in permeability of the material can give 

unreliable indications. The skill and experience of the User are also very vital. The user 

should have adequate experience in order to be able to distinguish between defects and 

false indications. An exact defect size cannot be found by using this method, but only an 

estimate can be made. 

1.1.4 Radiography 

Radiography technique involves the use of X-rays or gamma radiation. Its history dates 

back to the early 20s of the last century. The basic principle has to do with differential 

absorption between the image of an area containing a defect and the image of a defect 

free area of the structure in order to reveal the flaw. The X-ray method is assumed to be a 

fundamental test procedure, and quite a large number of experts in the field of non­

destructive testing have obtained their first experience using this method. However, a 

considerable amount of capital is essential for an X-ray facility and also an adequate 

supply of power is needed for its operation. A great percentage of radiography methods 
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use X-ray films, which are very expensive. Consequently &om an economic view point. it 

is better to use X-rays on very specialized components or structures such as a pressure 

vessel, while some other methods could be used for routine inspections. Cracks with 

small crack width to depth ratios are not easily identified using X-rays, but, blowholes, 

and cavities can be easily detected. This is due to the fact that the operation of this 

method depends on differential absorption. Also, the X-ray tube is a very large apparatus 

that cannot be easily transported or introduced into a small cavity as can be done for a 

radioactive source. The effectiveness ofX-rays depends on: the intensity, the thickness of 

specimen. and the characteristics of film. It is very vital to look carefully at the 

component in order to decide on the direction to examine the component considering the 

likely orientation of defects and the thickness of component in relation to the divergence 

of the X-rays. 

2.1.5 Ultnsonic Technique 

Mechanical vibration oscillations with frequencies ranging from 16 Hz to 20 kHz are said 

to be audible to the human ear. Striking a structure and measuring its echoes or listening 

for the characteristic "'ring" have been used since ancient times for detecting defects in 

structures. The note emitted by a damaged surface is quite different from that of an 

undamaged surface. For example, in steel, the damaged structure has a dull and harsh 

note compared to the one emitted by the undamaged one. 

When the vibrating oscillation is at a frequency greater than 20 kHz, the sound becomes 

inaudible to the human ear; it is referred to as ultrasonic. The classical principles that are 
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applied to the audible frequencies are also applied to ultrasonic frequencies. but. some 

phenomena that occur at ultrasonic frequencies are not usually noted at the audible range. 

There are several ways of producing ultrasonic waves. However, for the purpose of crack 

identification. it is usually produced by piezo-electricity. This involves the application of 

mechanical pressure or tension to certain crystals, thereby, developing electric charges, 

the sign of which changes when the force changes from tension to compression. For 

crack identification purposes, the ultrasonic waves are introduced into the components. 

These travel with a very little attenuation, and with a velocity that depends on the 

material properties (mainly its elasticity and density). ·on striking the boundary of the 

material under examination. ultrasonic waves are reflected back depending on the 

acoustic propeny of the specimen. They are almost fully reflected at a material-air 

interface; this is also true when the defect is a crack that has a very small crack to depth 

ratio. Consequently, ultrasonic wave beam could be used to detect faults such as cracks, 

blowholes etc. The ultrasonic wave is frequently introduced into the material by direct 

contact between the crystal and the component. It may often. be necessary to interpose a 

film of viscous coupling medium such as a liquid between the crystal, and the component 

being examined, due to the fact that even the thiMest air gap could cause a total 

reflection thereby leading to misleading information. For further details, see McGoMagle 

(1961). 

2.1.6 Electriaal Tedaaiqae 

This method bas so many different ways of being carried out. It includes: electrical 
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resistance method, thermoelectric effect. triboelectric effect etc. In electrical resistance 

method for example, the electrical resistivity of the material in the local defect zone 

differs from that of the undamaged zone. This is because the electric potential difference 

produced between two points by the flowing of an electric current in the specimen will 

change when a defect is present. The soundness and homogeneity of some materials have 

been tested by using this method. Basically, the method involves attaching electrodes 

fmnly to the end of the specimen, and passing high amperage current through it (Direct 

Current Potential Difference Method or DCPD). Potential contacts are placed at equal 

distances along the surface of the specimen. The potentiai difference between each pair is 

then measured in succession using a voltmeter. The presence of a defect in the 

component is revealed by a non-unifonnity in the values of the potential difference 

measured between each pair. This technique has been used greatly in the inspection of 

rails to detennine the location of a rail fissure as well as obtaining an estimate of its size. 

2.1.7 Vibratioa Based laspectioa Technique 

All of the previously mentioned techniques require that the vicinity of the fault be known 

beforehand and that that ponion of the structure be accessible. Because of these 

limitations, the need to develop a method for global crack identification particularly for 

complex structures, brought about the development of methods that examine changes in 

the global characteristics of the structure. The most common of these methods is the 

vibration based inspection technique. 
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According to Rytter (1993), the fundamental idea of a vibration based technique of 

monitoring and inspection of a structure is to get information about the soundness of a 

structure from its dynamic response to either artificial or in service loads. The method is 

relatively new in connection with civil engineering structures, but it has been widely used 

for inspection of machinery for many years. The response of the structure will often be 

measured by means of strain gauges, accelerometers, and/or laser vibration probes. A 

local defect in the structure will to some extent lead to a change in the overall dynamic 

characteristics of the structure. This method is utilized in carrying out the study 

highlighted in this thesis. 

l.l Crack Detection and Experimental Modal Analysis 

Identification of defects in structures is an important aspect of decision making about 

their repair or retirement. Failure to detect faults has various consequences. and they vary 

based on the application, and the importance of the structures, machines, or components. 

However, they can be considerable from safety or an economical point of view. The 

importance of crack identification cannot be over emphasized; however, the task is not 

very easy in many of the situation encountered in real life. This has brought fonh a great 

deal of research on various methods of damage detection based on analytical, and/or 

experimental techniques. Among the various methods of physical/experimental 

technique~ experimental modal analysis has emerged as a promising tool for use in 

damage identification. It is defined as the process of determining the modal parameters 

(frequ~ies, damping facto~ and modal vectors) of a linear, time invariant system 
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through an experimental approach. This experimental approach has also assisted in the 

efforts to understand. and to control the various vibration phenomena encountered in 

practical situations. 

In this technique, the structure is excited either in free or forced vibration. and the modal 

parameters are extracted based on the response data obtained. The fundamental theory 

underlying this process of crack identification is the fact that a change in the physical 

parameters of a structure causes a change in its modal parameters (frequencies. damping 

factors, and mode shapes). 

Experimental vibration analysis was initially carried out for two fundamental reasons: 

a) Detennining the nature. and extent of vibration response; and 

b) Verifying theoretical models and predictions. 

The first reason was mainly concerned with a test situation where vibration forces or 

responses were measured during the operation of a machine or structure, and the second 

one mainly described a test situation in which the machine or structure is vibrated with a 

known excitation. This second test condition could be properly monitored than the former 

one, and consequently produces accurate, and more detailed information. It includes data 

acquisition, and its subsequent analysis, which is nowadays, referred to as modal testing 

or experimental modal analysis. Its principles have undergone so many changes from the 

time when they were described as Resonance Testing, and Mechanical Impedance 
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Measurements to describe the general area of activity. The methods used then were not 

reliable, and were time consuming until the invention of digital computers. and better 

measurement procedures and instruments. 

2.3 Review of Previous Work on Crack Detection 

A large number of studies have been carried out on conventional, and modem approaches 

to modal testing or numerical modal analysis, and crack detection. The conventional 

methods have been well developed. and implemented in widely marketed equipment, 

whereas the dynamic methods are still under development. and implemented in a limited 

manner in some equipment. While these equipment detect the presence of very large 

cracks, the available methodologies are still not precise to detect small or medium sized 

cracks (Cheng, 1998). 

The method of using experimental modal analysis for detecting cracks came into being in 

the 40s of the last century. Several literature, journals, and conference reports from 

expens working in the field of damage identification are available nowadays. A 

comprehensive survey of the available literature and interviews with various expens to 

determine the current state of this method was presented by Richardson { 1980). The 

paper discussed the methods used for structural integrity monitoring of nuclear power 

plants, large civil engineering structures, and rotating machinery. He, however, 

concluded that though monitoring the vibration signals for rotating machinery had 

become so common, the act of relating the structural damage to measured modal 
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parameter changes was still in its primitive stages. A more detailed repon was given by 

Doebling et al ( 1996). The repon reviewed the various technical literature available on 

detection, and location of structural damage via vibration based testing. It categorized the 

methods according to the measured data and analysis techniques. The techniques 

categorized include: changes in modal frequencies, changes in modal mode shapes (and 

their derivatives), and changes in measured flexibility coefficients. Techniques that use 

system's physical properties, detect nonlinear response, and identify crack through neural 

networks were included. Their applications to numerous engineering problems, and 

various mechanical, and civil engineering structures weie also mentioned. 

With regard to beams, the deformation (which results from a crack in the beam) cannot 

be accurately described by a beam theory in which it is assumed that the beam's cross 

section remains plane after deformation. Dynamically loaded beams with cross sectional 

cracks have been investigated in a number of papers. Chondros and Dimarogonas ( 1980) 

investigated the effects of cracks in welded joints. The change in the bending stiffness of 

a beam due to a crack was measured and used in the mathematical model. They modeled 

the crack as a local flexibility computed using fracture mechanics procedures and also 

measured experimentally; and thereafter they developed a spectral method to identify 

cracks in various structures relating the crack depth to changes in natural frequencies of 

the first three frequencies of the structure for known crack positions. lnagaki et al ( 1981 ) 

estimated the crack size and the crack position by natural vibrations of cracked rotors. It 

was noted that there was a strong dependence of vibration behavior of cracked rotors on 

the crack position and the crack magnitude. 
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Yuen ( 1985) presented a systematic study of the relationship between damage location. 

and size, and changes in eigenvalues. and eigenvectors of a cantilever beam. Ju and 

Mimovich (1986) were able to model cracks in a cantilever beam using a fracture hinge. 

They used aluminum beams with a cross sectional area of 9.5 nun by 63.5 nun, and of 

length 457 mm. Twenty beam models were tested with cracks introduced at five positions 

along the length by milling slots of two depths, and two widths. The frequencies of the 

first four modes were taken before, and after the damage. They then used the shifts in the 

frequencies to determine the location, and the extent of damage on the beams. The 

modeling of the crack was done by introducing a fracture hinge at its location; the 

fracture hinge was a torsional spring whose stifthess depended on the crack geometry. 

Qian et al ( 1990) studied the effect of a crack on the dynamic behavior of a beam, and 

investigated the crack detection methodology. In the paper, an element stiffness matrix of 

a beam with a crack was first derived from an integration of stress intensity factors, and 

then a fmite element model of a cracked beam was established. The model was then 

applied to a cantilever beam with an edge crack, and eigenfrequencies were determined 

for different crack lengths and crack locations. In modeling, the effect of the crack in the 

deformation of a beam has often been considered similar to that of an elastic hinge. In the 

plane of the crack, the deformation is discontinuous, and the solution can be obtained 

from a characteristic equation in which boundary conditions for the internal displacement 

and force are considered. 
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Hjelmstad and Shin ( 1996) were able to develop a damage detection and assessment 

algorithm based on system identification. using a finite element model and the measured 

modal response of a structure. The measurements were assumed to be sparse and 

corrupted with noise. A change in the element constitutive property from a baseline value 

was taken as an indicative of damage. An adaptive parameter grouping updating scheme 

was proposed to localize the damage zones in the structure, and a Monte Carlo's method 

was used with a data perturbation scheme to provide a statistical basis for assessing 

damage. 

Detection of the location and the quantification of damage are possible when a single 

crack is present in a structure. The identification problem becomes more complex if it is 

cracked in at least two places. Ruotolo and Mares ( 1987) concluded that for two cracks, 

the solution depended on four variables viz., the position and the size of each crack. They 

went further by using experimental data obtained from a real structure to verify their 

analysis, viz., the experimental results obtained on a double-cracked beam which 

correlated the crack location, the crack size, and the corresponding changes in modal 

parameters. Modal analysis techniques were used to investigate the effect of damage on 

composite materials. The measured eigenparameters of the undamaged structure were 

compared with those measured after the structure was exposed to a high velocity impact 

damage. It was observed that the induced damage caused a noticeable change only at 

higher modes of vibration. 
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Silva and Gomes ( 1990) used experimental modal analysis to measure the natural 

frequencies of slotted free-free beams. Thiny-two steel beams. of 16 mm by 32 mm cross 

section9 and of length 720 mm9 were tested. Slots, ranging in depth from 1/8 to 1 /2 the 

beam thickness9 were introduced into the beam with a 0.5 mm wide milling cutter. The 

four natural frequencies of the beams were measurecL and presented before. and after the 

damage. Stubbs ( 1990) used a theoretical approach to detennine the location of defects in 

a structure. He used the first difference of the homogeneous equation of motion of an 

undamaged structure to derive expressions for changes in modal stiffness in terms of 

modal masses. along with changes in modal damping, natural frequencies, and mode 

shapes. He went further by generating an expression relating variations in stiffness of 

structural elements to the variations in the modal stiffness using matrix structural 

analysis. The fonnulatio~ when tested using an Euler-Bernoulli beam9 indicated the 

correct crack position. 

Perchard and Swamidas ( 1994) obtained frequency measurements on narrow cantilever 

plates (or wide beams). Results obtained experimentally, as well as analytically. showed 

that the crack could be detected mainly through the observation of reduction in natural 

frequencies for a number of modes. The experimentation performed verified the 

analytical results9 and provided an insight into changes in damping9 residue, and 

amplitude of the dynamic response. The measurement of strain response also proved to 

be a good indicator of crack presence with major increases in response magnitudes9 far 

exceeding the corresponding acceleration responses. 
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Budipriyanto and Swamidas ( 1994) carried out modal testing on narrow cantilever plates 

in air and in water; the slender plates or (beams) were submerged panially. and fully in 

water. Notches were introduced symmetrically on both the top and bottom of the surface. 

Frequency measurements were taken using both accelerometers and strain gauges. The 

natural frequencies. damping ratios. and peak resonance magnitudes. for combinations of 

sensor types, and degrees of convergence were presented by the authors. 

Prime and Shevitz ( 1996) performed experimental modal analysis on a polycarbonate 

cantilever beam having an opening and closing crack: The beam had a cross sectional 

area of 51 nun by 121 mm. and was 640 mm in length. A crack of 1/2 the thickness of the 

beam was simulated by bonding together three pieces of polycarbonate. The model was 

excited by pulling and releasing. Its non-linear response was then monitored through a 

variety of techniques. 

Chen ( 1996) investigated different aspects of vibration techniques for crack detection in 

welded T -joints. He incorporated experimental testing, finite element analysis. system 

identification and model updating procedures in developing a methodology for detecting 

and quantifying cracks in plated T -joints. He developed a methodology to find out the 

location, length, and depth of a crack at different intervals of fatigue crack growth by 

combining the experimental and finite element results and utilizing a model updating 

procedure. 
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In the review presented above, it could be observed that the detennination or estimation 

of the exact location and the extent of the damage is still elusive. Consequently. an 

attempt has been made in this experimental study to address these issues, and to prepare a 

technique for their predictions. 

2.4 Damage Detection Methods Based on Vibration Testing 

A damage indicator is a dynamic quantity which can be used to identify the existence of 

damage in a structure (Rytter, 1993 ). Since a change in the dynamic behavior of a 

structure, as a result of damage, is a good indication of its presence, various single-valued 

parameters can be used in measuring the extent of such damage in the structure. 

2.4.1 Resonance and Aati-Resoaaace Frequeacies 

In the resonance frequency metha<L for determining faults in a structure, natural 

frequencies were identified by locating the peaks in a frequency response function, and 

comparing them with the previously known frequencies of the undamaged structure. This 

method was the most widely used one in the past, and nowadays, and numerous papers 

have been wrinen on it. It is a very easy method for identifying the presence of damage 

in a structure. In actual fact, one sensor put on a structure, and connected to a frequency 

analyzer gives values of several natural frequencies, and these natural frequencies are 

very sensitive to different types of defects. For example, in a linear undamaged beam 
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with constant cross sectio~ and material properties, the natural frequencies could be 

calculated by using the formula: 

where: 

p = mass per unit length; 

p; = a constant depending on the boundary conditions; 

L = length of the beam; 

I = moment of inertia; and 

E = Young modulus of elasticity 

(2.1) 

A slight change caused by a global defect on the beam may also cause changes in /, J.L, 

and also in/;. Rytter (1993) concluded that a natural frequency, which does not decrease 

when others do, is very valuable as a damage indicator because this indicates that damage 

is placed in a zero point for the curvature of that mode shape. For instance, this happened 

in one of the experiment he had carried out. In one of the models used, the second natural 

frequency remained unchanged during the test while the other observed natural 

frequencies decreased. 

Brinckell et al ( 1995) were able to use a statistical method to detect damage in two 

concrete beams having different degrees of reinforcement ratio. The authors defined a 

significant indicator for the jill modal frequency as: 
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where: 

f/- !," 

( trpj = experimentally estimated deviation of the jlh modal frequency; 

jj = jth frequency of the undamaged structure; and 

C = j'h frequency of the damaged structure 

(2.2) 

By scaling the observed change in the modal frequency by the estimated standard 

deviation of the frequencies. measured frequencies with high confidence (low standard 

deviation) were weighted more heavily in the indicator function. A significant indicator 

was defined for the measured modal damping ratio. They eventually defined a ~·unified 

significant indicator'' by adding the frequency, and damping significant indicators over 

several measured modes. It proved to be a sensitive indicator of structural damage. 

Narkis ( 1994) estimated the crack location by measuring either bending or axial 

frequencies. He derived solutions for the crack location (L) as a function of the frequency 

shifts in two modes. For a simply supponed beam in longitudinal bending, the function 

was given by: 

and 

L = ..!.. a cos{l - R 
1
, ) 

1r 
(2.3) 

24 



where: 

a = crack depth; 

ll/,/ 
R /f, 

,, = ll/,/ 
If. 

4/i = frequency change for mode i; and 

lljj = frequency change for mode j 

For a simply supported beam in axial vibration, the function was given as: 

(
±[if; -1) L =a sin 

2 

(2.4) 

(2.5) 

It is to be noted that there are cases in which we have low sensitivity of frequency shifts 

to damage. Consequently, there is a need for precise measurements where there is no 

large degree of damage. It appears that a controlled environment will be more favorable 

in using this method of frequency shifts to detect crack. In addition to this limitation, 

since modal frequency is a global characteristic of the structure, it is not so certain 

whether or not its shifts are sufficient to get other information apart from detecting the 

presence of a crack. At higher modes, which are associated mainly with local responses, 

this limitation could be overcome. However~ exciting. and extracting higher modes might 
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be difficult and as well prove to be hard to identify the crack. Various experts agree on 

the fact that there are often limited number of frequencies available with the needed 

significant shifts needed to locate the damage. 

Resonance frequencies are global properties of the structure, and hence do not change in 

magnitude from one end of the structure to another. Anti·resonance frequencies. 

however, change from one location to another. This property was exploited by Afolabi 

( 198 7) to determine the approximate location of certain kinds of defects. 

2.4.2 Mode Shapes 

Mode shape vectors are used for graphical display of deformation behavior of the 

structure. The underlying principle in using mode shapes for identifying defects in 

structure is that when there is a local damage, it will cause a change in the derivatives of 

the mode shapes at the location of the damage. It is to be noted that while it is possible to 

estimate the natural frequencies of a structure by taking measurements at a point on it, to 

get a mode shape, measurements have to be taken at several points on the structure. The 

higher the number of measuring points, the greater the degree of accuracy of the mode 

shape estimated. Tsai and Wang (1996) used the change in fundamental mode shapes 

between the cracked and unc:racked shafts to identify a crack location. The crack was 

modeled as a joint of a local spring. Several authors have used a bilinear device to 

simulate the crack in beams, and plates by using mode shapes, and curvature to locate a 

crack. 
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A criterion that measures mode shape changes in the whole structure is termed as Modal 

Assurance Criterion (MAC); this MAC is relatively insensitive to a damage in a beam 

(made using a saw). Fox (1992) established the fact that ''Nodal line MAC''. which is a 

MAC based on measured points close to a nodal point for a particular mode was a more 

sensitive indicator of changes in mode shapes (than the global MAC referred to earlier) 

caused by damage to the structure. However, he concluded that graphical comparison of 

relative change in mode shapes is the best way to detect damage position when only 

resonance frequencies, and mode shapes were examined. The modal assurance criterion 

(MAC) has been used by several authors as a damage· indicator. Its value between two 

eigenvectors is defined by: 

(2.6) 

where: 

;,, ~ = mode shape vectors for modes i and j respectively. 

It shows the correlation between two sets of estimates for the same mode shape. A full 

correlation is indicated by a MAC value of 1. 

%.4.3 Mode Shape Curvature 

Several derivatives of mode shapes could be used as damage indicators. A typical 

parameter, and most common among them, is the mode shape curvature (which is the 

second derivative of deformation at a point). Changes in mode shape curvature are good 
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indicators of damage for beam structures. A beam's curvature is related to its strain by: 

(2.7) 

where: 

& = strain at the point of reference~ 

R = radius of curvature; 

y = distance of the reference point from the neutral axis; and 

K = curvature 

Measurements of strain could be made by using a strain gauge, and any change in strains 

as a result of damage in the structure will have a direct effect on its curvature. The 

changes in strains due to the introduction of a crack in a tubular T -joint was evaluated by 

Nwosu, et al ( 1995). They discovered that such changes are much greater than any 

frequency shifts, and are measurable even at a relatively large distance from the crack. 

1.4.4 Traumissibility 

The word '~issibility" has various meanings, and interpretations. However, in 

vibration, the basic definition is that it is a ratio of response (displacement, velocity, 

acceleration, and fon:e) amplitude of a system to the excitation (fon:e or motion) 

amplitude. With regard to damage identification, a change in the structure·s stiffness 

caused by a defect will bring about a ~hange in the amplitude of the system's response to 
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excitation. Several authors have presented a damage identification procedure in which 

they utilized the transmissibility between acceleration and excitation as a damage 

indicator. Transmissibility in this regard is defined as: 

where: 

X 
T=­

F, 

X ,. amplitude of the acceleration at the response point 

F,. = amplitude of the load. 

(2.8) 

The relative change in transmissibility between the damaged and the undamaged 

structure is defined as: 

Rr = Td - T, = Td -1 
T, T, 

(2.9) 

where: 

Td= transmissibility of the damaged structure 

TM = transmissibility of the undamaged structure 

For further information on this approach, see Ryner ( 1993) 
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2.4.S Dampiag 

Damping is an energy dissipation process. Modeling of damping is often a complex task. 

The most popular model for damping is the linear viscous model in which the damping 

force is directly proportional to the velocity. Defect in a structure will cause a change in 

its damping capacity. Ryner ( 1993) was able to conclude from an experiment conducted 

on a cantilever beam that the modal damping ratios of the beam are extremely sensitive to 

even small cracks. He stated further that the changes in damping are highly dependent on 

several factors such as load history and material treatinent. He then concluded that an 

analytical relation between crack length, and damping has never been given. For some 

real life structures (such as an offshore platform), a lot of time varying and non-structural 

sources may contribute to the damping and thus influence the response. These include: 

water, air, soil etc; consequently, these effects need to be separated out to in order to 

determine the actual influence of a crack on structural damping. 

2.4.6 Matrix Update Methods 

This method involves the modification of the structural model matrices (mass, stiffness, 

and damping matrices) to reproduce as closely as possible the obtained static or dynamic 

response from the data. The updated matrices are solved by fonnulating a constrained 

optimization problem with the structural equations of motion as its basis. In order to 

detect damage in the structure, a comparison is made between the updated matrices to the 

original correlated matrices. 
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Kim and Bankowicz (1993) were able to investigate damage detection techniques with 

respect to various matrix update methods. model reduction methods, mode shape 

expansion methods, considering the number of damaged elements, number of sensors 

(located on the structure), number of modes, and the noise level. They developed a hybrid 

model reduction and eigenvector expansion approach to match the order of the 

undamaged analytical model, and mode shapes for numerical simulation; then they used 

the procedure to estimate, and locate the damage in a structure. 

2.4. 7 Nonlinear Methods 

Nonlinear vibrations of beams are represented by nonlinear equations. A typical example 

is the transverse vibration of a beam with an opening and closing crack. Krawczuk and 

Ostachowicz ( 1992) modeled a Bernoulli-Euler beam with a crack as two sections on 

either side of the crack connected together by a torsional spring. The length of the crack 

was assumed to be varying sinusoidally as a function of time during the closing half of 

the vibration cycle. This was done in order to address its nonlinearity present during 

vibration. The authors solved equation of motions numerically using the above 

formulation. Detailed review of the methods using nonlinearity could be found in 

Doebling et al ( 1996) 

There are several other damage indicators which will not be discussed in this thesis. 

These include: 
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a) Phase plane plot; 

b) Probability density function; 

c) Random decrement signature; 

d) Method based on measured flexibility; and 

e) Neural Network t\-lethods. 

Additional details on the above could be found in Rytter ( 1993) and Doebling et al 

(1996). 

l.S Assumptions Inherent in Modal Analysis 

When a specimen is subjected to experimental modal analysis. three fundamental 

assumptions are usually made. They are: the system should be linear, time-invariant. and 

observable. 

1.5.1 Linearity 

The structure is assumed to be linear. This implies that it obeys the principle of 

superposition. 1bat is, the response of the system to any combinations of forces applied 

simultaneously is the swn of the individual responses to each of the forces acting alone. It 

is to be noted that for most practical problems, the assumption of linearity is not always 

valid vigorously. These could be due to environmental problems, geometry of the 

structure. inappropriate boundary conditions etc. 
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2.S.2 Time-lavariaace 

It is generally assumed that the structure is time-invariant. This implies that the 

parameters of the structure do not change with time. It is to be noted that a structure 

which is time-variant will have components that have mass, stiffness. and damping that 

depend on factors that are not likely measured or included in its physical model. In such 

cases, the modal parameters measured will be time dependent. For a time variant 

structure, measurements made at different periods during the experimentation would have 

different modal parameters. Consequently, the parameters measured will not be 

consistent. 

2.S.3 Obsen'atioa 

In this regard, an adequate behavioral model of the structure could be generated based on 

information contained in the input-output measurements. According to Allemang ( 1990), 

structures and machines which have loose components, or more generally, which have 

degrees of freedom of motion that are not measured, are not completely observable. For 

example, in describing the motion of a panially filled tank of liquid when sloshing of 

fluid occurs, sometimes, enough measurement can be made so that the system is 

observable under the form chosen for the model, and sometimes, no realistic amount of 

measurements will suffice until the model is changed. 
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2.6 Applications of Modal Analysis 

The various applications of experimental and analytical modal analysis are too numerous 

to be written and discussed fully in this thesis. Some of the important practical 

applications include: 

a) Modal updating and verification: This involves the use of experimental modal 

parameters to update numerical models used to predict the dynamic behavior of 

structure. 

b) Trouble shooting: It simply implies the use of modal analysis for diagnostic 

purposes. It is the most common application of modal analysis that helps in 

gaining insights to the problems in structural dynamics. 

c) Design Optimization: After proper diagnosis has been done on a structure, the 

structure can be modified in places to improve its dynamic behavior. 

d) Response predictions: Modal analysis can be used to identify the modal 

parameters of a structure. From the results obtained, the dynamic response of such 

a structure to any combinations of inputs can be predicted. 

e) Condition monitoring: This involves monitoring the modal parameters of 

structures in order to detect failures during operation. 

1.7 Summary 

Some of the various techniques available for crack identifications have been stated, and 
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discussed in the chapter. Relevant literature and research studies carried out were also 

discussed. In the experimental study reponed in this thesis. the damage identification 

technique used is vibration-based. The schemes used depend on changes in the first three 

natural frequencies, abrupt change in the slopes~ and magnitudes of the mode shapes near 

the crack location. Chapter Three discusses the fundamental principles and theories used 

in the experimental and numerical analysis of the problem. 
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CHAPTER 3: FUNDAMENTAL CONCEPTS AND THEORIES 

3.1 Vibntioa Concepts 

Modal Analysis is a vibration·based concept. Consequently, a review of some 

fundamental concepts of vibration is essential for better understanding of modal analysis. 

Vibration could simply be defined as a periodic or oscillatory response of a mechanical 

system. Fundamentally, there are two types of mechanical vibrations. When a structure 

vibrates as a result of imposed initial conditions, or disturbances~ (which would be an 

energy (kinetic or potential) input into the structure), then the vibration is termed a free 

vibration. This kind of vibration is dominated by the fundamental frequency (lowest 

natural frequency of the structure), even though higher frequencies are also present to a 

smaller extent. It vanishes with time since there are no external excitations acting on the 

system to sustain the motion continuously. The other type of vibration, called forced 

vibration, usually occurs under the influence of external forces. If the excitation is caused 

by a periodic source, the vibration comprises of a steady state response, and a transient 

response. The uansient response is completely damped out after some time~ and only the 

steady state response is present in the structure. 

When a system is excited by an external force, a situation can be reached in which the 

natural frequency of the system is the same as the frequency of the external force. When 
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this occurs. the system will vibrate with a very large magnitude. This condition is known 

as resonance; the frequency at which this occurs is known as the natural frequency. 

In dynamics and vibration, the number of independent coordinates necessary to specify 

the configuration or position of a system at any time is referred to as the number of 

degrees of freedom of the system. Generally speaking, a continuous mechanical system 

has infinite degrees of freedom. However, in selecting appropriate mathematical 

modeling, the degree of freedom could be reduced to a discrete number and in some cases 

to a single degree of freedom. 

There are situations in which vibration is advantageous, and in some instances. it is 

harmful. Its applications are in almost every field of engineering. Vibration engineering is 

a broad-based tiel~ which includes: vibration monitoring, testing, experimentation, 

which are imponant to maintenance and repair of engineering systems. 

3.1 Equation of Motioa 

The basic linear differential equation of motion of a multi-degree of freedom (MDOF) 

structure is given by: 

(M)x}+[C}x}+[K}z} = {F(t)} (3.1) 
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where: 

[ M] = mass matrix; 

[C) = damping matrix; 

[K] =stiffness matrix; 

{ x(t)} = displacement vector, 

{x(t)} = velocity vector; and 

{x(t)} =acceleration vector. 

The above equation balances the structure internal forces, which are a combination of 

mass (inenial)9 damping (dissipative), and stiffness (elastic restoring) tenns (referred to 

as the spatial model) with the externally applied forces. When an external force is 

applied to a structure, it begins to vibrate, and the resulting energy is trapped within its 

boundaries. If the applied force is removed, the structure will continue its vibration but 

eventually the motion will be damped out by the dissipative properties (damping), and the 

structure will stop vibrating. 

Defects in a structure cause a change in its stiffness, and could also affect its mass 

distribution, and damping properties. Consequently, there would also be a change in the 

dynamic response of the structure. In addition to the equation above9 the linear dynamics 

could also be represented by other equivalent expressions such as frequency response 

function, modal parameters or impulse response function. Consequendy, if the acquired 

frequency response function, modal parameter or the impulse response of the structure is 

cbanged, these cbanges would be due to a change in its mass, damping, and stifthess 
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properties. The transformation between the various representations of the dynamic 

equilibrium of a structure is shown in Fig. 3 .1. In Eqn. (3 .1 ), vector {x(t )} represents the 

motion at a particular point in a particular direction. Motion at a particular point may be 

represented by up to six degrees of freedom of motion (three translational and three 

rotational). Only a finite number of degree of freedoms are used to represent the 

dynamics of a structure in a typical modal testing. Most often, they are translational 

simply because rotational degrees of freedom are not easily measured. 

3.3 Modes of Vibration 

Modal analysis results in the characterization of the dynamic properties of an elastic 

structure in terms of its modes of vibration. A mode of vibration is a global property of 

the structure. When energy is trapped at the boundaries of a structure during its vibration, 

it travels bac~ and forth within the structure, thereby, causing the structure to deform 

with various clearly defmed wave-like motions called •• the mode shapes". They occur at 

distinct frequencies of vibration referred to as natural frequencies. The amplitudes of the 

mode shapes decrease as they become damped when all the externally applied forces are 

removed. A mode of vibration is defined by its natural frequency, damping factor, and 

mode shape (modal residue). These are otherwise known as modal properties or modal 

model. 

Basically, the modal parameters of a structure could be determined in two ways, viz., 

experimentally, and analytically. The analytical procedure involves the fonnulation of the 
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Modal Modal Modal 
Parameters Parameters Parameters 

Figure 3 .I: Various representations of the dynamic equilibrium equation a structure 

(I and 3 =Fourier Transform; 2 =inversion; 4 = eigensolutions; 

S =curve-fining; 6 =curve-fining) 

equations of motion of the structure. This is otherwise known as mathematical modeling 

of the structure. It is commonly achieved by the Finite Element Method (FEM). The 

modal parameters are the solutions obtained when the homogeneous equations of motion 

are solved. They are also referred to as eigensolutions (eigenvalues, and eigenvectors). 

The eigenvalues give the modal frequency, and the damping factor, whereas, the 

eigenvectors give the mode shape. In the experimental approach, a frequency domain 

model of the structure is used in conjunction with the frequency response function (FRF) 

obtained during the experimental modal analysis. Figs. 3.2 and 3.3 illustrate the different 

stages, and routes involved in both the theoretical, and the experimental approach to 

characterize structural motions, respectively. Both the theoretical and the experimental 

40 



approaches involve three stages as indicated in the figures above. and described as 

follows: 

i) Modeling of the structural dynamics. in terms of the physical properties; 

ii) Description of the structural behavior as a set of frequencies, damping factors 

and vibration modes; and 

iii) Dynamic: response of the structure to a given excitation force. otherwise known 

as the response models. 

The third stage depends on the structural properties and the magnitude of the excitation 

force. There are several ways by which the structure could be excited, and consequently 

these yield numerous types of vibration responses. However, in this study, a sinusoidal 

force was applied to a panicular point on the structure, and the frequency of excitation 

varied continuously within the selected range (sine sweep function). Consequently, the 

response model used is a set of frequency response functions (FRF) defined over the 

applicable range of frequency. 

3.4 Tnasfonaatioa Techaiqaes 

The various means of ~epresenting dynamic response of a structure and the 

transfonnation techniques available in changing from one form to the other are stated in 

this section. 
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Figure 3.2: Theoretical Approach to Modal Analysis 
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Fig. 3.3: Experimental Approuh to Modal Analysis 
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3.4.1 Basic Defiaitioas 

There are two basic means by which vibration analysis could be carried out: 

i} Time domain; and 

ii) Frequency domain. 

The basic difference between the two is in the independent variable of the vibrating 

signal. In the time domain, time is the independent vanable, whereas, in the frequency 

domain, the independent variable is frequency. In the first case, the system can be 

modeled by a set of differential equations with respect to time, whereas in the frequency 

domain, the system is modeled by transfer functions, which are algebraic. The two 

methods are linked up by the Fourier transform techniques. However, theoretically, it is 

more convenient to use the Laplace transform in which the independent variable is the 

Laplace variable (s). The Fourier transform can be obtained from the Laplace transfonn 

by replacing the s by jw. Factors that govern the choice of a domain over the other 

include: nature of the excitation input, type of available analytical model, parameters to 

be determined, etc. 

3.4.l Traasfer Fuactioa 

A general link between the analytical solution to the dynamics of a system, and the 

experimental modal analysis results is the transfer function. An equivalent frequency 
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domain form of Eqn. (3.1) is described in this section. This fonn could be written in 

terms of the system modal parameters. It is to be noted that the different variations of this 

model can be used to curve·fit the frequency response function, measured in the 

experimental modal analysis, to obtain the modal parameters. 

In transforming a time domain differential equation of motion to a frequency domain 

algebraic equation in s. the Laplace transform (which is a mathematical technique) is 

used. Application of this tool to Eqn. (3 .I) yields: 

s2(MkX(s)} -s(MkX(O)} -(MkX(O)}+ s(CkX(s)} -(CkX(O)} + 
[KkX(s)} = {F(s)} (3.2) 

Homogeneous equation of the above equation would be formed when there are no 

external forces applied, and the initial conditions are set to zero. In this case, Eqn. (3.2) 

reduces to: 

(3.3) 

i.e., 

[B(s)Hx(s)} = {o} (3.4) 

where: 

(3.5) 
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Eqn. (3.3) is an eigenvalue problem and its solution yields the eigenvalues. which are 

complex numbers, otherwise known as poles. For Eqn. (3.4) to hold, [B(s)) or{X(s)} 

must be set to zero. Setting {X(s )} to zero, however. will give a solution that is not 

useful. Therefore for a non-trivial solution [B(s )) must be set to zero. The eigenvalues 

give the modal frequencies, and modal damping values that make the determinant of 

[B(s )) to be zero. For a panicular eigenvalue, there is a unique eigenvector, otherwise 

known as the system mode shape or modal vector. This can be obtained by solving Eqn. 

(3.3) for a given value of eigenvalue, which are solutions to the determinant of [B(s )] . 

P, = t7, + j(J), (3.6) 

where: 

P; = eigenvalue of the i111 mode; 

a;= modal damping of the idl mode; 

Ct.\= modal frequency of the i'h mode; 

i = 1,2 ... m; and 

m = nwnber of modes 

Note that the eigenvalues occur in complex conjugate pairs. A typical complex pair is 

illustrated in Figure 3.4. The influence of modal damping on a structure determines its 

classification. 
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When external forces are applied to a structure. and the initial conditions are set to zero. 

Eqn. 3.2 becomes: 

[B(s )RX(s )} = {F(s )} 

Multiplying both sides ofEqn. (3.7) by the inverse of [B(s)] yields: 

{X(s )} = [H(s )RF(s )} 

where: 

[H(s )] = [B(s )j' 

Fig 3.4: Typical complex eigenvalue pair 

(3.7) 

(3.8) 

(3.9) 

(H(s )) is known as the transfer function matrix. Each element of the transfer function 

matrix is a transfer function. It describes the entire dynamic properties of the structure 
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between a given input DOF, and its given response DOF. In a more general form. Eqn. 

(3.9) can be written as: 

= 

X,(s) 

H11 (s) H12 (s) 
H 21 (s) 

H 1,(s) ~(s) 
F2(s) 

H""(s) F,(s) 

(3.1 0) 

From the above equation, it could be inferred that the Laplace transform of structural 

response at a particular degree of freedom (DOF) is the summation of terms which are 

products of the transfer function between a particular input (DOF), and its response DOF, 

and the applied force Laplace transform of applied force, for example: 

X1 (s) = H 11 (s )f; (s )+ H 12 F2 (s )+ .......... H1, (1 )F, (s) (3.11} 

It is to be noted that each transfer function contains the Laplace variable, and can be 

written as a ratio of two polynomial functions of the s variable. The function (B(s)) is a 

matrix of order 2n, where n is the degree of freedom ofthe structure. Since (H(s)) is the 

inverse of [ B(s )] , it follows that the elements of [ H{s )] will be polynomials with the 

detenninant of (B(s )) in the denominator of the transfer function. In an n-DOF structure, 

the determinant of (B(s)) is a polynomial of order 2n. This is called the characteristic 

polynomial, and it has 2n roots or n-pairs of complex conjugate roots called the poles, 
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which are the above-mentioned complex eigenvalues. Each eigenvalue represents the 

roots of the determinant of [B(s)), and the transfer function matrix [H(s)) can be written 

in panial fraction fonn as indicated below: 

(H(s))= t( R, + R; • ) 
1•1 s - p, s- p, 

(3.12) 

where: 

R; = Matrix of residues for the i111 mode. 

Eqn. (3.12) has 2n terms, which are written as n-pairs of conjugate poles. The panial 

fraction above contains the pole value in the denominator, and a constant in the 

numerator. The numerator is known as the residue. For a single pole, say pi, only the 

numerators of the (nth order) partial fraction equation are different. Consequently, the 

residues in the transfer function matrix for each pole can be assembled into a residue 

matrix as follows: 

(R,)= (3.13) 

R""(;) 

Eqn. (3.12) can be simplified in such a way that the residue matrix could be written in 

terms of the modal vectors/mode shapes. Consequently, the transfer function matrix is 

reduced to a form known as the parametric form, which contains only the modal 
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parameters. In the parametric form. each mode of vibration is defined by a pair of 

complex poles (frequency and damping value), and a pair of complex conjugate mode 

shapes. At this point. no attempt has been made at diagonalising the equations of motion. 

Hence, the mode shapes are still complex valued. This is not necessary in order to get the 

parametric form from the transfer function matrix. The parametric form is given as 

(3.14) 

Changing the transfer matrix to the parametric fonn, as indicated above, greatly reduces 

the number of measurement data needed to estimate the modal parameters of a structure. 

Hence, the modal parameters of the structure can be obtained from any row or column of 

the transfer function matrix with the exception of the situation in which these rows, and 

columns, correspond to components of the modal vector which are zero, otherwise known 

as nodal points. The parametric form of the residue allows defining the entire (n x n) 

matrix, once the n-dimensional modal vector is known. For example, using the transfer 

function alone without a prior knowledge of its parametric form, it would require 2500 

measurements in building a SO-DOF model. However, if the parametric fonn of the 

transfer function matrix is used, only SO measurements are required. The parametric form 

of the transfer function for a two-OOF case is given below. 

(H(s))= _I [{•11 }{+u 
s-p, <P12 

1 f{··2 ~{ •. 1 
5 -p2 L +uJ 

(3.15) 
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The fll'St pair represents the first mode, and the second pair stands for the second mode. 

3.4.3 Frequency Response Function 

In most practical modal testing, the transfer function is measured only along the 

imaginary (i.e. frequency) axis, and not in the entire s·plane. The values obtained are 

known as frequency response functions. Theoretically, the Fourier Transform results can 

be obtained from the Laplace transform by setting s = jm. This section formally 

introduces the frequency response function, and illustrates how the technique is useful in 

the response analysis of a vibrating structure. The frequency response function is the 

most commonly used approach in estimating the modal parameters of a structure. 

By defmitio~ a frequency response function is a complex ratio of output response to 

input excitation as a function of frequency for a single input-single output situation. 

There are various methods of estimating the frequency response function depending on 

where the noise enters the measurement. Table 3.1 indicates the characteristic of the three 

methods commonly used. There are several forms in which FRF could be represented, 

and plotted. Table 3.2 shows the details of FRF parameters. 

Graphically, the frequency response function could be represented by: 

i) A plot of modulus (magnitude, or log magnitude) of the FRF, and phase versus 

the frequency. This is known as the Bode plot. 
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ii) A plot of the real part of the FRF and imaginary part versus frequency. This is a 

two-part representation~ and is known as Co-quad plot. 

iii) A plot of the real part versus the imaginary part. This is referred to as the Nyquist 

plot. 

3.4.3.1 Frequency Response Function Matrix 

The easiest way to obtain the matrix of a frequency response function is to take 

measurement of the FRFs one at a time. Consider a two-modal measurement case given 

below, and replacing sin Eqn. (3.11) by s = jm. we would have: 

From Eqn. (3.16) we have: 

X, (Ct)) = H11 (Ct) ~ (Ct)) + H ,2 (Ct) )F2 (a~) 

X2(Ct))= H21 (Ct))F,(w)+ H22 (w)F2(w) 

If we set F2 {a~) to zero, then eqns. (3 .17) and (3 .18) reduce to: 

X, (Ct)) = H,, (Ct) )Fr (m) 

X2 (tt~)= H21 (a~)Fr(w) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 
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Eqns. (3.19) and (3.20) could be written as: 

(3.21) 

(3.22) 

It could be inferred from the above equations that for measuring a column of the 

frequency response function matrix. there is no need to vary the location of the applied 

force. The first element in the first row is found by exciting the structure at point 1 and 

measuring the response at that same point. Also the first element in the second row is 

found by exciting the structure at point 1 and taking the response at point 2. In this 

research, a single input. multiple output (response) system was employed. The responses, 

however, were taken one at a time. 

3.5 Global Modal Parameter Concept 

This concept implies that there is only one solution for each modal parameter, and the 

modal parameter estimation procedure must enforce this constraint. Every frequency or 

impulse function measurement contains the infonnation presented in the characteristic 

equation (i.e., modal frequencies and damping). Treating each measurement in the 

Treating euh measumnent in the parameter estimation proc:edure to be independent one 
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another does not guarantee that a single set of modal frequencies. and damping will be 

obtained. 

Table 3.1: Frequency Response Estimation Methods 

Frequency Response Function 

Noise Location 

Technique Force input Response 

Ht No noise Noise 

H2 Noise No noise 

Hv Noise Noise 

Table3.2: Representations ofFRF 

Response Pararneters(R) Representation(RIF) lnverse(F /R) 

Receptance, Admittance, 

Displacement Dynamic: compliance, Dynamic stiffness 

Dynamic flexibility 

Velocity Mobility Mechanical impedance 

Acceleration Acceleranc:e, Inertance Apparent mass 

F = Force excitation input 
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Likewise, if more than one reference is measured in a data set. redundant estimates of the 

modal vectors can be estimated except all the references are utilized by the solution 

procedure. Hence, most of the recent modal parameters estimation algorithms estimate 

the modal frequencies, and damping in a global sense, but, very few estimate the modal 

vectors in a global sense. 

3.6 Cun'e-fitting 

In curve-fitting, the modal parameters of the responses are estimated. There are various 

ways of achieving this objective, and some of the methods available are discussed in this 

section. 

3.6.1 Jatroductioa 

After the data have been obtained, an analysis of the data is expected to be carried out. 

There are various stages involved in analyzing experimental modal data. A crucial stage 

involves curve-fitting of the frequency response functions obtained. Curve-fitting is 

basically the process of matching an analytical model of the frequency response function 

to the measured data in order to extract the modal parameters. There are various methods 

involved in achieving this goal. Some of them are discussed in this section. The task 

involved in carrying out the curve-fitting could be categorized into two: the first is 

automatic:, the measured frequency data are input, and modal parameters are extracted 
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without any further involvement of the user; and the second procedure, the user is 

expected to panicipate in various decisions throughout the curve fining process. 

It should be noted that the various methods involved could operate either in the frequency 

domain or in time domain. However, most of the recent curve-fining techniques are done 

on the response characteristics in frequency domain. The time domain procedures operate 

on the basis that the inverse Fourier transform of the frequency response function (FRF) 

is also another characteristic function of the structure. This is referred to as the impulse 

response function. However, only the frequency domain, which was actually used in the 

subsequent experimental analysis, will be discussed in this section. 

3.6.2 Siagle-degree-of-freedoaa (SDOF) Methods 

These are the simplest approaches in curve-fitting, and most of the other methods 

available today are based on the SDOF models developed for FRF. They are easily 

applied on most test data, and can provide adequately accurate results in a large majority 

of test cases. 

3.6.2.1 Peak Amplitude Method 

Modal parameters extraction for structures, where modes are well separated, could be 

adequately made using this peak amplitude method. The various steps involved in this 

method are (see Fig. 3.5): 
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i) Locate individual resonance peaks on the FRF plot, and take the frequency of 

maximum response as the natural frequency of that mode (roi). 

ii) The maximum value of the frequency response (1,81) is noted. and the frequency 

band width of the function for a response level of I/ J2 times the peak value (1.61) 

is determined ( dOJ ). The two points identified as OJ
0
and OJbare the half-power 

points. 

iii) Estimation of the modal damping can be done by using the formulae: 

(3.23) 

c;, = 2q, (3.24) 

iv) The residue of the particular mode is obtained by using the formula: 

(3.25) 

Though this method is simple, and can give quick results, it has some limitations. From 

the equation above, since the modal damping, and residue depend on the value of (/J), the 

reliability of their estimates depends on the accuracy of (/J). Furthermore, most situations 

do not follow the single-mode assumption. The method is, however, useful in the 

preliminary estimation of the modal parameters 
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Fig 3 .S: Peak Amplitude Method 

3.6.1.2 Cirele-fit Metbod 

Frequency 

This method involves curve-fitting of the frequency response function in the region of 

resonance. The fundamental principle on which this method depends on is the fact that a 

Nyquist representation of the frequency response properties produces a circle-like curve. 

Hence, an exact circle can be produced by selecting appropriate parameter for the type of 

damping model. This method is based on the assumption that the structure is dominated 

by a single mode for a small range of frequency in the vicinity of the natural frequency of 

a particular mode (see Fig.3.6). 
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Real 

Fig. 3.6 A Typical Modal Circle 

From Fig. 3.6, the following deductions could be made: 

i) The natural frequency of the system could be estimated by locating the point of 

maximum sweep rate. At this poin~ w = mr, the natural frequency of the structure. 
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ii) The modal damping is estimated by using two points on the circle with 

frequencies of ma (below the natural frequency) and mb (above the natural 

frequency) as follows: 

(3.26) 

In case where (}a = (Jb = 90° (i.e. the half power points), the expression above yields: 

(3.27) 

3.6.3 MDOF Cune-fittiag Procedures 

The previous section discussed the SDOF curve-fitting methods. However, there are quite 

a number of situations in which the SDOF methods are not appropriate or sufficient. In 

such cases, the MOOF methods are utilized. A typical example is a situation in which the 

FRF is heavily coupled. For this case~ the modal parameters are estimated simultaneously 

using the MDOF method. Several methods are available in MDOF curve fitting which 

could be carried out either in the time domain or frequency domain. However. an attempt 

will be made in this section to discuss only one of the three frequency domain methods. 

The frequency domain methods are: 

i) Extension of the SOOF method; 
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ii) General curve-fit approach; and 

iii) Method suited for lightly damped structures. 

3.6.3.1 SDOF Extension Method 

In the circle fit method, it is assumed that the effects of all other modes near the vicinity 

of a natural frequency could be denoted by a constant. In the SDOF extension method. 

however, this restriction is removed. This is achieved, for example. by having good 

estimates for the coefficients which make up the second tenns, assuming that the SDOF 

estimation has been completed. A set of data point could be taken around the resonance at 

(l)j, and then for each frequency of known FRF value, the magnitude of the second term 

could be computed, and subtracted from the known value. This system is an iterative 

process. 

3.6.4 Curve-fittiag Usiag tbe STAR Structural Aa•lysis P1ckage 

This section discusses the various curve-fitting methods available in the software used in 

this research investigation called the STAR Structural Analysis Package (Star reference 

Manual, 1990). Both the SOOF, and the MDOF curve fitting methods are available in 

this package. It uses frequency response functions to identify the modal parameters of a 

structure. Some of the basic steps involved are: 

i) Determining the number of modes in the FRF; 
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ii) Setting up auto-fitting band; 

iii) Auto fitting all measurements; and 

iv) Displaying mode shapes, and examining results. 

A mode of vibration is represented by a peak in the frequency response plot. This is 

referred to as the resonance peak. However, the accuracy of this assumption is affected 

by the noise content in the FRF. and by any other errors made in making experimental 

measurements. 

In identify a peak, the following points must be noted: 

i) Use imaginary pan of the measurement to identify peak in receptance or 

inenance measurements; 

ii) For mobility measurements, the real part is used; 

iii) The magnitude could be used, and is independent of the quantity measured; 

iv) Visual inspection of the FRFs could be used to identify the majority of modes 

present in the plots; and 

v) No peak is observed for response taken at a nodal point. 

The absence of modal peaks in a large number of measurements indicates the presence of 

a local mode (i.e., a mode with zero mode shape for many degrees of freedom of the 

structure). The uldentify Modes" command of the •• Analysis Menusn in a STAR software 

package is used to identify the modes of interest in the present FRF measurement data. 
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3.6.4.1 Cunre-fit Methods 

Several curve-fitting methods are available in the STAR package. The one chosen 

depends basically on the degree of damping in the measurement and the modal 

parameters to be estimated. For light modal damping, the SDOF curve fitting is 

sufficien~ whereas, for a MDOF system, curve-fitting methods are used for a closely 

(heavily) damped FRF. Using a consistent method throughout the experimental modal 

analysis is however advisable. 

The various methods available in STAR package include: 

i) Coincident; 

ii) Quadrature; 

iii) Peak; 

iv) Polynomial; and 

v) Global F &D 

Both the Coinciden~ and Quadrature methods can be used to estimate the residue, and 

modal frequency &om the FRF data, but, do not estimate modal damping. The difference 

in these methods is basically on the type of plot used. In the coincident procedure, the 

real pan of the FRF is used while the imaginary part is used in Quadrature. The Peak 

method uses the complex value of the FRF as in the previous two methods. It estimates 

the residue, and the modal frequency, but, does not estimate the modal damping. 
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Polynomial curve fitting is applicable to both the SDOF modes, and the MDOF modes. It 

was actually used in this research. It fits a polynomial function in a rational fraction form 

in a least square error sense. Hence, it is otherwise known as Rational Fraction Least 

Square (RFLS) method. The modal frequency, modal damping, complex magnitude 

(magnitude, and phase) are estimated when using this method for a single mode. 

Likewise, the modal parameters are estimated for a range of modes when using this 

method for a multi-degree of freedom system. 

3.7 Summary 

The chapter describes the various theories and fundamental principles relevant to modal 

analysis (experimental, and analytical). Obviously, there are numerous other topics in 

Modal Analysis Theory that could not be presented in this chapter. Some of the 

references listed in the thesis could be consulted for additional information. A very 

comprehensive theory of Modal ~alysis is presented in Ewins (1995). Chapter Four 

gives a detailed description of the experimental study. 
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CHAPTER 4: INSTRUMENTATION AND EXPERIMENTAL PROCEDURE 

4.1 Instrumentation 

Monitoring the dynamics of a structure experimentally involves the use of several 

instruments. Some of the instruments used in this experimental study are: a function 

generator, power amplifiers. an exciter, a load cell, accelerometers. a filter, a scanner, a 

personal computer, a dual channel analyzer, and an oscilloscope. Proper functioning and 

calibration of the instruments are very essential to obtaining reliable results. 

4.1.1 Accelerometer 

Modal testing requires the measurement of forces as well as responses. There are various 

methods for doing this. The methods include: laser, optical fibres. magnetic sensors, and 

piezoelectric transducers. In the present study, piezoelectric transducers were used to 

measure the acceleration of the tested beams at various locations. 

Piezoelectric transducers are mainly used in accelerometers and force gauges. For this 

experiment, about seven accelerometers were attached to the model. Piezoelectric 

accelerometers are commonly used because of their smallness in size. high stifliless. and 

high range of sensitivity. It is to be noted that they are charged generators that require a 
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special amplifier called charge amplifier. The amplifier converts the generated charge 

into an output voltage which could be easily measured, and recorded. 

Each accelerometer can be modeled as a single degree of freedom mechanical system. 

The accelerometer responds to both sinusoidal and transient forces. There are two basic 

types of acceleration sensing elements viz., a strain gauge and a piezoelectric crystal. The 

second type was used in the present experiment. It is very light, and has a high 

sensitivity. The fundamental principle of operation of a piezoelectric accelerometer is that 

an element of piezoelectric material generates a charge across its faces when subjected to 

a mechanical stress. 

Accelerometers are of varying sensitivities. The commonly available ones have 

sensitivities that vary between 1 to 10,000 pC/g. It is to be noted that a high sensitivity is 

required for accelerometers. However, the higher the sensitivity, the greater is its mass. 

This could interfere with the dynamic response of the structure, and consequently reduce 

the transducer's resonant frequency. As a result of these considerations, coupled with 

some environmental factors, a compromise is always made in the choice of 

accelerometers with regard to its size and sensitivity. Hence, small mass accelerometers 

with relatively higher charge sensitivity are usually preferred. 

Before accelerometers are used to measure the response, they must be calibrated. 

Nonnally, there are two basic methods that could be used to calibrate accelerometers, 

viz.; 
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i) Absolute calibration; and 

ii) Comparison calibration 

In absolute calibration, the sensitivity of the accelerometer is determined by 

measurements based on fundamental and derived units for the physical quantities 

involved. Nowadays, this is conveniently done by the use of a laser interferometer. 

Comparison calibration implies the measurement of a transducer relative to a standard 

reference transducer with known sensitivity. This is practically less involved than 

absolute calibration, and requiring cheaper and simpler instrumentation. 

It is to be noted that standard transducers are classified into three major groups, based on 

the mode of calibration: 

1) Primary standard transducer - These are calibrated by absolute method; 

2) Transfer standard transducer- Calibrated by either absolute or comparison method; 

and 

3) Working reference standard transducers: They are used for calibration of 

accelerometers in common use. 

An alternate method which is far simpler than any of the above-mentioned methods was 

used. This involves the use of a hand-held calibrator {PCB) and an oscilloscope. The 

block diagram of this method is shown in Fig. 4.1. The features and the sensitivities 
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(calibration factors) of the eight accelerometers used for this experiment are shown in 

Table 4.1. 

Oscilloscope 

Accelerometer 

PCB Calibrator 

Figure 4.1: Flow Chart for Accelerometers Calibration 

Table 4.1: Characteristics of Accelerometers 

Frequency Range (Hz) 1-1000 

Excitation (DVC) 15 

Temperature Range c>f) 0-130 

Mass(gm) 2 

Connectors (Pins) 3 
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Table 4.2: Sensitivities of Calibrated Accelerometers 

Accelerometer Series Number (SINO) Sensitivity 

(mV/g) 

1 20093 160 

2 20502 180 

3 20502 180 

4 20502 200 

5 20403 200 

6 19906 160 

7 19907 200 

8 20505 170 

4.1.1 Fundioa Generator 

Numerous types of excitation are available that can be used to generate forces that act on 

the model and also allow it to respond dynamically: 

a) Sine sweep; 

b) Random excitation; 

c) Transient; 

d) Periodic; and 

e) Sinusoidal. 
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In this experiment, sine sweep was used. The sine sweep is a sinusoidal command signal 

that will generate sinusoidal signals of various frequencies within the specified frequency 

sweep range. The amplitude of excitation needs to be controlled since it can become very 

large to have a natural frequency (or frequencies) located within the specified sweep 

range. However, the frequency and its amplitude are chosen in such a way as to avoid 

large resonant responses that could lead to a nonlinear response function. 

The generator used was a HP 3314A function generator featuring sine, square. and 

triangular functions from 0.00 I Hz to 19.99 MHz. Though the function generator has 

sophisticated operating modes, it was very easy to use it in the experimental testing. The 

3314A can operate from AC power sources with voltage deviations within +So/o to -1 Oo/o 

of the selected value. The line voltage selector on the rear panel setting should be made 

compatible with the RMS voltage of the AC power source. 

The main keys used during the generation of the linear sine sweep function, and their 

various actions are stated briefly below: 

a) PRESET: This sets the 3314A to its basic operating state. It is very useful as the 

common starting point for all operations. It is to be noted that FREE RUN is the 

active mode after the instrument is preset. 

b) SWEEP: The 3314A output frequency sweeps linearly in increasing manner from 

the starting frequency to the stop frequency, in the time interval set by SW!TR 

INTVL 
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c) START FREQ and STOP FREQ: These two keys set the frequency sweep limits. 

d) SWffR INTVL: This sets the sweep time interval for repeating the sweep signal 

e) MAN SWEEP: When this is ON. the output frequency is limited to frequencies 

between the start .. and stop frequencies. 

The following points must also be noted when using this type of generator for sine 

sweep: 

I) STOP FREQ must be greater than or equal to the START FREQ. 

2) STOP FREQ/START FREQ ratio varies from I to 100. 

3) Sweep interval can vary from 7.20 ms to 1999 s. 

For more comprehensive information, see the Hewlett Packard System Operating Manual 

(1987) 

4.1.3 Exciter 

Modal testing requires an exciter in conjunction with the function generator to generate 

forces that move the structure to respond dynamically. There arc various types of exciters 

available with different capabilities, and modes of operations. Three basic types of 

exciters are readily available for use: 

a) Hydraulic exciters; 
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b) Inenial exciters; and 

c) Electromagnetic exciters. 

An electromagnetic exciter was used during the present experiment. It provided a large 

enough force output to give easily measurable and controllable responses. In this type of 

exciters, the provided input electrical signal is convened to an alternating magnetic field 

in which is placed coils attached to the moving part of the device. The moving head is 

connected to the structure through a rod and a load cell. The frequency and amplitude of 

the signal can be controlled independently of each other. The impedance of the exciter 

varies with the amplitude of motion of the moving coil. Consequently, it is practically 

impossible to measure the excitation force by measuring only the voltage applied to the 

exciter nor is it proper to measure the excitation force by taking measurement of the 

current passing through the exciter. This slight differential between the force generated 

by the exciter and the actual force applied to the model must be taken note of since it has 

a direct effect on the frequencies near the resonance. The actual input into the tested 

system was measured by the use of a load cell in contact with the tested system. 

The exact type of electromagnetic exciter used for the experiment was a compact, 

pennanent magnet electro-dynamic exciter of the type 4809 with a force rating of 44.5 N 

(I 0 lbf) for vibrating small specimens (beams in this experimental case) at frequencies 

ranging from 10 Hz to 20 kHz. Its moving coil had a nominal impedance of 20o/o with a 

current rating of S A RMS. Its usefulness apart from vibrating small specimens includes: 

calibration of accelerometers, educational demonstrations~ and mechanical impedance 
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measurements. It is a small versatile equipment with an impressive perfonnance. The 

exciter was driven by an amplified force generated by the function generator. The 

amplification was done by a power amplifier connected to the function generator. and the 

exciter. The amplifier used was a Bruel and Kjaer power amplifier Type 2706, rated at 75 

VA. 

4.1.4 Load Cell 

A load cell was used for measuring, and transmitting the force signal to the beam model. 

The load cell used was a Kistler model 912 quanz type. It is a compact, sensitive, and fast 

response transducer for measuring dynamic, and shon time dynamic forces. It could be 

used to measure both compressive and tensile forces. The load cell is a piezoelectric 

transducer with a sensing element of stacked quartz wafers assembled under an initial 

static compressive pre-load greater than five hundred pounds. The sensitivity is measured 

in pi co-Coulombs per pound of force (pC/lbt). It has a screw hole at one end and a screw 

at the other end. A threaded rod from the exciter was connected to the screw while the 

other end of the load cell was screwed directly to the beam at a point close to the center. 

The excitation force was applied perpendicular to the beam surface. The applied force is 

convened by the quartz-wafer sensing elements into a proponionate electrical charge 

signal which was measured. Every effon was made to ensure that the load cell was placed 

between two parallel surfaces of the beam, and the exciter head. Care was taken to see 

that no overloading occurred throughout the duration of the experiment. 
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Before the load cell was used, it was calibrated. The calibration of the load cell was done 

based on the nominal sensitivity of9.10 pC/lbfprovided by the manufacturer. The weight 

of the load cell was 16.82 gm. A 5 gm mass was placed on it. Consequently. the force 

acting on the load cell was calculated using the basic formula: 

F= (ll2massof load cell +applied mass)•9.8t•0.2284 (4.1) 

where : 1 N = 0.2248 lbf 

Substituting the previous information into the above equation yields: 

F= 0.0300 lbf 

The actual sensitivity of the load cell can then be determined by using the formula: 

S = V IF • Nominal sensitivity (4.2) 

where: 

V= output voltage from the oscilloscope. 

The calibration set-up used is shown schematically in Fig. 4.2. 

When the S gm weight was placed on it, and connected to the oscilloscope, and the PCB 

calibrator, the measured voltage was 30.5 mV. Therefore, the actual sensitivity of the 

load cell found on substituting V, and F into Eqn. ( 4.2) is: 

s = 9.25 pC/lbf 

Using 9.25 pC/Jbf, a weight of S N was added to verify the accuracy of the calibration. 

Additional information could be found in the Sundstrmd Instruction manual ( 1972) 
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Oscilloscope 

·~ 

Conditioning 
Amplifier 

~~ 

Load Cell 

.. 

PCB Vibrator 

Fig. 4.2: Calibration Procedure for the Load Cell 

4.1.5 Amplifien 

The magnitude of an electrical signal could be represented by variables such as voltage, 

current, charge, and power. This signal magmtude must be properly adjusted for good 

performance of the components, and the overall system. For example, forces input to an 

exciter must have adequate power to drive it. This could be achieved by signal 

amplification, whi<:h has to do with proper regulation of the signal level in order to 

perform a specific function. SigaL amplifications are carried out by amplifiers. 
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Two amplifiers were used during the experiment. One was a small-sized Bruel and Kjaer 

power amplifier, Type 2076, connected between the function generator, and exciter. The 

other was a charge amplifier connected to the load cell. The charge amplifier was a Dual­

Mode Amplifier Model 504E. It converted the electrical signal input and produced an 

analog voltage output. The front panel transducer sensitivity was set at the transducer 

sensitivity of the calibrated load cell (9.25 pC/lbfin this case). The charge amplifier has a 

very high input impedance and a very low output impedance. This eliminates virtually 

every loading error. The charge amplifier also has a large time constant and this 

decreases the charge leakage speed. 

4.1.6 Scaaaer 

When we connect several channel inputs (coming from different accelerometers placed 

on the beam), one signal could be measured at a time if there is an equipment which can 

connect inputs from several channels. Such an equipment is known as a scanner. In this 

study, the seven acceleration responses from the transducers were transferred at the same 

time to an eight-channel scanner. The signals were acquired one at a time in a sequential 

manner (one to seven, in this case) by the frequency analyzer from the scanner through a 

filter. 

4.1.7 Filter 

The degree of accuracy of modal test results could be greatly affected if undesired signals 
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such as external disturbances, and internally generated noise, which are spurious signals, 

are not eliminated or reduced. A filter was used to reduce the effects of unwanted signals. 

It allowed the passage of the desirable frequencies, and rejected the unwanted 

components. Four types of filters are generally available for use, viz., 

a) Low pass filters; 

b) High pass filters; 

c) Band pass filters; and 

d) Band reject filter. 

Detailed discussions of the above could be found in De Silva ( 1999) and McCoMell 

( 1995). It is to be noted however that a low pass filtering method was used during the 

present experiment. This allowed all the signals below a certain frequency, known as the 

cut-off frequency, and cut off frequency components above it. 

4.1.8 Frequency Aaalyzer 

The signal analyzer usually employs digital techniques to extract useful infonnation 

contained in the signals (fon:e and response). It implements digital signal analysis that 

uses the Fast Fourier Transform (FFT) techniques to produce the frequency spectrum of 

the time signals. To generate the frequency response function of the dynamic response of 

the model, at least two data signals (force and response, in this case) are needed. 

Consequently a Bruel and Kjaer Dual Channel Signal Analyzer (Type 2034) was used. 
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Its basic operational principles, and keys are too numerous to be discussed in this thesis. 

For a more comprehensive review of its features, see the Bruel and Kjaer Instrumentation 

Manuals, volumes 1 to 3 (1987). 

The dual channel analyzer used performed four basic operations in order to produce the 

frequency response, coherence function etc., viz., 

a) Anti-aliasing filtering (analog); 

b) Conversion of signals from analog to digital (i.e., signal sampling); 

c) Cutting of the data, and multiplying by a window function; and 

d) Fast Fourier analysis of the data to produce the frequency response function, 

coherence function etc. 

4.1.9 Oscillosc:ope 

The basic function of an oscilloscope is to observe one or two signals separately or at the 

same time in order to obtain adequate information on its amplitude, frequency, and/or 

phase. It is a signal modifier as well as a monitoring and displaying device. The 

oscilloscope was used in this experiment purposely to monitor the vibration signals (force 

and response) of the beam model obtained from the force, and response transducers. 
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4.% Experimental Model Description 

Two sets of aluminum beams were used for this experimental investigation. Each set 

consisted of seven beam models., the first set had fixed ends, and the second set was 

simply supported. Each beam model was made of aluminum bar of a cross-sectional area 

25.4 mm by 25.4 nun with a length of 650 nun. The mass of each model was 812.3 gm. It 

had the following material properties, viz., 

Young's modulus E = 70 GPa 

Density p = 2.696 gm/cm3 

Poisson ratio v = 0.35 

The dynamic behavior of each model was investigated in this study. The experimental 

procedure was carried out carefully to guarantee a high degree of accuracy, and was 

carried out for several combinations of crack locations and depths. Though there were 

slight discrepancies in the dimensions of the models, they were assumed to be the same 

for the sake of uniformity in measurements, panicularly the uncracked model. 

4.3 Ezperimeatal Set Up aad Procedures 

The beam model was clamped at each • between two thick square steel plates, 

supported over a short and stiff steel H-section column. This was achieved by using two 

rectangular steel plates (3/4. thick) with four holes eaeh for bolting the beam model on 
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the stiff supporting column. The exciter was suspended using a slotted square flat plate. 

The plate was fixed to the top beam (of the steel frame) by four threaded rods. This made 

possible the adjustment of the position of the exciter at any· time a model was to be fixed. 

The first three natural frequencies of the uncracked beam were measured; in addition~ the 

accelerations of the locations of the seven accelerometers were also measured. Then. the 

cracks were generated, and made to the desired depth using a thin saw cut (around 0.4 

mm thick). For each set, seven beam models were tested with cracks at different 

locations, from one of the clamped or simply supported end, as shown in Table 4.3. The 

crack depth varied from O.ld to 0.7d (dis the depth of the beam = 25.4 mm) with an 

increment ofO.ld at each crack position, as shown in Table 4.4. 

By exciting the model at a point, and measuring the acceleration responses of the beam at 

different points on the beam model, it was possible to get all the frequency response 

functions between these positions which would lead to the extraction of the modal 

parameters. To this end, each model was excited by a fast sine sweep signal produced by 

the frequency generator, which was then amplified, and used to drive the exciter, which 

eventually ttansmitted the force to the beam model through the load cell. This served as 

the input to the system. It is to be noted that the model was excited at a point which was a 

few millimeters away from the center of the model. This was done to avoid exciting the 

beam at a nodal point (of a mode), since the beam would not respond in that mode at that 

point. 
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The dynamic responses of the beam model were measured by seven accelerometers 

placed at different points on the model as indicated in Fig. 4.3. Note that it was 

practically impossible to have ideal boundary conditions: ln fact, deep slots had to be 

made on the second set of beams as shown in Fig. 4.4, in order to get the simply 

supported end conditions. The pictorial views of the fixed and the simply supported 

beams are shown in Figs. 4.5 and 4.6, respectively. The response measurements were 

acquired one at a time using the dual channel signal analyzer described in the previous 

section of the thesis. Before the responses were taken by the analyzer, they were passed 

through a filter to reduce the noise contents, as mentioned earlier. Similarly, the 

oscilloscope was used some times to monitor the excitation and response signals to 

prevent overloads, and also to ensure that good sine sweep signals were obtained. 

Measuring the frequency response appropriately over a large frequency band was not 

possible in this experiment, since the energy required for the beam to vibrate varied 

drastically depending on the frequency band. Consequently, the test region was zoomed 

into frequency bands. Dynamic testing was carried out in each band. Tables 4.5 and 4.6 

show the different frequency bands used for each set of experiments. Note that three 

response readings for three frequency readings in a frequency band were cross-checked 

with same frequencies in the subsequent band to ensure accuracy in matching the 

different bands. 

The measured frequency response acquired using the signal analyzer were given a 100 

ensample averaging before transferring them through GPIB to the PC on which a 

80 



Structural Testing, Analysis, and Reporting (STAR) software package was installed for 

data analysis. The schematic diagram of the experimental set up is shown in Fig. 4.7. 

Figs. 4.8 to 4.10 show the pictorial views of the experinienial set up. 

A total of 3 modes were identified in the four frequency ranges (for fixed ends beams), 

and the three frequency ranges (for simply supported ends beams), respectively. It was 

observed that some unwanted resonant peaks were introduced by the vibration of the 

floor plate and supports. These were identified using an eighth accelerometer placed on 

floor/support and monitoring the responses to see whether the frequency response was 

due to the floor/suppon vibration or due to actual structural (in this case, the tested beam) 

vibration. 

Table 4.3: Crack Locations 

Crack positions from one Crack positions from one 

Beam specimen end (fixed-fixed beam) end (simply supported) 

(mm) (mm) 

1 41 41 

2 122 122 

3 203 203 

4 284 284 

5 325 324 

6 447 446 

7 609 608 
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Table 4.4: Crack Depths 

No. Of depths Depths of cuts (mm) 

l 2.54 . 
2 5.08 

3 7.62 

4 10.16 

5 12.70 

6 15.24 

7 17.78 

Table 4.5: Frequency Bands for Beams with Fixed Ends 

Frequency bands (fixed-fixed models) 

No. (Hz) 

1 100-300 

2 292-492 

3 488-888 

4 880-1680 

Table 4.6: Frequency Bands for Beams with Simply Supponed Ends 

Frequency Bands (simply supponed) 

NO (Hz) 

I 52-252 

2 248-648 

3 640-1440 
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Fig.4.5: Pictorial View of a Fixed Beam with a Crack at L/16 

Fig.4.6: Pictorial View of the Simply Supported Beam with a Crack at L/16 
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Fig 4.7: Block Diagram of the Experimental Set Up 
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Fig.4.8: Side View of the Experimental Set Up Showing the Electronic Equipment 

Fig.4.9: Side View of the Experimental Set Up Showing the Frame 
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Fig. 4.10: Side View of the Experimental Set Up Showing a Connected Beam Model 

4.4 Experimental Errors 

There are several factors that affect the quality of the frequency response functions 
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Measured. These factors introduce errors into the measurements. Performing an 

experiment that is free of errors is almost unattainable in real life problems. However. 

some of the sources of errors are known. or traceable. and hence could be avoided, 

reduced or eliminated. Most errors are due to mistakes in measurements. A proper 

measuring method could prevent the introduction of errors such as overloading of input. 

extraneous signal pick·up, etc. Also, efforts should be made not to violate some 

assumptions on which the experimental study is based, as this also could be viewed as a 

mistake. For example, if a system is assumed to be linear, an introduction of nonlinearity 

can introduce energy shift from a frequency to several frequencies in such a way that it 

may be difficult to recognize. This causes a distortion in the modal parameters 

estimation. 

4.4.1 Sources of Erron 

In this experimental study, some errors were observed during experimentation, and some 

during the analysis. These errors could have resulted from any of the following: 

i) Aliasing and leakage errors could be introduced by the signal analyzer during the 

digitization of the analog signals. 

ii) Improper attachment of the accelerometers to the beam. The accelerometers must 

maintain proper contact with the surface of the structure, as misalignment will 

result in a poor contact region with corresponding loss of stiffness and a high 

response range. There are various ways by which this could be achieved. 
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Wax was used to attach the accelerometers during experimentation. 

iii) Improper attachment of the exciter can affect the force transmitted. In this 

experimental study. the exciter was fixed on a plate with four threaded rods 

bolted to the frame. Loose bolts could affect the positioning of the exciter 

consequently affect the force transmitted. 

iv) It was practically impossible to achieve ideal fixed ends, and simply supported 

ends. Hence. the boundary conditions used were approximate ones. 

iii) Slight geometric discrepancies, in the aluminum beams used, were also 

observed. Though they appeared to be very small, they could have resulted in 

the differences of dynamic behavior of the uncracked beams, observed in 

results obtained for similar boundary conditions. 

iv) The supports and the floor vibrations introduced unexpected response peaks. 

These were detected by observing the phase changes for all the peaks present in 

each frequency response taken. System vibrations produced a phase change of 

180°, whereas those introduced by vibrations from other parts of the set-up did 

not give 180° phase change. When such peak was observed, the source was 

checked by the eighth accelerometer. Most of such undesirable peaks present 

were introduced by the floor and the support vibrations. 

v) Improper calibrations of the load cell and the accelerometers would introduce 

errors into the measurement. These would greatly affect the experimental results. 

and the modal parameters estimated during the analysis. 
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Though errors are inevitable. they could. however. be reduced. Doing this. would 

minimize their effects on the experimental data obtained. A careful reviewing of the 

previous or related projects carried out by experienced personnel could be of great help. 

4.4.2 Reduction of Erron 

Five additional methods of reducing error in the frequency response are: 

i) Using frequency response function estimation algorithms (Hv compared to H 1) 

will reduce the effects of leakage error in estimating frequency response function. 

ii) Using signal averaging reduces errors due to bias and variance. 

iii) Nonlinearity in the measurements can be easily verified using selective excitation. 

This also reduces bias error introduced by the system. 

iv) Zooming the frequency band also increases the frequency resolution, which 

reduces the leakage, and bias errors as a result of the increased length of time 

sample. 

v) The use of weighting functions (otherwise known as windows) primarily 

compensates for the bias error. 

4.5 Additional Precautions 

Apart from taking care of the points mentioned in the preceding section, which could 

serve as precautions. the folloWing additional precautions should also be noted: 
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i) Reduction of the effects of noise by using a larger number of signals averaging. 

ii) Prevention of overloading by proper monitoring of the input and output signals. 

using the oscilloscope must be done often. 

iii) Assurance of proper control of the system input by exciting the system at the 

frequency range for which measurements are expected. 

4.6 Summary 

Detailed descriptions of the various instruments used have been given in this chapter. The 

need for proper functioning and adequate calibrations of the instruments cannot be over· 

emphasized. The results obtained were tabulated, plotted, and discussed in Chapter Five. 

A technique for identifying the location and the depth of an unknown crack is also 

presented in Chapter Five. 
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CHAPTER S: RESULTS AND DISCUSSIONS 

S.l Results 

Successful development of a monitoring procedure using parameters of dynamic 

responses as defect indicators relies mainly on its ability to monitor the natural 

frequencies and modes of the structure. The effects of a crack, present at different 

locations, on the fll'St three natural frequencies, and corresponding vibrating modes of 

beams (with fixed and simply supported end conditions) have been detennined in this 

research investigation. The theoretical analyses were previously carried out by Yang et al 

(2000). 

Before the experiments were carried out, the first three natural frequencies of the beams 

(with fixed and simply supported ends) were calculated analytically. From the results 

obtained, it was decided that using a frequency range between 52 Hz and 2000Hz for 

experimental measurements would be sufficient to include the first three natural 

frequencies and mode shapes. 

The frequency response functions obtained were curve-fined using the STAR Structural 

Analysis software package. The experimental data from the curve-fined results were 

tabulated and plotted (in a three dimensional plot) in the form of frequency ratio ( mclm) 

(ratio of the natural frequency of the cracked beam to that of the uncracked beam) versus 
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the crack depth ratio (alb) [the ratio of the depth of a crack (a) to the thickness of the 

beam (h)] for various crack location ratios (c/1) (ratio of the location of the crack to the 

length of the beam). The results that could not be obtained due to experimental errors 

were regarded as non available (NA). Tables 5.1 to 5.6 show the variation of the 

frequency ratio as a function of the crack depth and crack location for beams with fixed 

and simply supponed ends. It is to be noted here that during curve fitting, the values for 

the computed third natural frequency were approximate values due to the inability of the 

STAR software package to give figures with the number of digits greater than four. 

Hence, it was approximated to the nearest whole number. 

5.% Natural Frequea~ies 

The fllSt three natural frequencies obtained for different combinations of crack depth and 

crack location are given in Appendix A. Figs. 5.1 to 5.6 show the plots of the first three 

frequency ratios as a function of crack depths for some of the crack positions considered 

for each set of boundary conditions (seven locations for each set of boundary conditions). 

The complete set of plots of the variations of natural frequency ratio, as a function of 

crack depth (for all of the cases considered) are given in Appendix B. Figs. 5.7 and 5.8 

illustrate the variations of the first two natural frequencies as a function of crack location 

for a fixed-end beam and for a simply supported beam when the crack depth ratio is 0.2, 

respectively. Note that due to insufficient data, the variation of the third natural frequency 

as a function of crack location could not be plotted accurately. 
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Table 5.1: Fundamental Natural Frequency Ratio ((l)c:/ro) as a Function of Crack Location 

and Crack Depth for a Fixed Beam 

alb ell = c/1 = c/1 = c/1 = c/1 = ell= eli = 

1/16 3/16 5/16 7/16 8/16 11/16 14/16 

0 1 1 1 1 1 1 1 

0.1 NA 1 1 0.9977 0.9985 1 0.9995 

0.2 NA 1 0.9975 0.9900 0.9923 0.9989 0.9980 

0.3 NA 1 0.9923 0.9767 0.9746 0.9952 0.9864 

0.4 NA 1 0.9825 0.9666 0.9608 0.9815 0.9735 

0.5 NA 1 0.9712 0.9222 0.9159 0.9773 0.9602 

0.6 NA 1 0.9576 0.8744 0.8726 0.9686 0.9349 

0.7 NA 1 0.9523 0.7986 0.8443 0.9318 0.9068 

Table 5.2: Second Natural Frequency Ratio ((l)c/m) as a Function of Crack Location 

and Crack Depth for a Fixed Beam 

alb c/1 = ell = c/1 = ell = c/1 = c/1 = c/1 = 

1116 3/16 5/16 7/16 8/16 11/16 14/16 

0 1 1 1 1 1 1 1 

0.1 0.9994 0.9982 0.9986 0.9989 1 0.9986 0.9988 

0.2 0.9972 0.9938 0.9902 0.9972 1 0.9945 0.9910 

0.3 0.9932 0.9875 0.9800 0.9955 1 0.9805 0.9849 

0.4 0.9898 0.9864 0.9661 0.9911 1 0.9686 0.9815 

0.5 0.9877 0.9596 0.9312 0.9832 1 0.9511 0.9779 

0.6 0.9859 0.9498 0.9042 0.9774 1 0.9177 0.9719 

0.7 0.9839 0.9284 0.8634 0.9729 1 0.9040 0.9683 



Table 5.3: Third Natural Frequency Ratio (mcf(l)) as a Function of Crack Location 

and Crack Depth for a Fixed Beam 

alb c/1 = c/1 = c/1 = ell = c/1 = ell= c/1 = 

1116 3/16 5/16 7/16 8/16 11/16 14/16 

0 1 1 1 1 1 1 1 

0.1 1 1 1 0.9932 0.9932 0.9932 1 

0.2 1 0.9932 1 0.9864 0.9864 0.9932 1 

0.3 1 0.9863 1 0.9796 0.9728 0.9864 1 

0.4 1 0.9658 1 0.9728 0.9524 0.9864 1 

0.5 0.9932 0.9521 0.9932 0.9524 0.9388 0.9864 0.9864 

0.6 0.9932 0.9315 0.9932 0.9388 0.8980 0.9796 0.9864 

0.7 0.9932 0.9041 0.9932 0.898 0.8844 0.9796 0.9864 

Table 5.4: Fundamental Natural Frequency Ratio ((l)c/(1)) as a Function of Crack Location 

and Crack Depth for a Simply Supported Beam 

alb ell = c/1 = c/1 = ell = c/1 = ell= c/1 = 

1/16 3/16 5/16 7/16 8/16 11116 14/16 

0 1 1 1 1 1 1 1 

0.1 1 0.9980 0.9923 0.9960 0.9940 0.9980 0.9994 

0.2 1 0.9956 0.9892 0.9849 0.9770 0.9968 0.9990 

0.3 1 0.9881 0.9758 0.9686 0.9530 0.9797 0.9978 

0.4 0.9995 0.9781 0.9507 0.9418 0.9234 0.9617 0.9971 

0.5 0.9974 0.9664 NA 0.8961 0.8724 0.9225 0.9945 

0.6 0.9930 0.9371 0.8680 0.8318 0.8119 0.8546 0.9893 

0.7 0.9848 0.8756 0.7896 0.7065 0.7085 0.7713 0.9829 
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Table 5.5: Second Natural Frequency Ratio (roclro) as a Function of Crack Location 

and Crack Depth for a Simply Supported Beam 

alb ell = ell = c/1 == c/1 = ell = cl1 == c/1 = 
1/16 3/16 5116 1116 8116 11116 14116 

0 1 1 1 1 1 1 1 

0.1 1 0.9962 0.9967 0.9994 0.9999 0.9979 0.9994 

0.2 0.9991 0.9889 0.9903 0.9976 0.9998 0.9889 0.9975 

0.3 0.9963 0.9712 0.9767 0.9952 0.9995 0.9774 0.9936 

0.4 0.9817 0.9481 0.9524 0.9918 0.9995 0.9613 0.9905 

0.5 0.9848 0.9232 NA 0.9861 0.9995 0.9337 0.9824 

0.6 0.9714 0.8818 0.8902 0.9811 0.9990 0.8988 0.9696 

0.7 0.9544 0.8175 0.8424 0.9704 0.9986 0.8693 0.9578 

Table 5.6: Third Natural Frequency Ratio (Q)ciQ)) as a Function of Crack Location 

and Crack Depth for a Simply Supported Beam 

alh c/1 = c/1 == ell == cl1 = c/1 == c/1 = c/1 = 
1/16 3116 5116 7/16 8/16 11/16 14116 

0 1 1 1 1 1 1 1 

0.1 1 1 1 1 1 1 1 

0.2 0.9915 1 1 0.9915 0.9915 1 1 

0.3 0.9915 1 1 0.9829 0.9744 0.9915 1 

0.4 0.9829 0.9741 1 0.9744 0.9573 0.9915 0.9914 

0.5 0.9658 0.9569 NA 0.9402 0.9402 0.9915 0.9828 

0.6 0.9573 0.9483 1 0.8547 0.9145 0.9915 0.9483 

0.7 0.9402 0.9310 1 0.8245 0.8014 0.9915 0.9310 
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Fig.5.2: Second Natural Frequency in Terms of Crack Depth for a Fixed-fixed Beam 

for Various Crack Position Ratio ell (1-+5/16; 2-+3116; 3-+7/16, 4-+8/16) 
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Fig.5.3: Third Natural Frequency in Tenns of Crack Depth for a Fixed-fixed Beam 

for Various Crack Position Ratio ell (1-+8/16; 2-+3/16; 3-+5/16) 

97 



1 ' 

- I 
~ I 

~ 0.85 i 
3 I -

0.71 
0 0.35 0.7 

alh 

Fig.5.4: Fundamental Natural Frequency in Terms of Crack Depth for a 

Simply Supported Beam for Various Crack Position Ratio c/1 

(1-+8/16; 2-+5/16; 3-+3/16; 4-+1116) 

1.1 I 

! , : 

~ ~ 
0.9 j 

~ 

s 

0.8 i 
0 0.35 d.7 

llh 
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Fig.5.6: Third Natural Frequency in Tenns of Crack Depth for a 
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From the experimental results and plots. the following observations were made for all the 

cases considered: 

i) For all the cases considered, the fundamental natural frequency was least affected 

when the crack was located at a position where the ratio of crack location to 

length the beam (c/1) was 1116~ and mostly affected when the crack was located at 

the center (ell= 8/16) for a beam with simply supported ends. In case of a beam 

with fixed ends, the fundamental natural frequency was least affected (mostly) 

when ell was 3/16~ and mostly affected at the center (actually the largest effect 

will be felt at the fixed ends, but, no measurements could be made at that 

location). The results for ell = 1/16 in a fixed beam were not available due to 

experimental errors. Hence. it could be inferred (from the measured data) that the 

fundamental frequency decreases significantly as the crack location moves 

towards the center of the crack with the highest decrease occurring for a centrally 

located crack~ with the exception of a crack located at the suppons, which could 

not be considered in this study. 

ii) The second natural frequency was almost unaffected for a crack located at the 

center of a fixed beam or a simply supported beam; the reason for this zero 

influence was that the nodal point for the second mode was located at the center 

for both types of beams. 

iii) The third natural frequencies of both the fixed and the simply supported beams 

changed rapidly for a crack located at the center. 
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iv) Due to shifts in the nodal positions (as a consequence of cracking) of the second. 

and the third modes, the changes in the higher natural frequencies depended on 

how close the crack location was to the mode shape nodes. Consequently. it could 

be observed from the Tables 5.2, 5.3, 5.5 and 5.6 that the trend of changes in the 

second, and the third frequencies are not monotonic, as we have in the first natural 

frequency. For the second mode, this is due to the fact that the center was the 

nodal point for the second bending mode. 

v) From the results obtained, it is observed, for example, that when the crack depth 

ratio is 0.6, the third natural frequency was comparatively much less affected than 

the first and second frequencies for a crack located at 203mm (c/1 = 5/16) from 

one end of the simply supponed beam; but, it is highly affected for other crack 

locations (see Table 5.6). This could be explained by the fact that decrease in 

frequencies is greatest for a crack located where the bending moment is greatest. 

It appears therefore that the change in frequencies is not only a function of crack 

depth and crack location, but also of the mode number. 

vi) For a few of the cases considered, the frequency remained unchanged until a 

certain value of crack depth ratio was attained, after which, the frequency 

decreased rapidly. For example, in the simply supponed beam, at a crack location 

of 3/16 of the length of the beam, the third natural frequency was almost 

unchanged until a crack depth ratio of 3/10 was achieved; for greater values of 

crack depth ratios, the frequencies decreased rapidly (see Table 5.6). 

As stated earlier, the decrease in the fundamental natural frequency was greatest when the 
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crack occurred at the middle point. This could be explained by the fact that the bending 

moment was the largest at the middle point (where the amplitude of the first mode shape 

is greatest) for the first mode, thereby, resulting in a greater loss of bending stiffness due 

to crack. However, the second. and third modes were less affected at this location. The 

frequencies decreased by about 12.7% & 6.0% (for the simply supponed beam), and 

8.4% & 6.1% (for the fixed beam) for the first and third modes, respectively, as the crack 

grew to half of the beam depth (for crack at the center). In Yang et al (cited earlier in the 

thesis), the theoretical fundamental and the third natural frequencies were shown to 

decrease respectively, by 11.6% & 8.2%, for a center-cracked simply supported beam. 

These values are very close to the present experimental values. 

Based on the experimental data, and plots, and the observations above, numerous 

inferences could be made such as follows: 

a) For most of the cases considered, the slopes of frequency ratio versus crack depth 

curves were very small for small crack depth ratios. This implies that small cracks 

have little effects on the sensitivities of natural frequencies. Hence, using only results 

based on frequency changes alone for identifying cracks in most practical problems 

may be misleading as it is very unlikely to have large cracks. It is therefore advisable 

to use both frequencies and mode shapes changes. 

b) For a particular mode, the decrease in frequency and change in mode shape become 

noticeable as the crack grew bigger. 
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c) For a given crack depth ratio, the location of the crack greatly affects the dynamic 

response of the cracked beam. 

d) Investigating the mode of vibration at some crack location may indicate a pure 

bending mode for small crack depth ratios, but, as the crack grows in size. the 

bending mode may contain a significant influence of longitudinal vibration mode also 

(occurrence of coupling). 

From the above observations. it could be stated that knowing the crack position could 

result in accurate prediction of its extent in a crack identification problem by using only 

one mode. Otherwise, it becomes very difficult, as this could be misleading. As an 

example, the use of data obtained for the third mode of the simply supponed beam 

located at 203 mm (ell = 51 16) will lead to a conclusion that the beam is undamaged 

because there is no frequency change for all the crack depths considered. Consequently 

viewing different modes separately is likely to indicate different crack depths. and crack 

positions. In general, the higher the number of modes used, the greater the degree of 

accuracy, and dependability of results. 

5.3 Chaaaes iD Mode Shapes 

The mode shapes obtained for some of the cases considered for both the simply supponed 

and fixed beams are shown in Figs. 5.9 to 5.11. For most of the cases considered, as the 

crack grows, the mode shapes undergo a highly noticeable change close to the crack 

location area. The shape becomes almost discontinuous at the crack location. This could 
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be likened to a beam with a hinge at the crack location. In some cases. as the crack grows 

deeper, (when the crack depth is equal to or greater than 0.5), there are shifts in the 

position of the nodes for the second, and third modes. It appears as if changes in the 

natural frequency and mode shape depended on how close the crack was to nodes of 

mode shapes for higher modes. Thus, based on the observed changes in the natural 

frequencies, and mode shapes, the crack position, and crack depth can be estimated. 

For a crack located at the center of a fixed-fixed beam, the second mode is almost 

unaffected for most of the crack ratios considered as shown in Fig. 5.10. The third mode 

deformations are affected to a greater extent than the first mode. It is also noted that the 

changes in the deflection shape for first and third modes as a result of a centrally-located 

crack become significant when the crack ratio is greater than 0.3 (see Fig. 5.1 0). For high 

values of crack ratios, the mode shape undergoes severe changes close to the crack 

location. 

5.4 Cnck ldeatificatioa Tecbaique 

As stated earlier, both the crack location and the crack depth influence the changes in the 

natural frequencies of a cracked beam. Consequently a particular frequency could 

correspond to different crack locations and crack depths. This can be observed from the 

three-dimensional plots of the first three natural frequencies of beams with fixed and 

simply supported ends shown in Figs. 5.12 and 5.13, respectively. On this basis, a 

contour line which has the same normalized frequency change resulting from combining 
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different crack depths and crack locations could be plotted in a curve with crack location 

and crack depth as its axes. For illustrative purposes, the contour lines for the first and the 

second modes of simply supported.and fixed end beams are shown in Figs. 5.14 and 5.15. 

respectively. The normalized frequencies shown in the figures are 0.9900 (a decrease of 

1 o/o in frequency) for the first mode and 0.9800 (a decrease of 2 % in frequency) for the 

second mode (these values were obtained by linear interpolation from adjacent values). 

Any point on the above contour line is a possible crack location and crack depth. 

To identify the presence of one or more cracks in the beam, a very vital step is to measure 

a sufficient number of natural frequencies of the beam, and then use the technique 

explained in this section to estimate the crack location(s), and depth(s). The number of 

cracks on the beam determines the required number of frequencies and mode shapes to be 

measured or computed. Measuring the first three natural frequencies will be sufticient to 

determine the crack location and the crack depth for a beam with a single crack. 

For a beam with a single crack with unknown parameters, the following steps are 

essential to predict the location, and the depth: 

i) Measurements of the first three natural frequencies; 

i) Normalization of the measured frequencies; 

ii) Plotting of contour lines from different modes on the same axes; and 

iii) Location of the point(s) of intersection of the different contour lines. The point(s) 

of intersection indicate(s) the location(s), and depth(s). 
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The steps outlined above can be used to obtain similar curves once the changes in the 

natural frequencies of the beam are known either through experimentation or 

computation. 

Using measurements based only on the first two natural frequencies may not be sufficient 

to estimate a unique crack location. and crack depth for a beam with one crack. because. 

more than one intersection point may be obtained. Consequently, the third natural 

frequency is also essential to obtain a unique value that indicates the exact crack location 

and crack depth. 

From Tables 5.1 to 5.3, for a crack depth ratio of 0.1 located at a distance of 7/16 the 

length of the beam, the nonnalized frequencies are 0.9977 (i.e. a decrease of 0.23 % in 

frequency) for the first mode, 0.9989 for the second mode and 0.9932 for the third mode. 

The contour lines with the values of0.9977, 0.9989 and 0.9932 were retrieved (by linear 

interpolation) from the first three modes and plotted on the same axes as shown in Fig 

5.16. From the figure it could be observed that there are four intersection points in the 

contour lines of the first and the second mode. Consequently the contour of the third 

mode is used to identify the crack location (c/1 = 7/16) and the crack depth ratio (alh = 

0.3), uniquely. The three contour lines gave just one common point of intersection. which 

indicates the crack location and the crack depth. As mentioned earlier, the contour lines 

obtained are not perfectly symmetrical due to the limited number of measuring points 

considered during the experimentation. Similar procedures were applied to a simply 

supported beam (with a crack depth of alh = 0.3 and located at ell= 3/16) in which the 
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nonnalized frequencies were 0.9881. 0.9712 and 0.9828 for the first three modes. 

respectively. The contour lines obtained. which indicates the crack location (c/1 = 3/16) 

and the crack depth (alb= 0.3), are shown in Fig 5.17. 

This technique appears to be good in identifying cracks in beams. because. a crack will 

definitely belong to a contour line for each mode. and measuring the lowest three natural 

frequencies in a beam is not a difficult task as long as measuring errors are reduced to a 

minimum or eliminated. In a situation whereby the crack location coincides with a 

vibration node, the contour line tends to disappear, and no intersections can be obtained. 

In such a case, higher modes may have to be obtained to predict the location, and the 

depth of the crack. 

5.5 Frequency Response Functions 

Various methods are available to estimate the modal parameters of fixed-fixed and 

simply supported beams. However for these experimenral investigations, Frequency 

Response Functions (FRF) were used. Frequency Response Functions (FRF) offer a 

number of advantages such as easy measurement, broad band excitation methods, 

reduction of measurement errors by averaging methods, reduction of non linearity effects 

of the structure by random excitation and averaging, easy measurements of acceleration 

response which can be converted to displacement and velocity responses etc. 
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As stated earlier. several frequency response functions were obtained in these 

experimental investigations for a combination of different crack depths and crack 

locations. The measured frequency response functions were curve-fined to obtain the 

modal parameters (frequency and mode shapes) which were used in this chapter for crack 

detection. Due to the fact that the natural frequencies are global properties of the beams. 

their shifts could be observed by using the FRF measurements taken from vinually any 

point on the beams. The frequency response functions obtained (at least twenty-one for 

each of the fourteen models) were too numerous to be shown fully in this thesis. However 

some of the measured frequency response functions are presented in this section to 

illustrate the shifts that occurred in the amplitudes and frequencies for the first three 

modes. 

Figs. 5.18 to 5.20 show typical frequency response functions measured for the first three 

modes of vibration for different crack depth ratios, for a crack located at the center of a 

fixed beam. From the figures, it could be observed that the fundamental frequency ratios 

show a vivid downward trend (in its shifting) as the crack depth ratio increases. The 

amplitude of the FRF also shows a decreasing trend. as the crack grows in size. 

Comparing Fig. 5.18 to Figs. 5.19 and 5.20, it could be inferred that the frequency shift 

for the first mode was greater than for any of the remaining higher modes for a centrally 

located crack. This inference has been noted earlier in this chapter. Fig. 5.19 shows that 

the shift in the frequency response function of the second mode was random and not very 

significant. No trend was evident for the second mode; this was due to the fact that the 

nodal point for the second mode occurred at the crack location point, viz.~ the center of 
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the beam and as such no change could be properly detected. This has also been noted in 

the earlier part of this chapter. The shift in mode three could be observed in Fig. 5.20. It 

shows a slightly lower trend in the frequency shift than the first mode. The loss in the 

stiffness at this location (center of the beam) has resulted in the frequency change 

observed. The amplitude changes observed for the third mode do not show trends similar 

to mode two for increasing crack depth. The peak noted at a frequency of 1031 Hz in Fig. 

5.20 was one of the resonance peak introduced into the measurements by floor vibration. 

This was detected by using the eighth accelerometer (as mentioned earlier in the thesis). 

The shift in the frequencies is also a function of the crack location and the mode number. 

This is illustrated by observing the shifts in the first three frequencies at other locations in 

the simply supported and fixed beams. Fig. 5.21 to 5.26 show the frequency response 

functions for the first three modes of vibration in a simply supponed beam for cracks 

located at crack length ratios (c/1) of 3/16 and 5/16. While there were significant shifts in 

the second and the third modes (as the crack depth ratio increases) for a crack located at 

ell equals 3/16, there was no significant shift in the first mode at this location of the 

crack. Similarly, for a crack located at c/1 equals 5/16, there were significant shifts in the 

first, and second modes, but, no significant shift in the third mode (since this point is very 

close to one of the nodes of the third mode). 

5.6 Measuremeat Erron 

As stated in chapter four. the acquired frequency response functions were subject to some 
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errors. This was noted particularly while taking the measurement of the natural 

frequencies of the uncracked beams. Though, every effort was made (by applying equal 

torque) to ensure similar bOundary conditions for each set of aluminum beams used, 

slight discrepancies were still observed for the natural frequencies of the uncracked beam 

for different locations. This might also be caused by the slight dimensional differences in 

the cross sections of some of the beams used. For example, from Table Al in Appendix 

A, the fundamental frequencies for the uncracked fixed-fixed beam, when the crack 

locations were l/16 and 5/16 of the length of the beam, were 263 .91 and 263.57. 

respectively. The percentage error (about 0.12% in this case) was very small. In order to 

minimize the effects of the errors, the analysis was done by using the normalized 

frequencies (discussed in this chapter). 

5. 7 Comparison of the Experimental and Theoretical Results 

As stated earlier in this chapter, the theoretical analyses were carried out by Yang et al 

(2000). In this paper, an energy-based numerical model was developed to investigate the 

influence of cracks on the structural dynamic characteristics during the vibration of a 

beam. Upon the determination of strain energy in the cracked beam, the equivalent 

bending stiffness over the beam length was computed. The cracked beam was then taken 

as a continuous system with varying moment of inerti~ and equations of transverse 

vibration were obtained for a rectangular beam containing one or two cracks ratio was 

calculated. 
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The natural frequency ratios presented in the paper were for a crack located at the center 

of the beam for both the simply supponed and the fixed beams. Tables 5.7 and 5.8 show 

the results obtained theoretically and experimentally. The results compare very well. The 

results (theoretical and experimental) were also presented graphically in Figures 5.27 and 

5.28. The test results seemed to be slightly lower than the theoretical values (except for 

the second mode). 

Appendix C shows some of the results obtained theoretically. Most of the curves in 

Appendix C show a similar pattern to the curves in Chapter five that have the same crack 

conditions. 

S.8Summary 

The results obtained in this experimental study have been presented and analyzed in this 

chapter. It was noted (depending on crack location, crack depth, and mode number) that 

there could be significant changes in natural frequencies and mode shapes and also in the 

frequency response functions. Based on the observed changes in natural frequencies of 

the fmt three modes of vibration, a technique was developed to estimate a crack location 

and depth. It could also be seen that the theoretical and experimental results show a good 

agreement Chapter Six gives the conclusions and recommendations based on the 

experimental investigations. 
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Table 5.7: Comparison of the Experimental and Theoretical Natural Frequencies 

of Fixed-Fixed Beams for a Centrally-located Crack (c/1 = 0.5) 

having Different Crack Depths Ratios (alb) 

Crack First Mode Second Mode Third Mode 
Depth Exp•. TR•. (Rei. Exp•. TR•. (Rel. Exp•. TR•. 
Ratio Diff.)• Diff.)• 

(%) (%) 
0.1 0.9985 0.9987 0.020 1.0000 1.0000 0.000 0.9932 0.9938 
0.2 0.9923 0.9935 0.120 1.0000 1.0000 0.000 0.9864 0.9870 
0.3 0.9746 0.9750 0.010 1.0000 1.0000 0.000 0.9728 0.9740 
0.4 0.9608 0.9614 0.006 1.0000 0.9998 0.020 0.9524 0.9532 
0.5 0.9159 0.9200 0.440 1.0000 0.9992 0.080 0.9388 0.9400 

Table 5.8: Comparison of the Experimental and Theoretical Natural Frequencies 

of Simply Supponed Beams for a Centrally-located Crack (c/1 = 0.5) 

having Different Crack Depths Ratios (a/h) 

Crack First Mode Second Mode Third Mode 
Depth Exp•. TR•. (Rei. Exp•. rR•. (Rei. Exp•. TR•. 
Ratio Ditr.)• DitT.)• 

(o/o) (%) 
0.1 0.9940 0.9946 0.060 0.9999 1.0000 0.010 1.0000 1.0000 
0.2 0.9770 0.9780 0.100 0.9998 0.9997 0.010 0.9915 0.9920 
0.3 0.9530 0.9536 0.060 0.9995 0.9993 0.020 0.9744 0.9750 
0.4 0.9234 0.9240 0.060 0.9995 0.9990 0.050 0.9573 0.9580 
0.5 0.8724 0.8730 0.070 0.9995 0.9988 0.070 09402 0.9410 

(Rei. 
Diff.)• 
{%) 

0.060 
0.060 
0.120 
0.080 
0.130 

(Rei. 
Diff.)• 
(%) 
0.000 
0.050 
0.060 
0.070 
0.080 

where: .. = Experimental values; • = Theoretical values; • = Relative Difference 
(absolute relative difference expressed as a percentage) 
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Figure 5.27: Comparison of Experimental and Theoretical Values of Natural Frequency 
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CHAPTER 6: CONCLUSIONS AND RECOMMENDATIONS 

6.1 Conclusions 

Comprehensive experimental investigations of the effects of cracks on the first three 

modes of vibration of simply supported and fixed-fixed beams have been presented in 

this thesis. The influence of cracks on the vibration behavior of the beam is shown to be 

very sensitive to the crack location, and mode number. A simple method for predicting 

the location(s) and depth(s) of the crack(s) based on changes in the natural frequencies of 

the beam is also suggested. and discussed. 

The following conclusions could be drawn based on the experimental investigations: 

1) Small crack depth ratios have little effects on the sensitivities of the natural 

frequencies of simply supponed and fixed beams. Based on this observation. it 

would be inadequate to use changes in natural frequencies alone to identify cracks in 

most real life situations. Consequently. it is appropriate to use both natural 

frequencies, and changes of mode shapes. 

2) The extent of changes noticed in the natural frequencies of beams varies from one 

location to the other along the length of the beam. At cenain positions, the changes 

are significant, and at some other positions, they are not observable, and are 

minimal. At a location where some of the frequencies are affected, it is observed 
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also that the changes become more significant as the crack grows bigger. It was 

further observed that all the modes measured at a point on the beam were not 

necessarily affected. Consequently, it could be concluded that changes in the natural 

frequencies in beams are not only functions of crack depth. and crack location. but. 

also of the mode number. 

3) A comparison of the results obtained in the present experimental investigation \\ith 

those obtained in an earlier theoretical study showed very good correlation. Hence. 

experimental modal analysis is a very powerful tool in verifying analytical results. 

4) Discontinuities are likely to occur in mode shapes as the crack depth becomes 

bigger. 

5) The shifts in the positions of the nodes ofhigher modes of vibration could also serve 

as a means of detecting crack in the suucture. 

6) Measurement of a sufficient number of natural frequencies is imponant for 

identifying the crack parameters (location and depth) in beams. The number of 

natural frequencies needed depends on the number of crack depths, and crack 

locations that are to be identified. 

It is to be noted that the measurements obtained were based on some assumptions, and 

they were not assumed to be free of errors. The likely observable sources of errors have 

been enumerated in Chapter Four. Also, several sttuctural and non-structural parameters 

(such as environmental disturbances, floor vibration, ambient temperature and humidity, 

density change etc) that vary with time could have affected the measured responses. 

These are not accounted for in these experimental investigations. 
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6.2 Recommendations 

The experimental investigations conducted revealed a lot of information on the etTects of 

cracks on the dynamic behavior of beams (simply supported and fixed-fixed beams) at 

different locations along the length of beams. The data obtained could serve as references 

for future investigations, and also for beams intended for use in real life situations. 

The following recommendations are made based on the experimental investigations. 

1) Several sources of errors were identified, and discussed, and certain precautions were 

stated (in Chapter Four). Efforts should be made to identify them quite early in future 

investigations to reduce or eliminate them. 

2) Several research investigations have been carried out in the past with a view to detect 

cracks in structures. However, till date, no single method has been developed that is 

capable of detecting, locating, and quantifying the defects in most of the real life 

structures. It is suggested therefore that additional research in the field of 

experimental modal analysis should be conducted so as to develop a unified method 

capable of meeting the above-mentioned research objectives in most real life 

situations. 

3) Different crack shapes, and crack widths may give different frequency responses. 

Consequently more complicated crack situations should be investigated, and more 
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sophisticated methodology and experimental techniques should be derived to detect 

cracks. 

4) Conducting a sensitivity {to defects) analysis of all of the available damage indicators 

is very vital in experimental modal analysis. By so doing, a fixed order of priority 

could be set up for similar situations. Future investigations in the F acuity on modal 

analysis. could be carried out on investigating the sensitivities of the various damage 

indicators to cracks in beams. 

S) In several cases, it is far better to use more than one method to identify cracking. as 

the success of any method depends on several factors. 

6) The experimental investigations were based on certain assumptions. One of such 

assumption is the fact that the system was assumed to be linear. Efforts should be 

made in future analysis to investigate the effects of non-linearity. 

7) The accuracy of the estimated modal parameters depends on several factors such as: 

sensors used. locations of the sensors, type of excitations. measurement duration. 

sampling technique etc. Consequently, these factors are to be chosen carefully before 

conducting experimental modal analysis. 

8) For further study, a theoretical formulation should be obtained for the uniqueness of 

the intersection point that gives the crack depth and crack location. This could serve 

as a theoretical basis for the crack identification procedure suggested in this 

experimental investigation. 
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Appendix A 

The first three natural frequencies obtained for various combinations of crack depths. and 

crack locations considered are shown in appendix A. Note that .. NA" implies ·•Non 

available data" due to experimental errors. It was observed that there were very slight 

changes in the natural frequencies of the uncracked beams. These may be due to the small 

discrepancies observed in the geometry of the models and the inability to apply exactly 

the same torque while dismantling, and fixing the various experimental models. Each 

column of the tables represents the natural frequencies obtained for each beam model. 

The first row of each Table represents the stated frequency when the beam is uncracked. 

All measurements of frequencies were given by the identifying software in Henz (Hz) 

unit. Note that the third natural frequencies were rounded up to a whole number by the 

STAR Software package used in extracting it as it could not produce more than five 

digits number. 
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Table A1: Fundamental Natural Frequency (Hz) as a Function of Crack Location. 

and Crack Depth for a Fixed beam 

alb 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

alb 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

c/1 = ell = c/1 = ell = c/1 = c/1 = c/1 = 
1/16 3/16 S/16 7/16 8/16 11/16 14/16 

263.91 264.77 263.57 264.05 264.68 264.16 264.37 

NA 264.77 263.57 263.45 264.29 264.16 264.25 

NA 264.77 262.91 261.45 262.65 263.87 263.87 

NA 264.77 261 .53 257.95 257.97 262.89 260.78 

NA 264.77 258.96 255.23 254.32 260.86 257.36 

NA 264.77 256.00 243.51 242.44 258.18 253.85 

NA 264.77 252.40 230.88 230.96 255.87 247.16 

NA 264.77 251 .00 210.88 223.46 246.15 239.74 

Table A2: Second Natural Frequency (Hz) as a Function of Crack Location, 

and Crack Depth for a Fixed beam. 

ell = c/1 = c/1 = c/1 = c/1 = c/1 = c/1 = 
1/16 3/16 S/16 7/16 8/16 11/16 14/16 

723.96 722.76 726.34 725.58 726.27 726.42 724.37 

723.56 721 .48 725.35 724.85 726.27 725.43 723.48 

720.85 718.26 719.22 723.56 726.27 722.39 717.84 

719.01 713.72 711.83 722.31 726.27 712.25 713.46 

716.60 712.91 701.73 719.15 726.27 703.60 711.00 

715.02 693.53 676.37 713.36 726.27 690.93 708.35 

713.72 686.45 656.76 709.17 726.27 666.67 704.01 

712.32 670.98 627.14 705.69 726.27 656.67 701 .42 
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alb 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

Table A3: Third Natural Frequency (Hz) as a Function of Crack Location. 

and Crack Depth for a Fixed beam. 

c/1 = c/1 = ell= ell = ell= c/1 = 

1/16 3/16 5/16 7/16 8/16 11/16 

1460 1460 1460 1470 1470 1470 

1460 1460 1460 1460 1460 1460 

1460 1450 1450 1450 1450 1460 

1460 1440 1460 1440 1430 1450 

1460 1410 1450 1430 1400 1450 

1450 1390 1450 1400 1380 1450 

1450 1360 1450 1380 1320 1440 

1450 1320 1450 1320 1300 1440 

ell = 
14/16 

1460 

140 

1460 

1460 

1460 

1450 

1450 

1450 

Table A4: Fundamental Natural Frequency (Hz) as a Function of Crack Location. 

and Crack Depth for a Simply Supported Beam. 

alh c/1 = ell = c/1 = c/1 = c/1 = c/1 = c/1 = 
1116 3/16 5/16 7/16 8/16 11116 14/16 

0 132.18 132.20 135.80 133.92 135.82 134.82 132.23 

0.1 132.18 131.94 134.75 133.38 135.01 134.55 132.15 

0.2 132.18 131.62 134.33 131.90 132.69 133.58 132.10 

0.3 132.18 130.63 132.52 129.71 129.44 132.08 131 .94 

0.4 132.12 129.31 129.10 126.12 125.41 129.65 131.85 

0.5 131.84 127.76 NA 120.00 118.49 124.37 131.50 

0.6 131 .26 123.88 117.87 111.39 110.27 115.22 130.82 

0.7 130.17 115.76 107.23 94.62 96.23 103.99 129.97 
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alb 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

alb 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

Table AS: Second Natural Frequency (Hz) as a Function of Crack Location. 

and Crack Depth for a Simply Supported Beam. 

c/1 = c/1 = c/1 = ell = c/1 = c/1 = c/1 = 

l/16 3/16 5/16 7/16 8116 11/16 14/16 

519.04 519.26 518.66 520.09 521.20 520.06 520.23 

519.04 517.27 516.96 519.79 521.15 518.97 519.92 

518.59 513.49 513.65 518.84 521.10 514.29 518.94 

517.10 504.30 506.57 517.57 520.95 508.32 516.90 

514.73 492.30 493.95 515.84 520.95 499.94 515.27 

511.15 479.36 NA 512.88 520.95 485.57 511.09 

504.19 457.87 461.09 510.28 520.73 467.45 504.39 

495.39 424.48 436.90 504.68 520.47 452.08 498.29 

Table A6: Third Natural Frequency (Hz) as a Function of Crack Location, 

and Crack Depth for a Simply Supported Beam. 

c/1 = c/1 = ell= c/1 = ell= c/1 = ell = 
1/16 3/16 5/16 7/16 8/16 11/16 14/16 

1170 1160 1170 1170 1170 1180 1160 

1170 1160 1170 1170 1170 1180 1160 

1160 1160 1170 1160 1160 1180 1160 

1160 1140 1170 1150 1140 1170 1160 

1150 1130 1170 1140 1120 1170 1150 

1130 1110 NA 1100 1100 1170 1140 

1120 1100 1170 1000 1070 1170 1100 

1100 1080 1170 964 937 1170 1080 
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Appendix 8 

Nonnalized frequency plots for the first three vibration modes of simply supported and 

fixed-fixed beams. 
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Fig. 81: Variations of the First Three Frequencies as a Function of Crack Depth for a 

Simply Supported Beam (Crack Location c/1 = 1116) 
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APPENDIXC 

Appendix C shows some of the curves obtained from the theoretical analyses carried out 

by Yang et al (2000). The results obtained were for the first four natural frequencies of 

fixed-fixed and simply supponed beams (in this experimental investigation. the first three 

natural frequencies were taken). Most of the curves in Appendix C show a pattern similar 

to the curves in Chapter Five that have the same crack conditions. 
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