








The Hamiltonicity of Block-Intersection Graphs

of Balanced Incomplete Block Designs.

by

©Andrew Tho1 s Jesso

A Thesis nitted to the School of
Graduate . lies in partial fulfillment of
the requi  nent for the degree of Master

of Scien

epartment of M :hematics 1d Statistics

Memorial U ty "IN wfoundland

pril, 2010

t

St. John I vfoundland, Canada






In this thesis we will prove se 1l lemmata that deal with the size of independent
sets of vertices in block-intersectior  aphs. Also. 1l show that the {1,2}-block-

inter ction graph of any

1. (v,4,A)-BIBD with arbitrary A is Hamiltonian for v > 11,

2. (v,5,A)-BIBD with arbitrary A is Hamiltoni  for v > 57,

3. (v,6,)-BIBD with arbit y A is Hamiltonian for v > 167.

We then extend the ide of , Pike and Raines [11], and prove that the
1-block-intersection graph of any A)-BIBD with arbitrary A is Hamiltonian for
v > 136. Finally we end with some 1 probleis related to extensions of work done

in this thesis.
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1.2 DrsiaN THEORY

independent, as are those in <~ C}.
In 1972, Vasek Chvatal and Paul Erdés gave the following sufficient condition for

a gr« h to be Hamiltonian.
Theorem 1.1. /7] For any graph G, if a(G) < «(G), then G is Hamiltonian.

7T eorem 1.1 has opened a whole new world in the study of the Hamiltonicity
of graphs. Since [7], several classes of graphs have been shown to be Hamiltonian,

many of which establish their conclusions by using Theorem 1.1.

1.2 Design Theory

This section contains some pre. definitions, examples and theorems of design
theory that are relevant to the development of the topics and results presented in
this thesis.

A balanced incomplete block « ign (v, b,r, k, \)-BIBD, is a pair (V, B) where V is a
set of v elements d Bis collection of k-siibsets of V called bl s (with repeti
of blocks allowed) where any 2-subset of V is contained in exactly A blocks. We
write (v, k, A)-BIBD for short since the parameters b and » can be determined from
knowing v, £ and A.

The five parameters of a (v, k, A\)-BIBD are as follows:







1.2 DrsiaoN THRORY

2.

bk = rv.

Proof. 1. Consider an element z € V and let P = [{(y,B) | B € Bz, €

Lo

B and z # y}|. Since x forms A pa ; with each of the remaining v — 1
elements, P = A(v — 1). As well, z occurs in r blocks, cach of which contain

E 1 additional elements, so P’ = r(k — 1). Hence A(v — 1) = r(k — 1).

Let T = |{(z,B) | z € V,B € B,z € B}|. Since therc are k clements in each
of the b blocks, T = bk. As well, each of the v clements occ i exactly r tir s,

so T = vr. Hence bk = rv.






















BLOCK-INTERSFCTION (GRAPHS

of points occurs in A blocks of B and so by counting pairs of points occurring in
the blocks in /,, having the form {a;,a;}, where i € {2,3,...,k}, we find that
2([Lay| = 1)+ k=1 < (k—1)A Hence 2(|I,| - 1)+ h—-1< (k=1 foralpeV,

and therefore

|1|:%Z|1p|§%Z(A—l)(k;—l)w:v((A—l)(A:—1)+2)

2k
peV peV

U

Len 1a 2.3. The size of an independent set [ of vertices in the {1,2,..., &k — 2}-

block- tersection graph of a (v, , A)-BIBD is bounded above by k’\_"l.

Proof. Choose an independent set of vertices I C B of Gi2,.x—2)(D) and a point
ay € V. Define I,, to be the set of blocks in I that contain the point a; and let
S = {ay,aq,...,ar} € I, be a block of size k. If all blocks of I,, have all & pc 1its
in common, then [/,,| < A. Oth therec a  Dblocks in I,, which share only A —1
points with S. For 2 < i < k, let J,, = {B € I, | a; & B} denote the subset of
I, that consists of all blocks of I not containing a;, but containing cach point of
S—{a;}. Ifthereis a uniquei € {2,3,...,k} for which J,, = 0, then clearly |1,,] < A.
However, if 7,, # @ for multiple oices of i € {2,3,...,k} then there must be a
point ax4) € V —5 that is shared by each block of J,,U7,,U---UJ,,. Hence the pair

{ay, ax41} occurs in cach of these blocks and so |7, | = | T, UT, U+ U T, | < A

16







Chapter 3

The {1, 2}-block-I1 tersection

( aph

In this chapter we will prove that t. {1, 2}-block-intersection graph of any

1. (v,4,))-BIBD with arbit s A is Hamiltonian for v > 11,
2. (v,5,A\)-BIBD with arbit -y A is Hamiltonian for v > 57,
3. (v,6,\)-BIBD with ‘bi -y A Hamiltonian for v > 167.

Theorem 3.1. The {1, 2}-block-intersection graph of a (v, 4, A)-BIBD with v > 11

and arbitrary A is Hamiltonian.










































THE {1- 2}-BLOCK-INTERSFECTION (GRAPH

Case 2b: Now assume |V (V4 UVE)| =2 and let {7, %} =V — (VaUVy).
Case 2b)i: Suppose VaNVr =0. If |A] =1, |[V4| =6, |Vp] = v — 8§, and every

mixed pair tu such that t € V4 U {v,72} and u € Vp must be in C. The number of

- BA(v—8)  v(5A—3)
such pairs is A(8)(v — 8). Hence |C| > —=5— > =5 for v > 16.
If |[A] > 2, then V4| > 10, |Vp| > 10 and every mixed pair tu such that t €

VaU{m,%} and u € Vi must be in C. Now the number of mixed pairs is at least

: o o S 12123 o v(EA-3) > 18,
105171)1511)1_12{(])+ 2)(v —p — 2)A}. Hence |C] > =752 > ==~ forv > 18

Case 2b)ii: Suppose V4 N Vp # 0. Then simi : to Case la there is a block

S = {t,u,w,x,y,2} € A and a block §' = {t,u,w,z',y’,2'} € F having at least

three points in common, say t,u, and w. The cutset C' must include all blocks of the

following types.

1. All those containing v, y2 or both.

2. All those containing exactly one ¢ [¢,u, w} and none of {z,z',y,y, z, 2", 1, ¥2}.

T ereare 2r X blocks of Type 1 and at least 3r — 30 blocks of Type 2. Hence
IC| > (2r = A) + (37 = 30))  5r—31A>  Lforv> 55
Case 2c¢: Finally suppose |V — (V4 UVg)| >3 and let S CV — (V4 U VE) such

that |S| = 3. Then |C| > 3r —3A+ 3 v(T) > 3r —3A > wli\{—“) for v > 20.
:
for all v > 167 and a(G(1,21(D)) < w(G,(D))

vy

Therefore k(G1,2)(D)) > o

32



THE {1_ 2}-BLOCK-INTRRRR0T10N GRAPIH

in all cases. Hence the Chvatal-Erdds condition holds, and so Gy, 2;(D) is Hamilto-

niarn.

33



Chapter 4

The 1-—lock-I..tersection Graph

In this chapter we will extend the idea in [11] to BIBDs of block size four by showing
that the 1-block-intersection graph of any (v, 4, A\)-BIBD with v > 136 and arbitrary

A 1s Hamiltonian.

Theorem 4.1. The 1-block-intersection graph of any (v, 4, A)-BIBD with v > 136

and arbitrary A is Hamiltonian.

Proc  Let D= (V,B) bea (v A)-BIBD and G,(D) = (B, E) denote the 1-block-
intersection graph of D. We will  1ow that G(D) is Hamiltonian by showing that
a(G1(D)) < K(G(D)).

First choose an independent set of vertices [ C o of G (D). Then by Lemma 2.4

we have [7] < U7 2. Hence a(Gi(D)) < * 2.



THE 1-BLOCK-INTERSECTION GRAPH

Now let C C B be a cutset of Gy(D). We wish to show that |C] > % ”\ YA Let A

be the vertex sct of a smallest component of G(D) — C. Thenlet F =B - (AU(C),

Va=J fand Vp= |J 8.

BeEA ger

If |[A] = 1, then from the inclusiou-exclusion principle there are 4r — 6A +

Y _v(T)—v(Vy) blocks of B having at least one point in common with V. Also, there
TCVy

[71=3
arc 6\ — 2 > v(T) 4+ 3v(Vy4) blor  of B havii  at least two points in comnion with
TCV,
IT]=3
V. Hence there are (dr—6A+ > v(T) —v(Va)) — (6A =2 > v(T)+3v(V,)) blocks of
i i

B having exactly one point in common with V4. Note that each block that is counted

by v(Va) is counted (4 ) times within the sum Y v(7T) and so 3 > v(T) > 4v(V,).

TCVa |1g|\A
1 T
Thus |C| > 4r — 12X+ 3 Y v(T) — 4v(Vy) > 41 (55) — 124 > 22— ”\ 2 for v > 23.
TCVa
[r]=3

Henceforth we assume |A| > 2 ad therefore |V4] > 7 and |Vie| > 7.

We now consider two cases.

Case 1: VUV =V,

Case la: Assume first that V4NV # 0. Then there is a block S = {w,x,y, 2z} €
A and a block S = {w,z,y/, 2’} € F having at least two points in common, say w
and z.

Case la)i: Suppose [{y,2} N {y, 2’} 2. Without loss of gencrality, assume

y = ¢y and z = 2. From the inclusion-exclusion principle there are 4r — 6A +

35
















Ch pter 5

Summary and .o.a Open

Problems

In this thesis we have given numerous definitions and examples that deal with graph
theory and design theory, several lemmata that deal with bounding the size of  e-

pendent sets of vertices of block-intersection graphs and we have shown that

(i) the {1,2}-block-inte cti a] for any (v,4,)) IBD with v > 11 and

trary A is Hamiltonian,

(1) the {1,2}-block-intersection ; wph for any (v,5,A)-BIBD with v > 57 and

arbitrary A is Hamiltonian,

(iii) - e {1, 2}-block-intersection aph for any (v,6,A)-BIBD with v > 167 and



SUMMARY AND SoME OPEN PROBLEMS

a itrary A is Hamiltonian,

(iv) the 1-block-intersection graph for any (v, 4, A)-BIBD with v > 136 and a -

trary A is Hamiltonian.

Some open problems are showing that

1. the {1, 2}-block-intersection graph for any (v, k, A)-B D with k£ > 7 and arbi-

trary A is Hamiltonian or else find a suitable counter example,

2. the 1-block-intersection graph for any &, A)-BIBD with & > 5 and arbitrary

A is Hamiltonian or else find a suitable counter example.

41
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