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Abstract 

In this thesis we explore the gradings by groups on the simple Cartan type 

Lie algebras and Melikyan algebras over algebraically closed fields of positive 

characteristic p > 2 (p = 5 for the Melikyan algebras). 

We approach the gradings by abelian groups without p-torsion on a sim­

ple Lie algebra L by looking at the dual group action. This action defines 

an abelian semisimple algebraic subgroup (quasi-torus) of the automorphism 

group of L. A result of Platonov says that any quasi-torus of an algebraic 

group is contained in the normalizer of a maximal torus. We show that if L 

is a simple graded Cartan or Melikyan type Lie algebra, then any quasi-torus 

of the automorphism group of L is contained in a maximal torus. Thus all 

gradings by groups without p-torsion are, up to isomorphism, coarsenings of 

the eigenspace decomposition of a maximal torus in the automorphism group. 

We also give examples of gradings by the cyclic group of order p which do 
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not follow the pattern of the general description of gradings by groups without 

p-torsion as well as describe gradings by arbitrary groups on the restricted Witt 

algebra W(l; 1) . 
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Introduction 

The task of finding all gradings on simple Lie algebras by abelian groups in 

the case of algebraically closed fields of characteristic zero is almost complete 

(see [11] and also [5, 6, 7, 8, 9, 10, 12]). In the case of positive characteristic, 

a description of gradings on the classical simple Lie algebras, with certain 

exceptions, has been obtained in [1], [3], [4]. The gradings on the full matrix 

algebras over fields of characteristic p # 2 were important in the classification 

of classical Lie algebras. The gradings on the classical Lie algebras of type A1, 

B1, C1 and D1 (with exceptions for D4 ), realised as matrix algebras, are the 

restrictions of gradings on the full matrix algebras. In the case of simple Cartan 

type Lie algebras, the gradings by Z have been described in [27]. All of them, 

up to isomorphism, fall into the category of what we call standard gradings 

(which are coarsenings of the canonical zk-gradings) (see Section 2.2). The 

simple Cartan type Lie algebras can be viewed as subalgebras of the derivations 
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of commutative algebras, O(m; n.), consisting of truncated polynomials in m 

variables. Using automorphism group schemes, the gradings on the restricted 

graded Witt and special type algebras are described in [2] as gradings induced 

by gradings on O(m; n.). 

This paper will primarily deal with gradings on the simple graded Cartan 

or Melikyan type Lie algebras by arbitrary abelian groups without p-torsion in 

the case where the base field F (which is always assumed to be algebraically 

closed), has characteristic p > 2. Our main result is showing that all gradings 

by a group G, without p-torsion, on a simple graded Cartan or Melikyan type 

Lie algebra (with some exceptions when p = 3) are isomorphic to standard 

G-gradings. A standard G-grading is induced by a standard G-grading on 

O(m;n.). We will also give examples of gradings by groups with elements of 

order p. 

The structure of this work is as follows. Chapter 1 contains basic defini­

tions and describes the correspondence between the gradings on an algebra 

by finitely g nerated abelian groups without p-torsion and semisimple abelian 

algebraic subgroups (quasi-tori) of the automorphism group of this algebra. 

We also discuss the correspondence between the gradings on an algebra by 

finite elementary p-groups and semisimple derivations of L which is similar to 
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the gradings by groups without p-torsion. Section 2.1 contains the definitions 

of the simple graded Cartan type Lie algebras and Melikyan algebras. The 

definitions of the standard gradings of these algebras are given in Section 2.2. 

The known results needed for the automorphism groups of these algebras are 

in Section 2.3 and the known results needed for the derivations are in Section 

2.4. In Chapter 3 we show that a quasi-torus of the automorphism group of 

L is contained in a maximal torus (which is not true in general) . Our main 

theorem is proven in Section 4.1 and we also give examples of gradings that 

are not standard when the grading group has order p. We finish by describing 

all gradings by arbitrary groups on the restricted Witt algebra W(1; 1) when 

p > 3 in Section 4.2. The description of the gradings by arbitrary groups on 

W(1; 1) is possible because for any non trivial Zp-grading, the homogeneous 

spaces are one dimensional. 

We use the notation of [27], which is our standard reference for the back­

ground on Cartan type and Melikyan Lie algebras. 
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Chapter 1 

Gradings and Actions 

Throughout this work the base field of coefficients F is always algebraically 

closed and its characteristic is p. All vector spaces will be over F unless 

otherwise specified. Unless it is stated otherwise, we denote by i, j, k, l, q, s 

some integers. We also denote by Z1 the group of integers modulo l for l > 0. 

1.1 Simple Lie Algebras 

Definition 1.1.1. A vector space Lover a field F, with an operation L x L-+ 

L, denoted (x , y) r-+ [x, y] and called the bracket or commutator of x andy, is 

called a Lie algebra over F if the following axioms are satisfied: 

4 



1. The bracket operation is bilinear. 

2. [x, x] = 0, x E L. 

3. [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 x, y, z E L. 

For a fixed x E L, we denote by ad x the endomorphism of L which sends 

y E L to [ x, y ]. 

D efinition 1.1.2. A derivation of an algebra A is any endomorphism D sat­

isfying D(xy) = D(x)y + xD(y) for all x, yEA. The set of all derivations of 

A is denoted by Der(A) . 

R emark 1.1.3. For any algebra A, the set Der(A) is closed under the opera­

tion [D, E] = DE- ED so Der(A) is a Lie algebra. For a Lie algebra L, we 

have ad L C Der L. 

D efinition 1.1.4 . An ideal I of a Lie algebra L is a subspace of L such that 

[x, y] E I for all x E L and y E I . A Lie algebra L is said to be simple if 

[L, L] =J. 0 and L has no ideals other than L and 0. 

D efinition 1.1.5 . For a Lie algebra L we define the derived series of L by 

setting £(0) = L and £(i) = [ £(i- l), £(i- l) ] for i 2:: 1. 

The following algebras in definitions 1.1.6, 1.1.7 and 1.1.8 are called the 

classical simple Lie algebras over C. Let Mat(m, C) be the full m x m matrix 
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algebra over C. For x, y E Mat(m, C) set [x, y] := xy -yx and xL the transpose 

of x. 

Definition 1.1.6. Let .s((m, C) be the Lie algebra consisting of all elements 

x in Mat(m, C) with trace 0. We call .sr(m, C) the special linear algebra. Lie 

algebras isomorphic to .sr(m, C) are called of type A1 where l = m- 1. 

Definition 1.1.7. Let .so(m, C) be the Lie algebra consisting of all elements 

x in Mat(m, C) such that x = -xL. We call .so (m, C) the orthogonal algebra. 

Lie algebras isomorphic to .so(m, C) are called of type B 1 when m = 2l + 1 and 

of type Dt when m = 2l. 

Definition 1.1.8. Let m = 2l, P = ( 
0 

It ) and .sp(m, C) be the Lie 

- It 0 

algebra consisting of all elements x in Mat(m, C) such that Px = - xL P. We 

call.sp(m, C) the symplectic linea1· algebra. Lie algebras isomorphic to .sp (m, C) 

are called of type Ct. 

The other types of simple Lie algebras over C are E6, E 7 , Es, F4 and G2 

(see [14]). 

The following discussion on simpl Lie algebras is a summary of [27, Section 

4.1] . 
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Let L be a simple finite-dimensional Lie algebra over C, H a Cartan sub-

algebra, K the Killing form and 6. = { a 1 , . . . , a 1} a base of simple roots. For 

all a , f3 in the root system R we set 

K(tco h) := a(h), hE H, 

Theorem 1.1.9. [27, Theorem 4.1.1] Let L be a simple finite-dimensional Lie 

algebra over C. Then there is a basis {xa, hi I a E R, 1 :::; i :::; l} of L such 

that 

3. [xa, X_a] = ha is a Z-linear combination of h1, ... , hz. 

4. If a, f3 are independent roots and f3 - ra, . .. , f3 + qa is the a-string 

through /3, then [xa, x.e] = 0 if q = 0, while [xa, x.e] = ±(r + 1)xa+.B if 

a+/3ER. 0 

We call the basis in Theorem 1.1.9 the Chevalley basis. Let Lz be the 

Z-span of the Chevalley basis. The tensor product L F = F 0z Lz is a Lie 
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algebra. If L is not of type A1 where p divides l + 1, then Lp is simple. If L 

is of type A1 and p divides l + 1 then Lp has a one dimensional center C(LF) 

and LpjC(LF) is simple. The simple Lie algebras of the form LpjC(LF) are 

called the classical simple Lie algebras over F. 

For simple Lie algebras over fields of positive characteristic, one has, in 

addition to the classical simple Lie algebras, the simple Lie algebras of Cartan 

type, and in characteristic 5 also of Melikyan type, which will be introduced 

in Chapter 2. 

1.2 Gradings 

For an algebra A and a group G, we denote by Aut A and Aut G the automor-

phism groups of A and G respectively. 

D efinition 1.2.1. A grading r on an algebra A by a group G, also called a 

G-grading, is the decomposition of A as the direct sum of subspaces A9 , 

such that A9,A9" c Ag'g" for all g', g" E G. For g E G, the subspace A9 is 

called the homogeneous space of degree g, and any nonzero element y E A9 is 

called homogeneous of degree g. A subspace U of A is called a graded subspace 
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if 

u = ffi (u n A9 ). 

gEG 

If u is a subalgebra and r' : u = EBgEc(U nAg) we say that the grading r' 

is a restriction of r to U. We say that a homomorphism of A respects the 

grading r if the homogeneous spaces are invariant. 

Span { hl} ) Ll = Span {X a! } and Li = 0 otherwise. Then r : L = EBiEZ Li is 

a Z-grading. This grading corresponds to a Cartan decomposition on L with 

respect to the Cartan subalgebra L0 (see [14, Section 8]) . 

Definition 1.2.3. The set Supp r = {g E G I Ag =I= 0} is called the support 

of the grading r : A = EBgEG Ag. By (Supp r) we denote the subgroup of G 

generated by Supp r. 

Example 1.2.4. Let L and its Z-grading r be as in Example 1.2.2. Then 

Supp r = { - 1, 0, 1} and (Supp r) = Z. 

Remark 1.2.5. It is well known [7, Lemma 2.1), for a grading r by a group 

G on a simple Lie algebra, that (Supp r ) is an abelian group. 
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Remark 1.2.6. Let A be a finite-dimensional algebra, r : A = E9
9
EG A9 a 

grading by a group G. Then the support is a finite set. This implies that 

(Supp r) is finitely generated. 

From now on, we will assume that the grading group G is abelian and 

finitely generated. 

Definition 1.2.7. Let f: A= E9
9

EG A9 be a grading by a group G on an 

algebra A and ¢ a group homomorphism of G to H. The H -grading induced 

by¢ is the decomposition A= E9hEH Ah where 

Ah = EB Ag. 
gEG, ¢(g)=h 

The above H-grading is also refered to as the coarsening of the G-grading 

(induced by ¢). Conversely, a refinement of an H -grading A = E9hEH Ah 

is a G-grading A = E9
9
EG A9 such that there exists a group homomorphism 

¢ : G --+ H such that Ah = E9 Ag. 
gEG, ¢(g)=h 

Definition 1.2.8. Two gradings A = E9
9

EG A9 and A = E9hEG A~ by a group 

G on an algebra A are called group-equivalent if there exist W E Aut A and 

e E Aut G such that w(A9 ) = A~(g) for all g E G. If e is the identity, we call 

the gradings isomorphic. 
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We want to find all gradings on a Lie algebra up to group-equivalence 

(or, if possible, up to isomorphism) because the difference between equivalent 

gradings is a matter of relabelling. 

There is also another type of equivalence that appears in the literature. 

For an explanation on the difference of the two concepts and a more general 

view of gradings (not only by groups) see [16, Section 3]. 

D efinit ion 1.2.9. We will call two gradings r : A = EB Ag and r' : A = 
gEG 

EB A~ on an algebra A by groups G and H, respectively, equivalent if there 
h EH 

exist w E Aut A and a bijection B : Supp r -t Supp f' such that w(A9 ) = A~(g) 

for all g E G. 

The equivalence relation between gradings is weaker than the relations 

of group-equivalence since the map B need only be a bijection between the 

supports, which is not necessarily the restriction of a group automorphism. In 

Example 1.2.10 we give group-equivalent gradings with B =f. Id, which are, in 

fact isomorphic gradings. In Example 1.2.11 we give group-equivalent gradings 

that are not isomorphic. Finally in Example 1.2.12 we give a grading induced 

by a group homomorphism that is not quivalent to the original grading and 

another grading induced by a group homomorphism that is equivalent but not 

group-equivalent to the original grading. 
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Example 1.2.10. Let Land its Z-grading r be as in Example 1.2.2. Let¢ be 

the group automorphism of Z defined by ¢( i) = -i for all i E Z. By setting 

L¢(i) = Li we have another Z-grading L = EBiEZ L~, which is group-equivalent 

to f. It turns out that these two gradings are also isomorphic. Let w be 

the automorphism of L defined by w(xal ) = - X-al) w(x_Qj) = - Xal and 

w(h1) = -h1 . Then w(Li) = L~. Hence the gradings are isomorphic. 

Example 1.2.11. Let L = Span{y_1 , .. . y3 } be a Lie algebra over a base 

field of characteristic 5 where [Yi yj] = (j- i)Yi+j, with the convention Yk = 0 

if - 1 > k or k > 3 (L is W(1;l) - see Definition 2.1.3). Setting Li = 

Span{yi} we have a Z-grading on L. Let ¢be the automorphism of Z defined 

by ¢(i) = -i. We get a Z-grading f' : L = EBiEZ L~ by setting L¢(i) = Li. The 

two gradings are group-equivalent but not isomorphic since they have different 

supports. 

Example 1.2.12. Let r : L = EBiEZ Li be as in Example 1.2.11 and let 

<P : z -t z2 be the homomorphism of groups defined by ¢(i) = [ih where 

[ih is i modulo 2. The Z2-grading induced by ¢ is L = L[o]2 E9 £ [1]2 where 

L[o]2 = Span{y0 ,y2} and £[1]2 = Span{y_1,y1,yJ}. The Z2-grading described 

has different homogeneous spaces than the Z-grading. Hence the Z2-grading 

is not equivalent to the original Z-grading (which implies that they are not 
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group-equivalent). Now consider 'ljJ : Z --+ Z5 defined by '1/J (i) = [i]5 where 

[i]5 is i modulo 5. The Z5-grading induced by 'ljJ is L = EB[i]sEZs L[iJs where 

L[iJs = Lk for - 1 ~ k ~ 3 and [k]5 = [i]5 . The Z5-grading is equivalent to the 

Z-grading but not group-equivalent. 

Lemma 1.2 .13. Let G = G1 x G2 be the direct product of groups and 1r1 : 

G --+ G1 , 1r2 : G --+ G2 the canonical homomorphisms defined by 1ri (gl, 92) = 9i 

for i = 1, 2. If A = E9
9

EG A9 is a G-grading on an algebra A and A = 

E9
91

Ec
1 
A~1 , A = E9

9 2
Ec

2 
A~2 are the gradings by G1, G2 induced by 1r1 , 1r2 

0 

1.3 Actions by Automorphisms and 

Derivations 

From now on G will be a finitely generated abelian group. In this section 

we introduce the action by the dual group G on an algebra A graded by 

a group G without p-torsion, so that the study of gradings by such abelian 

groups is equivalent to the study of actions of finitely generated abelian groups 

by automorphisms of A. We also introduce the action of an elementary p­

subgroup of G by derivations if G has elements of order p . 
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~ 

We start by looking at the action by the dual group, G, when G is finite. 

Definition 1.3.1. We call the group of homomorphisms G -+ px the dual 

group of G and denote it by G. The elements of G are called the multiplicative 

characters of G. 

Let (gk) be the cyclic group of order k generated by the element g. 

Lemma 1.3.2. Let F be algebraically closed and G a finite abelian group. 

~ 

Assume G is without p-torsion if p > 0. We can express G and G as 

(1.1) 

(1.2) 

is a ki-th primitive root of unity. 0 

Remark 1.3.3. In fields of positive characteristic p, the only p-th root of 

unity is 1 because xP- 1 - (x - 1)P modulo p. Hence when p > 0, the dual 

group of Zp is the trivial group of order one. 

Lemma 1.3.4 . The dual group of Z is 

which is isomorphic to p x. 0 
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Hence, the dual group of a finitely generated abelian group G is the direct 

product of a finite abelian group and an (algebraic) torus (Fx )k for some k. 

~ 

In particular, G has a natural structure of an algebraic group. 

We now define the action by G on aG-graded algebra A. The following is 

well known. 

Lemma 1.3.5. [16, Section 4] Let A be an algebra, G a finitely generated 

abelian group without p-torsion and r : A= E9gEG Ag aG-grading on A. Then 

~ 

there is a homomorphism of G into Aut A defined by the following action: 

~ 

X* y = x(g)y, for ally E A9 , g E G, X E G. 

The image of G in Aut A is a semisimple abelian algebraic subgroup (quasi-

torus). 0 

~ 

We will denote the homomorphism defined in Lemma 1.3.5 by rJr : G -+ 

AutA, so 

~ 

rJr(x)(y) =X* y, Vx E G, y EA. (1.3) 

Lemma 1.3.5 says that for a grading by a finitely generated group G without 

~ 

p-torsion there is a quasi-torus Q in Aut A isomorphic to G. 

Remark 1.3.6. Given a quasi-torus Q in Aut A, we obtain the eigenspace 
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decomposition of A with respect to Q, which is a grading by the group of 

regular characters of the algebraic group Q, G = .X(Q). 

Example 1.3 .7. Let Land r: L = EBiEZ Li be as in Example 1.2.11. Let 'r/r 

be as in (1.3). Lemma 1.3.5 says that for all a E p x and Xu E Z defined by 

Xa(i) = a i, i E Z, we have 

T/r(xa)((j- i)Yi+i ) = ai+i(j- i )Yi+i = aiai[yi, Yil 

- [aiyi, aiyi] = [Tlr(Xu)(yi), T/r(xa)(Yi)], 

it follows that 'r/r(Xa) E Aut L, as expected. 

If G is generated by the support of r : A = EBgEG Ag, then the homomor­

phism 'r/r is a closed embedding of algebraic groups. 

Lemma 1.3.8. Let G, H be fintely generated groups without p-torsion, A an 

algebra, ¢ : G---+ H a group homomorphism, r : A = EBgEG Ag aG-grading 

and r : A= EBhEH Ah the H-grading defined by Ah = EBgEG, h=cf>(g) A g. Then 

"fr(H) C 'r/r( G) where the homomorphisms 'r/r : G ---+ Aut A and 7fr : fi ---+ 

Aut A are defined by (1.3) using the gradings r and f, respectively. 
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Proof. Let x E fi. For y E A9 we have TJr(x)(y) = x(¢(g))y since A9 C A¢(g)· 

Let ( : G --+ px be the map defined by ((g) = x(¢(g)) for all g E G. Then 

( E G. Furthermore, for ally E A9 we have 

TJr(x)(y) = x(¢(g))y = ((g)y = 77r(()(y). 

Hence TJr(X) E 77r(G) . 0 

Lemma 1.3.9. Let G, H be fintely generated abelian groups without p­

torsion, A an algebra, r : A = EBgEC Ag aG-grading and r : A = EBheH Ah 

an H -grading. Assume that G is generated by Supp r and H is generated 

by Suppf. If rtr(H) c 77r(G) then r is an H-grading induced by a group 

epimorphism ¢ : G --+ H. 

Proof. The eigenspaces of 77r(G) and 77r(H) are A9 and Ah respectively for 

all g E Supp r and h E Supp r. Since TJr(H) c 77r(G) we have an inclusion 

map/,: TJr(H)--+ 77r(G). Also, for any g E Supp r the eigenspace Ag of 77r(G) 

is contained in some eigenspace Ah of TJr(H) for some h E Supp r where h 

is uniquely det rmined by g. Let ¢ : Supp r --+ Supp r be th map defined 

by ¢(g) = h. Let 17 : fi --+ G be the homomorphism of algebraic groups 

determined by 7777r = 1fr "· Then by construction 17(X) (g) = x( ¢(g)) for all 

g E Supp r. Hence¢ extends to an epimorphism G ---+ H. 
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.------------------------------- --------- ~ - ----

Thus f is the grading induced by ¢. D 

We now look at gradings by finite elementary p-groups. From here on, F 

will be of positive characteristic p. A Z~-grading on an algebra A gives rise to 

the action of z~ by derivations on A. 

Lemma 1.3.10. Let A be an algebra, G = z~ and r : A = EBgEG Ag a G­

grading on A. Then there is a homomorphism of G into Der A defined by the 

following action: For all (g1 , ... , 9t), (h1 , ... , ht) E Z~ andy E A(h1 , ... ,hz), set 

Conversely, given a set { Dj g=l of commuting, linearly independent semisimple 

derivations with eigenvalues in Zp c F we obtain the eigenspace decomposition 

of A with respect to these derivations, which is a grading by the group Z~ . 

Specifically, A(iJ, ... ,i,) = Span{y E A I Dj(y) = ijy, 1 :=::; j :=::; Z} for (i1, ... , it) E 

~- D 

We will denote the map defined in Lemma 1.3.10 by vr: G -t Der A when 

G is an elementary p-group, i.e., 

vr(g)y = g * y, Vg, hE G, Vy E Ah· (1.4) 

For convenience, we will refer to a set of commuting linearly independent 

semisimple derivations with eigenvalues in Zp C F as a set of toral elements. 

18 



Example 1.3.11. Let r' : L = EB[i]
5
Ez

5 
L[iJ

5 
be the Z5-grading in Example 

1.2.12 and Vp as in (1.4) . Lemma 1.3.10 says that 

Vr,([1]s)(y) = i(y), i E Z, y E L[iJ5 . 

More precisely, vr,([1]5)(yi) = iyi fori E Z. Since 

vr,([1]s)((j- i)Yi+j) 

(i + j)(j - i)Yi+j = (i + j)[yi, Yj] 

[iyi,Yj] + [yi,JYj] = [vp([1]s)(Yi),yj] + [yi,vr,([1]s)(yj)], 

it follows that vr,([1]5 ) E Der L. 

Lemma 1.3.10 gives us a correspondence between gradings by elementary 

groups and sets of toral elements. For any abelian p-group G generated by l 

elements (l is minimal) there is a canonical mapping¢ : G ---t Z~ which implies 

for all gradings by a p-group G there is a Z~-grading which is induced by ¢. 

Hence Lemma 1.3.10 and ¢ gives us the following corollary. 

Corollary 1.3.12. For any grading by an abelian p-group G generated by l 

elements in the support, where l is minimal, there is a set of l toral elements 

such that each homogeneous space of the G-grading is an eigenspace of the 

toral elements. 
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Proof. Let r : A = E9
9

EG A9 be a G-grading of A . We can express G = 

homomorphism of groups defined by 

¢(gi) = (o, .. . , o, 1, o, ... , o) E z~ 

where the 1 is at the ith position. The Z~-grading r: A = E9hEZl Ah, where 
p 

Ah = E9
9

EG, 1/>(g)=h A9 , is the H-grading induced by ¢. By Lemma 1.3.10 

there exists a set {Dj};=l of derivations of A such that Dj(y) = ijy for all 

y E A(i1 , ... ,i1), (i1, . . . , it) E Z~. Let g E G, z E A9 and ¢(g)= (i1, . . . , it). Then 

0 

Lemma 1.3. 13. Let r : A = E9
9

EG A9 be a G-grading on algebra A and 

G = G1 x G2 a finitely generated group that is the direct product of groups 

where G1 has no p-torsion and G2 = Z~. If r 1 and r 2 are the gradings by G1 

and G2 induced by the canonical homomorphisms n 1 : G ~ G1, 1r2 : G ~ Z~, 

respectively, then 77r1 (G";_) and vr2 ( G2 ) commute. 

By Lemma 1.2.13 we have A(91 ,g2 ) = A~1 n A~2 • Any element y E A(91 ,g2 ) is an 

eigenvector of 77r1 (G";_) and vr2 (G2 ) since A~1 is an eigenspace of 77r1 (G";_) and 
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A~2 is an eigenspace of Vr2 ( G2). Hence 'Tlr1 (~) and Vr2 ( G2) commute. 0 

The following corollary sums up Chapter 1. 

Corollary 1.3.14 . Let L be a finite-dimensional simple Lie algebra and G a 

group. If r : L = EBgEG Lg is aG-grading and (Supp r) = G then the following 

are true: 

1) G is a finitely generated abelian group; 

2) G = G1 x G2 where G1 is a group that has no p-torsion and G2 is a 

p-group generated by l elements where l is minimal; 

3) there exists an epimorphism ¢ : G2 --+ Z~ and a set of l toral elements 

h E Z~ , are the eigenspaces with respect to { Di}~=l; 

........._ 

4) t here exists a quasi-torus Q of Aut A isomorphic to G1 and the 

subspaces L~1 = ffi
92

Ec
2 

Lc91 ,g2 ) are the eigenspaces of Q; 

5) the elements of Q and the derivations Di, 1 ::=:; i ::=:; l , commute. 0 
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Chapter 2 

Standard Gradings and 

Filtrations 

In Section 2.1 we define the Witt , special, Hamiltonian, contact and Melikyan 

algebras. Section 2.2 is devoted to the natural gradings and filtrations of these 

simple Lie algebras. We will describe the automorphisms and the derivations 

of these algebras in Section 2.3 and 2.4. Unless it is stated otherwise, we 

denote by a and b some m-tuples of non-negative integers. 
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2.1 Cartan Type Algebras and Melikyan 

Algebras 

In this section we will define some finite-dimensional simple Lie algebras which 

are generally of non-classical type and state the classification theorem of simple 

Lie algebras in characteristic p 2: 5 due to Premet and Strade in [26] which is 

the completion of the series of papers [21), [22], [23], [24] and [25]. The main 

reference for definitions and lemmas for this section is [27] . 

We start by defining the simple graded Cartan type Lie algebras W ( m; 11), 

S(m; 11)(1), H(m; 11)<2>, K(m; 11){1). These algebras can be viewed as Lie sub-

algebras of the derivations of a commutative algebra O(m; 11). 

For two tuples a, b E zm we write a S b if ai S bi for 1 S i S m . Similarly 

we write a < b if ai ::; bi for 1 ::; i ::; m and a1 < b1 for at least one 1 ::; j ::; m . 

Also let Ia I = 2::1 ai for a E zm. When dealing with m-tuples, l will denote 

the m-tuple consisting of m ones, Ei := (0, ... , 0, 1, 0 ... , 0), for 1 ::; i S m, 

where the 1 is at the i-th position and 11 = (n1 , . .. , nm)· 

Definition 2.1.1. Let O(m; 11) be the commutative algebra 

O(m; 11) := { L a(a)x(a) I a( a) E F } 
O~a~T(n) 
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-~~--------------------------

over a field F of characteristic p, where r(rr) = (pn1 - 1, ... , pnm- 1), with 

multiplication 

where we set x(c) = 0 if ci < 0 or pn; - 1 < ci for 1 ::; i ::; m and (
a +a b) _ 

m ( ) 
~+~ . . . IT . . For convemence, let xi = x(c, ) for 1 ::; 2 ::; m. 

i=l at 

The commutative algebra 0( m; rr) has a built-in divided power structure. 

In [27, Definition 2.1.1] the divided power maps f H J (i) on O (l ) = Span{x(a) E 

O(m; rr) I 0 < a::; r(rr)} are defined. 

Remark 2.1.2. The algebra O(m;rr) is generated by V := Span{x1, ... , Xm } 

and divided power maps since x(a) = x~ai) ... x~m) for 0 ::; a ::; r(rr). 

There are standard derivations on O(m; rr) defined by 8i(x(a)) = x(a- c;) for 

1 ::; i ::; m. 

Definition 2.1.3. Let W(m; rr) be the Lie algebra 

with the commutator defined by 

We refer to the Lie algebras lV(m;n.) as the Witt algebras. 
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Remark 2.1.4. The Lie algebra W(m; .n.) is a subalgebra of Der O(m; .n.) where 

any element D E W ( m; .n.) can be expressed as D = "L::i j/)i where fi E 

O(m;.n.) for 1 ~ i ~ m. Since 

m 

i=i 

D is uniquely defined by its action on V. Namely, for all D E W ( m; .n.) we 

Lemma 2.1.5. The dimension of O(m; .n.) is plnl and the dimension of W(m; .n.) 

is mplnl . 0 

The remaining simple graded Cartan type Lie algebras are subalgebras 

of W ( m; .n.). When dealing with the Hamiltonian and contact algebras in m 

variables (types H ( m; .n.) and K ( m; .n.) below), it is useful to introduce the 

following notation: 

{ 

i + r , 
·I 

't = 
i- r, 

if 1 ~ i ~ r, 

if r + 1 ~ i ~ 2r; 

a(i) = { 
1, if 1 ~ i ~ r, 

-1, if r + 1 ~ i ~ 2r; 
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where m = 2r in the case of H(m; n) and 2r + 1 in the case of K(m; n). Note 

that we do not define m' or a-( m) if m = 2r + 1. We will also need the following 

differential forms (see [27, Section 4.2]). 

r 

wH ·- L dxi 1\ dxi', 
i = l 

2r 

WK := dxm + L a-(i)xidXi' , 
i= l 

m 2:: 3, 

m = 2r, 

m = 2r + 1. 

Definition 2.1.6. We define the special, Hamiltonian and contact algebras as 

follows: 

S ( m; n) ·- { D E W ( m; n) I D ( w s) = 0} , 

H(m; n) ·- {DE W(m; n) I D(wH) = 0}, 

m 2:: 3, 

m= 2r, 

K(m;n) ·- {D E W(m;n) I D(wK) E O(m;n)wg}, m = 2r + 1, 

respectively. 

It is known that the Lie algebras W(m;n) are simple, but S(m;n) and 

H ( m; n) are not simple, and K ( m; n) are simple if and only if p does not 

divide m+3. The first derived algebras S(m;n)(l) and K(m;n)(ll, and second 

derived algebras H(m; n)C2l are simple (see [27, Section 4.2]). We will refer to 

S(m; n)<l), H(m; n) <2) and K(m; n)(l) as the special, Hamiltonian and contact 

algebras, respectively, from now on. 
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In order to explicitly describe the elements of S(m; n)(l), H(m; n)(2
) and 

K ( m; n) (1) we will need t he following maps. 

Let div : W(m; n) -+ O(m; n) be the map defined by 

Let Di,j, DH and DI< be the linear maps from O(m;n) to W(m;n) defined by 

the following: 

Di,j (f) : 8j (J)oi - oi (f)Oj , 

D H (f) : - 2:::: 1 (}"( i)oi (f)oi', 

f E O(m;n); 

m = 2r f E O(m·n)· , , __ ' 

DI<(f) : - 2::::1 ((j(i)oi + xi'8m)(f)8i' 

+ (2/- 2::::1 xioi(f)) om, m = 2r + 1 and f E O(m;n). 

Lemma 2.1.7. [27, p. 188] Form 2: 3, 

S(m; n) { D E W(m; n) I div(D) = 0}, 

S(m;n) - (2::7:~1 Di,m(O(m;n + l))) n W(m;n), 

S(m;n/1) - Span{Di,j(f) 11:::; i < j:::; m, f E O(m;n)}. 

Moreover, the dimension of S(m; n)(ll is (m- 1)(plnl - 1). D 

Note that S(m;n) = (2::7:~ 1 Di,m(O(m;n + l))) n W(m;n) follows from 

the proof of [27, Lemma 4.2.2]. 
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Lemma 2.1.8 . [27, p.189] Form= 2r, 

H(m;I!) ~ { ~ /;8; E W(m;n) I a(i)iJ;,(/;) ~ a(j)iie(J; ), 1 :S i,j :S m} , 

H(m;rr) (2) = Span{DH(x(a)) I 0 <a< T(rr)}. 

Moreover, the dimension of H ( m; rr) (2) is plnl - 2. 0 

Lemma 2.1.9. [27, p.190] Form = 2r + 1, 

K(m;rr) = DK(O(m;rr)) . 

If pis coprime tom+ 3 then K(m; rr) = K(m; rr)(ll. If p divides m + 3 then 

Moreover, the dimension of K(m;rr)(ll is plnl- 1 if p divides m + 3 and plnl 

otherwise. 0 

There exist deformations of the special and Hamiltonian algebras which are 

simple but do not have a canonical Z-grading as do the algebras defined above 

(see [27, Definition 4.2.4]). These deformations and the graded Cartan type 

Lie algebras are referred to collectively as the simple Lie algebras of Cartan 

type. 

The next type of simple Lie algebras we will consider are the Melikyan 

algebras which are defined over fields of characteristic 5. Set W (2; rr) = 
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- -
JI81 + /282 := h81 + h82 

for all h , h E 0(2; _rr). 

Definition 2.1.10. Let M(2;_rr) := 0(2;.rr) EB W(2;_rr) E9 W(2;_rr) be the algebra 

over a field F of characteristic 5 whose multiplication is defined by the following 

- ~ 

equations. For all D E W(2; .rr), E E W(2; .rr), f, fi, 9i E 0(2; .rr) we set 

----[ D , E] := [D , E] + 2 div( D) E, 

[D, f] := D(f) - 2 div(D)f, 

[f,E] := JE 
- -

[fi , h] := 2(fi8I(h)- h81(JI))82 + 2(h82(h)- !I82(h))81. 

......... ....... ......... ....... 

[!I81 + !282,9181 + 9282] := h92- h91 · 

We refer to the Lie algebras M(2; .rr) as the Lie algebras of Melikyan type. 

It turns out that M(2;_rr) is a simple Lie algebra. 

Remark 2.1.11. The dimension of M(2;_rr) is 5lnl+1 . 0 

Theorem 2.1.12. [26, Theorem 1.1] If L is a finite-dimensional simple Lie 

algebra over a field of characteristic p > 3 then it is either of classical, Cartan 

or Melikyan type. 
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2.2 Standard Gradings and Filtrations 

The Cartan type Lie algebras W(m; n), S(m; n), H(m; n), K(m; n) are called 

graded, because they have canonical Z-gradings, and so do the Melikyan al­

gebras M(2;_rr). These gradings induce filtrations that are important in the 

study of the automorphism group of these algebras - see Section 2.3. For 

the graded Cartan type Lie algebras in question, the canonical gradings arise 

from the canonical grading on W(m; n) that, in turn, arises from the canonical 

grading on O(m; n). 

Definition 2.2.1. Let ok = Span{x(a) E O(m;n) I lal = k} fork E z. We 

call the grading O(m; n) = EBkEZ ok the canonical Z-grading on O(m; n). We 

denote the degree with respect to this grading by deg0 . 

Definition 2.2.2. Set 

for types W(m;n), S(m;n), H(m;n), and 

for type K ( m; n). For k E Z, the su bspaces 

xk = Span{y E X(m;n)(oo) I degw(Y) = k}, 
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where X= W, S, H , and Kk = Span{y E K(m;n) I degK(Y) = k} fork E Z 

define the canonical Z-gradings on W(m; n), S(m; n), H(m; n) and K(m; n), 

respectively, as well as on their derived subalgebras. 

The difference between degw and degK for an element of K(m;n) is that 

we "count" the degrees of Xm and 8 m twice for degK. 

Example 2.2.4. For (m;n) = (2; (1 , 1)), 

Definition 2.2.5. Set 

degM(x(a)ai) ·- 3degw(x(a)ai), 

degM(x(a)~) .- 3 degw(x(a)ai) + 2, 

The subspaces Nh = Span{y E M(2; n) I degM(Y) = k} for k E Z define the 

canonical Z-grading on M(2; n). 

Remark 2.2.6. For the canonical Z-gradings on W(2; n) and M(2; n) we have 
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Definition 2.2. 7. For any Z-grading r : A= EBkEZ Ak on an algebra A with 

a finite support Supp r there is an induced filtration 

As = A(s) c A (s-1) c · · · A(q) =A, 

where A(k) = E9 A1 for k E Z, q = min(Supp f) and s = max(Supp f). We 
l?:.k 

call the induced filtrations of t he canonical Z-gradings on 0 ( m; n.), W ( m; n.), 

S(m; n.), H(m; n.), K(m; n.), M(2; n.) and their derived algebras the canonical 

filtrations. 

Definition 2.2.8. For a filtration {A(i)} of an algebra A, we say that an 

endomorphism c.p of A respects the filtration if all subspaces A(i) are invariant 

under <p. 

R emark 2.2.9. It is not true in general that an endomorphism which respects 

an induced filtration of a Z-grading also respects the Z-grading. 

The main contribution of this work is to show that all gradings by finitely 

generated groups without p-torsion on the Lie algebras in Section 2.1 are, up to 

isomorphism, induced by a group homomorphism from a canonical zk-grading 

(where k depends on the type of algebra) by finding the maximal quasi-tori 

of the automorphism groups of the Lie algebras in question. In particular, 

the canonical Z-gradings for the Lie algebras of Cartan and Melikyan type are 
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induced by certain group homomorphisms ¢ : 'Z} ---+ Z. Now we describe the 

canonical zk-gradings mentioned above. 

Definition 2.2.10. The zm-gradings on O(m; rr) and W(m; rr), 

O(m;rr) = E9 O(m;rr)a , 
aEZm 

W(m;rr) = E9 W(m;rr)a, 
aEZm 

where 

O(m; rr)a =Span{ x(a)}, 

m 

W(m;rr)a = EfJO(m;rr)a+c;ai = Span{x(a+t;)ai 11::; i::; m}, 
i=l 

are called the canonical zm-gradings on O(m; rr) and W(m; rr), respectively. 

We denote the canonical zm-gradings on O(m;rr) and W(m;rr) by fo and fw , 

respectively. 

Note that the support fw includes tuples with negative entries. For ex-

ample W(m; rr)-c; = Span{ 8i}· 

Lemma 2.2.11. Let W(m; rr) = EBaEZm W(m; rr)a be the canonical zm-gradi-

ng and S(m; rr)~) = S(m; rr)(l) n W(m; rr)a for l = 0, 1. Then S(m; rr)(l) = 

ffi S(m· n)~) is a zm-grading on S(m· n)(l) . W aEZm '- '-
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Proof. We have to show that S(m; n) is a graded subalgebra of W(m; n). Then 

the result for S ( m; n) (1) follows. By Lemma 2.1. 7 we have that 

S(m;11) ~ (~ D,,m(O(m;rr + 1))) n W(m;rr). 

The set { x(a) I a~ a~ T(Jl) + 1} is a basis of O(m;n + 1). Hence 

S(m; n) = (Span { D i,m(X(a)) I 0 ~ a~ T(Jl + 1), 1 ~ i ~ m}) n W(m; n). 

Since 

is in W(m; n+ 1)a-E:i-E:m it follows that S(m; n) = EBaEzm (S(m; n)nW(m; n)a)· 

0 

Let ei be the r + 1-tuple with all zeroes except for a one at the ith position 

and ifJH : 7J}r -t zr+l be the homomorphism defined by ¢H(ci) = ei for 

1 ~ i ~ r + 1 and ¢(ci) = e1 + el+r - ei' for r + 1 < i ~ 2r. Similarly let 

ifJK: Z2r+l -t zr+l be the homomorphism defined by ¢K(ci) = ei for 1 ~ i ~ r, 

¢K(ci) = er+l - ei' for r < i ~ 2r and ¢K(cm) = er+l 

The proof of the following Lemma 2.2.12 consists of showing that the grad­

ings are induced by an abelian semisimple subgroup TH of Aut H(m; n)(2
) de­

fined in Section 2.3. The proof will be given after the TH is defined. 
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Lemma 2.2.12. The Lie algebras H(m; n.), H(m; n.)(l) and H(m; n.)(2) are 

graded subalgebras of W(m; n.) with respect to the grading induced by <PH 

from the canonical zm_grading on W(m; n.) . Namely, 

H(m;n.)(l) = EB (H(m;n.) (l) n Wg) 
gEzr+ J 

are zr+l_gradings where l = 0, 1, 2 and Wg = EBaEzm, cf>H (a)=g Wa. 

Lemma 2.2.13. The Lie algebras K(m; n.), K(m; n.) (l) are graded subalgebras 

of W(m; rr) with respect to the grading induced by <PK from the canonical zm_ 

grading on W(m; rr) . That is, K(m; rr)(l) = EBgEzr+J (K(m; rr)(l) n Wg ) are 

zr+l_gradings where l = 0, 1 and Wg = EBa EZm, cf>K(a)=g Wa. 

Proof. By Lemma 2. 1.9 we have that K(m;n.) = DK(O(m;n.)). Recall that 

L;:l(a(i)8i + Xi1 8m)(x(a) )8i1 + (2x(a)- L ;:l Xi8i(X(a) )) 8m 

- 2.:;:1 a(i)8i(x(a))8i' 
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Note that 

W¢(a-cm) and the claim follows. D 

D efinition 2.2.14. The zr+1-gradings on L = H(2r; n), H(2r ; n)<1
) and 

H(2r; n)<2) in Lemma 2.2.12 are called the canonical zr+l_gradings of L. We 

denote the canonical zr+l_grading on H(m;n)<2) by rH. 

D efinition 2.2.15. The zr+1-gradings on L = K(2r+ 1; n) and K(2r+ 1; n)<1
) 

in Lemma 2.2.13 are called the canonical zr+1-gradings of L. We denote the 

canonical zr+l_grading on K(m;n)(l) by rK. 

The proof of the following Lemma 2.2.16 is done by immediate calculations. 

Lemma 2.2.16. Let r M : M(2; n) = E9 M(al,a2) where 
(a1 ,a2)EZ2 

M(3a1,3a2) ·- Span{x<a+ci)8i 11 :::; i:::; 2} 

M(3a1,3a2)+l Span{x<a+ci)~ 11 :S i :S 2} 
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The decomposition above is a Z2-grading on M(2; n.). 0 

R emark 2.2.17. The support of the Z2-grading fM does not generate Z2. The 

support generates the subgroup G = ((3i + j, j) I i, j E Z), which is isomorphic 

to Z2. We can define a Z2-grading, r M, for which the support generates Z2. 

Define cPM : Z2 ---+ Z2 by ¢M((1, 0)) = (3, 0) and ¢M((O, 1)) = (1, 1). If 

we set La= M¢M(a) for a E Z2 then rM: M(2;n.) = EBaEZ2La is a Z2-

grading since ¢M(Z2) = G. Also since L(-1,o) = M(- 3,0) = Span{8I} and 

L(o,- 1) = M(-1,-1) = F we have that the support of fM generates Z2. 

.......... .......... 
By Lemma 1.3.8 we have that rtrM (Z2) C rJrM (Z2). We will mainly work 

with the grading f M and get results for f M. 

D efinition 2.2.18. We call the Z2-grading fM in Remark 2.2.17 the canonical 

Z 2-grading on M(2; n.) . Let degrM (y) and degrM (y) be the degrees of y with 

respect to the .Z2-gradings f M and f M respectively. 

R emark 2.2.19. T he canonical Z-grading is the grading induced by the group 

homomorphism¢: Z2 ---+ z from rM, where ¢(a1, a2) = a1 + a2· Explicitly, 

Mi = EB M(a1 ,a2)· 
a1+a2=i 

Hence, the canonical Z-grading on M(2; n.) is a grading induced by ¢¢m from 
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D efinition 2.2.20. Let G be an abelian group and cp : 'l} -1 G a homomor­

phism. The decomposit ion M(2; n) = EBgEG Mg, given by 

M 9 = Span{y E M(2;n.) I cp(degrM(y)) = g}, 

is aG-grading on M(2;n.). We call such decomposition a standard G-grading 

induced by cp on M(2; n.). We will refer to a standard G-grading induced by cp 

as a standard G-grading when cp is not specified. 

Remark 2.2.21. A standard G-grading on X(m; n.)(oo) = W(m; n.), S(m; n.)(l), 

H(m; n.)(2l, K(m; n.)(ll or M(2; n.) is a grading induced by a homomorphism of 

groups¢: 7!} -1 G where k depends on X(m;n.)(oo). Hence for a standard G­

grading we have that G has at most m generators when X(m; n.)(oo) = W(m; n.) 

or S(m; n.)(ll, r + 1 generators when X(m; n.)(oo) = H(m; n.)(2) or K(m; n.)(l) 

and two generators when X(m; n.)(oo) = M(2; n.). 

2.3 Automorphisms 

Corollary 1.3.14 shows the importance of semisimple abelian subgroups (quasi­

tori) of an algebraic group Aut L for the determination of general gradings by 

groups on L. In Chapter 3 we will show that any quasi-torus in Aut L is 

contained in a maximal torus for a Lie algebra L of simple graded Cartan or 
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Melikyan type. 

In t his section we will show that the automorphism group of a simple 

graded Cart an type Lie algebra X ( m; 71) (oo) is a subgroup of the automorphism 

group of W ( m; 71), which in t urn can be identified with a subgroup of the 

automorphism group of O (m; 71). 

2.3.1 Automorphisms of the Cartan Type Lie Algebras 

We start by describing an important subgroup of the automorphism group of 

O (m;71) . 

Definition 2.3.1. Let A(m; 71) be the set of all m-tuples (y1 , ... , Ym) in 

O(m; rr)m for which det(8i(Yi)h ::;i,j:Sm is invertible in O(m; 21) and also 

Yi = L ai(a)x(a) with ai(P1
Ej) = 0 ifni+ l > ni . 

O<a:Sr(n) 

Lemma 2.3.2. [27, T heorem 6.3.2] For any (y1 , ... , Ym) E A(m; 11) the map 

'lj;: O(m;21) --t O (m;rr) defined by setting 

is an automorphism of O(m; 71). 0 

D efinition 2.3.3. We call an automorphism 'lj; of O(m;71) as in Lemma 2.3.2 
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a continuous automorphism of O(m;n.). We denote the group of all continuous 

automorphisms of O(m;n.) as AutcO(m;n.) . 

In [27, Section 7.3] it is shown that there is a map <I> from AutcO(m;n.) to 

AutW(m;n.) defined on '1/J E AutcO(m;n.) by 

where D E W ( m; n.) and the elements of W ( m ; n) are viewed as derivations of 

0( m; n). Explicitly, by Remark 2.1.4 we have 

m 

<I>('l/J)(D) = L 'l/J(D('l/J- 1(xi)))8i (2.1) 
i = l 

forD E W(m; n.) . 

and its determinant is -1. It follows easily that (y1 ,y2 ) E A(2;n.). Let '1/J 

be the continuous automorphism defined by (y1 , y2) as in Lemma 2.3.2. The 

automorphism <I>('!j;) of W(2;n.) is defined by D r--7 '1/J o Do '!j;- 1 for all D E 

W(2; n.). Let E = '1/Jo Do'!j;- 1
. The element E(xi ) of 0(2; n.) for { i, i'} = {1, 2} 
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--------·--·------------------

is 

Hence for D = x 1 82 we have 

T heorem 2.3.5 . [27, Theorem 7.3.2] The map 

<P: Autc O(m;n)--+ Aut W(m;n) 

is an isomorphism of groups provided that (m; n) =J (1, 1) if p = 3. Also, 

except for the case of H(m, (n1;n2))(2) with m = 2 and min{n1,n2 } = 1 if 

p = 3, 

Aut S(m; n)(l) 

Aut H(m; n)(2) 

Aut K(m; n)(ll 

<P({'I/J E Autc O(m;n) I '1/J (ws) E Fxws}), 

<P( { '1/J E Autc O(m; .?1) I '1/J(wH) E FxwH} ), 

<P({'I/J E AutcO(m;n) I '1/J (wK) E O(m;n) xwK}), 

where the groups on the right hand side of the equations are viewed as the 

restrictions of subgroups of Aut W(m;n) onto the corresponding subalgebras 

of W(m;n) . 0 

Corollary 2 .3 .6. Let (m; n) =J (1, 1) if p = 3. The automorphisms of W(m; n) 

respect the canonical filtration {W(i)} of W(m; n). 0 
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Remark 2.3. 7. The map of the tangent Lie algebras corresponding to <I> is a 

restriction of ad : W --+ Der W , and hence injective. It follows that <I> is an 

isomorphism of algebraic groups. 

We will use t he following notat ion 

S(m;:rr) {1/J E AutcO(m; :rr) I 1/J(ws ) E F xws }, 

7-l (m;:rr) - {1/J E AutcO(m ;:rr) I 1/J(wH) E F xwJ-I} , 

/C (m;:rr) {1/J E AutcO(m;:rr) I 1/J(wi< ) E O (m ;:rr)xwK}· 

The above groups are subgroups of W(m;:rr) := AutcO(m; :rr). We will refer 

to them collectively by X ( m ; :rr) where X = W , S , 7-l or /C. 

Definition 2.3.8. We denote by Auto O (m ; :rr) t he subgroup of Autc O(m; :rr) 
m 

consisting of all 7/J such that 1/J(xi ) = :Z:::>·~i,jXj, ai,j E F , 1 :::;: j :::;: m. 
j = l 

The group Auto O(m; :rr) is canonically isomorphic to a subgroup of GL(V) = 

GL(m) , which we denote by GL(m; :rr). 

If n i = nJ for 1 :::;: i, j :::;: m then GL(m ; :rr) = GL(m), otherwise it is 

properly contained in GL(m). The condit ion for a tuple (y1, . . . , Yn) to be in 

A(m;:rr) , 

Yi = L a i (a)x(a) with ai (Pl Ej) = 0 ifni+ l > nj, (2.2) 
O<a 

imposes a flag struct ure on the vector space V = Span{x1 , . . . , xm}· 
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Definition 2.3.9. Given '!1 = (n1 , . .. , nm) , with m > 0, we set 3 0 = 0 and 

then, inductively, 

Set Vi = Span{xj I j E 3i} fori ;::: 0. Then 0 = Vo c Vi c v2 c .. . c v 

is a flag in V (i.e., an ascending chain of subspaces). We denote this flag by 

F(m;rr). 

Remark 2.3.10. Condition (2.2) implies that GL(m; 71) consists of all ele-

ments of GL(m) that respect F(m;rr). 

In the case of special algebras we have to deal with the same subgroups of 

GL(m) as in the case of Witt algebras. 

Lemma 2.3.11. [27, Section 7.3] Aut0 O(m; 71) n S(m; 71) =Auto O(m; rr). 

In the Hamiltonian case, V = Span { x1, ... , Xr } EB Span { x1', .. . , Xr'}, and 

wH induces a nondegenerate skew-symmetric form on V, given by (xi, xi) = 

a(i)c5i,j', for all i,j = 1, . .. , 2r. 

Lemma 2.3.12. [27, Section 7.3] The image of Aut0 O(m; 71) n H(m; 71) in 

GL(m), m = 2r, is the product of the subgroup of scalar matrices and the 

subgroup Sp(m; 71) := Sp(m) n GL(m; rr) . This product is almost direct: the 

intersection is { ± Icl}. 
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ta ·= tal ... tam 
- · 1 m · 

Lemma 2.3.13. [27, Section 7.4] The following groups are maximal tori of 

Aut W(m; rr), Aut S(m; rr)(l), Aut H(m; 21)(2) and Aut K(m; rr)(l), respectively: 

Corollary 2.3.14. Let X = W, S, H or K. The maximal tori Tx in 

AutX(m;rr)(oo) described in Lemma 2.3.13 correspond, under the algebraic 

group isomorphism <I>, to the following maximal tori in X ( m; rr): 

A convenient way to work with the elements of the above tori is to view 

them as m-tuples of nonzero scalars. Define .A: (Fx)m -t Auto O(m;rr) where 
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D efinition 2.3.15. We will say that t E (Fx )m is X -admissible if >.(t) E Tx , 

where X= W, S, H or K. 

We now prove Lemma 2.2.12. 

Proof. Let m = 2r and rH be the zr+1-grading on W(m;.rr) induced by cPH 

with respect to the canonical zm-grading fw on W(m; .rr). Then 1/rH (zr+I) = 

TH. 

We start by showing that H(m; .rr) is invariant with respect to TH which 

implies that TH is a quasi-torus of Aut H(m; .rr) . By definition H(m; .rr) is the 

set of elements DE W(m;.rr) such that D(wH) = 0. Now fix aD E H(m;.rr) 

and '1/J E TH . By Theorem 2.3.5 and Corollary 2.3.14 there exists a >.(t) E TH 

such t hat '1/J = ~>.W· Recall that titi' = t1t1, if >.(t) E TH and >.(r1 )(wH) = 

(tltl+r)-1
. Then 

Hence '1/J(D ) E H (m;.rr). It then follows that H(m;.rr) is a graded subalgebra 

of W(m;.rr) with respect to rH· 

Since the derived algebra A (I) of a graded algebra A is a graded subspace 

we have that the restriction of the fH grading on H(m;.rr)<l) and H(m;.rr)<2
) 

are gradings. The restriction of the r H on H ( m; .rr) (2) is r H 0 D 
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2.3.2 Automorphims of the Melikyan Algebras 

Lemma 2.3.16. [17, p. 3921] Any automorphism w of M(2; n.) respects the 

canonical filtration of M(2; n.). 

The lemma below follows from the first paragraph on p.3920 of [17]. 

Lemma 2.3.17. For every automorphism '1/J of W(2;n.) there exists an au-

tomorphism '1/JM of M(2;n.) which respects W(2;n.) and whose restriction to 

W(2; n.) is '1/J. 0 

Definition 2.3.18. Let Autw M(2;n.) = {w E AutM(2;n.) ; I w(W(2;rr)) = 

W(2;rr)} be the subgroup of automorphisms that leave W(2;rr) invariant and 

let 1r : Autw M(2; rr) -t Aut W(2; n) be the restriction map. 

R em ark 2.3.19. The group of automorphisms that preserve th canonical 

Z2-grading is a subgroup of Autw M(2; rr). 

The Z2-grading r M on M(2; n) gives rise to a torus 77r\,, (V) since v is a 

-connected group. We will show later that TfrM (Z2 ) is actually a maximal torus. 
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where 

rl (t)x(a)ai ·- t3a-3c;x(a)0 - t 

rl(f)x(a)~ - t3a-3c;tlx(a) fj. 
- - t 

rl(f)x(a) ·- eaclx(a). 

For any element yin the homogeneous component Ma off we have D.(t)(y) = 

fay which iS t he Same a8 Saying fl (t) (y) = fdegf'M (y) y. 

Lemma 2.3.20. n is a homomorphism of algebraic groups. 

Proof. Since rM is a grading of t he Lie algebra M(2;TJ.), fort E (F X)2 we have 

rl(t) E Aut M(2; TJ.). 

Now we show that n is a homomorphism. Let~' t E (FX)2 and y be a 

homogeneous element. Then 

which shows that n is a homomorphism. 

It is obvious that n is a regular map. D 

1, t1t2 = 1}. Since n is a homomorphism of algebraic groups we have that TM 

is a torus. 
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Lemma 2.3.21. [17, Lemma 5] If 8 E Autw M(2; 11) is such that 1r(8) = Idw 

then for y E Mi, i E Z, there exists (3 E p x such that 8 (y) = (Jiy and (33 = 1.0 

We now fix (3 to be a primitive third root of unity and set 8 := D(/32
, (32

). 

Note that e E TM and 8(y) = (3iy for y E Mi. 

Corollary 2.3.22. Let wand 1' be elements of Autw M (2; 11). If 1r(W) = 1r(Y) 

then there exists an l such that 0 :::; l :::; 2 and w = Y81
. 

Proof. If 1r(W) = 1r(<I>) then 1r(<I>- 1w) = Idw. By Lemma 2.3.21 we have 

0 

Lemma 2.3.23. Let TfrM : V -r Aut M(2; 11) be the homomorphism defined 

----by (1.3). Then TfrM (Z2 ) = TNJ. 

Proof. First we show that TfrM(V) c TM · Let X E V and x((1,0)) = t1 E p x 

and x((O, 1)) = t2 E p x. For y E M(a1,a2 ) we have 

x((al, a2))y = x((al, O) )x((O, a2))y 

- x((1, O))alx((O, 1) )azy = ~degr-M(y)y 

D(~)(y ) . 

----Hence rtrM (x) E TM and we have rtrM (Z2
) c TM· 

Now we show that TM C rtrM(V). For~ = (t1,t2 ) E (Fx)2 let X.t be the 

element of V defined by X_t(a) =~a for all a E Z2
. For y E Ma, a E Z2 we 
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have 

D(t)(y) = ~ay = Xt(a)y = TfrM (Xt)(y ). 

Hence n(~) E 7frM (V) and we have TM c TfrM (V) . 0 

Lemma 2.3.24 . The restriction of TM to W(2;n) is Tw. Moreover, for~ E 

(Fx) 2 we have 1r(D((t1 , t 2))) = <I>(>.((t~, t~))). 

Proof. We start by showing Tw C 1r(TM ). For any '1/J E Tw we have a pair 

(s1 , s 2 ) E (Fx) 2 such that '1/J(x(a)oi) = s~1 s~2 si 1 x(a)f)i· For any element u of 

p x there is an element v such that v3 = u because F is algebraically closed. 

Hence there exist t 1 and t2 in p x such that t~ = s1 and t~ = s2 . Computing 

n(~) on x(a)ai, we get 

This shows that '1/J = 1r(D(~)) E 1r(TM), and we have established Tw C 1r(TM)· 

The above calculation also shows that 1r(D(t)) = >.((t~ , t~)). 

The inclusion 1r(TM) c Tw is obvious. 0 

2.4 Derivations 

Corollary 1.3.14 shows the importance of toral elements with regard to gradings 

by elementary p-groups on L. Hence the maximal Lie subalgebas of semisimple 
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---------·--~ - --- ------------

derivations in Der L are of importance with respect to the gradings on L. 

In this section we will describe the derivations for all of the simple graded 

Cartan and Melikyan type Lie algebras. Also, we describe the maximal sub-

algebras of commuting semisimple derivations for X(m;l) where X= W, S 

and H. 

We will need the following Lie algebras to describe the derivations of the 

simple graded Cartan type Lie algebras. 

Definition 2.4.1. Let 

CS(m;rr) ·- {DE W(m;rr) I D(ws) = Fws}, m 2: 3, 

CH(m;rr) ·- {DE W(m;rr) I D(wH) = FwH}, m = 2r. 

Lemma 2.4.2. [27, p. 188-189] 

CS(m;rr) - S( m; rr) El3 Fx181, m 2: 3, 

CH(m;rr) ·- H(m;n) ffi F (tx,a,), m= 2r. 

Theorem 2.4.3. [27, Theorems 7.1.2 and 7.1.4] The map ad gives the follow-
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ing isomorphisms: 

DerW(m;11) ~ W(m;.rr) EB 2::;:1 L:o<j;<n; Fat' 

Der S(m;.rr)(l) ~ CS(m;.rr) EB m EJ!i 
L:i= l L:o<j; <n; F i ' 

Der H(m; n)(2) ~ CH(m;.rr) EB 2::;:1 L:o<j;<n; Fa't, 

Der K(m; n)(l) ~ K(m; n)(l) EB 2::;:1 L:o<j;<n; Fat, 

Der M(2; n) ~ M(2;.rr) EB 
2 ~i 

L:i= l L:o<j;<n; Fai ' 

where m is even for the Hamiltonian case and odd for the contact case. 0 

Definition 2.4.4. For a Lie algebra L we call a Lie subalgebra A of L such that 

ad A consists of commuting semisimple derivations of L, a toral subalgebra. We 

call a toral subalgebra maximal it is not properly contained in another toral 

su balge bra. 

Lemma 2.4.5. [27, Corollary 7.5.2] The maximal toral subalgebras ofW(m;l) 

are conjugate by automorphisms of W(m; l) to 

for some 0 ~ s ~ m. 0 

Lemma 2.4.6. If nq = 1 then the derivation ad( (1 +xq)aq) is a toral element of 

Der W(m; n), Der S(m; n)(l) and Der H(m; 11)(2) , with eigenvalues in Zp c F. 
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Proof. First we show that ad( ( 1 +xq )8q) is a derivation of S ( m; 11) (1), H ( m; 11) (2) 

and then show that it is semisimple with respect to W(m;11)0 It would then 

follow that ad((1 + Xq)8q ) is semisimple on S(m;11)(1) and H (m;11) (2) since 

ad((1 + xq)oq) would be semisimple on W(m; 11) and would preserve S(m; 11) (1
) 

and H(m; 11)(2) 0 

By Theorem 20403 we have that ad(CS(m;11)) C Der(S(m;11)(1)) and 

ad(CH(m;11)) c Der(H(m;11)(2))0 By Lemma 201.7 we have that Oq E S(m;n) 

since div(8q) = 00 By definition xqEJq E CS(m; n)o 

By definition XqOq E CH(m; 11)0 Also by Lemma 201.8 we have Oq E 

H(m;11) since a(i)8j'(1) = 0 for 1::; i,j::; mo It follows t hat ad((1 + Xq)oq) E 

Der H(m; n)(2) 0 

If nq = 1 then 

is a basis of O(m; n) and 

is a basis of W ( m; n) 0 Since aq = 0 we have that 
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It follows that ad ( ( 1 + Xq )8q) is a semisimple derivation of W ( m; n) with eigen-

values in Zp C F. D 

Lemma 2.4.7. If nq = 1, t hen th derivation ad((1 + xq)8q) : M(2;n) -t 

M (2;n) is a toral element of Der M(2;n). 

Proof. By Lemma 2.4.6 we have that ad((1 + xq)8q) is a semisimple derivation 

on W(2; n) with eigenvalues in Zp C F. Since nq = 1 the set 

is a basis of 0(2; n) and 

is a basis of W ( 2; n) . Since aq = 0 we have that 

and 

ad((1 + Xq)8q)((1 + Xq )aox(a)Bi ) = (a0 - Oq,i)(1 + Xq)aox(a)& 

+2(8q(1 + xq))(1 + xq)aox(a)ai 

(ao - Oq,i + 2)(1 + xq)aox(a)ai 
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(ao)(1 + Xq)aox(a) 

- 2(8q(1 + Xq))(1 + Xq)aox(a) 

(ao - 2)(1 + Xq)aox(a) . 



-------·---------------------------------

It follows that ad( (1 + xq)8q) is a semisimple derivation of M(2; rr) with eigen-

values in Zp C F. 0 
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Chapter 3 

Quasi-tori of the Automorphism 

Groups 

In Section 3.1 we relate the maximal tori Tx of the automorphism groups of 

the simple graded Cartan type Lie algebras X(m; nYoo), X = W, S, H or K, 

to the canonical fx-gradings on X(m;.n.)Coo), as was done for the torus TM 

in the case of Melikyan algebras in Lemma 2.3.23. We will show in Section 

3.3 that TM is a maximal torus. A theorem of Platonov says that any quasi­

torus, in particular ry( G) associated to a grading on the algebra in question, 

is inside the normalizer of a maximal torus. In Sections 3.2, 3.3, we find the 

normalizers of Tx, X = W, S, H, K or M and prove that up to conjugation 

55 



by an automorphism, 'r!(G) is in Tx. In other words Tx and its conjugates are 

the only maximal abelian semisimple subgroups of Aut L where Lis of simple 

graded Cartan or Melikyan type. The main result is: 

P roposition 3.0.8. Let L = W(m; n), S(m; n)(l), H(m; n)(2), K(m; .n/1) or 

M(2; n) and p =I= 3 if L = W(l; 1) or H(2; n)(2) where min{ n 1 , n 2 } = 1. If Q is 

a maximal quasi-torus in Aut L then it is conjugate to the maximal torus Tx 

where X= W , S, H, K or M respectively. 

R emark 3.0.9. Proposition 3.0.8 says that the maximal abelian diagonal­

izable (MAD) subgroup [19] are the maximal tori up to conjugation for the 

simple graded Cartan Lie algebras and Melikyan algebras. 

3.1 Actions Associated to the Standard 

Gradings 

In this section we show that 'r/rx (V) = Tx for the canonical zk-gradings rx 

on X(m; n)(oo) = W(m; n), S(m; n)(l), H(m; n)(2) and K(m; n)(l). 

Lemma 3.1.1. The subgroup 'r/rx(V) of AutX(m;_n)(oo) is Tw for X= W, S. 
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Proof. The dual group of zm is 

where x(.t.)(a) = t.a for a E zm. Then 17rw(x(t.))(x(a)8i) = t.a-eix(a)ai since 

x(a)ai E W(m;rr)a-ei ' Hence 7Jrw(x(t.)) = >.(t_), i.e. Tw = 17rw(z;;). Since 

S(m;rr)(l) is a graded subspace of rw we have that 7Jr8 (z;;) is the restriction 

of7Jrw(z;;) on S(m;rr)(l). Since Ts is the restriction ofTw, we have 'l']r8 (z;;) = 

Ts. 0 

Lemma 3.1.2. The subgroup 7JrHUfr+1) of AutH(m;rr)(2
) is TH. 

Proof. Recall that m = 2r and rH is the canonical zr+1-grading on H(m;rr)(2) 

induced by ¢H· We have 

For a E zm, §.. E (Fxy+l we have 

and 
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Let "' = X(§.) . Since x(a) Oi E W.pH (a-o:; ) we have 

For 1::; i::; r + 1 we have "'(¢(ci)) = "'(ei) = si· For r + 2::; i::; 2r we have 

Hence 

t al . ,. tar+2(t t t - 1)ar+l ... (t t t-1)a2rt- 1x(a)£l. 1 r+1 1 r+1 2 1 r+1 r i U t 

for every H-admissible ~, so 77rH(V+1) = TH. Since H(m;J1)(2
) is a graded 

--subspace of W(m; 'fl.) with the grading induced by ¢H, we have that 'T]rH (zr+l) 

is the restriction of 77r H (V+1 ) on H ( m; 'fl.) (2). Since T H = 7fr JV+1) we have 

D 

Proof. Recall that m = 2r + 1. Let r I< be the coarsening of the standard 

zm-grading on W(m; 'fl.) induced by ¢K and 
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For a E zm, §.. E (Fxy+l we have 

and 

Let !;_ E (Fx )m be K-admissible. That is, tm = titi' for 1 :S i :S r. Then 

Hence 

for every K-admissible !;_, so TJrK(V+1) = TJ<. Since K(m;TI.)(l) is a graded 

----subspace of W(m;TI.) with the grading induced by ¢I<, we have that TJrK(zr+l) 

0 
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Since 77rx (V) = Tx for the canonical:l,k-gradings rx on X(m; n)(oo)' where 

X ( m; n) (oo) is a simple graded Cart an or Melikyan Lie algebra, the Lemmas 

1.3.8 and 1.3.9 give us the following corollary. 

Corollary 3.1.4 . Let G be an abelian group without p-torsion and 

X(m; n)<oo) = W(m; n), S(m; n){l), H(m; n)<2), K(m; n){l) or M(2; n). Let 

r : X(m; n)(oo) = E9gEG Lg be a G-grading. The grading r is a standard 

G-grading if and only if 77r(G) C Tx. 0 

3.2 Normalizers of Tori for the Cartan Case 

T he goal of this section is to show that 77(G) is conjugate in AutX(m;n)(oo) 

to a subgroup of the maximal torus Tx where X= W, S, H, K. We are going 

to use an important general result following from [20, Corollary 3.28]. 

P roposition 3.2.1. Any quasi-torus of an algebraic group is contained in the 

normalizer of a maximal torus. 0 

This brings us to the necessity of looking at normalizers of maximal tori in 

AutX(m;n)(oo)_ Using the isomorphism <I> described in (2.3.1), we are going 

to work inside the groups W(m; n) = Autc O(m; n). An important subgroup 
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which we use for the description of the normalizer Nx(m;n.) (Tx) for X = W, S, H 

or K, is the subgroup M(m;n) of W (m;n) . 

Definition 3.2.2 . Let M(m;n) be the subgroup ofW(m;n) that consists of 

'1/J such t hat, for each 1 :::; i :::; m, we have '1/J (xi) = o:iXj; where o:i E p x and 

Remark 3.2.3. Thus M(m;n) c Aut0 0(m;n) is isomorphic to the group of 

monomial matrices that respect the flag F ( m; n). 

Lemma 3.2.4. The subgroups Nw(m;n.)(Tw ), Ns(m;n.)(Ts) and N?-l(m;n.)(0-I) are 

contained in M ( m; n). 

Proof. We will show that Nw(m;n.) (Tx) C M(m;n) for X= W, S, H. Since 

X(m;n) C W(m;n) we have Nx(m;n.)(Tx) C Nw(m;n.)(Tx). 

Let '1/J E Nw(m;n.) (Tx). For any 1 :::; i :::; m the element xi is a common 

eigenvector of Tx so '1/J(xi) is also a common eigenvector of Tx. Also, since 

'1/J E Autc O(m; n.), '1/J (xi) = L o:i(a)x(a) where, among other conditions, 
0<a:'ST('J1.) 

o:i(Ej;) =I= 0 for some 1 :::; Ji :::; m. 

First we consider the case X = W and X = S (recall that Tw = Ts). 

It is easy to see that the eigenspace decomposition of 0 ( m; n) with respect 

to Tw is the canonical zm_grading on O(m;n). The homogeneous space Oa = 
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Span{ x(a)} is the eigenspace with eigenvalue fa := t~1 
· • • tr:nm with respect to 

A (f.) E Tw. It follows that 'lj; (Xi) E 0 a for some 0 :S: a :S: T (n.) since 'lj; (Xi) is an 

eigenvector of Tx. The condition that ai ( E 1;) # 0 for some 1 :S: Ji :S: m forces 

a= Ej;· Hence 'lj; E M(m;n.). 

We continue with the case of X= H. 

The torus TH is contained in Tw. In order for A(f) E Tw to belong to TH, 

the m-tuple f. must be H-admissible, i.e., satisfy titi' = t1t1, for 1 :S: i, j :S: r 

where m = 2r. The eigenspace decomposition of O(m; n.) with respect to 

TH is the grading by ¢H of the canonical zm_grading. The eigenspace with 

eigenvalue ta with respect to A(f) E TH is Qa := EB ob where the direct sum 

is over the set of all b such that e = f_b for all H -admissible f. If Ob # 0 and 

tk = f_b for all H-admissible f. then b = Ek since all the entries in the m-tuple 

bare non-negative. This implies that QEk = Span{xk}· Now 'lj;(xi) E Qa for 

some 0 :S: a :S: T(Jl.) since 'lj;(xi) is an eigenvector of TH · The condition that 

ai ( t:1;) # 0 for some 1 :S: Ji :S: 2r again forces a = c j;. Hence 'lj; E M ( m; n.). 0 

For the case of contact algebras, similar arguments do not give us that 

Nw(m;n,)(TK) is in M(m;n.). 
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Lemma 3.2.5. If'¢ E Nqm;n.)(0d, m = 2r + 1 then 

r 

'¢(xm) = am(cm)Xm + L am(c:l + E!1 )XtXl' (3.1) 
l=l 

Proof. We will prove that any'¢ E Nw(m;rr) (TK) has the form above. Since Xi is 

a common eigenvector of TK we have that '¢ (xi) is also a common eigenvector 

of TK· Since'¢ E AutcO(m;n), we have '¢(xi) = L ai(a)x(a) where, 
O<a~r(n.) 

among other conditions, ai ( Ej;) =/:. 0 for some 1 :::; )i :::; m. 

The torus TK is contained in Tw . In order for a -\(f) to be in TK, the 

m-tuple f must be K-admissible, i.e. , titi' = tm for 1 :::; i :::; r. The eigenspace 

decomposition of O(m; n) with respect to TK is the grading induced by ¢K 

with respect to the canonical zm-grading. The eigenspace with eigenvalue fa 

with respect to -\(f) E TK is Ra = E9 Ob where the direct sum is over the set 

of b such that e = fb for all K-admissible f. If Ob =J. 0 and ib = tk for all 

K-admissible f, 1 :::; k:::; 2r, then b = c:k since all entries of them-tuple bare 

non-negative. This implies that RE:,. = Span{xk} for 1 :::; k :::; 2r. If Ob =J. 0 

and fb = tm for all K-admissible f then either b = Em or b = Ei + Ei' where 

1 :::; i :::; r. This implies that Rem = Span{ Xm, XiXi' I 1 :::; i :::; r} . 

for some 1 :::; ji :::; m forces a = c: j;. Note that the dimension of RE:; is 1 for 
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1 ::; i ::; 2r and the dimension of REm is r + 1. Hence, for 1 ::; i ::; 2r, we have 

(3.1). D 

Proposition 3.2.6. Let Q be a quasi-torus contained in Nx(m;n.)(Tx) where 

X= W or S. Then there exists '1/J E GL(m;.rr) such that '1/J Q'I/J- 1 c Tx. 

Proof. Recall the flag F (m;.rr), 

VoCViC .. ·CV. 

Let ui = Span{xj I Xj E Vi, Xj tt Vi-d· Then Vi E9 Uj. Since Q c 
j=1 

M(m;.rr) we have Q(Ui) = Ui· (Here, as before, we identify Aut0 O(m;.rr) 

with a subgroup of GL(m).) 

Restricting the action of Q to Ui, we obtain a subgroup of GL(Ui) · Since 

Qlui is a quasi-torus, there exists a ?;, E GL(Ui) such that P;,(QiuJPi-1 is 

diagonal. We can extend the action of Pi to the whole space V by setting 

?;, (y) = y for all y E Uj, i =f=. j. These extended Pi respect F( m; .rr). The 

product of these transformations, P = P1 · · · Pz, is an element of Auto O(m; .rr), 

which diagonalizes Q. D 

In order to obtain the analog of Proposition 3.2.6 in the case of Hamilto-

nian algebras, we consider the canonical skew-symmetric inner product ( , ) 
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on V given by (xj, xk) = a(j)bj,k', for all j, k = 1, ... , 2r. Let Sp(m) be the 

symplectic group on V with respect to the skew-symmetric inner product ( , ) 

and Sp(m;n.) = Sp(m) n GL(m;n.). 

Lemma 3.2.7. Let Q be a quasi-torus contained in Sp(m;nJ Then there is 

a basis {fi}I,:1 of V such that (fj, fk) = a(j)bj,k', where all fJ are common 

eigenvectors of Q, and Vi = Span{/] I j E 3i} for all i . 

Proof. We can decompose V = E9 V 1 where V 1 are the eigenspaces in V with 

respect to Q, indexed by 1 E l:( Q) where l:( Q) is the group of characters 

of Q. Since Q(Vi) = Vi for any i, there is a basis {Yj }]~1 such that Y] are 

eigenvectors of Q and each Vi = Span{yj I j E 3i}· 

We have (x j, xk) = a(j)bj,k'· We will show by induction on r that there is 

a basis {fj}J~1 such that (/], fk) = a(j)bj,k', all f j are common eigenvectors 

of Q , and Vi = Span{fj I j E 3i}. The base case r = 1 is obvious. 

We have a basis {yj }]~1 such that Yj are eigenvectors of Q and each Vi = 

Span{yj I j E 3i}· We apply a process similar to the Gram- Schmidt process 

to find a new basis of common eigenvectors for Q that satisfies the desired 

conditions. 

Since V1 =j:. 0 and (, ) is nondegenerate, (~, Vz) =j:. 0 for some l. Let l be 

minimal, i.e., (~, Vz) =j:. 0 and (V1, Vi) = 0 for i < l. So there exist Ys E V1 
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and Yt E Vi such that (Ys, Yt) =J 0 and (y8 , Vi) = 0 if i < l by the minimality 

of l . Let rj E X(Q) be the eigenvalue of Yi · Since Q consists of symplectic 

transformations, we have Is = rt1
· 

For j =J s , t, let Zj = (ys, Yt)Yi- (ys, Yi)Yt + (yt, Yi)Ys· The Zj with Ys and 

Yt form a basis of V. They also satisfy 

and similarly (Yt, Zj) = 0. 

We also have the property that Zj E Vi if and only if Yi E 1/i. Indeed, 

for i < l and Yi E Vi , we have (ys, Yi) = 0 by the minimality of l . This 

shows that Zj is in vl + Vi and hence Zj E Vi . For i ~ l and Yi E Vi we have 

Yi , Yt, Ys E Vi which implies Zj E 1/i. Finally, we want to verify that Zj are 

common eigenvectors of Q. There are three cases to consider. 

Case 1: /j =J r1=1 

Recall that Is= rt 1
· Since /j =J r1=1

, we have (Ys, Yj) = (yt, Yj) = 0. This 

means Zj = (Ys, Yt)Yi, which is an eigenvector with eigenvalue rj · 

Case 2: /j = rs or 1;1
, and Is =J 1;1

. 

Suppose rj = rs· Since rj =J 1;1
, we have (ys, Yi) = 0. This means 

Zj = (Ys , Yt)Yi + (Yt , Yi)Ys, which is an eigenvector with eigenvalue rj = rs· A 

similar argument applies if rj = 1;1
. 
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Case 3: ri = rs = ,;1
. 

Zj is an eigenvector with eigenvalue /j. 

In order to use the induction hypothesis we relabel our basis as follows: Pick 

Xq E v1 with (xq, Vz) =J. 0. Since (VI, Vl- 1) = 0, we have Xq1 E Vz and Xql ¢: Vl- 1· 

Set Wq = y8 , Wq' = Yt, Ws = Zq, Wt = Zq, and Wj = Zj for j =J. q, q', s, t. The 

relabelled basis still satisfies Vi = Span { Wj I j E 3i} since Zq', Yt E Vz, and 

are eigenvectors of Q. 

Let V' = Span{ Wj 11 :S j :S 2r, j =J. q, q'}. Then V' is invariant under Q, 

and the quasi-torus Qlv' satisfies the conditions of the lemma with the flag 

~I= Span{wj I j E ::::i \ {q,q'}} =Vi nv'. 

Since dim V' < dim V, we can apply the induction hypothesis and find a basis 

of Qlv' and V'i = Span{fj I j E 3 i \ {q, q'} }. 

In order to have a complete basis for V we set Jq 

Jq' = Wq'· Then the basis {fj}J: 1 is a basis with the desired properties, and 

the induction step is proven. 0 
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---------------------------------- --··-

In the following proofs we will deal with the differential forms w H and wK. 

Proposition 3.2.8. Let Q be a quasi-torus contained in NH(m;nJ(TH)· Then 

there exists '1/J E Sp(m;:rr) such that '1/JQ'I/J- 1 c TH. 

Proof. By Lemma 3.2.4, NH(m;IJ:)(TH) C M(m;:rr), which we regard as a sub­

group of GL(m). Recall that any element of Aut0 O(m; n) n 1i(m; n) can be 

written as aS where a E px and S E Sp(m; n) . Let 

Q' = {S E Sp(m;:rr) I there exists a E px such that aS E Q}. 

Q' is a quasi-torus since Q is a quasi-torus. 

Let {j1}j=1 be a basis as in Lemma 3.2.7 with respect to Q', and define 

'1/J : V --7 V by 'I/J(x1) = !1 for 1 :::; j :::; m. Since ('I/J (x1), '1/J(xk)) = (Jj , !k) = 

a(j)8j,k' = (x1, xk), we have '1/J E Sp(m). Since Vi = Span{J1 I j E 3i} = 

Span{x1 I j E 3i}, we have '1/J(Vi) = 1/i . Hence '1/J E Sp(m;n). Since !1 are 

common eigenvectors of Q', we have 'I/J- 1 Q''I/J C TH· Since every element of Q 

has the form aS with a E p x and S E Q', we have 'I/J-1 Q'I/J C TH· Replacing 

'1/J with '1/J- 1 , we get the result. D 

In order to get a similar result for the contact algebras, we use the Hamil­

tonian algebras contained in them. Let m = 2r + 1, n = (n1 , ... , n2r+I) and 
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Lemma 3.2.9. Let 'lj; E Auto 0(2r; n'). If 'lj;(ws) = Ci.WH then there exists 

'1/J E JC(2r + 1,n) such that 'l/Jio(2r;n.') = '1/J and 'lj;(x2r+I ) = ax2r+l· 

2r 

Proof. Suppose 'lj; E Auto 0(2r, n) given by 'lj;(xi) = L Cii,jXj has the property 
j = l 

'lj;(ws) = aws. Since 

'1/J(ws) = 

Define 'lj; E Autc 0(2r + 1, n) by setting 'lj;(xi) = 'lj;(xi), 1 ::; i ::; 2r, and 
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adxm + L (t ai,jai+r,k - ai,kCY.i+r,j ) Xj dXk 
1S.j<k$_2r i=l 

+ L (t ai,kCY.i+r,j - CY.i,jCY.i+r,k ) XkdXj 
1$.j<k$.2r i=l 

r r 

adxm + L axjdXj+r + _L( -a)Xj+rdXj 
j=l j = l 

= CY.WJ< 

Therefore, '1/J E JC (2r + 1, 11). D 

Proposition 3.2.10. Let Q be a quasi-torus contained in Nqm;nJ(TI< ). Then 

t here exists '1/J E JC(m; 11) such that '1/J Q'lj;- 1 C TJ<. 

r 

1 ~ i ~ 2r and ~-t(xm) = CY.mXm + _L f3zxzxl'· Since 1-£ E JC(m;11) , we must have 
l= l 

~-t(wi<) E O(m;11) xwJ< . On the other hand, 

d ( amXm + t f3zxzxz') + t aiai'(xj;dxJ;' - Xj;,dxjJ 
l=l i=l 

r r 

amdXm + L f3z (x zdxl' + Xz,dxz ) + L aiai'(Xj;dxJ;' - Xj;,dxjJ 
l= l i=l 

It follows t hat ~-t(WJ<) = CY.mWJ< since the only t erm with dxm is amdXm· 

We want to show that ~-tloc2r;n') belongs to 1i(2r; 11'). Indeed, 
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d ( dxm + t(x;dx,,- x,,dx;)) = t(d(x;dxi')- d(x,,dx,)) 

r 

2 )dxi 1\ dxi'- dxi' 1\ dxi) = 2wH , 
i=l 

and hence 

so J.Lio(2r,n') E 1-l(2r; n'). 

We have shown that N K(m;n:) (TK) lo(2r;n') c 1-l(2r; n'). Moreover, since the 

restriction ofTK to 0(2r;n') is TH , where THis the maximal torus in 1-l(2r;n') , 

we have N,qm;n)(TK)Io(2r,n') C N1-1.(2r;n')(TH). By Proposition 3.2.8, there exists 

7/J E Sp(2r; n') such that 7/J ( Qlo(2r,n'))7/J-1 C 0-I. 

By Lemma 3.2.9, we can extend 7/J to an automorphism 7/J in K(m; n) such 

- --1 
Let J.L E Q as before and set p = 7/JJ.L7/J . Then p(xi) = riXi for 1 :::; i :::; 2r, 

{i E p x, and p( Xm) = amXm + y where y = 7/J CL:;=l f3tXtXl'). Furthermore, 
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Hence we conclude that l l/l' = am for 1 ::; l ::; r and 

T 

p(wx) = amdXm + dy + L li/i1 (Xj;dX];'- Xj;,dxj;) 
i= l 

T 

- amXm + dy + am L (Xt dXt1 - Xtt dXt) = amWK + dy. 
l= l 

- - - 1 - -
On the other hand, p(wx) = 'lj; J-L'Ij; (wK) = 'lj;J-L(wx) = 'lj; (amWK) = amWJ< . 

Since dy = d ( 'ljJ ("£;=1 f3tXtXl')) = 'ljJ ( d ("£;=1 f3tXtXt' )), we obtain: 

0 ~ d (t, t/1x1x,,) ~ t, t11(x1dx,, + x1,dx1), 

which implies {31 = 0 for 1 ::; l ::; r. It follows that p E TK. D 

3.3 Normalizers of Tori for the M elikyan Case 

In this section we will use Proposition 3.2. 1 to get a result similar to Propo-

sitions 3.2.6, 3.2.8 and 3.2.10 for the Melikyan algebras. W need a maximal 

torus of Aut M(2; nJ We will show that the torus TM is a maximal torus by 

showing that it is its own centralizer. 

Corollary 3.3.1. If 1l1 E Autw M(2; n) is such that rr(w) E Tw then 1l1 E TM. 

Proof. Lemma 1.3.13 shows that there exists Y E TM such that rr( 'l! ) = rr (Y ) 

and Corollary 2.3.22 says that w = Y81 for some 1 ::; l ::; 2. Hence 1l1 E 

D 
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In order to describe the normalizers of TM in Aut M(2; n) we introduce the 

automorphism ( of 0(2; n) that induces an automorphism c; of W(2; n) and 

finally we extend c; to an automorphism of AutM(2;n). For 11. = (n1,n2) we 

define a := (a2, a1 ) for a = (a 1 , a2) E ?}. For n 1 = n2 let ( and <; be the 

linear maps of 0(2; n) and W(2; n) respectively, defined by ((x(a)) := xa: and 

c;(D) := (D(- 1 for x(a) E 0(2; n) and D E W(2; n). It follows from Lemma 

2.3.2 and Theorem 2.3.5 that when n1 = n 2, c; is an automorphism of W(2; n) . 

Let U M = ( c;M) when n1 = n2 and identity otherwise. The restriction of U M 

to W(2;n) is M(2;n). 

Prop osition 3 .3. 2 . The normalizer of TM in Aut M is TMUM· 

Proof. In [17, p. 3921] it is stated that we can decompose w E Aut M as the 

product of W = YA where 1, A E AutM(2;n) are such that for all i E Z we 

have 

Y(y) E y + M(i+l), for y E Mi, 

Let WE NAutM(2;n.)(TM ). We will show that Y = IdM. 

Let y E Mi be a nonzero eigenvector of T M. Since W E N Aut M(2;n.) (T M) we 

have w(y) is an eigenvector. The eigenspaces of TM are the M(a 1,a2 ), where 
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(a1, a2) E 71} . It is easy to see that Ml = EBaEZ2, a
1
+a2= 1 M(a1 ,ai) for alll E Z. 

This gives us that w(y) E Mk for some k E Z. Now we use the decomposition 

of w =!A. We have A(y) = w E Mi since A(Ml) = M1 for alll. 

w(y) = YA(y) = Y(w) E w + M(i+l)· (3.2) 

Since w =/:- 0 the calculations above show that w(y) E M(i) and w(y) tj. M(i+l)· 

The intersection of Mk and M(i) = EBn~i Mj is zero if k < i. Since w(y) E 

M(i) by (3.2) and 0 =/:- w(y) E Mk we have k ~ i. Since w(y) tJ_ NI(i+l) by 

(3.2) and '!j;(y) E j\,fk we have k :::; i. Hence k = i. We have shown that 

w(Mi) = Mi for all i. Hence y = IdM. Since W(2;.n.) = EBiEZM3i we have 

w(W(2;.n.)) = W(2;.n.). We conclude that if W E NAutM(2;n.) (TM) then W 

preserves the standard Z-grading of M(2;.n.) and that n(w) E NAutW(2;n)(Tw) 

since n(TM) = Tw (Lemma 1.3.13). 

It follows from Lemma 3.2.4 that the NAut w(2;n) (Tw) = Tw when n1 =/:- n2 

and Tw(~) if n 1 = n 2. By Corollary 3.3.1, the set of automorphisms of M(2;n) 

which, when restricted to W(2;.n.) are in Tw is TM. For n1 = n 2, Corollary 

2.3.22 says that if w E Autw M(2; .n.) and n(w) = p~, where p E Tw then 

there exists a 3 E TM such that n(3) = p and w = 3~M81 for 0 :::; l :::; 2. 

The automorphism 8 is in TM since 8 = >..(/32,/32). Hence, NAutM(2;n)(TM) C 

TMUM. 
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Conversely let W E Autw M(2; n) be such that 1r(W) E NAut w(2;n)(Tw ). 

Then 

By Corollary 3.3.1, we have that WA(.t.)w-1 E TM and hence it follows that WE 

NAutM(2;n)(TM). Since for n1 = n2 we have 7r(<;m) = <; E NAutW(2;n)(Tw) it fol­

lows that <;ME NAutM(2;n)(TM ). We have shown that TMUM C NAutM(2;n)(TM ). 

0 

Corollary 3.3.3. The centralizer of TM in Aut M(2;n) is TM . Hence, TM is 

a maximal torus. 

Proof. The centralizer of TM is contained in the normalizer of TM . By Propo­

sition 3.3.2, the normalizer of TM is in Autw M(2;n). This implies that if 

W E Autw M(2; n) and w is in the centralizer of TM then 1r(W) must be in the 

centralizer of 1r(TM) = Tw (Lemma 3.2.4). Since Tw is a maximal torus and 

<; rf. Tw (for n 1 = n 2) we have that<; is not in the centralizer of Tw . Hence <;M 

is not in the centralizer of T M. We have shown that the centralizer of T M in 

Aut M(2;n) is TM. 0 

Proposit ion 3.3.4. Let Q be a quasi-torus in Aut M(2; n). There is an au­

tomorphism wE Aut M(2;n) such that wQw- 1 c TM. 
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Proof. By Proposition 3.2.1, Q is inside the normalizer of a maximal torus. 

Up to conjugation we can assume Q C NAutM(2;n)(TM)· Then Q must preserve 

W(2;n) since NAutM{2;n.)(TM) = TMUM (Proposition 3.3.2). Let Q' = 1r(Q). 

It follows that Q' C NAut w(2;n,>(Tw ). By Proposition 3.2.6 there exists a 

'lj; E Aut W(2;n) such that 'lj;Q''Ij;-1 c Tw. Proposition 3.2.8 says that there 

is w E AutM(2;n) such that 1r('lt) = 'lj; . Hence 7r('l!Qw- 1
) = 'lj;Q''lj;-1 c Tw. 

Since 7r('l!Qw- 1) c Tw , Corollary 3.3.1 gives us that wQw-1 c TM. 0 

Now we can prove Proposition 3.0.8. 

Proof. Let Q be a maximal quasi-torus of Aut L . By Propositions 3.2.6, 3.2.8, 

3.2.10 and 3.3.4 there exists a 'lj; E Aut L such that 'lj;Q'Ij;-1 C Tx. Hence Q is 

inside the torus 'lj;- 1Tx'l/J. Since 'lj;-1Tx 'l/J is a quasi-torus and Q is not properly 

contained in a quasi-torus we have that Q = 'lj; - 1Tx 'l/J. 0 
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Chapter 4 

Main Results 

We start this chapter by proving our main theorem. We then show examples 

where the grading group has elements of order p and the gradings are not 

isomorphic to a standard grading. In Section 4.2 we describe all gradings by 

groups on W(1; 1). 

4.1 General Results 

T heorem 4 .1.1. Let L = W(m; .n) , S(m; .n)Cll , H(m; n)(2), K(m; .n)(l) or 

M(2;.n), p = 5 if L = M(2;.n) and p =!= 3 if L = W(1; 1) or H(2;.n)(2) where 

min(nl, n2) = 1. Suppose r: L = EBgEG Lg is aG-grading where G is a group 

without p-torsion. Without loss of generality, we assume that the support 
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of the grading generates G. Then the grading is isomorphic to a standard 

G-grading. 

Proof. Let 'TJr: G---+ Aut L be the corresponding embedding and Q := rJr(G). 

Then Q is a quasi-torus in Aut L. By Proposition 3.0.8, we can conjugate Q by 

an automorphism w of L so that wQw-1 c Tx. It follows from Corollary 3.1.4 

that the grading L = E9
9

EG L~, where L~ = w(L9 ) , is a standard G-grading. 

0 

We still have standard gradings by groups with elements of order p since 

there are non trivial homomorphisms from 7!} to groups with elements of order 

p for k 2: 1. For each abelian group G with an element of order p there is 

at least one semisimple derivation with eigenvalues in Zp by Corollary 1.3.14. 

In Lemma 4.1.2 and Lemma 4.1.3 we deal with standard Zp-gradings on the 

simple graded Cartan and Melikyan type algebras, respectively. In Corol­

lary 4.1.5 we give examples of non trivial Zp-gradings on W(m;n), S(m;n)(1), 

H(m;n)(2), K(m;n)(l) and M(2;n). 

Lemma 4.1.2. Let L = W(m;n), S(m;n)(1), H(m;n)(2) or K(m;nJ(l) and 

p =/= 3 if L = W(1; 1) or H(2; n)(2) where min(n1, n2) = 1. If r is a standard 

Zp-grading on L induced by a homomorphism ¢ : zk ---+ Zp then r is the 
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eigenspace decomposition on L of the derivation 

Proof. Recall that the homogeneous spaces of a standard grading on L = 

X(m;_n)(oo) induced by a homomorphism ¢ are X rf>(b) = Span{x(a)&j I ¢(a-

Ej ) =¢(b)} n L. Since 

Lemma 4 .1.3. If r is a standard Z5-grading on M(2; n) induced by a homo-

morphism ¢ : Z2 ---+ Z5 then r is the eigenspace decomposition on M(2; n) of 

the derivation 

Proof. Recall that with respect to the canonical Z2-grading 

deg(x(a) &i ) 

deg(x(a)~) 

(a1 - o1,j )(1,0) + (a2- o2,j)(-1,3), 

(a1 - b1,j )(1 , 0) + (a2 - 82,j)(-1,3) + (0, 1) , 

(a1 - b1,j )(1 , 0) + (a2- b2,j )(- 1, 3)- (0, 1) . 
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Then for any standard Z5-grading r induced by ¢ we would have 

degr-(x(a)ai) - (a1- (h,j)¢((1,0)) + (a2- 82,1)¢((-1, 3)), 

degr-(x<a)ai) - (al- ol,j)¢((1,0)) + (a2- 02,j)¢((-1,3)) + ¢((0, 1)), 

degr-(x(a)) - a1¢((1, 0)) + a2¢(( - 1, 3))- ¢((0, 1)). 

Let y = ¢( (1, 0) )x181 + ¢( ( -1, 3) )x282. Then 

ad(y)(x<alai) - ¢((1, O))[x181, x<alai] + ¢(( -1, 3))[x282, x<a)ai] 

- ¢((1, O))(a1 - o1,i)x<alai + ¢(( -1, 3))(a2- o2,i)x<alai 

- ((al- oi,j)¢((1,0)) + (a2- oi,j)¢((-1,3)))x(a)ai 

- degr-(x<alai)x<alai, 

ad(y)(x<al~) - ¢((1, O))[x181, x<a)Bi] + ¢(( -1, 3))[x282, x<al~] 

- ¢((1, O))(a1 - ol.i + 2)x<a)~ 

+¢(( -1, 3))(a2- o2,i + 2)x<alai 

- ((al- oi,j)¢((1, 0)) + 2¢((1, 0)) 

+(a2- oi,j)¢(( -1, 3)) + 2¢(( -1, 3)))x(a)~ 

- ((al- oi,j )¢((1,0)) + (a2- oi,j)¢((-1,3)) 

+¢((0, 1)))x(a)~ 

- degr(x(a)~)x<al~, 
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----~--------- -

¢((1, O))[x181, x(a)] + ¢(( -1, 3))[x282, x(a)] 

¢((1, O))(a1- 2)x(a) + ¢(( -1, 3))(a2- 2)x(a) 

((a1)¢((1,0))- 2¢((1,0)) + (a2)¢((-1,3)) 

-2¢(( -1, 3)))x(a) 

(al¢((1, 0)) + a2¢(( -1, 3))- ¢((0, 1)))x(a) 

D 

Lemma 4.1.4. Let L be one of the algebras from Theorem 4.1.1. Let r be the 

.Z~-grading which is the eigenspace decomposition of a set of l toral elements 

{Dd~=l of X(m;_n)(oo). If for some 1 ~ j ~ l we have that Dj = ad(y) 

and y rf:. Y(o), where Y(o) = M(o) for X(m; _n)(oo) = M(2; n) and Y(o) = W(o) 

otherwise, then r is not isomorphic to a standard .Z~-grading. 

Proof. Let r be as in the statement of the lemma, Dj = ad(y) andy rf:. Y(o)· 

Assume for contradiction that the grading r is isomorphic to a standard .Z~-

grading r' induced by ¢ : .zk ---+ .Z~. Let ¢j : .Z~ ---+ Zp be the homomorphism 

--1 

of groups defined by ¢j(il, .. . ) it)= ij and r, r be the coarsenings induced by 

¢j of the r, r'-gradings respectively. Note that r' is still a standard grading 

since it is induced by ¢j¢ : _zk ---+ Zp. Also r is the eigenspace decomposition 

on X(m;_n)(oo) of ad(y). Let¢= ¢j¢, r: X(m;_n)(oo) = EBiEZp Li and r' : 
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X( . )Coo) _ ffi L' m, J1 - W iEZp i · 

By Lemma 4.1.2 and 4. 1.3 we have that the Zp-grading r' is the eigenspace 

decomposition on X(m;n.) Coo) of a derivation ad(w) where wE W 0 . 

For any z E X(m;n.)Coo) we can express it as z = L:iEZp Zi where Zi E Li. 

Since w- 1(zi ) E L~ it follows that 

'l!ad(w)w- 1 (z) - w ad(w)w-1 (L:f,:~ zi ) = w ad(w) (L:f,:~ w- 1 (zi)) 

w (L:f,:~iw-1 (zi) ) = L:f,:~izi = L:f,:~ad (y)(zi) 

ad(y)(z) . 

We have shown that ad(y) = 'l!ad(w)w- 1. For z E X(m; n.)Coo) we have that 

w ([ad(w), w- 1 (z)]) = [w(ad(w), z] 

ad(w(w))(z) . 

Since adX(m;n.)Coo) ~ X(m;n.)Coo) and ad(y) = w ad(w)w-1 = ad(w(w)) we 

have that y = w ( w) . This is a contradiction since w respects the canonical 

filtration and w E Y(o) but y ~ Y(o). D 

Corollary 4.1.5. Let nq = 1, X(m; n.)Coo) = W(m; n.), S(m; n.)(l), H(m; n.)C2
), 

K(m;n.)Cl) or M(2;n.) and p =J 3 if X(m;n.) Coo) = W(1; 1) or H(2;n.) C2) where 

min(n1, n2) = 1. The derivation ad((1 + xq)8q) induces a Zp-grading on 

X(m;n.)Coo) = W(m;n.), S(m;n.)(ll, H(m;n.) C2) or M(2;n.) that is not iso-

morphic to a standard Zp-grading. 
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Proof. By Lemma 2.4.6 we have that ad((1+xq)8q) is semisimple on X(m; rr)(oo) 

with eigenvalues in Zp C F. Since (1 + Xq)8q ¢:. Y(o), where Y(o) = M(o) for 

X(m;rr)(oo) = M(2;rr) and Y(o) = W(o) otherwise, we can use Lemma 4.1.4 to 

get our conclusion. 0 

4 .2 Gradings on W(l ; 1) 

Lemma 4.2 .1. Let p # 3. A Zp-grading on W(1; 1) is either isomorphic to a 

standard Zp-grading or is isomorphic to the Zp-grading induced by ad(a(1 + 

x1)8I) where a E Zp c F. Moreover, the grading is either equivalent to the 

Zp-grading induced by ad((1 + x1)81) or the standard Zp-grading induced by 

ad(x181). 

Proof. Let r: W(1 ; 1) = EBiEZp Li be aZp-grading. By Lemma 1.3.10 there ex­

ists a semisimple derivation 6 with eigenvalues in Zp C F such that the homo­

geneous spaces are its eigenspaces. Theorem 2.4.3 says that the set of deriva­

t ions of W(1; 1) is ad W(1; 1). Lemma 2.4.5 implies that 6 = ad(w(ay)) = 

\llad(ay)w- 1 where y = x181 or (1 +x1)81, a E F and W E Aut W(1; 1). Note 

that ad( ay) has eigenvalues in Zp C F if and only if a E Zp C F. 

Let r' : W(1; 1) = EBiEZp L~ where w(LD = Li· Then r' is a grading 
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isomorphic to the grading r. For z E L~ we have that 

ad(ay)(z) = w- 1w ad(ay)w-1\l!(z) = w- 1o(w(z)) = w-1(iw(z)) = iz. 

Hence f' is induced by the derivation ad(ay). If y = x181 then Lemma 4.1.2 

says that f' is the standard Zp-grading induced by the homomorphism p : Z --+ 

Zp defined by p(1) =a. 

Let¢ be the automorphism of Zp defined by ¢(1) =a, Li = L~(i)' w = x1 if 

y = x181 and w = (1+xl) ify = (1+xl)81· Recall that L~ = Span{wk+loll-

1:::; k:::; p - 2, k modulo p = i}. Then 

Li L~(i) =Span{ wk+181 I p(i) = k¢(1), -1 :::; k :::; p- 2} 

Span{wk+181 I ia = ka, -1:::; k:::; p- 2}. 

Hence for - 1:::; i:::; p - 2 we have Li = Span{wi+18I}. For -1:::; i+2:::; p-2 

we have 

Hence f : W(1; 1) = EBiEilp Li is a Zp-grading equivalent to r'. Since r' is 

isomorphic to r we have that r is equivalent to r. D 

Lemma 4.2.2. Let p =!= 3 and r : W(1; 1) = EBiEilp L i be the Zp-grading 

induced by ad(w81) where w = x1 or w = 1 + x1 and -1:::; i,j:::; p - 2. If 
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-1 ::; i + j::; p - 2 and i =J. j then [Li, L j] = Li+j· Moreover, if w = x 1 then 

[Li , Lj] = 0 if and only if i = j or i+ j rJ. { - 1, ... ,p- 2}. Also for w = (1 +x1) 

Proof. Let Li = Span{ wk+181 I - 1 ::; k ::; p - 2, k modulo p = i}. Note that 

x~+l = (k+1)!x~k+l) and (k+1)!x~k+l) = 0 if and only if k rJ. { - 1 ::; k::; p-2} 

and (1 + x 1)k =J. 0 for any k;::: 0. For - 1 ::; i , j::; p- 2 we have 

and 

[ i+l£:.1 j + l£:.1]-( .. ) i+j+l£:~ 
X l U} , X 1 Ul - J - 2 X 1 U} 

Hence the claims follow. 0 

Lemma 4 .2.3. Let p =J. 3 and r be a grading on W(1; 1) by a group G such 

that G has an element h of order p, G is not isomorphic to Zp and Supp r 

generates G. If the grading r induced by ¢ : G -t (h)p induces a Zp-grading 

such that Supp r generates Zp t hen G is cyclic and r is equivalent to a standard 

grading. 

Proof. Let G, ¢, r : W(1; 1) = E9gEG Lg , r : W(1; 1) = EB-l~i~p-2 Lhi where 

Lh; = E9
9
EG, 1/>(g)=h; L 9 satisfy the conditions of the lemma. By Lemma 4.2.1 

85 



we have that the grading r is equivalent to the Zp-grading induced by ad( w8I) 

where w = x1 or 1 + x1 . By Lemma 4.2.2 the dimension of Lh; is 1 for 

-1 ~ i ~ p- 2. Hence for - 1 ~ i ~ p- 2 there exists 9i E G such that 

Hence we can assume without loss of generality that [Lh;, Lhi ] = Lhi+i for 

-1 ~ i, j ~ p- 2, i =I= j and - 1 ~ i + j ~ p- 2. For - 1 ~ i, j ~ p- 2, i =I= j 

and -1 ~ i + j ~ p - 2 we have 

and hence 9i9j = 9i+j. It follows that 9o9i = 9i for - 1 ~ i ~ p - 2 and i = 0 

as well as 9- 191 =Do· Then 9o =Ide and 9- I = 9}1. Also, for 2 ~ i ~ p- 2 

we have that 9}19i = 9-19i = 9i-I· By induction, 9i = 91 for - 1 ~ i ~ p- 2. 

Since 

S r - { } - { - 1 p - 2} upp - 9- 1, · · · , 9p-2 - 91 , · · · '91 

we have that G is cyclic. Since Supp r generates G and G is not isomorphic 

to Zp we have that 91 can not be of order p. 

Assume for contradiction that w = (1+x1). Then by Lemma 4.2.2 we have 

[L2, Lp- 2] = Lo. It follows that 9? = 929p- 2 = 9i9f- 2 = 91{ and 91 is of order p. 

Since the elements of Supp r can be expressed as powers of 91 we have that G 

is generated by 91. Since 91 is of order p we have a contradiction. 
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Hence w = x1 and for -1 ::;: i ::;: p- 2 we have L9i = Span{xi+18I}. 

It follows that r is the standard grading induced by p : Z --t G given by 

p(1) = 91 · 0 

The following theorem results from Theorem 4.1.1, Lemma 4.2.3 and Lem­

ma 4.2.1. 

Theorem 4 .2 .4. Let p =/:. 3 and r be G-grading on W(1; 1) such that the 

support of the grading generates G. If G is not isomorphic to Zp then r is 

isomorphic to a G-standard grading. If G = Zp then r is either isomorphic 

to a standard Zp-grading or group-equivalent to the Zp-grading induced by 

ad(a(1 + x1)81) where a E Zp C F. Moreover, if G = Zp then f is group­

equivalent to a Zp-grading induced by either ad(x181) or ad(a(1 + x1)81). 0 

Remark 4.2.5. For any standard G-grading on W(1; 1) we have that G is 

cyclic. 
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