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Abstract 

Unmanned Aerial Vehicles (UAVs) hav become a promi ing field of research du 

to the enormous potential for both military and civilian applications. This th is 

focuses on increasing the autonomy of one type of rotary wing UAV· namely a Quad

rotor Helicopter. 

In this work a detailed mathematical model was introduc d for simulation of the 

dynamics and control of this system. The dynamic model evolv d from a simple t 

of equations, valid only for hovering, to a complex mathematical model with mor 

realistic aerodynamic factors like thrust factor and drag factor. A simple yet preci e 

tool was developed to measure these aerodynamic factors. An intelligent vision ba ed 

control technique has been propos d for the critical, near-hovering flight of the v hicle. 

Finally, a platform was developed and a PD controller was impl m nt d with inertial 

sensors in ord r to prepare the platform for implementing the vision-based control in 

the future. 
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Chapter 1 

Introduction 

Flying objects and robotics have always been of great interest to human beings. Ad

vancements in modern electronics and sensor technology have dir cted human int r st 

towards unmann d flying for a variety of applications including surveillance, security, 

and exploration. This thesis focus s on the study of a rotor based unmanned aerial 

vehicle (UAV) capable of vertical takeoff/landing (VTOL). This UAV i referred to 

as a 'quad-rotor helicopter" because of it structure and four propeller configuration. 

1.1 Quad-rotor UAV 

A quad-rotor is an under-actuated, dynamic vehicle with four actuating prop llers 

and six degrees of freedom; yaw, pitch, roll as well as translational movement along 

three axes. Unlik regular helicopters that have variable pitch angle rotors, a quad

rotor helicopter has four fixed-pitch angle rotors. The basic motions of a quad-rotor 

are generated by varying the speeds of all four propeller , th reby changing the lift 

forces. The helicopter tilts towards the direction of the low spinning rotor, which 
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enables acceleration along that direction. Therefore, control of the tilt angles and the 

motion of the helicopter are closely related and estimation of orientation (roll and 

pitch) is critical. In order to balance the moments created by prop ller rotation, two 

opposing propellers rotate in the clockwise direction and the other two rotate in the 

counter-clockwise direction. Thi mechanism eliminates the need for the tail rotor 

used in a regular helicopter. This principle is also used to produce the desired yaw 

motions. A good controller can properly adjust the speed of each rotor to get desired 

state change. 

1.2 Why Quad-rotor UAV? 

The most established UAVs in operation today are Fire Scout, Predator, Global 

Hawk, Yamaha RMAX. Some of them are fixed wing while others employ rotor baed 

wings; however, all of them perform in tele-operated mode [1] . This semi-autonomous 

(tele-operated) strategy requires the ground operator's full attention to keep the ve

heicle under control. For this reason there is a requirement for modern U A V s to 

become more autonomous. Today many UAVs have on-board control systems that 

reduce the amount of control required from the ground operator. A typical xample 

of this kind of on-board control includes observation of UAV states and commands 

for recording surveillance video, identifying targets, navigating to certain G PS way

points, returning to base, etc. This type of control is well established for fixed-wing 

UAVs; however, research into autonomous, on-board control of rotor-based UAV is a 

relatively new direction [1]. 

Another motivation behind this work is the broad field of applications of UAVs in 
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both military and civilian scenarios as well as the limitations of manned vehicles in 

special environments. Some of these applications are surveillance, imaging and data 

collection in dangerous environments, indoor navigation and mapping. The selection 

of this type of quad-rotor UAV was due to its unique ability for vertical, stationary 

and low speed flight. Several structures and configurations has b en developed in 

this field so far (e.g., fixed wing planes, single rotor helicopter, bird-like aircraft, two

rotor helicopter, four-rotor helicopters). Each of these has its own advantages and 

drawbacks. The structure chosen in this research has good maneuverability, simple 

in terms of mechanics and good payload capacity; however, high energy consumption 

is one of the main drawbacks. 

1.3 Objectives 

The initial goal of this thesis was to understand the quad-rotor UAV dynamics by 

developing detailed analytical and computational models as well as implementing a 

control strategy for improved stability. The kinematic/dynamic study provides a 

better understanding of the physics behind the quad-rotor behavior. The control 

modeling will assist in calculating appropriate control gains before implementing a 

controller. 

The next immediate goal was to measure the parameters involved in the simulation 

in order to increase the accuracy of the model. There are a variety of parameters that 

play a vital role in the dynamics of the quad-rotor including rotor parameters (thrust 

constant, drag constant, rotational inertia) and platform parameters (size, weight, 

moments of inertia). 

Hossain 2010 3 



The final goal is to construct a cost eff ctive quad-rotor platform to validate 

the mathematical model and implement a control strategy for stabilizing the vehicle 

both in terms of orientation and position. Stabilization is accomplished through the 

integration of a non-contact, real-time sensor system that can track targets on the 

ground and use the information as feedback for controlling the UAVs position and 

orientation. The ultimate goal is to land or take off on a moving platform by tracking 

targets placed on that platform/ ground. 

1.4 Contributions 

The main contributions of this work were divided in four major steps. 

• A faithful mathematical representation of the quad-rotor vehicle was developed 

in order to analyze the system as well as model the control strategy. 

• A U AV Propeller dynamometer was developed to characterize the combined 

motor, controller and propeller system as well as to identify the aerodynamic 

factors involved in the dynamic model. 

• An intelligent landing (with the associated mathematical model) was proposed 

based on a single outwardly looking camera and a ground target. 

• A prototype quad-rotor helicopter was developed and controlled. 

1.4.1 Analytical and Computational Modeling 

An accurate mathematical model was developed in successive steps. The first version 

was a simple model describing the vehicle in hovering flight where only yaw, pitch, roll 
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and altitude were controlled (i.e., attitude and altitude). This model was evaluated 

using bond graph modeling and simulation techniques (specifically 20-Sim bond graph 

based software). Chapter 3 presents this dynamic model as well the associated control 

strategy. The model then evolved into a more complete form through the incorpora

tion of X-Y position control resulting in a complete 6 DOF dynamic representation. 

Chapter 5 describes the more elaborate model. Matlab-Simulink was used as a tool 

for simulation of this model. Both Proportional-Derivative (PD) and Proportional

Integral Derivative (PID) controllers were evaluated for stabilization and control of 

the system. 

1.4.2 Precession Tool for Characterizing small UAV Pro

peller 

To ensure fidelity in the mathematical modeling, propeller characterization became 

an important issue. A high resolution dynamometer was developed to measure the 

propeller characteristics and refine the dynamic model for higher accuracy. Six load 

cells and a 24 bit analog-to-digital converter were used for this purpose. A miniature 

load frame was developed for decoupling the thrust and torque force components 

produced by the propeller. 

1.4.3 Vision Based Quad-rotor Stabilization Technique 

A vision based technique for controlling all six degrees of freedom of a quad-rotor 

helicopter is proposed. Unlike many other landing/take-off approaches using dual 

cameras, this approach employs a pose estimation technique based on a single camera. 
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The camera is on-board and a ground based landmark (i.e., landing pad) consisting 

of five control points serves as a visual reference for estimating pose. By continuously 

monitoring the position of the control points with the on-board camera, the relativ 

orientation and position of the quad-rotor platform relative to the landing pad is 

calculated. The vision-based pose information serves as feedback to a PD controller 

which controls the vehicle. The algorithm and its implementation are described in 

chapter 5. 

1.4.4 Quad-rotor Platform Development 

The "open-source" quad-rotor platform was developed through the integration of 

a number of systems and devices. Four brushless direct current (BLDC) motors 

with appropriate controllers were used to directly drive the propellers for producing 

and controlling t hrust in the system. In terms of on-board sensor platforms, Micro

Electro-Mechanical (MEM) accelerometers and gyros were used to measure attitude 

and angular rate information. The data processing and control algorithms were im

plemented on a small format single board computer based on a Vortex proc ssor. 

This board includes a variety of analog and digital IO interfaces to control the BLDC 

motors and read the sensor data. 

1.5 Thesis Outline 

This th sis consists of three manuscripts, the first two publications has been accepted 

and published and the third one has been submitted for publication. 

• Chapter 1 introduces the thesis and the research topic. It defines the ultimate 
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objectives of this work and provides a synopsis of the goals and the outcom 

obtained. 

• Chapter 2 is a survey of the state of art in the field of UAV research. It also 

presents oth r related research work. 

• Chapter 3 is the first published manuscript that evaluates the basic dynamic 

model of a quad-rotor helicopter focusing only on hovering which refers to th 

stabilization of attitude and altitude but not position. The adopted method for 

implementing the simulation model was the bond graph modeling technique. 

• Chapter 4 is the second publication which describes the aforemention d high 

performance propeller dynamometer for characterizing small UAV propellers. 

This chapter presents th method and discusses th results obtained from this 

specialized hardware. 

• Chapter 5 is the third publication which is pending publication. This paper 

proposes a vision augmented control t chnique for quad-rotor vehicles specif

ically for take-off and landing or flying relative to another unmanned vehicle. 

The chapter provides the complete model with simulation results using the pro

posed techniqu . 

• Chapter 6 presents the quad-rotor hardware development along with th im

plementation of a controller and validation of its performance. 

• Chapter 7 reviews the research work and outcomes focusing on the challeng 

faced during ach step of the development and how they hav b en overcom . 

Possible future work is also addressed. 
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• Appendix A provides the mathematical derivation of a quad-rotor v hide 

model. The dynamics are explained from the basic concept of Newton-Eul r 

formalism. Particular attention is given to the quad-rotor architecture and 

man uvering mechanism. 

• Appendix B presents an introduction to bond graph modeling. The impor

tance of this appendix lies in understanding the first simulation model developed 

to evaluate the control of a quad-rotor helicopter. 

• Appendix C presents rotational inertia theory which de crib s the dynamic 

behavior of a body in rotation about a fixed axis. 

• Appendix D discusses the analytical identification of thrust and drag factors 

for a propeller. 

The status of each publication and contributions made by the authors are provided 

as a preface b fore each paper/ chapter. 

H ossain 2010 8 



Chapter 2 

Literature Review 

2.1 Brief History of Helicopter 

The history of the helicopter is relatively short in comparison with fixed-wing aircraft. 

Probably th first flying toy was a Chinese top inspired by auto rotating-seeds of tr s. 

In 1490 Leonardo Da Vinci created the Helical Air Screw (Figur 2.1a) which it i 

often cited as the first serious attempt to produce a working helicopter. 

(a) Air Screw (b) Gyro Plane no: 1 

Figure 2.1: Historical Images of Helicopter 
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In 1863, Ponton d'Amecourt was the first person to use the word helicopter. He 

also developed a coaxial helicopter with steering capabilities. Inspired by this, in 1877 

Forlanini developed a reduced scale, steam powered model which was neither st erable 

nor stable. Then, in 1887, Frenchmen Louis and Jacques Breguet in association with 

Professor Charles Richet developed the manned "Gyroplane no. 1" (Figure 2.1b), 

a large quad-rotor with double layers of propellers; however, it lacked any control 

strategy. This is the first known quad-rotor aerial vehicle in history. In 1907 the first 

manually controlled free flight was achieved by Paul Cornu. This is considered as the 

beginning of helicopter [2] flight. 

2.2 Evolution of UAV 

Right after the development of the automatic gyroscopic stabilizer by Dr. Pet r 

Cooper and Elmer Sperry, a US Navy -9 trainer aircraft was converted into the first 

radio controlled UAV using the above mentioned technology which helped to keep 

the aircraft straight and level during autonomous flight. The first fixed wing UAV 

was tested during World War I but was not deployed in combat. Th first battl field 

deployment of UAVs was by the Germans during World War II [2]. The potential 

was later recognized by the US and Israel who initiated the commercial development 

of UAVs with the incorporation of more sophisticated technology (e.g. , Predator) . 

Motivated by the tremendous technological advancements of World War II, US based 

Gyrodyne became the first company to commercialize an unmanned helicopter, the 

Hummingbird. In the years that followed academic researchers started showing inter

est in the development of unmanned helicopters. Extensive research is currently being 
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conducted on UAVs of various configurations and sizes for both military and civilian 

applications such as search and rescue. A brief survey of these projects is presented in 

[3]. Due to the application of UAVs in special environments, researchers have started 

focusing on small rotor-based UAVs where the challenges include miniaturization, 

aerodynamics, control, autonomy and above all energy storage. 

2.3 Rotor Based UAV 

Although fixed wing UAVs are more stable when compared to rotor based UAVs, 

the latter offer advantages when it comes to hovering, "perching", flying close to 

an object of interest, or maneuvering in confined environments (e.g. , indoors). ot 

only do fixed wing UAVs require large areas for takeoff and landing, they cannot 

back up, make sharp turns, or stop and maintain a specific position. Because of 

these limitations fixed wing UAVs cannot observe objects at close proximity making 

it difficult to obtain high resolution images of an object of interest. Close inspection 

of hazardous environments, indoor/ outdoor surveillance, and stationary monitoring 

of objects of interest are just a few mission scenarios where rotor based UAVs offer 

advantages over fixed wing UAV. Other applications of rotor based UAVs appearing 

in the literature include remote sensing [4], aerial mapping [5], tracking [6], inspection, 

surveillance [7]. 
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2.4 State of the Art 

Among the researches in rotary wing UAVs, most of the attention has been focused 

on quad-rotor type configurations. Some projects are based on commercially available 

platforms including Draganflyer [8], MD4-200 [9], and X-UFO [10]. Some researchers 

have preferred building their own platforms such as X4-Flyer, Mesicopter, and STAR

MAC. Hybrid configurations such as aerial vehicles with non-symmetric rotation di

rection or with two different directional rotors [11, 12] have also been presented in the 

literature. A few other works focused only on the derivation of the dynamics model 

[13, 14] as well as on efficient configuration of the rotors [15]. 

2.4.1 Research on Dynamics Modelling 

In developing a quad-rotor aerial vehicle, the first step that needs to be addressed is 

the dynamic modeling of the vehicle system [16]. Recent work involves two different 

approaches for deriving the system model; the Lagrangian approach [17] and the 

ewton-Euler formulation [18]. Reference [19] also incorporates blade flapping effects 

in the dynamic model. Other secondary aerodynamic effects such as airflow disruption 

have been taken into consideration by the authors in [20]. 

2.4.2 Research on Control and Stabilization 

Among the researches in quad-rotor helicopter the majority of the publications are 

focused either on control laws or comparison of the performance of control laws. The 

most important techniques and their respective publications are summarized below: 
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The first control strategies adopted for quad-rotor stabilization include PID and 

P D2 feedback strategies [16, 21, 22]. PID control is the simplest control strategy. 

In addition, it is relatively easy to implement and does not r quire specific model 

parameters. However, P D 2 feedback offers exponential convergence due mainly to 

the compensation of the Coriolis and Gyroscopic terms. The next most widely used 

control strategy is based on Lyapunov Theory [17, 23, 24, 25]. According to this 

technique it is possible to ensure, under certain condition, asymptotical stability 

for quad-rotor hovering. Other more sophisticated control strategies include Back

stepping Control [26, 27, 28] where convergence of the quad-rotor internal states is 

guaranteed, but at the expense of computational complexity. Several researchers have 

demonstrated quad-rotor stabilization using dynamic feedback strategy [29, 30]. This 

technique basically transforms the closed loop part of the system into a linear control

lable and decoupled subsystem. Authors in [31, 32] implemented adaptive techniques 

for stabilization where satisfactory performance was obtained despite of parametric 

uncertainties and un-modeled dynamics. Researchers have also experimented with 

the Linear Quadratic Regulator (LQR) [16, 33] which involves solving the "Ricatti 

equation" . This approach is computationally expensive. 

Other than the mathematical approaches of stabilization, researchers have imple

mented control based on visual feedback with a camera mounted on-board [34, 35, 36] 

or placed off-board [37, 38]; however, the off-board camera scenario would appear to 

be impractical for implementation in the environment considered for this application. 

In most cases, the on-board camera did not provide sufficient pose information or may 

have only provided partial state estimation. There are some control algorithms pub

lished which demonstrate control with Neural etworks [39] and Fuzzy Techniques 
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[40]. 

2.4 .3 R esearch on Platform D esign 

The platform design of a quad-rotor involves selection of all the active and passive 

components of the platform, namely the frame (i.e. chassis), motors with controller, 

propellers, power sources, sensors and processor. In the case of building a quad-rotor 

structure most researchers either came up with their custom built structures as re

ported in [15, 20, 41, 42, 43] or may have used available structures like "RCToys" 

helicopter [14, 44]. The most common material used for building the frame is car

bon fiber rod due to its light weight characteristics. In selecting the propeller drive 

researchers have focused on two different approaches: direct drive of the propeller 

from motor or through gear train while using light weight low torque high speed 

motors. However, in both cases brushless DC motors were used. The sensor suite 

typically included an inertial measurement unit (IMU) either commercially purchased 

or built by the research team for attitude estimation. Along with this IMU sensor 

some other sensors have been used to obtain altitude information like SOund A vi

gation and Ranging (SO AR), infrared sensor etc. In some cases, special rooms with 

calibrated cameras to observe the quad-rotor have been used to satisfy this need, 

as have electromagnetic positioning sensors, infrared, ultrasonic sensors, small GPS 

units, and onboard cameras [16, 17, 38, 45, 46, 47]. For data processing light-weight, 

low-power embedded systems were used that are available today such as the single 

board computer (e.g. Gumstix) or PC-104 platforms [48] etc. 
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2.4.4 Research on Pose Estimation 

The stabilization of a quad-rotor helicopter and a practical approach for autonomy 

mainly depends on intelligent pose estimation. That is why many researchers have 

focused their study on different state estimation approach. In this sub-section an 

overview of major developments made on quad-rotors state estimation is given. 

The authors in [49] have stated a very basic strategy for state estimation where 

four perpendicular infrared distance sensors and an ultrasonic sensor were used. The 

experiments were conducted in an empty room and the relative position to the room 

and the aircraft was directly obtained from the sensors. The authors in [15] estimated 

the pose using motion capture system (two IR-cameras suite) to compute position 

information. They extracted the yaw orientation and the coordinate information 

relative to the motion tracker 's origin. Authors in [37] used a dual camera system for 

pose estimation where a pan and tilt ground camera and an on-board camera were 

used. Their technique involved multi-color blob tracking strategy where the ground 

camera is used to calculate orientation of the vehicle and the on-board camera is used 

to calculate position relative to its origin. Researchers at MIT has conducted two 

consecutive quad-rotor projects named as STARMAC-I and STARMAC-II [20, 45]. 

They have implemented a position estimation algorithm using a navigation filter that 

combines horizontal position and velocity information from GPS, vertical position 

and estimated velocity information from the ultrasonic ranger with acceleration and 

angular information from the IMU. In both projects a Kalman Filt r was used to 

combine G PS and raw inertial measurements for an accurate full state stimation. 

At the time of writing this thesis there is currently no other research work related to 
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pose estimation of small UAV's known to the author. 
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Chapter 3 

Bond Graph Dynamic Modeling 

and Stabilization of a Quad-Rotor 

Helicopter 

M. Raju Hossain, D. Geoff Rideout, Nicholas Krouglicof 

Faculty of Engineering and Applied Sci nee 

Memorial University of ewfoundland 

St. John's, ewfoundland, Canada 

Keywords: Bond graph in aerospace, quad-rotor helicopter dynamics, stabiliza

tion of quad-rotor helicopters. 

Abstract: Four-rotor/ quad-rotor helicopters are emerging as a popular unmanned 

aerial vehicle configuration because of their simple construction, easy maintenance and 

high payload capacity. A quad-rotor is an under-actuated mechanical system with six 

degrees of freedom and four lift-generating propellers arranged in cross configuration. 

Maneuvers are executed by varying the speed of the propellers, which causes moments 

that affect attitude control; and by varying thrust, which affects altitude control. This 

makes stabilization challenging. 
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This work presents a dynamic model of such a vehicle using bond graph . Both 

an open loop unstable model and a closed loop stable model using different controllers 

are demonstrated in this paper. The Newton-Euler formalism with body fixed coordi

nates is used to model the dynamics of the platform. Rotor drag torque is a sumed 

proportional to thrust of the rotor. 

The graphical nature and explicit power flow paths inherent in the bond graph 

formalism facilitated model construction and troubleshooting. Existing commercial 

bond graph software allowed simultaneous modeling and control implementation. 

The model results for different maneuvers and combinations of propeller thrust 

agree with existing theoretical results. Open loop simulation shows an uncontrolled 

revolving effect with increasing linear speed which results in instability of the sys

tem. The closed loop PID-controlled result nicely demonstrate the stabilization of the 

system from an initial roll, pitch, yaw and altitude to the desired steady state config

uration. 

A version of this paper has been publish d in the International Conference of 

Bond Graph Modeling and Simulation (ICBGM 2010). It has also won the "Best 

Paper Award '. The lead author is Mohammed Raju Hossain and the co-authors are 

Dr. Geoff Rideout and Dr. icholas Krouglicof. Mr. Hossain's contribution to this 

paper is as follows: 

• Wrote the paper. 

• Developed dynamic model for quad-rotor helicopter. 

• Simulated the dynamic model using Bond Graph as a tool. 

• Designed Controller for the quad-rotor helicopter. 

• Simulated the controlled model. 

• Analysed the results. 
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Dr. Geoff Rideout and Dr. icholas Krouglicof provided technical guidance and 

editing of the manuscript. In this chapter the manuscript is present d with altered 

figure numbers, table numbers and referenc formats in order to match the th si 

formatting guidelines set out by Memorial University. The modeling presented in 

this work is based on bond graph modeling technique. For better understanding of 

the concept of bond graph modeling; a brief introduction is presented in App ndix 

B. 
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3.1 Introduction 

Recently, quad-rotors have been considered the best platform for experiments and 

applications in the field of unmanned aerial vehicles (U AV s) because of their capacity 

of hovering and slow flight as well as reduced mechanical complexity with relatively 

higher safety and higher payload. Research is mostly motivated due to their size and 

autonomous flight, which has practical implications for surveillance, targeting and 

disaster search in partially collapsed buildings [1] . Mesicopter [2] was an ambitious 

project which explored ways to fabricate centimetre-sized vehicles. The 084 project 

[3] was started in March 2003, with an aim to develop devices for searching and 

monitoring hostile indoor environments. The X4 Flyer project of Australian ational 

University [4] aims at developing a quad-rotor for indoor and outdoor applications. 

However, control of a quad rotor helicopter is very complex and virtually impossible 

without modern computer based control systems due to its under actuated nat ure 

with 6 degrees of freedom and only 4 actuating motors. Different researchers have 

modeled and simulated the system in different ways. This paper introduces bond

graph modeling to the field of UAVs. The complex dynamics of quad-rotor helicopters 

motivated the use of bond graphs for modeling their dynamics. Other available models 

are mostly code based differential equations which have less provision for modification 

and model expansion. This paper mostly emphasizes the theory behind quad-rotor 

dynamic modeling and maneuver control. The control system of the v hicle is based 

on classical control methodology. The bond graph that is produced here follows 

the ewton-Euler formalism which has been widely used for modeling this kind of 

helicopter [5, 6, 7, 8]. 
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3.2 Quad-rotor Helicopter 

Left Rotor, ' L' t 
T4 ----

"''" Roto,, 'B't 
T3 

Yaw,+ 111 

! 
Weight 
(mg) 

t Front Rotor, 'F' 
T1 

Roll,+~ 

t Right Rotor, 'R' 
T2 

Figure 3.1: Quad-rotor Helicopter Schematic 

The quad-rotor helicopter is an aircraft whose lift is generated by four rotors. 

Control of such a craft is accomplished by varying the speeds of the four rotors 

relative to each other. Quad-rotor have four fixed propellers in cross configuration 

(Figure 3.1). 

The front and the rear rotors rotate counter-clockwise while the other two rotat 

clockwise, so that the gyroscopic effects and aerodynamic torqu are cancelled in 

trimmed flight . The rotors generate thrust forces (T) p rpendicular to the plane of 

the rotors and moments (M) about x and y axes; moment about z-axis is obtain d 

using counter torques of the rotor. Increasing or decreasing the sp d of the four 
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Weight 
mg 
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(c) Roll Motion 

t 

Weight 
mg 
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(b) Yaw Motion 

Weight 
mg 

(d) Pitch Motion 

Figure 3.2: Theoretical Maneuvers of a Quad-rotor 

e 

propellers simultaneously permits climbing and descending (Figure 3.2a) . Vertical 

rotation (yaw) is achieved by creating an angular speed diff renee b tween the two 

pairs ofrotors which in turn creates reactive torques (Figure 3.2b). Rotation about the 

longitudinal axis (pitch) and lateral axis (roll) , and consequently horizontal motions, 

are achieved by tilting the vehicle. Thi is possible by changing the relative prop ller 

speed of one pair of rotors (Figure 3.2c, 3.2d) 
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3.3 Development of System Model 

Left Rotor, 'L',b 
T4 ~ 

Back Rotor, 'B' 
T3 

z 
y • X 

~ 
E 

Weight 
(mg) 

Front Rotor, 'F' 
T, 

Right Rotor, ' R' 
T2 

Figure 3.3: Co-ordinate System for Modeling 

Yaw, 'V 
Pitch, 8 

Roll,~ 

The derivation of the system equations is now shown along with the evolution of 

the bond graph for the quad-rotor vehicle. To derive the equations we assume the 

airframe is rigid, all the propellers are in the same horizontal plane and the quad-

rotor structure is symmetric. Figure 3.3 shows the coordinate system of a quad-rotor 

helicopter where body fixed frame 0 = x, y , z is assumed to be at the centre of 

gravity and aligned with the principal axes of the body. The z-axis is considered to 

be positive upward. Due to the double symmetry of the quad-rotor, it is logical to set 

the origin 0 at the intersection of the axes of the vehicle. Choosing the directions of 
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the axes according to the common conventions in the literature result a set of axes 

which is shown in figure 3.3. Th body fixed frame 0 = x, y , z is considered to be 

moving with respect to earth frame/inertial frame E =X, Y, Z. 

The equation of motion of such a rigid body, under external forces ( F external and 

Mexternal) applied at the center of mass and expressed in the body frame, are developed 

in the Newton-Euler formalism [9, 10]. With respect to these body fixed coordinates, 

the rotational inertia properties remain invariant and the products of inertia are all 

zero. 

F x,external = mvx - mvyWz + mVzWy 

Fy,external = mvy - mVzWx + mVxWz 

Fz,external = mvz - mVxWy + mVyWx 

Mx,external = fxxWx - (fyy- f zz)WyWz 

My,external = fyyWy - U zz - fxx)WzWx 

Mz,external = f zzWz- (fxx- fyy)WxWy 

(3.1) 

The bond graph representation [11] of this Newton-Euler equation is shown in 

Figure 3.4 wh re the upper triangle relat s the energy flow in translational dynamics 

and the lower triangle defines rotational dynamics. The thr e 1-junctions both in 

the upper and lower triangle provide the nodes for external forces and moments 

respectively. 
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Rotational dynamics of 
Euler-Newton motion 

Translational dynamics 
o f Euler-Newton motion 

Figure 3.4: Bond Graph Representation of Euler Equation 

3.3.1 Modeling of Translational Dynamics 

The translational dynamics of such a helicopter can be rewritten from Equation 3.1 

as, 

m 0 0 0 

0 m 0 (3.2) 

0 0 m Wz 

The external force contribution on the quad-rotor body is mainly the rotor thrust 

and the drag torque. The drag force is defined as [12) Fdrag = ~CdpAv2 , where Cd is 
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the coeffici nt of drag, p is the density of medium (air), A is the frontal area of the 

body and v is the v locity. Considering all the constants involved in this equation 

we rewrit Fdrag = Cnv2 where Cn i the combination of the constant terms and i 

defined as Drag Constant' in this paper. Therefore, 

4 

C ·2 
- Dx X 

C ·2 
- DyY 

L Ti - c Dz i 2 
- R . mg 

i= l 

(3.3) 

Here, CD has components in all three directions and Ti is the thru t mainly gen-

erated by the four rotors which are spinning with a velocity of w and is giv n by 

[12] . 

where R is the radius of rotor, a is the con tant blade lift curve slope b i th 

number of blades, c is the blade chord, Bt and 'Pt are pitch at blade tip and inflow 

angle at the tip respectively. Combining all the constants as Cr we g t 

R = 80(3) is the rotation matrix representing ZYX Eul r angles of roll(¢), 

pitch(B) and yaw('!j; ). 
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cos'¢ cos () cos'¢ sin () sin ¢ - sin '¢ cos ¢ cos'¢ sin() cos ¢ - sin'¢ sin ¢ 

R = sin '¢ cos() sin'¢ sin() sin ¢ - cos '¢ cos¢ sin '¢ sin() cos¢- co '¢ sin ¢ (3.4) 

-sin() cos() sin¢ cos() cos¢ 

Due to the discontinuity of the time variation of angles ¢, (), and '¢ the body 

angular rates Wx, wy, Wz need to be transformed by Euler angles using the matrix 

below [13] 

Wx 1 0 - sin() ¢ 

Wy - 0 COS cp Sin cp COS () B (3.5) 

Wz 0 -sin¢ cos¢ cos() '¢ 

These transformation angles though suffer from singularity at () = ±~ known a 

'Gimbal Lock' but this does not affect UAVs in regular flight maneuvers. In the bond 

graph the translational efforts arise from one gravitational effort source and four rotor 

effort sources, where gravitational effort is transformed from earth refer nee to body 

reference using Euler rotation angle . The upper red triangular bounding box of 

figure 3.5 illustrates the translational dynamics of the quad-rotor. As the quad-rotor 

moves at low speed we can consider the drag constant CD as n gligible and for the 

simulation, rotor thrust is considered as a source of effort. 
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3.3.2 Modeling of Rotational Dynamics 

Rotational dynamics of a quad-rotor consist of three angular motions, namely roll, 

pitch and yaw. Roll and pitch rotation are produced due to moments generated by 

the thrust difference of the rotors at y-axis and x-axis respectively, which are basically 

acting at a certain perpendicular distance from the center of gravity. However, yaw 

is produced due to reactive torque in the rotor. From Equation 3.1 we can redefine 

that, 

0 

0 Iyy 0 (3.6) 

0 

where, 

w2 
1 T1 

Mx 0 -l 0 0 -l 0 
w2 T2 2 (3.7) My =Cr -l 0 0 -l 0 0 
w2 T3 3 

Mz -A A A -A -A A A -A 
w2 

4 T4 

In the above equation, l is the distance between centre of gravity and the centre of 

the rotors and A [NmS2] is the proportionality constant between thrust Ti and motor 

torque Ti· In this case for the simplicity of simulation we consider A as 1 (assuming 

quasi steady state). However, in practice motor reactive torque is a function of 
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velocity according to [12] 

where CR is the reactive torque constant due to drag terms and Ir is the rotational 

inertia of the rotor. 

Quad-rotor translational dynamics 
Rotation M trix 

Gravitational Weight Se ===7"1 ~==MTF.41=====================;J 

Right 
Rotor 

Translational Dynamics Input t~== 
mw, 

.-+--MGY MGY- ----, 

I 
v.,. 1 ~.;;---- MGY 1 v.,. 

\ m, 

L=~~~~~~~~~MTF 
[B SkewMatnx 

Back rotor distance from CoG T 
~==============~======~MTF~======~ 

Left rotor distance from CoG~ Skew Matrix 

~============~======= MTF~==================~ 

Right rotor distance from CoG~ Skew Matrix 

~================~MTF~==============================~ 
Skew Matrix 

Quad-rotor rotational dynamics 

Figure 3.5: Open Loop Model of Quad-rotor Helicopter 
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In Figure 3.5 contributions of the rotor efforts are given to the three angular ve

locity ports using a skew symmetric matrix containing distances between the rotors 

and the center of gravity, which creates moments along their respective axis. How

ever the yaw occurs due to the reactive torque of the rotors which for simplicity of 

calculation is considered as proportional to thrust difference and is provided straight 

from the rotor to the z-axis rotation port. This gives a complete open loop model 

for the quad-rotor vehicle. Obviously, only the dominant effects are modeled neglect

ing aerodynamic forces and moments exerted by drag and the dynamics of motor 

and propeller which can be extended easily by adding more external forces to their 

respective directional ports. The double lines used in Figure 3.5 are vector bonds 

proposed in [14]. 

3.4 Control Modeling 

Stabilization is very important for an under-actuated system like a quad-rotor, as 

it is inherently unstable due to its six degrees of freedom and four actuators. A 

control system is modeled for the quad-rotor using four PID (Proportional-Integral

Derivative) controllers, where the input parameters are attitude and altitude (i.e, roll, 

pitch, yaw and height) and the controlling devices are the actuators or the rotors of 

the quad-rotor. By controlling the thrust from the rotor one can have a stabilized 

system as well as a desired attitude and altitude due to the nature of the quad-rotor 

maneuver control. 

Table 3.1 shows the combinations of rotor excitations for any kind of positive 

maneuvers. For example, if we want to increase the pitch (CCW of 8) we have to 
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Table 3.1: Combinations of Actuation for Controlling Altitude and Attitude 

Front Rotor, F I Back Rotor, B I Right rotor, R I Left rotor, L 

Lift 
Roll 

+ 

Pitch + 
Yaw + 

+ 

+ 

+ 
+ 

~ai_Heig~t l - r-1 I 
~--------' 

+ 

Back_Motor_3 

Left_Motor _ 4 

Figure 3.6: Block Diagram of Quad-rotor Craft Controller 

increase thrust at the back rotor as well as decrease thrust in the front rotor. Th 

bond graph in Figure 3.6 shows the combination of the four PID controllers that 

stabilizes the quad-rotor. The controller measures the error between the desired and 

actual attitude and actuates the rotors accordingly. Figure 3. 7 shows the complete 

closed loop model utilizing this controller into the open loop system. However, as th 

attitude governs the position and velocity vector of the system, this controller can be 

further extended to move to any desired coordinate by adding position controller into 

the closed loop model. P, PI and PID controllers were tested. The PID controller 

stabilizes the system faster and more accurately than the other two. 
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3.5 Simulation Results 

Initially the performance of the model were explored performing open loop simu-

lations. The simulations were performed using '20-SIM' software, which converted 

the bond graph into a simulation model and performed numerical integration us-

ing a Backward Differentiation method with tolerance of 1 X w-s. The simulation 

demonstrates the flight maneuver which satisfies the theoretical trajectories that the 

quad-rotor is supposed to perform at certain combinations of the rotor thrust. 

Gravitational Weight Se ====;;;>~ 1 ~== 

l ~ J Translational Dynamics Input 1 ..;;;;==== 

Right 
Rotor 
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Figure 3.7: Closed Loop Bond Graph of Quad-rotor Craft 

32 



0.~ 

-0.2 
-0.4 

0.4 
0.2 

0 
-0.2 
-0.~ 

0.~ 

0.2 

-0.2 

·0.~ 

l • Rol (radian) [ 

-

• Pitch (radian) 

• Yaw(radia~ 

J_ 
0.2 0.4 0.6 0.8 

time{s) 

(a) Rotation Angles 

0.4 

0 

-0.4 

0.4 

0 

-0.4 

-1 

-4 

-7 

-10 
0 

• Vei.Vx {mis} I 

• Vel. Vy {mls} I 

• Vel. Vz {mls} ~ 

0.2 0.4 0.6 0.8 
time{s} 

(b) Linear Velocities 

Figure 3.8: Open Loop Free Fall Simulation for Zero Thrust 
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Figure 3.9: Open Loop Roll Motion due to (T1 , T2 , T3 , T4 ) = (1.5, 1.5, 1.5, 0.5)N 

Figure 3.8 shows the free-fall test. Providing no thrust to the quad-rotor causes 

it to fall down due to gravity at a rate of 9.8 ms- 1
. The parameters considered for 

simulation are realistic quad-rotor parameters from [15] where the mass of the vehicl 

m = 0.5 kg. For lifting the helicopter it is obvious that there should be minimum 

combination vertical thrust of 4.9 N provided by all the four rotors. Figure 3.9 

demonstrates the roll motion when subjected to an equal thrust at front and back 

rotor and unequal thrust at right and left rotor. In this case, front and back rotor 
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Figure 3.11: Open loop Yaw Motion due to (T1 , T2 , T3 , T4) = (1.0, 1.5, 1.0, 1.5)N 

was given a thrust of 1.5 N while right and left rotors were given thrusts of 1.5 Nand 

0.5 N respectively. Figure 3.9(a,b) shows a revolving nature of the body around its x-

axis with no movement in the direction of the x-axis except the angular roll motion. 

However, the revolving effect is increasing due to inertia of the body according to 

Newtons law of rotation which can be seen in Figure 3.9(c). Pitch motion is very 

similar to roll motion due to the body symmetry as well as the mechanism of the 

pitch and roll motion. Figure 3.10 shows effects very similar to roll, but the actuating 

controls have been interchanged to create pitch motion. 
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Figure 3.12: Simulated Closed Loop Response of Quad-rotor 

The yaw motion was achieved by providing front and back rotor thrusts of 1.0 N 

and 1.5 N to the right and left rotors. As the right and left rotors rotate clockwise 

with higher magnitude of thrust compared to the front and back rotor, the reactive 

torque is dominated by the right and left rotors rotational direction. Thus the motion 

of the body is in the counter-clockwise direction which creates the positive yaw as 

seen in Figure 3.11. However in this case there is no other linear motion in any other 

direction but z , which means the helicopter is moving upward with yaw motion. The 

craft moves up as the total thrust of rotors has overcome the gravitational weight. 

All the responses show that the system is highly unstable and coupled. The closed 

loop controlled model stabilizes the craft as expected. The response of the controller 

is shown in Figure 3.12. As the linear motion along x and y is dominated by pitch 

and roll respectively (in the absence of external disturbance i.e, wind), stabilization 

of angular motions stabilizes the linear motion along x and y direction. The only 

remaining required control is for altitude. Thus control of roll, pitch, yaw and height 

creates a complete stabilization the system. Figure 3.12a shows how the body is 

stabilized from an intermediate condition of (roll, pitch, yaw, height = 0.6 rad, 0.8 
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rad, 0.5 rad, 5 m) to a stabilized condition of no angular motion, no lateral and 

longit udinal motion, and a desired height of 2 m. The closed loop system can also 

create a desired orientation of the body from a stable position which can be further 

used for controlling the position vector of the helicopter. 

3.6 Summary & Conclusion 

This paper presents the application of bond graph modeling to quad-rotor unmanned 

aerial vehicles (UAV). A primary contribution of this paper is to demonstrate that 

bond graphs facilitate modeling of the complex and coupled dynamics of the system, 

as well as extension or simplification of the system model or its controller. As the 

quad-rotor is a mechatronic system, involvement of different energy domains is a 

must. That is why selection of the modeling language is a significant decision if a 

fut ure extension is expected. The bond graph model presented herein is anticipated 

to be of value and interest to the UAV design community. Future model extensions 

include higher-fidelity rotor dynamics and actuator modeling. Possible extensions to 

the controller might involve control of its position or co-ordinates in space that may 

lead the model to be even more accurate and practical. 
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APPENDIX 

Table 3.2: Bond Graph Parameters 

Model Parameters 

Thrust Co-efficient, Cr 
Drag Co-efficient, Cn 

CoG to rotor distance, l 
Inertial moment on x andy, lxx=lyy 

Inertial moment on z, lzz 
quad-rotor mass, m 

PID Controller Parameters 

Gain constants for roll and pitch 

KP 
Ki 
Kd 

Gain constants for yaw and height 
Kp 
Ki 
Kd 

II Value 
1 
1 

0.2 
0.0226 
0.0227 

0.5 

II Value I 

0.9 
0.3 
0.2 

0.06 
0.30 
0.02 

Unit 

Ns2 

Nms2 

m 
kgm2 

kgm2 

kg 
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Chapter 4 

Propeller Dynamometer for Small 

Unmanned Aerial Vehicle 

M . Raju Hossain, N icholas Krouglicof 

Faculty of Engineering and Applied Science 

Memorial University of ewfoundland 

St. John's, ewfoundland, Canada 

Abstract: This paper details the design and development of a small scale azr 

propeller dynamometer based on thin beam strain gauge load cells. The dynamometer 

will be used to characterize the performance of small propellers f or Unmanned Aerial 

Vehicles (UA Vs) in order to obtain an accurate system model and design an appropri

ate controller for hovering and smooth flight. A brief description of the design concept 

and calibration procedure along with test results is presented here. A static calibration 

was performed to determine thrust/torque measurement sensitivity as well as cross

sensitivity. Measurem ent data was captured and processed using a Sigma-Delta data 

acquisition board. Test results confirm that the dynamometer can be used to reliably 

m easure thrust and torque produced by UAV propellers up to 10 inch in diam eter with 

an accuracy of ± 1% of full scale. 
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set out by Memorial University. 
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4.1 Introduction 

The application of Unmanned Aerial Vehicle (UAV) is increasing dramatically as 

design and control technologies for small flying objects merge with today 's advanced 

sensors and embedded systems. This synthesis has made the control of UAV's more 

accurate and reliable. One of the critical steps in the development of a UAV is 

the characterization of the propeller that is to be used in the vehicle. This defines 

the maximum payload the vehicle can accommodate as well as the torque/thrust 

response as a function of rotational speed. The propeller performance information 

is critical to accurately model the vehicle for various flight maneuver and to design 

an appropriate controller. The dynamometer presented in this paper was developed 

to identify and characterize the optimum propeller for a quadrotor helicopter UAV 

[1] and to design a suitable, robust controller. This narrowed down the size of the 

propeller to a maximum of 10 inches. 

Researchers have developed different types of propeller dynamometers depending 

on the propeller size and characteristics. The Stewart platform based dynamometer 

instrumented with strain gauges [2] has a fairly good decoupled thrust/torque re

sponse; but is complex in structure and not suitable for very small loads. A marine 

propeller dynamometer developed at the University of British Columbia (UBC) [3] 

using load cells is fairly simple in design and effective in operation but is limited 

to large load measurements. In applications beyond propeller characterization, dy

namometers have been developed using strain gauge and piezo-electric accelerometers 

to measure the cutting force in milling machines [4] . This design is not suitable for use 

with propellers. The only dynamometer that was designed to specifically measure the 
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performance of small UAV propellers i described in [5] and [6]; however these were 

designed for characterizing propellers above 10 inches in diameter. The design that 

is proposed in this paper characterizes propellers ranging from 3 inch s to 10 inches 

in diameter and is geared towards analyzing and finding the optimum propeller for a 

quadrotor helicopter [1] which requires propellers with an excellent thrust to weight 

ratio. 

4.2 Hardware Design 

The dynamometer shown in Figure 4.1(b) is approximately 80 mm in diamet r , 90 

mm in length and is comprised of three major components: 

• A brushless DC outrunner motor (MSYS-LRK 195.03) is used to drive the 

propellers. 

• Six full bridge thin beam load cells with a full scale accuracy of 0.25% are 

employed to measure the response; three (model LCL 227G) to measure thrust 

and three (model LCL 113G) tom asure torque. 

• An optical tachometer was used to measure speed (RPM). 

These components with the exception of the tachometer are hou ed within an 

ABS housing which is assembled from three main parts (Figure 4.1c). The top most 

part (part 1) holds the propeller with motor and is coupled to the next part (part 2) 

through ball bearing leaving a vert ical gap between these two parts. Three load cells 

are placed in this vertical gap to measure torque; i.e., the deflection that results when 

rotation occurs in the top part. The remaining three load cells are placed between 
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the middle part (part-2) and base part (part-3) to measure the thrust response. All 

of the ABS parts were manufactured on a rapid prototyping machine using Fused 

Deposition Modeling (FDM). 

(a) Test-rig 

Motor 

1!!!!1 Torque Senow 

- Thruol S..liOr 
D Boll a..n.111 

(b) Dynamometer 

Port 1 - MOU>r Hold« 

Port~ -Toquo Coli Holdow 

Port 3 - 11UUII C.U Hcldar 

(c) Schematic Diagram of Dynamometer 

Figure 4.1: Air Propeller Test Bench 

4 .2. 1 Mechanism 

While the propeller rotates it creates thrust and torque at the same time. As a 

consequence it pushes against the airflow and pulls away from the dynamometer 

assembly. The top part and middle part responds to this vertical lift as a singl 
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entity (both these parts are secured to the ball bearing with an interf renee fit). This 

creates bending in the lower three load cells resulting in a thrust response. 

On the other hand when top part produces torque due to the rotation of the 

propeller, it creates bending in the top t hree load cells resulting in a torque response; 

o response in torque load cells was observed due to thrust load and vice versa; i. e, 

the two sets of load cells were completely decoupled. The tachomet r was directed 

towards light reflecting tape installed below the propeller in order to record the RPM 

response. 

4. 2. 2 Instrumentation 

The brushless out-runner motors were controlled by a MOS-FET Sp ed Controller 

(Model BL-6) capable of delivering 4 amps of continuous current. A Pulse width 

modulated (PWM) command signal to the speed controller was generated by a mi

crocontroller board that communicated with a Windows PC via a Universal Serial 

Bus (USB) interface. The load cells output signals were conditioned and captured by 

a custom data acquisition board based on a high resolution Sigma-Delta Analog-to

Digital (A/D) converter. For improved electrical isolation, the data acquisition board 

communicated with the Windows PC using Bluetooth technology. 

As mentioned earlier , the dynamometer described in this work was design d to 

find the best propeller for developing a quadrotor helicopter as described in reference 

[1]. To achieve the maximum payload of the quadrotor helicopter it is important to 

minimize the weight of the motors as well as other components that constitute the 

quadrotor platform. This narrowed down the selection of motor and speed controller 
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( 12 gm for the MSYS-LRK 195.03 motor and 6 gm for the speed controller).For 

these reasons the dynamometer was designed to accommodate this specific motor. 

However, by modifying the top part (part 1) other motors can be tested. 

4.2.3 Data acquisition 

The strain gauge data acquisition board is based on a 24 bit Sigma Delta A/ D with 

integrat d signal conditioning and bridge reference voltage. A microcontroller (PIC 

18F4550) on the data acquisition board was interfaced to the A/D and handled the 

wireless communications with the Windows PC via a bluetooth modem. The board 

was programmed to read the six different strain gauge sensors using commercially 

available microcontroller development software (MPLAB). A digital median (rank) 

filter was implemented to augment the resolution of the load cell signals by incorpo

rating the median code in the program. The individual load cells and data acquisition 

system were calibrated using known weights. 

4.3 Calibration 

The torque and thrust load cells were statically (i.e., non rotating condition) cali

brated using known weights. An arrangement of supports and pulleys allowed thrust 

to be applied in positive direction by suspending known weights. A known torqu was 

applied in a similar manner as a couple based on a lever arm of ±20 mm. A mathe

matical relationship between weight and A/D count was found using this calibration 

setup. This was later used to find the thrust and torque produced by propellers. 
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(a) Thrust Calibration (b) Torque Calibration 

Figure 4.2: Calibration Apparatus 

4.3.1 Thrust Calibration 

The thrust calibration apparatus is shown in Figure 4.2(a). Two pulleys were arranged 

to produce positive thrust on the motor shaft. Weights were u ed to calibrate the 

three thrust thin beam load cells which are sensitive to v ry small loads. Due to the 

limited full-scale capacity of the load cells, the calibration was p rformed up to 250 

gm. This is consistent with the expect d thrust load from the prop Hers which is less 

than 300 gm. During thrust calibration it was necessary to impart some vibration to 

the rig prior to recording the zero reading or reading at low thrust 1 vels. This was 

done to overcome the friction in the two pulleys. This phenomena was not observed 

during the torque calibration because only a single pulley was used. The inherent 

friction of the pull ys used in this work is assumed to be equal. 

A third order polynomial was found to accurately represent the thrust readings 

Hossain 2010 47 



(Figure 4.3). The accuracy of this equation was validated by imparting random loads 

on the calibration bench and comparing with the measured load. This confirmed 

the accuracy of the equation as 0.9% of full scale. The calibration curve is shown in 

Figure 4.3. The thrust sensor hysteresis was found to be negligible by performing the 

calibration with both increasing and decreasing applied loads. 

4.3.2 Torque Calibration 

The torque calibration frame is shown in Figure 4.2(b). The maximum weight us

pended from each of the two load platforms was 94 gm which resulted in the maximum 

calibration input load of 188 gm for a lever arm of 20 mm. Calibration was perform d 

with both increasing and decreasing applied torques, with no discernible difference in 

the results which demonstrates that torque sensor hysteresis is negligible. The torque 

calibration curve in Figure 4.3 shows that a best fit was obtained for a third order 

polynomial equation in much the same way as the thrust calibration curve. This was 

later subsequently validated with random loads resulting in an accuracy of ±0.6% of 

full scale. 

4.3.3 Interactions 

To ensure the interaction of (thrust on torque' and (torque on thrust' both the torque 

and thrust readings were monitored simultaneously during the calibration proc dures 

mentioned above. Changes in the reading for one variable due to application of the 

other were always negligible and within the measurement accuracy. The interaction 

plots are shown in Figure 4.4(a) and (b). There were no interaction observed in the 
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Figure 4.3: Calibration Curves 

thrust cells when torque was appli d to the rig (Figure 4.4(a)); however, a small 

torque was observed in the torque loa l cells during thrust calibration. This was du 

to a "twist, tendency in the torque c lls at higher thrust loading. It was therefore 

concluded that interactions were minimal and effectively negligible. 

4.3.4 Accuracy and Repeatability 

The results of the calibration and interactions indicate the accuracy of the thrust and 

torque readings ar within ±1% of full scale. In addition to th a curacy calibration, 

repeatability was also tested and found to b consistent. 

4.4 Propeller Testing 

During the characterization of propellers the dynamometer was mounted on top of a 

25 inch hollow shaft to create distance between the ground and th propeller plane 

(see Figure 4.l(a)). This effectively r duces the ground effect phenomenon that may 
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affect the thrust of t he propeller when operating at high speeds. The performance 

variables of interest in t his study are thrust, torque, rotational speed and power sup-

plied to the motor under hovering condition (i.e., zero forward velocity) . However , 

the effect of airflow around load cells were considered negligible in this work. By 

placing the test rig in a wind tunnel, a more extensive performance analysis of the 

propeller can be performed. Although the rig was designed to accommodate any pro-

peller less than that 10 inches in diameter, this study reports some typical results 

for selected propellers based on their use. The nomenclature used here describes pro-

peller manufacturer, diameter, pitch and weight. The first number after the prop ll r 

company name indicates the propeller diameter in inches and second number followed 

by a 'X' indicates pitch in inches and the information in the brackets is the weight. 

For example, APC 7 X 3 (5 gm) means it is an APC manufactur d propeller with a 

diameter of 7 inches, a pitch of 3 inches and weight of 5 gm. 
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Figure 4.5: Data Validation 

4.5 Results & Discussion 

The propeller rig has been used extensively since its development. The first few runs 

were aimed towards the validation of the dynamometer accuracy, verifying repeata-

bility and checking overall data quality. The validation of data was performed using 

a basic property of propeller performance. Namely, at zero wind speed the thrust 

produced by the propeller is proportional to the square of the rotational speed [7]. 

The comparative results in Figure 4.5 demonstrates the accuracy of the dynamome-

ter. The data collected are for an APC 7 X 8 (12.38 gm). Figure 4.5 compares the 

two RPM versus thrust curves; one obtained from the dynamometer and the other 

from the theory mentioned above (i.e., thrust proportional to square of RPM). The 

coefficient used in this case is the standard value obtained from manufacturer. The 

validation and repeatability of the data found here were impressive and acceptable 

for this kind of dynamometer. Later a large number of propellers were tested. Since 
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all the results cannot be reported her , only a few representative results have be n 

shown for the purpose of illustration. A website is currently under development which 

will provide the results of all the tests that were performed with thi dynamomet r. 
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Figure 4.6(a) and 4.6(b) shows the test results for seven different propellers. Figure 

4.6(a) clearly confirms that an increase in propeller diameter increases its capability 

in terms of producing thrust at a certain rotational speed; however, the result also 
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suggest that increasing the diameter may also result in an increase in weight of the 

propeller which contributes to a reduction of the thrust (e.g., APC 7 X 8 in Figure 

4.6a). The tests performed in this study indicate that the highest thrust obtained 

was from an 8 inch diameter propeller and with a pitch of 4 inches and a weight of 5 

gm. On the other hand Figure 4.6(b) confirms that an increase in pitch as well as the 

corresponding weight of a propeller increases torque required for a certain operational 

speed. These conclusion can be used to narrow down the selection of propellers for 

any particular application. 

4.6 Conclusion 

In this study, Fused Deposition Modeling was used to build the different parts of a 

dynamometer designed to characterize the performance of small propellers less than 

10 inches in diameter for use in Unmanned Aerial Vehicles(UAVs). The basic design 

concept resulted in a very cost eff ctive and efficient dynamometer that can be used 

to accurately measure the performance of propellers. Dynamic analysis of propellers 

can also be performed if the dynamometer is used in conjunction with a wind tunnel. 

The dynamometer was thoroughly tested and thrust and torque were recorded for a 

series of propellers. 
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Chapter 5 

Visual Servoing of a Quad-rotor 

Helicopter Using On board 

Outwardly Looking Camera 

M. Raju Hossain , N i cholas Krouglicof 

Faculty of Engineering and Applied Sci nee 

Memorial University of Newfoundland 

St. John's, Newfoundland, Canada 

Abstract: This paper presents the vision based pose estimation and control of a 

quad-rotor Unmanned Aerial Vehicle (UAV) using a single onboard camera observing 

a ground target that incorporates a minimum of five control points. The objective 

is to achieve control in six degrees of freedom as required for stabilization and ma

neuvering of a quad-rotor UA V for take-off/landing or flying at a relative distance 

from another unmanned vehicle. The ground target consists of five control points with 

known geometry and within the field of view of the camera. A quad-rotor dynamics 

and control model along with vision based pose estimation model is presented here. 

The pose estimation is achieved by processing the target image information and ex

tracting the attitude and position information of the vehicle relative to that target. 

57 



The pose of the vehicle is then utilized for stabilization and control of its maneuvers. 

A numerical experiment demonstrates a successful vision based control from an ini

tial unstable pose of the vehicle and proves the algorithm feasibility as an option for 

precise takeoff/landing as well as relative navigation of a quad-rotor helicopter. 

A version of this paper will be submitted to the "IEEE International Conference 

on Mechatronics, 2011 " at the end of Sept mber 2010. Th l ad author is Mo-

hammed Raju Hossain and the co-author is Dr. Nicholas Krouglicof. Mr. Hossain 's 

contribution to this paper is as follows: 

• Wrote the paper. 

• Developed dynamics and control model for quad-rotor helicopt r. 

• Implem nted vision based pose estimation technique for stabilization of quad-

rotor h licopter. 

• Performed Simulation and analysed the results. 

Dr. Nicholas Krouglicof provided technical guidance and diting of the manuscript. 

In this chapter the manuscript is presented with altered figur numbers, table num-

bers and ref renee formats in order to match the thesis formatting guidelines set out 

by Memorial University. 
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5.1 Introduction 

The study of Unmanned Aerial Vehicles is an intense field of research becaus of 

its various applications where human intervention is impossible, risky or expensive. 

Potential applications include exploration, s arch and rescu , and sci ntific data col

lection. A rotary wing unmanned vehicle (helicopter) if made fully autonomous can 

turn into a versatile platform for these applications due to its high maneuv rabil

ity, ability to takeoff/land vertically, fly in limited spaces, etc. Unfortunately this 

agility makes its control more difficult due to dynamical instabilitie and sensitive to 

disturbances. 

For an autonomous helicopter to function successfully, take-off/landing is a crucial 

capability. Landing is particularly chall nging since it requires pr cise knowledge 

of the relative orientation and position of th vehicle with respect to the landing 

surface. By applying vision based techniques, the pose of the vehicle can be estimat d 

accurately, in real-time, and in a non-contact manner. 

A great deal of active research has been conducted using vision for stabilization. 

Two major vision-bas d approaches can be found in the literature; th first is bas don 

a single "outwardly looking" camera incorporated directly on the vehicle whereas th 

second approach relies on ground-based observation of the vehicle. From a practical 

point of view an on-board camera provides greater versatility. Th authors in [1] 

demonstrate stabilization of position and yaw using four ground fixed markers. The 

remaining two degrees of freedom were collected using Inertial Measurement Units 

(IMU). Authors in [2] have exploited onboard cameras and special patterns on the 

ground to control and estimate th positions and the poses of aerial v hides. Howev r, 
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a stereo approach was adopted in this case. Some researchers have tried colored blobs 

as reference targets [3, 4, 5, 6]. The authors in [7] have estimated the attitude and 

position of the aerial vehicle based on sensing a target consisting of a Moire's Pattern. 

This technique is highly accurate when maintaining a very close distance between the 

target and the sensor. Besides all these vision based methods, various combination of 

lasers and GPS systems can also be used to determine vehicle pose in six Degrees of 

Freedom (DoF) . Although all of these systems perform well, the quantity and quality 

of the camera or of the other sensors required to locate the object make their use 

either impractical or not cost effective. The solution proposed here is accurate, cost 

effective and easy to implement; however, it is computationally expensive. 

5.2 Problem Definit ion 

In urban or indoor environments as well as while taking off or landing from or on a 

moving platform, G PS is not always available or sufficiently accurate. Furthermore, 

integration of signals from inertial sensors like gyros and accelerometers leads to drift 

in the estimated variables. To solve this problem of feedback estimation, this paper 

proposes a solution for accurate estimation of states of a quad-rotor helicopter. The 

solution is achieved in two major steps. First we developed a realistic dynamic and 

control model of a four-rotor helicopter and later a model for determining its pose 

from a single perspective view of a redundant set of body fixed points (target). The 

vehicle model is based on Newton-Euler formalisms and is an extended version of 

the model previously presented by the same authors in [8] . On the other hand the 

pose estimation model is based on Euler-Rodriguez parameters and th quaternion 
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representation of the Finite Rotation Formula [9] . The estimation is performed using 

least square analysis on an overdetermined system of nonlinear equations. Finally, 

the pose estimation model is merged with the dynamic model as a state estimation 

sensor where the target orientation relative to the initial frame is known. The overall 

performance of the visual servoing model is evaluated as a first step towards future 

hardware implementation. 

5.3 Helicopter Model 

A quad-rotor helicopter is an underactuated dynamic vehicle whose lift is generated 

by four rotors (Figure 5.1). Control of such a craft is accomplished by varying the 

speeds of the four rotors relative to each other. 

The front and the rear rotors rotate counterclockwise while the other two rotate 

clockwise, so that the gyroscopic effects and aerodynamic torque are canceled in 

trimmed flight. The rotors generate thrust forces (T) perpendicular to the plane of 

the rotors and moments (M) about x and y axes; moment about z-axis is obtained 

using counter torques of the rotor. Increasing or decreasing the speed of the four 

propellers permits climbing and descending. 

Vertical rotation (yaw) is achieved by creating an angular speed difference between 

the two pairs of rotors which in turn creates reactive torques. Rotation about the 

longitudinal axis (pitch) and lateral axis (roll), and consequently horizontal motions, 

are achieved by tilting the vehicle. This is possible by d creasing the speed of one 

rotor while increasing the speed of the opposing rotor. 
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Figure 5.1: Quad-rotor Helicopter Schematic & Coordinat s Considered for 
Modeling 

5.3.1 Dynamics Model 

A rigid airframe model of a three dimensional quad-rotor is given in Figure 5.1. All 

four propellers are assumed to be in the same horizontal plane and the quad-rotor 

structure is symmetric. A right-handed body fixed frame 0 = x, y , z is placed at the 

centre of gravity of the quad-rotor and the z axis is pointing upward. Due to the 

double symmetry of the quad-rotor, it is logical to set the origin 0 at the inters ction 

of the axes of the vehicle. The directions of the axes are chosen according to th most 

common convention in the literature. This results in a set of axes as shown in Figure 

5.1. The body fixed frame 0 = x, y, z is considered to be moving with respect to 

inertial frame (i.e., earth frame) E =X, Y, Z . 
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The equation of motion of such a rigid body, under external forces ( F external and 

Mexternal) applied at the center of mass and expressed in the body fixed frame ( 0), 

are developed in the Newton-Euler formalism [10, 11]. With resp ct to these body 

fixed coordinates, the rotational inertia properties remain invariant and the products 

of inertia are all zero. 

[
misxs Os xs] [~:] = [ F::terna< ] - [w: X (mv:)] (5.1) 

Osx3 I W M external W X (Iw ) 

Here, the body has absolute linear velocity vb E ~3 and absolute angular velocity 

wb E R 3 . Total mass of the helicopter (neglecting added mass) and inertia of the 

body is denoted by m E ~ and I E ~3x 3 respectively. I 3 x 3 E ~3x 3 is an identity 

matrix. 

However, in this case it can be useful to express the linear dynamic equation with 

respect to earth frame (E) and the angular dynamics equation with respect to body 

fixed frame (0). Therefore Equation 5.1 becomes: 

[
mis x3 Os xs] [~:] = [ F::ternall [ b Os x3 b ] 

Os x3 I W M external W X (Iw ) 

(5.2) 

Here, ve E ~3 is linear velocity of the vehicle with r spect to earth fixed frame 

and F :xternal is the forces applied to the body with respect to earth fixed frame. 

Evaluating the external forces and moments produced in the vehicle due to the rotors 

speeds (0 ), earth gravity (g) yields: 
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(5.3) 

The first contribution on the right hand side of Equation 5.3 is due to the gravita-

t ional force on the vehicle, whereas the next contribut ion is due to gyroscopic effects 

produced by the propeller rotation speed (S1) . Gyroscopic effects are only related 

to the angular motion of the vehicle. Ir is the total rotational moment of inertia of 

the motor and propeller about the axis of rotation. The third contribut ion is due to 

forces and moments created by changing the propeller speeds in order to control the 

vehicle. R is a 3 X 3 rotation matrix and ul , u2, u3, u4 are the maneuvering signal 

vector components which are defined as: 

0 0 0 0 0 

0 0 0 0 0 n2 1 

U1 b b b b st2 2 
(5.4) -

u2 0 - bl 0 bl n2 3 

u3 -bl 0 bl 0 n2 4 

u4 -d d -d d 
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The length l is the distance between the center of gravity and the center of the 

rotors and D1, D2 , D3 , D4 are the four propeller speeds. b and d are thrust and 

drag factors which can be obtained experimentally as presented in [12] using a UAV 

propeller dynamometer. However, this can also be verified using the mod 1 described 

in [13] . A ZYX Euler angle representation has been chosen to represent rotations. 

Based on this representation, the rotation matrix R can be expressed in terms of th 

three Euler angles, yaw('!j;), pitch(O) and roll (¢) as follows: 

cos e cos '1/J - cos ¢sin '1/J + sin ¢sine cos '1/J sin ¢sin '1/J + cos ¢sin e cos '1/J 

R = cos e sin 'lj; cos ¢cos 'lj; + sin ¢sin e sin 'lj; - sin ¢cos 'lj; + cos ¢sine sin '1/J 

- sin e sin ¢ cos e cos ¢ cos e 
(5.5) 

Thus Equation 5.2 and 5.3 leads to the system dynamics equation given below. 
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X = - (sin ¢sin '1/J + cos ¢sine cos '1/J) U1 

m 
.. 1 y = - ( - sin ¢ cos '1/J + cos ¢ sin e sin '1/J) u 1 

m 
.. 1 z = -(cos ¢cose) ul- g 

m 
Iyy - Izz Ir D U2 

Wx = I Wy Wz - -I Wy + -I 
XX XX XX 

fzz- Ixx !.::..._ D U3 
Wy = I Wx Wz + I Wx +I yy yy yy 

Ixx - Iyy u4 
Wz = WxWy +-I 

Izz zz 

(5.6) 
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5.3.2 Control Model 

The model given above is a highly non-linear system. It includes Newton-Euler equa-

tions, rotor dynamics, Gyroscopic effects, Coriolis effects and drag. For simplicity and 

ease of implementation of the controller, the roll , pitch and yaw angles are assumed 

to be small (as is the case during hovering). Under this assumption, the body angular 

parameters can be approximated by the Euler angle parameters. Thus we can rewrite 

the rotational acceleration function from Equation 5.6 as: 

.. Iyy - Izz · · Ir · U2 
¢ = B'lj;- -Bn+-

Ixx Ixx Ixx 
.. fzz- Ixx · · Ir · U3 
B= I ¢'1/J+-I ¢ n +-I yy yy yy 

(5.7) 

.. Ixx - Iyy · · U4 
'1/J= I ¢ B+-I 

zz zz 

Note that the linear motion of the helicopter is related to change in the tilt angle 

of the vehicle. A PD controller can be designed to cont rol the vehicle motion in the 

x direction by controlling the pitch (B) angle. Similarly motion in they direction can 

be achieved by controlling roll ( ¢) . The form of the P D controller to cont rol mot ion 

in the x direction is given by: 

. . m 
Ux = ( kp,X (Xd- X)+ kd,X (Xd - X)) u

1 
(5 .8) 

In Equation 5. 9 below, the desired tilt angl is obtained using the first relationship 

presented previously in Equation 5.6. The form of the PD controller to control the 

desired tilt angle is illustrated in Equation 5.10. 

Hossain 2010 66 



e . (U sin¢ sin '1/J) 
d = arcsm x- .+. 

cos 'P cos '1/J 
(5.9) 

(5.10) 

Similarly we can define the PD controller to control the motion in they direction . 

. . m 
Uy = ( kp,Y (Yd - Y) + kd,Y (Yd - Y) ) U

1 
(5.11) 

The above control signal defines the required roll using Equation 5.8 and th 

econd relation in Equation 5.6. 

¢d = arcsin(U x sin '1/J - Uy cos '1/J) (5.12) 

(5.13) 

On the other hand, the altitude and the yaw angle can also be controlled by PD 

controllers, 

m . . 
U1 = cos¢ cos e (g + kp,Z (Zd - Z) + kd,Z (Zd - Z)) (5.14) 

u4 = kp,yaw ('1/Jd - '¢) + kd,yaw (-J;d- '¢) (5.15) 

ote that a stable flight/hovering condition can be achieved simply by controlling 

alt itude, U1 and tilt angles (U2 , U3 , U4 ) . kp and kd represent th proportional and 

derivative gains r spectively of the PD controller. 
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5.4 Pose Estimation 

In this ection the target based vision system is modeled to determine the position and 

orientation of a rigid body in six DoF. A brief introduction into quaternion algebra 

the Finite Rotation Formula, as well a Eul r 's theorem is presented in order to better 

under tanding the approach. 

5.4.1 Finite Rotation Formula 

Euler theorem states that the most general di placement of a rigid body with a fixed 

point A is equivalent to a rotation of that body about an axi through A. Let the axis 

of rotation be defin d by a unit v ctor fi and the angle of rotation by <!> . The four 

Euler-Rodriguez parameters a, b, c and d are defined in t rms of fi and <!> as follow 

(5.16) 

ote that the parameters a, b and c represent the components of a vector with 

the direction fi and magnitude sin( t) wher as the par am ter d repr sents the scalar 

quantity cos(t)· The advantage of using Eul r-Rodriguez r presentat ion is, it do s 

not degenerate for any angular orientation, and the computational cost associated is 

less compared to direction cosine or Euler angles [14]. One of the main applications 

of Eul r-Rodriguez Parameters is found in the quaternion representation of Finit 

Rotation Formula. Thus a brief introduction to quaternion representation is given 

below. 

Let, the set A = 1, I,), k be a basis of a vector space V of dimension four over 
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the set of real numbers. The first el ment in the set is the scalar unit 1. The oth r 

three elements ar mutually perpendicular unit vectors which ob y the following laws 

of combination. 

7,2 =? = p = -1 

I X J = k, J X I= -k 
(5.17) 

J X k = I, k X J = -I 

k X I=), I X k = -) 

The equation q is a linear combination of the elements of the ba is A i.e.: 

q = d + ai + b) + ck (5.18) 

Here a, b, c, d E R Every nonzero quaternion has a multiplicativ inverse giv n 

by, 

q- 1 = !{__ where,q* = d- ai- b)- ck 
qq* 

(5.19) 

The quaternion q- 1 and q* are r ferr d to as the reciprocal and conjugate of q 

respectively. 

ow 1 t us consider, f and f'which defines the position of a body-fixed point P 

before and aft r a general change in the orientation. 

f =xi+ y) + zk 
(5.20) 

r' = x'I + y') + z' k 

The two vectors f and f' can b related by the quaternion repre entation of finite 
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rotation formula. 

- 1 - -1 r = qr q (5.21) 

The coefficients of the quaternion q app aring in equation 5.21 are the four Eul r 

Rodriguez parameters a, b, c and d defined by the Equation 5.16. By performing the 

quaternion multiplication indicated in the Equation 5.21 and collecting th coefficients 

of 1 ?.,], k the finite rotation formula can be written in matrix form. ote that in th 

quaternion algebra a vector is simply a quaternion whose scalar part d is equal to 

zero. 

x' X 

y' [r] y (5.22) 

z' z 

d2 + a 2 + b2 + c2 2(ab- cd) 2(ac + bd) 

where, [r] 1 
= a2+b2+c2+d2 2(ab + cd) d2 - a 2 + b2 - c2 2(bc- ad) 

2(ac- bd) 2(bc +ad) d2 - a 2 - b2 + c2 

The coefficients of the scalar component in Equation 5.22 ar qual to zero, ther -

fore f' is clearly a vector. Since it is difficult to visualize the orientation of a rigid body 

given the Euler-Rodriguez parameters, the orthogonal transformation matrix [T] in 

Equation 5.22 is us ful in converting to more conventional kin matics representation 

of the rigid body motion (i .e. direction cosines or Euler angle ). 

If both the sides of Equation 5.21 are multiplied by quaternion q, then: 
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r'q=qr (5.23) 

Since this is a statement of equality between two quaternions, th ir corresponding 

components must be equal. There are four components, hence four quations which 

are linear with respect to the Euler-Rodriguez parameters a, b, c, d. These equations 

can be found by performing th two quaternion multiplications and collecting the 

coefficients of 1, 2,], k. 

(x'- x)a +(y'- y)b +(z'- z)c +0 = 0 

0 -(z' + z)b +(y' + y)c +(x'- x)d = 0 
(5.24) 

-(z' + z)a 0 -(x' + x)c +(y'- y)d =0 

-(y' + y)a +(x' + x)b 0 +(z'- z)d = 0 

ote that these homogeneou equations are not only linear with r spect to th 

Euler-Rodriguez parameters a, b, c, d but also with respect to the coordinates of th 

body-fixed points before and after a general change in orientation. The determinant 

of the matrix formed by the coeffici nts of the parameter quals to zero, as does 

the determinant of very sub matrix of the order three, hence there are only two 

independent equations in this set. Furthermore, the four Eul r-Rodriguez param ters 

are not independent and must satisfy the relation: 

(5.25) 

Since only the ratios of the four Euler-Rodriguez parameters are defined, one of 

the parameters can be arbitrarily et to unity. This op ration can be r worded as 
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"normalizing" with respect to one of t he parameters. Normalizing with respect to 

the parameter d, for example, yields the following set of orientative parameters: 

(5.26) 

The three orientative parameters p1 , p2 , p3 which are referred to in the literature 

as the Rodriguez parameters can be used to efficiently represent rigid body motion. 

However, they tend to degenerate as the angle of rotation <I> about the unit v ctor 

I 

fi approaches n. Consequently, as <I> approaches n , the Euler-Rodriguez parameters 

must b normalized with respect to one of the remaining non-zero parameters, a, b 

or c [15]. 

5.4.2 Monocular Pose Estimation 

The pos estimation technique considered here involves lens-camera ass mbly which 

looks into a target consisting of five unique points. The lens-camera assembly and a 

brief study of the geometry of the camera are in order. 

Figure 5.2 represents a conventional lens-camera assembly in which each point in 

the viewing space is projected towards the focal center C of the lens and onto the 

sensitive surface of the camera. The position of the image point is defined by two 

coordinates, xd and Yd which are provided by the camera. The vector ~ defines the 

position of target point Pi with respect to the focal center of the lens. The angles 

ai, f3i and ri are formed by the vector and the X 5 , Ys and Zs axes respectively. The 

cosines of these angles are referred to as the direction cosines of ~ with respect to 

the camera coordinate system. 
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Figure 5.2: Schematic Representation of Lens Camera Assembly 

The three direction cosines can be expressed as functions of the effective focal 

length of the lens, S', and the image coordinates, xd and Yd as follows: 

Xd 
cos(ai) = D 

cos((3i) = ~ 
S' 

cos(ri) = D 

(5.27) 

where,D = J 5'2 + x~ + y~ 

The vector Ri is completely specified by its length, li , which is as yet unknown 

and its direction cosines. 

(5.28) 

In order to apply the finite rotation formula, one of the target points must be 

arbitrarily selected to represent the origin of the body-fixed coordinate system (i.e., 
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the fixed point A in Euler's theorem). This point, which remains stationary during 

a pure change in orientation, is denoted as P0 . For each of the remaining points, 

the vector i~ defin s the final position of the point Pi with r spect to the origin of 

the body-fixed coordinate system. The vector r/ can be expressed in terms of th 

position vectors ~ and Ra as follows: 

(5.29) 

Recall that while the directions of ~ and Ra are known r lative to the camera 

coordinate system, their lengths, li and l0 , have yet to be determin d. 

Equation 5.30 provides a means of expressing the final point coordinates, x~, y~ 

and z~ in terms of the measured direction cosines. 

x~ = li cos( a i) - la cos( a 0 ) 

y~ = li co (f3i) - la cos(f3a) 

z: = li cos('yi) - la cos(/0 ) 

(5.30) 

By substituting Equation 5.30 into Equation 5.24, the quaternion representation 

of the finite rotation formula can be expr ssed in terms of th measured dir ction 

cosines: 
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(li cos(ai)- la cos(aa)- x)a +(li cos(f3i)- la cos(/30 )- y)b 

+(li cos(ri) - la cos(ra) - z)c 0 = 0 

0 -(li cos(ri) - la cos(ra) + z)b 

+(li cos(/3i) - la cos(/30 ) + y)c +(li cos(ai)- la cos(aa)- x)d =0 

(5.31) 

-(licos(ri) -lacos(ra) + z)a 0 

-(li cos( ai) - la cos( aa) + x )c +(li cos(/3i)- la cos(/30 ) - y)d =0 

-(li cos(f3i)- la cos(f3a) + y)a +(li cos(ai)- la cos(aa) + x)b 

0 +(li cos(ri) - la cos(ra) - z)d = 0 

In this ca e, the quaternion representation of the finite rotation formula results 

in a set of 4(n- 1) nonlinear equations of which only 2(n- 1) are independent. A 

two-dimensional perspective projection of a set of n body-fixed points yields (3 + n) 

unknowns; three independent orientative parameters as well as one range parameter 

for each of the body-fixed points. Thus a minimum of five body-fixed points are 

required to arrive at a unique solution. A set of six or mar body-fixed points r p

resents an overdetermined set of equations which can increase the accuracy of the 

measurement through the application of least-squares analysis. In order to take full 

advantage of the redundancy, the orientative and range parameters are evaluated 

iteratively through the application of nonlinear least-squares estimation. 
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Based on the arbitrary starting point, the pose of the body can be generally 

determined within ix iterations. However, if the velocity of the body is small and 

tracked continuously which in the case of the quad-rotor is very rea onable, then th 

initial estimates of the unknown parameters are typically accurate and significantly 

fewer it rations are required. 

5.5 Results 

In this section the simulated response of the overall vision-based control model for 

a quad-rotor helicopter is presented. An ideal lens-camera model with no distortion 

and known focal length has been considered for the purpos s of the simulation. Th 

coordinates of the five control points with known geometry are projected onto the 

image sensor and then fed into the pose e timation model in order to g t the orienta

tion and position the camera with respect to target. Based on th pose information 

provided by the vision system, the controller defines the required command signals 

for thrust, roll, pitch and yaw. This combination of signals drives the four propell rs 

and creates the dynamics in the quad-rotor which follows the model derived earli r. 

The new states are considered as the next input from the camera model is rec ived. 

A block diagram of the complete system is presented in Figure 5.3. 
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Figure 5.3: Block Diagram of Vision Based Quad-rotor Control Model 

Figure 5.4 shows the dynamic performance of the quad-rotor vehicle starting from 

an arbitrary orientation and returning to the zero or hovering position. The desired 

orientation in roll( 4>), pitch( B) and yaw( '1/J ) are set to zero since this is generally the 

normal steady-state condition for a quad-rotor vehicle that is transitioning betwe n 

two locations in space. 
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Figure 5.4: PD Controller Simulation Using Vision System as F edback 
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The desired Xd, Yd positions and altitude Zd are 2 m, 3 m and 1 m resp ctively. 

The transient responses confirm a stable flight of the quad-rotor as it transitions 

between the two positions and confirms the success of the overall algorithm present d 

in this work. 

5.6 Conclusion 

The implementation of the vision based pose estimation technique involves an it

erative, least-squares solution to an overdetermined system of nonlinear equations. 

Such an approach is generally ill-suited to real-time implementations; however, the 

technique presented here can be implemented using floating point addition and mul

tiplication alone and can be easily run on contemporary embedded platforms. 

This paper demonstrates that a vision-based approach to determining pose based 

on a single "outwardly looking" camera offers an accurate and cost effective means 

of stabilizing and controlling a quad-rotor UAV. The relative motion information 

provided by the vision system is especially critical when landing on a moving platform 

such as a ship at sea or another autonomous platform. 
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APPENDIX 

Table 5.1: Parameters Used in Vision Based Control Simulation 

I Symbol I Quantity I Value I Units 
Vehicle Parameters 

m Mass of the Quad-rotor 0.973 kg 
g Gravitational Acceleration 9.81 ms- 2 

Ixx Body moment of Inertia about x-axis 8.665x1o- 3 kgm3 

lyy Body moment of Inertia about y-axis 8.665 x 10- 3 kgm3 

Izz Body moment of Inertia about z-axis 16.53 X 10- 3 kgm3 

b Thrust Factor 1.15 x 10- 5 

d Drag Factor 2.29 x 10- 7 

Solver Parameters (RK4) 
t i Initial Time 0 sec 
tf Final Time 25 sec 
t:::.t Step Size 0.01 sec 

Camera Model Parameters 

f Focal Length 0.016 m 
Pose Estimation Moldel Parameters 

(x,y, z )I Coordinate of Control Point 1 (0,0,0) m 
(x,y, z )2 Coordinate of Control Point 2 (0.015,0,0) m 
(x,y, z)s Coordinate of Control Point 3 (0,0.015,0) m 
(x,y, z )4 Coordinate of Control Point 4 (-0.015,0,0) m 
(x ,y, z )s Coordinate of Control Point 5 (0,-0.015,0) m 

Controller Parameters 
kp,X Proportional Gain for X-axis Position Control 0.8 
kd,X Derivative Gain for X-axis Position Control 1.1 
kp,Y Proportional Gain for Y-axis Position Control 0.8 
kd,Y Derivative Gain for Y-axis Position Control 1.1 
kp,Z Proportional Gain for Altitude Position Control 0.8 
kd,Z Derivative Gain for Altitude Position Control 0.7 
kp,¢ Proportional Gain for Roll Control 0.8 
kd,¢ Derivative Gain for Roll Control 0.9 
kp,O Proportional Gain for Pitch Control 0.8 
kd,O Derivative Gain for Pitch Control 0.9 
kp,'I/J Proportional Gain for Yaw Control 0.8 
kd,'I/J Derivative Gain for Yaw Control 0.5 
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Chapter 6 

Platform Development and Control 

Implementation 

This chapter presents the hardware development of a small quad-rotor (i.e., four 

rotors in a cross configuration) helicopter. The width and 1 ngth are 720 mm whil 

the height is 110 mm. The entire system including batteries weighs 1065 gm. Thi 

chapter also discusses the feedback sensors employed for controlling the platform and 

finally discusses the result of the preliminary testing. It should be noted that most 

of the components used in development of the quad-rotor are commercially available. 

The step by st p development process is presented below. 

6.1 Frame Development 

The initial goal for the quad-rotor required extended payload capacity (i.e., able 

to carry additional sensors on top of the quipment needed for flight including th 

motors, fram and batteries). To r duce the weight of the platform while maintaining 
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strength, carbon fiber rods were used for the basic structure. The carbon fiber rods 

weigh 7 gm each and are attached at the center with a small, rapid prototyped block 

of Acrylonitrile Butadiene Styrene (ABS) material. The block was kept as light as 

possible to reduce weight. Figure 6.l(a) shows the carbon rods fixed to the center 

block. 

(a) Carbon Rod Attached to Center Block 

(b) Solidworks Impression of Quad-rotor 

Figure 6.1: Basic Structure of the Quad-rotor Platform 

Hossain 2010 84 



Later in the design process a square skeletal frame (to reduce weight) was made 

to hold batteries and other electronics devices. This frame was made from the same 

ABS material. Figure 6.1 (b) shows the basic quad-rotor structure. The platform 

without any equipment weights only 152 gm which is less than the amount of thrust 

provided by single motor-propeller arrangement. ote that a single motor-prop 11 r 

arrangement used in this work is capable of providing 385 gm at full power, creating 

a provision to lift almost 1500 gm with all four propellers running at full power. The 

dimension of the quad-rotor frame is 50 em x 50 em without the propellers and 72 

em x 72 em with the propellers. Four APC 12 x 4. 7 propellers are used in the 

quad-rotor. "12" refers to the diameter of the propeller in inches and "4. 7" is the 

pitch in inches. 

6. 2 Avionics 

Before implementing vision based control, stabilization was obtained using rate gyros, 

accelerometer and magnetometer as feedback sensors. Four brushless DC (BLDC) 

motors have been used in conjunction with two pairs of APC 10 x 4. 7 counter

rotating propellers directly coupled to the motor (i.e., direct drive). A light w ight 

single board computer (x86 architecture-based) is used to control the four motors 

as well as acquire feedback from the sensors. A pair of 2200 mAh 11.1 V Lithium 

Polymer batteries are used for supplying power to the overall system. The description 

of all the avionics is provided below. 
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6.2.1 Rotor System 

A direct driv rotor system (motor-propeller combination) has been chosen for driving 

the propellers. The four brushless DC motors are controlled using appropriate Ele -

tronic Speed Controllers (ESC). The propellers are mount d dir tly on the motor 

shaft; i.e., without any gears. This redu es the power consumption compared with 

geared system. 

Figure 6.2: Direct Drive Rotor System 

The onboard computer is used to gen rate the PWM signals used to drive the 

motors via the ESC. Changing the pulse width of the signal changes the speed of th 

motor thus adjusting the thrust produc d by the propeller . The bru hless motor 

used in this work are commercially available Hacker Style Brushl ss Outrunn r 20-

22L weighing only 59 gm and the controllers were "Turnigy Plush 18 Amp Speed 

Controller". The motors were arrang d to operate at an average of 80 watts, however, 

they can draw a maximum of 17 amps 11 volts. The PWM Signals us d to control 

the motor ar standard RC servo PWM with a base frequ ncy of 50 H z and a puls 

width of 1 to 2 ms. 
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6.2.2 Inertial Measurement Sensors 

For initial stabilization of the quad-rotor helicopter two inertial sensors and a mag-

netic sensors have been used. The two inertial sensors are; 3-axis Micro Electro-

Mechanical System (MEMS) accelerometers ("RMG-144) for measuring the acceler

ations in the three orthogonal axes of the body and a MEMS gyroscope ("RMG-145) 

for measuring rate of t ilt with respect to the three body axes. All the sensors have 

been interfaced with the controller board through 13 bit Analog to Digital converter 

(ADC). The communication between the processor board and the sensors were via 

J 2C. Each of the sensors weighs 2.5 gm without connecting wires and the required 

power of operation is 5V DC. Figure 6.3(a) and Figure 6.3(b) shows rate gyro and a 

combination of accelerometer and magnetometer sensor respectively. 
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(a) Gyroscope/rate 
sensor 

(b) Accelerometer 
and Magnetometer 

Figure 6.3: Inertial Sensors Photo 

6.2.3 Controller Board 

The controller board used in this work is also a commercially available controller based 

on Vortex86DX processor. The commercial name of this board is "RoBoard" . It is a 
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32bit x86 CPU running at lOOOMHz with 256MB DRAM. The board weighs only 50 

gm without wiring and consumes 2 Watt of power. The main I/0 ports used are the 

PWM output channel for running the motors of the quad-rotor, I 2C communication 

used to read the sensors, and the ADC. The C++ programming language is used 

to develop the code for stabilizing the quad-rotor. The controll r has many other 

features for future development. Figure 6.4 shows the photo of the controller board 

and Figure 6.5 shows the architecture of the board. 

Figure 6.4: Photo of Controller Board (RoBoard) 

6.2.4 Power System 

The selection of the power supply for a quad-rotor depends on the required flight 

time as well as the maximum payload of the vehicle. In order to increase the useful 

payload, the battery weight must be reduced resulting in reduced flight time. On th 

other hand increasing the battery capacity increases flight time but reduces payload. 

Keeping this in mind, a pair of 2200 mAh 38 Lithium Polymer (LiPo) batteries 
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were selected. These weigh 200 gm each without wirings which results in 500 gm of 

payload from the vehicle and a 10 min of flight time. However, if two 4400 mAh 38 

LiPo batteries are used the payload drops to 120 gm increasing the flight time to 20 

min. The flight time is calculated considering an average power consumption of 7 

amps per motor. 
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6.3 
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Mass Distribution and Overall Design 
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Figure 6.6: Mass Distribution of Quad-rotor (Total Mass 1065 gm) 

Figure 6. 7: Photo of the Quad-rotor Platform 

90 



Vin 

I Gnd 
~ 

PWMJ 
PWM2 

Controller PWM9 

Board 
PWM-4 

9Esc 1 Gnd 

I 

Vee 
Gnd 

PC SCL 
SDA 

9Esc 2
1 

I I I 0 ESC s
1 Accelerometer Gyroscope 

~ESC-&1 

Figure 6.8: Circuitry of Quad-rotor 

6.4 Identification of the constants 
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The quad-rotor development involves identifying numerous parameters depending 

on the geometry and the aerodynamics components selected. There are different 

approaches to estimating the various parameters. This section discusses the methods 

used to find the geometric and aerodynamics properties of the quad-rotor develop d 

in this work. 

6.4.1 Inertia Calculations 

The identification of the inertial parameters is divided into two parts. 
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• Body moment of inertia. 

• Rotational mom nt of inertia. 

The body moments of inertia (Ixx, ]yy and fzz) were identifi d using CAD oft-

ware. Specifically, the Solidworks modeling software was u ed to design the frame and 

assemble the components as well as calculate the body moment of inertia excluding 

the rotational parts (motor and propeller). The rotational moment of inertia of the 

motor and propeller are defined below. Appendix C provides additional details on 

calculating the moments of inertia which is done by mod ling the compl x structur 

of the quad-rotor body as several components. The values identifi d from the CAD 

software are: 

Moment of inertia about x-axis, Ixx = 0.00866 Nms2 

Moment of inertia about y-axis, !yy = 0.00 66 Nms2 

Moment of inertia about z-axis, f zz = 0.01653 Nms2 

The total rotational moment of inertia about the motor axis, Ir [Nms2
] consists 

of two components: the rotational moment of inertia of the motor about the axis of 

rotation, Im [Nms2] and the rotational moment of inertia of the propeller, Ip [Nms2
]. 

In order to find these values the motor wa modeled as a cylinder and the prop 11 r 

as a flat plate. Their moments of inertia ar equal to (from Appendix C): 

1 2 - 5 [ 2] Im = 2MmRm = 2.67 X 10 Nms (6.1) 

(6.2) 
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(6.3) 

To make this chapter more readable, the symbols used in these equations as well 

as following equations are not reported in this chapter, but defined in their respectiv 

Appendices. 

6.4.2 Aerodynamics Calculations 

Figure 6.9: Aerodynamic Thrust and Torque 

The aerodynamics calculations consist of identifying two parameters; th thrust 

factor b [ N s2] and the drag factor d [ N s2]. Both of these factors have been identified 

using the dynamometer described in Chapter 4; however, an analytical verification of 

one of the factors (thrust factor, b) is provided below to validate the value determined 

experimentally using the dynamometer (bexP ). Verification of one of the factors is 

sufficinet to justify the experimental value. The analytical validation is bas d on 

blade element theory ( b BET). The blade element theory is discussed in Appendix D. 

Figure 6.9 illustrates the thrust, Taer [N], and drag torque, Q8 er [Nm], compon nts 

acting on a propeller. wp [rad s - 1] is the angular speed of the propeller. 
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To estimate baET it is necessary to describe the thrust TaET as a function of wp. 

Equation 6.4 shows the relation: 

2 3 (B1o B1,tw >. 
TaET =NaPA acw R ----- -) 

p p 6 8 4 
(6.4) 

Since TaET is proportional to the square of the angular speed of the propeller wp, 

it is possible to determine the ratio of TaET to w;, which is the definition of t hrust 

factor. The numeric result is provided in Equation 6.5. 

TEET 3 elo el,tw A 
b BET = ~ = N a PA a c RP ( 6 - -

8
- - 4) 

p 

= 2 X 1.2 X 21f X 0.026 X 0.1273(0.349 - 0.1511 - 0.08542) (6.5) 
6 8 4 

Similarly, to estimate the drag factor d, it is necessary to describe the torque 

acting on the shaft QsET as a function of angular speed Wp· Equation 6.6 shows the 

relationship. 

2 4 ( c D e I 0 e Itw A ) Q BET = N a PA c w R - + a>. (- - - '- - - ) 
p p 8 6 8 4 

(6.6) 

As for the thrust TaET, the torque QsET is proportional to the square of the 

angular speed of the propeller wP. The ratio of QsET and w; is the drag factor d. 

The numeric result is given in equation 6. 7. 
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QBET 2 4 (CD elo e[ tw A 
dsEr=~=NsPACWPRP S+a>.((f-g-4)) 

p 

= 2 X 1.2 X 0.026 X 0.1274 (
0

·
05 + 271" X 0.08542(

0
·
349

-
0

·
1511 

_ 
0

·
08542

)) 
8 6 8 4 

(6.7) 

Unlike the parameter b, the drag factor dis shown with only blade element theory, 

hence no subscript was applied. The value of b determined experimentally is shown 

and is denot d by b EX p . The idea is to get the relationship between the propeller 

angular speed and the thrust produced by the propeller. This was done by charac-

terizing the propellers used in the quad-rotor with the dynamometer. The data are 

provided in table 6.1. 

Table 6.1: APC 10 x 4.7 Propeller Characteristics Data 

PWM Pulse Width [ms] I RPM I Wp [rads- 1] I w; [rad2s-2] I Thrust, T sxP[ 

1.004 0 0 0 0 
1.068 1150 120.428 14502.9 0.16677 
1.12 1925 201.586 40636.92 0.4905 
1.18 2550 267.036 71308.23 0.93195 

1.236 3000 314.16 98696.51 1.3734 
1.296 3500 366.52 134336.9 1.89333 
1.352 3900 408.408 166797.1 2.30535 
1.412 4175 437.206 191149.1 2.76642 
1.468 4475 468.622 219606.6 3.19806 
1.528 4825 505.274 255301.8 3.61989 
1.584 5280 552.9216 305722.3 4.37526 

Figure 6.10 shows the experimental data as well as the lineariz d model. Th slope 

of the linear approximation between the lift and the speed squared yields, bExP = 
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Figure 6.10: Lift vs. Speed Squared 

1.451 x 10 - 5 which is fairly close to bsET· Thus we can say, bExP ~ bsET 

6.5 Test Bench and Sensor Fusion 

The init ial test bench was designed to st abilize roll and pitch of t he quad-rotor using 

PD control. Once these two states are controlled the quad-rotor is safe to start t est ing 

and stabilizing other degrees of freedom by tuning the gains of the cont roller. The 

test bench used for t his purpose is a basic structure which gives it freedom in rotation 

about a single axis. Figure 6.11 shows t he test bench. 

In order to remove the bias caused by integration of gyroscope data as well as to 

remove the high noise of the sensors, a Kalman filter was introduced for estimating 

the tilt angle from the gyroscope and accelerometer readings as well as estimating the 
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Figure 6.11: Test Bench Used to Tune Roll and Pitch 

yaw angle from gyroscope and magnetometer reading. The measurement of gyroscope 

data has been integrated over time in order to measure tilt angles. Due to gradual 

accumulation of small errors, drift occurs in the reading. On the other hand tilt 

angles can be measured by recording the acceleration due to gravity and yaw can 

be measured using the magnetometer which can be considered accurate but very 

slow in terms of dynamic response. These three sensors were fused using a Kalman 

Filter where the gyroscope data is taken as the first input and the output of the 

accelerometer and magnetometer as the second input which is used to estimate error 

and recalculate bias for removing the drift. Figure 6.12 shows a block diagram of how 

the Kalman Filter has been implemented to stabilize the quad-rotor. Figure 6.13 

shows the filter in action. 
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Figure 6.13: Performance of Kalman Filter 

6.6 Stabilization Results 

Among the six degrees of freedom of the vehicle the most important two are roll, 

pitch and altitude. Control of these two attitudes and the altitude makes the vehicle 

hover in the air. In other words, instabilities in roll and pitch makes flying impossible, 

whereas unstable yaw will degrade stability but is not as critical to flight. Due to 

this, the test bench mentioned above was designed to provide freedom only in one 

degree of freedom, keeping the others fixed. Using the test bench the quadrotor 

controller gains were tuned and evaluated for stable roll and pitch. A proportional 

value of 0. 7 and a derivative value of 0. 96 were found to offer satisfactory control of 

roll and pitch. Figure 6.14 shows the response of roll motion in stable flight test and 

Figure 6.15 shows its corresponding error. Figure 6.16 shows the robustness of the 

controller as the quad-rotor recovers from an external disturbance. At approximately 

16 seconds, a positive roll disturbance was produced by displacing one of the motors 

and recording the recovery. Again at 27 seconds a negative pitch disturbance was 

produced by pulling the motor. 
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The yaw, altitude and position controllers have not yet been tested using inertial 

sensors, due to the lack of time as well as the plan to implement visual servoing. 

However, inertial sensors will always be included for redundancy. 
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Chapter 7 

Conclusion 

This chapter is divided into a review of the main contributions of this thesis, follow d 

by an outlook on future work which tak s a more detailed p rsp ctiv on miniature 

aerial robots. It tries to identify possibl future steps towards intelligent miniatur 

flying robots. 

7.1 R eview 

This thesis focused on the development and control of an autonomous quad-rotor h -

licopter including the formulation of a detailed dynamic mod l and methods for th 

identification of the system parameters. An accurate tool was developed to measure 

the aerodynamic characteristics of the propeller which yielded param ters required 

for increasing the accuracy of the mod l. A vision based control technique has be n 

proposed for the v hicle which is particularly important for critical near-hover con

ditions (landing/take-off). Finally, a test platform has be n developed and primary 

control has been obtained. A general conclusion is drawn below for ev ry major step 
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that has been undertaken in this work. 

7 .1.1 Modeling 

The entire dynamic model was formulated based on basic physical and aerodynamic 

equations. The result is a set of equations describing vehicle dynamics not only in 

hover but also in motion. The initial model which focused only on the hovering con

dition was proposed using the bond graph modeling technique described in Chapter 

3. A PID controller was implemented in this case for stabilizing in roll, pitch, yaw 

and altitude. The work has been published in the "9th International Conference on 

Bond Graph Modeling and Simulation" (April 2010) and was very well received by the 

reviewers. It received an award for the best paper of the conference for its originality 

and significance to bond graph modeling. Later the model was extended in Matlab 

with the inclusion of position control in order to implement the propos d vision ba ed 

pose estimation technique discussed in Chapter 5. 

7 .1. 2 Tool for Aerodynamics Parameter Identification 

In keeping with th goals of the project , both the modeling and simulation wer 

very detailed. This could not be achieved without the accurate identification of the 

system parameters due to the fact that accurate parameters increase the accuracy 

of the simulation. In this work we proposed a tool for measuring the aerodynamic 

characteristics of propellers with a special emphasis on small unmanned aircraft pro

pellers. This work is described in Chapter 4. The mechanical structure designed 

decouples the forces and torque produced by propeller and thus helps measure the 
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aerodynamic contributions of the propeller. The work has b en publish d in the ' 23rd 

Canadian Conference on Electrical and Computer Engineering" (May 2010) and was 

well received by th reviewers. 

7.1.3 Platform Development 

In order to validate the methods proposed in this work, a quad-rotor platform was 

developed. The challenge that was ncountered in the dev lopment of the platform 

was mainly achieving maximum payload from the vehicle by designing the frame as 

light as possible and selecting ffi.cient, light weight motors along with other elec

tronic devices. In order to address this problem, the structure was designed u ing 

a combination of carbon fiber (arms), and lightweight ABS based omponents that 

were manufactured by rapid prototyping. The physical parameters of the structur 

were obtained from the CAD model. The sensors and the controll r board used in 

this study were commercially available light w ight inertial sensors and a single board 

computer. The programming language for development of the control algorithm was 

C++. 

7.1.4 Control 

The two control strategies pres nted in this thesis were based on feedback control 

techniques. The control strategy presented in Chapt r 3 achieved a stable flight 

with a generic feedback from any inertial sensor using a PID controller, while the 

control strategy in Chapter 5 demonstrated stabilization based on a vision bas d 

sensor augmented with a PD controller; however, on the experim ntal platform the 
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PD controller was implemented using inertial sensors only. A number of difficulties 

were encountered in implementing PD controller on the real platform including sen

sor noise, drift due to integration of gyroscope readings, and above all robustness 

against disturbances and vibrations. These problems were overcome by implement

ing a Kalman filter. The implementation of the controller on the real platform began 

with the control of the two main degrees of freedom, namely roll and pitch, which 

are primarily responsible for stable flight. Results are presented in Chapter 6. Other 

tests have not yet been performed as the test bench designed for the vehicle only per

mits testing of roll and pitch. The work is under way to implement the vision based 

controller proposed in this work (Chapter 5) and it is expected that the results will be 

submitted for publication at the ' IEEE International Conference on Mechatronics, 

2011 " . 

7.2 Outlook 

Untethered testing of the quad-rotor using the vision based algorithm proposed in this 

work is the foremost concern and is under way. This approach involves a landmark 

(landing pad) consisting of five LEDs placed on the floor which will be constantly 

tracked by the onboard Position Sensit ive Detector (PSD) equipped with a lens. The 

position of those five unique points projected on the PSD through the lens will be 

used as t he input to the estimation technique in order to get the pose estimation 

of the vehicle and thus the accurate takeoff and landing of the vehicle. As a future 

improv ment of the model, the aerodynamics at low Reynolds number needed to 

be taken into consideration as flight at low Reynolds number has the effect of flow 
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separation and ultimately unstable a rodynamics. For improving the safety of th 

platform the addition of carbon rod around the platform can be a promising solution 

which may serve as a protective barri r. On the other hand, the demands for high r 

capacity batteries will never cease, and miniaturized fuel-cells are a promising tech

nology. Finally, the system level integration is the key to bringing together all the e 

technologies in the optimal manner. evertheless, the goals achi ved with this work 

represent a promising beginning towards a full automatic quad-rotor helicopter. 
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Appendix A 

Quad-rotor Kinematics and 

Dynamics 

This appendix begins with the general equations that identify the 6 DoF of a rigid 

body. The Newton-Euler formulation has been adopted for this work. Later the gen

eral kinematics and dynamics has been implemented to deriv quad-rotor dynamic 

equations. 

A.l Kinematics 

Kinematics is a branch of mechanics which studies the motion of a body or a sy tern 

of bodies without consideration of the forces and torques acting on it. To describ 

the motion of a 6 DoF rigid body it is usual to define two r f r nc frames: 

• Earth inertial reference (E-frame) 

• Body fixed r ference (0-frame) 
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TheE-frame (E, X, Y, Z) is chosen as the inertial right-hand refer nee. X points 

towards the North, Y points towards the West, Z points upwards resp ct to the earth 

and E is the axis origin. This frame is used to define the linear position (re [m]) and 

the angular position ( ee [rad]) of the quad-rotor. 

The 0-frame (0, x, y, z) is attached to the body. x points towards the quad-

rotor front, y points towards the quad-rotor left, z points upwards and 0 is the axis 

origin. 0 is chos n to coincide with the c nter of the quad-rotor cross structure. This 

reference is right-hand too. The linear velocity (vb [ms-1
]), the angular velocity (wb 

[rads-1]), th forces (Fb [N]) and the moments (Mb [Nm]) are defin din this frame. 

Left Rotor, 'L' 
T• 

Back Rotor, 'B' 
T3 

z 
y ... X 

~ 
E 

<;1+ z 

Weight 
(mg) 

Front Rotor, 'F' 
T1 

Right Rotor, 'R' 
Tz 

Figure A.l: Co-ordinate System for Modeling 

Yaw, ljl 

Pitch, 8 
Roll.~ 

The linear position r e of the helicopter is determined by the coordinates of the 

vector distance between the origin of the 0-frame and the origin of the E -fram 

respect to theE-frame according to quation (A.l). Figure A.l shows the coordinate 
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frames. 

(A.l) 

The angular position (or attitude) ee of the helicopter is defined by the orientation 

of the 0-frame with respect to the E-frame. This is given by three consecutive 

rotations about the main axes which take theE-frame into the 0-frame. In this work 

the "roll-pitch-yaw" set of Euler angles were used. Equation (A.2) shows the attitude 

vector. 

(A.2) 

The rotation matrix R is obtained by post-multiplying the three basic rotation 

matrices in the following order: 

• Rotation about the ZE axis of the angle 'lj; (yaw) through R('lj;, z) 

cos'lj; - sin 'lj; 0 

R( 'lj;, z) = sin 'lj; cos 'lj; 0 (A.3) 

0 0 1 

• Rotation about the Yi. axis of the angle() (pitch) through R((), y) 
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cos () 0 sin () 

R(B, y) = 0 1 0 (A.4) 

- sin () 0 cos () 

• Rotation about the X 2 axis of the angle¢ (roll) through R(¢, x) 

1 0 0 

R(¢,x) = 0 cos¢ -sin ¢ (A.5) 

0 sin¢ cos¢ 

Equation (A.6) shows the composition of the rotation matrix R. 

R = R('lj;, z)R(B, y)R(¢, x) 

cos () cos 'ljJ - cos ¢ sin 'ljJ + sin ¢ sin () cos 'ljJ sin ¢ sin 'ljJ + cos ¢ sin () cos 'ljJ 

- cos () sin 'ljJ cos ¢ cos 'ljJ + sin ¢ sin () sin 'ljJ - sin ¢ cos 'ljJ + cos ¢ sin () sin 'ljJ 

- sin () sin ¢ cos () cos ¢ cos () 

(A.6) 

As stated before, the linear vb and the angular wb velocities are expressed in the 

body-fixed frame. Their compositions are defined according to equations (A.7) and 

(A.8). 
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(A.7) 

(A.8) 

It is possible to combine linear and angular quantities to give a complete repre-

sentation of the body in the space. Two vectors, can be thus d fined: the generalized 

position e and the generalized velocity v , as reported in equations (A.9) and (A.lO). 

(A.9) 

(A.lO) 

The relation between the linear velocity in the body-fixed frame vb and that one 

in the earth frame re [m s- 1] involves the rotation matrix R according to equation 

(A.ll). 

(A.ll) 

As for the linear velocity, it is also possible to relate the angular velocity in th 

earth frame (or Euler rates) ee [rad s- 1] to that one in the body-fixed frame wb. 

thanks to the transfer matrix T8 . Equations (A.12) and (A.l3) show the relation 

specified above. 
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(A.12) 

(A.13) 

The transfer matrix Te can be determined by resolving the Euler rates ee into 

the body-fixed frame as shown in equations (A.14), (A.15) and (A.16) . 

0 0 

- T.-1 e - e (A.14) 

Wz 0 0 

1 0 -sine 

T.-1-e - 0 cos¢ cos e sin¢ (A.15) 

0 -sin¢ cos ¢cos e 

1 sin¢tane cos ¢tan e 
Te= 0 cos¢ -sin¢ (A.16) 

0 -sin¢ cos</> 
cosO cosO 

It is possible to describe equations (A.ll) and (A.13) in just one equivalence which 

relate the derivative of the generalized position in the earth frame e to the generalized 

velocity in the body frame v . The transformation is possible thanks to the generalized 

matrix Je . Equations (A.17) and (A.18) shows the relation described above. 
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e = J e v (A.17) 

where, 

[o:s 
Osxs] (A.l8) Je = 

Te 

A.2 Dynamics 

Dynamics is a branch of mechanics which studies the effects of forces and moments 

on the motion of a body or system of bodies. There are several techniques which 

can be used to derive the equations of a rigid body with 6 DoF. The ewton-Euler 

formulation has been adopted in this work. 

The equations of motion are more conveniently formulated in a body-fixed frame 

because: 

• The inertia matrix is time-invariant . 

• Advantage of body symmetry can be taken to simplify the equations. 

• Measurements taken on-board are easily converted to body-fixed frame. 

• Control forces are almost always given in the body-fixed frame. 

The decision to describe the equations of motion in the body-fixed frame trades 

off complexity in the acceleration terms for relative simplicity in the force terms. Two 

assumptions have been made in this approach: 
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• The first on states that the origin of the body-fixed fram 0 i coincident with 

the center of mass (CoM) of the body. Otherwise, another point (CoM) should 

be tak n into account which considerably complicates th body equations. 

• The second one specifies that the axes of the 0-frame coincide with the body 

principal axes of inertia. In this case the inertia matrix I is diagonal and, one 

again, the body equations becom ea ier. 

From the Eulers first axiom of the ewton's second law follows the derivation of 

the linear components of the body motion according to equation ( .19). 

m r e p e 

-m Rvb RFb 

m (Rvb + flvb ) - RFb 
(A.19) 

m R( vb + wb X vb) RFb 

m ( vb + wb X vb) - pb 

m vb + wb X m vb - pb 

Where m[kg] is the quad-rotor mass, f'e [ms- 2] is th quad-rotor linear acceler-

ation vector with respect to E-frame p e [N] is the quad-rotor forces vector with 

respect to E-frame, vb [ms-2
] i the quad-rotor linear acceleration vector with re

spect to 0-frame and R is the rotation matrix derivative. Furth rmore, the symbol 

'x' denotes the vector cross product. 

Equation (A.20) shows the derivation of the angular components of the body 

motion from the Eulers second axiom of the ewtons second law. 

Hossain 2010 123 



Iee Me 

-ITewb TeMb 

(A.20) 

I ( wb + wb X wb) - Mb 

(I wb + wb x I wb) Mb 

In equation (A.20) I [N m s2
] is the body inertia matrix (in the body-fixed frame), 

ee [rad s- 2] is the quad-rotor angular acceleration vector with r spect to E-fram , 

wb [rad s - 2] i the quad-rotor angular acceleration vector with r sp ct to 0-fram 

and Me [ m] is the quad-rotor moment vector with resp ct to £-frame. 

By putting tog ther equations (A.19) and (A.20), it is po ible to describe th 

motion of a 6 DOF rigid body. Equation (A.21) shows a matrix formulation of th 

dynamics with respect to body frame ( 0 frame). 

(A.21) 

Where th notation I 3 x 3 means an identity matrix with dimension 3 times 3. In 

addition, it is easy to see that the fir t matrix in equation (A.21) is diagonal and 

constant. Here, iJb [m s- 2] is the quad-rotor linear acceleration v ctor with re pect 

to 0-fi·ame whil wb [rad s- 2] is the quad-rotor angular ace leration vector with 

respect to 0-frame. In addition, pb [N] is the quad-rotor forces vector with respect 

to 0-frame and Mb [N m] is the quad-rotor moments vector with r sp ct to 0-fram . 

A generalized force vector A can b defined according to equation (A.22). 
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(A.22) 

Therefore it is possible to rewrite equation (A.21) in a matrix form: 

(A.23) 

Where vis the generalized acceleration vector with respect to 0-frame . .6.~ is the 

system inertia matrix and .6.~ is the Coriolis-centripetal matrix, both with respect 

to 0-frame. Equation (A.24) shows the system inertia matrix. 

m 0 0 0 0 0 

0 m 0 0 0 0 

b [ mlsxs 0~·] 0 0 m 0 0 0 
.6.1 = (A.24) 

Os xs 0 0 0 Ixx 0 0 

0 0 0 0 ]yy 0 

0 0 0 0 0 l zz 

It is easy to see that .6. ~ is diagonal and constant. Equation (A.25) shows the 

Coriolis-centripetal matrix. 
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0 0 0 0 mvz -mvy 

0 0 0 -mvz 0 mvx 

b [ 0 3x3 -m S(v•) j 0 0 0 mvy -mvx 0 
d e= (A.25) 

03x3 -S(I wb) 0 0 0 0 fzz Wz -fyy Wy 

0 0 0 -fzz Wz 0 fxxWx 

0 0 0 fyy Wy -Ixx Wx 0 

In this equation the skew-symmetric operator S ( ·) has been adopted. For a generic 

three dimension vector k , the skew-symmetric matrix of S ( k) is defined according to 

equation (A.26). 

(A.26) 

0 

Equation (A.23) is totally generic and is valid for all rigid bodies subject to the 

assumptions (or simplifications) previously made. It is used in this work to model 

the quad-rotor helicopter, hence the last vector contains specific information about 

its dynamics. A can be divided in three components according to the nature of the 

quad-rotor contributions. 

Among the contribution of external forces, the drag due to frictional resistance 

of the body has not been considered throughout the work. However, it has been 
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,---;---,---------------------------------------

defined in Equation 3.3 of Chapter 3 and been neglected in simulation and further 

analysis. Thus the first contribution is the gravitational vector a~ (e) given from the 

acceleration due to gravity g [m s-2
] . It is easy to understand that it affects just the 

linear and not the angular equations since it is a force and not a torque/moment. 

Equation (A.27) shows the transformations to get a~(e) . 

m g sin O 

0 -mg cosOsin ¢ 

[a~:,] [R-1 F;] RT 0 -mg cosOcos¢ 
a~(e) = - (A.27) 

03 xl -mg 0 

03x l 0 

0 

Where F: [N] is the gravitational force vector with respect to 0 -frame and F; 
[N] is that one with respect to E-frame. Furthermore, since R is an orthogonal 

normalized matrix, its inverted R - 1 is equal to the transposed one RT. 

The second contribution takes into account the gyroscopic effects produced by 

the propeller rotation. Since two of them are rotating clockwise and the other two 

counter-clockwise, t here is a overall imbalance when the algebraic sum of the rotor 

speeds is not equal to zero. If, in addit ion, the roll or pitch rates are also different than 

zero, the quad-rotor experiences a gyroscopic torque according to equation (A.28) . 

Let us take a matrix a~ for gyroscopic effect. Therefore, 
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0 3xl 

0 
~~(v) 0 = 4 

- 2::: Ir wb x 0 (-1)knk 
k=1 

1 

0 0 0 0 
(A.28) 

0 3xl 0 0 0 0 

-Wy 0 0 0 0 
= Ir 0 

Ir Wx n Wy -Wy Wy -Wy 

0 -Wx Wx -Wx Wx 

0 0 0 0 

Here, Ir [ N m s2] is the total rotational moment of inertia around the propeller 

axis calculated in Chapter 6. It is easy to see that the gyroscopic effects produced by 

the propeller rotation are just related to the angular and not the linear equations. 

Equation (A.29) defines the overall propeller speed D [rad s-1] and the propellers 

speed vector 0 [rad s-1] used in equation (A.28) . However, the propeller speed has 

been denoted in Chapter 3 as wi, where i is the ith propeller. The modification has 

been adopted to reduce confusion between notations. 

0 = (A.29) 

Where D1 is the front propeller speed, D2 is the right propeller speed, D3 is the 
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rear propeller speed and 0 4 is the left propeller speed. 

The third contribution takes into account the forces and moments directly pro

duced by the main maneuvering inputs. From aerodynamics consideration, it fol

lows that both forces and moments are proportional to the squared propellers speed. 

Therefore the maneuver matrix ~~ is multiplied by 0 2 to get the maneuver vec

tor Ub(n) . The values for aerodynamic contributions (thrust b [N s2
] and drag d 

[ N m s2] factors) are calculated in Chapter 6 using information extracted from th 

dynamometer experiment described in Chapter 4. 

Equation (A.30) shows the action of the maneuver vector on the quad-rotor heli

copter dynamics. 

0 0 

0 0 

u b(n) = ~~ 0 2 = 
ul b(nr + n~ + o~ + o~) 

(A.30) -

u2 bt(n~ - o~) 

u3 bt(o~- ni) 

u4 d(-or + o~- o~ + n~) 

Where l [m] is the distance between the CoM of the quad-rotor and the axis 

of rotation of a propeller. U1 , U2 , U3 and U4 are the variable maneuvering vector 

components. Their relation with the propellers' speeds comes from aerodynamic 

calculus. The ref renee for the derivation of the relation is m ntioned in Chapt r 3 

and 5 where the expression of the mom nt produced by U4 has been simplified by 

neglecting the n component. Therefore all the movements have a similar expression 

and make the controller easier to implement. 
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Therefore from the above relation we can extract the constant maneuver matrix 

shown in equation (A.31) . 

0 0 0 0 

0 0 0 0 

b b b b 
.6.~ = (A.31) 

0 -bl 0 bl 

-bl 0 bl 0 

-d d -d d 

From equation (A.23) it is possible to describe the quad-rotor dynamics consider

ing these last three contributions according to equation (A.32). 

(A.32) 

By rearranging equation (A.32) it is possible to isolate the derivative of the gen

eralized velocity vector with respect to body-frame as v. 

(A.33) 

Equation (A.34) shows the previous expression not in a matrix form, but in a form 

of system equations: 
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Vy = (vz Wx- Vx Wz)- g cosBsinB 

Vz = (vx Wy- Vy Wx)- g cosBsin¢ + ul 
m 

Iyy - Izz Ir () U2 
Wx = Wy Wz - -I- Wy ~ G + -I 

Ixx xx xx 
lzz - Ixx Ir () U3 

Wy = Wx Wz + - Wx H + --]yy ]yy Iyy 

Ixx- Iyy U4 
Wz = J Wx Wy + -I 

zz zz 

Where the propellers speed inputs are given through equation (A.35) 

(A.34) 

(A.35) 

The quad-rotor dynamic system in equation (A.34) is written in the body-fixed 

frame ( 0). As stated before, this reference is widely used in 6 DoF rigid-body equa-

tions. However in this case it can be convenient to express the dynamics with respect 

to a mixed frame system composed of linear equations with respect to earth-frame 

(E) and angular equations with respect to body-frame (0). Therefore the following 

equations will be expressed in the newly defined "mixed" frame naming as M-frame. 

This new reference is adopted because it is easy to express the dynamics combined 

with the control. Equation (A.36) shows the quad-rotor generalized velocity vector 
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with respect to mixed-frame (vm) . 

(A.36) 

The dynamics of the system in the mixed-frame can be rewritten in a matrix form 

according to equation (A.37) . 

(A.37) 

Where vm is the quad-rotor generalized acceleration vector with respect to mixed-

frame. It now follows the definitions of all the matrices and vectors used in equa-

tion(A.37). The system inertia matrix with respect to mixed-frame f),.'T is equal to 

that one with respect to body-frame and defined according to equations (A.24) and 

(A.38). 

m 0 0 0 0 0 

0 m 0 0 0 0 

[ ml sxs o~,l 0 0 m 0 0 0 
~~ = ~~ = (A.38) 

Osxs 0 0 0 fxx 0 0 

0 0 0 0 !yy 0 

0 0 0 0 0 f zz 

On the contrary, the Coriolis-centripetal matrix with respect to mixed-frame 

~0(vm) is not equal to that one with respect to body-frame and defined according 

to equation (A.39). 
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0 0 0 0 0 0 

0 0 0 0 0 0 

[03x3 Os xs J 0 0 0 0 0 0 
a~(v= ) = 

03x3 - S(I wb ) 0 0 0 0 Izz Wz -Jyy Wy 

0 0 0 - I zz Wz 0 IxxWx 

0 0 0 ]yyWy -Ixx Wx 0 

(A.39) 

The gravitational vector with respect to mixed-frame a ;- is defined in equation 

(A.40). It can be seen that it does not affect all the three linear equations, just the 

third unlike in the previous case. 

0 

0 

a == [ 0~:,] -mg 
(A.40) -g 

0 

0 

0 

The gyroscopic effects produced by the propeller rotation are unvaried because 

they affect only the angular equations are referred to the body-frame. Then, the gy-

roscopic propeller matrix with respect to mixed-frame a c(v= ) is defined according 

to equations (A.28) and (A.41). 
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0 0 0 0 

0 3xl 0 0 0 0 

~2(vrn) n = ~~(v) n = 
-Wy 0 0 0 0 

= Ir n 
lr Wx n Wy -Wy Wy -Wy 

0 -Wx Wx -Wx Wx 

0 0 0 0 

(A.41) 

The maneuver matrix with respect to mixed-frame ~~ (e) is different from that 

one in the body-frame because the input ul affects all the three linear equations 

through the rotation matrix R . The product between the movement matrix and the 

squared propellers' speed vector is shown in equation (A.42). 

(sin</> sin 'ljl +cos</> sine cos 'ljl )U1 

(- sin </> cos 'ljl + cos </> sin e sin 'ljl ) u 1 

(cos¢ cos e)ul 
(A.42) 

By rearranging equation (A.37) it is possible to isolate the derivatives of the 

generalized velocity vector with respect to mixed-frame: 
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(A.43) 

Equation (A.44) shows t he previous expression not in a matrix form, but in a form 

of system equations. 
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X.= (sin ¢sin 'l/l + cos ¢ sine cos 'l/l) u1 

m 

y = (- sin ¢ cos '1/1 + cos ¢ sin e sin '1/1) ul 
m 

.. U1 z = - 9 + (cos ¢ cos e) -
m 

Iyy - lzz Ir n U2 
W x = Wy W z - -I Wy H + -I-

Ixx xx xx 
Izz - Ixx Ir U3 

Wy = I W x W z + -I Wx n + -I yy yy yy 

Ixx- Ivy U4 
Wz = W x Wy+ -I 

Izz zz 

(A.44) 
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Appendix B 

A Brief Introduction to Bond 

Graph 

A bond graph is an energy based domain-independent graphical description of phy i

cal system . Thi means that systems from different domain ( lectrical, mechanical, 

hydraulic, acoustical, thermodynamic) are described in the same way which makes it 

a powerful tool for modelling engineering systems, especially when different physical 

domains interact. The modelling is based on the assumption that it is possible to 

define the characteristics of the systems and subsystems and the connections betwe n 

the subsystems, and that the exchange of energy between th sub ystems goes with

out losses. The exchange of energy between the subsystems of a more complex system 

in bond graph modelling is of an ess ntial significance. A bond graph is a direct d 

graph whose nodes represent subsystems and the arrows represent the transfer of 

energy between the subsystems. Th process of dividing into sub ystems can go on 

and on until one nds up with elemental ubsystems which can simply be described 
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by mathematical equations. That is how t he hierarchical structure of systems and 

subsystems in bond graph model is made. 

In conventional modeling technique to analyse a system response, one has to derive 

the mathematical model of the system first and than create a simulation model. 

However, in bond graph modeling, the system is represented using the flow of energy 

that takes place among components of a system or from one system to another system 

in a more intuitive manner. Since t hey work on the principle of conservation of energy, 

it is difficult to accidentally introduce extra energy into a system. Due to bidirectional 

flow of the bonds, systems which produce a 'back force' (e.g. a motor back emf) on 

the input are easily modelled without introducing extra feedback loops. 

R L 

Figure B .l: A Simple RLC 
Circuit 

Spring Damper 

Mass 

Figure B.2: A Simple 
Mass-Spring-Damper 

Arrangement 

For example, the electric circuit in Figure B.l is equivalent to the mechanical 

mass-spring-damper (MSD) system portrayed in Figure B.2. In this analogy, force in 

the MSD is the equivalent of voltage (or potential difference) P over the capacitor C, 

and the velocity is t he equivalent of the current i flowing in t he electric circuit. These 

equivalences follow the aforementioned fact of common energy conservation. This 
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energy always tends to dissipate and thus will flow to anywhere there is presently less 

energy. For xample, a warm room will not cool if all the adjacent rooms are equally 

warm, whereas it will cool if adjacent rooms are cooler. When th r is a flow of energy, 

there will always be a rate of this flow and a depending on the difference between 

the energy levels of the place the en rgy moves from one place to other. In bonds 

graph language, this difference is referred to as the effort. In this case, the greater 

the effort, the greater the flow. In an electrical circuit, for example, the rate of flow 

is referred to as the current and the effort as the voltage (or pot ntial difference); in 

a mechanical system this rate would be r ferred to as the v locity and the effort as 

the force. 

I: Mass C: Spring 

SS: fin} --___;~ 1 --___;~ 0 SS: [out] 

R: Damper 

Figure B.3: The Corresponding Bond Graph of the MSD Shown in Figure B.2 

A bond graphs model is composed of one or a combination of the following basic 

elements: 

• Energy Source: this can either be a source of flow or a source of effort; for 
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example, gravity acting on a falling apple. 

• Energy Store: this can either store a flow (e.g. a spring or a capacitor) or effort 

(e.g. mass). The accumulation of either flow or effort variabl s gives the sy tern 

its state. The consequence of this is that the systems reaction to a certain input 

is dependent on the systems previous behaviour. 

• Energy Dissipater: this is an elem nt that simply dumps nergy out of the 

system. For example, resistors and friction; both di sipate energy in the form 

of heat. 

• Energy Transfer: these are elements that are responsible for transferring nergy 

within the system. An energy transfer element can be ith r a junction, a 

transformer or a gyrator. 

There are two types of junctions: th effort junction and the flow junction. In 

an effort junction (or 0 junction), the effort on the bond coming into the junction is 

equal to the effort in each of the bonds coming out of the junction (Figure B.4) . In a 

flow junction (or 1 junction) the flow on the bond coming into the junction is qual 

to the flow in each of the bonds coming out of the junction (Figure B.5). 

Although Figures B.4 and B.5 portray only examples using 3-port junctions, the 

reader should bear in mind that a junction can, in principle, have any number of 

ports. Transformers and gyrators, however, have only two ports (Figure B.6). The 

transformer (TR) specifies an output effort e2 using the relationship e2 = k 1 , wher k 

is the transformer ratio. The value of his th n forced to be h /k so that e1 h = e2 f2. 

The gyrator (GY) is similar to the transformer, except that it spe ifi s the output flow 
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Figure B.4: A Common Effort Junction wh re 
e1 !I = e1 h + e1 h 

Figure B.5: A Common Flow Junction where 
e1 !I = e2 !I + e3 !I 

Figure B.6: The Transformer Element 

h using the r lationship h = g e1 , where g is referred to as th mutual inductance. 
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Appendix C 

Moment of Inertia Calculation 

The moment of inertia describes the dynamic behavior of a body in rotation around 

a defined axis. It has the same role in rotational dynamics as mass does in basic 

dynamics. The moment of inertia can be divided in two quantities: 

• Scalar moment of inertia 

• Moment of inertia tensor 

The scalar moment of inertia is defined as: 

(C.1) 

wh re I [kgm2] is the moment of inertia, V [m3] is the volume occupied by the 

object, p [kgm- 3] is the spatial density function of the object and r [m] is the (perp n

dicular) distance of the considered point to the axis of rotation. Since this appendix 

explains the theory of the moment of inertia, all its variable and con tants ar not 
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related to other sections. Therefore they are just initialized and used in this appendix 

as "stand alone" quantities. 

For the same object, different axes of rotation can have different moments of in rtia 

about those axes. The moment of inertia tensor is a convenient way to summarize all 

moments of inertia of an object with one quantity. The moment of inertia tensor is 

defined as: 

Ixx lxy Ixz 

I = lyx ! yy l yz (C.2) 

lzx lzy Izz 

Here Ixx denotes the moment of inertia around the x-axis when the objects are 

rotated around the x-axis, l xy denotes the moment of inertia around they-axis when 

the objects are rotated around the x-axis, and so on. 

The following show the moment of inertia calculus for the geometries used in this 

work mainly the motor inertia and the propeller inertia. In this case motor has been 

modeled as cylinder and the propeller as a fiat plate/solid rectangular prism. 
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• Solid cylinder with radius R, height H, mass M and a constant density p = 

7f fJ H . Figure C .1 shows the geometry. 

Figure C.1: Model of a Solid Cylinder 

(C.3) 

(C.4) 

= M ( ~2 ) (C.5) 
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• Solid rectangular prism with length L, width W, height H , mass M, and a 

constant density p = L t;f H. Figure C.2 shows the geometry. 

Figure C.2: Model of a Rectangular Prism 

(C.6) 

(C.7) 

(C.8) 
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Appendix D 

Blade Element Theory 

Blade Element Theory is widely used to calculate aerodynamic forces and torques that 

act on a rotor. The forces and torques are calculated by integrating the individual 

forces acting on smaller blade elements over the entire rotor. Figure D .1 shows the 

model of the propeller section. 

HORIZON 

Figure D.l: Blade Element Theory 
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Here, the "horizon line is perpendicular to the rotor shaft (hovering condition). 

8 I [rad] is the angle of incidence between the horizon line and the blade chord line. a 

[rad] is the angle of attack between the blade chord line and the local air flow velocity 

vector vr [ms- 1]. vr is the vector sum of the horizontal VH [ms- 1
] and vertical vv 

[ms-1] air flow velocity. The angle between the horizon and the local velocity vector 

is the local inflow angle ¢1 [rad]. dDBET [Nm- 1
] is the infinitesimal drag force while 

dLBET [Nm-1] is the infinitesimal lift force. The vector sum of dDBET and dLBET 

is the infinitesimal aerodynamic resultant force dFBET [Nm-1
] . dFBET can be also 

be divided into two infinitesimal aerodynamic vertical dTBET [Nm- 1
] and horizontal 

dHBET [Nm-1
] components. 

The vv velocity vector is due to the inflow motion of the rotor, thus, it is uniform 

for every section. On the other hand, the VH velocity is due to the angular speed 

of the blade element, hence it depends on the radial position of section r [m]. The 

previous statements are simplified according to the hovering hypothesis. Equation 

D.l and D.2 shows the velocity components. 

vv=wpRpA 

VH=Wpr=wpRp (~p) 

(D.l ) 

(D.2) 

Where wp [rads- 1] is the propeller speed, Rp [m] is the propeller radius and A 

is the inflow ratio (a quantity used to relate inflow speed to the rotor tip speed) . In 

order to evaluate ). we need to find vv using Momentum Theory: 
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rw;-
vv = v 2(;;A (D.3) 

Here, Wp [N] is weight carried by propeller, PA [kgm- 3
] is th air density and A 

= 1r R~ [m2
] is the area of disk created by the propeller. Th refore: 

>. = vv 
WpRp 

(D.4) 

To continue with the thrust and torque calculus, a few things have to be tak n 

into consideration. The infinitesimal lift dLsET and dDsET forces according to aero-

dynamics theory [23], are determined by equations D.S and D.6. 

1 2 
dLsET = 2 PA vH CL cdr (D.5) 

1 2 
dDsET = 2 PA vH Cn cdr (D.6) 

Where C L is the lift coefficient, CD is the drag coeffici nt and c [ m] is the av rage 

chord of the propeller blade. The coefficient of the lift CL varies linearly with the 

angle of attack through the lift slope a [rad s-1]. 

(D.7) 
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The blade twist is assumed to vary linearly with radial position. Thus the model 

includes the two constants zero angle of incidence 810 [rad] and twist angle of incid nee 

eftw [rad], according to Equation D.8. 

(D.8) 

Furthermore the angular velocity of the blade section is much larger than the total 

inflow through the blade. Then, small angle approximation can b us d to define th 

inflow angle ¢>I· 

"' _ vv 
<.p] - -

VH 
(D.9) 

According to Equations D.5, D.7, D.8 and D.9; the infinitesimal lift force dLasr 

can be rewritten as Equation D.lO. 

(D.lO) 

The infinitesimal vertical force dTasr can be simplified considering the previou 

small angle approximations and that the lift acting on the blade is about an order of 

magnitude higher than the drag. Equation D.ll shows the approximation. 

Hossain 2010 148 



dTaET = dLaET COS cPI- dDaET sin cPI ~ dLaET (D.ll) 

The thrust TaET is finally found by integrating the vertical forces acting on all 

the blade element sections. The constant N 8 identifies the numb r of blades p r 

propeller. 

(D.l2) 

The infinitesimal horizontal force dH BET can be simplified considering the pre-

vious angle approximation, but this case both terms ar significant. Equation D.l3 

shows the approximation. 

. vv 
dHaET = dDaET cos cPI + dLaET Sm cPI ~ dDaET + dLaEr

VH 
(D.l3) 

The propeller torque QaET [Nm] is found by integrating th horizontal forces 

multiplied by the moment arm on all the blade element sections. 
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----------------------------~ ~~~~~-~~~-~-

Q _ N 1Rp ( dDsET dLsET vv ) d 
BET- B d + d - r 

0 r r VH 

(D.14) 

In order to calculate the aerodynamic values for the quad-rotor helicopter of this 

work, some constant has been borrowed from [50] 

• lift slope, a = 21r 

• drag coefficient, Cn = 0.05 

• air density, PA = 1.2 [kgm-3] 

Rest of the geometric constants obtained from the quad-rotor are: 

• Number of blades of a propeller, N 8 = 2 

• Propeller radius, Rp = 0.155 [m] 

• Blade chord, c = 0.02 [m] 

• Zero angle of incidence of the Blade, 810 = 20 [deg] = 0.349 [rad] 

• Twist angle of incidence, B1tw = 8.6 [deg] = 0.1511 [rad] 

Therefore, from Equation D.3 and D.4 we can write, 
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rw;-
vv = v 2(;;A 

4
·
375 

= 5.998 [ms- 1] 
2 X 1.2 X 71"0.1272 

(D.15) 

vv 
and, >.= R 

Wp p 

5
"
998 = 0.08542 

552.9 X 0.127 
(D.16) 

Here, Wp i the thrust produced by the propeller while running at a speed of wp 

(from table 6.1). All these values have b n utilized in section 6.4 for evaluating th 

thrust and torque according to Blad Element Theory. 
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