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Abstract

Multivariate correlated failure time data can be classified into two different groups:
structural failure time data and longitudinal failure time data. As compared to the
analysis of the structural failure time data, the analysis of longitudinal failure time
data has however proven to be difficult, perhaps because of the difficulty in the mod-
eling the true longitudinal correlation structures. In the present thesis, following
certain longitudinal correlation models, recently developed for discrete data, we de-
velop three longitudinal correlation models for exponential failure times to deal with
such multivariate longitudinal data. Under these three models, we construct the co-
variance structures of the martingales of the failure times for both uncensored and
censored cases, and use them to develop a generalized estimating equation approach
to estimate the parameters of main interest, namely, the hazard ratio parameters.
The efficiency loss due to misspecification of the correlation structure is studied for
both uncensored and censored cases. As the proposed generalized estimating equa-
tion approach use either the underlying true correlation structure for both uncensored
and censored cases or a suitable robust correlation structure for the uncensored case,
the methodology yields consistent as well as efficient estimators for the hazard ratio

parameters. We apply the methodology to a numerical example.
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Chapter 1

Introduction

1.1 Motivation for Multivariate Failure Time Data
Analysis

The regression models for univariate failure time data have been extensively studied
in the literature. For example, we refer to Kalbfleisch and Prentice (1980), Lawless
(1982), Cox and Qakes {1984) and the references therein. The univariate regression
failure time problems mostly arise in medical and engineering studies. For example,
Kardaun (1983) (see also Klein and Moeschberger, 1997) reports data on 90 males
diagnosed with cancer of the larynx during the period 1970-1978 at a Dutch hospital.
Times recorded are intervals (in years) between first treatment and either death or
the end of the study (January 1, 1983). Also recorded are the patient’s age at the
time of diagnosis, the year of diagnosis (from 1970-1978) and the stage of the patient’s
cancer where stage of the disease was defined based on certain characteristics, namely,
the primary tumor, nodal involvement and distant metastasis by the American Joint
Committee for Cancer Staging (1972). Here the failure time of the individual male
is the univariate response, and age and the cancer stage of the individual patient are
the covariates. If any patient is not dead by the end of the study or somehow missing

from the study without death then that patient has considered as censored. In the



above example, it is of interest to find the regression effect of age and stage of cancer
on the failure times of the patients.

There are however many situations in practice where the failure time data are
collected from a large number of groups or clusters of size more than one. For example,
in connection with the above larynx cancer study, the failure responses along with
the corresponding covariates could be collected from 90 groups of siblings (related
to the individual male) instead of 90 individual males. For analyzing this type of
data, one has to take the correlation of the responses of the siblings of the group into
account as the failure times arise from the related members of the same group. The
analysis of such multi-dimensional failure time data is referred to as the structural or
familial failure time data analysis. Over the last two decades, there has been a good
number of initiatives to analyze such structural failure time data. For example, we
refer to Clayton and Cuzick (1983), Prentice and Cai (1992), Cai and Prentice (1995),
Prentice and Zhao (1991), Prentice and Hsu (1997), Cai, Wei and Wilcox (2000). The
main thrust of these studies is to obtain consistent estimators for the regression effects
after taking the correlation among the failure times into account. A limited number
of studies, such as Cai and Prentice (1995) also studied the efficiency aspects of the
regression estimators for independent versus certain dependent structures.

Similar to but different than the structural set up, it may also be the case that
failure time data are collected repeatedly for a number of periods from each of a large
number of individuals. For example, in Byar’s (1980) bladder cancer study 86 pa-
tients had superficial bladder tumors when they entered the trial. These tumors were
removed and patients were randomly assigned to one of three treatments. If tumors
reoccured then the patient was supposed to visit the clinic. Thus, the patients were
followed for a repeated number of times and their failure times and covariate infor-
mation were repeatedly recorded. Here it is reasonable to assume that these repeated
failure times are correlated as they arise from the same individual. To analyze this
type of multivariate longitudinal or repeated failure time data one should however

take the longitudinal correlations among the repeated failure times into account and




compute the regression effects on the repeated failure times. Note that as opposed to
the structural failure time data analysis the analysis of such longitudinal failure time
data is not adequately addressed in the literature, although a limited number of at-
tempts have been made towards such analysis. For example we refer to Wei, Lin and
Weissfeld (1989) and Gao and Lin (1994). These authors have however used certain
types of structural correlation to model the repeated data and examined the effects
of correlations on the regression estimation. This naturally raises concerns to inves-
tigate the longitudinal correlation effects on the regression estimation by modeling
the repeated data through suitable longitudinal correlations rather than structural
correlations.

For the reasons discussed above, in this thesis, our motivation is to model the
longitudinal correlation for repeated failure times using some flexible exponential
models, which we believe will be the first attempt of this kind toward analyzing such
regression data. We do this in the spirit of Liang and Zeger (1986), Sutradhar and
Das (1999) and Jowaheer and Sutradhar (2001). Further, longitudinal correlations
computed from the repeated failure time data will be utilized to obtain consistent as

well as efficient estimates of the regression effects.

1.2 Objective of the Thesis

As the longitudinal failure time data (as opposed to the structural failure time data)
are not analyzed adequately in the literature, in this thesis we mode! the longitudinal
correlation for repeated failure times and find the consistent as well as efficient esti-
mates of regression effects using this specific correlation structure. The specific plan
of the thesis is as follows.

In Chapter 2, we provide some background for clustered models for failure times
and review some methods used to analyze such correlated failure time data under the

structural and longitudinal situations.




Chapter 3 concentrates on the derivation of the form of the bivariate survival func-
tion for certain general correlation structures, such as exponential AR(1), exponential
MA(1) and exponential equi-correlation processes.

In Chapter 4 we will use the survival functions derived in Chapter 3, as well
as some results of Cai and Prentice (1995), to derive the correlation matrix of the
martingales for each of our exponential processes. This will be done for uncensored
data. We will also present simulation results to compare the efficiencies of the hazard
ratio parameter estimators under misspecification of the correlation structure. It will
be shown that the efficiency loss can be quite dramatic if the incorrect correlation
structure is used. Chapter 5 will extend the results of Chapter 4 to the case of
censored data. Chapter 5 will also include an analysis of a data set consisting of the
times of infection from the time of insertion of the catheter for 38 kidney patients
using portable dialysis equipment.

We will give some conclusions in Chapter 6, including some results on using a
robust correlation structure with longitudinal failure times, as well as areas of further

research.




Chapter 2

Background of Clustered Models

for Failure Time Data

Clustered failure times data arise in many situations, for example, in epidemiological
cohort studies in which the ages of disease occurrence are recorded among members of
a sample of families; in animal experiments where treatments are applied to samples
of littermates; in clinical trials in which individual study subjects are followed for the
occurance of repeated events.

Consider K independent failure time response vectors T{=(Tkl,Tk2,. e eyTkn) for
k=1,2,...,K. For example Ty, Tk2,...,Tr, may denote n disease occurance times
for siblings in the kth family of a cohort study. In this problem, it will be of interest
to find the effect of associated covariates on these failure times of the members of
the families. To be specific, in a medical study involving heart diseases, the length
of survival times after the first heart attack among the n siblings of the kth family
form a multivariate life distribution. As the siblings of a family share a common
family effect, it is reasonable to assume that the failure times of these siblings will
be correlated. This type of correlation among the members of the families or cluster
is referred to as structural correlation. Here it is of interest to find the effects of the
treatments along with other covariates by taking these correlations into account.

As mentioned earlier, as opposed to the structural or familial correlation set up,
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there are situations where Ty, Tis,. .., T, may denote the n repeated failure times
for the kth patient in a clinical trial. Here the correlations among the repeated fail-
ure times are referred to as the longitudinal correlations. Note that while it may be
sensible to think that the structural correlations may be caused by a certain common
random effect shared by family members, it is however quite appropriate to assume
that longitudinal correlations are usually observation driven, when observations are
taken repeatedly from the same individual. In this problem, it will be of interest
to find the effect of associated covariates on these repeated failure times of A in-
dividuals. An interesting example can be found in a bladder cancer study (Byar,
1980), which was conducted by the Veterans Administration Cooperative Urological
Research Group. In this study all the patients had superficial bladder tumors when
they entered the trial. These tumors were removed and patients were randomly as-
signed to one of three treatments. If the treatment was found to cease its actions, i.e.
if tumors reoccured, the patient was supposed to visit the clinic. Here it is reasonable
to assume that these repeated failure times are correlated. This type of correlation
is referred to as longitudinal correlation.

Because of their importance in practice, structural and longitudinal failure time
data, similar to the data discussed above, were analyzed by many authors over the last
two decades. More specifically, many of these studies are found to deal with structural
failure time data, while a limited number of studies concentrated on longitudinal
failure time data analysis. We now describe some of the past research on structural
and longitudinal failure time data analyses and their limitations in the following

subsections.

2.1 Structural Models for Failure Time Data

Recall that TT = (Tiy, Tezy---,Tkn) for k = 1,2,..., K are K independent failure
time response vectors. Suppose that these n failure times are recorded for the n

individuals of a cluster or family which are likely to be correlated. In general it is




however very difficult to write a joint hazard function or joint probability density
function for these n correlated failure times. As far as the marginal hazard function

of a failure time is concerned, a marginal hazard function of the form (Cox 1972)
Milt) = Yii(t)hai(t) exp(Z;(£)B) (2.1)

is widely used to model the failure time responses. In (2.1) Yii(.) is an at risk in-
dicator process for the ith member of the kth response vector. Therefore if Cy; is
the corresponding censoring time of the failure time T}; and X ;=min(7};,Cx;), then
Yii = [(Xi > t), where I(.) is an indicator function. We assume Ag;(.) is the unspec-
ified baseline hazard function pertaining to the ith member of each response vector.
Further Z7.(.) = (Zkir(.), Zkiz(-), ---» Zkip(-)) is a 1 x p covariate vector corresponding
to the ith member of the kth family, with failure times T};, where these covariate
vectors Z;;(.) may or may not be time dependent. In (2.1) 87=(81,82,--,35) is a haz-
ard ratio, or relative risk parameter which is also referred to as the regression effects.
Here our interest is to find the effects of the covariates 3 by taking the correlations
of the failure times into account, as Ty, Tkz, - .., Tiy arise from the individuals of the
same family.

In a bivariate set up Clayton and Cuzick (1985} have considered a marginal hazard
model similar to (2.1) and modelled the correlations of the failure times by introducing
a bivariate survival function for any two failure time responses. More specifically, they

considered the bivariate survival function of two failure times T, and T; as
_1/
Ftityy) = Pr(Ty > t, Ty > toyy) = {€™ + ™ =1} (2.2)

where 4 is the dependence parameter. This model gives independence between T;
and T, when vy = 0 and maximal dependence as ¥ —+ oo. Note that the bivariate
survival function in (2.2) yields the exponential marginal survival function which can
be related to the marginal hazard function (2.1). Based on (2.1) and (2.2) these

authors have exploited a maximum likelihood approach for joint estimation of 3 and

¥.




Prentice and Cai (1992) have considered a similar bivariate correlation model to
(2.2) and estimated the required survival function nonparametrically through the
estimation of a covariance function of bivariate martingales. Here the martingale for

the :1¢th member of the kth family is defined as
t
Mia(t) = Ni(t) — [o Mils)ds, (2.3)

where Nii(t) = [{Xi; <t,A =1), with A = [(Tis=X};) and I(.) denotes an indicator
function. Note that the covariance function computed in Prentice and Cai (1992) is
quite general which can be used to find the correlations for the martingales under the
bivariate survival function F(¢,,¢;) considered by Clayton and Cuzick (1983) as well
as under other possible bivariate survival functions.

Cai and Prentice (1995) proposed a weighted partial likelihood estimating equa-
tion for estimating the marginal hazard ratio parameter 3 in (2.1) after taking the
structural correlation of the failure times into account. More specifically , instead of

using the unweighted estimating equation

K oo
) /o 2T (4)Ux(du) = 0 (2.4)
k=1

they incorporated the correlation matrix of the martingales and constructed the

weighted estimating equation given by
K (oo
) j 27 (u)W (B, u)Us(du) = 0 (2.5)
k=1 o
for the estimation of 8. In {2.4) and (2.5)
Z7(v) = (Zra(u), -y Zin (), U (v) = (Una (), ---, Ui (u))

with
Uui(t) = Mai(t) = Nes(t) = [ Yis(s) exp(ZT()8)Aoi(ds)

where

t K
Aa(t) = [ 1l) exp(ZEBI™ 1 Ni(ds).
=l




Further in (2.3) the weight matrix is
wk(ﬂau) = (Wku(ﬂsu)); la] =1,2,.... n

where Wy;;(8,u) is the (7, 7)th element of the inverse of the correlation matrix between

the martingales, i.e.
wk(ﬂs u) = COTT_l(Mk(,Yk)),

where Mi(Xi) = [Mu(Xu1), Mia(Xk2), - - - s Min(Xin)]. Note that the efficient es-
timation of @ in Cai and Prentice (1995) requires the consistent estimation of the
correlation parameters, say 7, involved in Wi (83, u). It is however not clear from Cai
and Prentice (1995) how this vy parameter can be consistently estimated, although
there is an indication for using an alternative nonparametric approach to estimate
the W, (3, u) matrix in general.

Following Prentice and Zhao (1991), recently Prentice and Hsu (1997) utilized a
joint estimating equation approach for simultaneous estimation of 8 and -y, where
is the dependence parameter. More specifically, for the failure time response vectors

these equations have the form:

K K
z DZIV;|I(Tk — i) =0, z Dsz;zl(sk - o) =0, (2.6)
k=1 k=1

where for k£ = 1,2,...,K, Tx = (Te1Tiz..--Tin, )7 is the n; dimensional response

vector having mean vector g, = g;(83), and covariance vector
= — T
T = o’k(ﬁa 'f) = (akll yTk12y ++9Tk22,0k239 vevvnss ) aknknk) .

In (2.6) Sk = (Sk11y Sk124 s Skneng )T s With Skij = (Tii — ki) (Thj — txj), is an empirical
covariance vector, Dg; = 9y, /087, Diz = 00 /8~T, while Vi, and V, are possibly
working versions of the covariance matrices T and s;.

Cai, Wei and Wilcox (2000) used generalized estimating equations techniques to
modify the Cox partial likelihood score function for the analysis of data which consist

of a large number of independent small groups of correlated failure time observations.




10

They modeled each individual failure time with subject and cluster-specific time-
dependent covariates using linear transformation models but no specific parametric
correlation structure was imposed on the observations. To be specific, their regression
approach accommodates the correlations nonparametrically which appears to be a
similar idea as indicated by Cai and Prentice (1995). Nothing is however known
about the efficiency loss of such semiparametric or nonparametric estimation which

may be caused by high correlation in the data.

2.2 Longitudinal Models for Failure Time Data

As opposed to the structural models for failure time data, the correlation among the
failure times may arise because of the repetition of the failure times of an individual.
These failure times constitute a cluster, which is different than a cluster of responses
of a group of members recorded at a time. The analysis of such longitudinal fail-
ure time data, however, is not adequately addressed in the literature. Wei, Lin and
Weissfeld(1989) made an interesting attempt to analyze continuous multivariate fail-
ure time data of longitudinal nature but they used an independent working correlation
assumption and constructed marginal models in fitting such failure time data. The
covariance matrix of the marginal approach based regression estimator was estimated
consistently (see A.2, p.1072, Wei, Lin and Weissfeld, 1989) by using a proper sample
covariance structure for the actual but unknown covariance structure involved in the
expression of the covariance of the regression estimator. However note that these
marginal approach based estimates of the regression covariates may not be efficient.
Gao and Lin (1994) studied a similar regression model as in Wei et al. (1989) by
using marginal approach but unlike Wei et al. (1989) they considered discrete type
or grouped failure time responses.

Since the seminal work of Liang and Zeger (1986), the marginal approach for
multivariate data has gained considerable popularity in the literature. But Crowder

(1995) and Sutradhar and Das (1999) suggested this marginal approach based on a
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so called working correlation structure may encounter difficulties, mainly in the sense
of efficiencies. As there do not appear detail works available so far in estimation the
regression effects on the longitudinal correlated failure times, in this thesis we will
make an attempt to model longitudinal correlation for repeated failure times and this
structure will be utilized to obtain consistent as well as efficient regression effects

estimators under the multivariate failure time set up.



Chapter 3

Survival Functions for Exponential
AR(1), MA(1) and Exchangeable

Processes

As explained in Chapter 2, in analyzing a regression model for failure times, Cai and
Prentice (1995) introduced a weighted estimating equation approach, where weights
were constructed for the martingales of failure times in a structural set up. We recall
the estimating equation (2.5) from Chapter 2 in this regard. Note however that in Cai
and Prentice’s (1995) approach one assumes the same dependency parameter for any
two failure time variables under the multivariate set up. As for the repeated failure
time data, there is no reason to assume that correlations can be constant among
all time variables. One is therefore required to model the longitudinal correlation
with special care such that the usual behavior of Gaussian types of auto-correlation
are reflected in the present exponential set up. The purpose of this chapter is to
discuss such correlation structures for positive exponential failure times and develop
the survival functions under such correlation structures of exponential variables. Note
that the survival functions developed in this chapter will be exploited in Chapter 4
to construct the correlation structures for the martingales for the uncensored failure

times. Similar computation will be done in Chapter 5 for the censored case. Further

12
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note that the exponential AR(1), MA(1) and exchangeable(equi-correlation) processes
to be discussed in this chapter are well studied by several authors in connection with
binary and Poisson longitudinal variables. For example, we refer to the recent study
of Jowaheer and Sutradhar (2001) for correlated count data analysis and the PhD

thesis of Jowaheer (2001) for detailed analysis of multivariate longitudinal count data.

3.1 Survival Function for Exponential AR(1) Fail-

ure Time Data

3.1.1 Exponential AR(1) Process

Following Jowaheer and Sutradhar (2001), we recall from Gaver and Lewis (1980) that
the first order autoregressive model for exponential failure times Ty, ..., T;,..., T, can

be written as
T, = pTioy + Lie; (3.1)

where

= { 0 with probability p
1 with probability 1 — p
with p as the probability parameter (0 < p < 1), and ¢; is an i.i.d. sequence of
exponential random variables with parameter A. Note that the AR(1) process is
based on an initial identity To=¢o. We will refer to (3.1) as an exponential AR(1)
(EAR(1)) model.

3.1.2 Marginal Bivariate Distribution

To find the correlations among n repeated failure times, it is sufficient to consider
a general bivariate density for any of the two failure times. For the EAR(1) model

(3.1) the bivariate density function of T;;; and T; has the form (Gaver and Lewis,
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1980 and Sim, 1990) given by
ST, T (tigin ) = A€ M8 (i — pPt) + A3 (1 = pl)e e Mowameit) (3.2)

Marginally, Ti4; and T; follow exponential(A) distributions and d(z) is the discrete
Dirac delta function, i.e. §(z) is the distribution with atom of probability 1 at z = 0.

From Gaver and Lewis (1980) we know that

COTT(TH.J', T't) = pJ

3.1.3 Computation of Bivariate Survival Function
Lemma 3.1: Let
Fron(u,u) = P(Th 2w, T2 2 up)

be the bivariate survival function of T; and T;. For the exponential AR(1) model

(3.1), this survival function is given by

e~ for u; < puy

FT[.T;(ulvuz) = {

e~ ze~M1=0)u1 for u, > pu,

Proof: We know from (3.1) that 7} and T, must satisfy the relationship T > pT;.
However u; (a realized value of the r.v. T,) can be either uz; > pt, or uy < pt,.

Therefore the bivariate survival function of T} and T, may be computed as follows:

Fra(uu) = [ [7 fron(0, b)dbdn.
uy Juz

The lower limit of the integration with respect to T should be the maximum of u,

and pt,, 1.e. max(uz, pt;). It then follows that

QQ s o]
Fron(u,u,) = /m /mu(um)le.Tz(tutz)dtzdtl
17498

/u T I(t)dt  (say). (3.3)
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Note that there are two cases to consider to evaluate the integral I(¢,) in (3.3). For

the case when us > pt,, I(t,) is computed as

1t) = [ fro b

= /w ['\Pe"\t‘J(tz —pt1) + A%(1 — P)e-'\t‘e_x("-p")] dt,

2

,\(l _ p)e-/\(l—p)lle-‘a\uz’

whereas for the case u, < pt,, one needs to compute the integral /(t,) as

=)

It,) = Jr.n(t, t)dt,

(13

[= =] (> o]
= Ape 1 §(ty — pty)dt, +/ A3(1 — ple Mg Mta—rti) gy,
pty

(13}
— -ty
= de™™,

which yield
A1 = p)eMertig=u2  for u, > pt,
I(t)) = at
Ae™h for u, < pt,.

Next by using the above formula for I(t;) we evaluate the remaining integral in
(3.3) over u, as follows. For the case when u; > pu, the integral in (3.3) is evaluated
as

uz/p uz/p
FT,,Tz(u,,ug) = / ,\(1 _p)e—,\hez\ptle—.\ugdtl +/ /\e"\“ dtl
u

1 uy
- e—/\u:e—/\(l-p)ul’

whereas for the case u; < pu, we evaluate the integral in (3.3) as

-5)
FThT,(ul,uz) = /\E_'\tl dtl
uy

- e—,\ul .

It then follows that the bivariate survival function of T) and T; has the form given by

e M for u; < pyy

FT;.T;(Uhuz) = { (34)

e Auze=A1=2)ut  for uy, > pu,
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This completes the proof. O

Note that for any two general elements of the vector of survival times Ty, k =

1,2,..., K, the bivariate survival function of T}, and Ti; can be written following
(3.4) as
—hua fi <
€ OT Ugy S PUg) .
Fr,, 1., (g1, ug2) = { g o M{1—o (3.5)
e~ ize Plurt  for upy > pug

Further note that the bivariate survival function (3.5) will be used in Chapter 4
and Chapter 5 to compute the correlation of the martingales of the failure times for
uncensored and censored cases respectively, for the purpose of constructing estimating

equations for the desired regression effects.

3.2 Survival Function for Exponential MA(1) Fail-

ure Time Data

3.2.1 Exponential MA(1) Process

In this section our main objective is to define the exponential MA(1) process of order
1 (EMA(1)) for failure times and to find the bivariate survival function for this MA(1)
process. Although there are different ways to define an MA(1) process for exponential
random variables, we follow Lawrance and Lewis (1977) to model EMA(1), as their
approach is quite complementary to the exponential AR(1) approach of Gaver and
Lewis (1980).

To be specific, following Lawrance and Lewis (1977), an EMA(1) is a stationary

sequence of random variables T;, given as

T. =

{ pE: with probability p (3.6)

p€i + €41 with probability 1 — p

with p as the probability parameter (0 < p < 1) and ¢; are i.i.d. exponential with
parameter A, for: = 0,+1,£2,....
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3.2.2 Marginal Bivariate Distribution

Following Lawrance and Lewis (1977) one may write the joint probability density
function of T; and T}, for all possible values of i. For convenience, we write the joint

probability density function of T} and T, as

fTI-T2(!l‘lt2) = kl(P)(A/p)e—Ah/p'\e—Mz
+ha(p)(M p)re Mot Fe=Malo  (for  pty > 1y)
+k3(p)A2e~ e Mra—rt1) (for pt, < ta), (3.7)

2 —_ —n)2
where ki(p) = =2, k2(p) = 32 and ks(p) = {52 .
It is also shown by the same authors that the correlation between T, and T is

given by
corr(T;, T3) = p(1 = p)
Note that as in EAR(1) case, the above density (3.7) will be exploited to derive the

bivariate survival function under the EMA(1) process.

3.2.3 Computation of Bivariate Survival Function

Lemma 3.2: Recall that Fr, 7,(u1,u2) denotes the bivariate survival function of T
and T, in general. For the exponential MA(1) model (3.6), this bivariate survival

function has the form given by

ky(p)e=*1/pe=22 4 (ky(p)/p)e (1m0 g=ru2 for pu; < u,

ky(p)e=rwi/Pe=2u2 4 g=dui  k (p)e~dui/ee=M(1=0)0" w2 for puy > uy

FT[,T:(ulvu2) = {

where k,(p) and k;(p) are defined in Section 3.2.2.
Proof: By using (3.7), the bivariate survival function of T\ and T, Fr, 1,(u;,u,),
under the EMA(1) model can be computed as

FT:.Tz(uh“2) = P(T)2u,T; > uz)
= / le.Tz(th tg)dtgdtl
u 12
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= [ [ [to)prelore=
+ha(p) (A p)?e MoVl ale (ot > 1)
t+ha(p) NP M eI [(pt) < t5)] diydty
= L+ L+1; (say) (3.8)
where /(.) is an indicator function.

Now, the integral [, in (3.8) can be evaluated as

ho= ko) [ [ (pleioreadnty

— kl(p)e—’\"‘/"e—’\“’.
In (3.8) the integral /; can be evaluated as

I = kaop) /‘°° /w('\/P)ze-Mz/pe—'\(p“_tzmz[(Ptl > ta)dtadt,
u; Jug

o0 £1
ka(p) [ p)ems | [ (0 p)e o000 dty) Koty > )iy
u) u2

p o o]
k _—
2(P)p_l u

p *© =A((p—-1)/p? ~At -
= k L e~ Mle=1)/p")uz2( ) 1 )\e=A1/P _ (X ]p)e~t1 dt
Ot AN (Me) (Me)e™ ) dty

[e—t\((ﬂ-'l)/ﬂz)"z e~ (Mp)max(ui ua/p) _ le_’\ max(ur -uz/ﬂ)]
P

For evaluating I; in (3.8) we need to consider two different cases: (a) pu; > u; and

Il

[(,\/p)e—/\h/pe—z\((p—l)/p’)uz - ('\/P)C—MI] I{pt, > t,)dt,

= ky(p)

(b) puy < u,. For case (a) when pu; > ug, one obtains

- P [o—Mle-1)/pPYua ~(Mehur _ =1 =du
[2 = kg(p)p _1 [C 2e l p € 1] ,
whereas for case (b) pu; < ug, we have

I, = k2(p)pf_ 1 [e-Auz/P _ p—le—Auz/ﬂ]
= ky(p)e~ /e,
yielding I, in (3.8) as

[ kz(p);;Ll [e-’\((l’— l)/Pz)uze—('\/P)ul —_ p"le-‘\ul] for puy > U
2 —
ky(p)ewa/e for pu; < uj.
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Now /3 in (3.8) can be evaluated as

o0 o0
I, = ks(p) / A2~ Mig=Mu=rt) (ot < t;)dtydt,
uy

uz

_ bl e 2_—At, _~A(tz—pt1)
= k3(p) Ae € dtgdtl
u1 Jmax(uz,0t;}

For evaluating I3 we again need to consider two different cases: (a) pu; > u; and (b)

pu; < u, as in the computation of [,. For case (a) when pu; > u,, one computes

o0 [+ o]

I = kp) / A2emMigheti =gy gt
up Yoty
= ks(p)re™™,

whereas for case (b) pu; < uj, one obtains

uz/p foo
Iy = ks(p) / : / Ae~M1=o)tt p\g=Ma gy gy
uy u2

+k3(P)// Ae=M=Pl pg=A2 gy gt
uz/p J oty
uz/p -1~ )! - o =Xt
= ka(p) / AeAUmoltig=tuzgy, o Ae”Hdt,
uy uz/p
. e~ w2 —A(l=p)uy ~M1-p)uz/p
= k3(p) l—P(e € )
R
yielding /5 in (3.8) as
o _ [ Bsloprem for pus > 11

By combining the values of I}, [ and I3 we may obtain the bivariate survival
function under two different cases : (a) pu; > u; and (b) pu; < uz for (3.8) which

has the form

ki(p)e~ /P2 4 5’-££)~¢3"‘("”)'"e""‘2 for pu; < up

k,(p)e"\“'/"e"\“’ +e M kl(p)e—l\ullpe-f\((l—P)/Pz)ﬂz for pu; > uy
(3.9)

FT;,T:(“[)“?) = {
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This completes the proof. O
Note that for any two general elements of the vector of survival times T¢,k =
1,2,...,K, the bivariate survival function of T}, and T}, can be written following

(3.9) as
' kl(P)e—Auk',pe_A“kz + k_“‘-gle—’\“—l’)uue-»\ukz

(for puy; < ugs)

F =
Ter Tia (ukl’ “kz) ) kl(p)e—:\uulpe-*ukz —k (p)e-»\uk1/06—'\((1-9)/92)1&2 + e~ Atk

(for pug; > ugz).
(3.10)

Further note that this bivariate survival function in (3.10) will be used in Chapter 4
and Chapter 5 to compute the correlation of the martingales of the failure times for

uncensored and censored cases respectively, for the EMA(1) process.

3.3 Survival Function for Exponential Equi-Correlation

Failure Time Data

3.3.1 Exponential Equi-correlation (EEQ) Process

In the exponential equi-correlation(EEQ) structure, our goal is to construct a process
such that corr(T;,7T;) = c for 1 # j (1,7 = 1,2,...,n), where T; and T; are failure

times. We can construct this stationary sequence of random variables as follows:

T = pTs with probability p
' pTo + €; with probability 1 — p

with p as the probability parameter (0 < p < 1), for ¢ = 1,2,... and ¢; are i.i.d.
exponential with parameter A. For convenience one can write the above relationship

as

T; = pTo+ e, (3.11)
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where

0 w.p.
[ = w.p. p
Il wp.1-p

we assume Ty = €q, where £q again is exponential with parameter A.

Note that unlike the EAR(1) and EMA(L) processes, the expression for the corre-
lation between any two exponential equi-correlation variables is not available in the
literature. We may however compute this correlation easily by using the moment

generating function which is discussed in the next subsection.

3.3.2 Moment Generating Function and Correlation for EEQ

Process

For : = 1,2,...,n the moment generating function of T; can be written as
®r,(s) = E(eT)
= ErEp(e”" | L)
= Eg [Eli(e‘-'lﬂb-sl.z, l ['_)]
= Eg [pe—”’T“ +(1- p)e—!pTo—u,-]

— - —3pTo ~ag;
= Pyt (=P [Blem ™) Bl
o pA _ A A

- /\+ps+(1 p),\+ps/\+s
A

T A+s

By using the relationship between T; and Tj for all ¢, we write

E(TiTy;) = p*E(P*T3) + p(1 = p)E(p’T] + pTociy;)

+o(1 — p)E(p*TE + pToe:) + E(0*T + pToe s + pTo€i + €i€it5)

2% 4p%(1— 2p%(1 — 2p(1 — p)?
_ 27 4 p)+p( p) , 20(1-p)

2 2 Y A2
20°(1—p)®  (1-p)®

t—n tTx

pi+1

Az’
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yielding the covariance between T; and T, ; as

p*

:\"2'7
because E(T;) = 1/A and var(T;) = 1/A%. Thus, the correlation between T; and T;,;

cou(Ti, Tig;) = BT, Tiy) — E(T)E(T;)

is given by

corr(T;, Tuas) = P

Recall that although the correlation function for the EAR(1) process appears to
be same as for the Gaussian AR(1) process, the correlation functions however are
different for the MA(1) and equi-correlation cases under the exponential and Gaussian

models.

3.3.3 Computation of Bivariate Survival Function

Lemma 3.3: For the EEQ model in (3.11), the bivariate survival function Fr, 1,(u,,u;)

has the form given by,

(1= 9) _ruwitu) PP max(uiuz) —M(1-p)/p) minfu u3)
FT!.Tz(ulvu2) = —e 1vu2) L e w2}, w2)
1-2p 1-2p

Proof: In this case the joint survival function of T} and T; is
Frop(unu) = P(Th 2w, T3 2 uy)

= P(pTo + Lie1 2 u1,pTo + Lez > up)

= PlpTo > u1, pTo 2 us, [y = [, = 0]
+P[pTo > ur, pTo + €2 > uz, [y =0, 1, = 1]
+P[pTy + &1 > uy,pTo > uz, L = 1,1, = 0]
+PpTo+ e 2 u pTote2 2 ug, [y =1, = 1]

= p*PlpTo > max(uy,uz)] + p(1 — p)P[pTo > u1, €2 > uz — pTo]
+p(1 — p) P[pTy > uz,€1 2 uy — pTo)
+(1 = p)*Pley 2 u, — pTo, €2 2> up — pTo)

= L+h+I+1 (3.12)



In (3.12) [; can be computed as

I, = p*PlpTy > max(u,,u;)]
= p*P[To > max(u1,uz)/p]

oC
= pz-/ Ae"'\"’dto
max(u,u3)/p

= pZe—A max(uy,u3)/p

Therefore I, has the form

; { ple=*/? for u, < uy
l =

pre= /7 for u; > uy

23

In (3.12) for computing [, we require to consider two cases: (a) u; < u, and (b)

uy > uz. For case (a) when u; < uz, we compute /3 as

L

p(1 = p)PlpTo > uy, €2 2 up — pto)
p(1 — p)PlpTy > u,)Plez > uz — pt]
p(1 = p)P[Ty > u,/p} Ple2 > max(uz — pto, 0))

*® A & A
p(1 —p) e Modt, Ae~*2de,
u/p max(u2 - pt5.0)
wa/
o(1—p) WP e [e"\(“"”‘”[(ug > pto) + I(uz < pto)] dtg
u /P

—A uz/

p(l — pe™" 22
ul/p
e~ 2= M(1-p)p)ur _ p2e—v\u2/p,

2 0o
e Mi-Plogy o p(1 — p)/\/ e~ *odt,
u2/p

p

where as for the case u, > u, we compute [, as

I

p(1 — p)PlpTo > uy,e2 2 up — pto)

= p(1—p)P[To > u1/p]Plez > max(u; — pto, 0)]
= p(1 = p)P[Ty 2 uy/p]Ple; 2 0]

= p(1-p)P[To 2 ui/p]

* A

= p(1-p) Ae~Madty
ufp

—f\rn/p,

= p(1-p)e
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which yield I in the form

[ { pe-’\uz e-’\((l_p)/p)ul i pzc—/\uI/P for ul S u2
2 =

p(l — pe~rule for u; > u,.

Similarly, following [, and by interchanging u, by u, and vice versa, we can write

Iy in (3.12) as

I p(1 — p)e~Puale for uy < u,
3= pe—’\ul e_A((l_P)/p)uZ — pze—’\ullp for u, > Us.

Next [4 in (3.12) can be computed as
Ii = (1-p)’Plex 2 u—pTo, &2 2 uz — pTo)
= (1—p) /0 P[pTo = ulPle, > uy — pTo, €2 > uz — pTo | pTo = uldu
= (1 _p)z/o"" P[Ty = u/p) Pler > uy —u,&2 > u2 — u]du
= (1= [ Mpe™ s [0 {uy > w) + [ S w)]
X [c"’\(“"")[(ug >u)+ (u < u)] du

min(u;,uz)
- (1 _ P)Z/ 1,42 (,\/p)e_,\u/pe—z\(ul—u)e-,\(uz—u)du
(]

+(1 —p)z_/

min(u;,u2)

+1-p2 [

max(uy,u2)

max(uy,uz) ,\/p)e_,\u/pe—,\(max(ul.uz)-—u)du

(Mp)e™/?du
- - p)z /nﬁn(ul.uz) e_,\(ul+u2)(A/p)e—/\((l—2p)/p)udu
0

S

min(u,uz)

+1-pr [ (Mp)e ™ odu

max(u),u2

g Nmax(uua) () 1 ) e=M1=0) Pugy

2
(1-p) e~ Mui+u2) [1 _ e~ M{1=20)/p) min(u..ug)]

1-2p
+(1 - p)ze—,\max(un,uz) [e—A((l—p)/p)min(ul.uz) _ e—/\((l—p)/p)mn(ul,uz)]
l—p
+(1 _ p)2e—,\mn(u;,u2)/p

1
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2 2
_(.}—_p)_e-k(ul +uz) _ (_I_—L)e—z\(unﬂz)e-a\((l-?p)/p) min(u1,u2)
1-2p 1-2p
+(l _p)2e—Amax(u1.u2)/P + (1 _ p)e—Amax(u1,ug)e—A((l-p)/p) min(uy,uz)

_(1 J— ‘))e_A m“(“l!uZ)e—"‘((l"P)/P) m“(ulnul)

To be specific, for case u; < u,, I4 has the form

(L—p)® _» (1-p)° _, —A(1- -
[, = ——*22 (wituz) _ 1= o=Muituz) o= M(1-20)/p)uy 1 — p)le—2u2/p
! 1—25 ¢ 1—2p +(1=p)

+(1 - p)e-luze-t\((l—t’)/ﬂ)ux — (1 = p)e~?ue=M(1=p)/phuz

whereas for case (b) u; > uy, I has the form given by

(1=p)% _, (1-p) _ —M(1- -
L, = (v1+u2) __ e A(u1+uz)e AM(1—-2p)/p)u2 1 — Ze Aup/p
‘ 1-2p € 1-2p +{d-»)

_+.(1 - p)e-—kuxe-f\((l-ﬂ)/p)ttz - (1 — p)e—a\uze-A((l—p)/n)ul

Consequently, for u; < u; the survival function can be written as

Fron(u,u) = P(Ty 2w, Ty > uy)
_ pZe-Auz/p+pe-4\uze-,\((l—p)/p)u; _P2e—Au2/p+p(l __p)e—z\u;/p

2 2
+(L.—_‘.’)_e-f\(uu+uz) - .(_1___p)_e-'\("n+uz)e—f\((l—2p)/p)ux
1-2p 1-2p
+(1 — p)ZC—Au:/p +(1 - p)e—Auze—A((l—p)/p)ux

__(1 - p)e—luze-f\((l-ﬂ)/P)"z

1— 2
e~ Muzlp [pZ +P“2P2 + (1 _p)2 _ (1 . P)] + (1 -~ ;3’ e~ Muitu2)

2
_(=p) iz g-rurt(1-0)/0) + (1 — ple™ e~ Nl=o)/p)u1
1-2p
4p e~ u2 o= M(1=p)/p)ur

2
- p)2 e~ Muitua) _ P e~ 2 g~ M(1-p)/p)uy
1-2p 1-2p ’

Similarly, for u, > u, the survival function has the form

Fr,p(u,u2) = P(T\ 2 u,T; > uy)

2 2
(1—-p) e~ Mumtuz) _ (4 e~ 1 o= M(1=p)/p)uz
1-2p 1-2p




By considering the above two cases, the survival function may be computed as

1=p)? —~Murduz) _. rg_%e—Auze~A((l—p)/p)ul for u; < ug

F Uy, ug) = 1-2
Tx.Tz( | B} 2) L:;;ﬁe"\(“l+“2) _ TL;_e—a\ul e-A((l—p)/p)uz for U > ug
-&p —&p

or in a more compact form the function is given by:

2
(L) osutun) _ _P7_ - maxtu uz) g —A(1=5)/ ) mintus o) (3.13)

FTl,Tz(ul’uZ) = 1 — 2p 1= 2p

This completes the proof. O
Note that for any two elements of the vector of survival times Ty, k = 1,2,..., K,

the bivariate survival function of Ty, and T;; can be written following (3.13) as

(=5 st
FTH.Tn(uk[,ukg) = “1—_'276 Alurg +ux2)

2
. 4 e~ Amax(ui,ukz) o= A((1-0)/p) min(uxy,uaz) (314)
1-2p

The survival functions described in Sections 3.1, 3.2 and 3.3 will be used in Chap-
ters 4 and 5 to compute the correlations between the martingales of the failure times
for uncensored and censored cases respectively, for the purpose of evaluating the

estimating equations for the regression effects.




Chapter 4

Regression Model for Longitudinal

Uncensored Failure Time Data

As discussed in Chapter 2, in analyzing regression models for failure times, Cai and
Prentice (1995) introduced a weighted estimating equation approach, where the re-
quired weights were constructed from the correlations of the martingales for the bi-
variate failure times in a structural set up. In Chapter 3, we introduced longitudinal
models for exponential failure times and derived the survival functions under such
longitudinal models. To be specific, similar to the well known Gaussian set-up, we
have discussed three widely used, namely, AR(1), MA(1) and equi-correlation models.
As mentioned earlier, we use these survival functions in this chapter for calculating
the correlations between the martingales for the failure times. Then these martingale
correlations are used in constructing the estimating equations for regression effects

under appropriate longitudinal models.

27
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4.1 Martingale Correlation Structure for Exponen-

tial Uncensored Failure Times

Uncensored failure times generally arise if we have information on failure times for
every individual. For the uncensored case the martingales M,;(X};) defined in (2.3)

for (i = 1,2,...,n) reduce to
Mii(Xii) =1 — Ari(Tii), (4.1)

where Aii(Tk;) = fg Aei(s)ds, with the variance of martingale as unity, i.e. var(M;(Xw))
= 1 (Cai and Prentice,1995, p. 157-8). In the following subsections we will derive the
correlation structures for the martingales in (4.1) where X; = T}; (for the uncensored

cases), following the exponential AR(1), MA(1) and equi-correlation models.

4.1.1 Martingale Correlations Under Exponential AR(1) Pro-

cess

Theorem 4.1: Let X, (: —1,...,n) satisfy the EAR(1) model (3.1). In the absence
of censorship, the martingales M;(Xi:) (2 = 1,2,...,n) defined in (4.1) have the
pairwise correlation given by

corr(Mii( Xii)s Mitiei)(Xniei))) = ¢/
which is interestingly the same as the correlation between T; and T4, the original
exponential variables.
Proof: From (3.5) of Chapter 3 we can write the bivariate survival function of

Ty and T, as

e~ ek for ux, < pus

FTerTkz(ukh uk?) = { (42)

e~ukzemMI=Pluer  for up, > puyy

Since var(Myi(Xy)) =1 for i = 1,2,...,n by exploiting the survival function (4.2),

the correlation between the first and second martingales (martingales separated by 1
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time lag) can be computed as

corr(Mi (Xi1), Mia(Xi2)) = coo(Miu(Xi1), Mia(Xi2))
= Cw(Akl(Tkl)’Akz(Tkz))
= /o /0 AN Fr,, 1, (k1 s ukg )dugdugy — 1
00 [puk
= / / Aze"\"*‘dukzdu,d
o Jo
P [ 2, -Mueg - M1-s)us -1
+L /pu“ Ae € tdugdugy

® A
= / PN ug e MR dyyy
0 o0
+/ /\E—A(l-p)u"le_'\m‘“d‘u“ -1
0
= p+1-1
= p,
which is same as the correlation between Ty, and Ty,.

To find the lag 2 correlation between martingales we note that the bivariate sur-

vival function of Ty and Ty, for example, can be written as

e~ Auu for us < pPug

(4.3)

—_ —nd
e~ ks e~ A= )u for 4. > pPug;.

FT),;.T“J (ukls uk3) = {

It then follows that the correlation between the martingales of T;; and 7i3, by ex-

ploiting the survival function (4.3), can be computed as

corr(Mi(Xu ), Mia(Xia)) = cov(Aui(Tir), Ara(Tha))
- /n /o AzFTklkaa(uklvuk.'.!)dukgdukl—]_

2
o PPug,
= f / AeAvkidy,,
(i} (i

le o]
-+-‘/2 /\26"\"“38"\(1_pz)“*‘dukg] dug; — 1
pPPuky
= p2,

which is same as the correlation between T%; and Tjs;.
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By similar argument as in (4.2) and (4.3), the bivariate survival function of T,

and Ti(j+1) can be written as

g U for ug(i+1) < Pug

Froz (uk1, Uk(j41)) =
kT 4n) \ Bkl Bk(5+1) - Y .
1 e '\uk(1+l)e ‘\(l P})ukl for uk(j+l) > p]uk]

which yields the correlation between the martingales Mii(Xi1) and Mij41y(Xi(j+1))

as

(=] o0
corr( My (X1 ), Migir1)(Xii+n))) = /0 j(; A Fry, Tuneyy (kD k(145) ) duk(45) Btk
-1
= 7, (4.4)
which is the correlation between the martingales of T}; and Ti(i+j) as well as the

correlation between the failure times T}; and Ti(iy;). O
Note that it now follows from Theorem 4.1 that under the EAR(1) process, the

variance-covariance matrix V, say, of the martingales M;(X4;), ¢ = 1,2,...,n can
be written as i
1 p o2 pn!
p 1 p ... p¢
V=1{| p* »p 1 ... pm 3, (4.5)
| ot o i

which is naturally the correlation matrix of the martingales for the uncensored case.

4.1.2 Martingale Correlations Under Exponential MA(1) Pro-

cess

Theorem 4.2: Under the EMA(1) process, in the absence of censorship, the mar-
tingales My;(Xy:) defined in (4.1) for (i = 1,2,...,n) have the pairwise correlation
given by

corr(Mii( Xxi)s Migiv1)(Xiiisr))) = p(1 — p)
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and
corr( Mui(Xii)y Miiv5)(Xiis5))) =0 (for j>1)

which is interestingly the same as the correlation between Ti; and T(;4 ), the original
exponential failure times.

Proof: The derivation of the martingale correlations under the EMA(1) process
is quite similar to that of the EAR(1) process, discussed in the previous section. The
difference lies only in the form of the survival functions. We now use the appro-
priate survival function (3.10) for the EMA(1) process and compute the martingale

correlation as

corr(Mi (X)), Mia(Xi2)) = cov(Au(Tr1), Ax2(Th2))
= /; /0 AZFThl_Tkz(uk[,Uk2)dUk2dUkl - 1

= /0 (u )dugs — 1, (4.6)
where
) = [ X Fr g (ue, uia)due
ptigy
= /(; kl(p)Aze-'\“u/Pe—v\uudukz +/c;

0

Py
Me~ Mkt dy,,

o
+/ A2kl(p)e-)\uulﬂe—v\uuduﬂ
[t 3

+ o0 )2 ka2 (p) e~ M1-p)ukt o= Aukz dug,
Puky P

with k(p) and k;(p) as given in Section 3.2.2. The above integration is straightfor-
ward, which after some algebra, yields
+ _A_(}.:p_ﬂ)ﬂe-«\uu
l-p
Now by using the value of /(uy) in (4.6) we evaluate the correlation between two

2 —Au '\P2 —Augy /o
[{u)) = Mpupe "l+'1—:76 k1

martingales as

corr( M (Xi), Mia(Xy2)) = /:o I(ugy)dugy — 1
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2 ~u = A )
= / A puii€ kldllkl +/ P ki pdukl
a 0

l—p
A1 — 2
+/°° (l p+p )e—z\ukidukl _1
0 1—-»p
3 1_ + 2
= il Ld=ptr)
l—-p lL—p
= p+l1-p*-1
= p(1—p)

Next for all lags more than 1, we note from Lawrance and Lewis (1977) that

corr(T;, Tiy2) =0, for all i = 1,2,3,.... So it is easy to show that
corr(Mui( Xii), Mii+2)(Xkie))) = 0
and
corr(Mii( Xis), Migi+i)(Xeiiv))) = 0 (for 7 >1)

for 1 =1,2,3,.... This completes the proof. O
Note that it now follows from Theorem 4.2 that under the EMA(1) process, the
variance-covariance matrix V, say, of the martingales My;(X;), for i = 1,2,...,n

can be written as

1 p(1—p) 0 . 0]
p(1—p) 1 p(l—p) ... 0

V= 0 p(l=p) 1 ... 0 (4.7)
o 0 0 ... 1]

which is naturally the correlation matrix of the martingales for the uncensored case.

4.1.3 Martingale Correlations Under Exponential Equi-correlation
Process

Theorem 4.3: For uncensored failure times under the EEQ process, the martingales
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M (Xk;) defined in (4.1) for i = 1,2,...,n have the pairwise correlation given by
corr(Mii(Xii), Mii(Xi;)) = p

which is interestingly the same as the correlation between T}; and Ty; (i # ;1,7 =
1,2,...,n), the original failure times.

Proof: The calculation of this correlation between the martingles of the failure
times under the EEQ process are similar to the calculation under the EAR(1) and
EMA(1) processes, except that the survival functions are different under different
processes. To derive the correlation between the martingales My;(Xi:) and My,;(Xy;),
for convenience, we compute the correlation between the first and second martingales
(martingales with lag 1) for the EEQ process by using the bivariate survival function

(3.14) as

corr(Miy(Xi1), Mia(Xi2)) = cov(Miy(Xia ), Mia(Xi2))
= Cov(l\kn(Tkl ), Akz(Tkz))
= -1 +/ / z\zFT,,l,T.,,(ukuukz)dukzdu“

* oo (1- e~ Murt+uaz)
= -1 +/ / T-9%

e.\max(um,ukz)e—A((l—p)/p) min(ux; v"*z)] dugodug,

1—2p
— )2
N )
1-2p

o 2
- 2P [ Amax(usiuaz)
/o ./om 1-2p [e

x e~ M(1—p)/p) min(ukuukz)] duadug)

_ 1-p? o [~
= e - | Huwa)dua, (4.8)

where in (4.8)

I(u“) - /:o1\26-Ammr(u,‘.,u,‘z)e-x((l—p)/x’)min(um'w:z)duk2

Y zgm M=ol ehmagy 4 [ AZemdumemM(1-aMohun gy,

0 Uky

il
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e~ P [1 _ e-/\((l-p)lp)uu] + de~ /e
l1—p
= A P "“\ukl + A 2p —Au“/p
- =

Therefore using the value of [{uy,) in (4.8) we get

_ .y, (1=p)?
corr(Mi1(Xu), Mia(Xi2)) = -1+ T=2,

2
(4 °° P i
- A e ki o
1- 2p / Ykl

+/°° 1_‘2P —/\ukllﬂduk

(1— ) _ 2
1-2p 1-2p

= p2
Similarly, it is easy to show that the correlation between M;;(Xk,) and M;3(X43) is
corr{Miy (Xu1 ), Mia(Xi2)) = o

Also, in general, for any i # j;1,7 = 1,2,...,n we can write the correlation between

MH(XH) and Mkj(ij) as
corr(Mii(Xii), Mi;(Xy;)) = p°

This completes the proof. O
Note that it now follows from Theorem 4.3 that under the EEQ process, the
variance-covariance matrix V, say, of the martingales M;;(X4:), ¢t = 1,2,...,n can

be written as

(1 p* p p?
p2 1 p2 2

V=]p2 p? 1 2 (4.9)
| P P Pt .1 ]

which is naturally the correlation matrix of the martingales for the uncensored case.
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Further, note that the martingale correlation structures (4.5), (4.7) and (4.9)
respectively, for the EAR(1), EMA(1) and EEQ processes will be utilized in the next
section to construct the estimating equations to obtain efficient as well as consistent
regression estimates. To be specific, this will be done following Cai and Prentice
(1995) by using the inverse of the martingale covariance matrix as the weight matrix

in the estimating equation.

4.2 Estimating Equations for Hazard Ratio Pa-
rameters

Recall from Section 2.1 that A(¢) is the instantaneous rate of failure at time ¢ of the

kth member at occasion i, which has the form

Ma(t) = Vie(t) Aai(t) exp(ZL(1)B). (4.10)

In (4.10) Yii(t) = I(Ti; > t) is an at risk indicator process for the kth member at
occasion i, Z5:(.) = (Zki1(-); Zkia(.)s - - - » Ziip(-)) is @ 1 x p covariate vector for the kth
member at occasion i with failure times T};, Agi(.) is the unspecified baseline hazard
function and HT=(,31,[32,...,,3,,) is a hazard ratio vector, or relative risk parameter
which is also referred to as the regression effects.

Now to motivate the estimating equation for 3, we write the partial likelihood
function (Cox and QOakes, 1984) under the independence assumption for the repeated

failure times, as
L(B) = I_I il [ezp{z () ﬁ}/zn.(n,)ezp{z T8} .

which yields the estimating equation for estimating 3 after some algebraic manipu-

lation (Fleming and Harrington, 1991, p .26) as

):2[ ZT.(u)Uni(du) = (4.11)

k=11=1
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where Uii(t) = Mii(t) = 1 — A(t). In matrix notation the above independent

estimating equation for 8 may be expressed as

K ,x
> f 2T (u)U,(du) = 0, (4.12)
k=1 0
where
Z{(u) = (Zi(u), ., Zin(u)) and  UJ(u) = (Uir(1), .oy Ukn(u)).

Next, to accommodate the longitudinal correlation of the failure times of the
kth individual, following Cai and Prentice (1995) we propose to use the generalized

estimating equation
K oo
> [7 2 (@)W(8,u)Ux(du) =0 (4.13)
k=1

instead of (4.12), to estimate 8 under our longitudinal set-up. Note that in (4.13),
W (8, u) is the inverse of the longitudinal covariance matrix of the martingales under
the appropriate exponential AR(1), MA(1) or equi-correlation process. Further note
that, as compared to Wi(8, u) in (4.13), W,(8,u) in Cai and Prentice (1995, eq. 3)
is the inverse of the correlation matrix of martingales under a structural set-up.

Let [37 be the estimate of 8 when the true covariance structure is used in (4.13)
to estimate 8. This estimate may be obtained by solving the estimating equation

(4.13) by using the well-known Gauss-Newton iteration procedure

Br(t+1) =Br(t) + [aﬁg(ﬂ)] [9(B)¢) (4.14)
()

where g(8) = K., [° ZT (v)W (8, u)Ur(du) = 0 and [ |, denotes that the ex-
pression within the square brackets is evaluated at ﬁT(t), the values of B at the
tth iteration. For the purpose of numerical computation the iterative equation (4.14)

may further be expressed as (Cai and Prentice, 1995)

k=1 j3=1

K =n =1 K n
BT(t + 1) = BT(t) + ['}{' Z Z Aw,kj] % Z Z Gw kJ(AB (4’15)
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where Aw'kj is given by

. n diii (B, Tis) | 5B, Ty) 518, Tis)T
Auii = — |3 Zai(Tyy) —ELE k) %) AP0 2k37)

k3 '2=:l k( k]) aﬂT S}O)(‘B,Tkj)g
_5',(3) (8,Ti;) 59(8,Ty;)

§°8.T;) 5B, Ty))

(4.16)

and Gi;(8) can be written as
Guxi(B) = Z":z (Te:ionis (B, Ta;) — 578, Te)
o i=1 R TTAE '§,](O)(ﬂiTkj)
—71{- f Yii(Tms)ezp{Z5;(Tn;)BY 55" (B, Trnj) ™

- ) 5(2) _
X [Z zH(ij)lej(ﬂw ij) - i_(%’_)

= . 17
i=l S§0)(ﬂ1 ij) (4 : )

In (4.16) and (4.17) S'J(-d)(d =0,...,4) are the sample estimates of SJ(-d)(d =0,...,4),

where
K

SNB,t) = K'Y Yii(t)Zi;(t) exp{ZE;(1)B} (4 =0,1),
k=1

K

S(B1) = K'Y Yii(t)Zui(wis (B, ) ZE; (1)} Pexp{ZL;(1)8) (d=2,3)
k=1

and

K
SB.t) = K'Y Yii(t)Zi;(t){0wii;(8,1) /08T Yezp{Z];(1)8}

k=1
4.2.1 Estimation of Martingales Covariance Matrix

Note that the weight matrix Wg(8,u} in (4.13) or (4.15) is the inverse of the V matrix,
V is the covariance matrix of the martingales for longitudinal failure times. As the
elements of V are functions of the dependence (or probability) parameter p, we need to

estimate this parameter in order to solve the estimating equation (4.13). Further note
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that the covariance matrix V was constructed under the condition that the failure
times T; have stationary exponential distributions with mean 1/ and variance 1/A%.
In practice, however, one would expect that T}; has mean 1/A.; and variance 1/A%;,
i.e. the mean and variance may be functions of the covariates at occasion 1 for the kth
individual. These failure time variables with such non i.i.d. exponential distributions
may be related to a set of stationary variables T}; as T}; = Ty;Axi/A, where T; may
be considered as the exponential failure times of Chapter 3 with E(T%;) = 1/ and
var(Ty;) = 1/A% This stationary variables T}, was based on the assumption that the
parameters involved (3) is Known. This transformation remains valid approximately
even if B is replaced by its consistent estimator. As the correlation between two non
i.i.d. exponential variables Ti; and Tj; is given by

cov (T, Tk;)
[var(Ti)var(Ti;)}"/?
E[{Tii — 1/ A }{Thj — 1/ Aej}]

1/(MkiAes) ’

and using the relationship T; = T;Awi/A, this correlation reduces to

COTT(T/“', Tkj) =

cort(Tii, Tkj) = corr(Ti;, Ti;) = pjizjps (4.18)

where pj;_;; is the lag | ¢ — j | correlation between T}; and TF;.

Note that for the EAR(1) process

Piis = P77,
for the EMA(1) process
. p(l=p) forj=i+1
Pli-d1 = { 0 otherwise
and similarly for the EEQ process
Pl = P"-
Further note that this p parameter which defines all lag correlations can be

estimated by using the estimate of p] under the EAR(1) and EMA(1) processes.
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To be specific, under the EAR(1) process § = p; and under the EMA(1) process
p(l — ) = p;. To estimate p under the EEQ process one needs to compute all lag

correlation estimates such that

-2 _ (n—1)p1+(n—2)pa+ ...+ pns
n(n—1)/2

Now in general, p; ({ =|i — j |) can be estimated by using method of moments as

n—! (Tei = E(Tei ) T+ 0~ E(Tagu4.0))) "
Zk- =1 [ [,,ar(Tki)u&,.(;‘k( +l))]lf2 ] /1\ (n - l)

K s [(T,,.—Egr..mr..—E(T.,.n] /Kn

e

=

(4.19)

var(Ty,)

4.3 Efficiency Comparison Under Correlation Struc-

ture Misspecification Through A Simulation

Study

The hazard ratio estimate obtained from (4.13) is consistent and efficient, provided
the underlying correlation structure for the exponential failure times such as EAR(1),
EMA(1) or EEQ is known. To be specific, if it is known that the failure times
Ters---s Thiy- ., Tin follow the EAR(1) process (3.1) and we compute the W,(3,u)
matrix based on this underlying EAR(1) process as in Theorem 4.1, then the 8
estimate using (4.13) is consistent and efficient. Note however that in practice the
underlying correlation process may not be known. The purpose of this section is to
examine the loss of efficiencies in 8 estimation if one uses a “working” correlation
structure different than the true longitudinal correlation structure in the estimating

equation for #. We do this through a simulation study.

4.3.1 Simulation Design and Generation of the Exponential

Failure time Data

For our simulation study we consider K = 100 individuals each with n = 4 repeated

failure times. We also consider a two dimensional (p = 2) covariate vector Z;; =
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(Zkir, Ziiz)T at occasion i for each of the K individuals. To be specific, we choose
2-dimensional covariates under two different designs, say D, and D,. Under D,, we
consider both Zy;, and Z,;, as binary with 50-50 probabilities. Under D, we consider

Zyii) as binary with 50-30 probability but Z,,, is chosen as from a Poisson distribution

with mean 0.3.

Generation Under EAR(1) Process

To generate Ti; for a fixed k£ and all : = 1,...,4 we first generate initial values T},
and ¢;; from a standard exponential distribution with mean 1 and variance 1. Using
T;o and ¢, and following (3.1) of Chapter 3 we generate T3; for i = 1,...,4 for a
given value of the dependence parameter p. We do this for various choices of the
dependence parameter (p=0.10,0.25,0.49,0.64 and 0.81). Since in our regression set
up, the exponential variable T}; depends on the covariates, we now generate T}; with

mean 1/); and variance 1/A%;, where ); is a function of covariates given by
Ai = exp(ZriaBr + ZrizB2); t=1,...,4 (4.20)

by using the transformation Ty; = T};/Aw:. This we do for all £ =1,2,...,100.

Generation Under EMA(1) Process

To generate Ti; under EMA(1) process we first generate e; for a fixed £ and all
t =1,...,5 from a standard exponential distribution with mean 1 and variance 1.
Note that unlike the EAR(1) case, the generation of T depends only on &4;. Next
for a given value of the dependence parameter p we generate T}, for 1 = 1,...,4
following (3.6) of Chapter 3. Although 0 < p < 1, for the EMA(1) process we
choose p=0.10,0.25 and 0.49 only. This is because the lag 1 correlation , p(1 — p),
is maximized when p = 0.50. To clarify this point further, if p = 0.70, for example,
the lag 1 correlation will be p(1 — p) = 0.21. Now by using the transformation
Ty, = T;;/Awi, where \y; is defined as in (4.20), we get Ti; with mean 1/A4 and
variance 1/A%; for the EMA(1) process. We again do this for £ = 1,2,..., 100.
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Generation Under EEQ Process

Similarly, to generate 7}; for the EEQ process we first generate initial values T, and
€ki (1 =1,...,4) for a fixed value of k£ from a standard exponential distribution. For
fixed dependence parameter p we generate Tj; for 1 = 1,...,4 following (3.11) of
Chapter 3. Then for generating the values of T}; we simply use the transformation
Twi = T};/ Awi as it was done for EAR(1) and EMA(1) process, where A, is defined as
in (4.20) and we repeat this generation for £ = 1,2,...,100.

4.3.2 Empirical Efficiency Comparison Due to Misspecifica-

tion of Correlation Structure

We now use the exponential responses (discussed in the previous section) generated
under a given correlation structure and compute the estimate of @ by using this known
correlation structure in the estimating equation for 8 in (4.13). As this estimate is
computed using the true known correlation structure, we refer this as the true 8
estimate which was denoted by ,BT in Section 4.2. We compute such B estimates
for 2000 simulations and obtain the average and calculate the mean square error
(MSE). This MSE is referred to as MSE(True). Next we generate the exponential
data following a given correlation structure but use a different “working” correlation
structure in (4.13) to obtain an estimate of 8. This estimate is called the “working” 8
estimate, which we denote for convenience by 3 wiT- After computing this estimate for
2000 simulations we calculate the mean and MSE using this “working” structure. This
MSE under “working” structure is referred to as M SE(Working). To be specific,
suppose that we generate the failure times from EAR(1) process. Now if we use the
EAR(1) correlation structure for estimating @ by using (4.13) and calculate mean
and MSE, then this MSE is referred to as MSE(True). However if we generate
failure times from an EAR(1) process but we use an incorrect correlation structure,
such as EMA(1), EEQ or Independence(ID) to find 3, its mean and MSE, we refer
to this MSE as MSE(Working). It then follows that one may compute the relative
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efficiency as
MSE(Working)

MSE(True)
where R.E.(ﬁﬂT) is 100 as BTIT is nothing but ;. Note that by using (4.21) we

calculate the percentage loss of efficiencies due to misspecification of the correlation

R.E.(Bwir) =

x 100, (4.21)

structure and we report these results in the tables of Appendix A.

Table A.1 contains results when our T values are generated from an EAR(1)
process, for various choices of p under design D,. From Table A.l we can see that
our estimates are unbiased, whether we use the correct correlation structure (EAR(1)
in this case) or an incorrect correlation structure such as EMA(1), EEQ or Indepen-
dence(ID). We can see that we are losing a lot of efficiency if we do not use the true
correlation structure, especially for correlation larger than 0.25. One very important
point is the poor performance of the working independence structure when the cor-
relation is high. This suggests we could have problems if we incorrectly assume that
our failure times are independent. Note that we do not have results for the working
EMA(1) structure for p > 0.25 because the maximum correlation from the EMA(1)
model is 0.25. We know that under an EAR(1) process, p is the lag 1 correlation and
if we generate failure times under an EAR(1) process with p = 0.49, our lag | cor-
relation will be the estimate of p which cannot be the lag 1 correlation for EMA(1),
because under p = 0.49 the estimate of p will be greater than 0.25. Table A.2 is
similar to Table A.l, except Zj; are generated under design D,. From Table A.2 we
can see that the estimates are unbiased and the efficiency losses are very similar to
those in Table A.1.

Tables A.3 and A.4 contain results when our T; values are generated using an
EEQ process, for various choices of p under the design D; and D, respectively. Like
Tables A.l and A.2, we can conclude from A.3 and A.4 that the estimates of 3, and 3,
are unbiased, whether we use the correct correlation structure or an incorrect working
structure. Note that the estimates under a working independent structure are quite
inefficient when the correlation is high. Although any working correlation except the

true structure do poorly, the independent working approach does the worst. We do
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see that using a working EAR(1) structure does reasonably well when the correlation
is high. As discussed before we cannot use the working EMA(1) structure if the
correlation exceeds 0.25. So under the EEQ model we can consider our dependence
parameter up to 0.5.

Tables A.5 and A.6 contain results when the T; values are generated under an
EMAC(1) process, with p = 0.10,0.25 and 0.49 under design D, and D, respectively.
As mentioned previously, we cannot consider lag 1 correlation p(1 —p) > 0.25 for the
EMA(1) process. We see in Tables A.5 and A.6 that we have unbiased estimates and
efficiency losses are small using the incorrect working correlation structures.

From the above discussion of simulation studies we can conclude that we get
unbiased estimates of the regression parameter 3 no matter whether we are using the
true or incorrect correlation structure. For small correlation (p < 0.25) there is not
a large efficiency gain in using the true correlation structure in the estimation of 8.
But if we have high correlation (p > 0.25) then we should use the true correlation
structure for estimating 3, otherwise we lose a lot of efficiency. Note that one will lose
efficiency to a greater extent if the working correlation structure is used in estimating

B3, the independent working approach being the worst.



Chapter 5

Regression Model for Longitudinal

Censored Failure Time Data

In Chapter 4, it was shown how to solve the estimating equation (4.13) for the hazard
ratio parameters when longitudinal failure times were not subject to any censorship.
However, in practice there are situations where repeated failure times can be cen-
sored. An interesting example can be found in Wei, Lin and Weissfeld (1989) (see
also Makuch and Parks, 1988). From their study, in a randomized clinical trial to
evaluate the effectiveness of the drug rivavirin, patients with acquired immune de-
ficiency syndrome (AIDS) were randomly assigned to one of three groups: placebo,
low-dose rivavirin and high-dose rivavirin. One of the main interests of the study was
to investigate the antiretroviral capability of rivavirin over time. Blood samples for
each patient were collected at weeks 4, 8 and 12. For each serum sample, measure-
ments of p24 antigen levels, which are important markers of HIV-1 infection, were
repeatedly taken for a period of four weeks. Therefore, potentially each patient in
the study should have three such event times. Some observations were missing, how-
ever, because patients did not make the scheduled visits or because serum specimens
were inadequate for laboratory analysis. In addition, censored observations occurred
when the culture required a longer period of time to register as virus positive than

was achievable in the laboratory, or when the serum sample was contaminated before
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positivity was detected. The accommodation of such censorship information and the
construction of estimating equations for longitudinal failure time data appears to be

a challenging task, which we address in this chapter.

5.1 Martingale Correlation Structure for Exponen-
tial Censored Failure Time Data

As in the previous chapter, let Tx; denote the failure time, where ¥ = 1,2,..., K
and i = 1,2,...,n . We define C; as the corresponding censoring time for T;
and Xy = min(T;,Ck). So Xi = T if the failure time of the kth individual
is uncensoted at occasion 7 and X; = Ci; if the failure time of kth individual is
censored at occasion i. For the censored case the martingales M;;(X;;) defined in
(2.3) reduce to

1 = Api(Thi) if Xpi = T
—Aki(Cri) i Xii = Cy

According to the discussion of the previous chapter we need to calculate the variances

Mk,-(Xk,-) = { (51)

and covariances between the martingales (5.1) of the failure times and our weight
matrix will be the inverse of the variance-covariance matrix as discussed earlier. From

Cai and Prentice (1995, p. 158), we write the variance of M,;(X;) as
Var [Mii(Xii)] = 1 — e =eP(ZribitZiabe)
and the covariance between Mi;(Xki) and M;j(X,;) as
Cov [Myi(Xki), Mcj(Xk;)] = Filcircrjsp) + _[h AFy(uki, crj; p)duri
+ /0 " AFi(ckiy ukj; p)dus;

Cks Ck) 2
+/‘; /c; A" Fie(tii, ukj; p)dupjdur — 1
= h+h+h+l—1 (5.2)

We will now discuss evaluating /, through /4 in (5.2) for each of the three models
EAR(1), EMA(1) and EEQ.
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5.1.1 Martingale Correlation Under Censored Exponential
AR(1) Process

Theorem 5.1: In the presence of censorship the martingales M;;(X};) defined in

(5.1) have the pairwise covariance given by
Cov [Mki(xki)’ Mk(i+j)(Xk(i+j))] = p = et /)

fori,7=1,2,...,n.
Proof: From (3.5) (Chapter 3) we get the bivariate survival function of Ty, and

Tkz as
e~ for ugz < pupy

FTH,T,‘,(UH,UH) = { (5.3)

e~ e~ MI=P)un for 40 > pugy

We will use the bivariate survival function in (5.3) for evaluating the integrals I, I, I5
and [ in (5.2), which will give us the covariance of martingales of the failure times,
ie. Cov[Mp(Xi), Mia(Xi2)]- For evaluating these integrals we get two different
cases: (a) ck2 > pcgy and (b)cez < peyy.

Under case (a) when ¢z > pcg; we can evaluate [; as

I = Fckr,ch2;p)

= e~Ackzp—M1-p)er,

and we can calculate [, as

Ckl
L, = _[, AF(up, cr2; p)dug

k1
= j Ae-—/\qze—*(l—ﬂ)undukl
0

ek e—Ack2 p—M1-p)cxy

L—0p I-p

Similarly, I3 can be evaluated as

Ck2
I = /0 AFe(Cr1s tk2; p)dusg

PCk1 Ck2
= / Ae 2 du,, + de~ M=ok g=Miagy,
0 Pkl

Apckle"\c"‘ + e~k _ g=Aek e-A(l—p)c,,;,
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and again I can be evaluated as
Chk1 Chk2 2
I, = /(; /; A*Fi(uky, ukz; p)dugadug,
Ck1 Py Ck1 Ck2
= / / Ne e duyaduy, +/ / N~ rune g=M1=P)skr gy o sy
[1] 1] 0 Pug)

Ck1 Ckl
/ Mpup dug, + e~ M1=rui [e"\‘"““ — e”“”"] duy,
0 0

i

_p,\ckle"'\ckl +p— pe'—'\ckl +1- e~ Ack1 + /c“ ,\6-4\(1—0)%15—4\5!:2‘1"“
0

e~Ak2  p—Ackz o= M1=p)ck)

= _p,\c“e—f\ckt +p- pe—,\cu +1- e—Ackl — T P + 1=,

Therefore, by combining I, I, I3 and [4 in (5.2) under case (a) when cxy > pecx1, we

get the covariance between M (X},) and M (X};) as

-Acka gmAckz g—AMl-p)er

Cov [Mu(Xi), Mi2(Xi2)] = e rmrgmM1=plen 4 (i i - =,

FApog e o 4 emrert _ gmdeme=A(1-p)ens

—Ackz
—pAcpie M + p — pe T 4| — g7 — =,
e=Ack2 o= AM1-p)ck1
+ -1
l-p
= p—pei. (5.4)

Under case (b) ci; < pcxy we can evaluate [, as

Y
I = Fk(cklack2§P)=e ekt

and we can evaluate [; as
Cky
I, = /(; AFi(ugy, ciz; p)dugy

/cnln /\e_,\c,,,e-«\(l-ﬂ)"“dukl +/
A [+

e~k2  e=Ml-plara/e

T 1= P - I—0p
Similarly, we can calculate I3 as
Ck2 Ck2 —Xc
L = /; AFi(ck1y tke; p)dur; = /0 Ae” k1 duy,

'I\Ckl

ck
e~V du

1
k2/p

+ e~ Aeka/p _ o= Acki-

= Acpze
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Now I; can be evaluated as
Cki k2
o= [ [ X, wii p)duraduey
o Jo
Ckl
= /o I(upy)dug,  (say).

For evaluating the integral /(u; ) we will again get two different cases: (i) pug; > k2

and (ii) pug; < ckp. Under (i) pugy > cga, [(ug) is evaluated as
Ck2 2
I(un) = / A Fy(upy, ukg; p)durs
o
= ./-l‘2 Aze—'\u“d‘ukz
0

— 2 =g
= /\ Cka€ "l,

then /; can be denoted as I4(;) under case (i) pui, > cx2 and calculated as

Ck1
Ly = /0 I(ue)dug

Ck1 2 -2
= / A Ci2€ u“‘d‘l“g[
c

x2/p
— /\ckze"’\c“’/” — Ackze—'\c"‘
and under (ii) pug; < cx2, I(uy,) is

a2,

I{uy,) = A A°Fi(ugy, tkg; p)duy,
Pukt Ck2

— / Aze_*uk'dukz + Aze"“""e‘”"”)““dukz

0 puky

_ pukl,\zc—z\u“ + e ekt _ Ae~M1=p)ekt g=Ackz
then again /; can be denoted as Iy;) under case (iz) pux, < ck2 and calculated as
Ckl
Ly = /; I(ugy )dug,
cxz2/p
= / [(ukl)dukl
0
2 ck2/p - cx2/p N
= pA / upre” "R duy, +A/ e "R dug,
0 (i

cx2l/p
_A/ e_’\(l—p)uk[e'\ckzdukl
0

e Ack2 e—Aexz/p

St T,

[ —Aegz /o — ap—cki/p _ p—Aeki/p _
PCi2€ +p — pe +1l—e
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Therefore, I, is the sum of [4;) and I4(;;y and can be evaluated as

- —-A
I, = p— pe—-/\ckl/p +1-~- e—;\:u/p — e~ m + e Aekzle _ /\c’ae—;\ch.
1—-p 1—p

Similarly, under case (b) ¢k, < pcyy, after combining I, I3, I3 and I4 in (5.2) we can

calculate Cov [Miy (Xk1), Mi2(Xk2)] as

e-’\ckz e—Ackz /p

Cov [Miy(Xk1)s Mi2(Xi2)] = e + - 4 e=Heralo
l-p 1-p

—e Ak + Ackze—Mu +p— pe-/\Cn/P +1—- e~ Ncxalp
e—Ackz N e~ Acka/p
1—p l-p

= p-— pe"ACn/P (5.5)

- Ackge_k"‘ -1

From (5.4) and (5.5) we can express Cov [Mi;(Xk1), Mi2(Xi2)] as

—Ac H
p—pe 2 if pery < cre
Cov [Mir(Xu1)s Mia(Xia)] = N
p —pe*2l? if cia > peyy,

which can be written in a more compact form
Cov [Min(Xu), Mia(Xia)] = p — pe™*minterncals) (5.6)

which is the martingale covariance at lag 1 for the censored case.
To find the lag 2 correlation between the martingales of the failure times Ty,
and Ty; we can write the bivariate survival function from (4.3) of Chapter 4 in the

following form

e~ for uxz < ptup
P s (1, w10) = { e~ M= M1=rJum for yq > pugy, 57
and after doing some algebra it is easy to write Cov [My,(Xi1), Mia(Xi3)] as
Cov [Mu(Xi1), Mia(Xi2)) = p* — pPe=rmin(enncna/e?) (5.8)

which is the martingale covariance at lag 2 for the censored case.



By a similar argument from (5.6) and (5.8) we can write the martingale covariance

between Xy, and Xi(j41) of lag j is
Cov [Mkl(Xkl)v Mk(j+l)(Xk(j+l))] = p —petmren i/ (5.9)

This completes the proof. O

Note that the martingale covariance in the censored case is quite different than
in the uncensored case. Specifically, these covariances are no longer the same as the
covariances for the original failure time variables. Recall that Cy; is the corresponding
censoring time for the correlated failure time 7};. If we consider C; — oo (so T} is

uncensored) then

Cov [Mkl(Xu),Mk(j+l)(Xk(j+l))] = pJ

which is the covariance of martingales for the uncensored case as discussed in Chapter

4.

5.1.2 Martingale Correlation Under Censored Exponential
MA1 Process

Theorem 5.2: Under an EMA(1) process, in the presence of censorship the martin-

gales M;;(Xk;) defined in (5.1) have the pairwise covariance given by

Cov [MH(XI:{), Mk(i+l)(Xk(i+1))] = p(1 — p) + pRe~ /P — pg=Amin(eaicuisn/p)
X [l — p + pc-'\chlpe% min(‘-'kn¢k(1+1)/ﬁ)]

and
Cov [Mk.'(in),Mk(i+j)(Xk(i+j))] =0 (for j>1)

for7,7=1,2,...,n.
Proof: The derivation of the correlation of the martingales for the censored case

for EMA(1) is quite similar to EAR(1). The only difference is in the form of the
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survival function. To prove this theorem we are considering the failure times T}, and
T4, for convenience. From (3.10) we get the bivariate survival function for T}, and

Tkg as

( kl (p)e-’\ukl/f’e"'\“kl + kz(p)/pe"’\(l-p)ukle"’\“EZ

for pup < uge

B T (1, ti2) = ﬁ ki (p) [e—kuu/t’e—l\ﬂkz - e‘l\“kl/Pe—l\((P—l)/Pz)ukz] + e~ Auk

for pur; > ui2

\

(5.10)
where ky(p) = —2— and ko(p) = 20=2L. As in the previ tion, we use (5.2) t
t p = 1=otr 20P2) = l—ptp?" §Iin € previous seciion, we use (9. O

find the covariance between My (Xi1) and Mi2(Xk2) and we get two different cases:

(a) perr < ¢z and (b) pery > cpp-

Under case (a) pcx1 < ¢k , we can evaluate [) as

L = Fk(Ckh Ck2y P)

2
— ___p__.e-‘\ckl/l’e"\ckz + __I_—:_p_e—)‘(l‘ﬂ)ckle—'\qz
l—p+p® 1—p+p?

and we can calculate [; as

Cki
L = ./o AFi(wkr, ck2; p)dugy

2
_ /C*' A [ P e~ Muk/pg—Acika | ;—_p__.e‘)‘“"’)""‘e-hu duy,
0

1—p+p? l1—p+p?
_ p3e—/\¢=kz pse—’\cer-Ackl/p + C—Ack‘z e‘AckZ e’-A(l-p)ckl
l1—p+p? 1 —p+p? 1-p+p? 1 —-p+p?

Similarly, /5 can be evaluated as

Ck2
L = /0 AFp(ck1,y uk2; p)due,

2

pCk1 A PCk1

/ -—p———c'k“/”e"\""’dukz +/ ,\e—lcudukz
0 o]

l—p+p?
2
B /pmu P Ae-AckI/pe—A((p—l)/PQ)uk‘zdukz
o 1—p+p?
2
+ Ck2 P /\C—ACk[/Pc-I\quduk2

PCr1 1"P+P2



+‘/cu (1 ——-p),\--e-’\(l_p)c“e"“"’dukz
P

e 1 —p+ p?
2_.—Acky /o
pe -A -A
= 1-— PCk1 A Cky
1_p+p2[ € ]+ PCk1€
p‘e_xckl/P

=M(p=1)/0%)c
—(l—p+p2)(p—l) [l—e ((» )P)kz]
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2 ,=Acky /o 1-— =A(1-p)exy
+p € > [e—z\PCu - e—I\Ckz] + ( p)e - [e—'\PCkl _ e—z\Ckz]
l~p+p l=p+p
= Apegeion 4 Lo _gmdense _ Ol (1~ ple” 1 -Plon gmdcu
1-p 1—p+p? 1l —p+p?
Lloptl s

l-p
and we can evaluate [ as

Ck1 Ck2 2
Iy = /; /(; A Fi(ugr, ukg; p)duradu

= []CH I(ukl)dukh (say).

For evaluating I, in (5.11) we can calculate [(uy,) as
Ck2
I(ur) = A A Fi(upr, uko; p)duge

232
_ /‘puu __p__i_e_'\"“/pe—)‘u“d‘ukz + /puu ,\26—'\""‘d‘u1¢2
o l—p+p? °

232
: /‘pun PEA e_,\u,‘l/,;.e--,\((p—1)/;:’)u:=:d,_“c2
0 l-p+ P2
a2 p2)\?
+ e—,\um/l’e-)‘“md‘,‘,'k2
pu L —p+p?
c 1 —p)A?
+/ v s e AimPhum g~ gy,
(T3 1 - p+p

2\ p—Mux1/p

=Au
Pl [1 = e¥-1o]
)

(l-p+p¥)p—1
pzxe'Aukl/P

+_._____.__.
1-p+p?

(1 - P)Ae')‘(l_p)u“ [e—Apun
l—p+p?
p2,\e—«\ukn/pe-lcaz (1 - p),\e-z\(l—p)uue—ku:u

1 —p+p? 1-p+p?

[e-Apukx _ e—ACkz] +

—Auu

= Azpukl e

— €

(5.11)

—Acn]
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-p2,\e-/\uu/9 + ,\(1 —p +p2)e"'\“"l
l—p l1—p ’

By using the value of [(u;,) in (5.11) we can evaluate [, as

Ck1
I, = /0 H(ug)dug
p3e—1°k2 + p3e"\ck2 e~ Acki/p e—Ack2
1—p+p? L—p+p? l—p+p°
e—ckz o= M1—p)ck1 N p3 N p3e—/\CkI/P 4 l-p+ P2 _ (1 -p+ pz)e-'\c"‘
l—p+p? l1-p l1—p l-p 1—p

-’\ckl _

= —pAce ™ + p— pe

Then after substituting [, [, I3 and I; in (5.2) and simplifying the expression
we find for pcy) < ¢z, the expression Cov My, (Xy1), Mia(Xi2)] is

1— + 2 3 e e
Cov [Mu(Xk1), Mi2(Xi2)] = p+ l,:pp + 1'0_ P 1 — pe~teer 4 pte=dcklo
= p(l —p) — pe % 4 ple~om/e, (5.12)
Under case (b) pecry > ¢ip we can evaluate [, as
L = Fi(ck,ce2ip)
2
= .___p__e—a\cu/pe-Acu + e—Ac“ _ -i—e_xckl/pe-l((p_l)/Pz)CkQ’
l—p+p? l—p+p?

we can evaluate [; as

Ckl
L = /o AFi(uky, Cra; p)dug,

2
/‘Ck2/p p A e—kukl/pe—/\ngdukl _+_ .ICkZ/p (1 - p)A e-A(l-p)Ukl C-Ackszkl
0 0

c 2) ¢
+/' k1 P 25"\"“‘/”6"\c"2dukl + H ,\e"\""'dukl
cialo 1 — ptp il

c 2
[ A e,
ckafp L —
P3e-ACkz e~ k2 e Ackale Pae—ACkze_ACkl/p
+ - B
L—p+p?  1—p+p l-p+pP?  1l-p+p?

pSC—I\Cu/P p3e—)‘0k|/pe—l((p—l)/P’)Ckz

1—p+p? 1-p+p?

+ e"'\Ckz/P

-'\Ckl —

-—€




Similarly, we can calculate /; as

Ck2
Iy = /o AFi(ck1, uk2; p)dug:
/CkZ p2Ae-’\Ckl/pe-/\“k2
)]

Ck2 —Ae
mu+/ Ae ek dyy
0

1-p+p?
_./'Ckz Pzz\e—’\c"”’e")‘(("‘l)/ﬂz)uk: due
0 1—p+p? ?

pze—kcu le p2e—Am/pe—Acu p4e-lckl/ﬁ

+ Aepge ™t —
l—p+p  L—p+p? *2 (o= 1)1 - p+p?)

p‘le—/\c'u/ﬂe-»\((p— 1)/0%)usa
(p = 1)(1 = p+p?)
and we can evaluate [ as

Ck1  [Ck2
Iy -_—./; /0 A2 Fi(thhr; ukz; p)ditizducy

= -/::*3 I(ukz)d‘ukg (sa.y). (5'13)

+

b

We can evaluate [(ux2) in (5.13) as
Cki
I(uy) = _/0- A2 Fie(ugr; uaa; p)dug

» 2)2
/ vl PN hnlpgdmagy,
(1]

l—p+p?
uea/p (1 — p)A?
+ _[) ) 1( - PF-’: pz‘e—'\(l—”)"“ e 2 dyy,
c 2)2 ¢
/ k1 [ 26"‘“"‘/"e“‘\“"’duu + [ Ae MR dyy,
uea/o 1 — ptp uralp
ck1 pEA?

e~ Mkt /p g=M(p—1)/ 2% )ur2 duy,.

uka/p 1—_——p—+7
After extensive calculation it can be shown that

pA
I-p+p?

3
4P eulremalom1)/rthuss,
l—p+p?

Therefore, substituting the value of /(u;;) in (5.13) we get I, as

[(uk2) = (1 + p)/\e—/\uw - ,\pe"'\“kzlp _ e-z\ukze-l\cu/P _ Ae"‘\ckl

I, = [o [ (aa) dua



p3e-v\Cu/P p3e--\¢=u/Pe-«\Ckz

l—p+p? 1 —-p+p?
pse-'\ckl/l’ pse_‘\cll/pe—'\((""l)/"a)ckz

—Ackze ek 4 -
2 (b—1(1—p+p?) (-1 —p+p?

Therefore, using (5.2) after extensive simplification, we get the covariance of the

= 1 +p—- e—Ackz - pe‘”\Cn _P2 +p2e-4\ck2/p -

martingales of the failure times i.e. Cov{Mj(Xk1), Mi2(Xi2)] for pcey > ckq as

Cov [Mkl(Xkl)q Mkz(sz)] = p(l —_— p) + pze-'\cklli’ — pc-a\ckzlp
x [L = p + pednleeranls’] (5.14)

By using (5.12) and (5.14) we can write Cov [My1(Xk1), Mia( Xi2)] as

Cov My (X1 ), Miao( Xi2)]

| (1 = p) — perem 4 preenle if peey < cra
- { p(1 — p) + pPe~dxlp _ pe=daiafe [1 -p+ pc‘*‘“/"e’\""/"z] if peey > ckz
= p(1 = p) + pPemlp _ pg=rminless cials)

x [1 —p+ pe—xcu/pe%min(ckl.cu/p)] (5.15)

Next, for all lags more than 1, we note from Lawrence and Lewis (1977) that

corr(T;, Tiy2) =0, for all i =1,2,3,.... So it is easy to show that
Cov(Myi(Xii), Mi(iv2)(Xi(i+zy)) = 0

for1=1,2,3,.... This completes the proof. O

Like the EAR(1) model for the censored case, this covariance expression between
the martingales of the failure times for lag 1 under an EMA(1) process for censored
case is quite different than that for the uncensored case. Recall that Cj; are the
corresponding censoring times for the correlated failure times Ty;. If we consider

Ck:i — oo (all T}; observations are uncensored) then
Cov [My1(Xk), Mio(Xi2)] = p(1 —p)

which is the covariance of the martingales of the failure times for the uncensored case.




56

5.1.3 Martingale Correlation Under Censored Exponential

Equi-correlation Process

Theorem 5.3: Under censorship for the EEQ process the martingales My;(Xy;)

defined in (5.1) have the pairwise covariance given by
Cov [Mi(Xii), Mij(Xij)] = p° — plemintenncns)/o

Fori1 #3;1,7=1,2,...,n.

Proof: The calculation of this correlation between the martingales of the failure
times under an EEQ process for the censored case is similar to the calculation under
EAR(1) and EMA(1) processes discussed in the previous two sections. To derive
the covariance between the martingales Mii(Xki) and My;j(Xi;), we compute the
correlation between the first and second martingales (martingales with lag 1) for
convenience. Recall from (3.14) that we can write the survival function as

( ) i_L:-; ze-A(uu+un) - _L_l ; e~Auk2g—M(1-0)/p)urr  if ug < Usg

Fr,, 1y (k1 ur2) = e =~ B

kiilka ! (_L::g: e~ M +uig) _ %e"’\ukl e~ M{1-p)/p)ura if Uy > Uko
(5.16)

For solving (5.2), we use the survival function (5.16) and get two different cases: (a)

Ck1 > ckz and (b) ¢k < cr2

Under case (a) ¢k > cig then for evaluating (5.2) we get [, as

L1 = Filck,craip)

2
(1 —p) e~ Meri+era) _ /’2 e~ Aeck1 o= M(1-0)/p)ck2
1-2p 1-2p '

we can evaluate [; as

Ck1
L, = /0 AF(ukr, cio; p)dus

c — p)? 2
/' AL - p) T /Ckz Ap e~ era g M(1-o)/o)urr gy,
0 1-2p 1-2p

2
[ 2 dwi M- rlena gy,
a2 1—2p




(1 - p)2 e—l\Ckz - (l — p)ze—a\Ckz —AC*I — p3 —AC*:
1-2p 1-2p (1-2p)(1 - p)
3 2
4 e—l\cne—'\((l—ﬂ)/ﬂ)clxz __P e—'\ckz/ﬂ

=201 -p) -2

p’ A M{1-p)/p)
____e“‘ Ck1 e" —p)P Ckz.
+l —-2p

Similarly, I3 can be evaluated as

Ck2
I3 =/0 AF(crr, uie; p)dug,

c —-— 2 2
/ k2 /\(1 p) e—'\c“‘e-'\u“zdukg _ /"H )\p e-'\c“‘e_'\((l_p)/p)“ndukz
0

1-2p 1-2p
— (1 — p)ze—lckl _ (1 — p)2 eﬂ-a\ckl e—.\cn —_ p3 e—t\Ckl
1-2p 1-2 (1—2p)(1 -p)
3
L e~ ekt g=M(1=p)/p)era

+
(1 —2p)(1 - p)
and finally /4 can be calculated as

Ck1 Ck2
I, = /0 /0 N2 Fy(ugr, tna; p)dutradugy
Ck1l
= [ Hwa)dua (say). (5.17)

To evaluate I{uy ) in (5.17) we again get two different cases: (i) ux; < cxz and (ii)

ug1 > ck2. Under case (i} up < ck2 we calculate [(ug,) as

k2
[(Ukl) = /0 /\ZFk(ukl,ukﬁP)duﬂ
c 2 - 2 . 2 2
/‘ k2 .A_(l—p)e-«\une—a\ukzdukz _ / k -M“_e_)\u“e—z\((l—p)/p)u,‘zd‘uk2
0

1—-2p -
2 2
3 /‘Ck2 A p e-Aukﬁ e-——z\ul-p)/p)ukldukz
wa 1 —2p
Mc—"\“kl _ Me—'\u“e-'\cu _ /\P3 e--\ukl
(1= — (1-2p)(1-p)
\ 2
Ap a-l\uk1/p ~ Ap2 e_,\uu/p + _A_p-_e“\ckle-’\((l_p/p)u"l

+ L=
(1 =2p)(1 - p) 1-2p 1-2p

and under case (ii) uz > cx2 we can calculate /(ugy) as

Ck2 2
[(ukl) = /0 ’\Fk(ukhukz;ﬁ’)dukz



c 2 —_— 2 2,2
/ +2 i\_g‘__fie—luue-)\“udukz - /‘C"? _:\p_e‘)‘“kxe-/\((l—nrv)/p)uuzduk2
o 0

1-2p 1-2p
A(]. - p)2 e-/\uk' _ A(]‘ - p)ze—AuH e-ACkz —- Aps C-Aukl
1-2 1-2p (1 —2p)(1-p)
Ap’ - A
+ e Uy e— ((I-P)/P)Ckz.
(1=20)(1 - p)

Therefore from (5.18) we can evaluate I, as
Ck |
I, = I d
4 /0 (ukl) Uk

Ck2 Ck1
= /(; I(Ukl) [[(‘Ukl < Ckz)] duyy +/ [(Ukl) [I(Ukl > Ckz)] duy,
Ck2
= [+ 1I; (say). (5.18)

In (5.18) we can calculate [/, as

I, = /on T(ugy) [I(ury < cxz)] dug,
(1 - P)2 _ (1 — p)z‘,—/\cu _ (l ‘P)ze_,\c,‘, + (1 — P)2 —z\cue-,\ck;

T 1-2 1-2° 1-2p 1—20 °
— p3 + p3 e—.\ckz + p4
(1=20)(1~p)  (1-2p)(1-p) (1—2p)(1 —p)
_ p’ e=rexalp _ p’ + p’ e—exalp p’ - Ackz
(1 —2p)(1 - p) 1-2p 1-2p (1—2p)(1 - p)
- ps -a\cu/p,
(1 =2p)(1 —p)

and //; can be calculated as

I, = /“ Hug) [(ur > ex2)] dup
Ck

2
2 2
(1 —P)2 —Ackz _ (1-p) e~ Mk _ (1-p) e~ Aok = Ackz

1-2p 1-2p 1-2p
+(1 _._—p)z e—Ackze"Ackl — p3 e~ ke ps e Aokt
1-2p (1-2p)(1 - p) (1-=2p)(1~p)
¥ pa e~Acka/p _ ps e-‘\ckle"'\(“‘ﬂ)ﬂ)ckz.
(1 =2p)(1 - p) (1 =2p)(1 - p)
By using the values of /1, and /I, in (5.18) we can evaluate I; as
14 = (1 - P)2 _ (1 - p)zn—/\cu _ p3 P‘

-2 1-2° (T=20)1-p) (1 =20)(1-p)



4 J 3

_ [4 e~ Aekalp _ P + P e=cka/p
(1—-2p)(1 ~p) 1-2  1-2
+ p e—:\cgz —_ (]' — p)2 e-;\ckl (1 — p)2 e-;\Ckge—ACkl
(1 —=2p)(1 - p) 1-2p 1-2p
3 3
+ p e~ Akt _ P ekt o= M(1-p)/ p)erz
(1-2p)(1 - p) (1 =2p)(1 - p)

Therefore, substituting [, I, I3 and [, into (5.2), it can eventually be shown that if

Ck1 > Ckz then
Cov [Mkl(xkl)y Mkz(ng)] = p2 —_ pze-f\cn/t’_

By similar arguments as shown above, we can evaluate (5.2) for the case (ii)

Cr1 < Ckp as,
Cov [Mu(Xi1), Mio(Xi2)] = p* —ple /e,
Therefore, we can write Cov [M;(Xk1), Mka(Xiz)] in a more compact form:
Cov [Mu(Xi1), Mio(Xi2)] = p° — plemminlevcralle, (5.19)

Under an EEQ model we know that the covariance is the same for all lags. So, from

(5.19) we can write Cov [Mk,-(X,,,-), Mk,-(X,,j)] as
Cov [Mk.-(Xk,-), Mkj(ij)] = p2 - pZC—Amin(ck. .ck,)/p’ (520)

for i # 3;1,7 = 1,2,...,n. This completes the proof. O

Like the EAR(1) and EMA(1) processes under censorship, this covariance ex-
pression between the martingales of the failure times under the EEQ process under
censorship is quite different than that for the uncensored case. Recall that Cy; and
Cy; are the corresponding censoring times for the correlated failure times Ty; and Ty;.

If we consider Ck;, Ck; — co then
Cov [Mii(Xki), Mij(Xij)] = p°

which is the covariance of the martingales of the failure times for the uncensored case

under an EEQ process.
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Note that the martingale covariances expressions (5.9), (5.15) and (5.20) respec-
tively, for the EAR(1), EMA(1l) and EEQ processes will be utilized in the next section
to construct the estimating equations to obtain consistent and efficient estimates of
the regression parameter 3 for the censored case. Specifically, this will be done follow-
ing Cai and Prentice (1995) by using the inverse of the martingale covariance matrix

as the weight of the estimating equation.

5.2 Estimating Equations for Hazard Ratio Pa-
rameters Under Censored Case

[n Section 4.2 of Chapter 4 we discussed the estimating equations for the hazard ratio
parameters in the uncensored case. We now wish to extend these equations so that
they can be used in the case of censored observations.

First the partial likelihood function of Section 4.2 will become:

Ah

K =n
- 11 |exptzhix BY 3 Vi Xadeap(ZIX)8Y . (:21)
k=] 1=1

I—
where X;; = min(7};, Cy;) and A;; is an indicator function [(.) which means A;; =1
if Xii = Ti; and Ai; =0 if Xi; = Cii. As explained in Section 4.2 of Chapter 4, this
partial likelihood function (5.21) eventually leads us to the generalized estimating

equations

K (=)
> L Z; (u)W(B,u)Uy(du) = 0. (5.22)
k=1

However, we now have Uy;(t) = Mj;(t), where Myi(2) is defined in (5.1) and W(8, u)
is the inverse of the longitudinal covariance matrix of the martingales under the appro-
priate exponential AR(1), MA(1) or equi-correlation process discussed in Theorems
5.1, 5.2 and 5.3.

For solving the estimating equation (5.22), we use the same Gauss-Newton iter-
ation procedure (4.15) discussed in Section 4.2 of Chapter 4. As in the uncensored

case, let [:JT be the estimate of 8 when the true covariance structure is used in (5.22)
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to estimate 3. To be specific, we use the Gauss-Newton iteration procedure (4.15),
but we replace A, x; in (4.15) with Ag; Ay ij, where Ay; is defined previously in this

section. Also we modify A, x; in (4.16) by replacing T;; and 7,,; with Xj; and X,,;
and G, 4;(8) is calculated following Cai and Prentice (1995, p. 156).

5.2.1 Estimation of Martingales Covariance Matrix for Cen-

sored Case

Note that the weight matrix W(3,u) in (5.22) is the inverse of the covariance matrix
for the censored case which has been discussed in Theorems 5.1, 5.2 and 5.3. As the
elements of the covariance matrix are functions of the dependence parameter p, we
need to estimate this parameter in order to construct the weight matrix as well as to
solve the estimating equation (3.22). We already discussed in Section 4.2.1 how we
can generate failure times T}; with mean 1/); and variance 1/A.. Similarly, we can
also generate censoring times Ci; with mean 1/);; and variance 1/A?;, where X;; =
min(7%;, Ci;). As discussed in Section 4.2.1, by using the relationship X; = X Aai/ A,

this correlation reduces to
corr( X, Xi;) = corr( Xy, Xi;) = plizjps (5.23)

where pf;_; is the lag | ¢ — j | correlation between X}; and Xj;.

Note that the parameter p which is involved in all lag covariance expressions in
Theorems 5.1, 5.2 and 5.3 can be estimated by using the estimate of p] under the
EAR(1) and EMA(1) processes. To estimate p under the EEQ process one requires
to compute all lag correlation estimates such that

w2_(n=1)p+(n=2)p2+...+pns
P = X
n(n—1)/2

We simply use the expression for g; in (4.19), but we replace T}; by X}; to account

for the censoring.
After getting the estimates of 5, we need to substitute the values of j in the
covariance expressions in Theorems 5.1, 5.2 and 5.3 to calculate the covariance be-

tween the martingales of the failure times for the censored cases under the EAR(1),
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EMAC(1) and EEQ processes respectively, to solve the estimating equation (5.22) and

to estimate the regression parameter 3 consistently and efficiently.

5.3 Efficiency Comparison for Censored Data Un-
der Correlation Structure Misspecification

Through a Simulation Study

As discussed in Chapter 4 the hazard ratio estimate 3 in the censored case from (5.22)
will be consistent and efficient if the underlying correlation structure for the failure
times is known. Specifically, if it is known that the failure times Ty, ..., Tsis. .., Tkn
with censoring times Cy,,...,Ck,-..,Ciy, follow the EAR(1) process (3.1) of Chapter
3 and we compute the W (3, u) matrix based on this underlying EAR(1) process as
in Theorem 5.1, then the estimate of 3 solving (5.22) will be consistent and efficient.
Note that in practice the underlying correlation structure is generally not known. In
this section our purpose is to examine the loss of efficiencies if one uses a working cor-
relation structure different than the true correlation structure in (5.22) for estimating
B. We do this examination here through a simulation study under the presence of

censored observations.

5.3.1 Simulation Design and Generation of Exponential Fail-

ure and Censored Time Data

As in Chapter 4, for our simulation study we consider K = 100 individuals each
with n = 4 repeated failure and censoring times. We also consider a two dimensional
(p = 2) covariate vector Zi; = (Zii1, Ziiz)T at occasion i for each of the K individuals.
For choosing 2-dimensional covariates we use the design matrix D, of Chapter 4.
The censoring times are generated by using the covariates for different censoring
probabilities. To be specific, we consider censoring probabilities P = 0.10 and P =

0.20, where censoring probability P = 0.10 means that there is a 10% chance that an
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observation will be censored in the generated failure times.

Generation of Failure and Censoring Times Under EAR(1) Process

To generate the failure times T}, values for an EAR(1) process, we follow the same
procedure discussed in Section 4.3 of Chapter 4. For generating censoring times for a
fixed k and all i = 1,...,4 under censoring probability P = 0.10 we generate initial
values C, and €;; from an exponential distribution with rate 1/9. Then using Cp,
and &g; and following (3.1), replacing T}; by Ci;, we generate censoring times C;; for
various choices of the dependence parameter. Then making the same transformation
for the failure times, (Cy; = C};/ Ak, where A is defined in (4.20)) we can generate
our censoring times Cj;. We do this for all £ =1,2,...,100. It can be easily shown
that

P(Tii > cii] = %,
which means that there is a 10% chance of finding a censored observation. For 20%
censorship, 1.e. P = 0.20, we follow the same procedure, except the initial values Cf,

and &;, where these initial values C, and &4, should follow an exponential distribution

with rate 1/4.

Generation of Failure and Censoring Times Under EMA(1) Process

To generate the failure times T}; under an EMA(1) process, we follow the same
procedure discussed in Section 4.3. Note that unlike the EAR(1) case, the generation
of Ci depends only on ;. As in the EAR(1) model, we generate the &, values
from an exponential distribution with rates 1/9 and 1/4 to obtain P = 0.10 and
P = 0.20 respectively. Then we generate censoring times C}; for various choices
of the dependence parameter using (3.6} with T}; replaced by C;; and do the same

transformation as in the EAR(1) case to obtain the censoring times Cy;.
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Generation of Failure and Censoring Times Under EEQ Process

Similarly, to generate Tj; from the EEQ process we follow the same procedure dis-
cussed in Section 4.3. Then for generating censoring times, we first generate initial
values Cyy and &, from exponential distributions with rate 1/9 and 1/4 to obtain
P =0.10 and P = 0.20 respectively. Following (3.11) of Chapter 3 and replacing T};
by C§; and using Cy; and &, we generate C}; for various choices of the dependence
parameter. Then using same transformation as in the EAR(1) and EMA(1) cases we

obtain the censoring times Cy;.

5.3.2 Empirical Efficiency Comparison due to Misspecifica-

tion of Correlation Structure

We now use the exponential failure and censoring times generated under a given
correlation structure and compute the estimate of 3 by using this known correlation
structure in the estimating equation for 8 in (5.22). This estimate is computed
using the true known correlation structure and denoted by [:JT in Section 5.2. As in
Chapter 4, we compute such 3 estimates for 2000 simulations and calculate the mean
and MSE and refer to this MSE to as MSE(True). Next we generate the exponential
data following a given correlation structure but using a different “working” correlation
structure in (5.22) to obtain an estimate of 3. This estimate is called the “working”
B estimate, which we denote by IBWIT- After computing this estimate over 2000
simulations we calculate the mean and MSE using this “working” structure and refer
to this MSE as M SE(Working). As in Chapter 4, one may calculate the relative
efficiency using (4.21). The results of this simulation study are given in the tables of
Appendix B only for true EAR(1) process.

Table B.l contains results when our failure times were generated following an
EAR(1) process under 10% censorship for various choices of p under design matrix
D,. From Table B.1 we can see that our estimates of 3 are biased, whether we

use the correct or incorrect correlation structures. The amount of bias is decreasing
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if the correlation increases. We can see that we are losing a lot of efficiency if we
do not use the true correlation structure, especially for correlation larger than 0.25.
The efficiency loss is higher for 10% censorship than that for uncensorship. One
very important point is the poor performance of the working independence structure
when the correlation is high. As in the uncensored case, this suggests we could have
problems if we incorrectly assume that our failure times are independent. We do not
have results for the working EMA(1) structure for p > 0.25 for the reasons given
in Chapter 4. Similarly, Table B.2 contains results when the failure times follow
an exponential distribution under 20% censorship. The estimates of 3 are biased
and similar with Table B.1 for any working correlation and efficiency loss is high if
we do not use the true correlation structure, especially for correlation larger than
0.25. The percentage of efficiency loss is higher for 20% censorship than that for 10%
censorship as well as for uncensorship. For the working EMA(1) process, we have
some convergence problems which require further study.

From the above discussion we can conclude that we get biased estimates of the
regression parameter 3 no matter whether we are using the true or incorrect work-
ing correlation structure for both 10% and 20% censorship. For small correlation
(p < 0.25), the efficiency gain is not large for using true correlation structure in
the estimation of #. But if we have high correlation (p > 0.25) then we should use
the true correlation structure for estimating 3, otherwise we loss a lot of efficiency.
Note that the percentage efficiency loss is higher for 20% censorship than that for
10% censorship as well as for uncensorship. This implies that the higher the rate of

censorship, the more important it is to specify the appropriate correlation structure.

5.4 An Illustration: Kidney Infection Data

So far we have discussed the modeling of failure times and estimation procedures of
the hazard ratio parameters for longitudinal correlated failure times after taking the

longitudinal correlations into account for uncensored and censored cases respectively.
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To be specific, the estimation for the uncensored case was discussed in details in
Chapter 4 and the censored case was dealt in this chapter through Sections 5.1-5.3.
In this section, we will illustrate the methodology developed for both uncensored and
censored failure time data through a numerical example. These data were reported by
McGilchrist and Aisbett (1991) and then studied by Aslanidou, Dey and Sinha (1998).
The data are given in Table C.1, which consist of the times of infection from the time
of insertion of the catheter for 38 kidney patients using portable dialysis equipment.
The first column shows the patient number. For each patient the second column
contains the time to the first and second infection respectively. The third column
contains sex, which is the only covariate in this data set, which was coded 1 for male
and 2 for female. Note that McGilchrist and Aisbett (1991) originally dealt with
two other covariates, the age and disease types of patients, but these covariates were
found to be insignificant as indicated by Aslanidou et al. (1998). This motivated us
to analyze the kidney infection data with only one covariate. The last column shows
the binary variables representing the censoring indicators for the first and second
infection respectively. In this column occurrence of infection is indicated by 1 and
right censoring by 0. Further note that the kidney infection data considered here are
longitudinal by nature as the infections were reported at two consecutive occasions.

It is therefore clear that the two recurrence times of kidney infection for any patient
are longitudinally correlated and it is important to take this correlation into account
to obtain the hazard ratio parameter estimate. This correlation issue was however
not addressed in the above mentioned paper for the estimation of the regression
parameter. As it is likely that the correlation among recurrence times will decay as
the lag between the recurrence times increases, we assume an EAR(1) longitudinal
correlation structure for the repeated kidney infection and use this assumption for
the estimation of the hazard ratio parameter. We do this in the following subsections

for both uncensored and censored cases.
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5.4.1 Hazard Ratio Parameter Estimation Based on Uncen-
sored Data

For analyzing the uncensored data set we removed all censored observations from
the data set. We have only 23 patients for whom both failure times are available.
As discussed earlier we use the EAR(1) “working” correlation structure (4.3) for
the uncensored case to estimate the regression effects of the covariate sex. We use
the estimating equation (4.13) and solve that estimating equation by using Gauss-
Newton iteration procedure (4.15). We start with an initial value of 8 = 0.0, and
estimate the dependence parameter p and hazard ratio parameter 4. After 18 it-
erations the Newton-Raphson method converged and we obtained the estimate of
the dependence parameter 5 = 0.4356. Our estimate of 8 is § = —2.9814 with
standard error 0.0653, computed by the square root of A7'(8)E.(8)AZ!(B) with
Au(B) = K SE, T, Auss and $u(8) = TE, Ty ey Cui(B)GT 15(8), where
Ay ;(8) and G, .;(8) are in (4.16) and (4.17) respectively. The negative effect of this
covariate is indicating that the infection rate for female patients is lower as compared
to the infection rate for male patients. Although we considered the true longitudi-
nal correlation structure is EAR(1), for repeated failure times, any other correlation
structure such as EMA(1) or EEQ will give the same results as there are only two

recurrence times.

5.4.2 Hazard Ratio Parameter Estimation Based on Com-

plete (Uncensored and Censored) Data

For the censoring case, we consider the whole data set of 38 patients and true cor-
relation structure as EAR(1) for analyzing the data. We use the EAR(1) “working”
correlation structure (5.9) for solving the estimating equation (5.22) and use the
Gauss-Newton iteration procedure to estimate the hazard ratio parameter 3. From
the EAR(1) correlation structure (5.9) we see that the martingale correlation structure

is a function of the dependence parameter p and the censoring times. For uncensored
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observations we consider the censoring times as infinity. For the complete data we
use the correlation estimate g = 0.4356 from the uncensored case under the assump-
tion that the correlation parameter p is the same for both uncensored and censored
data. Then p was used in (5.9) to compute the covariance of two martingales for each
of the 38 patients and use the estimating equation (5.22) to find the hazard ratio
parameter. QOur process has converged after 10 iterations and we get the estimate
of 8 as ,é = —1.8613 with standard error 0.0197, computed by the square root of
A;l(ﬂ)iw(ﬂ)z‘i;l(ﬁ), where A, (8) and G,,(B) are calculated following Cai and Pren-
tice (1995, p. 156). Like the uncensored case, the covariate sex has a significant effect
as the standard error of sex is very small. The negative effect of sex is indicating that
the infection rate for female patients is lower as compared to the infection rate for
male patients. Note that B = —1.8613 is similar to the result found by McGilchrist

and Aisbett (1991), but our estimate has a much smaller standard error.



Chapter 6

Concluding Remarks

6.1 General Remarks

Longitudinal correlated failure times data analysis is an important problem in prac-
tice. The statistical inference under such models, however, was not adequately ad-
dressed in the literature, perhaps because of the difficulty in modeling longitudinal
correlation structure for repeated failure times. As mentioned earlier, some authors
such as Wei, Lin and Weissfeld (1989) and Gao and Lin (1994) discussed the regres-
sion estimation problem under this longitudinal setup, but they have used structural
correlations rather than longitudinal correlations in modeling the correlations for the
repeated failure times. In Chapters 3, 4 and 5 we have shown how to model the cor-
relations for particular types of longitudinal data. These include exponential AR(1),
MA(1) and equi-correlation structures. The proposed correlation structures were then
used to compute estimating equations for the hazard ratio or regression parameters.
Thus if the longitudinal correlation structures are known, then by following the results
of Chapter 4 and 5 one may obtain efficient estimators for the regression parameters.

Note that for the cases when it is not possible to specify the correlation structure,
it is difficult to construct a robust correlation structure for the estimating equations
to model the censored data. As it is clear from Chapter 4 that for the uncensored

data the correlation between any two martingales of the failure times is the same as
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the correlation between the corresponding original failure times, one may therefore
attempt to use a robust correlation structure to model the unknown longitudinal true
correlation structure and use it for estimation of regression effects. This we show in

brief in Section 6.2.

6.2 Robust Correlation Structure Based Regres-
sion Estimation for Uncensored Failure Time

Data

As indicated above, in the uncensored case the correlation between the martingales of
the failure times is nothing but the correlation of the failure times. Consequently one
may follow Sutradhar and Das (1999) and write a robust autocorrelation structure

for the martingales of the failure times under the uncensored case as

[ 1 s ... P
Py 1 Pi - Pno
V= p3 A 1 ... P3| (6.1)
| Prot Pr-2 Pa3 - 1]

where corr(Mii(Tii), Miivn(Tei+n)) = pi- We can estimate pj by ry, where rj can

be expressed as
K n-l

o= 2 ZTkiTk(.'H)/K(n —1)

k=1 =1
fori=1,2,...,(n—1) and Tk,‘ is

Twi — E(Tw)

T = ver(Ty)

This correlation structure V in (6.1) can be used in the estimating equation (4.13) of

Chapter 4 to estimate the regression effects.
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6.3 Efficiency Aspects for Uncensored Data Based
on Robust Correlation Structure

Here we conduct a simulation study under the “working” robust correlation structure
to estimate the hazard ratio parameter by using estimating equation (4.13) of Chapter
4. For this simulation study we generate correlated failure times as in Section 4.3
of Chapter 4 using the two design matrices D), and D, . We then compute 3 using
the robust correlation structure (6.1). We refer to this as the robust 3 estimate and
denote it for convenience by 3 r- We compute these 3 estimates for 2000 simulations,
and obtain the average and the mean square error (MSE). This MSE is referred to as

the M SE(Robust). It then follows that one may compute the relative efficiency as

M S E(Robust)
MSE(True)

R.E.(Bryr) = x 100, (6.2)

where R.E.(BT|T) is 100 as ﬁ.T;T is nothing but Br. From (6.2) we can calculate the
loss of efficiencies for using the robust correlation structure. We report these results
in the tables of Appendix D.

Tables D.1 and D.2 contain the results of generated correlated failure times under
the EAR(1) process and estimates using the true correlation structure and “working”
robust structure (6.1) for designs D; and D, respectively. From these two tables
we can conclude that if we generate data from an EAR(1) process and by using the
“working” robust structure the loss of efficiencies is quite small. Tables D.3 and D.4
contain similar results under the designs D, and D, respectively when we generate
failure times under the EEQ process. Under design matrix D, we get 94% efficiency
for using the “working” robust correlation structure and for design matrix D; we get
90% efficiency for using the “working” robust correlation structure. Although for a
true EEQ process the efficiency loss is 10%, it is still better than the other “working”
correlation structure such as EAR(1), EMA(1) and independence. Tables D.5 and D.6
contain similar results under the designs D, and D, respectively when we generate

failure times under an EMA(1) process. At that time we get 100% efficiencies for
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using the “working” robust correlation structure (6.1). All throughout IMSL based
Fortran 90 was used as software to carry out the simulation as well as data analysis.

From the above discussion we see that the efficiency loss is not great for using the
“working” robust correlation structure (6.1) as compared to other “working” corre-
lation structures discussed in Chapter 4, regardiess of the true correlation structure.
Therefore, this method seems to have a strong potential to give consistent and effi-
cient estimates when analyzing a real data set where the true correlation structure is

not known for the uncensored case.

6.4 Proposal for Further Research

From Chapter 5, as the martingale correlations of the failure times are not the same as
the correlations between the original failure times, it appears difficuit to write a robust
correlation structure for the censored data. This issue requires further investigation
for the construction of a possible robust correlation structure, which is beyond the
scope of this thesis. Moreover, if multivariate structural data are repeatedly collected
over a period of time, this will require us to combine the structural and longitudinal
correlations to estimate the regression parameters. This appears to be a challenging

work which is also beyond the scope of this thesis.



Appendix A

Tables for Uncensored Case

Working Correlation Structure

EAR(D) D FEQ EMA(L)
p | Statistic | Brirqy  Brir) | Bwira) Bwirwe) | Bwita) Bwire) | Bwity  Bwir)
Mean 1.0064 0.9970 ] 1.0071 0.9970 ! 1.0065 0.9970 | 1.0062 0.9969
0.10 MSE 0.0068 0.0062 ; 0.0069 0.0062 | 0.0068 0.0063 | 0.0068 0.0062
R.E. 100.00 100.00 | 99.000 100.00 { 100.00 98.000 | 100.00 100.00
Mean 1.0011 1.0003 | 1.0031 0.9997 | 1.0014 0.9998 | 1.0007 0.9998
0.25 MSE 0.0064 0.0057 | 0.0068 0.0061 | 0.0066 0.0059 | 0.0064 0.0058
R.E. 100.00 100.00 | 94.000 93.000 | 97.000 97.000 | 100.00 98.000
Mean {0.9996 1.0052( 1.0020 1.0047 | 1.0011 1.0047
0.49 MSE 0.0050 0.0052 | 0.0070 0.0071 | 0.0056 0.0057
R.E. 100.00 100.00 | 71.000 73.000 { 89.000 91.000
Mean 1.0014 1.0048 | 1.0027 1.0062 | 1.0024 1.0049
0.64 MSE 0.0044 0.0040 | 0.0076 0.0068 | 0.0051 0.0046
R.E. 100.00 100.00 | 58.000 59.000 | 86.000 87.000
Mean 1.0056 1.0072 | 1.0080 1.0083 | 1.0058 1.0076
0.81 MSE 0.0038 0.0032 | 0.0091 0.0079 | 0.0044 0.0038
R.E. 100.00 100.00 | 42.000 41.000 | 86.000 84.000

Table A.1: Summary of estimates for uncensored case with K" = 100, true 8, = 3; = 1
for true EAR(1) process, under design D,. p= Correlation Parameter, MSE = Mean
Square Error, R.E. = Relative Efficiency.
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Working Correlation Structure

EAR(D) D EEQ EMA(D)
p__| Statistic | Brir)  Brre) | Bwirqy  Bwire) | Bwirq)  Bwire) | Bwirq) Bwire)
Mean |1.0109 0.9897 | 1.0118 0.9903 | 1.0105 0.9901 | 1.0105 0.9893
0.10[ MSE |0.0062 0.0035| 0.0062 0.0035 | 0.0062 0.0035 | 0.0063 0.0035
R.E. 100.00 100.00 | 100.00 100.00 | 100.00 100.00 | 98.000 100.00
Mean | 1.0056 0.9919 | 1.0082 0.9925 | 1.0054 0.9920 | 1.0043 0.9908
0.25| MSE |0.0058 0.0028 | 0.0061 0.0031 | 0.0061 0.0030 | 0.0064 0.0029
RE. 100.00 100.00 | 95.000 90.000 | 95.000 93.000 | 91.000 97.000
Mean | 1.0043 0.9951 | 1.0079 0.9964 | 1.0050 0.9954
0.49| MSE |0.0051 0.0024 | 0.0070 0.0036 | 0.0055 0.0026
R.E. 100.00 100.00 | 73.000 67.000 | 93.000 92.000
Mean |1.0065 0.9954 | 1.0090 0.9974 | 1.0066 0.9959
0.64| MSE |0.0048 0.0020| 0.0078 0.0036 | 0.0052 0.0022
R.E. 100.00 100.00 | 62.000 56.000 | 92.000 91.000
Mean |1.0113 0.9949 | 1.0158 0.9963 | 1.0104 0.9956
0.81 MSE |[0.0044 0.0015 0.0101 0.0042 | 0.0052 0.0017
R.E. 100.00 100.00 | 44.000 36.000 | 85.000 88.000

Table A.2: Summary of estimates for uncensored case with K = 100, true ) =8, = 1
for true EAR(1) process, under design D,;. p= Correlation Parameter, MSE = Mean
Square Error, R.E. = Relative Efficiency.




75

Working Correlation Structure

EAR(1) ID EEQ EMA(1)
p | Statistic | Bwirqy Bwir) | Bwit) Bwire | Bty Brire | Bwitty  Bwit)
Mean 0.9996 1.0030 | 1.0003 1.0037 | 1.0000 1.0032 | 0.9994 1.0029
0.10 MSE 0.0060 0.0063 | 0.0060 0.0062 | 0.0060 0.0062 | 0.0060 0.0063
R.E. 100.00 98.000 | 100.00 100.00 | 100.00 100.00 | 100.00 98.000
Mean 1.0016 1.0018 | 1.0021 1.0030 | 1.0017 1.0022 | 1.0016 1.0017
0.25 MSE 0.0064 0.0063 | 0.0063 0.0062 | 0.0063 0.0062 | 0.0064 0.0064
R.E. 98.000 98.000 { 100.00 100.00 | 100.00 100.00 | 98.000 97.000
Mean 0.9998 1.0012 | 1.0013 1.0028 | 1.0005 1.0012 | 1.0014 1.0022
0.49 MSE 0.0058 0.0065 | 0.0063 0.0068 | 0.0056 0.0062 | 0.0060 0.0065
R.E. 96.000 95.000 | 89.000 91.000 | 100.00 100.00 | 93.000 95.000
Mean 0.9992 1.0002 | 1.0015 1.0022 | 1.0005 1.0003
0.64 MSE 0.0058 0.0058 | 0.0069 0.0071 | 0.0054 0.0056
R.E. 93.000 96.000 | 78.000 79.000 | 100.00 100.00
Mean 0.9989 1.0005 | 1.0016 1.0022 | 1.0002 1.0003
0.81 MSE 0.0049 0.0045 | 0.0073 0.0073 | 0.0042 0.0041
R.E. 85.000 91.000 | 58.000 56.000 | 100.00 100.00

Table A.3: Summary of estimates for uncensored case with K = 100, true 8y = 5, =1
for true EEQ process, under design D;. p= Correlation Parameter, MSE = Mean
Square Error, R.E. = Relative Efficiency.
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Working Correlation Structure
EAR() i FEQ EMA(D)
p | Statistic | Bwiry  Bwir) | Bwirqy  Bwire) | Brirg)  Brire | Bwirq)  Bwirw)
Mean 1.0053 0.9930 { 1.0067 0.9941 | 1.0054 0.9935 | 0.9994 1.0029
0.10 MSE 0.0054 0.0034 | 0.0054 0.0034 | 0.0054 0.0034 | 0.0054 0.0035
R.E. 100.00 100.00 | 100.00 100.00 | 100.00 100.00 } 100.00 98.000
Mean 1.0068 0.9934 [ 1.0079 0.9946 | 1.0066 0.9939 | 1.0007 0.9937
0.25 MSE 0.0056 0.0034 | 0.0056 0.0034 | 0.0056 0.0034 | 0.0056 0.0034
R.E. 100.00 100.00 | 100.00 100.00 | 100.00 100.00 | 100.00 100.00
Mean 1.0046 0.9935 | 1.0069 0.9953 | 1.0050 0.9940 | 1.0064 0.9948
0.49 MSE 0.0054 0.0033 | 0.0059 0.0036 | 0.0052 0.0031 | 0.0055 0.0033
R.E. 96.000 94.000 | 88.000 86.000 [ 100.00 100.00 | 95.000 94.000
Mean 1.0041 0.9924 | 1.0069 0.9947 | 1.0045 0.9925
0.64 MSE 0.0057 0.0028 | 0.0070 0.0037 | 0.0053 0.0026
R.E. 93.000 93.000 | 76.000 70.000 | 100.00 100.00
Mean | 0.9989 1.0005 | 1.0067 0.9956 | 1.0035 0.9936
0.81 MSE 0.0050 0.0023 | 0.0079 0.0040 | 0.0044 0.0019
R.E. 88.000 83.000 | 55.000 47.000 | 100.00 100.00

Table A.4: Summary of estimates for uncensored case with K = 100, true 5, = 83; =1
for true EEQ process, under design D;. p= Correlation Parameter, MSE =Mean
Square Error, R.E. = Relative Efficiency.

Working Correlation Structure

EAR(D) D EEQ EMA(D)

p | Statistic | Bwirq) Bwir) | Bwir) Bwire | Bwiry  Bwire) | Bty Briree)
Mean 0.9998 1.0028 | 1.0007 1.0036 | 1.0003 1.0030 | 0.9995 1.0027

0.10 MSE 0.0060 0.0062 | 0.0060 0.0062 | 0.0061 0.0062 | 0.0060 0.0062
R.E. 100.00 100.00 | 100.00 100.00 | 98.000 100.00 | 100.00 100.00

Mean 1.0026 1.0012 | 1.0030 1.0024 | 1.0027 1.0018 | 1.0023 1.0011

0.25 MSE 0.0063 0.0058 | 0.0064 0.0060 | 0.0064 0.0060 | 0.0063 0.0058
R.E. 100.00 100.00 | 98.000 96.000 | 98.000 96.000 | 100.00 100.00

Mean 1.0057 0.9996 | 1.0048 0.9998 | 1.0054 0.9998 | 1.0057 0.9994

0.49 MSE 0.0059 0.0058 | 0.0063 0.0063 | 0.0062 0.0062 | 0.0059 0.0058
R.E. 100.00 100.00 | 94.000 92.000 | 95.000 94.000 | 100.00 100.00

Table A.5: Summary of estimates for uncensored case with K" = 100, true 3, = 3; =1
for true EMA(1) process, under design D,. p= Correlation Parameter, MSE = Mean
Square Error, R.E. = Relative Efficiency.
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Working Correlation Structure
EAR(]) D EEQ EMA(T)

p | Statistic | Bwir(y Bwir) | Bwirq) Bwire | Bwirq)y Bwir | Brira)  Brire)
Mean 1.0056 0.9929 | 1.0071 0.9939 | 1.0058 0.9933 | 1.0050 0.9926

0.10 | MSE 0.0054 0.0033 | 0.0054 0.0033 | 0.0055 0.0033 | 0.0054 0.0033
R.E. 100.00 100.00 | 100.00 100.00 | 98.000 100.00 | 100.00 100.00

Mean | 1.0077 0.9931 | 1.0088 0.9941 | 1.0075 0.9934 | 1.0069 0.9928

0.25 | MSE 0.0056 0.0033 | 0.0056 0.0033 | 0.0058 0.0033 | 0.0056 0.0033
R.E. 100.00 100.00 | 100.00 100.00 | 97.000 100.00 | 100.00 100.00

Mean | 1.0088 0.9936 | 1.0081 0.9941 | 1.0082 0.9936 | 1.0088 0.9937

049 | MSE 0.0051 0.0031 | 0.0055 0.0034 | 0.0054 0.0032 | 0.0051 0.0031
R.E. 100.00 100.00 | 93.000 91.000 | 94.000 97.000 | 100.00 100.00

Table A.6: Summary of estimates for uncensored case with K = 100, true 3, =3, = 1
for true EMA(1) process, under design D;. p= Correlation Parameter, MSE =Mean
Square Error, R.E. = Relative Efficiency.




Appendix B

Tables for Censored Case

Working Correlation Structure

EAR(D) ) EEQ EMA(D)
p_ | Statistic | Briry Briry | Bwiry  Bwire) | Bwiry  Bwire) | Bwirqy  Bwire
Mean | 0.6479 0.6493 | 0.6255 0.6175 | 0.6939 0.7087 - -
0.10] MSE |0.2530 0.2570| 0.2613 0.2785 | 0.2500 0.2550 - -
R.E. 100.00 100.00 | 97.000 93.000 | 100.00 100.00 - -
Mean |0.7073 0.7075] 0.6200 0.6175 | 0.7203 0.7378 - -
025 MSE |0.1881 0.1844 | 0.2450 0.2546 | 0.2060 0.1939 - -
R.E. 100.00 100.00 [ 77.000 73.000 { 91.000 95.000 - -
Mean |0.7901 0.7075 | 0.6200 0.6029 [ 0.7202 0.7378
0.49| MSE |0.0846 0.0817 0.2618 0.2546 | 0.2060 0.1939
R.E. 100.00 100.00 | 33.000 30.000 | 60.000 61.000
Mean | 0.8751 0.8849 | 0.5941 0.5871 | 0.8343 0.8406
0.64| MSE |0.0343 0.0313 0.2581 0.2635 | 0.0900 0.0833
R.E. 100.00 100.00 | 14.000 12.000 | 38.000 38.000
Mean |0.9823 0.9853 | 0.5995 0.5795 | 0.9342 0.9478
0.81 MSE |[0.0132 0.0099 { 0.2532 0.2751 | 0.0453 0.0386
R.E. 100.00 100.00 | 6.0000 4.0000 ; 30.000 26.000

Table B.1: Summary of estimates for censored case with K = 100, true 8, =8, =1
for true EAR(1) process with 10% censorship. p= Correlation Parameter, MSE =
Mean Square Error, R.E. = Relative Efficiency.
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Working Correlation Structure
EAR(1) ID EEQ EMA(1)
p | Statistic | Briry  Brire) | Bwiry  Bwire | Bwitay  Bwir) | Bwity  Bwite)
Mean | 0.7434 0.7479{ 0.6894 0.6789 | 0.7928 0.7955 - -
0.10 MSE 0.1483 0.1548 | 0.1922 0.1977 | 0.1480 0.1540 - -
R.E. 100.00 100.00 | 78.000 78.000 [ 100.00 100.00 - -
Mean |0.7948 0.8041 | 0.6936 0.6849 | 0.8203 0.8310 - -
0.25 MSE 0.1033 0.1010 | 0.1860 0.2015 | 0.1514 0.1447 - -
R.E. 100.00 100.00 | 56.000 50.000 | 68.000 70.000 - -
Mean | 0.8676 0.8756 ( 0.6822 0.6676 | 0.8353 0.8542
0.49 MSE 0.0460 0.0467 | 0.1953 0.2053 | 0.0862 0.0774
R.E. 100.00 100.00 | 24.000 23.000 | 33.000 60.000
Mean | 0.9282 0.9359 | 0.6774 0.6664 | 0.8941 0.9050
0.64 MSE 0.0156 0.0155 1 0.1914 0.2041 | 0.0603 0.0571
R.E. 100.00 100.00 | 8.0000 8.0000 | 26.000 27.000
Mean 1.0060 1.0076 | 0.6725 0.6595 | 0.9685 0.9813
0.81 MSE 0.0067 0.0072 { 0.1855 0.1962 | 0.0342 0.0358
R.E. 100.00 100.00 [ 3.0000 3.0000 | 20.000 20.000

Table B.2: Summary of estimates for censored case with K" = 100, true 8, = 8 =1
for true EAR(1) process with 20% censorship. p= Correlation Parameter, MSE =
Mean Square Error, R.E. = Relative Efficiency.




Appendix C

Kidney Infection Data
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Patient Recurrence Sex Event

number times types
1 8, 16 1 1,1
2 33,13 2 1,0
3 22, 98 1 11
4 447318 2 1, 1
5 30, 12 1 1,1
6 24,245 2 1
7 7,9 1 1,1
8 511, 30 2 1,1
9 53,196 2 L1
10 15,154 l 1,1
11 7,333 2 1,1
12 141, 8 2 1,0
13 96, 38 2 1,1
14 149, 70 2 0,0
15 536, 25 2 1,0
16 17, 4 1 1,0
17 185,117 2 1, 1
18 292,114 2 1,1
19 22,159 2 0,0
20 15,108 2 1,0
21 152,562 1 1,1
22 402, 24 2 1,0
23 13, 66 2 1,1
24 39, 46 1 1,0
25 12, 40 1 1, 1
26 113,201 2 0,1
27 132,156 2 I, 1
28 34, 30 2 1,1
29 2, 25 1 1, 1
30 130, 26 2 1,1
31 27, 58 2 1,1
32 5, 43 2 0,1
33 152, 30 2 1,1
34 190, 5 2 1,0
35 119, 8 2 1,1
36 54, 16 2 0,0
37 6, 78 2 0,1
38 63, 8 1 1,0

Table C.1: Recurrence times of infections in 38 kidney patients.




Appendix D

Tables Under Robust Structure for

Uncensored Case

Working Correlation Structure
EAR(1) Robust

p_ | Statistic | Briry Briree | Brira)  Brr
Mean | 1.0064 0.9970 | 1.0052 0.9959
0.10| MSE |0.0068 0.0062 | 0.0068 0.0063
R.E. 100.00 100.00 | 100.00 98.000
Mean | 1.0011 1.0003 | 0.9994 0.9990
0.25| MSE |0.0064 0.0057 | 0.0065 0.0058
R.E. 100.00 100.00 | 98.000 98.000
Mean |0.9996 1.0052 | 0.9984 1.0033
0.49 | MSE | 0.0050 0.0052 | 0.0051 0.0053
R.E. 100.00 100.00 | 98.000 98.000
Mean | 1.0014 1.0048 | 0.9998 1.0030
0.64 MSE | 0.0044 0.0040 | 0.0045 0.0040
R.E. 100.00 100.00 | 98.000 100.00
Mean | 1.0056 1.0072 | 1.0035 1.0051
0.81 MSE | 0.0038 0.0032 | 0.0039 0.0032
R.E. 100.00 100.00 | 97.000 100.00

Table D.1: Summary of estimates for uncensored case with K = 100, true 8, = 8, = 1
for true EAR(1) process, under design D). p= Correlation Parameter, MSE = Mean
Square Error, R.E. = Relative Efficiency.
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Working Correlation Structure

EAR(1) Robust
p | Statistic | STty Briree) | Brirn) BRITE2
Mean 1.0109 0.9897 ; 1.0097 0.9880
0.10 MSE 0.0062 0.0035 | 0.0066 0.0037
R.E. 100.00 100.00 { 94.000 95.000
Mean 1.0056 0.9919 | 0.9994 0.9990
0.25 MSE 0.0058 0.0028 | 0.0062 0.0030
R.E. 100.00 100.00 | 94.000 94.000
Mean 1.0043 0.9951 | 0.9984 1.0033
0.49 MSE 0.0051 0.0024 | 0.0054 0.0025
R.E. 100.00 100.00 | 95.000 96.000
Mean 1.0065 0.9954 ] 0.9998 1.0030
0.64 MSE 0.0048 0.0020 | 0.0048 0.0020
R.E. 100.00 100.00 { 100.00 100.00
Mean 1.0113 0.9949 | 1.0035 1.0051
0.81 MSE 0.0044 0.0015 | 0.0044 0.0015
R.E. 100.00 100.00 | 100.00 100.00
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Table D.2: Summary of estimates for uncensored case with K = 100, true 8; = 8, = 1
for true EAR(1) process, under design D,. p= Correlation Parameter, MSE = Mean
Square Error, R.E. = Relative Efficiency.



Working Correlation Structure
EEQ Robust

p__| Statistic | Briray)  Brire) | Briry  BriT(a)
Mean 1.0000 1.0032 | 0.9988 1.0019

0.10 MSE 0.0060 0.0062 | 0.0061 0.0063
R.E. 100.00 100.00 | 98.000 98.000

Mean 1.0017 1.0022 | 0.9994 0.9990

0.25 MSE 0.0063 0.0062 | 0.0065 0.0064
R.E. 100.00 100.00 | 97.000 97.000

Mean 1.0005 1.0012 | 0.9987 0.9995

0.49 MSE 0.0056 0.0062 | 0.0058 0.0064
R.E. 100.00 100.00 | 97.000 97.000

Mean 1.0005 1.0003 { 0.9990 0.9974

0.64 MSE 0.0054 0.0056 | 0.0056 0.0057
R.E. 100.00 100.00 | 97.000 98.000

Mean 1.0002 1.0003 | 0.9988 0.9980

0.81 MSE 0.0042 0.0041 | 0.0045 0.0043
R.E. 100.00 100.00 | 94.000 94.000
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Table D.3: Summary of estimates for uncensored case with K = 100, true 8; = 3; = 1
for true EEQ process, under design D,. p= Correlation Parameter, MSE = Mean
Square Error, R.E. = Relative Efficiency.



Working Correlation Structure

EEQ Robust

p | Statistic | Brirq) Brire) | Briry  Brre
Mean | 1.0054 0.9935 | 1.0045 0.9906

0.10| MSE |0.0054 0.0034 | 0.0058 0.0036
R.E. 100.00 100.00 | 95.000 95.000

Mean | 1.0066 0.9939 | 1.0056 0.9913

025 MSE |0.0056 0.0034 | 0.0060 0.0036
R.E. 100.00 100.00 | 94.000 95.000

Mean | 1.0050 0.9940 | 1.0041 0.9912

049 | MSE | 0.0052 0.0031 | 0.0056 0.0034
R.E. 100.00 100.00 | 93.000 91.000

Mean | 1.0045 0.9925 | 0.9990 0.9974

0.64| MSE | 0.0053 0.0026 | 0.0057 0.0028
R.E. 100.00 100.00 | 93.000 93.000

Mean | 1.0035 0.9936 | 1.0037 0.9909

0.81{ MSE | 0.0044 0.0019 | 0.0048 0.0022
R.E. 100.00 100.00 | 91.000 87.000
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Table D.4: Summary of estimates for uncensored case with K" = 100, true 8, = 8, = 1
for true EEQ process, under design D,. p= Correlation Parameter, MSE = Mean
Square Error, R.E. = Relative Efficiency.

Working Correlation Structure

EMA(1) Robust

p_| Statistic | Brir) Briree) | Brirg)  Brir
Mean |0.9995 1.0027 | 0.9990 1.0016

0.10 [ MSE | 0.0060 0.0062 }0.0061 0.0062
R.E. 100.00 100.00 | 98.000 100.00

Mean |1.0023 1.0011 [ 1.0019 1.0000

0.25| MSE |0.0063 0.0058 | 0.0064 0.0060
R.E. 100.00 100.00 | 98.000 97.000

Mean | 1.0057 0.9994 | 1.0059 0.9993

0.49| MSE |0.0059 0.0058 | 0.0059 0.0058
R.E. 100.00 100.00 | 106.00 100.00

Table D.5: Summary of estimates for uncensored case with K = 100, true 8, =3, =1
for true EMA(1) process, under design D;. p= Correlation Parameter, MSE = Mean
Square Error, R.E. = Relative Efficiency.




Working Correlation Structure
EMA(1) Robust

p | Statistic | Brir1) Bryree) | Briry  Brire)
Mean | 1.0050 0.9926 | 1.0048 0.9905

0.10 MSE | 0.0054 0.0033 | 0.0057 0.0034
R.E. 100.00 100.00 | 95.000 97.000

Mean | 1.0069 0.9928 { 1.0068 0.9911

025 MSE [0.0056 0.0033 | 0.0059 0.0034
R.E. 100.00 100.00 { 95.000 97.000

Mean | 1.0088 0.9937 [ 1.0089 0.9934

049 ) MSE {0.0051 0.0031 | 0.0052 0.0031
R.E. 100.00 100.00 { 98.000 100.00

86

Table D.6: Summary of estimates for uncensored case with K = 100, true 8, = 5, = 1
for true EMA(1) process, under design D;. p= Correlation Parameter, MSE = Mean
Square Error, R.E. = Relative Efficiency.
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