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Abstract 

Till' ird'• ·n·rln's !'or tlu· ordt ·r st ;11 ist ics for norlllal ntndom variabl<·:.; \\'it h a g<'ll<'ral 

r'tll'l'<'lid ion st rnct un·. wlww corT<'Iilt ions ciln IH' lln<'qlfal or <'qual. posit i\'(' or II<',E?;«ti\'(• 

itn· disl'tlss<·d in this t 11<'!-ii~: . Sp<·<·ilintll .\·. IJast·cl 011 a Slllitll corr<·lat ions approach. \\'c•. 

lir:-.1. <k\'f·lop t.ht• joint d<•nsity fun ctio11 uf tlw onl<·r statistics undc•r tlw gc•nc·nd conc·-

1<~1 io11 sl't · ''P· Wt·. I 11<'11. providl' <lit itppro:-: imat ion for t lw dis t ribut iun of a singk ord<•r 

still ist il' und<·r tlw sit Ill<' <'OIT<'Iilt ion s<'l -up. Spt•ciitl at t<•fll ion is gi\'!'11 to I II<• <kri\·at io11s 

!'or t lw dist rihut ions of I lw rnaxi111a and nrinirn<t. Tlw compnt at ion<tl rtspcr t s of I ]J(' 

dist riiHJI io11 ol' t lw lltiiXilllit. fur <'.'\<llllpk. ill'<' disctlss<·d in d<"l ails fort lw honlosccdas lic 

<'<pli-t·un•·lat ion. ltoJJJosn·dast ic tiiH'qllill c·orrc•lat ions. and lwl<•rosc!'dasl ic IIII<'<JIIa l <'<>IT<'­

litl io11s t'itSI's . 'I'll<' itpplinll io11s of IIIC' propos<•cl Slllitll <'otT('Iat ions approadt to <"Oil I !Jill<' 

I lw ]WI'< '<'Ill ilt• poi111 s cr•· t II<' rnaxillla an· show11 for tlw ltoiiiOs<·c•dast ic corr<'la'>~•d 1101'­

lllitl \'ill'i;d,lt·s l'olluwi11g a sl Cit ioiiHI',\' <ttJto-n•p,n•ssi\'<' prorc•ss of mdt•r <>II<'. all(\ for I II<' 

lwl••rosf'Ptlmil it· C'CIIT<'Ial<•tl norrnal \·aria],],•s following a IIOIISI<ltiotmry atlt<'cl<•JH'tldc•tJn' 

llltHI<·I. F111'1lll'riiJ01'1'. tlw stn;tll con<·lat io11s appro11ch for t llC' maxima is <'OIIIJHtr<'d wi th 

I lw Honf•·rToni I Hill lids <lpproxirnat ion for tiiii'<JIIHIIy hotnosc<•dast k <llld lwt<'roscC"dast ic 

nJJ'I'I'Iat1•d nol'lllill \'ilriahl<·s. 
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Chapter 1 

Introduction 

1.1 Motivation of the proble1n 

0\'c'r tlw l;1sl l'c•\\' dc•cad<'s. ord<'r stal ist ics inf<•n•nc<·s for t.lw incll'pc•wiPnt nor111al \·ari<li>l<·s 

hci\"C' hc•c•JJ widc.J.v discussc•d in tlw likrattlr<'. For c•xamplc·. \\'<' n-fc•r to Da\'id (I !)Sl ). 

<:alrnnhos ( I!)Ki). B;dakrishll<llt .\.~ ('ohc·n (I !H)[). Heiss ( IH~9). C:mnlwl ( l W>~) . Banwt t 

,\.· lc•wis ( I !)j:-() for suf'h i 11 fc·n·nn•s. In pract in·. onlc•r statist ics prohl<•ms a ri sl' i 11 lll<lll)' 

pr<ll'lic-;d sil.nation:-;. for c•xalllpl<·. in l.h<' conl<'xl of flood control in a giv<'n plan•. In a 

llood control prohlc•Jn. IC'I }'1• ):.!· .. .. ) ·:; •.... \ ·;,I)(' the yc•a rly water l<•\'t•ls of a river for 

11 ,\'Pat's. \\'lu·rc• 1:, clc•nolc•:-; thc• wal<•r lc•\'t•l of th<· riw·r for the jlh year. For t his kind of 

yc•nrl.\' dill H. it is rc•aso11Hhlc• lo <tSSIIIIH' that they ill'<' mutne~lly ind<'(><'ndcnt .. In ordc•r to 

l<tkc• all.\' n•nwdialnH•asmc· in pn•,·c•nt iug; til(' f11111n' lloocl spr<'<HI. it is irnpo1tant to st udy 

I lw pal t 1'1'11 of tlw lllilX i 11111111 \\'at ('I' lt•\·cl of t lw ri \'(' )'. On Ill<' ot lwr ha nd ~ i r \\"(' Willi I t 0 usc• 

till' rin·r CIS il some<· of t•lcrtrical <'11<'1'1!;.\' in ordc•r to 111aintaill a miuinntmlc•\·el. t.l wn ot.o· 



inter<'!'! would lw to st nd.\· tilt' patll'rnof tninillllltll \\'<lin h·rl'l of tlw ri\·cr. lnttt~lillill!IS. 

til<' forttwr prohlt•tn rcquitTs to lind /)r()inl::.; ul. and tltt· I.III('J' pruhlt·nt l'<'qllil't's In 

find Pr(l( 1) ::=:b). \\'h<'l't' )(n) = IIIII.!'():,. I::=; j S 11). \jl) = 111i11():,. I~ j ~- 11} iltl.\ u ,\· 

/1 an· t lw spccilit•d Wilt t•r kn·b. 

But. in prc1rt in•. t lwn• an· abo 111<1ny sit llil! ions \\'lwn· t lw ol,:-;,•n·at itliiS tna.\· ht• rt~r 

n·IHI<'d hut sf ill follow t lw ( :aussian dist rihut ion. For t'Xilnlplt·. c·uttsidc•r I ht• widt·sprt•Otd 

prod11< I ion ol' ri('(• in llun,!!;ill',\' (sa~·). for \\'ltich a lllinilllllnl <llllotltll of rainf;dl pn \\'cck 

is ll<'t'd<'cl . Simililrl~·. considc•r t lw product io11 of potatoc·s i11 \\'t•st .\\'rica (sa~·) wllt'rt ' t lw 

product ion II lilY ht• ilff<•t'l<'cl if I lw dail.\· high lc'IIIJH'I'ill 11r<•s t•xc ·c·c·d a rnaxitlllllll fiiiiOIIIII 

of d<Iily !t'lllJH'rillllr<'. lkw. It•! \ ~1 • j = I.:! ..... 11 he• t l~t• atnonnt of rain filii in llnngary 

ot· tl~t• tnaxin111111 l<'llljH'I'illlll't' in \\'t•st :\l'ri<'il dming tltt' jlh.j .-:: 1.~ .. . .. 11 \\' <'«'k or 

da~·. It t lwu follows that in t IH· rit'(' proc!Iwt.ion proi,J<•tll oil<' \\'tlltld sl11d.\· t !It' pat lt'rll 

of }·(, 1 = 111iu()·(.iJ· I ::=; j ::; 11) illld in t IH· potato prod11C'I ion prt~lJh'lll olll' would lu· 

intt•rt•stc•d to study tiH• pattc·rn of }·(nl = llllt.r()·(.d· I :S j ~ 11). Not<·. ltuwt•vc·r. !liill iu 

hot h of I h<•sc· probll'nJs. as t.IIC' obsc•J'\'al io11s ili'C' colic·•·! t•d Sll<'<'<•ssi\'<.J.v o\·<·r t i 1nc•, \\'<'<'k 

or day. it i:-. rc•asotJahk to 11SSIIIII<' ! It at ! lw origin;d ubst'l'\'itl ions } ··I·} i ..... } ·, ill'l' cor 

n•\,11t•d random varial>ks .. { 'onst'<Jllt'llt 1~·. t lw:·w prol,JPillS n·d11c<• to llw ordn still isl ics 

problc•n1s wh<·n· ohsernll.ions an• cotTc'l<l!<•d. 

Futh<•rnlon·. undc•r I he• c·11sc•s whc•n vmi;1blc•s ilrt' cotT<'Iill<·•l. ntosl of t.lw ord<·r sl.;d ist in; 

problc•Jns disrussc•cl so fm in I lw litc·r;I11lr<' lwloll,l!, to <'qlli -t·orn·lal.<·d t'iiS<'. l"or sii<'IJ 

anal,\·sc•s. \W' rdc•r to C:upta, Pillai ,\~ S1t•ck (I!Hil). <:11pta. ;\;;1,!!,<'1,\~ P<llwlt iiJlilk<•silll 

(1!)7:q. Owc·ul·:. St<'rk (1%1). llo[flllall k Saw (J!Jj;,L Hawlings (!!)j(i), <llllOill-', othPrs. 

C:upt a. Pillai and Stc·ck (I !W-I) consickrc·d tIll' dis! rihut.iotJs of <1 litl<'ill' fllrwt.ion 1111d r;1! io 

oft \\'O lint•ar f111wlions of orclc·r slat. is I ics fro111 an <'rptrdly cot'f'<•ltll t·d s<'l of IIOI'IIHd randur11 



:s 

\'ilri;d,Jc·~. Llfc·r 1JIL C:upta. \;tgc·l.'v l'arwh;tpakc·s;tn ( IH7:l) lta\·c· stndic·cl tlw distrilmtiorr 

tlll'or.v (jf till' rrr;txintit whiclr ;n·isc·s irr tlw coni c·xt of ranking awl nntlt iplc• c·onlpHrisotl 

prol,lc•rrts. \I on• spc·cilically. tlwsc· iltttltors ha\·c· discussc·d solll<' !l,<'ll<'r<ll dis1 rihn1 ion 

rlwory for n·r1 ;lin orrl<'r st;J! ist ics fro111 c·orrd;il <'d norlllalrandortr \"itri ablc·s wit It a SIH'cial 

currc·l;d ion s1 nrctun· p,_, ~:. I' 2 II. wltc•n• p,_, is t lu• corrl'litt ion C'<H'Ificic•nt IH•t \\' 1'1'11 } ·; and 

} ·,.for ;dl i.j -= I.~ ..... 11 illld i ::/ j . 

Tlw ordc·r slat ist.ics infc·rTnc·c·s for tlw c·qui-c·orr·C'Iah·d norrnal random \'CII'i<thh•s. was 

also studic·cl ''.\' Owc·n and St.Pck ( I!Hi:l). In tlll'ir st.ndy. tlw,\· Iran· shown how !Itt• 

lllilrgin;tl rnurnc·nts itlld produl'l lliollll'llls of till' ordt•r statistics rnay lw ohtai rwcl fru111 

tire· CIJI'I'l'SfiOIHiirrg lltollll'lltS itlld product IJIOIII<'IIIS for 1111' inclc•pc•rtcl<'ll<'C ' Ci\SI'. fl = 0. 

ILl\\· lings (I !)'iii) st urli<·d tl11• distrihut ion ol' t lw maxinta for suclt c•qui-corT<'Iilt<·d I'Cllt donr 

\'itrial>lc·s. ~lon· SIH'c·ilicall.\·. Hawlirrp;s c·xtc•rrdc·d I lw dist rihut iorr of I It<• lllaxillla of cmc· 

gronp of k- dirtll'rtsiortal <'qtri-corrclat<'d \'itriahl<•s stndic•cl 1>,\' ( :upta ( l!l7:J) to til<' cast• of 

111 irrd<'P<'Ild<·rrt p;ro11ps of k-dim<•ttl ion a I <'CJllicorn·lat c•d rmulom \'ariahlc·s. 

l luliiH· t l11• al~<l\'c' ant !tors. lloll'nlilll and Sa\\' (I !)j';)) at t.c•rnptc•d to include• I he• ru·gati\·c· 

l'ljllicorrditll'd l'ilSl' ill lindill,f.!; IJIC' distrilllltioll fllliCtioll of 1111' lllilXiiiiCI t.hat l'<'<!lllr<'S 

1'1'1'1 nin inl.q.!;ral iuns in tlw contpl,•x clolllain. which nra,\· not. he• <'itsy in gc•m•ral. 

Tlwn· I titS iolso IH'<'Il a r('\\' stuclic•s Oil I lw ordc·r st at.isl ics infc•t'('l\('('S, wh<'l'<' COITP­

Iat ions nra.\' Ill' lltl<'qllal. But. t.lrc·.r \\'<'r<' done· for \'c•ry sp<•cial conc•lat ions structur<•. 

For «'Xatnplt•. h~· t•xpn·ssiup; a rnulti\·ariat<' probability intq~ral as a pown s<'t'i<'s of t.h<' 

lllli\';ll·ial<' prohahilit,\' illi<',e;ral. C:n·ig ( I!Hii) has prorid<·d illl approxilllal ion tot lw dis­

trihutioJI ul' t•xll'<'lll<' \'alrws in cot'l'·lakd nnrmal population. for a \'<'ry sp<•cial situation 

wiH'Il 111<' corrl'lation matrix lws dorninant <'h•nwnts adjact•nt to tlw l<·ading diagonal 

\\'il h f'~,, 11 j: 0 hut '''-' = 0 for all i =f. j ,\~ j =f. i + I. 



\\"ith l't'1!,<ml to tlll'cktcction ufoutlic•rs in a sirnpk n·grcssiun st'l 11p. l·:llc·nlu·rg ( 1!17:1. 

l!ll(i) lws rrsc·d Bonfc•rToni irwqtrlitics approach to l'lllltprrlc•!lw lirrri t:-; fur tlrc· pn,h;t hi lit.l· 

of maxima oi' stanckrizc·d lt·a~l SlJllill'l'!' n•sidnills. llc•rc• in tlti:-; prnhlc•nr. I he• rc·siclual-. 

Iran· llllt'<pwl conTiat ions ha:-;t'd 011 tlw slrtrt'ltrrt' of tlw cit-sign rrr at ri:-: ill\·uh·t'd in !Ill' 

liiH'ill' IIHHic•l. 

Ohsc·n·c· that all t lrc• st rrdics tllt'ltl iorwd aho\·c· dc•al wit lr c•illwr <'qllic ·orrc·lalt'clclr spc· 

<"ial t,rpc•s of tlll<'((llill c·urn•latcd st 1'\ll"t trn·s. But. il:-i i11 n·;tlity. t he• rrur rrr;d \'itri;d,lc·s c·;rr r 

It<' tiii<'<Jllillly pusil i\'PI~· or llt'P,ill i\'c·l~· rorrc•la!t•cl. in this tlwsis. \\'t' ciPill with such gt'll 

l'l'al correlation strrwtmc•s and stud.r tlw onl<·r st;Jtisti('s i rrfc•n•r~t · c•s fur suclr c;t sc·:; , l'lrc· 

Sjll'cific plait oft lw t ll<'sis is as f'ollo\\'s: 

1.2 Objective of the Thesis 

I. In dlilplc•r two. 1\'t• pro,·idt• dc•lailc·d hackgro1111d of ordt'r sl;tlistic·s prol ,lc·llr s fc,r 

c·orrc·latc•cl nomwl data. 

:!. Clrapl!•r :l ro11n•rns llrt• infc•n•rwc•s for Ill<' ordc· r sl<tlistic:-; ol•tairll'd l'ru111 nnc·rltl id 

positirc{y or Jlc•gali\'c•ly c·orrc·l;tlc•d IIOI'IIIill \'ari;rhlt•s. l11 Sc•('tioll :LI. lt;r:-;r·cl o rr ;r 

Slllall t'OJ'r<•lat io11s Hpproa<·h. \\'1' clt•\'c•lop tlrc• joilll dc•JI:-;it.\· ftlll!'l ir1n for tIll' orrin 

statistics for corl'<'liltl'd nor111al varial>lc·s \\'ilh ).!,c·ru•r;tl c·orTc·latiun st rrwtmr·. ,\n 

approxirua\C' nwrp,inal dist rillltlioll of ;r s in).!,lc• ordc·r sl<~li~ t ir · is sit11plil ir·d in Sr•, ·ti"" 

:L2. In Sc•ct iorr :t:L \\'<' pro\'idc• I he• di :-;1 ril>rrt ion~; of lll<rxiura and nrin i11to1 i ts l.wo 

spt•ciaJ CilSt'S. 

:L Tire cornp11tat ion<rl mqwcls for tlw pc·n·c·nt ilc• points 111' I lw lllii XIIfl i l f11r lllll'lll id 



\·;rri;riJir·o., \\'itlr c.•·rwralt ·rJrH'l;rl ifJII o.,lnwr Ill"!'!-> ill"'' .!!.i\"r'tl. i11 draptc·r I. fu r I ltr<'l ' ~P<'­

r·ial !->itrrrelifJII..,, 1-"ir-,t . i11 Sc·.-tioll 1.:!. ,,.,. di~< ' tl:-.~ tlwr·ornputatioll of tlw jH'IT<'IIIilt• 

pr,irrh of r lw rrr;t Xiflr;r for !rflllltl..,,., . .j;ro.,J i<" r·qrrr-r ·rJJ"I"<'lill<'cl ( po~itj,-,. ur JI<'P,ill j,-,.) llor­

lllitl \ "i tl"it~l•lc·-.. . . \.., tJIII n·..,:rlh it !'I' oiJtilirwrl J,;,..,r •d 011 SliWII corn·lat iotlo., apprmH·h. 

,,.,. ,.,,,rrp;rrr· I lw111 \\'il lr till' r·x isti11g n·:-.ttlb rlllf· 111 C11pt ;r ( 1!)/:q for po~iti\'t • l'<pti­

,.,JI.,.t·l;rtr·d r·;rws. ( )llr rr·:-. rrlh ;rpp«'ill" to it,!!,f"f't' q11it t ' \\"t•ll \\'it It 1 hos«' ill ( :upt a ( I !) 7:~) 

f11r :-.ltlitll r·IIITf'litlillJI:-.. lrr Sc·c ·t i1111 1.:1. till' pt'ITt ' lll ilt• poi11ts uf tlw llliiXilllil ill't' f'Olll­

pllll'd fur tllC' lrullltl"c·t •rbr..,tir · llltl lliH'flllirii.\"I"IIJTc'liltt•d (po~iti\'t • or llr'P,<Iti\·<·) IIOI'Jllal 

\'itl"iitlllc•.., r'ii:W. 'j"j,j.., \\"1' ha\·c· done• ill tlw C"IJ!Iti'Xt of illlto-rt'P,I'<'SSi\'(• prw·t•ss of onlt•r 

rJtr•·. \\'lwn· \"ill"iiltll"c':-. (uf till' \irri;tiJit·..,) ;rrc· <'tplill a11d condatiolls arc• IIIH'qllill fol­

lo\\'irrg il dc•t"il .\"iii,L!, pitt 11'1"11 r .. r irrnrw .. iflg litg .... . .\c•:-;1. ill S,•ct ioll I. I. \\"(' di sCliSS I II<' 

c"llllllllltaliorr of tlw (li'I"C"c'lltil«· p11i11t.., of tlw lllir:>;illril. for tlw lwlt•rosn•d;rs t ic but 

rrrwqnall~· pu ... it i\'\·l_,. 1>1" llc'.!!,irl i\·c·l~· rurr<•litlt•cl JltH'Illill \·ariahks <'Hs<'. \ 'nlik<·tlw last 

l"ilsc·. \\"t' lt;l\·r· doru· t hi:-. irr tlw <"orrt<·xt of arrkd<'JH'IIdt•Jtn' (11o11stat ionary ) rnodl'ls . 

To a:-.s«·~s tlw itdc•qtJill',\" uf otrr snr;rll ,·orn·lilt ions itpproal'lr fort lw Jnaxillla in I Iris 

r;rs«'. il linrikd silrtnl;tl iurr o.,l ndy is ;dso f"ill'l'il'd <Jill. 

l.'urtlwmtorc•. \\"1' c·ontp<tl"<' rill!" ;rppro;11·h \\'itlr til<' \\'(•11-kllo\\"11 Bonft•rroni ho1111ds 

;rpproxilllitlirJII for l~r•tlt lrotllll!->l"l'd;rstic ;•,td ll<'tl'rosn·daslil' f'ilst•s. 

I. ( 'ilpli'r .-,ron I ilirr~ till' sttllllllill',\" oft h<· pr<•sr'ltl \\'OJ'k <llld proridc•s sorrw suggcslc•d 

l11pi1·s fur furtlwr I"!'SI'<ll'c 'lt. 



Chapter 2 

Background of Order Statistics 

Problems For Correlated Normal 

Data 

In ordc•r to 111akc' inf<'l'l'll<'<'s for ordn st;tlisti<'s l'rotn <til c•qu;tll.'· rorn·l;t1,·d s«'l 111' ltlll'lllid 

raudo111 \'CII'iahlc•s. 0\\'!'11 and Stc·d.; (I !Hi~) sho\\'c•d that till' IIIOIIlt'ltl s itltd prodtwt lito 

lll!'llts oft lw ordc•r statistics for ll<>l'lllHI \'ill'i<tl,lc·s for illl.\' I'· {I IH'iii.L!; tlw ''l(lli ,·orn·lat io11 

nwf!icic•nl IJ<'t\\'1'<'11 any two \'ariahlc•s. l'illl I)(' ol,taiJwd front tlw rorr•·spo11dinJ.!, lltOIIIt'Jtls 

and product IIIOIIH'IIts oft I)(' ordc·r statistics l'or iiiii<'!H'IIdc·nt (p =--- 0) ltomtal \'aria],],•s. 

Suppose' I hat x,. xl .. ... X, ill'<' iiiii<•JH'IIdl'llt ly it ltd lllll"lllitlly clistrilllltt•d l'itttdlltll \'ill'i 

ahks with /~'(X,) = 0 and /~'(X/) = I. for ;dl I . ~ ... . . 11. 1\ lsu 'i 11 p p w.1 · I llft1 

.\'0 is aJtotlwr st andardizl'd IIOI'IIIitl rarial,lc· but with /~'( .\'0 .\',) ~- 0, for I' .--- 0 1111d 

q.YuX;) = -(-p) ~/(1- p)L for fl < 0. Lc·t v, .. ... }·; ..... }·;, lw tlw II 11)1'/"l'litlf•(l 

(i 



\; (i . .:: I.:L . ... II). 0\\'('11 ,\: Stc·c·k c·xprc·ssc•cl )·;. (i = 1.~ ..... 11) as a function or til<' 

sli&IJdard norrnal l'iiiHioJIJ variahlc·s Xo . .\'1 ..... .\",, gi\'c•n by 

\. I \' ( I \' 't•l = pi . u+ 1-r')I. til (:!.I ) 

wlwn· Xr, l t~nd ) j l) I w. J'('SJ H'c·t i \'I' I_\'. 1 lw i I h ordc•r st a 1 !st i c of 1 he• sam pic• ( .\' 1 ••• • • .\", ) <llld 

(l"1 .... . ) ',). Ha:-wrl o11 ll1is lr<JIIsfonnation. til<',\' ohtairH'd Ill<' clwrMtNistic function of 

)·; iJS m·ll 11s tlu· joint dJill'iH'tc·ristic function of )·j /\·. \ ·~,. i #). \\'hich \\'<'r<·thm exploited 

to C'OIIIJIIIt c• 

and 

/·,'() ll)) 

r;o·(;,) 

/ ' () <l ) •, (•) 

= (1-p)tt~'(Xrd). 

= f' +(I- p)J.:(.\'{,,). 

:~p( I- p)~ t·:(.\'1il) + (I - p)Y /~'(.\'~~,). 

:V.! + (itl( I- p)/-_'(X(,) +(I- p)'lf~'(Xt;)). 

f' +(I- p)/~' (.\'rd.\'tJl). 

Thc•:H' a1tt liors pro\·idc•cl I IJC' mc•atts. standard clP\'iat ions. and t llf' third and t.hc fourt It 

rc•ntr;d lllOillc'llls of)(,. in tahnlar fonn . for sc•lc•ctC'd \'ilhH'!'i of 11 and fl· 

llsing till' aho\·c·transforlllation (:!.1). Gupta. Piii<Ji S .. ~ Steck (l~JG. J) ha\'<•deri\'c'd t.he 

dist rillltl ions of' tilt' lilll'CII' function Z = 2:i~ 1 a; )·(i)· ~lore sp<'cifically. lh<'y obt aincd I he 

dist rihut ion function of Z in t<'rnls of t.ll<' clist rihution function of 2:i~ 1 a;X( i ) gi\'ell hy 

II I I 

/'r{ 1. :S :- } ,, r{L (I; x(i) :::; - [p/( l - p )] t c~= (I i) Xu +.:/(I - p)T }. (:!.2) 
i=l i=l 

for I' :2: 0. aud 



II II 

/'r{I.':S:} - /'r{Lu,.\"(1) :S -[-p/(1-,,)j~(La,)Xu ·l : / (1-·t•)~· }. (:!.:1) 

for f' < 0. 

Tlwrt' an•. hm\'1 ' \"t'r. sorllc' pracl ic<tl sit11at iClns wltc·n· coiTt 'lilt ions tlla~· IH' clill'l'l'l'lll. 

For PXiliiiJllt•. i11 f<llllilial analy:-;is. it may lu• ru•n·ssary to study I hc· ordt•r pat lc·rn il lllllll).!. 

II fa Ill i Jy lll<'lll !Jc•r:-;. \\' 11<'1'1' 1Jlt' \ "(1 ria h)<' lllldl'l' nlllsi I h•ra t io11 for t lu 'SI' fat IIi J_\' 111!'1111 H'I'S Ill il_\' 

IH' llll!'CJIIilll~· <'OITPiat<'d. 1.1'1 fl•.i· for all i =f j hi' I Ill' <'on·c•l itl iun nll'llicit •ul lwl \\'1'1 ' 11 ilh 

t\· jilt llll'llllH'rs oft I)(' famil.'·· For such il g<'IH'rid sit llitliou wit II l'liiTc•latiotr sl rrlrllll'l ' 

tlw \'-funl'liou dt•sniiH'd 1>,\' .:\irholsoll (I!JI:J). Fur I Itt• tri\'al'iillt• rast•. tlw distril11 ll ion 

1'1111 <' 1 iou fur II' was .u;i\'1'11 as 

( ~ . I) 

a ,i h( I - (1 ,,~ )~ 



!) 

I ion fnrwl iorr of Jll;lxillrtl. IHrl for f'CJIIill r·orn·lillicms (J 2: 0. Bilsc·d 011 I Ire• transfon11a1ion 

\-(t) :: p~Xo+ (I -tJ)JX(t) as disrnssc·d aiJo\·c·. tlwy d<·ri\'c•cl tlw dist.rihutioll fuurtiou of 

r I I 
1·;,(1/;p) - / 1r{}·(,, ~ //} = ./_ .~ <l>"{(ypi + //)/(1- p)"i}o(y)dy (:.?. :i) 

whr·n· r)l(.tJ) and rf,(!J) arc·. rc•sJwrliwly. tlw rumulati\'1' clist rihution ftrlll'lion and tlu· 

dc·rrsit .\' l'urwtiorr of a s1«111Ciarclizc·d IIOI'Illill randorn \'ariilhiP V. Furl lwr. the,\' provid<·d 

I lw JH'I'<'C'IIIiii!,C' points or}(,,. llillll<{\'. the• \ 'c tllli'S or II satis l\inp, Fn(l!:p) = l- (I for 

sc ·lc ·rtc·d \';IIIII'S ol' o arrd f1 in I 1w for111 of tab1c•s. \ot <' . ho\\'1'\'<'1'. I hilt I Iris appro<1clr doc·s 

rrol JWI'Ilrit oJI<•Io c·olllplltc· tlwdistribntiou funC'Iion of}(,, fort'< Oas \\'<'11 as for 

In a 11 \'arialc• c·qui -rorn·latc•cl ~it 11atiorr. Ha\\'lings ( I!Ji(i) nlllsidc·n·d tlw prohahilit~· 

inlq!,l'ill for c•aclr or t1H' .'i :::;: II \'ill'iatc•s lo hcl\'l'lllllp;llillliJ<•Jcoss tlJatl ft and till' rC'Illililling 

11 - ·"- \'ilrial<'s to 1w\·c· tlrc·ir lllil).!;lliludc•s rnon· than ft. Follo\\'iug Cuplil ( [9(i:J) and 

( 'urnu\\' ,\· Dlllltl<'ll ( I!Hi~). Ba\\'lings ( I!Ji()) c·onrpnl<·d the• prob<1bility I hat }··, to}·:. fall 

/.,(h:8,// - 8.fl) / ..... ~. -...... [1" jll l • · · • • • 0, (J/1. • · • • l/n: fl )d,iJt. • • • • dy., 
• It • It --...... -·X· 

(~.6) 

w I wn· 

<l'(w) - {t.~. o(t')rlt·. 

\\'it h 
I 

" + pi .!' 
I 

(I - p)i 
II' 



Suppos<' tlwr<' ar<' 111 ind<'jH'tHh·nt groups or rlush•r:; \\'it It 11 < '<pticurn·lt~tt•d ttonu;tl , ·an 

ahlt•s iu t'arh. For <':\atnph•. iu a l't~milial data. tht·n· lltit,\' lw m iud<'IH ' IIdt·ut f~tll - :;ih 

familif's c•arh wit It 11 sibs ha\'ing equal corrt•lt~t ion I'· Ill ~udt :;it uat iun~ . HawlittJ!.:i (I ~17t i) 

hits t hl'll Hst•d t lw abo\'t• prohilhilit~· /.,, (It: .•.11- ,o.;·f') to <"Otllpttl<' tilt' pruh;tl,ilit,\· dt•ttsit .r 

whc•rc• Hu = 11111 . aud 

11 

/() '(,o -l : u o . r~~. r• )) - L .Y(,..u ,,.,{u1})/
1
( !1:1 ' ·11 ,, .{rr 1 }) 

r=l 

I-I'' ,1=1 

11.1 
( 

II ) 

\' I ll­
' (p.u,,.u, - /J(JI+ 1. 111--/1)//(11,,-1- 1. 11 - 11,,) 

.'<. [/,,_t( tl '; II - II,, -- l,ll,,.fl' )l 

wit It !J( .) as t ltc• liSllill l>l't a function. 

,,. ~ !I (: ~ ~) l 
aud p· tJ/(1 + p) 

( •) - ) -·' 

llj I><• t.IH• lltltllber of \'ilri;ti C'~: in sul>s<'f j wltiC'h an· gn•at<•r tllilll !f t~lld Jl is t.lw ti iJtlllwr of 

subsets lta\'lug at lt•ast Oil<' \'ariaiJI<• gn·at.<•r thar1 y. In !tis piiJH'I'. lw t;dlltlill<·d till' ' 'XI'' '(' 

mull immnal \'ariatc•s for s<•l<•ct Pel i + I. n. 111 <~lid p. 



II 

For handling rwg;din· e·qnirorn·lill.ious. llolfnr<lll and Saw ( I!Ji:i ) rnm·idc·d a compu­

t;at iorralk f('itsil,l<' mdhod f<JJ' fiudiup; the• C'llllllllatin· di!ilrilmt ion oft IIC' rlh ranke·d of 

,. =;;; I,:L .... 11 !Jase·d on Tchc·bydl<'v-llc•mritc· mrd Lc·p,cndn• polynomial. Th<' probability 

Ill 

f 1,.,,(h.f1) = fJ() ·(r)::; h) - L dk{l'. ll)./.l..(h.p) (2.8) 
A·:U 

dk( 1'.11) 
n!(21.· + I)! . 

I OA-(1'.11) 
(/.'.)~(II + h' + I)! 

and ./A-(h.p) .l:. /.J.-(2/1(n + Ou)- l].::(u)du 

wit h n = h / (I - p)?. 0 ::; fl t . :::( 11) l>c•i ng I hc• standard normal ord inalc•. ad 1', 11) hc·ing lhc• 

1.-lh ordc•r Tdwbydr<·\·-llc•nnitc•pol~ · nomial on ,. E {0. I. .... 111} sc;dc•d. I,!.( I') being the• 

/,·/ h onln Lq!,c•udrc• polynolll i;d in I'. and J>( n + Ou) IH'ing a suit ilhlc• complt•x fuuct ion 

wltc·n· fl is nllnplc·x. ~otc• t lr;ll the• probability ohtain<'d as a bore• hy lloll'm<.lll .\:,Saw 

(I !}7!i) is ;dso \'a lid for <'<Jil<d posit i \'<' conc•lat ions. For 0 ::; 1..· ::=; 10 and r = m = 10. 

IJ<'s. thc•,\' ohtairwd fJ111.rn(O. -1/!l) = 0.000000: [>10.,0 (0.1/8) = 0.008!J:J~): fJw,w(2.1/8) = 

II.X09i(i I: /)w. 10( I . I /2) = 0.-HiO.'i(iO: fJtu,w(L I /2) = 0.8(i6909. 

Fur a \'<'1',\' spc•cial filS<' of gt'n<'ral (t'qllal or llll<'qual) correlation structun•s. Greig 

( I~Hii) ch•n •lopc•d an approximalt• forlllllla for the• lllOIIII'JIIs of the smallest nduC's in a 



1:! 

i =f. .i S.: j :f. i + I. Siun· 1 h<· appl iccll ion uf I l~t• norlllalllllllt i ,.,\rial\' i tll<')!,ral h1 r;1knla 1 t' 

th(• <•xact lllOIIH'Jtls of tlH' minima is rumlwrsontt•. (;n·ip, prmoid1•d lirsl <Ill appro:-:itnalc· 

expr<'!ision l'or tllultirariate prohahilito\' iult•gral 111, i11 tt·rltls of 1!11 CIS 

ll',(y .. 0 0 .y: p;o1) == /'
0 

o o. r. ·'-· c),(IIJ. 0 o•. n,: p,,~ )du 1 ••• clu,, 
• !I • !I ,_, 

'V <l>d!Jlfl{l-(1 -· (l, od·J)~(l -- 111.{,1/)) j 
t== I 

<I> I (.II) { .._, c,'Jl (II ),/11 
.1!1 

(~.!1) 

( :.!. I o) 

1 h<• author. tll<'ll. ohtai11t'd au approxilllill<· n •snlt for thl' lllollH'IJts fur tliC' tllillilllil as 

11-l 

Jln .• "" Il[l- (I- f',oi+t )~(I- J1~,)] (:.!. I I) 
i=l 

aho\'<' approach takt'll hy Gn•ig (I !)(i7) do<'s not HJ'IH'ill' to IH' n·alist il'. This is lwrans<'. 

in l'l'ality. lht• otlwr oll'-dia~onal <' l<·nu•nts lllil,\' not IH' lll',!!,ligihh·. all ho11p;h tlwy \\'t'l'l ' 

IH'p;!t•rkd in this approach. 

Not c· that ordt·r statist in; illft•r<'IIC'!' is <tlso I'SS<'IIl i;d iu til<' lilll'ill' n•gn•ssio11 illlillovsis, 

mainly. tor the dc·tt·rtion of ontli<·rs or inlltlt'ntial oiJsi'I'\OHtiolls. For ('.Xi1111plc·. (·ousid,.,o it 

simple• litH.'al' rc•grc•ssion modc•l 

.\'d+( (~ . I~) 

order 11 x ~·, .1 is <l ~· x I \'Pclor of uukuc)\\o'Jl p;noalllf'IPrs a11d ( is il 11 / I <'IT()!' v;,ri;tl,lc• 



dislri 1,1111·d <1s r,...., ;\'(0. rr~l.,). !, !wing; tlw 11 x n id<•JJI ity IIIH1 rix . To l<•st for tlu• presctH.'<' 

of a sillJ..\1<· ontlil'l' ill a lirwar rq!;r<'ssion rllorlc•l. t If(' maxillllllll st II<I<·IJt iz<'d rc~sidual test 

T A T 
slat.istir rl<·fiJwd as /(, = ltlft .r I r ,f. .. , I is wide!~· usc•d . llc•n•. (; = !Ji - .'( .1. X; is 

t.lw ith (i = 1.2 .. . . . 11) row of til!' dc·sigu rnatrix .\·. ,j = (X'~'X)-' X'~'y is the least. 

sqflitl'(' Pslillltd.l' of ,.., ' aJid .... ~ is till' ith diagonal ('I('JJI('JII or f .. (r) = (Ill -\/ )&-.!, t]J<• 

<•stirn<tl<·rl variilli!'I'·CO\'itriann· rnatrix of !lw residuals . \\'ith F = X(X'~'.\')- 1 .\'1' aJ1(1 

(r'l = r '~', /(u -/.·) = y '~'(l,- \ ')!J/(11- k). wll<'r<' r = (r 1• r'l .. . .• r ,Jr is tll<'" ·~· t n·sidual 

\'1'1'1 or. This U,, stat isl.ir is n·collllll<'lld<'ll for liS!' in sit.uat ions whNe t lw \'iiJ'iancc•s of 

tlw individual n•!·iiduals an· <'XJH'rl<·cl to \'ilry a gn·at dc•;d arnoug thc·nu·wl\'t's. Thc•rc is 

atloliwr sial isl.ir. llilllH'Iy. tlw llliiXillltlllJ JIOI'Illl'd r<•sidual l<•sl. st a list k ddirll'd as H~ = 

{11/(11- l·)} ~IIIli./' I r , ;;, j \\'hich is also frc'<l'l<'ll1ly IIS<'d hut for tlw situations whc•n all 

n·s i d 11 ;ds ha vc· a ronJilloll \'aria 1 H'<'. ~ ot c •. ho\\'C'\'<'1'. that llw <'X act crit. ic a I \ 'id 11 <'S for I hrs<' 

two st.atistks ill'<' not. availabl<•. 

I·: I lt·niH'rp; ( I!J7:L I ~J7()) has wwd tit<· first Bouf<'J'I'OIIi bounds in approxi111at ing liH' 

nit.ical rahtt'S of th<· lllaXillllllll stlldc·nt.iz<·d n•s!dual tc·st statistic n,. = Jll(l.l' I Ci I· whcl'<' 

~; == t ·J"; (i = I.~ ..... 11) is I he• stilndardizt•d !C'ast squarc•s rc•siduals. TIH•sc• Bonfc•rroni 

hollllds lllil.\' IH' simplific•d as 

ller(l ~i I> C,,)- L Pr(l f.i I> c ... I E..i I>(',,) 
i$j 

~ Jlr(ma.z: If,; !> C.-.):::; 11Pr(l f.;!> C',-.) (:U:J) 

with c .. as Hll,\' nil.intl ('OJIStC\111. For tiH' maxiJIIIIIll 1\0I'III<'cl l'C'sidual tes t sta t ist ic u;, , 

Stl'fa nsky ( 1971. I !)j~) dc•rolop<•d t IH' hotJnds for tlw p<·r·n•Jilagc points and it was sho\\'ll 

how Sli<'C<'ssin· illlpl'o\'<'IIH'Ilt s could I><' mad<' to thc• initial upper and lower bounds. It 

was also shown that. in man,\' situations the first uppC'r (or lower) bound is <'it.her equal to 

or t•xt rt'tllt'l.'· do~t· to t.ht• c•xact pc·rn•nt.ag<' point., the first. upper bouncl for the 100( L- a) 



1 I 

perrc•utag<' point of ~~~ is l)('iug ~in·u by [(11- /.•) 1-'j(n - k - l + F)]~. wltcrl' f.' is tlw 

lOO(l- o/n) p<'l'('('Jllag<' point of the• f.' distribution \\'itlt I illld II--!.·-- I dt'p;rt•t•s or 

fr<'<'dom. 

In stn<dl sample• c·as1•s. thc'S<' U,. and N~ tl'sts ill'!' 11ot I'IJllirah•nt. It has hc•c•u shown 

in Sutradhar (I !l!J(i) [sc•c• also Sutradhar ,\: ( 'hu (I !m:l)] through a sin11alat ion c•xpc•rinwnt 

that the maxillllllliiiOt'llH'd l'<'sidual lest is tttorc• po\\'c•rl'ult han I h1• ntaxilltlltll st ~~th ·ut izc·cl 

rc•sidualtc•st. itTC'SIH'rlin• of tlw situations \\'lwthc•r oullic•r arisc•s cltt<' to slippii,L!,t' of tlw 

IIICClll or iII Hat i Oil or t h<' \'(l ria II('(' of t hP dati\. ( 101\S( '( I'H'Il t '·''' I wt \\'( '( '" I he· I \\'0 I ( •sl s. it was 

rc·conmtett<lc·d in Sut radlwr ( 19!Jfl) to us<' 1 lw nwxintllllt nontll'd n·sidual te-st stat istil' 

for dPtc•ctiug a single• lllC'<lll-shift<"d or \·arialln•-inlle~tc·d outlit·r i11 I lu• lit~t•ar tnoclc·ls with 

fixc·d designs. ~otc•. hmvc·\·c·r. that as clisntssc·d in Sntr;ulhilr illlcl ('hu ( 1!1!1!">). thc• lirst 

upper (or lowc·r) hou11d for tlw critical \'<lhtc•of U;, l'ound in Stl'l'ansky ( 1!171, l!ln) tll<t.\' 

he quit<' lii)('I'HI in approxi mat inp; I II<' c•xact nit iced \'alii<' of I It is statist il' it sc•IL l'SJI<'<·ially 

wiH'n t}IC' I'C'siduab an• ltc•t.c•rosc·culast.ir for n•rtain l'ltoicc•s of Ill<' dc·sign lltillrix. 

It tll('ll follows fro111 t.hc• aho\'<' findi11p;s th<tt. in c·t·rt.;tin sit ual ions \\'11<'11 \'ill'iilll<'<'s ol' 

tlw random \·ari<~hlcs umkr cousidc•ral ion <tl'C' llll<'qual and wlll'tt one· is ittl.t•rc•sl.c·cl to 

find t.he p-value of a tc•sl statistic similm to u;,, l.hP ilpplintl.ioll of tlw lirsl. Bouft•t'J'olli 

bounds may not. bP a good itpproxitn<tl.ion to I II<' c•x;wt p-vahw. ( 'owwqttl'!ll.ly, it. sc•c•nts 

quit<' appropri<~t<• to sc•C'k for <dlc·rnati\'t· w<tys to calculat<o t.l11• nitind v;tlltl' for t.lw 

t.C'st st.<~ I ist ics such CIS maxima, tniuillta or p;<'ll<'ral tmlc·r sl Ht.isl il's for nonn;tl c·orl'l'l;d.c·d 

variables with IIJtc•qual (or c•qual) Vill'iatti'C'S. j\lot.i\'illc·d ],y litis. wc•, i11 tlw pn·sc•ttt. t.lwsis, 

getl<'ralizt•lll<' distrihutious of cmln statistics for t.lw t•qui-c·orrc•l;ll<'d ( <1s Wt'll its n·rt.<~ill 

sp<~cial cast• of IIIIC'C(ttally rotT<'Iatc•cl ) Horn lid varit1blc•s [ ('r. ( :upta, l'illili ,\·. Sl.l·c·].; (I % ·1 ), 

Grc·ig ( 1!)()7), Gupta , Nagc·l & Part('ltapakPsan ( l!Ji:l), Hawli11p,s ( I!J7£i), arno11p, ut.lwrs] 



1:) 

lo I I If' ct~sP wlwrc· lwt r•roscarlasl iC' normal \'ari;d,]!•s ha\'c' posit i \ ' C' or r~t•gat iyp uneqttrtl 

r·orwl;tl io11s. \Vr• <tdopl it snwll f'orrc·lat iotJs apprortf'h to aC'hif'\'C' this goal. 



Chapter 3 

Order Statistics From Unequal 

Correlated Normal Variables : A 

Small Correlation Approach 

3.1 Joint Density Function 

Let r.! ) ·~, . .. , }:, IH' IIOJ'lllidly distrihut<•d with JIJ('CIJI ZI'I'O illld Vill'iiiii!'C' C'O\'fll'iiiiii'C' lll il -

trix ~. wher<' ~ = JJ1 uo& 

I (j 



fill (Jr:l fll" 

f'~ I fll:l [11,. 

with f( =-~ 
{1:! I [l:lt [1:!11 and /) = 

'.! a, 0 

0 '.! 
(]'.! 

0 0 

0 0 

0 

0 

'J. 
O'a 

() 

0 

0 

0 

'J. a,. 

17 

whc•r<· (1 11 in t.lw /{ trlil1 rix is I he· rorrc·lation codficic·uts hc•l\\'c•c•n }·j ,\~ } ·~i· and a} 111 

th<• dia).!;ollal r11al~·ix /) is t.ll<' \'ariatlr<' of)·;. 0Jow \\'<' asslltll<' that. f';/s an• small 111 

lllfl,l!,ll i 1. 11d<•. 'I' I lis iiSSillll pi ion a hout 1 h c• s 111<dl c·orrc•la 1 ions is rc•aso11 a blc• for Ill ill I.\' prac-

t.iral sit. nat ions. for <'Xillllpl«>. in clustc•rd n•gn•ssion problc•ms. \\'lr<'rc' 1 h<' withi n clustc•r 

<'or·n·l;d.ions ill"<' nsllitlly slllall. In s11rh casc•s ( for <'X<llllplc in f<nllilial data). t he• sample• 

si.~t· 11 is liSIIitlly Slllidltoo. 

LC'!. }(I}• l(·,!)· .... }'{11 ) IH• tlw order st.ilt.istks of the raudom sampk ) ··,. ) ~ ..... }·:1 • 

Till' prirnmy ).!;oal of this dlilplt•r is t.o dc•l'i,·c•tlw g<'IIC'I'illlllmgiwtl distrihnt ion of 1 he• 1'/h 

ordt•r statistic. ) ·( r) (r::::: I.~ ..... 11 ). In ordc•r to dot his, \\"<' n•q11in• t ht' joint prohabilit~· 

dt•nsit.y funl'lion of tlw ordc•r stnt.istics } '(I)· }·('2)• .. .. }·(n) which we• will deri\'<' dir<'ctly 

ftn111 t.lw jllillt p.d.f. of t.lw original rariahlc•s )··,, )·2 ..... )·:, tlltd<'r t.lre assnmption t.ltat 

p~_,·s ;m· sr11all for all if:. j. Fort It~• <1<-rirat.ion. \\'<'.first. approximnte t.ll<'.ioiut prohHbilit~' 

<kllsity ftllll'l.iol! (p.11J.) ol' tilt' original l"cl!ldOIII \"<Hi11hJcos }·'I· }·i, ... , }·:, 

I. ( . ',) ' llt·!I'J.· · ·. ·.1111•-' (:.3.1 ) 

wtwrP ) · = (,11 1. !h· .... y,, )' is a n x I random \"ertor, hy its Taylor's ~wries PXpanston 

ilhout f1 1.! = 0. !\lon•sp<•cifkally, for small p;;'s, the Taylor's seri<•s expamion oflh<' joint. 

p.d.f. of tlu• original rariahl<-s. f(!Jr.fi'J. •••• • y,,; ~). whc•11 e\·cduat.C'd at fli.i = 0. is gi\"<'11 



. ~ . I ~ . , l ~~ . , , 
f (.t/] . !12· ... ·llll: ~) "' [ { II + L \ 1,/ J/,lJ.I - ~; 2: \ ,J/; + :) L I\ t.J.II; !I; 

\\' h ('I'<' 

f(!JI·!/~· · · · •!/u: /)) 

1·'11 

\ :,, 

\ •. 
I 

IV· I.J 

II';;.~!.· 

and IF;jl..t 

. I f) 1· ( ~ 1 ~ ) \\'1( l := UOfJ 0'1.0':.!, .. .. I'T,1 • 

i<.1 - r=o::\ '"-.I 

= 

= 

= 

I ( ~~... ) 
-;;.-;; flr.1 ·- L flrk/1.1~· 

1 .I kf.r /..1 

~1 (t pf,) 
I .1/ 1 

f l'}. 
IJ 

~ 
rr1 rr.~ 

fli.i {II~' 
'l. IT;rTJrr,. 

fli.tPkt + fl,kf1.tl -1-_ f'rlf':!..~ 
rT1 rr.1 rr ~.-rr 1 

I~ 

L<'t \( 1) < ... < }( 11 ) lw til<' <·orn•lakcl ord<'r statistil's of )(q ... }·j,,. Tlw11. J..',l\'t'll 

tlw n·alii:atiotls of tlw cJl'(h' l' statistit's to lw .1/(l) :S ... S .1/( 11 ), tlw uril!,in;d vt~ri;d,Jc·s 

t'Xpr<•ssioll ror tJI<' SillliJar f.C'I'IIIS ill <'(Jllilf.ioll (:J.~) J(H· ;t\J 11! pt'J'IJIIJ1.itlioi1S (iJ , j .l, . .. , i,,) 

of (1,2, . .. ,11). (:otlseqll<'lllly, \\'<'may olJiilill Ill<' joiut pro!.al•ilit .\' dc ·11sity f111Wiion 



1 !) 

TIIEOH.EM :~.1. 1.1'1 till' ; tpprllxirtt ill!· joi11t d! 'll!->it .'· ft1wt io1 1 / ( !1 1·!/ !. · ·· · · !1 11 ) of 

" ,. " 
!1. (.,,(1)· 'lu)· . ... y1,.1: ~) "'"' [I ·~:+ n;. L .1/(1)!/(.J) - (1;, L .11(1) + ·"·~: L Y(., I!{,) 

r< .J •<J ,, ,, 
+ 1~~ 2::: !lli)·''(.i)!/(k) + .\/,: I: ,,(1)/Jt.i)!/( 1•)!/{l ) l 

I I .J"f- ~- I 1-.rt-k-f./ 

,;, f (.'1(1)·.'1(2)· . . . . .1/( n ): n) n.:n 

I .. 
I• II! I ·, 

II 

n· 
" 

' '( •) I L \. - II - - ). I) 
1< 1 

I " 
()" - (II - ll!L:\; • I< . ) 

1=1 
, 

..., .. . ,, ., '2:: ,, . (II - - ). 1.1 

•<.J 
II 

'/ ~~ • J ( ·~)I - II - . . I: 1 ""'k 
l :f:.r#· 

II 

and . \II: I!( " - I) ! 2: II ·~~,~,. 1 • 
•t.dktl 

De1·ivnt.io11 of Theol't'lll 3.1 : For si111pliC'it.\·. \\'<'st a rt with 11 = 1. It fo llows by 

(:t.~) that fur 11 = '2. llw joi11t p.d.f. !'or t lw origiwtl \'<triahl<·s }·,. )i is gir<·n b,\' 

f(!ll·!f!. :~ ) ...... [( . \ . I II' • I • I I \. 1 I \ . '2] 
I + 1 "f•IJ·I + - (11/-1 If.;- - .,,,, - - ·l/l., - -· . . 1 -· . . :! . :! "·'· 

(:L.I) 



\\' lwr<' 

/(.'It· .1/2: /)) 
I - ~ \ I/) - J) 

=- --( . 
(:.! ;;- l I /) I' I ! 

) 

,.! I + Pi.! 
•) 

\ ·,! 
/ 112 

rTtrr1 
) 

' ·, = fli.! 
) rr· I ., 

' ~ fl'i ".! 
= ., . 

I"Tj 
., 

rtlld ll"r! = f'i-.? 
' ) .,. 

I"Tji"T-1 

~o\\'. cou:-idc·r till' Sl'l .·\ \\'hil"lt is tltc• lllliou of tlw l\\'o tlllllt1illl.\" disjoiut sC'Is. lt 

{(/11·.'1-.!):y, < .'J·.d and :\2 = {Utr·!N):!J"l < y,}. 'l'lwrc· arc• l\\'u of tltc•sc• ~;c•ts lwc'itllsc• \\'t' 

ran arra ngc• !It • !J J. i 11 pn·ci sc-I,\· :.!! = ~ \\'ii,\'S. Lc•t /1 I H' I ltc• sl'l of t lw on l<·r sl ;tl ist in; clc ·li llc•cl 

as IJ = {(.tf(l)·li( :.!)):y(l) < .'/( :.!)}. It follows that tlt<'l'l' «'Xi:-ts ouc·-to-ouc· tr;tnsfontil tious 

tltat 111ap l'ill'h of :\ 1, : \".!onto tit<' sc•t H. ln\·c·t·sc·l~· . in sc•l. II. !/(II ::.: y 1• !/(".!) : y2 fur I lw 

points in :11• clltd !/(t) = !h· .1/("2) =!It for tiiC' points iu :\ 2 • Till' itl,solutc• \'itlttt• uf tlw 

jarohian of tlw lltHkrtakin).!; t ransfonnat ion for c•ildt sl'l of : I is I. Titus tlw joint. p.d.f. 

of ord<'l' statist i< :- } ( 11 • } ·(11 Ill it.\' hc• writt <'II its 

[I . \ . I I \ . . , l I \ . "i. I \ , "i. ] """' "l+ 1"1.!/(t)!/(l)+ ~ ll.'1(t).'l(;!) - ~ 1!/(t ) - ~ "!.1/("i. ) 

xf (!!(1) · .'1(".!): n) + [1 1

'2 + \ 't".!!/( ".!).'1(1) + ~ll't :.! !l(,!)!i(l1) 
I \ . '). I I . •) I . ( I ) -~ "tl/("i.) - ~ '!!lfl) .I !/(".!)·!/(1) : ) 

[ 
1 • 1 • (:.! - I)! J~~ , },:~ 

~.( l + ~(::!- :.!). h:t.l/( I ).IJ( "l)- --~ lL. \·, L. !/i•) 
I •• "J. I ..:. "i. 



w ht·n· 

:n 

[ 

}. '}. 'l l 
= t :; + n~ I: !f(,).IJ(.I) - ct~ I: !J(i) + s·; I: .11{;,.'/tj, 

•<J •=I •<J 

x.f (!l!tJ·.'/( ·l J: n) (:L.G) 

, , ~ 

}. 

/)~ 

Q~ 

and .:...·-
' '}. 

'l 

•J(•J- '))I\/ . - ''('J- 'J)I"' \ :· . - - - ' I :l. - - - - • ~ IJ 

( ·> I )' '}. -- ' '\'F. 
•) ~ I' 

- i=l 

i<.J 

".! 

(2- :l)!lt ·, . .! = (1- 1)! I: 11 ·i.i 
i<; 

Si111ilill·l.\', l'or 11 = :L llw joiul. p.d.L of }'j. }·2.} ~~ ohtrtirH·d frorn (•qual ion (:3.2) is gi\'c'll 

f(.lll·!h , !l:!: ~) 

(:J.G) 

wlr<·r<· 



. ,. ) 

• ) 

fl;,, 
-.-, -:-;. 
rr;rr; 

and 
!'t.d'tk ----
rrfrr,~rrk 

In this ntsP. tit<• n•alizatiuns !lt·!I·J.·!/:1 of thl' orip;inalrando111 \'ilriahlt•s an• ri';IIT<ttl~t>tl 

in asn•11ding onh•r of tna~nitlld<' i11 :J! = (i \\'il_\"!'. Xow. 11'1 1~· a11d /·' dt•Jiolt• two sl'ls. 

OIH' for 1111' orip,inaJ \'CII'iahJ<'S and Olll' for orcl<'l' stillistics rt•spt•rti\'t•l~·. Wltt•n• IJI<' sl't fo.' 

is tlw union of till' six llllllllall~· disjoint sds as 1~·, = {(.llt·!l'.!· ,11:1): .'It < .'/·! <.. .'f:d. J..'! = 

{(.t}I·,I):.!·.IJ:I):.'):l < .'Jt < !/:!}. /~':1 = {(.'Jt•.'/'.!·!1:1):!/t < !1:1 < .1/:J}. /·.'.1 = {(.tlt·.'l!·.'l:l):,l/:1 <. 

lit<!/:.!}· 1·.::. = {(!lt·.'/:l,!/:d:!/:J < !/:1 <!It},\: fo.'1; = {(llt·!l:.!·.ll:d:!/:t < .'/ ·~ < !ltl. and 

F = {(.t}(J)· .IJP)·.'/(:1)): .IJ(t) < .'1(:.!) < !/(:!)}· Sirnililr to I lw cast• 11 = ~. \\'t' can tllakt• ;111 

oru•-1 o-orw I ra11sforma 1 ion frotll <'ach disjoi 111 sd of /~' on I o I Itt• s<'l. fo' and I ./ I-= I for 

<•ach st•l of /~·. For si111plicity. \\'<', first. <'otttplll<' till' onl<or<'d func'l ion for (';u·lt lt•ntt in 

<'qttatioll (:Ui) ronsith•rinp; t h<• ahm·p I ransforlllalions for <'ill'h disjoilll sl'l uf /o,'. Su, fur 

Faf(.'lr·!l:.!·.l/:1: /))in <'<(llafioll (:J.G). \\'<' ohl<till flw ord('l'<'d fllrwtioll as 

+f(!J(J)· .1/(.1)• !It:.!); /J) + .f(!l('l)d/{:1)• !I{ I);/)) 

+f{!J(:I)d/(J),!J('l); IJ) -f- f{!Jp)o!/(~)·.'/(1); J>}l 

(:t7) 

The ord<·r<•d fuuctions for t lte li rst 1.<'1'111 of L:;1<j \ ~J!J,!JJ f( y 1 • !JJ., Y:t; /)) = [ V, :l !ftll'r l· V, :1!/Jlh 

+\·2:l.'J:.!l/al.f(!Jt·.'h·.IJ:l; /)) iu (:J.(i) is giv<•JI hy 

+ !/( 1 ).'/(a)/(.'/( 1 b .'1(:1),1/('J.): I)) + l/(:.!J.1}(:s)f( .'/('1.) • !/(:s}l!/( I); /)) 

-f- lJ(:!)fJ(J).f(lJ(:\)• .'/(1),//(:.!): /J) -f- ,I}( : I)!J('J.)./'(!J{:I) ~ !J('l) ,_l/(1); /J) j 



:~ 

~\-'ll L !/(r)!/(J).f(!/(1 )• .'/(-l)· .'/(:q: /)) 
i<; 

Si r11iiMiy. \\'(• rn;.y dr'!'i\'<' tlw SI'I 'Ottd aud third l<•t·ms as follows 

:s 
" ·A!J(J) • lJ(l)• !/(:!):f)) == :l\-'t:l L ,1/(i)!/(J)f(Y( I )·l/(2)• !/(:! ): IJ). 

i<J 
:l 

<IJHI h:~(!lltl• !/pJ·!lt:ll: I>) == :Hi:1L .'llii!/UJ./'(lflti·!II2J·.IIpJ: /J) 
i<J 

./.. f(.llt ·lh· .'/:c; IJ) as 

+ f, :1 ( !J ( I ) • l/ ( 2 ) • !J ( :1) ) 

~ {t \·iJ} t_ll(i)!/(JJf(Y(I)·'''2' · .111:1): n) (:un 
r< J r<J 

[11 . 'l 'l 11· '}. 1 II' 'J. '}. ] /'( /J) . (' · ' t>J!Ir!h + tallt!h + 'J:I!h!h. !lt·!/'2·!/3: Ill .U1) as 

:I 

211'12 L Yti )!I[J).f(!J( I ).f/(2)• !1(:3} ; /J) 

+ia(!J(l ).//(2)• !1(:\) i IJ) 

- 2 { t H .ii } t yfi)!l{j).f(!J( lJ' !/(2)· Yp)i /J) ( :U:)) 
r<J r< J 



taitwd. t'C'sp('ct i\'C·I_r. a:; 

j!{,IJ(I) · .II('~)· .1/(:l): /J) - \ 'J[y{1)J(.r}(ll· .II('.!)· !Jp): I>)+ .11{!1J(.tJ('.!J• l/(IJ· .'1(:1): I>) 

+y(,l./'(!1(1)• !/(:11· !l( 'l): /)) + fl{~lf(.tlp)· !lp)· !I( I);/)) 

+!t(qf(!lpJ· ll<, l· !/('.!1: IJ) + !t{qf(.'I<:IJ · !1('!).!1< n: 0)] 
:\ 

- ~\ i L ll(i)f(!J( I)· !/('.!) • !/(:1) : f)) 

:I 

.i'l(!f(I)·!/(·1)• !/(:IJ: /J) - :Hi LY(,Jf(!I!IJ· .'I!'ll·!fl:l): /)). 

:\ 

clllcl h(!/(J)·.'I('l) · !/(:q: /J) - '2\ ·;,LY(;).f(!J(I)·!/(·lJ·.'/(:1): 1>). 
i< .l 

+ h( !/(I)'.'/('.!) ' !/(:I)) 

'2 { t, \·i} t, !1(, J.H.11( I )• !/('.!)• !Jp): /)) 

In the silllilar way.\\'(~ also obtaiu t.hc• orclc•n·d fnn<'t ion for ('i\C'II lc•nn of >=;1<.1 lV,,,,,:!I;.'J.,.'/1; 



"}. + .1/("J.)!/( q!/:l.f( !/("J.). !/(I) • .'/(:!): D) 

+!!(l)!!(:l)!I("J.)./'(y(l )· .1/( :1)• .11('2): /J) 

+ !1('2)!1(:1 ).I/ (I ,.r ( !/('.!) ' !/(:1). ll( I): I)) 

'2 . 
+!!(a)!l(t ).'/('.!,./ (!/(:1)· !/( 1 )· !/(2): /J) 

+.11{!)!1('2).1/( I )./'(!J(:I)• !/(2)· !/(I): /J)] 
:I 

:Hl'll:.!:l L ll(;,!/(J)!J(k)./liJ( I)· .1/('l)· !/(:1): /)), 

i<J 

:1 

/.·1.(!1( 1 1. !J("J.)· .'1(:1); /J) = ~I Vm:l L .11(;1!1!.1)!/(k).f(!lctJ· !I("J.)· !/(:1): /J). 
<.J 
:I 

and 1.·:1(.1/(t)·ll(".!)· !1(:1); IJ) = ~1-\:1'2: 1:1 L !1(;1!J(.I).IJ(k)./"(lJ(I)·ll(:.!)· .11(:1): /J) 
i<.l 

+1.·:~(!/(11•'/':z'. !/rill 

= :,! { t ll"iijk} t !1(;)!/(J )!/(1.-jf( !/(I)· !/('2)• .IJ( :I): f)) ( :J, lJ ) 
r<J r<.l 

N(•xt. ('OIJIIJining lilt' J'('!illlt s or ('C(IIHI ious (:L 1)-(:L II) for the• fi\"(• lPI'Jll!i ill c•quatiou (:Ui), 

\\'<'obtain lilt' joint. p.d.l'. of \(I).\ (:z)· \ "(:1) as 

[()[ ':1 + ~ { t , .. ij} t !l(i)!J(J) - ~~ { t \·i} t y(,., 
r<J 1<1 - t=l r=l 

+~~ {:t IF;_,} t ll(;1llfJI + 2 { t IF;;j.l,·} 
- i<J i<; if.j-:f;J.· 

:I 

X L !i(;,!l(.i)!l(k)Jf(!J(I)•!JP)· 11(:1); D) 
rh# 

:1 :1 :1 

= [ l ;:i + D:~ L !/(i),ll(;) - Q; L !!(;) + S':; L Y(;)!l(j ) 
i<j i=l i<J 



\\' ht'I'P 

;I 

+ ·~;~ L !t(,)!f( .r )!l<qlf(!t< 1 l· !1('21· !lrq: I>) 
I#J:f. ~· 

I ·:~ :~!I .:1 

:1 :1 

n:~ 2 L:, ;,~ = 2(:! - 2)! 2::, ;,, 
r<.t r< .l 

~:!~\; :=: ~(:!-1)!,2..\; 
·) L ·J L 
- i=l - •=I 

:1 :1 

. .:,·:~ ~2 I: 11 ·;.~ = rt - 2)! L 11',_,. 
i<J •<.t 
:1 :1 

Cllld ·t:i = ~ L: II',;.~~· = :!( :\- :q! 2:: 11 ·, .,k 
rf.t#~· •f.tf..k 

:\s cion<' in t IH• li!sl CflS<'. Wt' now sl ilrt with 11 = I. For 11 = I. I lw join t p.d. l'. uf I Ill' 

f(!ft•.'/:J.·.'I:I·.'/·1:~) ~ 

\\' IH'I'(. 

·• I ·I I I 

[f .' l + 2:: \:.t!lr.'l.t- 0 L \ :11;J + .) L 1\',,~l!l; 
•<.t - i = I ~ v :.t 

·I 

+ L I F,,,,..yf .11,, !/k + I 1-'('2:11!11 !hlf:t!ld 
i:f:.rtk 

X f ( !/1 • !J'2 • !/:1 • .'J.t: /)) 

f l .• -



and 

'J. 
~ 
(Jl(J'J. 

I J 

Pi.i flik 
'1. (JI(J)(Jk 

fJI 'l{J:l·l + Pt:lfi'J.·I + Pt ·IP'J.:I 

a 1 a'J.a:w.1 

th<· :-;1'1.:-; of orip,irlid and ordc•r<'d \'ariahlc·s l'<'SJH'cl iv<'ly. II <'I'<' the set of original variables is 

til<' union of tlw :l·l rnntmdly disjoint :>Pts lwntusP of -1! = :l·l JH'l'IIIU!ations of (I. 2, :J, -1 ). 

By rnakin~ oiH'-Io-otw transfornwt.ion from <'<IC'It disjoint. sC'l of original nniablt•s to thC' 

s<'1. of ord<•r s1.;tl.ist il's. W<' can obtain tiiC' ord<'r<'d function for each lc•rm of (:L I:J) itt thr 

Wil,\' si 111 i I a r l.o til at for t lw cas<' 11 = :I, t\ ft <'I' il st ra igh t f'orwa rd a lgc•hra. I IIC' onlc•rNI fu nc-

t.io11s for I 1.I.f'(y,. !h.· !1:1· !/.,; /)), 'Li'<.i \ .-i.i.'li!J.i./'(!11· .'12· fJ:l.lf.J: /J). I:.;'= I \:'i!Jff(y,. !/'2, !h· y.,: IJ). 

"Li'<.l ll';.~lf;lll.·7.flrJ, . .'J·2,fl:!, fJ.t; IJ) and 'L}#.i# W;;,;kli;!J1YI.·.f(y,. !J'J., !/:!· y.,; /J) arc'. rc•sJH'c!.i\·cly. 

sintplili<·d as 

lll"(.tl(l)•!/('l.)·!/(:1)•!/(-1): /J) = -l!{ t',t.f(Y(I)•!/('l.).//p)·.'/(·1): /J) (:J. J-1) 

h"(!!(l)·!/( 'l. )•.l/(:1)·.'1(·1): /J) ·I {t \'iJ} t.!J(i)!/(.i) 
t<.l l<J 

Xf{!J(t)· .'/('l.)d/(3b !1( ·1); D) (:3.1:}) 

r (.~~,I) .,l/(l)·l/(:1). "'·I); /)) (i { t \·i} t. .~~ti)nll<, 1. !/('J.) ·l/(:1)· !/(-1); f)) ( :u G) 
t=l t=l 

i"(!!111• !lpJ· !/(:!)• .11(-tl; /)) = ·I {t \V;J} t Y{;>!lfJl 
t<J r<J 

X /(.'J(I)d/('J.)l !/(:l)d/(·1); /J) (:1.17) 

and /.·"(!!(IJ·!/('J.)•ll(:l)·!l( -1): /J) :Z { t IV;;Jk} t Y{;1Yu>lllkl 
ii-#k if;j# 

X f(!l( I )•l/('J.)• .1/(:1).'/(·1): D) ( :3.18) 

For tlw lnsl lt•rm l\ 'tm!II!J'2!Ja!J.t.{(llt.fl'l·.l/:l!/·l; /J) in <'quation (:U:J). we get the SatHe 



prod uri fn11cf ioll oft he St'l of ord<•r slat ist irs ) ~ I)•) (-.!)•) t:l)•} t I) for t'iiCh t!is,ioilll St'l or 
original \"ilriabks },.1• )·~. r,.) :1 which ar<• <'Xploilt•d to C0111p11k tilt' ordt•rl'd fuurt ion of 

this last h•rm as 

BasNl 011 I lw <'quat ions (:LJ ·I )-(:J.I9) for I ht• si.x l<•nns in <'qual ion (:L I :J). \\'<' t.llt'u ohtain 

the joint p.d.f. of }·( 11 • }'('2)· }'(:I)• }'(.1) gin•n hy 

\\' ht're 

{ 

·I } ·I I { ·I } I 
[:!If!.,+ .( L \ ;.1 L !1(•).'/I.J)- 2'; 2: \; 2:. .'/(,, 

•<.1 •<.1 •=I •=I 

1 { ·I } ·I { I } +:)I L \F;J L 11(1).'/t.l) +:!. L \F,;.tk 
- i<j i<.l •fJik 

·I 

X I: !l(;)l/(.1)!1( k) + ~· II l'J..!:IIll( I )!1('.!)!/(:1)!/(., I 
i i=rf.k 

X f(lJ( I )• !/('2)•.'/(:1)· !/(·1): /)) 

·I ·I II 

[£ t; + JJ.~ I: !l(iJ.'I!Jl - Q~ I: llf, 1 + s.; L !1(, 1!1{11 
i<.1 •=I •< .1 

·I ·I 

+T~ I: .IJ(,,!J(.I)l/(J.-) + :\/~ L !l(t)!/I.I)!J(q!J(Id 
ii=.i# •i=.r#f.l 

xf (!1(1)·!/('l)•!/(:1)·!1(·1): n) (:1.~0) 

{!_j :!·lf!.1 = ·1!1 '.1 

·I I 

IJ.j ·I I: \·:J =~( · I - :!)! L \ .. :.1 
i<j •"..J 

( )• 

' ·' = 

I ·I I 1 

-(i' V· = - (·1- I)!'\/ 
• ) ~ I ') L.., I 

- i::l - •=I 

I ·I ·I 

:;·I L: W;1 = (-I - ~)! L: w .. J 

- i<.i •<.1 
s.; = 
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~ ·I 

·~:; '2 L IV;IJk = '2(.1 - :!)! L lViijk ~ 
i#r#· i#;:# 

·I 

;11ul M.; = ~· I H:i:.~:1 . 1 = -1!(·1 - ·I)! I: IF(Jkt 
i#Ji:k# 

Fiu;dly, following til<' p<ttl.c•rtJs for tlw joint probability dc·nsit.y fnnct ions in the equa-

tions (:L!""J)~ (:l.l'2) ,'\:. (:UO) for n = '2 , :J t\.: 'I rc•sjH'clivc·ly. one• may C'asily obtain , in 

gc·rwral. t.lw joint p.cl.f. of }'(q~ } '(·..!)· ... ~ } '(11 ) as giwn in Theorem :J. l. 

3.2 Approxhnation to the Distribution of a Single 

Order Statistic 

\V<· now !.urn to tlw distribution theory of a singk order statistic lltldc·t· the• assumption 

that f'i.i 's me· small. t\11 approximation to tlw dist rihut ion of } '( r ) ( 1 :s; 1' :s; 11 ). the rth 

ordc•r slat.isl ic. is proviclc•cl in Tlworc•Jn :t2. 

THEOREM 3.2. L!'l. }·(I) • }'(21 • . ••• } '(n ) he the ord<•r statistics wit.h joint p.dJ. as 

gi\'<'11 in Tlwon•m :L I. TIH'Il t.he margin<tl densit.y function oft he rt h order st.at.ist.ic, }·(rJ 

11 U II 

• ( ) I ' . ' ( ) /)* ""' \ I I ou ( ) (). """ \ :.woo ( ) .... ""' \ :.!:.!UO ( ) !/, . .'1(1") "' 11 ~') !J(r) + 11 £- "r.i(k/) .'/(r) - r: rr ~ -"i(jk/) !/( r ) + ,,, £- "ij(kl) !/(r) 
i<j i:l i<.i 

'' n 

+ '/'*""" \:.!IJU( )+\/•""" \1111( ) 
11 ~ ' i.tk(l) .'/(r) ' n ~ "ii kl !/(r) ' -oo ~ Y(r) ~ 00 (:3.21) 

«#.i# i:fj##l 

wla('l'<' U,:. {)~.CJ;, .. ~·.~.·I~: ,\:. M,: an• dditwcl aH in Thc•orc•m :tl. Furthcl' in (:3.21), 



:m 

and for <'Xample. for i < ,. ,\.· j. ~· > r 

1;.1, = 1.:.! 

/
' ( ) \l,llll(l/ ' 1 ) \/;lk(lll ( ) 

. l/(r·) 'i(,tk'/l \1/(r) '.1k!tl)l. //(r) • I ,,f.,, I k = I.~ 

and for i < r. j = , . • ~:. ~· > r 

\
I, I 1uo( ) 

'ij(k/) !/(r) 
I) J'( ) \t,lllll)( .' ( ) \()111!(1 ( ) I I I ) 

ll(r)• .1/(r·) 'i(;k/) .1/(r) ' (i.JI.-1)/, !/(r•) • r• .1 = •:. 

\1111 /kU( ) 
'ijl.:(l) ll(r) !/;:./(!J(r•)),\:{~~~;/'(!/(r)),\~.~~~:~l;/,(l/(1')) • 1;.1,,. lk = l, ~ 

wit.h 

f·J.,· IT 
l/~ ;;lf(!/[l,r·-1])dy[1.r- tj• 1., = I. 2 t'or II = i,j 

' tt= I (1 );:=j' 

( •I •,1•)) 
•), ........ 

,\·. I ,, = () for 11 :j. i, j 

\
1,11/kU ( ) 

' ijA·(I)/, .'l(r) I IT .11[;;/(!J[r+l,nJ)d.tl[•·+l.tt]• 1,, = I.:! for f/ = i.j. ~·(:L2:t) 
.r,rt-1 -

rt=ll(-l)r•+l 

,\: I, = 0 fo I' a i- ' . j. k 

I /·:lr· I j ' I I . 1 . I 1·!,,,, /·!ltn I ,.... ,... . ,., .. 
\\' IPI'e . • atH r,ll-1 t'I'(>I'C'S('Jil I w 11111 l.tp (' llll.<·p;ra s . _ ,.,_, . .•. _ ,,, illll . ll(t) •• • . !1(11 -- ll -

SJWdiW'ly and 

J(!/[t,r-1]) - .f(!J(I))f(!J('l)) • · · ,((!J(r-1)) 

f ( lJ(r· +I , rt] ) f ( lJ ( 11 ) ) .r ( !J (II -I) ) • • • f ( !J ( r + I j) 

Derivation of Theorem 3.2 : W<• start. with 1111' approxillt<tl.t· joint. proiHthilit.y 

density function of illl 11 orclc•r :-;tatist irs in (:t:J) a11d t.lwn inl.<•).!;ral<· o11t. tlw variabl<·s 



}'( 1),. 0. 0 )·(,. •• 1), }'(,. .111 0 ••• , )·(,1 in cmlc·r to dc·rin• t l~e• mar~inal dc•nsity fund ion of 1 IH• 

1'1 h ordc·r sl ill.ist ic', )·(,.1 (I :::; ,. :::; 11) as 

II II 

+·,~; L: Y{,)!!(J)!/(J.-) + -'',: I: !l(i)!/(j)!t(q!ltf)l 
it,itl: it.r#tl 

X./'(f/(1 )· !/('/.)' • · o o !/(n): /J)d!/(r+ l.u)d!/(l.r-1) (:J.:!-1) 

~ow, by c·onlpllt.ing t lw inl.<'l!,r<ll ion for <•ach 1<'1'111 in <'cpmt ion (:L2-I )0 \\'(' oht.ain 1 hC' 

prol,;d,ility dl'11sity function ilS in til<' tlwon·n1. Tlw st<·ps for tlw int<•grHtions arc gin·n 

IH•Iow. For tlw first. tc•m1. \\"c• si111plil'y tlw intPgral as 

/
'l,r /. f(!J(l)• .. 0. ,1/( 11 ): /))d.'J[ 1·-f-l. 11)d!f[l.r-l) 

. . ,.,,_1 

{ /'l,l' ./'(.IJ[J.r-l))d!/[l.r-1)} {!. ./'(!/[r+l.ll))dy[l'+l.ll)} f{lf(r)) 
• • 1',11-1 

(";--~ I)![F(,IJ(,-))]"-1 (n ~ r)![J- F(.tJ(rJ))"-rf(!/(rJ) 

N1·xt. !'or i < r illld j > r. tlw inl<'gral in t IIC' sC'cond t(•rm lllay IH' <·xpn•ss<•d as 

./~!,,· ./.,_I !J( i).'f(.i) ,{(!/(I) • • • • • .IJ( 11); /) )d lJ[,·+ l.n)d!J[ J,r-1) 

/(_11( 1-J) { /'l,r lf(i)/(lf[l.r-l))d!/[J,.·-1]} {f. f(ll[r+I.IIJ)dlJ(r+l,nJ} 
• • l",rt-1 

(:J.:!(i) 

Now. hy usinp; I;= I. 1_, = I and /,, = d for a =f i.j. t.lw inl<'gi·al in (:L:!()) may further 

/
'!,r f. l/(i).I/(J)/(.11(1)• • • o • !/(11); IJ)dl/[r+l.ll]d!J[l.r-1] 

• • 1',11-1 



= .f( .'''··) ) {.r·,. rr_Yi::~.r'!/[1.··-l))rln" ... --1)} 
t~=l(l)r-1 

X {f. II .11[;;)/( J/[ r· .. 1.11] )d,ll[r I l.• rJ } 
•1',11-1 -

11=11(-l)•·+t 

I. ( ) \ 1(1(10( . ( ) \ lllllll ( ) 
. !/(•·) 'i(Jkl) ll(r·) ' ;(rk/ )/ . .'l( r ) 

Si111ilarly. for i.j < r. \\'<'obtain 

/
'( ) \I IIIII/ ' ( ) \'II IIIII ( ) 

, .'l(r) · 1.1(k/) !/( r ) · ( r.1kl) / . .'ltr ) 

\ 111111 ( ) 
, •.I(H) !/(1') 

<l!td for i < I' and J = r. ,,.,. oht a in 

l'l,l'l f'( /J)/ I I/'( )\101111/'( ) .1/(i)!J(;) . .'1(1)• • • • •!/(11): ( l/[,·+ 1,,]1 .'l[l,t·- 1] __ .. ll(r) . .1/(r) • •(.t~l) .1/(t) 
• • r,r1-l 

\
11111111 ) 

·'. (t tki) J.f .'/t,J 

\ IIIII I ( ) 
, •.i(kl) !/(.·) 

In I lw lllillllll'l' si111ilar to t.hP co1nput at ions ul' t lw <tho\'<' ink,!.!, r<d . \\'«' II Iii,\' e~l.t ;du t h" 

<•xpn•ssioll1" for t II<' l'<'llHiiniug inl<'p,rals in ( :t~·l ). 

3.3 Special Cases : Distributions of Maxima and 

Minima 

Tlw IIIHXillllllll and I lu· lllillillllllll onl<·r statist il's 111 satnplc·s uf sizc• 11 ill'<' ul' spr·l'i<d 

iut.<~rest in IIIIIIH'I'OIIS pnwl ind applintl ions. An ••pproxitn<tl iouto till' dist ril1111 il)ll~ of till' 



t 1 II II 

• ( {.. ( /)' \. -~ \I IIIII ( ( )" ""' \201)11 ( ) .. ' \2..!1!0 ( ) !/, !/(to)) '• ,. r,'J !f{uj) l ,, L., ' •.ill:/) i/(toj)- r:,, L..,.' 1(.1 kl) !/(11 ) + •\, L., ' i,I( U ) !/( 11 ) 
, ..... ./ to= I 

" 
"~:~ L ,,;}~1/l,l,,r , ,J + .\t,: L ·'~.i1.1/ (!Jr,,). -x ~ .'fr,,::; x ( ., .,-) 

•>·- I 

I /Jft; o/- J/-t:f-/ 

illld 

11 fl ti 

• { · /)' '~('"" \111111 ( · ()" ,--. \lllllll ( ) ••' \ l:WO ( 
YII .1/(JJ)"" ,:':1(!/(11) 1- ,L__, · ,J( I. /) .'l(lli- ~,L....'d; ld) .'1(11 + ·\,L__,- ,JU:I )!J( •J) 

I • ' I 

" " 
·I ., .• ,~ \ .! 1111( ) ,,. ' \1111( 

II L.. ' t i/.(/)!I(J)+ · , L., 't.Jk/.'I(Jj)• - x ::; .'1(1) ::; :x: 
t /.11 }; •1-.d l:f / 

In ''flllatiun (:L:!I). 

t111d for 1' :\iilllplc·. for 1.j. /. · 11. 

,,,,,Ill)( ) 
• I J{ J.·ll .II( " ) 

\ t,l,t , n{ ) 
• llql) .11(11) 

illld for i . 1.· ·: 11 ,\: ,1 -= 11. 

\\'i I h 

(~~)![F(y, , , l]"-1 .J'(!Jr,,). 

'

'( ) ,, 'I IIIII/'( 
, .'/ ( to) 'I .J(/,1) !J(II})• 1,.1.1 = 1.~ 

I. ) \ '· 1, '~ ot · ( ) I J _{.1/(,) '1,1 1.-{/) !1( 11 ) ' 1, . 1.1"/h. = .:.. 

I I I'( ,1,00111 ' ( ) I 
!/(,·)· .'/( , ,) ' d.i i.·/) !/(o). I,.IJ= .:! 

\
1,1 IIIli{ ' ) 

· t t(Ul (.tJ( , ) (.!. .. II !!(:;1/(!1[1 ,,- l])dy[l .•• - 1] · I ,, = 1.:! for o = i . j (:L:2D) 
. ·•= 1(1)11 - l 

,\.~ I ,,= 0 for rt # i .j 



for <'Xiltllplc·. 

and for c·xatttplc·. for i.j.l.· > I. 

\
t,t,ttll( ) 

' i.t(k/) !/( l) /'( ) \t,r 11111 ( ) 1 . lit I I · '.1(1./) / . .'1( t l • 1, . l .t :.=: I. :_ 

\1,1 11AII( ) 
' IJk(/) !/( J) /'( )\1,1/IAD( ) 

. il(tl , • .~~·(Ill . .'l!tl . 1,.1.,.1 1.. =-= I.:.! 

mtd for .i = I .\: i. l· > I . 

I j / '( ) \1,111111 ( I 
!/(1) · .11(1) '•( .tkll l . .1/(l)l· 1;.1.1-:.:: • :.! 

I I , . ( ) \I ,I A fill ( ) I I I I I 
.'Itt)· !1(1) ',~'(.t/ll . .1/(t) • , • . 1· A· .:.: .:.. 

wi I h 

,\· I,, ==- 0 for u / i . .i. /; 

for t•xamph·. 

~oil' I hat in I lw tllilllll<'l' si111ilar to I lt<tl of(:!.~!)) ;nad (:I.:UI). otll' rttil.\' writc·tlw illlt•gr;ds 

for till' n·rrwining ,\'s iu ( :L~i) and (:US). l;ttrtlwr raoll' I fa;ll i11 (:L~!J) ar1d (:L:IO) , W< ' 

just !Ja\'1' C'Xpl'<'Ss('d till' SfH'c·ilif' ,\\ ill I I' I'IIIS of illl<'l-',l'iti~ W!ti.-JJ \\'<' IIIIW silll[llil'_\· ill lfw 

following sc·,·t ion. 



3.3.1 Cornputation of the Integral in (3.29) for general (, 

In pr;wt in·. Oflf' I'I'Cplin·s tlw I'Xiwl <·xpn•ssions for tlw ~tbon· probal,ility cl<·nsit.\· !'unctions 

of rrwxirna ;rrrd urirrirrlil in !'Cplill iorrs (:t:n) arrd (:t~~). In ordPr to do I Iris. Oll<' nc·c•ds to 

I . . ,. \ f I I) ()f)( : ( ) I \ 1,1) I k 0 ( ) • • ( . ) •) ll ) ( ( • ) . '()) <·onrp1111• I w rllf<•,!!,rilfrolls or, 'J(J.ot) .1/( .. ) ill!< , i,,k(l)l • .'/( 14 ) 111 <'<pratrolls ''·-·' (, . . ,,., 

n·srwl'li\'l•ly for J!,I'IH'I'itl 1.,. For tlw sak<· of simplicity.\\'<' slrow tlw irrtPgration lc•cl111iq11<' 

I I I . I I r· \ 1
'
1 001

,. ( ) I wow to o 1f;rrrr 1 If' rc·srr I or , •.J(kl) f/( 11 ) 011 y for ( :L~!J) . .\lor<' ~(H'('ifically. iu this 

snl!s<'<'l ion. \\'!' I'<JIIlplll<' I lr1• irrt l'.!!,ral of I lw fonn 

.!'1. .11 IT_ 
/(.i/(11)) = .lf[;;,f(.lf[l,ro-l))d,l/[1,11-1]· ( :t.:~r) 

••=l(l)n-1 

for J.!,l'lll ' l'ill 1,,. 

3.3.1.1 Aids to Co1npute (3.31) 

:\s slrown i11 I lw followi11p, S<'<'f iorr. \\'!' rw<·d to <'\'illllatl' two iutq~rals 

,, ( ,/') ( :t:t~) 

and t(.:) ( :t:~:~) 

fur .1', .~ E J~ to soh-1• t h1• inft>gnd in (:L:ll ). In (:L:~~) <lltd (:~.:~:q. I <'an takP \'Hiw•s 0 or 

I or~. II < d < -:x. and '{'is I lu· Slllll or SlliiHhlc· llllllliH'r of/. W<·. 110\\'. first sol\'(• t h<'S(' 

two intq.J,rirls as in t lw follo\\'ing for posit in· .1' and::. 

lt. is \\'1•1l k11own tlrat tit<· illrorrtpll't<• gamrna functiou /1, = .ft:·.~··-r< -·•d.~ may IH' 

I'Xpn•ssl'l I in I lw fornr of a p<rrt ial slllll as 

i
ll ' X • /l''t -J• 

•1-1 - rl , 1,, = .~ c d . ..; = I (a) 2:: --
• (I r=rr r! 

I rf. ( :11 pi il ( !B(i(). I !Hi:?) <IIIII Pn·s('ot I (I !)'j I) ]. \\'hich may IJ!' I'<'Wrillt'll as 

' .:-_, //1'+11( -JI 

1,, = I (a) L ( . + )' 
•·=II I (I • 



:\ow .. 1' > 0. din·!'! l'Xploital iun uf I hi:-; rc:-;ult ricld:-; 

'I(./') t. !.=.l I+ I I' I +I) ~ I'( IJ,l) .,. H-t· l - -·~ 
(-I l 2 J (1' ( -.,- + L :-;;:-"~(-~--;_·cr),.,.. f ..... 

.... ':,,... tT I r :! . 

' ' 
()(I. IT'!) + L (,'(I. rr!:,. ).r2 •· -H+ It - •• :,·: 

··=ll 

1-1 I -1- I 
(- 1 )':!TIT'+ In----- ) 

I'( I ·~ I ) 

•>r+ I '! r ( .. L !.±l )I - rr I r ".! • 

•) 

aud for ::; > 0. 

~ (.: ) 
·rt+L=-L!'( I+ 'I'+ I) ., . \ ·.• I'( I I '/'f') 

= -I T- l ( -'2- + ~ ----~--~---~_L ___ -·~( ·/(o·} II' I II 
( ) \' •l+.!...:J:-l L.., ·>r+l(tf-\- f...!..! -1- 1' )1. 

· " .. r·=ll.... '2 • 

~· t 

= ()(d. r. \ .. ) + L (,'(d. T. \ .• : ,. ) .:· ~(·' ~ .. , ,.·r' 'I- ·:. I . • 

o·=ll 

\\'IH'I'<' 

()(d.'/'.\ : ·) 

(,'(d. '/'. \ ··:,.) = 

:\<•xl. for .r < ()and ::; < 0. h.,. si111ilar opl·rat.ion . \\'l' !J,.,.,. 

~ ' 
IJ(.r) = (j(/.rr2) +I: (,'"(l.rr'J.: r).r.!rtt! 1, -- ,;~i 

r::::tl 

wlu•n• 

~(::) 
.t 

Q( d. T. r· l + L r,.· ( t!. r. v·: r J ::l(·'' ,. , , '/ 1 1, - :i 1· • 

r = ll 

(:UI) 

(:l.:lli) 

(:U7) 



with ri·( r1. T. v·:,.) = ( -l f~'+'r,'(rl. T. r·:,.) 

Till' above• iutc·~r;at ious for 11(.r) a11d ~(.~)ill'<' dorw l'ol' g<'rwral I. rr'l. d. T <mel\··. Bttl. 1 he 

int.c·)!,nllion ill (:L:~l) n·cp:in·s tlw illlc·p,ration rc•sult.s for IIH•sc· f'unrtious for 111l possible 

f., rr;,r1,. ·r,, and \<,:·To accomoclatc• all thc~sc• ('ilsc•s. we· ckfiuc> 

Q,o (/(l;.f1f). i = 1.~ .... . 11-l 

(,',u,.k (,'(t;.f1f:r~. ). i.k= 1.~ ..... 11 -l 

\\''II'I'C' 

I -I / · + l 
(-I )' · ~Ta'•+'r(-T) 

I'(~) 
-1,.-k-+_l_fT_:?_rk( l'k + 'kil ) ! (,'(I,. rrf: t'd 

as i11 ( : I.:~ · I). 

(J,~.t, = (J(d;.Tw\~/j) . .i= 1.~ ..... 11-l. i = 1.~ ..... 11-~ 

(,'·"'•'''• (,'(d,.'(,;.\~::rlt). j.h = 1.2 ..... 11-l. i= 1.~ ..... 11-~ 

(,·· (-I ) '/j,tl (,',,f ,., . J·. h = l. 2 .. ... II- l. i = I. 2 .... . II - 2 
)I' a J'l1 • • 1 

i-1 

•t:,; L ( h + I ) + I J. .i = l. ~ ..... II - 1. i = l. ~ .. .. . II - 1 
A·=.i _, 

.i -I l l 
+ L 1 + --:x· .i = I.:.! ... . . II - l. i = I. 2 .... 'II - 2 

k=J-i fT~. rr, 
\ ' ": 

.JI 

illld ( •II = 
(2h' )"11 I 1J I 1 



\\'i I It 

and d'J == ,., + 1'1 

I 

. :!"•t-_s,:-11'( I+ .G_0:_!_) 
(-I) l,, f ~ -.! 

r· H 
\ .•• I, t .:JT-

jl 

1·~·" I '(d -t- IL~) 
,11 I ,! ----------rt:-1 -----

:zr,, H(t/1 + -7 + I'Jo )! 

rl; - L ri,. 1 = I. :l ..... 11 
•} 

h=l 

Furl IH'r. for posit i\'<• }·; ( i = I .... , 11) ( i rnpl,ring .r > 0 in ( :u I). illld :: . · ll in (:U:))) iillcl 

for 11'2 > II(• h•1 'i!fl••'".z l((j,(,') d<'II011' Cl sinp,Jc•colli!Jjllil1ioll of1JII' prod11f'1 of111 '(,''filtH' 

lions <liHI111 -n 1 'Q' l'unrtinus. :\s(: ;nul C)functiulls C'illl bt ' iliTilll,l!,«'d in " 1 (',J ·- tf, 1,,1 

(say) possiblt• ways to lll:tkP such a product, for t'lJII\'I'Itil'll« '«' of Sllllllllitl ion of all t lwsc• 

l I . . I I I I " 1 /t··'"2 1((j (') "lJJ··1"11((j ( ') ,, 11··'"J' 1>1'0< ttcl. COlll >JilaiiOIIS. \\'<' a H' t 11'111 as I , r .. • •• 1 · , r .. • • , I 
, ., I · ' 'J 

((/. (,'). For I'Xamplc·. l'or 11 1 = :~ and 11·.! =:!,<~II possihl1· ('OJHhinat ior1s ill'l' 

and 

:1 /lj'(J) ( (j. (,') 

:1/I;·IJ'((j. (:j 

Not<' that wit It 011 t any I os<' of g('llt'rid it y. ont• 111 a y I ill H·l t I I<' s1 ·c·ond prod nd ( ,' 10., (hi, ( •':u" J 



:m 

·I 1/j'll)( (j • (:j (J itlJ·,w(/:mr, ( ,··l •/1 rl 

. J /1;-'ll ( (j • (,') - ((itlr':lor 1 (h.t,(,'.wrl 

·I I ~;;·t l) ( Q .(,') (,'lllq Q:lrlt r::lllr2 (j .,tl, 

·1 //,j'tl) ( Q. (,') q,l){,':lOr•t (,':ldt~•:J (J.J.t! 

· I II:,·(J)( (j. (:) ( ,'wl'l ( ;'2d, ,Jht~.z (J.w 

<II HI ·I II,~·(J) ( Q. (,') - (,'111,.. Q:ld• Chu(r'.w,.l 

Nott• tliill fill ,\' (,'.ttl,,., o1· ((.f'l, furwtiou will appt'HI' in the• prod11d romhiuHtion only if 

it is prt'f'P<h·d h,v <1 (,' funrt ion . ~Jon• spc•riricall~·. in illl,\' produrt combinHtion. (;)11,,·,, 

l'11ul'!io11 will lu· pn·t·t·dl'd h,v (j- I) 'Q' or ·r;· l'uurtions and i 111111dwr of(,' funrtious. 

Si1nilmly. in an,\' product rornhinat ion. ((J.t, f'nnction \\'ill al~o lJt' prc•cc•dc•d hy (j- I) 

'(j" 01' '(," I'IIJII'Iious and i lll.L:IH'I'Of (,' runrtions. Furtlwr. notc· that. for til<' CCIS<' \\'h('ll 

srnallt•r ordt•r statistics tak<· nc•gatin· \'ahll's. t lt11t is. }·~ < 0 (illlpl,\·ing .r < 0 in (:l.:JG). 

cllld ::: < 0 in (:l.:li)). tIll' r: functions in t•arlt 1<'1'111 will lw l'<'plil('('cl hy ('()JT('Spondiug (;• 

1'11 11 ct ious. 

3.3.1.2 Expressions for (3.31) for n = 2~ 3 and 4 

In this suhst'rlion. 1\'t' disn1ss the• int<'~t·ation l<'rhnicpl<' in dl'tails for sp<'cial cm.;<·s 

with 11 = :!. :J and I. B~· nsinf.,!; t.lw notations iu (:l.2~). for 11 = ~.it follows from (:J.:JI) 

that 

j !l(l) I 

-X· l/(h.f(!J(Ij)tfJ)(I} 



10 

('t = I 

( ., ) -· -ii !ITt 

Not ic<' that in (:L:l:O:). 1 ht• itt1<'grcd is oft lit• for111 of IJ(.r) p,in·u iu ( :L:~:.!). :\t>W. ~~~· n~ing 

tht• n'sHit for IJ(.r) front (:L:ll). \\'<'obtain 

wht•r<' 

and 

with 

and 

' ' ~~ 
( 't(lltl+ ""'(' ~"'Hlt-1 -· T,;:o ( ~ 'tor 1 !/(~) t I 

r , =ll 

II;.! I 

,(1)+ ~ ,,,(t ) .! t'l'i/1'1·1 - -:::;y 
~~ ~ l't !/{ . .!) t I 

,. , =ll 

~~I) = ('I (JIll 

~~\I) 
( ·, ( 

10 lllq 

(J,,, Q(l,. rrf) 

(;lilt' I = (,'(!I· rr't : t't) 

Similarly. for 11 = :l, l>y using ( :~.:!:!). I lu• Pqua1 iott (:l.:n) yit·lds 

l(!J(:!)) 

\\'It<'!'<' 

(''l = ---­
( :2ii )f1tl7'·.! 



((.l"'t) 

( lt·'t) 

{ '"'·f) ""' :J + 

1-(.:::.y 

( 1 + ·Y /) ~ + '"'I = I + .-., + 11 = 1'":1. 
1-? . 

. y J) 1-(.:::.y '{ . .0 i. .£) l.u 

L3+L_=L+L-
I 1-l. I I I 

..... , .. 

o=rJn='·' 
tl r J (l:)/i 1 A '7 7 + 
.;lr;;- t+•r.i.+F'-'+ 1/')7. (<.)'1' .... ~ ,_'\. 

r. 

{ } 

u=•J · 
C. l J (!:) ' I I 

ll:l_(-j + ro.: _ JFI+'Jc.'1 u 1·~) 3: + (i'.)Y -
( 1: J,l "'' 

r. 

n='·' 
I C. l .) (l:){j l,llf'7,1) 1.1() I') 7 '{, )- + 
.,IT;;- JtlfJ,+( l ,lt'l•)(. I I ~ o 

E ~ 

} 

o=•J 
~~r _ >J+ C: It '(·~}fi'·'07.~'f11 fJ :1 l.l) + '1'7·() 111 ()7., ) -
(~ 00 

o=r.., 

[ r ) (l.lfi r_,,/'i.') 7 + 
•.r.lr,;- · Jt'"J.+(l;ti /' )C. I .~ 

l ' "-• 

W·()j ''OI:J n~• ' ·,) + { r.;: _.,I+'H1~ili''"'-.'j O~' + '"(J} <HfJ',J = (l•lli)J 

.1.1.11[.\\ 

tl~l!J'Io .l.\\ ' (!.:'!:'!:) ptw (lt' t) ~11pm 

.\q 1•\j1ll.Jilh,H>tiO;') ' ( i:t't) II! p.>IIU.>j> ( :; )) lll .lOJ .Hp.Jo S! [I!.J~,qll! p110.J.>S .>ljl [JllH (7.1:'1:) 

l'! (.l')fl lll.IOJ .:llfl jO S! ((. = tl I( 1!.\\ ,)};\!.) .>1!'111! SH) jl!.l;j,) 'lll! pi.l!J •'~j'l '(()l ·'t) II! jl~lf'l .I)Oj\J 

(01-'t) 
,..,_ . n= IJ 

(i.)fip tr r. .) (l.)fi -/1.'01,) '7 7. ;+ 
l o,\77).- I <",J,tiJ7, (J: )fil t ~ I 

z'' "'-· 

(7.)fjJ) r. ) l. )fi 'X•1' OJ!))(. ' ) ;:: 
l/..07, ~~ (, I 

17.) - ( ;; )fl 
·r'4 

{ 

o=•J } 'Y,- . 
!r.lti1) z -;! z>r; , ) lr.>r;•Jo''J. 7 -1- or:;;) -r r.; = ( rs:Jti)J 

~ C/ 7"l Jt'1tl.l(, I ~ ( 1 o 
'( r. J

11
- 17.lr,- ~-v (Ufi 

z r. 

01 s.J.>Ilp.J.J pu'i1.>·1"! ~!'P '(~tt) .-\fj • .w>~ 

II' 



'! 
(:.!) 

~. = C:!()wC/'.!o = C2 IT CJ,u 
i=l 

(-)j"'~) (.:.!()Ill ,':.!01' 1 = ( ·1~: (,'~Ill'! 

(-)~!.!) ( ' . .z(•'wq Cl·u. 
'.! 

\(1 (:l) 
I = ( ':.!(,.,Oq c.·:.!"·,..! = (·:.?IT r,-.i·'}-1 ,.). do= 0 ,\· d, 

,1=1 

with CJ:.!o = 2 (J(I'2.rr2) 

Q:.!dt = Q(d, .. ,~,. \ ·~-tl 

ill\<1 (;.l"•''1 (,'( d,. 'llt. \ ;·,; t'2} 

Now. ror t h(' cmw II = ·1. hy (:~ .~~). \\'('writ(' 1.11(' illlq!,rctl fron t (:1.:11 ) 

w lu•r(' 

(':I = - ---.,,--­
('111' } 1 a 1 a 1o·:1 

= ,., 

Now. in tiH' lll<IIIIIC'I' sitnilar to t.ltal of II=~ illl!l :1 Cltlll by ll:iillp, t.lt(• n·sults or /f( .r) il tld 

~(.:) iu diff('reut sl.<'ps. \\'<'obtain 

/ 

~ -~ll 
/(.'1(·1)) = C:IQIUQ:.!oCJ:m + (':1 L {QwCJ·m(.':mr1!1(;·,•+' •+' r 1 

.. ~ + (Jw(,':.! I II·Jh<~. 
f] : 0 



and 

\\' il h 

illld 

'I ~\'l 

I I I :J-t 

=- ~+~=1+ 2::: 1 
17:1 17~ 17:1 k=:l-t 17k 

I I I I :t-t 
= -:;+~+--:;=2+ 2: 2 

17:1 a2 a, aa k=:t-2 a~. 
:\-I 

I:\ + / .2 + I = I:\ + L (II.· + I ) 
1.·= :1-1 

:l-1 

= I :t + I 2 + I 1 + I = I :1 + I: ( l1.. + I ) 
k=:l - 2 

:t 

C':tCJ11lt2tld:lo =( ':tIT (J;o 
i=l 

<:->;( .1) ( ':tCd wCJ:w(::mr, == c~~~:.!)(,':mr, 

(-)j(.ll ( ':1CJ w(:~or 1 Q :ld1 = C':t~\ 1 1 G:o~ur, Q;J,/, 

(-)~<·'l = ( '2Uw,·/ht 1 Q:m = C':tGtur/hr~.~Pl 
:I 

(':Jr:w,.,r:u,,.1 (,':td1 r., = C'a fi (,'.ir/1_,,.1 
j=l 

'/.1 

:1 Jr!".!l(r,.l':.!) C:t L :t/l(z' ( q, C:) 
i =l 

f/:1 :\( .:.! = ;j 

yl 

:1//l.l.ZI((>,(,') :Jff••!ll((l (') 21'lfl.l+l -r;t 
( I ·( • ' !/(·1) ( :1 

l 

:II/;< 11 ( (J .(,') = :II/ ti)l J) ( (J • (,')y(:j''+rJ )t'fll +I (' - Yl141 \:,•, 

:'ll:~t11(C)J,') = all~7-l1'(q. G) 

( ;J..J.J) 

du = 0 



. \-1 

\\' ht>l'l' 

:1//j"(Jl(Q.(:) - (,' w,.. CJ~d 1 ( •':lu,-~ 

:lu;·(J, ( q.rn - (j 10( •'·.!or 1 (,':1./ 1 ·· ~ 

:1/(~.ll)(Q.(,') - r.·,ll ... (,'u,,.l(J:\dl 

with CJ:m - (J(I :I• ,.,.;~) 

Ch1, - <J(d,. r~~. \;;,) 
(/:!,/1 - Q(d!. r\'l· ':~~.!) 

(,':ldti'J - (,'(d,. ru. \·;;,; l'·.d 

mtd (,':ldlr., - (,'(d'l.. TI·J· \-;\~: l';t) 

3.3.1.3 Expression for (3.31.) for general n 

It, now. follows fro111 subs(•ction :U . l.~ that for p;«•tu•ral 11. oltc' ol,tains 

IX, IN . · • • 

+I: ... L ra-lu·(u-1)(1'J,•· ••I',. _:,d+I: ... L ~~~11 - l)(r,, ... , r, _J) 
r, _, :::0 



.J;) 

w lww 

(:l;r) ";' IIJ ,~ 
11-1 

·'(Il-l) r· II(' 
~I - u-1 (ill 

i=l ,_, 
11,(11- I) ( ) "t ,.,, .•. ,,.,_, - (.',1-l IJ (,';.1

1
_ 1 ,. 1 with du = 0 

.J=l 

c ~<<,,_,,_,,r· [() ]1,, [~<,.-1, ]1., 
- ·u-l I '((11-I)-/+I)Ot·l (((o-I)-/+2Jd, (r~-1)-/+:~ 

willt /_, 1 = 0 if (11- I) -I+~ > 11- I aud /,, 1 = I. ollwrwis<'. Sintilarly /.,1 = 0 

if (11 - I) - I+ :l > 11 - I and l~l = I. otlu•n,·is<'. Fnrt IH'l'lllOI'<'. in (:L 1r)) , for m = 

:!, :l, .... 11 - :!. \\'(' lta\'t' 

'/t~-1 

11-I/J•(111)(, , ) 1 I • .... I m (.'11-1 2:: 11 -•n;·' "') ((J.(,') 

i=l 

wit b 

~~-•c· f/11-(,111 - Ill 

II - J // ;( 
111

) ( (J • (,') 11-1//**'"''((l (') :l(rl"+r")+T""+I -~\ ' "' 
[ 

, J llu 
j (' I Jj( 11) ( J 

wiH•rt• lr; =I if till' proclurl functiou ~~-•11··'"'' is <'tiCicd by a(,' function (cf. s<·ction 

:t:l.l.l) <ancl h; = 0. othl'r\\'ist•. For tb<· ('(lSI' when lr; = l, (r,,--, T .. and v·· ill t.h<· 

sqnan• hrad\t'l f ] art· n·placPd hy d.1·. '/' and F, r<'sl>erl in•ly. wlwre t lw lat.t er functio11s 

mt• takc•u frotn t Itt· last (,' function in "- 1 llj*1
"'

1 
( Q. G). 

Nolt• that ont• lllil,\' t•xploit t.lw inl<•grat.ion l'!'Slllt. in (:J.-1:)) t.o obtain any ,\'s IH.·n·ssary in 

(:l.:!i) hy putting approprintr• \'altu•s of lu. For <'Xillllpl<•. for A:~~i~~1u(,l/( 11 )) in (:t2!J) , \\'<' 

n·quin• t.o put I,, = I.:! for a = i. j and I ,1 = 0 fol' all o f- i. j in rquat.ion ( :t-10 ). 



Chapter 4 

Computational Aspects and 

Applications 

4.1 Computation of Percentile Points of l( 11 l 

In t hi~ rhapt PI'. " ''' pro\'id1· Sl'\'t•nd cx;H·t pt·n·,·ntil<· poiuh ,,f tlw distrilliJI io11 (If tl w 

nmxirna for t h<· rorl'<'latt•d normal \'arial,l<•s lllldt•r 1 hn•t• dill't•n·ut :-.illlill ions. lr1 I Itt• lir~l 

si I t!Cl t iou. \\'< • co111p11 t <' PI'I'C'I'Il I i l1• poi 111 s of I l11• 111 <• x irua for tlw t·q 11 i _,-, ,rn·lall'd (posit i \'r' or 

uq~at.i\'c) normal varial,ll':; with Z<'I'O llll'illl n11<l ''!JIIal \'ilriann· <1~- Om n•s11l1s for po:-.it ivt· 

corr<'latious an• r<•rifh·d with tll(' n•sults proridl'd l,y (;uplit (I!J7:l) iiiiiO!III, ollll'rs . ,\bo 

our n·:·mlts for uq~ati\'1' I'IH'I'<"Iatiou will snppl<'llll'lll sornr· of 1111' n·:-.ult s pn ,vid,·d ],_r 

llofflllilll and Saw ( 1 !Ji;i). In tiH• sc·corul silll<ll iou. WI' pnJ\·idt• tllf' pr·rr·t•lfl ih· pnirds of 

the• lllilXillla for lh<' hornosn•dastic ],ut IIIWCjllally (posili\'t •l_v or lll',l!.ill i\'t•ly) r·orn·lalt•d 

norrnal nu·iahh·s. Tlu•s1• di~t rilllltioual n·s•tlts for t.lw luHIIosn·dilslif' 11rwq11<d c-"rn·lalt·d 

.l(j 



IT 

f'fJrtliitl \'; rri;d,lr·~ r·;r!-.1' lllit,\' Ill' appli,·d 1o n·rl;till n·p<'it11•d llll'ilSIII'<'s d;1ta. for <'Xarn piC'. 

IIJ <til\' d;ll;r sl'l~. wlwn•!lw !'IJIT<'IittioiiS ol' tlw rlal<t l"ollow tlw I'OJTdation stnrcltti'C' of <1 

st ;II iuuary ( :au~~i;11r pnwr·s~. s;ry .. \ H( I). In tlw last situation.,,.,. rornpnt<• the JWI'l'!'lllilc 

poi11h of I lw rn;txirna for tlw ruwqn;tl posit i\'l·l.r or rwgitti\'l•ly <·orrl'latl'd norrnal \'aria hiPs 

wit lr lwt, •rosn·dttsl i(' \'itriarr•·,·s. In tl1is chapt<•r. WI' ;rbo ro111pan· I lw JH'rl'ormanr<· of I lw 

Bllnfr·rror1i lullrnd~ "JII'roxirn;llions \\'ith our srnall corn•littions approach in I'OIIlputiug 

tlu· IH'I'f'l 'lllil<·l"'ints ol' till' rn;rxirntt for hot h IJo!llusn·clastir and lwl<•rosn·dist ir ras<'s. 

4.2 First case : Homoscedastic equi-correlated (pas-

itive and negative) normal variables 

Ba~c·d o•t till' lr<Jrrsfonnntion as in till' l'qtratiorr (:!.1). C:upl a (l !Ji:l) proridcd tablc·s for 

till' (I ·· n) pr·rc·r·utih· points of}(,.) for sc•krll'cl \'aluc•s of 11. o and posi tir<• p. wll<'r<' 

) (,J i:; tlw lllii Xittlir ol' I lw 11 :;I anda rdiz<·cluomwl randol!l \·ariabks V,. )·i .. .. . }·;1 ha\'ing 

corrc·lat ion matrix p.l, - 11!, \\'it h ./, iiS tlw 11 x 11 unit 111 at rix and {, as tlw 11 x 11 

idt•ntit .\' tn;llrix . This t,qw ol' transformations is not suitable· to handl<' t.lw ncgat i\'<'ly 

•·qui -cnrn·l;,lt·d norrrwl \'ilri; ,hlr•s rast•s. Fu rl IH·r· 111on ·. I his appruarh J'('(!llircs a difficult 

illlt•gratiuu (d. s<•t'l ion :!.I) to <'olllplltl• lllt' jll't'l'<'lll il1• points of I Ire maxima. lnsiHHI of 

solriup, this iulq!,ral. (:npt ;r (l !li:q has 1rsc•d a lllllliNical approxirnatiou to resulre this 

prol•lt•rn. Tut 'Xitlllillr'llw IH'rforrnall<'l' of ou r approach.\\'!' c•xploit on r Jnc>thod discussed 

ill tlw lil:i t l'hapl<'r and I'OIIlpill'l' tIll' p<'('('('Jlt ill' points or}"(,) for (I= 0.00.0.0:!0 l\:, 0.01 

illlll fl -=~ 0.100. II. I:! :~,. 11.:!11() ,\· !U:~>O \\'it lr I hose• p,i\'(•11 in Gupta ( J!)?:l). 

h>r I lit . I'IJII i·rurn·lall'd IIUI'IIlill \'a ria hit'S r •. } 1 ..... )·;I wi tit E(}'i) = 0, EO'? ) = (j'J.' 



~~ 

for all i = I. '2 •... . 11 and /·.'(};)~,) = p. for nil i # j. \\'t' ohtain tlw probability dt·nsit,\' 

fnnrtion oftlw tnaxitna hy putting f11•1 = fl for all i i- j and rr; = rr1 fm i:::: 1.:! ... .. 11. 

, " 
• ( 'l) l .• ( ~) /)*"' ,. lOll '.! )• ,--. \;!(II)( I '! !/, !J(,)• fl· 0' ~ ,, t) .'/(u)· a + 11 L..' •.T(I.·/l{.t/(rl)• (1 ) - (, L.. ' r(rl.·l}(.tl(rl}• (1 ) 

w I IC'r<' 

i<.T i::l 
II II 

•• ~ \ '2:.!llll ( ;! ., •• ~ ~I Ill ;!) +•\r L_.' i.1(J.-/) !/(11)• (1 ) + II L_. \,11.-(/)(!/(11)• (T 

i<.J r"t.rf.k 
II 

'/• """ \1111( ~) +. II L '1)1.:1 .11(11)•(1 

i:f.;:#f./ 

n· . , 

Q;, 

.., .. 
' II 

M,: 

2 
<.'>(!J(,l· a ) 

I ., 
11!{ l + ~11(11- I)!'"} 

I 
n!{r'- (n- :!)11}-:-; 

'2 I n!(11 - I )p ~ 
(1 

(1" 

and for <'Xillllpk, 

\
1,1;00( '}.) 

~ lJ(kl) .1/(n)· (1 = 

( I. l ) 

with 6(.11(11)) and ,\:~~~.~:~)(!J(II)rs /IS ill ('CJIICII ion (a.:l7). ~olc·t.lt;tl t.lt< · ('[I('Hif'it·nls I i,:, n;.. (J;, . 

s~, '~:~. CIIHI M,: in (·1.1) (II'(' tlw spc·ci;d !'il:·ii'S of I lw ('(J('IIi('i(•ttl.s dditwd in (:L~7 ). 
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~«'XI. lo rutnpniP llw fH'lT•'Jttil<· poiuts of }'(11 )· ll<tllt!'ly. tlw \'alll<'s of h. we• 111il)" <'asily 

nmrp11lr• tlu· dislrillttliott l'urwtio11 of llt<txirna front (-1.1) <tS p;i\·c·H by 

wlwrc· 

( ••• (I 'i.) 
1 

11 
I • fl, (f 

II II 

,...., , :.: <r~u~. rT'i. l + n~. 2: . '~./~·~~~>(" . (T'i.) - (r, 2:::: . \ f1'~~11 ( ". a 1
) 
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wlu·n· ...\.(-)·.tr and '11 art• d<'fiiH·d as in t•qH<t1iou (:t 1:q and/,,= 1.'2 fo r '' = i . j , 1,, -" ll 

for a -=f i.j ~'-~ a = 11. in this ntst•. Note• tha t. one• may t•xploit. tlw in t q.~ raliu rr n•s~rl t irr 

(-1.·1) to obtain any :\ 's JH'rC'ssary in ( 1.~) hy put.t.inp; t~pproprialc· \'ethws of/,,. 

[n <)J'(Ic•r lo C'X<lllliJIC' t!IC' J><'l'fornwru·c· of I Ill' propost•d Jll'oc·c·dmc·, \\'t• now c·orii(Jil(c• 

the Jli'OhahiJit.y (,':
1
•(ft.p,(J'2) gj\'('11 by (-J.~) for st•Jt•r(.t•d \'illllt'S of ll o:- II.()J(J,(),()~!) i llld 

0.000. f1 = 0.100.0.12;), 0.'200 a11<l 0.2SO as in C:upta (l!Ji : ~). \VitlHHII loss of ~· ·rwrality, 

of h from Gupta (I !)j:l). TIJ<'!il' probabilit.i<"s ;dollp, wit l1 tlw l ' llllllllill ivt· pn111i11Ji li t.1·s 

computed hy Gupla ( (!)i;i) ClJ'(' shown in 11H· Tai1IP -1.1. ~Jon• spc·cilic-ally. for dil!'l'l'l'll l. 
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h, ( :ttpl.<t \ <t11d <Jill' n·sttll s ;m· showu ltlldn tlw lt<'adinJ!; ('T~I ( corrdat ion t rausforma­

tioll rrwllturl) mul S('A (s111all <'OIT<'I<ttiolls ttpproach) n·spc•cti\'<'ly. 

II is d<·ar fro111 T;,bl<· ·1.1 t.ltat. llw SC 'A has<·d actual probabilit ic•s an• prd ty dmw to 

til!' CT.\1 h;ts<·d il<'lllal prulwbilitics of C:upta's ( UJ7:q, for the eqlli-corr<'lat<'<l standard 

IIOI'tllitl variahl<•s ntst• for tlw P<pti-corrPlatiou roPHiricn1s p::; 0.2.10. lloW('\'PI', for p > 

o.~!iO, 0111' SC,\ lms<·d n·sttll.s \'v'illnot IH' I Ill' SCIJIH' CIS Gllpl.a 's (I !JT:J) ( "DI based result s, 

which is <'XJH'!'I.<·<I. Tltis is IH'<'iiiiS<'. our Clpproxilllation is dc•voiopc·d IHlsNI on slllall ntluc•s 

of ('CJIT<'I<tl.ions. \VI'. ho\\'1'\'('t', computc•d SOillC' oft II<' probahilit.ics for p ~ o.:l()() and find 

t I! ttl. for 11 = :l <111d p = 0 .:UJ(), t h<• SC ',\ yi<·lds t h<• a<'t ua I proha bi I it ic•s O. !)!)(j~(i.1. O.BSO:JQ2 

a11d O.!l(il:i71 <'oiT<'SjH>IIding to !HJ1
/.. , !JiJ)c;{, and ~)01/., nominal prohahilitic•s n•s jwctiwly. 

Situilttrly. for 11 = ·1. t ht•s<' aci.IIHI prob<1hilit<•s \\'<'r<' fo1111d<•d to IH' 0.99/ :):HJ, 0.979!)1 :J 

and O.!J() t:l:-\!l n·spPrl irl'ly. showing 1 hP d<'JWI'I urc• from I h<' llolllinal ntlues. 

For nc•g;lli\'1' c·qui-wnl'lat.iolls cmw. Cupt.a"s (1!)7:~) 111l'lhod gi\'I•JI in (~. · 1) 1s not. 

snit ilhk t.o <'Olllpllt<• t lu'JH'I'<'<'Ilt.ilc• poiuts of t.ll<' 111axima. For this case. hm\'C'\'<'1'. Iloffman 

and Saw (I !J7:,) proposed an all<'mat.iv<' met. hod to c<>lllJ>Ul<• tlw p<'rcentilc• points of llw 

lllaxi111a hnt. tlrc•y did not. provide• dc•tailc·d Jllllll<'l'ircd rc•stllts in tlw paper. Whil<' om 

lllilin int.t•n•sl is to oht.ain t.ll<' 1wn·c•ntag<' points of the maxima for unequally (posit.iY<'ly 

or nc•gat i\'c•ly) ron<•latl'd normal rando111 \'arial>l<•s, we still computed the j)('JTent.ilc• 

poi11l.s of t.lw maxillla hasc•d on our nwt hod for sc\'eral twgalire snlilll cqui-corwlalious 

p = -0.100. -0.I~rl.-0.~00 and -0.2.10. The rc·sults ill'<' shown in Table ·1.'1, which may 

ht• \'<•l'ilic·d wit It t lu· rc•sults of Ilolrrnctll <mel Saw ( 19i:i ). 

Nol<' that t II<' pt'!Tt'llt ilc• points shown in t abl<~ ·1.'2 an• <.'omputed by considering tlH' 

rc•sttll s for tltc• posit i\'C• c•qui-rorrc·lat ion providc·d hy Gupta (I !Ji;J) as the initial \'ctlues. 

~lon•owr. it was found t !tat. the n•s11lts in l.h(_• abo\'C table clo not l"<' lllain tit<.• sa ute 



Tahlt> -1.2: Til<' S(':\ hased 100(1 -- n)ti{ IH'ITt'lllilt• points of tlu- maxima for llt').!.illi\'t' 

c•qui-<·on<•lat iotts and sPie-r I cd n and 11 \\'it It a"2 = I 

.. 

II {J n = 0.1110 o.o~:, o. o.:-,o 
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n·spt•ctivc• I o t.ll<' n•stdt s p;ivc•n IJy C:upl a (I !Ji:q for t hC' posit i\'<• <•qui-corrc•lations f'H!'ie. 

4.3 Second Case : Homoscedastic but unequally 

(positively or negatively) correlated normal vari­

ables 

Tlwr<• also t•xist.s a l't•w uwthods to study n•rt.ain SJ)('cific inft'rt'tlce probll'lllS for t.he order 

statistics of t.lu• IIIH'qllally posit i\·<'ly or ll<"gat.in·ly corn•lat<'cl nor111al variables. Based 

011 tlw V-funt"!ion dt•scrilH'<I by Nicholson ( I~) . J :J). C:upta C'l al. ( IBG·I) hH\'P sturlied the 

dist.l'ilmt.ion of t.IH• rang<'. }'(11 ) - } '(I)· of IIIH'<jlletlly cotT<'Ialt•d normal ntriahlcs for 11 = :J 
ill HI ·1. For a \'tTY spcrial cast• of tiiH'<Jllill t'orrt•lation struct.ur<•s surh that /~'( } ·; }·~ ) = 0, 

for all i :f. j .\.~ .i :f. i + I and ILOtH'.<'t'O /~'Oil 'i+d = fli,i+t• Greig (J!J()7) st.udi<:"d t.lae 

d ist.ri but ion a I propt•rl it•s of tllt' ord<•r l-it a I is tics of I. he COlT<' Ia t t•d nomml rantlo111 varia hk•s. 

As disrllslwd i11 dwpt.<•r :!, \\'<' h<W<' st.ndit•d the clist.ribnt.ions of t.he ordt.•r statist ics 

of llllt'<JIIcdly (posit.iv<{r or Jlt•gal iv<'ly) correlated nomwl random nu·iahles. But. this 

was don<' for slllall rotT<'Iations. The s111all condat.ions cunong normal Yariables arise in 

lllilll,V prac1.intl sil.twtious, iu particular, in t.h<' contt•xt of cluster r<•grcssion aualysis. ln 

clush·r analysis, t.lw dusl.<•r siz<•s an• usually snwll. But for gerwralit.y, we have, however, 

pro\'id,•d t.IH· tltt'ory in tht• last. chapl<'l' rot' g{'JI{'\'alll. For dust<•r rcgrt'ssion analysis with 

snwll p':-. iiiiiOIIg tlw obst•n·at ion:; within t.hl' clust.<·r. we refer t.o Hao, Sutradhar and Yuc 

(I!}!):\). a11d \V\1, Holt and llolnws ( 198t'). mnong others. 



4.3.1 Application to AR{l) Models 

\Ve now ronsidt'r a non-rc·gn•ssion st•l-up wht•n• cluslt'l' ohst'l'\'<llions ma,\' ht• ~~·•wralt•d 

hy I'<'JH'at.at.ious of llH'HSIII'Illt'llts of singl<• iudiridual m·t·r '' pt·riud oft i11H'. In such l'ilst•s, 

it is lil·a·ly that t.IH'rc' will ht' a dc•cay in t ht• l'OITt'lat ion \\'it h itHTI'asinp; tin II' lap;s illld t he• 

data may IH'hcn·l' like• a11 autor<'grc•ssi\'<' normal prort•s:; of ord1•r ot11' p;i'''''' hy 

!It = Oi!ft-l + Ct ( I. i) 

wlwrc• c 1 is indt•pc•nclC'tll.ly and normal I,\· dist.rihutc•d random ,·miahlc•s with nw••n ZI'I'O and 

roust.ant. variaru·c·. a·J. and c.)1 is tlw p<ll'illlll'lt•r oft IH• allt.ort•gn·ssirt• J>l'IH't•ss of ordt•r unt·. 

llPrt• Y = [}"t, ... , ) ·~ ..... }·;,]'is jointly nomwl \\'it h /~'l'Y) = 0 and /Ji."/1( Y) = (1"~1. l'or 

all i = l, :2.' .. ,/1, r hPillg t.ll(' II X II 11011-singular IIIHI.rix l-!:i\'1'11 b~· r = ( t/}/ - t'l /(I - t,'J'i) ). 

1.1' = 1.:2, ...• 11. ,\lso \\'(' hrl\'(•tlw ('OI'I'I'Iatiou llliltrix or y iiS C'III'I'(Y) = : t/),t- t'l./,1 1
.:. 

1.2 .... ,11. 

i'\ow. in ordc•r to compute• t.h<' J)('rccnt il1· points of }'i,1 !'or lllli'IJIIillly t'OITI'Ia!t•d (posi -

ti\'(• or tiC'gat.i\'e) normal \'ariablt•s with t·onslnnt. variarwt•s a'1.. \\'<' obt.flill tlw dist.rihut.ioll 

funct.ion of the 111axima front c•quat.ion (:l.'2i) l1y pnt.t.iup; rr: = (1.1 iu !.111· llliiiiiH'I' silnilar 

to that of (.1.2) and aft.<'l' sonH' adjust.IIH'Ill s iu t.lw nwllil'il'llts, wt· writ.<• t l11• dist ril,11t.iu11 

funct.io11 as 

n tt 

"' n,: '''(It, (1'2) + /)~ L A !.N~~:, ( ", (1 '1) - Q;, L ,\ :,':n {It, fT'2) 
i<j t ;::;l 

n '' 

+ .:.•• "\""' ·\'1'.1011 (/ '2) - ,, •• "" ,\'1.110 (/ '/.) •=',~· i1 (kl) t,a -l " L... · 'Jk(/) ' · " 
i<j ifJ i k 

11 

+ \1 • "\""' \1111(/ '/.) 
J II LJ 1 ijk/ I , (J' (·I.X) 

if.j:pk f. l 
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all d «II( h. rT'.!) and t\ (h. li:l) 's a rc• th·fi 1 H'<l as i 11 <'C[IIal ions ( I. :q and (-I.· I) rc•stH'<'I.in·ly. 

Nc·xt.. we• t'olnput c• I liP I 00( I - o )'/r, pnn•11t ilc• poi11ts of nwxinw for llllC'<jliHI posit i\'C' 

or IU '!-!;illi\'t' rorrl'lations for sc•lc•t·tc•d \'aluc•s of o = 0.010. 0.02:) and 0.050 basc•d on 

(/;,"(h . f'' ·' ' f1:.t) Ah't'll in (.l.t{). In om nnnwrind COIHJ>UI.at.ions. we• act.ually consid('rc·cl 

a honlosrc•dasl.ic normal \'ariablc• case• wit It Ym(y1) = I for all I but the• corr<'latiou 

st.rudnrc•s similar to A H( I) with 6 1 = ±0.1 00, ± 0.12!), ±O.:WO and ±0.250. ancl 11 = :J 

ill HI I. For spc•t·ific \'ilhl<' of 1>1• we• may .:•<tsily obtain I he• corn•lat.ion <·oc•ffici<'llts f' i.i = 

r/),•-.il IH'I \\'1'1'11 t.wo l'I'JH'al.<•d \'ariahlc·s wit.h lag I i- j I according to t.hc• correlation matrix 

of .-\ H ( I ) modc•l. For c•xa Ill pi<'. for o 1 = 0.200 and 11 = -1, the' corrc•lat.ion coefricients 

an· : f'u. = 0.2!i0. f'J :I = 0.()(i2!i. {'J.J = 0.015(): {J'.!a = 0.200, f' 'l·l = 0.0()25; and {J:H = 
O.~:iO. The· JH'n·c•Jll ilc• points It for this sit.uat io11 along with t.hc.• c:orrclat.ions are shown 

in Table• -1.:1. To roll!JIIlll' Ill<' JH'n·c•nt ilc• points of the maxima for t.IJ<.' sciPcted \'alttes 

of <:> 1 = ± 0.1 00. ± 0.1 :,?.:;, ±0.200 and ±0.200. t h<• trial and <'tTor me t. hod was <lppliPd 

wlwrc• I he• ill it ial \'ahll'S of , \\'('J'{' chosc·n from Gupta ( nn:J) for the positi\'e \'HI tiC'S or 



Table - 1.:~: The SC'A hast•d 100(1- n) 'lt, pt·rn•ntil<· point s or t lw maxin 1t1 for .-\lql) 

(>I'O('('SS. 
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0.1000 
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'2.1~'2!1 :!.:!20~ :LOlli~ 

'l. :l:Wi '2.1 · 1!1~ l.!l~Oi 

'2. '2 · 1 -~Ci :! .OH!J~ I.!):",Ol i 

'2.!">7·11 'l .·IOO!J ~. 1·1 ~)I 

~=========================--:..-.::c_::-7_ :..:=...:.· 
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p = O.IIJO,O.l~:';,O.:WO anrl 0.200 rc·:;pectivdy. Tlw IIIPlhod was 1PI'IIlinated wlwrwver 

l.hf• ;rd. II a I prolHt bi I i l.y was fou nrl to lw VPI'Y <'lose• to the nom ina! probabi lit.y. The 

f'orrw·r~<·JtC<! of tlw trial and c•rror nl<'thod was quick. Only thrc•c trials provided t.hc 

n·port<·d rwrceul.il<· poiut.s. NotP that in c:omput<rtion of the percentile points, it is 

rw<·c·ssar·y t.o <'Otrtpnt«~ ~wveml inrinitc· sC'ries (cf. <'qnation (·Ui)). These• iufinitc series 

<'OIIV«•rg~•d at. diff<'r<!lll. rat<·. For example•. tlw couverg<•uce of the single iufinitc series 

was adric·vc•d hy considc•ring th<' first :J2 t.c·rms. Similarly, cotJVC't'g(.'llC.e achieved for the 

doublr-, trip!<• and qrwdra inrinitP sc·r·ic•s by using r1 = 21 , r2 = 25; r 1 = I i, r2 = 18, 1':! 

=20; and r 1 =I!), I''J. = 17, r :1 = l!J,r.1 = 21 r<•spc•ct.ivc·ly. 

4.4 Third case : Heteroscedastic but unequally (pos-

itively or negatively) correlated nor1nal vari-

abies 

4.4.1 Application to Antedependence Models 

Aut.c•dc•pc•tul«•nrc• mod<'k dc•fim•d as a more general family of autorcgrc•ssivc models, arc 

o!'tc•u llst'd in sodo-c·<·ouomic st.udic•s. For a set of n variHhles in a given order, ~th 

onl<•r aut.t>d<•pt•tulc•n<'<' is :·wid t.o hold (cf. Gabriel ( U>62)) if each variable given at least 

.-; pr<'<'<'<'<ling \'al'i<lhl<'s in t.lr<' ord<·r, is independent of the rcnwiniug variables. Note 

t.hat. due• t.o tlw finit(• ordc•r ault'd<'p<·ndC'nrc, stat.iona.rit.y r<·strictions for the first and 

S<'rottd ord«·r mottH'IIts are uot. at. all required. This is quite contrary t.o the standard 

aut or<'"T<'ssive mod<'b in tinw S<'t'ics analrsis where the restrictions on variances and " . 



COITelations Cln' ncct•ssary. Thus. ill t"t'JH'tllt•d lllt'ilSllrt'lllt'lll t'XJWI'illll'llls, inft•rt•Jwt•s 1111 

occurs. To i llnsl.ra t e thc si lua t ion, ,\ llwrt ( I!)!):!) ronsidc•n·d nu•d i r;d l't'st •a rd1 tla t" w lwrt> 

a growl It venia hie (surh as lu•ight. or W<'ip;ht) is Jllc'asurPd on Pit<"h indi~·itl11<d rt'pt•ah·dl~· 

0\'£'1' tilll<'. For such data. tlw lllOtlt•l oft.PII IH'conl!'s non:·ilalioHal'.\' as tlw \'ariaun• ;md 

mtTclation JHli'CIIliPic·rs appearing in such a modt'l ran IH' sc•c•n to tlc•pt'Hd on I inw. 

ohscrvat.ions on a :sing!<' c•xpc·rilll<'lllalunit. through 11 I ill It' pniuds. wlwn· ~(•l indi,·att·s 

tiH• presence of ,.;t.!J ( . .; > 0) ordt•r illllt•dc•p<'tHh•tJ<'<'. 'l'h<• 8°' ordt•r illllt•-dt•pc>!Uit •Jll'l' lltodt·l 

is defined (cf. Allwrt. ( 19!>2)) as 

.. , 
LOi,i-t}'i-1 + h;IJ; • i =~ . .. .. II ( 1.!1) 
I== I 

where.~;= min(.~ , ;- I), a;,;_1• 1 = 2 •... . 11. I= 1 .... ,8,. i > j. an· aiJic•d"f~~'tlCI«·ul 

paramdc~rs, ~;, i = I. 2, ... , 11 are 11-scale p<ll'allll'l<•rs, and t.IH' c•nors IJ, an• illdl'pc•JHir•ul. 

and normally dist.ribnt.<•d with zc•ro nwan and 1111il. varia II£'!'. The· ;tl10\'c' tnodc·l (f.!)) lllil.\' 

he expressed as 

v = ,,,, 

where 

;\ = l'/J" 

with r-' I :::: I 

-a; ,,- 1 r :I 1 j .-;, 

0 ot IH·rwisl' 

·~ 



Gl 

IY = diu.'!( h 1 ••••• II, ) 

Jl t!JC"II folio\\'~ lllill 

, 
~(.~J = ,\:1' = I" IY IY I"' (1.10) 

To llllclr·r~lttJifl till' IIOIISiilliollill'it_v in this illl t•d<'JH'JI!II'Il("(' Jli"OC"!'SS. 1<'1 liS first COil -

~idrT t lw SJH'r·i;d l'it~r· ·' = I. Til<' ,.;,riaJJrr•-c·o,·ariHnc·<· lllill rix of)'" in 1 his case rc•dm·c·s to 

1711(1) 17 12(1) 

,. -
-'(1)-

17 21 (I) 17 2.!( I ) 

I= 1.:! ..... 11 with a 1.0 = 0 

rr,.d ll i<j 

:\ul in· t I lit I all t lw \'ilriatwc· <111d c·m·ariallr«>s arc• funct io11s of dilfc•rc•nt scale• cllld Hilled('-

JH'JJclr·nl pill'illlll'l<'rs.lho:·w filii,\' \ 'ill".\' wirh rq~ard to tlw change• iu ti111e. Thus. this 

antr·cl<'pr·nclr·n· modc•l chws nor n·quin· illl.\' \·mi<tfln• or rm·arialln' stat io11ari r.y. 

Sin1il<•r silllill ions as I'm .~ = I. \\'ill aris(' for ot lwr .~ > I casc•s t.oo. For PXHIIlplc•. 

for·' :: :!. onc· 111a.'· wrirc• t l~t• rariaiH'<'·rorarimu·c· matrix of) ··. ~( J ) = {a;J(.~ l }. in tPrllls 

of Ill<' illllr•rlt•!WIIdt•J11 Jliii'<IIII<'I<'I"S s!Jo\\'ill~ t he• 11011-Slationarity of the COIIlj>Oil<'lllS of)·". 



( '•) I_ 

Fur I II<· sak<' or simplicity. \\'('. ho\\'('\'('1'. fli'<'S<'Ill t ltis for I ht• ('i!S(' with II :l. Frnnr 

Equations (-U) ). \\'<' s<'<' that 

Tlwn it is rc•adil~· s<'<'ll 1 ha 1 

Silllilarly. otw oht a ins 

and 

:\s in 1 II<' c·as<· l'or ,..; = I. t lw \·ar·iHnn•s and <'O\'<tl'i<tnn•s for t lw :.<'<'ottd (.~ -- :!) ord<·r 

showing the IIOIISfatiouarity iliiiOng tit<· ('()III(IOIII'Itls of y = o·l· } :l· rt)'. In I lu· sitllil;ll· 

l'aslrion. we• lllay show 1 h<· noust;lfiottitt'ify for I Ill' <'ciS<' wit It 11 ;.· : ~ Hlld <1flfl1'1Jpri<~f . <• .-;. 

In a n•pealt•d tll<'il~llrc•rrl<'nfs <'XIH'rinH'III. tlwn· itl'l' ttlilll.\' sitn;di!)JIS wlt<·n· illtf.<·d<· 

( IB~i). In I his prohlc•nJ. tlw uwin ol•.i<'rt is to <'otrlpitl"l' 1.wo or IIIOI'<' rrwtltwls for I' IJII 

troling the· iut.<•stirral p<n·asill's in ,·;lft.l<·. DnriiiJ.!, tlw J.!.rm:ittJ.!, sc •;tsotr. l'rorrt spriiiJ.!. lu 



aul.tllllll. C"attl<· c'illl inP,c·st roundworm lctn·aP. which han• dc•volopt'd from c•ggs pr<'\'1-

ously dq>osit.<'d orr tlw pasl.tll'l' in tlw l';wrc.•s of infc·ctc·d C"at.1lc•. Onn• infc•ctt'd an ani111al 

is dc·priv<·rl of nutriPul.s arrd its n·sistann~ to ot.ll<'r disc·a~e is Jm,·c•r<'d. which in turn can 

J!,l'l'at.ly afl'<·c·t its growtlt. In ordc·r to cout.rol tltc• di:wasc•. an inl't-ctc·cl calf was assigned 

t.o a partind;tr t.n•atrrwnt. For monitoring tlw c·ffpcts of a trc•atnl<'nt for the' disc•ase. t.IJ(' 

I'Psportsc· of iut.c•n•st., W<'ip;ht, is rc·conlc-cl for an infc·rtc•d calf al 11 t inw poiuts and it is 

I'Xillllilll'rl wlwtlwr tlu• maxillllllll of tl1<'st• wc·i1~hts (!J(n)) Cll'<' lc•ss th;ut a standard \n•ight 

(h) of an uuinfpc·t.Pd ntlf of sanH' agc• (at tlw init.iall<'vc•l of tlw <'Xp<•rilll<'llts). That is. 

\\'<' rnp1in· to <'olllplll<• t.ll<' probal>ility Pr()·(,l :S h). for known h. whirh iudicatC's t.lw 

f<tilurc· of I lw t n·af 111<'111.. ,\lt<>rnat i\'l·ly. o1w may find t lw probability Pr(}·(l) 2:: h) to st'c' 

wlwt ll<'r I lw t r<'al 111<'111 is working drc·c·t in-l,v. ll<•n• I lw obs<•n·at ions ,11 1 • !h· .... lJ 11 will 

111osf lik<·l.r IH· it n·aliz<ll.iou of t.lw :;ani pi<· ) .. = ( Y1. }·1 .... , )·;,) I hal follow I h<· antC'dt•-

IWildt•ll<'t' (nonslalionary) IJiod<'l J!,iVt'll in (-I.!J). a:; t h<' \\'<'ight.s an· likc·l~· to \'ar~· with 

llndt·r tiw asstllltpt.iou t.hat t.inH' points CIH' far apart from C'aclt utlwr surlt that the 

t'orrc·lat ions an· small. \\'<' lllil.\' cliJ'<•rt ly liS<' tiH· pmbability dc•nsit.y fuurtion clc·vcloped in 

(:\.:n) to <'<>111p11f<' t.IH• rlistrihut ion function of ) '( n)· that is. Pr()'(u) ~ It) just by using 

·~ I' · · I 1· / { } I/:.! . . I ) 'I' I 1· ., . f . fT1 Ol 1'1ir(.•) ciiiC f'i.1 OJ' 1'11.1( ,,) 1'1ii(.~)1'1_jj(.•) • 1.) = , :.. .... , II. IC' ( ISll'l HlliOII lllldJOII 

ol' )·(,)• ill SIIC'h t'ilS!'S, l'<'ciiiCI'S fo 

II ll 

( ••• (/ :.!) •,. 1.(1,,;.1'1, - r ·,:<t)(h) + v:, 2: .\um,(")- q:, 2: :\mn(") 
i<.i i=l 

ll II 

+s.:L:Aum~(")+'l',; L: :\fNN,(!t) 
i<.l if:.j:f:.k 

II 

+ .\/,: L: :\!Nr' (") 
if:.i¥:~·f:.l 

wh<'rt' tlw nwll iri<·ut s l -',;. /)~. Q~,. ,...,·~. i:; and M,; i\ I'<' dc•fi m·d as in t heorc•m :u. and <P( h) 



and .\'s an• dt•fitwd as in <'quations (-1.:\) illld (-1.{\) r<'SJ><'cll\'t'l~·. 

4.4.1.1 Percentile Points of 1 (11 ) for antedependcnce model 

4.4.1.1.1 Co1nputation of a correlation structure 

(i.J 

B!'fon• COillptllin~ the• JH'J"(.'t'lllilt' poiuts or tht• maxima.''"'' 1\"1' lirsl 1"\llll)lltlt- '"(' 

correlation ('()('rriri<'nls anwnp; tilt' r<'JH'Hkd ohsc•rvat ions I hus<' art• p;t'lll'l'illt•cl folluwin~ 

an antc•ch·pPndt·un· modt•l of orde•r ... = I and"!. '""·inp; tlw \Ttrinnn•-co\'ariann· nta l rix 

disntsse•d in till' prc·vious ~wet ion. In this lllllllt'riral cotnpulill iun. \\'1' cunsiclt•r 11 ::: :~ ;111d 

·1. and scale• piii'HIIlt'l('J'S or tlw anl<•dt•pt'IHle·nn· ntotlt•l b, = I for itll i . \\'1· also t'OIIsicll'r 

til<' \'altH•s of tilt' antc•clt•pt•ndc•ut Jmranwlt•rs a;,,-/ as o,,i-1 :::; O . ~!"tO fori =:! .... , n , l -~-

1 •.. .• ,'i,. i > I so 1 hat. nil possible· ndiii'S or fli.J ill't' Slll<dl. llillllt'ly. ,,,_, ::::; 0:2!"t0 for; I .i' 

~~())'(' S))('C'ificaiJ.\". t he• \'alllt'S or p's <tlld \'ill'iiiJIC'I'S J'ol' sc•lt•t•lt-d \'(.Jilt'S of a's ill'l' sho\\'11 in 

Tahl(' 1.-1. In I II<' IH'XI st•rt ion . \\'1' c-oJnpulc• til<' pt·rn·ut ilc• points of tlw Jll it:-\illl<t for I his 

a 11 t c•de')H'Il d('J J<'t' rurn·la I ions st •t-11 p. 

4.4.1.1.2. Con1putation of IJ1X. Critical Values of } ·(,J 

plication of S1nall Correlations Approach 

Au Ap-

\\'c• IIO\\" roJJJplllt• the• !):)lfc, pt•rr<'lltilc points of}·(,) for 11 = :~and ·I for Ill<' itltll·clc•JH'II -

d<•nt. rotTt'latiou strudlll'<'s with h<'te•rost·c•dastic \'<triilllt't'S l'<'porfc·cl in Talll<' '-·I. This 

contpntation is dotH' hy 11sing til<' distrihnt.ion fuJwt.ioJJ (,';,·(h, p,j.rrf) gi\'t'll in <·quat.iuu 

(·1.10). In the JJJilllll<'l' similar to the• homos<'t'dastic nonnal \'itri<thlt• <'its<·s. tlw t.ri;d mul 

error 111<'1 hod was IIS1'd to contpul<• t h<• p<'l'l '<'lll il<• points of tiJ«' JllitXilltil. This trial it lid 

('1'1'01' nwthod I'<'<Jllin·s th<· initial \'cdtlt'~i or II. a nitic;d valtl<' of}:,. In s••lt•(·l.ill l!; Stlf'h 

\'a] tiC'S for I Itt• casc•s wlwn· fli.i :5 0.1. for <·xampl<•, W<' I til \'I' chos<'ll f, l'ron1 <:npl.<t ( l!l7:q 

for t.hc case• with f' =().I. Tlw IH'I'I'<•ntil<· points an• slto\\'11 in Tabl<· ·1 .. -l. 

Not(' that the• h ndJJ<'s ('(Jill)>ll1<•cl for Pi; S f'u g<•nt'l'iiii.Y dill't·r<•JI1. frorn /, valtws .,l,t<titll'd 



vallu's of a <1111l11 with h, = I (i = I, ... , 11) and :-; = 1 and 2 

rt s fl:l,l a :s.t a:s.:.! 
:.! 

O"t 
:.! 

(7"2 
:.! 

0":~ f'l "2 {Jt:! f''J.:! 

(J ·1,"2 (f •\,:! 
:.! 

"·t Pt -t f''l.·l [1:1·1 

a I O.Ofi7!J 0. I 000 1.0 1.00-IG 1.0100 O.Ofi77 0.0068 O.O!l!)i 

0. I 000 0.12fi7 1.0 1.022r> 1.0 lfi-1 0.1-18:! 0.0 18!) 0.1271 

0.1 7(iG 0.~000 l.O 1.0:111 1.0-112 O.Ji:JS o.o:3·1G 0.1 !)!)Q l 

0.2!i00 o .~:w1 1.0 I . Ofi:l:) I .O:)G:l 0.2·125 0.005!) 0.2:J08 
1--

;~ 2 0.1 ()()() O.Ofi7.1 O.OSI:l 1.0 1.0100 I .012:1 o.mm:; 0.0702 0.0878 

0.1271'\ o.O!m; 0. l :ll2 1.0 I . 0 I G:l 1.0:10:1 0.1:!()8 O.ll2!J 0.1·125 

0.2000 0.1111 0.1 (i2·1 1.0 1.().1()() 1.0-16!) 0.1 !)(il 0.1 -10:1 0.18:!2 

0.21:!-1 0. 1111 <L~:ws 1.0 I . ().!!iii 1.078!) 0.2087 0 .1 !).I:! 0.2.1!)!) 

.J I 0. OS7:) 0.0(i57 1.0 1.0077 1.00-1-1 0.0872 o.oom O.OG58 

0.1000 1.010-1 O.OOOG O.OOfiG 0.09!)7 

0.117i'i O.I:n; 1.0 1.01:18 1.0181 0. 1 ](i7 0 .0107 0.1:J.I:J 
0.1 :;oo 1.022!) 0.002:J 0.0201 0.1-l!)j 

o.:won 0.1 j(i!) 1.0 1.0-100 t.o:tw 0.1 !)(il O.O:l-17 0.1771 
0. I f)!)(; I.O:WO 0.00.1(i o.ms.t 0. iG01 

0. 21 !j() 0.~:>1:! l.O 1 . ().J(j:) l.OfiGO 0.2108 0.0!)25 0.2-188 

0.19fil 1.0-10!) 0.010-1 0.0·1!1·1 O.l!l8-l 

-l 2 0. 1 ()l)() 0.0(i71 0.078!) l.O 1.0100 1.0118 0.0!)!):) 0.07·10 0.08.1!} 

0.08:1-1 0.0!)!)2 I.OIS-1 0.01:)(i O.O!Jl5 0. !0:)9 

0. II :n O.O~:)(i 0. I :!71 l.O l.OI:W l.O:WO 0.1127 O.O!J!J7 0. 1·1!)5 

n.oms 0.12!12 l .O:lOG 0.02:!8 0.1157 0. 1·1:32 
0. I I !IS 0. O!l(i(i 0.1 :!71 l.O 1.022·1 1 . o:1:~0 0.1 -181 0.11iH 0. 1505 

0. 11-Ir'l 0. I 7!J2 l .Of'i~!l o.o:J72 0.1:395 O.W·l4 
0. 1 f)(i~ 0.1 Oi:l 0. 18:ll 1.0 1.02-IG 1.0020 0. 1.1·19 0.1:326 0. 1!)69 

0. 11-1;) ().~2!)2 1.07!ll 0.0·17:3 0.1061 0.2·182 
-



(i(i 

data with ordt•r .~ = 1.1 and ~wlcct('d (Ji;. af and 11 

1. '1. 
., '2 h II s a, (1'1. a:"i a., 1'11. , l ; I f'·l.:\ 

fit I l'-.!·1 f':\ I 

:1 I I I.OO·W 1.0 I 00 () .l)(i ii O.!HHi~ O.OH!ll :!. I !"1!1~ 

I 1.02:2!) 1.0 l(i.l O.l · l~tl 0.01~!1 0.1 ~il :! . 1 · 1~:1 

I I.O:J 12 1.0 II~ !l I i :l:-1 U.O:IIli 0. I ~1!10 :!.1 :IT1i 

I 1.0():2!) 1.00(i~ 0.2·1:2.1 o.or,:i!l 0. :!:HIS 1 . 1 :!~:1 

.I :! I 1.0 I 00 1.0 I 2:1 O.O!J!lri 0.0/Ti~ ll. OSi~ :!.l!'d~ 

I 1.0 I G:l I.O:JO:I O.I:!(it'\ 0. I I :!!l 0. I I :.!!'1 :! . 1 :m~ 

I I.O·lOO 1.0·1 (i!) 0.1 9til 0.1 10:1 0. I ! 1:11 :!.1 :,!;,; 

I 1.0-l!)!j 1.07~!) 0. :!0:-\i 0. I;, I :I II .:! 1!1:", :!. I I Iii _______ , _ __ 
·I I I I.OOii 1.00-1-1 1.010·1 O.O~i:! 0.00:"! i II.O(i!'J~ :!.:!·10!1 

0. OOOG (). ()(}(i(i O.O!J!li 

I 1.0 I :18 1.01~1 1.0:!:!!1 O.lllii O.OI.~i 11.1 :n1 :!.:!:1 1!'1 

0. 00:!:1 0. 0:!0 I 0. I ·I !li 

I 1.0·100 I .O:J:!O I.O:!{iO 0. I !Hi I O.O:i li 0. 17il :! . :!:.!:"J(i 

O.OO:ili ().0:!~·1 0. I (iOI 

I 1.0-W!; I .OGGO 1.0 10!) 0.:! I 0~ O.Oi'i:!!'l 0.:!1~!) :! . :!0·1:1 

0.0 I 0 I 0. 0 I !J I 0. 1 ~~~· I 

I 2 I 1.0 I 00 1.0 I 1:-l 1.01~· 1 0. ()!)!)!) ().(J7.1!) O.OKtd :! . :!: t:l!"l 
O.OI :i(i O.O!JI :i o. 1 o.r.!l 

I 1.0 I :2!1 I . O:!~JO I .O:JO(i O.II:W !J.O!J!Ji 0.1 ,IJif1 :! .:! :!~li 

O.O:!:IK 0.1 I !ii IJ. 1·1 :1~ 

I 1.022·1 I .O:J:.!I; I .O;J:!!J 0.1 ·IHI IJ. I I !i:l 0. I liO!i :! . :! 177 

0.0:171 0. I :l!fl O. I!HI 

I 1.02·11i 1.0.~:!0 I .07!):1 0. I Ii·l!l 0. I :l:!li 0. I !Hi!J :!.:! 112 

0.0·17:1 0.1 :}(jJ 0.:! ·1:-l~ 
--
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111 (; upt a ( I !)7:!) for p = flu· .\J ow SJH'<' i fically. our ca len I at ions :-;how I hat for 11 = ;J. l he 

It's for t.h<· r·<~s<·s wit It tiii<'IJWtl <·orn·lations arc· p;n•<tiC'r 1 han I h<' It's for 1111' rases with 

I'I(IJ<.J l'lll'l'l'liti.OIIS. () rt 1111' OI.Jwr l1<111d. l'ol' II = ·I. SOIIH' of' t.hl' /t \'cdiii'S for I.Jl(' C<l:-i('S With 

IIIH'<JIIal c·orr<•lations <II'(' ~I'Nttc•r tlw11 tiH! h \'aluPs fol' tlw rasf•s wit.ll equal cotT<•Iations 

<11ul solll<' of t.lw111 arc· h•ss than t.lll' It ' s for t.h<· ntsc•s with c•qual corrPia.t.ious. lu the tlc•xt 

~w<"t.ion , \\'(' <'Xillllitl<' tiJ<• Jll'rforrrtilllf<' of tlw J>l'opos<'d approximat io11 (smallcorrdatious 

approarh) J,y n!lldnct.ing a small si1nulation study. 

4.4.1.2 Verification of Critical Values : A Simulation Study 

To PXarnirw t.lw <tc'<'lll'iH'Y of till' crit.iral valt1<•s shown in Table .1,;\ in this suhsc•ction, 

\\'(' ('OJidtwl. a sur;dl sirnulat ion study. To do this, W<' p;<'lll'ratecl !iOOO clusfNs of sizc·s 

11 = :l, I front IIOI'Illid dist.ributiorrs \Vit.h ;t,No nwan arrd tlw \'ari<llti'<'·Co\·miarrr<' 111atrix 

of t.lw anll•cl<•JH'IJ<I<•IH'<' rnodc•l of onlc•r .~ = I.:!. (discussc•d in sC'dion ·l.:t I). Note• that 

in .f.!;<'ll!'l'ilt i11g tlr<• dust c•rs, W<' ha\'1' considc•r<'d the• SiiiiH' nu·an cllld t.ltC' same \'arimrce­

rovariann• 111atrix tIred. \\'1'1'<' lls<'d to <"OilllllttC' tlw IH'rn·ntilc• points It gi\'(•11 iu Table ·1.:> 

l'ur dilll·n·nt. <'<ISC'S. \Vt• now post11latc· cts t.lll' lllllllrypot h<'sis (flu) that the sample does 

1101. cunt.aiu <lilY <'Xt.n·nt~· ohs<·n·Htiorr. wll!'l'! ' any ohs<·n·atiurrs gn·afl'r than or equal to 

h \·alw· (tak<'ll fro11t Tahll' .1.:)) is ronsidt•rc•d as au t•xtrc•llt<•obserration. l111<ler a girt•n 

sl't-up tlrat is for a s(•h•rtl'd nand a st'l. of p's for th<•st· 11 n•peated ohs<•rvations, \\'l' first 

ohst·n·t• wll<'t.lrN t.ll<' rna:drnunr of !Iii is gr<'at.er t.lrarr or <'<jllnl to t.lre l><'rtent.ilc poirrts 

h wh<'l'l' !IIi is till' ith (i =I •. .. ,11) ohst'l'\'atiorr intht• ltlr (I= l.~, .... iiOOO) cluster. 

Fur a ~J;in•n :-;<'1 - llp. \\'( ' t lrcn t'Otlljlllll' t.lrc• proportion or 1 ht• simulatioiii'IIIIS which satisfy 

lllll.l't'i• -s ,(!lti) ;::: h. \\'IH'I'I' IIW.l't$ i$ 11 (.1Jt;) is the maxitna of tht• 11 ohsC'rvat.ion in tltc lth 

rlllsll·r. Tlrt •st• proporl ions, COII!Ill<>llll_. rall('d as til<' sizt• of t.he I est fot· t<'st.ing 1lte /10 , 

an· I'<'JlOI'tt•d in rullllllll four or Tablt• .l,(i for nomirwl n = 0.0;), II<'!'!', llOillillal (\ = 0.0!) 



llll'illlS that h \\"as rhost'll fwm Tahk .(.;) sudt that l1r{) (,1 ~ /1} = lUl:"1. i\:ntt• that iu 

gc•tl!'t'nl. t.IH' iH't tt<tl :-;iz<' oft ht' tPst apJH'ilt's lo ht• rlost' to :i% itt alntust all :-il'lt·ctl•tl rttst•s. 

\\"e al:-;o \'t•rify tht' p<'rfonllitllC<' of o11r stllilll rorn•lation <~pproach ill rotnputin~ t hi' 

critical \'aln<'s. as was dotH' in tlw J>l'l'\'ious simulnl ion study. Ulldt•r t Itt• altt·ruatirt• h.v­

potlwsis l!u: tlwn• is ont• <'XIrt'lllC' ohst'IYation in till' dusl<'r. For !Itt• purpos<'. 1\'t' lirs1 

g<'llt't'al<• 5000 cluslt•rs of siz<'s 11 front normal dist ril~ttliolls with sa11w lllt'illl (zt·ro) and 

tlw san1c \'Ciriaun•-ro\·arianc<' matrix of 1 Itt• illtll'clt•pt'lldt•tu·t· tllodt'l of ordt•r ,._ = 1.'2 tis 

Ulld<'r t he• ca:w of //0. \·Vp t 111'11 add 0 = ·I a11d !i wit It a pr<'-:wlt•t'lt-c I itlt ( i = I. .... 11) 

ohsc'r\·a.tiou in 1 he I dust <'1'. ~I on• SJH'cilically. \\'<' P,<'llt'ral<' I Ill' llt'\\' i't h (i' --= 1 .. . . , fl) 

oh!it'l'\'at.ion for 1 \w llh cluslt•r snch that !Jri' =!/II+ 0 fori' = i. a11d Yi,, -== y,,, fori'/ i. 

\VIH'Il () =ll.lll<' ithohscr\'ation is 11ol. an c•xll'l'lll<'ohsc•r\·atioll. i'iow. sintilar tothc•cast• 

for til<' siz<' of I ltc• lc'st., \\'C' roiiiJ>lll.c' the• proport.io11 of sitllulation l"IIIIS whi('lt salislic·s 

ma.rt::;i~ 11 {!11;};:::: h, wh<'l'<' IIHI.I'J$t~u{!lll} is tlw tllilXiltl it of t.lll' 11 ol>s<·n·;!liolt i11 1111' /l.lt 

clus1Pr. Th<•s<' proportions llllrlc•r tlw difl'c·rc·tlt sit.llalions wit It()= I illtd r, ill't' shown, 

respt•ct.i\·dy. in columns fi\'C' and six of T;d>lt• l.(i, whirh, infa<"t. indit'illt• llw powt•rs of 

th<· tPst. for !<•sting //11 • that. is, 1 lt<•n• is 110 <'Xt.n•JJI<' ohst•rvat.ion i11 t.lw sitlllplt·. Nolt• ll1ill 

t.IJC' C0!11pHI!•d J>OW<'I'S for Jwth CilS<'S 1\'ith (}=·I illl<l ;, itpp<'ill' l.o qnit<• IJij.\ft. 

4.4.2 Computation of Critical Values for Hctcrosccdastic Case: 

Small Correlations Approach Versus Bound Approxi­

mation 

In the• litJ<•ar n•gn•ssiou analysis, t.ltc• lllitximlllll st.udt·nt.izc·d n•sid11;d t.r•st. stat.btif' il!ld 

I h<' lltaXillllllll llOI'IllC'd rc•sidnaltc•st slaliHI ic an· widc•ly 11:-iC'd for tfw dr•lr·dicm ol' il sill -



(:)!) 

1.<•!-;1 in~ //0 lli<JI l.l~t·n• is no c·xtn·rru· o!JSI'J'\'ilt ion in the• sample. bm;Pd 011 iiODO simulal ions 

II s II SIZl'S po\\'( ·rs for 0 = .1 pow<.•rs for 0 = .J 

:I I :l. I ii!J~ (J.()J (j() o.mJ!ili CUJ(i(i 1 

:l. I ·11:i O.OIK~ O.!J!l70 O.!lfiiO 

:.!.1 :l!i 7 O.Oi)().J OJl!JG:l OJJ()()~ 

~.12~:~ o.or,:m 0.!)!)70 O.!Hi71 

:1 ~ :l.l i) I ~ O.O· IH~ 0. !J!JSO O.!JGmJ 

2.1 :ID~ O.O:iOO 0 .!J!JSO lUJfi!J~ 

:l.l2:i7 (},(l;,()(i lUJ!lS2 O.!J70(i 

:l. l J(ij O.O!i I 0 0. ~J!JS:! 0.!1711 

.J I 1.:!·10!) o.oii:Hi 0. !J!Jij(i O.!l(ili8 

:!.2:1·1 .) (),(Ji).J () O.!)!)ij.J O.!Jfifi.J 

1.:Ul(i 0.056·1 O.!J!)G(l O.!JfifiS 

1J(J.t:J O.OGO~ O.!J!J:'>H O.!Jfi80 
r· 

.J ~ :!.t:J:l!) 0.05 I~ O.H!Jij.J O.!Jfi(i~ 

1.1:!:Ui o.or.:l~ 0.9!Jij.J O.!JGfi6 

~.11i7 o.o:.r,n 0. !)!J)i.J O.!Jfi(i6 

1.111 ~ fl.Oii~O OJJ!l5·1 OJJfii2 



ill 

gk out liPr or inllucnl ial ohst•n·at ion. For I lw:·w I wn statistics. t lw t'Xad nit kat \'altws 

arc• not c·asy to compnlt•. Ellt•nllC'rg (I !li:L I !li(i) has approximalt•d I he• nit kal \'aluc·s 

of I ht• maximum stndc•nt iz<'d n•sidual lt•st only hy using I lw lirsl. Bu~tfc•rrulli hounds. 

Similar to tht• sludt•utiz<'d rcsidual tt•sl statistic. Stc.fansk.v ( l!lil. l!li~) has dc•\'uloJH'd 

the hounds for tlw pt'IT<'ttlagc· points for tlw maxintlllllnorllwtl rt'sitlual lt•st stalistir 

under I hc• <lssuntpl ion I hat <'t't'ors in I hc• litwm n•gt·t•ssion lllod<'l an• holltosn•dast it'. It is 

knowu t.hat for I his homosr<'dast.ic cmw. I ht'st• lmn11ds approximal ion \\'ork \n•ll. Tltt•n• 

i:,;, hm\'<'V<'r, no adc•quatc• discussion in I Ill' litt•ralttn• ahuul t lu• pt•rforntann· of l.onnd 

approximation for t.lw hc•tProsn•dast.ir case·. Furtlwnnon•.llu• arntralc> contpulal.ions for 

hound approximatio11 n·quir(' t.lw computation of I Ill' juinl. prullithilit.:-· which ma.\' nut 

be Pasy to colllp111P. st•c• for c•xatnplc• <'hu and Sut.radlwr (I !l!J!i) . 

!11 this ~wet ion, \\'P t'Oliii>Cll'<' !.11<• pc•rfonnatH't' of hound approxinliltiott with tllll' Slllilll 

correlations approMh. in computing t.ll<' pt·n·c·lltill' points or p-\'altu•s for tlw ntaxi111a. Wc· 

do this for gc•tl('l'al IIIH'qual corrdat.io11s rast•s with hot.h c•qual and llll<'<plal \'ilriHII<'<'s. For 

this purpose>, \\'<' ('Ollrill<'d om disntssioll t.o t.lw llolln')!;r<'ssion :-;it.11at.ion, fur simplidty, 

and W<' first. compute• tlw It vahlt's such that. fJr{}j,., 2 /,} = o l•.r 11si11)!; o11r Slllilll 

con·<'latious approach. HS in t.hc• prc•\'ious sc•ctions. Th<·sc• h valtws ill'« ' t.h<'ll llsl'd lo 

examiuc· t.IH' perforrua11n' of the Bollf<'IT<>IIi bounds ilpproxinlitl.ions. 'I'll<' ''PJH 'I' a11d 

lower bounds, as l'uuct.ions of h \'a)w·s, ill'<' clc•liru•d as follows : 

II II 

Ul(h.af) = L: f),.p·; ~ h)- I: fJ,.o·; ~ h, >·:, ---· h) (.1.1'2) 
i=l i <.i 

II 

and (.' IJ(h.af) L I) r( > ·; ~ h ) (I.IJ) 
t=l 



:\ow l,y nsi II,!!, /:, for ~· we· ol,l aiu I II<' I owN IHJIIIIII as 
I 

UJ(h. rrf) = 

11/J( It. af) 
II ~~ 

- 2::[1-F(-)] 
i=l fT; 

I '/ " '/ h ) Jr(/.j ~ -,hj >-
fT; . fTj 

\\'it" !·~ r-:-:.. ('(::;. ::,: f'i;·)d::;d::i ,, I!, . . . . ;;; . ;;; 

il 

(-1.1 ·1) 

(-1.15) 

(-I.IG) 

(-1.1 i) 

wlti.-h is c·u•niH•rsoiiH' t.o •·ompttl<' din•et.ly. Ahraltalltsoll ( Hl(i:j) s<'('IIIS to nl<'lllion aho11t 

l.lu• sol111io11 of t.l!is iutq~ralio11 for ~wl<•c·IPd \'alsu•s of.!!_ , .!!.... and {lij hut it's solu tion is 
n 1 n J 

Si111ilm !o tlw rase• wl)('ll /~'(}·/) = rT; for all i. \\'c• also ohtaiu t lw low<'!' and ttppPr 

IJollltds. for t.lw rasP;-; with /~( \/) = f11. (i = I. 2 .. o o .11) Hs 

(-l.lti) 

(.I. I!)) 

For <1,".!( ~· ~. fli.1 ). \\'<' oht a ill illl <'Xpn•ssion provid<'d by Gn·ig ( IHG7) as 

wi I h 

~t·xf. to comput.<' t lu· p-valucs of J><'r<'I'JII.ile points h such l.h<tl. fJr{}'(nJ ;::: h} = 0.05 

fur ,I!,<'IH'ral llll<'qu;tl condat ions wit.h <'qwd and tlll<'qua I ,·arimt<"l' cases, 



-., ·-

Tahl<• ·1. i: Tlw S( '.-\ ha!·wd critical ,·altu·s h for st•lt•clt•d p-va.lut•s aut! t Itt• rorrt'SJHllldinp; 

Bonf<'l'rolli uppt•r aud lown hounds for st•lct'lt·d (1; 1 and 11 fm ho111usn·das! it- llul'lllill 

vmiahl<' cas<' 

fll :1 p -\'alut• LB(h) l iB( h) 

:~ 1.10 0.1000 o.otou o.tooo ~. :W!ii o.or,o:mt tl.or;r,;To o. or,~JOtHi 

O.liiOO 0.01~r, ll . l:iOO :!.~· I:J~ 0.0 · 1!1~1 : ~ 0.0!17:\7:\ O.Ofi:!O!"i:l 

0.~000 0.0·100 0.:!000 ~.1 !1:-\!J IUII!)(ill ll.Oii J(i!l7 O.IHi:-\ II :l 
o.~!iOO o.cw~!i o.:!r,oo ~. u;:\~ o .o- 1~:W:! o.omi 1 !ll o.oir, J.Jl 

11-----------------------·---- - ·---·- ··-··- -·-· 

~.I:i 0.1000 0.0100 o.tooo 1. · 1~!17 o.or,o~:IO o.or,r,~l:! o.o!i!lll!", l 

0.1 :iUO 0.01~!} 0.1 GOO .J.:\!1 I :-1 O.O· I~!)i(i O.O:I(i!J~;, O.tHi lfi~ · l 

0.~000 0.0·100 0.:!000 J.;JIJ:J O.O · I~ll:i!) O.Oii07!l:-, O.O(ii:\K!I 

O . ~:iOO 0 . 0()~.:-, O.~:JOO · 1.~101 0.0 · 1:-l:i :-\:~ li . O(ifiO~O O. Oi!):~l~ 

:~.:w 0.1 ooo o.o 1 oo 0. 1 ooo G.()l)O 1 o.or,orHi(> o.or,;,:; 1 !I u.or,~7:w 

O. IGOO O.O:!~G O. l:iOO (i.!')OI~ O.O·I!J,•H:I O .O:i~I!HJ IJ.IJ( i:I~Xi 

0 . ~000 0.0·100 O.:WOO (i.:I!H~ O.O·I!Hill O .Ofil!l · l~ li.IJ(iK£i!J7 

().~:iOO O.O(i~:j O.~!j()() fi.~!"J!JI O .O · I~!JO(i O.Ofifi·ll r, IJ .Oi!",jiJ;l 
11--------- ----------- - ---·- -----·· -·. 

·L:!r, 0 . 1 ooo o.o 100 0. 1 ooo K. iiK!J o.or,oor;:, o.o:;;; 1 1 ~ o.or,x~!Hi 

o. t:iOO o.o:n:; 0. 1000 K . .:;!JI:I o.or,oiTJ!) o .or,!J~!J~ o.Ofi · l~· l ;, 

0 .~000 0.0100 ().~()()() N. ·l ·I7K O . O.~OI~H 0.0(i:l:l~7 O.IJ70:W·I 

0.~000 O.OCi~:i ().~:iOO ~.~i!Hi O.O!IO~K(i O.O(iifillii IJ.lli70!17 
'========= = ===== ======----- -··--· -.: . ..=·.=.:· . . 



Bon f<'IT<HI i 11 ppt·r 1 H)llllrls <~nd p- \·;d 1 u•s for s< ·l<·rll'cl {Jij aud 11 for IH't <·rosn•cl<~s tic ras<' 

II 
~ 

,.I 
'L rr.J. :.! 

fT:s PI:! (II :1 {1:.!:1 h p- \"Cl hi<' liB( h) 

•) I .00 :tt:i 0. I 00 (i.:WOI 0.0 I!)~ 0.0-l (j;'j 

0. I;)() (i. 12:1 I 0.0 1~1- 1 0.0·1 :l-1 

0.~00 (;_;,!)~!) ().1).\ ~)~ o.o:lD2 

0. 2:)0 (i.~!10 I 0.01~)1 o.o:tJI 

-1.2:i ;), i :i 0. I 00 10.1 :~~!) 0.0- IH~ 0.0·1 7 :) 

O.lr,o 10.2-10!) 0.000(i ().(). I;) · I 

o.:wo 10. -I~J I :) (1.(};)00 0.0 10~ 

o. ~:,o Ill. I'll 09 0.0007 o. o:100 

:.!.00 1 ~.Oil 0.1 ()() :m.21£m 0.0·1 ~J I 0.0 1 ()() 

0. I 00 ~0. - 1 :l:J I (),();)(I;J 0.0·1·1·1 

().~()() ~O.!)(i I!) O.O;jO(i 0.0-IO:l 

().~;)() ~I.;~ :~~ (),(};jO() o.o:n7 

:J 1.00 1.2(i ~.:)() o.on~ ().007 0.100 :t!):!(i~ 0.000H 0.0;)8:) 

0.11~ 0.019 0.1 ~7 :t:J-J2:J 0.0-1!}0 ().()~08 

0. 1 j .] o. o:J:; 0.1 !)!) : 1.:1:~~7 0.00 I I 0.0!)i")8 

0.2-I:J 0.00() 0.2:J L 2.!JI'.n 0.0-l!J!J 0.1 ;J();) 

1.10 2.1 :) a. :!O 0.100 0.010 0.100 :i.27JI ().() ~~~ 0.0;)()8 

0.1 ;j() o.o~:J 0. I 00 -I.!Ji I !J 0.0:)();) 0.010:) 

0.~00 ().().J 0 0.200 .J .(iij9~ 0.0-190 ().0787 

0.200 O.O();J 0.200 .[..].l(H) !1.0 I !JG 0.1021 
-
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\\'P usc•d t lw dist rihution funrtions (,'~,-(h.f'11 .rr".!) illld (,'··(f1. 1,, , ,,T1 ) 1.',1\'t'll 111 c'ttll<l 
• f/ . I ) ' 

lions (.1.8) and (·l.!l) n•spt•rtin·ly. Fnr tlw sanu· pt•rn•ntilt• poiuts ft. we also compute• tilt' 

upp<'r and lo\\'<'1' houiHis h,r usinp; I II<' BonfPtTuni hounds appru:-;imntinns in c•qu;ll i1111s 

(.1.18) - l·l.l9) ror homo:wc·clast ir IIOI'Illill \'ill'i<lhlt- ('(1St'S. In I lu· hl'lt•rost't'dast j,· llllrlllal 

\\'<' han• us<•d t.h<' 11(>}><'1' bound p;in·n h.\' ( 1.1 (i) to <'OIIlpan· t ht• ho1111d apprn:-.:in1at iou \\'it h 

that iu solnc· silunt.ions t.l11· uppc•r hounds Hl't' St't ' ll to lw loll't'l' than O.IJ.-,, indil'ntin~ thnt 

tlw loW<'!' hotmds calndations CII'P not. ll<'t't'SSill'.\' ill s11rh Cilst•s. ln utlll'r sit llilliuns. "''"' 

<'\'PI', tlw lo\\'<'1' hound rnklll<ttions would ha\'!' IH't'llllltl<'h lll'ttn n·pn•st•ntati\·t• IHlllllcls 

than tlw IIP(H'I' hounds, hut tlwy \\'c•n• not cHkulatc•cl ht•c·<lllst•of till' i«'l'hllil'al dillinrlt .r 

-I.~ for t•qnal a ucl IIIH'CJIIill \'il riaurt• t'tiS<'s. 

for cliff't•rPIII pt'l'C'<'III ilt• points It hasc•d 011 I II<' Bonfc·rTolli ilp(ll'llill 'h ill'!' tlc•\·i;•ll ·d frn111 

uoruiwd prohahilit.r at(),()!}, Furtlwnnon•, it was follnd tlrat tlris dc·riatiurr irrn•·••~•·s <1s 

rariatH'<'s and rotT<'Iat ions irtt'J'<'<IS<' in p,t•twral. l~ut t lw •·orrro~l"'"dillp, I' \ ';due· fc11· rlw 

saJJt<' p<'r<"!'lll ilc• point basl'd 011 our srnall l'lll'l'<'l<t1ions appn1af'h \\'t'l'f' f«Htlld lu lw n·ry 

dos(' !o tlw ll<>lllillal probability O.Oi"'>. 



Chapter 5 

Summary and Some Topics for 

Further Research 

5.1 Sum1nary 

('orrc·latc·d dill a arisP in mauy applications in statistics. In this tll<'sis. WC' IHI\"t' disr11ssPd 

ordPr st;1tistics ittft•rt'IH"c•s for nonnal random rariablc•s with a ge11c•ral corn•latiou struc­

llll't', whc•n• COIT<'Iat ions can he· llll<'C(Il<ll or· equal. posit ire or ru•gat ire. ~!on· spC'rifically. 

\\'c• fr;m• pro\·idc•d I lu· dist ri lllrt.ion of I lw rt It ordc·r st at.ist ic for <Ill)' I' = I ..... 11. n IH'ing 

t ltc• Sillllpl<· sizc• or nnrnlwr of c·on<'lalc•d \·ariahlc·s. Sp<'cial attention \\"as gin•n to the 

dc•ri\·ations for tlw distributions of maxinw and mini111a. For all of tlws<• dc•rinllions. \\'C' 

hmT t~doptc•cl a snwll corTdHt ions hasc·d Ta.\·lor's s<'ric•s approach. t h<tt is. our results arc· 

,·;did for .~c•Jic•r;d cotTt•lat ion st ruct mc•s hut t IH· absolute- magnit ud<' of conPlat ions should 

lu• Slllall (not <'Xl'C'<'din~ O.:!!l). This small cotT<'Iations appro<tch will ha\·c· applicatiom; 



"j(i 

to matt.\' an•as. mainly in rlnstcrcd data <lllill~·~is. This i~ lwrcll!sc. a:-; mp,nn·d intlw the 

sis. in l'•nnilial rlnsll'n•d data. tIt<' cluster sizt•s an· p;<'llt'rall,r snwll a11d t )1.• runt•l<tt ions 

l><'t \\'C't'tl t Ill• obst•rYilt ions an• p;t'tlt'rall.r small too. 

For positive· <'qui-corrc•latcd cascs. our n•sttlts Ita\'< ' hl'<'ll rompar<'d with t ht• t•xistinp, 

rc•snlts dw• to C:11pta ( I~JT:J). and oth<'rs. It \\'<IS fonnd that tht• propost•d approadt worl.;s 

quite W<'ll wll<'r<' corrt•lat ions ;~n• small. as t-Xpt•ckd. For lltll'tp~<ll posit i\'t• atHI llt')!;ill ;,.,, 

con<·l<~t t•d cast's. the propost•d Sill all rorr<'l<tl ions <~pproadt ;dso works qttit <' \\'c•ll. wltirh 

ltas bt'<'ll \'t•rifi<'d hy <1 li1uitt•d sinndat ion st ndy. For t lwsc· llllt'!Jllill rurn·lat iuns c·;lst·s, 

\\'t' have discllsst•d l\\'o S(il'!'ial sitttatio11s. In tlw lirst sit 11<1tion. holllllsrt·dastk llortnal 

\·ariablt•s with unc·qual cotT<'I<ll.ions hit\'<' IH'ctt t'otlsiclt•rl'd and tlw pt•rrt•ntil<' poiuts oft lw 

ntaxirna \\'1'1'<' dc•rin·d for a \\'<•II known :\ H( l) cortTiat it lit proct•ss . In t lw st•cuud sit 1111 ' 'un. 

we• !tan• !'OilsidPn•d 1 h<' lwt<•ros!'<'dast ic rrltldorn \'itriithltos wil h llll<'qll id t·orn·lat ions and 

sitnilar l't'SIIIts \\'<'I'C' clc•rin·cl for antc•clt•(><'lld<•tu·t· (nonstatiollar,r) (lt'!H't•ss. 

:\ole• that. to <'OIIIplll.<' tJw (H't'<'t'llt.i\c• points of tlw tllilXitllil or tllillitll il itt tht•St' t'i!S! 'S, 

otH' may also nst• t.lw W<'ll-known Bonf<·norli hounds i!pproxirnat ion. \Vt · IHt\'(' f'Otll(Jilt'<'d 

our n ·sults with t.ht•sr• npproxitllat ions ancl l'ottttd t !tat t lw Bottf<·notli l: · ,llncls ;,1,pru:-;i ­

lllation doc•s not \\'ork \\'<'II for t ht• ltl'lnos<·t•d:tsl ic <'i!S<'s. wlwn•as ollr stll itllr·orl'l'litl.ions 

approach works wt•ll l'or both hontos!'<·rlastit· and ltt•lt•rosn•d;tst ic· f'iiSt•s . 

5.2 Topics for Further Research 

\Vc• I'<'IIWrk t lwt in I lw prt•st•IJt. tiH•sis. \\'<' hil\'t• clc·v<·loJH'd •• srn;dl t·ont•lat io11s ii (JIJI'()itda 

to !ind t lw flC'I't'<'lll il<• points of tlw dis I riiHtt.iort of a si11gl<· ord1·r sl.iat ist ir·. whida lt;ts 

applit'aliolls to n•rl.rtill c-lnstt·!'<'d l'arnili;d d;tl;l. In pnwtin·, Ju,\\'1'\'c·r. tht·n· itll' otlwr 
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siluill ions. wlww llw r·o!Tf'lations arnon~ t lw \'ariabh·s lliHY IH• high (d. 1\c·uw;ml ( I!)K/)). 

To dr·vr·lop lllf'l hodolo~ic·:-; to h<llullr• hig;h wnr•lat ions appc•;u· to be• c•xt l'<'lll<'ly difrkult. 

illlrl furt.lwr i11H'sfi~ill ior1s arc· ru·r·rlc·d. 

S~·~ ·oud, in this tlwsis. it was nsstJIIH'd that tlw scale· paraniC'IC'rs (corrc•l;.tions as wdl 

ils varia11r·r·s) itn• known . For I ht' situat.ions wlwn· I hc•sc• (Hll'i\IIH'lc•rs arc· unknown, o11c 

IJ<·t·d~ to of,tain consistarrt c•stimal<'s of I lwsc• par<tllwlc•rs and c·ar<'f11lly st.udy th<' ('ffc•r ls 

of I'SI itnitl ion o11 til<' n•q11in·d distrihnl io11s. 

FllriiJ<•rlllon·. I h<' prc·sr'lll tliC'I hodolo.t!,.\' II Iii,\' IH· <'XI <'Hclc•d to I IH' analysc·s of I he linPHI' 

lli<Hic·ls with S<'V<·r;d r·o\'ilri;d <'s, but I his is lw.\·ond I lw sropr• of tlw ()l'C'SI'Ill sl ud~·. 
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