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ABSTRACT . Loy

(2

This thes‘x's examines’ the dnstance propertles ol' uncoded and trelhs coded

-  M-ary contlnuous phase frequency shift keyed CPFSK) signals, when the recewer '
' :!hsrsts of a phase dyeqw{ followed by a trellri@r Closed-form expressrons |

for the minimum:. Euchdean drstance of uncoded Mary CPFSK srgnals are .I

1::\ \\-'._presented These expressrons yleld exact values of mlnnmum Euch('lean distance

' . . . '

VL for all ratlonal valued modulatlon 1ndlces An M-state trellls is shown to ach'eve
almost all performance garn ‘that is guaranteed by the memory of the1no

» " process Pf‘CPFSK.slgnals when MS 5. - . '

. o T IThe ‘minimum distance resuilts for uncoded CPFSK signals-show that. phase

¥ o —

demodulatron and trelhs decoding for small modulatnon mdlces (h < l/ M) The"

mlmmum dlstance results for trelhs coded CPFSK sngnals also nndlcate that Aas ,

«t

'detectnon and trellis decodlng fléhls larger mlmmum dlstances than. correlatlon ‘.

detectlon ylelds larger mlmmum drstances than correlatnon detecﬂgn,{or small h.

A comput‘.r search for the optlmal eedes of quaternary and octal CPFSK

sxgnals w1th pha.‘.e detectlon and trellls decodlng is: carrled out- For all constralnt '

llterature l‘or correlatlon detectlon lt is also observed that trelhs decodlng ofl‘

uncoded and coded CPFSK srgnals is transparent to the camer phase amblgllvies‘

. : L]
... _ ofthe regenerated reference tones. ol the coherent demodulator. Consldenng the

| —

dlstance propertles and the relatwe ease of 1mplementatron, it rs concluded that
/
phase detectlon and trelhs decodmg ‘of M-ary CPFSK slgnals rs/supeqor to

. " correlatlomde@f‘r:f the same l‘or h < l/ M
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lengths and h < l/M these codes are ldentlcal to the optlmal codes l‘ound in the b
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.« Chapter 1

JNTRODUC"EI()N

Commumcatlon systems are used cony y mformatlon l'rom one pomt to -

v S 'ano.ther Telephony, telegraphy, AM/FM radlo TV and land moblle radlo are

R . some '.examples of t.hese systems *To: transmnt ml‘ormatlon over a channel
o :el'flclently and rehably, ‘many operatlons have to be: usually performed on the

. mput messages. Modula,t_lon is oné of the most lmport,ant, the,others belng,‘
| :souhc&codiné_,' muli,iplexing,\"l: l‘reoueney :spteading, m.ul.tiple acc.e‘ss' :and - ' S
. -, 'syuch:ronizat"mn.‘» -Mod'ylation in;/olves _the systematic alhehation ol" ouel_or' mor.é: .

' ~parame_t'er ol' :-ac'arrier‘.u"ave, suth as ampl'rtutle or phase,.‘ in aceordan'ce‘jwi‘t‘h —;—‘ ‘

. ‘message. It is also characterized by a frequency translatidn to a'new higher band -

" of frequencies to match the transmission medium, Information is retrieved at the "

, receiver by means of the cqmplementary. op‘eratiou of demodulation. o

"N < A .
. o <4 (.
M . ' Y - . . N

)

\ o Lo There are two types ol‘ modulatlon, analog and dlgltal Iu analog y

]

- '»,;modulauon the modulated parameter of the. carner wave varies " in, dlrect' '
\ ) - .proportton to t,he message SIgnnl lh dlgltal modulatlon the message ;s,l'lrst -
e ..transl‘ormed to 8 sequence ol‘ pulses and then used to modulate a smusoxdal'

\ L
’ -

" carrler. Two well kno,wn techmques ol' dlgntal modulatlon are phase shll't keymg



i : . N
-@&éau . © |
. . ; 2 ' o s (.

—

bandwrdth than therr analog counterparts )

P

‘' &, .
\"—

| partly due to the rapld-advances in" digital technology {very" large Scale

s‘\
= +

. : : : regenerate the srgnal thereby mrnrmrzu\g the el‘l‘ects of noise and mterference -

extenswely belng used many new technlques have been analyzed and .:

41
.6. Y N ‘,

' +

N . e
lnformatron by means of drgrtal technlques . t ‘(

In many communication situations the available tr’ansmltter power and the

.RF bandwidth are limited. These two are t-he‘prim‘ary communication resources.

A general system desrgn ob]ectrve would be to use these two resources as

b ' 'efl'rcrently as’ possrble. Modulatlon techmques used 1n eommumeatron sys‘tems

g,vary‘ in their ability to.transmit lnformatr_on, }vhlle manntarnlng, an~ acceptabl_e

; o !

‘bandwidth efl'icient A. partrcular choice depends on the classrl‘rcatlon of the -

cha’nnel For example, telephone circuits’ w:th approxrmately 3 kllz bandwrdth

are band-llmrted channels whlle space communrcatlon lmks are’ pow\r lrmrted e

\

3 el‘l‘rclently utllrze the avallable power at the ‘expense of bandwrdth while in band-'

o (PSl\) and frequency shift keymg (FSK) Dlgltal modulatlon schemes use far more

Theé recent trend has been towards digital modulatron techmques Thrs is -

rntegratron, computers etc) and partly due to the advantages these systems\ol'l'er,'

\lmplemented recently Today lt is common practrce to . transmrt analog _'

grade of service. Some’ are more. ‘power 'el‘l‘icien’t while the others are .more -

' channels In power-lrmlted channels, codrng schemes would be generally used to. -

. .s.uch as, capacrty to- transmrt any kind of baseband srqna ; and the abrlrty to -.:_' o

’I‘hough classrcal dlgrtal modulatnbn techmqucs such as. PSK and I‘SK are strll '.1:

; lrmrted channels spectrally efhcrent teéjrnmues would be Used [4 12] Also, there AR

- d . ]
!



. L2, Literat'ure ré’view. SN

3
J

are other attrilmtes affecting this choice. For instance, in satellite communication

systems, where often nonlinear amplifiers are used, tech B‘ques which perform well‘ :

over nonllneal' chann£ should be employed whereas, in land mobile radro

*

techmqucs whlch are bandwrdth efficient as well as sultable for multlpafﬁ'

channels are advantageous. - ' ' .,
N ‘ '

4

L ln recent years, power and bandwrdth effrcrent modulatlon schemes have

: jbeen the sub_|ect of extensnve research Jntroﬁucmg memory into the modulatlon

9

to mtroduce memory is to have cbntlnulty m the phase of the modulated sxgnal

'-The class of dlgltal modulatlon schemes often referred to as contlnuous ‘phase

I

) modulatlon (CPM)Jhas thls property Also CPM schemes are of narrowbapd wrth

— 3

low spectral‘ srdelobes They use’ constant amplitude smusordal srgnals and

| therefore dare suitable for nonllnear channels .[1, ,2,. 4,'5].

-

v

- srgnal or & phase modulated srgnal The symbol_.pulse shape affects the

mstantaneous frequency or the phase of the srgnal By choosmg drfferent symbol

"y

‘ pulse shapes it is possnble to obtarn a variety of CPM schemes (see [5] [22], and

. the references therem) \All these schemes fall mto ‘one of two classes of ‘full "

response CPM and partral response CPM In ‘fu Lrespbnse CPM schemes the

| ‘symbol pulses do not overlap w1th adJacent symbols. But rn partnal response ,

CPM schemes the. symbol pulses are allowed to o‘v’erlap wnth adJacent symbols

.“The transmltted CPM sngﬂal can’ be v{eWed as erther a freqlkncy modulated

i

/

‘p)'ocess has been shown to glve sngnals wlth good bandwrdth effrcrency» One way ‘f : o



" are lound in [4] and [22]

' "‘gams for band-llmlted channels a\nd these codes and varrants thereol‘ have

r——

. including higher rate convolutional codes can be found in [14-16]."

= .'sequence detectron of CPF SK is dlscussed in several papers. -

: functl’ns ol' modulatron lndex, pulse shape, alphabet srze, and recerver complexrty

N ;attractwe spectral ‘e ‘aracterlstlcs by combrnm wrth convolutlonal codes [14 l7 ,
.20] or more gener ly with trelhs codes Research on comblned channel codrng
: and modulatron ‘schemes i lS reported in'[14, 15, 16 20, 24] Out ol‘ these schemes,

the channel codrng scheme due to Ungerboeck [24] achieves remarkable codmg

-recerved much attentron Przzr and WIlSOD [20] consrder rate 1/2 convolutloncl—

‘ codmg of . quaternary CPM and present optlmal codes for quater ah' CPFSK

for. the detectron ol’ CPFSK slgnals synchronous detectlon nonco"
- and llmlter-dlscrrmlnator detectlon The performance of the 'above detectron

schemes are almos\t 3 dB mfenor to coherent PSK Multrpl ‘,

~ 4

Contmuous phase “frequency shift keying (CPES\) [4, 8, 18] belongs to the

full response class ol' CPM schemes In (’JPFSK signals, the phase in any symbol |

mterval depends upon the prevrous data symbols due to the dependen{;\generated

by the contmuous (nature ‘of the phase [4]. A detarled dlscussmn on distance

propertres, relatlve performances and spectral characterrstlcs of CPFSK signals as

Q

~

Power .efflcrency ‘of CPFSK schemes can be lmproved whlle preservmg the |

4

srgnals,and two .partial response sc_hemes. Similar but more detailed - work

-

o r———

There are three well known symbol-by-symbol detectron sch mes, avallable

rent detectlon.'

brt dete.ctron or-

[y

drscussed coherent detectron of MSK usrng a tWO—blt 'servatron .interval.

b n [8] de. Buda has Ry
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5

) - |
. s Forney,.[11] has discussed the use of the Viterbi algorithm for detection of
coherent MSK. Cobherent detection and noncoherent detection. of binary CPFSK

wrth atbitrary modulation lndlces and arbrtrary observatwn intervals are found in
?

118] In [21) Schonholl extends the above results for the A/I-ary case (see also [3])

ln a recent paper Elcanayake [9] has shown tha M-ary CPFSK signals can'
be detected by enther drl‘l‘erentlally coherent detectroa or coherent detectlon

""followed by drfferentlal deco,dmg\ ' Both the methods are stralght forward

,';.adaptatlons ol' the well known detectron technlques l'or PSK SeVeral noncoherent' o

' .detectlon schethes for CPM have been lnvestlgated in [23] It has been shown that -

| Athe perl'ormance of symbol-by-symbol detectors can be lmproved by usnng a trelhs C -

decoder wrth Vlterbl decoding. For example, a conventlonal llmlter-dlscnmlnator -

—

detector_w_hen followed by a trelhs decoder i improves in perl'ormance-.[23].

' 1.3. M-ary. 'cont.inuo’us phase frequency shift keying and trellis.

: codmg : , .

¢

The CPFSK sngnal is mathematlcally given by . A
.. &)= V2E /Tcos (2xft+ o8 + ¢0) Lo e (L

- where the information i i8 contamed in the excess phase function

[ ."'

| = b Sagie— SRR
T N
= | B

Here g(t) is a rectangular .pulse ol' unit amphtude 0ver the tlme mterval

g 0<t< T /. is the nomlnal carrier rrequency and A is the modulatlon 1ndex a
pe

denotes dlscrete data In each symbol interval, a ‘assumes one of the values of the - :




: 8 -

- a °

set {£1, :|:3,. +5, . . , £(M—1)} with equal—probability. —50 is an arbitrary
constant phase shift. E, is the energy per data symbol and -T-is the 'symbol
duration. . o - : \ |

] ‘\ 7

"The_phase change during any symbol interval is ra, h For contlnurty of the

phase at bit: transrtlon tlmes, é(t) should satisfy

At =D =rah L T

The phase .of the CPFSK sngnal forms a tree structure The phase tree or the

phase. trajectorles of quaternary CPFSK is shown in' Fi lg l l Thls tree structure to i

'

can be srmplmed to form. a ﬁmte state trellis for ratlonal value modulatmn

' mdlces Thls is dlscussed in' the next chagter
SR 3 .

. 1

The continucus nature of the phase adds memory into the CPFSI\ scheme :

\

A [11]‘ Referrmg to a _point such as P in Fig. 1.1, the part of the/phase tree

betwebn thls potnt ‘and the. origin represents forty different. possnb]e data symbpl

‘sequences THat is, if the phase-of the srgnal at t =4Tis known_ as 27rh then,

assummg that the phase at ¢=0 is zero, only one of forty dlﬁ'erent sequences '

could have been transmitted. - Sequence, detection techngques'.qan_ use this' memory '

- to detect the t'rans'mitted sequence. ‘ . /

1.3.1. Detection'of M-ary ‘CPFSK slgnals

'As 'mentioned heforeu,'CPFSK signals' can be detected either by sequence,

N .

detectioultechniques or by -symbol-by-symbol detection schemes. This thesis

_considers a sequence detectiou'technique, '.'namely, -phase detection and. trellis

- —

“decoding. This detection..te'chnique is compared with the well khown éorrelatipn

) D

BN
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detection and trellisl‘ decoding te,chnique'for_ CPFSK signals. ‘Both are coherent

detection techniques \land rely on the ability of the receiver to gge;?ate,a reference
) . ) .

-

AJ

“Varrier in exact phase coherence with the incoming signal.
. ‘ . ' .

. The correlatlon recelver for coherent receptlon ol' CPFSK srgna\s is shown-

|

in Frg 1.2 . It consr ts of two pa,rts The detector or. the demodulator part- is

) formed by a bank ol' correlators supphed wrth a ¢ respondlng set ol' coherent,__‘\.v

-

reference srgnals el(t), sz(t), e , 8 (t) ln general to—decode an M-ary CPFSK.

sngnal qM such reference signals are needed where q is: the deuommator ol the .-

outputs and these are hsed to calculate the Euclrdean dlstance betYeen dlfl'erent s

branches in the trellls lstances between the branches are known as the “'ncs

“The second part of the lre ei iver, namely the trellrs decoder, uses these metncs l'or
‘the Viterbi algonthm, whnch finds- the sequence' of syn;bols most llkely to have
. been transmitted. , _
The receiver l’or A/I-ary CPFSK studied rn,tx:.hesrs is shown in Fxg 13

It basncally consrsts of 8 coherent phase detector followed by a trelhs decoder:
The‘ CPFSK signal is treated as a PSK srgnal and its pha.se is measured at the end,.' ‘
of each sngnal:; rnterval -In this method the recelved srgnal is"demodulated’ by
multlplymg w1th two. coherent carriers in' quadrature. The resulhng lnpha.s:and |
quadrature Waveforms are low pass hltered and sampled synchtonoUsly wlth the .

' transmrtter The phase is comp.uted from the mphase anhadrature samples

The +trellis: dec_oder then uses ‘this. mformatxon to de’code the most hkely.~

transmitted sequence using the Viterbi alg)ritbm. ' The distance measure for this |

receiver is given in Sec.2.4.2,” - o Lo

| modulatlon ‘mdex h.- 'Ighe 1nformatron of the srgnal is contalned in the correlator‘ i "

Y
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1.3.2. Minimum Euclidean distance and p'rpbablllty of error

gt

Consider an M-ary sigmal set conmsisting of M l’inite en:erg'y signals
{s; (t),a'-.---\l 2,’,M'}. One waveform l'rom the - set of M wavel‘orms is.

trnnsmltted every T seconds depending on the incoming message and possnbly on

the waveforms transmltted in precedlng tlme intervals.

@ i

geometnc mterpretatton ol‘ mgﬁ*nls [26] permlts representatlon ol‘ the above %lgnals

as lmear combmatlons of N orthonormal basns functlons where N < M Thls ean |_-

\', . -

'be seen as an N dunensxonal coordlnate representatlon of a SIgnal set and ls :

' ,kno,wnasthe signal space. =~~~ T T R

. P
1 Ve - N - «
X . 0 . . s

The dist‘ance between‘ two s'igna.'l"poin»ts in the signal'ﬁce is the Sanie as the

L4

Euclldean dlstance between those two pomts The rmmmum Euchdean dlstance'

(MED) between the signal pofnts in.a s1gnal constella\tlon 1s 1mportant a8 it

mfluences the- proba.blllty of -errot of & modtﬂatlon scheme. - For sngnal receptlon .

in addmve whlte Gaussian, noxse channels the probabllxty of error is domlnnted by

‘s

" the: mmlmum Euclldean dnstance at hlgh SNR [26]

- sxgnnls s a8 and 8 (t) is del'med by

Ve

1Y
v

For M-ary CPFSK mg‘nals the squared Euclldean dlstance between any two ':. '. ,: '; "

N '

dQ("n"’ y= / " lTls (tl—s (t)lzdt '(1.5)
where ° | J' | ., .‘
o= JEE/—Tcos (ot 408, /T0,) s AT LS (nat)l (9772
::;p,nd‘ , ,- ) . :

'.8 (t) = \/2E /Tcos (w t+1rha t/T+ 6 ) ; nT< t < (n+l)T

— -

A

.

The well lcnown o



T8

’ S\jstrtutmg for 8 (t) az& g (t) from (‘1 6) and (l 7) respechvely‘m (L 8)

. : ' . ) . . 4 [ -.-. ) , ' -
8. eed 6, are the phase angles of the twosignals s () and s (t) at t=nT. .

N a

From (1.5) we ha\;e B | :, L. ‘ v
. (nﬂH)T (n-hl)!' o (n+1)T_ '
d (an, ag) i (t)dt+ fT '8 (t)dt »/T‘ 28 (l)s (l)dl '
. n .

; . FETRY - ‘ - . '
. -=-2E.—2f a0 0dt - (18)
’ : nT -__/

- -]

n+l T

dg(sn, 8 )= ‘.’.E -—2[ \/ Tcos (w {4+ zha t/T+ 0 )"'

o v S V2E Tcos(wt+1rha t/T-H Jdt

= 2E—(2E/T)/ (coslrhla, = a /T +0,~ 0 |+ .~

Lo cosm’zwtﬂh(a o T +e,+0 l}dt

dg(an,s )-—2E —(2E /TL/ cos [nh‘ta —a )t/T+0 -0 ]dt‘:-ﬁ

Assummg w ¢ > 2T | .

'wheree—+0a5w—+oo - : r‘ .l

. sin [rrh(a —a el ; - \

| dz(a a )—2E {l - cos [xh(a‘l—a )/2+8 - ]} +e '
. ﬂh(an—a n)/2 - T

: dQ(?ﬂ,s ) % 2E;{1 —.sin¢ _[h(a;—a ’.')/2] cos [nh(an—g n)/2+0 -0 ]} (L 9)
‘ . - 13 ‘ ’ * » - r
The overall probability of error of a. sxgnal set is gnv?hy [26],
' M_ . 1 N [

| . P[]= Z: P[c Is(t)]P[s @M. . - (L10)
where P[s (t)] denotes the aprzort probablllty that the SIgnal A(t)is transmltted

and P, _[els (t)] denotes the conditional probablllty of error glven the aignal a(t) is

_4 transmltted If the sngnals are equxprobable, that is P[s (t)]—l/M for alJ.

hi=0, s L M-1 then (1. 10) reauces to . . ‘ R
f." M‘_ - : "’ © 0 .. »
o P[c] ——Z P{els, (t)] I (111,

.=° - \ | ,‘ i "»\ .

(R+1)T e,
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£ . wE

P|¢] is lower bound by [28} _ .S L

| Plzl > Q(d ,,,.,,lzNo) | N
. ya whrle it is upper bound by [26], e o ' T
" Pl < (M-l) Q(d2mm/21vo) . C(L13)

| R

where Q(:r) ,l,-, eV /zdy {7} and dzmin is the‘rninirnum distance of the = .
. 2r! CoL T . » ' e

signal se_t; - This bound is asympt_oticelly tight, for small error proha\billties [26].

o, . .. . . CP N
. B e

L (l 12) and (l 13) lndrcate that the probablhty of error for any, slgnal set 1s

-
: asymptotlcally dependent or} the mlmmum d.s&ice between the sngnals in the set

Also,»the mlmmum drstance is a l‘unctron of symbol energy E Thus P[c] can be ',:.,-_’ ".‘

+ .,lu ‘. ,

+ reduced by mcreasmglE However, tlns s not always 2 l'easlble solutxon because ; *
oo \-, Y
in most commumcatlon sxtuatlons the average power at the transmltter is- lrmlted
‘Therefore we have to resort to other methods such as codmg to unprove 'the “error S
: Lo Cee Co e 1 . A . Coe

. performance_.-

1. 3. 3. Trellis codes combined wlth CPFSK slgnals h

-
. . 4

A trellls encoder can be consndered as 8 llnear fmlte-state seqﬁentlal clrcurt e

/ Generally a trellls code produces (m+l) coded bnts from m- current mformatxon
\

blts and v precedmg blts The encoder has v I'lmte states and the code rate is L

- m/(m+l) The e‘ncoded blts requlre 2(’"“) Channel sngnals for transmtssron .
: . . . . e S ,;- e . ? o “ L
- Trelhs codmg' can be lmplemented by usmg a. convolutlonal code as l‘ollows Co
' The mcommg bxts are encoded by ar= m/(m-l—l) bxnary convolut:onal code and e

' the resultmﬁ coded blts .are mapped on to a channel srgnal se/',- Slncet. s .j» e
o convolutlonal codes form a subset of trellls codes thrs process ‘of encodmg a blnary
- ' data stream as a sequence of channel slgnals is generally known as trell1§ codmg

. . ' l . . B N v N e ! N f .
. < . T . .o '-:-l . R . ' ' R . '.'I “- : . ’
. . v, ' o [ R . . . H ' . - \

: . . . [ . tom . . . L .- .o
I . e . e ' . . N B . PN ' . “ " . .y . I .
) < onn, . , ' wotse ey . . R S Y 3 . H e
. CHL PR . o H . et " . - . . et >,
\ v . A e " . " . . . . . B . . . . .
o L . . . .o d Lo g A « . . REN
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.
. L

K ach}eved as.a result of codmg Is referred to as the codlng garn

- Q P ,
] i - . v ° ". s
14 -
‘. A ~ \ .
Consnder ‘axg uncoded xsystem that tr&'hsmnt{ bmarm? at-a rate of. nR
N .

blt/s, where n is the number of bits per symbol and R= l/T is the syrQbol rate. .

~

To trapsmit n blt/symbpl ik dxscrete srgnals are needéd. (In the srgnal space

.
s

répresentation of this signal set, there will be 2" symbol pomts ) The channel lS ’

Y]
assumed Gaussnan.

-

Y '\.

depends upon the. mrmmum Euclldean dlstance between the symbol pornts in- the

.. ..- . L \ . e, . ', W -‘ - , . .. .

srgnal space. - . .. - . : R C T

Coa P Coe :‘ . ) - T ) > VRS :
LT

el “ For a’ glven average power t‘he mnnlmum Euclldean dlstance decren.ses w:th

‘. W et ‘..,"- " r_ . - K " |',
Q\creasmg an;

'l."J.'I Tee 2.", ..
performancé ol‘ the commumcatlon system. :

1
TN Py

lmproved pe_rl‘ormance w1thln the
constramt “of: average power llmltatlon can be achleved by codlng Elther

'r

algebrarc type block codrng or probabnhstu. type trelhs cod1ng can be chosen for

’lmplementatlon m a communlcatlon system [24] In Both block codlng and trell;s

. codmg redundancy 1s added to the system, thereby enhancmg the abllrty to detect ' i

However the eflectlve m[ormatlon rarte per transm:ssrori

TR
The lncrease in the muhmum Euchdean dlstanee

.

a’nd/or correct errors

bandWrdth is reduced [24]

. J . . .
BN N

"y r‘ : . . .‘l‘.‘ .
oo s C ."{“ . ‘.- . L e e .
v‘ . ‘ ..

..
o . R ~ ’

The encoder/modulator of a trellis coded CPFSK scheme IS shown in-

s

The lnput bit’ sequence ‘s converted 0.8 k—brt parallel sequence then,

“ .\v l,r

_the: senal to parallel converter generates a k—blt output every ka ‘,efonds where

Flg 14

T 1s the blt duratlon. The symbol tlme T*-- ka ’I‘hls (; blt sequence is fed to a:

ln, k m) trelhs encoder whloh produces an n-bxt oubp’ut coded sequence. m 1s the

memory of the encoder. The encoded n. brts requlre M_ = 2" dlscrete channel

* . . | - o . e .o P 5 ol ; . iy | .
S . . f N . . L N . . . LAWY '

. that means, an mcrease ui "the blt rate degl‘ades, the error |

. As stated before’,‘ the - etror performanc'e'ol such a syst'em, o ":

'| Y

v

.
~

A . : .- <
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signals for tfansmission and tlierefore are mapped onto ap Al-ary CPFSK signal

P

set. ,

< . As a result of. trelhs codmg, an\e);é;nded channel signdl set is needed for

transmrssron for example, where a (2 l m) code is. used to code the.'duta

sequence, the number ol‘ -possrble combmatlons -of ou‘tput bits is ‘four' ‘then a

| - -

. e . i \.

_ 1?1-4—- 23 —8 and octal CPFSK scheme could satrsfy thls requlrement B): |

- - . ]

\schemes l'or ]\/[-ary CPFSK 5|gnals prevrously consrdered can be*used to detect.

(grelhs ched CPFSK srgnals as ‘'well. . X 9. ‘

»

large SNR the symbol error probablhty is asymptotlcally determmcd by the

I mrmmum Euchdean dlstance [26] Also for CPFSK srgnahng schemes thc

L&t

' ‘ mmlmum Euclrdean dlstatlce hag been shown to.beé a good performance measure

(4] a “'

quaterhary CPFSK scheme lS requrred It m.stead a (3,2, m)ora (3,1, m) code'is

Py used Ior codmg, the number of’ dlstmct srgnnlmg wavel’orms reqmred is

w enhancmg the memory ol' CPFSK srgnals furt,,her by trellrs codmg, better enqrg’y'. o

efhclency cah be expected in addmon to the good spect.ral propertres Detectron :

The -performance of trellis coded CPFSK schemes, "like ‘most other *
‘ modulation schemes, is :corr_r_r_x_’ion!y,'erieluated by’ calculating the symbol error
~ - probability. ..A]thougb in most cases “it;ié not possible to calculaie the exact

-symbol error probability, various perforrrrance bounds have been established. For :



B L7 ‘
1.4. Scop:e of hhe thesis '
" The mlmmum ‘Euchdegn dlstances of CPFSK signals’ have been calculated R ' "

A3

in the hterature based on the assumptron that ‘the receiver, consists of a

' corrclathn' detectOr followed by a trellis decoder {4, 15). A c'omparlson of
mmlmum dnstances of M-ary CPFSK sngnals wrth modulauon,l.ndex_let‘h*-——‘ _—

) mmlmum ‘cistances of PS stgnals is shown in Table l Clearly M-ary PSK

.srgnals have Iarger mmrmum rstances than the correspondmg CPF SK sngnals l,'pr

b o
MY

As explamed in Sec 1. 31 ‘to coherently decode an M-ary CPFSK s1gnal
w1th modulatloh mdex h (- p/q) the correlatron recelver needs qM correlators ln ‘ -
/ .

most cases, however, the mlmber of oorrelators can be reduced below qM

, dependmg on the value ‘of* the\modulatron lndex but the complexlty ol the

2

. correlatlon r‘ecewer is still too much I'or lmplementatlon except for~small M and q
values On' the other hand b\y treatmg the CPFSK srgnal as a PSK- stgnal and _
measuring the phase at symbél transmon mstants lt is possrble to achreve 2 larger \.

minimum’ drstance thanzthat achleved by correlatron detection. - Thus 1 phase

detcclor whnch makes its-decisions solely by observmg the phase can outperl‘orm .
) )

the.more compler COrrelatlon detectlon and trellls decodlng Research reported in

' .

this thesns is motlvated by the above observatlon The remalmng chapters are -

N

: ,organlzed as l'ollows
" 1u Chapter 2; uncodedEEESK sjgnals are considered in detail.. Minimum
“ ,dis_tau"ce' values ol"uncdded M-ary QPFSK signals have been calculated by several

. . \
¢ » . . ‘. ' ’ .
[_‘ ’ - . . s . ) X § i . , ..l‘
. y
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" Table 1: Comparison' of minimum Euclidean distances of
PSK and' M-ary CPFS.K with modulation" index 1/M.’ p

.

L
v

Ty Yo . | ",.‘. :. '~ . .‘-',‘ K
,dminlzsb, N ._gm/;zzbv O

. M-ary PSK* | ¢~ |M-afy CPESK vith h=l/M

{4 '

. 12,000 "\ 2.000

4 1 20000 0 0 ] 1454 ’;

8 | . 0.879, | . 0.598 :
. 16 | 0.305 0.204 S .
. . ‘ . . m : . - * . . iy . .
o \ . ' v
- i
I [
A4
) i . _'
. - N i
0 . s,



investigators. These calculations are based on various trellis-search algorithms

(4, 17). ‘We deriv m expressions for the minimum Enclidean distance 8f

uncoded M-ary CPFSK signals. The dlstances obtained for the\c%rrelatnon

' recelver are compared with those obtained for a phase detector. Next it is shown

_that an M-state trellis is suﬂ‘icrent to achieve almost all perform&nce gair\l"

guaranteed\@ the memory of the modulatlon process of CPFSK signals when

M> 2"‘We also make the observatlon thaﬂtrelhs decodlng of uncoded CPFSK

' . sugnals is transparent to the caarrner pha.se amblguntles of the regenerated reference

. *\
and CF‘FSK modulatlon\ Frnally it is shown that trellis decoding of coded

~

. o
i

tones at the recelver SR - : o e

"In Chapter 3, the minimum E‘uclidenn dis't_anc’es.for trellis coded quaternary

) CPFSK signais and octal CPF:‘SK si:gnals‘ are evnluated, when the receiver consists

)

——

of a phase detector followed by a.‘trellis decoder. . The minimum 'distances

obtained are compared with previously .reported results for a correlation receiver.

We also search or good codes in the small region for combined channel coding

CPFSK s1gnals is, transparent to phase amblglntles of the regenerated reference

tones of the coherent demodulator

' The implications of the results are discussed in Chapter 4 and conclusions

'made ttiereof The thesrs is concluded after a bnef d:scussron of future work

pertalmng to thrs research - : .
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Chapter 2 r \" ¢

P

DISTANCE PROPERTIES OF
UNCODED CPFSK SIGNALS
. ; R ' ‘\,..-

o 2.1. Intr"odu‘ction

’

.In- this chapter |t is shown how contlnuous ‘phase frequency shll‘t keyed

’(CPFSK) signals’ with ratlonal value modulatlon index h (h= p/q, where p and q

are relatlvely prime numbers), can be represented by a flnlte-state trelhs whose» "

vstatés have a one-to-one relationship to the phase of the CPFSK signal. Next it is
——

shown that trellis decoding is transparent to g-fold. phase amblgultles \g[,the

,regenerated ref‘erence tones of the coherent demodulator. Then, closed-form

expressions are presented for the minimum Euclidean distance (MED) of uncoded
M-ary CPF SK signals. These expressrons yield exact values of the MED for all

rational valued modulation indices. A coherent phase detector followed by a

. trellis decoder is: shbwn to eut-perform the ‘more complex correlation detection

and trellis decoding of uncoded CPFSK signals i in the small h regron (h < 1I/M). '

" After presentlng extensive numerical results, it is al<o. shown that the optlmum

K J
modulation index for correlatlon detection of M-ary CPFSK slgnals can be

approximated by (M—l)/M without an appreciable' reduction-in the largest

\

mmlmum dlstance that is achleved The optlmllm modulation mdex for phase

detectlon of M-ary CPFSK slgnals is shown to be 1/ M e "{\
o 20

— A
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" 2.2. Trellis representation of CPFSK signals

21 S

g

, :
" —"  The M-ary CPFSK srgnalmg waveform can be mathematically expressed as
= \/2E frcos (wt+wd/ r(f)dt+e) - (21)
with the frequency deviation w, given by- ‘ : ,
- wy=nh/T L ‘ ‘4 (2:2)

where #is the ‘lﬂgdulation indéx. z(¢) is the baseband data sequence used -to
mecluléte the carrier of nominal 'angular frequ'ency wy E, is the sy;nbol energy

and TIS the symbol duratlon ¢n is the phase of the carner at ¢ = 0 ar the phase '

acc.umulated over the penoa =00 < t<O0.. For coherent systems ’.can be sét ce
‘equal to zero wnthout any loss ol' generahty The baseband data srgnal :r(t) is

: represented as,

z(l)—Za- g(t—-nT) o (2.3) |
where {a y={...a_ps ao, 1.} i is the data sequence. a, can take on any value of
* the M-ary set {:l:l,.:l:a, Ceey :l;(M—-'l)} wnth_equal probability., g(¢) is a
rectangular‘ pulse given by L ‘ ,I.\ o -—— s
' YT, 0<t<T,
\ g(t)=.{ (2.4)

0,. otherwnse

2.2.1. Trellis representation of MSK signa.ls

Bmary CPFSK signaling wnth modulatron index h = 1 /2 s consxdered first.
This’ |s also referred to aSJmlmmum shlft keymg%) The follownng trellis

descnptron cah be found In [ll] and is-presented here for the completeness of tlus

!

discussion. ' Coe

4+ -
<

—— - - ¢

There are two tones transmitted in the instance of MSK, -1 ‘qorresponding'.

= .
-
e



. frequency tone - .o -

-Recalhng:tbat ¢0 in (2 2) can be set equal to.zero w1thout any loss of generahty,

_Speclallzmg (2.9) for MSK

22 ' ' ‘

to the angular frequency (w,—n/2T) and +1 corresponding to (w,+ x/2T).

Assume that the lowest: tone of the MSK signal goes through an fnteger multiple

-— — -

of cycles durmg one signaling interval [11]. Then ‘
’ . (w, - n/2T)T= 2nn =0 (modulo 2r) (2.5)
This assumptlon s1mphhes the phase trellis, but does not alter the spectral_'

characteristics and the dlstance properties of‘the phase trellas For the higher

-

(w +#/2T)T=2  (modulo 21) W (2:8)

-

when +1 ansmltted T o T
' +l(t) -, \/2E‘ /T cos [(w + w/2T)t +z ] . (2.7)
and when —1 is transrmtted S e , '

lzt) = V2E /T cos [(w, — n/2T )t 'z d (2.8‘)\

where : . o S . . '
Lz, '=":: a+ mrh (e,_;—a,) ' : (2.9)
. ) )
From (2.5) — (2. SLE can be seen that when‘+l is transmitted the phase “of s(l)

o
advances by - and that —l does not cause any change in the phase of -s(t). -

z, =0, | (modulo 27r) .‘10).'

Theréfore for MSK z, can take only the two values 0 and = (mo alo 21r) “The '

< phase trellis of MSK can be drawn uglng this result and the earlier rebults that +1 '

B :
causes a phase cnange of » and —1 causes a phase change of 0. This is shown in

Eig 2.1a. “The s\ate diagrarn‘ of MSK is shown iti Ri&, 2.1b . 0-(l) in Fié. 2.1a
Irepresentss the pba.se of the MSK SIgnal The phase trellis consmts of two states at

each level correspondlng to the two possible phase values. These states are

B, .



6(r)

Figure 2.1

H

(b)

k]

Trellis representation of MSK [11].
(a) Tr‘ellis; (b) Sta,tg diagram.

S
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‘Rewriting (2.9) w:th h=1/4

24
o
obtained by a one-to-one mapping of the phase values r, (modulo 2r). Every
state has two branchesleaving, each related to +1 or —1. A total of four
branches conhect the states of any two adjacent levels. Four different waveforms

are'transrnitted depending on the MSK modulator state (0 or ) arrd the input

symbol (+1 or —1). They are

+1: 8(t)= \/__Tcos (wt + ut/2T’-F 0) . L ‘(é.'u,a)
-+l 8,(t) = \/__T_’cos (w,t+ nt/2T+ 7) ' T (2llb)
' 1 as(t)_\/.-—Tcos '(;1:’: nt/eT+0) ' - (2.1-1:'.':)",.': |
=1 54(Q = \/—_T-'cos (wyt - 7rt/2T+ 7r) | . R (é ;ld) ) |

In Section 23 these waveforms are'-enwuntered agam ‘with respect to the

_ correlation receiver for MSK, where the correlgtors are provlded with !:he above

L)

four coherent tones.

2.2.2, Trellls representatlon of quaternary CPFSK elérmlg

: For qu/a.t:gg.ry CPFSK srgnals, a  can take on‘ values from the set

{+1, £3}. Thls example consxders srgnalmg with modulatlon lndex _l/4.'

. nn .

SO wat g On=e) oy B
where g ;a,_, = {j:l ;1;3} for all mtegral values of n. Then |
' .. f z, =0, fr/2 z, /2 - (modulo 21) - '(2ll3) '

Thefetmjz can take only the four values 0, 7r/2, r, and 3r/2 for quate_rbary .

CPFSK signals with b = 1/4. y , N

[

PRI

Four different tones are transmitted in this instance. - Qua‘ternaryISYmbto'ls

=3, —1, .+1, and +3 correspond to the toneL_gLani;ular fr,equenc,v

I ) ° ' ER

]
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(u, = 38/4T), {u,—1/4T), (u,+/4T) and (v, + 3x4T) respectively. Again

it s assumed'that the tone with the lowest angular frequency goes through an
mteger multiple of cycles during one signaling ibterval. Thus
-3 (“c_ :ix/4T)T— 2nx =0 (modulo 2r) (2.14a) .
=1 (w, - :r/4fT)T= 7/2 (madulo 2x) ' (2.146)_.
© 41 ,(:uo_+ i/4T)T=z - : (modulo 2n) '~ . (2.14¢c)
'_ +3: tg;+ 3#/&T)Ti=-; 3,./2.' gy (modulo 2) - (2.14d)
(2 l4a) - (2. 14d) reveal that the symbols ‘.—3 -1, ;i-l and ‘+3'a‘re associated
“thh phase changes of 0 1r/2 L4 a.nd 31:/2 respectlvely in the phase of s(t), where‘ll
‘s(t)lsglv.enby o oL ' . R , .
C . _ . -
é(t) = \/EE",/—T'cos.(uct.-{-.nanlMT-{-’ z,.) ' (2.15)
R ' - ¥
Using the results of equations (2.13) and (2.14), the phase t llis of
,quaternary CPFSK for h = 1/4 can now be drawr’; as.shown in Fig. 2 2a ’l;he
state dlagram representatlon of the same trellls is given in F‘lg 2.2b . -The above
trelhs compnses of four states. They are obtamed by a onesto-one mapping. of the
N | phase values z, . Every state ht_xs four branchesJeavmg, ea_ch of which is relate_d'

. T . o ,
‘to one of =3, ~1 , +1, or +3 . A total of sixteen branches connect the statés of

" vany two adjaceht- levels-of the trellis. Consequentllzsixtfeen different waveforms

are possible dependmg on the state oﬁthe modulator and the input-signal.

.1 ' "\,
' . » a . ) .

_ In the two examples considered above, the number of states of the trellis at E

‘a given level, and the number of bra,nehes leaving each state were equal. Next, a

g
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8] ’ ‘
) 5 s
. AN AN
17/ XL
‘;'0 Ny 3 \ /

. . e Y [' ‘ .
| \ Figure 2.2:-Trellis representation of quatefnary CPFSK for h=f, .

(a) Trellis. (b) State diagram. o
A' . . . 3 ‘h .. ” ‘::?.
) .

v

1- J
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L)

" The number. of states in the itrellis at each level is" less than

branch’es leavmg each state. Therefore there are parallel bran,ches betw‘een the ~;. e
/,‘ v“' . .. ‘I‘:' '
1,\. ‘ ' ! . | :

o 27

' case where the number gf states of the trellis at a given level is less than the

o !
Tar

number of branches leaving a state is considered.

- *
‘0.

I Now 'gonsider quaternary CPFSK for h = 1/3: From (2.9)
\ L ) o l"' . nr . '
. ‘zn = zn 1 + ? (an-l - qn)

(@ 16)

\

\yhere\a 1, @ = {:!:l :i;3} for all lntegral values ol‘ n. Wrth arguments sxmllar

‘to those of prevnous examples, in 'ge‘neral °

.3 .

zn Tn—- 1+ (an-—l a,)

BRI .

LI 4

R \ | —0 2n/3 4x/3 ‘ (modulo 21r)

\‘Therefore z, can take only three values, for quaternary CPFSK srgnals thh

n

(2 18) -f S

T

h =1/3. The quaternary symbols -3, -1 +l and +3 correspond to tones o[

angular frequency (w 1/T), (w —-1r/3T), (w +1r/3T), " and (@, +7r/T)

i’espectwely As be[bre, lf the l’requency of the lowest tone is hxed
=8 (- z/T)TT-‘= nr =0 | (modulo ). |

]
—

then the phase angles accumulated in. each sngnalmg lnterxal for

' . .~ ‘ ,.\ . " “
are - ca : . .. . I‘".

o \\ oo (o] —n[3T)T—' 2,;/3 Z(modulo-z;e)'
N '-" ) by - ~ "" ! 1,

o B R (w +7r/3T)T 41r/3 (ﬁmodulo 21r)
. 0 .

(w +,,/T)T—~ - .- (modulo 2») f :":

[}

such that o

"

(2 19a)

the other fones

'(\_2.1'9b)... |
(2;19c)_ R
: "('2‘."i‘9¢_‘1) g

L .

-

Wlth the *abpve reSults the trellis of quaternary GPFSK sngnals lor h= 1/3

an be drawn L] shown in Flg 238~s The state dragram is gwen m Flg 23b

the numher of Coet e
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. states of adjace'nt-levels. . Moreover, the waveforms associated ‘with the parallel

' branch_eS'are orthogonal.- The presence of paralle] Branches mentidned'above, also

’ v These—implications as well as their effect on the distance properties will be

discussed in Sectlon g4t o0 .

"2, 2 3. Trellls representatlon of M-ary CPFSK. slgnals

Thxs sectlon consnders trelhs representatxon ol‘ M-ary CPFSK sngnals As

{:tl :i:3 . ,:l:(M—l)} thh equal probablhty M dlstlnct tones are_:

L

“ transmntted in relatlon to each ol‘ the M symbols in the above set: The lowest _

' tone has an angular Trequency of {w - nh(M - l)/T} Assumlng that this lowest

i tcne goes.th.ro,_ugh an integer multiple of cycles dunng‘on.e SIgn_almg interval,

:(M—-l) [w - (nh/T)(M-—l)]T= 2'n1r 0 (!‘nqdulo 21!) (‘?.200)

"‘—‘(Mﬁa). o, —(nh/T)(M—a)]T—2nh | 7 (modulo 21) (2.20

= (ﬁf—l) [wc+(zrh/T)(M—l)]T= 2(M‘-'~1);rrh '_(nlo"d'ulo.'2|1r) (220c_)

[} ‘ot

ca .
-

'I‘hel'efore -z, (modulo 21r) asSumes the values. ol‘ the set gwen by X {0: 21r'h.'

[ \ — -

“ fhh' 2(M-—1)nh)} z, is constant over.a S}gnalmg lnterval The value ol' z

©in the current sngnalmg mterval depends upon the value ol' :r dunng the L

(g

»

lnterval Wlth the I'Urther assumptlon that h-is a ratxonal number such that

= p/q‘—"h', ere. p and q are’ relatwely pnme numbers, coupled with the modulo 2x

re‘ndltxon of the phase, the elements of the set X reduce to q dlstmct values Thls

-has implications on the distance properties of the CPFSK modulation schemef

s.tated earher l‘or M-ary CPF SK sngnallng, a, can take on any value from the set

precedmg sxgnalmg lnterval and the symbol transmltted durlng that sngnalmg -



L '_.a symbol of the M-ary alphabet When g> M the- number of dlstmct states is’ 1

: " 30 B B :
was clear with quaternary CPFSK signaling for"h= l'/.:i: tvhere'thc modulo".!a

reckoning left us with only three states instead of “four.

_This reduction. in the nhmber' of states ~enables-‘th‘e CPFSK signaling L
waveforms to be described by a q-state trellis, where the g states are obtamed by'

a one—to—one mappmg of the phase values :: . For M-ary sngnalmg, every stite

Yo

'has M branches leavmg and M branches mergmg Each branch is assomated wnth '

a2 o ,
' ‘greater than the number of branches leavmg each state therefore, no parallel L

T L
.A’\"\"“

branches exnst between- the states of adjacent levels When ¢ < M the numberol‘ e

Y
i

states at a glven level is less than the number of branches leavmg each state, -
which glves rise to parallel paths in the trcllls This was obvnous with quaternary
CPFSK trellis- for A = 1/3 (q =3 and M= 4 g< M) where it was shown that ST

N\
two_parallel paths exist for-each state For integer valued modulation indices

——e

2xh = 4rh -—‘.. \ = 2(M-—l)nh =0 (modulo 2x)  ~{2.21)
Therefore the set X has only one element and the trellis degeneratcs mto a smgle

state trelhs._ There are M parallel branches between'the states.

23 Carrier phase a_rnbigu_lty and trellis'_decocling of CPFSK
| slgnals . I | " O ' | ‘

To use coherent demodulatlon techmques with CPFSK sngnalmg, coherent
tones need to be locally regenerated at the receiver, in exact phase cohcrence with
the received sngnal Thls can be achleved by several technlques (6], one of which,
" the M“’ /power method, is examlned in the example given below. However,

»  itrespective of the method bemg use_d, an ambiguity concernmg the true carrier

phase always remains nnresolyed.’



Ope method of carrier recovery entails/passiug the received signal through a- .
output in a narrowhand '

nonlinear circuit such as.a xM-multiplfer, filtering tb}
filter lfmiting the output of the'filter'to remove amplitude fluctuations and then
frequency Ardmg to yle!d a reference at the carrier [frequency.’. For bmary
CPFSK signals wrth r:‘odulatlon index 0.5, the above method involves squaring of

_the signal, narrowband ﬁlterlng and then frequency d1v1d1ng by two to recover the

tones requrred for coherent demodulatron Thls process lntroduces E: 180 phase

3

ambrgulty due to the ;hvrde-by-two clrcult In general where a phase reference is:
crrcult the phase reference 1s determmed only by

- obtalned by a dnnde-by-l\s
T modulo 2x/N; thus N-fold phase ambrgurmmay -0ocCcur- [10] -~ln the—following

phase amblgUtty of locally generated reference tones

2.2.1.

transmltted the actual transmitted
that mterval and the blt in the precedmg mterval

.
MSK is shown. in Fig. 2 4

section it is shown that trelhs decodmg of CPFSK srgnals ls transparent to: the
‘\ . . ]

As the first exarnpl‘e, .._c_gp,sidgr trellis decoding of ‘MSK (binary CPFSK with

nterval one of four distinct waveforms is

Recall that ‘in. every slgnahn&m‘
rm being dependent upon the bit in
er for

The correlatlon receiv

modulation lndex 1/2) Trellis '?epresentation: of MSK was discussed in Section

In every srgnahng interval the recenver correlates the

7

recenved srgnal with the waveforms, and the correlator outputs are used to
determme the path—metnc for the. trelhs decoder 'Phe four gorrelator outputs of

the correlatron recewer shown in Fig. 2. 4 can-be treated as the- path—metncs for

the trellis decoder, and Viterbi algorlthm is used to determme the. path with the
ath. ln general

largest metric which is subsequéntly declared as the decoded path

t

\
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4

' ' | -"sa('t)aj'z_/_'f‘co.é(wct-ﬂ.t/.2T+ﬁ) | ' N o

. Figure 2.4: Correlation receiver for binary CPFSK signals.

N e v o es AR



R

N data sequence when decode
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there are gM correlators in the correlation receiver; however, in most cases the

number ol‘ correlators required can be reduced depending on the value of .

PO

Consider the.data sequence 1, 1, =1, 1, ——,_l, 1, -1, -1, The path of this

~ data sequence through the MSK. trellis is. shown in Fig. 2.5.." The solid line
lndlcates the path’ selected when the rel‘erence tones -are in exact phase
synchromsm wrth the mcommg s1gnal The assumptlon that the - demodulator

- starts at 0’ state lmplles the knowledge o[ the carrler phase Il' the recewer were

e

_unable to resolve- the ade amblgurty and consequently the reference tones are
.'180° out of phase wrth the mcommg tones, -the t:orrelator outputs ¢an be

: recalculated and the path .whl

»

w1th a 180° phase ambngunty results in the path
. ' .
indicated by the dotted llne The new path also decodes the data sequence

. correctly "The reason - for this can be explamed by a careful analysns of the trelhs

A}
: ¢ CRY

itself. -

2

The MSK trellls -is symmetrlcal lf the twor stat‘es arg interchanged by

relabelmg them such that states 0 and T become 1r and 0 respectwely, the trellis

_remalns unchanged "“This relabeling is. equlvalent to grvmg a rotational shll't to ‘

_.——'

' the states by. addmg 180° to each state As mentloned in Sectnon 2.2.], the phase
angles ol‘ the transmitted sngnal and the states of the trellis are one-to-one related ,: I

Therel‘ore a rotatlonal shlft to the trellis can be mterpreted as adding i8o® to the‘ .

‘mcommg sngnals’ phase or alternatlvely, to,the. rel‘erence tones of the correlatlon

‘recelver. Thus for MSK srgnalmg the trellis is mvanant to rotatlonal hifts of .

- 180° “and the ph_as’e amblgulty‘ of.the tones does not affect the process of tre'ﬁl;‘s,
. . . \ . . . . v . ' R 'I'

[

s e

decoding. = - - o

'

:

:qlelds the largest metric determmed _The above

—



Figure 2.5: Effect due
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Next, quaternary CPFSK sign_ali.lr%ith h =1/4 is considered. The trellis
and the state diagram pl‘ quaternary CPFSK were given in Fig. 2.2. Any
rotational Shlfl. of the states by an integer multiple of x/2 does not change the
trellls and the state dlagra.m This is because the labehng of the branches is

rotatlonally symmetnc and the paths merging at'a state as well as those jeaving a.

- state are unchanged by 3 rotational shll't ~Because of the one-to-one relatlonshlp

.between the states and the phase angles’ ol‘ the transmltted sngnal a rotatlonal
- slnft of the states by an integer multlple ol x/2 is equwalent to shlltlng the phase

angles of the reference tones by the same amount, all phase angles belng reckoned ""

modulg 27. Therefore it can be concluded that trellis decoding of quaternary

CPFSK signals for h=1/4 (is transparent to phase :ambiguities of .

0°, 90°, 180°and 270°.

v

For M-ary CPFSK signals with modulation' index A = p/q,'where p and ¢

' gre relatively plim_é integers, as discussed in Section 2.2.3, the trellis reduces to a.

. g-state trellis. Also it is’lnv,griant_ to. rotational shifts of ‘_integ.er ‘multiples of 2zh.

~ . ' 4

Again because of the-one-to-one mapping between the signal phase angles and the

trellis' states; it ig 'c,oncluded"that trellis.dec'oding. of M-aryA.Cl’FSK signals is

transpa'rent ~to‘q-fold ambigu’ities of the rel‘erence tones. The trellis decoder

t
l

successfully resolves phnse ambxgmtnes of 27rh arh, .. (g—l)zh

of
H

-
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. 2.4, Cloéeli—form expressions for the minimum Euclidean distance

of M-ary CPFSK signals

2.4.1. Correlatlon detection and trellis decoding

=)

Consxder the receptlon of\ll?fmry CPFSK sngnals in atﬁW\GN channel using
—-—the correlhtlon recelver shown in Flg 1.2 on page 9 The squared Euclldean
dlsta.nce between any two branches that start at level n and end in level (n+l),

-

R lllustrated in Flg 2.8, is eValuated in’ Se}tlon 1.3 as
) n+l )T - ‘ oL | . o
S —/ o (0=¢ (t)]zdt S ey

= 2E {1 —"sinc [A(a,—a n)[2] cos [rh(a_ ~ a'.’;)/2 + on—.o'n]} (2.23)°

' .“

- _ where 0;‘ and 0"; are the phase angles of the two signals a,(t) and a'n(t)
respectively at {=nT. o and 0';‘ . can also be idei&;e‘d as the values .
corresponding to the initial states of the two branches s {¢}-and 8"'(!). at level n of

" ‘the CPFSK trellis. ’an +l and a'n +1 are t e'terl'nin,ating. states at level (n+1). *

The .minimum Euclidean (listance' (MED) is the s";mallest.distance'belw,e'en- all
zpossible pglrg of eignals 8,(t) and s'nlt) thrdlugh tlle ‘trellis. T:he MED in general .
depends upon the le.ngth-. of. the signal pair and th.e. modulation index. 'l‘he_

. probablllty of error is asymptotlcally dependent upon the MED.. Therefore it is
needed to calcula}e this distance' to evaluate the érror performanee-of a CPFSK

signaling scheme. Some prevnous approaches hnd the mlmmum Euclidean

dlstance mvolved employmg varlous trelhs-search algorlthms to mmlmlzev(2 23)

I
]

for all possible signal paths [4 l7|

. -
, N . -
i . '
. .
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.

Figure 2.6: Two signal paths of the CPFSK trellis.

.

¥
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Although the alcronthms for trellis-search can be implemented on a dlgrtal

computer, the trme and memory requirements makes the algorithmic approach

.._.\

-unittractive except for small M and g values. Alternatively, in some cases bounds

on the MED have been pres_ented 3, 4]

Focusrng on the trellrs structure of M-ary ‘CPFSl\ srgnals closed form
e‘xpressrons are der)ved for the MED. of ‘M -ary CPFSK srguals m the lollowmg
'sectron The followmg analysrs and the resultmg expressrons yreld exact valies olﬁ
_ the minimum Euclidean distance. The MED is evaluated (or Al—2 4 8 and 16
~

using these expressions, as well as usrng a8 ¢onventional trelhs.-search algorithm

[17].. Numerical results are presented in Section 2.4.4.

To facilitatd evaluatlon ol‘ the MED the rational valued modulation index’

»>-

(h-—p/q) is split mto two drs_|omt regrons such that g2 M and ‘¢ < M ln'

k addrtron all mtegral values of h will bé" s”considered separately Each case is

~

considered in detall-below.
Case (i): q >M' \5

' seheme, all possible signal pairs th'rougb the'.trellls have to be considerecl 'Wheh
g2 2 M as shown in Sectlon 2 2.3. the trellis of CPFSK has no parallel branc%’s.
Therefore the pair of paths that produces the MED begins from a common state
at a certam level drverges and traverses through the trellis wrthout encountenng

)

any state at’ the same time. After & finite number of. split levels it cemerges’ at

: another level For srmplrcrty it is assumed that a spllt takes place at level zero.

~ . In-other words the twa paths have rdentrcnl phase tra]ectones up. to. level zero.

. . .
'_,:,_."'N * RN . \ . rv .
. ’ . . ) 4 . i
. H

A ' .

To calculate the minimum Euclidean distancé of a given M-afy CPFSK
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event be. g,(!) and .ao'"(t)'. The symboi @, corresponds t(? ag(t), a

-
-of 6 =4

39

\pob ,
‘ to ao(t).. The

s'ql_mred. 'dis'tancé‘_ between'these two signals in the first split interval: can be

' qbtained by éettinéb,":en' in (2.23). Thei‘) .

~

s 2E“a{i: sinc lfl(;)'-  93/2] cos [xh(ay —|a'g)/2]}

Be) |

. =2E{1— sinc [h(a.0 —ag)l}- .
."" ' : " ‘\\( .
Supposa.merging takes place at level (n+1), the squared distance between the last

two branches of the split-merge event can be obtained from (2.23) by making use

el Let this distance be dnz. Then ”, ’\ . '

n+l .
. &* = 2B {1~ sinc[h(a, —a )]} , (2.25)
- [

.. Next concentrating on a split-merge event of length two, which cbnsists of a
. . . \

pair of’ p':ith! splitting at level zero and merging at level two, for 'merging of signal

p:aths the modulo 25 pha.se change- along each path should be ¢qual and opposite.

‘Thus the symbols ass@ciated with these two paths satisfy the relation |

ay—agy=—(a, :‘.'l) (2.26)

LY

Defining v = ao—a»o', the squared distance bet\yeeg the two paths can be obtained

from (2.24) and (2.25) 8s - 'F
| d%0,2) = 5+

. = 453[1 - sinc (yh)) - (2‘2_7)\_1

The argu'ment of d2(.) where sﬁown, denotes.the split level z;nd the. merging level.

i

»

le
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The squared MED of all split-merge events of length—two for a giv;an h is obtained

by minimizing (2.27) over all posrsible values of 7 as

\ o d? . (0,2)= Min_4E,[1 - sinc(ah)], = (2.28) '

where v &{2 4/... 2(M—l)} F‘rom (2. 24) and (2.25) it is seen that d, 2 = d 2

Therefore when d%(0,2) minimizes for any 7, then d2 and ¢12l also mlnlmlze for ™

) . ~
the.same 4. ' , . v

d¥o, 2)— Min ld2o]+ Min _ [d2] ' - {220)

Next considering "a spllt-merge event of length n, the squared Euchdean distance -
I3

between the two paths can be written as

20, 1) = d% + & + ... + d° - (230)

n

where the split interval distance d2(bis given by (2.24) and the merging interval

distance d2n is given by (2.25). .thing that the Euclidean distance is never

negative, it can be observed that for any split—m‘erge_'event of length n
' : o~ Pe o~
. d*0,n+1) > Min (d%) + d® + d%+ ... Min(d?)) (2.31)
< L
> ) (0, 2) .

min
¢

'I“hereforé the MED is given by the paths of split-mérge event of length two.

The expression for the squared MED is

min
\

&= Min, (41 — sinc(zh)]}, . g2 M, - (232)

where‘the minimization is carried out over 7 E (2, 4,.., 2(M=1)}. In-order to
evaluate the exact values of d2 l'or a given M, companson among only (M-1) -
values is required, thereby greatly §imp1if:ying the calculation procedure. For
binz;ry CPFSK f.tignals, 7 can tgke only one value; 7 2 N

1

~

cqr

»— ’



w o

’ o 2 _ PP SR
b : O in =4E,[1 - sinc (2h)], ¢2>2 7 (239)
‘- " Case (ii): q<M S o |
A example with lI< M for quaternary CPFSK wrth modulatron rndex E

h=1/3 was considered in Sectron 2.2.2. When g < M, the number of branches

a . . ﬂer state e\ceeds the total number. ol' states at each level of t:he trellxs of CPFSK - .

X .’

i ‘Thus there will be parallel branches between the states oI adjacent levelsr It can‘ P

. be shown easrly that the srgnaﬂl wavel'orms assoclated w:th these parallel’ branches -
‘ L are orthogonal, C "' .‘ L oo . ,_:_' = :‘__:‘\'.';' '.

Consrder oné of the p\uallel'paths of The trellis ol‘ quaternary CPFSK s'gnals, S
,for h= l/ 2 shoWn m FJE 2. 7 GI‘l!le,atwo slgnal waveforms transmltted between. . ::
0 state ol one level and 7{' state of the l‘ollowmg leVel are .. ’ r
:.‘ ‘ \/mcos(wl+3xl/27') correspondmg to +3 and” V_—E'cos(wt—;rt/T)' |

i correspondmg to. -—l Clearly, these two Waveforms are- orthogonal to each other'

s,

- /Slgnals assocrated wrth all other parallel branches are also orthogonal Frorix the .

knowledge of geometrrc represehtatlon of srgnals it rs known thatJhe srgnal space

‘distance between any two orthogonal srgnals is V2E E,. Therefore the drstance

R  between lany twdl parallel paths is also \/ﬁ Thls result 1s rmportant rn -
‘ evaluatron of the MED l'or q.< M : St . N 3 - ‘

14
' v

It remarns to establlsh the condxtron under which ‘these parallel branches'

become the .minimum dlstance paths.. Beanng in mind that two conSecutlve S

u. ' o

SRR -,.slgnals do not/gleld parallel branches [if so; the trellls\deggnerates to'asmgle state . " SRR

4 . ! . . "
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Therefore the squared’lVlED for mtegral values of # is 2E

© CPFSK sngnahng wrth h = p/q is

43

< - . q
trellis, hecause éah =0 (modulo 2x), which is considered under Case (iii)), it can
obserlled that the inequality ‘ . : ’

455[1 ~ sine (k)] > 2E‘a R L (2.34)

i

is satlsﬁed |l' qh> 0603355 approxnmately If 2E, is less than the'minir’num :

- “‘value .gf/4E (1 sine '1’!) then the parallel paths yneld the MED The smallest
- value of T is two Therefore it is concluded that |f h > 0301677 parallel paths ‘.

i ; yleld the mmlmum dlstance Thus the squared MED ol' CPFSK slg-:* for

-—p/q,whenq<Mlsglvenby o , “ L
(- 2E, L oh>0301677 S R
2\_{ s o (2.35) .
min 4E[1- smc(2h)] h<0301677 S

A}

Case (jll) Integral values of h

For mtegral Values of h, 2xh = 0 (modulo 21r) Cbrrespondlngly the . trellrs

- degenerates mto a s1ggle state trellis and there are M parallel branches between

"ad]acent levels The distance between any.- tWO parallel branches is, 2E ;

L3
L]

Cpmblnmg the results ol' the above three cases, the squared MED ol M-ary

N ( 2E ’ (in_teger h) |
d min=. | Mln.,7 [4Ea(l sinc 7h)] g2 M . (2:36)
. < . |
- - 4E [1.= 'sinc(2h) ], . h < 0.301677, ¢ <. M.
So\eE, h> 0.301677,g < M
. A-v . !

" where, 7=9, 4,. 2(M—l)
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2.4.2. Phase detection and trellis decoding

Py

In deriving the Euclidean distance in'(2.23), it was assumed that the receiver
is of correlation type. In other words the distance measure as given is valid only

for correlation detection and trellisAecoding using maximum likelihood sequence
estimation. : _ -
: - :

-

The coherent phase detecfbr discuséed in Section 1.2 for detection of M-ary

/ CPFSK sngnals is. consndered below In thls receiver the CPFSK sngnal za treated L

. as a PSK sngnal and the trellis decoder has only the phage ml‘ormatlon of the .

.CPFSK sngnal obtalned at the- end of each sngnahng mterval Consequently the

path-metnc depends only upon the phase of the transmitted signal at those time -

. instances. Therefore the squared Euclidean distance between any two signals

.t

8_(¢) and s';l(t) i’ the interval nt < ¢ < (n+1)Tis given by

d*, = 2E 1 —cos (s, — 6 )] " (2.37)

In the trellis of CPFSK, 9 and 0 are the values of the termmatmg states of the

“ « two branches correaponding to the sngnals 8, (t) and a.n(t).respectlvely.

C o D
To obtain d min?

through the trellis. As before a trellfB-search algonthm can be used. Followmg a

snmllar argument to that of correlatlon detectlon and trellis decodmg, closed-form ‘

expressions ufor d~2 n 8Te denved below for phase detectlon and trellis decodmg

3

.wnll be consndered separately ; ' o A

(2 37) has to be evaluated for all possible pairs of: sngnals.

A

Tregions such that q2 M and q < M. In addition to thls all mtegral values of h -

"

-

P .

w*,

.'Heré again the ratio’nal valued modulation indek is split into two disjoint. h



. level (n+1). The distanee between the signals g.(f) an s (¢), assumed to be
o\ . 0

45 - p
Case (l) > M \ -
There are no parallel paths ln the trellis of CPFSK sngnals when ¢ > M. ..

Consnder a split-merge event of length n, splitting at level zero ahd merging at

transmitted during the first split level can be obtained as follows.

We have 0, = 0o+aonh and 0 -00+a uh where 0 = 00 Substltutmg in

(2 37) ylelds . . o ' |
\ d? —-2E {l - cosﬂao-— ao)nh + 0 ]} _ , i/ '
“, o = 9E[1 — cos (a, — ao)uh] (oo_.o'o). . (2.38) E
If the merglng takes place at l\ el (n-l'-l), then the squared distance between the - | ‘
last two branches is zero. That s ""‘5 '
& =0 ' | L (238) 0 - - -
This is due to 6, = eln in (2.37). ' o | | '

‘

—_— ——— — —_——— - e vty

Next conSIder a spht-merge event of length two consnstlng of the pg.lr of
paths sphttmg at level zero and merging at level two.” The distance- contnhutnon

by the two merg_mg hranches is zero.” Therefore the squared dxstance between the -

two paths is . .
' 2 — 42 .
d40, 2) = d 0

= 2E,(1 — cos yrh), >  (2.40)
where, n= “o""o 5y can take vahlts l‘rom the set {2, 4, 2(.M-l)}.' l“or an};

spllt-merge event of length n



_Case(ll) q<M o : , v

46 -
2 : 2 12 2 W d° —
d*(0, n+1) > Mln7(do)4:¢l4+d2+...ﬂ-d =0
> d%(0, 2)
= Min (d%)) . (2.41)
Thus the desired minimum Euclidean distance is

mn

9 L .,‘ ! - . ‘" ..
d® .. = Mln7[2Ea(‘l.—cos"1xh)]‘, quM (2.42)

When q < M there wnll be parallel branches between states of the adjacent

) levels of the CPFSK trellis. The 'squared Euclldlan dxstance between two parallel

3

branches is .
d% = 4E,[1 < cos (6, - )], where ¢, =1,

\’ ' . =0 - . | ’ ) (243l '

Since the squared Euclidean distance betw_.'een'any two branches can not be

negative, the - parallel. branches are the' minimum distance paths and

2 - . e -
d* in=0.for <M. - . |
Case (ili): Integral valnes ofh . S e e

For integral values of h, the trelhs degenerates lnto a slngle state trelhs and

all the. branches are i parallel This makes the MED equal to zero.

Combining the ~results for the above three cases, the 'squared MED, of M-ary |

CPFSK signals with h = p/q for phase dete,ction and trellis decodiné °°'l:.l’° given

as - SR : : -
" * . [ . . ” ! .

v -



. i 4 - | ,

. {Mm IZE(l-cos-mh)l,, e>M
, min o, ¢ < M and integer A

]

(2.44) -

l

™

where 7=2, 4, ..., 2(M-1),

[

2.4.3. Optlmum moduistlon lndex '

For a. gwen M, the value of h that produces the largest MED is the
. optlmum modulatnon index, h For correlatlon detectlon and trellls decoding of

M-ary CPF SK sngnals h has been calculated 1n [4] for phase detectlon;.

opz
- and trellls decodlng of It'f-ary CPFSK sngnals is calcqlated below .

The minirnurn Euclidesn dis,ta.nce for phase. detection of M-ary CPFSK o
.sig’nals was given in (2.44). 'Because- 5 ‘and lt are bo'th‘ positive, for ¢ > M the
right lland side .of (2.44) is minirnum when cos (yrh) ‘is.maa‘(lmum, For binary" .
“CPFSK signals 7 = 2. Thus the minimum squ:ared-lélnclidean distance is
£ = {2.E‘[l.— cos(2rh)], g2 M~ |
min

/_\ j o, _ otherwise

To obtam Bop [l cos(21rh)] has to be maxlmlzed This is a periodic function of h'

(2:45)

| with maxlma at 2nh = m:r, for odd’ mtegral values of m. For blnary CPFSK",

sngnahng, (2.45) is maxlmum when h opt = m/2, m= l, 3, 5 and d2 = 2.000.

-

Similarly for\ ‘all other "M values A opt = m/M m-—l 3, 5,. ‘and.

d?_. =29oF [l-cos (21r/M ) Numerlcal results are presented in the next sectlon . '

ml )
: . ‘ ' B "~;‘.,.‘



2.4.4. Numerleal results

In order to make proper comparisons with previously reported results, all
" numerical results are presented according to the following normalization. The

squared MED for binary PSK is 2E'b, where E; is the energy r bit. E, is
vy .

related to energy per symbol E, by j '
SRR | E’_EblogzM o , / (2.46)

3

All dlstances are dwrded b)’ 2E, to get the normallzed drstances Thus for b& o
2:000

min equals

'blnary PSK and QPSK- (quaternary phase sluft keymg) d2

. becomeo the reference value Hereal’ter all dlstances wnll be given as. normallzed |

-~

-

distances. o . . . [

The values of normalized MED (d2 ) for correlatlon detection-and trellis

min
| ]

' decoding were computed fow and 16 by using (2. 36) Varlatlon of

"minimum Euclidean distance with the modulatlon index h .is shown in
. Figs.'2.8 — 2..>11 . Numerical values of minimum distances for some h values are
" given in Table‘2.l. Our‘result,s are in exact agreement with those of Aulin et.al. .
, 4], for long ql>servation intervals. In [4] the MED is referred to as the normaliied |
' aqu.ared free Euclidean c‘li'stance.(NS.FED). lt‘ is noteworthy that‘the. bounda gilren: '
in [4] are actually the exact"valnes of the MED in our case.  Eventhough a trellis
search algorithm was uaed in [4] l‘or‘ the evaluatio'n' of the MED, ll'xe same could be
evaluated \\lith just a few combul;ations. For instance ’wlien_"‘ q > M, comparison '

. among only (M-1) values is needed to (letermine’dz;n'in for M-_ary CPFSK siknals.

Examining Figs. 2.8 — 2.11° lt,l can be seen lhat at all points where ¢ < M
. .‘ v
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Table 2.1: Normalized minimum Euclidean distance for M-ary CPFSK

. - :
signals; Correlation detection pnd trellis decoding. .

-'\
.\
L ] .
\
Modulation Minimum Euclidean Distance, d’, /2E
' . min b .
| Index,. '

h =~ . "

. M=2 M=l M=8 . Malbe
1/20 0.033 0.065 0.098 0.131
1/10 - 0.129 gt 0.258 0.387 0.516
1/9 0.159 0.317 0.476 |  0.634
1/8 0.199 . 0.399 0.598 A 0.797
/7 0.258 0.516 _ 0.774 1.032 -
3/20 0.283 . 0.566 . 0.850; 1 133

16 | .0.346 0.692, 1,038 | 1.38 7
/5 |- 0.486 . 0,973 1.459 1.945
1/4 0.727 1.454 2.180 2,907
3/10 0.991 1.982 2.973 3,964
7/20 1.264 - 2.528 3,793 5.057

‘25 1.532 . 3.065 3.000 4.000

e . / . .

‘-q’-
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and h > 0-301677 parallel branches become the minimum distance paths and the
normmalized mi.nimun'l distance is 2logy M. When ¢ < M and ‘A < 0.301677
parallel bran_che_s do not'beceme the ﬁlinimu?\ -distance path. For "all int®gral

values of h there are only pﬁrallel branches ir’ the trellis and again

4 Y
d? . =2log, M. Anqther important observation is that minifnum distance
" .

msn

paths merge in at most two symbol intefvals regardless of the number of.states in

(N4

" the trellls” This 1mphes, as m Viterbi decodmg of convdlutional codes [13 25|, in.

trellis. decodmg of CPFSK sxgnals the decmlons on sy bols can b‘e made affer

. only a few signaling intervals, - thereby reducing the emory requirements of

maximum likelihood deeoding.' -

) . \
The values of normalized MED for phase detection and trellis decoding were

evaluated for M=2, 4, 8, and 16 by using (2.44). Plots of dzm'.n'against h are

shown in Figs. 2.12 — 2.15 and the numerical values are given in Table 2.2.

"Here again the discontinuities of the curves are due to parallel brancheg of thé

trellis. For g < M and for all integer h values the MED is zero. This implies-that

L]

phase detection can not be used at-these particular modulation indices. -

?

The -values Bf @ for Which the largest MED occur{ in correlation detection

- and trellis decoding are tabulated in Table 2.3.: ‘When M = 2‘(binal:y PSK) the

»
-

largest MED occurs at ,h—0f15 The correspondmg d2 is 243”45-

-min

h opt = 0.715 can be represented by the ratlonal number 143/200 implying that a

200-state trellis is needed l'or trellis decodlng Cl@arly, a receiver WIth sucﬁ 9

1

large number of states is not practxcable "On ‘the other hand,. it 0.715 is
-

appronmated by 2/3, then only a three-staﬁtreilis is required for decodin'g’.:"'l"be_
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Table 2.2: Normalized minimum Euclidean.distance for M-ary@PFSK

f signals; Phase detection and trelllis decoding.
RN

Modujation. Minimum Euclidean distance, d':[m/_ZEb '

Index, B -
" Me2' Meb L Me
\ - 2 .
.1.’26] _ 0.049 oG98, . | 0,-",12»\7'
1/10 0.101 Q.2 Q o.'s7§
1/9 0.234 0468 0.702% " .
178 0.293 0.586 T oiam
1/7 . 0.377 0.753 0.000
3/20 0.412 o.ézt., 1.237
1/6 0.500 " 1.000 0.000
1/5 0.691 1.382 0.000
14 1,000 2,000 " 0.000
s | 13t | zels 3.927
720 1.588 376 | 4 .-'is—a.'mﬂf\./—
2/5 1.809 3.618 0.000

N ,
$ . v
de . o



ﬂln Table 2. 5 Therefore an M state trelhs glves the largest,pvﬁlble MED in thls

60 v -4

MED for h = 2/3 is 2.413, whxch is only 0.08% less than the best value. Thus .

using h =2/3 inStead of h-=0.715, a three-state trellis decoder can achieve

almost all the performance gain that is achievable with a 200-state trellis decoder.

As g second example consider octal CPFSK From Table 2.3, h , for octal

CPFSK srgnallng is approxrmately 0.964 and the correspondmg d2 . i3 6.1415.

0.964 can be represented by the l'r-actlonal number 241/250 lmplymg the need lolr S

.250 states in the decoder. Approxlmatlng 0984 by 7/8 mstead an elght-state .

L]

 trellis can be used ~The MED ‘for M=3, h"—‘?/S is 5. 818 That is a: reductlon‘ '
. of 5.21% in d2 The degradatron is somewhat hlgher in’ thls ¢ase; however_

. . when compared wrth the substantlal reductlon |n decoder co plexnty, |t IS."';'|.

( .

.msrgmhcant Srmnlarly for other M values h 'can "be approx1mated by- :
(M - 1)/M The results are tabulated in Table 2.4. The number ol states‘

requlred in the decoder is of the order of M lor achlevmg almost all the '

L

| performance gann that is guaranteed by the memory of the modulatlon process.

This can not be reduced below M, because parallel branches would then .oceur in

the trellis thereby reducing the mjnimum distance drastichlly:

Next the optrmum modulatron lndex, h opt? is considered lor phase detec_tion :

and trellls decodlng of CPFSK. srgnals in the small h reglon For' all .M values

op

th, , equals 1/M and these values along with the correspondlng D are given

L4 .

case,

. - —
a—an

Although minimum distances for a wide range of A values were evaludted,

\ :

» - N
.. v
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- \ . |
{ Table 2.3: Optimum modulation index and corresponding minimum Euclidean
* . . distance for correlation detection and trellis decoding of
' M-ary CPFSK signals [4‘].
' | 2
T i M hopt ) dnﬂn/ZEb
2 0.715 2.434 /
4 _ oot | 4 B
R g8 - |. 096 | 6.142
a . .16 - |- 0983 .| 8.086 .. |
o 32 0.992" | 10.052
" Table 2.4: 'Minimum.Euclidean dis{tanée for correlation detection and
- trellis decoding of M-ary CPFSK signals with an M-state,
. decoder. , -
- | « -
T v . T . 2 Lo i ‘ "
} ~ Mn J L h=(M~1)/M | ,dmin/zEly [d"ﬁ"IZEb]nax % difference
o 2 (_ 2/3 | .13 2,434 . | i0.08
4 | ) 3,717 4,232 | -12.16
- B : N bt : : o
Cl ; L K 8 7/8 - 5.818 6.142 ' ~5.27
o 16 - | 15/16 7.886 8.086 | -2.47.
322 | 32 9,930 .| 10,082 | -2l
. ) : . B . .
e .
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Table 2.5: Optimum modulation index and corresponding minimum

Euclidean distance for phase detection and trellis

) ‘ i
a o ?L |
hopf d dmin/-ZEb
. "2 /2 . 2,000 .
' 4 Jdoous 2.008
8 ‘1/8 0.879
16 1/16 0.304
o : 1/32 0.096
/
~
' T cania H

decoding of M-ary CPFSK signals.

4
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{

the comparisons are restricted to values of dzm‘.n.for h S 1/M, begause it is only

1

fot thme values of /l CPFSK signals become attractive from the point of view, of -
bandwrdth occupancy [20] Frgs 216 — 219 show comparrsons of d2 / for
correlation detection and phase detection. Coherent phase detection yields larger |
minimum distances than correlation detection when h < 1/M. Table 2.8 lists the

relative improvements in dB, relative to MSK, for selected h values.

¢

-

25 Concluéion :

In this chapter it was shown that trellis decodmg of uncoded CPF SK sngnals “

is transparent to the phase ambrgultles of the locally generat%d referenge tones ol' |

- "the coherent demodulator It was also shown that the optlmum modulatlon lndex

R (h ,) for: correlatlon detection and trelhs decodlng of M-ary CPFSK sngnals can

o be approxlmated by (M-1)/M without an. apprecrable reductlon in the largest

- minimum distance that can.he ‘achieved. For phase detection and l.relhs decodmg,

the optimum "modulation'index was 1/M. . Therefore for- both correlation

"

detection and ‘phase detection, it issufﬁcient to consider an M-state trellis in the
\

decoder. Mlnlmum d&ance vﬁuu for correlatlon detectlon and phase detectlon

were compared. Q'The numerrcal results mdlcated that for uncoded CPFSK srgnals
‘.wnh modulatnon mdex h< l/M phase detectlon and trelhs decodmg yrelds
minimum drstance gams of approxlmately between 1 and 1.8 dB (calculated with

respect to'binary PSK dlstances) over correlatlon detection and trellis decoding..
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.o " Table 2 .6a: Companson of minimum dls‘tance far correl’btxon detection and

b ’ phase detectlon, Bmary CPFSK and quaternary LPFSK -

. ' L .. ., ‘

4

§

...Mb("iulatipr

| Index, ..~ -

Minimum distance.

o - .

(dBy

&

Correlation . |-

Pﬁase

8.8
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4 . s ] . H . °
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'. Cﬁapter- 3.' |
DISTANCE PROPERTIES OF TRELLIS
CODED CPFSK SIGNALS

3.1. Introduction -

. In this chapter the distance.properties of trellis coded quaternary and octal '

CPFSK signals are studied for small modulation indices (k < 1/M). A receiver

consisting of a phase defector followed by a trellis decoder is considered'.'_ The

minimum distances of trellis coded CPFSK signals obtained with this receiver are -,

L 4

B compared with the distances obtained with a correlation receiver. A searchis

* .carried out for optrmal codes whrch give large mrmmum drstances wben ‘combined

]

wrth CPF SK srgnahng Also it is observed that trellis decoding ol’ coded CPFSK

srgnals is transparent to phase amblgurtres of the regenerated referenbe tones ot‘ -

" the coherent demodulator. -

3.2, System description and the computer search for optimal

codes \

The commumcatlon system studied in; this chapter is sbown in F/lg 31.

The idea is to rellably transmrt a sequence of binary mformatlon bits;: generated

at the rate of I/Tb bit/second, using 8 smtable channe] codrng scher_nc.

' ‘. » . '

The information sequence is encoded by an i(_ k, m) trellis encoder. < Thus

: r

70
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) sequence 1s mapped on to a M-ary alphabet {:l:l 43, :I:S :l:(M—l)} The channel o

\

' 'Chapter 1.
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- the rate ‘of the code is k/n and the memory length m. The n. output coded

‘ symbols a, are chosen t‘rom the above set M is a.ssumed to be a power of 2, that‘:
is M= 2" Whenever a block ol‘ coded bmary symbols of log2 M. blts enters the |
apper, one channel symbol is produced accordmg to the mapplng functlon used .
‘In other words the n output bits of the encoder are seen by the mapper as one |

M-ary symbol. The channel symbol sequench is fed toa CPFSK modulator which \

generates the transmitted si gnal.

The communlcation ‘channel is assumed -to be corrupted by. additive white

L

Gaussian noise only. The received. srgnal dt)—s(t)+n(t), where n(ty is a

statlonary whrte Gaussnan random process w1th zero mean and double slded power
spectral densnty /2 The receiver is assumed rto be coherent and consrsts of a -‘

ph&e detector followed by a trellrs decoder Thls recewer was dlscussed m .

L

k]

3.2.1. State diagram representatlon of trellls coded\CQFSK slgnals :

‘ By combining the state. diagram of the uncoded ‘CPFSK- scheme and the_.‘.J

state dlagram ofa trellls code it is possxble to obtam a comblned state dlagrarl\ for

trellis coded CPFSK srgnals “This can be illustrated by a slmple examiple.

|
l

M

model' o[ whrch is. given. ln Fig.13.2} The lnformatlo sequence is encoded by a -

r= 1/2 trelhs code The pau' of out uts of the bmar code can be mnpped on to .

‘the set {1, :1:3} in 24 drﬂerent ways [20] Only the natural -bgnary mappmg

Conslder (2 1, l) codmg of uaternary CPFSK for h = = 1/4 the gene'ral
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”Tat_)ie 3.1 Natqral b}vu)axiy méppiﬁg"rule for quaternary CPFSK.
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rule shown in Table 3.1 is considered. The operation of the encoder is-described

. ‘ N ,l . Y *

‘by the trellis of 'Fig 3. 3 “or the state diagram of" F'ig" 34, where t‘her transltions’.

state dnagram of the uncode«* quaternaryx CPFSl\ ‘scheme for h— 1/4 from~_ e

>

- - ! ! i . . -

'Chapter 2, is reproduced m Frg 3. 5

C _ The process of (2, 1, l) ,codmg ol' CPFSK gives rise to 8 states, These are -

the combmatlons of two states of the trellls code and: four states of the CPFSK

: correspondlng to the phase’of the CPFSK signal; and the other,- correspondlng to
the blnary state of the code. In the combrned stite -diagram shown in Fig. 3.6,
there .are -two _branches leating each sta‘te.‘..~ But, in the uncoded quaternary

: connectrvrty of the CPFSK trellrs ha.s been reduced due to- codlng

L o ,' Irrespectlve of how the trelhs of Frg 33 is labelled that is, whether we

l'ollow a binary mapprng l'unctlon for not, the combmed state dlagram can be

‘ “drawn, though we have to be careful to avord catastrophrc codes (-i in terms of the

" state dlagram, a code 1s catastrophlc if and only lf the state dlagram contalns a
¥

loop.of zero weight other than the sell‘-loop aroun.d, the state Sy (13)). For a ngen .

\ S CPFSK there were four branches leaving ea'ch state, ln other words the

' are labelled wrth quaternary channel symbols a € {:i:l +3}. The trellls and the i

L / signal. Each state of the combrned state dragram thus consrsts of two parts: one, ’

blnary code ol’ memory 1, twenty four dll’ferent trellrs\labellmgs are possrble The :

*

: uncoded CPFSK trellrs, for a ‘given M and h remains unchanged Thel\el‘ore ,

f thogether 24 drl‘ferent comblned state dlagrams are present. vaelve o£ these,

$ & o h0wever can be’ obtal&d sxmply by mvertrng the trellls of the other twelvc by
)

1nterchangmg the states 0 and\l The state dlagram is: always rotatlonally .

symmetncal ¢

., . . . , . . b
. . L . . . o - . g -
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Two of the combmed state dlagrams degenerate into ' two separate state ,
-diagrams, thereby lsolatmg l'our states l'rom the other fqur For (2 1 l) codlng ol‘

' .quaternary CFF SK thrs occurs when the two self loops ol' the trellls are labelled

_'example ol‘ degeneracy wrth a (2, 1 2) code [Flg 37] and quaternary CPFSl\
'.wrth h= 1/4 is given m Flg 38. . In thls e'(ample, the comblned state dlagram
'has 16 states and there are two transrtlons leavmg as well as’ convergmg at each

. ‘ state Elght of the states are isolated l'rom the other elght states ,

~
i

. In the M-ary c.a.se‘, the number-ol' states in the ,.combihéd.state‘diagrtim

R
I

.9.‘.

AR A

i wnth —3 and +l However, l'or hlgher memory codes thls ls not always true.- An '5, .

depe\nds upon the rgemory, m, of the code and’ the‘denominator‘ol‘ the r 1

- L4 .

valued modulatlon index h = p/q, where p.and q are relatlvely pnme numbers

: There are always g- 2”‘ states in l‘he combmed state dlagram

In Order'to evalirate the erroy perl'omtance'ol' the above-»combin’cd coding

‘and modulatlon scheme, the Vlterbl algonthm needs to be applled to the

comblned trellls or the combrned state dlagram to determme the.- mlnlmum free
Euclldean dlstance on ‘which the probabrhty ol erfor asymptotrcally depends at

hlgh SNR In this thesis the mlmmum free Euclldean dlstance rs snmply rel‘erred

“to 83, the mlmmum Euchdean dlstance (MED) or the minimum dlstance For,a .

- given CPFSK schemi op_tun‘al, codea can be _l'o,und by varymg the trellis ,labelling

to maximize the MED.

o +
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Figure 3.7: Trellis afid the state diagram of a (2, 1, 2) code.
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- Figure 3}8: Degqnera;gﬂ,Btate“diagrgm of (2, 1, 2) codedlﬂu&izrnafy 9?#§K .
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. well.

- for correlation deteétion. Then ,'

"8

Y

'3.2.2. Compute'r seareh for optimal codes

A trellis code is opt.nmal at a. certain modulatlon index and for a gwen

.t »

- CPFSK . scheme, 1[ lt. produces the largest MED when used to code -the

i

’ .mlormatlon sequence For small q values and codes wnth small memory, it is

possnble to ldent,ll'y the mlnlmum dlstance path and calculate the- mmlmum"‘.

_. ‘dxstauce for that. path simply by examlnlng the state dlagram of the coded system .

S : - A
Consider the code shown in Fig. 3.9 in combination with quaternSQ;
CPESK for h = 1/4 resulting in the combined state diagram of Fig. 3.10 . This

code was l‘ou_nd by Pizzi and Wilson to be the optimal (_2. 1, 2) code for

‘quaternary CPFSK when h <-3/10 [20].. To find the minimum distance for t.llia )

Do

scheme, as well as others, all possible pairs of paths through the trellis have to be

considered. The minimum distance.path‘-pair begins/ from a._common st:{te,

©

. diverges’ and traverses _througlx the trellis without encountering any state at the

same time, After a finite number of split intervals it remerges at another state.

_For the state.diagram of Fig. 3.10, the minimum distance path can be "

lound, .with some effort. This consists of -the channel symbols ‘.’a =1, 3, ~—3,‘3,_

-

-3, —1'and a'n’=. -3, =3, 1, —1,3,3. It is shown in Fig. 3.10b . The mlniimu“m‘

distance path begins at the‘state‘(S'o, 7). and ends at the state (S, 3;r/2):’:Thc

_'states So,‘ Svlﬁa' and S‘1 ol' the trellis code could hayg been labelled in';binary as

-

(2.23) _can be used to’caleulate the minimum clistance of tlle' aboue path-pair . -

-
1
" ENES

o
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o . : dzm";' = 6 — cos [%(4)] sin¢ (1/2) - cos [%(6) + n}sinc (3/4) - -
‘ : 4‘96; l_% (—d) + 5x/2] sinc (1/2) — cos | % (4).+ 3x/2) sinc (1/2).
— cos [;;—1(;—-6) + 5;/2"] sine (3}4) - cos [ %(-',4.)} nl'fsin"c (ij2)

-
-~

'_.= 6—4r/3—4/r

= 4.302
For ‘phase détecﬁon also, the same path yields the minimum distance,. dr‘zm-'.n for
phase detection is calculated using (2.42).

v dz_m.in =6 — ¢os (r — 0) — cos (3r/2 ~ n)

??'_ - —cos (3r/2 — 0) — cos (z — 7/2) — cos (x — 0) — cos )
= 5.000" |

All .other int-merge ev'entéJ will have larger minimum distances than 4.302 for ;

. 'correlat{on detection and 5.000 “for "phase detect‘ion Clearly 'the'.. mi‘nimum'

-. "4 >

dlstnnce path can start at any of the four states (S, 0), (Sy, =/2), (Sy ),
3n/2) endmg at (Ss, x/2), (Ss' 7), (Ss' 31r/2), (Sa, 0) respectwely Because of

the rotational symmetry of the state dlagram it is sul'hctent to consider path—palrs‘ P

startlng at four states only, namely (SO, 0),(S,, 0), (S,,, 0), and (Ss. 0)

e

Slgn complementlng the transntnon labelhngs of the trelhs leaves the distance -

- properties unchanged [20] For instance, the- trellis of Fig. 3. 11 obtamed by sign
: complementmg the transltlon labellmgs of the trellis of Flg 3.9, gives nse to the

combmed state diagram.of Flg 3.10 . Except for a rotatlonal shllt of the states

N S to S S, to S S, to Sa, and S . to S the mmlmum, dnstance path is’ '

!

‘ , .

e Lo uncbanged and tbe minimum Euchdean dlstance is preserved

[
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that complementary states and complementary branches are rdentrcally:

NN

' A second equnvalent type ol trellxs accurs when two trelllses are labelled so / »

th
Y B

. e «
. . - Do Y ~

' ‘s_earchmg for optlmal codeg. R : v

4.', 4".. . ' ;‘.. ) ‘ .
- LI o .- . . . '..

" An exhaustive search for optimal codes invol\le‘s'an impractical number .of

trelllses In general for codes of memory m, the trellls ha.s 2"""l branches and the

' number of ‘possible trellls labelhngs with M-ary symbols becomes M 2 Thus for

combmitron of memory 1 codes with octal CPFSK there are (8 2) L= 4096 codes
for consrder\atlon This drfﬁculty has. been overcome to 4" certain extent by using

the followrng heunstrc rules to reduce the number of trellises searched:

» All channel symbols should occur with equal frequency and with a fair’
. amount of regulgfrity and symmetry [24].. -
o Sign complementing the trellis labellings as-well as inverting the tréllis
" does not change the distance properties. Therefore such equivalent )
trellises are considered only once [20). S
‘o The channel symbol co esponding to the lowest tone is always
asmgned to one of the two'self loops of the state dlagram of the code,

-+

A computer program was wntlen to fmd the mlnlmum distance of .

quaternary and octal CPFSK srg'nals wrth dlll'erent trellls codes The trellls

search algorithm lound ln [17] was used in the program An exhaust{ve search'
o

. was not done in thls study, rnstead the trelhs codes l'or the search were chosen

N
usrng the heurrstlc rules ll.sted aboule. The code trellis sgucture was assumed ﬁo
t

_be of a linear blnary code slmllar to that show in Fig. 8.9’ The trellis searched

_wrth octal CPFSK slgnals is gwen in Sec 3.3.9. 'fThe channel syn(bols of each

o o
y\\\" ' .

. .
. .
[ \ N o e
. \ . . .
* 0

- » .‘ \\
\

P .
. . .
. H .
' .
. ' .
. L ' .
PR . PR . ' i
v . - N . )
. ¢ ' . . . . .
Lo o [ s .
‘ . - . o .
P . -
- Al '
. 3

J'\
‘.equrvalent Thrs fact too |s uselul }n reducrng the number of trelhses, when T

/s

B labelled [20] For example the trellrses shown in’ Frg 3 l2a and Frg 3 x2b ‘are . '

O
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\ “ trellls decoder Optlmal codes of memory up\to 5 are searched for, in conjunctron

B o combmed thh quaternary CPFSK ‘have been obtamed prev:ously, when the '
P recelver conslsts of a correlatron detect\followed by a trellls decoder [14 16 20] ; "

> J L ‘These mre ektended to longer' memory codes of m—4 5! More ‘

o ~ -t S : ' ,
" branch ‘of. the trmk\were input to J.he program 'l-‘he concep‘t of a palr-s%e trellls o
- 4 S

s

L .\," L . o\

‘ - I
L~ [17] was used and thns reduced the computer executlon tlme consrder;?ly

The mrnnnum Euchdean dnstance (MED) and the receiver delay ( )}rere .,\

- ’
found for the optimal codes Recelver delay is t\ trellls dept(h/l‘Or a given code, - . =

\whlch'the algonthm should search ; to ensure that all unmcrge path-pairs .have a \

SR larger dlstance than ;the mmlmum dlstance path-pa.\r [20] The flow. chart outhne ' -

o A .
v K o a

: of the program is shown in Flg.. 3. 13 o S ; T ’\\ " ';: N -
3 3 'Trellrs codes combmed wnth quaternaray CPFSK sngnala\

.

'~‘- Thls sectlon. contalns the numencal results a8 - well as--a d|scuss10n ol

‘ [N

r\-- 1/2 2, 3, 4 and 5 trellls codlng ol quaternary CPFSK srgnals The ‘

A "dlstanees reported are normallzed wnth respect to the mmnnum dlstance ol’ blnary

JUDD .
) . . e

R ’PSK That‘means d2 o —.2000 is consrdered a8 the rel'erence pomt and all S

" dlstances are dmded by 2E to arnve at the normallzed dlstances —
i) , : - . N : e

l

' \ T ..-' The mlnlmum Euclldean dlsta.nces) Ior = l/2 m=. l, 2 3 trelhs codes - ("'

a ' L L

. oL { \

P 1mportantly,.opt1mal trelhs codes are evaluateé for a phase detector followed by a \ )

-, ~— ,"'.

: \ " wrth the latter recelver and the MED compared wnth those ol correlatlon recewer.h

.

rn the small’ h reglon ‘Small h’ meﬁns thoge values of modulatlon rndex .

¢ "h < l/M where M is the order of the slgnalmg scheme For quaternary CPFSK a . .

A Lo - o
i , . ) N N o -

‘_~.4"_ .
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-, : . . ) . 6\, .

\._“gnals\our reglon of 1hterest is0<h < 1/4 Thls llmrtatlon of h is ]ustmed by -

the fact that only for small h CfFS’I(sngnahng beqpmes attractlve from the pon-,t‘ - |~

-

Y | - - of-view of sngnal bandwndth (20]. SRS i .. '
o : " /‘ . - t . y" - ‘ > " 6 .
) < 3.3.1. (2, l, 1) cldlng of quate‘nary CPFSK slgnals ' : . Q’ :
. > S : _

(2 1,1) codes form s1mple state. dragrams when comblned wnth quamnary-

: CPFSIésrgnals These eodes ‘were dlscussed in’ some detall ln the prevnous sec'tlon
_ Co e ‘whlle explalmng the comblned state'dlagram Due to the slmphclty of m=1"
Y . . 7 R

TN e ‘codes, an exhaustwe search for fmdlng ‘those " codeS‘ producmg the largest =

l

o mlnlmum dlstan‘?e is possrble' However, tl]ls IS not reqmred when con dermg the', .
: 5‘ 8

N I .___'eqmvalent trelhses referred before. The results for correl\tlon detectlou preaented S .

below are in exact agreement wrth prevrous lnvestlgatlons [14 16 20] : " o

: : . - .~ | i
Lo Table 3.2. shows the mnmmum dnstances obtalned with optimal (2 1, 1)

e codes, l'ol- some modulatlon lndlces The largest MED !monotonlcally increases for T

- ‘ 4

© T ‘ small h The optlmal code for'h < 1/4 with correlatlou detectlon is show.n in

' Flg 3 l4a along th the lmplement‘atlon usnng a blnary mapplng rule Note

e

’lhat the same. code may have been lmplimented dlﬂ‘erently vhth other mappmg S |
. S : : rules. Also due to the presence of equwalent trellis labellings, there can be other

equally good ‘codes. For example the code shown in Flg 3. l4b produces ‘the'
. l\ P [ -
! . same mlmmum dlstance values for smg l h, but the decoder delay N requlred is

larger ‘than that l'or the Optlmal code

.. For small h the optimal trellis for phase™detection .and trellis decodi}gTs

.‘\'N.. coy

- sholvn -in Flg :.'3'.'15 . This. code reciniires a decoder defa'y: of- three‘_',




- Table 302 Largest minimum distances (?f (2, 1, 1) coded '.. '
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) \ o equally goqd code_s,such;as those .shown i_n’Figs. 3.14a: an%‘ 3.’14b ’produce the . .-

same minimum dlstance values,'.but need 'la'rger decode'r\'delhys Phe optm’fal | S .—. -

e v

trellls'above canvb\rmplemented usmg the same (21, 1) lrnear cor{volutlonal code ot
. .

' of Flg 3.14a . by changlng the mapplng rule as shown in Flg 3.15. -
h \'/ . " : 6 , . ~ 7 R T e
- v ’ ) . . .
The variation of' mlmmum dlstgpce w1th modnlatlon index.h for the"code of
5 - b 0 -
Frg -3. l4a [that is'the optrmal (2, 1, 1), code for correlatron‘detectron] is shown in - '

s Flg 3.16 . The two curves gwe the mlmmum drstance fo the same code éhown - o
ln Flg 3. 14a, for the two recelvers consrdered Uif erent merp;er events:

domlnate the minimum drstance over dlfl'erent ranges of h [20] At pomts such as f‘ .

l
r - —

P

|
h =1/3, referred to as weak mod@tlon 1nd1ces 3n [20], MED reflects 8 drplforf

\

both recelvers . With the help of the state dlagram this. can be explalned as -
. (‘fbllows.‘ C L __;_/" N L B ; ]

‘ l
Recall that for uncoded M-ary CPFSK srgnals, when q < M the nhmber ol'

" branches for each-state exceeds the total number of states at each level of the

3 L
trelhs and para‘ll‘el branches are generated between the adjacent' levels.. Thus I'or

: quaternary CPFSK for h-— 1/3 (g < M= 4) ‘the combrned state dragram is |
“ S affected by the parallel brancha of the uncoded CPFSK Thls is sh nlln
- ‘\Frg 3 17 For convenlence the trelhs of the~uﬁled CPFSK w1th h = 1/31 is
| .- reproduced in. Flg 3. 17b The comblned state dlagram for h =1/3 degenerates
_. :'- : mto three seperate state dlagrams and the length of tlm\'numﬁnm\dlstance.

-' & -‘ . - - ‘l‘u ]

'merglng event ls only 2.~ They mrmmnm drstance for correlatron detectron is' c o

l
|
i

reduc_ed t0'1.703 and for phase detectlon toT.SOO:\ S 5' . } -'
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: equals 92 and wher A equals 7/20 N equal?BB
: .dlstances than 'eorrelatlon detectlon for small h values, Table 33 shows the -

wnth the uncoded ‘quaternary CPF SK l . o ‘ oo ‘

' 3 .In Flg 3 21 'rylllmum dlstance is plotted agamst N\he above, optlmal code

: ,.for correlatlon detectron and pha.se detectlon y A o, N R .

- - . c. . . ’ . )
L 3 . H - ' 1
. . - . - . X ’ N . Lo
. . ., . ’ .. . . - . v . ~. - .
N .o - \ -
. - . . c. . . . . ¢ .
. . . . . ;n
X . -

v Y 92

' . ) - ~ . " . . t
In Fig. 3.18, MED is plotted agalnst h for the optlmal trellls code/vnth

-’

) e
phase detectron A\ This does not refleét any dlscontlnultnes The combined stite /

diagram l'or this code at h= l—/3 is shown m/‘ Fig. 3. 19 The trellis does not .

\
degenerate, and the mlmmum ‘distance is preserved at 3.00. Howev‘ the decoder

L

memory requlred around h = 1/3 18 mcreasedl rapldly When h equals 8/25, N, - T

bl . .
b . -zr

For the codes consndered\ above, phase detection ylelds Iarger m:mmum

: codlng galns achreved i each case, l'or som modulatlon mdlces, when compared - _/ :

3.3.2. (2, l, zpodlng of quaternary CPFSK slgnals o,

Results for (2, 1 2) codes are presented in thxs sectl Table 3.4 gives the

_ largest minimum dlstances obtamed at some k- values, [or both phase d’etectron

and correlatlon detectlon For small h values the same (2 1, 2] code is optlmum o
s -

for both recewers Thls code is glven in Fig, 3.20a , and its: lmplementatlon usmg

" _‘a convolutlonal encoder thh Y natural blnary mapplng functlon in FIQ‘3 20b

ky . . ' U . .. .

1

When consrdermg the curves in- detall lt is-found- that for phase detectron*"——w. :
at h= 1/7 2/7 and 3/7 the mlmmum dltance mergmg takes place only after
thr‘ee levels but at, nelghbourmg h the mergmg occurs at mtervals of 4 .or 8.

Therefqre we: may suspect degeneracy of the combmed trellls at these’ pomts. The o~
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state"diagram’ at h=‘1/7 and 2/7 are s wn- in Fig. 3.22 “and Fig 3.23 -

i, respe tlvely From the above%res, clearly there is no degeneracy at these two

“mo tnon mdlces, but the mmlmum dlstance at these pomts, is reduced This is

due 'to’ the short merging events’ shown in Fig. 3-.22_h and F ig. 3.23b , and .the

Y =

. minimum distance' merging'-pa'ths- are identical in'this case for phase de’tection and

correlatlon detectlon . There are other ‘points such as k = 1/5, 2/5 where mergmg

J level is again’ three, but unlike at h = 1/7 and 2/7 the reductlon in mlmmUm

-~ g

R . . N
. was
. at b e, . .
. \ . .
. . . . N Y
L -\ . . :
. o . oa
. .- . . LI . .

\

v

Lot T eitheer, 0 o (.'"

Sy - For correlatlon detectlon, when the optlmal small h code is used, shorthr E

-

S
' \p\omts (h '< 1/2) the minimum dlstance mérge evgnt length is: elther 4 or 8 and

[ .
L : < '
N ” TN .

these merglng events can be obtamed by drawmg the comblned state dlagram ln
. \ .

Fig.' 3 24 the combined. state dlagram and the correspondnng mmlmum dlstance'

e .l -merge event l'or h= 1/3 are drawn However, the optmpl code at h_ 1/3 is

dll'l'erent l'rom the optnmal code for small h. This optlmal code is shown in

-

C ‘v
' b ' o Flg 3. 25a. wnth ‘the correspondlng comblned state dlagram in Flg 3 25b

A}
4

e A
© small h were compared lt is found that below h = 4/ 15 phase detectlon grves

-~ e

larger minimum’distances thamr correlatlon detection. Above h = 4/ 15 the latter

\ ~

< -recelver ylelds larger mlmmum dlstances, though the codlng \galns achleved

~ . \ ,

: bandwrdth (20}, In Table 3.5 the codmg gam achleved in each case is tabulated
ok,
for some modulatlon mdlces, when compared to the uncoded quaternary CPF SK

. dlsta_nce\_ is gradual. Presumably the trellls does not degenerate at. these pomts

2

merglng is. observed at three levels when h = 2)’7 1 /3 and "/5 At all other B

Lo v- Referrlng to Flg 321 wh\e the twb recelvers wnth the optlma.l code for

-beyond h—- 1/4 are unattractlve when consldenng the expansron ‘in the '

H
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(a)
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J
(c)

dry =3 - §05(27l‘/3) ~ cos(4n/3) - cos(D) = 3,00{).'

Figure 3.25: (2, 1, 2) coding of quaternary CPFSK for h=1/3. . (a) Optimal '

trellis code for h=1/3. ; (b) Combiqeci state diagram.
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(c) Minimum.distance path. '
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Table 3.5: Coding gaip of (2, 1,.2) coded quaternary CPFSKp '
‘ over uncoded quaternary CPFSK at same h. '
3 , - . '
‘v |
' 7
; s . o ‘ )
Do Modulation f . 2, " dnin/2E, (dB) ‘(coded) .
.'Index e mins - - — .
T )| Guncoded) Correlation *| . Phase - -
! h - . ' detection detection.
‘ 1/40 N 0.016 6,15 | _8.37. .
1/16 10,102 5,93 8.12.
. . .. ! ’ . ’ . . s s -
" : 1/10 0.258 5.81° * 7,85
4 . \ . . M . /
L o .
1/8 - 0.399 5.68% \ . 7.59
e R 24 0.516 5,58 -1— . .e.76,
1/6 0.692 5,43 7.04
3/16 0,863 5.28 6.16
* Y5 0,973 -* | .2 5.7 5.70
2/9 1.179 4,98 .5.67
/6 © 1,454 4,71% 5.36
»  * Pizzi and Qilg.on {20).
)' 4 '/’\
‘ “;' St o . .



(21, 3) code of Fig. 3.26..

‘ . connections [14 20}. \

"Therefore the trellls o

1 - 105 - 4 - SR

3.33.(2, 1, 3) codlng-of qusterqary CPFSK signals

: 'Table 38 sho ls the largest minimum dist2pces obtamed for. (2 1, 3) coded

qua.ternary CPFSK si als In Frg 3.27 , mlmmuQ drstance is plotted against .

modulation mdex, ‘A, for phsse detection and correlation detection the optimal .

-
4

[
|

T

Optlmal codes for correlatron detectlon are consrdered fifst. At h=1/16,

both the trelllses showrll in Fig. .3. 26 gwe 8 drsta.nce of 0.476 and the decoder*j .

: .“delay requr{ed are 19 ar d 20. l'espectlvely Thus they re equally good codes At .
vth == 175and h= 1/6 t e same two trellrs labelhngs produced optrmal drstances )
| of 1.784 and 2 900 respectrvely At h = 1/6 both codes requrred a delay ol’ 18:
' .whrle at h = 1/8 the decoder delays were 10 and 20 respectrvely For all other : .
small k values, these twl) codes resulted in the same drstance, but the decoder"

' delay requrred for the goc‘be of Frg 3 28a was less than that for the other code ,

possible to obtam equrvalfnt optimal codes b,y trme—reversmg the regrster-adder

— -~

o

)

For small h the trelhs of E‘rg 328a wa.s i al for bhase‘l detection too.

Thus for small h we have’ tbe same optrmal code for bot types of detectron Here

too there are other trellrs labellrngs, obtarns.ble by changmg the mappmg r.ule and

trme—reversal h‘be generator connections |20}, which prove to be of. equal '

' l
performa.nce, same’ mrmmum Euclrdean drstance, decoder delay, a.nd merglng

——

level, - e T

'326a is optrmal for correlatlon détection: lt is |
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P Table 3.6: Largest minimum distances of* (2, I, 3) coded

s J quaternary CPFSKfor small h.
L, s
Modula.t‘:ion - ' 2 .
‘ ‘ dmin/ZE-b /

‘Corselation _ Phase
' detéction detection /

h

RV 0.0 - -} L0023

T —_U . . N sy
116 Y 0w, 0738
TN " 1/8 1.764 2586 -

/7 | 223 3.198 . -

1710 - T Tran®™. e 1,764

e .| 2.900 - 46000 -

3/16 > 3,501 D "4.6.49 |

s | 3.863" . 4309
Ny o495 | 75069

A

. ve | s.6l® +  6.000

. ' N ‘
-
* Lindell e€. al. [16].
*.\ .
3 ¢ . -

e
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S coded CPFSK Scheme it could have been possnble to ldentlfy these merglng paths a

' correspondlng to a minimum drstance gergmg event ol‘ Jength four Foﬂphase

) detectlon’ the 4mmlmum Euclxdean dlstance h\onotomcally increases until .

¥ dlstance me;glng leve] a?h = MS is four Reductlons in the minimem dnstance S 3

: . .slmll‘zl' to these oceur, at i -2/7 and rfgia%a

{ .
' 'only at h= 1/5 2/7 and 1/3 (h < 1/2) By drawrug the'state dmgrﬁm of the

‘ h =~ ;9/ 100 " This monotone natire implies that the same" merg‘ing path-palr gives . P ‘
' A

‘-detectxon ylelds larger mlmmum dlstances than correlatloﬂ detectlon Codmg

k gams achlevedl in each cdse for some modulation mdlces is ngen in Table 3.7.

o,
il .
s

"As before the dB values are computed with respecj to the unceded quaternary

. l’r? . . o 109 < - ' ‘ -t . ." ?"j

P Al ) , L

C e S . ) - . :
Jieferring to Fig. 3.27 for-correlation detectlon of-(2, 1, {3) trellis coded v oo

'Y ! Tva

quaternary CPFSK stgnals the mlmmum Euclldean drstance is' a monotoneJ ) :,__

. mcreasmg runctron of h, up to h ~-13/50 a’n,d at h = 2/7 it reduces to 4097, a

’ 1":

~19/109, and at™h -—l/‘5 the distance. reduces to 4.309. The mlnlmum L

~ "‘

5,00 l[{ lth aahorter mergmg even.t of ot
e ‘ 2

leng four : Nelghbounng pomts of ajl he§e[ modulatlon mdloes result m ;
T T | 2 : o
mlmrnum dlstance mergmg events ol‘ length ive dr £ A L. .
‘r'. v ) A , L : T e ) ."'.' :"n‘? —:

For the optlmal (2 l 3) code,ls\hort mlnlmu}ﬂ dlstance merglng events occur )

But the state dnagram l‘or m=3and ¢g=7 conensts of 56° different states whuh: ’ . é

PR Los T

[N . ?p,l': < N . ' N ¢ "-

makes lt |mpractlcable for drawmg. NENH ,ff' _ o ' e : k

N . . D N a - 2 N , f\"‘ "-'_“, .
B’oth types of detectlon results m monotone ancreasmg drstances up to‘ L

.\

. the. tmmmum distance for small A [20] More 1mportantly, for A X- 2/7 phasg C e

i,
a, ¥ - R

CPFSK . : . - ’ o N
o T o - ce AT
¢ , I . - res
4 : °
. - A
- b ‘ ’ = [ 23
t . : ' ™) . -
> ]
4 L]
. ye
2 C
L1 \
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P Sl Table 3.7: Coding gaip-of (2, 1

A E Y . . M o \ .
' Modglar;iog i i /2Eb (dB) (COded) .
- ‘ ‘ . . /2E m n
.|~ ‘Index " | ﬁi" — o
oL (uncoded) o Corre‘latipnz'. ‘Phage
' e . h ‘ ' : de'tecti'on detection
1 . . ‘;“ . " O ot ' N ‘:8 . l ‘
e 016 " 6. 88 * a8
‘ Lanel o 1oz . 6 69 859 |
" LT : e e T !
‘ e 1/10 04259 6 55 833 ..
- V.Y 0,399, 6. astio o sz
Y ousie L] L 636 v T "
7 O S 69‘5‘, : 628 - |, T2
£ L 3'/,_1-6- ' 0 863 6308 7 31
| s - | 0,973 5099 o0 |0 6,46 E
/ . 79 tare s osen | e
] . S . R N N . - ' '
L Cl/4 1.454 " . 15957 . 6.16
N e ",ﬂ; ; B ) e
N ‘ -' E ‘ . ) - : ! . A ": o o '," ‘ . ‘. , _‘ ) r" ~ \
. ( ’ I % Pizzi ;‘Q.d'.\ﬂi\lson,'po_].f IS } :
; . ! L '.i ‘;{; . .“;‘, - "‘J\' . - ‘ .»" ) i
. : o L P o
: . S g R ' ‘
. N l ‘.&' \' . \< ., . v
S & “ Tyt L P ’ e :3 -‘ .. ‘e
. Q‘ ,.l' ) ﬂ} \{?;
N .":-- L‘ ' : Sl
NN e R

v

M |

» 3) coded quaternary CPFSK _

,Q 'ov,'erunc'oded quaternary CPFSK at same h..

“E" IS
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I

< . . ' .‘ -\
3.3.4. (2, 1, 4) coding of quaternnr'jr CPFSK slg_na.lh ' T

. " " A search for good codes" resulted in the..lrellie of""F’l‘g. 3.28' as tlre best for ;’\,' oo

small h wlth ph*e detectlon The same code was ea‘t)f;r@? to be optlmal

" with correlatlon detectlon [14} The largest minimum distance for sdme h values o

. ool (2,1, 4) codmg of quaternary CPFSK srgnals tabulatem Table 3. 8

. ~
* f ¢ 4 : . . . . . &

L .
In an 329 the mmlmum dlstance agamst modulatlon index. h is. plotted

for correlatlon detectlon and phase detectlon The mlmmum Euchdean dlstance T e

B . .
- 2 LAY E - [

, . 5 for correl;ztlon detectlon mcreases monotomcally up to*h~'l,3/50 however,

. . e
] N 0

S around h = 1/5 there is a- sllght reductlon m- the mmlmum dlstnnce due to. a

< o v
N .‘.

shorter mergmg event of length mne "Beyond h = 13/50 the mlm G Ellstance ls

'\

( FeSS than 6 305 w‘mch is. the maxxmum l'or thls code, (AL h =2 /7 an d h o l /3“ _._-. ‘

.. 3

momentary reductnon in d2 1s reflected due to shorter mergmg eVents of length

t . .

flve, the correspondlng dlstances bemg 4. 473 and 4. 207, F of phase detectlon there

I3

4 s i monotone mcrea.smg curve when the modulatlon lndex h< 1/5 At'-‘_ e

. . -»

V- o . y .‘...1

h = 1/5 2757 and‘ 1/3 due to shorter merglng events of length flve the mmlmum e

P dlstance reduces {0 5000 4555 and 3000 respectlvely For all h < 1/4 the e
. . . : " L 7'..;

R usual mlmmum dlstance mergmg event is of length enght Furthermore, phase AR

re Lt . «, . . ) '. P
. s . . . re b

A B detectxon gwes la.rger mlmmum dlstance,s than’ correlatlon detectxon for h < 1 /4

% - ‘o
- K ‘ s

AT - Beyond, thlé the converse ls true. The codlng gams achleved over the uncoded Lt

LAt e . ) . [N V2
NS I SR “.» o0 . Wy

LY quaternar‘y CPFSK lS ngen ln Table 3.9,. -, f . R IS "-,' o
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k\ Table 3.8: Largest mihimum'diéténcg§ of (2, 1. 4) coded
quaternary CPFSK ‘for' small h.
Y
' . ’
Modulatjon - ) /’- '
latjo, ‘ N Ay J2E
, _ ‘Index — — -
. . gl b Carrelation * Phase
o e '(_iet:ect:‘ion‘t detection v
ﬂ' ) ~ AN Iy l 'I .
_ L1760 0.090-- ' 0.135
L e cowssz. 1 .8t
y 1/10 . |, . 1.363% 1.995
& : e . ‘
' /8t 2.057 . 2.879 ..
la\‘ ] - h : .-"
1/7 2.611 . ~ 3.575
' | 1/6 3.400 4,500 4
3/16 4,119 5.266 -
- s T s ©5.000
[ ‘ ' . L T . ’ '
i ' 2/9 5.210 5.751
. . f
: A /4 6.151% 7.000
. #.Lindell et. al, [16]..
Lo o ) . t !
. l.'.ﬂ l. . !
v “ \ . ) 4 ;
1 T (
3 ‘h ? ..I j ; ' \ \.
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- Table 3.9: Codlng gains of (2,

-

».4) coded quaternary CPFSK

— over uncoded quatern"y CPFSK at same h.

s -
. 2 .
A

Modulation

' Index

2
4l 26,

(uncoded)

4 ¢
k)
:. .‘ ) . AR
dmin/ZEb‘(dB)”.(COdEd) '
- Correlation .| ' 'Phage:’ -
" detettion fdetectiqn ’

£ 0.016
0,102 -

0.259- . :

0.399

0.516

. 0.692
0.863
0.97.

© 1,179

WL

7,50
133

.

'6.58

" 6.26

Lda

EAY)
7.04
6.91
679

6.45

9. 26,"“'
9. oi
8.78
8.58
8.4l
8.13




: coded quaternary CPFSK signals.

116 »
3.3.56. (2, 1, 6) coding of quaternary CPFSK signals

&~

Fig. 3.30. In this case, a complete search of all the best trellis labellings was not -

done. Therefore there may be other -codes better than this. The above.code was
found to be the best for correlatlon detection and phase detectlon Nevb‘r&ieless
at a few modulatlon indices: within the small & region, such as h = 3/16 and 1/4

the code shown in Flg 3.31 was optlmum- for phase detection. This code can be

‘The optimal code for {2,'1, 5) coding of quaternary CPFSK is shown in

obtalnedhuchanglng the mappmg rule of Fig. 3.30 to that given in F ig. 3. 31 with . .

the binary convolutlonal code 1 rema(mmg the sam! s

- . . . . . i
. . . .

Table 3. 10 glves the largest mmlmum dlstances achleved by (2 1, 5) codmg

‘ '. of quaternary CPFSK The performance of the coded system wrth the optlmal‘
. code for- small h is compared for correlatlon detection and phase detection- as .

shown in Fig. 3 32. For h < 1/4 pha.se deteétion ylelds larger minimum dlstances,

than for correlation debectlon Table 3.11is a llst of codmg gains achle\red by the

‘optlmal code as showu‘ in Fig. 3.30. -

-

*@ Summary c} migjmum dlstances for phase detection of coded
quaternary CPFSK sgignals

!

Table 3. 12 glves a summ the minimum di_stanees for phase detection of
. ¥ .

onger memory codes produce larger minimum
kdlstances. However, when h /='1/4 the minimum distance paths for m =4 and
m=5 are identical, resulting in. the "‘same minirfmm distance. ‘Also, the

complexity of the trellis decoder is proportional to',@he number of 'stat_,es in the

trellis. Due to the large number of states involved in longer memory length, codes, -
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"Table 3.10: Largest minimum distances of (2, 1, 5) coded

118

quaternary CPFSK for small h.

. -
T
Modulation )
) o dmin/ ZEb
' Index - — .
. Correlation Phase .4
, h detection, - detection;
- 1/40 0.094 . 0.147
1/16 *f ° .0.578 . 0.890
- N"’ . e .
\v . - ' .
1/10 L 1,427 2.146 k
1/8. 2.157 3.172 e
/7 2.740 3.952
1/6° 3.573 5,000
. " M \ q
3/16 433" 5.739
1/5 4.797 *5.691
2/9 5.550 Bl 6.453
Tt .
1/4 6.151 7.000
I. -
' »

Ve
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Modulation Index(hl C

F1gure 3.32: Comparlson of minimum -distance for 2, 1, 5) coded quaternary &FSK s:.gnals. )
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Table 3.11: Coding gains of (3,1, 5) coded quaternary-CPFSK

over uncoded quaternary CPFSK at same h.

- # - T
Modulation 2 .
| & dmin/ZEb (d_B) (coded)
Index -+ min"77b - : :
g . ) W ' (uncoded) |- .Corr‘e‘lation. Phase
g R _ N detection : ‘ detection’

1/40 L 00160 | 7.9 . | 963

- 116 . [T 0.102 7.53 9,41
1/10 °© |~ 0.259 701 9,18 .

. | ~ _ &
1/8 | .0.39 733 ~ - 9,00
/7| o0.516 Do 8.84
1/6 ' 0.692 a3 . 8.59
' - . P . J :
3/16 0.863 7.00 _ 8.23 .
s 0,973 6.93 7.67
2/9 | 1.179 6.73 1. 7.38
. ( . ’
1/1‘ . . ! 104.54" . ~6126‘ - . * - 6-82
~ ] o *
{
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. Table 3.12: Minimum distances for ‘phase gétection_of coded quaternary CPFSK signals. '\\\\‘h/;’

. .. - =

<. c K [
, - N - - w v

- ﬁ‘ ' .
A . . _ - ) .
ModulfL_gn ’ : LI y - e .
' o . dmin/ZEb (coqeé) o '

Index ) , , .
w | @ ¥: 1,2 | @ e e n®

: . _ . ‘
- . A 1. |
1740 : 0.061 ;T}io- 0.123 04135 0.147

/16 | . 0369 | 0.662 ' 0.7331" I u.814 0.890

"’ - . - -,‘ ! ' ) hd -
1/10 .. 0:882° . . 1.573 1.764 R1.995 . ’ 2.146 -
S P ’ . =

1/8 7 e | 2293 7.586 © 2819 | 3am2

/7 o 1.599 2.445 3,198 - ©3.575- 3.952

1/6 " 2.000° | 3.500° €000 | .4.500 5.000
/16 2.324 * 3.566 4.649° | s.266 .| si739
s | 2,500 3.618 | 4.309 (%5.000. | 57691

.. L. /" . . . .
2/9 . 2,766 | . 4.347 5.049 .. 5.751 . 6.453

/4 - 3,000 5.000. | 6.000. | 7.000 - 7.000Q
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these codes are practical only when the denominator ?f the modulation index is

‘small. In- the small h region, for quaternary CPFSK, the denominator of the

.rational valued modulation index (h = p/q) is least when h = 1/4, 'making the

total number of states for (2, 1, 4) and (2, 1,"5) coding 64 and 128 respectively.

R,

This makes the t;ellis decoder very .complex.

3 4. Trellis codes combmed with octal ICPF SK srgnals . .

In this sectlon the dlstance propertles of (3 2, m) coded octal CPFSI\ signals

_are consrdered The ge%eral model of the commumcatlon system was glven in
. .F'lg-arl When octal CPFSK.is used in .the modulator the mformatlon sequence

. has to be encoded by. a rate 2/3 trelhs encoder. The ‘output | of the encoder

consnsts of three—b)t coded bmary symbols Blocks of these bmary SVmboIs are

 mapped on to the octal alphabet {il +3, £5, £7} N“‘F)he channel symbols a,

chosen from the above set are then fed to the CPFSK modulator whichi produces

» the bransmitted signal. Again an AWGN channel is assumed. , ( )
L . - e 8 )

“The com_bined state diagram of trellis coded -octal CPFSK signals consists of
d.?m states, where ¢ is' the denominator of-the modulation index h { = p/q) and m

is the memory of the trellis code. For rate 2/3 coding, the nuriber of branches

- per state in the trellls is four. Therefore as shown in Fig. 3.33, for (3 2, 1) dodes

there are parallel branches in the trellls, anﬂ'ouly one trellis structure is possxble '
For (3, 2, 2) codes there can be two possnble tre]hs structures -as shown ID

F'lg 331 For hlgher memory codes, thﬁ« posmb]e treé structures increase in

b

N\

number.

s dre
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Figufe 3.33: (3, 2, 1) code: (a) Treliie;; (b) State diagram.’
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. °Figuge\'3.34: Trellis structures for 3, 2, 2) cod‘e_sj‘i"
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.. 3 4. 1. (3, 2, 1) codlng bf octa.l CPFSK slgnals

CPFSK [or h= 1/8 " There are elght transitions from each state to stntes of the

next level Each of these transmons corresponds to an octal sy mbol a, selectcd

v

from the set {;tl 33, :1;5 :1:7} o . '
. * | : \ } °
A computer search for the. best trelhs labellmgs thh phase detectlon and

A

1

trellls decodrng was ca.rrled out for small h values\ For (3 2 l) codes the tr)( lis. ‘

. . R . . ,.g;_

Su

stmcture o[ Flg 3 33 was used m the search whrle the trellls dlagrnms consxstmg .

A of palrs of paralle’[ branches between states were used for. (3 2, 2) codet and

:'. (3 2 3) codes The numencal results are presented in the followmg sectrons

ot . " - B . : P . ~ -, 8
. - LY

N _,. PR ‘,_\ N-‘ o . -, . o4

3
“ _.-’.

The optlmal code for phase detectlon of (3 2 1) coded octal CPFSI\ sxgnals

wrth smalj modulatxon mdxces IS glyen in F ig. 336a Thls ‘is only one ‘of the ‘

'.,‘ 4

equwalent trellls. lahellmgs that is possrble In other Word‘i there can be more

than o&e\optlmal code {or a glven memory length at each modulatxon lndex The '

trelhs above is found to" be, optlmal for small h m conjunctlon wlth a cbrrelatlon ‘

- VS

e recexver too [14] ‘With 'thls code the mmrmum ‘dlstance mergmg occured at level

three for all sm\a\l] l(;l\ue; o EE o i

) .0
¢

N e ’ ‘ ) .
Table 3 13 shoug, the largest mlmmum dlstances obtamed I‘or (3 2 )' coded

octal CPFSK for h <}\/8 Fig. 337 shows the vanatlon of mlnlmum dlst:mce
wrth h [or coqelatron detectlon and phase detectron \lllhen the opnmal code ls

r used Comparlng the two ecurves, clearl}’, up to h S 1/8 pha.se detectnon ynelds

8

-

L
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. ) S 000— -7
, e : 001 — -5
. . | o010 -3 ‘
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co : . . " Natural binary
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) Figure 3. 36 Optimal (3 2. 1) code for octal CPFSK with small h.
) (a) Trellis. (b) Implementation using a convolutional
code and natural binary mapping (14]. ' ,
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,

Table 3.13: Largest minimum distances of (3, 2, 1) coded

optai CPFSK for small h, - :
Modu}atioh d-';:in/ZEb
Indek . y
o Correlation’ Phase
h detection detection
s d] ol ~6L310
1/22'. 0.214 0.398
'1(;6_ : 0.259 0,480
118 - 0.318 ¢ 0.589
1/15 0.454 0835
2/21} 0756 ¢ 1.371
1107 0.983 1-, 764
2/19- 1.081 1.931
1/9 1.194 2.121
| 1/8 1477 2.586
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Table 3.14:Coding gain of (3, 2, 1) coded octal CPFSK

/\ over uncoded octal CPFSK at same h,
. e

Mogulation

& i 4, J2E, (dB) (coded)
Y Index - -min" " b - - S —
D (uncoded) orrelamion |/ feesetion
1/25. 0.09 . 2.50 5.18
1/22 0.122 2,4 5.13
1/20 0.147- 2.46 - 5.14
1 s 0.181" ' 2.45 5.12
1/15 0.259 2,44 5.08
.U L 0,437 2,38 4,97
i/10 0.573 2,34 4,88 -
2/19 0.633 2.32 .. 4,84
e 0.702 2,31 © 4,807
1/8° . 0.879 2..25 4,69
)
.
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larger minimum distances than correlation detection. The cading gains achieved >

&

by“the optimal code, when compared with the uncoded octal CPFSK, is given in

Table 3.14.

’

3.4.2. (3, 2, 2) coding of octal CPFSK signals )

Fig. 3.38a shows the optimal trellis for pliase detection of (3, 2, 2) ¢oded

octal CPFSK sngnals in the small A reglon This trellis is optimal for correlation

detectlon as well (14] The lmplementatlon of the optlmal code using a . /

e

)
convolutlonal encoder and the natural binary mappmg rule are given in°

—
-

_ Fig. 338b With the (3 2, 2) code ol Flg 3.38, the. minimum dlstance mergmg.

occurs S at level l’our for all h < l,/8 N : S . R

Table 3.15 glves the exact “values of minimum distances obtained with’ the'
E . best (3, 2, 2) code. Fig. 339 sh the variation of minimum dlsta_nce with- -
modulation ir;dex h for correlatio detection 'an‘d phase detection. Again it 'is\' Cs
_evident that for h < 1/8 phase detection ylelds larger mmnmum distances than ‘

- 4 -

-correlatlon detection. The codlng gain of (3 2, 2) coded octal CPFSK calculated ‘

wutl; ~respect to the uncoded octal CPESK is tabulated in Table 3.16.

3.4.3. (3, 2 3) coding of octal CPFSK angnals

Results for (3, 2, 3) coding of octal CPFSK signals are ‘given in Table 3.17,
* . Fig. 3.40, and Fik. 341, "As bel‘orc';‘ phase det_ec’tion yields larger mi'nimur:n"

distances in the small A région and the optimal trellis code is the same for

L 4

correlajion’ detection. The coding gains for some & values are given in Table 3.18.

-
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‘ — —o 000— -7
o : - 001— -5
« . . . ) 010~ -3

_ 0ll—s -1
. - | 100~ +P [
— _ . : 101— +3 [° .

o 110<= +5
K _ : 11— +7
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- (b) Natural binary-

Figure 3.38: Optimal (3, 2, 2) code for octal CPFSK with small h, .
(a) Trellis. (b) Implementation using a convolutional

~, code and natural binary mapping [14]}.
ks ' .
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Table 3.15: Largest minimum distances of (3, 2, 2) coded

. octal CPFSK for small h.

&
Modulatig ' 3
uration dpin/2Ey
Index - - — —1 -
_ " Correlation’ _ Phase
h 1 detection detection
i . .
41725 _0.291 » 0.558
1722 - 0.375 - 0,716 :
1720 | - 0.4%2 - 0.862 '
1/18 . 0,555 . L.0s6
1/15 0.792 1.496
2/23 | - ¢ 1.315 2.451
1/10 1.707 3.146
2/19 1.876 3235 ‘
}/9 -, 2.070 3.305 | .
1/8 2,555 . 4.000
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Table 3.16%' Cdding gain of (3, 2, 2) coded octal- CPFSK

over uncoded octal CPFSK at same h: ~

~ '0
Modulation - ) d';i‘n/zab (JB-) | (.coded?:
- Index min" ~ b , : -~
s Correlation - . Phase =
h, (uncoded) detection detection
125 ‘o..09a.' : 4.90 . . 1.74
1/22 0122 4.88 1 " 7.69
1/20 0,147 488, 7.68
1718 0.181 4.87 7.66
1/15 0.259 4.85 | 7.62
2/23 0.437 4,78 7.49
1/10° 0.573 4T F.40
2/19 0.633 a2 . 7.08
- 1/9 " 0.702 4.0 6.73
/8 © 0.879 463 6.58
’
1/‘¢
rr Q{_




Table 3.17: Largest minimum distances of (3, 2, 3) coded -

135

octal CPFSK for small h.

Modulation d;.'in/ZEb‘ |
Index | - .
Correlation Phase {
h detection detection
1/25 037 . | o.620 -
N 1/22 0,482 ) 6.~797
1/20 0.581 0.960
~1/18 0.714 1.177
VIS 1.017 1.669
2/ 1,690 2,742
" 1/10 2,194 3.528
2/19 2,410 ~ Y 3,759 -
1/9 2,660 . 3.773
1/8 3,282 4,000
vl

é-_j
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Figure 3.40: Optimal (3, 2, 3) code for octal CPFS5K with small h,

(a) Trellis, (b) Implementation using \convolutiénal
I 7’ '
code and natural binary mapping (14].
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Table 3.18: Coding gain of (3, 2, 3) coded octal CPFSK '

over' uncoded octal CPFSK at same h, -

-

)

Modulation

Index .

hi E \

P
“nin/ 2y

. (uncodéd).'

»

- .

dmin/ZEb (dB)':(cpdgd? .

§ Cotreiatioﬁ‘ .
. ,detection

* - Phase
detection’ .

1/25

e 1/22
. 120

1/18

B VALE
2/23

- i/0 -
2/19

9
/e

0.094 "

0.122:

0.147
k2

Y

10.259"

0.437. .
0.573

0.633
0.702 .-

¥

0.829" )

. i
"01181 ' .‘ . "‘a‘.

5.9

v

T -5.87

6,00
5.97
597",

o '50.9"6

5:83
3,81

15,79
' N 5072 )

ifé.19

8,15 7.

8315 -

- 8.13 .

8,09

© 7.8 .

T
7.30
6.58 -

¢ .
. 7.89

- °‘ :A
¢ ) C
. >\
. .
'
. *
.- A
- L
°
J ‘J' -~
. /. ! =
. ', " \
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3.4.4. Summsry of mlnlmum distances for phase detection of coded 9.

»

octal CPFSK signsls

A summary ol' rhmlmhm drstances lor phase detectlon of " coded octal

/

_CPFSI\ srgnals is shown in Table 3.19. llore too. longer memory codes produ(e ' .

]
‘latger minimum distances. ’ Agam when k=1/8 the n\:lhlmum drstance paths for

’ ko ' KN

m = 2-and m =3 are 1dent10al resultmg in the same mlnlmum drstance In lhe -

_' .sniall h reglon, l'or octal, CPFSI\ the denormnator of, the‘ ratlonal \alued.-

.
e

modulatron index (h = p/q) is least when h= 1/8 makmg the total numbcr of

l

. states for (3 2, 1), (3, 2, 2) and (3 2, .i) codmg 16 32 and 64 respectwely

1

- Therefore mcreasmg‘the memory length also mcreases the complexr’ty ol' .the trellls

g 3 PR
RS . - wer
'} - o

a iy
' . ~ 2 . vt

“

3.5, Carrier phase ambiguitjr and tréllis coded CPFSK; signals .

In Sectlon 23 it was shown that trellrs decodrng ol' uncoded CPF‘ll\ srgnals »

>

v 'is transparent. to phase amblgmtles of the locally generated rel'erence tones of the

' / coherent demodulator In what follows we show that this i IS true'fm' trellls eoded.

) \’ . ) ', - . .
' CPFSKsrgnalsaswell o e S
. FOr the purpose of 1llustratlon the’ srmple cxample of (2 1, 1) coding*of

quaternary CPFSK srgnalS*wrth modulatron lndex 1/2 (l e MSl\) is consrdered

/

'The trelllses and the state dragrams ol' the (2, 1,.1) code: and the uncoded "
, \quaternary ‘MSK are shown in F ig: §42 'I‘he comblned state dnagram consrstlng -

ol' four states .1s glven in Flg. 3.43. In_the dlscussron which follows, 1t is assumed. '

~that a correlatlon recelver is used to detect, the coded CPFSK 3|gnals



»

Table 3.19: Minimum distances for phase detectionof coded
. octal CPFSK signals.

L
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Y

¥
Modulation® r e
e dpin/2Ey (coded)
Index. - R :
h L@, 2, 1) 3, 2, 2)-° (3,2, 3)
S o : 1 | '
© /25 ¢ . T o0.510 o 0.3%8 0.620 °
1722 £ 0,398 10.716, 0.797 -
" 17200 " 0.480 0.862 - 0.960
. . -~ ’ . . *
18 . | 0.589 1.056 1.177
1/15 . 0.835 - 1.496 1.669
2/23 ?.'371 2,451 2.742
1/10 1.764 3,146 3,528
= f
2/19 *\931 3,235 3.759 —
1/9° 2,121 3.305 3,773
B . . L] " P
1/8 2.586 ' 4,000 4.000 [}
: A - [
- S/
.\ -
i <
' Vd
» ‘.»‘ l
\.—/\}
o 4
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L (@)
Figure 3.42: State diagram'andbtrellis.of (2, l, 1) trellis code and

uncoded QUatefnafy CPFSK with.h=§.

Figure 3.43: Effect of carrier phase agbiguity of 180° on the combined

. Y * T
state diagram of (2,1,1) coded quaternary CPFSK wigh h?!’.

>
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It there is a [180° phase error in the regenerated' reference tones, the
receiver correlates with the incorrect signal. In other words, the correlator
corrcéponding tq the state (O, ‘x), now appears as @k correlator corr;esponding to
the state (0,0°) and vice versa.. This follows from the fact that the phase of the
CPFSK signal has'a one-to-one relationship with the phase states hl’ the state
diagram. 'i‘hus a 180° phase error in the reference tones can be considered as a

180° phase shift in the phase states. That means the phh-.s’e state 0 has to be

" changed to = and » to 0, in the combined state diagram. The resulfing state

diagram is shown in. Fig. 3.43b. Clearly the two state diagrgms are ideptical. -

" Therefore a 180° phaseAenYr ‘has no effect on the hrel_lis decoder.

Th]s cg‘ further be clanfled by consndenng the\combmed trellis of the above

coded CPFSK scheme shown in Fig. 3.44. ConSIder an arbltrary da.ta sequence 3

-

=1, =3, 1, 3. The path of this d’iia sequence through the trellis, when the \

refefence tones are in exact synchroni atloh wnth the incoming sxgnals, is shown
by the sohd line. It is assumed that the demodulator starts at state (1, 0). If the
receiver were unable to resolve the phase amhlgmty, so that the reference tones

are 180° out of phase with the incomihg signal, the decoded path will be as

‘shown by the dotted line. The new path also decodes the data se’quencé correctly.

Therefore it-can be concluded that trellis decoding of (2, 1, 1) coded quaternary

CPFSK signals with A = 1/2 is transparent to phase ambiguities of 180°,

.

- For M-ary CPFSK signals with modulatlon index k, the comblned t.relhs is

mvanant to rotational shlfts of integer multlplés of 2xh. Thls is' the result of

! rotatlonal symmetry of the uncoded M-gry CPFSK trellis discussed in detail in



. : -\ " .
Figure 3,44 Effect of- carrier phase ambiguity of .180° on trellis decoding of

(2, i. 1) coded quaternary CPFSK vwith modulation index 1/2.

b 1

£l
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Section 2.3. Thus, it can be concluded that trellis decoding of coded Mf-ary
CPFSK signals is tra_nsparént to phase aﬁlbiguities of the regenerated reference

tones. In general, a trellis decoder can successfully resolve phase ambiguities of

orh, dzh, ..., 2q—1)th. - . .
- . ) '
x

3.8. Conclusion

»

In this chapter minimum Eucli}ean distances were calculated for ’trelli's
coded quaternary' and octal CPFSK ‘si.gnals when‘ the receiver consists of a phase
detector followed by a trellis decher. Optimal codeé were found for a Wide range
of ‘memory lengths for quate'rnar‘y and' ‘oc.tal "CPFSK - signals l.'or._sma.ll h.
'(h< 1/M). The minimum Exiclidean distances obtained {v;'th this receiver were:

. . , . T, » . . )
shown to- exceed those of correlation detection and trellis decoding. * The-

-
[

4

.modulalt'i‘on indices considered were h < 1/4 for quaternary C?F SK signals and
T - h < 1/8 for octal CPFSK signals. Also it was observed that trellis decoding of . -
coded CPFSK signals is transparent to phase ambiguities o~f the .regenerated

reference tones at the coherent demodulator.

-

”

-




Chapter 4 M

' CONCLUSION
Sa

In this thesis the distance properties of uncodgd CPFSK signals~and trellis
coded CPFSK signals were examined. For reception of CPFSK signals a coherént

phase detector followed by a tr'ellis" decoder has been considered, instead of thé

‘well known correlation receiver.

L
.

s Closed-form expressions: were derived for the minimum Euclidean distance

_/ of uncoded M-ary CPFSK signals. Numerical values of the minimum Euclidean

distance were computed for M =2, 4, 8, and 16. Our results were in exact

AY .
agreement with those obtained W algorithms. Regardless of the

number of states, the minimum distance paths of any CPFSK _trellis merge in at

——

most two symbol intervals. This implies that the decisions on symbols can be

: 'que after a delay of only a few signaling intervals as in Viterbi decoding of

convolutional codes.” For phase detéction of M-ary CPFSK signals in the small A -

region (h < l/]W) it was fouxnd'that the largest minimum Euclidean distance
occurs at h = 1/M. It was also show'n that the optimum mod‘ul,atic-)n il'ldex for
correlation detection of M-ary CPFSK signals can be approzci‘mated by (M—l.)/ M,
without an appreciable reducﬁon in the- largest minimum distance that is

145 . \%

achieved.

A
.
) \\
. . ) '

-—"\
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‘optimal for correlation detection. Whenever the modulation index exceeded 1/M,

. 146

Results for. uncoded CPFSK signals show th‘nt phase detection and trellis
decoding yields larger minimum Euclidean distances than correlation type
detection for modulation index h < 1/M. The'investigation was extended to
combined -trellis coding and CPFSK modulation. In particular quaternary and
ogtal CPFSK signals were considered. For a given-code and a lnodulation index it
was found that phase detection always yields a larger lninimum distance than in
correlation detectlon A computer search was carrled out to find the optnmal

codes for phase detectlon ‘which ‘give the largest minimum distances when

combined- witlr quaternary and octal CPFSK signals. it was evident for small

L

modulation indices the codes that were optimal for phase detection were also

the .oi)timal code for phase detection was different from the optimal code for

‘ correlation detection. Also it was observed that the minimum Euclidean distance

increases with the memory length of the code. Coding, gain, which is interpreted

~ as the increase in minimum Euclidean distance with respect to uncoded MSK, was

tabulated for small h values.

?

Another lmportant outcome of this research was the observatlon that trellis
)

decodlng of both uncoded and coded CPFSK signals is transparent to the phase

.

ambiguities of the locally generated reference tones of the coherent demodulator.

The implications of this observation are two-fold:

'L The realization of the coherent demodulator can be‘simpl'ified bf
avoiding ambiguity resolving circuitry. - : '

2. The' techniques that overcome the necessity for resolving phase
ambiguity such as differential. encoding of data and differential
decoding of data,  which almost always degrade tbe “detector.
performance, can be done away with.
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From an implementation point of view the correlation receiver is attractive

for_ the reception of CPFSK signals only for‘ small M and .q values. The
- correlation receiver becomes more complex v.vith increaﬁing M. In contrast, the'
realization of the phase detector is significantly simpler and the complexity does
not grow with M. Nevertheless for both receivgrs, the complexi?,t)' of the trellis
decoder is proportional to the number of stz;ges in the CPFSK treltlis; that is to
g2™ where m is the memory of the code and ¢ i‘s the denominator of the rational
~value modulatlon index. In tlns latter recewer, for all M-ary CPFSK schemes,
only two coherent carrier components in quadrature are reqmred Moreover, it
yields larger minimum dlstances than in correlatlon detectlon for small -
.modulation .indices (b < I/M) CPFSK signals have good spectral propertles only
" in this. range of h and hence is the region of interest for implemfentation:
Therefore it can be concluded that for both uncoded and coded M-.ary CPFSK :
sighals with h < 1/M, phase detection and trellis decoding is superiof ™ .

correlation detection and trellis decoding. The receivef can further be simpliﬁ:b

by avoiding the ambiguity resolving‘ circuitry; however, this is true for the’

correlation receiver as well.

In this study an additive white Gaussian noise channel with inter-symbol

interference-free signaling has been considered. ‘lg other words;, essentially,;a
wideband channel has been considered. 'One way o‘te_gnding this researcl would
~ be to study the ;effects of implementing this receiver i‘n bandlimited (;hannels. A
computer simulatioq which would give a fair idea of the eitent of degradations
that occur under ISI conditions, andlan error-event analysis of the phase detector

are also suggested. .
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