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This study was motivated by the controversy which exists over tRe
.. R - "n. . . . -
approach to teaching geometry in grade nine.. Which approach should be used
to teach geometry at this grade level:

_inductive or deductive? This hag

A\
years. _ _ o . e . . e

The main purpose of the study, was to investdigate the level of
. . :
thinking of grade nine students in geometry at the beginning of the school
4 : .
A second important aspect: ° of the study was related to the. text
1} ’

materials used to teach the geometry strand in grade elght 4 Also, it was
. \0 .

T
'attempted to g‘etemine if the mental development of grade nine students in

geometry in Neufoundland and Labrador diffe:ed from those of students in
') . . : :
the United States. - S T . -

The sample aeonsisted of 1 004 grade nine students at the beginning

of the gchool yesr in Newfoundlsnd and Labrador. l-lowever, 75 students were

\

(S

- . ©

N
~

e S .
eliminated from the sample because they were repeating grade nine (46) or

4

Consequently, 929 students were

L

using an alternative textbook series (29)

- *

included forﬂdata analysis. - ‘_ Coe ‘ LT e
The students were required to provide information . relative to -
£

their grade last year, the textbook used to \study geometry in grade eight,

and placement in grade’ nine this school year:

t

advanced » 4academic, or

This information was utiliaed in data a 18,

’ The students' were administered a.modif‘i‘ed‘ versfon of theavan H.iele‘
Geometry Test. 'l‘h:_ls test ' included four levels of multiple~choice
- v L L - - "

s

v
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.ot - The students vere classified according to the van Hiele theory of
- mental development in geometry.-

Recognition, Analysis, ’Ordering. or'Deduction.

Al

ﬁueetions. Recognition, 'Anelysis, Ordeting, snd Deduction. There . were

' 1
L4 +

five questions at esch level for a totel of 20 questionsu

Each student was essigned a level: i

3

88.7 percent of the semple using a criterion ‘of-3 out of 5 items correct at

] 1

eae 1eve1- Whenﬁh criterion of 4 out of 5 items correct et each level was

| L N

* o o 8P N

the case of 3 ou&of 3, the mjority of students were at. the recognition
and enalysis levels of the van Hiele theory. In “the. .cese of 4 out of S5,

(

) the majority of students were at the recogn:l.tion level or below recognition~

level. The ‘major finding of -the investigation was that students at the

beginning of grsde rine are ,not prepered for deductive ressoning eccording
-« .

“to the van Hiele model--- AU T

£

The second mjor conclusion related to the textbooks used to teach

geometry in grade eight end the level of thinking of, st%dents nt the’

L

It ‘was possible to classify '

- sqpplied it was possible to classify 95 \percent into a vaﬂ Hiele level. In '

. B W

".'beginning of grsde nine-‘

l
It was found thst the level of thiukinL of

students in geometry et the beginning of grade nine ‘was independent of the
’s

" # :
textbook used for gedmetry instruction in grede eight when a criterion of 3. 3

However, s/ignif cant difference was found when the

out of 5 was epplied.
4 out of 5 criterion’ was ~used.-

~

dependent on’ the text used for geonetry instruction.

- . ‘ ’
s B} .

The third major conclusion releted to homogeneous populatlone and
N ( . “

of mental development in geometry.

levels ’ There wss e signifieant
differenace in the level of mentsl de\(elopment- i,n geometry of ‘grade nine
' . o o P .
. ' h !
0. | 114

" The level of thin'king in geometry wes .
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" which would seem" t:o make\ eognitlve denande 1n r.he areas of qpati.al

near the age of eleven or twelve. (Adler:"1971 p. 214) S .

. RN .. SR - ’
' »
/ ‘, ) "
o 4 .
2 ‘ 4 - ' !
» ’ "
'  CHAPTER 1 o
- o ) p M
- . i ‘ '
. i . 4 DR .
' , STATEMENT OF THE PROBLEM v
N \ . . ) v e .
’ , - : , o . ‘ R
. To some minds ghis "urge™ comes early;-to, others it comes
) late; to ‘a few" it. comes not "at all. i1 it comes, . -
- however, the pupil .cai profit but little ‘from, the study “of -
.demonstrative geometry. (Reeve, 1930, P 11) . B
1 ) . . t . . ‘e T - .‘ . . . . ' ,." MRS "
<le. . { - Y TR
) ' ' Reeve (1930) identified two types of geometry., 1nfoma1, hﬁich ‘

a . ‘Y , P

includes intuitive and’ experhnent&l geometries, and demogstrative geomecry_. o

A

vhich 1d a desire or urgé"’ r.o prove.g Fifty ;years agg, mathematica

> o e

educators were :l.nterested‘in developing a &rognoe:t::lc test in demons‘t:i'a.t‘i'.yet
geometry” to deﬁrin'i.pe'who- could profit'bj! deductiVe 'thinkingJ (g. -14).
When do studemtd reach a atage n-t thoir mental deVelopment where ©

they can reaaon deductively? Piaget: 1ndicated a t:raneif:ion between the :

et&ge of concf' te operationa and the, fomal 'operational sr,age. He at&ted
s . [

that r.he child enters the: sstage of adult: reasoning or formal operations :

|

Yo A

Deduct:lve reason:lqg :ls considered to be a soph:lét:lcated 'behawiour. "‘, L

it

This ability 1s the .f:lnal form fof a11 mthemetical reaeoni.ug. The geome;ry

component in seg&; high school, mthemat::lcs coursea requires deductive

, f
K

ej'nthea‘ice. Uﬁiskin £1982) stat,ed' "Gaometry proof 15 a high 1eve1 tnak

reaaoning, abstrnct reaaoni.ng, and problem sOlving" (p. BB)...

ey

'thinking. Studenta are expected to be able to. write a fomal proof or 4

- -
eh e 3 PR

&
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: Proo?—mking ie considered a complex terminal behaViour which ie' -

N D) .

e built on a number of prerequieite ekille. These ekille ere hierarchial and N P ;

|
PR -

o require a condiderebie amount of inetructiohel time. Q‘here is genera]f

c-". . -‘., v e ..>“

L ’“em“ aong, “““e‘“me, edﬂ‘catom (Hendrix.-l%-l, Allendoerfer, 196%;. | ... .-
» Klme’ 1975. Hiatt,‘ 1979‘ Hoffer, 1981" ﬁrowny 1982) . thdt .’ induct-ive=‘-~. . | :
d o con_:]ectunng 18 :a Pre?equisite’;ﬂ’to formal proof writins ;"t deductive .f

" .A t .

. - . v
. . PO

IR BN - . Y

o . S

2 ta »reaeon-ing.
- There is;some conceneue among methemetice educatore that geometry

| - ie Ta baeic ekill at the junioﬁ high “echool 1eve1 (Sendere and Dq,nnie, 1968 - “kﬂ
. b -’t'_ Peterson, 1973' Shererd 1981).-._-. l'n gradee‘ seven and eight, the geometry_~ B
_ * N ’ strand is infomal end inductive. However)_ there ie some uncertainty at_- ', -_::' ’. ‘}
' . | the ninbﬁ grade level regarding the epproech to the teeching of geometric:."__;‘ byt
\\ - 4 concepte end properti'ee.i ‘What réaebning ehould be ueed in geome%ry‘with K ST R
. | | , 'theee students :.-inductive ot;. de:iuc:tive?'° It eeene-"thet‘ eome. ntudents in 1 l‘
. L this srade go through a traneitoty period from inductive to deductive ‘ S |
o oo . reesoning., In the ninth grede, the geome'j:ry atudied should reflect the‘-_‘ |
. 4_“ ' “‘ student- eom\ental deve10pment as 1it, reletes to geometric thinking. Deipite. ‘ . S '". .

®

,.--\»“
. T .
t'heir dlronological ege,wthe mnl development of many nint‘h graders uy'c ]
: : ) " .8 '
.o . e
ST not “be eufficient to reeedn deduct’i‘vely. 'Ihe degree of: emphasia given to R

®

f

the teaching of infotmel gebmetry- in earlier-gradee ie a criticel variable RN
g in terme of etudent eucces‘s "in grede nine. o} -' - “ '_ o ~ SRE

- . ot .

"“ In Newfoundland ahd Labrador, the geometry component ‘of junior‘ high , ’ .

school matheaatice hae been a fochl point for much diecueeion aince

‘a

. September 1981. \here have béen two,main isaueex (i) the approach uaed in
. 4 [ * ‘o
ninth grade geometry - inductive and/or deductive' and (ii) the quelity of: - .
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informal gecmetry béing taught before grade nine, especially grades seven

. and- ‘eight. sAn overview of the current Junior high mthematics curriculum,

-

. \ )
as Be,ll as some background is necessary.. N

r* - : *
o |

'- A -Th.e junior high mathematics curriculum currently has tvo -distinct

. !

\

@

sttuctures’, one deqigned for ’grades seven and eight and another for grade

-

nine. In grades seven and eight, there are core units at eech grade level -

N .
with énrichment and introductory topics. } There'\.sre two units of geometry

in the core for each grade., In grade vnine, t.here are three courses

"

-

designed for different Ievels of" mathematicsl nbility._ advsnced, academic, .

and prsctical. In the sd(ranced and -academ.ic courses, geometry is 50

percent of “the prescrihed mthematics curriculum with the mjor difference

being in the approach. . o ? A S o

'y ® M v

The advanced course - was designed for students with above averqge ‘:'

L

- \. N
ability An- msthematics. 'l'he students are introduced to an ahstrsct

“

1
a

rigor&s and proof-oriented. : Students are. expected .to’ prove triangles

congruent by the end -of . grade n’?:eq The textbook, Geometrz (Moise and’

jiaDowns, 1975), authorized for “this course - was written‘ for tenth grade

r L

: students, -in the United Ststes whot study geometry in a single year. At the

end of the ninth grade, the attrition rate in a number of- clssses is above.
vhat inight be considered normal. L '
- The academlc course wag’ designed for students with average abiiity

lin mathematics. . _The course ia studied by the mjority of students in

Nevfoundland snd' La‘brador and in. mny ell-grsde schools , At is -the only. L

courle ;of)fered. The geometry portion of this coirse useg the inductive

-
} . u »

mathematical sys.tem early in the ninth grade. The t’reatment of geometfy is ’

\

o,

n

-

e e T e £ Ak s ot g el St T

pro

-
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approach' to establish- geometric concepts and properties of 'geometri(:

.

Geometry, Boof'l (Ebos et al, 1981) '

figures. . ‘The new text an ‘horized for‘academic studenta is Math 1Is/
_ - ™

- . 4T .. In S?mber 1979, two . text " series were.  authorized for grades -

o seven and eight° . School Mathematics and Math Ia.(‘ When these texts were '

°

+.

on the ability of the students and the grouping policy of the school -

-
homogeneous versus heterogeneous. At that time, it was suggested by pilot

teachers that the Math Is series was more suited for studenta with average :

'or above average abi'lity in mathematics. Also, it was suggested that the
. ’ School Mathenatics serles, ‘was more appropriate for average or below average
"ability in mathematics. Thex;e are some differences in the textbook series

which hsve had an impacf on: their use in the~classroom. .

.
-
. -

} " the early 1970's. . However, in 1974 these texts\vere Canadianized and

. . métricated - forouae in Canadian schools.. The senies is a continuation of

.

the mathematics program %d & the elementary schooi with bhe ‘same

-
- o,

4 -t %

’

appropriate for heterogeneous grouping in mathematics or the all-grade

- Y

schools since the texts contain graded exercises. Consequently, in 1979,
L3 . I i -
the majority of qchools adopted the thpol Mathemtica se:'ies- : '-_ ,%

. Al B
) L

4 ' ] »Al'

-

wr
. \

teaching strategies bsing r’ecommended. : The texts vere teache@oriented‘

with a detailed ‘teacher’ 8. edition.' As wel-.l e' texts aeenedv nore'

o \problem solving approach. The-toxtsa are ~studenu-oriented wit-h vex‘y :

mplemented, schools had . the . option to selec‘t one oOr the other.- depending -

A

The Math(f\aeries was writtén. in Canada by indigenous authors in ‘

Ve

)

the mid-1970's. The series m&tends from grades seven to. tvelve and uaAa v

The School MaZhematica aeries waa written in the United States In..,

RN




)

¢ b

little direction for the teacher. The f:*tet edition of these books did not
contain graded exercises. It was *adopted\ in very few schools and wmainly by

thogse which had a homogeneous‘ grouping pol.i\-\y' in grades geven and eight.

. It is'iﬁbﬁrtept to note the/}}eatioﬁvof the .geometry in the two

" Bodk 1, the"re ‘has - been much. discussion on the suitdbilicy of the geometry“

[N

textbook serj.es. In School Mathematich, the geometry modules are iecated

at _the ‘end of the “textbooks. In Marth Is, the geometry chapters are

integratee throughbut -the textbonks. If }n.athemticd’ 13 taught ua:lng the .

' vtextbooli approach’-, there may not be enough 1natructional time to ‘teach

L

geometry in. School Mathematica.

. . . \
¢antent in Schdol -Hath'emetics and Math Is,’as a prerequisite to grade nine

academic mthematice. ‘TeacheTs’ have found the geometry 1n Math: Is to be

more applicable .a8 a pﬁerequ:leite. Hany schoole have moved to :melement
,the Hath Is texte in grades -aeven and eight. - Currently, epproximately 70

percent of students are using Math - Ia :ln this province.  This eer:{es ia

' he:lug used in both homogeneoua and hetetogeneoua groups as weli as
. f - ' ‘ ¢ , . 2

T

all—grade schools. o . B S —

.

.

In eummry, the.'gepmetry portion of the academic mthen_lratice
course ° at i the grdde‘ nine level 'was ‘modified to ’accon'modate teacl‘iera'
eoncerna that the previous courae ma too proof—oriented- Th:l.s ahift frbm

, deduc‘rive reasouing to the :lnduet:lve approaeh at this grade level has been

v

~ ‘controversialy . There are some teachers Who feel that deductive reasoning

. shéunld, remain 1n 1\ne deqpite the:lr studenth having limited success’.

‘Since September 1981 w:lth ‘the :lmp].ementation of Math Is/'Geometry;.
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fundamentsdl questions relating to
N * . ° -

h ]

. . N . S o - |V
-provided with experiences wh:l.c\{ are appropriate to their level of th:l:nki‘\ng‘.

-In thifs" study. answers to three questions reﬁldting to” stude'n_ts"’g:en’}:al.

%

the student's mental development

in

geometry and the quality of geometry taught in the previous érade using

different textbooks.

m‘i:ﬁemaj:i,cs program in L'Newfoundland and Labrador. 'Studengs shousz{ be

development in the ninth- grade are sought.

{

- . .
N s

I. RURPOSE OF THE STUDY =

-
[}

]

o

. :
Question lz,pAgé altudents at the beginning ‘of the ninth

.Quest:lon 2:

.Quéstion 3:

2
grade prepared for deductive reasoning?

)

Are there any differences between the van

Hie:lg 1éve1§ of mental \development in

-
a

geometry of grade nine students who were

taught using the textbooks: Math Is/2 and

" School Mathematics 27

Are there any differences between the van

Hiele levels of mental development in

geometry of grade nine students in Newfound-

land and Labradot and \;\ho'se'-of gtudents in

S

" the United States?

-~

_-.Géometry is part of the "core requirements in theé -junior )

\

hi

|

\

gh-
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II. LIMITATIONS OF THE STUDY

-

This study was conducted in the ‘province of Newfoundland and

. Labrador in the fall of 1983. Tt}e following.deli.mitationa were imposed:

1. Students sampled were enrolled in grade nine for the first tdime

vin hgtember 1983. Students repeating grade nine were qliminated from the

sample . ’

a
s

. N . - o |
2, Students. sampled were taught _geometry in_ gtade‘ eight . from

School Mathematics 2 or Math Is/2. Students.taught using other textbooks

-

were eliminated from the sam'ple.
3. The study did not attempt to deternine the amount of

instru®tional tinmé spent on geometry in grade eight.

4. The "researclier 18 the Mathematfcs Consultént: "i:lth the'x

D 5

Depaxtment of Education. : (
. .« . o

III. SIGNIFICANCE OF THE SfUDY o ' o !

\ B
Over t:he_next two years,; the ju'n:lor high s,éh'ool curriculum in
Nevwfoundland and Labrador will be reorganizeéh There are a number of

impl:l-caftions for ‘mathematics, especiall); at 'ti\e grade niﬁe level. Hence,

this research .should haWy an mpact on the design of the mthemat:lcs ‘

program in junior high nchool and, in particular, the. geonetry component.
\

The level of thinking '1n_geometry should be an important consideration in

curriculum developmaent. . '

n

Freudenthal (1973) examip’ed the role\ﬁf geomatry in the mathematice
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.

curdculum. He stated Fhat: “Geometry 1s not only deductivity™ (p. 402).
He suggested that y'sfme students - will never build- deductive systems, but
they must still.learn‘ mathematics. Hé maintained that some aré""pushed'tb a
higher. level in the learning process too eayly én&l aided by algorithms (p.
416). : o« q '

Hoffer (1981) suggested that geometfy includes more than proof.-~ He

. ¢
identified fivé’ skills in geometry - visua‘I, verbal, drawing, logilcal,

and applied: “v Fﬁrthgr, he mintained that.- informql activiﬁies and

investigations in each of these skill areas would be beneficial before

writing out a proof. He auggésr.e.d that formal: proof be bostponed until the

'

students are” prepared to work with a deductive system.

«es by beginming formal proofs too early in a geohetry
course, we may not account- for those students who have
not yet reached a sufficiently high level of wmental .
development to enable them to function .adequately at the
formal level. (Hoffer, 1981, p. 14) .

In September 1983\,' ‘the Department .of Education, Division of

-Instruction (Curriculum), éppointed' a Junilor High Mathematics Curritulum
* ' - ' ' N

Committee. One, of the.terms of reference is to develop a teaching guide

e .

for junior high school mathematics. How much geizmetry should be included

at each grade level? What teaching approaches should uged at e&ch grade.

\

level?
pd

The authorization .of *téxtbooks is also of

cance. The ‘most appropriate text materials should used” ih developing

s

eometric éoncep_ti.s and principles. The -geometry component in|the various

exts should match the' student's level of thinking. Should textbooks

-

onsiderable signifi-’

O % o e
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In summary, the Jjunior hig;h\ mathematics is being revised and

[

restructured to comsist of grad,es': seven to uine,, a new junior high

llmathematics curriculum guide, 18 being develope-d and new textbooks will be

\

authorized for Septembér_ 1984... Hence, the jor significance of this study

-

is using 'the results in curriculum- development at the juni'or' .higb a’chool"

sy e
v

level. o ~

l. o . "‘ -
1v. THE EKPERIHENJ‘AL SETTING 9
« ' '
. ' ¢

The following is an overview of the experimental design. A more
N . .

' -
detailed account is reported in Chapter IIIL. ..
The population from whiéh the.sample was drawn consisted of all
grade nine students in Newfoundland and Labrador. Twenty schools were.

randomly aelected'giviﬁg a sample of 1004 students. However, there were 46

°

students repeating grade nine who were eliminated from the sample. Also, -

there were 29 students who studied mathematics 1in .grade eight using‘an

alternate textbook. Consequently, only 929 stuglenté ver;é suitable for data

»

analysis.. ' ; ’ . . -,

The students were administered a modified.version of the van Hiele

. . 3
Geometry Test 1in September 1983 (Appendix B). . The test contained 20\ ¥

. ..

-

multipie;choice il:ems based on writimgs of"- the, van Higies. ' The items
tequiréd different ]:evels of mental develfop.n.lent. in geometry: Recognition,
Analysis, Otdering, and Deduction. ‘ ‘

Data were collected with ;espe\ct to the students’' gtatus at the

time of testing. They were asked to indicate their grade last ye:nr. the
LY r ’ )

4:\
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[ -
textbook uge& ‘to study geometry in grade eight, and their placement in

grade nine mathematics courses. These data are summarized in tables in

' * V

-Chapter IV;. -

- ’ V. OUTLINE OF REPORT

P I
LAY

o

.
s

Chapter III, the design of the study, the instrumentation, testing

procedures,. and methods .'used to analyze the data "are discussed. The -

results of the data analyses, i.ni:erptetation_s and conclusions are contained

in Chapter IV, In thé fimal chapter, a s’mnmary'of the study, a discussion

® .

of the results and implications, and suggestions for. futthe_g_',reseatch are

—

provided. v : o

" -
)
-

PR

A) review of related research 18 pgesented{ in Chapter I1I. TIa
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REVIEW OF RELATED RESEARCH

This chapter cdhtgins a review of related literature on the van
Hiele theory of mental ~diéveil'opmem: in geometry. . A short histg:;rical
over:riev ‘of the theory. is preae_n'téd. The :theor;y ﬁnd its ‘pr‘qperties_ are
described in detail. A summbr?' of t;hree‘ major - research projects im the

United States on the 'theory_\.ie i)reseﬁted. Finally, imblications‘ of the
' 4 D LY . ‘

N, .
~ e

theory are discussed.

° '-I. HISTORICAL OVERVIEW OF THE VAN,HIELE THEORY -

’
“

The van Hiele theory was developed in the Latze 1950's by two high

. ‘ »
school teachers, Dina van Hiele-Geldof and, her husband Plerre Marie van -
~Hfele in the Netherlands. P. van Hiele (1957) formilated the’scheme and

psychological principles, while D. van Hiele~-Geldof (1957) facused on the -
¥

didactics experiments to raise a student's thought level. (Hof’fet, 1982,

pe 4)

Freudenthal (1973) described -the tﬁeoty in gsome detail, especiaily )

the work of D. van Hiel‘e-Geldof. Hence, it was brought to the attention of

mathexﬁatics educators in Western Europe. - However, the theory received
-

little. attention in North America,..in particular the United States, until
. . 7

r

the mid~1970's. -Wirszup (1974) formally introduced the van Hiele theory to

Anmerican ?udiences- He described breakthroughs in the teaching of geometry

|

1
1

-11 =

'

e
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in Russia and the van Hiele theory. Hoffer (1982) maintained that it was

Wirszup's preeentation ‘that attracted the attention of American educatora

to the van Hieles' m 11). T.herefore, the theory has been rhe focus

. of research 1n Beometry-during the last decade in the Unired States.

II. OVERVIEW,OF THE VAN HIEIL THEORY

L.

P

The van Hiele theory deals w:lt:ht cognitive aevelbpmenr in geometry.

) . . ¥ :
The theory provides a rationale for describ:ln‘g why ‘many students have

difficulty with geometry, as well as identi‘lfying “'some " solutions in

relationship to curriculum development and clagsroom instruction. Both

Usiskin (1982) and Hoffer (1982) identif:led' three main components of the

van Hiele model. 'The conrponents. consist of (1) existence of levels; (ii)

.properties of the levels; and, (11i) phases of leerning. )

-

Existence of Levels o

v
.

The van' Hieles identified five levels of mental development in

¢

geometry. Wirszup,(1976) gave a detailed descript.ion of the levels which

. were used in the Russian gesearch " Also, he pointed out the wvarious

descriptions of behaviour given by Freudenthal (1973), as well as .the

descriptions given by P. M. van\ﬂiele in 1959. Hoffer (1981) described the
levels after visiting with P. M. van Hiele in the Netherlande- Usiskin

(1982), Geddes (1982), and Burger (1982) gave descriptiona. of these

behaviours. A number of source documents of the van Hielea writings wvere

exanined to find quotes that described behaviours of srudente at a given

~

et

e

. e ram,
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level. Geddes (1982) referred to them as "descriptors of van Hiele levels”
{pp. :7-].0). Burger (1982~) 1dent1fied certain reasoning phenomena vwhich he -
. referred to as "level indicators” (pp. 23-25). Wirszup (1976) deacribed

the levels in detail, while Hoffer (1981) gave the descriptions namea for

. each of the levels.

-

. Level I1: Recognition (Hoffer, 1981, p. 13)
ﬁ 'This initial level is characterized by the perception of :
geometric figures in their totality as entities. Figures .o
are judged according ‘to their appearance. The pupils do
' rot see the parts of the figure, nor do they perceive the
relationships among components of the figure and among the-
figures themselves. They cannot even compare’'figutes with
common properties with ome another...The children who
regson at this level distinguish figures by their shape as
a whole.- They recognize, for example, a fectangle, a .
saquare, and otheT . figurea. They .conceive of ¢the Y
rectangle, however, as completely different from the
square. When a dix~-year-old is’shown what a rhombus, a
rectangle, a square, and a4 parallelogram’are, he 1s
capable of reproducing these figures without error a-
"geoboard of Gattégno”, even. in difficult arrangements.
The child can memorize the names of these figures
relatively quickly, recognizing the figures by their
shapes aloné, but he does not recbgnize the square as a
rhombus, or the rhombus as a parallelogram. To him, these
figures are still completely distinct. (Wirszup, 1976, p.
77) -

7

£ o el O e ) IR

. ]

) Level II: Analysis (Hoffer, 1981, p. 14)

.
-
B

. The pupil who hae reached t:he second level begins to
, discern the components'of the figurea, he also establishes
relationships among these components and relationships
‘between 1individual figures. At. this, 1level,- he 1is
therefore able to make an analysis of the figures.

[§
.
S S
g

pdpceived. - This takes place in the process ‘(and 'with the.
he{p) of observations, neasurements, drawings, and ‘model~ J
ma‘ ing. The properties of the figures are established )

&

~




experimentally; they are described, but not yet formally

.defined. These properties which the pupll has established

serve as & means of recognizing figures. At this stage,
the figures’' act as the bearers of their properties, and
the student recognizes the figures by their properties.

That a, figure is.sa rectangle means that it has four right .

gngles, that the"}diagonals are equal,.. and that the
opposite sides are,_ jual. However, these -properties are

still not connected—with one another. For -example, -

the pupil notices that in both?® the rectangle ang the
parallelogram of general type the opposite sides are equal
to one another, but he does not yet conclude that a
rectangle 18 a parallel_ogram. (Wirszup, 1976, pp. 77-78)

-

1

Level LIII:: - Ordering (Hoffer, 1981, p. l4)

<o . )

Students’ who have reached this 1level of geonmetric
development establish relations among the properties of a
figure and among the figures themselves. At this lev&l
There occurs a logical ordering of the properties of a
figure and of classes of figures. The pupil is now able
to discern the poasibility of one property following from
another, and the role of definition is clarified. The
logical comnections among figures and properties of
figures are established by definitions. However, at this
level the student still does not grasp the meaning of
deduction as a whole. The order of 1logical conclusion 1s
established with the help of the textbook or the teacher.
The child himeelf does not yet understand how it could be
possible to modify this order, nor does he see the
possibility of constructing the theory proceeding from

‘different premises. He does not yet understand the role

of axioms, and cannot yet see the logical connection of
statements. At this 1level deductive methods appear in
conjunction with experimentation, thus permitting other
properties to be obtained by reasoning from some
experimentally obtained properties. At the third level,
a square 138 already viewed as a rectangle and a8 a
parallelogram. (Wirzsup, 1976, p. 78)

14
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LEVEL IV: Deduction (Hoffer, 1981, p. 14)
.o . ' , “ : - §

At the fourth level, the a'tuaénta',grasp the significance
of deduction.as a means of constructing and developing all
geometric theory. The tramnsition to this level is
agsisted by the pupiis® understanding of the role and the
esgsence ' of' axioms, definit:l.ona, and theorems; of- the

logical structure of a proof' and of, the analysis of the’
- «logical relationships between concepts and stateménts. -

The students can now see ‘the . various possibilitiea for
develpping a ‘theory’ ptoceeding from various premises. For
éxanple, the pupil gan now examine the whole eyatem of
propertie‘s and features 0f the of - the parallelogram by

15

_using’ the textbook definition of a“ parallelogram: A °

. -parallelogran is a. quadrilateraly -
which are equal and parallel. (Wirszup, 1976, p. 78)

‘ Propertfg of the Levels.

parallglogram is a. quadrilateral in whic'h the opposite
sides are parallel- But he can also construct another
systen based, gay, on the foll&v"ing ‘definition: A

o opppslte .sldes of

¢

Level V: Rigor (Hoffer, 1981, p. 14) :

o \ o .
This level of. intellectual development ‘in geometry
corresponds to the mdern (Hilbertian) standard of rigor.
At this level,’ one attains . . an- ahstraction from the
concrete nature. of objects and from the ¢oncrete meaning
of the relations. connecting these objects. . A peraon at
this level - -develops a theory without making any concrete

interpretation. . Here geometry acquires ' general

character and broader applications. For example, several

objects, phenomena or conditions serve as "point®”, and .

any set of "points” setves: as a "figure”, and so_ -on.
(Wirszup, 1976, p-. 79) ' .

.

The ven Hieles identified propertiea ‘of 'the levels, Usiskin (1982)

and Hoffer (1982) ﬁ_escribed tliese-pr'operties and assigned name‘a.' l,

v

3

Prgperty 1: (Fixed Sequence) A person cannot be at van HieLe level -

" n without having gone through level n-l.

q ",. ’I

-

W
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Property 2: (Adjacengy) Ateeach level of thought what was ! . -

intrinsi¢ 1in the * precéding levgl becomes
extringic in the current level. ~ -

v

-/ ' * . s

Property 3: (Distinction) Each level has its &m - ~
' ‘ 1faguistic symbols and 1ts own network of . R S
;relationships connecting those aymbola. L ,&/ , -
L. Property 4: . (Sepgration) -TWO _ pers,ona who - reaaon. at -\ - )
/ o . differeat levels camnot understand’ each 3 o
: othe_;. . ' T " : .
‘Property 5: (Attainment) “The learning proc&s which leads "
°© ’ to complete” understanding at the ﬁext higher ' s
- level has five.phases, approximately but not . C '
strjctly - sequential, entitled: inquiry, .
e directed orientation, explanation; free - ;
orientation, integration. (}lsiskin, 1982, e
pp- 4-6) . ‘ -
’ R ] i
N . . - ! A T . .
Phases of Legrning . L - Sx . ;
- ¢ , x‘\ﬂ ' ' " /"“5 5

This , aspect of the theory is_ considered by the van-Hieles to be of
¢
special significance. They believed that cognitive development: in geometry
i’ i T
is di /tectly releted to quality and quantity of :lnstruction. Usiskin (19829

cognitive - deVel ent in geometry can ‘be a,ccelerated by instruction.™

(p- 5) Alao, ddea (1982) observed: ° Progreaa from one level to the'

. ' . 3 1 ]

© next, asaert the van Hieles, is‘ more dependegt upon inatruction than on age :

or biological maturation, and t‘ypes of Instruc_tlonal experiences can affect s

'progress (or lack of it).” (p. 6) ) \ o - \ , ~

'l:he _van l:iele model ‘i based. on instr'uct:lonal time rather rihar:
biological g‘rowtl} of the ch:l.ld. The wri.btings of the vi: Hieles indicnte a -
-|considerable emouut of instruetional time 1: necessary to move from one
level to the ne;:t. Uaiakim (1982‘;reporteq. the resul¥s of Dina van

L 7/
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R B .. their use .of the vocibulary ‘and express their .opinions

17 -

-

Hiele-Geldof's didactics exper:l.menta. He stated:

Dina van Hiele (1957) reports having been able to lead
students from level ‘1 (Recognition) to 3 (Ordering) im 70
lessons, 20 lessons to go from level 1 (Recognition) to
‘level 2. (Analysis) and -50 more lesgons to go from lavel 2
(Ana],ysis) to level 3 (Ordering) (Usiskin, 1982, p. 39)

A

5 .

Hof fer (1982),‘§bserv.ed‘ that the. van Hieles proposed “a prem_ipticn

for orggnizing iﬁst’:tuctlio‘n" (i:.‘ 2). He describéd‘ in some  detail the

proceas of movenent from one level to the next (pp. 5-—6)q P t .

. . . 2

T ”\Phase 1. Inquiry. '.l'he teacher engagea the students inﬂ
+. conversations about - the objeéts - of ‘the ’ ‘gtudy to be
pursuec}o. The. teacher learn how the "students interpret

"t the’ worde and gives the students some understanding of

v what "topic is ‘ta be studied: estions are ralsed -and -
. ,obgservations made that use ’the vocabulary and objects of

e . T the topic and get ithe stage for further study..

" Phase-'2. Directed orientation- The teacher carefully
sequerices activities for ‘student exp]:oration by which
students begin to realize what direction the study is
taking, and they become .famiI®ar with the charafteristic
structures.. Many of the activities' inlthis phase are

- one-step tasks which elicit specific respo es.

3

Phase 3. Exgliciting_. 'I.'he students with minimal prompting
by the teacher and building -on previous experiencés refine

.o -+ about the :[,nhetent structures: of the study. During 'the
phaae, the atudents beg:ln to’ form’ the system of relations
of the study . ~
Phase 4. Free _Orientation. Il'he students noy encounter
multi-step tagks or different ways.. 'l'hey ‘gain experience

o, ,Im finding their own vay or- resolving the tagks. By .
: . . orienting themselves, many of "‘the ‘relations between the -
noh o objects of the study. bécome e):plicit. to. the atudents..

e Phase 5. Integrition. “The ntudents now review the methods
‘ at their disposal_and £5rm -an .overview. The objects and
' . relationg are unified’ ?and internalized into a ‘ney damain
"+, -of théught. The teacher alds thie process 'by: providing -
. / global surveys .of what "the students alréady know being g
Y LT careful not to present’ new or di,scordant ideas. -

' ‘ . ; or . s
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phases Qf learning befote attaining the next level of thought.

+

.

is attained" ‘#p 6) .
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a : L

Other Aspécts of the,van Hiele Moddl
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. " of the van Hiele theory.

[ . ¢

1

2

18

-

> The Yan Hieles 'maintained‘ that the student must’ go &hrough these

Hof fer

(1982) stated} "At t.he‘close aof the fifth phase the new level of thought

N
.

(1982) -and Ho.ffer (1982) ideptified other characteristics

s

o "siveness, and wide applicability ('p. ‘6) - Hoffer (1982) proposed that the

.« ¢ L3 ]

‘, " ) ., -van Hiele theofy could be applied :o topics other tha"h_ geomet;ry.

a
*» s

into levels' of thought: (pp. 30—32)

example, he, organijed logic, geometric trannfomationg,

-

He also stated.

and real munbers

"In the, Netherlan&s )

.

Usiakin (1882) referred to elegance, comprehen-

For

. 3

< '. “the levels ‘have been used to' structure courses in chemistry and economics S

* (p. ,30)-.

N

' .

Further,

he mintained that the model provides us with a

e : o ¢

1

' - "bl‘ueprint" to interpret each ‘togic that we Han): students to learn (p. 36).

v

M;yberry (1983) spggested thnt the, levele vere ~hiverarchical and discrete

with respect to" different top;tcs (p. 68). Yo, e _ o~ -

. B} a PR T
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.. "+« IIL, RESEARCH ON THE VAN HIELE THRORY - . ' - o

J

. i v P I n

v ‘. . N ' B N . ‘e
. \ . ., . . s !

. -Coxford (1978) . ;;rovided direction for‘three; reseerch projects to ;
. ‘ better understan.d the van Hiele mdel in ge'ometry and cognitive htructureﬂa:}‘ ‘ '.un ':

there hava been .three mjer Es.tcdies conducted in)the United ’ ;
.Hoffer ..(!1.982) Fn,eintained. that _a1]: ’thr_ee -'ree'ear,ch projectd ‘

{ l' i .Sinc.e, 1979,
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contributed to the needs identified by Coxford. Also, he 1identifled each

study as they relate to Coxford's suggestions. (pp. 18- 19)

1), The gathering of data to compare cagnitive structures and

developmental Stages - The“chicago Project

’ (ii) An analyeia of the effects of imstruction on coganitive

structures - The quoklyp Prbjbet ‘

H

(iii) Longitudinal caee studied - The Oregon Project

N
v

The Chicago Projeet' (L&nitive Development and

Achievement in Secondary School Geometry

-,

T The Cognitive “Deve_lopm"ent and Acfilevement in ‘Second’ary School
Geométry (CDASSG) project Jw‘as the most cemﬁrehepsive .of the three projects.
1 ) L g N ’

1t began in 1979 as.a three-year study conducted by Usiskin and.funded-by

-

'the National Institute of Educetion (NIE).: 1t was completed in June 1982

at the. University of Chicago. ' : S

. ‘e
I

The fundamental purpose of this prodect is to test the
'-.ability of the van:Hiele theory  to deecribe and predict

the performance of 'students in secondary school geometry.
(Usiekin, 1982, p. 8) :

o

;4 . o,

-, ' The CDASSG project vas a classicai experiment involving a sample of

1

" 2 699 étudente in 99 classes in 13 sachools in 5 states.'- All of the

+ ‘students were Qenmﬁfﬁd in a one-year geometry course in the tenth grade. .

~ .
The project used four, tests which were administered in September

[

1980 apd May 1981. Ome test wﬁiéh ie of special interest is the van Hiele

[OOSR
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Geometry. Test comstructed bys the staff of the CDASSG project. This 1s &
. '
multiple—choice test dealing directly with the van Hiele levels. This test

was designed from quotes of the van Hieles themselves regarding student

behaviours. .Int: wa;‘used to determine the student's van Hiele level at thé"

beginning of geometry in the tenth grade. The test was given to students
An '!:hel' fall and agafn in the spring in order to determine chatfges in van
l'iiel;,al levels after a year's study of geometry.
.arr;_Lved at a number of important conclusions regarding the van Hiele theo.ry
"and -geometry. The most significant ones are identified below:

' The theory can be,used tc; classify student§ into van Hiele levels
of menrial development in geometry. ‘Usiskin (1982) concluded: “Over

two-thirés and perliaps as many as nine-tenths of studeants respond to test
4

items in ways which make ‘it easy to assign them a van Hiele level.”

\p 80). ‘ ]

The CDASSG project revealéd a great va_riabilit:y .in tile amount of
change 1;1 van 1:11e1e le\;ela.‘ from fall to spring after eight months
ingtruction in geometry. Usiskin (1982) stated: "... About a third of the
st:u:ienfs stay at the same level or go .down (1), about a third go up one
level, and about a third go up two or more levels”. (p. 81)_

v Usiekin (19{32) found evidence to support the claims of Wirszup

.(1976) and Hoffer (1981). They claimed that the majority of‘liightsch‘ool'

stude;ltu who have difficulty in high school= geometry are at the fir;i: level
.‘ .

of devélopment in geometry. They ma:lhtained that the course that the

4

'students were studying demanded the fourth level of th'ought‘; They further

Usiskin (1982), | the _CDASSG project's principal investigator,
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stated that theilr prerequisite experiences in elementary add -junior high
school may be ineufficie'm: background to enable" them to write proofs.
Usiskin (1982) stated: .
Taken together, Conclusions 7 and 9 support .the claims of
Izaak Wirszup and Alan Hoffer that many if not most
students in the United States enter geometry at van Hiele
levels that are too low to insure success .and that the
geometry course, as presently taught, does not improve )

their understanding (as measured by van Hiele levels)
enough to get that succesa._ (Usiskin, 1982, P 84)

Usiskir‘\ (1982) indicated that many students,_a.:e not learning ‘even

the simplest geometry notion; .1n junior high school. ' Some students
A ) - .

entering the high ‘séhool\ geometry course codld not identify simple figures
such as t;’iangles, sq‘uares, rectaﬁgles, and parallelograms. Furthermore,
he" concluded thdt wmany students leave‘ high schoo]: with very‘ little
knowledge of geometry. |

The CDASSG project provided guidance for futurg research. Uaiakir}
(19682) confirmed that the use of the van Hiele theory can ’e:éplain why many

©

students have trouble learning and performing in t‘:he ‘geometry classroom.

Furthermore, he indicated that half of the students who enroll in deductive

geometry experience very little or no success with proof. (P' 89)

'

This study confirms the need for systematic geometry
instruction before high 8chool if we desire greater
geometry knowledge and proof-writing success among our
students. (Us:lsk:l.n, 1982, p. 89)

b et s e




gj‘

22

A% ) Y -

e )
The Brooklyn Project: Gebmetric Thinking Among

Adolescents in Inner City Schools

N

This project began in November 1979 and was completed in January

1982. It was conducted by Geddes and sponsored by- the National Science

Foundation (NSF). The main part of the stuay involved a clinical lnvesti-

o
gation on a one—to-one basis with 40 inner city adolescents for eight 45-
. A

minute sessions using four instrictional modules developed on the van Hiele

model. The modules were pai:terned after the experiments in Dina van

"Hiele's thesis.

The general purpose of this phase is to determine whether
the van Hiele model provides a reasonable ' structure for
describing and understanding geometry learning as it takes
place in the context of formal schooling. (Geddes, 1982,

p- 2) : /

The inmstructional modules were intended to facilitate movement
through the van Hiele levels. Hof-fer’ (1982) stated: “The instructional
modules that were developed by I:he' Brooklyn project did contribute to
student movement through the lower levels on certain topicsf_‘- (p. 26)

The Brooklyn pro:‘lgct evaluated several school textbook series for

a

.their geometric content and their relationship to ' the ‘van Hiele model.

This evaluation providéd- some insight into the quality of geomeiry which

students are learning in grades 1 to 8. Geddes (1982) found eome “gaps”.

existed in van Hiele terms. She found level one ~ recognition experiences

to be sufficdent, but a lack of extensive level two - analysis experiences.

(p- 22) ' : '

There are also frequent gaps in level in individual text
pages, where the expogition is at a higher level than the
exercises required of the student. Tests are usually at
the lowest level. (Geddes, 1982, p. 23)

. ' . ' ‘« ‘ .(
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The Oregon Project: Assessing Children's Development in Geometry

This project . began in September 1979 and concluded in February
1982, ‘It was conducted by Burger and also sposnored by the National

Science Foundation (NSF). The study used clinical interviews involving

L

-

gtudents 1in grades 1 to 12 in three states. The tasks and .scripts were
administered to over 70 students in two. 45-minlte sessions.
- 4

The study described here is an inveatigation of children's
. reasoning processes In geometry and of the usefulness of
the van Hiele 1levels 1in describing their reasoning.
(Burger, 1982, p. 1)
4 ¢
The project staff developed two sequenc‘és of tasks and compgnion

scripts. One set of tasks related to triangles and the other to quadri-
laterals.. The. triangle activities were: drawing triangles, 1dent1fy1?g

and defining triangleas, and sorting triangles. The quadrilateral

£

)activitiea 1nc1ugled: drawing quadrilaterals, identifying and defining

quadrilaterals, gorting quadrilaterals, identification of a “mystery

figure” from 1its properties -(What's my ‘shape?), and establishing 'the

logical equivalence of severgl geometrical ‘definitiolns. (Burger, 1982,
p. 1 and Cl)

Burger (1982) identiffed “"level indicators™ from the interviewss

~—

In other words, certain reasoning phenomena were observed that could be

interpreted as 4indicators of a particular van Hiele level of reasoning

(p. 23).

.

Hoffer'(1952) described the egon project in some detail since he

was a etaff member. He stated: "The van Hiele model provides us with a

J‘»

peephole ‘through which we caix,uu“ our __mthemticul eye to view childreén's

Bl
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~

interaction with mathematics™ (p. 19). A4s well, he made some observatioms
relating to all three projects. He discussed the 1angufge uged by the
students in geometry, in par‘ticular, the middle grades ‘through junior high
school. For exainple; many students have difficylty identifying .and naming
tri_anglea:. He examined the stuldent:a" perceptions ofa geometric figures in
relation to oriemtation qu cextbbok position..i’ It seems that the textbook
position 'plays an important role on the students’ pe:rceptions_ of triangles
aﬁd rectangles. He observed the atudentq' .ability to reasom in geometry.
He st#ted: “Students are for the most pgft. unable to contrast definitions,

A ]

postulates, and theorems" (p. 24).. He concluded that there are many
\ .

instances of disharmony in the teaching and learning of mathematics. There

are levels of communication that differ between chiidren, teachers, and.

textbooks.

T

-

IV. IMPLICATIONS OF THE VAN HIELE ‘THEORY

§

The van Hiele model provides directiom for c.urriculum development

and classrooﬁ instructiqn in geometry at all grade ievels from'lindergarten

to senior high school. It is a comprehensive theory vhicly can be applied
. . ’I
to the whole of teaching and learning ?f geometry.
1

Curriculum Development

N, -

The vaw Hiele levels provide a plan fgr orgat_\izai::lon of geometric
. & .

content at the various grade levels. The fixed éeq'uence property suggests

¢

¥V -
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that students must go through the sequence of levels in a specific way.
Therefore, 1t appears necessary for students to recognize geometric
figures; analyze the properties ongeometric figures; and, logically order
geomé'txg Eigures and their relationships before i:eginn:!.ng deductions.
Consequently, acti’vities which require the first three. levels should be

included in the mathematics curriculum before sénior high .school. For

. -

examplé; primary mathematics might contain recognition ac‘t:lvit:ie’sA using
concrete materials; elementary mathematics might contain informal geometric
activities which require analysis of figures; and, ordering -activities

-

might be the main focus of junior high. school geometry. As a result,
students might be better prepared for proof-writing or deductive reasoning
in senior high school mathematics.

It seems that each topic must be examined separately in relation to

the van Hiele levels. A student may be at one level in studying triangles

and a different level for qusdr:llatera“ls. Therefore, it is essential to

r

examine each topic in geometry when planning the curriculum.

The adjacency and distinction properties provide some criteria for

| 4

textbook selection for different grade levels. The adjacency property

indicates the activities should be organized in a contiguous manner.-

Activities which are implicit at one Jlevel become explicit at the next

level. The distinction property provides an indication of the’ level ff

. ‘ \
‘difficulty of the material in relationship to van Hiele levels. This type

of activity would imply that the individual should be familiar with the van
L7 §

Hiele theory 1n order to select appropriate geometric materials.

Mt e+ e

e i ¢ = At e bt el il

[P

Y 4



26

Classroom Instruction

The separation property of the van Hiele theory has implications
for classroom instruction in geometry. Levels of coomunication in the
geometry classroom are an\ important consideration. If the stude,nt‘ is
operatiﬁé at one level and the teacher at a higher level, there will be a
lack of understanding. The student cannot understand the language of the
teacher. |

The attainment property provides the teacher with an approach to

; ¢ .
instruction in geometry. The phases of learning indicate how the teacher

.should operate to lead students from one level to the next. These phases

3

have implications for iunstructional time in geometry at all grade levels.
SUMMARY

‘The van Hiele theory was developed in the late 1950's by two high
school teachers in the .Netherlands. The ﬁlé’ory was applied to curriculum
changes }_n geonetry‘in both the Netherlands and the Soviet Union.

/ ' Th.e theory relates cognitive development and thinking in geometry.
;l’here are three main components of the theory: Existence of levels.,
prgperties of the levels, and phases of learning. The the.ory is based on

the quality and quantity of imstruction in geometry.

The theory- has the - potential to explain why many students have

\-. .
trouble with geometry and, in particular, deductive reasoning. Students

must receive instruction in three p'rior levels of thinking before deduction

%
v

-
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is understood. A comnsiderable amount of instructional time 1s required to
Ll .
move from one level to the next level in the sequence.
‘The van Hiele theory has received considerable attention in the

United States since Izaak Wirszup introduced the theory to mathematics

educators in 1974. Burger ,(1982), Geddes (1982), Hoffer (1982), and

s

" Usiskin (1982).have conducted extensive research in the United States on

“ V™ L
this theofy: .(In 1979, after vieiting P. M. van Hiele, Hoffer wrote a

secondary aégool geometry texlt:, Geometry, A Model of the 'Uni:'_erse‘,_ vhich
incaorporated the van Hiele theory. ‘. '

The Yan Hiele model can‘ be used t:ol .examine cognitive ;:levelqpment in
geometry of stu&enta in Newfou‘r:adiand and Labrador. To dafe, research o;a
the théory in North‘America has been l.'i..mited to the United St.ates with the
exception of & study by Taaffe (1983) in this province., The tk@ory ‘has
wide applicability and can be used to exanine levels of thinking 1in
geometry of -gint:h grade students. The results of th; study. can be used to

determine appropriate geomet‘a‘ric experiences for ' students at this grade

level.

r~
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CHAPTER III St
»
. THE EXPERIMENTAL DESIGN OF THE STUDY ‘\\\

%

/ T \

‘ !
The wmain purp38es of this study were to investigate l:h;e level of

thinking in -geometry of students at the beginiing of gi:add! nine, to

determine 1if the student's level of mental development in geometry is

"influenced by the geometry content taught in previods years, spé'qificqlly

- v

grade eight, -and to compare the level's of mental development of grade nine

students in Newfoundland and Labrador with those o‘f" studgnfe in the United

States. In this chapter, the experimental design of thg _Etudy,' a .

description of the population and sampling proceddt"es, ingtrumentation and

procedures, and the purpose of the 'pilot: study "are outlined. The questions °

4

which the study attempted to answer and the methods used to analyze the '

data are also stated.

I. DESIGN OF THE STUDY -~ ¥

L

The population for this study\ consisted of approximately ‘12 000

students in Newfoundland and Labrador enrolled in grade nine in the 1983-84 °

school year. They were enrolled in three different mathematics courses:
\
Advapnced, Academic, and Practical. In grade eight, these stud'ents.- atudied

mai:hemaf.ics using the authorized texts: Math Is/2 (Ebos et al, 1975) or

- 28 -
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School Mathematics 2 (Fleenor et a}, 1974). There are two core unitsogf

informal geometry prescribed. There is also a geometry strand from

°

Kindergagteh to grade eight.

. SAMPLING PROCEDURES

'* . ' . v ' ._,'4

- A aample of 1 004 atudents vas randomly selected from 20 schools in

~20 school districts.: Hovever, only students who atudied grade eight the

previous year and studied geometry from Math 1s/2 or School Mathemntics 2

'

were uaed for data analysis. Consequently, there were 46 atudenta

repeating gr:de nine Hhich'were eliminated frbm‘the.aample-, There were 29

students who atudied mathematics in grade eight uaing .an, alternate _

textbook and these atudenta were" also . eliminated from the data‘analyaia.
The aample eontained studenta frou both rural and urban communities
N\

in Newfoundland and Labredorc As . we11 it eontained etud ts from
ﬂdifferent administrative organizations: 10 central high schoolsﬁt‘-12); K

junior high gchools (7-9), and 7 all-grade schoola (K—12) \

The aample vas stratified into two categories, text ueed in grade

S —

eight for-geometry and placement in grade nine mathematice.. The students

were required to check threée questidns‘at the top of the answer sheet.

a

They ,are as follows:

1. Which grade did you study laat year?
(a) Grade 8

» (b) -Grade 9

P
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Lwhich text did you have for geometry last year?

*

(a) Math.Is/3,

o

. (b) School Mathematics 2

»(c) Math Is/Geometry, BOok 1 y. . . N

} .
(d) Geometry - Moise and Downe . '

- 0

(e) Mathematics fof Daily |Uee

(£) Other texts

o
~ Q

3. “Which mathematics class are you enrolled this year :I.n grade 9?
(a) Advanced
() Acyi_g\\'?a

(c) Practical -

I1. INSTRUMENTATION_ ' *
¢ N N [}
. . .

a

In this section the major instrument- used to answer the questiouns

stated 1n,Ch,apter I is deactibed. ._/ }
. ) ) " R * . . 0Q'
. THE VAN HIELE GEOMETRY TEST .-

The original® van Hiele Geometry Test develSped by CDASSG staff - .

consisted of 35 multiple-choice: items with 5 items at each l.e\r,elc- Recog-

nition," Analysis, Ordering, . Deduction, ‘and ‘R‘igor- The qués tions_for each
» : - ., . [y . R -
‘level were based on quotes of ) the van Hieles themselves regarding student

,behav:l.oure to be expected at each level. A total of nine works were
examined by the CDASSG st:aff. A list of the behaviours indicative of eath
van li:l.ele level as identified :Ln the CDASSG project are ptssented "in

Append,ix A. (Usiskin, 1982, pp. ‘9-*12)- . oo

L e S M
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The vam Hiéle Geotmetry Test was designed to. be administered in a

35nmirute timé limit. It was piloted and used extensively 'in the CDASSG

.

project (1980-—82). 1t was construqted for use with seventh to twelfth )

grsde students, but 56 percent of the sample inmthe CDASSG project was in

J L 0

the tenth grade. Ages of the students ranged from 11 to 20 with 96 petcent

Ty

of the students» between the ages of 14 and 17"‘ (Usiskin, 1982, p. 16) b

- ¥

The major/ instrum\nt used in the cutrent study vas a modified

veraion of the van Hiele Geometty Test developed by the CDASSG project in

- !

‘1980. The modified van Hiele Geome’tty Test consisted of the ﬂrst 20 items B

4 N

on the ori.ginal test;r " that is, ‘the items. dealing .wit the-first four.
? )

‘levels: Recygnit‘.l.onJ Analysis, Orderi_g, “and Deduction. _ The last five

items on the originsl test , were excluded since the existence " and/or
testability of 1eve1 5 (Rigor or) haq been questioned. (.Usiskin, 1‘982 p. 79)
- A copy of the modified van Hiele Geometty 'l'est is contained in Appendix B

.

with appropriate ‘instructions and answer sheet. ' )
III. -PILOT STUDY . = ..
A pilot study of the first 20 items of the van Hiele §eometry Test,
: involving. 40 gtudents |in grsd% eight, was éonducted in Mnrch 1983.° The
purposes of this pilot study were to exsmine the following.

y -y

i. the necessity of including i,tens 16—20 on Deduction.

L

2. the length of the test4 It wag- importsnt for adninistratiop. of

o

the test to determine 1f 30 minutes was 4 suitable time = period for

c'onpletion ‘of the test. ' . . ‘ .

4_,,-’-‘\ ) * . C, LN
. . .
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o, )

On. the basis of,'this pilot study; it wsg decided that the 1tems at
w

[}

. the dedut:tion level would be 1nc1uded and the ti.me limit for the test would’

2
-

be 30 minutes. ! R

. ... Iv.. ¥EST ADMINISTRATION - . ° W' -
ot N S B '

The van Hiele Geometry Test. ang a;\swer dheets were sent ’/7:0.
Mathemntics/Science Co—ordihators ‘and. Assistant Superintendente tespone}.ble

¥

s -

for Hathematics on August 31 1983. The follpwing :Lnstruct:lons were gi\\r‘;\a\ v

ot ' . ! . \ e

,to the school district: peraonnel. .

3 . “

e . -
. B

N . . .
1. They were: asked -to adminisrer the test before the end of
Septembet, 1983. ' T T
' A ' e . - . 4 : ‘“ ) *
ot 2. The test 'was ~to bd administered r.o all grade 9 students
¥ ‘, . /{

(Advenced‘ Academic, ard Era’ctical) in the schools identified in the rgndom

sample. o . - ( . . )
. y . . . . N .

3. The students were g'iven‘ a school hunbef to place at the top of

the answer sheet. - , - N ’ L N

P

/ Q/The etudente ‘were to check three\ queations ,at the top of the

N ¥ )

enswer sheet regarding their grade , 1eve1 last year,, textbook used for, .

N\ ' e ’
ge}:{etry last year, an‘d)ﬂacement in mathematics this year before beginning

the te\st. .

i N \' : \S\ The time el/lowad for the test was “to be exactly 30 minutes.
S

The 'ansver! aheets were to be returned immediately after testing

) N
+

was cmpleted., : ' . .‘ .

'.l‘he teata could be retained at the District Office for future

C . -~

’ ) N : [
. .

—
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-

V. ANALYSIS
- )
This study was' concerned with three questions with resbect to

students' level c;f mental ‘development in geometry at the beginning of the

ninth grade. These questions, along with the corresponding statistical

.analysis used to test the. hypotheses, or describe the data collected, are

given below.

,
Are students at the beginning of the ninth grade p}epated for deductive
reasoning? ' ‘ '

’ This question was answered by administering a wodified version of
)u

the van Hielé Géométry Test.. to 1'004 grade nine students in early‘f

September. The students were classified into a van Hiele .level using two

criteria: 3 out of 5 (60Z) items and 4 out of 5 (80X) items correct at
- ¥

N

each of the levels.

Usiskin (1982) discussed the probability of Type I and Type II

errors and the cholce of criterion. , He maintained that the 4 of 5

4
.

criterion avolds abdut -5 percent of cases in which Type I error may be

&

o 4 re

avoids about 7 pefqént of cases in ﬁhich Type 1I error may be expected to

a Al
b

appear (pp. 23<24). o . * "
. ) b
. Tables were constructed to show the numbars and percentages of

students at vpi'ious van Hiele levels using each of the 3 out of 5 and 4 out

e‘xpe‘ct_e.'d to ma.nifea’t 1tself. As vell, he stated that the 3 of 5 criterion’

R
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of 5 criterion. Also, a crops tabulation matrix was constructed to
il

determine the number of students that met both criteria.

¥

Question 2

’

Are there any differences between the van Hiele levels of mental develop=

ment in gedmetry of grade nine students who were taught using the text-
books: Math Is/2 and School Mathematics 2?

‘Null Hypothesis: The van Hiele levels “of' thinking in geometry of grade
nine ‘atudgnts and the text used f('n' geometry imstruction
in grade e:lght- are independent. \

In order to. answer the second question, the null hypothesis was
tested using the chi-square test of independence of van Hiele‘ level and
text used for geometry instruction in gtade eight. Tables were constructed

‘ both 3 out of 5 and 4 out of 5 criteria and .the 0.05 level of signgfi-
- \!
cance was applied. , ‘ , i

Question 3

Are there any differences between the van Hiele levels of mental develop—

ment in &e‘ometry of grade nine students in Newfoundland and “Labrador _and
those of students in the United States? )

Null Hypothasis:. There i1s no significant difference in the wvan Hiele

-

levels of mental development in geometry of grade nine

~ e,

-

students 1“. Newfoundland and Labrador and those of

SRS

students in the United 'States.

)
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To answer the third question, the null hypothesis was tested using
» & !

the chi-square test for homogeneity of vén Hiele levels of students in

" 35

{

Newfoundland and Labrador and etudents in the United States. The samples

j
vere considered separate and distinct and randomly selected from

‘ .
homogeneous populations. L.

‘ ‘Contingency tables were coﬁstructed for both 3 out of 5 and 4 out
of 5 criteria using the van Hiele levels of students in Newfoundland ‘and
Labrador and those of studentg in the/ United States. The fall results of

the CDASSG project were used for the htteﬁfmp of students. The level

LN
v

of significance selected was 0.05 in hoth instances.

Pyl
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. CHAPTER IV . u

THE RESULTS OF THE INVESTIGATION

-

In this chapter the results of the testing are presented. An

#

analysis of the data 1s utilized to answer the questioms which provided th:e
impetus for this ;t:udy. The van Hiele .levels of students in geometry alt
the beginning of grade nine are examined. The effects of text materials
used- for geometry 1n§truétion in grade eight is analyzed in relation to the
students' van Hiele 'levels. Finally, the van Hiele levels of students in
Newfoundland and Labrador are cmpaéled with those of students in the United
States. '

The population in this study consisted of all grade nine students

in the province of Newfoundland and Labrador for the school year, 1953-84;

Data were collected relative to placement of students in grade nine. and the

textbook used for geometry imstructfon in grade eight. A breakdown of the
sample with respect to textbooKs usgd to study geometry in grade eight and
placement in mathematics classes in grade nine 1s given in Table I. ,

S

The mathematics program in grade. nine is designed for distinct

levels of difficulty: aﬁvanced, ‘academic, and practical. The advanced

students consisted of 13.8 percent of the sample and studied geometry using
the authorized text: Geometry (Moise and Downs, 19753. The academic

students comprised 74.7 percent of the sample and atudied. geometry usitg

the authorized text: Math” Is/Ge'onetry, Book 1 (Ebos et al, 198l).

Finally, the practical students consisted of 1l1.5 percent "of the sample and

- 36 - .
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BREAKDOQWN OF SAMPLE BY TEXTBOOK USED FOR GEOMETRY INSTRUCTION

TABLE 1

37

R ——— . <.
IN GRADE EIGHT AND PLACEMENT IN THE NINTH GRADE,
Grade VIII -
Text )
Grade=IX Math Is/2 School Mathematics 2 Totals
Placement i : ’ : ¢
# F 4 ¢ y 4 # z
Advanced
“Text: Geometry - 128 | 13.8 0 0 | 128) 13.8
: Moise & Downs ¢
Academic
. , £
Text: Math 1s/ 488 52.5 206 22,2 694 74.7
Geometry,
Book 1
Practical
Text:  Mathematics . 48 5.2 59 6.3 107} 11.5
‘for Daily Use: .
Totals ' 664 | 71.5 265 285 ° 929 | 100.0
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studied some informal geometry from a practical viewpoint using the

‘ Q
authorized text: Mathematics for Daily Use gﬂayden et al, 1981).

The breakdown in the percentage of students who ugsed Math Is/2 and

’

School Mathematics 2 in grade eight 1s' also presented in Table 1I.

Seventy—one and a half percent of the . students studied Math Is/2 and 28.5

percent: of the students studied geometry from School Mathematics 2.

@:udents enrolled in. advanced mathematics i1in grade nine did not  study

»
School Mathematics 2 in grade eight.

]

In summary, the majority of grade nine students (88.5 percent) are
enrolled in advanced or academic mathematics. In these courses, 50 percent

of the instructidmal time is allocated to the teaching of geometry.

guestion 1

-
.

Are students at the beginning of the ninth "grade prepared for deductive

reasoning? . ,

Ve
|

The answer to this question was obtained by adminiatering. a
modif&ed version of the van Hiele Geometry Test to 1 004 grade nine
students in early Séptember. However, 75 students were eliminated from the
sample because they were repeaters (46 students) or they studied geometry
using -an a]:ternate textbook "in grade eight (29, students). Iherefore, the

test re&ts of 929 students were suitable for data analysis. ’

‘- The students ware classified into a van llie_l_e;,lével of thinking in’

geometry: Recognition, Anaiylia, Otdering. or ﬁeduction. A parallel
. - " .'

A
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analysis of data using two criteria: 3 out'of 5 (60X) items and 4 out of 5
(80%) items. corréct was applied at eachlof the levels. These criteria a;'e
referred to as the weaker (3 out of 5) a:d the stricter (4 out of 5)

" criterion respectively. (Usiskin, 1982, p. 23) i : \
In order to ngsign a van Hie-le lavel to a student, it vas ne;tz{asary

to reach the criterion at all levels from 1 to n and at no. ot;t/ler"le‘vgla& N

-

- i
e s A% . . .
greater than n so as to be classified at le\}el n. Students who did not \W
' Fi . \"»\\- T T

meet the criterion at the recognition 1eveJ.§(1eve1 1) were considered as

»

-béing belo‘: recognition (level 0).

" There were a mumber of students clas_sifiéd\ as "nofit™, meaning that

each of thése students satisfied the indicated criterion at some level n

\ but nof®at all levels below n. The theory requires/'that the stuydents mus t !
"move through the lev-els in a fixed sequence: A person cannot be at level n ’
without hgving gone through level n~1. -

The numbers and percentages of students at each of the van Hiele
levels and the textbook ugsed in grade eight for geometry inst:r‘uctic:n are
presented in ‘Table II. Also,‘ the mumber of students who were below the
recognition level, and those who did not fit the theory are included. 'The
criterion used in Table II was 3 out of "5 (60Z) items correct at each
level. It was possible to classiff 88.7 percent of the students into a van
Hiele level or below recognition ievel.' Only 9 students or less than 1
percent are at the deduction level at the beginning of grade nine.
Howew'rer, using this weaker criterion, approximately 7 i)ercent were at the

- ’Brﬁringllevel or deduction levels at the beginning .of the school year in

&

Newfoundland and Labrador.

ot
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b »
NUMBERS AND PERCENTAGES OF STUDENTS AT EACH VAN HIELE LEVEL USING A

3 OUT OF 5 CRITERION

P4

Text .
Grade VIIT :
Level Math 1s/2 School Mathematics 2 Totals
Grade IX
# % ¢ ) # Z
Below
Recognition 44| 6.6 /{ 8.3 66 7.1
Recognition 116 | 47.3 130 - 49.1 444 |° 47.8
Analysis , < 190 | 28.6 62 23.4 252 | 27.1
Ordering 39| 5.9 14 5.3 53 5.7
Deduction 9 1.4 0 (o] 9 0.97
Nofit 68 | 10.3 37 14.0 105 11.3
"Totals 864 | 71.5 265 28.5 429 | 100.0

POV S




The numbgrs and percentages of students at each of the van Hiele
levels and the textbook used in grade eight for geometry instruction are
reported in Tab\le III. The criterion used in this instance was 4 out of S
(80%Z) items correct at each level. It was possible to clase‘ify 95 percent
of the students into a van Hiele level or below recognition using thjs

stricter criterion. At the beginning of grade nine there were no students

€

at the deduction level; an indicatiom that they were not ready for
d *

deducti\e"’feasoniqg. In fact, there %only 9 étudents, or less than 1l

percent, at ‘the ordering level at the beg:l:ining of the school year.

A crosstabulation matrix of student van Hiele levels under the 3
out of 5 and the 4 out of 5 c-riterion'is given in Table 1V. Thoe‘e‘ students
wvhose van Hiele levels are the same under the two cri;erialare identified
on the main diagonal gf the matrix. Only 43.9 percent of students (%08 of
929) were assigned the same :rap. Hiele level under the two criteria. There
vere no students at the deduction leyel that met both criteria on the
nodified van Hiele Geometry w'l‘est.’

On the basis of the ‘ghove results, students at the beginning of

?

grade nine in Newfoundland and Labrador«are not ready for deductive

!

reasoning -in geometf'y. + The majority are at the recognition level and/odr
analysis level if a 3 ou't of 5 criterion 1is applied. Using a 4 out of 5
criterion, the majority of students are at the tecdgniﬂon level and/or

’

below recagnition. Appra:imtely 27 percent cathmeet both criteria at the

recognition level. A disctission of thege resul found in ‘Chapter V.

e
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- b
NUMBERS AND PERCENIAGES OF STUDENTS AT EACH VAN HIELE LEVEL USING

A4 OPT OF 5 CRITERION

v
1

)
Text .
Grade VIII .
Level ° Math 1ls/2 School Mathematics 2 Totals
Grade IX 2
&
L # b3 # 2 # Z
Below ‘
“Recognition 229} 34,5 110 41.5 3391 36.5
- .
Recognition 310y 46.7 114 43,0 424 45.6
—=
Analysis 86 13.0 25 9.4 111 11.9
Y
Ordering 9 1.4 o, 0 9" 0.97
Deduction 0 . 0 0 0 0 0
‘Q’ N
Nofit 30 4,5 16 6.0 ° 46 5.0
v
Totals 664 71.5 ° 265 28.5 929 | 100.0
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TABLE IV

CROSSTABULATION OF STUDENTS FITTING VAN HIELE LEVELS WITH

3 OUT OF 5 CRITERION AND THE & OUT OF 5 CRITERION

k]

- -
4 .out of

: 5 Below ,

3 out o Recognition Recognition’ _Analysis Ordfring Deduction No Fit Totals
]
Below 66 0 o 0 o . 0 66
Recognition (7.1) N -
1 .
Recogn.ition 189~ 255 o] L] 0 0 444
(27.4)
Analysis< : 116 . 81 ' .0 o - 17 252
- K4 . (8.7) :
. _ /
Ordering 3 18 20 0 6 53
s e (0.6)
' Deduction (] 1 3 3 0 2 9
3 o | ool
No Fit 43 34 7 o 0 21 105
(2.3)
Totals 339 424" 111 9 0 | 46 929

herd
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Question 2 ,

Are there any differences between the van Hiele levels of mental develoé-

ment in. geometry. of grade nine students who were taught using " the
textbooks: Math Ie/2 and School Mathematics 2? L -

. . ’ t
.Null Hypothesis: The van Hiele levels of thinking in geometry of grafe ‘

nine students and the text used for geometry instruction

in grade eight are 1ndepe?t-, ’ \‘Q . oy
. = o
’ !

Peg
. 3 ‘
" The mnull hypothesis was tested using the chi-square test of \ : R
. \ g

L4 1 . 3

@
.

independence of van Hiele levels amd textbook useYr -geometry 1imstruction -
~1in grade eight. Tests were conducted for both 3 t of 5 and 4 out of .5 /,_.
criteria usi‘ng a tvo-way,contingency table. The levejl 'o'f statistical
significance sélected;for this test was the 0.05. level. The mmber of
degrees of freedom. was 5. Therefore, 'a!chi-square value equal .to or
_gr'eater tl:an %‘1.07 was unecessary for rejection of the nuﬁ hypothesis.
However, it must be noted that the expected frequency ahouid be equal to ng
greater tham 5 in at l?ast: 80 percent of the.cells and the number of

degrees of fre_edoﬁ must be greater than ome. (Runyoh and Haber, 1971, p.-

253) N S - - | -
1 -Table V is a contingency table fJ?!.‘ the 3 out of 5 ,criterion to teat . f
independence. The expected frequency va's greater than 5 in over 90 gétcent . !
of ‘the cells. Therefore, thef,chi;squafe value was found to be 8.84 i.vhich' S

resulted in acceptance of the null hypothésis. #
Table VI is a contingency table for the 4 out of 5 criteriom to

© . test :lndepéndence- Since the frequencies in the cells for the 'deduction
N .

'levei vre kth zero, this row was deleted. The mmber of degrees of /

[
-
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' TABLE V ‘
) /
. CONTINGENCY TABLE Qon'-? OUT OF 5 CRITERION
: 0 TEST INDEPENDENCE
- s ' ‘-
. Text . L. )
Grade'VIII' > o L
" Level ~ - Math Is/2 - | $School Mathematics 2 Totals
e Grade IX . . . : ot .
. " Below T 22 .66
' Recognition (6.6) (8.3)
Recognition e 314 " 130 . 444
’ - (47.3) CoyT Ry
Anaiys:lg 190 - 62 7 252
¥ ' .. (28.6) o (23.4)-
: o i i
! - A . !} 1 R .,'l" . .
Ordering 39 N 53 9
. < (5.9 (5.3) " L
Deduction . L9 .0 I oJ
. ' (1- ) - (000) ” '
" . - : [}
. Nofit - g 68 - 37 » 105
s 0 . '4 . ‘-‘t10.3) . (1400) .
Totals . ° 664 265 929 -
. “\‘ o - .
: -
\
* \‘
n :
e ] i ‘ . b
: . ‘ '
. 4
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) TABLE VI
L 4 p
" CONTINGENCY TABLE FOR 4 OUT OF 5 CRITBRION
*+TO TEST INDEPENDENCE ’
* ) b .
' Text - ¢
Grade VIII i - .
Level : Math 1s/2 School Mathematics 2 Totals
Gratle IX . ' .
Below ’ 229 - . 116 © 4[| . 339
¢ Recognition (34.5) - (41.5)
Recognition 310 s h 424
-‘ (46.7) - (43.0)
Analysis 86 ‘25 " 111
3 . (13.0) (9.4) ‘
o - -5 - -
- Ordering 9 .0 9.
(l.4) (0.0) R
‘Deduction 0 o0 Q
’ . (0.0} - (0.0)
ﬁofit . 30 16 46
(4.5) (6.0)
Totals 6f4 265 929
L .
. .
» B /“\ . ’ \ !
(. - { .
. ! N

o} A A e s A
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freedom was reducedl to 4. Therefore, a chi-square ‘value equal to or
greater than %.49 vas‘tequiredxfg; rejection of the null hypothesis. The
expected’ frequenci was greater than 5 in 90 percent of the cells.

The chi-square value, was found to be 9.65 which resulted in
rejection of the null hypothesis: 'I'hc;_ van Hiele levels of thinking in
geometry of grad} nine students and the text used for geometry instruction
in grade eight aré independent.

. In summary, the level of thinking of students was independent of
the textbook ;sed;for geometry 1nsttuct10ﬂyin grade eight when classified
into a van Hiele level using the 3 out of 5 criterion. Howéver.:, the level
of thinking of stpdents was dependent on the textbook used for geom&i;ry
1nstru¢;‘tion in grade eig‘ht vhen the 4 out of 5 éritetip‘n was applied. The
percentages of.students at recognition, analysis, and grdering levels were

o
higher for those who were taught geometry in grade eight using Math 1s/2.

As well, the percentage of students below the recognition level was

-

éﬁaller. “Soq:e ‘posa:lble reasons - for this phenomenon are discussed in
Chapter V. _

apter -
Question 3 s N

7

Are there any differences between the van Hiele levels of mental develop-

.‘. " . ’

ment in geometry of grade ninme students in Newfoundland and Labrador and

' in tates? N '
thdse of‘students n thq_Un}ted States T .

Null Hypothesis: There 1s no significant difference .in the van Hiele

levels of mental development in geoﬁetry of grade nine

students in ﬁaquundllnd and Labrador and those of

students invthe United States. .

L1l
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The null hypothesis was tested using the chi-square test for
homogeneity of van Hiele levels and distinct samples of students in
Newfoundland and Labrador and students in the United States. Contingency
tables were constructed for both 3 out of 5 and 4 éﬁt of 5 criteria using
the £2’11 van ﬂiele levels of students;in the CDASSG project in the United
States. | ) ’

The level of significance seiecfgd wa; 0.0S“in both instances. The
nunber of degrees of freedom was &4'. Thereforé!*;he critical chi-square
value was 11.07uor greater for rejection of the null.hypotheaia{

Table VIi is a c&htiﬁgency table,f&r ghe 3’opt ;f 5 céiterion to
éest ‘homogeneity. The chi-square value was found to be "133.19 vhicp
resulted in rejection ofnthe null hypothesis. '

Table VIII is a'conti?gency table for the 4 out of 5 criterion.to
Eest homogeneity. The chi-square .value waa'found_to be 40.88 which also
resulted in rejection of the null hypothesis. ,

»

In summary, there was a significant difference- fn the van Hiele
. levels 162 mental development in geometry of grade 'nine students in
Néﬁfoun&lapd and Labrador and thos of‘studgnts in the United States. The

percentages ofl;tudents at the o:dq‘éng and deduction levels were higher
>for students in the United States as presented in the CDASSG project using
the 3 out of 5 criterion. Howevef, the percentages of?studenta at the
analyaié and ordering levels were hﬁgher for students in the United States

when the 4 out of 5 criteriqn was applied. Some possible reasons for this

inference are discussed in Chapter 5. )

»
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TABLE VII
. L
CONTINGENCY TABLE FOR 3 OUT OF 5 CRITERION . | —
TO 'rzd‘ HOMOGENEITY
!
~ \ .
Sample . * 3
. . ‘ Newfoundland and United States ;. Totals
Level ) " Labrador " -~
Below 66 - 158 . 224
Recognition- (7.1) (6.7) o
T - a : - !
Recognition 444 900 1 344
(47.8) (38.1)
] ’ :
Analysis 252 - 396 848
. : (27.1) (25.2) i
v ‘ :
Ordering 53 N 270 © - 323 i
: (5.7) ) O (11.4) . i .
¢ ‘ 4 ' : '
Deduction .9 80 89 i
(1.0) (3.4) ;
' ‘ -« i
Nofit . 105 357 462 ° 3
- (11.3) . (15.1)
Totals 929 2 361 3 290
\ .

»

~\~.
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TABLE VIII
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CONTINGENCY TABLE FOR 4 OUT OF S CRITERION >
TO TEST HOMOGENEITY
s H
L 3 : v
Sample S
. Newfoundland and United States Totals
Level . Labrador .
.. V4
Below 339 - 726 1 065
Recognition . (36.5) (30.7) -
Recognition *" 424 1,008 17432
. (45.6) (42.7) "
Analysis . 111 338 449
(11.9) (14.3) :
Ordering -9 93 - 102
. (1.0) (3.9)
Deduction . (1] S5 ‘ 5
(0.0) (0.2)
Nofit ’ 46 191 237
(5.0) (8.1)
Totals 929 2 361 3. 290
\ - .
3
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SUMMARY
The data collected in the study relative to the three major

?eationa given in Chapter I have been presented in this chapter.

It was found that the students at the beginning of grade nine were

not at the van Hiele deduction 1level of thinking in geometry. The -

student's level of thinking in geometry ‘was: found to be independent of the
text used for geometry instruction in grade eight when the students were

classified into a van Hiele level using 3 out of 5 criterion. However,

when a 4 o;xt of 5 criterion wvas ‘uded to classify students, the van Hiele
level was dependent on the textbook ‘used for ‘grade. eight geometry
instructiq;. in ‘particular, .students who studied Math Is/2 had sliglhtly
higher van Hiele levels. Finally, the van Hiele levels of students. in
Newfoundland and Labrador at the beginning of grade nine were significantly
different tha; those of students in the United Statea. as determined by .the
CDASSG project in 1982. The van Hiele levels of students at the beginning
of gr:ade ten ":ln the United States were higher than those of students at the
beginning of grade nine in Newfoundland and Labradpre . |

. A disgusai;gn -pf t’he findings as well as ' implications and

' . »
recommendations is presented in the final chapter.
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CHAPTER V
SUMMARY, DISCUSSION AND IMPLICATIONS, AND RECOMMENDATIONS

I. SUMMARY OF INVESTIGATION

In this-atudy an ‘attempt was made to determine the van Hiele level

of thinking in geometry at the beginning of ninth grade. The relationship

¥

between the text materials used to study geometry in gr\AQe eight and;éhe

~

student's level of tk@.nking in geometry at the beginnil'ig of ‘the ninth grade

vas investigated. Also, the levéls of mental development. in geometry of
szudents in Newfoundland and Labrador were compared with t%oae of students
in the United States. ’

In order to gather the necessary data a sample of grade nine
students was randomly selected and a modified version of the van Hiele
Geometry Test was administered in Sept;mbet 1983.

e .
SAMPLE -
¢

The sample of 1 004 grade nine students was randomly drawm fron:
the grade n.t'n'e - populatiot'n in Newfoundland. and Labrador.. "However, only
etudents who studied geometry in grade eight using the pt;scribed texts?

Math' 1s/2 or School Mathematics 2 were used for- data analysis. - Also,

those students repeating grade nine were ‘eliminated from the study.

Consequently, only 929 students were suitable for the study.
i -

Ll

. - 52 -
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It was assumed that these students were representative of grade
nine mathematics  students in this province. They were enrolled in threeé
different mathematics programs in grade nine depending on their ability to
do mathematics. The students came from 20 different schools with three
different arlministral:ive arrangements: all-grade, gnior high, and central

high school.

INSTRUHENTATION

A modified version of the van Hiele Geometry ’TésAt was used in the
present study. (Appendix B) This test was originally comstructed by the
staff of the CDASSG project based on the writings of the van Hieles'.
(Appendix A) This test was used with 2 700 students in the United States.
The original test contained 25 multiple—choice items on different levels of

mental development in geometry: Recognition, Analysis, Ordering,

Deduction, and Rigor. Onmnly the first four levels were used with grade nine

‘'students in Newfoundland and Labrador as a result of piloting.

The van Hiele Geometry Test was written by'students in the s.ample

1in September before geometry was studied .in grade nlne. Each student was

classified into a van Hiele level of thinking in geometry using two
criteria: 3 out of 5 and 4 out of 5 items correct at each level.

Contingency tables were used to determine if the 1level of. ﬁhink:lng in

geometry 1s independent of the textbook used nfot: geonetrv inatuction in .

grade eight. Also, ‘contingency tables were constructed to determine if the
van Hiele levels of thinking in geometry of students in Newfoundland and
Labrador and those of students in the United States are significantly

different.

o e SR Y
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CONCLUSIONS

There were three major conclusions reached based on the van Hiele
testing at the beginning of grade nine.

1. Students at the beginning of grade nine were not at the wvan
Hiele deduction level of thinking in geometry. .

2. The level of thinking of students was independent of the
textbdok used for geometry instruction 1—n ‘grade eight when classified into
a van Hiele level using the 3 out of 5 criterion. However, the level of
thinking of ' students was dependent on the textbook used for geometry
instruction in grade eight when the 4 out of 5 criterion was applied.

3. There was. a significant difference im the van Hiele 'levels of
students in Newfoundland and Labrador and those of students in the United
States. Students in this province wefe at lower van Hiele levels at the
beginning of grade nine than those of students in the United States at ‘the

beginning ‘of grade ten.

~II. DISCUSSION AND IMPLICATION.OF THE FINDINGS

N

N The results of this study were presented in detail in the previous
chapter as they relate to the three major questions. In-this chapter, the
findings are discgsged. '

The first major conclusion indicated that ‘grade nine students are
not ready for a study of deductive reasoning at the b.eginn:lng of the éch(;ol

year. The major of students were at the recognition (47.8 perceat) and

analysis (27.1 percent) levels of the van Hiele theory when a 3 out of 5

’
* '
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criterion was used to classify the students into a level. In order to

reach the deduc t}on level, the students would have to move through the

ordering level. However, only a small number of students (5.7 percent)

were at‘_(‘:t_\p ordering level at the beginning of the school year. These
- . N

studﬁ/nta with the aid of instruction may reach the deduction level before

the/énd of grade nine.

The' results are very discouraging when a 4 out of 5 critgxion was

. used to classify the students. In this instance, the majority of 'students

were at the recognition (45.6 percent) or below recognition (3.5 percent)

R //_— “
levels. Even more disturbing was the large number of students below the

recognition level in geometry in this province. It seems that these
' v
students were entering grade nine with very little knowledge of geometry.

They have difficulty with recognition of shapes which is an Jblective of ’

kindergarten.

From a crosstabulation of results, it was determined that the

majority of students were at the recognition level at the beginning of the
K

ninth grade. One<possible reason ft: this could be a lack of imstructional
time allocatéd to the teaching of geometry from kindergarten to grade
eight. Roberts (1979) conducted a stud):' of time spent on teachiné geometry'
.in the elementafy school in ﬁewféundland and Labrador.- He reported that:
the mean time spent on geometry to be 2,53 ‘'weeks per year, thus making thié
_Teason plausible (p. 63). This study did not investiga;e the amount of

instructionai time spent on geometry in previous grades. This 1a an iasue

which must be given some attention in future by mathematics educators in

" Newfoundlagd and Labrador.

- R et et T - . —
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The results of this study. have mplicat;.ons for geometry
:lnstlruction in junior high school. The 1ns'tr':uction should fit the
cognitive level of the student. It would appear that for the majority of
students/‘mstruction at the analysis and ordering levels wouid be most
appropriate. Therefore, deductive reasoning should be a vertical
enrichtqent topic for some students toward t'he end of grade nipe rather than
a major com;;onent of ; prescril‘:ed, course such as advanced mathematics. |

The s_econd major _conclueion related to the, kinds of g(e'omel:r."y
experiences encountered pr:Lor to grade ﬁiné- As a result of parallel
aﬁalysis of results using two .cfitéria. the conclusion 1s dichotomous.
Hence, it 1is necessary i:o discuE,;s both aspects of this conciﬁaion.

The student's le\cel of thioking in géometry was found to be
independent of the textbook using a criterion of 3 out of 5 items correct
at each van Hiele level. Although the percentage of students at the

analysis level (28.5) was greater for Math Is/2, it must be remembered

that in some instances these students are average or above average in

[

mathematics ability. The data in Table I indicated that all students

enrolled in -advanced path;ematica in grade nine studied Math Is/2 in grade
eight. -

- When t'he guessing factor was reduced using a 4 6':n: iof 5 eritexrion,
there was a marginal significant difference between the st_:péent's van Hiele
level in geomef:ry at the beginning of grade nine and- textbooks used for .
geometry inmstruction <dn gEade_r\ eight. The s_tudenté who were taught geometry

in grade eight from Math Is/2 tendeéd to have higher van Hiele .levels. The

. e .
results in Table IJI indicated that approximately 42 percent of students

©
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who were taught geometry from School Mathematicse 2 were below the

recognition level at the beginning of the ninth grade. ;tm\t\he same time,
approximately 35 percent of students who were taught geometry from Math
Is/2 were below the recognition level..

There 18 one possible explanation for this lack of knowledge of
geometric " terminology. The teachers in grade eight may have taught

mathematics wusing the pa,ge-by-page approach. In this instance, the

geometry in School Mathematics 2 is ‘ﬁrthe end of the text whereas some

geometry gin Math Is/2 is iocacad in the middle of_llthe text. "_I'eachers may
not. have had enough instructional time to teach geometry.

' Furthermore, there i1s a belief =mong some teachers of mathema'tics
that geometry begins in grade nine. bGeomet:ry is not considered a basic
skill from kindergarten' to grade eight. It has been congidered as the
domain of senior high school (Grades 9-12). 'This belief has peméated the

primary and elementary schools, in particular,' where the majéit:y of
',J

teachers have very little training in teaching mathematics and especially

ww.
geometry.

The third major conclusion related to the van Hiele levels of
students in Newf}-)ndla.nd and Labrador and those of students in the. United
States. The van Hiele levels of students in the Unite.d States were
p.ignificant:ly higher’ than tl.xose.‘of students. at the beginning of grade, nine
in Newfoundland and Labtador. -, ﬂ

In making such a comparison‘,‘ !:here' are. some important conside-

rations. It must be remembered that 56 percent of the sample in the CDASSG

project entered the tenth grade in the -fall. 'Uaiakin (1982) also atated:
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“In the United States, secondary school geometry is usually ‘studied. in g

V emak et e

single year, normally in the tenth grade”. (p. i) This 1is an important

factor since the students were likely a year older in most .instances. I
“Usiskin (1982) found that when 3 out of 5 was uged in the fall-and

level 5 (Rigor) was excluded, 85 perc?ent of the students could be , ;

classified. He also found 3 percent of the students at the deduction e
level. (p. 98) This 1is high‘er than the ‘results for Newfoundland and .

‘Labrador, but the studénts may have had some geometry instruction in grade - 1
. iy . o

nine as well as previous grades. ..— e e

Usiskin (1982). found that: “The tougher 4 out of 5 criterion
minimizes the<chance of a student being at a level of guessing” '(p.'79).

Also, he 'found in the fall that 92 .percent of the students could be

3
1

clagsified in a van Hiele level if level 5 (Rigor) wvas excluded and the 4

out of 5 criterion was applied. ' 11-1 this instance, he fgund—’.’ol percent

hd i

below recognition and 43 'p/et;cﬂ{re—at recognition. - ) iy

Q . - L 4
. -

1)

g I1I. RECOMMENDATIONS FOR FURTHER RESEARCH

-

Student thinking in geometry af the beginning of grade nine in
-’ l‘

Newfoundland ,aud Labrador was analyzeil in'. this study. It has been

suggested that there may be a_ number ‘of 'fuct'ors contributing to the
extremely . low levels of ‘student thinking in geometry at the beginniqg of
gra‘de nine. Instruc:ional time spent on geometry, 1nstruct:iona1 strategg,ea

and/or textsmaterials utilized for geometry fnat:ruc:ion must be ‘taken into’ ) 1]

consideration.
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The following recommendations for further z;esearéh"are suggeated: ~

1. _That a similar. study be conducted at the end of ynde nine to
Y. i indicate 1f q:udentn are prepared‘.foi: deductive reasoning 1in the senior
: high mathematica courses. N ? .
. 2; That a year lon€ study be conducted, with the same nm&t a
i ‘ 4 i speciﬁe grade level in order to d*ermine the anqlint of 1nntructiona1 time
. required to move froh‘one level. of thinkins to the next in geonetry.
e 3

v:

actual qhnpea: sqnare, rectangle. triangle, parnllelogrm, circ].e, etc.

.-

‘ high lchool.

S i, . -
: [

.6..: That a study be _conlﬁacted‘with teachers of mathematics at .the

oL 3 E primary, elesentary, and jun'io':oi high H_chooln »to ’dabgmige,_..theix" level of
thinking in geomatry. : . o y .
/ - + ' ) 2z ‘ ' N
. . .
\ . r’
| : .
~ e / e
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That a study be conduct:}d at the end of the sixth grade using

T B "Thil reuarch would help  to daternl.ne the apiropriace geonetry for junior‘
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‘ APPENDIX A

BEHAVIOURS AT EACH VAN HIELE LEVEL

Al

]

In 1979-80, all of the van Hiele writings available to the CDASSG

'project personnel were examined for quotes that described behaviours of

students at a given level. A total of nine wory were examined, four
/ o . N

originally written in English, five translated into English from Dutch,

German, or French. The following is a 1ist of behaviours, sorted by level.

(Usiskin, 1982, pp. 9-12)  * .

¥

" Level 1 (thef base level; level 0) ™

.M, 1958-59) . ¢

P -

1. “Figures are judged according to their appearance .

2. "A child recogni;ea a rectangle by 1its form, shape.

3. "... and the rectangle seems di¥ferent to him from a square.”

4. “When ome has shown to a child of six, a six year old child,” what a
Thombus is, what a rectangle is, what' a square 1is, what a parallelo-
gram.is, he 18  able to produge those” flgures without error on a

* geoboard of Gattegno, even in difficult situations.

5. "a child does not recognize a parallelogram in a thombua.
-

6. T“the rhonbus is not a parallelogram. «The rhonbu appears ... as

asomething quite different.”

_(P.M., 1968) .

7. "when one says that one calls a quadrilateral whose four sides are
equal a rhombue this. statement will not be enough to convince the
beginning student [from which I deduce that thia is his level O] that
the parallelogrm which be. calls squates are “part of the set of
rhombuses.”

A
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(P.M., 1979)

8.

v

1

(on a question involving recognition of a tllted square as & square)
basic level, because you can see 1t!”

-

L4

Level 2 (their first level)

y (BHe, 1957)

1.

"He is able to assoclate the name 'isosceles triangle' with a specific
traingle, knowing that two of its sldes are equal, and draw the subse-
quent conclusion that the two corresponding angles are equal.”

(Pina, 1957; P.M. and Dina, 1958)

2.

"+ess a pupil who knows the .properties of the rhombus “3nd can name
them, will also have a basic understanding of /the isosceles triangle =

semi rhombus .
r

";I‘he figures are the supports (lit. 'supports' in French) of their

.properties.”

A i e

6. “The properties are not yet organized in such a way that a square 1is
identified as being a rectanmgle.”’

(POM-, 1959) ) B L]

7.  "The child learns to see the rhombus as an equiiateral quadrangle with
identical opposed angles and interperpendicular diagonals that bisect
both at.each other and the angles.” - :

8. (a middleground betveen this and the next level) ™Once the child gets
to the stage where it lmows the rhombus and recognizes the isosceles

. -triangles for a semi~rhombus, it will also be able to determine
offhand a certain number of properties of the equilateral triangle.”

9, "Once it has been decided that a structure 1s an ‘isosceles triangle'

"That” a- figure is a rectangle signifies that it has four righ't angles,
it 18 a rectangle, even if the figure 18 not traced very carefully.”

"The figures are identified by properties. (E.g.) 1f onme 1is told
that the figure traced on the black§oard possesses four right angles,
it 18 a rectangle, even if the figure 1s not traced very carefully.”

tha child will also 'know that a certain number of governing properties

nust be present, vithout having to memorize them in this special

X case.”

[
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(P M., 1976)

10. "The inverse of a function still belongs to the first thougmevel.

11. "Resemblance, rules of probability, powers, equations, functions,
revelations, sets - with these you can go from zero to the first

thought level.”

Level 3 (their second level)

‘(P.M., 1957) - .

(Dina, 1957)

ls "Puptls ... can understand what is meant by 'proof' in geometry. They
have arrived at the second level of thinking.~ '

°

2. "He can manipulate the interrelatedness of the characteristics of

geometric patterns.” - . -
‘ L

3. "e.g., 1f on the strength of general congruence theoreéms, he is ahle .

' .to deduce the equality of angles or linear segments of specific
figures."” : .

(P M., 1958-59) , ' - .

4 "The properties are ordered [11it. 'ordonnet }+ They are deduced from
each other. one property precedea or follows another property.”
¢
5. "The intrinsic significance of deduction "is not understood by the
student. -

6. "The square is recognized as beins a rectangle because at this level
definitions of ‘figur;s come into play.” .

(P.M., 1959) . T

7. “the child ... [will] recognize the 'rhoribd by.mens of -certain of 1its
properties ... bacause, e.g., it 1& a’ d:angl;e whose diagonals
bisect .each other perpendicularly. 7;3; e o

8. "It [the child) ie not capable- of studyf.hg 3eonetry ;p ﬂne strictest
sense of the word.”

9. "The ch:lld knows how to reason in accordance with a deductive logical

system ... this 1is - not however, identical with. reasoning on the

strength of formal logic.”

¢
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S

(P.M., 1976)

10. “the question about whether the inverse of a function is a function
belongs to the second thought level.”

Il. “The understanding of implication, equivalence, negation of an
implication belongs Go the second thought level."

(P.M., 1978) ' .

12, “they are ab\ to understand more advanced thought structure such as:
'the parallelism of the lines implies (according to the signal
charadter) the presence of a saw, and therefore (according to their
symbolic character) equality of the alternate-interior angles'.”

13. 1y "1 Jthe student]) cdn learn a definition by heart. No .level. I can
retand that definitions may be necessary: second level.”

14, "... you know what is meant by it {the use of ‘some' and 'all'] second -

level.”

-

Level 4 (their third level)

(B.M., 1957) .

1. . "He will reach the third level of thinking when he starts manipulating
the intrinsic characteristics of relations. For example: 1if he can
distinguish between a proposition and its reverae" [sics meaning our
converse]

¥ (pTha, 1957)

‘2, "We' can start studying a deductive system of propositions i.e., the
way 1in which the interdependency of relations 1is effected. Defi~
nitions and propositions now come within the pupils' intellectual
horizon.”

3. "‘Patallelim of the lines implies equality of the corresponding angles
and vice versn. , .

(P.M. and Dina, 1958)

»

4. "The pupil will be able, e.g. to distinguish between a proposition and
ite converse.”

5. "it (i8). +.. possible to develop an axiomatic system of geometry”.
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»
’r 3
(P.M., 1958-59)
- 6. "The mind 1is occupied with the significance. of deduction, of the
' converse of a theorem, of an axiom, of the conditions necessary and

sufficient.”

(P.M., 1968)

7. "... one could tell him (the student) that in a proof it 1is really a
question of knowing #hether these theses are true or not, or rather of
the relationship between the truth of these theses and of some others.

4 Without their understanding such relationships we cannot explain to
the student that one has to have recourse to axioms.” [I induced the
level from the first part of this statement; he never identifies the
level.]

|
Level 5 (their fourth level)

>

(Dina, 1957)

1. "A comparative study of the various deductive systems within the field
(f\ of geometrical relations is ... reserved for those, who have reached
the fourth level ...".

-

(P.M! and Dina, 1958)

2, "finally at the fourth level (hardly attainable in secondary teaching)
logical thinking itself can become a subject matter.”

3. "The axiomatics themselves belong to the fourth level.”

(POM:: 1958"'59) ’-g\

4. "ome doesn't ask such questions as: what are points, lineq, surfaces,
etc.? ++. Figures' are defined only by symbo}a connfcted by relation-
ships. To find the specific meaning of the symbols, one must titn to
lower levels where the-specific meaning of these symbols can be seen.
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VAN HIELE GEOMETRY TEST*.

Directions .
e

Do not open this test boc%et until you,are told to do so.

.

-

P

This test contains 20 questioms. It is not expected that you know

everything on this test.

When you told to begin: | ' , .

1. BRead each question carefully.

4 -

2. Decide upon the answer you think 1is correct. There is only one

corresponding to your answer on your answer sheet.

3. Use r.he‘ space provided on the answei' sheet for figuring or
drawing. Do not mark on this test booklet.

‘ 4. If you want to.change an  answer, completely exase the first
angver. '

5. You will have 30 minutes for this test.

Wait until your teacher says that you may begin.

correct answer to each question. Cfipss out_the letter: .

»
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" Which of these are rectangles?

B et T

1 VAN HIELE cmm*ryzsjr

.
'

Which of these are squaTes?
“
(A) Konly °
(B) L only
(C) ¥ only o ,
(D) L and H only K

(E). ALl are squares. . . S

i

v

Which of these are triangles?

a

0<7

14

" (A) Nome of thesg are -triangles.

(B) V only
(C) W only

A

-y . . 4
"(D) W and X only .
(E) V and ¥ enly .

3.
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lo.(__j]hich of these are _squaréa?

(a)
¥ (B)
«©)
(D)

(E)

(A)

(c)

(D)

tE)

6. PQRS.is' a nquire. -

()
Y (B)
©)

‘e

None, of these are squares..

G only Q .
F and G only
G and I only s

.

All arg .iqﬁareg .

.
“

J only

‘L only ' '
Jand ¥ only
None of these are parallelogrm.

All are parallelogram. '

v L] .
- N vy

'Hhich relat:if‘?nship“a trua in. a.ll lq;urea‘t

Pk and B have the sm length._

‘(8 ‘and ﬁ are. perpendicuhr.
P8 anq‘ﬁi are pqrpqndicnlnr.

(D) T8 and '65 have the eams: length.

®

Ans].e Q 1-..41“3“: than n.gle k.
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x - . - A‘ - . L
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:“ 5 - : s °
! . ".‘a » o~ N ". \l

R . .
::. ' o N S‘ * 1 ! - - s n
y 2 : 1 -
1 x . ’ % > - \ Y

1’ ﬁ ' Hhich of (A)F(D) 1s not true in every rectangle? -

‘ . , \'(A) There are four right anslen. ' ' .
P T o . (B) There are four sides. ' F
S v . (C) THe "diagonals have the _same length. . ’ s

‘ X Y (!_5) The dpposite-sides have the -sage l.angth. .

‘ LT (B) ‘

All of (A)-(D) are. true in every rectangle. "

.,"I & \
S R e ) '
s ' . e , o ) ¥
f i . * 8.-‘ A rhonbul h a A-‘dded ﬂgure vit.h qll. lldn of the same hngth.
N A
- " s are three qxuplu.
1 v ¢ . e,
. ‘ C, .t
- ; : .».- ' et l‘ L ’
,..?,g .
v Ty :
P B Lo .
.:% " | ".i .: ‘.ﬁ- | : .‘.."
N SRR o w‘ \‘
i ¢ 0 M . ¢
5 T N -.th.(:h o! (A)P(Dl 1s not tmo h lng rholhuﬂ
A R (A) ‘The two du;onall havrtha nn- hngth. .
v St (B) Each diqoul bisects two mho of the rhombus.
| I - (C) The two diagonals are pcrpondtculqr. “ %
N AN ey (D The oppouto angles have tho sahe -nun. . -
N E ' m m o! (A)—(n) aré- r,n. in mry thoubus. -

:' ;:: L ‘ )‘ . ' » \' L. \:: : :'( L "i‘ :
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9.,

‘An., isosceles triangles is a triangle vith tvo

' Here are three examples..

(4)

(C)
(D)
(E)

The three

.One side mus
There -mlt'}ae at least two anglel with the u-e measure,

must ‘have the ‘same length.

2o ot e Q

74

o

sides of equal length.

Which of (A)~(D) 1s true in every: ﬁoscelns triangle?

>

ve twice tho hngth of another side. i~

The three angles fust hgv'e' the same measure
None of (A)-(D) is true ln'erry.holéolel‘ triangle,

.

t

i 10,7 Two prciel vith centers P and Q intersect at R and. 5 to fom a

R 3

. . vmich of (A)-(D) 1s got alvays true?

4-aided figure PkQS.#’hre an two maplu.

" : ~

. ) g »
..}~ S

N ‘ (A) PRQS vill have two pair- of sides of equal langth.

i SR ¢ ¥
L <A@

S IR

o SRR ¢ )

PRQS will ahve at least two nngl,u of equal measurae. -~
The lines PQ and i's' \'d.ll be porp-ndicnl

Ansln P and Q will qu the nu messure.

Al.l of (A)-(D) are true.: '

4

. P

-

I TO PN
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11. Here are twq statements.

s'tatenent‘ 1: Figure F is a rectangle.
St}tement 2; Figure F is a triangle.
. 4 4

Which is corrgcc?

(A) 1f 1 ie-true, then 2 1s true.
(B) 1If 1 s false, than 2'ls true.
(C) 1 and 2 cannot both be true.
(D) 1 and 2 cannot both be false.
(E) None of (A)~(D) {is correct., °

v [N
i

\
12. Here are two statements.

Pl

‘Statement S: A ABC has three sides of

‘Statement T: 1In AABC, /B and /C have the

5Hhich 18 correct? ‘

&

i

the same length.

>
(A) Statements S and T cannot both be true.

(B): If § is true, then T is true.
(C) IfT 1is true, aaen S is true.
(D) If § 1s false, than T is false.
(E) None of (A)-(D) is correct.
‘ ' ‘
o

’
<

13. Which of these can be called rectangles?

(A) All can. S
(8) Qomy =~ |

" (C) R only : o
(I;)A P and Q only o ‘ f"

(B). Q and R oiily

A 2, S

- o[

gsame measure.
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14. Which is true?

‘. (A) All properties grectangles are properties of all squares.

(B). All propercies of squares are, properties of all rectangles.
(C) All propertien of rectangles are properties of all parallelograms.
(D) A1l proper:iea of squares are properties of a11 parallelogranms.
(E) None of ‘(A)=(D) 1is true. .
»” .
15. What do.all rectangles have that ‘;oue parnllelogra-s do not have?
(A) opposite sides equnl g ' ”
(B) diagonals equal '
(C) opposite sides parallel
(D) ‘opposite anglés equal
(E) none of (A)-(D)
.
16. Here is a right triangle ABC. gﬁqu:lln;etal triangles ACE, ABF, and BCD
have been constructed on the sides 'of ABC. . L)

A

From this information, one can prove that AD, BE and CF have a point
‘in conmon.“ What would this proof tell you?

.(A) Only 1n this trianglée drawn can we be sure 'thtt E .nd L
" have a point in coammon.
" (B) In sohe but not all right triangles, lb BR lnd CF have a point:
in comamon. .
(C) In any wight triangle, 1, B% lnd OF have a point in common.
. (D) 1o any trisngle, AD, BR and CF have a point in common. .
" (E) In m\q {lateral tria 1, kﬁ aid CF bave' & potnt. fn

LOUMOnN « N

. . L . ' g
f R
N ' . i ' . - . . 3
. ot ! S
. . . .
. '
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17.

t

18.

¥
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Here are.three properties of a figure. .
Property D: It has diagsnals of. equal length.
" Property S: It 1s a aquare. '
Propewsty R:‘ It 18 a rectangle., ' |

Which is. true? S . L
(A) D {mplies S which impligs R - SO
(B) D implies R which implies S. ' P el
" (C) S implies R which implies D. o \:
(D) R implies D which fmplies S.. _ . ) ‘.K‘f
(l.‘.‘) R implies S vhich implies D.
// i oL N hd
, | | N i
. ) T ‘ e
. ; , .'I
_
Y 3
Here are two statmnts. .
- 1. If a figure 18 a tecungle. :I.ts diagonals bisect each other. Ly ‘
11. If the diagonals of a figure blue: each other. the figure
1- a uctnngle. ,“' ¢ T ." S ‘
. ‘ ' T +
Which is coructf ’ L '
(A)" To prove I is ,true, it is enough to . prove that 1II 1is true. B A
*(B) To prove I1 is true, it is enough to prove that I is t; - ‘.
{C) To prove II is true, it.1s cnough to find one rocunﬂ ¢ 0se ;
diagonals bisect each’ other. D -
(D) To prove ‘II 1: fnlu, it ‘is ‘enough to find one non—rcctangh
uhou d.tlgouh Mnct each other. . )
(B) M{ono of (A)~(D) is_correct. . ) ) ’
a g 1 b o
; . L y iy .
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19. In geometry: ) : '
(A) Rvery term can be' defined and every true statement can be proved i
tfrue. ‘ : . ' -7 . ' ' ’ {
-* © (B) Every tem can be defined but 1t 1s neceuary to assume that ." i
‘ certain statements are true. . _ i
' j(C) Some terms must be left undefined but every ‘true statement can be " %
. proved true. " ' : ’
(D) Some terms must be lait undetined and it 1s neq,essa y to have
some statements which are assumed true. g ) O
(E) " Nome of {A)-(D) 1»s sorrect. , .
A Y . , . . b
~ . ) /
‘ ' ' ' \
' . ' ']
, 20. Examine these three s’entencu.. (
(1) Two nnes parpcmlicular to the same une are pn:nllel. ' . s
‘ '\ . \'\ T (2) A line that 1s perpotl:l.cular to one of two p.nnn unn 1a . : ‘ A
1A : : : perpendicular to the other. . ' o g‘v
' ; (3) If two -lines are equidistant, then thoy ke pafauol. '
- In the figure bolov, it 1s gi.von l:hlt: &linu n. l!ll p are perpnndiculnr o
g ad lines n md p are pcrycndieuht. thch o! tha abov. untncu ‘
could be the ru‘?n tlm: nnu m :l.l pnlllll to .‘I.:I.nc n? '
\ ) . ! ’
) ' A (WMYoemy - , “
*B) @oenly - NN AP
| -(0)‘ (3) only - ~ v P .m >
' - © (B) Either (2) oi(ﬁ‘) L < —fl - ﬂ ’
X . ‘E‘k \ '
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