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The main purpose of this study wes to determine the

_van Hiele levels and proof wrltlng achlevement of grade IU

students 1n-£wa0undland. Another.aspect of the study’ was.

, to determlne the relationship beétween studants' van Hiele

levels and thelr proof-wrltlng achleveméht. Other concerhs
.- of. thlS study 1ncluded trylng to determlne any sex—related !
differences between van Hiele levels end proof-writing "

kA . ) LY

achievement. ) g .

L

The sample COnSlSted of 201 Btudents on the Ava&on

Penipsula in the province of Neufoundland. Each student was '
-administered two tests. One. test attempted to determine the

’

; sﬁudents van Hlele level; the other test was glven to . ‘ ;
' ih.,“ﬁ“ujgdetermlne the students' proof-wylt;ng achlevement. The tests

were administered over a two-week period ‘in latter part-of

e
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The average wan Hlele 1eve1 was.found to b£ 2, 29 and

1.45 using the 3 0f 5 and 4 of 5. crlterla respeq{“Vely for ~

A
-

the classicel‘van Hiele theory. The average van Hlele levels /
‘ for the modified van§iiele theory were found to be 2.22 and
1.45 using the 3 of 5 and 4 of 5 criteria respectively.
A significant relationship was found between the
‘ students' assigned van Hiele levels and their proof-writing
.echievement. No sex-related differences were found between'

“gtudents' van Hiele levels and their proof-writing achievement.
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,.l" matics program which uses the text Geomterx (M01se & Downs,

S 10) in the text Math Is Geometry - Grade.10 (Ebos,‘b;{~Tuck,

CHAPTER I
!.'.II' , N ' . "
N " THE PROBLEM -
p) : o . . E

Introduction and Statement of the Problem

ﬁ" . Dl
Deductive proofs are, at present, formally Introduced

in. Newfoundland schools in the grade . nine"advanced' mathe— ¢

. 1982) Most high school students do- not study proofs in :

: Qeometry;until doing 'academic methematics at Level" I,(grade

[ L]

sl; Hatcher, G.;‘Drost,-D.L 198}); SQhké(19s2) stated "An

' understandingaof'the congfpt of prbof and the facility to

" write proofs are fundamental to success in the study of
higher mathematics"” (p. 1l). She also said that it is
believed writing geometry proofs is an area in which students
experience little success, Hoffer (1981) and Freudenthal
(1973) indicated that high school geometry includes much mo

Py

than proof and that too much emphaSis is being placed on -

. doing formal’ proofs.' This study concerns the quesglgn Qf 1 S -
student read'iness to reason deductively.and to write " o o | g‘%
ceometric proofs and‘it will also exnlore the’question'as té_l.a , ; "
whether or not’ formal proofs are introduced too early for - - O

‘; students to understand them. ' . o (L . ‘ ,';‘ e ,

The van Hiele theory, which was developed by two vutch

. mathematicians in the late 1950'8, has been used to try to

explain why students have difficulty with htnh school geometry,
N .. X o '
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.partlcularly proof The van Hlele theory conta1ns three malq“

components, (1) flve sequentlal thought levels- (il) propertles

Newfoundland areflnvestlgated.. (Level I students referred L .

"to ln thlB study are equlvalent to grade 10 students.. Thls B 71,;
a . . !,

is .due to the renamlng of grades 10, 11 and 12 to - Levels I, &

II, and III in the revzsed hlgh school system in- Newfoundland.l . ‘,;

Level I students w111 be referrea to-as. grade 10 students )

level of grade 10° geometry students and to anestggate 1ts - f
_relatlonshlp to the proof-wri

in orde5 to do this, - the folloW1ng

- . . . . : .
’ K , .
. . o .
Lo . . ., N
h ’ . . * T . B
‘ . . . .
« b " . - T
. . . P ‘
. ? &

N B e e e & e Ty S bl W g s 7
o .

{

of these‘levels; (iii) phases,of learn;ng, USiSkln (1982) o }’h

stated: . - ’\"‘ “ 4

,‘ )
' “The van Hiele'theory has been.ZB;lied to. . L
explain why many students have dlfflculty “#‘_7\\5y: R

¢ e Pl P At~ 4 s o

. with higher  order chnltlve processes§, '
: R partlcularly proof, requlred for success ]
«  in high' school geometry. It has been .. _ S

"~ ' thgorized that ‘students who have’ trouble " .

. are being taught at alhigher van Hielej
"' level than they are at or ready for. The -
theory also offers a remedy- ‘go through - - N
‘the sequence of levels in a specific way, e Y e
(p. 1) C : E " :

In this study the van Hiele levels and the-proof- e

writlng achievément of Level I (grade 10) students ln'

To avold any confusion w1th the van Hlele levels, hereln 0

. ‘ : S e . | ‘1
. - Y R . L R . « A _a J ,}; n n
FPurpdse of Study ‘ ‘. s
‘ N This study was carrJ.ed out to determ:.ne the;van Hiele SR !

!

estiohs were-considered: "‘};
1) What are the van Hiele Levels of geometry students

i
a W . . . " . .

‘ at the end of grade 10? .y;‘.." L -.f . S e -t(

. . N . “.. [ . N
S v . - '
AR | il . " » . i
rd v B ~ v |
v - f . * V o
' , KR ! '
, .
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Ao of. thinking and ﬁroof—wrltlng achlevement?

aooT or in proof—writing achievement° 3‘,¥Q$.: S :-'T'
) o . * : o : ; ’ o -..m o
e e T
B e H'Malor‘protheses,_g: e .
. P - T - - .‘

:7_ 3 There is no 81gnificant relationship between the stude_

. 2) There is no signlficant dlfferenc
K ;@ levels of male and gsmale grade 10 studeﬁts.. e s

3y There 1s no srgnifitant difference between P’-"-"C’f"‘""r’-t:'-ng R 4

.zy: What are the proof-ertlng achievements of students

at the end of grade 10? .-':f%;ﬂ*ﬁ i

' N ! t

3) }What is the re;ationship between the yan Hiele level

! .

'154)::ﬁre there;gex-related dlfferences 1n van Hiele'f%vels ;:{fﬁy

LLY . .
SRR NEEE R

s"\

etween the venxgiele {;f.ufﬁz

o

’ - -

L 5 ‘ * LAY

1

(3

ERIECE S NPRPRRIRE S R,

v

. a - f
achlevement of male and female gradejlo studente. .. ,J

"4y The relatlonshlp between the males' van Hiele levels and

’ 7;1 proof—writlng achievement is not 51gn1f1cant1y different . 1‘5‘: o
SR of . ? ’ "
e from the relationship betwaen the females' van H&e;e S
levels an proof-writing achleﬁement. VLl ", .
Lot . '1":‘ ' "7‘,'8‘ - | 4 .
I' ' - ) ! ' & : [y . l.f" " - L ™ . . * LA
Lo Significaﬁée of Stugy C . o .
\ . s : . _
# é ’ ’ ' .
. - The van ‘Hikles hypdthe51zedvthatﬁstudents studying ce
geometry hhve to pass through a series of five levels of ‘ _ | ;, v
:.geometric thought (Freudenthal, 1973). 'They also belieyed . '
. tha the students must pass through thase levels consecutively i .

and - that an organized sequence of five phases of\learninq I B

L 4

enable® the student to move. from one level togthe next “ Il d
« C4m .,
(Hoffer, 1982) . They dlso claimed that a student at a S ;f b
v . : ' \J ' , . . T
] ' A‘ - N ‘ ] " " “~ * '..;‘. ‘!I I [}
. . . LN " . , ‘, /’~"l "‘
. N L) ' - a 4 40
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particular leve "cannot understand what is being dlscussed

at any lével above this 1evel in the sequence (Senk 1982).
The van Sﬁele levels of geometrlc thought have been

used to explaln y many students have dlfflculty with

A,

geometry, part cularly with geometrlc proof (wlrzup, 1976,

Hoffer, 1982;- Usiskin, 1935). As Hoffer stated:
] ) o, kY -
One major purpose of the levels is o
~ recognize obstacles.that are presented .
to the students. If a problem that
/ requires vocabulary, .concepts, or,-
. thinking at level n confronts students,
who. are at level n-1,..the students are
© . ™ " unable to make- pnOgress on the problem
with expected consequences such as
frustratlon, anxiety, gsen anger. (p. 2)

' ‘l., )

have been taught at a*ngqher van Hiele level than most }
.students have attalned (Wirzup, 1976, Hoffer, 1982) "Usiskin

(l982)sstated that the van Hiele - theory also offers a remedy-

"go through the sequence of levels in a speclflc way" (p. 1.

‘

ThlS study attempted to gather}initigl‘base data on

the van\Hlele levels and proof-writing achleyenent'from a
; = «

B

o eample offhigh school geometry studente in Newfouridland and

_attempted to indioate_if studentS are able to write proofs

- . o - SN

- with understandla .-

o ' ’ ]
o B!

pefinitions

v

- The first 1& definit}ons concerning the 'van Hiele

levels are taken from Usiekin (1982).

v \

a4 ey s Sor e
. .

Many current geometry courses are thought by some tO\ :

Pro—

- g,
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1§ Weighted'Sum- for, the van Hiele tests} a i}udent is

a531gned a welghted sum score in the follow1ng manner

PR

(see 'l‘a.ble III, Chapter ).

¢ - . ‘ : \‘.‘_' . - . v"" R
- : - 1 point for meetlng crlterlon eﬁzltemé;l-ﬁ " {Level 1)
: 2 péints for meeting-criterion on items 6-10 (Level 2)-

4 points. for me¥ting“criterion on items 11-15 (Level:3)

8 points for meeting -criterion on items 16-20 (Level 4)" | . -

16 p01nts for meetlng crlterxon on items 21-25’ (Level SY_
! . 7'; ‘ ,.‘ " . E » 5 :/

.
ol ¢

L . .
Hlele level (1 €., the level 1f the entlre

- 2) 'c13551cal van

! theory is considered)..’ @ f Lo
R T P '-‘7'," 'E-" i S N T ‘ .
. ;al. - K .‘\1: . . ."' R . "y . L . :.“‘
Levglj : ,L;"corresponds to S
! A I e )
¢ - . ‘ '~::§<.’T:it 1 @ l ‘*_"\ '; 3. :’,;:.
* ' 1 '’ ,.;' ! K I R ‘4I
b L4 A ‘
. T5f PR
, . ‘,‘, . - '; I C e SR : ‘}. v
3) Mddlfieﬁ vaﬁ)Hiele level pthe,leVei.iﬁuieGelfs is exclyded
= JEEVE
. L ' . L [T .‘.-" s R f
L - : from con51derat10n) Lo P K
%0 Level . 1 S L ':f'J ' Weighted Sum
_ .0 ‘ .0 or 16
L2 o Y 3or19 |
. 3 - . ) ° “ [.: 7 on 23 i
. 4 .t 15 or 31
3 R ; \ . . Voo -
ﬁ{{ ‘ 4): No-fit - means.that a student has éatisfied'the‘indicqted g

'; , criterion’at'some‘lebel'n but not at ,all ldvels below n. -,
For the van Hiele theory fitting iz a verlfication of a

student going through the leyels,in o;der,; This ideh g'

setisfies Property 1 of the theory, that the stuﬂent'atls
\ .
. : s | ) g

vt @ ) o e webh Acamier et B W A

B .. .. & o .
R A . PR .
P A . v . .
. Do ¢ . - -
N ‘~> . T . ) ) . _

z 4 e ———
.




L YT e T Bt LA ey (e e ;s
.

L
.y

level n satisfy the criterion not only.at that level but

e

also at all preceding levels. (see Tabie IV, Chapter 3).
{ | . : 1 e

. N
s

'5) Criterion - There are two criteria regardihg,the assign-

ment of a student to’'a_van Hiele level; 3-0f 5 and 4 of 5.

’

' Both of these are investiéatgd in this study. The 4 of 5

¢ . criterion will be called the‘stricter criterioi. The 3 of

5 criterioﬁ means the aéhdents got 3 correct of 5 multlple "

1 \A‘

ch01ce 1tems ~on that partlcular level The strlcter M

crlterlon requlres the student t ’Egz_z_correct of each

"-grqup'cf flve items correspondlng*tpieach,level.

Cyt

1
L
A

6) 0 to 4 marking scale’ for_groof test
1980)

g F

Klssan,.B., and Mortlock, R., _ Senk (198§) used

‘ea scale based on crlterla developed by Malone et al. (lSdOX

(see gradLng procedure, Appendix C) These crlterla are:

SR 1 0 ~ noncommencement --no work orp only meanlngless

v } ' WOrk was--done
; Tl 5
3 /
B l - approach - some mean1ngful work was done, but
: an early 1mpasse was' reached : Ca

P .
R CEN .
~

2 - Substanca - sufficient detail 1nd1cated'that .

'

Ca ' the-students proceeded. toward a rational’
AP ' solution, but major errors-. invalidate the )
' proof : . - . ;

v

s 3 =~ resulta - minor errors 1n an otherwmse valld
; o proof :

LI, - - lo

ompletion - a valid proof with no minor errors.

-
-

PP T S

I e

~~



R

ey L

5 /”fk\‘._

—————
-

-7 Student'Categofy rnsﬁudents-involved in this study were

placed into five different categories. These categories
are used bBecause students-doing advanced matﬁematics in
grade 10 most likely did advanced mathematics in grade 9,
fhus‘having two years of writing geomeerie pro?fs.
Students in grade 10 mathematics who have done the
academic programein érade 9 are doing geometric proofs

for the firstltinm: These five student categQrieslaré:

Categor& 1: .Advanced mathematics grade 9 to advanced[
C mathematics grade.10 . ' ‘
- \

Category 2: Advanced mathematics grade 9 to academic.
: mathematics grade 10 .

. Category 3: Academic mathematics grade 9 to advanced -
Ly mathematlcs grade 10

Category 4: Academlc mathematics grade 9 to academic
) mathematlcs grade 10 -

Categor§ 5: - Basic mathematics grade 9 to academic
mathematics grade 10.

L. ' Ty

ScoPi and Limitations .
| This stddy”is essentially a desefiptive study in that
_ﬁo(contrel group was used: Two tests were given to each
stmdent in the sample (see;AppendicesiA and B). q&§ of the
tests was used to determine the van Hiele level of the
student the ofher was used to determlne the student 's proof-
writing achlevement. ‘The tests-used are those\from the CDASﬂ,
-project (Cognitive Development and *Achievement in Secondary

School Geometry; Usiskin, 1982).
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In order. to get'an accurate picture of the student's.
van Hiele level and achievement in writlng proofs, the
experimenter admlnistered both tests to students involved
+This ensured that each student was given the same amount. of
time for each test and questions from students were answered

w1th cop51stency. bDue to this, fact, the. sample was 11m1ted

to'school districts in Newfoundland east of Clarenv1lle Cost

and time were the other contributing factors to the choice of

~

sample. This limited generalizations to this area and not to o

‘the whole province. _ oy

. . —

During the 1982-83 school year in Newfoundland,
schoals were closad for 15 days due to breakdown in conc111-

ation talks with the government. This corresponds,to 15 hours

-of lost mathématics instruction time, The testing was started

nine days after the students returned to classes. Some

. studentsaattitudes may have been nonfavorable toc the testing

-due to the fact that it had no promotional,value and most had

to prepare for schoocl finals.

/ /

Description of the §tudy

The main purpose of the study was to determine the
relationship between the student's van Hiele level and the
student's proof-writing\achievement. Sex-related questions
on capabilities of writing proofs and assigned van Hiele .

levels were also investigated.

1)
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" chapter,

" in Chapter II. A description of the design of the study, the
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Two hundred and one grade 10 students, both advanced

and academic, took part in this sﬁudy, Each student wés;
administered tw6 tests. The van Hiele test determined the
student's van Hiele level; the other test determined’ the -

student's proof-writing achievement. All tests were

)

T a2 e bbbt it s it B 4 e wrmanenorn 2 i A

corrected by the researcher after the correcting procedure

for each proof;was verified by another experienced high

_school mathematics teacher and a university professor. The

L 4 4

data from these two.instruments were used to answer the - o Y

questions and test the hypotheses previously stated in this’
. *+ o , o

Outline of the Report

A review of selected relevant literature is presented

iﬁstruments, and the methods~us;ﬁ to  analyse data are included

"in Chapter IIi; The results of data analysié-is contained in

' Chapter Iv. Chapter V ‘includes a summary of the study,

discusses the results and contains some implications fo

further research. - - C




developed by two high school teachers in the, Netherlands
in separate'doctoral dissertations at the Unlver31ty of
Utrecht in 1957.

Geldof and her, husband Plerre Marie van HLEIE-

CHAPTER 1II

REVIEW OF RELATED LITERATURE

1
i

Introduction

Y

\

SN

-~

The van Hlele theory as it 1s known tédLy was

d
These two teachers were Dina’ van Hlele-

‘Dina van

_Hlele-Geldof'died shortly_after the completion of her

dissertation; Pierre van Hielé has been the person who .

~has explained-their theory. in'Europe;and North Amerfca..-

The van Hleles were lnfluenced]b Plaget in thelr

formulation of thought levels in geometry

that many problems presented to children are often above
- the chlld's level of thlnking.

presented in the problem or needed in answerlng “the problem

They notlced

are at a certaln level of thought while the child'

geometrlc thOught is below this level (Hoffer, 1982).

to take place in order to move from one level to the next.'

The theory attempts to explain why students have so much

L

K

5

t

The van Hiele \Theory

g

The van Hiele theory deals w1th 1evels of thou ht

difficulty with geometry.
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.development in gaometry and phases of learnlng that need

+

The vocabulary and propertles
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1. Thought Levels_v- L .. .

"

Flve (5) sequentlal levels of mental development

v e ] A T e s

were identlfled by the van Hieles, wlrgup (1976) gave an
- extensive overview of. these levele usipg descriptions of - | :
’the'Rﬁﬁgian’resgarch, arguments presented by freﬁdéﬁthal‘ _ i
,f1973),fand mgjor points as stated by Pierre van Hiele in
1959. . : L -_ - _71 B
v : ,;Hoffer,'who has done~hajdr‘research.with.thg van 7
Hiele theory, V@Biﬁed'with van Hiele'in the Nethérlands

énd wrote about thesé levels in 1981. Hoffer offers a

summarlzed descriptlon of eﬁch level. The names of'eaéh , _ E

. "level are also accordlng to Hoffer- (1981, pp. 13’14)
N . . . : o

. f v 3

o . o i

‘ Level 1 - Recognition

The student learns some vocabulary and ‘ -

recognlzes a shape ‘as a whole. For .

example, dt this level a student will )

e .rec0gnlze a.picture of a rectangle but ., - e

“+1ljkely will not be aware of many propertles : ‘
of rectangles. : '

Level 2 - Aﬂalysis

The student analyses properties off figures. R
At this level a student may realjZe that , .
the opposite sides and possibly ‘aven the :
diagonals of a rectangle are congruent but

will not notice how rectangles relate’to

squares or' right triangles. r X

Level 3 - Ordering o y

The student logically orders figures and
understands interrelationships .between
. figqures and importance of accurhte .
' definitions. At this level a student will
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- understand why every square is a rectangle ..
but may not be able to’ eéxplain, for example,
why the dlagonals of4!vrectangle are -
congruent, &

|

1

Level 4 - Deduction

li

.;;;: .

The student understands the S gnificance_oﬁ
deduction and the role of poszulates,

- theorems and proof. . At this level a student
will be able to use. ‘the SAS postulate to -

K prove statements @bou rectangles but not

understand why 1t is necessary to postulate
the SAS condition and how the SAS postulate
~connects the dlstance and angle measures.

Level 5 - Rigor

The student understands the importance of
precision in- dealing with foundations and
interrelationships between structures.  This
most advanced level is' rarely rwached by ‘
high school students. At this level a
student understands, for example, how ,the.
parallel postulate (Euclidean) relates to

. the existence of rectangles.and that.
non-Euclidean geometry, angles do’ nothexlst.

v s

. A . .
with regard to the last level,'Usiskin (1982) concluded

from his study; "In the form given by the van Hieles, level

5 either does not exist or is not testable., All other levels

are.teetable""(p. 79)7

2. Prqg_:ties of Levels . ‘ C f':, &l

In 1958 59 the van Hieles 1dent1fied propertles of

the- levels to which Usiskin (1982) assigned various names.“ '

Wirzup (19767 also discusaed these properties which may
contribute to a batter understandlng of the thought levels.

The following description is from Usiskin (1982, p- 5).

st e
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\ Property .1 - Fixed Sequence

\ A student cannbt be at a van Hiele level n
- -~ without having gone through level n-1. wa’

- A

- ; \ ‘ . . ‘ ‘
Property 2 - Adi@cency : ) ]

At each-1ével of thought w@at was 1ntr1n51c
in the preceding level becOmes extr1n51c 1n
the current level. ‘ .

‘Property 3 - Distinction

. Each level has its own linguistic symbols and i
\‘ " its own network-of relat:.onshlps connectln% L.
© these symbols. S /

\ | | ) {'. ‘ a' g L * ' . . / (’{}

Property 4 - Segeration

'Pwo. persoﬁs who reason at dlfferent levels , .
cannot understand each other. e ;

A fo.
o i
»
]

Property 5 - Attainment S ;

\ The learning process leading to complete . {
| - .understanding at the next higher level .has
\ five phages, approxlmately but nat strictly -
. sequential, entitled: inquiry, directed :
. orientation, explanatlon, free orientation
and integration. '
| - N : .
1 (Note: This property of attainment is also
i . known as the phases of learning.)
‘ .

3. | Phases of Learning = N

Usisﬁln (1982) considered these specific and detailed

* \

explanatlons called 'phases of, learning as.a £ifth property

w

. »of ‘the levels which he called 'attainment'.” The van Hleles

maintained tliat.ih' order to attain ‘the next level the student

; muat'go through’ these phases of learning. This very

v

e e

B R
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significant aspect of the theory is described in detail by R

"Hoffer (1982). He compares these five phases of learning f

to Polya's principle of consecutive phases consisting of

exploration, formalization and assimilation. He also

. compares these phases to the Dienes' learning cycle. The

following is Hoffer's description of each phase (1982,
pPp. 5-6). . - : . L
Phase 1~ Inquiry ' . l P

", The ‘teacher engaged the students in (two way )
“conversations about the objects of the study to,
be pursued.. The teacher leaxrns how the’ students
~interpret. the words and gives the students some .
understanding of what topic is to be studied. ; .4

guestlons are raised and observations made that -
se the vocabulary and.objects of the topic and ,
set the stage for further study. ;

r

Phase 2 - Directed Orientatidn:.*g.

The teacher carefully sequences,activities for
student exploration by which students begin to
realize what direction the study is taking, and
they become familiar with the characteristic.
structuses. Many of the activities in this phase
are \one-step tasks which elicit specific responses.
\.,. . _‘ ey ' T

Phase 3 - Expliciting

The students with minimal prqmptmg by the
teacher and buildlng on previous experiences.

* refine their use of the wocabulary and express
their opinions about the inherent structures
of the study. During this phase, the students -
begin to form the system of relations of the
study. e

‘Note: this phaee has been incorrectly translated
as Explanatfon by other writers. It is essential '
here that students make the observations C
. explicitly rather than receive lectures L ‘ ,
(explanations) from the teacher, o :
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Phase 4 -‘Free“Orientation

-The students now ‘encounter multl-step ‘tasks or
tasks that Gan be completed in different ways.

- They gain experience in finding their own way
or resolving the tasks.. By orienting
themselves many of the relations between the
ob]ects of the study become exp11c1t to the
etudents.

*

. Phase 5 - ihtegratibn B L

The students now review the methods at their
disposal and form an overview. The objects ,
and relations are unified and internalized
into a new domain of thought. .The teacher aids
. this process by providing global surveys of
what the students already know, being careful

not, to present new or dlscordant ideas, ' R

. \
’ 4 ) . .o '\

v

' ' ' l' - . o A .
“At the close of the fifth pﬁese the,ne§:§eve1 of thBught-;s_\

-.attained" (Hoffer, 1982, p. 5). “Hoféer W u;‘on'to say the

van Hlele theory could be applied to other tOplCS .@ther than

.geometry. He gave examples of flye levels using logic,

geometric transformations and_reél’numbers. Usiskin (1982)

stated that wide applacablllty is an appealing character-

lSth of this theory.

Brief Historical Perspective | "

The Russians investigated this theory petweéh 1960

and 1964. The mathematics educators at the Soviet Academy’

of Pedagogical Sciences researched and experimented with the
van Hlele//beory and confirmed its validlty. It is the van
Hiele theory that hae formed the basis for designing the new

SOViet geometry curriculum (Wirzup, 1976)

.
-

N\

A
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) early seventies. : Freudenthal's inajor‘ work, Mathematlcs as

F

an Educational Task (1973), brought ‘the theory to the

attention of Western: Europe. His work together w1th the-'«‘

U work of -the.Soviets brought ’the theory to the attention Of

.‘

.W.l.rzup who was respons.tble for flrst presentlng the idea J.n

the. -United Stated in 1974 In hlS paperﬁwirzup (1976)

‘x

. . described the breakthroughs in: Russ:.a in the teach1ng of _. o

v geometry and the van H:Lele theory. JEL LTt
"“-. Y 1] v . ‘ B 2 s . N
* ] ' In 1978, COxford amalyzed WJ.rzup 8. arta.cle 1n detail

;o and concluded that at least three types of stud:.es are

needed so that we can better understand the cognxtive

N . t

: structure of chJ.ldren- _ L ; .
. — .‘ A - - "'I

Y oarefully documented gitudinal -case,. .
studies of J.nd:.v:l.dua children I

13

0

ii) .substant.l.al data gathered by age sampllng )

. ' ‘ to ‘compare cognitive stricture and
o . ' developmental stages - T

N iii) analysm 6f the effects of the type and
' amount of mstruct:.on taklng place. .
(pp. '329-330) .

* Dnited States that deal with the 'van I—I:Lele theory. Thé i

¢

C - ,I ) three needs as stated by COxford are partially fulfllled

: by these three studies. ,‘ / O :é.

! , s * . P

T 1t e TP et ep— e s
-
v

T T S
-

Presently, there are three maJor studles J.n the P ‘

as

B L U T,

~

i 2 e s o Bt
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The Oregon Project: 'Assessing Children's .Development
© - -~ ’ . “v"i

1n Geometrg,(Burger, 1982) : : . . .

-

e Foundatmon (NSF) , headed by Burger, and lasted fromb

. -/ . ' . . .
‘ Séptember 1979. through Eebruary 1982 The study ’ i Ly

'~three states. From.- theSe interulews ‘a %ist was made of o

" with Q:hJ.ldren of ajl age -levels, thus~'develop:|.‘ng a .-,

‘ThewBrooklyn Project: Geometrlc Thlnking Among AdolescentS“'
*in Inner'city‘Bchoola. (Geddes, 1981) _ : \\‘

LI w A ® ' !

A ' .
: A The pﬁrpose of the study wasato‘lnvestlgate ‘ ,
the extent to which the yan Hiele levels . .
hkserve as a model to assess student under-. / s
. “standing of geometry.. (Hoffer, 3.982)\ s Ay :

o " .

This study was sponsored by Natlonal SCLEnce . E

.
B+ e e e e o st s
AT

;lnvolved cllnlcal 1nterv1ews u51ng varlous taﬁks and L .

. ca
~ . .
N N .

' scripts with over 70 atudents in grades l to 12 in ,' S ‘ L

el ‘ﬁ‘ . °J

- . . . L »

reasonlng phenomena that could be 1nterpreted as,
(S g
90551b1e 1nd1catofs of a pargziglar -van Hielg levelre -

ThlS pro:ect found that ‘the same scrlpt could be used '

‘prototype 1nstrument to use for 1ong1tud1na1 case ) 1\“ t'_;: -

studles. Hoffer (19&2) stated that this progect *n .

rélates to, Coxford's call for longltudlnal case studles. S

*

.

The purpose of the study wag "to determlne . .
whether the van Hiele,model .describes how- - . Cee N
students learn geometry and how the model . R
can be interpreted i{n the context of ~ . Y
American curriculum and environment -- in_ . &
particular, in ‘the context of minority = . I -
studengs ' (grades 6 and .9) ‘and teachers, of. +

grades 6 and 9 in a large urban area. N A N }
(Brooklyn, New York}. (Hoffer, 1982, P 16) N
Bl ) K ) .
. . \ S . N A
v l ' . ’ - . ¥y ’ ' "l" P
. . R . N ‘ , i ¥ M ‘..‘ ."'
“ " g w ]
’ Y. v 1 b r ) ' <“'
ZA/ ‘ “ ! 4
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&his study was
from November 1979

by Dorothy Geddes.

L e

and 1mplementation

-on the van Hiele ieyefe and phases. 'To do this, several

texthooks were ev

P

18"

aiso sponsored by the NSF and lasted

through J{puary 1982 and was directed

1nvolved the devei?pment

of four instructlonal modules based

uated for content and activities in

il

. wh

relation to van Hiele'modelf This pro;eot satlsfies

9

LY

goxford's thlrd need of

\

analyzing the effects of the

o type and,emount'of 1hstruction taking place inxthe.,

. .
* . context of\formal schooling.

— . " - -

'3) " The chigigo Proleot.

CogAitive Development and °

U81sk1n, 1982).

¢

Achievement in Secondaryrsc_pol Geometry.- ' {(CDASSG,

aViE
\ | J\

L+

‘The purpose of the studykﬁas to determirie

the effects of the student's stage of

§ o cognitive development and performance on.

S . a test of mathematics prerequ151tes have

This ‘project was epOnsoreA by the National’ Institute

/ of Education (NIE). for the duration of July 1979 through

s . on student achievement in standard geometry .
e o concepts and proof. (

Hoffer, 1982, p. 17)

l*‘.y

/, - June 1982. ThlS three-year proHect was the most

comprehensive of the three and ﬁas headed - by Usiskin.

-

This project entailed administering four different tests‘?‘

(1. Entering Geometry Student Test; ‘2. 'Van Hiele

Geomatry Test; 3. Proof Test--4 Geometry Achievement

cok

‘in Bix different states.

4

The firse three tests were

Test) to approximately 2900 high sohool.geometry students
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constructed by the\;taff of thée project. (It should be
noted that the vaanielelceometry test and the proof
test of the CDASJE\FrOJect are the ones that were

’ admlnlstered in'{the/ current study ) | The Chlcago progect

gathered data‘“ﬁ’st dents thought 1evels and performance

in geometry, thus me ting Coxford s second shggestlon for'

gatherlng substantral data by age - sampllng to compare

: examlnedenext when discu'91ng impllcatlons of the van..

Hiele theory. : ~'TJ;,* T g '
A Ot v. . ) 3

Implications'of thehyan Hiele Theory =

The major impllcatioﬁ of thlS theory is that it

.alloWs us to anestlgate problem ateas such as wrltlng

geometry proofs. The theory has been applled to explaln why

' "ystudents have dlfflculty w1th thsse h1gher order processes.'

L

As erzup (1976)° states. f , *

a=,
.

The use of these levels permlts ‘us to
isolate ,(and ‘study) the essential aspects
. ,of the development of geometric ‘thought
'from the large complex of interrelated
. factors characterizing the development of
thinklng in general. {p. 79)

&

Hof%er (1//2+ in his artlcle "Geometry 1s More Than

Proof"‘(1981) mentloned some po n}n regarding students ' -

trouble J&th-proof.:-"SOme students say that they 'got, by'

% ‘ L

[

B
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. =
geometry by memorizing proofs" (p. 13). This gquote implies

-, that proof is being taught as an algorithm leading to only
short-term memorylaod little understanding. Freudenthal

fsupported this idea;
v As long as the c¢hild is not able to.reflect

" on its own activity, the higher level remains
inaccessible. The highet level operation can
then, of course, be taught as algorithm

. though with little lasting consequence. This

' has been proved by the failure of teaching -

T ‘=fractions. (1973, p. 130)

‘o Thus,'the theory has major lmpllcatlons for achleve—

] . y

en% ln ertlng proofs. ertlng proofs may be taught as an
algorlthm 50 the student may not really understand it,.yet

‘on a.short—term basis can memorize enough to get through a

-

hlgh school geometry course. Thls problem of students
.memorxzmng pdbofs ox learnlng to wrlte 'almost correct'
proofs by 1m1tat1ng thelr teacher is supported by many other

mathematical,educatore. Kllne f1973) makes thls very point
when he stated:
The concept® of proof is fundamental in
mathematics and so in geometry the
students have the opportunity to learn
one of .the great features of the subject.
But sxnce the final deductive proof of a
theorem is usually the end result of a
lot of.'guessing and experimentikg and
often. depends,on an imgenious scheme
whlch permits. proving the theorem in
proper logical sequence, the proof is
‘not necessarily a natural one,: that is,
one which would suggest itself readily
. . to the adolescent mind. Moreover, the
+ . deductive argument ¢ives no insight into \

i

‘the difficulties that were overcome in \_
‘* rthe original creation of the proof. ' Hence,

, the student cannot see the rationale and \
. ha does the same thing in geometry that he

* doés:in algebra. He memorizes the proof.

- Ap. 7)
ot T ; , ' . (j)
o AN

e e,
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(p. 274),
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Rosskopf and Exner (1957) suggested, "The writers
are convinced that.average mathematics student never feally
learns what a proof is, but rather learns how to write
caorrect proofs through imitation of his instructor and his
textbooks and by adjusting his lafforts to their authority"

: 4

Hoffer (1981), as does Wirzup (1976), claimed that
‘the pfesent e*perienges in elementary and junior high school
ﬁathematics are insﬁff%cient o enable the .student to wijite
proofs. Hoffer (1981) stated ;e are devoting tbo much time

to formal proofs and ‘that thié‘takes away from developing

[N i

. other geometric skills such as'vistal, verbal, drawing, = . |

. : L K .
\\\\\logical, and applied skills._ These statements support the

Idea that formal proofs are started too eérky‘for the . '
students' mental development; they are just not ready! Hoffer
(1981) and Wirzup .(1976) stated that the high school Qeometrx .
course is taught at a higher van Hiele level than most

students have attained and théigtudent at the lower level

\a }
cannot understand what is being discussed at a higher level.

The majority of students having difficulty at hig¢h school

———— e Ml

geometry are probably at the first van Hiele level while the
. o
course ‘-being taught is at the fourth level (Wirzup, 1976;

Hoffer, 1981). Wirzup (1976) stated: -

o \
!
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of thlnklng, will not understand their students“

The majority of our high school students.
are at the first level of development in
geometry, while the course they take ' .
demands the fourth level of thought. It
is no wonder that high school graduates
.have hardly any knowledge of geometxy, and
that this irreparable deficiency haunts
them continually later on. (p. 96)

Teachers who - teach at a higher level than the

students have‘attalned and are‘not aware of the lower levels

at which the students are operatiny %ﬁll experience little

success. Senk (1983) stated, “teachers who reason at the

higher levels, if they are not semnsitive to the lower levels

(p. 36).
Usiskin (1982) calls thls the Property of Separatlon, in the
van Hlele theory;

4

"Two persons who reason at different

levels cannqt understand each other" (p. 5). Senk (1983)

‘stated “accordlng to the van Hleles, tter how prec1se

the teacher's explanatlons may be, these students will not

comprehend them, until the'students have first moved through
levels 2 and 3" (p. 36)

1

Usisgkin (1982) also supporﬂaithese claims with

conclu51ons dealing with' the van Hlele level and proof-

\

wrltlng achievement- A ~

&
o

In geometry classes that have studied
proof, the van Hiele levels of most
“ students toward the end of the school
s year are tooklow to afford a high

likelihood oI success in geometry
proof. {(p. 83) |
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This conclusion implies that some'%tudents who have
studied proof for a year do nogkundetstand‘proofs since

their van Hiele level is either 1 or 2. They are béing

taught above the level they have attained. UsiskinA(1982)
' ’

went on to conclude: i

In geometry classes that study proof, the
. fall van Hiele levels of over half the
Students are too low to afford even a 2«
in 5 chance of success at proof. (p. B4)
»

Taken together, [both previous conclusions],
support the claims of Izaak Wirzup and Alan
Hoffer that many ‘if not most students in the

~ United States enter geomatry at van Hiele
levels that are too low to insure success
‘and that the‘geometry course, as presently
taught, does .not improve their understanding
(as measured by van Hiele levels) enough to
get that: success. (p. 84),

- . U51sk1n also claims that students can be mlsplaced .

b L)

intg a proof-oriented geometry course when they Only have a '

50 percent chance of being Successful in that course.

. - N
Using van Hiele levels as the criterion,

< almost half of geometry students are
placed in a course in which their chances
of being successful at proof ire only
50-50. (p. 85) '

This statement implies offering a non-proof alterhative

course to high school geometry studenté in order that misplace-

)

ments‘may be‘minimized._ |

Sharon Senk, who was algo a sqiff member of the CSASSG
pro:ect, made various conclusions (using the same data as “

the prOJeét) e!%cernlng'ﬂ!oof-wrlting achievement.

V A
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1. About 70% of the students can do simple
proofs requiring only one deduction -
beyond those made from the given.

2. Achievement is considerably lower on
proofs requiring auxlllary lines or
longer chains of reasonlng.

3..- After ‘a full year of a geometry course
with proof, only about half the students
can do more than simple proofs.

<

- 4. Writing proofs is not an "all" or "noathing"

task. 2Among the half of tHe population
that can do more than simple proofs, there
is a wide range of proof—writing achlevement.

5. Both van Hiele level and achlevement on
: standard content correlate highly and
51gnificantly with proof-writing achievement

(senk, 1982, pp. 7- -8)

~
L3 .

Sehk's third condlusion is based upon the fact tha;

o . o, ' -
on each form of the proof test there was on!'very simple

proof (Uéiskin, 1992). The fourth conclusion_;hat proof is

not an "all" or,“nothing" task cggtradictsfa belief held hy

‘$'some_geometry teachers that students either 'get' proofs or

they ‘don't’ (Séﬁk, 1982). According to Senk, the van

Hieles' hypotheses that only at level'3 do students begin to

understand deductive proof, and that only students who have

reached levels 4 or 5 are able "to write their own proofs,

are generally supported by the data and conclusions (1982,

P. Il)

Also, W1r2up s (1976) assertion that most students

enter the high school geometry course at elther of the first

two van Hiele ‘levels is supported by. this data.

-~
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Roberta Dees, (1982), another staff member of the
éDASSG project, analysed sex differences in geometry
achievement; The ﬁain'conclusion was that the ebility to
learn geometry, from facts through preof, is eqeal between
the sexes. This is cohtrary to populer-belief that boys
are superior to eirle in mathematical problem solving ability.

These are a few of the'major implications and con-
clusions conce&ning the wvan.Hiele theory and proof-writlng

achievement of high school geometry students.

'
aE

Summarz

The van Hlele theory, con ining 5 geometrlc thought
1evels, propertles and phases of learning was deOelQped in
1957 and first brought to the-attention of North Americans by

Wirzup in 1974. Since,then, three'major projects on

developlng and verifying this theory have taken place.  Some

. of the major implications of the theory deal w1th students'

abilities to write geometric proofs. Various methematics

- . : - v
educators believe proofs are memorized by the student rather

than learned with'understending.l Also, writing proofs may
be taught as an algorithm which again leads to llttle
understanding..,The van Hiele theory has been used to try
and epraﬂg the difficulty studenta encounter with writing
geometriéu roofs.. The explehation the theory offers iq'that'

students need to be at a certain level of geometric. thought

T~
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{Level 4) in order to understand geometric proofs and most

‘'students are at a lower level. The theory contains certain

+ R

phases of learning that can enable a student to go from one

~
e : L4
level to the next. _— ‘ . '
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CHAPTER III

DESIGN OF THE STUDY

Sample

The population included all academic and advanced

, mathematics &tudents in grade 10 in all school districts in'

Newfoundlanééxfast of Clarenville. Ten schools were chosen
A e : s, :
randomly from the districts and one class of grade 10

-

mathematics students was chosen randomly from each school.

Seven of the ten schools chosen agreed to-participate in the’

stud&. ‘The samplé consisted of 201_students: 79.girls and
122 hoys in five different categories. A breakdown of the
sample with respect to sex and category is given in Table 1[
N P,,4Category 1 represented those students who have done
advanced mathematlcs in grades 9 and 10. Students in
category 2 did ‘advanced mathematics in grade 9<but did the

4
academic mathematics program in grade 10. Category 3

“students did the academlc mathematlcs in 9 and switched to

thé.advaﬁbed program in grade 10. Category 4 represented
the largest majority of students. These students have done

thé academic mathematics program in both 9 and'lQ. _Category

L]

"5 was added for those students who chose to do the academic

program in 10 after hav1ng completed the basmc mathematics
in grade 9. Totals in Table I show that most students (92%)

belong either to category 1l or 4 80 only these categories

‘will be con81dered in the- analy5e§

- L . e
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Table I

Sex and Category of Sample

Male Femqle ) Totals

Category 1 53 13 66 (32.8%)
Category 2 ' 5 : 1 6 (3.0%)
Category 3 5 0 5 (2.5%)
Category 4 . 54 SN 65 . . 119 (59.2%)
Category 5 5 0 . ' 5 (2.5%)
Totals 122 - 79. 20
2 (60.7%) . . (39.3%) . ' .
/" —SL =
! . -
n = 201 . -
\
s S

~ Each student was administered two tests,'the van
Hiele level test and the proof test. The oxder of

administering the tests were alternated cach™ime to avoid

‘4

any bias in the: testing.

Instrumentation

The two tests administered in this study were from

the CDASSG project and were used yith permission ﬂUsiskin,
1982). The van Hiele level geometr\test (Appenaix a)
contai;;'zs,sequential_multiple,chéic kems and wa$ 
constructed_by the staff of the project; The firét five
questioné deal with_level one, tha second five items with

level two and 8O on. . The other tesf that was used in this

“ '
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}Btudy is a proof test (Appendix B) that was designed by

Sharon Senk under the auspices of the CDASSG project (1979).
This test™Consisted of six items; two short answer questions”
and four full proofs. The éirst.item concerned filling in
four blank spaces in a geometFic proof. In the second item!
the student had ic.b draw the figure, state what is given and
what is .to be pro_véd from a given statement; tt'le 'studentv did

not have to prove this statement. Items three to six were

fcmi\'full geometric proofs. The probf tests included ;.tems

covering congruent trianglés,'parallel 1inés, Quadfilaterals

and similarity which the staff of the project determined were

the most widely-used topics in most gedmeffy'textsf |

J‘ There are three similar forms of fhé prpof ;ést that
were used in the CDASSG project. The’ item analysis of the
three proof tests (Table II) showed that §6me of the items
were more difficult than others. The results in this <item

, ( R . .
analysis were used to choose the six items which make up the

proof gest for this study. If the items were close in. terms
of the percentage of students having them correct, thengpne
item;was chosen randomly for use in the pregeﬂt'stﬁdy.‘ For“
- _ , . ;.

example, item 2 on each formiof the'prbof exam had relatively

close percentages of students scoring 3 or 4. On form 2, 78%

‘scored 3 or 4 and on form 3, 66%‘écored either 3 or 4,

TnprefOre’étem 2 of‘thq test used-in this study was chasen

at random from these three itqmé. '

. !
: g \Y
Te
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. Table IT
Proof Tests - Item'Analysis'
(Usiskin, 1982) .
o ,
&
A Percentage Scoring “
. Form . Item 9 1 2 3 7443\5 ' 'mean. s.d.
1 1 1 8. '9 23 35 2.3 1.6l
2 8 .24 50 10 - 2.48  1.04
3. 17 8 4 9 63 2.95 1.57.
.4  "3& 15 19 5 26 1.76 1.60 -
5 23 20 20 18 19 1.90 1.43
s ¢ . ¢
6 a7 © 41 7 1 .« 5. 0,77, :0.99,
2 11 19 52 3.07 1.14
2 8 131« 47 3.03 1.21
3 19 5 67 2.98 1.61
4 20 .9 38 2.25 1.60
5 40 a1 - 11 1.62 1.52
6 57 13 13 .0.99 1.42
3 1 11 22 17 24 .26 4}2‘32 s 1.36
2 - 10 7 17 20 46 2.86 ZT 1.33
3 31 g8 1s 10 37 2.14 ° 1.69
4 40, 5 4 4" 47 - 2.14 1.?9v
5 37 19 12 *8 . 24-  1.63 1.60 .
6 3-.25 67 12 24 1.66  1.560 -
* Items chosen for the "i:roqf test of this study. '
' — 1 4
. - \
4
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. Hiele theory at'these‘levels" (1982, p. 29)

'1982)

hustudents. ‘
S .

t
. he 1}

Also, items that involved the idea of”similaritylzﬁge . ’

‘eliminated due to the fact that this concept, in terms of

doing proofs, is not coﬁ\ied in -the grade 10 acadenmic

' ~ * N -
Lo There was. extensive piloting~of both testp by‘the

geometryeiext. .

CDASSG project to determlne thelr valldlty and relrablllty.'
- -

The followxng Kuder—Rlchardson relynﬁlllty coefficients were .

o,

Afound for both- the fall and sPrlng van Hlele tests <".t f”

b—-a_“_.
.(conSLdered as five 5-1tem tests), Level 1 - ( 74) and {. 79L

et

Level 2 - ( '82) and (s 88), Level 3 - (.88) and ( 88),
. . -5 .

Level 4 - (.43) and (, 69); Level 5'- (.3B) and (.65). = .-

Usiskin stated that "the low rellabllltles at levefg 4 and

] a

5 may be a byproducf pf:the lack of spec1f1cat;on of theavan

coeff1c1ents for the proof test ranged from 79 to .89 (Senk,
. @:
" It was also found thqt 35 mlnutes was enough time to’
/

complete each testx ThlS alloted time of 35 mlnutes was also

found to be.ag?roprlateafor grade~louNewfoundland-mathematlcs-\

“

A

3 , L -
o -

T . -

0 - . " -

. . Grading -Procedure.

all téste th® wefevadministered

van Hlele level test, e student was assigned a Weighted sum.

dcore in’ the follow1ng manner (see Definition #l' Chapter I),
4

1 pdint for: meeting crlterlon on items 1-5 ; .
' *. (Level 1) ‘ , o

.'.‘ \~p. /t{

Thé reliabiiity'

Ebr the 25 hultiple choice'’

. . ) - T ,
- LI v ' .’
N " . » g -
“ P r - ¥ r
. S o . -
’ . o

*\\“' 31, .

»
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The' investigatar in the present studyjfveluated !
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.Wand found to be" conaistent.

’ M - ' - ’

2 points for meeting criterion on items 6-10 :
(Level 2) :

4 points for Qeeting criterion dn items 11-15 o
(Level 3) . . I :

8 poipnts for meetlng criterion on items 16-20
(Level 4)

[
[

16 p01nts for meetlng criterion on items 21-25
* (Level '5)

¥

' . \
J C . L,
. . . N .

Y The crlterion,used was either 3 out of 5 correct o

.4 out of.5 correct. S ' ' i EU T e

The proof tests were graded u51ng a scale of 0 to'4

x

deslgned by. Malone et al. (1980) 'Senk adapted thls scale .

and set spec1f1c crlteraa for each probfeltem (aee Gradlng .

h‘

Procedure, Appendlx C) Senk's (1982) crlterla for 1temsi

1, 2,_and 5 were used unmodified. The 1nvest1gator usrng \

the same scale, deSLgned spec1f1c criterla for items 2, 4~ :

and 6. The gradlng crlterla were verlfled by a unlverSIty

proftssor and an efperlenced p&gh school mathematlcs:teacher.

oF

[ e . == .
‘Ten tests from the pilot were chosen at rahdom and corrected
’ ' i

. ) . _ oo
independently by the writer and these two aforementioned

"hathematips educators. There was little disaéreement and

never more than one -péint. When disagreement occurred, the
item was ‘graded aga§d, and5an agreement was then reached on

the students' Bcore. At the end of the qradlng of the

l‘

proof teats, 25 tests were chosen at random and scores were.

then verified. chres on thesébzs tests were checked again,

3

. ' . ’ - .. ]
> - * EEN ¥
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ifor'each4test was found to be appropriate for grade 10

_wrlting achlevéeent of grade lzfsludents in Newfoundland

33

Pllot

Both of these tests were piloted thgfdef to
détermine if language level, content, time and choice of
proof items were appropriate for grade 10 geometry
students in Newfoundland. The pilot consisted of two
classes; one ad‘nlce'd an:i one academic. 'here were 51
students, 29 females and_22‘na1es. The time of 35 minutes ‘
Newfoundland'students. As a result of the piiot it was .
determined thi@iltem/G‘on”fﬁﬁkproof test was too difficult . . - .

for the majorlty of grade 10 mathematics students.’ The

R
-t et v

mean on Item 6 was 1.16 on a grading scale of 0 to 4. &

This item was replaced by another proof .(Item 6,‘Appendix.B)

e

which was thought to be more appropriate for the majority of

grade 10 studénts in Neﬁfound&and.

. : ‘Statement of Analyses Used

R

4 ~ N
Thls study was concerned w1th four questions and

four hypotheaes relating to the van Hiele levels apd prOOf—‘ v
\

These questxons ano hypotheses| along with the corresponding

-

statistical analysis\ are given below. ‘ ' . ‘_ '

k2
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Question 1 : .-

What are the van Hiele levels of geometry students at the
end of grade 10? »

This question was answered by administering{the van
Hiele level geometry ‘test (Appendix A) to 201 graée 10
students on the Avalon Peninsula. This test contained 25

Y v
multiple choice items; the first 5 itlems correspond to van

-
° b

Hiele level 1, items 6-10 correspond to van Hiele level 2
and so on. QOtH 3 of 5 criterion-and 4 of 5 griter;on were
used in the analyses. Each student zfsﬂggsignéd a weightedﬂ

sum-and ,then assigned to the‘corfesponding van Hiele level.

. A breakdown of each weighted sum with.the corresponding

‘assigned van Hiele levels is glven in Table IXI. Both the "

classical van Hlele theory and' the mdﬂgfled van Hiele theory
(level 5 omitted) are 1nvest1gqted in the analySes‘
This first question was answered in four main- parts:

. N : . .
percentage of those who 'fit' the van Hiele theory; the ‘

" distribution of all students into the van Hiele theory; the

overall mean van Hiele level; and the mean van Hiele levels
of those'students who studied academic mathematics in both
grades 9 and 10, (category 4) and those who studied advanced

mathematlcs in both/B and 10 (category 1)

‘Question 2 ' ' v

*

Wwhat ai the prooflwriting capabllitles of students at the
end of grade 103 . .

!

This questidn was answered by administeringla proof

test (Appendix B} to all students involved in this study.
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" Table TII .
Breakdown of Weighted Sums with Corresponding Adsigned van liiele Levels ; - i
Weighted . Y - B T van Hiele levels -}
Sum* Level 1 Level 5 Level 3 ~ Level {4 Level 5 classical/modified
o - _ - - . - - ) 0
1 1 - - - - "1 1
2, -0 ' 2 - - - . No-fit No-fit
T3 1 o2 ‘ - - - 2 ' 2 \
4 - s Y- + 4 - - - No-£it No-fit
5 1 - 4 - - " .
.6 - 2 4 - - - -
7 1 2 4 - - 3 3
3 - - - " - 8 - No-fit No-fit
9 1 . - - 8 - . .
10 - 2 - 8 - - -
11 1 2 - a - . " »
12 - - 4 8 - - ( . .
13. 1 - 4 8 - - “ ,
14 - 2 4 8 - - -
15 1 2 - 4 8 - r 4
16 - - - - 6 - No-£it 0 ' -
17 1 - - - 16 . » 1
18 - 2 - - - 16 - ' No-fit \ ‘
19 1 2 - - 16 - 2 :
20 - - 4 - 16 - No-fit "% :
21 1 - ] - 16 - . . . "
22 - 2 - 4 - 16 - ] - . ‘.
23 1 ‘2 4 - 16 = ‘ fy
24 - - - 8 16 - No~-fit L
25 1 - - ] 16 . " .
26 - 2 - g 16 - "
27 1 2 - g° 16, T " "
28 - - 4 8 16 . - .
29 17 - ] 8 16 - - .
a0 - 2 4 8 16 , L - w
N v 1 2 ‘ g 16 s/ 4 o
: s
- - e . U e - .. - B
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4
%.
All tests were graded on a scalgq of 0 to 4 (Malone, et al.,

, 1980). All exams were evaluated by the investigator after

/
/
£
4
/

; : / » B »
/ test (See Grading Procedure, Appendix C).

setting down grading criteria for each item on the proof

4

In answe}ing this question an analysis for each item
- | X .
was used which showed the number and percentages of student
scores and the mean and standard deviation for each item.

The means and standard deviation of scores on the proof

» . : .
test were also calculated for students' categories 1 and 4.

: . j " ‘ - '
Question 3 - : . S o

What is the relationship between the van Hiele level of
thinking and proof-writing achievement?

This question was ansﬁered by determining the Pearson
correlation coefficients between each item on the proof test
dnd average on the proof tgst[>with the assigned van Hiele
levels and weighted sum for both criteria. The Pearson
correlations were also determided between the average scdre
on the proof tedt and the van Hiele levels for categories 1

and 4. . |

Question 4
!

Are there" sex—related dlfferences in van Hlele levels or.
in proof-writing achlevement? N : X

Ll

This question'was answered by determining the

"

[

v SI

o v e fmage ke

following: ‘the mean van Hiele levels and standard dev1a€10ns
for both the female and male students- the aver&ge score and

standard deviatlons on the proof test for both female and
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1

male students; and the Pearson correlations between
individual average scores on the proof test and the van

Hiele levels for both sexes using both criterion. This was
done for all students together and Separately for students
in cateqgories 1 and 4.

[

Hypothesis 1 ‘ ‘ : - .

There is no significant relationship 'between the students’.
van Hlele levels and thelr proof writing,achievement.

A

For thlS _hypothesis all Pears&n correlatlons that

.

were calculated were tested with a Z-test us;ng Flsher s

'z transformatlon of the. correlatlon at the I%E.l of

significance of ,001.

Hypothesis 2

There is no eignificant‘difference between the van HielecWs
levels of male and female grade 10 students.

]
This hypothesis'has tested using a.t-test to see

if the average van Hiels level for males was significantly
different from the %yerage van Hiele level for males. ' The
mean van Hlele levels for.males and females. in categories 1
and 4 were also tested. The 1eve1 of 51gn1f1canCe was

chosan to be n01;

HypotheSLS 3

13

e eymtee s spm e e | o

[P

- .

e:e#is-no-signeﬁ&eant—éifﬁerenee—between—the—proof-writxng*“—-——————

achievement of male and fémaIe grade Iﬁ_students. //

A t-test was also used to test the significance of

this difference between the average score on the proof test




z(/ =

* . . ’
for both males and females. The proof test averages for

males and females were also tested for significance in

; » - .
‘categories 1 and 4. Again, a level of significance of .01
2N N 13 '

was used. P

Yo L]

: : ) : L
-\, N - Hypothesis 4 7 .

The relationship between the males' van Hiele levels and

proof-writing achievement 15-not significantly different

from the relationship between the females' van Hiele levels
- ' -and proof-writing achiavement. .

A Z-test‘usinq'Fisher's z-transformétiqn was used

to test this hypothesis. -Fhe'level of. significance used

'was..oi. JAll Pearson éorrelations that were qalculated in
answering Question 4 were tested. :

-

& &

- v -

3 ) : P Summary ’ ) E

7 ' : In this chapter the experimental design of the study
has been gresented.A'Stagemént of types of data analyses
were giyeh to indicate where the data to be used in Chapter

//////Iﬁfwas obtained. Only descriptive statistics were used to
. ‘ ‘ ek

- answer the four questions. The data collected is presented-
. .

_~

: .. * H .
///////// : in the next chapter and discussed in Chapter V.

s

I aaath et i) Rinan s SRRSOV TR N
-
[N




Ay v e

e

‘felating to the four main’ questions and hypotheses are

g CHAPTER IV

A}
THE RESULTS OF THE STUDY ..
t 4‘ '
The main purpose of the study was to investigate
the relati@nshib between the van Hiele levels and proof-
writing achieyement of grade ten students in Newfoundland.

In this chaptef, the results of the_analysis of'the'dath'b

presented. The -discussion of results and implications are

given in Chapter V. : ‘ ‘ T Lo
: ' S :

4

. R .

Question 1 o B ' i
. i

What“are the van Hield® levels of geometry students at the

.end of grade 10? ¢

' The van Hiele levels are numbered 1 to\? in this x
p%per (Level 1 being the first level, Level 2 béing the :
second level and so on). 'The.leyel 0 used in this nepéré
refers to those-stu&eﬁ%s who are no£'0perating at the first .
level or basic level. A no-fit refers to a student who
cannot be assigned a level. ' : ‘ .

.. In Table IV tha}percentages of students who ;kit'
the van Hiele thesry are given. Using the 3 of 5 criterion

67% of students were classifiable into a classical van Hiele

’ -
IR T e e st

- %0,

level and 83% into a modified van Hiele-level. Using the 4 TN P

P g

‘of 5 criterion (the stricter criterion) . 90% of students were

1

2t




é' |

| ' ,

| : o | ~
: classifiable into a classical van Hiele level and 93% into
i s ——

; a modified van Hiele level. Using the modified van Hiele

.‘;)’r&%\w theory 16% more students were classified than the classical

// 4 theory using the 3 of 5 criterion and 3% more using the

stricter criterion. This is partly due to the fact that
when level 5 is included (classical theory), there are only

Six weighted - sums that can be used to assign a student to-a

re. W

level. This idea is,statéﬂiii Property Cne of the van Hiele

Qich states "A student cannot
. .
» . LT ! *

alled Fixed Séquence

Table IV

. \

LAY
S

Number and Percentage of Students
Who 'Fit' the van Hiele Theory ' -

“

"3 of 5 criterion N 3

" classical : © 135 . 67.2
Modified - - 167 . 7 83.1

"4 of 5 ecriterion

L

Classical , : 182 90.5
3 e , . .
. Modified - ' g . 187. 93.0
J ' . !*t

"“ "be at van Hiele level nlwithout'having gone through level
- ; d

n-1" (Usiskin, 1982, p. 5). These six weighted sums and

o5

their assigned. levels are:
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Wélghted Sum / - Assigned Classical Level
. 2

0o { 0

_”
1=1" 1
» -
3 =1 +.2 {\J 2
. S .

7=1+2+4 ) .3
15=1+ 2+ 4 +8 ° - 4

31 = 5

1+ 2+4+8+ l:

So according to the property of Fixed Sequence, a student

" has to meet the criterion ¢on a certain level .and all

' precedlng levels in order t0 be assigned that level.

If we delete leygl 5 (modlfled theory), which is

'worth 16 points, then the number of weighted sums that can.

assign a van Hiele level are doubled:

&éighted‘Sum : Assigned'Modified Level .
0 or 16 ' . 0. |
1or 17 S, 1

"3 or 19 L 2
7 or‘ 23 ; 3

Isorat - - P "4

A breakdown of each weighted sum with the <orres-
ponding assigned van Hiele levels is givén in'Téble II1 in
Chapter III.

In Table V'and Bable VI the distribution of all

A -

——

_,.o,____
!
!

_students into the van Hiele levels using each criterion is

glven. There are distinct chanqes in the number of

students at levels 0 and 1 between the 3 of 5 criterion and '

r * » -
'
L] - ‘ \
. ‘ - - .- . L .
. ) . = . ‘

o~

A
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! Table V !
]
1 Number and Rercentages of Students f
at Each van Hiele lLevel Using :
_ the 3 of 5 Criterion
‘ -
» S
5 T { |
o ' Classical. Modified
N N %
% Level ,
‘ g .
0o * 4 . 2.0 5 2.5 P
1 : 31 15.4° 38 18,9
. | ;
2 . 48 . 23.9 58 28.9 i
> 3 33 +16.4 47 23.4 ' ‘
4 12 6.0 19 9.5
5 7 3.5 - -
t" ‘ )
' No-kit : 66 32.8 34 16.9
Total ’ 201 100.0, .2 1000
-
. [ *
[
! ' 'll
N :
: P .
. £ <Q
\ .
.ol {
-
) , -+
4
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o , Table VI -
i .
g Number and Percentages of Students
' at Each van Hiele Level Using
. the 4 of 5 Criteripn
-’ R}
_m = —— g%
Classical " "'Modified o
N “& < "N %
) *
- Level - -~
0 31- 7 15.4 31 1564
1 77 38.3 S 79 39.3
2 45 22.4 }(- . 46 22.9°
3 21 10.4 23 11.4
4 7 ' 3.5 8 4.0
5. - 1, 0.5 - -
e ' b T b .
No-fit - 19 9.5 ™= « 14 . 7.0 .
Total 201 100.0 201 100.0 P
[ '
- S —
¢ ¢
’
L.
.' . ’
i R
! 4
| ‘ .
;f a
i
! . . /
- 4

-t e
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the stricter criterion. The number of students ip Level 0

fincre?ses from 4 students to 31 students using tHe classical

theory:; an increase of 13% of those cidssifiable The
increase ?s similar with the modified thgdry; Frcm S‘
students to 31 students which corresponds to'an xncre%se of
13% of tho%e classmflable. The number of students in Level

1 1ncreasé; from 31 to 77, an- increase of 23% of |those

classifiable in the class;cal theory. The incregse ;p' he

{

!modified‘theOry is from 38 to 79 corresponding to a 20%
14 . . .

eincrease of those ciéssifiéble. The number of sthdents in'
Level 2 3, and 4 decreases sllghtly g01ng from the 3 of 5
criterion to the stricter crlterlon.‘

The,fact that more people "fit" with the mééified .
theory than-the classical means that many- students feached
the criterion on Level 5 1té&s but not on oné or moée of the

-

lower level 1tems. This raises many,questlons abo

L)

validity of Level. 5 items and the. existence of a lev
PN w

»

-that-areibeYond the scopé‘of this investigétign.

The mean van Hiele-leye;s are reported in Tab q'VIIL
There is l;ttle difference betweed‘the means found using the’
classical and'médified theoriés} Using the 3 of 5 cr terion,'
the average van Hiele level of those classiflable is 2.29

(Levemfzrw;or the classical theory and 2.22 (Level 2)A£2r~r”3

‘the modified theory. The mean van Hlele level using the -

\
stricter crite;;;L drops slightly to 1.45 for both ‘the

classical and modified "theories. .
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‘4 of 5° criterion

. two main categories of students.

' the average vanzHlele level to be hlgher for the advanced

%

S
Table VIi -

Means and Standagd Deviations of ' L

Assigned van Hiele Levels

a . N . . -

n X s.d, t-value' 2-tail
- prob.

3 of 5 ¢riterion
. ‘/~

2.29

2. 2?

f

Classical . . 135 1.16 .
B - 2,71

+

.0001

Modified 167 1.06

-Classical 182 1.45.

Ed

Modified © %167 © 1.45

[
» . , N .- f - - - Vel
O - T ‘

C ot

It is‘important to realizé in this- study there were,

Category 1 repreSents those

who have studled advanced mathematrcs Ln grade 9 and in grade

lO thu;ghav;ng done two- full years of geometrlc proofs.~ ';}

« %

» .
-

'Category 4 represents students who .have studied the. academlc .
It was egpected :

mathematlcs prOgram in both grades 9 and 10.
)

u...
‘students -than those doing the academlc program and thrs was

k‘.‘

thercase ln this study,.but only by a little less than one
'1eve1.' The number of students, the average van Hiele level
and standard dev1ation for. each category is given in “Table -
VIII. . .Since category l (Advanced mathsmatics grade 9 to
'advanced mathemat1c5 grade-lO) and category 4.(academic'

mathematiCE‘grade'b to academic mathematics grade 10)
R . e ¥ . s

"contain the majority of mathematics studéhts it was of,-‘\

l‘I| ' f

A
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N o o Table AIXT .
. A,'

Means and -Standard Devi.ations of the van Hiele Levels in cétegéries 1 and 4 with
results of t-test ). - o T ~ .
r\ﬂv&; ;d ) . . N o,

- . » v ) v

-

s.d. _ t-value  prob.

C
L]
u
f
ot
2
§ |
:
o
]

- i CF

- - : -
. - . . . .
. CI N Coa

3 of 5 criterion

Category 1 . ‘41 2.85 &5 - 56 2.66 . 0.94 . o
' C 7 355 - .0001 _ . 372 L0001
: © . 98 2.05. 1.00 - -

-Ca-tgg'ory 4 .. 82 2,10 1.04 . -

4 of 5 criterion

Category 1 . .55, 1.98 *1.01- . 58 -1.97 1.00 V g
- S ST T 4 loool L ST 448 0001
CCategory4 | 1 123 103 RN U RS 1 YURE W, AR -

1l

R .
- . T
:
-
"y » K
B -
- ”~
- - .
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L. . -
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,mean of 2.91. It was also’ Jnteresting to @ote the mean on -

‘should do. better than

47

intere®t to note the difference between their average in tne

van Hiele %hpe}s. Using the 3 of 5 criterion, the mean van i
Hiele levels for students in cstegory 1l were 2,85 (classical)
and 2,66 (m?difi'ed). ‘The me# levels in category 4 were
2.10 (classicak) and 2.05 ‘(mogified). Using the stricter
criterion, the mean van Hiele levels in categdry 1 were

1.98 .(classical) and 1.97 (modified) and in category 4 were

1.23 (classical) and 1.24 (modified). The difference

beewéen the’ mean van Hiele levels for students dn’categories
1 and 4 was found to se significant at the .001 level'for
both ériterin;_\ . l
. . 0 ]
| Question 2? |
What are the_proof-wriring capdbilities of students at the
end of;grede 102 . .

4

An 1tem analysis of the proof test and the number

and percentages of students scores on each Ltem 1s contained

1n Table IX. The overall mean on the proof test, using the

4'8cale of 0 to 4 was 2.23 w1th a- standard dev1ation of 1. 12

The mean score of each item is reported in the item analyses.

Item 5 had the lowest mean of l 38 and Item 4 had the highest

40N

the nroof test for each category (Table X). Category ;

" students who~have had two yeers of writing geometric proofs

‘Ehose~in category 4 who have had onl§ g

. ¥
_one year of writing proofs. The mean on the proof test for

¥

> S
A‘ ! “

N ,"1

&£
' 4
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: Quest‘on 3 ﬂ‘ ' s{

' What is the relationship between the -van Hiele level of

‘thinking and proof-writing achievement? 4

A

The cofrelations between the proof scores for each

1tem and weighted sums and van Hiele levels, using both the

3, of 5 and 4 of 5‘criteria are reported in Tabla XI. The J

average score on the proof test correlated best overall with

the levels ranging from .4?=to .53 using 3 of 5 crite£10q.

-

| 304 sents aknasnd -t

g
i
|
H
~
' . 49 i
. ' Table X _ ) .
Number, Means and Standard Deviation of éores on
Proof Test for Each Category
with results of t-test :
== —_—
- 2-tail
n X s.d, ) t-value prob.
Categor'! / . - '
1 : 66 ' 2.56 1.00 '
T 2,78 © .006 ,
, 4 -119-  2.08 *  1.16 .
' - ~ : N
s ——————————————————————— ... . .- —- 1
‘\ . o .. ) P . P
éategory 1 was 2.56 onlj slightl'y.bettelr than the mean on
the proof test for category 4 students 'which was,Z.OB._ '
gHowéver, the mean proof écores for students in categories 1 .
and 4 using a t-test were found to be smgnlflcantly different
« at the .01 level of s:.qm.fn.cance. ' . . ® ' & ~
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. Table XI

Pearson Correlation Coefficients Between the Weighted Sums,
Classical and Modified Levels with Each Item
and- Average Score on the Pro¥§ Test*

e T

o . : ' .
- Pl P2 p3 . P4.  P5 P6 PAVG
- 3 of 5 criterion . y -

- weighted sum . ' L e37 .34 .34 .25 .30 .39 L 42
c:y' classical levels : .43 .37 . .39 . .32 .41 .52 .53
modified levels .38 .37 .3s .31 . .39 .48 S5

‘4 of 5 criterion )
weighted sum : ’ ) .37 .34 .31 .28 .39 .43 .46
classical levels ' T 38 .33 37, .27 .43 .45 .48
modified levels. a . 239 .31 .38 .27 .44 .45 .49

* All corrBlation. coefficients sicjnificant at %é .001 level.

k-3

0s



.
- v —

-

istatlstlcally significant at the .001 level Hypothesis 1

51

The Qverége score on the proof test also correlated higher
than the individual items‘with the van Hiele levels'hsing
the stricter criterion. The range is from_.4f to .49. The
ciassical theory generally yielded hiehet correlations as
did_the 3 of 5 criterion. The fourth item on the -proof
test correlated the 1Qwest,using both ctiterion, ranging

from .25 to .32 for the 3 of 5 criterion and from .27 to IVA b

\

.28 for the stricte£ qriterion.

-

The correlations between the van Hlele levels and

.
¥

'average score on the p;ﬁof test for students 1n categories
1 and 4 are given in Table XIT. Phe correlation coefficients
for category 1 were found to be elightly higher than the

correlations for category 4 in all cases except for the
d

modlfled levels using both criterion.

\ In all cases the correlation coafflcient were
v A :
was then tested to see if any relationship existed between
the students' van Hiele levels and their proof-writing .

achievement.

o o Hypothesis 1

There is no significant relationship between the gtudents'.
van Hiele levels and their prooP-writing achievement.1

[

’ % ! .
All Pearson correlation®coefflicients calculated were . *
found to be aignificant at the ,001 level except.for-those
calculated between the,average score on the proof test for'

k4




i ’ “Table XII )

~§ Pearson Correlations :Between the Weighted Sum,
' Cldssical and Modified Levels with ‘the -

‘ : Average Score on the Proof Test
for Categories 1 and 4 *

.
. Average on Proof Test
‘i Cat 1 . Cat 4
P 3 of 5 criterion L
f " weighted sum- - L .48 .41
S classical level - . .58 ; ‘:9 '
modified. level .46 .46
f 4 of 5 criterion BN
weighted sum ] - .48 "~ .42
. s : . ‘ -
classical level ' .48 y .45
% . modified level Y .46
< _ 3 ™ 9
TN

* A1l correlatian coefficients significant at the .001 level.

o b

e e et S L e
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: differed only slightly us;ng the classical and modified

53

R s = it
. .

oo
females in category 1 and the van Hiele leveli.of both

classical and modified levels.~ This was due to the fact

of the small number of 13 female students in category 1.

These correlation coefficients were significant at the .01

level aﬁd are found in the second column in -Table XIITI.

¢

This null hypothesis wae rejected, thus there exists

some relatlonshlp between the students' van Hiele levels and

P

. their proof-wf&tlng achlevement. A student w1th higher wvan

. e '
Hiele levels tends to.score higher on the proof-test,

(

" Question 4 T y

———

-
L 3

Are there sex-related differences in van Hiele levels.or

in proof-writing achievement?

a

The mean van Hiele 1evex\H9r the males was sllghtly

hlgher than the mean females' van Hiele level 1n ‘all cases,

. The mean. levels for the females,ou51ng the 3 of 5 criterion,

found in Tables XIV and Xv were 2. 19 (cla551cal) and 2 05

e,1r

(modified). The correSponding mean van Hiele level for the

males was found to be‘}.BS (c1a831cal) and 2r33 (modified).

stgg the str;cter criterion, the average van Hrele level - ’
for the femal&s was 1.26 (cla591ca1) and 1. 25 (modified),

for the males the average level was*1.57 (classical) and .-

1. 55 (mod1fied) 'Note' that the average van Hiele levels

theorles. Breaking down category 1 students intd’males and ¢

females, it was found that the malee‘ average van’ Hiele 4
i . . . .
level is. again slightly higher, ) . ,

| .
3 .
¢ :

r——— =
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Table XIII
. ‘'The Pearson Correlations Between the ‘Average Sc_ore__on the Pxobf Taft for Males and
" Females and the Classical and Modified van Hiele Levels*
Py Average on Proof Test, - i
. ' - Females ' Males
. . po - - -~ _
( -~ . Overall Cat. 1 Cat. 4 Overall Cat. 1 Ccat.
) . . T A |
.3 of 5 criterion '
weighted sum .36 .49 .35 .48 ' .46 .46
. . - o ‘ .
- _classical levels .45 .58 .44 .59 .57 .59
. .modikjed levels .42 M 60 .42 .55 .41, .58
4 of 5 criterion ,
' © weighted sum - - .43 .54 L4z .50 - .47 .45
. classical levels .51 .51 .52 .49 - .47 .42
modified levels .52 . .51 . #52 ) .49 .42 .44

~

» - ! -

T 1 correlation coefficients were significant at%fhe .001 level except for the

fémdles in category 1l (second column) which were -Mgnificant at the .01 level.

—— o — e oo TN A A e =y
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L  Table XIV . . *® -
Breakdown of Mean van Hiele levels for both Males and Femalg¢s
-t wi_th'results of t-test using the 3 of 5 criterion
T - .
R . . Classical N Modified
TN - 2-tail . _ 2-tail
: \ n x s.d. - t—value prob. n X s.d. t-value prob.
Female 52 2.19- 1.55° . o 64 2.05 1.06
. Overall : ‘ 0.77 ~ 0.445 < 1.75 0.87
T - Male 82 2.35 1.16 : . T 103 - 2.33  0.98 .
Female 12 2.67 1.16 ‘ - 12 - 2.58 1.00
Category. 1 - 0.61 0.547 0.32 0.762 .
Male 29. 2,93 1.31 43 2.68 0,93 .
Female 39 2.08 1.13 - - . 51 1.94 " 1.04 ‘
Category 4 - 0.17 - 0.865 .. 1.14 0.257.
. Male 43 2.12 0.96 ' 47 .2.17 0.94
]
'R
s - R :
. 3
* 1

GS

s 2
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/ Table XV -
4 -y Breakdown of Mean van Hiele levels for both Males and Females.
} - with results of t-test using the 4 of 5 criterion S
t . _ neng Ee | o
& , ' ' Qlassical T . Modified )
- - _ _— 2-tail - S 2-tail
. n 'x s.d. t-value prob. n ,__?\ s.d. t-value prob.
Famale 73 1.26 l;_ll 73 - 1.25 "1.06
Overall o ) 1.94 -0.058 ' ' 2.20 0.029
Male 109 1:;57 1.01 -7 144 1.59 . 1.01
Female 12 1,83 1.03 - 12 1.83 1.03 - .
Category 1 o . 0.57  0.569 " - 0.51 0.610
- Male _ 43 2,02 1.01 ) 47 2,00 1.00 !
. ~ L
- Famale - 60 1.15 1.10 . " 60 . 1.13 1.08®
Category 4 . - . 0,94 .351 - 1.22, 0.222
. Male 51 1.33 0.93 . & 52 1.37 0.85
.® -
1
h.
2]

ag
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The' overall average.score on the proéf test for
both femeles and males, found in Tablé XVI, using all*
categories together, are relatively the same. When the
categories were brokeh down the situation changed. In

a category 1 the malegaverage was 2.62 which was higher than
the femafle average of 2.28, In category 4, it reversed,
the female average of 2.26 was higher thenrthe male average
of 1.86. | |

The correlations between the averagé on the proof
test and the classical and modified levels are_giveh in
Table XIII. d&érail the correlation Qasfhigher with the
'males using the 3 of 5 criterion.bgt/ﬁith the stricter
criterion male and female correlations were relatively the

same.. The range was from .36 to .52 for females 'and .45 to

.59 for the males. The highest correlations for the females

were with the classical (.Si) and modified (rSfT_TEQe&:¥h
using the stricter criterion. 'The highest correlation ¥or

the males was with the classical level (.59) using the 3 of

5 critenion., In category 1, the feﬁales' mean proof score
correlated higher with their van Hiele levels than did the
maies. This was. due to the fact there were only 13 femele
students in category 1, The highest correlation fo; the )
males in category 1 was again with the Slassical level (. 57)
using J-of 5 criterion., 1In category 4k the males mean score
on the proof test correlated higher using the 3 of 5

criterion but the females mean score ‘correlated higher than

A < i . S <
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TablegXVI *
) . Mean Scores on the Proof Test Between Males ahd Females
Overall and in Categoriés 1 and 4
o with results of t—-test
. ' ’ ' '
Variable Group N © Mean std. Dev. t-value 2-tail prob.
. ) ( < . i
. Female ® - . QZ? 1.12
Overall" . ' 0.43 .666
' < Male 122 2.20 1.12 ' -
. . ) - g . s
- Female 13 . 2.28 . 0.99 -
Category 1 “ . . -1.09 «279
' ' Male 53 2.62 1.01 % - -
.4Female 65 2.26 « "1.16 o
Category 4 . - 1.85 , 067
_ Male 54 1.3& 1.14 3
7 . . ’/'h' ‘
- » /‘; R *
/ \
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- Hiele levels and proof wrltlng‘achrevement.of gfade lo, '~

't-test in categorles 1 ‘and 4 respectively. The t-valuee

.for category 1l students ranged from 0.61 to 0, 51 and for

.
.
. 2
. d .
.. ]

-
qorrelatlons for the males ln category 4 wete w1th the

the males using the 4 of 5 qriterion. The highest N ) ]

classical ( 59) and modlfled (. 58) levels using the 3 of . p)

5 criterion. The hlghest correlations for the females

were with the classical” (.52) and modified (. 32) levels . P

using the stricten criterion.: J : .
& ) .

The followlng three hypothe es were‘checked for

any 51gn1f1cant sex-related dlffeﬂgnces between the van

¢ ' I

R

h ]

stgdents.-v

bl

. .’ Hypothesis 2 T - ' \

There is no significant difference between the van Hiele

levels of male and female grade 10 students. ¥ °~ | o i
The results of the t-test"ied to:test’ thls >
hypothesxs are réported 1n¢Tab1es XIV. and XV. The average Tt
van.Hiele levels were consystently hlgher for males than - A
‘ ‘% ' . o
N

females in both the classical and modlfqu theorles uSLng R

both criteria. ‘These dlfferences in mean van Hlele levels '.. :

] '
ne -t . N

Y -
Tahies XI1v and XV give a breakdown of the resu ts of é‘e o
. . g

.

L4 ’ - ' - e v

between males and females we;e'found not to ben'. B
~.s.i.gnificant,ly _di(fferent. ® Also, 'when‘ the male""and ‘female e
students~were eeparated'into ga ories 1 and 4, the 5_ " 3*
t-values calculated were not s nlflcant at the 0 05 level, - {;ﬁ#bw; L‘.

3 H
‘.-‘ .
(o - - . - S B
' : . .Y ' . T T
at P o
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.+ achPevement of male and femele grade 10 sthdents-.

‘ 7.AL The redults of the. Sgtest used to test the above

-t . e e e v : . R

[4 ¥

»

category 4 ‘the t-values ranged from 1,22 to 0.17. None of

PR

T

_ ‘the. t-vali;es were significant at the. 0,05 level thus no

adequate grounds exist for rejecting this null hypothesis.

, Therefore, no significant difsference exists between the

males' van Hiele levels and tj:he females' van Hiele levels.
) . . .

-

2
.

', . o Hypothesis 3

-
>

There -is no significant difference between proof-writfng

/

hypothesxs are found in Table XVI. The t-values calculated

~

for all ‘students and- for students in categones 1 and. 4 -

‘were not significaqt at the chosen .05 level of significance. -

. Thus‘grounds exist for rejecti‘n;; this null hypothesis.

Therefore, no.significant difference exists between the

"" proof-writing achievément of male and fer\néd{e grade 10

* students. : . - . P
) L, .o .

* . T .

. - Hypothesis 4

. R T 4 - .

‘The re;ag"o‘ﬁsh:'_lp' between the males' van Hiele levels and -

pmof-writ g achievement is not significantly differegg -
from the relati’onshlp between the females‘ van Hz.ele

- levels and Proof-wrltiniachlevement. : oo S

A
.

- All relevant ,pairs of Pearson correlation
. /
coefficients between the average score on a proof test

. N

g




. - 1 ‘ .. .
-writing achievement is not significantiy different .from the

‘ - ‘é‘:ﬂ ¢
i‘ e Fd
- »
- {
> ) p .
)
# 6l
for male and” females and the van Hlele levels found in

Table XII@ were tested for 51gn1f1can3e. A Z-test using

~ Pisher's Z-transformation for testlng tﬁe\glgnlficance

batween cor;elatlona coefficients was used to test thlS
hypothesis. fhe Z-test values for the overall correlations
ganged f;oﬁ‘—l.OS to .388. For category 1 the range, of
Z—tesefgalues was .041 to .912 and for category 4, the
Yaluee ranged from'fl;03,t§ .83. "In ordex to be ST
eignificanEKht the .0l level of significancé a Z-test
valq& of 12.57’was*requ%$éd. Since all Z-tesé valqs%'

calculated werd less than the required level, no grounds
: . v ( LI

exist for rejecting this null hypothesis. Thus, the

‘relationship between the males' van Hiele levels and proof-

relationship’ between the females' van Hiele levels and *

proof-writdng achievement. ©e
Summari

1 . R . K ‘ 1 - . . .

The data collected in the study relative ta the

four questions and hypotheses stated in Chepter I have

" been presented in this chapter. The dlscuagéon of ‘the

results and 1mpllcatlons are g:;Bh in the fol%g;ing ‘ ‘

chapter.
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'
. . . ’ ‘ e .
s .
. E M [
. - .

“

~ s




CHAPTER V -
. v 4

' CONCLUSIONS AND IMPLICATIONS

t\ . ’ . ‘ 4r

In this study, it was attempted to. determine the

wren e b
-

‘van Hiele levels and proof-writing achievement of a sample
v w,.
of grade 10 students in Newfoundland. It was also tried

to determine. if a relationship exists .between a student's
van Hiele level and his/her proof-writing achievement. '
Also investiga;ted »v;rere tHe ;ercentage' of students who 'fit'.
‘ the van Hiele theory.' Both the classical. agnd modified-
: .- . (Level S onutted) theor:.es were cons:.dered. There were

two main categories of 'students invclved in this Btudy,

o Category 1 students:who have h‘ad _two years of doing.formal -)

geometric proofs and category 4 students ‘who have had only
one year of er.tlng proofs., . Most: Lnalyses used were done
. with all students together and separately w:.th students in
catégor:.es 1 and 4. ‘
b N The van Hiele theory includes five sequential
: levels of geometric reasoning as well as five properties

’ of tt:ese leyels. It als.o ;offers a series of ‘five phases

of learning' that can enable a student to go from one level_

o . to the next. Thé main clath ofy the van Hiele theory for N
l | this study,,ls that students need to be at 1 ve]. 4 to be
s “able to Write proofs with understanding and most grade 10"

students are onli]t level 1 or 2,.°

E -
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‘ +
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s The Study .
The population under investigation in this study * W

was all advanced and academic mathematics students in all

school districts east of Clarenville for the school year
: . +

1982-1983. A sampﬁ was chosen randomly from this

population and contained 201 students.
§

stratified into male and female“§tudents and again further

Studentstwere

stratified into categories 1 and 4.

The quegtioqs e'md' hypotheses put forth in t;l}is
study were tested using a yan Hiele leyel tesE and a proof- ‘'
writing achievement test adopt-egi from th CDASSG project.
These . ingtruments -were f‘ouﬁd to be both reliéble and valid- 1

for this study. A pilot study of 51 students was conducted s

Mg )
o s syt N g s et

before the start of the main research.. Both_testé were

admini stered and corrected by the investigator of this .

TR

study. Grading criteria were ‘get before evaluation of the ’
students' tests took place and randomly checked". " Studenfs -

were assigned a van Hiele‘level according to a weighteci sum.- ’
- ' ; . -« :
The average on the proof scores was then correlated with the §
s . / . - ¥
The results of the questions and . t

=

_ ‘
students' van liele level,'

* # hypotheses stated in Chapter I with results given in Chapter
. .~ . ) _ i -
IV are discussed in the following section "of this chapters

0{ b " . ] o &
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Discussion of .the Results

The results of tms study are discussed in this
chapter and include comparisons to the results of the

1

CDASSG project as stated by Usiskin (1982) and Senk (1983).

- ‘r’*’

Number of Students Who 'Fit' the ﬁ;eory
. .
Usiskin (1982) found that 68% of students were

classifiable into a classical van Hiele level using the:

30f 5 crlterlon. In this study relatively the same

percentage of 67% was found even though the n(ﬁnbers of

-

\ : : :
students 1nvolved in each study were drastically different. ' A

Usiskin's study contained is many as 2057 students, this
séudy had a -Sé.'mplé size of 201, yYet the results in mos&,.

cases were the same. Usiskin (1982) found 79% to fit the

—

class:.cal van Hiele theory on the strlcter cr:.terion.

This study found 90% to fit the classical van Hiele theory
using the"4 of 5 criterion. For the modified the&ory, = ,

Usiskin found 87% to fit using the 3 of 5 criterion and

‘ 86% us:.ng the strlcter criterion. Thi's stddy found

similar results of 83% Eor the 3 of .5 criterion and 93%

_for 4 of 5 criterion, Indeed, 'it appears that the ‘

=

"

:;\-\_‘more students td *Hbe classified.

-

modified theoi:y gives a."beﬁtter fit f.han the ‘classical, o

theory. That is, the deletion of level 5 does enable

B st S TTIVRY SN,
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.
It is discouraging to note that when using the 3 of

L] . R
5 criterion only 6% (classical) -and 9‘:‘!_3,% (modified) weke

a'ctually at the deduction level even a‘fter at least one
full year of doing geometric proofs. These percentages .
dxopped more when the '4-of 5 criterion was wused; 3.5%
. (classical) and.4.0 (.modj:fied) were at the deduction level
, at the end of grade 1l1l0. These results bring up the questmn '
of m‘tructlon time. The van Hiele theory J.s based upon

instruction time as Usiskin reported in his comparlson with
i

A

Dina van Hiele's results.

Dina van Hiele (1957) reports hav1ng
beén able to lead students from level
1 to 3 in 70 *less0ons, 20 lessons to
* go from Level 1 to Level 2 and 50
more lessons to’ go from Level 2 to .
¥ revel 3. (1982, p. 39) :

So it seems the amount of instruction time before
C >
grade 10 in geometry is a, very 1mportant fagtor. This also

brmgs out the idea of a developmental approach to geometry
from grades K-12 based upon the van Hlele 1eve'1s. ."rhls has
- major implications for the charigihtfof mat‘lﬁmatics .
p , .

1/)curriculum in all grade levels.
] | Ty . .

-

The Méan yan Hiele Level
- 3 |
The mean van Hiele level for this study was

detemined to be 2.29 and 2 22 for the classiocal and
modified levels reapectively uaing the- 3 of 5 criterion.
l?;i‘skin" found the average van Hiel;a }eve'l for the students

gl
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in the spring to be 2,73 for the classi{cal antl 2.55 for
the rnodiﬁled with the 3.0f 5 criterion. The average van
dh.ele levels for this study using the 4 of 5 criterion
Q{are 1.45 for both the classical and modified theory:
Usiskin's average wvan Hiele 1eve13x‘were 1.77 'and 1.79 for
the classical and modified levels respectively. The mean

van Hiele levels are consistently higher in Usiskin's

9

bt
study than in this present study{) There are some -2

important factors to be considered with this comparison.

In }the Unn;ed States, secondary school geometry is studled'

foa

1982). 1In Newfoundland geometry and algebra are both’

'in a single year, normally in the tenth grade (stsku\

taught in grade 10 mathematics, S0 1nstruct10n time of
g@metry dlffers greatly.‘ Age iJ another important factor,
" the United States students have the option of doing this * -
geometry course in any year of‘s;coniaty school . In ’
Usiskin' s study 47% of the students were at tl;e age of 15
which is the average _age of grade 10 students in

‘ Newfoufndland. Thirty-four percent of tha students 1ﬁvolved
in CDASSG project were 16 years of age and over' (Usiskin,
1982, p. 95) . . _

- The meqn,van. Hiele level for ade 10 students in
Newfoundland yéte therefore consiisten '.IOWé: t-h_anbthose
-'found ‘in'th.e CDASSG projeét.' Tneoe' low van Hiele levels
indioate that tne ‘ma'jority of grade 10 ﬁewfc‘)undj.and é_tudents
" are not ready fo'r'.a study of dedootj.V? roasonin?gi ; ‘

¢ L 3
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_ment in geometry, vhile the course they take demands the
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In this study the average van Hiele level for the - ;
advanced mathematics students (category 1) was only slightly ‘ 3
f - . “* . . :
better than that for the academic mathematics students =
- ' . 5

(category 4). The difference of average levels in each 3
category' was approximately 0.7 a level. \fi‘his was possibvle ;

due to the fact that one of the seven schools ‘involved did

not offer the advanced mathematics prograxgs., This made it
: B " ‘
necessary for advanced students in this school to do the

academic pﬁq.ram. Anc’ther reason for the small difference'

b e e s

in average van Hiele levels between category X and 4 was ¢

Poss:.bly due to the smaller 'sample size of 66 in category. l;
) 1

P It was also found in thJ.s study ~that no sign:.f:.cant

difference exlsted between the van Hiele Jevels of male and
female students in elther category. ' ' g . ’,"'
a . X 7 L N ‘ ' o > W
: \ . _‘ ¢

Wirsup's Claim ‘

Wirzup's claim (19‘7'6) stated tha£ "The majority ofee

our high school students are at the first level of develop- _‘\,ﬁ:

fourth level of thought." (p. 96)." The data found in this

. ] . o ! ) +

study . does support the first Ap.art of this claim.  The 1atter‘ PR
part of this claim wag not investigated in this study. The

average van Hiele levels ranged f}:om_ 1.45 to 2. 29 depending

upon the chosen criterion, ‘ : : o ' p '

i«
ST o

_¢~.a-‘:q : . N
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Proof-Writing Achi evement

+
R

~ . .
The average score on the proof test for this stydy
L]
) .

, was determined to be 2.'23 and the results from the CDASSG

project were similar with a proof average on the same six

proof items of 2,34, It was anticipated that the category

1 4

1 gtudents would do mich better than cateqgory 4 students

k]

since these students hawve been writing proofs for'2 year;!

while the students in category 1 have only 1 year of

-

writing geometric pfoofs. The means for category 1 and

: category 4 are 2. 56 and 72,08° respectively uelng ‘a gradlng

. scale. of 0 to 4 Again, thi.s may be due to the smaller

numbers in category lorxr the fact ‘that one echool did not

&

offer the advanced. mathematics program wh:n.ch would lJ.kely
‘inflate the mean. Thére was no‘?lgnlflcant Rigference

found between the male and female students’ scores on the

i

proof test in both categorg.es which is contrary to eome
F
studJ.es thE't have shown malés to be superior to girls in

mathematical problem solv:.ng abilit}
The Relationship Between van Hiele Levels
and Proof-Writing Acidevenent :

All correlations that were caloulated, except for )
females in category l as explained in Chapter IV, were
signif:.canz at the .001 level. Ueiskin B correlatigxs

¥ ‘3\ ’
were s:.ﬁ\ilar,\ra,nglnq from 57 to .62 betwaen the pr of

totals and the spring van Hiel,e levels. Hgn:e, the ‘higher . .

e
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the van Hiele level of the student, the greater his or her

chance of being able to write geonmetric proofs. 1If a b »

student has a low van Hiele level, success at writing

i

i)roofs seems highly ux\mlikely. éorrelations between the
van H:i.ele level and ps\oof-w'riting ‘achievement were only
slightly higher for those students iﬂ category 1 over those °
in category 4. Again, there were no.sighi'ficant.’ |

dlfferences between the males ¢van’ HJ.ele level and proof—

hepme e -

er.tJ.ng relationsh:.p and the relatJ.onsh:Lp of the females'
van AH:.ele level and proof-writing athevequ;t. Usiskin .
fodnd— g:he gama conclusions ‘concerni‘n.g equaiity among the‘
sexes except Egr the spring van Hiele levels which wexe

cons:.stently different favorlng the mafe students. -

Summary of the Discussion of Results

o o, R
The following is a summary of the results as

discussad in the prev1ous section: ‘

1) There is a large ma;or:l.ty of studenta who are

¢ u

classzfiable into dlther of the classical and modifled
w
theories wlth more students being claas:.fiable into the
' T , ’ B - Ce
Enodif ied theory. , . : -

.

'2) The average van Hlele levels for the classical

wvan H:.ele theory were 2.29 and l 45 using the 3 of 5 and
- @

4.

~

. 4 of 5 criterions respectively.
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* 3) The average van Hiele levels for thd modified =

theory were 2.22 and 1.45 using the 3 of '5 and 4 of 5

criterions respectively.

AN R g i

~ 4) There exists a significant relationship between
; : ] 'Y . .
the students' assigned van Hlele level and their proof—

writing achiewvement.

5) There\‘;is no significant difference between the
L. ______van Hiele levels of male and female grade 10 students.
: L - . . - ¢ '

. 6) There is no signlficant'diff;erence between

a . . »

proof-writing achievement of male and female érade 10

students. R . _
. . ,f | ;

. . o 7) The «relat‘ionéhip bétween'-»the'm'ales" wan Hiele

.t A TS

. lewvels and proof-Wrxting aclf{evement 1$ not mgnn.f:.cantly
R . N dJ.fferent from the relataonshlp between the females' van
Hle}.e levels and proof-wrlt.mg ach:.evement.
SR . o, - o

) . L . L e ’
C _. ~° 'Implications : . -

The discussion of .the results has suggested'that-

the major.ity'of .grade 10 st.ué’ents are not at tha?approPriate-
A “van Hieleﬂ Tevel to enslrre a li;kelihood of -succes's ‘at wr.i;ting_
? ‘ . 'proofs'. Hofferf('1981), as does Wirzup (1976), ‘claimed that
-the present experlences in elementary and junior hlgh '
: school mathematics are - inSufficJ.ent to enable most students
- o . to ﬁrite geometric proofs 1ater in hlgh schc%’l This study

parxrtly supports this idea of systemat:.c geometry J.nstruction .

t L3

o T 9

TR ot w2t g
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befoﬂre’high school. (ieoinetry ghould be possibly taught ' .
using a developmental approach if we®desire students who

have more geometry kno‘wlledge and are highly successful at

writing proofs. The van )rfele theory offers a remedy.
e

Level 1l geometric concepts could be introduced at the

-

primary level and the concepts of levels 2 and 3 could be
develgped through elemelntax and junlor high. . This would
most likely enable students to enter high school at level
3 so they may - have a high chance of success at wrrtlng

proofs with understandlng.' If this developmental, , /,- ,
4 -
systematlc direct:l.on does not take place, then a non—proc}f

dlternative geometry course could be offered. Presently, R
the majorlty of students in grade 10 geometry are noit '

“
hJ.ghly succeesful at wr:.t.mg proafs. , ’

The- results of thi.s study also have 1mp11catlons for

‘ »the teacher: who. could try to determine the 1evels at whlch .

e

studen}:s are operatlng, maklng :Lt possible to match content

and teaching methods. The tca;%.ng methods must be adjusted

- t0 meet the level at. which the s udent .'LS operating, to

enable the sthdent to learn with underetandlng and not by "o

,memo_rlz.mg. y . A

3 ., - ) ' . \' . . -

- These 'impli'cationauand; opinions based on'the

results of thia study are only a few of _many that should

-

'
"ba lnvestlgated. One .of the m\ajor 1.mpl.1.catiohe ‘for further

rasearch deals with the development, implementation and _ B

. . . . -

j"‘—."

o . ';;
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\- test:.nq of a Grades K - 12 geometry course baSed on the van

Hiele levels~. Some other questlons that need to be

'4 . s,
answered by further research are: : / \

5
. ‘\;,&il)- WOuld a prerequlslte course :Ln 1oglc lead to

an 1mprovement of proof—wrltn.ng achlevement?
/ * 2) should proofs be 1ncluded in the hJ.gh school g
f ) geometry course and should an alternative non-pixoof , .
* -
\ . geometry course pe offered for those who have 11tt1e '
success in writ:.ng proofs? A e
. \ . \1 would a developmental geometry cOurse from«‘ ,
§ K( 12 ',as d (m the van Hiele 1evels produce\'a majora.ty of
i ‘ students who could wr.Lte geOmetrJ.c proofs wn:h understand:.ng?
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VAN HIELE GEOMETRYTEST

(CDASSG PROJECT, .Usiskin, (1982)
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.(A)
* (B)
() -

A"\ . (D)
T 3

w e “. 2-

Which of these are squares?

e A e = g A A b e e T e n

8

VAN HIELE GEOMETRY TEST L -

:‘ . ) ' . . - ‘ ¢ ’ . .
’ : .
' ‘ / 7

v,..

K only _5
'L only

M only H- o
‘L and M only

All are sqﬁarea. £
B d {

- | O . ! *. ’ :

[N ' . - y . ' ;.'?

Whlch of these are triangles? Coe . ' . o
. . i

I : .

(A)

2
-

“(B)
(c)
(D)
C ! (E)

e

] . » PR . o . '
. * AN s . v Y. ’ .
3. Which of these :;;j?ﬁﬁ?ggaizz;. ST C*

lNone of thgse

‘are triangles.
V only » : :: e
W only . .. ¢ o & . T B ¢
W and X ghly k

¥

.VF ‘an"d W ¥

YA

S ¢V
: S (B)

(o

()

S "
8 oﬁly _ .
T only | . B , - ®
S and T only © o ') o
S and U only e L

All are rectangles. - ' L‘ . ' B

or E t
v 9 . . Y .



B R ’* .
Ly ; \ )
A - ¢ g 79
’{ B : . ' -~ é
L | : .
1‘ . 4. Which of these‘a-re squares? -,
o \
R R 57 <> .
ot L
s ‘\ \ *
,: ‘ . ' .
' : A) None of these @ke squares..
, . (a) of these Be squ ’
! ! !
L a +{B) G only ) .
} | . (C), P and G only ° . v
\ b 7 (D) " G and I only"
\ . ) (E) .All are squares: , .
; . 5. Which of these are parallelograms?
. . , : 2
,«/L - . - . L
L \ 7 | P
% ) " - ~ \ M . \ ;
I _ (A) Jonly . ° : I y
5 . (B) L only T . '
. : & . . L . , w.'
‘ . 3 (C) J and M only : g .
! % | - (D)™Wone of these are parallelograma. :
T \ ' \ (E) All are parallelograms. '
. ' . | Y ' Y > . -
; . ‘,‘6"- PQRS is a square. . N Lo .,
Which relationship is true in all squares? g é
{A) PR and RS have the same length. P ¥
3 (? 0S and PR\are perpendicular. " e -
N PS and QR are perpendicular. : )
" ; 4p) PS5 anad @5 have the same length. . '
| Lo (E) Angle Q is larger than angle R. i § ‘ R
. R . 1 . ' ’
Y. . v
+ * ¥ " - - -
~ R .. "'; ’
. = T .,.‘ ‘. e s - -
j e oo ) ' N
A - LR o E
[\ |\‘ M . N I‘:x ‘ .
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7.

8.

A rhombus is a 4-sided figure with all sides of the same
length. . . \
» Here are three examples.g ' : : '. i o

.

In a rectangle GHJK,’ @ﬁi and HK are the diagonegs. ’!
: 'L;j ) g ) -

G H \
v.'. ;>"( !
o ‘ K W Y'Jr o~ ,
) Whlch of (A) - (D) is not true in~everx rectangle?
(A)- There are four rig Q‘Engles. ..
' (B) . There are four sides.
(C) The df;gonals have the same length.
(D) The opposite sides have the same length.k«ﬁif,
(E? All of (A) - (D) are true in every regtangle.

~

< : > 5
. .
. ' L4
4 r

- Which of (A) - (D) is not taue 1n every rhombus?
AA). The two: diag\hals have thdlpsame length¢

&

(B) Each diagonal bisects two angles of the rhombus.

(C) The two diagonals are perpendicular.

(D) The opposite. angles have the same measurec ‘ :+

(E). All of (A} = (D) are true in avery chombus.

e o b b T vt e ch %

I
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10.

An ‘isosceles, trJ.angle is a trlangle with two sides of
equal length. Here are three examples. .

*

(2)
(B)
(©

(D)
(E)

Two circles with centers P and Q intersect at R and. S ‘
Eb form a 4-sided figure PRQ;‘. Here are two examples. . ., -

Whi?:h of (&) - (D) is not always trué?

(A)
(B)

(©)

(D)
(E)

-
a

81
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"Which of (A) -~ (D)--is true in ‘every isosceles triangle?

The three sides must have the same length.
One side must have tw1ce the length of another side.

There must be at least two angles with the same
measure. . \ e

The three angles must have the same measure._

None of “(a&) - (D) is true :m every isosceles B
trlangle. . )

o ..
~
- - -
-

ot e it g

f.ﬂ o/

et ot &

PRQS will have' two pairs of sides: of ‘equal length.
PRQS will have at least two angles of equal measure.

'The lines PQ and R will be perpendicular.

Angles P and Q will have the same measura.’ = ‘ g
All c\)i (A) - (D) are trye. J - ,“
. . .
’ ! , * ' . ¥ ’
o o ~
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“ " 11. Here are two statements. o - \\f
; Statement 1: Figure F is a rectangle. f
 Statement 2: Figure F18 a tri‘le_. .
B . . T s i
Which is correct? / 5
- . s ’ ' i
’ “(A) If 1 is true, then 2 is true.- . i~
(B) If I is false, ,then 2 is- true. ) v l
(C) 1 and 2 cannot both be true. §
" R . ¢
(p)’ "1 and .2 cannot both be false. " R
(E) None of (A) - (D) is correct. . E
v » ) o .
; |
1/i\‘ c o
12. Here are ,two statements. s
) 0 :, 8tatement §:  ABC has three gides of -the same length.A
*«_. . Statement T: In ABC, B and C have the same measure. .,
e . - - ) - " ’ v‘
Whi?ch is correct? S
| R :’
'(A) gtatements S and T canrot Loth .be true. * ;
s ) (B) If S is true-, then T is true. - P
i “(C) {If '1; is true, then S is true.
' (D) - If s is false, then T is false. N
(E) None of ‘(A)v - (D) is correct. 1
) N - ‘ ‘ : 3 - €
‘ " ' \ '
Ty .
i L »
N R 4
i L N .
- . N .
LI "y * o
&3 ‘ » * v ¥ . \ - ' - ) 19{"'
o ’ ‘:?‘ t ! ' . ’lr ;'( . ‘ 4" e ) .,"‘:\‘}\ld' )
) .8 v N * o
' ’ P - u‘.a; v “ . ’ t: !
B L} . ‘ \ ' ,
< ) \ " ] ’ . " N
£ :f » A e bt ) ‘ » & ! " Y, ' \ T .
i 1 3 L) - - O -
{," ": . “ {‘ a —. “" . ¢ ‘ . ’ ) v' . ‘... I.I .
. ' - - v ‘:—/-mi 2 -
! W N PN - ) "f° ' * ‘ %’
4 t F. * "1.- ' o r*‘ ‘ \ ls_i‘ & g ’ * 3 . ) . .
T T S e o - e . e
K :j e d . ." ‘ y 1 ) . - \ }v v
' t ' . - ;1 , l ?«'&“' \ v v "‘ P o ,
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13.

14,

15..

.{(C) opposite sides parailel

'(E)l none of (A): - (D) . AR R -

ot B e e b AR £ T W
v

\
83
Which of these can be called rectangles?
- .
\t
. T
. ‘ * R
: r ‘ .
. K L1 A , S
P Q ’ R
Pl - ¥ '.
(a). Ali can.
" (B) Q only : ‘
" {(C) R only . .
(D} P and Q only - A ‘ -
; . .
(B} Q and R only '
Which is true? o ' J
(A), All propert;es of rectangles are propertles of all ..
lsquares. b ; . .
(B)’ All properties of sguares are properties of all
.. 'réctangles. ‘- _ .
(C) All properties of rectangles are properties of all
I‘ parallelograms. :
(D) - AYL properties of aquares are propert;es of all
' parallelograms. .

. (E) None of (A) - (D) is true.

Whatqdo all rectangles have that some parallelograms do

not have? . s

7 . — . =
(a) opposite sides equal = " . T . L
(B). diagonals equal S T e

(D) opposite angles equal L

.........
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16.

17.

- . ‘\ .
' 3
: 4 i
Here_is a right triangle ABC. 'Equilateral triangles
ACE, ABF, and BCD have been .constfucted gh the sides

of ABC.

’&%' ; C ”" o : ‘\:i

L4

*
-]

From this inf atlon, one can prove that AD, BE, #nd .
CF have a point in common. What would thls proof tell.
you? . :

(A) Omnly in thls trlangle drawn can'we be sure that
. ¥2D, BE and CF have a point in common. .

(B) 4 In some but not all right triangles, AD, Eirﬁnd CF

have a point in common.

(C) In any right trlangle, AD, BE ghd EF have a p01nt

in common. .

(D)+ In any triangle, AD, BE and CF have a p01nt in
common. !

(E) In any equilateral triangle, AD, BE and CF have a
© point in comnon .

" ’ . . *. .

Here are ‘three propertles of a figure.
Property D: It has diagonala'of equal length.
Pfoperty S: It is a square. ‘
Property R: It is a rectangle,

Which is true? A . c e g

(A) D implieé S which implies R. o L{' .
(B) D implies R which implies s. " e

(c). S implies R which implies D. o “.-. L

(D) R implies D whidh implies S. ‘ o o

' (E) R implies S which implies D. SRR , -

84
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' - 18. Here are two statements. : ' N ' oy
. I. If a flgure is a rectangle; the its‘diagonals .
: bisect each other.; _

II. If the dlagonals of a figure bisect each'other,

the frgure is-a rectangle.

,/ ‘g”ﬂk ‘Which is correct? - ,,“'~ o o ) 14 .

(B)
(©
(D)

{E)

o\

(p)?

(B)

. is

In gedhetry ‘e

S

To prove I is true, it is enough to prove that II

true. -. v .
'To'prove II is true; it is enough-tquqove that I'
is true. SR . o ‘ . '
To prove II is true, it is enough to find one

rectangle whose diagonals bisect each other.'

To prove II is.false, it is™ ough to flnd one

non-rectangle whose diagonals bisect each other.

None ‘of {A) - (D) is correct. ’ o B
o ' - .

" .l
s N R ) o 4

Every term can be defined and every true statement
can be proved true. ~ .

.term can be defined but it is necessary to
e that certain statements are true, -’

Some terms must be left undefined but every true
statement can be proved true:

Some terms must be left undefined and it is

necessary .to have some statements which are assumed‘"\

true, ' . A S - -
None of (A) - (D) is ébrrect;' . -
L] . N .-I i s
X
‘ ! ‘ 7;__ £
. 3 'a‘ . ¥ )
K & ] i ' [
‘ 4‘ .« !
' b g
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21,

'(3). If two llnes are equldistant;‘then they are B

;\'i ' v L8] ¢ ” ’-
4 - ,.‘ .' ‘v'(' E] k ‘ ‘ . \ ‘ i -vh .
F R s —~——--: , :.'L.'";. . -.-Vq-.-w--'—'--.. we ...-.-:r - ~---4-'-¢.«->._..»._-.._--L---—_..~ R e
b = R . -
» . . N : T ) - ) . R
T T e B © .86
Examlne these. three sentences. : S . -
A , . . e
(1), Two 11nes perpendlcular to the same‘ilne are :
- parallel. . . :

(2) - A line that is perpendlcular to” one of two
e -parallel llnes is perpendicular to the other.

ﬁ%rallel.

d .‘
PR

In the flgufe below. lt is’ glven that 1Ines m and p. are
perpéndicular and lines n and p,are perpendicular. .

Which of the above. seritences could be the reason that
line m 13 parallel to line -n? .

(A)_ (1) only Co S . P
(B) ((2) omly = <—f —m
(c) ,(3) Onlly Yoo - o o AT
(D) Either (1)‘or (2) . = " ~——n
(E) Either (2) or(3)- <.~ - V- .
) ‘_w__‘ ] . . . D
A

‘
In F-geometry. one that is different from the one you .
‘are used to, there are exactly four’ polntsfand six lines.
_Every line ‘contains exactly two points. 'If the points
"are P, Q, Rgand S, the lines are- (p,Q), (P,R), (P,S),
"(Q/R), (Q s)l and IRIS) J : '

’ R s ‘

v
Here ars how the words "intersect" and pd?allel“ are
used in F-geometry. The lines (P,Q) and (P,R) intersett
at P because. (P,Q) and (P.R) have P in’ common.

The lines {P,Q and (R,S) are parallel becabse they have.
no points in tommon. . oo .

l

From this information, which is correct?
(A) (P,R) and (Q,S) intersect.

‘ 9
(8) (P,R) and (Q,S) are parallel. ' ‘\
(C)_ (Q/R) &nd (R,S) are parallel. - - ey
%p) (P,8) anda(Q,R) ;ntersect. . . ' ‘\ '
E) None of (A)'- (D) is qgrreot. b " i
' - ~ u . iR
.. . 5 A [}
' ’ . . T 'Y
T v.o
. ! ¢ .l,-" T ‘ o8 / : -
" ' !F’ [ . ; . L4 -. - ats “,
. (o v
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iq F - 22. To trisect an angle means to d‘:.v:mde lt into three\parts . . ,
Pt Y ' of equal measure. In 1847, P.L. Wantzel proved that, L : P :
The k ' in general, it is impossible to tr:.sect angles using’ r / :
1 . - " only*a. compasa and an unmarked ruler& Frr.bm hls proof._ o
i : what -can yol conclude? ' A * , Coed
‘, o » . (A} In general; it is impossible to bisect angles Sw 'f’g.
; £ . usmg only a compa'ss and an ,unmarked ruler. SR Y
SR S . "(B) In-general, it is'impossible to trisect angles Voo T
i ) N using only a ¢ompass and a'marked ruler, & .. NI ]
‘ . ) (C) 1In general, it is impossible to trisect angles SRR i
: ' . using any drawing j} struments-. " , N
b i L g e m ™,
SRR ‘- (D) It is still possible that in the future someone SO & }
\ . : may find a general, way to trisect anglef usmg - R S
: ;o ‘ only a compass and an unmarked ruler. ; Yo
\\ « . (E) No one will evex befdble to- find a general method. =~
' \,\ -+ for trisecting angles usi’hg only a compass and an. . S
, v . unmarked ruler. i el , ‘ " o ‘
L ;., 1 - N . 4. .'.. ‘ -‘ ‘. » ° '. ' .. b ! i
it ~ o . . -, i - LT e . Tew B .
> L SR s S S|
. . . . ‘ . . ‘ q : n‘. . . - .\ ‘ ‘E’
. ’ N . . ' "7»\ . :
vy 23. There is a geometry mvented by a mathematiciag,:! i‘l !
i N Whlch the following is true. , .’ B - . S
w ; .. ~'.1‘he sum qf the measures of the anglea of aﬁ L ‘ o
triangle is’ lgss’ than 1809 T IR
. t . _\' R - . " " : ‘i . ",“‘ K .'\’;,_u
i - Which is correct?! B e T o
i . . ”‘ .\ Y
T , (A) 7 'made ‘a mistake in measurmg the angles of the TR
triangle. ~ J» cl e - | .'*."':':"';' St
[ ..,.S,B) J ‘made a mistake :Ln logical reaaoning.. ry‘ .‘ Sl oo
(cy g has a wrong idea of what is meant by "t EO |
R i
. . (D) J started with )gjerent &ssumpt&ons t:han thoee Z O R
| ¢ in~the usual gecmetry.” e N o -
i 1 o . (E)_ None of ‘(A) - (D) is c_o,rr'?ct.' o, T
‘ * , . AR ! .'\ v ca
} b -. . . -.".. R :‘:u \ A Ry . e
:. ) 'S 1’ i ."“ .. LAY + .‘l \“L -. w"‘ .\ 1“&‘1 ¢
L ; . '-'! C; :.n- ;‘ y . ::.‘.' . ) - , R , ¢ ' .\”\ (ﬂ.—. . . O-I‘
:I A - Il ) M :‘I : ". "- '.:. * * 'lil '-l - ' : l‘" ' ~
‘ l 4 I, ' > . L :. i f! , . ' L ) S, ,.‘..'/ W
¢ f ( I'I\ M d . - ‘ - ’ .\-'.'.': a "\.' ‘ ¢ 1l ‘ e '. 4 N
] A o T w T -V
L ) X -’ ",' w! LY . P . ". f‘\ "‘l . : Yo -.‘. “e, - ": .
[Tald ' » t“l ' A Y| . g ; 1 3 ’ ' "‘ Dl . )
VO | R . TR ,t LT e A AR
L2 N g . * . “" : L N - L ’*: Y ' . ;
g, e E i BRSNS . ( e U B 4 A v b
: : RS ' T N A UL N 4
" . . ,.. X ) v, ) , "4“'(\ ”‘ \ i ~ «' ?/ \,52 ' a . ; N
li :; R PO ‘e . . L ' g, [} L }'_ . ) I:l = f‘-‘ Kl \' ‘_. L
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[ o 24. . Two geémetry%ks def:.ne the word rectangle in = i T
v v ... - - . - different ways. Which is. true? / ' g
o s - (A) One of thg books has an error. R /-‘ , .l
~ _",;.. N ' (B) One of-the deflnltlons is wrong. Tlfere cannot be ) ’e .\' ¥ ‘
y . -t two d:l.fferent deflnlt:lons\for zecta.ngle. S Tl f
R AT S : )
S e ‘() ot ' (C) The ‘rectangles in one of ‘the~books must have /',_ L ._
N I R different propertles from those gin the othefr A ;
2. - - . ! AN ‘\\:\ bDOk . . - , ‘ o " NG \’2
. frt‘- , ,"? "~ (Q) The rectangles in one of the bboks must have the '\ . v X
M S .- .  same properties as those in the.other booR. - | , .
LA ‘{E) The properties of rectangles in the two books \- !
b ‘ \ mlght be different. i I Coe
q ' i [ - . . Y N r o ~ \\. ;
P B S : . . <
. g..". "\\,{F: ('.‘ . ‘. ﬁ N R . \: N ‘l . \ i
. {.: . . 4 :" ‘;’. * \, 3 . y . & - %
e . . R . Do 3 L - S v, o, - §
L ) '25. ' Suppose you have proved statements I and II. -
AT ST T e e e A :
H , . . . I. If p, then q. *
. R -1 d ’
, - - . II. If s, then not a - .
N M . . ‘- , L e o -
C e S Which statement follows, from ssatements I and 11?7
Nf L (A). I1f p, then s. S ‘ 3
\ ' ' (B) " If not pr then not q. . i . | :
oo ' () If p or q, then s. ! \ S
' . . + ~(D) Ifs, then not p. e e ‘
o ’ : . (E) If not s, then p. R ,
.o o - ' ‘ - ' A \ o T
"‘,k . . ' . ~_ " ) ‘.' Voo ". o 'E
. * y ) A ’: \ \ ~ . \Z\:' : \ ,- - }
N ! SRR § ‘ . |
~d h S , - i
~\\\ : ) ) o
~ . . [ - i
- L] ~ . . :
& \, ‘ . " . -
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‘ K CDASSG GEOMETRY TEST
; f .‘ . ‘7‘7\‘?‘ ' # .-
3 ‘ .
% Name . . School
oA - Last - First '
; .
Your Birthdate’ —— . _____ Today's date
; Mon. Day - Year T ‘
. N o : \
‘ . DIRECTIONS; 1. You wul\have 35 mlnutes to complete this .
SR - test. ' Take your, time but.do not spend too
- . much time on any one question. A
' - \ L / R
2. "All answers sho{uld be written on these
pages. If you; need more space,’ use the
A ' other side .of one of the'pages.
_ “ 3. Work on a questlon even if you cannot - answer
. .- T it completely, because partial credit w:.ll ,
he gJ.ven. | . . 1 ’
: 5 ' 0
. 4. You. may use abbreviatlons for femes of:‘
f thegrems. , '
\ :
' B R
. L ” ' ' ; .
i . I N . v . ‘ N ' . . ' ' . )
» , DO NOT TURN THIS PAGE UNTIL, IYOU ARE TOLD TC DO.SO0.
R '
| .
YV -
-'\ ¥ ’
\\ N
N ¥ ' ) &
Y .
‘ %
‘—J_‘ -.\\ Gt | - c—
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» . Draw and label a figure.

2, Wr:.te, in terms of yolur ﬂgure what is gffen an&
vhat is to be proved.

" FIGURE:
,/f.

70 PROVE: -

.- a7 v ' " —

DO NOT PROVE THE STATEMENT. GO OH- TO THE NEXT PAGE.

!
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. CDASSG GEOMESI‘RY TEST ., o o
'\l . g ' : \" f
_ . . g ;
Wr:.te statements and reasons to complete this proof. ‘
{
‘GIVEN: AB // Eﬁ A
— . ! 3
. AB = ’Ac ' » i
PROVE:  CB bisects £ ACD C
sta{:ements _+ . . Reasons . ﬁ
1. 'ﬁ V4 ‘C_D’ ‘ Given, - . v '
2. £B % £BCD. - ;
3. AB ‘=. AC ' lGiV'en.'- ' . R ,:\‘«._ . ' 1
. . \ N .'\;“ - i
. 4. Base afgles of an isoceles - - . = .
- trlangle are congruent (equal- ™~ ,
\ - :Ln measure) . i
5. N Transitive property or substitution %~
¥
. 6. : Definition of angle bisector I
|Statement: If a line passes through the midpoints of' )
' 1 two’'sides of a triangle, it is parallel to
D the third side of ‘that triangle. e ) ‘
- Suppose you wished to prove the above statement. 1In { .
the #8pace provideds:. o ’ ' |
», ’
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‘GIVEN: Quadrilat%ral H,IJK, . i
a A HI = BK . - - '

IJ JK

PROVE: | £T '
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5, Here is the theorem you hav_é had. _Compl@té its proof’

-in the space provided. r

Theorem: The diégonalﬁ of a rectangle are 'cqngr‘uent.‘-.

. -

o ~é1GtiRﬁ:: ) o p  GIVEN:' ABCD is. a rectangle..
v ¢ P .8 - * - [ ) . s

Y, . ' . +
N Ps 4 ff : v LN

N i_ B -
. . -

e PROOF: - ; T0 PROVE: AC = Bp B
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Write tﬁié\proof in the;‘paéé piobided. .

GIVEN: D i’s\'tﬁe-midpoiﬁft of BC.

a0

DF

DE-

mn

PROVE: A ABC

'\ C

i
|
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is\isoscel?s.
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" Score L "' Solution Stage -
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2

CDASSG Proog Tests--Grading Policy

- ° " * q

Y

The followzng is the grading pollcy for the(;roof items as
stated by Senk and Usiskin (1981)

Each item on the tests is graded n\é.écale from 0 to 4.

Item 1: ‘The grade is the number of blanks correctly e
v, ; completed ' ¢ . :
Ttem 2: The grade is given as. follo s: 2 pbints.for
N given; 1 point for "to prove'- l poznt for

. flgure. = .

. Items 3-6: The follownng broad criteria (from John A.

' Malone et -al., "Measuring Problem Solving .
Ability," in Problem Solving in School .
Mathematics, edited by Stephen Krulik and
Robert Reys, 1980 Yearbook of ‘the Natiocnal
‘Council of Teachers .and Mathematics, Reston,
VA: NCTM, 1980) are being- applied. .

.0 Noncommencement

The student is unable to begin the problem or
hands in work that is meaningless. . .

-

1 Aggroach . s

' The student approaches the problem with meaning
ful work, indicating some understanding of the
problem, but an early impasse is reached. -

- 2 Substance

Sufficient detail demonstrates that the student
has proceeded toward a rational solution, but
- major errors ox’ misinterpretations obstruct the

‘correct solution precess. . .
A o .
3 Result: . NPT

_The problem is very nearly solved; minor errors
‘praduce. an invalid final solution.
4 Completion : - |
An appropriate method is applie:{ to.yield a
. valid solution. ' '

’
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CDASSG PROCF TESTS

Grading Conventione
L TN

. The following grading conVentlons are. adopted froﬁ~$gnk -
(1983) ” o
\ . -
ALL ‘ITEMS . ' -
1. _There is no penalty for o "
- spelling erroxs. R o

" b, "art, poetry or other comments’ T 4 D S
.c. misusing or ignoring ‘the distinctions between NS

4

s Stetie s s

3

L]

" (1) congruence and equallty

{2) an angle and its measure. o o

{(3) a theorem. and a postulate. , ' .

(4) notation for segment, 11ne, ray or length of v,
a-: segment. .

" There will be penaltles for - ;o -

)

''a. errors 1n notatlonpssuch as

(1) namlng an-angle by ite vertex, when three 1etters
are necessaty.

(2)’wr1t1ng vertices in non-correspondlng ordeﬂ in .

/ statements ‘about simildrity or: congruence.,

(3) failing-to write whether' three letters -indicate "
an angle or a-triangle, e.g., ABC'= X¥3, DO '
NOT PENALIZE student if she/he forgets symbol
only once in a statement, e.g., AABC X XYZ.

b. errors in vocabulary or names of therems, such. as .
(1)- calling an angle pair’ supplementary 1nstead of

complementary. I
(2) giving as a,reason "// lines-»'~ alt. int.&
_ 's" instead-of "= alt. int. 4's ~» // l:mes."_ :

. c. arithmetic ox algebraic errors.

'

g A student will not be penal;zed more than once per-ltem

Yfor a given error.

ra
SN

‘ . .

ITEM 2 ‘ ’

1. if the figure is topologically corzect, give 1 point.
Errors in labels will be caught when grading GIVEN and
TO* bRovE.- o ‘ . , R

2. Give 1 of 2 posaib1e points for the GIVEN if student, .,

has gotten part, "but not all, of the hypotheais correct.v " 

¢

0 e b e Smbatan s e e tin
.

RN T

[N v e S
. . -

[




~p
P

<

B

Bl o s gVANY I ¥ Gt

L]

‘4.

-
PEERY

. : PO B ;

e '-.I['—“‘,“ T

. ‘u . s : '}',_ ,".; ; . ot . .‘ ,: . “ : A.‘ ~.~’.T-' .

. cot

-

_6rading Conventions (COnt1d5~‘: oo

IT};MS 3 te6 . . D R

"A. student s acore w111 not be influended by

'd - P mé!ks ‘made -on the diagram.. S S "ﬂ
" by whether or -not the GIVEN was restated[‘

i o

£ reasons,-arlthmetic or algebra are minor ,errors.:

- Speeific examples descrlbing each score are-u'
04.

.
«r.-nnqvn—-.—mr‘n—\- Ar-rvwn'v-"r-*f o

LI
'For geometry proofs, errors in logical reasonlng affd f; S
‘v 'major errors; errors in notation; vocabulary,; names

¥ . s

’ tes . i valld oxr"’ useless deductlons...“

ﬁégh ertes at least 1 ‘useful valid deduction fff;ij“
reason o S , _',~”- . e oL
;4 student elther S P l"'\il _
a.-_deducos approx;mately half the steps necessary

8-, for a valid proof, and then elther stops or™
"t writes 1rre1evant or- incorrect 1nformatlon : -

3
e

s

b. 'writes a complete proof in whlch the last’ half
, o is correcth but in whiéh an ‘'early step contalns R
_gp N an error in logical reagoning. e ) '

3 - student wrltes a .proof-in whlch all steps follow Co-
logically frbﬁ the previous ones, but in which

Pthere are minor errors. » . 2

4 -"student. writes a valid proof W1th at most\one error -
. in Tiptatlion. MNore than one .error. in notation, or '

~ even|onhe error in the" name of a flgure'or reason s
," w111 lower score to a 3.

r> L ' ) 1,
Readers wil have to‘be’sensltive'to curtallmenb

skipping steps w;li not automatlcally result in a
‘score. SAY .

'_%6f

4

L ad

i.e., o
lowen-\
-\

[t

thereafter, = - Y

tudent writes nothing,. writeg’ only the glvep,~or L 3}}["gﬁﬁ“w

.
.
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riteria for Grading Proofs
e . { .

L

ite statements and reasons to complete this
proof . T, . . A ' 8

Given: X8 4 ™
AB
=

-

= AC

PROVE: CB b¥sects ACD. ,'c
"Stateménts - -Reasons - X
ﬁ' Ve ?5 . (iwen. s

T 2. 4B ¥ LBCD - - )
e e 230 aB um CAC " Given.
o #‘ ® - , s .:\. ¥ ..,. : ’, . . \ . R S
. Loy e 4. o . Base angles of an isosceles ®
K R L . triangle are congruent_ N '
P S R _ , L (equal 'in measure).’

) \

N CL « 5. ¢ - Transitive property or‘ ‘
WL T substitution.

| . i 6. - ' . pefinition of .angle bisector.
:E ] " ' ) ‘ ..r
2 ' - Gr'éd:lng Criteria _
T “7 .\The grade is -the. number of blanks correctly completed.
* : P .
vl oo : s . \
N : y )

' +
. - 4 te ¥ '
o u \
. ‘ ] \
" IR :
. ’ L]
e ' '
b N J
| R z \ - . \
N 2 ‘ ! .
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Criteria for‘Grading Proofs L
- ] - G ] “

' Item 2. Statement.. If a line passes throuqh the’ midpoints

’

£e

TN

rof two sides of a tr1ang1e,

-it is-

S Grading%Criteria

. '.; 'b)

N v
b o W 8

: c) _

S e

FIGhRE (1 p01nt)

{\o PROVE (1 pOlnt)
'GIVEN (2 points).
’ o
. ‘ - . ‘
; N

‘ “hfw. ‘parallel te the-third" side of’ thdt
' . trlangle.
e . e I .
: ' ' | » R
Suppose you w;shed to prove the above statement..,n ER S
In the space provided..a . S JUTEE
1. Draw and 1abel a flgure. o .
.2, erte, in’’térms of yoyr flgure, :
o and wh&t is £ hp pro ed.,: .
f 3%’ ;i
t ©

If flgure iu topqloglcally correct, ﬁ .
give 1. point; flgure must also be' ., - o
1abe1edtii ) v ' , o
! . C

If stated correctly, glve 1 point. ‘ i

(

28

1

)

If stated as AD =' DB and

AE = EC rather than D is the

'midpoint of AB 'and E is the

.. midpoint of AC, no points.

4

awarded.

- (This ‘was considered

"an interpretatlon of the given ) ' }’“}

(i1)

]

If stated as D and E are S

midpoints (not mentioning th SRS

t ’
[ N
lines), ive 1 ‘point. . NEES o
“ s s
v \ . ’ N ‘ LI \
f . . Lo .
. [ .
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. | -Criteria.for Grading Proofs
: ' “. ~\\‘ . T
Write'this proof in the space i:grovidle'd.
P ' :' ) . N *

GIVEN:. M is the midpoint of AB.

MTis_ the m:.dpoint of ch.

\

B ' PROVE: AACM -'ABDM . g :
Ve - . ( P €
ilay i , e a .
) ‘.»::;"...‘. ‘ R ;. N - ) i.-
AR ) ool s ;
Sk . S f
voncy, e : 2t s - v
. [ ., - R . ' W) <7
e b ' LI A " g ¥
' " v ) N Yo L . \‘»'; '
; ? “a R " . st ! }- N , t ‘\ —\-
: Senk, 1983) R
': . ) ) “ ] ~
v : . " .
X . Score .
) \ . J’
oot ith correct rxeason' - a) 1
. ,':.' --, (3 z EEN '\.\u:
"i\‘. E» l-‘. . e . (.ﬂ 1 N ..
ot R T .
O "'BMD with ‘correct reasons . b2
' - : nd "BM & CM ‘DM Lo '
AM v IR . .
vt { . N @
o b Either al valid proo.f. with, minor Jerrors such - & 3
S~ ik " as lettera of the vertical angles permuted. ° .7
R .., or more than one irrelevant,. but correct, :
I T - " . -, _—
o ool ..; statement, or AM = BM, CM.# DM and ' . *
N T Co - AACM = ABDM by Sas, without mentioning the
’ 3 P . . "
oo vertleal angles. o P N
' . . “'f : ( . " I
i, ‘l;,x ¢ ."? .o . v s .:_ Y . i, o ’ o, «
¢ . o UL o SN
X ;. . I ' < 5 N v . ‘... t. Iy
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Criteria for Grading Proofs .

Item 4. .erte this proof in the space prov.tded.

. ,GIVEN: Quadnlateral HIJK

)

c)

JHI = HK . \
$1J = JK .
“PROVE: ZI ¥ ZK
N 4 ' " ‘ N
" “Grading Criteria ,
1,» Cémgruent Triangl'es' Strateqy
.-4 - b - -
Response o ’ . Score °
a) Using {not neceésar"y iq d_rav"v it) J\ k é) 1
' N or . :

" Using line JH with JH % J and correct reason -

Using line J8 and AIJH = A KIH and correct reason b) 2

Using li'ne JH with e:n.ther c) 3.
. (i)_. A13H = AKJH}‘ with correct reasons
’ LI BLK ) o ‘ o
A .
P — s ) ) '.. . '~.‘°>\
(1) .oH o B . with corxect reasons’ .
g 3 x et 2
L}
\ ‘-'

v
- IR
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.
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T e ' Criteria for Grading Proofs \b [
\ ‘}] . - N
Item 4. Write this proof in the space provided.
5 GIVEN: Quadrilateral HIJK J 0 -
g | HI = HK '
ol -
; 1J = JK
' ' .PROVE: £TI/% LK ' ® |
NF ‘ - ~
i ¢ \ .
;- " ..}'2. angle Addition Strategy | ,_ ‘ ;
. , L H X . ) !
_ Response . ‘ Score Coen
A P a) Using line TK (not necessary to draw it) = * a) 1 '
- ' or ‘
, : Using line IK and stating A IJK and AIHK
! : .are isosceles with correct reasons. _ .
A ~ b) Using line IK and stating base angles b)) 2
; are congruent with correct reasons.
ie. £JIK = £LJKI o ' . i
.  £HIK = £HKI - : , ;
. . ) “
: ¢) Using line IK with:’ " / ‘e) -3 g
| § ZJIK = LZIKI ) . with, L ;
! - : £LHIK = £LHKI , correct . ' !
é}‘ o _ £LJIK +£HIK = £J{(I + LHKI® "reasons ' }
t . - _' . . v i
N d) Using line IK with: : S a) 4 i
L : . JIK = & JKI o - S .f
" LHKI = LHKI with correct reasons’ i
41 = 4K ‘ ' ;
- \ - N ,.
i
* \
* .
| ' | ’ 7 :
a4 . ' .
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- ‘Criteria for Grading Proofs

Item 5, Here is a theorem yoﬁ have had. Complete its

proof in the space provided.

~,

Theorem: Thé diagonals of a rectangle are

‘ congruent.
'FIGURE: | GIVEN: ABCD .is a
A e O o rectangle.
’ 6 c ! —— gy —
PROOF!A . ' . TO, PROVE: AC = BD
. 4
Grading Criteria (adopted from Senk, 1983)
Response ' - ' Score
a) one co}rect deduction about sides or right a) 1
angles with reason, or two correct -, :
deductions with "almosg correct"” reasons
b) any one of (1) - (3) below ' . b) 2
(1) two correct deductions, one about .
% gides, the other about consecutive , |,
right angles, with reasons '
(2) 2 non-overlapping right A's 2 by SAS,
followed by = diagonals by CPCIC i ,
v
(3)' 2 overlapping right A' S by faulty
.reasoning followed by £ diagonals by t
CPCTC , .
c) overlapping A's ® via correct reasoning, c)y 3

with notatioha; error(s)

i P UU U S PSR UUPIIURIYY O ame et e a el
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Criteria for Grading Proofs

.Write this proof in the space provided.

‘GIVEN: D is the midpoint of BC..

.41"542 ‘ ./

BE 2 BF ot

-

“PROVE: AABC is isosceles. n ° A

+

TRTT 501 NV rien my s s s oo W S ROL A S P Y WA YW MammR a4 oMW S VMR - e d o e vaent ke et rass
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‘ : AL A P

Grading Criteria ‘ .

. "Resgonse
a) BD =

b) (i)

or (ii)
c) (i)

or (ii)

AABC is isosceles

CTD with correct reason .

AEBD gAFéli- with correct reasons .
" f ! ' ‘ -

BD = CD ' :
- - . { with only one
LB =4LC - incorrect reason

‘BD =-TD .-
£LB.=4C with correct reasons
AABC is isosceales ' S

AEBD ZAFCD ) . T
LB =LC ’ with correct reasons
AABC is isosceles }° c o

-

.Score

A

b) 2

c) 3

[
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APPENDIX D. . - - B '

 (CDASSG PROJECT, Usiskin, 1982)
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", S BEHAVIQGRS AT EACH VAN HIELE, LEVEL
., A —  (Usiskin, 1982, pp. 9-12). ' A

vLevel 1 (thelr base level, level 0)
(P M., 1958- 59) *

l. "Figures are Judged accordlng to thelr appearance v
2. "a chlld recognlzeg a rectangle by its form. shape/// Ci

30— . . and the rectangle seems dlfferent to h1m from
a square.” ,
4. "Whén.one has shown to a child of six, a six year old -
child, what»a rhombus .is, what a rectangle is, what a
N square is’, what a parallelOgram is, he is able to
produce those flgufGS‘WlthOut error on a- geoboard of
Gattegno, even in dlfflcult 51tuat10ns."

5;' "A child does not recognlze a parallelogram in a
.xrhombus."

6., "The rhombus is not a parallelogram ~ The rhombus
appears ... as somethxng quite dlfferent.

(ﬁ : (p M., 1968) o v
R ’ gt
——J7.—"When-one says what one calls a quadrllateral whose
four sides are equal‘a rhombus this statement will not
be enough to convince the beglnnlng student (from which
' I deduce that thig is his level 0) that the parallel-
ograms. which he calls squares are part of the set of
rhombuses ) / A

|
/

(P.M., 1979)
T -

8. {on a question lnvolving recognltlon of a tllted sqiare
. - as a square) ‘"basic level, because you cap ‘see it."

Level 2 (their. first lavel) ‘ ) g B

. (P.M.,1957) /} . . /j

1. "He is able to associate the name ‘isosceles triangle’
with a specific triangle, knowing that two of its sides
' are equal, and draw the subsequent conclusion that the
two corresponding angles are equal."’
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Level 2 (cont.) L | ,
(Dlna, 1957 P.M. .and Dina,11958)

2. ". . . a pupil who nowé the properties of the -rhombus
and can name them, Wwill{also have a basic understandlng
of the 1sosceles\tr ang\e = semlrhombus."

3. "The flgures are the supports (lit. 'supports' in French)

of their propertids."
)

4, "That a figure~is a rectangle 51gn1fles that it has four
right angles, it is a rectangle, even if the figure is
not traced very carefully."™

\ : .
5. "The figures are identified by their propertles. (E.g.)

If one is told that the fiigure traced on the blackboard
possesses four right ngles, it .is a rectangle,. even if
the- flgure is not traced ery carefully " x

-~

"6, "The propert1es are not y t’ organlzed in such.a way that

a square is 1dent1f1ed as (being 'a rectangla."

’

(P.M., 1959) - S .

‘7. "The child learns to see Jhe rhombus as an equilateral
quadrangle with identical bpposed angles and inter- -
perpendicular dlagOnals that blsect both each other and
the angles.” : \" R . '

. ‘ . . ’

8. (a middleground between thlS and the next leVel) "Once
the child gets to the stage where it knows the rhombus
and recognizes ‘the 1soceleI triangle for a‘semi-rhombus,
it will also be able to determlne offhand a certain
number of propertles of thg equilateral trlangle.",

9. "Once it has been decided that a structure 1s an

'isosceles triangle' the child will also know that: a
.certain number of governing| properti s must be Present,
without having to memorize, them in is special case."

-

(P.M., 1976) _ : , .

.10, "The inverse of a function still belongs to the first

thought level.“

11. ”Resemblance, rules of probabilzty, powers, equations,
; functions, revelations, sets-with these You. can go from
zero to the first thought level "

G
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Level 3 (their second level): - .

(Dina, 1957)

1, "Pupils . . . cén understand what. is meant by 'proof’
in geometry. They have arrived at the second level of
thinking." ) - . )

i A e i Bk dar n 8 3 e e e bprihal e - b s T A | oible Do b g
.

(P.M., 1957)

- 0

*.2; "He can manlpulate the interrelatedness of the char-

v

R WAT iy s 4 . ] i o ATy T, e 1 1 -

.

acteristics of ‘geometric patterns.”
3. "e. g., if on the strength of general congruence
theorems, he is able to deduce the equality of angles
or linear segments of specific figures." .
(P.M., 1958-59) . .

"The properties<are ordered (1lt. 'ordonnent'). - They

4.‘x
are deduced from each other: one property precedes or
follows another property.” < . >
5. "The 1ntr1n51c significance of deductlon is not : i ;.J@ .

understood by the.student."

6. '“The sguare is recognlzed-as being a rectangle because
- at this level definitions of figures come into play."

RIPREAR)

(P.M., 1959) , S,

. ) ' J A - : . -
7. "The ¢hild . . . (will) recognize the rhombus by means . '
* of certain of its properties, . . . because, e.g., it
is a -quadrangle whose diagonals bisect. each other
_perpendlcularly " / -

8. ‘“It {the chlld) is not capable of studying geometry
‘in the strictest sense of the word." i

9, "The.child knows how to reason in accordance with a
deductive logical system . . .. this is not however,
identical with reasoning on the strength of formal
logic." - o W

»

‘(
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Level 3 (cont.) ! T

i T

) 4 - -
(P.M., 1976) - ,

- .
.

r:-,r-ug‘.,'b'ﬂF;]‘é?.'&ﬁ*‘-;ﬂ,,,-."%’ﬁ;-, AR,
-

' 10. "The question about whether-the inverse of a function
is a function belongs to the second thought.level.”

P
e
.

‘1., "The’ unﬂerstandlng of implication, equivalence,
negat&éﬁ of an mellcatlon belongs to the second

thoughtg;kvel -

) . '. ' Co 4 o
. - (.M., -1978) o U ' a
= | 12, "They are able to understand more advanced thought

- oo -structure, such as: 'the parallelism of the lines
implies (according to their signal character) the
presencd of a saw, and therefore (according to their

A symbolig- character) equality of:.the alternate
N . . interio angles' "

13,

v

"I (the student) can learn a definition by heart. No

level. I can understand that. deflnitlons may be
necessary- second level., ;

14, "... . .+ you know what-is meant by it (the use of .
"some' "and ‘all') second level."

. : T Level 4 (their third level) ‘ ) -

(p.M., 1957) : _
1. "He will reach the third level ofwthlnklng when he
f starts manipulating the intringic characteristics of °

relations. For example: if he can distinguish between
a proposition and its. reverse" (sic. meaning our
conyerse) S

!

(Diha, 1957) . - ‘ L

» 2. “We can start studying a deductive system of
1 propositions, i.e., the way in which the inﬁerdependency
: of relations is effected. Definitions and propositions
, ~how come within the pupils’ intellectual horizon."

By o R s e 4 o
«

L 3. "parallelism of thes lines lmplies equality of the
. correaponding angles and vice versa."
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Level 4 (cont.)

{P.M. and Dina, 1958)

4. "The pupil will be able, e. g., to dlstlngulsh between
a proposition and its.converse."

5. "It fis) « « » possible to Qevelop'an axiomatic syetem
- of geometry". ' .

E‘ "The mind is occupled with' the 31gn1f1cance of- deductlon,
of thé converse of a theorem, of an axiom, of the
conditions necessary and sufflc1ent "

+

(P.M., 19}%) B I PR

i . "

7. ", ... cme child teil him" (the 'Student) that in a proof, . . -

_it is really.a guestion of knowing whether, these theses
are true or not, or rather of the relationship ‘between
the truth of these theses apd of some other. Without .
their understanding such’ relationshing we cannot explain
to the student that one has to have ?%pourse to axioms.™
(1 induced the level from the first part-of this
statement; he, never iderntified the level.)

v
.- N ‘. . .
i .

Level 5 (their fourth level) - R

(Dina, 1957) . - ocil oo

l. "a cdmpararive etudy of! the various deductive.systeme»
-within the field of geometrical relations is . ..-.
reserved for those, .who have. reached the fourth level

. s. & @ [} L ‘ . LN
) . . . " : T

(P.M. and. Dina, 195¢)° - i L T

& - : .

° ot

2. “Finally at the fourth level (hardly attalnable in~

secondary teaching) 1ogica1 thlnklng itself dan becéme 4//

a subject matterﬂ'» ‘ . : g

A
[}

3. ."The axiomatlcs themselves\belong to the ﬁourth level.w
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Level 5 (cont.)

. ]
o (P.M,, 1958-59)

s ‘4. "One doesn't:as

*
(RECha o+ YRS

such .questions as

P

lines, surfaced, eta.? . . Figur e defined only T R
& by symbols connected by relatlonshlps. To find, the - *." :
e ey "specific meaning of the symbols, One nmust turn ‘to lower: L

o P s 1 g o o YR e P T v

levels ‘where the spec1fic meanxng of these symbols can, ]
be seen;" ~ B K
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