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‘:geometqy students from an all~ma1e regional high school in urban New—

‘a day for a total of‘4b cless seeeicne‘

. posttést was given tws monthe later.

—_ . . SRIELIA
N ] S .

The purpose oﬁ this study was to- design, implement and evaLuate_
t

a unit on -proof in geometry, incorporating a review of fundamental con—l'

v

‘-'cepts, an organizational scheme called. a‘”Dictionary and eome problem— ‘

A

‘solving strategles that could be applied to proof Answers were-sought

to the following questions Does the-use of _the instructionel unit
r\~- ’ :

-

. result in: significantly different achlevement on an immediate and

“delaYed posttest of concepts and skills? .And,.ispthe effect on achieve;.fTﬂ

J

"ment different for repeatera than for-nonirepeeters°t'

This study was conducted using 54 Grade 10 matriculation
‘A

_‘foundland These students were asaigned to one of o treatment con—-'f

ditions The experimental group was taught a unit on. proof using the

instrhctional unit developed for this study, whereas the control group

followed the- program outlined in,zhe Grade 10 geomecry texc used: in
Newfoundland when.thisIstudy»was.carried odt. Glasses were held once’ )

L

To determine the students achievement, two tests were adminis-.

} kd

'tered The first the immediate posttest was given at the end of eight '
. A '
weeks instruction and a 2~period,review-seesion; The‘second, the delayed

-

' ‘The data were collected and anelyzed using a two—factor analysis

of *yariance procedure The major findings of the study were: (l) There

were nosignificaut difﬁerences in—echievement on the immediete and

4

'_'delayed postteqté between .treatment groups; (25 non-repeaters scored

;

“T4d
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' R ; significantly higher than repeaters on the immediate posttest but not _
K : X -.'."'on the delayed posttest' and (3) there was 1o significant interaction

R S betweeh treatment received and the grade status offstudents. / '

X L - :'_: On the basis of these findings, 1t was concluded that the
N - experiqental treatment was no more eﬁfective than the textbook approach, .

T R '.in'promoting higher_achlevenent -.in geometry at’ 'the gr'ade 10 level S
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geometry courses was t:o train the mind t;o develop critical ‘thinking, A

- srltmdzm' OF ' THE PROBLEM. -
. . >>'/'-0 :

Secondary schoal geometry,"is frequently descrlbed as "'th'e._"

" most’ disliked subject" and,'@s often,ias "the most poorly-

taught subject in the high- school mathematics curriculum.

. Whether ‘these, designations are true or false, it is certai.nly

trde that the problém of 1nstruction in geornetry is multi— RN

" faceteda - The .problem includes questiona on. the nature of ,
: ‘.;eometr:y, the way students learn it,- and the pptimum teathing .|
_approaches. (Fan:ell “1971) 0 Co U

Us‘iskin (1980) reported that the single reagon most comon_‘l;y

given for teaching geometr(;r is that—geometry provides an example of a

mathematical system. Historically, it ‘was the’ ‘firet and has been the’

most influential mathemat:.cal system In earlier times the goal of

o

.' . - .and to teach.A the student to reasomn. Because Bty ies from the 1930 s

., éritical thinking ox reasoning ability, the rhetoric had to be changed

“ LL to the 1950 s~ showed that the unenriched standard course did not help

v e

"-"Now, Uaiskin contends geometry is the place where the student sup-

-posedly learns how mathematics is developed . It is” the place where

‘the s’tudent :Ls asked to do what mathematicians ﬁresumably do, that is,:

:,;: frove. theorems (p. 413)

\

: mathematical proof. te commented:.

/A’

uW_:Ll'liama (l974)_1naintaine'd that 'to ful].y. un'detstand the natire '

\ .

o'f,"a' maltham'e:t“:ical 'ay>stem, . at:udents muat be exposed to the concept ‘of

n
0

R studi{ts can. only- fully‘

' appreciate what a mathematical system is if they understand what it

‘. » °  means. to prove something in mathematics (p 5) ) N

L
SO N




Y
e e T

T ask. studeufs what they lke most and what they dislike most .

"1 adopt tlie’ rule, ' Ask what proofs we' re respon51ble for,

t' - about their geometry course, . . “To what they dislike,. there
» 1is ome strpngf answer: proof For most teachers,.proof is the . =«
| most important concept——the raisou 4'eétre—of the geometry . f
; coursé. . . .. Thus, the most hated'and.feared. idea' 1s -the fGost.

important. (Usiskin, 1980) .. . - Co 4,
. Bowling (1977) commented: ¢ . h". . S L v
. For a variety of reasons, a person 8 first contact w'.i;,th proof ;~" N l e
» is usually frustrating. Often it is not clear why proofs are. . R

’ ’ necessary in the %irst place, and one of life's little _‘ TR
mysteries remain, 'How did the teacher know to write this T
wstep: after’ that -one?' Unfortunateiy, ‘students frequently

\ memoxize the steps, and hope for partial credit’, (p. 506) : e

. More unfértunately, Bowling contended this algorithm is usually"quite

)

sufficieht. , ,
L. o i . . . . . Co n [ . 3 B o 9 |
-,Background R e A O AN IV e L
) ¢ toe % T ) ' I F

' Wooldridge (1978) reported difficulties with the high school I

- geometry program in Newfoundland He wrotes M. . . ot all is well in .

- the difficulty being experienced in the geometry program is due to the S

" fact that the geometry content is often skipped in. the elementary ‘grades.

the geometry program in Newfoundland _ Some of the 'problems are relaned;; .

to the curriculum while others have pedagogical bd’ses" (p. 10) Some‘ of g

. . / '

¢

o
Wooldridge (1978) commented SR ’ <o - o

, .

. . the prattice of omitting geometry topics "in the ele—
mentary and junior high grades deprives students of proper - o
‘development prior to the formal .geometry courge, and thus’ »., , o
contdibutes to. poot performance In the high school geometry '

caurée (p. 10) . o S | T o L M

_ k v . . . . { I
McGrath (1979) reported difficulties wit‘n geometry throughout : K '7'."_

the sixth, seventh and eighth@ gradest. In a, survey of elementary SoEe T

mathematics teachers, moat teachers indicated that they did not have S

L

the tine to cover the geometry because of other topics that had to be -




-

R

o

tion and 1eyels cannot be~skipped (Burger, 1980)

5 S

govered They further indicated that the -aimount of material in the

-/,
]

geometry eection vias' so overwhelming tbat they wefe not sure - what to .

rcover, and as a result, ended up doing very little or none at-all.

McGrath concluded that "while the approach of select g appropriate

(4]

meterlal is not necessarily bad .

y 1t may result in gaps in the

child s’ experiences that can lead to more serilous problems in later

x3

grades“ (p "70)..

Roberta (1980) reported thet for the school yeer 1978 79, ale- |

mentary school teachers in the- Province of Newfoundland Spent lees -

than one—half*the recommended time on' geometry. Roberte concluded.

) It is evideut that the required time is not being spent on -
geometry in our elementary schools, and as a resplt, the
. children will contifue to experience difficulties with '
- geometry at.the secondary level. (p. 82)" &

A model for students development in learning gﬁometry has been

described by the Van Hieles. Mathematics educators methodologists,,

and psychologists at the Soviet Academy of Pedagogical Sclences, between

1960 and 1964 have verified the validity of the van Hieles assertions :

S"

-and principles (Wirszup, 1976). | According to the van Hiele model the '

»

learner, assisted by appropriate instructional experiences, passes

through levels of~thinking beginning with recognition of shapes as a

: whole, progressing to discovery of properties of figures and informal

reasoning about these figures and culmineting in a rigorous study of

axiomatic geometry (Geddes, Fuys Lovell & schler, 1981) Progression

from 1eve1—to level can only be accomplished through careful instruc— o

»

Ihe majority of our high school Btudents, according to Wirszup

(1976), are atlthe first level of development in geometry, whileAthe‘

L

e e e e o gt

e




. '_'-eou;se they.take~demands the feurth level of,thought.' He-commenced:‘
f,'?It-is no wonder that high school grdduates'hqve hardly'anQUknowledge '

) of'geonétry, and that this irrepatahle defiéiency'haunté them con-

tinuously later on" (p 96)
Piaget<(1964) maintained that a child can receive valuable

:?} o I'f . information via language or via education directed by an adult onlﬁ%ﬂf

he is in a state wheré he can understand this 1nformation.

L o ... ‘That'is, to receive the information. he must have a structure . B AN
: ) e which enables him. to assimilate this information. This is why
£ . ' you cannot teach higher mathematics to'a Yive year old: He
) .- does not yet have structures which enable him to -understand.
, S : (p. 180) -

Piaget}éuggestejchatlehiidren pess through.various stages of s

) lngical operations (Lestér 11975) . Studies'by Edwell (1961), Case and’ -

'Collinson (1962), Randall (1967), and others indicate that many adoles—
cents are somewhere id(a transitional stnge between the conerete and
'Eormal operational stages. Lawson and ' Renner (1975) have. dotumented

::Qtthat secondary school students who are still rbasoning at the concrete ,
level are able to learn very little, if any, of what is taught in an

\abstract verbal way J ;
+ In discussing adolescents ‘transition to a new stage, Ausubel
- ' < / — . I‘

N (1964)'commented: : S _ ' f' ' P : s ' - ,i“;

It: is quite possible, . . . , .thatiprior {ntuitive understand-

ing of certain concepts durlng childhood could facilirate o .

..-* .7 " their" learning and stabilize.their’ retention when they are - . : AR
e C . taught.at a mote formal, abstracc 1evel during'adalescence

- [\,1 . B LN (p 261)

.Niedermeyer (l968f,'in.discuésing Gagna" s experiments on the. . ‘ 'f

A - hierarchial nature of learning commented: . - - o : s f—\\

MWhat Gagné 1s saying . ... is tLat_séme things must be learnmed, ° o

hefore others -~ .the concepts that comprisé a principle must be o

acquired before the learner can show his understanding of che‘
- principles, atc. (p 313) :




students are unable o prove: theorems" (p. 11)\

: . . P 5 o ~ ,
Nt . - N Jo- N o N N 5

:-‘-. \ N ) . .. - AN ot

\ 1
Kane (1975) has euggested that . in order to engage in proof—

Amaking, a student must have at least an informal knowledge about. logic.
"[\As a very minimum, Kane says ‘that students must have experiences with-

-Ithe logical connectives, trath values of statements and the lews of

\ [N N

logic. Wooldridge (1978) maintained that'":‘... without some inetruc—_
tion in logie and thé nature of»proof;’thete‘is 1ittlehwonder”thgtﬁ

~

Traditionally, the two-column prooflin)s tement—reaeoh format

~. ) L R N

] hes been\the form of pEBaf to which the student is first introduced o

Hallerburg (1971) saw. this form as - probably more of a hindrance than a’

. \ .
help to the average or below average student He pointed out'two areas
of difficulty First, in about half of ‘the stepe, the step 1s a ?\' '

‘\particular application of what Hallerburg called the basic H.I.C. ——the

5

statement of the step is theYConclusion, the reason" for the step is
the Implication, and the Hypsthesis probably appears as the statement

in- the. precediog step, or, if a compound hypothesis it may. be fouhd

7 . .

‘scattered in various of the preceding steps - This revetse order is

.confusing and the student often feels that he should first of all.come

\, '
.

up with a statément and then he should find a reeson to.justify 1t.

-Second” a mote‘besic\criticism of the‘twoécolumn.proof'is in the mannet

...\

in which a single reason may intermingle "the form logic and content

I,of the proof When a single reason in a text s two—column proof -

'states; "by steps 3 and 8. above, the definition of isosceles triangies-

and substitution," the student may very well wonder what he will

‘_have to include in his reasons when he is develoPing his own proof :

of a. new theorem (p 205)

The undue emphasie placed on the content aspect of geometry by "

1the present high achool metriculation geometry text is seen 8s a further '

(E , "




PR

: 'pro_b:lem. iﬁooleridge (1978) ponunented:' '

There is a great deal of discussion as to vhether there'1s M
_enough enmphasis .on’ the’ proof aspect in the matriculation S
eourse "Certainly, the- textbook does not do en adequate I
_job there. (p. 10) ) S ) N

in the matriculatiom coutse 'have not attained many of- the fundamental

[
R

- conc’epts of" geometry\ and they expejfience grea,t ,difficulty with \px:oof.

)y

Statement of the Problem I & ’ i Lo L
L - T s | ) " T ) L _' Lo
; §lt has been argued above that many secondary'school geometry:

end are experiencing great difficulty vith proof T’he purpose of this

study was to deeign and test a unit on proof in geometry incorporating

-
Ve

e '(1) a review of fundamental conceptS' . : o

il
(.

]
3 (2) an organiza.tional scheme, nsing\ eome basic principles of logic-

i (3) some problem—solving scrategies that can be applied to proof

-(4) examples and exerciseS'based on the above'~and

‘designated instruction period. L T Nose
A s'econd purpoee- was to compare the effeets of the instruc—' .

N R

tional unit on. the, achievement of students who were repeating their '

]
o7

' geometry fourse m.th those students who were attempting the course for
L the first time..- - ": ; . E T
. b g " ,' P . R
Spec:Lfically, answers were sought to the following questions: -

\

@) Does the use of the _instruational unit‘have any effect on .
| PO I
aehievement in geometry? s -

€ DOBB the use of the instructional amnit have any effect on

retention" . '

The fdifficulties suggested previously are that too many students

- students havé no't ettained ‘many of- ‘the fu’n<iamental concepts o»f ‘geometry o

:\\;-'-'(5)-5 test measuring skills and concepts taught during the = T

N L L



' o o
. l : .'d; 63y ls“the)etfect bniachieyement\difterentItortrepeaters,than3::
/ fof‘ ,;o.n_;rel;élace_rs'? - - -v / : .
< f:". ' Rationale . ‘ T . |
—. B I“ R II_' _ ".\ ) Every effort to construct eurricula in mathematics demands
. P \decisions about struccuring theA content and designing and ordering ‘ \ ‘
_,p L ».'-k S, inetructional tasks Heimet (1969) }commented tha’t there are few precise, ‘

VI ‘. .\’r.l.l‘ N

/\ coherent, and empirically testable sets of hypotheses for ide.ntifying
e - B . and guiding those iustructional decisions There are no well;formulated
iui}’;if“f '-‘-.{;-' :" theories ot instruction.; Injﬁhort,.there\are no edequate~teaching

I \algorithms (p. 495) . | | |

A o -

Cooney and Henderson (1972) declared that one: of the concerns of
3teachers is helping students organize the concepts, facts, and princir-
' -ples t:hat they learn. A question of interest to mathematies educators

) in particular, as seen by Cooney an\l-l'enderaon,' is how to find methoqls -
\ ' . T ' ot \“ ’ '

TR of instruction which prove effectlve in helping studenta structure X
) their knowledge Cooney and Henderson maintained that informntion con—'

cerningﬂ the’ most effective means’ of organizing knowledge was not avail—

I'["her‘e ie,‘aubstant_ial_evidénce“to support the‘generel A‘theory of
Lo \ .. , 3
"Athe hierarchical structure of knowledge._ Gagne (1968) demonstrated
B . . L 7

thet new skills and kaowledge emerge from lower— order knowledge and that

there is"a significant-amount of positive transfer from each ehccessive"
L J !

g i élsubordinate level td the next higher level in a hierarchicel ordering

-[-.rf,'f ";,i'f_ “‘: éof such levels.A Gagné (1963) commented. ﬂ. - the most important .

difference amoug learners in their ability to pérform a- final task

_resides in their possession of this subordinate knowledge " (p. 624)

.

xX.'

‘able. SR . l L 4
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.Accordiug ‘to Gagne (1963) leaming of any particular capabillty

LIS =

. requires the retention of other particular items of subordipate kuowl—'- S

edge The leamer acquires a new item of knouledge 1argely becauee he

is able to tntegrate previously acquired principlee into new. principles, L
and he cantot do this unless he really knows these previously learned ’

principlee. o I. ‘ - ' \

Proof making, according to. l(ane (1975), mey be viewed as a- cord-; |

' plex teminal behavior We should set. out to: teach it by systematically i

teaching the prerequisite behaviors one by one and by teaching how these

~
[

behaviors may be sequenced (p. 90) e

Hhat are these prerequisite behaviors" Greeno (1978) reported

that detailed analyses of problem solving m geometry have indicated o

|- 5

" that three kinds of. knowledge are involved: (a) knowledge for pactern

\ recognition, that is being able to identify the similarities and dif-

ferences between geometric objects, such ‘as po:mte, line eegmem:s,

[y

angles, and 50 forth (b) knowledge of 'the propositions used to make

~

inferences to prove theorems, for example, corresponding angles.are .

congruent," or "the sum of the angles of triangle is 180 degrees"'

= " and (c) strategic knowledge involved in u ing this kind of information

-in order to set goale. fo_rm ,plans\ and, in general‘,. tb organize activity

on’ the .~pro!§'].‘em$. “In the contei:t of classroom inétruétion, in teaching,' '
and in textomke, “the 'fi‘relt two types of kuov.}leﬂ'ge, ecCOrding co Glaser A
(1979); are explicicly tdught but the chird Ls hot. Carpentet, Coburd,
Reyee' and Wilson (1975) reported“ that sutceesful perfolrna'nce‘ n applying'

2

geometric relationships depénds, to a large extent on’ 'a sound initial '

development of the basic concepts and terminology in the earty ele—

.mentay;y gradea (p.-449). ‘A8 Holloway (1960) contended:

Al



. e ‘N, . "& o » 9
- . . v a ¢
EPEEN any syetem of mathematical information i .
" children without thelr haviug hdd adequate ex
\ right kind actually impoverishes their devel ment,
|- . may at first give it a spurious m,aturity
L.
Il"ii“ © T As, c;.ted earlier, there is evidence t show that the basic con— .
) ‘ PRI . A
K \cepts a\nd tern{inology used in geometry are ot being developed in the
}alementary grades (Wooldridge,,1978 McGriath, 1978; Roberts, 197&) “
} S

2' ]

light of this situation, a review of /ic definitions theorems and

sncepcs of elementary geometry was viewed as the first prerequisite to'
su cessful proof-making )
v " Williams (1974) proposed the possibili,éy that the deductive |I \
‘ nature of mthematical fproof can only be underetood by students who A |
have beenlexposedlto the basic ideas of mathematical logie He sug—‘
('{ested‘ that students need to be exposed to a number of basic principles
‘including\the notion ot a‘ syllogism, the~ ‘trenvsitive law of implication,
-the .'law' of t:he' e\xeluded "middle, ‘the 1dea .that an ;implication'—end its '
contraposition are logically equivalent and the- difference b_etueen," an
implieation and its converse or inverse (p ll) o |
Kene (1975) has suggested t:hat in order to engage in proof-
making, i 'student must have at least an informal knowledge about logic
-Howevaer, as Kene contended it nay develop that to engage in proof-

N\
makin_g demands only the_m__ost informal knowledge about logic (p. 91).

 Williams (1974) suggested that the® basidprinci‘ples"_of logical ;

N reasoning be made explicit.to students in the context of the na_athetnatics'.
! - . - . - : .

. i ) .
they ‘learn, to aid students 1in understanding what proof “and deductive

) .o . . . N - ;
inference.in methematics really mean (.p 11). ' Van Epgen (1970) con

1 .

tended that to understand proof as exhibited in secondary mathematics

N it is eesential to (1) have a good understanding of what an i1f-then

\'.
!_-role of -selected _inference -
s ' ' S - ) o

statement heans, and (2) Tecognize the

o g hrmdenr e T
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I i a®

: steps labeled "substitution" and "detachment“ are,uﬁed " Thec Rule of

‘. for another while the Law of Decachment states the- following ffowe~'

.;have established that (l) the implication p. * g ia true and (2) that

¢patterns. . :', o |

Voo . N . N .o “:

Allendoerfer (1957) presentea a, procedure used to- estainsh

: mgst theorems in mathematica In carrying out a deductive process two:

:”Substitution states that at any point.ue wmay eubstitute'one'proposition}:

the proposition p is true, then we may conclude that the propositidn q

)

_ig true. The Law, of the Syllogism aud the Rule of Detachment are fre—

\ L4

'quently.combined into one stepnin,our reasoning. FbrAexample. " If we

A . . . . N -,

. cen establish that,(l) P *qis true, end (2j'q +r is true, we can’

conclude that p > x is true. This-process can’he carried out in a

,E_repetitive fashion and gives us results such as: ‘If'we can‘establish

B .,'

that (1) P~ q: is true, (2); q -+ x ie true, (3) r+s is true, and (4)

': 73 >t 1s true, we can conclude that prc is true. Finally, in a case .

-,

rike thisy we can’ conclude that t iq true if ve know that p is true

vIn the current study, a number of ' sequences > using the above

procedure, .were developed as an inscructional strategy in presenting

10

thie second prerequitie to succeesful proof—making, an informal knowl-

" edge 6f logic.
Lesh (1977) maintaiued that to deVelop effective {nstructional

:materials, it&is important to present ideas in'a form that éill be most”'

,

:understendable to children Van Engen (1953) saw understanding %s an

‘orkanizational process‘ "Understanding is more nearly a process of

iutegrating cohcepts--placing them. in a certain .sequence according to

[y

a ‘set of criteria" (p. 76). These concepts, according to Reed (1946), ,.'

if 1ogically learned are learned more quicklyand are remembered longer

P %



. 'proof-making, an org‘an_izational process

Ithe iven subject but others of " which have a

: tion" (P. 14) A’ ‘ S ;

than:are conceptsAill’ogically learned. .Commenting on this fact Stroud

e

-

(1946) said U T

Material high in. associative vhloe  1s for that reason .
.comparatively easy to learn and for the same reason easily ' 'A’.- N
. recalled, relearned or recognized afterward. Logical®
“material, material ‘capable of meaningful: organization or
. reduction to somé kind of system, comes within the oper tions
“of t qnsfer of training, operations that Eacilitate recall
‘as - iwé—i as 1earning (p. 538) ' ) 5

’ Il . . 3

Accepting varn Engen s theeis on the- formation of concepts a

-
¥

'"dictionary incorporating definitions theorems and logical inference -

'echemes was- develOped as part of this study to. be ‘used as an instruc-

’ -

‘cional etrategy in presenting this third p,rerequisite Lo successful

PR PA R

s

' In order for concepts and other information that require under-—' :

. >:"standing to be: included in one's conceptual knowledge, some sort of

'-.f.heuristic prob‘lem—solving capabilities must exist Simon (1975) pro-‘ :

i vided inéight abo\.lt the relation of heur‘latics and conceptual knowledge.
.”Understanding requires. in addition, the acquisicion of a hosn:.c)%lA

1lheuristic problem-solving capabilities, some’ of uhich axe peculiar to

»

4wider range of applica—'

H o
' .

’

Scandura (1971) maintained that in-orXer to prove most theorems, ’

.i\_‘,,_ .

'\ : 'indeed to euccessfu.l’ly engage in complex deductive" reasoning of any

.\

sort. a student must know nore than Just rules of inference or.even a

<.

large number of relatively complex logical procedures The student must
' alss have higher order rules available by whic'n he can combine krown

'inference.rules and'other logical procedures into’ new farms, ','t‘hat ie,_ -

’ 4 . )

' so'that he can create" (p;il@&). : N ' “‘. .

~

" m—— s
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. According to Scandura, one type of higher order rnle, that 15
R "t r/

.J.

heurlstic. "Work backward from che conclusion” (p 193) In‘this

. f case the learner attempts to derive a procedure for generacing the -

ar
.

{prbof he ffrst
I E

. eelects an, inference rule which yields the conciusionl He then tries

,~'"'-|3 conclusion from the premises, that 1is;" to- construct a

[V
/.. L4

— ‘to- derive a logical procedure, using this or other‘higher order rules,
. g

-\;yhich yielde the input of. Ehe-first rule selected. Presumably, the

1 -

subject continuee in chis way until he either succeede or the whole

approacn,breaks down (p. 194) Support for this. idea is also given by

‘l L Henderson and Pingty (1953) They commented. o

T T The Btudent should learn that when he faces a situation for
. . : ‘\which he has no immediate solution he can profitably ‘direct
. . bis thinking'by starting'with the "to prove" or conclusion
~++ " and, saying to himself, "If I show this I will first have to
N s . ‘prove this. This in turn requires that T Kknow . "

. ., unttl !
o P‘ oo T ’.the given data and conclqﬁion are linked log{cally (p. '239) .
x‘ll‘, i .'1I1 Co g Duncker (1945) introduQFd the concePt Oé a ”search mode " that“:‘
> }.EJI:V':‘:A'”l , 1s useful An understanding the P9Y°h°l°gi°al procESS of SOlVing 2
A - .l'.', Ptoblem. The search model evolves as the individual clarifies the " ’
\( h ; i problem. It bridges the’ gap between what is given and vhat 1s requit&d

and serves ﬁor a period of time to-direct or channel. the individual 8-

X.: NN "deliberation. His region of search consists of the mathematical con-”
1
|

."Cepts and generalizatione he has 1earned Part of .the teacher s work
. :-according to Henderson and Pingry (1953), consistiain helping students

‘ conceptualize Eunctional eearch models as they clarify prqﬁ?éms (p. 240)

1 e Tbis strategic problem—solving knowledge was seen as a fourth pre—'
A 'requisite to successful proof—making

° s
» .

Working backwards was used as.
the main strategy, in thie study, Eor proofs using ‘the “dictionary

. ) . .1
‘a seatch ‘model. °. . s L .

. . o N . R Sy
. T ' e s PR - . “ .
R L S [ L

S 9 :

KNP

frequently used in constructing proofs is. closely associated with the .‘

x\'l"

e
I ' . .
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. ' When ‘one; considers a final performance to be learned we find -
’ o according to Gagné (1968) that it can be analyzed into a number of F»
2 e ; subordinate topics which must, first be mastered before the final task S
- . can be attained In proof—making thesge prerequisite skills are: (1) . .\ ;
IR N . . TR R C

Tl "j‘q' knowledge Qf the basic,definitiqns, ;Heé;enm nnd‘concepts of elementary

:‘.\‘ - R \

fl" Z/T '3- genmetry, (2) an. informgl’knowledge of logic. (3)ban organizatibn@l SR -
'.-“:.,AI/,I-‘-A-_ \’.’ v \\ B . ,"

j“if. e \-r process for this knowledge, and (4) some problem—aolving strategies f‘

. that ‘can be employed. g_A'_ e R B o b ‘l:o‘l ;:S;Q

R . KR ‘nl,_ e cetee e . %ﬁ%}l S I
ST T Definition of Terms B N : R gi‘ S

cooa For the purpose of thisxstudy, the following definicions are -
t - Stipulated/ - I': f '.Ir:- . _\::b, .. . . A- s | A‘ . i St . .‘ '..- '
; N L Y A oo T
l L ' . K T - A Sl o A ) .l

'ély' : }-, L g-JLf.‘Dic;ionaryé-l'

J".: '-. o 'Thel1inc_ofidefinicions;laxiome;'postulatesiand theorems, that ~ - —
" were discussed in the instructional unit. TheAmatefiél;in éheJdiétion—‘ .
nty’waanorganized under the following headingsﬁ (1) Definitions (2) '

Theorems; (3) SEquencee Ar-information one can conclude from a figure . . . .
‘o B . L

Specific examples are presented in’ Chapte; III of

. from-a."Given.
Y| A , . ‘\' N
.. © .. this report. -.\' >

)

t

: o {

without a’ "Given.' and’ (4) Sequences B--conclusions that ¢an be’ drawn . B
(

|

N WL L2l Grade Status:
' The term grade status 1s used cb‘nefer.to:studenté as pEing ::“ I

"; :,.-3..réP¢5£ers'or non-repeaters, PR s ‘1 S ':",: o j}

S3. Repéater'

'J

. Any student uho was tepeacing the pxesent Grade 10 geometry )
A course because of failure in that course iﬁ the previous yeat.l
g A o :
) . \ . , .
: ; e e by e e e e et L e )]



N .-

N T e e

- course,: - .. ‘s ”
. . , . . , o L4 ) . . -
. ! Se o ' ot U e, s
R bﬁlimhmtions .;“3V”A*" T : ' - AEERT
R " .. R - : . - 4 “ '_“_ “‘ L -~ i \ -
S AN T ””)E;Tfk foilowfng delimitations were placed on this 3€udy., -
. X l' !tl\,A:\_ '\AJ , ™" . “_ 5\ ‘Ql. Y

RS 'L’l,f;_Only'bne schddl comprrsing ail male students waa used in this .

,study, chereby 1imiting itq generalizability.

472, The results of this study are delimiced in their generalizabil— 2

e L . ..‘1 . o
1ty to che area under investigation—-geometry, and furtber T
y -\ -
.o PR : llmited to the grade level of the scudencs inyined in the
: study——Grade 10 ]
g O;ganization of the Report. f«\ ﬁ 0 BT - .-Afgzlf. b

A
[ )

, The background and statement of the problem, the ratianale for'

.Zdelimitations of " the scudy have been presented in this- chapter

: ; A>review of the litera&ure folloWS in Chaptet II with an'
‘emphasis on theories of léﬁ?hing o; the Vvan Hieles, Piaget and Gagne

-Reaearch findings on each of these theories aye presented

L In Chapter III the design of the study, 1nc1uding -a brief

R U PRy, A S S L U S

kldeecfigtion,of thevsample-and'populetion,ethe pqocedures qsed in the:_A
o 1hveséigation;‘e description of'the instrﬁctiodal'ueic,‘the stacegenc:
“E/"-' ;of hypotheses, limitations imposed by the deeign, the statistical
| ['tests used in the analysis and significance levels accepted are all
'-1-outlined : Also included in this chapter is a description ﬁf a second—,

,ary study conducted along yith the main inveetigation
g

i-%the etudy, the definition of terms used, and a- brief description of the'f'»x
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' -uﬁiaget"and Gagné,

A

'V

to the learning of. elementary geometry. -

- i;1The

L3
e

van Hiele Model of Intellectual Development

1

/' v L

‘model wae developed by two Dutch mathematies educators

!

> L én ,
S .. CHAPTER 'II - .
7 7t 7 ! REVIEW OF RELATED LITERATURE .= - .
Introduction k
e ‘ . . ) B s T
- In this chgpter, the leerniné'theories‘of the van Hiéles',"

lnd:theirelated.reseérch are reviewed. At the end

Of particuler significance to this study is a theory of learn—

v :and methods of teaching geometry in the U. S S R. (Wirszup, 1976);

t
J Q. ‘.

Hiele and his wife, Dina van Hiele Geldof '. I f

" esg,

(__‘

(] ‘ T

>‘: ing which ‘has formed the basis for designing the new Soviet curriculum
This .

Pierre van-

" According to the van Hieles, learning is;a discontinuaus proe—

Pierre van Hiele (1958) found - f-_?’ » “'- e

)

1_1evels. The ' learning process has” stopped, Later-on it will

start itself once agaln. In-the meantime,.{ . the teacher
doea not succeed in furthef explapation.of the subject. He,
. . seem(8) to speak a2 language which cadnot be understood

: by the pupils who have not yet reached the/new level. They,.

pight accept the explanation of the teacher, but the subject ' -

' helpless; perhaps he.can-imitate certain actions, but he has’
“no view of ‘his own activity until.he has reached the hew level

‘e 75)

o

In the-van Hiele model ‘the learner assisted byiappropriate

instructional experiences, passes through five levels

'. jumps in the learning curve that reveal the- presence of

The learner cannot achieve one level of thinking without having passad

‘ of the chapter the three theories are discussed together, as. they relate '

“taught will not sink into their minds. The pupil ‘himself feels /3 :

o .



"EhroﬁghhthefpreViohsflerels.‘...-.I Lo ) J‘“ -

:Figures are'judged according to their appearance, Stqdents do-mot séé

even compare figures with common properties with one another The

as a whole. N , ©

'begins to discern the' eomponents of, the figures, he also. establishes

of the figures perceiyed.. This takes place in the process and with the

ﬁhelp of observations, measuremenrs, drawings, and- model-making The

'properciee of the figures are established experimentally, they are = ' I:i-
C‘described, but ngt yet formally defined! These properties which the:° ‘

\ pupil has established serve @s a means af recognizing figurea. At this

\stage the figures act as. the bearers of thelr propertiesf and the | 'ej“‘

student recognizes the figures by their properties However,_these

that a rectangle is a parallelogram (Wirezup, 1976)

L
- ’

Lo Level-0., Recognition. This initial level is characterized by '?r

the perception of geometric figures in their totality as entities

A L] .
the parts of the figure, nor do they percelve the relationships among

componence of the figures or among the figures themselves. 5They cannot

children who reagon at - this level dietinguish figures b;\their shape

1 . ,

‘- . . ¢

3

‘ Level 1. -&ﬂy'sis The student who* has reached thts level

relationships among‘these_components and:relationships between individ—

N

ual figures.' At this level -he is .therefore able to make an analysisl

»

e

o e
—~

prqperties are_still.not connected with‘one5another. For example, the -~ \ o
pupil notiées that in both the rectangle and the parallelogram the ' ;

oppnsite gides are equal to one another but he does not yet conclude :

. . t
. LN '

‘Level 2.  Ordering. Students who have reached thlS 1eve1 of '

geometric development eatablish"relations among the properties of a

v

s ek

e N TR NP O — PP -
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figure and among the’ figutes themselves At this levei'there'occorsle'

s

\1ogicel ordering of the propertles of a figure and of clesses of figures

The student is now- able to discern the possibility of one, property

following from another,_and the role of definition is clarified Thenu

\logical connections among figures and properties ‘of figutes are estah— o

_:lished by definltlone.' However, at, this ievel the student still does

. r

'lnot grasp the- meaning of deduction as a’ whole Although, a student at

level 2 can follow a deductive argument, can supply parts of the argu-
ment, . and recognizes the role of "proof," he(}till,poes»not gr&sp its_

_meaning in'an axiomatic sense. For example, he ddes not see the need

for definitions and basic assumptipne,.ﬁnd he:cennot yet'estebiieﬂ

intérrelationships between networks of theorems (Geddes et al;, 1981):
"." Level.3, Deduction. Ar the fourth 1eve1; the sthdente,greso »

[N

‘T the~eignifiqance of deduction as a means of constructing and‘developing

~all geometric theory. ‘The transition to this level is assisted bytthe -

4

5tndents)»uuderstanding of the role and the easencelof axioms, defini-
.. tious, and theorems; af\the logical strhoturé of a proof, and oflthe-

: enaljsds of the-logicallréletibnships between concepts and statements.

’

~ Level 4. Rigor. At this level one attains antabstrection from

" the concrete nature of objects and.from the concrete meaning af the

relations connecting these objects. A person at this level develops 'a

theory without ‘making any concrete interpretation." Here, geometry

o acqu1res a general character and broader applicabiona For example,

'aeverallobjects, phenomena or conditions serve as points and-any-set

- . B .
of "points serves as a "figure" and so on (Wirszup, p -79) This most.

" advanced level eccording to Hoffer (1981), is rarely reached by high

LS P A 1 m s s e mmmm e 1 & o e oame] e e 1o
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_ :. S 'A relation which 1§ correct- "at oné level" can reveal itself to be'.

i“°°"e°t at. an°ther (Geddes et al-, 1981) Thlrd two pe0p1e who Rt S i

T L ‘.'.' reason at different levels cannot understand each other. Neither can :'

’ -.’,fl,ol_lowl th_e thought prOcesses-’ of the other.' -As' Geddes et al a-l.' (‘1981) L h .'
, L L j'cif)hnnentedl'. "Many failures in teaching geometry result from a 1anguage ' o
'”"f-{," ".:i barrier-—the teacher using the language of a higher 1eve1 than s under;l-- :
e ‘tood by .the stud'ent" (p: 5) -. Fourth the maturation process which R
-'l _leads to a higher level unfolds in a characteristic way, one can dis;: :"; L
o ‘- j : _:'tinguish several. phases. It is then possible and desirable for the -
S e . C o . SN v
' G? 'teacher to encourage and hasten it (Wirszup, 1976) . . .-'-
T‘ ”' . The phases which lead from any . level to the next higher level‘ \
: ‘ ."'-.'of thought are, according to van Hiele (1958) as follows._l'-
. _I S ) ) :(1) Information S ~‘ , o L L ’ s f

SNV " S = S B (2) Directed Orientation '.1,
’ o :._- RN (3) Explanation -. .'v '
RO -
." - .J.' oo . . ., .
. _}‘.J-,. - "-and --‘»(5) Integration X .
- -Further details of these phases are given in Wirszup (1976) .
: ‘ X . ’ I . S N ]' ) e
B o ' e
l”l] v' h :, ' . >'
Lo ‘;k ! '/; : ) v
AN e i SR S S S — i

' i " . .:-‘, ' S , .‘).) . B
: - i . - . S S
- . BEREAR T R
: - )
" ' school 1students. L . O
| The van. Hieles made certain observations about the general nature B ‘
,'of these levels of thinking,and their relationship to teachihg.. First :
o at each level there appearsr in an extrinsic manner what was intrinsic in _ b
the preceding level At 1eve1 O the figures were: determined by their S
. ' _'properties, 'but someone. who is thinking at this 1eve1 is. not conscious .“""
IR .',_"__.of these properties., Second each level has its own 1anguages its own
ol set of symbols and its own network of relations uniting these symbols.w.‘ B SRR
® . . O . ,_




"doéS a, student ‘have the feeling that he has really understood

. reading 1t from a: structure (van Hiele, 1981 p 2)

e As a result of this fifth phase, the new, level of thought is

reached The student; arranges a network of relations which connect

1

with the totaIity of the domain explored : This new domain of thought

which has acqulred its own 1ntuition, has been substituted for the kR

’

, earlier domain of thought which possessed an entirely different 7111-.'

,:’tion (Wirszup, l976)

Van Hiele (1981) contended that the introduction of ‘proof in
. o '
geometry is not possible before students have reached the second level
o

' of development and. to reach that level at least three years of study

in geometry are required Van Hiele sees structure as being the essence-.- '

/ T ' o / R ',,v'l\'k: .

S of proof If a. student has forgotten the proof/he ‘can discover it

/

e ~again by reading the structure and by generalization. Most proofs,.

’;,/

:according to van Hiele (1981), a\re not. given in this way. He commented:

‘Usually the structure from which the proof can be read is
-omiltted and therefore problem solving has become .an art in
.itself. .We have not. leatned to find the structure from which ;
'4_the result can be read but we have learned to perform; a series RN
_-of tricks to ‘get. the demanded result (p :

I

Van Hiele maintalned that only after having found the structure. e

'
b -

l

A person who has to maké a. decision when working with quite

new material does not ‘come to a conclusion by reasoning but rather by

"~ As Wirszup (1976). commented: .

! -One could say -that the basis of human knowledge consi, ts in '
o this: Man appears ina position to uncover a. structur in .
all . materlal ‘no- matter ‘how disordered it is, and this struc- "’

ture: is. perceived in‘the same- vay by many people .-.as a / )
:result of the conversation' on thls subject in which they can IR

e, e T P T T

RSN

K : The majority of our high school students according to Wirszup,

are at the first level of development in geometry, while van Hiele ’

'—

I

e R -_.-m Lo

Lt

v
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(1981) maintained that the 1ntroduction of proof in geometry is not o

possible before the students have reached the second level of develop-— S /

. t
> el

'ment ‘However, progression from level to 1evel can be accomplished

L L through\careful instruction, and is not directly related to age. e
At present, _research on the van Hiele model is limited Wirszup

v

(1976) reported that psychologists at the Soviet Academy of Pedagogical

s, .‘ .

Sciencesﬁfhave verified the\ validity of van' Hiele s assertions and
Berger, 1980, and Geddes et’'al al 1981) have discussed the van- Hiele

model Geddes et al (1981) are presently involved in a two—year

et /
T

a , investigation of "Geometric Thinklng Among Adol‘escents in- Inner City o \ K

\ —

/ geometry curricu’lum materials according to- the van Hiele levels and the
. o
-development and validation of: ins/tructional modes ba,sed on the van Hiele
'~model. 'At present only preliminary results have'been reported.
Burger (1981) investigated whether the van Hiele 1evels can ) '
' '.ser\ve -as; a model of student development in geometry ."The following
' '. preﬁminaw findings were reported' (1) Some students in grades 1—8
. conceive of geometric shapes primarily in terms of visual cues, (2)1
’ ‘some student/s use. a form of quasi—analytical" reasoning when codsider—:‘ . s
"'-,-ing geometrfcal shapes, (3) some students form an abstract conception of’
a shape as an example of a reference set oflproperties Consequently,
: they reason that s'ery shape with the prOperties in the set is of. the |
E ',.'i,given type, (4) some students, partichlarly those studying secondary
: geometry, are able to form correct deductive arguments, but without '

_ understanding the different roles of postulates and theorems in geometry, -

: "and (5) few, if any students seem to understand the idea of ‘a mathematical.";

VP

P

principles, ,while other ‘authors (Hoffer, 1981 van Dormolen, 1977 x '

Schools This study will focus on an analysis of current U.S.A." B ST
LI [




.

system. However given the small sample of SO etudents, these con—f
. .t 'I' * . .
\ clusmne, suggested Burger must only be considered as indications of

o potentially discernible differences in the types of reasoning used by

l> ,\

school children in the comntext. of geometry

E NN C ; '_" ; In conclusion, it is- quite possihle thause of the activities

. - . L v .

i . n used in the present study, that repeaters who are at a low van Hiele
o . . l. . RN | AR

s level may have a better opportunity t:o progresa through these levels. L

RN Pieget s Learning Theory of. Intellectual Development

N

" - o . Educators and mathematicians agree that the study of proof o

. o ’ should enter the schopl curriculum at the earliest poseible time

ﬂ;
consistent With. children s intellectusl develoPment : In Piagetian
heory there are four phases of growth which cheracterize inr.ellectual

-'development: the sensori-—motor stage, che preoperationa.l stage, the .
N R W i

stage of . concrete operations, and the stage of formal operations Studies

PR . by Lovell (1961), Case and Collinson (1962), Randall (1967) and other;s : ',

o, e indicate that 1many adqlescents are in a ;;ranSitiOnal state betnreen the
. I ‘conc‘rete and the formal operational etage ' This reﬁiew will be 11“‘1'396
I AR to' a discussion of t:hese two stages. the concrete and the formal X
operational. | e |

I

In’ this cont,ext an operation according to Piaget (1958) 1s a’

R 'reversible internalizable acbion which 1s bound up with others in an’ '
N o ' .

' Cet integrated structure. It is a means for mentally transforming data

-

.about the real vorld so that they may be used in the solution of
"ptoblems. An operation may be carried out externally. ET the manipula- -

‘e . .

. _'tions are mental actione which organize observed- or experienced reality

!

N T

'ftion ‘of categories (concrete) or propositions (formal) Concrete opera- SR

e . and _do not necesaarily _Iilnvolvel the .actual manipulation -of tangible obj ect'a'. \.:



we ©

. tional analysis . In the concrete stage, ‘the child faced with a multiple,

L

guishes formnl from concrete operationa.&‘} thought (Howe, 1974)

s . e

e

As the child grows and his ability for 1ogical. t:hinking develops,

. . Yy
he uses concrete operations With inz:reasing facility and on more com—- )

a

ple_x problems. ~However,- when he ia confronted with-a-problem 'in which‘ A

he must :tsolate one variable and hold ‘one or more ocher variables

P L

onstant, or in which he must think of all. possible combin\ations and R

'syetemcically exclude some of them, hﬂ.s thought system is inadequate, '

and hypotheaesh The abd.lity to consider the poesible as well as the

R

. given and to use combinatorial analysis in aolving problems distin—

Farrell (1969) listed four characteristics of i'omnal opera—
BN

w

A

* tions.. First, at the’ formal level the possible is\ considered .as

C including reality as a subset with' the result th&t hyi:o‘theses wmay pro-— i

.

’ceed from ‘non-observed and non—experienced phenomena : This character-

_istic of the formal state, the ability to imagine the possible as

"':CDntaining the - real frees the adolescenc Erom the rescrictions of his .

‘ n

formal operational child hes "the capacity to use. formal operations but '

-

‘s not compelled to do so. He may revert to any oﬁ the earlier modes '

. _of think_ing as they now’ iesue from the transformed cognitive scructuree, o

for earlier stages are not eradicated but integrated into later stagee

‘ The first characteriatic of formal operations, the changed

- AN

'the presence of the eecond charactetistic the potent:ial for combina-

variable situation usually is limited to trying one to many correspond- B

ences or to testing unsyetematically other possible correSpondencee

'he cannot solve the problem un}:il he 1s- able to reason with propoeitians

: »eenees and sets the scene for hypothetico—deductive thinking. : The- .

'relation of the real to the possible, is dependent for existence upon .

. A - I
e —— i e S e - .




_ Bu't"'th'e adol'escent'a‘ol‘e to e‘mploy 'comhinstio'nal'r'anal‘y‘sis':carr consider.' :
’ v i

o all possible combinatione of. variables in a s_ystematic manner This
- ability is a neeessary condition for generating all possibilities and
86 determinea the shift in the orientation toward the real \and the

: poeeible1 ’

RIS

The third characteristic it the hypothetico-deductive propertys

The’ adolescent 8 reasoning is less "This 13 true therefore P and~ e
N . '.l ' \ K ) i -

Iif the possible is to 1nclude the real in the get of hypotheses : It
also Eollows hand i_n—hand with the ability to aystematically check all

poasible conbinations o
S Finally, formal operations are characterized by propoaitio'nal' '
N

' "thinking. The elements manipulated by. the adolescent are propositions,

" Ro .

Astdtements containing raw data, hut not the data itself. In other
» .

- ,worde, the older thild may utilize concrete operations of the earlier : \
- . stage by organizing reality into classes ordering them and 80 on, but \
";'kthen'be proceeds “ta form propositions uaing these results 'and to :
'1'1 - operate on the prOposition via conjunction, disjunction, implication,
o " negation-and equivalence. This type of’ thinking is what Piaget calls
/ Ilsecond-degree thinking, operations which result in statements about N
.statement's. For example, the recognition of the equali‘ty 6f tuo ratioa
o g - :"constil:.utes the elaboration of a aecond—order relation An a.nalogy
of the form "3 is to 12 as S is to 20" involves a certain relationship
- between the firse two terms, a cettain relationehip betwéen the third

and’ fourth terms,\and the establiahment of an identity reletionship

‘ ‘,between these tWo relaticmahips (Lovell 1971) o -

..,._,_Ar,._;:.lr.:ii.._.__.....i... - PN e e e et e e e . . <0 ! -

o 'more "If this were itrue then. e ."' This kind of reasoning is essential _
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..' -t_:\‘ [N ) ) ‘L - :: - , B N i .. i ) T

The four characteristics ‘of formal operatione outline the L T

Lt t- R r. -|'I

nenner in which«the adolescent Ehinks Presented with e new 3ituation,

":*he begine by classifying and ordering the concrete elements of the
L)

)
4
1
d
1
i
J
[
C situation The results of these concrete operations are, diveeted by T if.
:;;. S ltf s r L their intimate ties with reality and become simply propos(?i\ns which ..'“ 3
< . . p . . ‘i’
3

e L AR the adolescent nay combizghén various ways. Using combinational : ; 'f PR
o LN A N B L .I"..-lvi.l

. analysis, the student regards the totality of combinations as hypotheses

El? TR ;which need to be verified and rejected or accepted However, these .

'powerfnlftﬁals of formal operationS‘are not. always employed by ‘the " L R A

L -

LR ASTN

'adolescent In the case of completely new material the process of

;transforming renlity into contrete relations and those into proposi—‘

}:;.. ! [tions muSt ‘occur before propositions are evailnble for formal thought,

-nhand even in situations which do not’ require this initial step, a partic-

K . . ) ) . " ° ) . J

f,‘if - -, ular adolescent may not utilize form&l thinking (Farrell .1969) . 1 o T

"Proof making,' according to Kane (1975), refers to the activi-

) CN
A ties undertaken ro create a sequence of statemente, each one following

V”yﬁ'lﬁ ) hxari‘A':tineecepably from the preceding ones, ‘with the £inal atatement asserting -

R s that which was to be proved The terms dednctive thinking or- necessary ': o .S

; - SN - ‘a e .

| . - inference signify the proof—making task. This type of hypothetico—- ' i'zj 3

".'j'“ il'.'E:deductive thinking is characteristic of the formal operational stage o Tf_‘ | :
R . L - AT ""-é

RIS '?": ‘ﬂResearch Related to Piaéet 8 Theory s 'A -

\ . N DR ey

In any problem—solving activity, especially those ectivities .u

*f,y"' - ':h'-_ -g“identified with proof 1ogical reasoning plays an important 'role.

“; However. there is conflicting evidence concerning the development of }'

logical reasoning abilities. According to Pieget (1958) children of

] ages ll to 13 years are able to handle certaln formar operacione, for

: lexample, implication~and'exclueion; succeesfully, but,they_are not fff

o . ' RS S ‘o




P T

LS . and educational conditiona" (Inhelder & Piaget 1958 p. 337) However, o

able to’ set‘up an exhaustive method of. proof This ability to deal -

! ‘_ with premises that require hypothetico—deductive reasoning is not

J )

1975) However, SUDPee (1966) and Hill (1961) supported Hazlitt s

(1930) claim that there is no, relationship between logical reasoning

and age beyond chat impoaed by the 1eck of e::(perience Their studies

e

" , - - “, suggest that childreu in the ege range 6 through 8 years are able to
recognize vnlid wnclusions derived from hypothetical premites

",, ; T Piaget recognized that the realization of the possibilities at

T N S
v o :_ , a given stage can be accelerated or retarded as a function of cultural

‘ ] Piaget cautioned that the individual must be :Ln a stat}e of readineee to

. aseimi_late these contributions, and £his. readiness is a function of

’ maturation of individual cerebral mechanisms (p. 338)
Y

Several investigators have undertaken programs aimed at improv-
- ing logical thinking &hrough :Lnstruction Fishbein, Pampu, and Minzat
'_ a formal operational taek of combinationaL analysis and reported that"

the instruct&on was effective in improving the students ability to . .

-do “the ,'tasl;s. Tomlinson—l(easey (1972) tested eixth grade girlo, uni-
-y

i R N - . . " R . 1

" this w_ith(training, posttesting imediately efteij training, andfage‘i’n',efter_

- an interval of'one week - She found that the training produced .

o -_..->' '_ transfer to other tasks (Howe, .12'74) '» - \

fé
There hnve been a few at%;tempts o teach logic Eer se (Donaldson, :

TR 1963 Suppes & Binford 1965; Mdsloon, 1969 Miller, 1969) For the
most pert‘thefgg_,stl{dies reported that children have leamed pri?ciples

R
'

26

e presenb \mtil the child is approximately 14 to 15 yezrs oE age (Lester,

o (1970) gave direct instruction to 60 subjects at. ages lO 12 and 14 on

-"vereity women etudents, _and middle-aged wome_n on three 'tasks, tollowed o

increases in conceptual level on the three taaka but did not produce ' S

CE

thy

Wt



- :.'"of'log:i.c But, according to Gregory and Osborne (1975) s ghose studies :

'-,that reported comparative data for students not receiving formal '.'

instruction in 1ogic, (reported equivalent growth between pretest and
A.posttest administratiorb:..‘ e _: S FERTEEE. . _-.' -
S 5

Ennis and Paulus (1965) conducted a study dealing with "deduc—' N

a

’ 'tive logic in adolescence.l The forms of reasoning used included

3

- ""affirmation of the ante%:edent (modus p_onens) inversion, conversion,

M:T \contraposition, and transitivity. Of these, the two principles express—..'. (

. Lot : L

N € . . X
ing the basic fallac:.e/s (conversion ad’d inversion) were the most diffi— S

. cult at ages 10 to 12 but there ‘was a marked improvem\ent over the <

period studied, ages 10'to 18 Among the validity principles, contra— : jf
'-.:J N

positicnoand traneitivity were of medium difficulty at ages 10 to 12 ' g f‘

-'J.‘here was 1ittle improvement over, the years relatlve to contraposition ’
i

'but considerable improvement without training, relative ‘to transitivity o

1

'(Carrol.l 1975) Ennzé‘s and Paulus suggested that. logic might be leamed y

s

1]

:-'.:‘fiby the students who did not receive anstruction because of other o }
«'school 1nfluences, which would include 'teac-her effectiveness in terms
-of content presentatlon and :mteraction with students (Gregory & Osborne,’ /
o . Methods bf teaching employing formal and concrete operat:l.ons

. have been investigated by Sheehan (1970). . Sheehan classified a. sample

' of 60 students as concrete or formal operational, and assigned them at
- 'nrandom‘ to a concrete or. formal-operational training group. The out—
come was that formal operational students showed greater gains, : '- S ]

. regardless of mode of instruction, that achievement ‘was more durable -

for formal-operational students and that concrete level instruction

1

was-m_ore effec.tive for. all.students,: (_Howe, .l974)'_.‘ _‘

. e
1




N\ ' ‘
The content or snbject matter of the taek bas increasingly

come to be recognized as a factcn: in the ability to solve probleme.

Lunzer (1973) has suggesfted and Stone and Ausubel (1969) have produced

v

ev:.dence that the structure o,f a ptoblem may not be t:he determining
CL A
" factor in whether it will be solved P:Laget (as 'cited in Howe., 1974) .

suggested the possibility that in 1ife situations an adult might use

"AV 3
formal operatious in the aréa of his work and not in other areae As :

P ,._"'

'IHowe'comeute'd‘ I A . A - .’i R

g a-;-'_, . .

- N C I'he magority of high school students are probably not able to

use formal opetationss except,. .perhaps, in a small- number of
situations. - It is’ certainly a mistake to ass(\me that even .
o upper—level secondary- studem‘;s, -except. those who are very/able, O
-0 .* have-access to formal operationms for the solution of.most”
problems (p. 10)

In summary, Piaget found : t:hat a child paesea through four . _' Lo '

I,'distinct SCages of” mental grwth Tbe order in which a child progresses v

S ‘.‘througll thesa stages is fixed but hie rate of progress is not fixed ”

, I:The. transit:ton from one stage to- t:he next can be hastened by em:iched

V. . 4

'.’expe\riences and good teaching (Adler, 1966)

7 -

/'
'abilities of yOung chﬂdren revealed that these abilities may /be far

’ euperior to their ability to puc an argument in written form (Lester,

‘ 1975) 'l‘his evidence eccordingt to Lester, euggeats that the ability

= to create the esee.nce of mathematical proofs may be superior to theirl' T

A__"ability to write proofs._ SRR -f' el

) Vast differences exist betw en. edolescents in intellectual

]
4

achievement and ability (Howe/l974) Instruction cannot poseibly bting

—

‘ about leaming unless it ‘takes these differences 1nto account. ACCUI@I"’. '

- '“ing to Hove, a popular notion is that we bave to wait until an

\"-adolescent becomes "formal operational" and then begiﬂ certain kinds o

,\' ‘:

el il ey e i e =t rsem et et me s e S B o

An examination of research involving the logicaL reasoning ,\4 '

a-

_Z\"’%\ T,—- .
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- of instruction. : On the contrary, she contends, we should be devising ;

- instructional methods and promoting attitudes that w1ll help students

. move forward from wherever they are (p. 14)

G_gne 8 Learning Theory

'_Gagne $ Learning J:Iierarchy theory. v '

: _' transfer of learning. _ .. .

[ L. . . s .

¢

Gagne (1968) postulated that the dee-.ign of an :tnstructional “ o
T situation is. basically a matter of. designing a sequence of topics, and

that acquisition of. new lcnowledge depends upon the recall of old

.

‘ --T:,’k.nowledge. Presented in this section of the review is a. discussion of

Gagne (L977) described a model of humanL learning based upon

\

2 -;the notion of cumulative learning. It is a’ model which proposes that

.

_':new learning depends primarily upon the combining of previously acquired

."and recalled learned entities, as well as upon their potentialities for.-

‘ - v

VAR

B I, Acquisition of new knowledge according to Gagné (1968), :

3

depends upon the recall of: old knowledge. ' The 1earnijng of any particu—--'

o' 3 ‘\'

' 'lar capability requires the retention of other particular items of

' s

-subordinate knowledge-—-not just any knowled e or knowledge in some - ’

K general sense The learner acquires a new item of knowledge largely

-

) c

because he is able to integrate previously acquired principles into

'new principles and he cannot do this unless he knows these previously

',"‘learned principles. The design of an instructional situation is -

. ' i
: analyzed in):o a set. of component tasKE which: are distinct~ f;rom each

s

'.:'_‘:basically & matter ‘of designing a sequence of topics (p 164)

Gagne (19‘77) suggested that any human learning task may be L)

ot
e o . f

,-,'-other in terms of ‘the experimental operations needed to produce them.

1 " ‘

o Thus, 'the\.presenc_e or absence .-e_f «thdse task components “effects”

T . T . . .
e v fi e e e e omrp—— -

[ S

e vt
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\nate behaviors was tested

positivé trané‘fer 1':2)" the‘fina £ c;r"mance-.;, Followirrg this reasoning,

tasks of a finel perfomance, ensure achievement of each of the tasks, e

_and arrange the. total 1earning situation in a sequence which ensures

'optimal mediational effects "from one component to another (p 496)

9

e

. Research Related 'to)—Theoty‘ L - R I . e

few exceptions (37), leamers who ‘were- able to learn the capabilities L
/

. T T

:according to Heimer (1969), it is necessary to identify the component o

'rhere" is substantial evidence to support the general theory~ of"'-'

U ‘ L

successive subordinate level to the next higher level in 2 hierarchical
. .ordering of such levels " Gagna, Mayor Gertens, and Paradise (1962)
‘reported a study in which the hypotheeis that a final behavior of

Nd

adding integers depends upon the attainment of a hierarchy of aubordi—. .

higher in tbe hierarchy also knew how to do the tasks reflected by the

impler rules 1ower in the hierarchy

B

Wiegand (as cited in Gagné 1968) conducted a. study of subordi— o ~-
tlna'te"s:kills in-e science problem. A learning hierarchy uas constructed
'indicating hypothesized prerequisite capabilities for this task ‘I'he '
:i-'jexperiment confirmed the hypothesis that leaming of initially missing »'

: -subordinste skills pmduced marked positive transfer in the learning of .

._"t.he hiererchicsl structure of knowledge. Several authors have demon- e

.'.and that there is a significant amount of positive transfer fr m each ) y

CL30

‘strated:, that new skills and knowledge emerge from lower order- nowledge -

N

‘a complex problem—solving skill Other studies (Gagné 1962 Gagne & o

A

Paradise 1961) support the eonclusion that the ettainment ‘of eny

4

behavior in a learning hierarchy depends upon the achievement of the

"relevant supporting behaviora. . - -"\ '

P GRS ad S R e et e e o oo e e T DT EE N N DRPE »l_,

The results of this study showed thet with -'_A:(-; o

o
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Merrill (1965) reported a' study that seemingly offers coptrary
evidcnce. He tested the hypothesis that learning and retention of a
hiererchical task are facilitsted by mastering\each successive com~ . j.
ponent of the hierarchy before continu1ng in the instructional program.
Merrill eneured mastery by channeling a student who erred on any particu«

lar component into'a two-stage correction review procedure. The' results

of his study indicated that Lt is not‘necessary‘ta master one .level - .

: before proceedingAto the. next However Briggs (1968) suggested that

Merrill s task analysis. might be faulty
[ .
ngné (1963) stated that the design of an instructional gitua-,

tion is basically a matter of designing a sequence of topics There

~

is evidence to suggest that" optimal learning sequences exist.- Browan

'.(1970) indicated that subjects using materials sequeuced according to .

1earning hierarchies performed better than subjects using materials .

whose sequence was scrambled relative to time to complete the instruc—
" tional program, to errors made on the progrsm, and to\performance on a -

criterion test of complex problem—solving ekills. Brown concluded that

when a sequence involves tasks chetAare complex, ordering/of problem— ;
solving behaviors is .an, important factor An learning even for-bright

and relatively mature learners In summarizing research on sequencing

7

mathematical tasés, Miller (1969)'conc1udedrthet mastery of'individuel

[~

'subtasks in a. hierarchy can, be achieved in several ways, including

I . !

learning fron randomly ordered sequences, but that logicsl sequencing

fappeared best in terms of overall efficiency and effectiveness

for producing learming hierarchies; the connection‘between.thel

4 .
¥ 1

" An analysis of the literature on learning hiersrchies snd

v

\

their role in the development of presentation sequences makes the
following:conclusions seem tenaqle. There are no well-defined algorithms
el S N\
‘ |

‘L

Y
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- éz:‘ :(logical).structurevof the knomledge end the'hssociated leerning'

'.hierarchy has not yet been adequately explored and the role of learn—

_ ing hieraréhies in the development of‘a presentation sequence is unclear

. (Heimer 1969, p,"ﬁyg) o
A Kane (1975) staced’ that proof—making may be viewed as a complex "

. ;:f . 'terminal behavior, Associated with it is a set’ of prerequisite ox \
| subsidiary behaviors, and ‘we should set out to teach’ it by syetemati;
. cally teaching the prerequisite behaviors one by ong and by thaching
‘ji" :I_;how these behaviors may be combined one with another (p. 90). This.'I
procedure wae adopted ip the development of the instructional unit

. Itested in the:present study. -

B ' s ) I- I~ /“: ‘.
Summary of ﬁiterature Review ’

. The reeearch rev1ewed in this chapter focused on theories of
N learning as postd/eted by the van Hieles, Piaget and Gagne. Bruner .
:(1964) stated that ‘any theory of teaching must be concerned with how

~best to learn what one wishes to teach, rather than with a8 descriptive

w

~ analysis of Eeaching. Adler (1966) supported this. position in "claim-

.ing that teaching, if it is to be effective, must’ be based on an

‘ R o adequate thebry of 1earuiug : However, Gage (1964) claimed that teach— :

~

fing embraees far too many kinde of behaviors and activipies to be a
.proper subject of a single theory Furthermore, commented Aichele ;
; and Reys (1974), the selection of a model should be a function of the

oo “inetructiopal objectivea and classroom situations with uhich one is
T \, . . o L
T dealing. ‘ Lo ‘ B

The research revieued in thig chapter eontains eeveral commoh.
: ' [
- o themes the first of these being learner readinees Van Hiele main- .
'tained.that tbe introduction of proof in geometqy is hot posgible

Y
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. . ’ . ) 1
' y before students have reached the second level of development and to ’ ST ' “
T L reach that level at: least three years of study in eometry are required SR j*
' ' As: state_d-ea_rlier,_ -hypotheticqﬁ.eductive thinking'is characteristic' of-\ o RS :

l " = "~:-the foi"-mal.'ope'rational stage.;hmAccording to Piaget children of ages: ll B
, l | 3 | to 13 years “are a'ble to handle. certain formal operations, for example,
g V -implicat:ion and exclusion, successfully but’ they are not able to set up - -
- ; ; : ‘an exhaustive method of proof until approximately 14 to' 15 years of age.-'
_-".-.: However, Suppes and Hill claimed that there is ‘no relationship between l
. - 1ogical reason\ing and age beyond that imposed by 1ack of experience | ':'
| As Gagne maintained, the most important difference among\ learners in
i} théir ability to perform a. task resides in their pdssession or lack ot
1>_' possession of subordi‘nate knowledge. L ".. ] " ' - o
,’ .j‘-" e . A second theme is the concept of “levels - stages" of -
el ’ ' . ) -

" P "»..,- o o _‘-developme’nt. Both Plaget. and the van Hieles postulated ‘that students )

A C W oo L ) .
A - ... - .pass through certain stages or "levels of intellectual developmen;;.
: Without claiming that’ these two concepts dre synonymous, both Piaget

I

' ; S and van Hiele agree that the order of these stages and "1eve1s are.

el S B fixed but that rate of progress is not. The transition from one

o po o stage to another is dependent on maturation while the’ transition ;
R ey from one "level" to another can be hastened or retarded as a function
’ of instruction. _ )
Lot T e e Flavell (1963) summarized Piaget s views on the implication of
EEEPERIN TR . .
F g ! o et L
g ' the stages of development for educating children. L Sie
S ~ . _;- - In trying to teach a child some general principle or ruIe, a e
oot - .. o one.should so far as it is feasible patallel the development '
B L process’ of- internalization of :actions, that is ‘the c¢hild - el
S N " should first meet with the principle in’ the most concrete
A and action—oriented cont:ent possible. E e PR
N . I o : - R R RS ' . N ‘,’ .
. ) . 4. co. N ) . . -' . )
' i . '.l . ‘ . T r. C A
A :
i e ] t ,
R . K g
\h'. ,.’ .



.operations with propositions about some real system of obJects and

":maturity. . _'

: depends on. the content and methods of instruction.

,speech For Piaget the concrete operations of a person are mental

[} f [} S
N 4 . . e /
R V2 . | s
v '

. R ¢ - " & B . | R .
AR . T - . R : . f . S . L N
R . oo . - b o . [ L L S
A Lo . Lo . S N S -

5;?.3 " However, as Adler (1968) pointed out Piaget s use of the word

'”concrete should not be confused with the uses of the'word in everyday

N

'relations that the perSon perceives._ Whac is concrete or not concrete~"

" ffin this sense is relative to the person 8 past experience and his mental

S f - -
. i »
- -

The van Hieles' research indicates that for students to function

. - F
Y

'7'}adequate1y at one. of the advanced levels, they must have mastered large '

"'f_chunks of the priorvlevels. This development which leads to a: higher gf”f"i'l

/

.geometric level proceeds under the influence of learning and therefore f~?f¥

[

“xf. o According to Gagne, ‘when we consider a final performance to be

5o v ‘

learned, we find that it can be analyzed into a number of subordinate 1,:

'subjects which must first be mastered before the final task can be g

2.u-_theory consists of first identifying the component tasks of a. final

s

Ii”attained The basic principles of. instructional design in Gagne 5 f;-;';b

1

- performance' then ensuring that - each.of these t\n@onent tasks is fully

;fachieved° and finally, arran%ing the total learning'situation in a _"

_sequence which will ensure optimal nmdiational effects from one com—

.
N

ponent to anotherm S 1ff R S f'f L ,"";'-~;f1*

[

As 01ted earlier, the purpose of this study was to design and:

'f__test a unit ‘on proof in geometry4' An analy51s “of “the literature has

‘shown that there are no well—formulated theories of instruction. How-

’\T

-

ever, this study is-an attempt to integrate many of the ideas of the

f

'l',van Hieles' Piaget and Gagne. .'f*ﬂ, 1’" {ff: . ffl{ .'_ij'”f'f}f;~ ]

: 34.__
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..fMore specifically, the folloéing topics are discussed

’ tional unit

;‘istatietical tests ‘and signif?cance levels

’in the Grade 10. matriculation geometry program, at an all—male high '
"Eechool in the St. ‘

IChemietry or Physics
’ ;'Theee,studeﬁcs.were essigned to'cleeeee:by the‘priucipel;

:'not beem aﬁsigned-tocélaSBeslin any particuler'mauner

- problems._

"therefore exCluded from the present study.

-pCHAPTER-IIIf‘f-

-
/9_

. The design of this study aqd the procedures employed in conduct—‘

¥ ing the research are preaented ‘and elaborated\upon in this chapter

(l) population

. and sample, (2) experimental design, (3) procedure, (4) the inetruc-

(S) instruments, (6) limitations, (7) hypotheses, and (8) . “i

1

) . 3 ., v . . ) . _/ :‘. "
EPopulation and Sample o T . j
s . N Do o - T c ' ) S
5 Ry
R The population for this scudy’consisted of all students enrolled~f

John 8 urban area,iwho were not currently taking

- B -3

‘Students had

A few-etudentet

--.had been assigned to particular claeses in an attempt to avoid discipline

r

One‘of these classes conaisted of only ll students and was

i

of the remaining three :

= * o B
classes one was randomly selected tq pilot the instrumente used in :
. this.study, and the remaining two-classes were-used as the Bample S
N . )
This particular school was choseu because the iuveetigator wae PR
“'.a member of the teaching staff, and the subjects were therefore reedily-@“ '
N B
"evailable Tenth grade classea were. chosen because an integral part of,.'f '
'f the tenth—grade geometry course is formal proof-- "fg>ﬁ o
. . L ve T ST
- S LR ' . o
N ro . PR o (1' 4
35 :
.': _ vl. : A
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1
. PROCEDURE m.\snrtlsr_:cju._ ngs’mu, T / =
|
|
|
!
|

There were a total of 91 students in four classes,. -
- e S R . E »7‘.
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v ;"ﬁ'.;'l: Eh Campbell and Stanley (1963) Design 6 is a Posttest Only Control Group

;?Jnﬁ N L Thd,two cleasea that comprised the sample for this study weke

) w - N ’ N . PO
aetet l . T \ S EE P A e . B {‘.‘.
. ) ’ 1 y - - ) :
‘ o : ‘ ' i '36
: K . o N . L
';;; Experimental Design :f.;: f .“.?{ ; ‘A ‘ :
N ‘3>-‘.F\5i'. t-':' The design ‘for' this study was' a 2 x 2 factorial design using "
T e e -~ -\ -
T he independent Variables treatment ‘and g > status..!Th1@ design is
- ::... R . . o
'f_summarized-inifignre 1. - ;{-:' W gx\.‘: e v@ n
. ' - L S B ..\ ' \ I PR .I\_‘ - N -',"l ' ’
. ' S N\ RRagus | T T R e e e -
. LN R ) . O ;_}I . o .I . ;‘ <y R LS . :LI
P " TreatmentN]' i C7) Repeater Y :'Non—répeéter"-_ A
tA P Digtionary | pl-*?f'-," Dependent Variable .
.1’-:_. ;'I.III'II-_‘_:: , :\- I‘\ CDD'trOl - , , Lre o ,.. IA.chievement. . '
B ‘ B o “?ignré 1. Factorinlldgsign employed.j _ fh»":‘ﬁ ..h;gTz"
ff : The design was a modification bf Deaign 6 as deﬂcribed by V

)ﬁt» ' 3'2,25 Design which controls for threéts to internal validity suchxas history,; I;'-.H».
1:};?.ffile5} :;‘maturation. testing,linotrmmentation; regression, selection, mortaiity,lii
ll:f f:: L and the interaction effects of. these factors._i' ! R A .
‘ I R . ”o e e L xr.f*;qui o

1 .y

¢,
[

randomly assigned to 0ne of two treatment groups. Both groups were A,f

taught a. unit on. proof in geometry, Specifically proofs involving con— ’

if.1§‘qukfilia grueut triangles.A The experimental group was’ taught this ' material e
I”;E'i:.ig:ff.-;{: using an instructional unit deyeloped by the researcher. The instrno;f; S
{?' - ;:J tional unit condieted of the tompiling,of a "dictionary" of basic facte II'?
? ) ':i{' “N uand principles neceseary for proving trianglee congruent and the use »

3~of an analysis—synthesie strategy of proof A discussion,oﬁjtheﬁ

. B B i
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' groups. : Howeyer, ~it is noted that' since this unit was taught as par.t, )
of ‘the regular school- curriculum and in’a \schooL sitvation it was not’

‘ entirely possible to have a completely!controlled situation. ‘

-

a review session, which lasted for two class sessions. Three days
’ after the review session all SUbJECtB were giVen a poattest on the

) i:oncep_ts and skills taught 1in the',unitl 'I'he posttest is included in

.—A : A

Between the two tests the teachers continued with their regu.lar
’-', inst'ruction of ‘othelr topics to be covlered in the Grade _10 geometry

' -curriculum.

retention test was part of a more comprehensive term exam, Ther'efore,

L .
l . ‘ . . -
instructional unit is presented 1ater in this- chapter

-,

The control group -Was taught the’ same matenial on proofs ST

involving congruent triangles following the' program Outlined in the ' 1

textbook Modern Basic Geometry (Jurgens1an, Maier & Donnelly, 1973)

'

The contro.l group/}iid not use -the dictionary oTr write theix proofs

in- the anaIyais-/ynthesis format., . C i : Coe R

Class sessions consisted of one 40 minute class ‘each day over

a period of approximately eight weeks. All possible attempts were made_

to keep che instruction time and. duration approximately equal for both

/

After completion of the unit on proof both groups were given
1 N /

Appendix A These testn were scored by the researcher.-
" To. further test the effects of both treatments on gchievement
over time, a delayed posttest was given approximately two months after

termination of instruction. This instrument is included in Appendix ‘B.

e

N N ' ) . t

I‘wo points need discussion at this” time. Firstly, the delayed

posttest was not as compre})ensive as, the immediate posttest 'J.‘h'e'

in 1ight of this constraint only q li.mited ettempt can be made to

Do S o “ oy

’ TTTIN LTI SMOSM e S e e L s L

a1 T




.-’/ The "Instructional Unit

.-:compafe the two. Secondly, the regular instruction of uther topics

- 'between tests xeinforced the material taught in’ the. unit on congruenc'

' s

. triangles .as. proving triangles congruent wae an integral part of bhia‘

_.material "'? i s k ; .

I
".L.’

- lated dand analyzed\using the appropriate etatistical teats to.be dis—

¢ )

"
¥

cussed later 1n this chapter

L

H TN
VAN '

mugruent triangles to prove geometric deductions. Tbe‘unit'was designed '

: to incofporate (1).a review of fundamental concepts, (2) -an orgeniza- A

All resulta of bofh immediate and delayed posttests were tabu—i. .

S T T s

I D ) " ‘ A .‘ I-'I;'7 e
The instructionélﬁunit for-this study was a undt on' using con~ "

»tional scheme, using Bome baeic principles of logic, (3) some problem—;,'

%g;ging strategiee that could be applied to proof (4) examples and .

. exercises based on the’ above, and (5) a- test measuring skills and con-'

ucepts.taught The principal part of the unit’ was tbe compiling of a <7 :“

’ "dictionery” of basic facts and princigles necessary for‘proyingi-

'Atriangles congruent. The'dictionary was used cérorganize informacion- - !

' - . . (] : o ;
_im‘a logical way,'under che.following‘ﬁéidiﬁﬁﬁT (1) Definitione: (2)

Theorems, (3) Sequences A——information one can conclude from a figure

without a “Given '3 and (4) Sequences B—-conclusions that can be drawn
. /
‘“from‘a "Given-'. A’ discussion oflthe development of the dictionary

folldws, with examplee under each heading

(1) Definitione Presented in thie section was a review of

‘f"definitions neceseary for proving triangles congruent.< ' a etudent

’ tion, he could refer to his dietionary to refteah his memory. - For -

: example:J

O O it T S TP N
. » . .

e »

-

. at a later time, could not remember the meaning of a particular defini— -



_-.‘i”:'”ti_:;x,i:t'.fjfﬁf..E:J':i: o ;c*" f'_‘:ijj_”}“}'. S ;//f’ N 3-'::'39" EONN o
.:f. ;.,‘ l"f ~QDef1ni£ion5=.’zsAn angle is tﬁe*union ot two rays with -a. common‘ Ef ",Z':T‘““w' .
w ST ST IPE VU ,endpoint. . s cot T, , : s o

. can be written as., LB Lo

L

A /_ABC or LCBA e

) (2) Theorems. The purpose of this section was to list, in K\‘an

,'E;if:l . .'then ..Eﬁ. format, theorems that are frequentl used in the
Grade lO geometry program. For example. i

N . B N -

", Theorem: . . ‘The Alternate Interior. A_ng‘le Theorem.
e I - »;"Li--_' (a) 1f "1‘ -H'. 22 then’ Ll 4'2",'.

APS L I B ".\

A
-
)

> (b) Ile Lz then ‘% || _

st

/N
g o

(3) Sequences A The majority of proofs in the Grade 10
matriculation program are direct proogs employing the use of diagrams..i;

7} The purpoée of this section was to 1ist conclusions that can be drawn

if given a figure. For example.‘ : : -
'Sequences A: ... 1 ,' . S e T e

.. 3 (a) Ll Z_z e




Toa .

'{;axioms by repeated application af the Law of Detachment However the‘"

I 3 ‘I'herefore, Ll _,LZ

f:o 'the students. Instead the argument was written in 8. form to

' -'-'-::the following form ":; B o .

‘learlier, Hallerburg (1971) supported the above conciusion._‘v

-‘-_FOI: exa._mple: S o

. '_2.-."Bx’bisec:a Lmac o020 R ds true

,Detachment was used to. develop each of the sequences 1n chis seotion

-:of the dictionary. However, thie logic terminology wae ‘not presented

"“;'parallel L) two-column proof _I'he ebove ,syllogism-was nresented in -

Y
]

(_4) Sequences B Robinson (1963) commented that the aim of a L

" ~ Yy

"AO;

ptoof in mathematics is co demonstrate that some given statement bolds;f o

L in the_ axibmatic system under consideratﬁon The strategy of the -

idirect proof is -to’ show t jat’ the given statunent is. deducible ftom ‘the

L3 I

T .two—colﬁmn form of proof does not make this very ciear As cited

-

: axioms. The direct proof according to Robineon, proceeds from the 9

The purpose of this sect:.on of the diccionary was, to 1dst: con—- T <

»

'-clusions arrived at by using the laws of 1ogic, arising from a premise’:

presented to students as infotmation ”Given about a eertain Eiﬁure

. .
. . '
) - . .
P .
e, e

LU Ay e e
. - Given: "'BX bisects. AABC

' l 'If a ray bisects an angle then. it a .. If P';gthe.n'IQ R
N A . ' Vot . ' < N o

. forms two.congruent anglés; (this . ‘ ,
.is- the definition, of an angle P ) o :
- ‘bisector) ) : .

~~~~~~

[ . - . . -

-,

3."‘AThAe‘refo're,-_.Q is t‘:rue R,

The syllogism presented -on the right above, which illustretes the Law of




"fAﬁéiysis}A I can prove

- -

:particular exercise the dI@f{onary could be used to draw a conclusion




N TR

. t-many of the proof exercises in this unit The analysis however s was.

5',not required as part of the solution

-fj_who ueed this 1nstructiona1 unit comprised the group called Dictionary R

fiand those in the control group,,“Non—Dictionary o :1;::;

S

) ;;unit.‘ The ObJ&C

tion was consulted

Ieto the same group ofvstudents. A coefficient of reliability is com-

; puted from the two setsi of test scores ' This correlation coefficieutu
?product moment correlation coefficient The test was given to a aample

'i>of this study. The correlation coefficient computed for this teat

-, was 0 90
) .

1 on the two halves were cotrelated The helfﬁtest reliability

The procedure outlined above ‘'was used ‘as a atrategy in solving

* l'..
— -

. . i . ‘s

In summary, the unit was designed ee an organizationsl schene:

to be used by the students in studying proof in geometry. Students Q-.'>?h‘\' '1 [

3

cIastriments v . T T T O

" Tao tes adwere designed b§ a’panel.of'higbléchool geometry:'

lteechers to-tes the stated behavioral obJectivee of the instructional

ves- are listed in Appendix . To establish the

':validity of the te ts, a specialist iu the field of mathematics educa—v

R _\’Ehe stability method (Ahman 6 Glock, 1967, P 315) was. used to,

'.test the reliability of the immediate posttest According to the ,:-:"'
‘Istability method, a test is administered to a group of students once,.

' j'tben after a- certain time intervsl it is adminiatered a second time

o -test the reliability of the test ‘was found by computing a Pearson
[°q

-of 26 students edrolled in the matriculation\program But pot e part ';

s

. The split-half method was used to test the reliability of L B

“the delayed posttest.' Two subtests were found and scores obtained I'”_j.j--_‘:,-

. LR . N ' B . B R b R ' . YA
] . . - " 4 " o\ N ' o v . - a . R

t.. o A ". Lo
) o N t .

e e e P e v, 2 e P R



l;f CoeffiCient for the delayed pOsttest ‘was 0 74 % 1 sing the SPearman-:{ L

]i';: ', ".h gﬁ; Brown formula the corrected reliability coefficie¥t was 0 85 The ‘}
1:{f' S tests can be found in Appendices A and B S |

; :.l Limitatigns {i‘ - N c S
‘;jfiﬁacl - E:,:: hftf-:i_:: _ In Chapter I it was noted that the ; stud was delimited to “ 'i' k,T I:;:(
=fd-{;:fif;<;; ﬁ\'”yiil Crade lO level male students and tolthe subjec. of geometry. ,In addii g
'{'ng"? é ;,.; '£=”f, tion, there‘were other factors which potentially li it the general— 'TL o

N ...'_...‘,‘ , . .
.'i?. . l”" izability of the results.- | o S e ﬁ_{j':
;gi rt . The results of this study were limited by'th ;degree'of.tesch%r--u;:f
I{: ' ‘ffect presenti Twordiffere;i teachers ‘were used in this study. .f"‘.
B Researchers such as Palardy (1969) and Brophy nd Goo (1970) have 2
;é reported that teacher variables do ‘affect stud nt achievement.’:ﬂ
L? %; ~';i' o The results may also be limited by such variables as generar ?‘d":l'
'; A“ ' - ability, school achieyement, and the time of da of instruction. a'éj":
N { i .:ii Because intact classes were nsed in this study, he'researcher did no
. é‘ T : :have'control.over these variables. However,_the students thsg com- E' :
L;é“ﬁ E i-'&i"w“:¥f prised the sample were:enrolledlin-the same progr ; studied the samj'
‘ .'g - o courses, and were assigned to classes by the princ pal at the beginning
- S df the school\year..j”'._lli.y::. . o ;l}}”'“ - lﬂ
: i{ . ' S o BNy ’{~ ; ; g : -‘}f
'Efé. - o -' ' The following null hypotheses ‘wete tested i this study ' hN
;i? | L., There/is no signifiCant differencefin achiev ent in geometry
é between students receiving regular classroom instruc ion and those }}
fif - using the instructional unit (Dictionary) on an imme iate posttest ;};
%ﬂ . o of mathematical skills and concepts. y




.

",2:..

repeaters and non—repeaters ‘on an immediate posttest/of mathematical

Lo

(S

There is no significant difference in achievement between -:;'E

- skills and concepts.-'h

: .*3-‘ :

N

.
.

)

There is no significant interaction between bhé grade status

B

There is no significant difference in achievement in geometry Y

-. //‘I

4

1

'-l

cal skills and concepts.. N

K

of students and the treatment received on an immediate test of mathemati-‘ '

0.

[

°

o

, .

;.'

.

v

T

/

..

between students receiving regular classroom instruction and those

l.«

' skills and conceptsh

Y

"

/ .

s,

S
Coal

mathematlcal skills and concepts..'

o

P

'.!

oL

[

using the instructional unit (DiCtionary) on a delayed posttest of

repeaters and non—repeaters on a delayed posttest of mathematical

/_.

J%-Theré'is.no'significant.difference in achievement between..

B

- _65 There is 1o - significant interaction between the grade statusf ,_-f" -", a

“of students and” the treatment received on a delayed posttest of

RN - ‘.I ...."- R K . R ;
mathematical skills and concepts.- s 'i S T P

"
S

- r . . . P ) v

'-Statistical”Test and Significance Levels f‘""_ S uj ij,_'é '1“.:“f'

Results ofthe immediate and delayed posttest were subjected .
) RO s
to a two—way analysis of variance. The computer program in Statistical e '?

Package For the Social Sciences (1970)? titled ANOVA was used for the

e

- analysis.

K level.,

5

All stated hypotheses were tested at’ theOO 05 significance ff';,'ﬂ_lffng':{

. ’J""

-

.

In Chapter v of this report a complete analysis of theknesults

-

v using the statistical tests and significance levels ag- outlined in this

; ’ -

chapter is reported

These results-are'discussed.in Chapter V.
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CHAPTER IV BRI

ANALYSTS OF RESULTS oo
P , \, : "

In this chapter the data are examined in terms of: the stated

.’».

/ . -

hypotheaes‘ The chapter is divided into three sections: (1) immediate

|

" posttest results, (2) delayed posttest results' and (3) aecondary study.- o

.

'Immediate Posttest Results

‘ .immegiiate test of mathematical skills a'nd ~clonc"epts‘;

In this section the data from' the immediate poetteat are pre- '

- v

-"\

‘eented.»' The following three hypotheses were tested u&ing a two—uay

j
~ . .f
an.alysis of variance procedure. o .
0 4 o o

s

'Hypotheais 1: There is no significant difference in achievement in’" 7

o

) geometry between students receiving regular classwom instruction and
' those using the instructiona]\unit (Dictionary) on an/immediate postteat.-

of mathemati\:al skills and concepts

{

Hypothesis 2: - There is no significant difference in achievement

between repeaters(g\d non—re,peaters on an immediate posttest of mathe- .'

metical skills éLnd concepts. ' A ".‘ \ !

i
T - o . D -
A , ,

‘Hypothesie 3: There is no significant interaction between the grade

A

. status of students and the experimental treatment received on an

\ ~ “
¢

For Hypothesis' 1 en-F'-'r:a.tio of 1 '88 was obtained' Iwhich ‘was

./ mot. significant at the 0.05 level and therefore the hypotheais was not -

"rejected. It _was concluded then that there was no significant

b

\



e

. Treatmest - - . 115,50 1 115.50 © 1.88 .- .0.18

(/Ireatment by

difﬁgteﬁcé injachigvgmént\bgtween the two treatment groups., The. -

) cheiéfore thé hypotﬁesis vas r%;ected.' Itlwas codciudéd then that L

0l

‘-

" analysis-of variance results are reported in Table 1. . . o

SN TABLE 1

T ANALYSIS OF VARTANCE OF IMMEDIATE = T
- POSTTEST RESULTS » : - P

R . - Significance’
S L Level -

. ‘Grade Status” 514,08 -1 514.08  8.39 - 0.01

reatment by 287 ., 1 T2,870 005" - 0.8
Error  3,063.04 " 50 61:26

‘Total .. 3,713.70 53 70.07 ° -

N oy '/

1

étpﬂenté in the qicﬁionary gioup obtained a mean score of 35.33,

whereas students in the Non‘Dictionary group obtained a mean score‘of

’ 32 i?; Although the mean score was ‘higher for the Dictionary gtoup,

\

this difference was not significant A detailed breakdown of meanl
- . B .. ' . . ! N . . |
scores omn: the immediate posttest are presented in Table 2. ’ A

A > .
\

Fof Hypotheais 2, as shown 1n Table 1, an F-ratio of 8.39 vag~ ': o

obtained which was signifiqant at the 0.01 level of significance and '

there was. a significant difference in achievement between repeaters

s and qon—repeaters The non-repeatere scoted significantly higher on.the

immediéqé‘pbsfgeat.» Non—repeaters ohtained a mean geoxe of 36 OS

whereas xepeﬁterﬁiobtained.a mean score of 29.29.

" . : -~
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A signiﬁcant at the 0 .05 1evel and therefore the hypothesis was not - ."

o '\):ejecl:ed.

P

TABLE 2 ST -

’ MEA.N ACHIEVEMENT SCORES ON THE IMMEDIATE POSTTEST BY s
. TREATMENT GROU'P AN'D GRADE STATUS ‘ S

\ - ;.I ‘ ) ’
. . -

"-Trea cmenc

) ,Totai
°36.05.
N-=3.7

/} BETEEN . ‘ Non-DictiorlaTy Dictionery

Non-re eater’ & 3,56+ - .37- 19
repeatsr . N=16 N N=21

-

"0

-] . .
: , » N K] ' [ ! T ‘ > L o I,
il

u -

. G):;ade. ;

* 29,29

. 'y SN : .
R LT U BTN RERGN NN v, L P awon

Repeater . . .- 0 .27.38 . 31,00 ) :
L. ome e N=g ©N=9 N=17 '
Totgl - $32.17° . u35.33 14 L. 33.93
e Lo N=24 . N=30 © N=54". - -

LV L S

s
s

1

o For Hypothesis 3, an. F ratio of 0 05 was obtained which‘was not - .

It was concluded then that there was no eignificant inter-

: It . o
' 'action between th:’g-&.d(e statua of students .and the treatment received. e

A graphic representation of this interactiou 13 presented 1n Figure 2
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. . o d . S . -7 T
‘oo 34t R o . T
- L T _ S \
: @ 32T e
» ‘:"E kIR N L “Treatments -,
. ’ ’ é ‘é" 28 | Ta— il Dictionary
. e o6 ( . ' Non—Dictionary
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- ' ¢ o r .‘ ! o ' )
41T : : ; I>-" . .o D I
e T e ' Repeater . g Non—Repeater
DR g L Gra'de Status )
. - “ 4 I\ o - . . “ - d : -
Figure 2." -"Treatment by Grade Stetus" Interaction on the. o v \
woo \ immediate posttest. L e e e
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. Delayed Posttest Results S ol S
In this section the data from the delayed posttest are pre-l-‘\ B
senﬁed The" following three hypotheses were teat:ed using a two—way"- s

! ’ . " =

- _analysis of variance procedure. \

Hypotheeis 4 ’I’here is no. . significzmt differehce :Ln achievement in ‘

v'geometry between atudeute teceiving ragular classroom instruction and

, 1
those using the instrucbional \mit (Dictionary) on a delayed posttest
. - X ' . Lt ,
of mathematical sk_ills and concepcs. . PR _
! ‘ v R Nt s
. o . - s . R . 4 >- .

'Hypothesis 5 Thei:e is no sigi\ificaut-di'ffe;:ence in:achieﬁement ' .
. @ t

between repeaters and non-repeaters on a delayed posttest of mathe—

" . N
m&tical skills and. concepts. - \ N T Y B

1
- . N
N .

Hypothésis 6" . Theré is no significant iuteraction betw en the grade

posttest of mathematical skills and concepts. o
Y
M. o
The apalysis of variance results are'reported in Table 3. N
o : TABLE 3,
N ANALYSIS OF VARIARCE OF DELAYED POSTTEST RESU'LTS .
. Sodrce I .88 DF o MS. , F .. Y Level
N . : : J P ' . ' . '%!
o Treatment - 772 1 702 038" . 0.38
‘Grade Statws. © 3191 1 3L 324 - 1 0,08
'_']fréatment by o ey : . o ‘
orade Starea 809 [ L 803 0.8 o037
o Ereor 49303 50 9.86 . | . LT
Total ‘' 541,92 S3. . 1022 © . . [ .
. )
P .
1 I " l" -
N IS . i' -/ .
T T g . STITTImT L , |

My



For Hypothesis & an P—ratio of 0 78 was obtained which was not

' :diguificant at the 0 05 level and therefore the null" hypothesis was not .I .

‘rej ected It was concluded then that -there was no significant -differ— :

/

. ence in achievement between .the two treatment groups
Students in cthe Dictionary group obtained 4 mean score of 13. 40,; -
_uhereaa ‘students in the Non—Dictionary group obtained a mean score o}

:12 58 Although the mean score was higher for the Diotionary group, )

=~

this difference was not’ significant A detailed breakdown of mean

achievement scores “on the delayed posttest ate presented in Table 4 ' / )

.Y :\

e

TABLE 4 A

\' MEAN ACHIEVEHENT SCORES ON THE DELAYED POS'I‘TEST BY
' TRBAIMENT GROUP AND GRADE, STATUS s

Haxtmome 18, - o ARV

. .l , - Treatment : ' -
' Non—Di'ctionary. Dict‘ionary - Total
. e I‘ ' ) \ . " , . k I » . f
» Non-repeater™ = 13,44 13,67 0 1357
83 : S N=l6 ST N=21. 0 W37
© © Repeater = . LT 10:88 ©Loc.e 12,78 0.t 11.88
o S n o N=8 . N=9. ¢ " Nal7
L. Motal ..ot T Tais8. 0 18040 -13.04

N=24 . N=30 . - N=54

PV

s

For ijothésis 5 and F—ratio of 3 2& was obtained which was .

.not significant at the 0 05 level and therefore 'the hypothenis was

e

not rejected It was. concluded then that there was no significant

difference in echievement between repeaters and non—-repeaters 'Nb’n- B

,'repea;fers obtained a mean score of 13 57 whereas repeaters obtained

a mean- score of 11.88 Although the nean acores were higher for

- _non—repeaters, this difference vag not significant. o R

‘..




o

o presented in Figure e S o e ,. ;(n',

TN 50 °

- . - . ) . . L Q 0
For Hypothesis 6, and F—ratio of 0 82 was, obtained which was

not significant at the 0 05 level and therefore the hypothesis was .
' not rejected It was conoluded then that there wvas no significant
: interaction between the grade status of students and\ the experimental

1

treatment redeived A graphic representation of this interaction is

) .l" 14_’

-
W,
'l

IR
..M -

P
=

8 'on-Delayed Posttest

‘Meari-Scores

L

L TreatfnentS'

[

-
R T,

o

. fm e _Dictionar}’

Non—Dictionary

K e o
Repeater © . . Non-repeater .
: Grade Status

N . s . .

' "F:'Lgure,B. "Treatment by Grade Status I‘nteracti_on'_on »‘.f-k‘r} Lo

- the delayed posttest

\ Secondary Studz . .

Along with the main study, a secondary study was condhcted with.

a third group, .comprising only repeaters, studying geometry in the

'school.' Williams (1974) Kane (1975) Wooldridge (1978) and others

K ‘".'have suggested that in/order to engage in successful proof-—making

_astudents need to be exposed to the basic ideas of mathematical 1ogic




-_This treatment 1s referred to as Dictionary ‘and - Logic for the scatisti—

'Dictionary ;groups from the mainstudy, < A1 of these repeaters had

'were part of larger clasees. : Second the results may be limited

- ’ ’ -.A ] \."I N 4.' ’ l.’

including the notion of a syllogism, the transitive law of im;lication -

_ and the law of the excluded middle.‘

In the main study the experimental treatment referred to as '

"D'iction\a_ry»» incorporated each of the principles of tnathematical logic

g 1.

'previonsly" mentioned_.-. HoweVer, these principles were not made expl»icit- .
' to. th’e students during instructi'on. A'second ex'perimentel unlt was: - SR

"I"developed to. include each aspect of the experimental treatment

"Dictionary and I:O include instruction in the notion of a, syllogism, ' o P .

the transitive law of implication, and the 1ew of the excluded middle

v,

/

. cal analysis discussed later in this ‘section. A -description of this

unit is 1ncluded {n Appendix D

: The performance of the subj ects in this secondary etudy was ] .

-compared with that of the repeaters in’ the Dictionary and Non~

been pretested prior to instruction, and posttested immediately after

instruction of the respectibe units,

The following hypbthesis was tested There is no significant

] difference in achievement between groups receiving different experi-—

) "mental treatments, - To .tes_t this bypothesis an analysis of covariance

procedure was used with the pretest as a covariate.

Three imf)ortant.- limitations of this secohdary study warrant o o

discussion, . First, the reeults may ‘be limited becanse of smelt group'

’

o inetructionl." The iDictionary and Logic" group was-a small group of

nine atudents, whereas the "Dictionary and "Non—Dictionary groups

\

"because of teacher effectivénese ’I\ro of the three groups, only, were '

tei_xght. by. the same teacher. - Third, the generalizabiiity_ of the -

. . g . . . . LN
I B . ' N ' . P! .




l57‘; results of this secondary study are limited because of the small num—

/ber of - atudents,in each experimental group.\i‘-
_ " In Table 5 the results of the analysis’of coyariance,merformed fik:?
o on the data iﬁ this secondary study are summarized An F—ratio of '; 1:/1

:S 96 was obtained which was significant at the 0. 01 level of signifi—

fcance and therefore the hypothesis was rejected" It was. concluded

fthen that there Was a 51gnificant difference in achievement between

......

-~ N N N . . . Lo . . R

.hfhﬂtreatment groups. -f T S o A I R T

o TABLE-S' g
ANALYSIS OF ‘COVARTANCE OF ACHREVEMENT' ON THE POSTTEST BY
)

. TREATMENT WITH ACHIEVEMENT ON THE
PRETEST AS A COVARIATE

1

B Sourceslof' } A B ' 3 o Significah e ."~
~ -Variation .. = 8§ . DF = M§ - :F . o '_’Leveli_cﬁ\\\\

. _:Covariate'i' I B . co
.. Ach.PRE. . .. '12.76) 112,76 0.37 .. .. 0.,55°

. PN P - : . . R T e PR
. s LE . - . . . e BT
.
.

‘Main Effects | |
Treatment | .. 415.67 ~..2  207.84 5:96°, .k .or ol

Error . - 767.57 227 34.89 L .
Total - 1,196.00 25 - 47.84 r e
“ £ '_’3.

To determine where the significant difference between the

‘itreatments 1ay, a Scheffe test was carried out.' Due-to the fact that'
. e ;

"u’the Scheffe procedure is more rigorous than‘multiple t-tests, it was :"~Ai¢?n";ﬂ.f'

\'_adecided to employ a less rigorous significance 1eve1 (. 10) as aug— f:l:';

.gested by Scheffe (1959) “The analysis of data, summarized in Table ;-{7';f ef-ii!,;.:

3_5, showed that - the effect of the covariate was not significant.' - i* .
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.Ih'eref.oré, th'e.ae'tnel 'grnup,mea:he were used in the calculation of tﬁe.

N

Scheffe test . _v' " ) g N . '> U /
The result:s of this analysis indlcated that atudents in the t
Dictiomry and Logic group achieved significantly higher results than’

-

('students in the Non—Dictionary group (p < 10)

differences between students in the Non—Dictionary and Dictionary N

groups, and those in the Dictionary and Dictionary and Logic grOups 1'
" 'were not- significantly different. o e ‘

A detailed Summary of nean scores. on the pretest and posttesc

o by treatment group :Ls presented in .‘I‘able 6 Table 6 shows an increase .

.0

N
with the Dictiona.ry and Loglc g/r'oup showiug the largest :lncrease of

in mean scores\from pretest to posttest

L~

However, achieVement KRR

for all three treatment groups,

i 20 55 followed by ‘the Dictionary group w:[.th 11 67 and the Non—Diccionary, =

| 4 ) ) oy . . : .

: group: with 2.13. I e

I; \ ' . « " - . . ) II I ’ ’ B ,A ,,. -

B | TABLE §

a MEAN ACHIEVEMENT SCORES ON THE PRETEST AND POSTTEST ) .

©, BY TREATMENT GROUPS @F SECONDARY STUDY . P o ‘

N (= ‘ o ' -'.:r" ’
g ) Treatment - S ,E}
: Non - . Dictionary . o

; s o Dictionary Dilctionaryl and Log-ic .+ Total

\l - *'-‘ N . ‘.-_ <y N ) B . .-

S Pretest 25,25 - - 19.33 . 13:67 19.19 .
L - N=8 N=9 R=9 . N=26 .

N . " Posttést 127.38. 131,00 3%.22 - 31.00 " -

¥ RN : ' N=8 N=9 - N=9 N=26 . o
- \.ﬁ",'.‘.:(meaﬁ Gain® . 12:13 11,67 20,55 7\’2
H [N S . . :l‘ . A M
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aptet V,. a summary of :the main study. is'given’ The re s"ul.'bs'_-'. -

1ight of ! fﬁé_,'.r'hajbr . cﬁ_ieétﬁidr’_xs’ stated-earlier. 16 thi 5 -

- are ‘discussed- in

. . % L

for forther. - -

Conglusions are drawn .and some.recomendations

§

earch .are presented.
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REEEONE "'supmy,lnxscus'smﬁ, “cbmas:“ons-, AND RECOMMBNDATTONS * .. .

¥ -in this report Conclusiona are drawn and gome: recomendations for

‘. .ate a. unit en proof in geometry, lncorporating a review of fundameutal

e _';'problem—solving strategies that could be applied to proof. Answers- -

"'were sought: to the >followip.g questions. Tele g Do T

i tvlgeometry atudents from an all-male regional high schoolf in urban New—

' ,tional unit developed for this studyx The;contro-}. grgup e »'
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In this chaptet a summary of the main study :Ls given. : TheA \

v e N

'results a.re discuesed in ligH of the major questions stated earliet

\ .o
«

f_ur,thér 'research are presented. S S U oot |
o . - . -"’ .- - . . - , ; : i K “ Y '.-'\ :“-."...' - /
Summary of the Studz ;

The purpose of this study was to. design, implemeut, and evalu—— wie !

/

concepts, an orgariizational scheme called a "Dictionary“ and some o
l

N

(l) Does the use of the instructional unit (Dictionary) have auy

-effect .on achievement in geometry'? : ~_ el D s I '» R

- ! B L

- o
(2.) Does the ‘use of the instructiona.l unlt have any effect on

reteution? : o ‘ .

(3) Ia the effect on achievement different for repeaters than for

no_n—repeaters? o P : \ . -:-_‘, e R %
- ) This stu;xﬂs conducted using 54 Grade 10 matriculation — o

v {

~ .
. L. .,

' _Ifaundland These stude.uts were assigued to oue of t!m treatment groups

‘ mental group - (DiCtlonﬂfy) “&3 Iiélught the material using an instruc— ," L

[y AR . : - L0 i ) - \I I R

. f':aud all students were I:aught 2 un:Lt on proof in gemnetry. ’I'he experi— S




.the 1mmediate posttest bub not on the delayed posttest, and-

(Nom—Dictionary) weﬂ taught t:his material following ‘the program out-i"' N

’lined iu the Crade 10 geometry text used in Newfoundland when the

study vas carried out. _' \ ' N R

1

Two tests were admir(istered to determine student achievement.

R The first the immediate posttest “was given at the end of elght weeks .

'-‘instructi‘on -and. a review seseion. l“he secpnd the delayed posttest

‘

was given t.wo months later to measure retention of the material

,cnvered during :Lnetruction.' Both of these testa were constructed by

- -

' 'a panel ‘of, high schogl geometry teachers and were dea:.gned to’ test

whether the behavioral objeccives of thex unit had been achieved '['he

P

" . data uere collected and analyzed uaing a two—-factor analysis of vari-—

a.nce procedure..- . o oL o e

m

The major findings .of the study uere'&

(l) ‘l'here were no significant di,fferences :Ln achievement Ol'l the

'immediate and delayed posttests between treatment groups. e

(2) Non—repeaters scored significantly higher than repeaters on’

i -
- A

(3) There was- no sig‘nificant :lnteraction ‘between the vﬂriables .

.

e

) ,"'-grade st:a‘t:us and treatmen.t - ey S ’ T

o Discuasion af Resulte

.3‘ T
di,fferencee in achievement between treatment groups on either the .

‘ agree, do affect student achievement. Because two teachers were’

‘I‘he analysis of data fndicated that there were no significant

’

,inrnediate or delayed posttest. One poesible explanation fbr these

results is the degree of teacher effect present Teacher variables.,

. as researchers such 28 Palardy (1969) and Btopby and Good (1970)

AN
1

-"ueed in this study, there was 1o guarantee tha: the treatnent:e were '

7



'_.erit_itely'-different I o ' .‘ O

.+ Kane (1975) etated that proof-—making may be viewed .asI a com—.“-'

' plex 't'erminal behavior.l Assoclated with it is a'set of prerequisite
?

or subsidiary behaviors, and we' should set. ‘out to teach it by systemat-l .

.~ica11y ceaching the prerequisite behaviors one- by 0ne and by teﬁching

\ .

how these behaviors may be cmnbined one with another (p 90) This )

procadure was adOpted in the development of the instructional unit

l
a

. . tested in the present study. ’ In proof—making\ the prerequieite sk;Llls

' were seen as @5) knowledge of the bas:Lc definitions, theorems and

concepts of elementary geometry, (2) an informal knowledge of 1og1c‘ 1

(3) an organizational process of categorizing this knowledge.endrsome g

\

' problem—solving strategies that can be employed Miller (1969) in
"summarizing research on sequencing mathematic‘al tasks, concluded tﬂat
s ,mastery of - subtasks i,n a hierarchy can be achievea i several ways'
I-:It is possible that subjects in both the experimental and control
group mast:ered each of the above mentioned prerequisit,e skills
, These findings are consistent with those of Gregoryxand B

—

_Osborne (1975) and Ennis and Paulus (1965). Gregory and Osboruep

g
'-_(1975), in reviewing studies report/ing comparative data for students -

‘receiving and.not re_ceiving fo‘rrnal :Lnstroction in 1ogic, reported‘ E

: .eqﬁiva],ent growth between p_retest and po‘ettest‘.administratione.’ :for‘ °
' . . ‘ . Vad . .
N N . v . . , . - ‘b . . ’
both groups. L : , .

-

Em\is and Paulus (1}565) » on finding non—significant difﬁer-

’ ,entes between students receiving or not receiving instruction in logic,

- 'l’Suggested that 1ogic might be learned by the students who did not’

'”receive‘formal instruction because of other school influences whic‘h

- would. include teacher effectiveness in. terms of content pre.sentatian

'.'and interection with students. : It may be the case, that ;in..this ». ST

.
[

g i -,




o',

‘ ,.;-:l_' -.k s study students in both treatment groups m.astered each of the above— ‘

' mentioned prerequisite skills. B
-"\ > 1 A a

The analysis further indicated that mearn scoree for students

| I \ i group These results suggest thﬂt the instructional unit may be used

”“‘:'as an a.lternate approach to teaching this unit on proof.

TR L
Ty, RY

' . nificantly higher than repeaters on the’ immediate but not oh* the .

;. Co ca delayed posttest;- This result was. not surprising. Xolesnik (1970)
' dictors, of subsequent: acade.mic performance More speci c iiy—;\._'
b s ,Somerton (L976) found previous mathematics achievement 4best p're-

oty 7 . y- »

tionships and the fect thﬁt the repeaters used in this study had

S shown 1ow mathematics achievement in the past, one .would expect non—

repeaters .to obtain significantly higher results. - . ;'_

w covered during 1nstruction Houever, the delayed posttest wds part
“ - A ,_'of a more comprehensive term exzunination. It should'b'e noted that .

'. 8 _a.lthough not si@ificant p < .10 for the delayed postteet‘ ] 'A--‘

[y

Students in the Non-Dictionary group received instruction following

' 0 . R ' i . . o . . . S RS

758

A

' o the Dictionary group tended to be 'nigher than those in the control
e .-...’r_;‘- The analysis of data ipdicated that non—repeaters ecored sig— .
o reported that previous aca’demicachievement measures are s/trong pre-

T dictor . of aubsequent performance in mathematics GiVEn chese rela—

° the tests The immediate posttest eyaluated, all of the material - ‘:l,_-*:' o

Y -

; R C "~ Along with this study & secondary study was tonducted using : e A
B | . 26 Grade 10 matriculation geometry students -who nere repeating this -
. course The purpose of the secondary atudy was to inco'rporate into ,
the original unit Dictionary, instruction in some of the baaic con— _
- cepts of logic and to evaluate the effects on achievement »-\:‘ S '

Cge T L L Students were assigned to one of three treatment groups. S



| e ———n b i e

_covariance procedure. . o

N LIS VT

the.hrogrém outlined ir thelG}adeflo geometrj»tcxt at ‘the time of_-"

_this study. Students in the Dictionary group were taught the'materiai,

. using an instructional uoit-devéIOped for this étudy. ‘Students in the

- PN

Dictionary and Qogic'group received instruction in logic and were'taught

* the material using the instructional unit mentioned above. .

-Both -a pretest. and posttest were administe;ed to.determiﬁe

etudent achievement. The data were analyzed using ép,énalysis'of\\\\

\

¢
l

The aualysis indicated that there were Bignificant differencee .

{

'»group»andéthe Non—Dictionary group. The results of . thia secondaty

'the uge of the Dictionary did_not resultlin significant differepces in

* achievement. However, when instruction in Iogic éccomﬁanied the

'achievemegg 1id the past

. / R
Dictionary there were significant differences in achievement. It

\ éhoulq be’noted; however, that because of ,the sample size, further

. : - E ' ’ R . ) a

regearch 18 needed to substantiate: thede resultsr .
: , i , _ .
The results of the analyaia further indicated ipcreaees from i

pretest to posttest for all three treatment groups, with the Dictionary
» s ?

I SR N7

and Logic-group showing greater increases than the'Dictiongry:and Non- .

Dictiouary~groups. These'feéulta'éﬁggest that use of the Dictionaty

accompanied by inetruction in logic may be a' remediai approach to

' jteaching proof to studente that have demonstrated poor mathematical

' } ) 0

P ' h '

u

!

in achievement between;treatment gtpups oh the posttest "It was found '

that there was a significant difference between the Dictionary and;Logic

_atudy\were encouraging in light of the teeults of the main study that v

A

=1 o
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oL Conelusione*

In summary, the, data analysis for this. end t e accompanying\

v secﬁndary study led co the follouing conclusiona

- . L (1) There were no significant differences in achievement in geometry

. between students receiving regular classroom'instruction and those

using the instructional unit Dictionary on both the immediate and
delayed posttests. Thus the experimental treathment Dictionary was no
_\r:. . .;{ _more effective than the textbook approach in promoting higher achieve—

, ment in geometry at the Grade 10 level

(2) There were significant differences in achievement between non-

repeaters and repeaters with the fo%mer scoring higher on both’ the
. VA .
immediace and delayed posttests. T - . - N

' )
(3) When the Dictionary was supplemented with instruction in logic, .
significant differencea in achievement resulted with repeaters. -How~

Pl

. ever, beceuse of the small sample aize, this result is inconclusive.

Recoymendations " - o

. BN . . [ i .
S _"., As a result 7f this study, the following recommendations are

\vu . V] ’ u . ' \_>

made for further-regearch:’

L - S (l) A eimilnr study should be-conducted with a larger sample.‘ All

o

three - treatments should be ueed especially to ascertain the effects

of inatruction in logic plus the Dictionary on the achievement of non-

: repeatere. The sample ehould also include femalen.

" ' f,k “(2) A similar study should be conducted using~one teacher for all l
.. grou;; thereby eliminating teacher variables ' 'V: o

v j .h S (g) To examine the hierarchial nature of the sequences used in the

,';--: atudy, a similar ecudy should be conducted employing some teeting of

N

e F;'- subordinate gkills developed during the unit. j : n“
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the contrary exists.

"(4) To determine if the findings of thid s;udy are generalizable to

' other topics, either in geometry oxr algebra whi’ah ;l.nclude proof f:hc-
N J—l
; Dictionary, accompanied by instruction in logflc, E;Aould be expanded
‘, and aim:L'Lar studies ahould be- conducted with these topici . V. ¢

. (8) T‘ne findings of the secondary study iu&icate that the incorpora—

-tion of instructian in logic into the exi‘sting curriculum could

potentially relieve aome of the difficulties with proof experienced

by students TEachers who presently e_zre not giving instruction-\ in~

-

B 4 < : . .
'logic should re-exxnine this policy. -Furthermore.;teachers,should not

ignore the importance of review. The findings ‘of this study indicate

that an extensive review of prerequisite knowledge for studying proof

”. inrggomctry 1eaﬁs ro increased achievement._ Teachers,should not

. ascume that students posséasvtnese prerequisite-skills aa'evidence to-
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? bisects. [_TRQ

+ RT = 40; RQ = 40"

. LT Lo
" To »Prc:hlle-lz A JAK’;’ AJEK
*P‘fdof: | ‘ o
"% Statements .
1. TEEJ_KA L \ :',.1.. SR
‘2. '_4:1(:52_'- D T
3 WAWm LT s
4y LA is a'x:'tL’, o 4
LEisarcL \
A. IAJAK and A JEK are ‘rt As. 5. | “1' _‘I'\l‘l‘
6. AJAK"'AJEK | . 6 o o

R (b) Copy ‘the Figure, the Given, aud t’:he To Prove, and . t:hen write a
L proof 1n two-colmnn form. ) . '
w Giy'en: . DF' f’-,RTi" l_)E»"—_’ . .
- "FELDS; TSLTS
. To Prove:/\ DEF’=" A RST™
“{e) Copy the Figure. t:he Given, aud the To 1’1:0\;&k and then ;{n:ita a-
N proof in two-_cblumn form: . . ' - e
' " Given: X=X nx 'E ek
. To Prdve- 1"‘ L 2
NN
.
2 : : Ry
o J 'I" ¢ ‘ L ' .
;,i' ‘ mRTO o - 0 B

AN

’ 6?4 ;

IR
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" DELAYED EOSTTEST SN

7

_’EDi;ections:_ Place the.answers to each questiou on the ruled paper
5 \ provided

1. TIf AXYZ APQR then RP ';-" 7,

2. The meagsure of each angle of an. equilateual/triangle 1s ‘2 .

v

3.'IriAABC -ifLB ’?éC'then VRGN
~ 4, 'In an 1sosce1es triangle, the méasure of one of the bise angles
is 46." What-is" the measure of " the vertex angle?

f

5, Given PS J_ QR .
P —~ . y .. . c .
Q ~ / &, < . R

ﬁich postulate or theorem would you uge to pz)ve bPSQ =IAPSR?

" 6. In the f_igure, 1f AB ]I CD le = 58 -and

mLcm = 86,‘then mL3 1 é

“7-. Do any two of the
(a) Given: ‘,'PQ 1

B
n

2
n

Prove:

»

(b). iven: iw’ H "
/ o= oW !

‘Prover APOW FAQOY

S "‘,""“"’f.'M‘\Ty‘r;_'z;o;atﬂfm;m'.mlﬁ‘wummw—sg-a.».-.w;m'm ‘ . ORI
' . s, 1 A v o e .

— i y

. N

P
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. Given the statement AABC ‘= AETK, the student will be able to .

2.

Y

vrite threé "statemencs about congruent sides'and three stateménts

vy o

about .congruent angles of these tr:fangles

Tbe student will be able to distinguish between the statemept,
AABC =A ETK and the stacenent AABC AEKT
3. The student will be able to state and apply thé s.S. S , - the :ISTIA.ﬁ_.’, )
| .the A.S. A » the A;A.S., and. the H.L.R. Postulates. ; .I .:- : -
' A IIA. A The/}student Aw.j:ll b'e‘;ablel to “s.tate ‘and ap‘ply tl:xe L.L.R'.'?'I the R.\A.R. .
| = ‘ and ‘th‘e L.A:R. theorems.’ ' ' ’ i
s, "'The-:s‘tudenc will be a"m,e to ucgte foAur_wa};s to prove tfi_athes_l
- congruent, : - S S - .
I 6. _The student wili be able to stalt';e nand identify four ways- to pr:bvé'
- _.ti’g!-l't t-riuug;eé congruent. » L |
| 7. Given a d'iagrau;.;anu -su:ffici'éutl infomalui';an, the ‘s tudent- Q;ril_i.l;e able
o tu apﬁly'an aupr.;opriatfe t'netho;_i'to prove twu F‘riangles co_n"gruent. .
83», giuen ‘the ét.auémeuts for a.p'arti'cular/pioof, the sklt:uld\i;.pt will be \ “
. / .
able ‘to supply. the reasons.
.( 9. ‘The student will b_e ‘ublelto-seleut Ewo tx:ianglés' uol prove -coﬁgrueni:'
) a3 a means of proving that two' segments or two - ang;.es are congrueut N
. 10 The student will be able to prove that two segments or two angles '
. areAcongruent, using the method o‘utlined_in ob] ective number 9.
11;' The student will be able tb'.s't;ate a’nd apply ‘the, iuosueiés: t;rianglill.e -
'theorém.-‘\', L S ' - I’%-: Io.
12. The student will be able ‘to Ldentify each of the, definitions '
and. plheorems_’uselt_l'in the instructiénal unit .
“"Z-E'Awhmé-,lnaa.)—«»nﬁ‘b-““ bt g i et e i e
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v
. _ . The instructional unit called "Dictionary + Logic" was designed
to give e.xplicit instruction An some of the basic principles o\f logic T

woo _' - These principles were demonstrated under the following headinge » (65)
the. Law of . the Syllogism, (2) the II—Then Relationshlp,.and (3). Deduc—

tivé Proofs involving\Applicétions‘of the Lan‘of Detabhment.
The purpose of this first section on loglc was to-introduce’ L
students to the idea of a syllogism and certain valid and invalid infer—

ence schemes as illustrated by the following exercise o . - . i >

: ' Exercise: Consider the fcll'o'wing's/yllogism: e LT @

Many:policemen are Irish. - S R
Michael 0'Shea 1s Irish. . T . ‘a
M.ichael 0'Shea is a policeman Ca B ‘.

Identify the major premise, the minor premise, and the conclu—

sion and decide if the conclusioh s valid ?

~ .' . . '
s

The purpose of the second section, the if then reletionship, was .

X

. to introduce students to’ w'riting syllogisms in the ifrthen form. For . :
y . ' .

. ‘ example, the éyllogism, All dogs are vertebrates‘- Fido is a dog Fido“

, is a vertibrate c0uld be written if all dogs are vertebrate and Fido- : y
] g . !

. ~ ' [
is a dog, then Fido 1s a vertebrate. ' B

'l‘he third section introduced the student to deductive reasoningl .
an"d 'proofs applying the Law-of Detachment; For example:' If we_‘are

. glven the following statements' ;

[ [

rl». If it 1s reining, then it is cold g : ' SN
2.1 is raining. oL N £ .- o
i .o )

. T sion, it i.s cold. In the above argu.ment we say we have p'roved or-

Y ;
oy . v . K]

er et it e 1] e e e p e e ey e e 2 gt mns

then the iuescepable consequent of these t’y:o statements 1s the conclu— i “'- e _.'I‘ O
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am ntme il e e A 221 L Y

+' Premises: 1, P>Q-. e

., Logical Consequent: Q (Law of Dététhmprit-) -

. Give‘n:‘i. "1, P >Q . _— o R

.. . - - - R . -, A» v i . : A
deduced the statement It is cold That is, we have proved 't‘hat‘the

'_'derived _gentence follows logically from the giveu sentences

\
f

. In symhols.the argument_m‘ay bg reptesented as -follows: )

-

i ]

j’A\I N oo |‘_

“An ,examplef&f a proof applyin‘g‘ the ng‘ of Detachu}'erit f\c?“llbws:

" “Proof:’ Statements , - - .. Reasons

. »
vl - “

L RT TaoRsq . Mt 1. Given

2. 2. T g, Civen

3, Q,' . S T P of Datachment
e and. by 1 and 2¢
'..’4. Q+R - - 4, Given .
[ o ) e : - -
S0 R . / .'5.' Law of Detachment
- s Ki . '
) and by 3 and 4
, These proofa were then relatéd to, the “Dictionary ;uged 1n the
.’ L. o ) 9 ' . '
main part of this study ‘.[‘he difference, between the Dict 'nary group :
and the Dictionary + Logic group wag that the. latter were

"'shown “how each aequence in/the "Dictionary was dévelOped ..

N oA L

'rhe materials used ‘in teaching the basic pgincipléis were d

adapted ﬁrom Secoddary School Mathematics - Grade Ten k(5}1,zlc,1..e£m, W, B

: . JA‘?, SR s Ll . ;‘ .
o T n . ! i o Sy .

o i ‘ 5 ' - \

I . B \ ' tr

LAY ‘- Ly »e .

e ¢ e a




Lo ﬁumfo}:_d,-" DL ',".‘B'_oék",'"RfW.',-',‘,,Ijl"s.zz'ell',_ DN and l(aye, G.A., 1964) and ~U0 o T
"% =T % - Functional ‘Mathematics- = :Intermediate’ Four: (Dedn, -J.E., and Moore, T, ST TG
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SYMBOLS AND ABBREYIATIONS USED IN GEOMETRY

SYMBOLS' CoL ABBREVIA’I‘IONS 3
L. /& angle angles: . T . . || -adj. adjacent
"0, 08 circlé, circles ||, @le. - alemate
. ) . cent to |- Ax. - axiom . o
= c::)ngme.nt, is cong 10 4 omp.  compleméntary -
L= cquals; isequal to Const. construction’
# - - (is)not equal to Cor.  corollary ¢
T . (is) similar to. ~—— | ecom.”  corresponding
’ - therefore -7 'ch.“ definition
P S ~BEx. . exercise
oo sineg, because‘ ext. ¢ exterior
. {is) paralicl to Fig. ﬁgurc
1l (is).perpendicular (to) - ~ | Hyp.- hypothesis
A reiag : ' den.  identity
_ Ny As tr;angle,‘tnanglcs_ ., . interior ‘ )
llgm.  paraliclogram ‘ | isos. isosceles . e
, 7 - degrees, minutes, seconds ' opp. opposite
js_greater than ' .Post. " postulate
is loss than _ : Prop.  proposition
, T C« . | .quad, = quadrilateral
~ is equal to’or greater than rect.  rectangle
- is iess than or cqual to- req. required
M _\ . . s uarc .
AB! " the squarc drawn on the | % qua
o line AB st.. straight
. - : ' subst.” -substitutio
o, alpha, beta . | . Greek SR
BT ) ersised | Supp supplemeary
w8 gamma, delta } for the trans, lranve.rs.a _
’ . | measure _trap.  trapeziuin, trapezoid
6 $ theta, phi of anglcs vert. vertical (ly) =

sas = sas If twd triangles have two sides and thc contalned angle of one

-triangle respeclifgly equal to two sides and the contained angle of' thc
- other triangle; the triangies are congruent. |

8.8.8, = a.5.8. 1 two angles and a side of one triangle are respectwely cquai
to two anglcs and the corrcspondmg sndc of another triangle, the triangles
- are congrucnt.

858 = 558, 1f three sides of one manglc are rcsp‘éf:lwely equal to,gxe_threc :

- sides of another triangle, the triangles arc congruent.
o Y :

y )

P A -

L 'i'(32_3-)'

BASIC ASSUMPTIONS .~ . -
REASONING AND PROOF R

-

39 YOU CAN'T BELIEVE IOUR -OWN EYES!

sequal: Yet it is well-known that two witnesses of-an automobile accident,
both equally honest and sincere, may give widely different vérsions of what

they saw. 1t.would seem that the statement, “1 saw-itwith my own eyes,”
T is open to qusuon if one attempls to use it as 2 foundation for proef.”

This is true in geometry as int other phascs of life.” Conisider the following

‘diagrams. - Use your own eyes to arnvc at & conclusmn and Lhen test this *

" coriclusion By measurement.” N R
C—C O =Q

" Which is lenger, line 's'egm;:nt AB or Jine segment PQ? L

-

" Which of the grey cn'cles is the Iargcr? .
Exarmne the dlagrams on the following page;

: (i) In the given ﬁgurc taken as 4 wholc, which is grcatcr the
vertical dlmens:on or the horizontal dimension?,

Many students when first mtroduecd o deductive geometry fail to sce
+ the need for proof. They are prepared 0 accept the equahty of the base .’

" angles of an isosceles triangle because, on examidation, the angles look -

(i) Which line segrnent appears to be longer, MN or HK?‘

‘Which actually is?

(iii)- Are PQ and AB segments of stralght fines or of curve&‘?

(iv) How does the lenpth of AK compare with that of KB?
: -8
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(¥) “Rank the\lmc segments - m grey, x, ¥ z. in ordcr ot‘ lcngth
(v1) Which of the lines below -the grey rectanglc isa pontmuauon
OfPQ? o . ‘,‘\.Q !

AU f SRR O R ﬂf'mf

Thc illustrations given abqvc are &l wcll-known optiml 1!lusaons Ty

‘Doubitless other examples will oceur t6 you, such as'the effect, obtained .
when a pencil stariding in a glass half full of watet is viéwed from the side.

“These illusions have practical applications. In'architecture, stone columns' S

are made’ shghtly convex so that they will appear-straight. Without

analysing the feason, most tall" girls 1nstmct1ve1y gvold dresses which-

feature vertical stripes in the material.” For the same reason a short
chubby person will avoid materials with a prominent horizontal stripe.
Of course we know that a dress cannot actually make 2 tall person. tallcr,
. or a stout person fatter, but our eyes deceive us, Therefore; in geometry,
-it is not sufficient to say that two alﬁes are cqual or two lmes are equal,
because they look equal.. We must Fave proof.. .
In the two preceding chapters we have emph351zed the fact that
conclusions arrived at from- inductive reasoning zre, only. probable
coficlusions or possible conclusions. and have not’ been provén. There:
are two reasons for this:- (S’) the conclusions depend upon measurcment -

and observauon, nc:ther 0 Whlch can be absolutely accurate, and (n) it 15

g

: -occurs in the study of perfect numbers, 3 subject which interested the Bt

3 provc rclatlons in parncu]ar problemis.

1mp§smble to examine mductwely alf pa.mble cases bcforc arrmng at’’
&.conclusion. As’soon as a sfngle exception is found to a concluswn

arrived at by inductive reasoning, that conclusion. iust be false.
-'An interesting exarhple of the hidden dangers in inductive reasoning

L
e i .I,...._...A...’..-q-.......'.,»:.\a. -

{

. Greeks even before the time ofeEuclid.- A pérfect number is a whole— -
rmumber which is cqual to the sum. of all its p0551ble mtcgral factors, .
1r%cludmgl but not mcludmg the number 1tse1f ‘Ihus, - L f

6=1+2+43 . - ,ﬁ_ﬁzﬁfim‘
__1+2+4+7+14 N : S

496 =1 —j—2+4+8+16+31 +62+124"+248
Thcrcforc 6, 28 and 496 are perfect numbers. About four hundred ycars
after Euclid Nscomachus of Gerasa noticed that ‘thers was one perfect

_.number with one digit, one with two. digits and one with three digits. .~
" He proceeded to find a fourth perfect number, 8138, which has four -

" diglts. He therefore concluded that there should be-ong perfect nuniber

with five digits, one with siy digits and so-on. This seems reasonable,
but the generalization is not truc, for the: ?ext peifect number after 8128

s3sss3. T A R

Ton -

.- L . '- s . . Lot

- . . - -
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40 INDUCI'];ON AND DEDUCTION

Thc word induction comcs from the Latm in,. ,duco, (I lead mto) 813

" induction is.the method of reasoning in which we consider & ntimber of )
" cases and arrive at (or “lead into™) a gcneral rule. Thus, if each:mefber -

of the class measures each of the interior angles of a triangle.and finds " Ry
that-their sum is approximately 1807, we might reason inductively that:

. the sum’of the angles of e triangle is.180°. In Euclidean geometry this is- :'_\.\_ "

correct, but since no rneasurement is really exact we canrot say that we
'havc proven the statement.
-In deduction. (Lalm, lead away from), we reason from the general

_statement to a particular case.” Thus, if we have established (proven) that . -
‘the sum of the interior angles of a triangle is always 180° and-we meet |, -

a new triangle, we may say, quoting our general statement as authonty,
that the interior angles of this triangle will also have 2 sum of 180°, - Thus
the systern:of deductive geometry consists of establishing a-number of --

" general staternents (propositions) for which we must develop - proofs

withont the use of measurement,. and’ then applymg these pnnmples to

U R



T oo . . -

'.o...

-q .

»

_is a.differcnce between bcmg valid, an

- we might imagine the following conversaﬂon

As we. pomtr:d out i in the section on why, we smdy gcomctry‘ it. is
in the thinking which leads to these proofs, and in the amalysis 6f the

_problems’ presented, that the - great” valug "of deductive’ gcomctry lies. .-

““ The basic thought-processes. of geometry .can be applied in other fields. = .

" - They:should enable the student to be critical of the assumphons madein . L -
“arguments advanced “tithér by himself or by’ otherg in’the fields.of educa~ -

»-. tion, pollttcs, social welfarc, ,adyertising, infernational relations and-so'on, '. >

\thn the announcer .in dulcét tones affirms that “More

Peop1e~ clean .
their tecth.With-Kléendent toothpaste than any other kind,”
*r&_jﬁ:\:i in“analytical thinking will ask many qucsuons. “What proof have

_we that the statement of the announcer is true? If it is true, why dp more’

--people use Kleendent? Is it ‘better or is it cheaper, or is it better adver- ¢ - 4 "

tis¢d 7" Because a large Rumber of people do a certain thing, does that * - |
© prove it is the best thing-to do7 Does the value of brushing one's tocth S
lierin the bmshmg*or in the particular dentifrice used? - - -
. The subject matter of geometry provides us with good material for :
developing a. thinking process, because the elements of geometry ‘(such. .
as lings, points, areas and so oh} are not calculated to arouse emotions - - '

Logic is an analysls of the deducuvc thought proccss It prcsupposcS» S
that we can all recognizevalid rcasonmg -when it is reduced to its essentials, _
The skeleton of deductive reasoning is the svﬂog}';m a’form of argument < . '

which consists of a major premise, @ mfnor premise and 8 conclusion, ;
The following is an éxample. . . ; :
Major premises All dogs are \;'Erlcbrate;s.n ’
Minor prcm[sc' Fido is aﬂog L

Condus:on' Thcref‘ore, Fido.is'a vcrlebralc

It should. be pomted out that logic is more conoemed with the
lahdﬂy of the argumert-than with the frurh of the conclusion. There:

cing true. If you are shopping
at-the groceteria and the cashicr happens to push the wrong key on the

cash register, she may ask you to pay e:lhan the. true yalue of your
purchases as indicated by the prices on the articles. Whe you ob_;cct
il o
Cash!er (t0 adding mqghine): You gave e the wrong t tal

- (3’26): .

R I N S

the studedit . . .+ &

L

‘and prejudlccs. which mnght interfere with our raasonmg SN

. -~ . v .
- - < ) -7 G . : . . - N .
- 4{ ELEMENTARY LOGIC—THE SYLLOGISM

- Irrespective of the frath of the two initial. statcments, dmdc,,m each

-. "~ Mary has short hair.

(327] R e h L
E Addmg Mach:ne (:o cas}ner) I gave you 2 uahd total for thc amounts -
you gave mé.’ You gave e wrong amounts. -

: Logic is concernedwith the fact that from the grvqn amounts 2 nahd
total was obtained; even. i it ‘was not thé frue amount. In the exercise -
which foll’uwgé_g_?'ajg_conccmcd only with arriving at a conclusion wh.tch
is valid on-thebasis of the given assumpuons 'and not mth th¢ mm or

-faIsrty of the a.ssumpuons e . N

atemee 1 ol v
esthe,

PR =7 ..)-
sw_ L L. T .

e

. . ' . Exerctsel?’ ST g e

- Each of the following questions consnsts of three statements.

. ...r......-.._.., .

* question whcthcr or ‘not the thlrcl statcrncm k a va!fa‘ conclusmn from
" the-other twos : g

'2. All fish a’re vertebrates. ‘

Lho- @

1. All blrds have wfugs

. All flies have wings. A sdlmon.is-a figh - T
- All birds are fiies. - . A salmon lS a vcrtebratc ‘; .
t }
3. All ﬁSh need: water "4, Thc on]y ammals that D.eed i
- 1 need water. ' - water are fish. :
. Tant a fish, ~ 1am an anjmal that nieeds- |-

|
E
Iamaﬁsh. el {

5. Each spidcr has mght 1cgs water. T B I N
Each team of horses has B
. eight legs , ‘
Each tw.m of horses is'a . - - AH figures with only threc-i
splder T - .sides are tnangles . P

- Tt figure i iSa ﬁgure(wﬁﬁ

7. All shcltcrs in which pcople o < only three sides, - v -

-+ live are diwellings: - . Tlusﬁgure isa tnanglc .
. The shelter in which I live -
- ‘isatent. - : 8. All diicks can swim; * -
- Atentisadwelling, .- - _All fish'can swim, . %
' Fish are ducks‘-":'- 2

9, Mary-is a girl.

Al girls have short ha.tr; o 10, Stidéats cat " sunﬂowcr f’

-7 " seeds. -
. 11, All four-sided ﬁgm;t\:\s are Birds eat sunﬁower swds :
) : quadniatcrals T 4 Birds. are students : {-
- - Arthombus is a four-mded : e
figure, . o 12. All fish live ih thc ‘water.

_A rhombus js a quadn-,,' ~'A whale dives In the’water P

v lateral.” . LA whale is & fish.- i

T .7 ! 93' -~" | .- ‘\-. .‘-‘ :
. e R ————
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A _ : s (328),
g 13 'I‘hc on]y’ animal l.wmg in | 14 All - schod! rooms have -
/ \ “water arg fish. .00 windowss ’
YA i.. . Awbaieisan anlrﬁal Imng . THis ro as wmdows 2r
oo in watde, * o Ihl;,/r om s a school'
b A whale is a fish. 5 rédom. > -

\\If you will examine the.questiors in “which the conclusions were valid,” .-

SN T4 f\ll Canad:ans,betwcqn six

g o ! / ) - .
L a ZJNDITIONS\FOR A VALID’ CONCLUSION ** ' .

/ 16. /AII Canad1an§ betwcen 8ix

. and sixteen years of age
..~ must attend scheol. -
- Jahn attends sghool.
* John must be between six
K i- -and sixteen years of age,

- ‘roust attend school. -

-ten years old. .
Roy must attend school.

18 All people who'live in Van-

L 17. squarc is a ﬁgurc w1th couver live in Brit.ish -
- | four sides. - : .- . Columbia, . ’
trapez:umlsaﬁgurew:th Mr Jones lives in Brlttr:h
Cx . four sides. T “Columbia. .- ¥’
' trapezlurn isa square. - Mr. Jones- lives in Van- s

£19. T.ny tnangle with Al sides

different- is . a scalenc
tr ngle S : L
gle_ has al[ s;dcs

* Montreal live in Quebed.
M. Letendre lives i in Mont-

1ﬁ'ercnt : < real. A
'l' s triangle is.a’ scalene” | ‘M.N Letendre lives, in
riangle. - R ‘ Quebec. T .

Irr"E:terc:se 17 each question consisted of threé statements, Each

" statement: was a, complete sentence, with a subjecfand a , predicate. Read -
- the statcrﬁcnts agam plckmg out lhc Sub}CCI and the. pred:catc in- cach

s{atemcnt
Some of the conclus:ons in Excrmse 17 -were valid and some :nvahd

you will find that'they have the followmg in common.
IThc major premise makes'a jgeneral statenient about a . subject.
.The subject of the minor premise 15 a parr of thc subject of the
major premise, i
©4 5 The conclusio’n invelves the subject of lhe minor premtse a.ncl lhc
pred’:c‘ate of the. ma_}or premise.. "
- In brief; what is-true for the whole is true for a part of it; but what

s tru; ofpart of a subject i i true only of that- part of it

o4 .‘

*

d¢ouver. - =
.20. All people - who. Iwe in

and sixteen years of age "

¢ ‘7 Roy is a Canadian whois-" -

Exercise 18
_1. Consxdc -the followmg sylloglsms
- {a) Many pol:ocmcn are Irish. | S .
"Michael O’Shea is Irish. -t
L Mlchael O’Shea is & pohceman. :
. (b) ‘All pol:cemen are Irish
: Michael O'Shea is Irish.
. Michael O'Shea is a pblioeman.
(), All policemen are Irish. -
MichatT-O'Shea is a policeman.
_Michael. O’Shea is Inish. :

0} In which ‘of the above is the major premise nor a gcncra.l'
- statement. Is the conclusion valid? .~ ) :
(ii) In two of the abave, the subject of the minor premise is not

. a part of the subject of the major premise. “Which two? Are thc
concluswns valid? s
(1u) Which of the abovc is the only vahd syllog:sm"

i

.Refer to the answers you gave to the quesnons in Exermse 17. :
2. List thé nuribérs of the syllogisms in which the subjcct of thc o

- minor premise is a part of the subject of the major.premise.

Compare this list with Ehe numbers of the syllogisms- w;hlch you
considered valid. S Ly 4
'3, List the numbcrs of 1hc sylloglsms whlch comam o general-:'
. statements, rather than gne general and one pamcular -
Cornparc this list with your list of valid syllogis
. 4..In question 4; Exercise 17, while thc/éasom g Ps va!fa' the. conclu-_
sion is not- true. Why is it not true? . . - m/
Find a second “syllogism in Exercase 17
concluswn is va.hd but not true..
5 In quesuon 15, could .Tohn be t\went/years old" Whlch test of L
a valid syliog;sm does this one violate? " - / -

6. Z’l;pe syllogisms in questions 18-and 20 appear- to be much alike,

which you behevc _t_hé._ )

- What is/the difference between tﬁem wh}éh makes one conclnsmn vahd
and} other mva.l:d" . . .

95/
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SUMMARY-—VALIDI’T Y. AND TRUTH. OF CONCLUSIONS

1 The truth of a conclusion depends on:

"SUb_]CCt of the major. premise. \ts

(i) the truth of the premises. S ya
(i) the validity of the logic. - : e

2. The logic will not be valid I," T - Y

. T @) if the major prem"se is not a genera! sta.tcment, that 1s,__ '
.~ f there are 2ny exceptions to‘it.

(i) if ‘the mihor premise repeats. the prcd:cate mstead of the .

" (iii) if thé minor premise-fails to be a part of the: .s‘ubject of the

H‘Iﬂ.jOI‘ prem:sc

(i) if the conclusion: does not contam the mbjec! of the mmor .
pfemlsc and the predicate of the major premise:

(¥)"if the syllogism contains two major prcnuscs <
. (vi) if the syllogism con}ams two minor premlses

ST e -
; Exerc:se 19

Statc whether .or not the followmg syl[oglsms are/valid If thc
- conclusion is not.valid, tell why it 1§ ‘not.. |

1.

2

"~ A'hexagon has ﬁve;s:des

jAn equilateral trianglé is isosceles.

1
All quadrilaterals have four and only four sides. )
lgpczmm has exactly four sides,
trapezmm 15'a quadrilateral,
An isasceles triangle hasftwo equa[ 51dcs
An'equilateral tnanglc has two equal sides.

A pentagon, has five, and only ﬁ\rc sides.-

A hexagon is a pentagon. - /' :

. A parallelograrn has both pairs of opposjte sldes para]lel

. A square has both pairs of opposite sides paralle]

.A square i§ 2. paralielogram . ",

. Right angles, nd only right angles, have thmr arms perpend:cular “l .. .
- Angle A is a /fight angle. ; .

. Anglcs whijch are rlght angies are cqual .

The arms. o}?anglc A are pcrpendlcular o /

Lx and /._/_y are right angles. T

-

o .

(331)

7; Angles which are stralght angles are cquai -
/xand /zare str anglcs ]
Zx.and /zare ¢ val:

8. Any figure wlth/eq al sides and equal anglcs isa regular polygon

- A square has equal ides and equal angles, ~
A square is 4 regular polygon, ¢° .
8. Any figure/with equal’sides and equal angles isa regular polygop .
oA rhombus has equal sides. ..
A rthombus is a regular polygon.

10.. The sum of two supplementary angles j is 180°. .
-~ ’Land £.B are supplememary

‘\h, Tye sum of LA and AB is 180" '

E

as "THE “IF—YHEN” RELATIONSHIR. ;- - .

. In everyday speech the syllogism frcqucntly takes the form of' at
sentence containing an *'if” clause, foilowed by a second clause bcglnnmg ’
~‘with “‘then,” Thus, the syllogism All dogs are vertebrates: Fido is q dog.:

Frdo is a vertebrate, could be written:- If all dogs are vertebrates and Fido
is a dog, then Fido is d vertebrate. Notice that the order of major premise,

7 mmor prcmise and conclusion, is maintained. The same-sentence could

bt written: if Fide is a dgg, and all dogs are veriebrates, then Fido'is a

B v
- verrebrate This form is considered danigerous bccause thc m,mor prermsc

has-beea put first,

Most propositions in geometry are stated in the lf-thén form, - For
_example, if two straight lines intersect, (then) the uerrrcaﬂy-oppoma angles*®
‘are equal;. The if-clause contains what is given and the rhen-clause states’
whet is to be proven.- The 1f—ciausc is called the hypothens and mc thcn-
clausc is the conclusion, . DA

Example 1: Rewrltc the following ' statement in the standard
syllogistic form, then as an if-then rc]at:onshlp Th:s Is a good space suit,
50 it mus! be air-tight. )

‘@- Sylloglstlc form 1 go space suns must be. a:r-nght
This is a good spacc siit, .
This space suit is air-light..
‘ (11) If-then form If this is a good space su:t then it must be
' au'-ttgb.t . :
- Given (hypor.hesns) this is a good space suit.
- Conclusion: lhen it myst be air ,nght /

- 97
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Exampfe 3: Rewrite the followmg syiloglsm in the f!herz f'orrn and -
state its hypothcpis and conclusion: - .
. All right angles are equal..

LAand /B are right angles
LA = /B

Wy Ifza and ¢B are nght anglcs (and an ril\t angles are equal) o

“then L A= ¢ B.-
o Given (hypothms} LA and ,_{B are right angks
- Conc]us:on ZA = £B.

Examp!e 3:

A student who hLes in British Columbia lives in" Canada.
. {f g sludcnt lwes in Brmsh Coiumbla then he Hves in Canada

SN

o - Exercise 20
: - . B

,Rewrite each oi' thé foﬂowxng sentenccs in the 1f-1hen form State-'
the hypothesis and the conclusion.. . ) T

~ + L.’ Any animal with four legs isa quadruped
“2. Two lines which are parallel to'a third line are paralicl to each
other : :
3. Any solid whmh is Hghter than watar Wl]l float in water.
. 4. The diagonals of a rectjngle are equal, L
5. An equﬂaicral triangle/is also equ:angular RS
6. Any ammal which bréathes with gills gets its oxygcn from Wa.tcr
. TA tmangle is, a figure ounded by three straighit lines. -

.8 Complcments of the/same angle are eqnal .

- ;:_.__w.--!?».—_I-H-ia.n_lsg_wocles trinngle; the base angics are equa!
- ’ ‘_‘_\—_‘__'————_____\_

”J/ E? i

4s-n~mm1,».ssumnons,_'./"". .
In & sequence of reasoning we must begin with certain- initial assum

p~
tions. Having accepted these assumptions, we must be prepared to accept/

. the conclusions which follow from them. For many years it was assuméd
that the best fishermanina given village was the’one*who caught the most
fish. This may have been true in pioneer Canada, but it was an assumption

". which had' disastrous effects on the gamc-ﬁsh populahon of our lakes.
Teday the best ﬁshe:rman is a. tmc conservatjonifst who- limits both the,

ST ssz)

Write the following scmencc in the - ri:éh f‘orm.-

i

- (383) o

' numbcr arid size.of his catch In othcr words, if the initial assumpnons are
. changed, the conclusions must also shange.

. In geomcrry we argue that because certam star.cmcnts are truc,
certain. valid and frue conclusions must follow. It is apparent that in

. -~ such & chain of reasoning, the very first statcn\cnts cannot be proved.
In geometry, these .

‘We must therefore make certain iniual assumpttons
‘assumptions are of four kinds:

. 1. Certain terms and ideas which are. accepled without dcﬁmuon
{point, line, ete.). . .

2. Defined terms. . . : .

3. Axioms—accepted” without proor - '

4.  Geometric postulatcs—-—a.ssumpnons madc as the- basm t‘or geo-
metric reasoning.

Once we havé decided upon a set of initiat assumptions we must be
¢areful to see that we correctly apply the laws of logic to these, a&sumpnons
When. we are rcasonmg about things with which we are fa , such as
circles, it is very easy to jump to conclusions Which arc bascd on gxkperience.
rather than on a chain of reasoning. Similarly, when we are/asked to
think about things which.are not familiar, we are apt.to gwe stock an%wers
in terms of things with which we are-famiiliar., -

"Some of the ideas above will be clarified -in the two sections: wh:ch

fi oliow

46 HAVE SPACE SUIT—WILL TRAVEL
The next frontier to be conquered by man is that of space. The

. éstablishment of a spacc station will be followed by trips to” the moon-
and pcrhaps to other planets. ' A recent riews item-tells of a compan)?

which is already selling deeds to land on Mars. What assumpuons are

g being made- by this company? What assumptiens arc being madc by
- those purchasing these deeds?

Most of the distances, speeds and times conncctcd with space. travcl

" which we now accept are the fesult of the deductive process. The distance’

to the sun, or to the Moon, has never been directly measured. For that
matter, neither has the circumference of the earth.” Yet'as early as 240 B.c.”

" ‘Eratosthemnes, the librarian at the Umver?ny of Alexandria; with the aid

as 25,000 miles.

of geometry, calculated the clrenmference of-the-cact
un is so far

One.of the assumptions made by Eratosthenes was that

* away that its rays may be considered.parallel-for any two pomts reasonably.
.close together on the earth’s surface. He alsg.assumed that the earth --
“was sufﬁcxcnt!y large that its curvature over a distance of appronmatcly

-9
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e 2, The passengcrs must be strapped to their seats. -0 .
3. The cook must never Jift the lid from a kettle of boiling soup. | -
5. 4! Alt diners must refriember to place their knives and forks back

-500 miles cou!d be nr:glectcd. On the basis of thcse assumptxons a.nd o

‘some deductions concerning triangles and circles whtch the Greeks had

" proved, he made his amazingly accurate calculation, :
) It is this kind of deductive reasoning ‘which- has “measured for us

all the astronomical distances We now take for granted. It is this kind
of reasoning which suggests some of the new assumptions which’ must be
thebasis of life' on a’space station.-
remains. permanently cu-clmg the earth and does not fall ahd disintegrate;

“its cemrtf‘uga] force must equal the graw{at:onal pull 'of the*earth.: This

means that, the . space stauon and alt 1ts passengers w:ll in effect be
weightless. 4

~Let us test your deductive thmkmg on the basis of one new posmlatc,

Suppése” you aré the first high school student.to visit & space statjon,

You/ are now in the kitchen-cafeteria of ‘the. station. . It is much. like a.-
- moflern lunch counter,: but one. thmg is dlﬁ'cran 'I’HERE 15 NO_‘
- GRAVITY, - . ., T

The purpose of this section is not to train a new gene:auon of inter .
o) anctgry travellers; bu1 to convifice you of thrge things: - '

{1} How easy it is, to- subsututc the’ famlhanty of/e’xpcnenoc
f‘or Ioglcai rcasomng

(2} The u-nporlance of dcduct‘vc reasonmg m scfenuﬁq and
rrathcmatzcal ficlds. {

(3)."The 1mportani:c of basic assumpuorm : T

-y - ST

1 Al[ furmlurc mu.st be fastened (o thc fgor.

- il
o

£

on their plates before the waifress removes the dishes,
5. No drinking from cups is-possible. : e
6. All dishes containing food must have lids that fa.stcn down,

/T You must not spit on thc ﬂoor -
100+

R - (334

‘To insure that! the space station-" - -

.- Can you adjustyour deductive thinking on the basis of‘ the one new
postulate * ‘There is no grav:ty on a space statton ? Try t.hc f‘ollowmg
- excreise, )

Exerass 21 o —

Of“ thc baSIS of ‘the postulate There'is rio gravity on a space station,

state which of the following conclusions are valid and which are mval:d '
" if the saf'cty and comfort of the.passengers is considered.” ~ *

.
E

e an

(335) - ' S

" 8, The guests must CBrust b s strappcd info their beds at night.
9. Cups must be heated before hot coffee s poured into them. .

. * 10. While.on the space st.auon, passcngers should be supphcd with
lead insoles for their shoes.: . . )

11, All liquids must bekept in closed containérs.
12. The officer in charge will take-care that all _passengers do not

- sthnd on the same side of the space station at-the same time.

| ptofit by the deductions made on the station, or does an cnurcly new set .
. of conditions (major premises) prevail? In.the exercise w

In lrymg to decide which of thc above conclusions follow from thc :
assumptxon of welghtlessn&cs you undoubtedly found your’sense’ of .
reasening competing with other things which you believed to be true. .
Most of the studenits who (ry to answer -these. questions feel that lead =
insoles would’ undoubtedly help *anchor’ the passengers.. Bumf the lead -
i is weightléss, what is the only poss:blc conclusion?, ;

" If now.you Jeave the space station aond continue to the m00n, can yon -

follows

you are asked to supply the’ concluswn 1 & number of if-then rclatlon-

ShIPS

Exercu‘e 22

: : l. i roekct ﬁussxlcs are strcamlmcd only because of' air rcs:sr.anoc,
" and there is-no air between thé space station and the moon, then.

2. If there is no oxygen on the moon, and humans naed axygen,

o any human who goes to the moon must then. ... : .

43, If winds are horizontal movements of alr and therc is 110 air on
the moon, then .

4. If our atrnospherc kocps us from getting unbca.rably hot in the -’

* daytime, and there is no almosphcrc on the moon, then . .

5. If dayhght is‘caused by the scattering of hght from dust pamcles'

-in the air, and there is no air on.the moon, then .

6. If weather chianges are-caused by. uncqual ht:atmg of the atmo-_:'._

sphere, and there is no g}mosphere on the moon, then. ..
« 7.-If a.boy’s weight. of ‘150 1b. on earth is’ due to the pull ‘of the

. carth s gravity on that mass, and if the grawty ©nthe moon s onc-sncth

the grav:tatlonal force on eafth, then.... ' i

8. If our atmosphcrc protects us from.the’ damagc causcd by cosmic
rays, and there is no atmosphere on the moon, then-. .

9, 1f the tractors ‘planned for exploring the moon use watcr-coolcd‘-
' engmes,. and there is no water: on the moon then_ ces '

St 101
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ik -'Definitions. o \ Do O - e
- . . - . P '_ . S ,..' ) oo ; ) , )
e S o : o
! R oo An ang is the. union of two rays with a common endpaint : e
! . , , o o N A
- called the vertex. L _ RO . : P C SRR
-' . o '. . LB ‘ .:. ‘- NN . ) . s
- ; ' ' Lﬁ\BC or. LCBA ’ . . Z
. . L 1 C . . . .'r ' e
Y y A . R o . -
; PO - Adj'acént-_alng“lés are ang]:-é-s that have a cémﬁon‘verte%- common ‘side
L ..~ but no interior points in common. - . SRR
‘ e /1. and/ 2 are ?'dj acent -a_nglesf
X g € B
/' t
. S ot A ‘B .. ¢C
, ' Be'twee'ness' of pointé - A T - R
, C -B lies between A and C if (i) A B. and C are distinct points on a line
- [ s . A/ B .
: o g_'and (11) AB + BC - ac. o g

I;‘q

\ » 'I';: ' A_ Iypes of A.ngles' ‘6:;'el'An-gle . o Iy ":
/ o . (i) If mL 118 1ess t:han 90° Ll is an acute angle t L -
) ‘(ﬂii')':Ifum_L-‘l' = 90°, [~_1‘ 1§ a right angle.. |
‘ (111) 1f niZ'l‘"‘ia.grezjxtér'tha%xf'%ﬂ- then /1 is an .<.>b,"tuse' aﬁgle'.h-.l‘
. "\ _ .. . _
i e ‘T.\-.'c’a Ang].es I - . .'\ .-
(1) If le +. mLZ = 90 Ll and yay: are complementary., Wé can
‘{ : alao say thacL l,j_s a complement of L2 or. /_2 is:a complement .
) o
» ole ' | ‘ ":" ) - ,.
: ‘ | SENN
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then ‘BX bisects/_ABC.

" [ 1'+/.2 are supplementary - Exterior vsi'iie'sg' fplrm'\oppositg'_ray. -.

)

-

: If[_l LZ\then BX_J_'AC.

//'

\4

: ;ﬁ;f'_]_?heg_rem If BX 1A e_C)then Ll and Ll2 are right /_ 8.

_I_f /1 and [_2 are right Ls then BX J__ AC. o

Parallel Lines

'.l

: Two lines’ in the same plane that have \no, points in common are
e .

called parallel lines .

o Co o : i' o '\; .

T e
o . -, S e B :

NN
-
'—I
P
N

A

\ |

Perpendicular Lines C - L R
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‘3 sidéé __= —-) equilateralJ
2 sides = —-) isosceles

no sides = —é sc.alene

Classify by' ang\ee-

_'.‘All angles less than 90 - acute angled
. One angle 90 Ed right zmgléB _ ‘
".:_One angle gi;eater than 90 +

.

tuse angled
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... -7+ INTRODUCTION TO DEDUCTIVE REASONING ~ . -\~ % 7
. Sentenees, Sentential Connectives e oW ‘ .
; \ @ . In fhe etudy of i,nductive reasoning, ve ledrhéd how to make a :
- a' - . ', v : probable inference or con;ecture from the examinatlon of particular '
. < -. ) - a‘ . N N
Lo ¥ .cases; We also learned that 1nductive reasoning does not provide preoof
e _—
- . that a conjecture is true.' Mathematical pruof demands a type of reason- .
o r ! L S "t
' ’ <. ing known a8 ,deductive reasoning -or logic@l deducrion To beg\:Ln with,A '
- I o we must become acquainted with tbe language oE logic ' \Ii C ”\
In: logic, each English sentence has a form which is given an S
1dentifying nane. _Fot example,lthe sentence: '
chn e _ ’_ ~ -~ , It is raining. = - \/ S e
. e °:. * .is-a basic type of seriiénce, In logic.such a sentence is called a :
’ . : - L S - : : !
& simple sefitence or an atomic sentence.
w o ‘ - ' 7. Definition: A @entence, dn logic, 18 a statement which
Co C « . 1s either true or false, but nat. both R
. If we combine two simple aentencee by meang of a connecting word
T the resulting sentence is no longer a simple sentence. LTt is called a
. . < - , .
; compound sentence or a molecular sentence. For example, the sentence . .
It is xaining and 1t 18 cold.
o is 2 compound éentence,. The word and combines the two simple sentences . ;
e E T < - 1. It.is ra.ining. oo e o e
I- oy E \ 2. ]'.t 1s cold. | . Ly SV
: oy Y SO 'It should be noted that the connecting word and 18 not part of
3 ' either gimple gentence. It metely connecta the two simple aentepces .to"
] N ‘o . ‘e . ! . ' A»- _‘» R 4’ I ‘I'.
T . - .produce a compound sentence. Thus,. the word and in:logic is called a .
1 - L. »
o L e »
1 '. : . .
t A‘ - &
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_ The basic sentential connectives. are and or if' 'then
‘o notu/The use, of each of these connectivea together with the ‘ -
K . ) ) . .. . -.(' - "'l.' oot = ) x e
snnple sentences.. . . T S \ T R

to prodtxce compound sentences is illustrated/in the following

BETE

..2

It is raining.

It 19”1:01-& .

.ﬂ/’ T

ip "'

- e

(i) Connective. '51_12'

-

A

!

ot
'

oo

.l ' S I is not raining

X It 16 raining and it is cold

= This sentence is called the conJunction of the two simple sentences.

(ii) Connective' 0_),‘-‘ "',.." o ".‘ . R _. '\‘\,‘ - f:.: N

' . X .o
e . s . s

X L A : "It .dis raining 0T~ it is cold. : o _' ) " C -

This sentence is called the dis_'junctl.on of the tWO simple sentences. PEEERE

.. .\{iii) Connective. - if then e '. .' L
S * .."- . * ' ' . ’ ' h " . ‘(-' oo
' AT P If it is raining, then it 1s cold. .

This sentence is called a. conditional sentence or an implication.,It K ' "1 RO I

it

[ . . // . - . .,' D).@ .‘

should be noted that the/connectives. - a_rxci,:g, _if__. then g SR

control or. modify tx}o sentbnces. '/" N e
(iv) Connective"'.n_bt I N _

.

This sentence is called the negation of the sentence, "It is raining

Itfshould be noted’ that the connective not controls ckr modifies only E ’ _ e

~

one ' s,entence’.

-3 . R R PR - . . . [N

- The basic forms of compound sentences.are::.. '~ *... . = . i

&) -};'c Y and. ),

R el L e

T O T A S
' (111) If (. ) then « Ve TR R IR
(iv) not( ) SR e
: '\ . i e . *:':' ° s new e i

. I'

e '
e Ty . { !
' . . B : ..




',' b

B Y L

. where the parenthesis may be filled by simple or/t:ompound $entences
4
{

“ '. L I' L In logic, c’apital 1etters, such ﬁs P, Q, R S, T, A, B are used

. AT [
e T to represent sentences.1

ing, and Q represents the sent.ence, It is cold the compoand senten'te, ¥ o

I

L - e (It is raining) and (it 15, cold). TR |

P ' ' | o
may be representqd symbolically aS' L -
l C

B (p) and (Q)

PREY

" . P and Q o e N

,',

»

or simgly,
| : In gen\eral, if A and Berepresent any two sentences‘. ;the basic

N Vo

L compound sentehces may be represented symbolically as: E

(i) A and B, R o S

. (iii) If A then B; (or) A implies B' (pr) A +‘B y .
. |- (iv) Not A'-(or)va SRR R oot
* ' Exercise ..
N : l '

. " - . . L.
Classify each of the following sentences as simple or: compound a

:r':-\ 1. Today ts: Monday o/ ‘fa?

B 2
2 Mathematics is the Queen of the Sciences. .
SRR 3 Camping is fun. , . L ‘ ,

4, Governments fold at- the polls. - ,

5; Time does not sta[nd still
6 John enjoys\music, and he has a"large record collecti&i
7. '4x' = 3y. . ."

‘The ’ talk on how to make an- interesting speech ‘was uninteresting.‘ '
9. _',The bétter team does not always win, .. .' o ST

10, x‘i" y and y#z. P - o

D VL N ML AN

& R . . L ' (N .

Thus, if P represents the sentence It is rain— U

// N

.
S

R T
e

T P
P’ :

..

e
‘
[ '
"
: N
¢ [ » -
° . ;_,'
.. ' A
.
B -l .
! .. .-
N




~t

~ -

ne

.

are given the following st:atemente.

}1., 1“!\ it is raininé‘,ltheﬁzit is cold.

9

It :Ls raining

-

v

then the inescapable consequent of these two statements 13 the conclusion. .

O

2 ‘e R

It :Ls cold.

N

. the conclusion is the logical‘ consequent - of tbe premises. .

'I'he rule of 1og:l.cal inferénce which permits us to make this conélu—- .

' sion from theSe statements is called the Lau of Detachment.

SRR

.The tiro given sthtements are the- premises of the argument, and,

.

ven any implication and pteclsely the "if clause

<

g

ﬁ

-

< ’

”»

‘Ihus by this

: det_ach the “then clauge™ and' state it as, a logical

'Aare gny.w o Lv .

. I18 . uTOda)L is Monday, and tomorrow is Tuesday. _' A o
19. “2x4 3 = 9 or Swhi] = 22, . ‘ _ S
20.'Ifa,beN t:hen G,N‘ ; ‘ b’ 9-9.'

o1, {0} is ot a null.set. ' S toe \
Deductivz)\!eaéonln‘g-“ i T e

' ‘u{ ; .\.'L:he process Q‘f ma]ung necessary conclusions from accepted state- \\
ments h» npplying accepted/ rules of lagical inferknce 1is ealled deductive
reais‘on - ‘ S ) - }_ A ,

£4

of this v ..

e ST R et

A A

> _fo . 'A.‘
- - N ) { i
! . , o - e . e
» - &:& b
\ ‘ 0 'l{ . . .’./ \I\'x . - : ) o 'JI\" ‘ :
- ‘ ! ' < ‘ ]
e B SR 100
1. If x - § m 0 then x = Y. - ,° o 1
C12, ¢ If two lines are parallel then they do mot have é“como‘n point. ‘
.t i r'd .
.13, 2 :Ls rat::l.onal and /_ 15 irrational A 3‘ 4
. 14. He is "intelligent, - o ' o .
15, Scientists are mot eccentric. B L v 3
.16. Nero fiddled P y '?J
17. IQ:h:ove to the cottage and hitch hiked back ' e '.‘- 20 .»,:.
: . ; .'_,- ‘15\\ : . . . \ . L o K }‘
RS (B).‘ ' ’ s
X
‘ In each of l:he following sentences make a list of connectives, if there

B N e e et S o s A sy




L 5' It is raining. . L A - .
I}flzi ':;,iagical oonsequent:; It “is cold :kdap of Detaohment)'l:. : .
, R q-$il,.'i I symbols the argument may be represented as follows 3
" - R .
-)' . ”Premieesrl lr ;? f Q , ) ) ?J
S , .- 2. » ' ( -
'Logicdl coheeﬁuent:‘ Q:(Law of 5etpchﬁepr)' . R
. _ ';:;" lt shodld be nored.that H@'Law of Detdchment é&éures thar if P
v' '-andﬁ? 4 Q are true (assumed’or previously prove statements), then Q is
a true statement. . _ o .
} ‘-The implicatio in the above is sodetime; referred ti/?
major premise of the argument‘ the second etatemenb iefrefetled to as
i tpe ;inor premise, together the two premises form-the h pothesie of the
:_arEUment. ' - ,i Y . : SRR
: L h E;emple: State. the- loéical consequeur; if there is one, for eaeh x: ' .
_ . ca . of the following gets of premisee' {3' . Lo
. ~§?' o p ,;fi) 1. If logic' 1s easy. Ghen he will magter 1t.l_l:, f .
o '_1;:' 3?; . . 2. Logic is. easy. o . o ' . 1_--
, . (il):l; 1f logic ls easy, thenihe‘ﬁlll'mester it, vljl .)//f--
;_ I :i.'de will_dh;ret'lfﬂlm: B RTI
. . - , , v
(141) 1.'If x - 3= 0 ot ' +2 =0, then x = 3 or x 27=2.

TGP e A

consequent.

In the above example, we say ‘we bave proved or deduced the state-'

R

hehr. It ie cold

;.

follows logically from the glyen sentences..-'» PO

”'? The complete argument may be arranged as follouS.

io 2 x- 3k 0.
(o34, Tf x == 2, thén ¥ = 4. . J
2.8 =4 2
.: : e oy e G T o
X ‘. T

0 or x + 2=

B

;lﬁ\\lf it is raining, then it 19 cold

1o

’

. f\iOll

.

. That is, we have proved that the derived aentencer\

’

Loy



Ko i

',L--Solutioni

: ~,premises by applying the Law- of Detachment twice.

'the law.

(1) Logical consequent. He'Will'masterﬁit.,t(Law of .-
it

(11) ‘No logical consequent, since we are mot given precisely :
: the "if clause" of the implication." s .

(iii) Logical consequent 3 or x.='— 2 (Law of Detach—
ment) oo _ _ B 1 : y S

the "if clause" of the implication. L

4

Deductive Proofs Involving Several Steps

' .-' Most deductive arguments\consist of more than one ap lication

\\
ThlS is illuatrated in the following example

!

:If it. is snowing, then it is- cold 3f- ve

of the Law of Detachment.

<

Premises: 1.”

2. It 15 snowing

3

V3. If e is cold then I will stay. at home.'

k]

”z' Conclusion"i I will stay at home

This conclu510n may be shown to be a logical.consequent of the

‘fl and ‘2 we obtain the conclusion, It is cold by a first application of

\ .
Then by combining this conclusion with statement 3, the Law

_of Detachment brings ug to the logical consequent I will stay at home

A formal deductive proofninvolVlng more than one application of
. b

Detachment) '. - e l'_*.’ff

Thus, from statements o

(iv) No’ logical consequent, since'we are. not\%iven precisel};\\\\\‘\'\;~

"»g.the Law of Detachment follows o  _- :‘\.
' Hypothesis:i 1. P;+ Q C ‘Jli . "
2. P T o '1' . .
: B s RPN K 4
3..Q*R L AR .
g Conclusicn:, R e e
. - .. . - - -,l '.'l .
J '_ - A ;
2 5 S .“;
; _'-f . Ir -
n . ’ ' 'xl:

e Tk i -




Jus

Rl

lead to the des:Lred conclueion.

a statement: derived directly by a rule of. inferente

' jéméle,i :

Gonclusion. j\'
) ! \. . . .
o o Proof :l_.‘\_\\\ v

~

'1fp}g, - A formal deductive proof is a auccéésiou of statements uhich

'-¢

- Hypothesis

‘Hypothesis

"Law of Detachment 1 2

Hypothesis

:-Law of Detachment 3 4

.

Each statement is either a premise or’

D

A

" Authorttdest

" The proof is

% P

on page oo

poe S

.‘ N

arranged i[L two colulms .gtatements in the first column and authorities

. Authdrities'l;.i' ) I-.-‘?\; Iy

< "
- R

Complete the following formal dedgctive proof, ;ompare f:.‘u
‘your proof wi:h the complete proo s

RN
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o Sequence. A. Information you can’ conclude from a figure without being
e LI T given anything else - ! el U

2 L2 : :-:"-"..l.'Vef.'ticé"]._:.”L'.S:'_: e

A 40 VerticalL 8 L

L,l._’énd'LI‘Z_H:e're_'_supn;" Ext sides forn; e

. ..'3.- LA -AB+BC'= AC ' Def betweeness" .

.':_ T . . . ,

Cit m£1+ mLZ mLABc Y S IR O

! L " 1"""

: Reflexive

' R'ef];e"x:'h'le :

L .
B . .

' B.. What conclusions ‘can be drawn from a: given .
Statement ' Reason B

: l. ‘G&.VEH . :
(i) BX bisectsLABC ‘ Given b

(11 L1 "’Lz

2

)
! . . . N L '
T s : T o
e N e : - o
Lo : . e . !
" <. . L Lt
- N - H
. . . . . -I N 1
. n .
Y } 2 \ L
r. co Y
. to .
i . . e
' . . . ' :
. i, U P N S O A SO S
o BN .

N : e " . C K A .~ . S . / - - . ’, _:- . .
‘ Def L bisect r .




R ".‘

: '.:'2 ' B

RER

Given" s W Statement "

- . 'f': i) L 1 and L 2

)
-
(=)

S Fﬁilr-?ﬁa'_
| (ii)Ll /_ 2 :,’
”_ ] (ii)L_3 - L_ 4

SN @ m|] BE

B R atsn oy ——

. o '. Rea‘SOr_L-' .

(i) AB bisects CD

' ;\—’. AT bisector

<i> AB.J_ cn ;15"

'arert -‘s

(1)L BAC. = L.nc'A_ .

T unLe = L.':‘CB.

106\

(i) Given' .

(ii) Def seq.' ‘

._’9 .

(i) Given R
”(ii) Def. 'Iil_fdpf.,: T

. I 3
[ S . .

(ii) liqes fr:‘om‘:"'"';'_' AR
rt."s"-""‘ /

"n . Lo . . . : 'Y

(111) All £t L_s :
are..= IR

(i) Given

(ii) Alt. Int Lth A '.-"' e
\ .(ii) Alt..Int;L-_th{,
(i) Given R

(11) Alt: Int [_th MR B8

, (i) Given - e

I(ii) ALt Int ,[_th AR

‘. EEEET

B RN R
-1 R
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- JCHAPTER IV,

' CONGRUENT TRIANGLES "’




e T e

T?D f Two triangles, LAABC and L&PQR are congruent if and only if

there exists ‘a one—to-one correspondance between their vertices .

50 if AABC ’“APQR
then ABC <—> PQR
um EE
L B"“/_Q, —BE

Z._C "'LR

‘ ‘Ex'i‘axjé'i'ééé:: List the 7 bits of :Lnformat:lon, e knoi if G:L{ren.l

'1) AABC MADEF.

~'_2) A PQR Axyz




. ' Proving'Triaugles Congruent: :°

o

-

"7 tHen A ABGTEARST! (855:5.) .

| .

\

:Tl‘ié_-_'.S'."A'.:S_'..'c‘Poiétpl'e‘ajt’e:'- SEES




" Using"§.5.5. & 5.4:8% A
GRS 110

&l
&l

Y

. Given:

'u‘L.
-_%I |

“en

‘Prove: A MY
.: 3 \ -

“'AOMN

| Given: ABF KRG o
Mmidpt. of 3C L
- e L. b
: .‘Prove.AABM”A ACM :" .

: '56. iaiéec'ﬁs -ﬁ o
ar ,xy bisxzcts PQ

P
Prove'A PXW A QYW B

- Given- BM = MC

.o

Co . Provei AABL T\ AL T
‘ :' Co ) \- T U B °
e Given R midpt. of QS L
B LT o B
‘ Ll ’; LZ T
y e . Prove.x A PQRNA PSR n
T s otven: 3/ BB
, ' - ' .,'Prove: AABC ’:A_ CﬁA T k K
K s \ T . I

. . . . S
O - . ot : M .
: . : N ¢ . . .
. B .t e N S .
e ¢ - . -t - H R
; - . - Tt RS - SUEPSORICIN 3
i, . — RN - !
L Len . , -
o . . .
o K :
M M -

il




. . BN
s ' o - . .
k o, 4 . -
B T \ - cart 1) - “ e . - - '
' s .
" ) .
- L ! 4 s .
= e . . N : (AL ! ' B
R Lot . LA Yot L. S ot e R o ‘ P .~
v H Y N
N - . i .
'

APRQ (AAS)

™~
| o T/ e Bl
§
{>
E

AC Y=g : .
B “ ' S ' 3 o ” . S : - '.! _ ".'.’, :,
| . L l-_-' ,‘ - . . '. ‘. i .v,. . "_. . '.:' '. . o "'\‘ . :f, P . : :" . - \( . B
; ' Exercises p. 1550 . .. =16 .Oral, i T Lt
K o Written ¢ ¢ NPT ; R Co
. B Given. .,sa bisects L qu :,. RS
/ LT 'J/—Q ‘ ’

L 'Prove. ARTS A RQS

.f"'..'.Given. [_B ""AD
| L 1 "’Ls o
N : V'Prove. A ABC ACDA \

-




" UsE two

el

.me'tlﬁp'ds_' o

prove thils
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(11) '.b

1

(iii)

’ glx_?.'-j
N u‘(_

then [5 DEF

7-_' .

‘ \

(ui) Tzf

\

then A DEF

bk

3 ADEF & AXYZ are

rt.A s.

If (1)A DEF an'zz are rt A

. YZ/ (L) B

If (i) i)EF, :'

(11) %:- ,.

= A‘XY..Z. S

. DE .L EF' XY J_ Yzf .'1 Given

'l'.-_'.j,'E& Y are rt._é..‘

xZ (H)

A xyz n 1. R, L

XYZ are rt A 's
T _

_L lines

form rt.L . -

. .' 3 def e )
' A. S. ’ ',‘-},:_"'__' ':' R

-
e
.
.
.,
: [N
[




- v bl . . . ° o

By MRS e . N T THIE S S N

R . . v Lo . R ., ., »Ib\ ‘ B - ' : |

g - o . R ' o ' o N - .
L  The B.A.R. and L.AR. Theorem - "  _ . S
o v e (1)A ABC &A RST
v ! - .- are rt A 's

(u)LAHhx

(11) B F R "H.ALR,

~
L}

) 1f (i)AABG &ARST _ ) RS
o ) are Tt. 's 7)) ‘
. - ") then AABC’JARST
; -G LCMLT= ; ,
p (iii) '”=|" —S_»- ' ) L.4-R
r ; T

’l“l S U . Bxercises p.159. #1-8 Oral. . »" Use only H-A'R & LiAR, . ‘
SR o - : A : 1o the following exercises. - T

‘ Writtem: | (2 , © glven: ZW L XY¥; LxX F LY

_Prove:'AXWZ ';:AYWZ S ,f

v

= s

G:Lven‘ ' JA J_ 2K; _E'._L XE .

s

oL

-

Given: AB_L BC; 'R_S__[_S_T.'
AC = R®T LaZlR

Prove: VAABC = /\ RST

o e e

M e e e D e me e e e e .;...Al--‘- AL e S e e s e b e i

_Prove: AJAK @JA C ‘,a .

)
) .
) then AA.BC""ARST~ _
)
)

C RS TP v

<
- ———

PREPRP

B
Do e e . : A -
T TS U A ST DR Ly

I




- L4 S ey Giyen._ RTAJ_ TQL QS.cL RS ~...." .

W QN

_'-'-Prove ARNT AQNS -:-'7

sy :'Given RT_L_ TQ, Qs__L'R_E-

o .
14 ' . . -~
! ot . '. P
{ N .
. .

e ’.;.'.Prd’ve ARNT AQNS R

"-“Suﬁﬁagz Proving Triangles Congruent - _': - f,;ﬂ'-'ﬁf_ ;

SR VS Methods'[ LR g

8.5.5 <AL Gtvens ABJ_CD :j S e D
VIR S T - AGSLALL ) R I AB,l_CD : 1 Given
.4 . D . R ‘A..A:S S B S R ,

< , ' . 2, Ll & [_2 2 __Llines form. R
T R e T rare rt [] n? rt. [_'s.‘ : .;". ?;}g". N

.Wﬂ;:-"f | .'T‘? l.: ;‘ _‘jf'f.fa,C, .. B . D “.3. 47%: f 4;_2 3. All rt. [L_s 2':“ :.b. '.,: E

. are~G?

B Methods Lo oo nw e REPTRT Y
""'5c1ven-' AB_L T
AB_L @ Given B R
'2'.'1_'1'4—'.1‘.2".; 2. L lnes form "
o are rt. . rt. ”LlSJ ' S
v .L! IR o

‘3, AABC iAABD 3. def rt, Af;g‘
" are. rc ZS'B- B e

“:,:Naté 1) When using Methods B our- perpendicular lines sequende changes, - [;:i",
: h i e., we must say.- right triangles RO . . NI

L : 2) If you are asked to prove that two triangles are congruent R RS
oo you can use anyaof the 8 methods" e e .‘,..357{ AR N

T . K s

RIS & E At s vl - S




I‘()- ASA.,:

(i:L) LAR Lo
‘ .I 'd “_.‘._'-’\".‘:‘

. .. .
) ‘_,\' i

(Rewrite Prove. A JKM

""’Am«

'One way to prove that two seéments or two angle.s are /‘=" \,i.slli."_:‘“f. R , '

1 Identj:fy 2 A '8 :Ln whicl"x the sides or’ Z‘S -afe corr. parts..l ‘ l C
2 Prave the two triangles are f=" c '. - e | ' . ’ : = .
3' State the two parts are /';Il “Sing.l as the reaso(u,:?":l' S »',;.

‘ﬂ A' 's are. "='> [ 562 c. T, c.»- -

g "‘?.O_Ir- parts’ of
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< P : v >
R . t b . Ry g . 1 . 5
‘ . _-.' . D . L e o ‘: :
Grade 10 Matrlc Geom. Qud.z #1 el « BRI b 1 SR

. -. State whether you would use the S 5. S., S A S., A S A., or A A S .:PéSFuia‘té‘:"ﬁo”':"'_.* Ak
R, prove each pair of triangles l:ongruent. R ) J»,v: R ST

. ; '-" - R
’ ! _ i.. ) N A ’4\
v G ' .‘.ly
y oy : 3
. ,.\' - i
N - N ‘.‘.1
» i.' :‘J
3 . . R 3
' 3
B R ]
i . - A
: . .\ .‘_ s R .’- .‘gl.
" B e . S N . T _‘_: o T T S "‘ #
. State Whether you would‘use the L L R., 3{ L, R., L A R., or H A. R., theorem T L
S prove each,@air of triangles congruent. (o Con | J O e

P . . I ‘ Py,

.
|
Y
*t
o d.
]
.
.
'I| Rl
-~
|
,
.
bR
.
-
o
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Prove A SN

. Prove: [_l':L oo
#Proof:., Gtatesents .. -] " . .- Reasons’

RSO SS Cra AR n i

DTN RPN S e Lo R RN NN P .
T e, .
P . 4\ Lo e
e N A I
. T .

B R L

P

L ~O R

eagons.

o

et

Pee et ey T s e
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- A \

X " ,

- »

..
\
.
.

» R

- ~ ',Pfove:"'A‘RkY_r:AjS’x'Yi y .
... A “Proof: ._‘Statemepts

Given: 'YX bisects/RYS -

NS Ot ey

R " Proofr. ' Statements -

W et T . L .. !

————pen
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,Given.[&ABC with AC

[N

.~1ft'oVe.. L A ’JL B

: _-'OfLC.‘. Lét X' be the.
.~ pt. where it inter-;
“ sects AB. B SO

3 Given

-'4~,.' 'Ref]..'ex'ive
s s A s.

6 C P C T C

%thf ) sides of a triangle are congruent then the angles opposite a
’ﬂfthose sides are congruent. S AL

,Exercises p. 181 #I4$ 6re1‘f |

A
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f 13 : . B ARt
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i A AN h . LT N S Lo S ez \ L.
. . R N

N

Ll :Lsasupp of L2 kR
L4 ;1.5 a supp. of L 3 -. |

| :\‘ {__1 -"JLA ‘supp. of

AT e L e suw-,.'l-ii'
-".,_,-- L3 & Ll+ are SuPP-

[_1

[N

B ‘~i'_/?!: 3‘;. Suppiiof T tew

\ & alz. sis}.'leﬂ L2 if A W\Auwz

:, Plan of Att:ack" ProveANXY ANWZ

Proof' 1..-§Y‘_"=”ﬁ © 7 1. Glven _' '/

‘ ,, 22, 'L5 L6 ' 2 Isos A th

f 3 L3 & LS ‘:- 3 ‘._Exterior -
\- (1N .. @ are supp B - ;o sldes form, o
g Yy _:.',' ' - OPP rays: .
T La&Le L -,..n

‘are’ supp.. ,

L4 '...:z.-.f_"Supp. of"’ o
- L v [ g are: =
Eo 5 XY"‘ ZW ... 5. Gdven :

wE

e ok P i T

o Ciyeﬁ:,

EE el

6,.ANXY"’ANWZ 6. S.AS. s by,
R 4 & 5ot

';».'-r-., ,'. 7_;”L,,‘,l ,;,’=7":L' 27 c. P c 1. é b by 6 L
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:‘, Now_the direct proof proceeds from the axioms *by repeated

N 1 . .
' application of the valid pattern of reasoning. This is what we: mean
':f.f ffvl, Iy when we say that the strategy is to show that a statement is deducible
e Nt .
from the axioms. However, the classical“two—column form for a proof o :
. !
;; does not make this very clear So let us recast ‘a simple direct proof '
S . e ‘ into a’ form which shows the use of Modus Eonensl:,'.
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S ol Q : SOREE
o ' Gi\(en' AABC with BB ETB e
S CX_LAB at X; AY1CTBaty -.° '
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.AY__LCB at Y e P is true.

Cw R S 3ZL.BXC and BYA are }-."_“ﬁ"_, ' ".'5'5”“9 is.trne ST

S\, o wight angles Co T s "\' L e /i
: SRR . S H#Wf 5'_,: S T AL
, . [ v . A '. B oo P A

" If'one- 'of “the’ angles of a triangle is a right JIf B;_then:Q, ':"'fl7fj“'f s
'angle then ‘the triangle is a right triangle. T P o
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in A'Bxc' LBxc is" a‘ right' angle, -

and in /\BYA, LBYA is a- right
"fangle : .

";.[s_BYA andABXC are right trianglesf' f?f--

’

P is true

Q is true
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ST B P IS SRR T T ;-'; el

el j%*“-/<’..3. If two right triangles have h d. .= h. a.,. -ii If p then Q IRV
’ o e then those two triangles are. congruent.-"’j.--; T T

AR S ":_' ,." .Tn, right(:réBXC ‘and B BYA it is given{--. L A B AP
WL T TR thatt CSRBC T UGB oy v T T e e

Co e e and M By m(éB) N e o - T O

e A PRI ABXC "L\BYA e s A Qe Tk

.o \ J ) -

g e . ‘V""-._'L:‘ Lo 'I /‘ Lt ""?. oo ‘ ' '-‘ _ .'l,- '
B If: two triangles are: congruent, then 'rﬁ,::,ﬁ."hlf‘?;fﬁﬁgnidh':; g
T " ‘all ‘the: corresponding parts have the- > fu,ﬁ .-”\";, {j. - S :

. o PR same measure. .ol ~"”;,:,.:"ff:'“ TR n"-?»iiﬁﬁli MR o
S ABxc -ABYA o T
o NP i BX T BY L IR o

f; .{er.fl},lu:'ul- G The above form not only verifies that our reasoning was valid
. 'ﬁnTbut aISOeshows that the deduction proceeded from the axioms. ,F r:-“"
Lo . ;‘implication statements l 2 and 4 are definitions of the system,l'
' ks - staﬁement '3 is a previously proved theorem. Thus definitions l 2 and " -.f'y,'ﬁggI;

D PR R A . " . I F R
g “.,' . . o, . \-1 - B L -x,_". L “.
I RN 'H""-“;“‘-=_-4; together with the axioms previously uSed to prove 3 are the 5ubset S

; . o Of axioms of'the system from which we have exhibited 4 deduction of our Jﬁji?iﬂ
; \ B V‘ "theorem. This is the strategy of the direct proof f:f "x7}5l‘“hfhif:f7'
















