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It 1s conmonly stated that the equ111br1um ocean t1de,

measured w1th respect to the solid surface of the Earth has amp11tude
. ,/1
£, '("'k; hy) U.\/g K3

‘where U2 is the t1de potent1a1 of degree -2, g is. the ac-e1erat1on of

l

“~grav1ty at the 5urface and k2’ h2’ “the second degnee Love numbers, are
* scalar quant1t1es wh1ch character1ze the elastic response of the so]1d
" Earth. In fact th1s equation applies’ str1ct1y to the “t1des“ in: the

. equ1potent1a1 surfaces of oceanless, spher1ca11y symmetr1c p1anets It

-

is found that the mass of the oceans is suff1c1ent to d1sturb the potent1a1

A

"~ -field to whrch they are respond1ng thus creat1ng a feedback mechan1sm
;-wh1ch 1ncreases the pred1cted t1de he1ght by about 63%. The. 1oad1ng -and
fsubsequent deformat1on of the so11d Earth by the- ocean t1de creates
.another feedhack 1oop which decreases the' tide. by about 40%. The combined

effect of 10ad1ng and se1f—attract1on is a 23% increase in the pred1cted

'.-t1de height In add1t10n the 1rregu1ar d1str1but10n of the oceans

__——r‘

A

introduces comp11cat1ons 1n the response of the 0ceans to a pnpscr1bed
potent1a1 and a s1ng1e scaTar equat1on no- ]onger suff1ces A set of

rmatr1ces is developed to rep]ace the scalar.Love parameters and these are

' USed to construct maps of severa1 tides wh1ch are thought to be equ111br1um.

) ,‘Matr1ces wh1ch give the perturbed potent1a1 and the grav1ty t1de on a, non—"

sphericallysypmetric Earth are also g1ven, and the correct express1on fpr
” N : T : ' S ‘ ‘

17 e
4 . .
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- thé load gﬁavimetric factdn

is der1ved

Previous estimates of the 1n§ uence of equ111br1um ocean

twdes on certain aspects of the rotat1onf0f the Earth are _re-viorked
'“» us1ng the results of the mat

abouf Which't2 Y

rx; method:
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~ be changed by

" CHAPTER 1
 EQUILIBRIUM TIDES; FIRST ORDER THEORY - . °
" i) Earth Deformation, Love Numbers =~ . | - R

09) introduced'é methqd_of'characterizing_the >

" “response of an elastic, sphérically symmetric,.gravitating sphere,

—

initially hydrostatically stressed, to-a prescribéd body force potential.

’ Thk fundamental assumpt1ons in the theory are-that the density and
N elast1c parameters vary on1y w1th geocentr1c rad1us and that a11 d1sp1ace-
'ments be small. 0n1y in such a case can the deformation of the body have

‘the Same spherical harmonic form. as the prescribed potential..

-
-

=3

Love numbers may be defined by the fo11ow1ng two equat1ons If U

th

the n degree so11d hannom1c in the expans1on of the prescr1bed boay

force potentia] U. the radial def1ect1on of the surface of the body is

En"h U,,/g . __‘(1.1).'

where g s the acce1erat1on of gravity at the surface”and £ is of course '

. a surface harmon1c of degree -n. Th1s defines the- Love number h As a'

/.

'_result of the deformat1on the notent1a1 of the body at the syrface w111

@

o k,, U, o n2.
which defines the Love number kn' Since all displacements-must befsmall"‘l
* ‘/ ' ’ ) .q - * . N . .

,“;‘

;13 As given by Love ‘the two parameters in the theory, called L



© same amount)

— ¢ »

<

the-' LOVe number method is'a' ‘fi"rst order theory and in conmon with all

i

‘ » oother f1rst order theomes obeys the pr1nc1p'|e of ‘Imear superpos1t1on. 7

This is s1mply because any deformation which sat1sf1es the cr1ter1on of

~ bei g smaH does not a]ter the d1str1bot1on of density and e1ast1c ‘

parameters sufﬁcent’ly to yield _a,model w1th apprec1ab'ly‘d1ffer.ent Love -

numbers, Love numbers of degree zero and 1 do not exist because the

a associated bod_y forces leave' the Earth undeformed (a body force derived

from a degree-zero potent1a1 vanishes 1dent1ca'|'|y, that derived from a -

' fdegree -1 potent1a1 simp]y acce1erates every po1nt in the ‘Earth by the

o
-

' Most of the -easily observable periodic Earth deformations

'are of degree- 2 1n a solid harmonic expans1on and consequent'ly pr1or to L
about 1960 most of the 1nterest was in eva'luatmg hz and k2 and Love '
numbers of other degree were - se1dom mentioned’ in the 11terature Since’
1962 however, Love numbers up to degree 25 have been ava11ab1e from -
.ca1cu1at1ons made on Earth models (Longman, 1963 a, b, 1966; Kau1a,

1963 Takeuch‘i et et al, I1962) and the probTem has since been tQ use these

numbers to 1m}eshgate more fuﬂy the phenomena which cause the deforma-

- tions or to Vdeduce how the Earth. departs from the basic assumptlon, that

of spher1ca1 symmetry. . L S A N '

8

- The relsponse of the Earth to prescr1bed 1oads, such as -

' snow, may a]so be descr1bed in 2 Love number format The defm ng equat1ons
' for 1oad Love numbers are similar to those for non-]oad numbers ‘Denoting

. Toad Love numbers here and elsewhere with a superscr1pt prlme’,‘ the radial

deflection of the so'l1'dt surface in response to‘ a load potential U' is

s L EarmUg o e



. degree 0 and 1 are p0551b1e ‘a degresﬁ

. -3 - ) N . , LT
- A S o
ﬂ | L4 : - .
o \ ;
and the change-in potential at the surface is
. . '. . U l' : " “ : A. '. ‘ -ﬂ ’ I \.' - M N .
: B Fcn n o . _(1.4)

l,j-i.

‘ In d1rect ana]ogy mth 1sostasy, where y1e1?,i1r}g reduces the free air

anomahes the potent1a'l of a Toad is reduc&dv&ay yielding. The load Love

(]

¥

numbers are, therefore, negatwe (Tab'le 1 1) Load Love numbers of

ef&ro load potent1a1 corresponds to

13

,addmg mass at the Earth's sur‘Face, and a degree~1 1oad 1s possw]e
. & :
because a shift in surface maﬁs d1str1but10n does not 1mp1y a shift in. %

the centre of mass of the who'ie system but on'ly of the centre of ‘mass: -of

M

the sohd Earth.

LN

<ii) The Tide Reducing Factor.” ' .. " .

-
°

“Thé tide ra{sind potential, of ‘the Moon, for example, is

' « 2 & ! . -
] [ _ ) N c e - :
U=2Un = . CLM(I) Biéos«) " (15 . -
L (Piatzr_nan 1972) where - ‘ L

.G = constant of gravitation
M
R

r= radws of the observat'lon point

mass of the,Moo‘n ;

radi_us to the Moon ‘ '
f_rom'the Earth's centre of mass
o

j po1nt and the Moon

Pn(cosa) = Legendre po'lynom1a1 of degree-n

~

= angle subtended at the centre of the Earth by radii to the observatmn

. B
i v u":mﬁql".f;



. equ1potent1a1 th1s is norman

» .

. “‘Ih response to this potent1al the equipotent1a1 surfaces of a r1g1d

“

S

Earth would exh1b1t a "tide' of height

-—4/

. S 1Un/g T (e

aSince the ocean wﬂ] ettempt /to adjust itself 50, that its surface is an .
y taken.to be the héight of the ocean tide -

' that would be observed on th surface of a r1gid Earth - Th1s is true

-'.on]y to the extent that the dynamics of the ocean may_ be neg'lected.

' There are ‘in addi tion some othar comphcatmns which will be d1scussed

in 1. w If the solid part of t e bod_y s deformab]e the potent1a1 at

,the surface wﬂ] be : N
il ‘ J

Rk Uyt A

Yo

b

instead of simply _' : S -

S XUy - o (1.8)

n

and thiS»'i:s the potent'ia'l to'wh'ich the oceans will be respond{ng. ~The .
' equ1potent1a1 surfaces of the solid body will accord‘mg]y be deflected

4 , L i ;
| rad1a11y by,.‘.q-g . . - & Lo ’

e ’ Z(I+kn Un/g P (1.9

¢

wi th respect to the Earth's centre Neg]ectmg other i'nfluencesthi's is - "‘
alsa the he1ght above the centre of the Earth to which the ocean surface
will be ra1sed Tide gauges are, however, fi xed to the- so'l(\Earth

!

surface,_ anq since this has also been Ueflected it must be accounted for.



o ‘ o

.;l\

. (

‘ The sohd Earth surface w-ﬂ] be rai sed by

—Zh /(7 T B ) (1_:._',1.6)"‘

’

. and” subtrac’tmq th'lS from 1.9 gives the t1de Hemht as measured by a t1de

gauge, name1y .
U Tl Unlg )

The factor

co el - hy, o (1a2)

- w

" is called the tide reducing factor and it is the ratic of the tide height

on an 'Earth. with Love numbers ‘h L to the tide height on a rigid Earth.

- (M??hior; 1966). Due to the d1stance of the Sun and Moon from the Earth

they raise pr1mar11y degree 2 t'ldes A'Ithouqh degree—3 t1des have been

observed they are much sma'l'ler than the tides of. degree 2 (Me'lch1or and’

‘ Vened1 kov, 1068)

ln t1da'| measurements 1n lakes 1t*1s rea'l'ly the s'lope '

aeanen et

3 of the equ1potent1a1 surfaces which is measured (Moulton, 1919 Proudman,
ﬁ925) and\this 1s determ1ned by the .slope of the Tocal Vert'ical wh1ch is
*)

descr1bed by the same factqr The deﬂectmn of the local verti cal is )

gwen b_y 1 ' . B ' M .

f

'-é—§('*f<n h )_2. U, ‘-:f}- : | - sy
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-7 Darwin  0.675 £ 0. 08  0.680 0387

i1) The Gravimetric Factor

where a 1s the rad1us of the Earth, and e 1s an ang]e measured a'long

the surface of .the Earth in any g1ven d1rect1on’

o : Darw1n (1883) and Schweydar (1908) were the first to a\”

measure the t1de ‘reducing factor Both used the _mgnthly and fortnightly

t1des which’ they assumed. to be equﬂ‘ibm"um tides (Proudman v(1960) -
subsequenﬂy found this to be an unJust1f1ab1e assumptwn) and obtamed \

the fo'l]owmg resu'lts for Xh :

. . , Lt . Lo
. : \ o : :
. ' . . » v .
. ' - .
. , . -yt
o » N . . .
B

. fartnightly o monthly ' »

o

+

" Schweydar  0.625 % 0. 043 0.605 + 0.012 ° S

Table ‘1.1 The tide redu&n‘ng faetorsb&f (Parwin, 'Schneyd'ar)._ a

The value computed from Earth models is 0.690 using Lorigman's ()963) results.

This small discrepancy is surprising in view of the number of errors and

&

omissions in 1.11. "The errors are discussed.more fully in l.iv.
’ ’ i

’ -

L@
The second faqtor wh1ch has been extenswely me.asured is.

the grav1metr1c factor® convent1onal1y donated by 6 . Hhen the Earth

exper1ences the. t1da'| potent1a'l of the Moon, for example, there is a per1od1c

ﬂuctuatmn 1n the acce]erat'lon of gravity observed on the surface due to

-. 1) The .direct tidal acceleration by the Mqon which wou'l'd

A}

-



R
Sh

" a . o
be observed on‘a rigid Earth If U is the nEh-degree component of the

t1de ra1s1ng potent1a1 (equat1on '1.5) the direct contr1but1on to the

acce]erat1on of. grgy1ty w1th 9 measured pos1t1ve1y upwards is '
Ag= gt

=n U
.%%."

" 2) The gravitational acce]ération of the deformed part

“of the Earth, .The deformation potential of the Earth has the value v

' S0 the acce1erat1on of grav1ty due to the deformat1on is f’n

kpUgad - = 1)
at the surface and fa]]s'off'as ‘
BN ‘ C o A -

S Ag A (U (g)"”)[ o
L N o (1:17)
L : ‘2 “ann(n:_L) o7 . |

3) The var:at10n of g produced by mov1ng the grav1meter .

“in the undefqrmed grav1ty field of the Earth,V. If z is the height the .

surface 1s ra1sed th1s contr1but1on to the® grav1ty tlde is’

.

f'fﬁ;.'hf Ag eﬂ( )En LA

. v R - - | Lo .
o S %%43 _E;?‘ Co T
, . '_ﬂQK’i L)n ,
f d '
’ . ° I .
N : . - N

PUREE S (1.14)

. R

PR Y



DEGREE
N

CENOCU LN S

10
11
12 -
13

C 14
15
16 -
17
18
19
21
21
eé
23
24
25

TABLE 1,1

!

LOVE NO,

. NON=LDAD -

" B,129

D.107
P.095

- 0,087

7,081
¢.076
8,069
2,066
2,064
2,062
2,060
2,058
2,256
@,0855
¢,0853
2,052
¢,a51
¢,059 .
¢.0u8
0,047

Coes A
T“V - s
e
e 3
a |
b
LOVE NO, TIDAL HEIGHT
: "FACTOR
NOW=L0AD NON=LOAD
K : 1+K-H
1% L 1,000
‘B,0 ' - 1,000
Pe302 fa:eqa
W93 . P.883
ﬂ.ﬂaz b g.867 -
R.025 . Dga896
¥,017 v.910 '
D,013 P,918" & -
D010 2,923
P.008 - 8,927
2,807 2,931 -
8,886 2,934 °
0,085 0,936
- B,005 @,939 -
P.004 R.9406
B804 - @e942
9.093 o 8,943 -
B'BBS : ’ E,QQS
B,003 2,947
D.003 . 8,948
P.802 2,949
8,002 2,952
d,0082 >, 951
< 0,002 .952
B,002 954
B,0u2 2,95S

“GRAVIMETRIC
FACTOR

* NON=LOAD _

1+2H/Ne(N+L)K/N

9,0
1,000
1.159
- - 1,869

14035

. 1,822
14816

’ 1-012
1,01}
14009
1,008 ..‘
1,007
105@6 T,
1,085 -
1,205
1,004

_1%@”“
‘1,004
1,803
1.”“3
1,803

1,0 &

1.083

bo1.082

LOAD AND NON&LOAD LOVE NUMBERS TO DEGREE -
N=25 AND¥SOME LOVE NUMBER PARAMETERS, .
THE NUMERICAL YALUES OF THE LOVE NUMBEHS
- ARE FROM LONGHAN (1963),

1,802 g
1002 §
o 2,194

-

LOVE NO,

>

LOAR
" H

.-B 13“

-2,29€

1,007 .

'-1.259

e

=] ,B85
Pf.ﬁ9
=1.152
=1.223
w],296 .
=1,369

~1,439

1,506
=1,572
~1,631
=1, 691 ‘
=1,747

’ -10798

.10852l

- wi,902

»{,949
«1,994
2,837
2,078
2,117

~-20156

-

QLOVE.NO.

‘LOAD
K
B o
2,8

-2, 313f’

..@ 1970

-B¢133
50.1”“

“ad 890

-9.082

..-a;é7b.

-gpﬂ72
=@ ,P69
=0,066
=Diaod4
olbes
‘ﬂ.GbG
-QQGSB
.89056
-0.055

.-0.054

-0.@52
-Q.GSI
-ﬂ.DSG
.9.0“9
-Bpgaq
-0.097

-=0,046

‘\

TIDAL HETGHT 2
RACTOR o

«?

LDAD
1#K=H_

1134
1,298 .
1,697 :

) 1'862‘ .

1,926

1,989
2,062
2.14y @
2,220
2,297.

" 2,318

2.440
2.548
2,631
2,689
2,782
2,797
2,848
2,897
2,943
2,987
3,029
3,869
3,109
3,148
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5

potent1315 is derived in chapter 5 -

©iv) The Indirect Effect

M

. By summ1ng together the three contr1but1ons the tota] grav1ty tide 1s ,

"Aca (nJ'Ah"--(m')k"“cju | ._ o
: | (1.19)
=(|+a1a,,—<m_:)kn)n_t_)n
n- n . a

" The factor

",’,Sn?(l"f* Th ~(n__l)k ) ' (1.20)

1s ca]led the gravimetric factor and 1t 1s the ratio of the grav1ty t1de

-

on an Earth with Love numbers’ h k to the grav1ty t1de on a~r1g1d Earth.

In much the same’ way a grav1metr1c factor for load

vt

.
o . . ‘. {

When measurements’ of the tide reducig factor were first
made it was found that.there was a wide scatter in the nUmerical valiles
obta1ned - Valhes of 6 ranged from 1 056 .to 1. 285 .and values of Yy fr;m
0.330 to 1. 129 +(Melchior, "1966). .Hecker (1907) recogn1zed the source.’
of the poor results and'attr1buted it,to the 1nd1rect effect of the ocean.

Equat1on 1.11 app11es stirictly to the 'tide' in the equ1potent1a1 surfaces

."'pf spher1ca11y symmetr1c oceanless planets The 1nd1rect effect has the

o

fo]loW1ng influence. on the tide height:

5

’

1) The.ocean itself having apprec1ab)e mass alters the

' potent1a1 field to wh1ch it is responding.

i . 2) The. 1oad1ng of the crust by the ocean tide creates an

", .

A

. . . y B
“ . - “ “
- , . . s . . .
B N v .

S
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additional botential which tends to reduce the feedback from (1).

The simple explanation for (i) and (2) is that when a

‘t1de 1s produced by the prescr1bed potent1a1 the- grav1tat10na1 force of

the,water mass attracts more water to it and the result is a tide of

increased amplitude. When the ocean bottom ‘deforms under the 1oad of the
tide the gravitational pull of the tide is reduced in the same way that
1sostat1c y1e1d1ng reduces free air grav1ty anoma11es.

4

Betause the Earth is.loaded by non- g]oba] oceans it does

. not satisfy the Love number requirement of spher1ca1 symmetry In fact
‘due_to the large amplitude of the ocean tide, the ocean cannot even be

* treated as a perturbation on an otherwise spherica11y symmetric Earth,

The ocean must be accommodated separate1y ‘ The non-globality of the,’

oceans means that when forced by a degree-2 potent1a1 the ocean may

‘respond w1th tide coeff1c1ents of any degree and order depending on the

| exact shape of the ocean. Any physical tide will have at least the

modulation of the ocean function (Chapter 2) and as a result the coeff1c1ents

of the ‘tide will not reduce to zero with increasing degree any faster than

- the coefficients in the ocean funetion (Table B. 1). To adequate1y descr1be o

‘a tide therefore it.should be expanded to. degree and order 8, ‘which¥s the
extent to wh1ch the ocean function coeff1c1ents are ava1lab1e (Munk and
MacDonald, 1960; Balmino gt_gl_1973).

Kelvin (1863) first pointed out the necessity of allowing-

for. load yielding and self-attraction. Street (1925) introduced a correction’
" for loading and Rosenhead (1929) solved the problem of self-attraction.

b Proudman (1925) suggected measdring the tide in lakes which were large

14

-

&



o 1 -

'Teﬁoygh to exhibit a tidgﬁbut sma11_enough so that the tide height would "
be sma11 and hence loading and self-attraction could be neg]ected.' For
the saée regéons the tide in buried pipes filled with water-was measured
(Micheigon, 1914; M;cheison and éa]e,l19]9). ,A1though these methods
avoided the error of using no;-eduilibrium tides (&aré beihg taken to
assure that the resonance periods of the water bodiég—Were'fpr removed
from {ﬁe dfurnal pe#ﬁod) and g]iminated 1oadihg and se]f;attraction
‘problems, complete allowance for the‘indirect effect was still not" ’_
échievéd. This was because, although unknown and unsuspected by these .
authors, tides in the apen'ocean can affect the deflection of the veftical
‘anq’especia11y the éravity tide qt mid-continent stations (Pertsev, 1966).
- This effect df fhé distant'oceéné on the déflection of the vertical is

impossible to correct for because without a-khow]edge of the tide in the

open sea the correction is impossible to estimate. As yet the tide in the

b

global ocean at the important diurnal and'semi-diurna1‘frequencieé is .
imperfectly known although Farrell (1972).has appreciably reduced the
‘gravity tide residual ét mid-continent stations (Kuo g;_élg 197Q)‘by‘

using thé co-tidal chart of Hendershott (1972). Although*Pertsev handﬁés
the problem correctly there still exists some confus?dn in the west

about how the problem-should be handled in a Love number format particu1§r1y
és regards the ]oad'gravimetric factor derre]],-1970, p 25; Slichter, .
1972, p 316). The correct expression is derived in 5.1,

'Rosenheaq (1929) attempted to apply a correction to the

" reducing factor which would allow for. ocean self-attractibn. .A1though~

- 5,

© substantially correct his method somehow escaped fﬁ?ther‘mentjon in the -,

L3

Titeratura. e
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A more'systematic apprbach was, needed to'account for:the
in the t1de he1ght problem ~Munk and MacDona1d (1960)
outlined a method f pred1ct1ng t1de he1ghts a1low1ng for feedback and:
cont1nenta11ty Their resu]t a]though substant1a1!y correct was derlved
1n an uﬂnecessar11y circuitous manner which tended to obscure the phys1cs
involved, and as or1g1na11y g1ven conta1ns two typograph1ca1 errors. .

W

" Their equatmn 5.12.8 should read

E G{i('] U +3.U, *(_g’ Zf‘) + consz. .‘ »(1.?.;1).f
arwé A | |

~where £ is the t1de height, J and j are the t1de reduc1ng factors for

'- non-load and load potentials respectW’e]y, U and u! r@re the prescr1bed
.i‘non 1oad and load potentials respect1ve1y, /’ is the dens1ty of sea water,
fthe mean - dens1ty of the Earth @ 1s the ocean- funct1on and the constant
_is requlred to sat1sfy the requ1rement of conservatlon of ocean mass.

" A more stra1ghtforward derivatmn is' presented in, Chapter -

. e
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C T CHPTERZ.
N EQUILIBRIUM TIDES; SECOND QRDER THEORY

“— N X . 4

i) Introduction. .

[+]

Chapter 1 descmBed some of the 1nadequac1es of
theoret1ca1 stud1es of ocean/Earth tide 1nteract1ons. In th1s chapter
o .the problem of the 1nd1rect effect of the oceans on the tide he1ght and
- the consequences of the non-g]obahty of the ocean for' the LOVe number |
-.concept will be explored in detaﬂ A1so the equatmns for the co~ | e
effi c1ents in the surface harmomr'EXpanswn of ocean tides w11T be ‘_ "y -—_—)
solved 56 that these coeff1c1ents may be readﬂy computed for any-tidal o
\potent1a1 1n terms of the coeff1c1ents of the prescmbed potent1a1
Wln order to see how each effect separate]y alters the S 1‘.\

.s1mp11st1c 1.11 I shall consider- each effect in turn by exam1n1ng vamous

idealized models. l , I c o N R i

i) The Effect of Ocean Self-Attraction - .
' S . : o . K . b

To model this:effect'consider a *Jvigi'd Earth with global :

- oceans and suppose the he1 ght of the tide due'to the prescmbed patential U -
is £, with coeff1c1ents U and E in a surface harmonic eXpanswn. By ..
treat1ng the t1de as a 1ayer of th1ckr}ess £ and density /ﬁ equal to the _

densit&' of sea water the potentigl of the tide may easily be found to be -
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-and cohsequent'l_y

4 . ’ - D .A-l ) . ’ .
' ‘ E’n =37 L_)_g , . (2.8)
@ananp 4 4

n- -

)

The last step can'only be performed because the ocean is global:and as a .

resu'lt U and £ have the same surface harmomc form .

A'Ithough the 'solid part of this Earth model is r1gid and

- therefore has the Love. number h 0 the responsa of 1ts f1u1d surface

to a prescr1bed potent1a'l can be’ descr1bed by the 'Love number" :

T

P

&
rﬂ -

;%E.@fi 23 En . - (2‘1)'
an+ - oo ¢ .
| camh (Aml)f e
(Munk and Machna1d 1960, p29) where /3 1‘s the density of sea water l '}
and /0 the mean den51ty of the Earth The derivation of .(2.1) is given
in Append1x D. - The total potent1a] at a 'po‘1‘nt on the f1u1‘d surface
‘becomes . . '
v X Uy +3gh s,,) IIWE +V,
- (@naf ar o -
" where V is the undisturbed potent’ia'l of the Earth “Since V is to be
eonstant on the fluid surfaceé the part of 2 2 wh1ch depends on 1at1tude
' and 'longitude must be,tonstant, wh1ch yields / .
o | 3E ‘ é.n:(un . 336) . En)+ const, (2.3)
v ' (An'*")f . - .' .' . )
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co -é,,'ﬁh-u

where-

“ .{hF:.-. N [ LT o
. h ’ =37 Y R o (é.s)
@n+nf . S

S1nce the equ111br1um t1de in a global ocean.on a rigid Earth’is g1ven

-s1mb1y,by lﬁyéé when se]f—attract1on is neg1ected, fn represents an

amp]ification factor. ~The theoretical. tide heights are }ncreased about

10% by self-attraction in the case of a degree- 2 potent1a1

Now the perturbed potential of th1s mode] is
Zw,,- Z 34k g,
(amﬂ)f

'Z 394 En | o (2.
N ETT) A .

[

B AT
e =3k - @D
(amof S

and 9 is the ‘Love number' k for this mode]

As 1ong as the g]obaT ocean on this model is deeper than
" any poss1b1e t1de the model is equivalent to a’ homogeneous, 1ncompress1b1e
fluid Earth As d check-on the va11d1ty of_2.5 andtZ.Z compare these
so]ut1ons with those found by Ke1v1n (1863) and given by Takeuchi (1950,
‘p 668) for a homogeneous 1ncompressib1e Earth of r1g1d1ty M .. For degree-2 :

\.
equations 25,27 become T , .

=5/% 9yt 3/a o (@)
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l ;
i ! h
[ “1 - ) N \\' By )
. - o . L
with £=F . Takeuchi obtains o o,
T o | ©(2.9) .
R m= (l 19 pu ) S
: afga
. and for a fluid yodel k=0, M= and
ho= 570 K=3AL . e
SELF ATTRACTION .SELF ATTRACTION
VEGREE EFFECTIVE .  EFFECTIVE ,
"~ N : H K S
) i 2.200 1,208 ° - S
1 1,222 . @.222 , e .
2 - 1e122 T @.hee T
5 1,085 - . 2,085 o
Y 1,065 . - 0y065
5 1.052 S g,052
b 1,044 ' B,044
7. 1.038 . 8,038
8 1,833 0,033
9 1,630 P03 -
16 1,027 © g.v2T e
11 1,024 - 9,024 g R
o 12 1,822 : 0,622 SRR L
15 1.021 - | p.021 - - o
14 1,019 2,019
15 1,018 . 8,018
16 1,017 . 04017
a7 1,816 ' 8.016 L .
18 10“15 0.‘615 o . '
19 1,014 8,014 v
20 1,013 ° 0,013 '
21 lqels . T '0.,013 .o . . v
22 1,012 - 0,012 ' .
23 1,812 8,012 P
28 - 1,810 D011 . to
! - 25 igail 3 ) 0.“11 . . N o LS
e TABLE 2, THE EFFECTIVE LOVE NUMBERS OF A RIGID
‘ EARTH MODEL WITH GLOBAL OCEANS -TAKING . v

N

" INTO ACCOUNT OCEAN SELF ATTRACTION



&)

éhuations. The values pf fn and 9, are gfvgn'in Table 2.1.

. the deflection of the solid surface with respect to the Earth's centre

T will be obtained. The meagured tide will be obtained by subtracting one

-17 -

4 : P 4.
.. . H

-~

2

~ v A B ' LY
-, . -

’Equations.é.S and 2.7 are consistent.with Taﬁegchi's more general

*

i11) The Effect of Load Yielding
A .

°

. The model used-in‘this section will be a global ocean
on an otherwise realistic' Earth. The problem will be handled in two

steps. 'Ffrstﬂthe‘ocean éurface wi]i be cdnsidered to be acted on by all = - |
;he hotentials it would experience gécause'of the féedback and thé;deflectién
with rgépeéf to the Earfh's centre wi11 bé qbtained. Second thg ocean

bottom‘h111 be".deformed by all the potentials: including the ocean tide and

£

from the other. !

The potentials which act on the ocean surface are:

(o 1) the potential of the undeformed Earth:

- . M(m&') = Va(dQ + i\./x‘ﬁg VO'S'E»' (é.lo)
: et

whére‘g'/is the amount the sea surface is rajsed above the centre of the

" Earth. g
. : ' : oo .
. , 2) the prescribed potentials which do not/do load the
Earth: - " “
_ | ' o
? Un . ) . z;* Un . 3 .‘(2.11).
) -
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3) the deformat1on potent1a1$ of the Earth- as a - g
-resu]t of the prescr1bed potent1als SR T =

i . N ' ‘
‘ *:’:; s ; kn Uh ") g'k‘r‘l Un
7= |

- 4) the potentia1 of the tide itself:

P j; oY S
” n . .
(An+ 1) F

wherela is measured with respect to the sea floor 5"

5) the deformat1on potent1a1 of the so]1d Earth as a

resu]t of the ocean t1de

Z—‘ kn3gf & . T

(An_+, )

(2.13)

s . (21)

These five potentials can now be _summed together,to'obtéin the potential-

. at a po1nt on the ocean surface:

V = Z(U *Up ooy ks U ‘340 8,

- (@n¥ l)/’

@nw)f

6.

If this' surface is to be an eqﬁipotentia1 the variable part of 2;15 ‘
- i . ) v s .
mist be a constant on the sea surface, which gives

ga =2 (Un +Un kol #K,Us + 3% &,

. - ﬁgm)f (2.16)

"’k3 i)*COnSTK T
Aan i

s | " (2.15).
, k__B_& )gg oo



- 19 -

Now considering the def]ectjons of. the solid Earth

" surface as a result of:

. - 1) ‘the prescribed‘pbtentia1s: .
‘ 1

Z hatUy \Zhy Uy
.4 -9

'2) the ocean ‘tides: . - o g

| yr—iam e
Summ1ng these two together gives for-the tota] def]ect1on of the solid’

> \

Earth surface w1th respect to the Earth's centre,

32,“ ’ Z(h u ‘b U * by 33@")’ e
A o @nsN /. . :

*(2an -

-

',Shbtrdcting,this f}om_ZZIG, we ﬁnte thatthe"tideoméésured wifh réspect to
- the Earth's crust is the difference between the tide measured with fespect"

" to the Earth's centreand the solid Earth.tide, i.e.

g Z}“’ 5.“ L (2,20
Th1s ?esu]ts in ' Ce -
gg Z@*k" h,‘)U +(l+k.\ h,.)'u,, |
S *(’A*k;.-h,“) 33)6)2,\] tconst. - (2.21)
antlf 4 . 2

“or, in keeping with Munk and MacDonalds ‘notation,

M |
cx, - o -

‘ "
e, L . . ) : S
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,where o ' ‘ o (J.T‘Hl)f

'

J

\

In.

,l"+ k‘n"'h N l : -
o (2.23)
I + kn : hn - . ' » '

S b .

Te

’The'constant in 2.22 is determined by requiring conservation of water:
' b N . ‘. .

j.e. \ _

4

s | ,'[ﬁEsJS =0 T (a.2)

where S is the Earth's‘5urtace In the case of g]oba] oceans the constant

)

1s_\ero (except for a 1oad which adds mass to the Earth),1n non- g]oba]

" oceans the: constant is non-zero and represents an adJustment 1n level

&

referred to as the Darw1n correctlon (M & M 1960 p 100). ‘We return to

this point in 2.1v. . EqUat1on'2.2? gtves for the-ttde heights krt);])

. , . e, . . L
: - . .
f . : . ©Ry
P ’ / . . .-
-

”En = ,, a‘ln % +. ' !Jl'" ‘ U. _ (223)
NS¢ ¥
o © @n+f | (S%TD? L

'3. Agaln the ldst step can on]y be performed because & and U have the same '

harmon1c form. The numer1ca1 values of the two Love number parameters

'are g1ven in Tab]e 2 2. For a degree 2° potent1a1 whlch does not Noad

" the- Earth

.8
Lot e

£ ' S -0

J

efs. = - L (2.26)
50 that the t1de reduc1ng factor 1s increaséd by abOut 20% when load

o

' y1e1d1ng and self—attract1on are con51dered '~~i;—<f—'

0

~
— \'/
s . . ? . Q.. =
. o

o
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WY , A ) .
o ".(‘ ., .
T vy GLOBAL - GLOBAL o,
" DEGREE - EFFECTIVE : EFFECTIVE- =~ .
SN T T K . & TIDE HEIGHT . .
/2 U X 1’ R . B0 _ -
. .l‘:" v 09238 . ‘°1.3u6-’« s Al
- B * I 7Y - S V.847 S
3 . Belse + 84939 ) . )
4, ) ¢,094 < © Pe9B2 - - . o ,
S . B,069 . 0.994 A
6 - " -u;ass ‘ 3.99b . I
T ¥,846 099
.8 7 9,039. 2.994 BRI g
9 s 0,23“ M . 00992 . . " ; ' B ' ; b
L T 1Y T 84992 » : L
S S 0,028 -\ Teg99y 0T
e T B.825 T B.990 - A o
13 ' B.024 - . . B.990 : L,
\1"““ 90921 ) ' 6.989 N { T ' .
15 . 0.020 : 2.989 °
16 . b.018 0.988
Y . 0,¥18. . B.988 -
e 183 . . 0,017 i 0,989 - - .
S (1Y P (- I » 8,984 ‘
' 2”- N ... ﬂ’gl.a to 0.988 . . .‘- N
21 y 0.014 WL9B7, T, Lo s
22 V,013 0,987 . ' :
23 , 0,013 . V.987 Ce ' o
24 © 8,012 ¢ .-, %B.988 A . :
2% : @, exa - @B.988 o '

 TABLE 2,2 THE EFFECTIVE LOVE NUMBER K AND THE  °
Ta ] . BFFECTIVE TIDE HEIGHT OF AN .EARTM - °
o MODEL WHOSE ELASTIC RESPONSE IS DESCRIBED

. - . BY THE LOVE NUMBERS H,K.AND WHOSE . S
, ~ SURFACE 18 COVERED WITH GLOBAL OCEANS. .
_j o THE LOVE NUMBERS OF THE ELASTIC PART o . - =~
: : ARE TAKEN FROM LONGMAN, (1963), '
'fi' The defonnatwon potent1a1 of th1s model due to a non- P
'load potentia] "is - \' - o C A
L ) s ’ : ";"
1 ‘ ‘ : :.. '
. ] .. © ©
: . . 2w R
. ta -
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Zk Un+ k‘n E 33& E,n‘ -‘ ' |
S (A'nﬂ)f " (emﬂ)f : R .

-

=3 |ky +(l+k,,)3f ;;,, | Uy
"o GanpP I-Ta3k ‘

using 2.25. . L TH'Tif

A sate111te orb1f1ng this mode1 Earth, or in fact the

(2 22).

ce1est1a1 body which produces the prescribed potent1a1 w111 see this
potential as the*deformat1on potential of the “model: TIts response may -

be character1zed by the effective Leve number '

'."neﬂrz kn (‘“k 3f.. :
SN an+)f.  1-7.3F5
- | - C T @n+pf ,
For a. degree-2 potentiai"kZeff = 0,366 which is an increase of 15%

. (2.28) -

- over the value Longman (1963)'finds for the solid Earth. The exact -

va]ue of the deformation potent1a? of«the Earth is important for stud1es

‘of sate111te orhit perturbat1ons

! Smith et al. (1972) have’ used laser track1ng of satellites

ﬂ'1n the hope of detecting’polar motion. = They find ,

- 'faw = oas . o (2.29)

best fits the1r data. The theory of t1da11y-1nf1uenced sate111te orbits

.+ was developed in a series of papers by Koza1 (1965, 1967 1968) who

‘obtained ~ - S ' )

’, ' . . -~

e e kews0ag T 2an
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Newton {1968) 1nvest1gated the problem with the view part1cu1ar]y of

f1nd1ng .the phase lag of the so11d Earth t1de so that the t1da1]y-

influenced secu1ar acceleration of the Earth cou]d be deduced (Dicke,

L}

1966, Munk, 1966). ‘He foundaf

{

kae“ = 0.336 P (2‘31.) »

-
N <

e, i oy '
Lambeck and Cazenave (1973), recognizing that the oceans influenced the

value °f'k2etf as seen]by satellites and that the npn-ﬁThba]itymgflthe

' dceans reqpired new approaches to Love number theor&,'exp]ored the
relationship betWeeh the whole Earth tide (atmospheric, oteEhﬁc, and
.direct and indirect solid-Earth) and a Tow satellite orbit. .Under the

- assumption that the so]ie Earth response to both load and non-1oad
-botentia1s has well understood, they asserted that the satellite
perturbations could be used to study and maQ‘the oeeen tides. They found
that for Tow inclination orbits Koafs is 17% lower than theve1astic ké
and for high 1nc11nat1on orb1ts k2 £F is 5% 1ower Jeffreys and Vicente -
‘(1957) in a study of the Chand]er wobble deduce that k2eff is increased by
12% by the oceans " In a similar study Mo]odeqsk11, (1961).obta1ns a ]5% :
increase. The differences between these severaT observational and 2
theoretica] resu]ts and 5428, may be attr1buted to (a) shortcomings in
the sate]11te orbit 1nterpretat1on (b) fa11ure (except by Jeffreys and

Vicente, and Mo]odensk11) ‘to take 1n¥o account the dynamlca] response of

the 1iquid core, (c) nonaequ111br1um character of. the ocean tides. -

T
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iv) The Effect of the Non-Globality of the Oceans

o

~ The synp“iest way of treatmg the non-gIobath of the

oceans is to solve for the global ocean tide and s1mp1y truncate the
/

- solution to zero on land. The function which accomplishes this is the
4 B .

.~ ocean function, defined,by Murk and MacDonald (1960): . ’

{ where there are oceans .

where there is land T R
@ . (2.32)

¢ S
”-

" Thus the equation for tide heighf’s on a rigid earth, fpr example,

. : 0] ’ ) ’ : . :
becomes ' : . : : :

z- @ u,,/g e

- ‘and £ will have exactly the same va'lues where there are o_ceqhs as it would®

for a global c'mean, and zero height where ‘ther'e'is land. I1f& and é‘

are expanded in.surface harmonics

@(9 Q) = Zi P (<056)(4,, ccsm\ + b smm:\) i 3

{

»

) (2.34),

o n(wsa)(gn cosma +z,, Sinma

£<‘¢,‘n)=§£;,‘_=§ > P

where ® is the \co-lahtude and (\ the Iong1tude, 1t can be seen that 3
will not in genera'l have the same harmonic form as the forcing functwn u.
‘T1des of degree n and order mwill depend on the potent1 als of  degrees

other than n ,-or more properly potentials of Qegree-z order~zero will

RU
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raise tides of numerous degrees and orders depending.on the océan -
funcfion. This suggests that fhe,equations for the tide height'co-

efficients may be cast in-a matrix form such as: = - . ‘<}“

A square matrix whose elements
|are determined by the coeffi-

“kients of the ocean function )

o
N
C

and the Toad and rion-load (2.35)
Love numbers™ (section 2.vi). S

N

~ - ‘ a

Here )’,, are the coefficients of\the tide and U,t are the coeff1c1ents
" of the potential. It will be found in 2. v1 that the soldt1on for the

tide coefficients can be given in this manner. _
o " There is one additioaaI.compIication introduced by non-
g1oba11ty, that.is an apparent non conservation of water mass. This is

- overcome by requ1r1ng that the total mass of the oceans be cohstant, j.e,

'jst;,s ds = o' =~ [E {(S

|1

o . (2.%)
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-

where S 1is the surface of the Earth USJng the orthonorma11ty propert1es, '

Lo

of the surface harmon1cs it is c1ear that 2. 3615 equ1va1ent to stat1ng

a°

yo= O (2".37‘)A
In the next section allowance will be made for explicit mass conservation.
The so-far undeterm1ned constant in"2.21 is determ1ned by 2. 3(5(or,‘
equwva1ent1y,by 2. 37)

v) Equilibrium Tides on a Real Earth .

3

‘ The method’ of simply truncat1ng the t1de to zero on

‘land is not cons1s}ent with the feedback of the oceans on themse1ves
e1ther directly or ind1rect1y through the 10ad1ng Th1s ‘{5 because 1n C
doing so one-is allowing for the feedback from land areas to sea areas

as if there were ocean t1des in the land areas, and then753k1ng the
contrad1ctory statement that there are no ocean t\des in 1and areas.
C1ear]y the condition that there be no ocean t1des 1n land areas must be .

app]1ed before the feedback is cons1dered Return1ng to equat1ons 2.16"

and 2.19,ﬂand app1y1ng the ocean function after subtracting, we find

+ -k

gZEn @[Z(J Ur +3, U, __ﬁf;g CONST. | ()
@r+nf

:so that 1t is exp11c1t that there is no. feedback from 1and areas. Apart'

from the constant requ1red for mass consErvat1on, these are the\equat1ons

found by Munk‘and'MacDona]d (1960) and given in a similar form by .

.. . .
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- Hendershott (1972). -

N

vi) The Solution of. the Equations -
Hendershott 3 method of obta1n1ng the so'lut1on ‘of 2 38

1‘n 2.38is a feedba

is through a Green s function approach. Recognizing that the last vamab]e
\b}/:erm it may, be transformed into an 1ntegra1

fE( ‘) @(ea) G(e! Aler\) cls ' (2.39)
~* where * p , E .
. | R u‘ ‘ ‘4 o . \ o : : .
S G.(G,(\Ie;(‘) = Z E-J,, Sy % cosma cosma
L P ((.ose) P (cosa) + Smma sinm P (cose) P.Z(O.Sa)(z 40) |
S sma’ ST
v f[P (éose){co " }] dS] S ,:’7,,-- .
an'd' | . o ]
B o= 38 T (2.41)
\ . (@n+)f - T
and the equetion for tide heights, becornes g
F,(a),\) @(az\)[zj U +CO)|$T f@( )‘)gé(aﬂa)a)ds
3
Here-fo_r.brevity we consider only a non-load potential.. - - /%

.
. ,o " .
e . € s .
. . ¢ . A N .
. ;
- - s .
- . ‘ ' . .
. . . ~ N 3
. - . N LN
. . . . A R - .
. . - s
. .
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‘

A1though h1s 1nterest was not in equ111br1um tides his suggest1on of
-an iterative so1ut1on may be used here effectwe'lya That 1s the .
‘ standard formula for tide he1ghts may be inserted in the 1eft hand

1de of 2. 42 and-a better approx1mat1on may be found. Thus

Eon= B ;'_J,,'l_Jn +Consr.J ZJ U,,(eA @CJ@»W)JS
A e _ - (2.43)

. ':wculd be the ﬁirst step {n the iteration. It may also be worthwhile

to‘hpproach the ocean tide problem in the same way as lake tides are o
. . ' (... '
approached, that is through the slope of the equipotential surfaces with

respect to the crust D1fferent1at1ng by @ and. c\gwes
g_z, Z f g€ G(e,\‘)_)_ G(aa]e‘a‘) cis

N T (2.44)
9 E b3 :_;n

U, E(o\)GeA G(ea &d) d
& 2 f ) O )_)_ ( l S

Rl
- ) _ _
(valid in the oceans) and these equat1ons cou]d then be solved. together
W1th the additional constra1nt 2.37 imposed by mass conservation. j—,
The method suggested by Munk and MacDonald (1960) ydelded -
simu]taneous"equations in the various coefficients and they gave only -the
: degree-Z order-zero coefficient in terms of several others. The solution
;'~ of the equations is attempted here in matr1x ‘form, the f1na1 resu]t being
" matrices which are to. the non-global oceans ‘what the scalar Love numbers
. are to a spherically symmetnic earth., ' .

3
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Start1ng wi th

; . [; j)-U -J U j 2 E.p *Cons
' - “ @r+nf

and expar‘1d1n'g all the variab'les' in /sur'f"adé" harmonics
E. Z Pp(wsa)[yq co5qd + Zhsmq

- G-’Z P (COSo)[a,, CosmA + bn Sinma |
U ): P (casa)lu’ cosf«! + V, sm{(\J |

.U Z Pr (cOse)[L),.cas €A+ Vr $in Q;j

results, after substitution 'in 2.45,in the foﬂowing.‘

4

Z P(cosa)[y,, cosba +22 smba]
= @Consr |

.’"Z a, Jp uf Pt P‘ COsmA cos ea '
. A

"‘a,':' J,.'V,-e P,.”Pvg ca'sm?\ s'mt?_\ :

. m‘ ‘ ’ - , .‘
:+b, j,w UL PP} Sinma cosa - - -
4 b -Jp V‘p P, Pt Smrnh 5m(h

4y 'J U; P"‘Pt CosmA cas(?\

2.

"] (z 45)

(2;46)

; | T3(»2.47)‘



—

o ) "t .
. tap 7],. VLRI P cosma sinea

o -

+b J U P PQ Smm?\cc)sea
.‘;bn jr V'l“ P: Pre sinmad sinda
+Mj‘°"QKMQ '
dy Jr, P)'r._Pn Pr cosma cosef\

fa,,"‘"j% <y z,. P P COSM.c\ SmQa‘
v b:‘ ‘J; .a,‘. y,; PrPY sinma fo,m. |
L4 b: -j,:'“p Z,,’.‘.»P,:“P,-t S"!h.)m\ ;ine'kj
i_n drder to‘faci"litatei Icortl‘putgt:ioﬁ the coefficients ¥ and 2] are now

nbt the tide height ébéff?i'c'ients but .the i:'ide' he'ight coeff‘iciénts 'rnult'ip'lied

by g. Mu]taipiymg both sides by Pp qu:\ and integrating over the surface

.

R one obtams, after co11ect1ng terms and rearranging
| | q = o - ‘.-.
' S Zg. ,"Z_‘ qh(jur+]r +j°‘r7r) e
. 5 . o re ) ’ . -‘ .t
\ ' . _.,. . ‘A a m o
S fP P,- P c05mr\ COSQ(\ qu ds

+a,':‘(3 Vi *3 V‘*’J o, Z,.) ',-u"'

, >

=
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"7-.P:Pr€P: cos ma cos €A 5"?‘]3 ds . - -
m £ LN A ' : ’ . .
T*'b)\ ( jr Ur + j;. uf‘ -(-/ "J’ru,ry}) _ . (2.‘48)

. - m { “ ‘o . . S
j‘/ P,, P,. P: smma‘_cosfa\ JingA ds b

S G RTAR S REVAR I WSS 2.3 I
>j/' P pt P: SinmaA sin €A singd s

.~'

bp Consr

By" the orthénorma]i'ty of the asséc.iated Legendre polynomials. Likewise.
-mu1t1p1y1ng both S1des of 2.47 by~ qu(osqa and integrating over the surface

- one obtams

'-'an;‘(er:"-j "'j O(fo)
f P). Pv Pq Cosm«\ cos(:\ cosgA dS
+4n(err +er,. +j “PZS) .‘ R
r-neq-.-',', . -
7 Pp P,- Pp <cos mA sindA COSqA ds

>

=
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"b (3 U( 3, ~‘L‘"]‘ow-‘)’r-’l) R
f/’ P(P Smn\r\cosld cOqu s

bn(jrvl‘fj V"(*_Jol,. )

| /SP pr’ Sinm A JmCR cos g dls

r
¢ 6(;60;157,

i

"In order to reduce the algebra we drop explicit reference to the Darwin' . '

e . o q , . o :
correction (the “terms apconsl. b;causr.) fa\i satisfy conservation of mass

}
-requirements by using 2.36.

. The equations 2.48 and 2,49 may be cast in matrix form

| wbut they can be simpHﬁed somewhat by lookmg at the 1ntegra1s over the ]

long14:ude, A.. .There are four types of these 1ntegrals
1) mtegrals of thr‘ee sine funct1ons o -
2) 1ntegrals of three cosine funct1ons
X "3) 1lntegrals of two sine and one cosme )

‘4). integrals of two cosi;le a_nd one sine’

' The product of three odd functions is odd and accordingly -integrals of

type 1 vanish. The product of two even-and one odd functions is odd'and

integrals 'of type 4 al so vanish. This leaves only fntegra’l; of types 2 ‘énq

T

. - - )
. . . -
. - . . o . - . o
. + M I3
. . .
1
.
.



‘ ?;'in' equat'io.ns.2‘.48la'nd é.49. »The‘rgfiu'ced éq.tjatf.iuons are. ‘
p =~g:_‘ a;(ﬁ;‘@ + 0N Ty y,-)
\ an P,- Pq cos mA COéQ(\ cOsq(\ JS
| ‘-.\) _._l +bn(jr‘ *jr\/r I‘\jr‘xr Zr)

‘ R u_j‘/-P,:P,-QP;ﬂsimﬁt\ siy\Qa cqiq]x. ols] - (2.50)"
: \ SRS
zZj = ,% an( I, Vit Tp Ve # B otf Z)
. r{ ) ® ) ' @

¢

R i

+b (err"jr *jrﬁrYr)

‘s

/

o ’f P P-Pd sinma cos®a singa ds] IR
_ ; ) ‘5 '« ) ) T . ‘ ( ' i ’;

For convenience in writ_ﬂ'rg define the fol 'I‘bﬁing arrays !

. ¢

a"‘J,P" P, P,. cosmA cosQA coaqa d S

Ay

A PO ‘l . _ ‘
%; bn‘f P-h Pf PP Sh\ﬁ\f\ 'SS“QA.CO&QA dsv .



»

»
s

" .

E _'B“(Y‘.’()P)q)- | _ * a o .
@ .. ) ‘ T o “ . 2 U
| 4’2,"0#]9: PEP; CosMA sin€A singd ds .
Vs ' :
P'&(f, )

[P

z b’,’,‘f pr P,. pa sn\mf\ cosBA s,,\qa ds
' S »
[ F B&'(r,{JP)q)‘ | N

-

Substituting these {nto 2.48 and 2.49 results. in the equations

- e s

[_ err "' j U + jr°‘r yfv) AI(T Pﬂ)

. +( .j'fvf j Vr + j,. up Z,.)Bl( J"l)}

-
]

L < | ‘ oo
Z“' = {;[( A \/r.e + ~‘j:_ Vy‘-Q + jrogf ng)ﬂ&(f,q,'{’ﬂ)

H(Teut + TL0N e vR) Bacr, bes)]

} . . o 1 .
' . L, ‘ ' i

/ .
. ’ . . » N .
. . .
“‘f il -

\\,.
B

(#.52) -
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? [P

These equations look very similar to matrix equations written out in
. suBscript form except for .t'he fact that Al, A2,°Bl1, and B2 dre.4-dimensional’
et . . o ‘ ) '
arrays instead of 2-dimensional matrices and le’rzrg’ ul, v, U',-{and \/,-(

. .- » N . v
" are 2-dimensional arrays instéad of 1-dimensional  column matrices. This
- prob]em can be circumvéyted if a mapping can be found that w\iﬂ’map the /
.. 4-dimensional arrays into 2-dimensional ér‘rays' and the 2-dimensional

7, arr‘a’ys,\ into l-dinensional column matrices in such a way that the form of

4

."‘7}\\

s &% ‘equations 2.51-is preserved. The mapping must of course-bé one to one and
- ¢ onto, (by which is meant each element of §, corrésbonds to one and only one
: ‘ e]gme‘r.lt’:-insa).m The following mapping satisfies these criteria.
' - Be T ,f -element of 7,«-e , etc. is mapped to the
“‘-.\ = * ! ’ ) \ - T °
’ , » L . ’ M I o . b . ' ’ “ . ﬁ Lt .
A , T(r+) + €+ Tow . . (2.53) :
. P T .." . a _ . . ) s ) )
‘ RN .<4f ‘the column matrix which,. without introducing any confusion, s labeled
f’ R ‘ : . ‘ L ‘ .
v with the “s’ame.name. Likewise the r, ,ﬂ, p, q, element of Al, A2, B1, B2
0 !
. is mapped to the ' P o ' o
L C r{r+t) +« (€ 1) Column,
.. ,;- ° ¢ & ] ', a A )
/ land the ‘ - (2.58)
PLRAI) +(q+1) row - .
) 1. e - BT o
! - . ’.;‘}-‘ )

-

. . ' st . -
of the 2-dimensional matrix which again is given the same name as its .-
image. - Thus for example - 2 - ,

- 4 \ . . N o A



Fjgﬁre 2.1 . The mappihg‘of_gqugtion 2.53. -

L g
bl

— *
T p—,
%
:".f

Some further hotation is'neéded before proceeding. Define ‘f

7,- Rl(rf’,pq) A7) |
N fﬂ;:)l]' —
" Jewr AlGLea = [AITIAT

- JrBltcteays [ 817]
J; Bl(repq) [l?l]l]
J; °‘rBl(rfM) [ B131A]
Jr A (rteq) = [ AX3]
'Jr“rﬂl(r\l,pq) [HA".HH]
Ir A (r, M) LAX I

jr B&(T“M) = [BJJ] .
L1 B3(rene) ZERAIT . -
r"*rB«M ten) = [Bacsmj

. lll

w

 (2e56)
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It is implicit in these identities that the R.H.S. is the imaée, under
the mapping 2. 54. of the arrays on tQF L. H S. The equat1ons may then be

wr1tten - ‘ ' .

S =R 6'3‘]["0*[’*'3161[)’1*@'3][\4 *[Bm][w] +[l313|n][2]
(2.57) -

. [Z]= [An][\/]+pquq[\/:] +[Anm][z] *[Bﬂ][U] By *[Blllﬂ]b']

¥

and the_form of equat1ons 2.52 1is pre§eyved, -The constant term in the

preceding equations is imp]ic§t~in equatjon‘Z.Sé jn that ¥,’<0. Ref

. arranging s]1ght1y

=[- mm]{[mm +[m:>]pn+[rm][\/1 +[BHJ[V] +ﬂ3'3m][21}
(2.58) -

’ ‘[z] [n Anm]{[ﬂu][v] [na3|][vij*[lm]ltﬂ*[l3m][ey +tBA3|n][yJ}

N

wh1ch may for conven1ence be written as "

Dl-a A N
[21=[ ] * [

-~ (2.59)-
where )
[ =[- M‘R] {[ms][u; [”‘“J[Uﬂﬂm:s]lvl*[Blf\l][\/']}
[15] [l‘msm] [Bma] o -h | S
/ T e

[X] [ - AJ.MH]{ AV + [Hnl] vi +[B).'.\][U] *[ Bn] LUB

[A] [l-ﬂnm][,m‘sm] | S N
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Equations 2.60 are coupled matrix equations which must now be uncoupled.

-_ Subst1tut1ng the f1rst #n the second and the second in the first Ki\:es‘ o

MR 4 R i [B]{[ﬂ * fA][Y]}

\ " (2.61)
- [21= Ty -fr\]{m*[‘ﬂnzl}, S
- Iv] - [N = =4+ T4 L] o
S ' o (2.62)
[2] ~ (AIAIZ] = D] ¢ T[] '
= |- [rsm\]] { [oq * mmr]}

p (2.63)

e [ (o o)

The equatmns are now completely uncoupled. The forcing terms in 2.63

~are ‘in the matricescx and¥ and will now be separate’d'out:

< [! M][r\]][l [Amlg[ma] [u]
- ‘L[’ F%l][’ [me}][nm] 0 S o
. [ - [B][(\]][I [Alomj[m:s] V. ,"'(2",5‘4) =
*[r- [/3][3]][ @nmﬂ[m‘sl][vq F |
ti- I“]DJ] [/33 [i- Emm]] [fm] v
i m]m] @ Umm]] O
[' i lﬂl\i [(3] [1- [msm]] [Bm] [u:]
aal +[’ [I?J&\]] [ﬂ][l E‘Mlﬂﬂ[m]l][v:]
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,l [‘ . _ ] . ‘ A /

t - [A]f/&]] [ 1 -IBxa]] 03] IV -
R
*[l - [&\]m]]’([l —[Ath]]J[B'n] vy N
+ [t ~'[A][13]j([l *[R‘i:;'tél:(‘( [‘31'34} i
I wm]] 147 0-Eoow] P
AR e i |
[ {aj[/;]][&j[z.;bg-:uﬂ]] [m}]M | 2. o

: (2.65)

- [l ~[_(g[rz]]-f(\] (i -z@as’m]]"'[rs'is:}'[vz] o

' dbl]ect1ng terms, eqbat1ons 2.64 and 2.65 may be'written a§ o

[ yl = [I—IHUJ t [LA][UII +[L3HVJ +[U¢]I'_W]
[Z] [LfJ[UJ *[L‘J[UU *[”JM *[L Ml

. with the L matr1ces defined as

3 .
. . s .
~ M 1 - - -
Kl ‘ . L]
5 i - - . v . . . .
' o N . ' ' . . 3 - f
B N ' = co . - @‘
‘ - » . N .
- . . 4 : P ¢
v . * - - .
. . e - LS . . R . >
. . .. * . ’
. . .

(2.66)
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of = ‘

L = [1 [rsjza]] [ —pmm]][ﬁnl [I m][(s]u-amn[m
[ = [i- Ir%]la]][t-mmnﬂ [ﬁm] +[1 -m] [ﬁ]tl-zﬁwﬂﬁ] [A1]]
k3= *[ﬂ][«\]][l forsia] [rm] *EI—MD]][ﬂ] [1- zmml] my
| T ENY [ﬁ]{«‘]][ [mum]][ma]ﬁl'[/sm]lﬂ] LI- anni} [l Mi ) _ |
ks3+ L -wmil L -tmml} [rm] . [-+w) m n-znma]] P

[M] £'~[cv[fs]][z Luzmj{[rsw]*:[l-[nM[A][t @mmﬂ [m.vl
’[L7] Et*lf‘]m]][l ma.m]]mn] +- I(‘]U&]]LA][(~H!3(AI[[BN|]
[Ls} [:-t«\m]u [nnm}][ﬁﬁn i [a]mmf\m [mwy] [ma]

Due to ‘the nature of the forcmg potent1a1 generaHy only the L1 and L5
‘ atmces will be needed. AH of the tidal prediction matrices have,
nowever, been calcu]ated The programming .of the calcu]ations i s ~
i d'lSCUSSEd in Chapter 3. | | ‘ ‘
Among the tide height matrices L1 and L7 represent di rect -

¢

coup]ing, i. & Us exc1t1ng Yp L3 and L5 are cross- couphng matrices. _@

In a g]oba] ocean model L1 and L7 shou]d be of the form

. where ],‘-w is the g1qb,a1 'e_ffective tide reducing factor, (equqtion ?.2|6)

. 'and L3 and L5 would be null matrices.



. " The operations‘of chapter 2 have been pregrammed and -
the tide height matr1ces are given in. table -2.3a for the case of no
S ) feedback and in table 2, 3b for the case of feedback. Noté‘that if

matrices L3, L4, L7 and L8 co]umns‘] 2, 4 and 7 conta1n only zeros. fhis

«1s because these part1cu1ar co]umns represent excitation from terms in - .

'\.‘ ’ \
with a s1ne funct1on Tongitude dependence

the prescr1bed potent1a1 which do not ex1st j.e, the zonal coeff1c1ents'

very
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Table 2.3a The tide height matrices with the oceanic feedbqu neglected

MATRIX .AIJ

. De0
=0, 2150'

0,0

‘“"871
93,1340
=g, 1933

. 8,0516.

¥,1190
@,1426
8,1435

“@, alBa

l p 0434
ol 0310
- 0943

L1 UTQW

) 3342
-B 01124

~0,0032.

,1115

=0, 0148‘

HATRIX AIJI

@,0
-0, L2472
~9,2122
-0,1520
0, 1171

GSBSA

0 11349
3f1517
By 1627
=g, 2152

0,0 -
" 8383
- ﬁaae
~0,1217

LY 09@8'

@2 9“4!
-0 1450
L3P 5941

0,1438
LR 6191

MATRIX BIV .

W o W B W W

G!EGIDSI9G1SG=G

v,0

elsq:senm:ss:a
® ® ¢ ® @ ® 0 e
ssa&ssssa

(L1 WITHOUT FEEDBACK)

We0

0,2

w0 3310 =B, 12391 - w@ 12219
0.7548 08,0427 =0,8345

@,10831
=0,1110
~g,0787~
0,0689 -
Q,0287
»d 0848

Q.64g3
P.0123

08,0097
2,0073
"B,0618
2,2209

0.8892
8.5321
-0,0214
‘8,0426
-2,08879
<9 .0425

040143 =0, EUGZ @ 0058

(52 NITHOUT FgEDBACKJ

D

o0

@,e

-B 0400 'ﬂ 9961 =9, .8538

00,9736 ©,10850 =9 eaus
e.:ssa 1,0829 a.aaao
D 1432 a.alaa 1,3087
“@,1016 ©,0238 =@,08526
82,0889 2,0180 2,1048
20,0371 =0,1528 =B,2183
'0.199“ a'gslq -B.lﬂaa
02,8184 =0,0004 =~0,08142
" (L3 WITHOUT FEEDBACK) .
e - 0,0 8,8 -
"0,0395 0,0 =,2323
g,0816 8,0 -f,02760
‘@, GBZT 2,90 ) aaa:
“B,0869 @0 ') azas
-a,nzsa 0,0 ) a131
B,0711 0,0 . E.B212
-5,02“2 8'0 ﬂﬂ.ﬂlbﬂ-
" B,8516 0,0 -2 ,0023
=0,0022 0,8 . ©,0158

B,@
09,0424

-2,8978
2,2292

~0,0855

845131

=0,8312 .
P,0650,

“D,1742
~B,2458

P,1044
=@ ,2405
0,0713
=@,2102
1.,2620

.805767.

28,1598
04,4285

-0.1127

2,0
~0.E539
-B.lﬂﬂl
-0,8154

-8,8442

-2,0589
20,1845
p,2258

oG EDEEAN

-3,8041 -

>

U.ﬂ
-0.5387
,8237
‘9,886
P.2472
=@ ,0886
90,5057

B.p142
-3,2188
20,2099

8,8
e),0897
B,0550

. Be0141

B,1095

~0,0200

1,1726
0,0330
“0,0416

2,0230

® ® 9 6 ¢ 8 O O oW
gocStoas o

0,8 =
=0,00807
28,8066
0 ,0343
wf ‘8650
B,0120
2,2895
8,6028

=@, 0095

92,0015

. 2,8

03,0017
B,0153
“d,0794
»d,1507

0,0220
1,3977
-g,0221
2.0034

0,2
~Q,08069
=@ 8056
=@ ,8253
~0,0118

20,2093

2.,0117

-@,8036

=3,8005
.B8,013)

2,8278°

2,8

. 02,0639

=Q,8486

02,8289
‘B.ﬂTGG
'G,GBBS

90.029?

0,0053
B¢5515
-B'Bﬂb3
1
2,0
2,1482
-D,1128
2,867}
-6'1519
~0,1866
~3,8694
2.0122
1,2789

'z.ﬂla7

2,0
~3,@099
-ﬂ.ﬂzus
82,0171
-0.1113
Be0119
0.0053
~2,8469
a,08279
02,0178

e, e
=0, 3509

B,0492
«d 0014
-@,B8642
'0.1219

8,0273
«p,0380
90,5897

2,0
23,1179
2.k141

90.g932 ’

~0,1489

28,2297

8,0634

~g,0882 -
143675

8,0 °
2,8848
-0,1290

8.1270.

-2,08799
"0 ,0945

"Q,B415
‘8,087

!U|G336
-p.pDQS

- 1% <
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Table 2.3a continued

HATRIX BIJI

> w ® W W 9w ® W @
CGGSQS&GQG

N 8@

0 9

. B ©® B B8 B B
stsae

caaEe s

aJ

SSQXBGQGGGGG

¥395

® © 9

G
G

»i 1342
-p uasa
%] 9

-0 B30B

=0 Q172
) 081“

HATRIX 82J1

6,8

=g ,0518

-B 1344

oY) 5569
ﬂ %}

»d 9387

=P 3222
) 9318

(L4 HITHDUT FEEDBACK)

Ead

bd

(3 -,
=t V2,

2,0 @8 - 270 8.0 -
«0,051¢ a.u; =3, 8796 =0, 1327
=a,aaaa Vo8 -B,0663 08,2462
. =0,1120 08,0 ~070209 =0,1086
=0,08333 B,0 0 0322 "0y1448

B,0917 4,0 ) z522 2, 2571
=0,0313 0,0 Y gsqu 20,0683
P,0666 B,0 . wf) EBSb 0,08636
wd,8544 8,0 - B ﬂ389 ‘=B,2101
(LS KITHOUT FEEDBACKJ

8,0 8,9 0,0 8,0

z,a 8,0 D, - 2,0
p.0016 0D,0011 «0 2272 -3 8321
2,0 - - @,0, 0,8 2.0
-0,08869 . B,00S57 =0 BUBS 9, asza
‘=@ ,0806 =0,0051 -0, 10118 =02,0589
‘2,8 .8 - 08,0 2,0
v@,0242 *0,0456 =0 0160 0 6505
“d,B432 10,0124 =0 ﬂbal ‘08,8258
03,8375 08,8153 =0 0072 w@,0341
(L6 WITHOUT F&EDBACK}

2,0 Be0 2,0 9,0

0,0 2,0 0,0 ,8 .
20,8020 10,0028 «0,8663 =-0,Q789
2,0 0,0 8,0 . . 9,0
-0,1120 09,0141 =0,082089 00,1298
0,040 =0,0126 =0,0271 =B,1448
@,0 Be0 @, 8.8
-0,0313 -0,1122 =3,8394 ©Oq,1241
“@,0557 00,0304 =D, 1482 90,0636
qa,gaas 6.6376 -0,8177

SN0 DECTRAOSES

CONEREEOOS

‘e @ -9 @ ® ® ® e =

. -‘G

2,8 00
~2,0168 =@,0229
. =8,0129 =3,8575
- =@,0586 @,8397
~0,0274 =0,2582
9.0216 08,0277
0.0272 @,0123
-9 ,0083 =@,1088
83,0011 @,8184
20,0384 8,0412
8,0 )
0,0 B0
-0,0056 @,8296
Q.0 2,0
~0,8118 =0,0042
8,8045 ©2,0119
9,0 2,0 -
»2,0036 =0,0039
-2,0177 @,8079
9,8084 =0,80856
=
2,0 a0 -
0,0 . 2,0
-2,08129 ©2,0686
2,0 2,0
«8,0274 =@,0097
90,8105 08,0277
0,0 2ed
=Q0,0083 =9,a0891
-8,0418 2,0184
2,0195 »8,2132

N
@,8112
@,2991
2,2945
=0,1853"'
vB,219¢2
=@,0962
82,2017
“0,8778’
»0,0221

oo .

B.O
0,175a <
-8,2113
ﬂ,'ﬂ ”
0,1577
D,10866"
~@,8095

2.0
0,0
=0,3365
2,0
B.406Y -
=g,0263
8.0
043657
Be2h72
~3,0221

-2 -
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Table 2.3a continued .
. . v
.. MATRIX A2J (L7 WITHOUT FEEDBACK) , ' .
040 v,0 - 8,0 B0 8,0 8,0 B0 8,0 e, 8,0
T 8,0 ¢ 8,0 3,0 8,8 8,0 U.0 8,0 2,0 . Be0 2,0
KR 2,0 2,6928 B8 . =B.0769 =0,0748 ©,2 ~8,0325 0.8022 @,0112
8,0 0,0 @40 0,0 2,0 8,0 8,0 - 2,0 . 0,0 . 8,8 -
B0 ) «“0,2477 0,0 --—u,uaz: B,0019 0,0 3,1482 =0, 8253 @, ,2085
By N =3,8596 @,0 0,8805 0,4968 4.0 90,8176 =8, 0l23 -0.1246
B"B E.B 0,@ B0 B @ 2.0 G.Q g'ﬂ QQB B.ﬂ -
8,0 2,0 0.,0039 0,8  =B,0137 =8,2266 2.0 . .0,8022 @,5835 ~@,8908
B0 2,0 2,0832 8,0 ¥,0188 =~B,0458 ©,0 = B,0094 =@,815) ©,5923
MATRIX 'A2JI (LB WITHOUT FEEDBACK) . - ' : '
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" Table 2.3b The tide height matrices with ocean feedback )
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. Table 2.3b continued
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. A
Several tide maps‘have'been‘prddooed using the ttde‘
he1§ht matricesL Unfortunately the maps show no distinot corre1at10n
w1th the ocean funct1on. Figure 2 2a, b is the tide range of the fbrt;
n1ght1y.t1de.n For compar1son the t1de range of the fortnight1y tide~ .

‘us1ng‘1 11 and truncat1ng to zero on-1and is shown'in f1gure 2.3a,b..

The tide heights 1n these maps are g1ven in dec1meters and the negat1ve :

i

s1gn 1n the polar reg1ons 1s due to the _phase. For a degree-2 order—zero .

. tide potent1a1 the oceéans in h1gn latitudes oscilate 180" degrees out of
phasE with the 1oleat1tude oceans. The tide range of the po1e t1de is

' shown in f1gure 2.4%, b The‘amo1itude of the polar mot1on was " taken

" arb1trar11y to be .25 seconds of arc to obta1n a prescr1bed po1e tide °

potent1a1 The phase re1at1onsh1p of the t1de~1s shown in that opposﬁte

quadrants. of the Earth have tHe same phase. . . L

<
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Figure 2.2a.The map of the fortnightly tide ranggx,-easfern
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F1gure 2 2b The map of the fortn1ght1y tide range western hem1sphere The oceanic boundaries are def1ned

4

: by the ocean funct1on of Balmino et al with C3 fo.5” : ' ) .
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F1gure 2.3a The map of the t1de range of the fortn1ght1y tide, eastern hem1sphere. The oceanic boundaries

. are defined by the ocean function of Balmino et al with. 63 0. s’ (no feedback)
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Figure 2.3b The map of the tide range of fhe fortn1ght1y t1de, western hem1sphere. The oceamc, boundaries are

defined by the ocean functwn of Balmino et al (1973) with G- <c 5™ (no feedback)
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The lack of corre}ation of theee tides with.the maos of
'the ocean funct1on (Appendix B) is due to a combination of two errors.
First the ocean funct1on is accurate to at best 30% and we are attempt1ng o
to find a surface harmonlc répresentation of the product (the tide) of
two functions given only the representations of the two separate funct1on;j‘
(the oeean function and the prescribed potential) any error in the
representations of these'tmo functions will be compounded in'the.representatton
of thetr product. The second error artses from a_]imitation imposed on
: the matrix method by~the selection rules of the 1ntegraTsfin 2.48 and .
1 2.49, For example assuming that the‘ocean function is availabje to
' degree-B and:that the preecribed potehtiad is'a degree-2 order-zero‘then
the )5 term in the t1de is g1ven by 2. 49 Lo )
‘X:' - 7_ a"".! ) ff’"f'p f’p Cosma o3 €(\ c<>5¢{¢\ JS (2.69)
: rf :
What is the maximum-degree in the tide height.that'can be accurately

obtained? The important selection rule is-

'.I&-nl<96h+& - | (2.70)

It is found that for ]} we need a term qw wh1ch is not ava11ab1e 72 is

: the 1ast term which can be eva]uated exactly. Flgure 2.5 shows the cutoff
of terms. 1n the matrix wh1ch can be eva]uated exact]y Terms whlch are
"above the curved Tine can be eva1uated exact]y, terms which fall on or’
below the curved 11ne cannot because their eva]uat1on reqU1res ohe or

}

more ocean function coefficients which are not available. " The so]ut1on of
DY . Lo ) . . . (\‘

[ 3

St e -



- the feedback ;:;;%em .requires tha:mthé matrices be square Unfortungte]y
;'the Targest matrix, all of whose e]ements are correct, is only about 12;12. 
which would give a tide to degree-4 order-2 S1nce this 1s n;t much an
1mprovement over a degree 3 order-3 expansion it was dec1ded to use 10x10 )
matrices.  The ocean function expanded to degree-3 order-3 is bare1X.

. adgquate,'the position and size of only the largest land massei'are
apbérent, and the values ﬁredicfed by the ocean function are in p]aces_ .

over 100% off. "It cannot be _t—expected' that the even more variable tide

-will be represeﬁtedﬂw}eﬂ by a degree-2 order-3 expansion. 3_'
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.Figure‘ 2.5 error analysis. for a matrix in the matrix method . io
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CHAPTER 3 . - .

THE PERTURBED POTENTIAL OF AN EARTH WITH NON-GLOBAL OCEANS

i ) 'Introduction L

o

The resu'lts of Chapter 2 suggest that the perturbed

potent1a'| of a non spher1ca11y-synunetr1c Earth may be expressed in much

- the same way as the tide he1ght in non-global oceans, that is with

matru:es.l With that end _111 view an attempt is made in section 3.1ii .tg‘_ .

write’the perturbed potential of an Earth model, whose oceans respond in

“equilibrium fashion to a preséribed potentia'l, in a matrix formulation,

o 'In sectjon 3.i1i -the matrix method is eompared With the method of Kau]J

‘(1969) and Kau1a s equations are transformed 1nto matrix equations,

parameters of Kaula's method

!. - - '&

ii) The Perturbed- Potential in the Matrix Method

- In response to a prescr1bed body ﬂorce potent1a1

. \(J Z P( (Ug (osmA + V( S|mm\) : ,(3.'1)

the potent1a] due to the deformatmn is

V P( (q, Cosw\ + I"“ Sn\m(\) (3.3

‘S0 that the parameters of the matr1x method can be g1ven in terms of the'

¢
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with the coefficient given in subscript form by

4 = B RIUm G0 US4 K30 Vi -
o kL e (3.3)
{;' h‘f({h‘) -\;K) uvl t K7 ({F;JJK) vv‘

.in direct anology with 2.66. 'Us1'ng 3.3 and 3.2 the pertu_rbed potentia]

~

can be written

V= }é P ( Kl({msk)casm\ 4 K, ,,x) sin md) Ul
.ot _ (3.4)
*KS’( hn,;;c) cosma + K'I(fm,K) sin mA) \/

" The matmces Kl, K3, K5, K7 may be evaluated using the matri ces L1 L3,

L5, L7 of equat1on 2.67, as I now show,

The potentia’1 of the ocean tide is

> ~ '
Pf (y, cosmi t 2, :Sm'm)«) " (3.5)
(9. :

_ Now. from 2. 66 we have -

n

9% % me,k) u5 + 1.3«,»‘,3,\:) vJ

q (3.6‘)
. 3 zg = Z L.f(f}z!,ilt) Uk + 1_7({",",3#\) \/J 300,

: Therefore the potential of the equihbrwm ocean t1de and assoc1ated

- Earth deformation is

T ; (I +|<¢)j_¢_ Q{IZ'LI({;",;}:) U'k +"(.3({’m 5,k) \(N cosmA’ 'I |

(aw) - 7),
[Lﬁ'(fru\() Uk + LJ(hnh\ i) VK] Sinma
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, To this must be added the potential of the so'Hd Earth as a d'irect resu]t

" of the prescmbed potent1a1 :

W= Z kfpe (o COSW\ + Vf 5‘“”"‘) 0 (3.8)

. which may be re-written using the Kronecker deH}sxmbo]

.\,\/'zizk P;n[( kf&& gmrd U&K‘cosm'(\'
o m '

(Ko StySme) Vit sinma | S
Adding 3.9 and 3.7 wé have' for the complete Earth resporise
V=T+\W.= - P( {
Im - ' ..
([(H-k,)}_a Ll({,m,,\k) k(Sf;Ska U
o~ "’[.U”‘_ez_la. L3«)ﬂ,3k)] V; ) cosma . .
o .~(3 10)

([(Hkg)j_,.”_ L semi)] Uf

A+[(’|fk‘@3€%)F L."7(' m,3 k) kf SHS”‘"J )Smm\}

This may be re-arranged to give

A :.V'j=, ;« Pr{

([('+k() F)fL’('?,Yﬂ,)’K) + kf S'(JSTHI(] COS "V\

4 " a |
. [(l+kg%§3ﬁ)f Lf(fm,a,k)_‘[ S\nmr\) UJ - '(3‘.11?;

T ( [0+k:) 34, £30min] coma
| *f(uke)j.& /-7(’?"\»5“7 Ky 3‘5""‘] ”'"MA) Vs }

y

13

. B
\. -
. .
, ..
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. Comp‘ar'ing 3,4 and 3.13 ‘We have \

K!(t’m k) = (l+k 3t l./(fmli- +}\- o
a L) P 2359 - (J"’J"k o (3.12)

kste,m‘.s,H 2 (L) 3% L3(t’.m'r>.
- YID)4

ks C.,m,,)')e)=(+k P3/; L5(dm ;,k)'

k?(‘( M))J()- ((;';‘3 1-7((}’\ Jk) + kls \?Sp\k".

1) The Method of Kawla . . . T

]

] In a study of the effect of asynmetry in the Earth's
‘tidal re's'ponse and its consequences for the ti‘da1 evolution of the Moon's
orbit, Kau'la (1969) postu]ated that in response to a prescribed potent1a'l
'of ‘the form 3 1 the deformat1on potent1a1 of the Earth, would be given by

- . ) K Koo
V = % ké(e{\) P“ (Ul CoOSkA '4" VJ Slnhr\) '(3.13)

¢

" with the "Love number" K-(OA) 2 functwn of Tat1tude and longltude,

.expanded in surface harmomcs as - - . o , qo
! v .q, M ‘ !' '
"5(0!0 =% Pp “.‘sf» cosa. "{m.S"‘Qr\) ' (3.14)

Th'ls method has the disadvantage that the function k f9 K) conceals the steps

g 1n “the feedback process which 'leads to the resultant t1de, whereas 1n the

matrix method the feedback processes haVe been- taken into account exp11c1t'ly

In.any surface harmomc analysis 1t s necessary to

truncate the series at some va'lue of the degree Now.the effect of

asymmetry will be,for{the‘perturbed potent1_a1 to exhibit harmonics of bath = .



- higher and Tower degree than the, prescr,i°bed potential. . Thus“a‘n Kaula's
- method the expansion of‘k“(e,h)f must go to higher terms than the expans"i'on '
" of the presc'ribed 'potehtiaT' In the matgix method this -route is'nb't.'
| avaﬂable “since (as a resu'lt of~the matrix format) the h1ghest termin
the perturbed potent1a1 is of the same degree and” order as the h1 ghest
term in the prescrlbed potent1a1 The Tow-degree terms in the t1de he1ght‘
expansion are easﬂy handled by .the matrix but for the high- degree terms:
. \X( in the prescr1bed potent1a1 the matmx method truncates the expansmn of
the tide height- premature]y This difficulty can be overcome 1n‘ practice - -
by simply expandmg the prescribed potentia'l,to .enough terms. so that the
‘last several are too weak toexcite a measurable tide. "This was the procedure
foﬂowed_ﬁn Chapter'Z' where allowance. was 'being made for body-force - T

‘ potential ‘harn'lonics up to degree 8 order-8 -even though the luni-solar

LSt "

‘ o, tide potent1a1 has neghg1b1e term§ above degree-2, The basic incompat-
ibility of the two methods is st111 present a]though equa] accuracy can "be
"‘obtamed with either.: Th1s w1'|1 1ead to.some d1ff1cu1t1es in expressing .
‘Kaula's parameters in terms of the matrices. oL R
L Subst1tut1ng 3. 14 into 3, 13 we have -
V = “ (PpP Cosc,e\ coska) U . ‘\
. \ P‘l K L :
SR (PpP qua cos kh) v B
. .'* k“”( Pp P (osqa\ sink_e\) \/J .

A {\\%( PPP S(n qa Sin h(\ \/'h

LY
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" EAch of the bracketed teims may be expanded 1"r_1 surface harmonics;

PPP Coaqr\wcoskr\ -

; P4» (R(Pq,uc,('m) cosm“ B(P‘n, ) ,M)‘S'"”“‘). |
PPP singa coshd e ‘ -

-}'_‘ R (C(pq,a, em) cosmi + D(pc,\\, ,,m) Q».m) (5?155 "
PPP- cosqa smkr\ -

<= E T ECrnintm comd *Feitmsim)

PPP smm(\ mnkr\ IR .

VR

P( (G(quke,v‘n):(osm‘e\ *"H(p.q,s;kjt,m) jSI'n mA)~ ‘:: . L

l.
. " - \
The ‘coeffi c1ents A(p.q,J k;1,m), etc are tr1p1e product surface harmdmc

e 4

' 1ntegrals,and def1ned by
,B(quk1,m)

1)

’ C(P-Q,J.k,] :m) . = o’_' _ .
‘.E(_P’,Q:‘jsks] m) - e ‘ 3 . - a‘ L
Hlpsa,dsk,1.m) O

R-A(P,q,jgk,f,m) f P Pf CosqdwskAcasmA oLS e --‘(3';1,'.7)3
| [-)('p;q,\_]'_.;k'.l_t,m.) fppp Pt S(hqa cos ke SMW\JS | PR
..F(p..q,j,k‘,hm)"' quR |q cOsqa Stnka smm.«\ ds
°~G(p.c3,j:,lfl,'1',?ri) s Pp P_\ Pt 5mq(\ smka c°sma ds

e
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The perturbed potent1a1 is then s R

% Pe {kJP[A(f"H.“e"‘) COSM&] Uk,n . @3

K
._ AT Bk sinma] uft
R ka[F(ﬂq)sJ\;JQ,m) sinmd] V0L o Gas)
'ﬁ “- : ; | 'tj;[b'(ﬂ.‘l‘j,h;ﬂ"") 'COSDH\] \/‘k , | .i.

Comperingf eduations°3..18 and 3.4 we h\a-ve | _
Kitmik). = z ki Atng,fm,ik)
B K3(f,m,5,k) Z 158 G(pqu m i)

* .’

L (3.9)

S ka(f,m,ba }: fm Y)(m mik) - K )
1 k’l(’lh Jk) : k‘) P r(f"f-. ) l")k)m ":.
wh1ch g1ves the matr1x coeff1c1ents in terms of Kau]a s parameters

The map” ‘of K @,c‘)(ﬁ gure 3.1a b)was produced by usfng-

NP

the perturbed potential ije construct a tmde map and then d1v1d1ng j

. /. .
-the va]ue obtamed at each gr1d pomt by - , - . \
4 . . ) ‘O . - PR L. ¢
P . - . y . P i
¢ i '..‘

o,

M since the prescribed potent1a1 is of form U2 The same comments on-

\I,he accuracy of representation app]y to these maps\ as to those of Chapter 2,.

o

v, a4 , . \ - «. ’
- ‘ . . L
. -
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. Figure 3.1a The map of k;(GHEDA, eastern hemisphere. The oceanic boundaries are defined by the ocean = §
L function of Balmino et al with G 0.5 R -
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~ 1) Introduction -

we . " . - . CHAPTER'Z -~ &
© THE INFLUENCE -OF THE OCEANS N THE CHANDLER WOBBLE ‘.

\' ‘ l " ] T . _°"_

The poss1b1]1ty of a.torque-free wobble of the Earth -
a mot1on of the geograph1ca1 axis of the 5011d Earth about the spin ;-

axis such that any po1nt on the Earth undergoes a per1od1c change in -

- latitude - was first squested by Euler in 1765. However, Eu]er s

results were based on a rigid Earth _model and predicted a per1od of

10 months rather than the eventua]]y observed 14 months or 437 days.

Most of the 1engthen1ng of the per1od can be attr1buted to e]ast1c y1e]d1ng
of the solid Earth but the oceans are’ responsible for about 40 days. The
ocean influence'can be explained by noting that the perjod is‘determined

by the gyroscop1c restor1ng torque prov1ded by the Earth s equator1a1

~bulge. For a r1g1d Earth _none of the bulge can: adJust to a new geo- ‘

\graphical pos1t1on of thetsp1n axis as the Earth wobb]es, and the-effect

of the oceans on the per1od is 11m1ted to the1r contr1but1on to the d1fference

o

in moments of 1nert1a wh1ch const1tutes the bulge. But when mob111ty of the _
oceans is taken into account, together.W1th elastic yielding of the.so]1d '
Earth, the major axis of the inertia tensor of the oceans will tend to be

more.closely-afigned withAtheﬁmoving spin axis, thus reducing the effective

* " bulge and'lengthening the period. In addition to inf]ueﬁbing_the per%bd L

. the ocean introduces‘a slight e11ipticity.dn‘the:geodraphita1 path of the_

7
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‘ poie because bhe%r jrregular distribution causes the wobble about,onb
dis to be excited s]ightgy more strong]y'bhan that about’ the otber.
‘ The potential induced by the wobble excites an ocean tide
"known as the po]e tide. The feedback-of the ocean pole tide on the |
l_Chand]er wobble has been 1nvest1gated prev1ous1y by Larmor (1915) and
Haubrich and Munk (1959), but wnth's1mp11fy1ng assumpt1ons about t1@e
' heights and the effect qf.cont1nenta11ty. After examining the prob1em : ;
in the case of global oceans (sectiou 4. 111) and accommodat1ng cént1nenta11by-
(section 4. iv) a comp]ete so1ut1on for ‘the effect of an eq 111br1um pole
- tide is attempted in sect1on 4.v, ' ’ f
| Larmor (1915), the first to attempt the prob]ém,obtained a
lengthening bf the period of about 28 déys He . allowed for yie1ding of the
'.5011d Earth to the prescr1bed tidal potent1a1 of the wobb]e but d1d not
take into account ocean loading or se]f—attract1on fﬁé a]so attempted
to’hl]ow for the effect' on the perfod of non-g]oba11ty of the oceans
by reducing his tide height by 2/3 (which is appr0x1mat§1y the ‘fraction
of the Earth covered by oceans) A]though he .gave no clear argument for
the 1ntr0duct1on of this factor it will be seen in section 4.{v that the -
-1eading_tgnn in the expanéion of the otean functfou in'surface‘bafmohjc§
“is also the 1eadibg.¢grm 1b.the correction for continentajity. o

‘ -Haubrich and Munk (1959) abbounfed correct1y for con-
t1nenta11ty but .did not allow for the effect of 1oad y1e1d1ng and self— -
attraction.on the tide he1ght, and made an ,jncorrect est1mate (sectnon 4 V)
‘of the effect of 1oad_yie1d1ng on the products of 1nert1a of.a t1de Their

'error. was attr1butab1e most1y to incorrect numer1c;\ va]ues of the 15ad Love

numbers but as well, thewr use of the Love numbers was 1ncons1stent w1th
. LS - .

h.
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the Love number method. Their method is essentially that of sectioh

R 1 a1though I have used the more recent ocean function of Ba1m1no

'et al (1973) in the correct1on for cont1nenta11ty

" Here, as in all prev1ous work, it has been assumed that

- the po]e t1de is an equ111br1um tide. Although the solar annual tide is -

thought to be eqdilibrium this does not mean that all longer period tides -

" will be equilibrium. = The reason for this is that the solar annual tide--
»

" potential is of degree-2, order-zero whereas the pele tide is of degree-2,

order-l, This is sufficient reason to rule out equating their dynamics -
(Munk and MacDonald, 1960, p. 99). ' In fact both Haubrich and Munk

(1959), and Miller (1973) in a more complete analysis, report pole tides

"an order of magnitude above equilibrium. However the areas -in which an
. especia]1y large po]e'tide is found are quite localized and MiT1er (1973) ‘
'finds that the excitat1on from the non- equ111br1um tides in the Baltic

. and North seas is; qu1te 1nsuff1c1ent to excite an apprec1ab1e wobb]e

On the bas1s of this result an investigation of the effect_pf the oceans
on theﬂﬁhand1et wobble, assuming an equi}ibriuh tidal response, may be a

good apbroximatton.

i1) The Liouville Equations

The L1ouv111e equat1ons wh1ch descr1be the rotat1on of a-H;.:.

' yielding.éarth are derived in Append1x E. They can be wn1tten in the form

\]
\

m e ¥ M, 4’ I
M/ 2T (8.1)
' mi/ér -m=-9.
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nhere .éris_ﬂthe. Enlerian frequency of the wobble ‘for a rigict Earth'and m,
and mé are the eomp' ne'nts Vof‘the,angu'lan ve'loéitéy BfA the reference frame
(which is attached to the solid Edarth in some pnescribed manner) about the
‘ i'axes. 0 90° E 10ng1tude in the equator1a1 p'Iane normahzed by d1v1d1ng .

by the d1urna1 frequency The exc1tat1on_funct1ons, forthe purposes, . .

needed. here, .are o oo
. . . o L7 ‘ g 1 ' , o o
B = SRt G N . .

| 4.2)
c&a/c<_ﬂ) _+: %' ( )

P
o
]

where C,A are the Earth s axial and equator1a1 moments of 1nert1a and BC

Cy4, C are the smaH products of inertia generated by the po]e tide. -
» 13> “23° », Sy

. The f1rst terms on the right hand side are the ocean exc1tat1ons and
_/‘P; and &are the exmta@n: of all other sources which have an
o

" effect on ‘the period of the wobble. (f'|u1d core e'last1c mantte,

: atmos\phene)., Ust‘ng 4,2 equat1ons 4,1 may be written- o ‘ A N

M

m:,+5rm&' g C-\-s/<< A) +5r421 oo -
~ ‘ (4.3)

My = Semy ‘éfc-la/(("ﬁ) -Srd,

The most exhaustive study of the wobble of an oceanless, but otherwise

real Earth is by.Jeffreys and Vicente (1957). They have shown that for
. N . - )

an oceanless Earth equatiqné 4,3 can 'ﬂbe,/rewr,i tten in the approximate -form
- . . ' B » .

2

My sdem, =0

| L T ee Ty (4.4)
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* Re-introducing the ocean excitation gives -
m, tSemy = SpCa3 /(A
¢ 0 N ‘. , . . - ' . . . ﬁ(4'5) o0

My ~Se My TmSrQy fc-A)

which may be SOIVed for the ob;erhed frequency 8 in terms of.the.
N , 'ocean]éss'.frequency 45éand the Eu1erjan'frequency<5}. Subthaction
of the 'oceanless' period from the observed period gives thé' lengthening °

" of the period due to'therceans.

- T i) The Pole Tide in'Global Oceans - - . IR c ,-;. (
T\\;\i . » N : : o o :

—
_\_k ——

B S . )'l.f . " This is éssehfié11y the model of Larmoh'(ﬁ915): A]fhéugh .

o _heIde not use the perturbed‘Liouville équatiéns and hence coﬁ]d rot :

:so1ve fhr the wobble period of an oceanless Earfh‘ he was éb]e to'obtaih ’
an approx1mate sgﬂyt1on of the prob1gm by ca]cu]at1ng the wobb]e per1od of
a rigid Earth whose pole tide had the same he1ght it would have on a real

Earth. ‘The 1engthen1ng ca1cu1ated on th1s bas1s is about 28 days wh1ch

is- actua]]y c]oser to the true 1engthen1ng by oceans wh1ch respond 1n
¥

equ1115r1um fashmghan the’ 43 days we obtain here by approachmg the

. problem corfeétiy. sing 1.11»the he1ght of the equ111br1um tide is

R .
Ao . e s . , . N
- N

R, p (M cow\ +M,\5m(\) (47)

. ' R A -——- Y
'~J§ ' . 3’ 3 - el
The wobb]e pdtent1a1 in- 4, 47 as derived 1n append1x F .

4

——



© - Using 2.1 for the potentjal of 4 surface layer quknown'height'and density
°we have for the potential of the pole tide:

"V; = . _;_% _ﬁ.1 -;- 3y P (m,Cr)w\ \ m‘\ Smr\) (4,3)

Us1ng MacCu]]agh 3 formu]a for the terms in the grav1tat1ona1 potent1a1

A Y

. due to the products of 1nert16bc13, Chy We have

L --lgre. Rlcscosasgising) " )

~ and compar1ng With 4.8 we have

5:’ __{MJ m,'

| (4,10)
G = '00 pLa 3 m.\ B :
: .5f G ‘ .
The nebbde equations-then.become . o _ o "
- -. . . ',‘ ._' : & ‘.. . :
Myt Se My = S MLl )M |
o S 57  G(C-A) * -
R . , (4.31)
AL T eM==Srl 0 3;7”,
' o wP Gk-h)
"When solved for the observed frequency these yield- ) '
L 4= s, - A J, 0
. R 5 alc- A) SR %.12)‘,

P

T | -‘ = ée = 080 6{'

Nhen the Euler and observed frequenc1es ane used 1n 4 12, the 1ncrease 1n '

e N e

“ s
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the wobh]e pefiod.due'to‘the oceans is 43 days, and the wobble period of an.

.- oceanlass Earth is S

T = 394 days | , ‘, (4.;13)

fahq'the oceans accerding1y increase the period of the wobb]e by'43 days.
As a result of the globa11ty of the oceans there is no -

preference in the excitation of either my .or m, and the path of the polé .

is circular,

)

iv) The PoTe Tide in Non-Global Oceans

If the tide, as predicted by 4.7, is integrated over. the
obeahs it is found'that the integral does not reddce to zero, i.e. .
.water is not conserved. To correct this we use the Darwin porhégtion.i‘

i(sect1on 2.iv). The corrécté% tide in the ocean is

g, = 3 [m (P Cos - +n (P smd 3b,\
. . (4.14)
' ‘} (qua ,4043 S
‘When calculating the produets of inertia due to this tide it must be '

truncated to Zero on 1and

L "‘fl--q/"[i 5.1 cosads
| | (4.15)

. , C;3—~ ffE G,\_P sw\dS
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' "I'he'r_munibei'* of ron-zero integrals in 4.16 is Hmitéd ‘by the fact' that one

ST

4
’

SubStitutjng the -sufface harmo'ni"c expansions of € andl & into 4.15 wé have .
&y . R N

= H, Z [f Pm a’,',’ 'C"bs.md cos’A ﬁs '
j PA b SULYD\(\ SinA COSA 45 S -}_ I T

IP,, ',’."Lm:, 3a; cosmAcosa ds

T R
fP"f; &p My 3D, CoSmA coshds i
427 : 40ao " °‘ ‘ ‘(4.15) .y
C-n": [j P”P}p a my Co.sm/\ 51112(\ JJ ‘ ' S
: ‘ ff’n {3_ b m, Smm,l 51)1(\ COM d 5
ff’,. I"JL m, aim‘xsin xods
fp P;, b m} 3b, Nr\ndr\ Dlml o(S' B
. 4’0qo ' o o ' . Co
whé?e I ) Coos -

H; = ﬁ‘q"gﬁ,‘, 3;’ .
Al

-~

i

of the Legendre functions has been specjfied to be ,Pa.- . In fact the only -~
'non-’zero'inte'gré]s ar"e those in which .the ocean coefficients of.'deg'r\ee '

0,2,4, and order 0,2 are present.
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Foﬂomng the notatwn of Haubmch and Munk (1959) these may be wr1tten\ ‘
egys H; A (T\”{ R »éa.) ) S

" _:.%*,H(T‘m’ * Rm') R

T,l_.,=w;[q‘,°.(,oofoz;r'+ ag'.qgec,% ¢ c’lf.l‘lw{. T
IR .;{(a}ﬁmg ff«,};c,q‘mj)' - ,_;J ]
L _ e 3 o _.
(4 18) -

h* fq» oo+ qwcg vapmag

o L
(61 5"11,321 +qq LQ;.«?I) ~ 9Z.(b)
> +/. ao0 gy

—0
H 1497: Moq‘-‘ o
k! .
A

T
T oqwq %10
R '0 0679-*:0’
Hﬁ’

l.3f{q *{o =



- The wobb]é equations become

) "'74 -

m, +(<s¢ -5 '«s'r) = 4=Bm

.- ot H- .“ (4.20),‘
where ‘ : ‘L' '
L 5 Rl S ‘(4.21)“__.
‘Equat1ons 4, 20 may be uncoupied to yield - B :_'F .y
M, + (e ~Tadr) (se ~Tzr) - ALB) Mzo
H - " (4.22)

((ée ‘Z,ﬁ’_r) (éc —Té_H_r) - %)m',, o

and the frequency is’

'_4 = 4;,[,'_—_1 - —ﬂ.(.TltIs}) -—fl (R Tﬂ})] (4. 23)

i

',ortoa ﬁrstapmnxmmhon ”'» - . ‘ "‘ h,’

s *(T'*T-\)ﬂ L e
REEE u. > T
which Gives for the wobgﬂé period of an oceanless Earth

.6 g . " . | '. l-_ | _I"e =.‘ 407 daqs. , . | ) ‘1 | ,(4.25)

’

.
.
. - n ’ i .
.t N . - . ’ v PRI ) s
¥ - . -
» [ . N -
- * . P . N . . "t
. . D .

- reduc1ng the 1ncrease in per1od to 30 days. Thé three-day difference _

" between ,this and Haubrich and Munk’s (1959) resu]t is attr1butab1e to the e
d1fferent ocean funct1ons used S1nce the, result is apprec1ab1y dlfferent _

\ from that. obta1ned us1ng g]oba1 oceans, the 1mportance of cont1nenta11ty

" is read11y apparent. .

: .
g o a
L. .o . ' ’



" v) The Complete Salution of the Pole Tide

Because T1 is greater than T2 the exC1tat40h is not

:.symmetr1c and an e111pt1ca1 po1e path resu1ts . '  ‘ ' <ol -

o
L , ’ , v

o The treatment in'section 4,iv was an over-simp1ification

An that the tide heights d1d not allow for se1f—attract1on and loading and

. - the consequent d1m1nish1ng of the product§‘ef inertia of the ocean tide

;But the deformat1on potent1a1 is actua11y

ﬁnd certa1n1y

" 5.fwas not accounted for. It is not sat]sfactory to a1low for load y1e1d1ng;

as it affects the produtt of'inertia,simp1y byicaltu1qtjhg the'product of
inertia-of an Earth tide’ of amp11tude oL §;_-\\ o

i& . ~.: | (3'26) .

" and dens1ty contrastff s as Haubrlch and Munk (1959) suggest This is C

a m1suse .0f the Love number methpd as can be eas11y seen by not1ng that -

. us1ng this argument ‘the potent1a? of the so]1d Earth as a resu]t of the

ocean tqde wou]d be - ‘ : ‘:' N .
N R

R

S KBem o e
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-,‘ It was .shown in Chapter 3 that the deformat1on potent1a1

. of the Earth in response to a prescr1bed potent1a1

5.

U Z Pk(UKCOSK(\ + V-k smke\) o .V(4_‘3'o') '

‘-
\

gan be written in a manner analogous to the equat1bns 2.74 for the t1de

heights. prOV1ded the response of the oceans is equ111br1um The deformgt1on

-

potent1a1 is ;
Vs Z Pf [Kl(em 3\<) U cosma 4 K,ﬂfm,),\:)u K sinma,
.- o 4,'(3({1«3\:)\/ tosmr\ + k7(fn.5K)V smw{j L

In this éhaptercthe.K matrlges will account for on]y the perturbed

| 2 terms so that 4 31 may be wr1tten

potentia] due to the oceans. In contrast to chapter 3, the direct
perturbed potent1a1 of the so11d Earth in response go the prescribed -
potent1a1 is not’ 1nc1uded in the K matr1ces because here the K matrices -

2

are to give the perturbgd potential due to the oceans on1y The only '

terms in 4. 31 which are the result of, the 1nert1a products c]3, Coy are the o

l

ul '

V= PA [(Kl(al §K) U5+ K3(Al°k) v") COSr\

- | ‘ L (a32)
A RIGLER) u, 4 ;1;704,,,&) V; *)sina
D SENEER 3 . o N
" From equations 4.$ for the patential of the products of inertia.cyg, :
c23 we Kave - T ‘, - i a "
] Z kl(aq bk) u + h3(a.t 5k)V "RGCy e
. o |
T Cao - (4033)
S .Z maw Us + K7< a,'vW" ‘lc-f-; Gs. -7

O

N
e
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fhe‘pp]e t{de has on1y degree-z, order-T‘terms

. l'= __jl‘gqgl m,
g
SO’ we have

N

-qs __a [kl(.u a) i, + ka(au as')m&]

U ,; Kl(a.ta.\)_n.a’/M—H .
| ,T,_- h7(aua.a),na./36'9 -
R= K3 AW/ 36A

Fo%lowing~thé preyioys:section_thish1éads tor

E T} ;='411_days

e

-+ 50 that the oceans incnease the period b9326 days.

/ v,

. 3
e [ Kﬂ&&\asi) m, + k7(a..,|,a.,t) m,]
. 6
i.e. S 4 ’ .
T Ci3 = A('-Ti m, + R".‘e.) |
. Csa =A(Tm, + Rm) "

(4. 35)

The resu1ts and weaknesses of the three so1ut1ons are

R A

[}

presented 1n Jab1e 4 2.

The non-globality of the ‘oceans has the greatest

| ; 1nf1uence, reduc1ng the 1engthen1ng by 13 days. The slight adgustment of

4 days as a result of allowing for load yielding is..the resu]tant ‘of (a)

an 1ncrease in the ‘pole t1de amp11tude by load1ng and part1cu1ar]y se]f—

. L : .‘, R

\‘- . . . .

° . ."- 1

. “ .o . . . Ak

. °

. . . ,
A
. . 5
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section 4.iii-, . - . ° 43
Lo v . : -

B s e R non equ1'l1br1um response

I . R Chand'ler.‘wpbb'i‘g'.prbb,'lem” o Lo ¥

N . . N - . [ 4 k ,-;“

aftractmn by a factor of‘ about 84/ 69 and (b) a reduct1on in this -
B t1de s ab1'|1ty to raise products of 1nert1a by a factor of@out ;69

” As reported ear'|1er, the actua'l"permd for an ocean'less

Earth is about 392 days, according to Jeffreys and Vicente (1957)“

| , Presumab'ly the di screpancy between 392 and 411 1s to be accounted for by

.

taking 1nto account the departure of. the pole tide. from equ111br1um,

\

by a fu'lly dynam1ca1 :treatment oL -

t] i N
Metﬁ'pd S 'Lepgthening - Apbfoximati\ons
; of beriod:(days) L L v

.does not allow for

. B . ‘1oading, self- .
= S ©oen

LT .. 7 . attraction or

b Can o bontmentahty
s_eéti‘on 4.9v. - . 30 does not allow for - -

. T " . @) self-attraction.or

SURE SR - -+, Toading -
. "r .. - .&21" _ ¥
section 4.v -, . b ‘Zﬁf ‘ : does not aﬂow for |
BN CRY

.of oceans . oy

: . Ce . ~ -
Voo . ' ! : . - ! " \
v . . . . ' .
L% . . . . R W, \
. Fal - N . .
. .

- Ta'b'le',4;'2 The results of the three sutcessive .-

o apprgxi'rhéi;ions to the pole tide /'.
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vi)The E1lipticity of the.Pole Path . - A A

‘The path of the‘po]e at the.ChandTer'frequency is not

‘ c1rcu1ar due in part to the distribution of the oceans, and in part to

» the 1nert1a e111pso1d of the so11d Earth ‘being slightly -triaxial.

" When a triaxial body is rotating near]y about its axis
: of greatest moment and wobb11ng slightly, the maJor axis of the
;5. e111pt1ca1 pole path points toward the pr1nc1pal ax1s,of 1ntermed1ate
| moment of 1nert1a. Th1s is.simply because the wobb1e energy 1s sp11t

"equa]]y between the two equator1al axes and the axis of 1east moment of .
g .

1nert1a must have a greater ampl1tude of rotat1on The axis of 1east
moment of 1nert1a for the Earth 1s in the Ind1an ocean which puts the
. 3

1ntermed1ate ax1s at about 10 degrees East 1ong1tude * Haubrich and Munk

-.(1959) p]ace the maJor axis_ of the po1e path at 107 degrees East longltude L

apparent]_y by confusmg the greatest equator1a1 rad1 us and the ,greatest

equator1a1 axis of inertia. ; .

. o ’ g
If M1 and M2 are the amp11tudes of the po]ar mot1ons
then the]r magn1tudes w11] be «in the rat1o of the1r exc1tat1ons o
’ .Pjé 6e T|.ﬂ. ‘ oo el
f”( é( "" Ta-n- " ..:" . . .
. | Ny v (4.39)
.'-_-. . = 1 — H__ﬂ. “ . ‘ . )
M, T -

- -
¥
u"\" .

] Qﬁ'q :
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: . Nr1t1ng the equat1on§ of po]ar motmn as S .

o H CO.S(é.J(:) \ .
: M= M, sins#€@) - o !

. . . . . ‘ )
.where /3 is a phase ang]e ‘and Ml M2 ar'e the amphtudes ojhe po1ar m0t1on.

o - By subst1tut1ng in 4 20 we have : oL '. °

B ,1.4,‘/3 = - AR - _004{.,4/

L, .Elim_inéting the time in 4.40 and using 4.41 we have

————

wh1ch is an ellipse or1ented at an ang1e h such that

(a.01)
. M) - ABMM,. M = [ - ' . '
— =2 = ‘ (4.42) -

'.idnlt\ =* 9&/3/(,5!. M). -
My M, .(4.43)
_ ) T = -OS‘- . ' 4
‘ The oceans thus contr1bute to the e1hpt1c1ty of the po]_g path whose o
a 'ma.]or ax1s 1s aligned c1ose1y to the Greenwmh mer1d1an .
. o , :
- ‘ .
Y, oo S a
.’%’ s @ '
: RN '
o RS ,l_, o, o
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The grav1metr1c factor for 4 prescr1bed non- 1oad potent1a1
- was given .in sect1on 1,944 Farre11 (1970) suggests that the- gravimetric
;f factor for a load’ potent1a1 is .the.same as that for a non ~-Toad potent1a]
w1th 1oad Love numbers rep]ac1ng non-1oad Love numbers S1ichter (1972)

0
makes a similar statement and compounds his error by using load Lovem-

numben5~o£~oornect abéo]ute vp1ue'but wrong sign. In section 5.11" the
Pnopen expneesiog ﬁgr~the‘1oad grévimetrjb Feotor jo‘derivgo. ,This ??lthe";
‘useu in conj’unction with“eq 2.26for the g."loba1 effective\X:de height,
to arrive at a grav1me;r1c factor for a mode1 w1th g]oba] oce Q\\ gIn -
sect1on 5.i1d ' the matr1ces which govern the f]uctuat1ons in gravnty will 5
be derlved and used to examine thé grau1t; t1des assoc1ated with severa1
1ong per1od t1des, S]1chten (1972) has’ shown that south po1ar stat19ns

‘ .1-,'.' ‘ 11., ," o »
.are. very 11ttre 1nf1uenced by, the gravnty t1de from the 1ong per1od ocean

-

t1des. By examining var1ous t1da] patterns it, Pay be poss1b1e to f1nd

-other areas 1n the- Earth for which the grdv1ty tide- correct1on for a g1veh

. * 3 . L “.Q
t1de is sma11 _ o vt , -
g “ @ ’ ’ . ) A" . . ) " ) L}
R " o ; ) . ’ ‘_ T i {‘ . T )
. i1) The Gravimetric .Factor For,a-'Load Potential L (ﬁ )

WL i N
e | After y1e1d1ng, the potent1a1 due to & prescr1bed 1oad

.",‘ - VI \*@? EER '
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0 <.

potential U' is &, . - ' | :
Doy 'yt

_— . 1 . Vr ‘ . . ‘
. . v ) . - -8
at Ehe sur"face‘and ‘ R - .

""(") (Hk')gr‘Dl ‘; o (‘sf"—?)f-‘

outs1de the surface.

perturbat1on in gravity at the surface; - L : ' : ‘

2 C ) - - i i ..
- e N \ - : o
' —%%,(H!(") u" e e
SR - )

There is an add1tiona1 contr1but1on to the’ gravfty t1de wh1oh arises

from the vert1caf def]ect1ons of the Earth's surface f( ~

L S ' 5.4
L art o ~.' Gy '( _2.

.

. ) - SN N
. _where V

is thn und1sturbed potential of the Earth and

i,;h*U/g

R 3 o (5.5)-
S - V Y : " -’ - S T
. . .. . )r% ! -—3 * . ‘ '

a »

o the tota1 f1uctuat1on 1n grav1ty 1s ' e - o
. l T, PO
) : . ' I s
N (‘;.\.bn YL..‘ (Hkn)) 7N _f‘:.._j,:,;-'. Ry e
L -.i-;":’. ' K 10 . - - 2 :‘ :‘ '-ﬁé..6)
’ \ o R ' .

By differentiating w1th réspect to r- we obtain the .

IS
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from Zaézﬁit B

‘and thé Toad p'otentia'],of'this‘,, tide is

where the load gravimetric‘ factor is

N 4

‘\
\

»
“

P In the céseﬂ'.of equilibriun tides in global oceans we have

&yt Z’iseé"%zw N RO

°

“ S (‘h+0f ‘..: R B

so that the tota'i gravi ty t1de is “',.“ | \ o
. Ag = '- neH n_l_)n } ": | . (510) "
) and tf\f]obaﬂ effectwe grav1metr1c factor is - | - ‘

«
LAY

.
.
' Tty 4 . - )
- L i . ' .
[ _"/ o’ . - .
- . ., .
13 & [ ‘.’ il
. . . "
: Yoo - Ve : ' )
» N ot a
. . .
/ fe " ® . a N "
» \ X [SERY ) . -
- t /. [ .. N - »
.
= - J ot 0, N
v :a - . . ) S . .
r . . . . i, . _—
i N - " . . 7
Y P - Chd 7 -

DS e & F e J T
-,fnefr_gn ”nﬁ(i}'“fw e ;L (5,11)

£
e

on th so11d Earth surface, so equa’cmn B, 11 cou]d not, str1ct1y speakmg,

,@pp’ly to global. oceans but on1y to oceans wh1ch were 50 extenswe the t1da] N

’

pattern was- not greaﬂy aH:ered by contmentahty

.'?. Numer1ca1 values of "the 1oad grav1metr1c factor and- ther

global effectwe gravmetmc factor are gwen 1n Tab1e 5 1 P

Actuaﬂy these gravimefr'ic"factors are ’co be’ used wi tﬁ rﬁ'e-éstir'ementS'made -

a

I

-
-
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did) ,Gra\'n‘ty Tides on an Earth- With ,Non-GToba] Oteans

-. U
. ;‘1 /

As m the earlier chapters we would- er to express the
grav1ty t1de over the surface of the Earth in a surface harmomc expans1on

- 'whose coeff1c1ents would’ be g1ven by

g7 =‘Gl(e,m;k) u“ + 63 Cenip) 4 vk oo
| (5.12)

3" Cs-S‘(emL,,k)gJ +ca7(£ J,k) v"

o Cons1der1ng on'Iy non- 'Ioad potent1a'|s and us1ng 2 68 for
the ’t1de he1ght and 2 1. for the load potent1a1 of th1s t1de we have for

the radial def'lectwn of the solid Earth due on]y to the ocean t1de '
378 . a *) [Ll(l,m,.),k‘)u . L3(e,..0m\/aj

. The perturbatmn'm gra\n ty as a. resu'lt of th1s rad1a1 def]ectmn of the_

-

Q

(5. 13)

' so'l1d surface 1s .
) "l.}-,) .

I EET S SR R U S
' and s1m11ar'ly for the other co‘eff1c1ents -

The perturbed potent1a1 of the Earth- due to the ocean tide -

" is g1ven by 3.13 and 3 14. with the d1rect so'hd Earth perturbed~potent1a1 )

'removed' T ?",° SR ' .
‘k ﬁ ki) uf 4 K3Qm,\c3\/§". S
ke (5.15).
Jn Ké (tm;k) U“ + K7({’p15,k)V L
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. -85 - -
and the perturbat1on in- grav1ty is R e
o " . - | : o

_— 'ahd'gimi1§r1y for'thg.dfhér coef%icients. The total centribution of‘thé, e
Scean fidé,to the gravity’tiae is | | o .

h¢3f' L!(f,m“\k) Jtu)kn{fm STRV N

240€ :

=12

0,2

4 w38 Lz(em,‘k)-(wkw, " vk
f,[“'(a\hﬂ! 3 m, )]

. ' -
.

. (5. 17)

32'? ‘:‘[% am)‘;’ Lﬂfﬁsﬁ?) o kﬂm"’k)] UK

f,[‘% 1 36 M(t’mék)-(t'__) l<7(em5k)] vk o

¢

-The G‘matrices'are\ e s AR
. . ¢ N . . i

| Gl(fmg,k) = [&he-- (€+l)<t+ke)]_3_n_~ "U(CM(’)

GB(hnbk) [Ah, (f+l)(t+k¢)]_3_g L3 (t’mk)‘«"“ i

3

!
Gf(fmby) [Af“’_(?ﬂ)‘de]@{lj/)f [5’(\!»‘55;)

(xp+ l]

J‘~..

,;._chz-u,m;s,«)=‘[ ahe -<f+f><f+ke>]__£~ U«m > |
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s 14298 ' 1 618 .
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" Subject, the representation of*eqﬁ‘il'l"ibrium"tide heights is by the =

L ‘i)-‘Sl'Jmmarx

1n the derwatmn The'ir equation was ther‘efore suspect and ‘the ipitial

&

t
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' CHAPTER-6 SR

SUMMARY AND SUGGESTIONS FOR FUTURE RESEARCH

> . ‘ : . . N . L
-
/ . v

,,I,n"most t'extboo‘ks -and published research papei*s an the .

" equation” - T

LEGUERTMIG L
G

Munk and’ MacDona]d (1960 p 36) gave a formu]a mod1fy1ng 6.1 so that the

ocean feedback on 1tse'lf d1rect1y and through 1oad y1e1d1ng, was a]]owed

fmj. The der1vat1op presented by Munk and MacDonald was, however, cn‘-'

o

cu1tous and the .actudl feedback processes oCcurmng were not transpar‘ent

~

purpose of this research was to e1ther veri f_y iy refute the1r equat1on and
in add1t1on to so'IVe for the tide he1ght somethmg wh1ch Munk and MacDona'ld d1d

not attempt o s

Then‘ equat1on was, vemﬁed (apart‘from a. necessary
correct1 on for mass conservatwn wh1ch was not c1ear1y 1ncorporated by
them) but obta1ned b_y a, more comprehens1b'le der1vat1on and,§,o1ved so
that the coeff1c1ents in the sur'face harmomc expansmn of a t1de due to A‘

-any prescr1bed potentﬁa] cou]d be qu‘l ck1y pbtamed (Sectwéz v) .
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L

of abopt 30. Here: Q 1s g1ven by S

e I/Q (t/anE)fd.E JT 62

the axial spin acceleratlon. ﬁf; L .,.:h‘(; o | :" . 2
‘ "Much of the phase lag: and amp]1tude discrepancy of : J
the gravity txde observed -at con@anenta1 stat1ons 1s due to the- non-

: equ111br1um tldes in thé global ocean. when a'more complete know]edge of”
the t1de in the open ocean 1s avai]ab]e 1t will ' be poss1b1e to remove the
ocean1c contr1bution to the observed grav1ty t1de and “thus obta1n a’ so]1d
Earth re51dua1 Whlch W111 yield an aCCurate va1ue, part1cu1ar1y of the '

)

so11d Earth phase 1ag, 0 that the d1ss1pat1veness of the so11d Earth at
t1da1 frequenc1es may be obta1ned Th1s has a1ready been attempted by -
Farre11 (1972b) A1though he'doe&,not mention the so]1d—Earth phase~1ag,

h1s resu1ts 1nd1cate that the spec1f1c d1sS1pat1on function Q 1s about 100

whereas'W1thout'_he ocean correot1on the m1dcont1nenta1 data y1e]d a, Q

v
Y

.
. v P

" where E. is the péak energy stored 1n one cyc1e of the vibrat1on under

it
sy

" study, and g,E the rate at, wh1ch energy is wd1ss1pated

. 0'Hora’ (1973) d1scusses the systemat1c error. 1n P 7.T.*

ot
LI

’-cobservat1ons ar151ng from theé neglect of the 1oca1 def]ect1on of the g

.

vert1ca1 cauSed by ne1gthUr1ng oceans A]though the g1oba1 oceanrt1dé

e

4

has a re1at1ve1y sma11 1nf1uence on the 1oca1 def]ect1on of the vertical

-

1t may be useful to separate th1s effect from the P Z T observations,upn;e“ “

- N .
- o .

re17ab1e cot1da1 charts are ava11ab1e

* photographic'zenith.tube . L . R T
. ) A. - . J .' ¢ . 2 . .

e N : , A ' e .

; : ;

rf -
1

A XN
)
-



wj;gpﬂAd equa11y well descr1be the perturbed potentia] and grav1ty t1de e

' on a non- spherically- symmetr1c Earth Exp11c1t-formu1ae Were given to-r

TS aﬁr mass and ground water, Munk and\ﬂacDona1d (1960) and Van Hchkama

<

” . X 65, .
»

It was found that the matr1x method deve10pequn Chapter

convert the tide he1ght matr1ces 1nto the. perturbed. potent1a1 and /gravi-

metric matrices (Séctions- 3.1, 5. 111) Fo11ow1ng &au]a (1969) the Love S

-~

number k2 was. mapped as a funct1on of pos1t1on on an Earth’ whose oceans

“reSponded in an equi]ibr1um fash1on to a prescr1bed potent1a1 (Sect1on

3.111). U ‘ e : S S
‘ The 1nf1uence of - the ocean; on the per1od of the Chand'lerL X 2
'wobb1e haS'not before beeh so comp1ete1y 1nvest1gated,‘1n part1cu1ar SR g

&

1oad1ng and se1f-attract1on have not prev1ou51y ful]y been cons1dered

'\

~ This was done in Chapter 4. ' ‘_ T n - CL T

i  Some CO“fUSTON about the lnadégravﬁgétr1c factor was q{rﬂ SRR

- pointed out and thé correct expression der1ved_(qutJon 5.91). o
. . i R B ..,‘ . ‘ ©
, ‘ L e ~ . .

e

ji)‘Sdggestions for. Future Research = . S
‘ . T oIn ca]cu]at1ng the exc1tat1on funct1on (Munk and MacDona]d “-°w

Q

: 1960, P- 39) for changes in ax1a1 rotat1on and WObble due ‘to seaﬁfnal sh1ft5'

'(1970 have not cons1dered the eff1cacy of a land. based Toad in: exc1tat1ng : ’

. . . ge
" an ocean t1de. "Jhe appropr1ate elements of L2 and L6 1nd1cate that a ) ?\%a

sizab]eftide'may be generated The effect of neglecting thié t1de 15

. a ’ 'Q‘ )
s, . ¢ .O.l .
fo overestimate: the - sector1a1 shift in mass and undereet1mate the zona]
and consequently to OVErestJmate the’wobb1e excitation and underest1mate ) E
. o g N - - ) c, . - LR . "\
" ] ° - l\. ’ )
.5 [, B 'n - . [y ' ) " &
i ‘. ‘,l :
n ! . _ " » L x)‘ L)
I e e
4 N -'- I . . \ ~ \‘
o \[ }! Kl , . 1\ . o" Ny P 1. -
} - . , Lt » b i,
s o o ¥ : | o !
- ¢ \:' ,__.)\ e - ) ! [



-
s

- / o . ‘i~ a
' s ‘As is well known the sea floor is covered W1th a 1ayer
of sed1ment which may reach a. k11ometer in th1ckne$s To my know]edge

.no one has ;nvest1gated the effect of a surface 1ayer of very 1ow r1g1d1ty

- on the 1oad Love numbers, which are very sens1t1ve to,fhe surface conditions.’

. In this thes1s it has bken demonstrated that self-attraction.

and 1oading-haVe significént-effectslon equi]ibrﬁum tide theory. It woulor '

' be reasonab1e to expect a; 1east as 1mportant a consequence to dynam1ca1
R t1de theorygas the pre11m1nary results of Hendershott (1972 5399e5t 'In
part1cu1ar the dynamical interaction between the 1oaded sea f]oor and the

“ ©  ocean -requires 1nvest1gat1on, At pr ent no co-tidal chart has been.

verified-and any resuft‘obtained usihg one is subject to question. The
';secu]er acceﬁeration of the Earth s a result of the ocean tides has been
investigated by Pariyskiy et al (19 : and Kuznetsov (1972) usinglco-tida1
charts .derived withoit allowing for the oceon'feeoback,and'these;studies

should be repeated with a more reliable chart.

¢S .
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-Computing the Tide Height Matrices S '

. o —" -
» - - .
[ . . - N
" ’ - . L]

A computer program has been—wr1tten to g1ve the matrices

L1, L2 L3, L4 L5, L6, L7 L8 of chapter 2. The matr1ces have been '

\

» -

computed to g1ve the tide height expans1on to degree ; d order 8 in terms By
of the pre cr1bed potent1als The large s1ze of the m§¢r1ces prevents

the1r be1ng entirely d1sp1ayed here However, columns 4 and 56~h1ch~
’determ1ne the tide height due to‘prescr1bed potent1a1§ of degree 2

\ and orderTO, end degree-2 and order-l, respect1ve]y) of Ll.end L5 are
‘d1sp1ayed in Tab]e A.l, -

Throughout the cunputat1ons the assoc1ated Legendre

. functlons used were those defined by Jeffreys ‘and. Jeffreys (1966,p 633) :

B (,u)—(n m! (I~ )ad“m (,u l) ), M case S

R it e

’maermmwﬁzeasv i .

o 'f(P )Smede =2 cn.m_).'_cwﬂ | (“0
P ! o . a'n+l . n') »

-.-The tr1p1e product 1ntegrals of the assoc1ated Legendre - functions,‘
f PmPrHSSIanQ,~ A e
. were computed u51ng the formu]a of "Infeld and: Hu11 (1951) ,'They:u;e.the )
; fu]ly normallzed po]ynom1a1s ;ﬁ T _ ' ' —'-

P,,w%(&i_w_l M‘),___.(' ok’ (,ut")

S, (im! ;zn Zl"‘““

n*w«

4\‘
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~i dec1ded to use”%he former 1n the .programming.

if Table 3.1..

'“the‘operétien is- given be]ow:

-96- "

SO that a nonna11zat10n factor must be 1ncTﬁded in equat1on 2 47.

As the ocean funct1on of Balminoget al (1973) proved to
be'a be tter representat1on than that of Munk and MacDona]d (1950) it was
)

\
The ocean function co ff1c1ents of Balmino et al were.

omputed using Legendre funct1ons normaT1zed in yet a- th1rd way so that
1t was’ necessary to convert these coeff1c1ents to the norma11zation

Al 1 by mu1t1p1y1ng the degree-n, order -m coeff1c1ent by the factor
| ( an )"f n!i -
r+mi(n- m)‘ " -

f ¥ The coeff1c1ents )n both normalizations are. disptayed

>

, -

*
. . - .
N Y

« The compgtbr program With.suff%cient comments to eTarify

4

T
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.
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LEVEL 21 R MAIN' B ; DATE 73202 - 13/86/57

C- PROGRAH T0 EVALUATE THE TIDE PREDICTION MATRICES - "
. IMPLICET REAL*8(A=H,0=2) , , CL :
" REAL%8 INTEG .
© INTEGER R,P,U,RR,PP,0Q, EXPOIoEXPDEaEXP;EXP!:EXPE:EXPO .
.. ' . DIMENSION Acvz) .
. _DIMENSION X(4,26), A13Tin,19)
© O 1,ALJI(10,10),A1J1AC10,10),813010, 1aJ.BIJ1(19.10),91J1A(10.1ﬂ),
C 2A2J010,10) »ARII(16,10), AZJIA(IHciﬂ)cBZJ(Iﬂplﬂ),BEJI(IBelﬂ)o
T 3B2JIp(18,10)
} . "DIMENSION AIJIAI(la,la) AEJIAI(IBolﬂ) PRI
. -DIMENSION G:Maer(ie.1a>.BETG:ntxo.101,PAR1<1w '18),PAR2(10,102),
" 1PAR3(10%18), PAR“(IE.lG),PARS(lﬂaIU) PARb(lﬂ,ln) PAR7(10:10).
LPARB(106,18) .
, DIMENSION BET(18,10), GAM(19.10) BETGAM(12,10) , GAMBET(10,10)
..C  THE LOVE NUMBERS ARE FROM LONGMAN.(1963) AND ARE PUNCHED ON 26 CARDS
€ 1@8/CARD,THE FIRST.IS H THE SECOND K THE THIRD H' THE FUURTH K' ’
A READ(S,aath(x(I J)eI=1,4) 02102060 ) -
aﬂﬂ FORMAT (4F6 - N ' :
‘THE OCEAN runérxou COEFFICIENTS ARE FRUM BALMINO ET AL (1973) WITH
c - THE -NORMALIZATION CHANGED TO THAT OF MUNK & MACDONALO (1960) - AND
C .ARE PUNCHED ON 9 CARDS‘1©/CARD ° : . L
‘ _ READ(5,12) CA(N) » N21,9@) L .o - . 0
. 10 FORMAT(10FB,4) . : e L
."C . SET EVERY ELEMENT.IN A%, Az.Bz B2=8 L , A
o REAL®8 A2(1¢,10) /100%0,00/ .
_ REAL*8’ Al(lﬂ:lﬁ)/lﬂ@*ﬂ pgs . - . ‘
REAL%8 B1(19,10)7/100%0, DB/’ . S S L L
REAL*8 aa(tu.tw)/taa*a oo/ S - R PNTEN
- DO 150, PP=1,4 .- LT P o
DO 160. UQ=1i,Pp St SN S T =
DO 170 RR=1,u . e .

DO 188 LL31,RR - °
.D0 198 NN&1,9 . o
DO 200 MMS1,NN . ° L L :
, P=PP=1 - e T - o
" G=00-1 - e I A A - O
R=RR-1 ' . ) b B . . : ' . ’ :“ ' . -".
L=Ll=t . S - T e
Nz=NN=} o - - ) - o — R -
& MzMMed: - | )
C CARD 30 TESTS THE. REGUIREMENT "ON THE AzxnuTHAL INDECES I
IF (eNOT ¢ (M.EQ,L+Q,0R,W.EQ,L+M,OR,LyEQ,G+M))GO TO 208 -~ U~

€  TEST FOR SUM UF ORDERS EGUAL EVEN INTEGER\,
28 ~ NRPS(N+R¥P) /2 )
N1EN+R+P=2ANRP . . .
- IF(N1,NE,B) GO TO -200 o ‘ RIEEIEEEE
C .CARD 36 TESTS IF ORDERS SATISFY TRIANGULARITY SR
IF(-NOT txABStR-N).LE Pe Ano.P LE R+N)) 60 T0 200 .
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L 98-
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. ' T . ,i"
fi - s . . .”
o 0 . / } 5. : ' . ‘f :l o ' fq” ]
LEVEL ‘20> . - 1 % . MAIN - DATE's" 73242 - 13/06/57
) , . ) N < ',b. - i N -
SUBROWE INE ORDER ORDERS THE LEGENDRE FUNCTIONS SO THAT THE °
- CRITERIA OF INFELD- AND HULL (1951)- ARE SATISFIED .
CALL ORDERUN,M,R elL,Pr@)
C SUBRQUTINE VAL EVALUATFS THE TRIPLE PRUDUCT INTEGRALS USING THE

C FORMULA OF INFELD & HULL (1951)

4

‘Catl VAL (N,M,R,L,P,Q, INTEG)

C _SUBROUTINE AZM EVALUATES THE INTEGRAL OVER THE AZIMUTH .

© CALL AZM- (MM:LLIQQ,ASMCCC;ASMSSC ASMCSS:ASHSCSJ

pa2*hN=1 ,
E=2*RRe=] s .
Fa2@pPpP=1 ! .

¢ TERM3®IS A CONVERSION FACTOR FRDM THE NORMALIZATION OF INFELD AND '

C "HULL TO THE NORMALIZATION OF MUNK AND MACDONALD (1960)

q

TERM3=D3GRT (2,D0XFACT 1 (NN= )tFACTl(NN+MM-2J*FACTI(RRﬂLLJ
I*FACTI(RR*LL'ZJ*F/(D*E*FACTI(PP GQJ*FACTICPP+QQ'2)))

R2AFACTI(PP=1)/(FACT{(NNem1)AFACTI(RR=1)).-

C CARDS 97=i81 FORM THE.45345 MATRICES Al1yA2.B1,B2

200
19@
18
170
160
150

c

.;c

Bl (RRE(RR=1)/2+LL PP (PP~ J/Z+UG)-B!(RR*(RR-1J/Z#LL:PP*(PP-I)/2+

T1GQ)FA(NNA(NN=1) /2+MH+ A4S R INTEG*ASMSSCATERMI

Be(RR*(RR-l)/2+LL0PP*(PP'l)/a*GQ)-Ba(RR*(RR-I)/E*LL:PP*(PP-!)/2+

1) FA(NRNACNN=1) /2+4MM+4S) X INTEG*ASMSCSATE RM3

ALCRR*(RR=1)/2+LL/PP*(PP=1)72+G0)= Al(RR*(RR-lJIEWLLUPP*(PP-SJ/Pf
1UQI+A INNA(NN=1)/2+HMM) A INTEGXASMCCCATERMS - j’ﬁ
1)/2

,~Aa(RR*(RR‘IJ/E+LL.PP*(PP-1)/2+GQ) AE(RR*(RR-IJ/E+LL:PP*(PP-
100)+A(NN*(NN-1)/e+MM)xINTEG*ASHCSS*TERMS

"CONTINUE ) . ‘ .
CONTINUE |~ - = ‘ o ) S
"CONT INUE | S U - - o
CONTINUE 1. , s ' o
CONTINUE = | . B o : L
CONTINUE _l _ s :

'CONVERT THE MArﬁxcEs Al,B1,A2,B2 TO THE TIDE HEIGHT MATRICES WITH
~ NO FEEDBACLK - | ' e '

.'D0 DSev N=1'
DO SAY M=1,

Do 52 Jsi,te . v

IENA(N=1) /24N - : )

T ALJCITI=ALCI, ) * (1, z+xc2:~>-xc1 N))

CALII G, 1D2AL (L, J) % (1,@4+X(4;NI=X(3,N)) "

'AIJIA(J:IJ Ai(I, Ja(l BHX(ArNI=X(3,N) )0, 55850 Uﬂ/(Z*N-l)

BLJCJ,1)=B1(1,d)* (1, B+X (2,N)=X(1,N))

BLIL(J, I)=Bxc1 J)*(l B+X(4,NI=X(3,N)) ‘
BIJIA(JI)= BI(I,J)*(I B+X(4rN)=X(3,N))*@ ,55B5D BBI(Z*N-I)
A2J (I 1)=AR(CI,d) (1, z+x(a,N)-X(1 N)) ‘ \

A9l (J, I)=A2(I J)t(l a+x(4.N)-x<3,~J) : ‘e
AEJIA(JrIJ=A2(I:JJ*(1 RHX(4r NISX(3,N) )%, ssaso na/(a*~-1h
B2J¢J»1)mB2(T,J) % (1, u+xca.NJ-x¢1 NJ).

saJIcJ 1)=B2 1,JJ-(1 a+x(4.~:-x(3.~))



—/'//’ _.
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LEVELS 21 < - MAIN ¢ OATE'= 73242 ' . 13/06/5T
L B2JIACI )SBR(LDI X (L, 04X (UM=K I3/ N)) 26,55050 va/tawN-xJ s
502, CONTINUE | |

- 5@1 . CONTINUE - - . § 3 -

500 CONTINUE L
PERFOURM THE MATRIX ALGEBRA OF THE%Q ESIS AND tVALUATE THE

TIDE HEIGHT MATRICES -
BUBROUTINE DIV INVERTS THE FIRST ARGUMENT LAND CALLS IT THE SECOND
SUBROUTINE PRUD MULTIPLIES THE FIRST THO AND CALLS IT.THE THIRD-
SUBROUTINE TERM CALCULATES Tﬁﬂ»rxos PREDICTION MATTICFS b

coo0n

CALL DIV(ALJIA/AIJTAL) - ) Nz
.CALL DIV(ARJIA,ARJTIAL) = . . ,' o T
CALL PRUD(ALIJIAI,BIJIA,BET) - S N
CALL PROD(AZJIAI,B2JIA,GAR) - B
CALL PROD(BET, (,A_M.BETGAMJ T :
. CALL PRUDQGAM,BETLGAMBET) o 5
CALL DIV(BETGAM)BETGIM) T
CALL DIV(GAMBET,SIMBET) o L o
CALL TERM(BETGIM)ATJIAIFAIJ/BET/ARJIAL,B2J,PARY)
CalLL TERM(thGIMoAIJIAIrj§31 BET,A2JIAI,B2J1,PAR2)
. CALL TERM(BETGIM,ATJIAT,BYJ/BET/ARJI4]T,ARJ,PAR3)
CALL TERM(BETGIM,ATJIAT,BIJI,BET,A2JIAX/ARJI,PARY)
CALL TERMUGIMBET, AaJIAI.BaJ,GAM,AIJIA}fAIJ PARS)
“caLl, TERM(GIMBEl,AZJIAI;BEJI;GAM,AIJI I/AIJI,PARG)
CALL TERM(GIMBET,A2JIAL1,A2J/GAM/AIJIAL,BIJ,PARY?)
CALL TERMIGIMBET,A2JIAIvrARJIs bAH AIJIAI BIJI.PAR&)
‘DO 509 I=1,18 ) , Co
ATJ(L,1)=0, oa N ot C : ,
AIJI(l 1)= . v : IR -
- B:J(1,1)=u,ow S -
.BldiglliJQUDDB B C e ‘ L :
A2 0. 00 _ . . I
ARJI(1,0)88,00 . - o LN
o B2J(1,1)=0,00 C EREE ‘ o .
S BaJdl(i,1)=0400_ .. . c e
: ‘PARI(1,1)30,00 .. N &
° PKRE(L’IJ‘EQDE . C st B .- :
PAR3(1,1)s8.,08 + .. T C e
PAR4C1,1)=0,08 oL . 5\ ‘ . . '
PARS(1,1)30,D0 » T T / . 7
PAR6(1,1)30,00 ) . . oo L
PAR7T (1, 1)=6,00 SRR e
; PARB(1,1)=0,00 . LT :
589" CONTINUE' ,~ ' - : o
. . WRITE(6,898) S
o WRITE(6,518) _
o 518 FORMAT(! MATR:X AI(N;MJ L
NRITE(banB)((Ai(I;J)lJ-IpIH)oI 1010)
520 FORHAT(IBFB,Q) . ‘

[ .

N



2100 -

: LEVE& 21 7Y (T T (3

‘ wRITE(b'SSB) . oo )
\53u FORMAT(? HATRIX AZ(N;MJ ",
hRITh(b.SZU)((A ,JJ J=1, 18),1=1, 1u)
WRITE(6,540)
S40 . FORMAT(! el MATRIX B1(N,M) 1)
wRITh(b:Sdﬂ)((BE(I J),J% 1.19) 1= 1,19)
; . WRITE(6,558)° _
. 550 FORMAT(' . . ' HATRIX BZ(N,M) Y
' , wRITt(B.sant(BZ(I JJ.J=1 1¢),1=1, 10)
WRITE(6,890) - . , -
WRITE(6»620) ‘

620 FORMAT("  MATRIX ATIIAT)

'y

WRITE(6731)((ATJIACI,»J),d= 1.1%9 Is4, 19) '

WRITE(6e650)
© 6580 FORMAT(! MATRIX BIJIA') '
i "WRITE(6,31)C(BIJIACI,T), J_x.xﬂ) 1= J

. WRITE(6,680) _

68D FORNAT(! MATRIX AZJIA‘)
NR1T£(6,31)((A2JIA(I Jyed= 1,1u1 I=1,10)

o WRITE(6,710) . - & , .

. 718 . FORMAT(! MATRIX BZJIA ) T
wRIT&(chIJ;(BadlA(I rd)d=1010) 012 1!19)
WRITE(L, 899 S

ArRITE(6,720) E .

720 FORMAT(! INVERSE MAIRIX I=AIJIAY)
WRITE(6,31)((AIJIALC ).J=1,10!.I=1,10J
WRITE(6y 730) . L ‘

T30 FORMAT(Y INVERS TRIX'I-AaJIA'
wRITE(bcll)((AEJIAI(I J),J=1,10), 1=& 1@)

, WRITE(L,758)°

. 750" FORMAT(! - MATRIX BET')

: WRITE(6,31)((BET(I, J3,J=1,10), 1=1, 10) 'T

"~ "WRITE(6s760) B

760 FORMAT(' MATRIX GAM') v
WRITE(6,.31)((GAMCI, J).J:l 10),1=1, 1u)
WRITE(6,890) - ,
WRITE(6,770) .

778 FORMAT(' . MATRIX BETGAM')
WRITE(6/31)((BETGAM(I,J),J=1,18),1= 1,19)
WRITE(6,780)

780 FORMAT('_ ~ MATRIX GAMBET')

]

WR TE(6:31)((GAMBET(I,J)1J 1,18),1= 1512)

WR¥TE (6, 798) -
790 FORMATC(! INVERSE MATRIX BETGIM')

WRITE(613IJ((BETGIM(I:J):J-lvlﬂﬁv131110) ‘

. WRITE(6,800)
" 880G FORMAT(! - INVERSE MATRIX GIMBET!)

NRITE(6031)((GIMBET(IoJ)rJ=1 103, 1-1.1é)'

L4

» .
. ¢ -3
. . d .
- ' ‘
’ N . : . - aQ
. . - . .
N ) - ) L ..
. . . . R ., . .

\
BN

73242

. 13/86/57



 WRITE(6,8

] - . ?
" . % -
LEVEL 21 T - MAIN a DATE = 73242 °
' N wﬂxtttb.a9w) o e S
. WRITE(6,560) - N
568 FORMAT(' .~ MATRIX AIJ (L1 WITHOUT FEEDBACK) ¢ ) e
- NRIIELboSI)((AIJ(I J)yJ=1,10),121, 1)
© WRITE(6r,610)
618 - FORMAT(' MATRIX AIJT. (L2 WITHOUT FEEDBACK)')
HRITE(brSI)((AIJI(I J).J-1.1a).1 1,10)
S wRIra(boe(u) - ' ‘
¢ 638  FORMAT(! MATRIX BIJ (L3 -WITHOUT FEEDBACK)!)
* | nnxra(b;§i3\7@ch1 1)y J=1,108),121,10) -
WRITE(6,890)) - ) : o e
X . HWRITE(6,640) : ' ®
, 643 FORMAT(! MATRIX BIJI (L4 WITHOUTg FEEDBACK}')
- . " WRITE(6/31)((BIJYICI,J),J=1,10),121, gp -
S . "WRITE(6,698) ‘
, 696 ° FORMAT(! MATRIX B2J (LS NITHUUT~FEEDBACK)')
- - WRITE(6731)((B2J(1,d),J=1,18D,151010) - o
' Do " WRITE(6,788) .
SRR .- T8@  FORMAT(! MATRIX BRJI (Lo WITHOUT FEEDBACKJ'J
cp e e : WRITE(6'31)((82JL(I J) . d= 1.101,1 1, 19)
'[i—' T WRITE(6)890) :
ST WRITE (6, 660)
- 668 FORMAT(! . MATRIX AZJ\ (L7 WITHOUT FE&DBACK)')
S 0 WRITE(6,31) ((A2J(1,d),J=1,10),151,10) N
- .« WRITE(6,670)
. ... 478 FORMAT(" MATRIX A2JI (L8 WITHOUT FEEDBACK)')'
Py vRITecéust((AzJICI,JJ.J 1, 1B)r1 1,10) .
_,'\' -;2_.‘_. ‘hEITE(boa‘w) : , ) . S
. Y WRITE(6,810) ‘ AU
' Wi 811G FORMAT(' _ MATRIX L1') . '
' ‘ HRITE(bpSIJ((PARl(IIJJoJ 1, la)o1=1 10)
WRITE(6,B208) - ' o
T 828 FORMAT(' ~_ MATRIX L2') - _ g
Sl e wRITE(b'SIJ((PARZ(IrJ).J 1, 10>,1 1,10) .
. "WRITE(6,830) .
830 - FORMAT(! MATRIX L3V) - S
WRITE(6,31) ((PAR3(1Yd),J=1,14),1=1,10) e
z "WRITE(6,898) Lo N~
o WRITE(6,844) - : | " T
64 FORMAT(!' - MATRIX L4?) , S
© . MRITEN(6¢31) ((PAR4C(E, 4;.J-1.1a),1 =1, 10) . -
TENG6,850) . . St
85@ FORMAT(' .~ MATRIX L5') . T .
‘HRITE(boSIJ((PAR5(> 3 pJ=1, 10) i= 1.1@) o
, ~ WRITE(6,868) ' ' ¢
86@

FORMAT( ! MATRIX L61) o,
NRIYE(M&&((PAR[;(I'J) J:l,lﬁ)rl:l 1) .

) ,\’l’ ) .
' : _— e -

13/06/57

v
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LEVEL 21 . - . ' MAIN . DATE = 73242
c . , i ) ) —~ ’ . o ¢
: WRITE(6,870) e A
870 FORMAT(' .  MATRIX L7'J . .
. WRITE(G $1L((PAR7(I 91, =1, 1uJ 1= 1,193 h
s . - WRITE(6,888) - , o
840 ° FORMATC' MATRIX LB8') N -
: NRITE(baSI)(lPAR&(I J)det, lu) I= 1,133 '
899 FORMATC('1') o AP
31 ,FORMAtgxwfa 4) S ST
. TOP . . T IR e
ND L : - : .
. - /// . ‘; ‘ ' - “",1ﬁ’ '
] ‘ ' \ | N !
. . Qe .
. - ! . - .
. o P Y
. "\’ )" : )
. . : P
PN » . L) - ' n : ¢
Wt ‘ o - SR

EVel 21 L GRDER . DATE = 73242

SUBHOUTIAE ORDER(N,M/R, LpP.UJ

o SUBRGUTINt.OHDER URDERS ITHE LEGENDRE FUNCTIONS SO "THAT THE

© . CRITERIA OF INFELD AND HULL (1951) ARE SATISFIED P
" INTEGER. RyL,F,Q e — 4

s . . IFINJEG,R) GO'TO 7 . . .Y}

-IF(R,EQ,B) GO, TO 11 : - .
"IF(P,EQ.B) GO TO 1a - '

. GO 'T0 13 _ . v L
1{ IR= E o : ) ) . \
IL= S .
L=l g E 3‘_ T

L=M - -

T UNRIR L e e T
. 'n'. N M=IL‘, ' B . @ .'f... ) . ° - ) ‘ ) ' -t ' st
o . GESTO 7 , RV LT

12 1IP=P . ‘ s ' Y s
) 105G ' ' ' :
S QaM -
" P=aN | o A .- . o .
'-"3"_ Mﬂla - - . C . l. . .- Ca
N=IP e e e ,
Go 1007 . - . -
13 CONTINUE L :

<

N 1
o . o ’ . A L. - By
o . . S M .
.o : N \- ‘ < .

-

.
L
—_—
\
‘e,
1
" .
e

I}S/ﬂb/sf
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‘ ’ 0 .
.- 29
m -
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.
A
. 6_ -
=
S 1
' [
. l| “
K
g
. ,
48
LY :
'“ L}
R =,
0
.7
| N
-' hd

.

'

’

P . fe

\' . . I
M
- 1

-

a———

, .
) |
! v ,
° T
1 ' .
E v %

U\
]

.k:.} ‘ Lglﬂ 0l . ,
L 3 [IFC ,EG.L+0 AND N LE. R) GO TO 51
l ." T l. . [ '
T ) ' iq \;'-B s . * e R

- ) '

CipaR. L M

. 5 - o .
.oy - -
., .
- . . .

IP(P bT R) GD TD 2l
1P=P
1a=0

T PaR

=L L
kgIP . o R ~
L=10 - T '
CONTINUE e

IF(R,GT N GO TO 30‘

IR=R : ya

L=l _ - >

R=aN ‘.

LaM.
.N=IR.

i M=IL '
" CONTINUE . |
IF(P.GT.R) GO TO 4B .~
J1psP . -

. '10=0G " L -

y N

v o

_a=L
R=IP
L=1G
‘CONTINUE

IF(H EG.L#Q AND N Lt R). GO T0 51

frpév .
1G=0° :

- P=R,

Q=L . e ,
R=IP . T
L2Iu o >
rIF (M, hG L+0 AND N LE R) GD TO 51
IN:N . E .
IM-—H o ’ - L .‘:' 'M-‘

* NaR’ ~ '

‘M=l
RsIN . .

La2M ' e )
IF{M.EQ, L¥U, ANo N,LE.R) Go TO S1-

.
4 .

- ap

“l1p=P
. 10=Q

s .| o . \

PaR .

ceEL- . T e

R=IP-

—n

LeIl - °

" LF(M,EQ.L*+G, ﬁND N LE R{VGO,TD.SL .

INSN’
-IM=M )
N=R - , : ;]

.- 3 .

 ;2. Z'XMgL g . 1  -

REIN : oo o . -

LI §



‘M=IL ...
. CONTINUE

- 104 -

wie T
IG=_.Q .o . \ . PR ,'

'P=R R 4'. ,. . ,-‘- (v o ) ’ {4
Q=L - ' U - N

RalIP - : N
L=1@ ) >
LF (M EU,L*+Q, AND NeLE4R) GO TO. 51

" cONTINUE

IF(P,GT,R) GU TO 5

"1p£P

10=Q
PaRk

Rz IP ) .
L=1Q . dt S o Lo
CDNTIN E S .

CIFCRLGToN) 60, 10" 6 N\ "
IRsR - 1

IL=L o o . . . -

"~ R=N

NeIR ’ - l. . L

IF(P,GT, R) -GO T0 7 )

IP= z . b ‘

IQ= B ' ) * ) . ® : . o - ° .' ) '1
P=R . . T AT ,{ B é:
QsL - ) f

R=IP . '

CLsIQ . CT 5} ;
CONTINUE

IF (M EG.L#G) GO.TO 51 S

- . \IF(L LEU,Q¢M) GO TO 49

IF (U,EG.L¥M) GO TO Se o e
Q--Q ~ "
GO TO 51 Lo ‘ ‘
La=l

. CONTINUVE

RETURN
END. -

GaL - o C\fl.\.L S —



SRR - 105 -

LEVEL 21 Co ' VALw o DATE = 73242 ' 13/06/57
: SUBROUTINE VAL (NoM R L.P.maSJ "l ' B
C SUBROUTINE- VAL CALCULATES THE TRIPLE PRODUCT INTEGRALS USING THE
C FORMULA OF INFELD & HULL (1951) AND RETURNS IT AS §
IMPLICIT REAL*8(A=H,0=2) '
INTEGER P,G,R,EXP,EXP1,EXP2/EXPT, axPox,txPoz
C CARDS 45=79: EVALUATE THE'I@TEGRAL .
KKaN=M+1 . : ‘ '
IF (KK=1)38,30,60 : :
30 EXP= (P-R+NJ/2+(IABS(GJ) - L .
EXPL=EXR/2 . .. L : i o p
EXP2=EXP=EXP1#2 : - v
IF (EXP2)58,40,50 '
49 SUMS (FACTI(P+Q)*FACT1(R+N-QJ)/(FACTI(N-M)*FACTI(P~QJ'-
1 *FACT1(R=N+G)) L .
GO TO tie :
Y@ SUMa-(FACTl(P+G)*FACT1(R+N-Q))/(FACT1(N-M)*FACTI(P-GO
1 *FACT1(R=N*Q))
7 GO TO 1@ .
68 3SUM=2,D@ . )
Do 190 Islekk 7. - . o - : _
=l=4 * ¥ ) IR K
ExP0=(E-R+N)/2+(IABS(0)+J) - . . o
. Eexpoi=Wkpos2 -~ S o, L
EXPU2SEXPO=2%EXPOL ~ o . C : S -
IF (EXPD2)8R,70,82 ’ ) '
70 TERM4= (FACTI(P¢Q+J)*FACT1(R+N-0-J))/(FACTI(N-M-J)tFAcTI(JJ
1 *FACTi(P-G-JJ*FALTI(R-N+Q+JJ)
GO TO 99
80 TERHQ:-(FACTI(P+0+J)*FACTI(R+N-Q-JJ)/(FACT1(N-M-J)*FACTIIJ)
"1 *FACT1(P=G= JJ*FACTI(R-N+Q+J)J .

9

& N ?

99 SUM=SUM+TERM4

149 CONTINUE . : ' B . ;o ’

1 D=2AN+1 o ’ : \ b h
Ez2%R+1 “ . S L Ce L,
F2apP+i ~ ¢ .o -t ,

TERMI:(FACTZ(P+R-N-1)*DSGRT(D*E*F))/(FACTZ(PfN-R) o .
Y *FACTE(R+N-P)*FACT2(N+R+P+I)J _ ° .
TERM2=DSQRT((FAcrzCN+M)*FACT1(N-M)*FAchcR-L)tFAcri(P-GJ)/
1 (FACTI(R*L)IAFACTI(P+Q)*2,0))
128 /  S=TERMIATERM2XSUM o
. € CARDS 35=52 TEST IF A CHANGE IN SIGN oF ONE OF THE. AZIMUTHAL INDECES
. C NAS MADE AND. CORRECTS 5§ ) ' _ '
. IF(9,LE<B) GO TO 62- . R L e
- IF (L LE4B) GO TO 63 N S . :
- ' G0 TO 61 - : . _ | .
62 EXP=IABS(Q) a o L o
 EXPl=EXP/s2- Co . .

EXP2SEXP=EXP 12 L,



- 1@5 -

TLEVELT 2L " VAL - - DATE = 73242 0 13/B6/5T

1F(EXP2 Ea @) GO To 51
Sza8 - | o
5§ CONTINUE : 3
. RETURN ,
63  EXP=IABS(L) A T
© ' EXP1sEXP/2 A S
EXP2eEXP=EXPI®2 = - ‘ o ~ C

IF (EXP2,E4s8) GO TO 61 | N
0 s--s . - . . N i L a " >
81 CONTINUE = % - T e S :égid

RETURN - . : v o
END . P o : e

-EVEL CTR l = azi.  DATE = 13202 . “13/06/57.

sUBROUTINE AZN (MH;LL:OO,AZMCCC!AZMSSC;AZMCSS,AZMSCS)
SUBROUTINE AZM EYALUATES THE INTEGRAL OVER THE AZIMUTH, THESE
" WERE FOUND. ANALYTICALLY FOR aLL 8 POSSIBLE CASESC CARDS 5=19 TEST
WHICH CASE THE AZIMUTHAL INDECES FIT AND TRANSFERS THE COMPUTATIONv
THE VALUE OF THE AZIMUTHAL INTEGRAL RETURNED IS NDRHALIZED

g383L2¢80

IMPLICIT REAL*B8(A=H,0=2) -
- INTEGER @Q oo _
15¢ IF(MM+LL+Q0,EQ,3) GO. To 230 ° ' o & 3@9
. IF{MM*LL.EQ¢2,0R,MM¥QQ,EQ,2¢0R, LL+GG.EO.2) 60 ‘TO ean 0
IF(GU,EQ, 1) GO TO 250 . ' i :

IF(LL4EQ.1) GO TO.260
" IF(MM,EQ,1J GO TO 270 -
IF{0Q,EQ,LL+MM=1) GO. TO 289
"IF(LL EQ,QQ+HM=1) GO TO 294
. IF(MM,EQ, GG+LL=1) GO TO 300 o - , Co
238 AZMCCC=1,D0 . ' - . O e
‘ AZMSSC=0,D0 - . s : ~
‘AZMCSS=Q,DP. - o
 AZMSCS=0,00¢ -
‘ GO-TO 156 - e ' ' -
240 AZMCCC=0,DP - L ' R SR
AZMSSCE0,DB " o T S C o
AZMCSSBO,0B. . - R T e
 AZMSCS=@,08 : R T U R
60 TO 156 N

]
\ ’



esp
26y
270

'EQﬂ

AZNCCCEB. 50D @@
. AZWSSCzH 50D @0

AZMCSS=0,DP
AZMSCSEBWDW

‘G0 T0, 1%6

AZMCCC=1,Di

.. AZMSSCER,DU. .
AZMCS550., DY

AZMSCS=1,D0
GO0 TO 156
AZMCCC=l DY
AZMSSC=0,D0
pZMCS8E1 , D0
AZMSCS=0. DB
60 TO 156"
AZMCCC=0,500

AZMCSS=8,50D

 AZMSCSED . 50D

- 2907

- 300

156

LEVEL 21

34

32

GO TO 156

AZMCCC=0,500
AZMSSCER 50D
AZMCSS=0 56D

AZMSCSE=@,50D ﬂﬂ

GO TO 156

AZMCCC=0,%0D. @0
AZMSSC=0,50D @@
AZMcss--u 50D 0@
AZMSCS=0, 500 an

CONTINUE
RETURN

_END

FUNCTION FACT1 (MM) '
- SUBPROGRAM FACTY EVALUATES THE FACTORIAL OF MM

ae -
L AZM3SC==Q,50D p@

437
1%

0% .
a0 .

(")

--107 -

icti

IMPLICIT REAL*BCA'HcO-Z)

FACT131,D0

TF (MM, GT i) Go .To 31
'RETURN -
CONTINUE =\

DO 32 K=1,MM -

AKzK

FACTI'FACTI*AK

CONTINUE .

RETURN

END -

a

¥

DATE,=

A

73242

13/86/57 .



% S

L _EVEL

-
-

> SUBPROGRAM FACT2' EVALUATES THE DOUBLE FACTUTIAL’OF NN_

25

26
.22

FACT2=FACTENAK .- . &

--108 - °

21 _ MAIN  DATE = 73242
" FUNCTION SUBPROGRAM FOR.-FACTORIAL2
FUNCTION FACT&(NN) R

IMPLICIT RfAL*B(A'H:O'ZJ .. ,
FACI2=1,D0 ' ¢ )

~IF(NN.Lt 1)G0 10.20 ' i

IF(NN.EG,2)GO .TO 21
NONSNN/2 .

.NONO=2%ANON

IF(NONo-NNJab,EZ,ES = ‘
CONTINUE - . e o
DO. 26" KS1sNNy2 . - ° '

AK=K ’

CONTINUL

" RETURN

CONTINUE

- DO 23 K32yNN,2

2a

21

EVEL

e SUBROUTINE PROD

S YW

AK=K

FACTZ2= FALTZ*AK

CONTINUE | . . .

RETURN . : SR
FACT2S1.08 Lo ~
RETURN .

FACT252,00 S

RETURN o , :
END T ce T T e

21 PROD. . . . DATE, = 73242

SUBROUTINE P%ED(AA:BBrCC) '
ULTIPLIES AA ANDHB AND RETURNS CC
IMPLICIT REAL*B(A=H,0=2) L
DIMENSION AA(lG,lB) 8B(18, lﬁ) cC(1e,18)

PO | I=3,10

po- 2 Jeil,le0

CC(l,J)=pB,D0

DO 3 K=1,19 .

cc(l, JJBCC(I'JJ*AA(I:KJ*BB(KrJJ

,CONTINUE ‘ .

CONTINVE . . AR

CONTINUE" - LT 4
RETURN :

END

- 13/06/57

. 13/06/5%



. - N . - . . X . . . *
' - 109 -« % VT e
[ e . N
. .

.EVEL 21° .. . DIV ‘7. DATE = 73242 - +13/086/57

, SUBROUTINE vaca,o) . ¢ \ ' -
> SUBROUTINE DIV USES GAUSSIAN ELIMINATION WITH HAXIMUM PIVDT To INVERT
— IMPLICIT REAL%B(CA=H,0=2) :

: DIMENSION: B(l@olﬂ)pD(II,IZJrA(IU 20), ccln.aw) _
T .FORM THE AUGMENTED MATRIX . , coe :
© DO 18 J=1,2¢ ‘ - . ' : , A%
DO 28, I=1,10 ‘ 5 R T ,
IF(J.LEa18) GO TO 30 g : C e
IF(I+10,EUJ) GU TO uw \ g c S
ACL,J)=0,00 . ‘ . ’ el
. 60 T0 20 | o Coo L
48 ACI,J)=1,D6. . - , -t o
GO 10 20, ' - '
30 IF(l.EW. J) 60 TO 31
- ACIeJ)==RB(1,J)
GO T0 26 _
31 A(120)=1 LDB=B(I,J) - . : - .
20 CONTINUE . e L

1¢.. CONTINUVE . ' Ty - .
SEARCH FOR THE- LARGEST’ tLFMENT IN fgw L . T
DO 58 L=1,9 , : - o L .
K= . ‘ ‘e
Do 60. J=1,10" ’ .
DABS(A(L K)).GT, DABS(A(LrJ)J) 60 TO 61
Y CONTINUE ' - . .
: IF(KeEQaL) GO TO 79 :
. DO 88 J=1,18-
TC(JrKI=ACIIK) .
C(JoK+10IZACI, Ket) v 0
. ALJIK)I=ACI L) :
ACJrK+11)3A(J,L+10) o -
ACJILISC(J,K) - - : .
) ACJrL#10)3CCI,Ke18) - R oo
" 80 CONTINUE ST O
T8 Li=l+d : : ‘ C !
DO 90 K=Li,88 - - .0 ) - o ‘
S=A (KoL) . : S _ - )
DO 19@ JsL,20 . . P
T OA(KIIIEA(K ) - (S/ACL, L))*A(LIJJ R
188 CONTINUE g

99, CONTINUE - B .

50 CONTINUE R
DO 118 J=1,18 . ' v N ST
D(19d,J)=A(18, 1@+J)/A(1G 10) ‘ ' R -
po 120 1=i,9 o _ Ly, ) ' :
SuM=0,Db . e g
DO 138" Ki=3,I - . - o

'/'i



\

S0 -

DIMENSION A(1@,10),B(10,10)/C(38,10), o<1e,1a),5<10.10),F(1a 18) ¢
16(108,12),T1(12,18),51(19;10)/ 12510.10),73c10.1n).sa(10.1a3 ,
CALL PROD(A,B,T4) -
CALL PROD(T1¢C,51)
CALL PROD(A;D,T2)
CALL PRODCT2,E,T3) . . - .
'CALL PROD(T3,F,82) , Lo SR
DO 1 I=1,1@ , L o a

G(IvJJ831(IoJJ+Sa(IuJ)
CONTINUE .
CONTINUE.

"RETURN

END,

¥
LEVEL - 21 g DIV ‘DATE = 73242 = 13/06/57 -
K=K1=i . o -
- SUMRSUM4D (108=K, J)*Acza-l.xa-KJ !
130 CONTINUE
D(1U=I, J)=(A(10'I'10*J)-SUM)/A(10*I 19-1)
120 CONTINUE - o
119 CONTINUE " | . T o
« vRETURN - - : L
END | - SR : .
¢
Y » ) - )
- b
L Y a s
¥ -~ o - '\.
\ -~ . -
. .‘ ’, ! .I'
EVEL 21 ) TERH . -ﬁphr£'= 73202 13/26/57 -
suaRourxne TERM(A:BuCoDrEoF'G) ‘ ‘
5" SUBROUTINE TERM 'DOES THE MATRIX ALGEBRA AND RETURNS THE TIDE
" PREDICTION MATRICES -
IMPLICIT REAL*B(A=H,0=Z) b

rr

¥



el o

a9

: The'Ocean Function

e

C | B T

Appendix B

The ocean funct1on has been computed by several authors '

‘(Munk and MacDonald 1960 Lee and Kaula, 1967 Ba1m1no et al 1973) The‘

expans1on of Lee and'Kau]a (1967) has been shown’ to\y1e1d unsat1sfactory
resu]ts (Ba1m1no et al, 1973) and will not be d1scussed further here.
Due to the fact that EPSt land masses are e1ther greater

than 45 degrees or less than a few. degrees in extent, an expans1on to.-

'fdegree and order 3 w111 represent the ocean continent d1str1but1on

w

a]most as'well as an expans1on to. degree and order 8. A h1gher order

'expansion does have the advantage of describing the coast11nes a. ]1tt1e better,

“and when synthes1zed it _gives land value of the ocean function which are

closer to zero and ocgan values which are closer to 1. - For tne'ourpOSes

:of this. thesis the position and’;hape~of the. continents need not be known"

to very great accuracy but land values, must be as close to zero as poss1b]e

‘fand ocean values as c]ose to 1. The effect of a, var1at1on from these is

_distribution equal]y well, but the expansion o( Munk and MacDona]d ‘gives

" to introduce a spur1ous t1de. SR

Y

".The. expans1ons of -Munk and MacDona]d (1960) (F1g B2 a,b)

and Ba1m1no et a], ]973) (Fig. Bl a,b) represent ‘the ocean cont1nent

some anomalously Tow values in 1and areas and high values in ocean areas, .

particularly in low latitudes. It is not d1ff1cu1t to trace th1s to va]ues

.of the coefficients b;, bg ‘which are’ too qreat A glance ‘at Table ‘B. 1

.conf1nms thT)
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Balmino et al
) et

- 112 -

_=B,021

o

o (1973) ¢ .

. i m ' m
ono.oom ,a‘n . bn”
@ 0 0,697 9,9

1 2 . =Q,126 9,0
{ 1 “0,108 8,056
2 .0 0,060 "0,0.
2 1 3,040 =8,851
2 2 0,040 B,002
3 ) 0,045 0,0
3 I p @,044 -p,032
l; B 2. ) ﬂ.ﬂTﬂ >-DQG89
3 3 g, 616 , =0,089
-4 2 - 024 8,0
4 | 0,036 0,030~
42 0,090 =p,021 "
A “2,053 . 2,005
4 4 VeB14 w=p,1014
5 @ "¥,109° B0
5 g 9,005 0,011
5 2 0,049 0,029
-5 3 ~0,028 «D,p16
-] 4 -0,10Q 0’835
5 S =@, 001  «p.04%
6 @ - =p,022 8,0
6 . 0,213 @.023
L6, 2 2,019 ©,p0@5
6 3 0,082 -p,p33
. 6. 4 0,031 9,023
6 S5  p.02f 08,029
b 6 0,002 " -0,P13
6 6 b,002 =2.,013
T e B,060 0,8
T "1, =B,084  «@,036.
73 2 *-ﬂ,ﬂal Fﬂgﬂﬂb
7 ) 0,009 =0,B819
1 4 P,028 =9,p10@
7 5. 0,005 p.@22
' g‘ 6 ¢,004 0,p30
' 7 0,008 - @,@232
"5 U B;ﬂls . 9.@
.8, 1 -eb.006  p,027
8 2 «g,002 @,803
-8 . 3 ~0,008 ~p,019
8 4 "0,002 =p,018
8 5 8,012 . =p,p02
& L6 =B,014  «p,p16
.8 7 0,000 =p,020 .
8- . 8 ¢,010

’

Balmino et al

™

M&M norm
.am . bm N
-n n
8,697 0,0
-04218 0,0
-U;1&7 -ﬂ|997
-m.lsa 'ﬂ.ﬂ- .
»0.,103 .U.132
‘BoS2 8,803
’ bell9 0.0
Bol43 =@,104
Ueld3 =p,182
0,013 =p,074
=0,072 8,9
By137 0,114
0,241 =@,056
0,476 B,007
0,007 =8,851
B,362 ' 08,0
. =8,021 0,047
0,159 2,094
~0o255 «=@,0832
=0,093  ©,833
-2,000 =0,214
“0,079 v,0
B,061 . 2,109 .
0.07f 0,019
Q.Uﬂs -ﬂ.ﬂaa
L'PYLF- 0,831
0.012° B,017.
»P,00p =0,002
=0.,000 =0,002
Be232 . 0,0,
-B.UEB -0.18“
. =Q,P88 =0,825
0,027 =B,056
B,058 =p,018
0,804 ©,020
Q.81 8,010
R,000 0,003
8,062 9,0 .
Py KK b,148
3,089 2,014
“0,627 =B,064
8,000 =B,039
2,015 =8,002 -
"0,008 =0,009
=P,008 =08,084
B.00Q =0,001

Munk and MacDonald ‘

2,007

. _Table\§1 Surface harmonic coefficients of the ocean function.

- (1960) .

m bm
'a‘n~ n
v
Be714 0,0

0,213 —d74
wd,188 =2,@94
‘a11UI -Bglss -
8,499 =@.207
.8,116 Bed .
T Pe149  =p,128
0257 =B,367.
=P,014 - =0,211
-00078 HQGH
~ - B,153 B,4a95
0,470 =B,119
“ 8,207 0,010
0,035 =0,2086
‘B4325 8,80 .
-ﬂ.ﬁ3“ G.B79
‘B,I14 B4167
65,212 -DjGT‘
=id,340 2,099
8,0 - .=04076
-9.116 ﬂ.ﬂ
" BeP45S -0,095
0,124 =0,024
-U.gﬂb .90186
-0.150 0.124
2,065 B,066
0,002 *d,013
Oﬂgﬂua -00013'
2,197 2,0
-0,931, !ﬂ"77
-0,203 =0,009
B,128 =»9,095
. Be194 =p,B46
-0,019 - 08,106
2,814 0,@57
- B,004 6,021
Bq 040 B.0
=0,009 0,149
~0,894 2,112
uﬂ.lsb 59.ﬂ92‘
2.0 »By,113
0.1“1 -g’eﬁ%
=0,041 =B,065
-Q.DS”,.-D|B25

. .8,809 .
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Flgure E.]l a TE? ocean
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funct1on of Ba1m1no et a] (1973), eastern hem1sphere. The boundaries are defined by
100 '

110 120 130 . 14¢ 152 - 160 17e 189,
1,9- 1,0 1.a._L.e 1.0 100. 1,0 1,0 8
B8 0,8 0.8 0,8 0,8 0.8 8.8 ©,8 10 -
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F1gure B.1b The ocean funct1on of Balmino et al (1973), western hemisphere.'THr boundaries areﬂdefinéd by
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Figure B.2a The ocean function of Munk& macDonald (1960), eaestern hemisphere The bo‘undaries are deﬁned

N

"a

~N .

by the ocean. function of Balmino et al with G <o. s - * ¢
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' F1§;ure B 2b The, ocean funcm & MacDona]d (1950), western he[mspher'e The boundam es are

by the.ocean function of Ba1m1no et al with é<o. s
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Appendix C . - ,

£ " 5 ‘
L ';?' &;;.;",;: ?f‘ - Surfaé;'harmbaic Synthesis - LR ..
| - "ﬂ A ﬁfogram has béea‘wPittén tp compute the tide height
| - eXpana1;n due 4 a. prescr1bed potent1a1 ) ‘ ,
1’ _ F0110w1ng the suggestion of Hopkins, (1973) the va1ues
) B o; the assoc1ated Legendre functions at grid po1nts separated by loﬁi:ﬁ
.7 degrees of. 1at1tude and 1ong1tude were c0mputed»by recﬁrs1onfre1at1ons .
| S For tha/norma11zat1on A 1.1 the recurs1on relat1ons are o ' 'o‘
. -y ,
T"""“" ) P (wso) = Cora P,, (COS(?)- S S
Lo : "
) :i | . ! Pﬂ“ (COso) = ).)\H sme P (cojo)
v l N i
t o P,H,(cos a) Antl cose f’,,((ose) (u_m]m_m) P ,((osa)
1 3 r ) ‘hil n(n+) -
| "o Thé mapping defined by 2.52"1is usefil 1n ident1fy1ng a Legendre function
A§°' ... by one 1ndex 1nstead of the normal two.
.} '-/ f B ~The program, with sufficient conments to clarify the
i : opé?atioh' is given below. The program for the oceaa‘funct}on is given ; ‘
' the proérams for the t1de maps being identical 1n 0perat1onn eéaept for °‘
‘a change 1n data cards. ‘ .
e R T IR A
T L S
|
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CLEVEL 21 o, .. MAIN ' DATE = 73202 ' ~13/05/55

C PROGRAM TO PLOT THE %CEAN FUNCTION AT EACH: GRID POINT OF A 10*19 DEGREE
"C. PROJECTION : . . .
" IMPLICIT “REAL*B(A=H,0=2) L . -
. REAL%8 OCEAN(36,19)/684%p,D08/ '
DIMENSION P(4S),AC98), MAP(36,19J LUNG:(IQ) Loncacqu LAT(19)
. REAL®B C/8,1745D=01/ .,
C  READ THE COEFFICIENTS OF ~THE OCEAN FUNCTION
READ(S,1) CACL),I31,45) ,
READ(S,X)CA(I),I= 46,90) L o
1  FORMAT(10F7,3) ‘
‘C  COMPUTE THE LEGENDRE FUNCTIONS USING REcunntnce REL TIONs SRS
- P(1J)=1,00 N . 0 ;
DO 38 K=1,1% - - .
Fa(K=1)xCxlo = veo , : : : .-
DO 10 I=1,8 - , ’ L o o
N=TI={ -
P((N+1)*(N+2)/2+N+2)=P(N*(N+1)/2+N+1)*(2*N+1J*DSIN(F)/(N+1)
PUCNELIIR(N+2) Z724N41)2 P(N*(N+1)/2+N+1)*(2*N+1)*DCOS(F)/(N+1).
IF(N,LTel) GO TO 10 . o
DO 20 -J=1,N. g ' . _
MzJei .
.P((N+1J*(N+d)/2+M+l)=P(N*(N+1)/£+M+1)*(2*N+1)*DCOS(F)/(N+l) .
. 1-PCN*(N'1)/2+M+1J*(N+M)*(N-M)/(N*(N+l)J .
20, . CONTINUE ,
.19, CONTINUE .' »
C  .COMPUTE THE VALUE 0F THE OCEAN FUNCTION AT THE GRIn POINTS
DO 68 L=1,36 Y .
0o 78 1=1,9 : .
DO 8@ J=i,1- R o L ‘
X=(L=1)XCn1p PR : o .
MzJwl ," t &
INM‘(I*(I-l)/Z*J)
81 0CEAN(L;KJ=0CEAN(LvKJ+P(INH)*(A(INH)*DCOS(H*XJ S .
© 1+ACINM+U4S)IRDSIN(MAX)) X . ‘ ~ N
80 CONTINUE . - e T .
72 CONTINUE - o K .
68 CONTINUE. _ . . g
3@ CONTINUE S .
DO 188 I=1,19 - e s o S
LONGI(L)=10r(I=1) - = - . R S -
LONG2(I)=18x(1+17) . y o L o :
AT ={RA(I=1) o - -
189 CONTINUE
. po 192 I=1,36. . oL PR
DO 280 J=i,19 S
IF COCEAN(I/J),GT,.s5D 0e) co TD 219 - . -
- & MAP(I,J)=11 i . =
Y 6o To 20@ o - L o

v

P . . o
. . .

; . N . e ST

v . ) . i . L e \
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LevEL 21 .. MAIN | DATE = 73282 13/05/55

216 MAP(I ,J)=22. T _ T

208 CONTINUE ‘ S ' '

190 CONTINUE T Ty : ‘
WRITE(6,400) ‘ ‘ ‘

428 FORMAT('1') - = S : - L .
WRITE(6,268) = . o S ‘ .
WRITE(C6,260) ' oL . -

WRITE(6r260) . I
WRITE(6,260) - ‘
WRITE(&s220) ° _ o

269 FORMAT(!'0') ' ©? .

220 FORMAT(Y = - MAP OF THE OCEAN FUNCTION,u DEGREES EAST 'y

' {'LONGITUDE =180 DEGREES-EAST LONGITUDE')
© . WRITE(6,240) (LONG1(I),121,19)
248 FORMAT(5X,1915) - _
© DO 258 J=1,19 ; .
250 wnxtace.a7ex LAT(J)'(OCEAN(I J),Iax 19), LAT(JJ -
270  FORMAT('@')15,19F5,1,15)
S wRITE(er9u)(LONGl(I) I=1, 19J
29d . roRnATcsx.xesz
" WRITE(6,400)
WRITE(6,260) L .
"WRITE(6,260) - . o S . f
. WRITE(6s260) o ‘
... WRITE(6s260) _ _ .
"o WRITE(6,380)
"300 FORMAT(Y. - . MAP UF THE OCEAN FUNCTION 180 DEGREES EAST!,
oy 1' LONGITUDE = 360 DEGREES EAST, LONGITUDE')
' WRITE(6,318) (LONG2(1),1=1,19)
318 FORMAT(5X,1915) . , : . T
© DO0.320 Ja1,19 - \ i
320 wnxTE(b.sseJ LAT(JJ, COCEANCI, 3 1=19,3b) OCEAN(lpJ)rLAT(JJ
330 FORMAT('0',15,19F5,17152 : :
WRITE (6,350) (LONG2(1), z:; 19) g ;
350 FORMAT(5X,1915)

: NRITE(br36B) , .

369 FORMAT('1), ‘ WORLD MAP'")
wRITE(erTB)((MAP(I;JJ I=1, SbJpJ-1u19J

37@ FORMAT(1X,3612)

WRITE(bs268) B
. STOP , a
END »

o
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Appe_nd‘i»g D
Derivation of the Equation 'for the Potential of a Surface Layer

L

¢

Cons1der a lax‘e)%‘f mass of dens1tyP ahd variable

'th1ckness E op the surface of a sphere of radius' R. Let the mass point be

at (R,e, A ar

the Field pomt at (rea) (figure D.1), separated by

a flistance P rep
4 Al " Id
Figure D.1
The potent1a1 of the mass in the Tayer is - ,' LT o - .
Ve <[ 4 s
- . L ) A\ - ‘\ ' (D.l)
-_Gf;,fz(e(\") ds '
. i "’- g 5‘7_ {
- _,Bqt
) = | Cos ¥ ) .. :
T ase n‘( )(-g . _. (D..z) .
J ,, ‘- . - ' .o .
and | [T .

_Z(e‘a‘) =kze P,f (y: .(OSIt\‘L + Zﬁ 5‘?\*(") (D.3)
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,Subst1tut1ng equatwns D.2 and D.3 in D.1 we'have '

' V &fﬁ%%ff[’ (thosQa +stm¢‘\)&(cosﬁ '(D.B)\ (
“ ' (R/r) Smedé*o(a ' S X

\

By the addition theorem we have

Prcos ¥) = Pacose) B (cose) |
(D.4)

+ | , : «
A’:Zl ()K\Wﬁ‘ Pn(cose) Ph(CO.Séi) ccsm(d (\) AN

1Subst1tutmg equation D.4 in D. 3 and using the orthonormahty propert1es

of the Legendre functwns e have given in Append1x A, we get

»

v(r,e,a): 4mef AR )

~ }Z P"‘(\/,, CIQsmA + zh w\wv\)/gn.,.])
On the.surface of the Earth, | J
V(Rec\) 416 R

0 . . .
. £

X f ph(COSé') (. Y,:"cosmz. +z,\ Sly\ma /(22114-1)

L2

_QHGﬂRZ‘Zn/(Qn(&}-I)
= BghRE /)
Ry

heve P is ‘mow the mean density of the Earth.
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The Liouville Equations
’ ‘ In a coordinate frame\x~ (i =21, 2, 3) rotating with
- angu]ar ve1oc1ty(o re1at1ve to.a frame fixed 1n space, the equations of

motion;, of a body are

T L{\?—; _d.H;"*' €iyk Wi Hk 0 (R
. Ir ‘ _ R , |
where' o Fe |
o Le = th component of the net external torque on the body about

its centte of mass,
.o H12 = 1’th component of the angular momentum of the body about.its -

-centre of mass,

€ijk the Levi-Civita alternating symbol; e N

and “the summation convention over‘;jpeated subscr1pts 1s used.
“.For conventence take the rotating frame to be fixed to the surface of the
solid anth'1n some prescr1bed nay. Then jt’1s.ce11ed a geogrephjc frame.
CHi= Gywyr b (E2)
" where Ch;are'the components of ‘the inertia tensor -in-the chosen frame and-
hi is the i’th:component of the body's angu1arlmementum relative to that

)

frame. Substltuting)E 2 in E 1 we have

= A (c.;w +h) é.akw (Cke ‘*’c * hh) (E.3)

L , »



v

PGy = — ey ~ M, +_af Ly o A
. .' " . a " .

5 ‘
- 123w ~

For sma'l'l departures from a state in which the body is un1 ax1a1 and

rotates about the ax1s x3 w1th umform angu]ar‘ speed /L ', equation E 3

can be put in a perturbatwn form Defme .
Cus Ate, -Cia‘ Q*Caa. Gy ey,
> . » (E.4)
- W= am, Wy=dimy, Wy = Ni+my
V‘/ . - . o |
‘ : c;j are perturbations from thé diagonal inertia tensor whose components

"are A, A, C. The variables My, mz"measu'r‘e the angu]ar‘-depar‘mre of the

-~

) rotatmn axis from the ax1s X35 and M, measures changes 1n the length

of day. Substitutmg E. 4 1nto E.3 and neg]ectmg products and squares

« of smaH quant1t1es we have, finally, .

m, *ma. =N

S | v
I . . - \ - R : N E.
o . M*; -‘m = ‘&I . ) . L. , . . (e 5)

LMy =

Se=(CoR) N
and\ S ‘ ; |
DA @ = NPy + N+ Ny ahy ~ L

N(-A) ¢, = N7, '~‘-n-lc.|3'+‘-n- hy ‘,F‘a Ly
‘ o ' (E.7)

N

~



The funct1ons ¢Z are ca]]ed exc1tat10n functions because they 1nvo1ve

N

‘the var1ous ways in wh1ch changes in the body s rotation can be effected -

changes in the mass distribution 1tse]f, changes 1n~the 1nterna1'distr1but1on

‘of -angular momentum of the body, or external torques. The set E.5 are

'ca11ed the Liouville equat1ons. (Munk and MacDona}d,,]QGO,'Chapfers 3,6).

\
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Appendix F .

&

~, The_Pole-Tide Potential . o o .

—

- ° " ?

‘ T\éentrifuga'l fbrce experien ed'by a particle at
. L
‘distance d from the axis of rotatwn, about which the Earth spins’

€

2
with anguiar speed w , is wd - Th'lS is derwed from a potent1a1

.Lwd ==J.lwx1‘l |

" where : B \
. T q(e. Sine c.os(\ ¢ & Smes'nﬁ + ez, cos¢

o’ 15 the distance, from the Earth's centre, of the particle whose 1ong1tude

s A and whose col afitude is @ ./ To the first order in the small quantities

.4

-

ml', my &
| w = n(em, te,m, t¢)

.

Therefore the centrifugal force potential reduces to -

;L'Jl*a“[sin‘a - sinae (m, c’oac\‘#m,_,sin&)]

The part which. creates wobble is.

UJ_ < ;_—2:_‘;11“& Pz:(cosé)CM'cos,\'-(-ml‘Si'm\) L
Y . o : Lo o















