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Appendix B

The ocean funct1on has been computed by several authors '

‘(Munk and MacDonald 1960 Lee and Kaula, 1967 Ba1m1no et al 1973) The‘

expans1on of Lee and'Kau]a (1967) has been shown’ to\y1e1d unsat1sfactory
resu]ts (Ba1m1no et al, 1973) and will not be d1scussed further here.
Due to the fact that EPSt land masses are e1ther greater

than 45 degrees or less than a few. degrees in extent, an expans1on to.-

'fdegree and order 3 w111 represent the ocean continent d1str1but1on

w

a]most as'well as an expans1on to. degree and order 8. A h1gher order

'expansion does have the advantage of describing the coast11nes a. ]1tt1e better,

“and when synthes1zed it _gives land value of the ocean function which are

closer to zero and ocgan values which are closer to 1. - For tne'ourpOSes

:of this. thesis the position and’;hape~of the. continents need not be known"

to very great accuracy but land values, must be as close to zero as poss1b]e

‘fand ocean values as c]ose to 1. The effect of a, var1at1on from these is

_distribution equal]y well, but the expansion o( Munk and MacDona]d ‘gives

" to introduce a spur1ous t1de. SR

Y

".The. expans1ons of -Munk and MacDona]d (1960) (F1g B2 a,b)

and Ba1m1no et a], ]973) (Fig. Bl a,b) represent ‘the ocean cont1nent

some anomalously Tow values in 1and areas and high values in ocean areas, .

particularly in low latitudes. It is not d1ff1cu1t to trace th1s to va]ues

.of the coefficients b;, bg ‘which are’ too qreat A glance ‘at Table ‘B. 1
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. i m ' m
ono.oom ,a‘n . bn”
@ 0 0,697 9,9

1 2 . =Q,126 9,0
{ 1 “0,108 8,056
2 .0 0,060 "0,0.
2 1 3,040 =8,851
2 2 0,040 B,002
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73 2 *-ﬂ,ﬂal Fﬂgﬂﬂb
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Balmino et al
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M&M norm
.am . bm N
-n n
8,697 0,0
-04218 0,0
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-m.lsa 'ﬂ.ﬂ- .
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‘BoS2 8,803
’ bell9 0.0
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B,362 ' 08,0
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Py KK b,148
3,089 2,014
“0,627 =B,064
8,000 =B,039
2,015 =8,002 -
"0,008 =0,009
=P,008 =08,084
B.00Q =0,001

Munk and MacDonald ‘

2,007

. _Table\§1 Surface harmonic coefficients of the ocean function.

- (1960) .
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Flgure E.]l a TE? ocean
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funct1on of Ba1m1no et a] (1973), eastern hem1sphere. The boundaries are defined by
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F1gure B.1b The ocean funct1on of Balmino et al (1973), western hemisphere.'THr boundaries areﬂdefinéd by
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Figure B.2a The ocean function of Munk& macDonald (1960), eaestern hemisphere The bo‘undaries are deﬁned
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by the ocean. function of Balmino et al with G <o. s - * ¢
0" tb 28 T3 e S - 60" "7a “"e 98 1pg 11 'Iia"135”'1¢5'“i§é"ioo 170 180
W Ye9 V9 0,9 Be9 . ©8:9 0.9' 0.9 . a.o"a;o ‘9,9.59,9 B,9. 0,9 9,9 a.é qsqt h.q 10,9
16 048 8,8 048 8,8 048 8,8 .0,B §;7 007- By BT 0,7 @47 847 237 8,7 0.7 d.8 048
' B.5 0,5 0. 0,3 6.2 241 41 0.2 043 8,5 2,7 . 0,8
3 Dol 0,2 B4l =@,0 thz--a;s‘-a.h 0,1 0.2 é te 1,0
c_w‘ 098 10,5 042 0,0 =B,2 90,2 i X} .,,9:1 BB =¥y3 wd,7 =B,9 28,6 é.a 0,7 13 '1.2
S0 0,2 é.a; 0.3 8,3 8.1 =B,1 =B,1 8,1 8,1 =B,3 =0,8 #D,9 =0,3 1:; 1,5 71,3 1.2
60 md,7 =B,4 ©,1 8,4 B.4. Y3 -8.3 8,4 Ba3 =82 =0,8 =0,8 B2 9. 2.8 446 a1 148 1,1
S 70 .-g,'ol-u.a 0,5 =0,2 _u.'s’ @9 T 142 Lol Beb =0,0 1,9 2,1 11,2 é.a a;'q J,F,na
. §p?}u,1 .4 2 1,8 ;9 B,3 1,7 1e8 '2.9. 8,3 2,6 1:.“
I 2,9 2,2 1. 9,6 8,8 0,8- 8,7 0,9 1,0 8.9 2e7 - 1.0 140
100 3,0, 1,90 €8 1,0 1,7 1,4 8.2 {08 1,5 1,3
118 206 1,2 825 143 2,3 1,7 10] 148 142
tae ~1 L] 8,7 Bed 1,4 2,4 1,8\a,2 16 148 1,2
zsu 098 0,4 0,2 8,7 145 148 1,3 2,5 245 1.3 2,1 1,7 8,5 =8,6 "2,5 2,6 /1,5 1,7 1,2
14¢ ;u,é 2,8 2,9 ‘1,3 1,5 1,% 1,8 2% 846 1,1 1,67 1,6 Nt ‘2.6 Beb 1.0 .i.al'a.sf 1,2
150 140 1,0 1,0 .1,1 1}1 fe 847 8,5 8,5 b.7 8,9 1,1 1,0 ’140 1,8 71,1 1,2 1.5 1,0
160 'E::}fé,e: Beb' 8,5 D5 @43 8.2 8,2 042  é.2 -a.i-zf?"J;fé -ET;TfETE\;p.a' 5.7"9.7 6,7
178 . 042 0,1 8,1 B,0 =00 ~0,1 -b.L‘-B;I "Bl 4091“49.1"59.1 “0,8 0,0 Do} j;:i 0e2 8,2 _d:%:
uju 0,0 8,0 8,8 0,0 2,0 B8 0,0 a;b 2,8 8,0 2,0 8,0 .a.“a" ﬂ..ﬂ : 0._9. 2,08 2,2 0.0 .0,0
© '@+ -39, 2@ . 3@ 48 SO 6@ 7@ -80 90" 100 118 120 130 14@ 150 . 168, 178 18@ .

10 ‘,

30

49

5@ .-

69
78
a9

90

100.

119

12¢
'13q'

140

150

160
170 -

.180

]

- §11 -



[

' F1§;ure B 2b The, ocean funcm & MacDona]d (1950), western he[mspher'e The boundam es are

by the.ocean function of Ba1m1no et al with é<o. s

defmed
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Appendix C . - ,

£ " 5 ‘
L ';?' &;;.;",;: ?f‘ - Surfaé;'harmbaic Synthesis - LR ..
| - "ﬂ A ﬁfogram has béea‘wPittén tp compute the tide height
| - eXpana1;n due 4 a. prescr1bed potent1a1 ) ‘ ,
1’ _ F0110w1ng the suggestion of Hopkins, (1973) the va1ues
) B o; the assoc1ated Legendre functions at grid po1nts separated by loﬁi:ﬁ
.7 degrees of. 1at1tude and 1ong1tude were c0mputed»by recﬁrs1onfre1at1ons .
| S For tha/norma11zat1on A 1.1 the recurs1on relat1ons are o ' 'o‘
. -y ,
T"""“" ) P (wso) = Cora P,, (COS(?)- S S
Lo : "
) :i | . ! Pﬂ“ (COso) = ).)\H sme P (cojo)
v l N i
t o P,H,(cos a) Antl cose f’,,((ose) (u_m]m_m) P ,((osa)
1 3 r ) ‘hil n(n+) -
| "o Thé mapping defined by 2.52"1is usefil 1n ident1fy1ng a Legendre function
A§°' ... by one 1ndex 1nstead of the normal two.
.} '-/ f B ~The program, with sufficient conments to clarify the
i : opé?atioh' is given below. The program for the oceaa‘funct}on is given ; ‘
' the proérams for the t1de maps being identical 1n 0perat1onn eéaept for °‘
‘a change 1n data cards. ‘ .
e R T IR A
T L S
|
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CLEVEL 21 o, .. MAIN ' DATE = 73202 ' ~13/05/55

C PROGRAM TO PLOT THE %CEAN FUNCTION AT EACH: GRID POINT OF A 10*19 DEGREE
"C. PROJECTION : . . .
" IMPLICIT “REAL*B(A=H,0=2) L . -
. REAL%8 OCEAN(36,19)/684%p,D08/ '
DIMENSION P(4S),AC98), MAP(36,19J LUNG:(IQ) Loncacqu LAT(19)
. REAL®B C/8,1745D=01/ .,
C  READ THE COEFFICIENTS OF ~THE OCEAN FUNCTION
READ(S,1) CACL),I31,45) ,
READ(S,X)CA(I),I= 46,90) L o
1  FORMAT(10F7,3) ‘
‘C  COMPUTE THE LEGENDRE FUNCTIONS USING REcunntnce REL TIONs SRS
- P(1J)=1,00 N . 0 ;
DO 38 K=1,1% - - .
Fa(K=1)xCxlo = veo , : : : .-
DO 10 I=1,8 - , ’ L o o
N=TI={ -
P((N+1)*(N+2)/2+N+2)=P(N*(N+1)/2+N+1)*(2*N+1J*DSIN(F)/(N+1)
PUCNELIIR(N+2) Z724N41)2 P(N*(N+1)/2+N+1)*(2*N+1)*DCOS(F)/(N+1).
IF(N,LTel) GO TO 10 . o
DO 20 -J=1,N. g ' . _
MzJei .
.P((N+1J*(N+d)/2+M+l)=P(N*(N+1)/£+M+1)*(2*N+1)*DCOS(F)/(N+l) .
. 1-PCN*(N'1)/2+M+1J*(N+M)*(N-M)/(N*(N+l)J .
20, . CONTINUE ,
.19, CONTINUE .' »
C  .COMPUTE THE VALUE 0F THE OCEAN FUNCTION AT THE GRIn POINTS
DO 68 L=1,36 Y .
0o 78 1=1,9 : .
DO 8@ J=i,1- R o L ‘
X=(L=1)XCn1p PR : o .
MzJwl ," t &
INM‘(I*(I-l)/Z*J)
81 0CEAN(L;KJ=0CEAN(LvKJ+P(INH)*(A(INH)*DCOS(H*XJ S .
© 1+ACINM+U4S)IRDSIN(MAX)) X . ‘ ~ N
80 CONTINUE . - e T .
72 CONTINUE - o K .
68 CONTINUE. _ . . g
3@ CONTINUE S .
DO 188 I=1,19 - e s o S
LONGI(L)=10r(I=1) - = - . R S -
LONG2(I)=18x(1+17) . y o L o :
AT ={RA(I=1) o - -
189 CONTINUE
. po 192 I=1,36. . oL PR
DO 280 J=i,19 S
IF COCEAN(I/J),GT,.s5D 0e) co TD 219 - . -
- & MAP(I,J)=11 i . =
Y 6o To 20@ o - L o

v

P . . o
. . .

; . N . e ST

v . ) . i . L e \



\ .

LevEL 21 .. MAIN | DATE = 73282 13/05/55

216 MAP(I ,J)=22. T _ T

208 CONTINUE ‘ S ' '

190 CONTINUE T Ty : ‘
WRITE(6,400) ‘ ‘ ‘

428 FORMAT('1') - = S : - L .
WRITE(6,268) = . o S ‘ .
WRITE(C6,260) ' oL . -

WRITE(6r260) . I
WRITE(6,260) - ‘
WRITE(&s220) ° _ o

269 FORMAT(!'0') ' ©? .

220 FORMAT(Y = - MAP OF THE OCEAN FUNCTION,u DEGREES EAST 'y

' {'LONGITUDE =180 DEGREES-EAST LONGITUDE')
© . WRITE(6,240) (LONG1(I),121,19)
248 FORMAT(5X,1915) - _
© DO 258 J=1,19 ; .
250 wnxtace.a7ex LAT(J)'(OCEAN(I J),Iax 19), LAT(JJ -
270  FORMAT('@')15,19F5,1,15)
S wRITE(er9u)(LONGl(I) I=1, 19J
29d . roRnATcsx.xesz
" WRITE(6,400)
WRITE(6,260) L .
"WRITE(6,260) - . o S . f
. WRITE(6s260) o ‘
... WRITE(6s260) _ _ .
"o WRITE(6,380)
"300 FORMAT(Y. - . MAP UF THE OCEAN FUNCTION 180 DEGREES EAST!,
oy 1' LONGITUDE = 360 DEGREES EAST, LONGITUDE')
' WRITE(6,318) (LONG2(1),1=1,19)
318 FORMAT(5X,1915) . , : . T
© DO0.320 Ja1,19 - \ i
320 wnxTE(b.sseJ LAT(JJ, COCEANCI, 3 1=19,3b) OCEAN(lpJ)rLAT(JJ
330 FORMAT('0',15,19F5,17152 : :
WRITE (6,350) (LONG2(1), z:; 19) g ;
350 FORMAT(5X,1915)

: NRITE(br36B) , .

369 FORMAT('1), ‘ WORLD MAP'")
wRITE(erTB)((MAP(I;JJ I=1, SbJpJ-1u19J

37@ FORMAT(1X,3612)

WRITE(bs268) B
. STOP , a
END »

o
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Appe_nd‘i»g D
Derivation of the Equation 'for the Potential of a Surface Layer

L

¢

Cons1der a lax‘e)%‘f mass of dens1tyP ahd variable

'th1ckness E op the surface of a sphere of radius' R. Let the mass point be

at (R,e, A ar

the Field pomt at (rea) (figure D.1), separated by

a flistance P rep
4 Al " Id
Figure D.1
The potent1a1 of the mass in the Tayer is - ,' LT o - .
Ve <[ 4 s
- . L ) A\ - ‘\ ' (D.l)
-_Gf;,fz(e(\") ds '
. i "’- g 5‘7_ {
- _,Bqt
) = | Cos ¥ ) .. :
T ase n‘( )(-g . _. (D..z) .
J ,, ‘- . - ' .o .
and | [T .

_Z(e‘a‘) =kze P,f (y: .(OSIt\‘L + Zﬁ 5‘?\*(") (D.3)
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,Subst1tut1ng equatwns D.2 and D.3 in D.1 we'have '

' V &fﬁ%%ff[’ (thosQa +stm¢‘\)&(cosﬁ '(D.B)\ (
“ ' (R/r) Smedé*o(a ' S X

\

By the addition theorem we have

Prcos ¥) = Pacose) B (cose) |
(D.4)

+ | , : «
A’:Zl ()K\Wﬁ‘ Pn(cose) Ph(CO.Séi) ccsm(d (\) AN

1Subst1tutmg equation D.4 in D. 3 and using the orthonormahty propert1es

of the Legendre functwns e have given in Append1x A, we get

»

v(r,e,a): 4mef AR )

~ }Z P"‘(\/,, CIQsmA + zh w\wv\)/gn.,.])
On the.surface of the Earth, | J
V(Rec\) 416 R

0 . . .
. £

X f ph(COSé') (. Y,:"cosmz. +z,\ Sly\ma /(22114-1)

L2

_QHGﬂRZ‘Zn/(Qn(&}-I)
= BghRE /)
Ry

heve P is ‘mow the mean density of the Earth.
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", Appendix E .

L

-

The Liouville Equations
’ ‘ In a coordinate frame\x~ (i =21, 2, 3) rotating with
- angu]ar ve1oc1ty(o re1at1ve to.a frame fixed 1n space, the equations of

motion;, of a body are

T L{\?—; _d.H;"*' €iyk Wi Hk 0 (R
. Ir ‘ _ R , |
where' o Fe |
o Le = th component of the net external torque on the body about

its centte of mass,
.o H12 = 1’th component of the angular momentum of the body about.its -

-centre of mass,

€ijk the Levi-Civita alternating symbol; e N

and “the summation convention over‘;jpeated subscr1pts 1s used.
“.For conventence take the rotating frame to be fixed to the surface of the
solid anth'1n some prescr1bed nay. Then jt’1s.ce11ed a geogrephjc frame.
CHi= Gywyr b (E2)
" where Ch;are'the components of ‘the inertia tensor -in-the chosen frame and-
hi is the i’th:component of the body's angu1arlmementum relative to that

)

frame. Substltuting)E 2 in E 1 we have

= A (c.;w +h) é.akw (Cke ‘*’c * hh) (E.3)

L , »



v

PGy = — ey ~ M, +_af Ly o A
. .' " . a " .

5 ‘
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For sma'l'l departures from a state in which the body is un1 ax1a1 and

rotates about the ax1s x3 w1th umform angu]ar‘ speed /L ', equation E 3

can be put in a perturbatwn form Defme .
Cus Ate, -Cia‘ Q*Caa. Gy ey,
> . » (E.4)
- W= am, Wy=dimy, Wy = Ni+my
V‘/ . - . o |
‘ : c;j are perturbations from thé diagonal inertia tensor whose components

"are A, A, C. The variables My, mz"measu'r‘e the angu]ar‘-depar‘mre of the

-~

) rotatmn axis from the ax1s X35 and M, measures changes 1n the length

of day. Substitutmg E. 4 1nto E.3 and neg]ectmg products and squares

« of smaH quant1t1es we have, finally, .

m, *ma. =N

S | v
I . . - \ - R : N E.
o . M*; -‘m = ‘&I . ) . L. , . . (e 5)

LMy =

Se=(CoR) N
and\ S ‘ ; |
DA @ = NPy + N+ Ny ahy ~ L

N(-A) ¢, = N7, '~‘-n-lc.|3'+‘-n- hy ‘,F‘a Ly
‘ o ' (E.7)

N

~



The funct1ons ¢Z are ca]]ed exc1tat10n functions because they 1nvo1ve

N

‘the var1ous ways in wh1ch changes in the body s rotation can be effected -

changes in the mass distribution 1tse]f, changes 1n~the 1nterna1'distr1but1on

‘of -angular momentum of the body, or external torques. The set E.5 are

'ca11ed the Liouville equat1ons. (Munk and MacDona}d,,]QGO,'Chapfers 3,6).

\
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Appendix F .

&

~, The_Pole-Tide Potential . o o .

—

- ° " ?

‘ T\éentrifuga'l fbrce experien ed'by a particle at
. L
‘distance d from the axis of rotatwn, about which the Earth spins’

€

2
with anguiar speed w , is wd - Th'lS is derwed from a potent1a1

.Lwd ==J.lwx1‘l |

" where : B \
. T q(e. Sine c.os(\ ¢ & Smes'nﬁ + ez, cos¢

o’ 15 the distance, from the Earth's centre, of the particle whose 1ong1tude

s A and whose col afitude is @ ./ To the first order in the small quantities

.4

-

ml', my &
| w = n(em, te,m, t¢)

.

Therefore the centrifugal force potential reduces to -

;L'Jl*a“[sin‘a - sinae (m, c’oac\‘#m,_,sin&)]

The part which. creates wobble is.

UJ_ < ;_—2:_‘;11“& Pz:(cosé)CM'cos,\'-(-ml‘Si'm\) L
Y . o : Lo o















