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x\ et Qm Q[exp 21r1/ ') ’be the "‘ni-th cyclotomc f1e1d over the "I"
t N . o

ira iong.l numbers. :;'IJhe :/:lass number ;l of QIﬂ Q(cos Zw/m). ot

max1m31 real subfle.ld of Qm d1v1des the class number :h,'lil‘ Tof - (

. ’ \ . . :
"I'he eforet h' = h 1h wher’e the lnteger h* 1s called the relanve

s§ numbc;r or som times the fll‘St factor of -h In.

" (firs factor isieasier. to- compute because formulas fdr he second factor‘
1A , £ |

T
l
!
2
1
(

g :requl e mformat'wn;:about the groUp of un1t\_. U i"n,._'
i _ P P -

. Chapter I
: ‘~.dcscr1' és the den flon of some of these formulas.

il

In connection w1.th the last of theSe formulas we ae‘\\e’riﬁihe.'fhaf

“: .

the norms of S‘t1 k lberger symbols belong to:'—z-li)-z We see exactly when
s these.‘noims }ra;;e i ": ; .or' 2P nd. when they a"e cvcn or odd .
K ';", “integers.| \ InChap’lr I’ we;‘also dISCuSS th conoectmn between” Fermat s "
/ : ':._f"' s Last Theox&em and the c:lass number of algebr 1c number f1e1ds.‘ Co S

. - ', I L \. .
Masle N assummg a conJecture of Kumme‘r that h; > 1 f r pr:mes

“'_”prmi'ed‘.‘that there are exactly 29 d1fferent Qm , w1th h 1

Montgo' ery and lat or | Uchlda [25] vla. d1fferent met\hods proved Kummer s 1‘,

"‘*, _conJécture. Masle,y and Montgomery s’ paper [16] 1s a complete solutlon Of

s S

3 N e class number ome problem for cyclotomlc f1e1ds.: In Chapter II we

\',J .

K

examlne t}us paper i

Masley, }Jsmg methods s1m11ar to. the class number one case, has also ' L

'-l'

solved the class numbe.fr two pr;oblem for cy<:‘lotom1c f;elds. In Chapter III {?"

-,

‘- \ B
‘we examine his solutlon for thl\s ca# We also d15cuSs a result of L

Gaflx[z concerpmg factorlzatxon\ in f1e1ds of class number 1ess than\or :

‘ 3
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i .f-'. equali uo two




wogmyuig 20 e o

e W,
’

L

k3
k)

GlD

R

e

A

[

e

e e

Ny

X Brag

O




ke o

A ey

g KX
o2
' s, 3

-, - B " .
In th;ls Chapter, ﬁe flrst discuss the connect1 n. between Fermat's

L-ast Theorem and t.be tlass number of cyclotom:lc fields. : ‘We1 next, make

- ;.\ S -. Sk

and the:r-év.;r;vcmrmus class number formulpsp. '

o«
LS

.articular, tho§e for cyclotouuc fxélds':' ..In connectlon mth the Iast

oy :'-. ‘yl'i "'. i 2
: states thab thé equapi

.,s clear that 1f this 15l true for some e§ponent n, then t,' $

'...

:j. e1t‘he1‘ di\usiblq by

4 "61"""11: an odd prime, For

.
o .

_ \",\.' B S0
1n (1 l) are relatn}ely pnnﬁ-. 3
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The factors on the left sxde of .(1 2) belong to the rmg o,f mtegers

's Last Theorem under t.he assumpt:,on that qhose.-rmgs of- 1ntegers

L
. ':. -_I " g i v ." 5 -' i = LR 15

fBorcvu:h Shal-‘arevich,, \§ p v 156 f f )

ver i
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P . . ‘V ot il . -F =) 3P, o’
-.However, 1t was pomted out to hu.m'by D:.r ,Ehlet that t'is assumpnon Mas
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false. In nttompting to- overcome t{us flow '1n hls proof Kuuime*r‘ond

‘l E 1 " " 8 e v .. ’l R g
Ex. 'g ' ':,_.' h "Dedekmd developed the theOry of "1deals"' wh:ich sh wed that. alth ugh
Sl S

ber—theoretlo problems: 4 f-_ :
We now sketch the basm 1deas. o.f ohe ‘theory.oﬁ dl\>1$0rs : w}uc ‘
¢ from Fhe theor)‘r.of‘ -‘uééaﬁ;" of Kumme;" and Dedekmd (fuil det;:x ls may be " &
::, * ‘found :m Borevu:h Shafarev:.ch [4 ] p 168 f f ). We 1;'{ }) t}e? -
":': b arb;.t:rar; ;omnutati\lro.) rlng (mth um.t oiomen'o and uithout d1'v1sors
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(u) (B) holds 1f and .only 1f u and B are assoc1ate :m the r;1ng

\ L] h

to 1somorph15m

then there 1s an. 150morph15m D ~*D‘ ‘

a'nd D" wh1ch correspond to a’ glven element
l\% now extend the theory of ,dnrlsors of D to
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. One, a.nc'l we have that t.be principal ..div1sor (y) wlll be 1ntegral 1f

j and only..1f. ¥ belongs to" p. We also have that (Y)'—i(ﬁ) 1f» and

-.=' he where. is~; unit' of ‘t}'le r1ng D. Un;ier the obv16u’s
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’ gy l‘.ln(lle.r.thls mu1t1p11cat10n, "the set of all 1deals. qf :L becomes a grOup .J“:. : ‘ ,.
9 ':- .-" ‘ ';‘he 1dea1 A is \:alled 1nteg.ra1 \1f 1t rs contamed m D and .‘ s . g :\ :
) Al ";t;ermse, 1t.15 called fggtmnal An 1ntegra1 1de;i 1n X i" 'learly" - ”: g%
;- ‘ \ Jnst a nonzero rdealj—{‘ln the usual sense) m D .The‘ s'entx.group .off-a'll- % o ,1’- S
; e ' =0 4 nonzero 1deals of D, " unlque Eaetonzatwn 1n'to prm;e'uieals ami ' i i
: .‘ e for .any -\n E D a 15 mapped 1nto thxs semlbgr‘o.np~ vra LR (u) :the _
_ : - :‘—;:.-':_“ : ‘pr.:-.nmpal 1deal of D generated by a. cIn general for y E"I'(.,‘. the

” s e pr1nc1pa1 1dea1 (-y) of l(. 1s the set: '-{B € K[s Iay where- u.G D} g

l';e say two 1deals of K ~are equivalent 1:E thoy dz,ffer by a factor _;

lunder'th1s eqnivéiencc re,lat:;on is fm:.te and that 'the 1deal classes
e '.. l' e iy
form a group under the obvmus inultlphcatlon. '

’;deal class group the class number of" K, and ﬂ'e wrne h

.'. " ,.-. .

\ul‘

S one 1f and only 1f every 1dea1 ;ts pnnclpal. ~But every*

- A .;deal ‘is’ pr1nc1pa1 1f and only 1f .the rmg of integers has unique fact.;u'iu s , & ‘

:‘ :.. : 3-zat1on.-_.Hence wq, see ;‘n;;c'xummer"s f1rs;: ap;)reach ‘t’o‘!’ermat'shL.a‘.;t ,\ :
% b , . i "l'hedrem' .worked' only ffor 'pnme c.yg otonuc f1e1ds of class number on'e.. 'We ‘_ h. i
Yot s e e s .'...:.4'- 0 ""1-.- s v 5 o
§ o ! shall see. 1n Chapter 2 that thls" 1$ true cnly for prlmes 1ess than or. . - ] * : :
;-‘,.;.,-i";‘ o ._ ) 19 . ('I'lus was' een;eetured by l(ummer ) _‘] ’ : - , - L) ‘

i R ..,',‘l ,".,““:"5 s However, Kummer used the class_num of cyclotom‘m f:ellds to ,prove.. y \ e . _' o %
Ef, f ' ‘P J' y FErmat's La.st 'I'heorem for a nuch w1der class of exponents.“» We callla: an._. ; ;‘_::

f aE=e i odd prJ,me Wl'f.lch does'not d'1v1de ;:he' class number of QL:?, a regular prlme, ' ¢ /" '
o i [ etheruse, we, call 1t. rregglgr ﬁuméer_ ,Er_?ved fe'rn_iat' ; '
: ,§ . Aregula.r nrlnes. "'. $ believet? t.}l»at, 1‘:‘h‘er.e are 1-nf1n1te1y many regular- ol
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T pnmes but tlus is’ 'as yet unproven. ft has been proven R}Bt there are Ty
. pe Lo . . - "ﬁ . ‘. R , R ' ‘,: §;_: . AR . .
inflmtely many 1rreglhar prlmesu The~ mam bas1s forxthe abov o ‘:' L e
. R .a’ - L - '_".", - )
15 that 1n \every f1n1te mterval ‘checked so\far, regular primes h_a_We . et ]
‘,“‘!“ R ”\\ e R A N ."-'-~. -
outnumbered 1rregular pr:Lmes. B N TP A Sl
1 2 Prehmmar‘ies} e o ‘;'_‘,.' DR ; - ; ‘
Let ‘.K be an’ a‘b\han mamher f1e1cl of dcgree n over Q Then . o
. i \ : ! b
’ l\ : N " , ‘ ) v zh' Lt
__or some p051t1ve 1ntcger f {see Narklew1cz, [18] p 263) " " { ol

smal]est. such f 1s,ca11ed the conductor of K

Theorem, has 1e,ad to the central role of cyclotom1c f1e1ds m Algebralcn

,'\‘ ,_4 ¢ ‘,-. . PR

Number Theory.,. 'I‘he _Ga101s group B of l( over Y'.Q 1s a factor group of

> T .

f,, the Ga101s group of Qf over Q'

G

Spec:lflcalLy, _

":,.G /H where
. . -'/

14,1 -

A
i
e
¥

: .
¢
2

&

o H 1s th,e subgroup of Gf that flxes l(. If we let q denotewthe/
; hlsm of Qf wh1ch sends 1; - 1; “ for each a’ relanvely prlme to

e m g bt §

of G ‘ onto , (Z / EZ)* G Vla th15~ 1somorph15m,,t}§e~$hara_\cers~ . ‘. i

®

1dem;1f1ed' w1th res’1due class -characters mod”f‘..' ?.mce 4 B' ot

group of Gf the characters of -,B o éctend to! ‘the charactersf S

".whlch are trlvxal on ‘ HI Ne denoté by ):( ‘u“group of re51due
"he charadtérs’ of H and .we\call
X the characters or cha.ractl!.‘r group dfi .K The 1dent1f;' of ’ 1s ‘c.alled
the prln::1pul ciharactérl Andﬁadenotéd by l ‘
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n..'.
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= whencvcr og : h (mod f(x)) It 1s known that f .1$ the least common

= .shallll call the character x G X eVen or odd qccardmg.?as -'-x(.l) 2l 1]‘

i \ characters., We note that for the m-th cyclotonuc f1e1d Q 5 Qm= Y,

' 1'.’ h racter. 'l'hen f(x] 1s the smallest posn:.we mteger so. that ,x(a) o= x(b)

. - . &

s i) ., . w-' H- Ny “-

¢ 0\' 1,,_..,'
r . 3

o
L ; ) : ; .' ’*,’ :‘:',
..‘,-‘ multlple of the f(Mr X G R (sce Hasse [9] p 434)&» WL e _‘(" ‘ R T
“r 7 - & L diewes T By i,
- AL SR 28 el e
s 2 Let J. be the automqrphlsm .mduced by- complex con;ugatmn- d"l. ‘}Ve. e * : ‘ "
3 “ o e . o ‘: ~ _.. l .'. : s ',‘....

o U
v ,_,'. !"f‘_ , e
s L Gy N 3 B R o
Y

equal “tu +1 or.'.fl.: (We write x(J) usmg_ the 1deht1ﬂcat1.pns di.,5cussed- R L

;-v' i

TR

above ). me fmad K_ Bs ek ),f and anly if a 15. 133" o

3 .,-' .,__, .‘-. ..

J ,15 the 1dent1ty on

1:— ‘.Jl-.c"

-Furth‘e’rmore, s I(

.
’u" LS

-n"‘

] charaeters then

_: ¥ _‘.-. \.\ o _.'u. A ‘,
“ven characters wh:ch
. is JUSt the character group of-. ¥ ahd X L r.‘

Se et .'.r 5 o v 4'.'-"* Y .
\‘Q(; e ; ) ' Q(cos (——J) where l;m @s a pnmtwe m th root of umw b

h.:'a H’i‘ be the class number of

a

5 j.';x(s), '1s defﬁmed by




ere A,,.runs through all"

e
. .
oty .

: depotes. .the norm of..the divxsor'- 'A

Voo i

-shall shoﬁ that tﬁe seri'e’s on the ng"ht hand s1de of ;(1 3) converges

< vy P

< ,' A
! 1 o ‘.4,‘.

wly “ .,

for 1 < 5 < ‘@ and 1s ‘a. contmnous um:tmn of the real Vanable s on

,_ .-.,u.g_. \,’A ;_ 3 ke ™

hm (s o 1};,((5)

5»1 0

ends on the “field "

,y oty i

- where

2\ runs through all.‘in'oe ¥ :.viéférs of the gwen d1v1sox c’lass

4 s

i W »
'and the extendr summaf:i" is,,taken over all-- ha

-cIasses C.: Jp

5

o e

0 L

20

Further,'if we show tha.t..for each c1ass

a .,?..~.

P

LR PR Sy

ex1st?.,and..has,,the same -
. 8, b

Formula (1 4)
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N T . S We' now transform the semes (1 S) mto a senes over certam 1ntegers B e R
-,,', Y T ".' .J.: A : o -_ . r o - . o RN _.‘.' . . _.’:._
& g o B et GIE the fleld K. In the mvarse d1v150r class C ‘- 7 we choose an ;Lntegral ..‘;"_.‘ sl A
SRR S 2R N .' 4 ~-"' P B, b il W
iy 8 } , _'.. s ‘.“;. i .-: b o5 A } h Ol 1 .._1 "
Tt e e .o diviser (A7, Then for any,, A € C the product AA‘ w111 be - p‘r nc1pd1 By enpt el 8T
o ety i Lot - g - A B --'~\ L . Sl g 3 < 3 i - e -‘. [ g
Il 5 r' :,-,v‘, i
e h e
-! .

N T (se'e Borev ch Shafare,vich [4]
g

B _ bt o
£ O -’:"‘\‘-qv\- b £ ' \ ]
where the summatz.on 1s taken bver alI pr1nc1pa1 div1so:rs of the field K SHS! 1R \ .
, !.‘.‘ Al o o - - ,' o .1 ey .. 3 h 1 -
o N wh1ch gre d1v151ble by A""‘szce

-"“T"}, o . : 5 ‘::'.’ ;. Bed) i .’

e DY A e (uz)' 'are~ equal 1f and only 1f the numbgrs al and" 2 are assocmte :

° 1. = L e PRI (%3

Sk . T ol e
I % Y then e- may conS:.der that the summatmn 1n (1 ﬁ) 1s taken o
- 3: : . :'". Y I' g .~ b

5et of nonzero xﬁaxrﬂxse—nonassocmte
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.—;‘.o (mod‘z) and u

Furthermore, _(__ -0,

.A’

(”m]oﬂ;_Z) and so by (1 395, we get.

But we afs&have that ——2— ﬂ___ Cm‘bda




TR

-,

i

ki

Rt R

a-

Vo ey AW e 5

.

N,

g

e R s a

d - 3 - “” . .
' N ST 6
- - 1 2 . ’
» . -
° ‘ . »
.. —
. . = .
i TR s K E . [T
. o - el w2 L ot :
- 4
[
» e
]
. =,
N o =9
- - » %
¢ .
- ® L .
.
13 . LY
. "
s ) , - 32 = i . -
. . ™ ——
i ,
- - . . a - T =

atulp? ™ - cfa!’““" ne*f . 23 B

[ '
. VS . .

‘and hence qY I(p!ﬂ(m) $ or qY |(p4¢(m) -i 1) If the forme; case '
. L) i
then, p!w.-‘(m). = +1 ((hod qY) and }_lence (p T)q S| (mod q) i But

oo T gel g
then Sinte-p' RS- (mod q) and 51nce q 1 s, odd then P

(mod q) ~ But then by the Eu].er Cnterlon (sqg Apostol [2], p 180)

111

il

il

(B-) 5 (mod q) and hence (E) = +1.. .-But thenl P 'N .)' 2 '-(q) (mod, m).g . l

The argument for the s\écond ‘tase: .1s the same 59. ve have our clam. Cew

’.. - B 5 .
. . -"‘.. X .2

Hence' b)' (1 40), ,we have Funthermore, :
%¢(m)':§'~5(¢i -x-'l). (mod 2) -~Thus.: by.(l 39) and thel quadra't'ié rec1procitfy 4
i " : ‘ £ ,,‘,’ o ‘ . R i
2 he A f'.-l.'i-.

'_ j We nbw examl_ne 1‘:he cases where m ~1s even. ‘i.lefé' -fhé. x s‘ are. odd '
z;nd hence, from the reductmn px CEXe 'n'llz, we get t'.he congruc‘aml:e, =
px ‘2 #x7 (i +. m) .(mod 2m)_".“- (Thls éc;liows since *x” (I + m) :tx '(L *Ilmz)
(mod ij de s:.nceh :{:x mz “ (mod_,Zm) ) 'I‘he mul‘t1p11ca1:1‘on of all

,"»sin-ce (1 + m) (mod 2m) 1.

iy =
.'4 T b

" "'i.-'
.1

ol

.._p.__ 5 i 's,
. 5 ‘ @

(mod .Zm) g z. ] s odd U

o8 -

caon If m:is d1v151b1e by more than one prlme but. not of the foruf 2q b .
ie ". e -' - ,
I

T R
f .

q odd prlme, then we clam that




-

must con51de‘r 13 when m-— _

The flrst c.as'e we

that. (P) (see Apostol [2 ], ,p., 180)

5‘{ 1nduct16n argument bn y for y > 2 we have

cp_l

2. .




. ) . S . '
. P . A . - - -
n . ° . ’
- . - L : . .
e Joa e e St at
’ . v 1 . -
3 s . . X
. . . S
. :
P . -
oL -
. L v e,
} b R v i
Ay N - v
) ©va, . oy
' vl Ne [
i “ i s Ve >
s . . - .
) . P
y ot .
. , v ~ 35 -
Al CI B
‘ - 7 .
' &, .
!
' “ ' ' <

RTINS “w"g‘-,’“’fi’.r'fé)‘ -‘(“‘9“" 'Z?.'-

1

is the number .{;ﬁkw~.j“

L

(i Where f=ifyf £ '{

oo s . B

[}
Hh
Hh

r-\
p_.
-
m
V
as
=B
Q-
E
=2
]
p’
!'D
Z
~
H

T

is_'._"eve'xi ‘and

and hence VH =, -N(f ‘f ) (mod_Z) However, thlS would not affect

W-W . ltr.
(1 48) as a change of 51gn makes no dlfference modulo 2

Hence 1n




pr1m1t1ve (mod p ) and |p2' is prinutwe. .‘(mod k).
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' and h
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1mp11es that p d1v1des the class number of at
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Létz p be an odd pr1me,
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For any field
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the class numbers - of L and K,

en51on o£,

respec-

1G {1 g, 1, ur} be the Ga101s group of' L/K"and let &
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e e,
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Hence, we. may assume that p!T h G acts bn CL"and on . S'
thefnatural way (fbr- 9 e [ an&';ﬁ 1dea1 a u(a) ;-{ (u)]a e a})
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orderh Conseqbently, .;:.f has a un1que s

0

B}
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4 qmrd g, A rn

ny b G S ,“and we may extenk ,

an act1on of D

«
v

N ot .

s Dy .For a sd‘bg‘roup

»

h} ,belthe éubgroup of

gdnal ;gempotants,‘ i b i meOSitIOH of.nf

In 2 s1m11ar'm&nner,. using~

e 5 "‘ .
e r,
B L X

3 ot e

L

o



a
o
.
.
.
-
5

PO

Coo.

'

B e

=

O D T S

e

"

b M " 1] PR
. M- A A ) - .. © .
- s "’.;,.',{»::..":'h Al i o A
.J ': , » L] .‘ : Il i . X - 'Y "
: g 4 g J SR N "
e '] ) : . . r -~ o
v . . .0 o - o ’ g ! g N
+ D . [N Fous. O - § % & . X\ - i - . \ . ) . . . :“
o . o . [ j 2 i » il N "*’- ) ¢k - . - i
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& y oY, ¥, S . . - e I ) M ."' N
, . . i e 8 oab W ., P
Rl - least one of C CL' £ or.--CL '+ S0 p' ~d1v1de5';he class number of u .* g
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When Qm 15 cyc11c we. fmd that h
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oy ,
from computatmns of

: to see that for m not of this form that Qm 1s cycllc 1f and only 1f

such that g has ,order

e L there ex1sts

g € (Z/mZ)*

f’( m) (mod m et

Bauer [3] (see Appendlx( C) The Ga101s group G of Qm is (Z/mZ)* ' . '
" and tha/t of Qm 1s G/H where H- 1s the 5ubgroup consxstmg of ‘
ﬁ”,-'f}d Now G (and hence G/H) 15 cyc'llc for m 1 2 4, p ,. ‘i')“ '~: .
'. : (p Qdd prlme ..o > 1) (see Apostol [2 ] p- 204 ff ) Now, it 150easy "‘ - ..

5
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v

3 -
. remams to con51de1:\ h'm for

R that each: of these class num'ber has no .odd pnme d1v1sor

"
Qg and le are both properly conta:bned 1n Q24

s
<.

¢(m) L . = ., o : e T S
=33, .y

(mod m).. Usmg tlus, we see, for example,, that for o

By thls process, we See that it

' Qm ‘is _cyc11c w1th geherator 1'\4'3 L
/.

m, = 24,740, 48' 60, and 8a. e first ¢ Thow s

For m = 24,

LA ‘
Q(COS( )) =

But Q8

Q(\/_) andso /-\-nf—- /—€Q24

Hence, .

Q(/‘) ‘and - le Q(cos(——))
' e /Hence we have the followmg dlagram where Q24‘ is of .
A.d_‘egree 4 ,over Q w1th Galols

— ‘group'ﬁ of type 2, 2) Now we '

,have from above that Q8 and £ .'., ,

'le haaye c]ass number one

. .S{llarly, Q(/_) has class

'

. ,number or?e and so no odd prmL

by ‘Lemma 2 9

_ d1v1sor d:wldes h L
- . =/ 48, -
For m : 48 Q48/Q8 .15 of degree 4 Q8 ? Q16 ?QJB’

Hence ‘as’ we, have already obtamed two proper mtermedlate fleldé

48 ) T L ,;v. . o G .:? /

?Qzaff/
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1is the Ga101s group of Q48/Q24 - Therefore, the’Galo1s _gToup. qf

"T
-f Ye.

C
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t'he.Galois gro of Q/ah must- be of type (z z) e call ‘the thitd: .
48/ g’ ”p .

proper 1ntermed1ate field . F4g and® we have the followmg dlagram where Lol
B o . AR . - o
o' - -.'1' S i T , »' B “-‘-L"‘

‘F4é is’ real w1th conductor 48 R
. . R 4}:p . N
We now see thai F48‘ is -cycllc Co e

. - Mo Yoo v 3 ] s
over Q 'I'he Galols group H v
of Q48/Q8 _are those elements : _

"o»f the Galo1s group: of Q48/Q i_'., \ o,

' whlch'flx Q8:' Usmg the fapt' ‘ ""._u

that@ Q8 Q(;B + ;8 ) =' , .,"' i

.m 'm~‘ IR .- c _Q(;48 + C48)’ | we'see tl\at . ‘\‘\', .
: ' : 102 -102" ' 6 -

S1m1lar1)1\ the Galms Group H* ‘of Q48fQ16 are . these elemen S, pf H ) o ol '
NN ‘ R T

. ‘wluch fix Q16 and S0 H™ = {1,/ 17}, Further, : H” = {1 23} vfhere !i“ L et

B : . A S e

‘\“'

.0

Q4 /F48 {1 "7}. " 'But ‘then the Galo1s group of F48/Q o I

'h

thls' group Hence the Galo1s group of . F /Q 15 cycl:Lc. 'I‘hen by Bauer. .. .

/

[3]. . 48- has’ class number one. We have already from above that Q8' Do

and have class number-onNO no odd rime d1v1des h
24 P 48"

For m = 40, Q5 Q(f), Q8 Q(v,_) ‘ and QZO ' ate properly con-

tamed 1n Q40 and 50 Q(/_,\ /—) is also pr{,rly contamed in . Q40

o 'h. INow Q40./Q5 is of degree 4 and the Galols group of th1s extensmn 1s
of type (2, 2) ‘as. we have two proper subf1elds. We call the third proper t
; '. / N R -“_ 4 ",\ ‘. :.‘\ . - .n, ‘ : ;' -’. v
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numbex: "of Q(r /_é) bf Leumia

B subi:'leld F40, . and. then ve have.

"' .

is cycl:.c (same argument as for~
K oy

) and so, by Bauer

& =

R e
,. W,

no odd prime d1v1des the cla.ss
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catlon 1ndex of p for Qm/Q 15 equal to that bf p fo;' Qm /Q. Further,_
the ramlflcatlon mdex of p for Qm /d-“ is equal to that of P ;or oo . ) '
Q_m /Q (see R:Lbenb01m [20], p 211 and p. 219) Hence, the pr1me d1V1sors 3
of the 1dea1 generated by P in me do not T 1fy for Qna&m and 50 :5 ‘ _‘
‘ only prhk/dnrlsors of the 1deal generated by. 2 in Qm . may be ramlfled'.
- for Qm/Qm - Now, 2 doesn t ramlfy in: Qm /Q (and hence, in Qm /Q)n‘ /
P ' ..‘. but 2 does ramlfy m Qm/Q " IR
- o QP% Qm ~. . ’_ B Thus, in the follow1_ng~,d1agram,_
+ ‘z ~ramifies’-in' Q;/Q since. 2°
| does not rarm.fy 1n QP/Q/ (see »
) Rlbenbom [20] p. 217) and sol 24
. - . ,_._.- , o | -ramzfles in Qm/Qm ' But' for ' néy-‘—( 15.,‘ 2_1, .
. . . . o o

least p051t1ve 1nteger f puch that 2 1 [mod m) 15 ¢(m )

the 1dea1 generated by 2 “in Qm is. pnme. Then thlS 15 the only :'.,J' '_ L

pr)1me ramlfled in Qm/Q (see R:Lbenbouu [_20], p. 269) For examplq,
= O K S :
when m o= 24 : only 2. and ;»/ are ramlfl\ed in Q2 4/Q Now, 2 as

B ‘\‘“ .
/
an 1deal m Q3 is prlme and S0 th;s prlme is ramlfled in. Q24/Q3

However, 3, as ﬁn 1deal 1n Q24, equals (plpz)z for some ‘prime 1deals"‘~‘

:','ol, and pz and as an 1deal m Q3,,‘ equals p . for ‘some pr/lme
- : \\ *. 4' . .
1dea1 p Hence, 3 does nof\r_am:l.fy ,1n Q24/Q3 Hence, b)'\Lemma 2 8, i
2. f h for .m _= 24 40 or 48 and so h ;‘ s 1 for thgse ‘"'L S 4 . I
‘.4 ‘\ «\; .

,/ For = 60 and 84 we consxder Qm/Q,m For “pim, the famifi-

< Rk °
. ) 4, . o
. N S K ) ) . e ————
T ’ C , - _ SRR ‘
. o ' ’. . L'l,- i - w“‘. 'l - - | ':“
xi’ . A ! ‘ “ c e ,_,Q"' .' ' ' ! ) ’\ ’ ‘o R 3 ;’
‘ We now show that 2 T h for m = ‘24 40, 48 60 and 84. For eachof - -
. . |
these m let m be the’ largest odd d1v1sor of m. ’Then Qm/Qm Y
2 ,1./
i Qm/Qm are Ga101s exten51ons whose degrees are powers of - 2 In each -
case, we also know that hm\ =“hr"; = .'(114,:v-‘_,For m = 24 40, or 48 \:t‘he" '
0 ] ’ :
|
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b o ¢( )
where the ram1f1cat10n mdex,

2 " . = f‘ . - .
ber ) S1nce th1s 1s the*'

PRt inertxal‘ degree and g the decompos:.tmn nUm

- only ramxfxed pnme for Qm/Qm 8

Lemma 2 8 applles as before to g;u/e'

.I‘ the s1tuat10n that we have dealt thh We founf:l that“'h’

P

= 1.. However, it should be noted that df K “a (»‘ f—),

whenevei h*
. ‘-L-
Thus the fact

bt h; = (see Hasse [10]‘. p 123)
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. In a:"his chapter,*we shall de :me exact y wh:u:h cyclotqmc fields

. ) u' - :_ ’_'..’1’.1 : - e g i :
o " have’ class number tiio. We shall follow Masleyf’s paper, "Solutlon of .
v'.." . . ‘: .: . . e . z :'.'~ '
ol 4 @y the Class Number 'nvo Problem for Cyclotomic F1elds" '[15] .l}le'- sh‘al-_l_
,; -~ _n:.-. S _%"v_‘;. .._ - ’ - . ;{ " - w k _
3. Km . also-prove a reSult due to L Carlitz [s ] concerning faptoruatmn m

R s S

Furthermore s :Eor

any odd integel_‘

W d(n, 2) min. d(f. z),m. P :‘3‘; J

4 .‘th'at. d(‘n, 2) > 2. .'l'he*\ wé have the follow:.ng theorem (the proof is
o4 "N i Pk , IA =
due o Motsankyla— [17']),, ‘- i

-3

‘o
‘o
AT b AT SR s - e
d Pt L B
= g
.
..

' . ] Js oda.
Rei & 5 - d(n 2)
S (I

e

r a pnmt:.ve root. (mod p).

(n]od .p) 3 and N




:';.: B g ! " ‘f’ n/u-th cyclotomm f1e1d Q(e“i“‘/(p l)) ' i B

0 Ol .
3B i, . OREO HRC B o R, o - a'

R FRER T R Now if - h;"ls even, then .

w rrmats epmir oy
.

' N (a)“O (mod 2)

of ‘n‘.a’S'upp;)se i:'1'rt,5t.‘t‘:hat U ~
‘ ..':"",:-.‘" .:',‘ J;n the 2 -tl}'. c.yc'ioton:m. f:.e.ld'_ 2 “fé a i;o;;ervofht;he' px"1me"1_c}ea1
‘ : : ‘z=(1 _; ;u) Y see Iilgenlsoim. [20_:!, p' . 17}; : '

; ; fhis,‘.:.s. tnvia‘l) /and o e ."_','_ .

A
AN o

d '2) wh.a.ch com:radicts (3..1).
',:_: b 2 & e ‘,
as clalmed 1n the theoz_'efn.v

Ry K :" . _...r.ﬁ

RS

(mod,n/u) i!ut "by {3 1), 'at

." :;.

. o (&

least one of thesa ;Ldeals p divides .u ahd so N (u Y. -1s div-1sib1e
£ .

o .:.{ by',.‘,uu(m L

. /

”and thus thé proéf is ‘_coprplgi:i;._;‘ // '::.,’" il

L] .
- , o ,".';zn ;
. 9'..' :
S e

o

.

o

We note that as d(n, 21 3 ;.- th

Zlh*" then i 4|h"- l(e now prove the maln theorem. . T
SRR . v..” 1o Hee R __- ;' | o . ' 4 ".\a:

- There are prec:.sely two cyclotomc f:.eld's Qnr m.th class- -

2. = ‘They are given b)' m‘—‘39 56 ;

(We are assumihg, as usual that m ﬁ 2 (mod 4)-, as Q78

= g e 0 fe tn rat
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RS ; . o g . Tl 7 <
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- 3 . . FN 3 0 O OB A .
el whengver h* L T . ST L R
: - .h*. =.2. Lemma s, says that h*lh* 1f 2 o T g
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1f four cl:.stmct pt:.mes d1v1de m el
o thq 1nteger m tmust be of the form T

. 4|h*-- i gignce, by Corollai-‘.'y

-
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g Now for LE of this type. £

. wl : g Ny

- V0 FAS Of Schrutka, [23] or Appendix A (1f ..m < 200) "
i RN Y Sr e GEERLE R g |

T G _ '_172;‘ _o‘r._, fl!."' _'19z P we have seen m the proof of Lemma 2. 7 that b
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"(1 37) and Theorem 1 1 to. show that h*'
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the denommator (m lowest terms) df i N (H

Now smce the cﬁaracter group of (Z/192)* "15 cychc, 1t 15 easy to

f

determme, a11 odd orblts and then to see by Theorem 1 1 part Cr that

e v i

4’) _1s at most 38

39‘ and 56 We now show for these m that h

As J./n the proof of Theorem 2 1 J.t zs easuy seen that Q39

N

&y cychc w:.th generator 2-"further, Qgg 1s" real w1th Mmkowsk;l-t_a : i

; Rogers bound < 50, OOO and conductor 39 Henee ' hf.-."

We have 1mmed1ately fhat, "Q56/Q7

v,$

’l‘he only quddratlc f1e’1d contalned in -

“’Q is. Q(/—) (Welss t‘26] P 260)

root of unity,, then v’_ e Q56

w' have the followmg dzagram'," o




extensmn w1th group of type

(2 2) Again a?l three 1nter- ':

g

med1ate fields aré eas:.ly seen e .'

>

. T
to be cychc w1th M1nkowsk1-gogers

bo'und < so ooa. and conductor 56

‘ Q56 -'ch)

mth ram1f Lcatlon 1ndlces

' -7 ram1f1es in’ Q(/— ) with .

‘.

m'rn 4 .

[20], p. 169) 7 ' ram:.fms :Ln
Slm'-e 7 completely ram1f1es in ;

:,.,2{ :arid'-‘,:s ”d:urlde the ra.m1f:|.cat10n 1ndex of 7‘ m
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P 1- 4 e, i N

“ ..L

We have that 2 doesn t ranufy m Q7

.,.: v

‘-of 2 m Q%Q_ "Frence, s1n&e for theoextens:lon Q.,/Qf ef

vy e, )

g N =t
";,-: a‘n’d- _-;' g =10 and so 2

rema:,ms pr:.me ;n" Q ' (We note that here

‘,“.- '-:|~
..,.

e..means the ramflcat;gn mdex, f the inentié‘l“‘ degree n'd"'g th 3

e decompos:.t:l.on number ) But i_n-

y
.

ramlf'ies in Q(v’— )./Q ‘w:.th‘ v -

S

e\
w e

: ,171). "ar'ui‘ ;p- : 2’ d1v1des, the |
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.amiflcatlon index- »of 2

K;.\'hereiore, the‘ p

rimq“ e
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.

s/

R .‘<

ram:.hes 1n >K/Q7' iuth

4 and so, we' have only one,prirﬂe .div1sor hbove'

Now the prme abova 2 in K

fi afiim index of 2 ‘for-' Q /Q 1s 3 We want"that thfs pr:,me
A ,‘ ; T

q_:" “ A - . "-".1 -
'We ha’ve by the,foll,,ow;ng d1agram that '—2 ramf:.es 1n

. ramificauoﬁ mdex 2
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’Algebra;l.c Humber F:*ields of Class Numbbr 'mo.'
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. APPENDIX B L
'.COMPUTATIONS fOR h* AND h
Lo - -17
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