





§i
¥







y HAS BEEN MICROFILMED -

EXACTLY AS REGEIVFD

U -‘._»~‘ .“ g .

TR, . R : . S T
ST TN e - L .
- PO - i o -l
* Natvonal lerary ol Canada . ' Brblnotheque natlonale du Canada L
Calatogumg Branch R - '} e Dlrecnon du cataloga Con n
.‘ N Canadran Theses Dnnsron IR Dwusnon des theses canadlennes D ot
e T Ottawa Canada VIR TN S / A .' AN A
SN K1AON4 ST , oo e {0
! . . e ) 1 -~ _’l' v - M ' i A
i : Y \-"‘ A .. ’T kY
r v . ‘ v S N : e R
SR P [ . = v N ; :
N . . St e '.):‘. .';\ i :‘ . "'S ™
Thesquahty of this macrohche is heawly depéndentrupon - La quahté de cette mlcrofrche dépend grandementde la .3
the qualny of the orlgmal thesrs submitted for. mncroﬂlm- : qualité de lathese soumise au mrcrohlrnbge Nousavons ' 37
mg Every eﬂon has been made to ensure the hrghest " tout’ tait_pour assurer une qyame supeneure de reprQ- _ ' R
quam\of reproductlon possnble - :" k‘l_- ;- ducnon - ; Ce I
1 pages are mrssrng contact lhe umversny whrch S il. manque des pages veulllez commquuer avec'.- R
granted the degree ) --\. Lo Ly Iunwersne qura conferé le grade SRS . . : - _
Some pages may have md;stmct pr}nt especrally Il e La’ quahte d -rmpresslon de 'bertames pages peul. n ! AR
" the: origmal pages were typed with .a_poor typeerter o larsser d désirer,, . surtout si les pages or;gmales ontété - I
ribbon or lf the unlvérsrty sem us 3 poog phOtDcopy "'r'dacty!ographiéesal aided’'un ruban usé ousil umversute. if. .
seh e , EERN D A o ‘,-.- -.nousafart parvenif unephotocople de mauvalse quame ! Lo
. o . . . L N . ‘o :’ ! -
Prev»ously copyrlghted materrals nournal arﬂcles . Legdocuments qu| font de|a I ob;et d un, droutd au- 4 f:'f. s
pu Iished tests etc) are not frlrned e teur(amelesde revue, examens publiés etc)ne sontpas . i
LI R N _ N mncrohlmes S ,( . \: A
Reproducuon mfull orm part of thrsh!mus governed Lareprodu\non meme pamelle de ce m\crohlmest '
_by the Canadian Copyright-Adt; R.S.C. 1970, ¢. C-30. " soumise a la Loi canadienne sur le droitd'auteur, SRC
Pledse. read the authorlzataon forms ‘which accompany - 1970, ¢. C-30; Veuillez pPendre connalssance des for- o
thrs thescs T S . e ", mulesd autonsatron qui accompagnent cette these I R
B - . . .. .‘),‘ e T 3 I . s . g e . . ’ o
I LA " - R N i T C .
THIS. DISSEHTATION ' THESE AETE T "

MICRDFILMEE TELLE QUE . "t~ = |7
NOUS L AVONS REQUE R

v .
. - (X%
- e
Ch i
. N
“ -
¥.
.. 1’.
.(.'A . Y
S n .
3 .
o SR R ‘
. \ ’
- Al . “
b . e
R
.. 1T
v ¢
I Lo
. w i
Ve
' co)
: S
A TR
R ' EEA e
A o .
5 : ‘re















\,

x\ et Qm Q[exp 21r1/ ') ’be the "‘ni-th cyclotomc f1e1d over the "I"
t N . o

ira iong.l numbers. :;'IJhe :/:lass number ;l of QIﬂ Q(cos Zw/m). ot

max1m31 real subfle.ld of Qm d1v1des the class number :h,'lil‘ Tof - (

. ’ \ . . :
"I'he eforet h' = h 1h wher’e the lnteger h* 1s called the relanve

s§ numbc;r or som times the fll‘St factor of -h In.

" (firs factor isieasier. to- compute because formulas fdr he second factor‘
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g :requl e mformat'wn;:about the groUp of un1t\_. U i"n,._'
i _ P P -

. Chapter I
: ‘~.dcscr1' és the den flon of some of these formulas.

il

In connection w1.th the last of theSe formulas we ae‘\\e’riﬁihe.'fhaf

“: .

the norms of S‘t1 k lberger symbols belong to:'—z-li)-z We see exactly when
s these.‘noims }ra;;e i ": ; .or' 2P nd. when they a"e cvcn or odd .
K ';", “integers.| \ InChap’lr I’ we;‘also dISCuSS th conoectmn between” Fermat s "
/ : ':._f"' s Last Theox&em and the c:lass number of algebr 1c number f1e1ds.‘ Co S

. - ', I L \. .
Masle N assummg a conJecture of Kumme‘r that h; > 1 f r pr:mes

“'_”prmi'ed‘.‘that there are exactly 29 d1fferent Qm , w1th h 1

Montgo' ery and lat or | Uchlda [25] vla. d1fferent met\hods proved Kummer s 1‘,

"‘*, _conJécture. Masle,y and Montgomery s’ paper [16] 1s a complete solutlon Of

s S

3 N e class number ome problem for cyclotomlc f1e1ds.: In Chapter II we

\',J .

K

examlne t}us paper i

Masley, }Jsmg methods s1m11ar to. the class number one case, has also ' L

'-l'

solved the class numbe.fr two pr;oblem for cy<:‘lotom1c f;elds. In Chapter III {?"

-,

‘- \ B
‘we examine his solutlon for thl\s ca# We also d15cuSs a result of L

Gaflx[z concerpmg factorlzatxon\ in f1e1ds of class number 1ess than\or :
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i .f-'. equali uo two
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\D* l-m the rmg

,Q~‘.

\ b, . s

(u) (B) holds 1f and .only 1f u and B are assoc1ate :m the r;1ng

\ L] h

to 1somorph15m

then there 1s an. 150morph15m D ~*D‘ ‘

a'nd D" wh1ch correspond to a’ glven element
l\% now extend the theory of ,dnrlsors of D to

'_o,
.

‘. .--,

leiSOI‘ of the f1e1cl K If a11 the exponents k

Undgr wh:ch the pnnclpal dlevxsoars

u (-; D* are 1den_ ifled-'
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T pnmes but tlus is’ 'as yet unproven. ft has been proven R}Bt there are Ty
. pe Lo . . - "ﬁ . ‘. R , R ' ‘,: §;_: . AR . .
inflmtely many 1rreglhar prlmesu The~ mam bas1s forxthe abov o ‘:' L e
. R .a’ - L - '_".", - )
15 that 1n \every f1n1te mterval ‘checked so\far, regular primes h_a_We . et ]
‘,“‘!“ R ”\\ e R A N ."-'-~. -
outnumbered 1rregular pr:Lmes. B N TP A Sl
1 2 Prehmmar‘ies} e o ‘;'_‘,.' DR ; - ; ‘
Let ‘.K be an’ a‘b\han mamher f1e1cl of dcgree n over Q Then . o
. i \ : ! b
’ l\ : N " , ‘ ) v zh' Lt
__or some p051t1ve 1ntcger f {see Narklew1cz, [18] p 263) " " { ol

smal]est. such f 1s,ca11ed the conductor of K

Theorem, has 1e,ad to the central role of cyclotom1c f1e1ds m Algebralcn

,'\‘ ,_4 ¢ ‘,-. . PR

Number Theory.,. 'I‘he _Ga101s group B of l( over Y'.Q 1s a factor group of

> T .

f,, the Ga101s group of Qf over Q'

G

Spec:lflcalLy, _

":,.G /H where
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o H 1s th,e subgroup of Gf that flxes l(. If we let q denotewthe/
; hlsm of Qf wh1ch sends 1; - 1; “ for each a’ relanvely prlme to

e m g bt §

of G ‘ onto , (Z / EZ)* G Vla th15~ 1somorph15m,,t}§e~$hara_\cers~ . ‘. i

®

1dem;1f1ed' w1th res’1due class -characters mod”f‘..' ?.mce 4 B' ot

group of Gf the characters of -,B o éctend to! ‘the charactersf S

".whlch are trlvxal on ‘ HI Ne denoté by ):( ‘u“group of re51due
"he charadtérs’ of H and .we\call
X the characters or cha.ractl!.‘r group dfi .K The 1dent1f;' of ’ 1s ‘c.alled
the prln::1pul ciharactérl Andﬁadenotéd by l ‘
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To put, the serles (1 6) 1n a. 5t111 more conven10nt form "ve, use .
o N Y

I ..

.
'

'1:the geometrlc represéntaIJOn of poxnts of tha fleld X by p01nts 1n the e :

" n: d1mens1onal space R (see Borev1ch Shafarev1ch [ 4], p. 94 f f ) Now ' " ‘_:f;"'
‘ . v S ‘
it is true that there exlsts‘a cone | X: in. R , such that in each class ;~”,"; '~ B
thfof 3550c1ate numbers of the f1e1d K K there 1s one and only one number'u:, : -'.' . L
iwhose geometrlc rcpresehtatlon 11es 1n X (see BoreV1ch Shafarev;ch e *; i N
. ~ ' B o L
;f-‘kn"such that whenever ' ﬁ; :

;’ [ RS : . ? . o - nooen . M
denote by M the n- d1men51ona1 1att1ce 1n R whlch cons1sts of alL

x(a) whcre a. ‘1s an 1nteger of X ,Qi ible by A‘ '_thenfj‘

'IN(a)l lN(x(anl S
o P S
v R __+
- hhere the shhhethéﬁvis taken over a11 polntsh;; x(u) thlthe'1att;ce ”;dlijﬁ.:?ivﬁ }{ .

M' Whléh are con;a1ned 1" X ’ The“: by a genetal resuft on:sehles ksee. e L
Borev1ch Shafarev1ch [ 4]» P- 321),; tn.wh1ch the summatlon is; carrled‘ -
out‘over all p01nts of a lattlce whlch 11e 1n : ‘L

: "uf",(’ L .







‘11m (s. l)l;K(s)

:; 5140
. v b

.- For s >-1,° the
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' where P( ,runs througil él‘l pr

-

* ,t"

(s) czin be feprescnted as a .convergent ;

‘Usimg dl 12) :a d the ;mown factorlzatlon

L
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,summation‘bver a prime half residue system ‘(a set, {x} where - {£x}. is ,‘.;‘ -
oo . . :

a pr1me re51due system) and X to denote that the re51due system shouldf R

\

.

COnSlSt of the 5mal]est pOSSIble p051t1Ve numbers., :;, - t‘ o BRI

."_1 4

" For z. a ratiqnal‘integer. W¢»denpte by T (x ) th@ Géuss.suh:

S (L16)

and'so’..
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But 51nce
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two ‘and t‘hree. For l\ =

'; character of;conductor one.v Hence, by (1 24), K
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We thus obtain the following congruence for N» - N
. ~ . . -~ f
) T . : i u

IR T Nsﬂi¢(m)+No+u (nod 2) (£39) e

, . . .
/ 'where N0 is the number of reductlons w1th negatlve residué and U the : S s

LA

number of reductions with odd .z. ‘ ' A .

For the remalnder of the proof we have to dls‘oingmsh some cases )

'-, . . N 4

We flrst examlne the cases whcre "m. ’ 15 odd If ‘we multl-ply o

for lan

Further 'si'nce . "

RS ] ‘. . . N o ./: T R '."' B
reductlons, and.»smce oom odd the addltlon of all" reduct ons I‘ESultS T SR

K BN

he con‘gruence I T ) ~ , ; EREE PP

. “ UL “' ) ‘Q . Ez(‘.,

' ¥ =0.(mod2)., ;.

T (mod.2) T o ! S
- 'If m 1is divisible by more than one, prime, _then we- have : s
.l; S e . -.‘ '~ - ...'\.' IR .‘ ‘»'A,."' . ;- o .

RCRERE S S R SR

(see Apostol [2 ], p 211) and heh’cg' by (1.40)," N‘;";__ 0'._fmcd‘2‘J." Also, L L

¢(m) = 0. mod 2 and hence, 1t f«'_)’l‘lc“n;v's,"‘thzi‘t‘ ,

o = _(»1.4:1)"‘

4‘ .

'y > 1, then we . f; TR

c1a1m that p4¢‘(m) g (P-) (mod m) To see th:.s we fn-St apply the Euler Fer‘mat

113) to obtaln 5

'I'heorem (see Apostol [2 ], P
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‘ compos;te s

FE oy TR AR R P
o . SRR )
- » . : . L 2
o ’ :7' . ‘ ,A-_ 3 { _‘ . ‘ .’\».
P IO .
. . ¢(m) o . e i
: p° “(mod: 2m) .- (1.44)
To see this, we let -m = 2°‘n, x;;.odd'. I s 2 gt}iex’t
. ) LA - o P .. . . . ) ) :-
z 1 '(mod 2“ 1) (see Apostol [ 2], p.~ 206) and if 'n, - 5 5 -
then p ’2» T (m'oii?-n) (see APOS 01 [2 ] P 211 ) Hence, oo

a+l

c{(z

d> (2m) ¢(n)

- ¢(m)

o ;¢g2°“‘13

2',.

¢ (n)

follows eas11y from (1 43) and (1 44) that N

: (mod 2)

(mod 2 ) and'
¢(2m) '

(mod n) tand as
¢(m)

If a>2 and n='q

(mod 2\}., ‘ and 50 we have our clalm ’

I¢(2
Tz

“u‘-.

=3 I

.—;‘.o (mod‘z) and u

Furthermore, _(__ -0,

.A’

(”m]oﬂ;_Z) and so by (1 395, we get.

But we afs&have that ——2— ﬂ___ Cm‘bda
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must con51de‘r 13 when m-— _

The flrst c.as'e we

that. (P) (see Apostol [2 ], ,p., 180)

5‘{ 1nduct16n argument bn y for y > 2 we have

cp_l

2. .
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is the number .{;ﬁkw~.j“

L

(i Where f=ifyf £ '{

oo s . B

[}
Hh
Hh

r-\
p_.
-
m
V
as
=B
Q-
E
=2
]
p’
!'D
Z
~
H

T

is_'._"eve'xi ‘and

and hence VH =, -N(f ‘f ) (mod_Z) However, thlS would not affect

W-W . ltr.
(1 48) as a change of 51gn makes no dlfference modulo 2

Hence 1n













We ' r'écall_, .fh'at

" .'_ N

and B(y).=

. (mod pV):

[ “ “ LY T 3
!
. . ' -
-39 - . A
¥ “means the s,ummaw is over any half system . ‘ S

CExmod £

[mod-£)." Since “#-1) = -1,

) z’.-i—

4

,

- P()xX

W

Cthen A(W) = .. LTz I e (med2) .t 0
. - v ixmodf - txmod £ )

1 tamx med £. 0 o ot

txmod f +x mod f C o T
T T T T e PR R
. We now calculate the congruence values of A(y) - (mod 2) "and ' B(y) . P

" Calgulation of ~

AQy) . (nod 2
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p_l C ) = . n (‘g - Cp_l )' . ¢

p-1

A
C , ’
Hence, we have R ' . 5

1 ’;u R . R o ’

%% e Bt om0 coqeen T e
Cta ., g ;_"u _ SR

Lo v}hére' u runs through all odd numbers in the range L < u < p 1 'f;" . \\ 4
3 : ' ,.'Y - N -, .’ “\‘ .. ! , -..“

1:,,-_-', p,'\-, 1nteger SN Y

.Now.mN (g- i;) ¢ (g) ,.and n ¢ (g) -

-since- ,m_ = p -

W ere"'_ I 1s/an 1dea1 of D prlme to pD.' If pl(g St ; )D o ; '_
LA (g = C )D for w ;! V, ‘ then , p,c (1 - C )D ;.1.je..'. p (l,.",.l; D e e 5 .

TR But I & C 15 a. un1t 1n [ ‘_ unless P - l 1s & power of 2 T
L B g

(We saw thls whlle calculatmg A(qa), 1n wh1ch case (1 - z; ) fz

S (1 I;)D :is the um.que prlme 1dea1 above '-2 1n D. Thus p T (1’ : V u)D IR i o

s1nce R p ;! 2 Thus, 51nce p (say) d1V1des (g - ‘JD_‘ ,then, m :Eact L S
Tl(g Z c)D

the p, p , p"’" and send (g - C)D mto (g -— c )D for (u, p 1)

’I‘he 'b(p = 1) .elements of the Galms group of Q"1 permute

‘ Hence, each 1dea1 (g 5L, P 1) Axs dl\n.sz.bla by the ' -th

..3
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- 43 - : ’ ¢ - /, i

4»(p - 1) -1 prime ideals.- Further, if u is odd and (u, p - l) =d#£1, ‘ ..'-‘-;.

- _li E_ A'J"' : D n"'.‘
then (3 P:i_l) =1 and'so (g -ty =g - {:di"d g - Z;d . 'Therefore, :
_‘l ' ’ P___‘l . d . . A
NQ -1[g, "j ,p_d ] l(g) Wthh d1v1des gd - 1. Hence, g - ;u is.
B_~_ d d ) . -
d .7 Rl » S £
Prlme t° P ‘since \g 4 1is prime #0 p. . Therefore, it follows from . . g
(l 61) that IR ! T ; .
‘ * ~ _ . . | ’r;'. ‘

0 mod p p”Y.,\...", ‘-_b;qt.:‘.pi‘ime to

]
oY
i ll-l

. i , SN
only prlme d1v1sor of p. Hence (1 62) 1mp11es that"

. A:. 1 / "' . s - ‘\ . ‘A r:;' S :
R z ’.Ijnj'ime_kto_ p for.p.="3. 7 (1.6‘3) ' '
‘ ‘.., ) . L ) ' . N ‘, e e _-"‘ . . i N B .'~ . ) ) ‘ o )
('l‘h1s 15 a150 cIear w1thout (L 62) because the sum 1s.reduced to acslnglel
-, N T
term 1 -)~ o s '-. B ."A:'-{; g .:' ol ' T BRI RE

For p # 3 p has several prlme d1v1sors p,\p_ e T

_: the sum con51dered is prlme to p) w1.11 not be usefu-l to us because D

i

N - . - N ' -

'we can conclude from it that the norm nf the sum on the left hand s1de 15 ', 7. "-".,'

only d1v151bIe by the norm c)f p p"T ;..,‘ that means only by pY(“’(p 1) 1) g

5

'-.»‘_ C  em . -

we have PP T T

) Now for 'y‘> 2
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ea511y seen to 1mp1y that \p(x + 2Y l) = -’P(X) "Thus the"fc')"lipw.ing

quadrup le

(mod 2y

w[u + z )31
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In thls chapter we shall determme exactly wh1ch cyclotomc f1c1ds ety
have class number One._, We: wﬂl follcw\ the,paper by Masley and Montgomery, 3 " "
T “Cyclotomlc Flelds mth Unique Factonzatmn" [16] 'I‘he statement of J, R
o the result follows. RS »" C D . " Lo SR

mth c1a55,number h :L~

< i

(mod p) w1th x( 1).
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We w1]1 need -the. followmg result , see Montgomery and Vaughan [17]
:-p~' .




























(see ChurcTull [6] p 129).,
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But f‘(s) g (5) ’and IGLU l <»P
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”-mod t l "t 1 1f Tt is “an- odd pr1me. We note that w fs a ,'4 ‘-;._fit;

pnmltwe character (mod pqr) as. 1t 'is the product of pnmtlve SR

g Y

.lItZIS 1mmed1ate that ¢( 1)‘? -1 and :

characters of modu11 p, q and T.

that nw 15 a power of'EZ

.

fﬂe‘ii‘ége Ner ~1'1f)_.;bj<%-'c?é>.r.né"é"’

R A . o .
" ) C e e
- ‘ - i, R " .
c o e ¥ b
n l B E, N - Sl TR ?
7TB ﬂ(Hdg but in thrs product we haVe a factor where p, q and LS
om If(da) R ; PERCE i
r d1v1de fwj and nw‘ is a power of 2 -Thet-is,<w is a;tharacter of - . o
~‘type B)1) 1n Theorem 1. l-g Such a w s glven for example by, W  '{
(z) (z)y (z)y (z) for (z,pqr) 1 where YZJ 1s the quadrat1c character
o “" Sl S 1 S -fJ s “f Ty.ﬂ;'~4' :“‘f:ﬂ RN e
"umod 4 and Yy xzqt,'with"xt.'aneneratdr of . the group of characters :
: S -t .- et T ) o P >’.“' ‘ :‘,‘.”4'" R B ..'" o - .:.
. 1:" - P R o Cermo T R B
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When Qm 15 cyc11c we. fmd that h

‘l

/e

oy ,
from computatmns of

: to see that for m not of this form that Qm 1s cycllc 1f and only 1f

such that g has ,order

e L there ex1sts

g € (Z/mZ)*

f’( m) (mod m et

Bauer [3] (see Appendlx( C) The Ga101s group G of Qm is (Z/mZ)* ' . '
" and tha/t of Qm 1s G/H where H- 1s the 5ubgroup consxstmg of ‘
ﬁ”,-'f}d Now G (and hence G/H) 15 cyc'llc for m 1 2 4, p ,. ‘i')“ '~: .
'. : (p Qdd prlme ..o > 1) (see Apostol [2 ] p- 204 ff ) Now, it 150easy "‘ - ..

5

ty

v

3 -
. remams to con51de1:\ h'm for

R that each: of these class num'ber has no .odd pnme d1v1sor

"
Qg and le are both properly conta:bned 1n Q24

s
<.

¢(m) L . = ., o : e T S
=33, .y

(mod m).. Usmg tlus, we see, for example,, that for o

By thls process, we See that it

' Qm ‘is _cyc11c w1th geherator 1'\4'3 L
/.

m, = 24,740, 48' 60, and 8a. e first ¢ Thow s

For m = 24,

LA ‘
Q(COS( )) =

But Q8

Q(\/_) andso /-\-nf—- /—€Q24

Hence, .

Q(/‘) ‘and - le Q(cos(——))
' e /Hence we have the followmg dlagram where Q24‘ is of .
A.d_‘egree 4 ,over Q w1th Galols

— ‘group'ﬁ of type 2, 2) Now we '

,have from above that Q8 and £ .'., ,

'le haaye c]ass number one

. .S{llarly, Q(/_) has class

'

. ,number or?e and so no odd prmL

by ‘Lemma 2 9

_ d1v1sor d:wldes h L
- . =/ 48, -
For m : 48 Q48/Q8 .15 of degree 4 Q8 ? Q16 ?QJB’

Hence ‘as’ we, have already obtamed two proper mtermedlate fleldé

48 ) T L ,;v. . o G .:? /

?Qzaff/

. .
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1is the Ga101s group of Q48/Q24 - Therefore, the’Galo1s _gToup. qf

"T
-f Ye.

C

H = {1,-7, 17, 23}. For example, 17(C48 + ;48) ;48 f C48 »7 ;48‘+ ;48f

“ {1, 5 7, 11 \13 '17- 19 23}/{1 7} = {1 5, _1 17} and 5 generatesi
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t'he.Galois gro of Q/ah must- be of type (z z) e call ‘the thitd: .
48/ g’ ”p .

proper 1ntermed1ate field . F4g and® we have the followmg dlagram where Lol
B o . AR . - o
o' - -.'1' S i T , »' B “-‘-L"‘

‘F4é is’ real w1th conductor 48 R
. . R 4}:p . N
We now see thai F48‘ is -cycllc Co e

. - Mo Yoo v 3 ] s
over Q 'I'he Galols group H v
of Q48/Q8 _are those elements : _

"o»f the Galo1s group: of Q48/Q i_'., \ o,

' whlch'flx Q8:' Usmg the fapt' ‘ ""._u

that@ Q8 Q(;B + ;8 ) =' , .,"' i

.m 'm~‘ IR .- c _Q(;48 + C48)’ | we'see tl\at . ‘\‘\', .
: ' : 102 -102" ' 6 -

S1m1lar1)1\ the Galms Group H* ‘of Q48fQ16 are . these elemen S, pf H ) o ol '
NN ‘ R T

. ‘wluch fix Q16 and S0 H™ = {1,/ 17}, Further, : H” = {1 23} vfhere !i“ L et

B : . A S e

‘\“'

.0

Q4 /F48 {1 "7}. " 'But ‘then the Galo1s group of F48/Q o I

'h

thls' group Hence the Galo1s group of . F /Q 15 cycl:Lc. 'I‘hen by Bauer. .. .

/

[3]. . 48- has’ class number one. We have already from above that Q8' Do

and have class number-onNO no odd rime d1v1des h
24 P 48"

For m = 40, Q5 Q(f), Q8 Q(v,_) ‘ and QZO ' ate properly con-

tamed 1n Q40 and 50 Q(/_,\ /—) is also pr{,rly contamed in . Q40

o 'h. INow Q40./Q5 is of degree 4 and the Galols group of th1s extensmn 1s
of type (2, 2) ‘as. we have two proper subf1elds. We call the third proper t
; '. / N R -“_ 4 ",\ ‘. :.‘\ . - .n, ‘ : ;' -’. v
AR e A S ’ et N 1 o
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"»Q‘ ';

e

catlon 1ndex of p for Qm/Q 15 equal to that bf p fo;' Qm /Q. Further,_
the ramlflcatlon mdex of p for Qm /d-“ is equal to that of P ;or oo . ) '
Q_m /Q (see R:Lbenb01m [20], p 211 and p. 219) Hence, the pr1me d1V1sors 3
of the 1dea1 generated by P in me do not T 1fy for Qna&m and 50 :5 ‘ _‘
‘ only prhk/dnrlsors of the 1deal generated by. 2 in Qm . may be ramlfled'.
- for Qm/Qm - Now, 2 doesn t ramlfy in: Qm /Q (and hence, in Qm /Q)n‘ /
P ' ..‘. but 2 does ramlfy m Qm/Q " IR
- o QP% Qm ~. . ’_ B Thus, in the follow1_ng~,d1agram,_
+ ‘z ~ramifies’-in' Q;/Q since. 2°
| does not rarm.fy 1n QP/Q/ (see »
) Rlbenbom [20] p. 217) and sol 24
. - . ,_._.- , o | -ramzfles in Qm/Qm ' But' for ' néy-‘—( 15.,‘ 2_1, .
. . . . o o

least p051t1ve 1nteger f puch that 2 1 [mod m) 15 ¢(m )

the 1dea1 generated by 2 “in Qm is. pnme. Then thlS 15 the only :'.,J' '_ L

pr)1me ramlfled in Qm/Q (see R:Lbenbouu [_20], p. 269) For examplq,
= O K S :
when m o= 24 : only 2. and ;»/ are ramlfl\ed in Q2 4/Q Now, 2 as

B ‘\‘“ .
/
an 1deal m Q3 is prlme and S0 th;s prlme is ramlfled in. Q24/Q3

However, 3, as ﬁn 1deal 1n Q24, equals (plpz)z for some ‘prime 1deals"‘~‘

:','ol, and pz and as an 1deal m Q3,,‘ equals p . for ‘some pr/lme
- : \\ *. 4' . .
1dea1 p Hence, 3 does nof\r_am:l.fy ,1n Q24/Q3 Hence, b)'\Lemma 2 8, i
2. f h for .m _= 24 40 or 48 and so h ;‘ s 1 for thgse ‘"'L S 4 . I
‘.4 ‘\ «\; .

,/ For = 60 and 84 we consxder Qm/Q,m For “pim, the famifi-

< Rk °
. ) 4, . o
. N S K ) ) . e ————
T ’ C , - _ SRR ‘
. o ' ’. . L'l,- i - w“‘. 'l - - | ':“
xi’ . A ! ‘ “ c e ,_,Q"' .' ' ' ! ) ’\ ’ ‘o R 3 ;’
‘ We now show that 2 T h for m = ‘24 40, 48 60 and 84. For eachof - -
. . |
these m let m be the’ largest odd d1v1sor of m. ’Then Qm/Qm Y
2 ,1./
i Qm/Qm are Ga101s exten51ons whose degrees are powers of - 2 In each -
case, we also know that hm\ =“hr"; = .'(114,:v-‘_,For m = 24 40, or 48 \:t‘he" '
0 ] ’ :
|
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the denommator (m lowest terms) df i N (H

Now smce the cﬁaracter group of (Z/192)* "15 cychc, 1t 15 easy to

f

determme, a11 odd orblts and then to see by Theorem 1 1 part Cr that

e v i

4’) _1s at most 38

39‘ and 56 We now show for these m that h

As J./n the proof of Theorem 2 1 J.t zs easuy seen that Q39

N

&y cychc w:.th generator 2-"further, Qgg 1s" real w1th Mmkowsk;l-t_a : i

; Rogers bound < 50, OOO and conductor 39 Henee ' hf.-."

We have 1mmed1ately fhat, "Q56/Q7

v,$

’l‘he only quddratlc f1e’1d contalned in -

“’Q is. Q(/—) (Welss t‘26] P 260)

root of unity,, then v’_ e Q56

w' have the followmg dzagram'," o




extensmn w1th group of type

(2 2) Again a?l three 1nter- ':

g

med1ate fields aré eas:.ly seen e .'

>

. T
to be cychc w1th M1nkowsk1-gogers

bo'und < so ooa. and conductor 56

‘ Q56 -'ch)

mth ram1f Lcatlon 1ndlces

' -7 ram1f1es in’ Q(/— ) with .

‘.

m'rn 4 .

[20], p. 169) 7 ' ram:.fms :Ln
Slm'-e 7 completely ram1f1es in ;

:,.,2{ :arid'-‘,:s ”d:urlde the ra.m1f:|.cat10n 1ndex of 7‘ m










are princ1pal 1dea15 whljé thm are not ‘\Then

will contain ';e_x'a"ct ly s+u.primes, - -

¢ o i
v, -

that when h > 2 ‘ there occ;.n: ;Eaciorztzauons (.‘i 2)

. »

k 'I’he proof ma'kes -use of the fact that'every :

: class df 1deals ccmtams at least one prlme 1deal (See Hecke [11]',
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. APPENDIX B L
'.COMPUTATIONS fOR h* AND h
Lo - -17
: Let" LE be an odd pramltl\'e character w1th f{w) =P for p an

'odd prme.‘ Ihenumbers x+yp, <x<p-l. 0 <y<p 1 foma

- complete set of representa‘tlves of (Z/p )* and so by (1 36) ,' we have

p-l p- ‘," . B ‘,'
): Z w(x +)'p)

(Th:le was seen -1n the'proo]f ofv Theorem ’1 1.‘ 'part C], )

A)I

w(l ) p} J.S .a p-tn

for k GN“s'nce s kp (1 ; p) 'i(ni"'c')di'i:z-)‘ But then

iy rhe above,'- e s w[xu';+ < p)] w(x) W +,yx py ¢(x>

-and so f(\p) = p, a contradlctlon. 5 So MI " p)




root of umty [l; + 252

PR .
LTI

e \‘J 4{£;x-(1; <t

P g

N\[»((l -: }) 'P) for 1:, t; as above w1th .f(w) 172 ';,:\
; L o

t compute a generator IP of the character group of Q 2 'Ai:'ll"l
' ; RETEES v RN
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5 . - . ] \ Y
R O T A, ;
X ."" ,‘-..' " . . P : . . I .‘ :’
B Sl PR P, - A
» ‘_" * N . ,' ’* AN _‘ S ‘ . ,‘- ~
) - .o s . e '] L A
ti‘ .‘ . o : o - " M v
PR BRI . t; -
© [ { .. Lo e e
. "'. ) . '
\# 1 [ &
X L s Vo e ;-100 Taan . '\ '
. .t N o . . R . " .
BN . e R ca . - ‘, e f N P .t c
o Viire zzl

R - I LR

N . l Tf we use1 1 ‘C t ,--.‘;., C u uc ) .',"ur:- PR PR ) l; i .....
R AN ‘
DL S A u7l; 16. gs an ordered bas:.s of Qlﬁ 17, then we can set up the‘matrlx

L.

' o Awh&se determlnant equa&-eth((L C)H (see Iamuel [22], p 36)

i
sv o .

16 x 16 matrlces hecause LS ; (1.‘-. 1;)H‘JJ and.' l;J (1 - ;)thave

almost ( -8;_‘:-';-1) the sa.me cOefﬁ1c1ents merely cycllcally shlfted

.

Masley [14] uses a computer program, whlch computes determmants of
h ’. ‘L . Vv r ‘. .

o matrlces mod prlmes

to show that thrs matnx has det;rmznant congruent

‘to 5 (mod 7)

group of K the subfleld of degree 38' OVer Q

« = u<

We let all congruences be (mod 19 ) 'I'hen 1f Fa, g 1 + 19k = "1.

"A'_"\Vzls 1+319 fso x(2 )-l;

“"‘l“,i,-}g s0 3 = x(3) it -x((z”ﬁ,.{ ;9." mr{ Py (9J -1!18

f‘c‘?

5 " 9 ~3'

Nows 1w19 50 x(S)j'
x(S) ~xc9) X cs)t"’c“‘ s x(8) ¢
eigee, Y@ J%Z.i_'“ (6) x(‘2)x (3) Te )( ) 0y (71
x (3 ) = (-l; ] In our’ actual computat.l.ons for NXQ(H 9), N

' used t]}e representatlve ‘Jf = 9 17 whlch is. a conJ“Ugate of gﬂ v1a

-We have .'-1 5 x (360) = x (s)

‘14,’ and 51nce x (2)x (4)

- e
e

HE L +.,,c2-‘:}.c§v-‘+'cs‘:-',2‘1;5 —,«A.z.:ll"-.-,.. gl4. 2:1.9-e [

Although thls 15 an (8 64) X (8 64) matnx, we nced only compute seven

x(a) k where x(l + 19) l; 1s a pr1m1t1Ve 19 th root of how .

and ) = (4,):.=_ s 8, ;""!.%.';9,‘;1"9-

m :
r v ;__ .- e ) . . A .
et R I oo . : . ! o el R e .

Usmg (A 2), we. computed that ° DL =) ‘1”,.’“_‘.: ’ ‘ AR

B
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