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Defl’hltlon 1 1 1 A categofm"C’"""Ehhs]hsts of

Mor(X//Y) of moi‘phlsms’\uth domaln X range Y Ifl f belongs

Mor(X Y),' we' wrlte ,gg x > Y. or X -f Y. _and if,

h(gf)

poi

o 'czf\"fmg&fi-frfi@o?*; o

a) A class of obJects »

. b) For every 6rde99‘éi‘fpa-1r~of-ob3ects x ana Y

‘.?Examples of cgbegorws 1nc1ude the followmg “ S

- ‘Morphlsms i Base-*pomt preservmg maps
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(1)

(.11) Ide‘tﬂ:y - For evéry obJect Y t"here 1s a morph1sm o .

’Y '.";Y such that 1f X £ Y 'the,n Iof f and 1f h Y *> Z i

CLE

_ Objfpts Zsets L. iU
Morph1sms - Functmns T

Ob]ects - polog;cal spacgs B - ‘M*,:
Morph1sms - Contmhous fundtlons = maps
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Lo s jl'Definiti’on 1. i‘"z-‘ Let cr and D be catego‘nes A covarl'mt CoL

. PR (contravanant) functor‘ T f:;pm C to : D con51sts of an obJect

"y ‘. . . - ‘

~‘Afunct10n whlch a551gns to every obJec. X of C an OchQt T()\) " o

o of D and a morﬁfusm fugctlon which ashg#to every morphxsm ‘r SR

\ "a'f . £ X—» Y of. C a:}lorphlsm T(f) P T(X) ) (T(f) E T(Y) & T(X)) S

4
S
of D such that L e . . C T

R a).'T(l)(f- | LT

'-(6; T(gf) ET(g)) SR P . \7‘\) 3

s

=2
g
—
-~
L)
+y
s
L}

L ¢ . Examples of each ty'pe of functor fol low ‘—'

1 Lo SRR ) A covarlant fum:tor T Top -»'Set.. Here each‘ R e

N

; topolog1ca1 space is sent via T to 1t5 underiylng set, and each AR
{“‘map f X Y 1n Top 1s sent to 1ts lﬁderlymg functlon f X + Y
Cin Set This is called the FORGETFUL FUNCTOR. Ve T

. ' . L
-.2) For any category C there is a contravarlant functor to L

,1ts opposne category C*- whxch a551gns to.an obJect X of C
PR 3 obJect X*. of AC-* and to a morphlsrn f X‘ -:»Y' in C’ the morphlsm

»

C. f* YR 4 X* : el B . : . ._4_',‘" K
From now on unless otherwise specified, functors will be ‘covariant. -

;P'roliosition 1.1.3: Let T be a functor from a category C to a’

'ca«tegory ?. Then T maps 1somorphlsms in. C to 1somorphlsms in D. 3
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Proof: - Assume that T -is a covanant functor (the argument is
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oA €. Then f£7h =l Thétefore, - . N ot
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Ss (£ ) is left 1nverse for T[f) ﬁlmllarly T(f)']‘(f ) T(Y) '

Q : -Thus T[f ) 1s)a two $1ded 1nverse of. 'l(f) Hence T(f] 15}1,4
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We recall the followmg pomts from HOMOTOPY' 'I‘HEORY

‘W,Defmltlon 1.2.13 A TOPOLbGiCAL PAIR : (X,A) cons;sts*of a topologlcal |
\% ﬂspace X and a subspace A"—»X. lj' A is empty,ﬂ i. e, ~1f A =0, .we "‘_ .
: sh?ll not dlstmg;ush betweén the pan‘ (X ¢) and the space X., L '
Definition 1.2.2: -A map ‘ f (X A) o (Y B) between pa:lrs 15 a L '
cioyrtl:tim_.x.ous functior;k Cf X -\Y suc'h that .f(‘/\)"c_-,B-ﬂ We-w;}tie ?0" ?.5:'
for ..f, restrlcted to - A e f.o,i f,]rA,‘”‘ t'h,rp‘ugh‘qu»t f’ﬁ’e thesls

_befinitio'ni 2.3 Let X, Y be obJect\ﬁ of Top and hy) b ¢ belonging

it 'I,_ the umt 1nterva1 be a famlly of maps. - The famlly {h } 1S ’

.sald to be contlnuous 4ifand only .I..f the functlon H: }\xfI > Y‘

.

defmed by H(x t] h (x) for all x 1n X for a1-1 T "‘in "I, is

contlnuous LA contlnuous famlly {h b or equlvalently the map H is
) A - - . . ' ', 4 N ’

=usua11y calledaHOMOTOPY BT T

R : . g . - -'...‘.-r

- '  ’ Let fig XY be maps We-say that f Hs homotop1c .
Lt0. g, . denoted fog 1f and only 1f there exlsts a conpmuous o
s . ‘ R ! ‘-‘:‘., N lA . /‘/‘
- map- H : XxI "> Y :such 'cljla.t H(x,O) --7 f(x) PO ((x‘,l) = g(;c.)“ "we wrlte , :
: ' ‘0
Tw Rttt 2 B ?Lv:l-rr"-l‘ﬁ;g g{ = y
¢ :f‘,. v‘}:,_ g 23 J%J !_L ?‘
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SRR f»v g and say that “f \.15 "cont 1nuou¢,1y dcformed" ﬂno g~ )
N 1 - v

-, S B VIPI‘OPOSitiOH 1.2.47 Any two maps €, g: X » R R is’ Euclxdean ST

e “N- spacaf‘from a space X into. Fuc‘11dean N=space are homotoplc. ; ot y

s . . -'F‘ N Ri , - . ¢ - - ’

'Proo‘f:. We. Slmpl)’ ‘c?&flne HOXG ) =‘(1-t).f(x}+g(xj for all ,x in' | \
: A andf id I.- : L ' Lo, :
i L o or all t in I /e 5 / ‘. S N SRS
"3 ' - ‘. Lo A / . ! ‘.' : i ". - . ' {'“\-‘;..

" 'Proposition 1.2.5: ‘The relation ~ between mips of X into- Y - is !
an equlva-‘l'ence‘ relation. = ; i ' . S

L o . Pfs(;f- - We pr()ve‘ the prop051t10n for a more. general casle 1'n . ) ’ . ’ ; '1;
. Propo?ltlon 3. l 2. // Lo CT e T o 1
\ o ' ' P jlt follows from the above prop051t1on that ‘the maps.from : ~ a
;@‘. X to Y . are d1\r1ded 1nto dlpjmnt equ1va1er;ce\ classes called st i i
HOMOTOPY cussgs. . L e e ¢ =
Defi}li,tibn .l..2'.6: ThtO‘_ ina’ps £, g : (X A) (Y B) are-hdmo.toﬁié_.:ag - .. o : ‘
. : S "‘méps of pairs 1f t'helre' éxist{fi‘é‘mafp - . . L _. f‘ o ‘ o E \ :
S chI. AxI) s e
L l'such thzat':' F(x, D) = f(x) ~and F(x 1) = g(x) Note that“th1s says - ‘ \
) . that 1n contmuOusly deformmg f 1nto g, 1t 15 requ1red that at - . ’
o each stage we mgp A 1nto :B. " S ' Lo . - 31
To 111ustrate the difference between maps b;mg absolutely' & ,
j o »\ homotoplc and homotoplc as maps'qf;pa:.lbrs-,(consm.er t.he fo.lllow_mg; - : ;Tg, |

s

Example 1.2.7¢ Let - (X,A)
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"i.» : L DEfme f 1 S1 by f(s) = otMs g all 5, in T and i
W L T e o e :
I R .g I -+, S1 by g(s) forpall s in I.\ It’ is obvious that

e, | . S 4 and g are both maps of palrs s1nce f(O) ‘0 s 1 c'__ {1}. and
LE(1) = e 2 cos 27 + i sin 27 = 1¢ 3 and—"g(O) = g(If= 1c ()i
. I - ol .

P « To gee that: ¥ _‘and g a:re absblutely homotop1c we
(1- t]?.'vus

>

.edef:me H IxI—’-Sl by ){s t)-e fra].,l t“:'u;l' I,

- N \

s in I’f T!us 1s a cont1nuous map, and H(s 0) 2“1 ~\—.f(s)

J_, . - . ‘ . K . "_!.
Hs,1) = eO' (s), However, under. H, I.x I ‘need not be et g
T Q . . _‘,-l

- f Yk i
hut fl} * I tmder need no? be mﬁde {1}. Hor example 1f

4. A -

'i, H(,l,!ﬂ .1 cos 11 + i sm~ '='-1\o =.-1}£ {1} Hence H

o
_” . . N N mﬂ
: 1nc1uded m {1} Now {0) x I under H is- a‘lways %lsme r{l}

7 ;
o

15 not a: homotbpy of pa;rs. . We say that 1t 15 an absolute homtopy

-' between f and g but not a, relat1ve homotopy between f and g.

> at by tak1ng A —I q;, thetpalr concépts

o 1 N N .,
"-"‘,P?iﬁ ‘i” ,.e ger\iram,n that of homotop:lc spaces. Ce - .
’;-‘) N T . oy 3 ) e . . e

-

‘a palr (X A‘J, ‘we let (X A) x, I denote '~_ .
/. \ o
'.aI) Let X c_ X and suppose that ‘.

the paJr (X ', I A

-“.‘”; " S Q. . . . » ‘ o ) ‘:' :‘.l .‘ .. N o
o ,f (X A)" (’Y B) agree _ : ST T

on X. [that 15, f Ik = fIX ] .Then.:. f 1$ homot«gm to f ~.;

- relatlve m X .. denoted o £ rel )(L 1f there e:usts a map

."' \",. :,7,’.. s ‘_ . - - . . ‘/_ .. L ‘._ - L _'”' :-\ ! . ) )
L -7"—«:.,“5'.’1 s,g: ( ) < 1 5 (v s) such that F(x, ) = f; (x), BN
‘ R ) 5 ?“_: :
, de 1) = f(x)/ for all '-x- 1n X ahd F(x,t) f’(x) for ':i‘l‘i X i_'n-'.‘-
A T and\ t. in 1 Such a map LR s called a Homfopv RELAT[VE R
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e e 3 e 3 e g U s R B AR S
- ’.".‘.' o to _X',.".d_enoted:-:F P f W orel XYoo I£0X —
"_":_""-,: ¥ * ’ '.;'1"e1at_iv.e fo 3"".' : , L s ' p 5 ‘
vy - : Bxample 1 2.9: Le'é X =¥ ’—;iRN’. and defm; f’(x) =, x, f(x)' ‘
- ,. ’ for all x 1n IIN,\ 1! e. -f' e - 1pNs and f is the. constant map of R
. "B to its, or1g1n. Then 5 F b ,Nx I" R 1’5 defme&by F(x,t)
‘.-::.‘,"—:"""',l.&'ﬂ E (1 t]x, f’,vfrelo ] "— M a
: _.-':-‘; i L) ~Examp1e \ 2.&0' Let d)( be an’ a‘rb1trary space and Iet Y .bi_a < L
“' k j_'_:l‘}*.‘-"’_ convex sd’uset‘gf I.‘Rr‘ Let :'f % "f x;ﬂ.Y be mapsmhiéh agree on smne'
‘ ; - g - 'subégﬁce _X_-."jg"‘.x;.”"l'hen X S f rel X" beca’use the maP i .
| & ' | is a~ hoqp‘t'op)‘/ relanve"t;) ' X‘
| 1._. ,.: . -~ THEOREM1. 2-'11: ) Hom;.opy rflaflve _‘EQ_ .X €
g K e 1‘ '. :m the se? Gsf rgaps fr'j :"(x A) to (Y,B)‘ :
e ] Proof.. . (aeﬂexivny) For f (X,A) —» (v B) de
Lol i by F(x,t) T for all x 0 % t '131‘ ‘1."'
d_‘: “(“I.'r:ansz.tnuty) Given E.. f\,v £ rel x \ m‘
, ‘5 “ ‘ T . i .v f“ rel x' by : 5ot &
iy oy /"'-2-;‘9 X % [D 31], X.x [15,1‘],.;5; contiqwus.._':".
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(Svmmetr)) leen F : :f 2 f’-TIZ"Q‘I X.. ‘Defihe'ﬁ W f.‘*‘: fh Ar.ehl‘l‘x by -
H(f,t) = l(x t) P e ‘
S D ST T . T // ERR

g - Definition 1, 2 12: If‘""H ;'f&,’g' 5 (x A) * T (Y B) ! e
—: | f A" ‘ (Y B) - (Z C) .is a map s‘uch that pH equals a. constant .t:‘hcn L
L ’ .:‘ We ?&y tha't £ P.‘LS homotoplc to - g ar:e] p. AR ' | ,
AR L -;5'1.53 ! ThE~§ATE:GQR§«QF»;TQI.’PA‘IR"'A,\{I.;'ho;\i.pTOPlY" EQUIVALENCES - 51T s
: . Example 1 3. 1.".’ l\e nou g1ve a: further examplo of ‘a categor& - t.he :
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'l‘ . f x Ee Y 1s a map such that f(X ) C YO’ i.e.- the morph1sm5‘ are T
; . shb space preservmg maps “ SR ,‘,.‘. j 2

Definition 1 3 2" A map f z (X X )"—> (Y Y ) *111 Toppalr 15 a

o a—t

HOMOTOPY EQUIVALENCE 1f and only 1f‘ there ex1sts a. map

'. PR _‘; Lo ta ,'- .,,,,,.r--‘-',
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LT T, (compos1t10n of contmugus fum:twns 15 contmuous) Hence the
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B - RN e e LT o L ,)" . . . - .
‘._ ' ’ ’ - ‘ ; . ! . - .\‘ .
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pan‘ homotopy equ1valence f : ()l {0}) + (Y {yo}), 'stnce' on,v

g . (Y {yo}) > (x {0}) must send all of S1 yo - {0} |

L(.mma . 3. 4 ~I‘f 'f‘ (X XO) + (Y Y ) 15 contmuous 1n 'l‘opp;ur
L . then_‘ ,f xo Yy -is contmuous in’ Top o ; L
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€ m et fee ot




.:v-" j,‘.\’ . o ‘ "..-
. h of ~-.gf a such that (gf)h ~. ](A A ) h(gf) (C C ) ,4\0\‘ f
. .'15 the 11ke1y candldate and .f g gf v f l(B B’ ) f fd l(A A ) ) o
pr T and- ey gl(B B8 T8 iy 10 g’q is “‘dee" S
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o T S A L
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L e, - 1. l (B) 0) - "‘ ALt
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2 \wa.th respect'to p N 1 2
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- .d—-l..r .—-.-...:i‘-
L e

T
3

.,._

cantmudus 1

. D N

- &ty '.
et

vll'

because we l‘ta;ve -

Let

& ‘
A ..-'.,. )

. continuou

Cae follows from the abo.\{e, proposition that

ﬂith respect to"'{f

o Rl

0 I} M .
o M e e v .
Nt St \.....~.....,. -t 42

.

X”' \uth respect -

oy

-.-..

.e ach

»fx‘ "a **x

We ShDh that

>, m: =

the im.tlal topo,logy cm-~X :

topology on ,Y i

.

"

6f the form E pl‘ (U) ¥

PR

nj tial'topology ,ex1sts and has as,a sub--

.2
N

L

& “. generated

But e (U) is--an cpen Sub ba 1‘3 59“"’.{“&:'}:"

DRI B
PR RIAAEE LI

'-

_, §how

for ] U open m ‘X

by

-5

t.hat f‘

f..
LT bk g 0 2 T

.




. e

. N v N o "',‘i:; T ‘ L Coo .
"k 15 contlnuous' hence (f k) ), 1s open. Thus f ol\ :

e

51nce

ST cont1ndUhs fbr a11 X- iﬁ Ai Hence I* AS 1n1t1a1

N .

We next suppose th

»,
NI

1s cont1nuous.f1he sh

U

R

'ff suff1c1ent to show that k

be a sub ba51c set.; Then k

N
Lo

.‘ R -i.‘.","‘“'_‘”»'.". .
Leria 104,10

oot
o

?'qfrqéfi

"o

- Let the following diagrams..

Dlagram
1 4 11

. 1
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.._.respect to .. pl, pz. and q ’ Let Z be'a topological space and let-

"

£ "qu, £ o ; T "i”
-+}.x;;:z;;% W be maps such chat ff’ = gg'ﬁ‘ he requ1re a .

unlque map h Z e w rli such that pih f‘: and p2h

- > ,' F L -
Ve
e

Def1ne~ h(z) to be. (g (z), f;(z))

- 2 P

.constnuct1on.. We show that 1 1s contlnuous..

. .
< . S ..~ PR q

the 1nitlal topology w1th respect to pl, Pz"q then l

P b N

) "

tinuous if and only 1f pih pzh and qh nre COHEIDUOUbe
SRR Lo T .
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Let U and |

The fnnal top010gy on
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v
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X
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mn;,t,,

ex1sts and 15 character1zed“b} e1ther of the followlng

1si0pen'lf-and'onfy if f}&7

we must flrst show that (a) does ‘in fact def1ne a,
¢ belongs to-. F and f 1(X)

V. be open 1n F

w1th respect to .

Yoy

is open in X
L ' .<u:

same as (a) w1th "open“ replaced hy "élBSed" ST . ;:.a-““

LR
t

" 50 X belongs to F.

fu

Then f (U-f'\\l) (U)ﬂf

for:all_.

' 'wh1ch is open in’ X o

X,,

B belong to an 1ndex1ng set B

50 Un V‘ belongs to

F.

Then f

Let”

U
B

téll)-gf

(U )

T L open in- F:

. Hence (a) does deflne a topology '

In a 51m1lar way we

can show that (b) deflneS\a top010gy.
. \

.

We next p10ve that thlS topology is f1na1
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1l'lA

f‘
[

-We need 27

is ¢pen ‘in x

- i - be a funct1on._.Suppose.,g{ is contlnuons.b With the
’\}. ._iigﬁven>£t is cleaf,that .f : 1s‘cont;nnous'fbr ;fl o
: ) {; ;éro;f‘::le contlnuous.“ ' -%'i:}:: . “;
o ;} 4 RN Conversely -.assume gf 15 cont1nuous i
;f;;}jllvrg;g%:continuous; Let w be open 1n Z Then (gf ) (W)
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as is

4

L

1s;pont1nuous by hypothesxs

' \3!(1; 0. “since 7<£;-1

g (W)
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sum topology i f for n:laps,_f' z
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- & - - - . -
referred to as the universal

Example 1.4. 20z Let X .
, =2 ) -

relat:.on on . x . ".'.“We-.give L MW s

- -

a‘w:l..th re‘spect’ to thq: pro;).e:ét:l.
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A £ - . - MO - . - 7 - . N -
* .. RS . .= - . T - Py - - =
L . & - N - - v . .
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o o & . . L
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the smallest equlvalence relauon gener%ted by f(x) ~ g[x) for a11
. & i .
X m X Then the mays Z I Z uJ Y/d and Y } Z U Yﬁc .are the
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s .- B
Camd T VY e
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51.5 THE EXPONENTIA_L LAY ‘Fog TOPPAIR

i

‘Def1n1tlon 1. 5 l - Let X,Y be topologlcal spaces and let’ . A L

. YX = Plap(x Y) denote the set of all maps from X to: Y . For'any .. . ’

‘two sets R-C x U cY let: Map(l( U) denote the subset of : ',9 I i

Map (X, v) aefmed by Map(K U) = {f belong to Map(x ) such that . -

| i .' o f(K)C_ U} - This. set Map(l( U) w111 be called a sub-bas1c set of4

,.‘,-‘E-.:; : _ Yx1f 1s compact in X and RY 15 open m Y The COMPACT-OPEN
oo TOP':"”OGY K of yX is: defxned by the above sub ba51s Every set 1n oA
1s the unmn of a collectlon of fim.te mtersectmns of sub-basm )
P B _._Note 1.5 2 The subset (Y Y ) 4;.'¢{f»-: X +~Y such that. f(x ) QY }
. ',:“of Yx . can be gnren the subspace tofpolog‘)" wlth respect to Yx so that | f‘

- :!(Y ,\(Y Y )(x Xo)) is certamly an’ obJect of 'I‘oppa1r. In partlcular

g ,- 1f !( -'xo "I the " space (Y (Y Y )(I I)) can be wr1tten m a ’

‘,. mod1fied form as we ‘show.,.. RN

"'.‘,_pr any map A’. I > Y belongs to the subsp%ce 1f and only 1f ",-;

.{-’.'-‘MI) c Yo Thus the subspace (Y Y )(I I_) can be cons1dered as; i

YOI We somet1mes wrlte the palr (Y Y ) as ' (Y".Yo) . “;r

- Def1n1t10n 1. S 3. ‘ A funct1on e (Y g X (Y Y )(X Xo) % X‘ ),-r (Y Y ); )

' i (x x ) S '.f o (x x )

T e g™ g e 05 n
,7 l wh1ch takes an element (f x) o£ Yx x. x to f(x) and clearly
Y . d "";"behaves well u1th respect to the subspaces 1s called the EVALUATION T
S o : FUNCTION for. ‘roppan- R / SR

' DN L , L g e




SRS - O S UL L N SN t..u T i T Do e e EESUS . NN x‘ - B “
| - ‘ : 250 - g
. 'N,o'te:r. ) This is the '-'us_nal evaluation _’fungj:ion in 'Top if . S <
' -Definition‘-l ~S.4‘: A topology i s adm1551b1e I,f and only if the-' T L )
‘ evaluation function . &- is. continuous. - ¢ - .' o o : L
. . e . e LT Lo S ¥
Not,e 1 S 5 The proposrtmns theorems and def1n1t10n5 g1ven for
the Exponentlal Lat’],.p 'I‘op (see BROW [2],. HEATH [13]’ HU [17]) .‘
Ceed hold as well 1n Toppalr - see Lemma 1 ‘3, 4. /‘_‘ :"‘, x 4, i "f‘._ "
For“completeness we conclude w1th the followmg comments.

1) Let f belong 1:0 (Y ,(Y Y) ) and (z ZO) L

2

be an arbrtrary obJect of Toppalr,. 'I11en T T e
' G T ) (x Xg):
ty (Y Y) ) » (Z (Z,Z : ) 5 Sk

deflned by f*(h) : f e h As a- map Of palrs .(hlfinfkafi,tnf;f

0)

o '- Yx) and a :
o T ey X
Py v'f,~ (Z (Z Z ) i h

J > (Z ,(Z Z ) ) d¢fmed by

X1 B . Sty . T .~"“" -

AT f*(k)-kof isamapofpan's (k 1n Z),,.

2 y Y . R " ‘ . .
a . v

-7:",',‘, . ..:_":""‘:”“,f 2) If Y 15 locally compact and regu,lar then, as 1n 'I‘op,,

o f
L any map Q( xo) x (Y,Y (z,zo) or

f - A .

(x X Y x k3 Xo) = (Z Zo) J,s contmuous as ‘a map of
(Y Y 9 R

iy

'O.‘ . ‘.,




st g LR S L ' i el
. = . H g b ’ \ r ". -

| - ‘:.x' _: ) | | = R ' : . -'. - ' ) & i = .. Lo N N . ...- (Y,Yo] . o0 .".
LoE i . Toppair ((Z,2y) x (Y Y, o) (X, xo)) T0ppair .z ) (x 5 (X X ) ). )
T Y e . v ey B _"‘.'.:

. f' B . - ko Th15 is known .as the Toppau' 'exponentlal ‘law, - We'note that *. "~ 1 . "o
' = S '. - - .'thé.’féppai;".'eprnenfial 1@\1‘( doe‘s‘éo:td ;és!’.i‘,i;:{..t‘o .the Tt")_p‘," LY

| R - L gigi')onéhti‘all law. ‘In case: (Y Y ) (I I) e Wnte T By, M

1 K N B ¥ . y . ".‘ . ..-. ’_’.{"
'-~.‘_-. . ) "(Z 2 ) % (y YO) as (z 20] P I In thlS case the exponentlal 2 S
. E B - N .law reduces to T, 'Tm. . ." LTI “ S

A 3" & : Toppall‘ ((Z,Z ) x I : (X xo)) .e_\_. . : ; B T

r.;,




e P -.a--...,...--,..-.c "‘*‘fl:‘!h‘n! :‘--‘—»...‘_I_l_.v—.q,n-?.—-_a."..ao:‘r-‘:: PR e n e

.: . _.r'":’ ' " ) S ] 5 . ‘KL .‘a . '.,‘ ,":- L - -.'".".- B ’.', : : :.

- W 5 .- O § ¥ ' '_.‘.

.-:,.:~‘ g . .. 3 l. ':'.-...' : :”“,' "‘- 5 1.0 ‘."". ) ‘.:; ‘.-“"

L N A 4 2 oed A EY T 3w

. . 4 'x’.“‘:‘*.t ..' "‘ i ‘ : :" . — L ’ 4.. H . i .“ "" ... ’ L

O R T G ',' CHAPTER II xmondcnon R e

.'. A e ¥y - -,."". “A b L ~~.':?'~' i "-l , ':.-‘ L ., B “._;“ . . '_' :' iy "' .

.: ';u ¢ . ..', i E i ':' i "’v' oS '. e B _;. . ta . 1‘ i ' 540 S "..' : -‘. :: . ::.‘. '- e

TR ol In sectmn one we defme‘ the covenng homotop)* property 5. i
5 k. TG (R [CHP) of pa'1rs. Tlus leads naturally to the concept of Toppaxr " L e (-.-.'.'_’;

.o, '._,‘ M4 " " ‘. A . ._. . E i ¥ '.f

= R e f1brat10n and the problem of formmg pullbacks in .Toppalr.;. g

ol

.

..

___)"‘(3 ao) <_.. (E Eo)

DI LY -lal,-\d;_b;-\-.l—\-

facton_'z‘ation Iemma-'easﬂy adapts to prove-,that.any Toppai'f rnap

5

9,

X}

B i

'1‘ ,'g. ki

i z b5

; (EEO_)”(EHB e.n 8
d <5 ,F'i.na],.ly' 'in sectmn. 'fthree,. we;’gi\re 2 cha,ractenzatlon of 554
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h1ch essentially k‘eﬁeralues s_1m11ar concepts due
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PO

= - —_— O . w0 ] B o T, I i o e .. __d,
. ) ‘.:" _‘ - : I "l '9_ .. p L T ‘_v‘_,._ f‘-_‘_ ;. , . '.-‘..',. % .‘.J_","J:-q :‘q-\.-.-.-..' aws el R . :" 4 ':' a -':‘ o
b i 0] L .‘k i . ¢ ) h ) o oy Y " i i o ‘ i a1 g m< i id ¢ ": :
i ol . - hoar o .- T o e T a0 R L
:'t ) o l e 4 - o "‘ y b ’ ‘.. 4 " ) b . ."- ’ 5
wro, 4 . 3 S N = ..‘- i -‘ tae o &k . ’ ':. o - e Y Lot " ¥ 0 ’ ' 1 " o
'.\ X :.' 2 o ..:_.. .‘,' " "'. ) .., "' .’ '.:x
: ' §2.1 FIBRATIONS AND PULLBACKS IN TOPPAIR | Tagr, AT g ool
- O O " Wy i v iz - '.‘ g L, T 4 ._:'
. : T ‘e :.:"_ S .~ E *5 . ‘ ;', M N 4 ) --l - f )l e N .. i §
. SR u Defmlt:l.on 2 1 1 A map p g (E. EO) '-'» (B Bo) in’ ‘I‘DPPAIP. 15 g iy
3 [N - . v . ..- K -IQ ‘. 3 L1 ‘- k T
- & e Sa:t.d to, ha.ve the covsnmc; mmropy PROPER'I‘Y xabbi- mted cup) with' . -
-.‘ = B N . i e T . . - '__' ik o i 8 5 d P "r". o, '._ .:, “, s
I~ ' A ol respect to the pau [X Xo) 1f fo:;' every commutat:.ve d1agra.m of o i
K R : the form

~
v
SR

50 Fusem
4
)
..H

T B -(X x Y Xb'xn O) -+, (X 'J See Remark'Z 1 9
3 . - 'rh;s foJ,low's from i:he uanersa‘.l nropernes of products. 3
1 L;_ B b ;. ‘ Defmltlon 2 l.l 'No f:.brat:.ons p (L’ fo) > (B Bo) oo
" ‘ . r"'_' : (B o ) ' (B, Bo) ,1n 'l‘oppa.1r are sald .t'o._be FIBRE

\ ™ g HOMOTOPICALLY EQUIVALENT ;I. e. hgve t!ae same f:.bre homotopy, type'

o &% e . L "'. 4 3 % et ".'""'-". .-,.'

o

. g

if there exlst mp5"'

F




T

: H‘H such that H isa homotopy between
S

°p"= and H

- 1s a homotopy between i fg and
B RN l(E’E’ 'f:,rel q Both f and g are homotoPy equlvalences- '-::

. PIREE I ¢

1s a flbratlon :m

e ' Toppa:u', then the rest’t‘lctlons (1) p E + B and-

-~

: ;'(x’.;,)‘ x: 1 > (E E ) mak;ﬁé -Diagram 2 1,5 commute and such that
v f{o(qs ;< "I)'.c"'_Eofl,v Thus H glves us the requlred coxﬂpfetmn for~
2 JX'.::, ' .

- 3

- (11] p0 "'E o B .. are flbratlons m Top. Lo

Propos;tlon 2 1. 3- If P : (E E ) e (B, o) i IR

. e = - \ - - »
...", .

S ertet sane,

[STPNpUER P




| | - —;\"\l:\> ) "’ 5 . L o ‘l~ ’—2.8' .'.‘ l
o p‘_. . . : . u.\ s . R a . | 3
S 7 -~ e )
.‘_- A r".\ . ,N‘ ‘. .
e : . Dlagram 2 l 6 R
' R ' X * L Kir t BO‘ . T :
? ) " " _. o 0‘ L o -, l’ : R ’ 0 t '-‘ ’ ‘ "‘.:' . .‘
‘ : " :L.e. ’we need a. homotopy K such that ]J0 o K = l( and R
o l( 0is= Puttmg x x we have the followlng commutatwe ‘ ‘
cT dlagram Ain Toppalr e IR
OE T T .c‘x'-;‘x‘)4.'>_<.-'_{.0}»;«-_-‘
RN (x x; X 1 ————,E-——-b(B B. ) : B
. ' X X I + B But p 1s a f1brat1on in Toppa1r. -

: 0
" ’ Hence there exlsts a homotopy "12

‘ S —PK" K and KD s a map from X X I tO
no R
R SRR Thus po~ 15 1ndeed a flbtatlon m 'I‘op.’ -

) L. TG P . s .~ . :i"
followlng dlag'ram 1n Toppalr _:( .

[ N : - ' N ) : ’ti.i :(E,‘E
FA ,‘ff . (x xo) ,—,»J-(B B

We can :Eorm the se‘t x n E

s i f
: : f(e).
-1, ! l"‘ . “." - :' .
- Tty ": -~ ’ _' .
; . 2 DR -
. -\: i l R K L ‘_" I: v
. R \ - Lo Lo PR
. .: i - L ":",' :'l L
4 . v- .

Fto'.-.

[ ,lrestrlctlon of K glves us the nequn-ed completlon for Dlagram 2 1 6 "J'-f; '

We next con51der the problem of formmg a. pullback of the

.L ,X) >_7 I + (E E ) such .that ‘)

Tak:.ng th is

,~g(X)}

{(x e) belongmg to

.oz

X' XE

L

"/\_ R

1
b »
‘. 1IN
. s v
'
. ot
t A
N
1
.t 4 .
‘ B
) ..
]
Ve
‘ .
N P

such’ that .=




4

a.nd the set XOHE = {(x ;e ) belongmg to Xox \E such th'lt' ~

f(e) g(x~)} As a set. xo nEO ‘s then a subset of X nE }

topology of X x E. lnakes the outs:v.de dn.agram a pullback We need

to exd(nlne the p0551b1e topologles for XO rn E Now X n E

ff:A “’ ca.n be cons1dered as-ra subspace of XO X EO Aand_ as Such'if W.il,\l ‘be
ra pullback of "C‘":"’ T o :

DY :'.:.

. . - .- ‘B
‘ o 2 RSN R .
. ‘ [ e
i . - o C. o -
I} PO ol .
R : o ) B “U,
. ! - ea Tt L

i g el x rl E The followmg prop051t10n shows that both these topologles
I e co1nc1de, and hence that ’ ‘ o l : :j.'" 'f

e e (x ” F" xo " Eo]'-) [E Eo)

RO Sy -———-—5 @) L

,' ;Ls a. pullback :m Toppalr. T T AU R

) . » .
r N .
a T \ R
N e
- et
. EAE

Co Now we know by Propos1t10n 1.4, 12 that X r‘l E- w:u.th the subspace

LT propesition. ‘z'.-‘;-.._szf.nif A PBy 35 a subspatoof AME and L.
o "o ” Eo;»l.;.;‘f? TS S er R T S
. Proof' g Cons:l.der the follow:l.ng dlagram where 1, :l." » J; J

cgee -

R the obvlous mclusmns and ‘1 1s the 1dent:|.ty functiona

NP L7 *,-' “. '4 "‘ ' ¥ "..\}

' X‘.'I'IE C——-—-> xne-——;x.x E et
LS

or, 1t can 'be con51dered wrth the subspace topology w:.th respect to '

PO T

.:_(.._...' Rten grite 1o mn

SRR R R
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e+ e i e AP 1y e

e 2 m mm emmep tple gt mmae s o
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- i o o [ ' -~ i ’,_ ; . . v.,'_' e ‘:.: v o, ST
T 4 K . = el v , o 5 B . ) i .t .o
. > . W - Q J .
e 5 B o, " al W . B s A I e
- . o R ‘ o e . . ok , : ':
¢ o ¢ v =3 N N . = o -
b > d R IS d v R ! . - " Yo 4 =5 d
. '.. 1 - v &’ L - - % N ErTY
A 5 . ' 3 1 o
™ h N . ' . = A o G
2 B . O N B S
- - . . . .
" . . . P b L .o '4 N e,
¢ . e ' CC ) . Y - Lo X L M G . =, -“'.' ..
’ 5 ! ) 'l g . -
B0 B . ' i
A . The funct1on I need not be contmuous but A 1 (x,e) j»j :
A e Le v . . ', A i . % ...-.
st ‘s - N .u,

o g g ¥ ‘Let u: be open 1n T Then 51nce xo r'lE

B . e g ;.:1 an‘ there exlsts V_”-open in’ XﬂE such that

v,

Ao s S : nE‘"))." But "X rlE . is: a subspaca of X ox
; " , _—— ' thus there exlsts w open in . X‘x B’ such that % :

- : i 1 '

- .t [ AR
P . . i

" so that U 5( )l(w)=

o a s
‘. ,._.‘.—-—'

'IUPPAIR MAPPING TRACK AND PIBRA'DION

.':‘ § ',' 3 '. .‘..'. ‘: )-1 xS -"
Ve u R (V) o ( @7)) ( ).,(Wl
"~But ” i’i = "’j'l""'— ".‘J’ B % 5w "' '

= (W] _wn(x nE) 50, tha.t o

" .
(.l i
>
P -
B
. A

Deflmti,on 2 2 1... Let ey (Y YO) 8 (Y, 0) be defmed by S
o "‘, g o e(;.) A(O} for a11 ;. e (v Yo) _,j

> ad i 'l‘hen the MAPPING TRACK of a map f" (x, O) > (7»

e O et 15 the follow:.ng pullback 1n T0ppalr.

-__‘:“:: | ‘: B £ ._. ‘ ’_ j . _' ‘_ oy f i b“ 1 . i - . - ‘ o e . ;

" 2\ . ',' : 8 : ‘,. .. ._ : x - i b “ . .:a. = o, e . ‘.'.

;. . '-. ‘».- o e g eE e S5 :' 8 '.“ ¥ | = ":‘.. ;.“_" oF

. .g-. ".‘., | i ,:'l, P e ) w‘. .': 1 ,,'- \ ‘ Sy 5

p.,"-:v'." x .. » = -‘. 0 o - v M .,.. . s

°-j o . D - F ) r—— :': . - s

HARACTERIZATION

But 7% & %e “:.’l“f
. :f (J (W)) is open.in %< - (1nc1u51ons ar:c_ggt;_npous)

KR "I
5 \ .
4 &y ..
DL e '+
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* d .
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e N
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e
f B
t ., 44‘
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L - &
oo P
. et
. B =
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e co - - ERR ) N - O La o
o Lo e T s T

. S 7
l Ad ,c.: toa ‘- ' .
where £ dnd

"1-', anI 4 {(x A) c-_ x x. YI‘ su‘éh_;v‘t'hqj:.' éd) = E(x

Prop051t10n 2 2 2' . Any map p (E E ) > (B,B

through the mappmg ’?rack of pan's -as fOIlows.

ﬂBO)XI+(ErlB E

We defme | (EﬂB E nB )-,.

1(51:) for a11 st bel&ngmg to

1-_‘1_“Hence H(e J\ 0)




L R \
\ » . 1 K

L . . , ——

' g e - N

B "

4 \ .

:

.

ey - . .
. ‘ . . ._\_‘ ol e e ; ’
= . o We need to check that H

, 1s 1n fact & homotop)’ of palrs, 1 €. hat - PR
H [(F* ”B ) X, I] <. E l"l B I To thlS purpose let B R y
St e I_' (e , t) belong to (E n B ) ‘3¢ I

AR FUTRA S
" . . S
[ P

Then H " Ay N
(e 3 t) (-o_.;o,), S
.w BT A ey D0 e
by defJ.nltlon of H ‘Bu't' Aot belongs to B0 51nce }‘0 befdnés:_ﬁ . L
e e T i ( - 't0 BOI. We also know that e belongs to EO '- .
“ : . ) ‘.“' -.'.:'."' .:. " ,:.‘:‘ x’: - . k' I . .“ . N

H 1s the requred homotopy and so u 15 a homotopy equlvalence
n Toppalr. . RS ‘

Hen c.e
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q ’ B .
. ©."  map H evaluated at "0", 1i.e. '

H(z,0) = (e,)") = (hzr8L,00,0)
K g . = iz,-,0),e) = (e,2) = g(2)

¥ f—:/;,',;:f*ﬁ? oH(z,t) = 0 (e, 1:&) ="x.tz"(.'1j : [Definition of 8]
S L = EmE,) = LD = HEL). | '
B So ﬁ 15 the homc;fspya we requu'e. Hence “,8‘ 15 z;‘fibr’éti_cl)n in
Lt Toppair? T e

“a

1
1
L It is’ m effect a homotoPy ;mverse for u, the homotopy

" ‘Note. 2 2 4.. : In the followmg dxagram P 15 a homﬁtopy equ1va

w

EEE

-‘,-.'7,>‘~ °° ' ..t.\.
R equ1valence§of the mappmg track factonzatmn of p

. - e Ce ;' FEE ) LN =
T N <ot i

: R S S T :5- o
I ';(B?B; 'Eo-","o Yors (B’Bo) Gy
e - - . . ..,-" _ N R | ’ :" T s . ‘/-: A-.‘ T '.'
- - L. . v‘ -' N ,61- \ ﬁ(1.| -: T T e ..:- .

. . .% 3 : ’ " “ . ' : ’

R - ] . -3 T

L s BR) T BT

' ) ! ~ . ' N - . . ° > i -
R B A . . * r
LP 5 . :

" Lemma 22.(5» AIf in the followmg pullﬁack d1agram in ’I‘oppa1r p e

3

P S SR 4 SRS K
- a fibration, ‘tﬁe,n ;'ﬂz»‘-',.ls a f1brat1on - . . Lo . .
. . R R , . - ___c.:_ g - "*‘Ts“_‘%—vww"__‘_&;ﬁ-_" . . - e
* Te el W o L S C T

. o!: - . o, .Y B ~ - L N . - MRS . -
T ;*.'_',1,5_"‘0.'.’- B BB o T e

: ’ wj'.:": K} : . ? ' . et =
.I . ‘ - e B, b ::':.'. LA DA .
.. “- 2 ol " 2.
li— Ea fAl.' A { * oW, . .;! . . . ‘-.‘ . v AR
R S ) -——-&(B' 0)
J—‘ e ’:_ .'\".."4 - e S
Proof For all (Z Z ] ;m T0ppair we. have the following.: == i, T ~
commutat:.ve dmgram e : LR e
f ' ! 2, , Ly
0 -' ‘- I’
- . ]
= ) "\ . . » “r.




Loa - et e ey - g e bae wawl

S (ZZ)x{o}_.___,(x ExonE)...__.,.(EE) B ¢
) v _ - 7
It S L - Diagram AT
LT N X SOk
' - ' N e C
"\ ' z,z ) X I__.____, ‘(X:xo)*——‘g——?vCBf;B'-’)" o ’
— - peid , 0 coL e
H:h=h" S o
) - . T R . ot o
But p is a fibration so there exists a homotopy L
. . . S s . so0q
: ‘ H:mh = H-0) 0 (2,20 %1+ (EE) . - P i
) . - . ' R '..At . L ) & o - A RS . ::
) _ méking the outside” diagram commute.. 'We then can:form the following - = :
e T d1agram B

whéi'e' 'pFl fH by commutatlv1ty of Dlagram (2 2. 6)
Therefore there exlsts a unlque map ds (Z Z ) x
oy S makmg the dxagram cdmmute, i ex such. that '"2"’ =

B e Thus is. a f1brat10n 1n ’l‘oppan' e

r'lB ) defmed by

(E E
q (A‘)

).+(ErlB E

0
(xw) ,pA) B

s nare




"_v' ) - . - : . . 3 i e
g 1™ ' ' ) 36. .
. r 5 .
¥ = & . LA -
4 ) .
i - . : . - ]
5 R ' . . i ’ y § C : ) ®
= . ' Proposition 2.2.7: Let p : (EE;).~'(B,B;) be a map in . .
# . Toppair. _ 8 : B o i .
i ' i ¢ . 1 . .
wh Then the following are equlvalent' . oo ' o
B o (i) p is a Fibration T o _ - - ’
T ' . . (ii). a has a sectmn, i.e. a r1ght 1nverse g 8 :
o - ' ‘ (iii). qp ~11fts over- any niap (X x ) + (E . BI l:(")'r"lB Id); I ) e
~(iv) p, has the CHP w1th respect to the pin- BRI
.. L . i o . - x"
. : . . e % oy ., & i L.
= gl e B (E "'BI Eo"‘B ) el ey LI GEE e = o BRI
A Pfdﬁf 1f -and only i“ ,('if‘jl') Pl
T (Suff1c1ency) 5 Let s,': ‘(E t'l B_’ ,F.O r‘l.B ) + (E Eo) N
1 x4
A N R (Z 20) x F g~h e G (RN w N i e - ’ = B o ¥ '
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Yol ’ " ' 3 i .: S
) ’ : £ . ' ; )
- -and the function ~(Z’ZO) > (E’,EO) " is continuous: - (Diagram 2.2.8).
. . S 4 - . ‘ L . > '
".So we have the ?llqwing diagram of- conitinuous maps: ' R Canf
A . ) A’. N . . ) .. . .,.l :
. o | . - “{% . oDpiggram'z.2r0 ., %

' o - (EE) '_(B,B)'_:" T
and € F(z) f(z)(oy—‘r-’(z o) = g(z) gx(z) -f"-‘-'_' B S
Hence there ex1sts a umque map m. (Z ZO) > (E I'IBI EO ,—13 ]

- / \ mahng Diagramz 2 10 commute. ; 3 T f TR

t A - LY '. A,_. ‘.‘\", ) 4 ; . ’*

. / - g pe . o “ -~ r

’ PR Now sm & (Z ZO'J + (E E ) 15 a contmuous map, S F - | o
EENEI ;“"”" i f:; sm(z) (t) s(f(z] F(z))(t) =’1?(z) (t) x T
T Therefore sm (Z Z ) B I > (E E ) s contmuous (Exponent1a1 law) '.;-.. e -
ThlS is. the map we requ1re for the completmn of. D1agram 2 2. 8.3 U k o s
_‘ It is, easy to check that thls map makes 2 2 8 commute, 1 e. } ' < ) ,' . ‘

w" . - ‘:- - IA‘ ..'l.' ; o { . ot 3

L p(sm) (z t) = F(z t) and sm1 = £, Hence p is 'a f1brat10n. ¥ U %

s S ,{‘*i -;.(Neée‘sﬁit:);') -'. leen a map q (E EOJ - (E n‘BI Eo rl B ) S T }

, '. . e .‘.: R ‘, . S _5 : . i ‘ Y ';': Coe .:-. ’: !~ %
. ;.“.:'.:'f'.’ : we requlre a map s : (E nB ,E r1B ) > (E EO) such that ' p

_ A q 9 s = 1. Now 2 2 9 15 a pullback dlagram:and t.here exlsts the




where’ Bu = p is the fECtol‘lzatlon of P throukh the mappmg o

't e

L ' 0 track and u” 15 a ‘homotopy 1merse for "U..
There exxsts also t.he followirig commutatlve dxagram in. Toppalr

. o , I, I, “'u” : O o .

2NN - . _ (E.r1B ,E.Orleo)_~-_5(,E,'Eo) LT e

[ ".‘ : . “ V“ 'l ;A

.

SR i'(E'”BI!'EOh B,1) I—xrB,B)

. ‘ L e ‘*.f'iafﬂ*.a!r .J:ii- ;‘.*;.f;f S AT
o “ '~‘wﬁé'r‘e‘ p ((e AJ t) =P cs,x)(t) = ?A(t) -:’,_‘.’ : SERTREE
» . But pd (e A) ' i f - -
LR \ pz(ce 7«) or— pcce x) 0) = p(e) mon x(o) L
Ot ", Now (e ).) belongs to E ﬂB 1f and only 1f S .
) (e] J'R(D) So D1agram 2 2 12 commutes..: But o "1,.
| ' P (;75,) - f1brat10n so there exlsts a homotoyy A i ._,{»? Vet ;
el e L [EhB,E nB )XI+(EE) RO
w1th ' pG p " Then (E n B _,E n B Jx> (F }3 ) Tl e r T an
serves as.a sectlon to q4 We check that qG 1 as _follows* 3 C
' ' qG(e A) (t) = (G(e 75«(0), Pe(e A) (t)) -" [defm iori: of q]

- tf.34"..f1£ji;5;{{‘f;g,; = 5_1 (G((e 1), 0), pc((e A) t)) [defrultlon of c] o
LT T e (Gl((e A5 0), pG((e A) t)) ;"»:"f—'j}i]ﬁ '

4l|

i

ll

" \ A - D s (u ((e A) 0) P((e A) t)) [Dxagnam 2 2 12 commutes] P
R :";.E? (e, Ples A)(m ot T

K BRI (e l)(t) l(e A)(t)
. <Thus” [ -hi,s'lndeed a: sect1onj‘1;’,o g
-" : ".; ‘.'\ ’-\:.v > : a
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.:-»(Sui;fi:ciéné};) o ".S'ince‘.- q :.],112:5' over any nap 3= e &9
'Ex,x:o) -r(E riB’,E; M BO'I)' G L

it 1 "ft._s in partlcular o;rer‘ the 1dem:1ty‘,l i.e,- .;:hereh exlsts a m";p

y .as ;hown“by dotted arrow ﬁaklng the dlagram ;;ﬁmute:_ ':-'--.-'

Coea ..(E n'BI. E
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(Necessity) VO
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.:' : -"'NA ) N ) 3 ) w g T o i ) ‘. ) n:“ ",_;..,'_"‘ ﬁ & e - ‘ - ) , ¢ ._'1.
o . " M. e . ; S N o b g L T G
) -':_\ ._ -. ‘ "‘:..-, ) O - - - _n _~.' N ... . I . ..
L W o- T e T From the pullback D1agram 2 2. 9 we geq the following = .".-. .~

* Rt commutatlve dlagram in Topparr by usmg the cxporentija':‘l' law/ - n S ] '-_‘_‘.
g ‘ ; (EnB E mB, ).,.4,._,(55 g R A S BN B

. 1 N 4 . ’ '\' .y o ". ‘,1 ‘.' . »‘ &
B e T g oem _' o e Cpdagram 2,23 o e T

JRP . en o meERER BOIJ *.1 "—?"{B;B'b),: '

™ _"’-.- Y E o
CUrC By L T8 But P, has the CHP w1th respect to (E n B EO-
ho B e S g8 g g LT e # ~; E }) ’ '~‘
& VO Y e TR, there ensts p o mplet;.ng Dlagram‘i.’ 2 13. ,'I'hen' :

o. -:::;"I S ke S o
- p (E l'l B E l"l B ) + (E E
is a section to q : ,_‘«',
el e RN Sl.ﬂce "lp‘(e U Ct)"='_. P (e,’»\) (0) Pp (e J\) (‘tJ)
R R . (P( e, )\) 0)) pp('(e }\) t])
N ,’,-“" L ', (e (a A) p((e x),t)) g {D1agram 2 2. 13 commutes]
' (e P(e 1) (tJ}
b

sang

: (Nece551ty) - Trnual

x

(EHBI B,

.t

. "".

map complet:mg the followmgadlagram A £t




: — Co:rollary 2 2 15, Any Top* flhratlon 15 ‘a, Toppiur f:.branon,
G g ;"."' and -if p E + B is- a Top f](bratmn then . p (E 4) + (B,¢)
, - g e B T B T . .. ! ‘: S
e S is a Toppa1r flbratzon. SR S & :'=‘~_'."- S TR A

P il TP oW T 3
£ gk A Toppan' flbration. For the f1rst part we hg\re that
e ; (EI,*)‘-v (E ﬂB ,«) ﬁas a section m T0p'*";'

o * Proo

£1bratc1‘on.1ﬁ Top, q_p ‘/1»- E r‘lBI"‘ has a.' 5ection 1n

l
“rema

% 1) (z tJ

pS((f(Z) F(z)) t)é

. K -:

v--»—-.we prove the last statement flrst.

Serara

-(E ¢) + (E rlB L0) has a sectmn ;m 'l'oppan:,

.,.‘

' . ; - “.‘ g c ' “- .'.'—»' l‘. ; l \ ) o8
e B W% N Diagram 2.2,14
7 R o ' LA, ) .-t' o o "“ : T A il
g o . | [ ) ‘~. "8 g
', . .: ) ", ..‘.:: ’ . ~" : o g p 't"‘ :‘ ) , .- ‘ S '.:‘_"
st a&F T We also have "W e (ZZ)*(EHB EonBO)N_ whe:;e_y_
. Vi ‘llh' "'..‘ 5, x T3 [ ‘-.' H ':\ ,. ‘- o, B
‘Y(z) (f(z) ?(Z)) from Dlagram 2 2.10 -__.
(% ZO) x I -'- (E Eo) "completes Dlagram 2 2 8

Smce p‘ E-bb is'a.

£

—
‘e
. - .
. PRy RS
.
41,
..
. »
-
“
e
f
.y
f
.
’
3
'
.
g,
:
3 .
7
s
.
.
.
N .
< L O
1
D] . .
] )
.o
. &) ks .
o - 4 -
k »
% 4
i o

I3
~
.
O
.
PR
‘'

) I O
LB B

& <
N s A
£ .

. «
[
I,

. .
T
I eebly
68 o)
., ,
1 .
T -
. .+
N
- s b

0 LN

g BN :

1 131
.
K
% 1
"
8>, v .
ek i
A o
Pl .—- .
. 3
Y
e <. ke
A
' .
K & :
1-
/8

o Zow T

. Tt 50
B e hats n oo £
. . - % *
.

]
]
3

Y - Rl -
B
]
4
‘.




Y.

;ffj“,f’,‘,'g“.] 3:: ‘;[Homgtépx:EXFensioh Rropenty in T0ppmir'i§‘défined in 4.2.1].
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' LT “n .
s . — . - e -
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A R o A R "
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42,
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v . .\ L
. . R .. . . . -
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" NOTE: e rémark here thatMBkopasition 2.1!3.€§n also be -
L - . proved :using this 'cha;'actéfi;zg't,ic;r! offawTpppaif'.f-fgrﬁtipn. )
. Propositlon 2.2 16 ‘,if: p {E'E )_;.GB B )' isv; popair map

0
Toppaxr CHP with respecv to all paxrs (X, X ) that -are. closed w1th

o‘. and P E - B pO .E +.B are Top f1bratlons, then P has the

'

_ the HOMOTOPY EXTE\SION PROPERTY in Toppan‘. N

Ls , | " N
. . v

A

e A;.Pro.off-' "
“ ’ Pyl by p() ;A
'£2 {iﬁ H extendlng (f x: D)IJ F X xjiq}?u X
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LT Yo | g . GHAPTER' IIr - INTRODUGTION : £ * - N y
: Ny e W T In sectl%\ one\we f1rst defme the concept of groupmd -md ? ‘ N
T R g1ve .,cxamples._ Ne then explam the notlon of f1brat10n of gmupoxd% ’ .
¢ ke g and prove that any Toppan‘ fxbratlon :mduces a flbratwn of qrouﬁ bl T 5L
E et o - i | i) ‘.. R A, \“. o '. A : 4 5
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§3.1 GROUPOIDS A\'D 'FIBRATIONS OF GROUPOIDS . .- R

+ '-.‘ﬂ(
.

v - . -

Def1n1t1on 3.1. 1 A éroﬁpoid G- is, a small category in which ,f ool
eVEry morphlsm lS an Lsomorp}usm.» T . . R

The fél’lowing are examples of groupoi_ds.:'

..v - ;__}'-,,-, : C 3 . " . - ' i) O" K

Called © v -.l T i

S 11) O\’H‘:}Q called 2 o L A ‘
3 :111) any ,g;0up G whose ob;ect is: G 1tseLf and hhose '
. .."'--'.‘,.mo:r 15ms are the elements of C , ‘ , |
_ Z‘.:}" e ;"..'11({‘( X ) (Y Y )) whose obJects are the set of S
' - “ "‘: J ‘."',»i':maps from (X X ) e (Y Y ) 1n_'T'oppa.1r dermted bv”" ;,
‘ .‘"'“, e: . - (Y Y )) set of morphlsms betﬂ’een‘, 8
“' ?_’am; two ] maﬂps‘ and g 15 a' qootlent set of
- : ¥ "“"j':homotopl\ES ‘ :-‘:' 'f"j ) (X X ) x I+ (Y Y ) - thlsl
.' | ‘ ;L ':.'.qUOtlent may bo orﬁpty .. .
’ A The equlvalence ?elétmn ' f\,. :Ls glven by H N H‘. 1fand
-only 1f there ex1sts a” homotopy l\ I ‘
such that K ‘..,‘ S al;vays . f(x) on the 1e+"t hano 51de.of the homotop\;
"and g(x) tm the nghtlhand s1de of -the h0m0t0py !
}‘ : 'Note We call*the homotopy : I(v 1.n example (Ilv.) a hc;motopy rel
the end maps smce the restr:.ctlon to the "ends" X x {0} x T ._-and v
3 X X; {1} % I are f and g respectlvely E | | a4 o
e .. :
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.

"We prove that n((X ko) (Y_,Yo)')" 1

Propos:l.tlon 3 1 4..

We note that this 15 a general at::on of the dcf:; ‘tlon of the

g -, ,. %

groupold 11()( Y] g1ven 1n Heath [13]

'r;tten as 11{—(‘)‘3 ¢) (Y ¢)) in .our'

]
t

E:'c.ample:-_» In, partlcular we' ‘nave that 1r(* X)

“‘"m .
»

TN,

as ‘IT(X) and"called the FUNDM!ENTAL c;noupom or-' x.

he underlymg.- set o ';

k morphisms, classes of paths'-between the ob]ects

n
.--. S

belongs..to 8 Mor[-n (x)_] t,hen s a claSs of paths between

Pt I T DY 2 L, P
o 2 o gt dia
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’,ki};ﬁay,' aﬁd"A'“-X’ Jf and only rf thcro C\i\twd homotnpx;l‘

S
.

R

s f 1 T X, such that H(O t) um 'S xl'.; :;i

ue have H as follows.' jf_:;f ,'.'“,ﬂ'ﬂ fﬁ ”j:n‘ B ?éf“::f

- QUEEN' S§OTES " [137, BROWN: [2] p, 2177".

.t) O%'X i x‘i 3, 10)

’

. bes aetined bjf n( ,tJ f(x] for i, iﬁ _l;r

Then H(l 0) = f(x) and

G ,v..

so H

15 a homOtopy between f and
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P T © LS LT O, . ‘ . Vs o S A
, N 4 ! :
4 " N ., i} . a . “ I ) N 4 ) ) ,
Yo, ' oo <o ‘ ' o 18.
- : S o7 i l . ‘
P e - . 9 o
. e - t - L .
'.).‘.\'.‘ . i N . . .
e Proposition 3.1.4,: n((x,xo),(\',h'o)) is a groupoid for all ohjects
o e , (X,Xyh(¥,Y5) in Toppair.. //f
S . R W - -
: . o o — . . /
) -, Proof: . We haye that = is an cquivalence relation from
F “.,4 a v v oo - " , » :
N . X -+ - Proposition 3.1.2 and we have composition of homotopies defined ‘in BN
. ’ L] . .v _F‘ A '
R : Remark 3.1.3. ~ .
e We first need to show a).the existence of 1dcnt1t1cs and b) asso-
IR . c1at1v1t) of composxtlon. Thig mlﬂ ensure that OJ (Y\ﬁ )) is
a .c‘atc‘gor).'. . e - L Co
o ca) et Haf =gl (XX ER N »o) and: LT
s - ' S o L . . . T e e
e ' A ‘ a LY " - B

Lo 0_‘E : f2f _(X",‘){d) .zA l< (Y Y ) be. l;omotopws B :

R R 'herc O (-,'t') ,="f("x_) for a]l t yin T and - ‘.1" ’
LA for a1l x in X, T " T e T
L A . . o . [ . - Lo <

We' necd that Of + HH; i.c. we nced to define a homotopy ¢ S i
(X 0) % I x 1+ Y,y ) such that K.. is.a homotopy between AR

0 +H and ﬂ rel . the end maps.. e SR g R

f - o - - [P o'
he defme K ‘as folIons. - . ’ o e
s - ' . ’ Ve . -‘ B
- .. » L P .-
S e, Ly ‘ o
e L. oK(-,t,t7) = “ .
K

e 7 DA oo
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: ) ' : e SRR S .
’ ¢ 4. i x': [ '. e ’ ek )
) ' . ' ) N ol » -\ fe »" - ' - ;
: = Y TT .
) * M S i PR |
. k E . of ': o A . 5 .
W = - N = : o S (i i = .
i In a similar manner we can shox that .~ e i
' r‘r 4 . . ) ! . N i : " " -
- H +‘Qg + H.~ Thus thc constant homotopy is the identity, + E . A
. 3 . Ll . o . —
b) Let H: f.=¢g :-(X,Xo-) x I+ (Y,Yo), G .
St - H: g =h o (X,X,) %! +(Y,Y0]_qnd' ,
) b . . W : h=ma: (X,XO x 17+ ('Y,YO). We nced | o E
S gl that  (H°” » H’). +'H is cquivalent to . " A
'”" e (H' + H).; i'-éa- _.: . :. - ‘j; o ’.-- . N Lo . e
.. we need a homotopy. . - . . ¢ - e X
LRy (WY AH) fH =R W s H)."rel the 'end'maps. -
K _be defined as. foklows: .

o S T

. L 5 O

.4t-2;‘-t.’,. I IR
Rl e

" H(

.Then ‘K is the homotopy we require. DiagFamatically we hive .
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el e - g ' . e ) . ' 50,
o " - . So a)and b) hold and hence (5,550, (Y,Yg)) is a well-defined "

) e : - " category.  We still need. to show timt, cach H in - . '

¥ = . Nor[w((X,Xy), (Y,¥4))]  has ai inverse. o this purpose let - = .

H: €=g: (X)) 7 [+ (V¥ ) bea morphism fa- . T
P (R SRR Ke define i as follows: - ' 3

Ay L -H(-,8) = A(-,d-t) for all t in 1 and all % 't X. o=

g . . b A ' LN . t ° N X LI . :
e T T e Tl}é‘n. —H(~ 0) = H(- 1)' g(x). :md .-m-,_n I_‘l(_-.,())__=.f(_x),‘
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T d
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o “';; 0 it at ;(,',.“;Tﬂ R v 24 Nt S Wl
‘ ) . .; X
- @) and b) above prove that w((X,X,),(Y,¥,)) is indeed a groupoid.

Remark' 315 Let (X X ) (Z,Z ) - and (Y N ) § (w W )

B b,e.p'laps in Toppa'ir 'I'hen f 1nduc_es
' . I R ’ E 7o
g : W((Z Z ) (Y YO)) * ﬂ(CX, 0) (Y Y )) . . R ;
e 20 and g mduces 5 ;
' .W((X xu), (Y YO)) -Hf((x XOJ (W W, T) .
a5 follows. For any ob)ect h in n((X xo) (Y Y0)) ‘ “4‘:;':

, f._\ :f*(h) (h ES f) and for« any obJect T i'111 : n((z Zo) (Y YO)) “

\‘“j'_g*(r) :'= (g a r) Furthermore, '1f [H] belbngs to Ta, el NIt
SR .Mor(‘n((Z, 0)4 (Y YO))) and a repreSentatlve H ofw [H] 153 | - u ',“ .
P  ',~: > s fhomotopy between k , and R, say, then we de‘;u}e SR B :f;:i T R -
.':i-_',. . f."" f*([ﬂ]) [H + (f x 1)] where H + (f x. 1) ‘ . ) T ‘
.‘;5. 5‘,15 -2 homotopy between k + f and R, 1 f Slmilarly 1f [H ] . } :
. i irl-.'-:“:‘belongs to Mor(n((x X ) (}‘ YO))) -and a representatxve H’ "o'f',' i .
,;:{",_ff ‘f,;, [H'] -is. .4 homotopy between k% an’d ﬂ.‘,; say, then e 'defme | {'-ﬁ ) : }! ;
g,, [H ]} = [g - H ] \;here g‘ - H’ a B . . [
';_-"_homotopy betwe;n k3 + k’- ond g +. z It can be. readl.ly .';:een s 1 .,‘ -
T ‘\:‘if.that f* 3"‘1 S* B aée we11 defmed. N L | L ;
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; E SRCRL T In a 51m11ar manner we can show that g,, -15 é covariant functor A
'.‘" }"‘:— s . ] o - il - \,".« . "’:"' K- w ‘_,_.—é._——-—ﬂ" "‘.' e ',' St ’ vy,
i - Def1n1t10 ‘3 1 '.: G be a groupcud We partztion the set o W e B
of obJects of G
» S u'

denoted .noG as follow-.z:- TWO obJects
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’ _ w(0) =
Ct . between "x and. y. v e : ‘ - B
m :)1—-; - - 6 . - . .A o .. B ‘ i e o

Def1n1t10n 3 1 8.% A functor P :f ) of groupo:.ds is sa:.d

to be a FIBRATIO\J of GROUPOIDS (Heath [13], Broun [ 4 ]) if, gwen

, any tommutat:we dlagram as, follows, R '
: s 2 functor. o0 2> 6 suchithat [on
’. ' 4. ; . S ‘ "'\l - ‘- ' ""4 < f;l. ' ", : ’-v ; l
. 2. PuE oo and © | i = el . E B
Do NOTE' .0 and 2, are examples 1) and 11) page 44 a.nd y is an i
. e » . ) .-~" ” ,“"
. L LE s obJect of G wh11e u - 15 an :mVertlble morph1sm of the groupo;d :
. o H whlch we 1dent}fy \uth m(1) i f,‘; T e s
A groupmd functor p G -+ H wh:.ch 15 surJectwe

Example 3.1 9..» -
: Ul on both obJects and morphlsms 15 a flbratmn of g u 01ds. L
: - (E E ) + (B B ) has the CHP Wlth

Proposn:wn 3 1 10.. o :.If

ST respect to" (z zo) then p‘ rr((Z ZO) (E Eo).) - 'n'((Z Z ) (B,B ))

L e . 1s a flbration of group01ds. ' L S e,
: 4
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T . « e et N . e "
‘e . -
; . .

et ! . K" o K o
::. )’ . K Led” . .. f '. y g . ’
“;. - . (‘ ) _ 0 i —"___9‘ 'H’((Z, ZO)’(E,EO)) -

incl | L o Py '[)'liagr.am,f’).l-..ii:"

s 1—__;» nc(z z ) (B,B, ))
T . : [H] f~ ‘ -

A "Let l-l belong to. [H]'. Thm the above d:.agram g1ves z‘:.se to 'th‘,e‘ ‘

R A :J:':-'fo_llowmg “commutatlve dlagram 1n TopPalr{. W

) 15 .
r - " s
7 . T
'
v .
5 o e
N i Tt
N [N
: .
ll

eét. to (Z "Z’ ), i so Ethere exlsts a

G ﬁ - But p has the CHP w1th 1"\"

. - ' homotopy i:i f = H(- 1) such that pH = H Takmg _
; ~w:'l [ﬁ] v H(- 1) 2 - 1r((Z ZOJ (E Eo)), ;we have tl'ft,a requ1red DR |
) . functor makmg D;agram 3 1 11 commute. Hence p* . is a flsr;tlé,n‘ - A
’K | of groupo;Lds . ' | .‘ B o N . R
i = = :"'3-?.?- . .Before g:wmg two coz"'ollarles to! the; i)ropos.ltmn, :v.e agrec; -;:\ <
ST . to '1denf1fy tj;lxe. é&upmd ﬂ((Z ¢) (E ¢j] and ‘the groupmd;""h'_(z\ E) AR
.l . - 'J' we explam why 1n tl}e followmg paragraph ) T i

N Now P (E ¢) -, (B <b) isa map in Toppa;r, eamap o
T . . p E + B such that‘ P (¢~) But th1s 1s nothmg moré than a-

O L7 ‘malp 1ﬁ Top -_,." Pv-.'E -+ ; \Thus the obJects of the grouppld R .

: o nc(z w cE m are maps cpize E such that p m ,‘ l'e.ﬂ maps‘
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< ) . ‘ o' T o- L B
N P z.+ E. :The set of morph1sms between any two maps f and "g ,
‘isa quot1ent Set of homotopms H:f= (Z g ok = (E ‘b)-- :
The“ equwalence relatmn Y 15 gwen by: Ha H’ uf and only 1f
there e;usts o homotopy K ; iy cp) x I x I - (E,¢) such
that K(;;,O t) f(z] and K(z 1 t) = g(z) SRR ;
. We note that thls set of morphxsms 15 the same as the set g1ven '-:
n :«.:', . = 5 A .-':. K " ,.’,‘ ‘ ..:,' ..
+ so theltwo groupmds can be 1dent1f1ed e e g B e I
q ) ; ; g “.i‘:’ , ‘,. ) i :.::. '-. ,_‘ £ . . ;j‘ : . Ny ,-.:_‘3 ..,'..:} : "
e : (s e).+" (B‘b ) is a‘{nap in’ Toppeis .such < "3,
Ik But thJ.s 1s also a ‘I'op* map ' EIRERS
i _‘:‘» ’ : '. i . ": 9 ‘,;; .‘.--._,' "b.-'.: Cpeet i e
) is a fxbratlon :m 'l‘op, ‘then" for
:".".-‘; -:-'»all Z, ;*p*, ngz, ) + n(Z B),.ls a f1brat1on of groupo:xds.. . "" " :
e :.~’i>r:;)of:‘_-;{- Now p :“,(E,cb) + (B ‘b) has the CHP thh respect to (Z L A
. dll .u,._ ﬂor all (Z ¢J in Toppa:.r._ Hence-. p, ,'1s a fxbratmn of groupoids. RS
,':‘... % g .‘l-~‘ "' ) ..’ .-", .‘ e :.-, ‘.'1 o i a3 :" - ,,,.,-'
. .‘ :‘-"',‘." : E o) ' K “. . B -.'_ '0 J [ }/ (XS ATl @ - ) 5 ‘
Corollar? 3 1 ‘13..-”;; If p E (E ) + (B *) 1s a ﬁbratmn 1n .' g
Top, then for all (z, ),_ p,,, :iy('(z *) (:—: *))»n((z,v,),,(n,*.))
v .18, a f1brat1cm of- groupc)lds_ i R
" i’ ) --‘ Pt ." d gl * ," ..,,r" > ol ’ ) - o .
Nyl ‘."-_mi.s:‘is\\sim lar 0. anth [13]
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§3,2 GROUPOID FIBRES' AND HQMOTOPY EQUIVALENCES IN THE ;| L

CATEGORY OF COMMUTATIVE SQUARES 1N TOPPATR
Definition 3.2.1.: Let f& ob'[ﬂ((z ) .(B"éd))]' and - T

(@ (B B + ({2 25), 6, Bo))

AN AN - .

be a group01d functor 'I'hen the GROUPOID FIBRE over 'f', f_thitfe'ﬁ-q_» o .

IR F‘f‘," is the followmg pullback of group01d5' L .
: Wt ... -A : \ . r‘:,l . :"',,:':J"'v ‘ : “ p'*‘ .
} Q__;.__, n((Z z ),(B B ))
(defuutlon of pullback of groupolds is. the obv1oUs one)
, In the .dlagram that follows we show an: example of a
. group01d flbre over f contalnmg two components, 1e =0
e ) 'ﬂoFf w1th two components [see Defmltmn 3 1 7 for k. G] fe
e component 1 e ~.j: A
b ',compcment 2 o i \ . -
.‘. ..\ "

THEORE.M 3,23+~ Browr ]ﬁ, Heath {13] i Let p G -».HI.- be .

flbratlon of groupo1ds Then 8 here ex1sts a’ functor # H - Set .

such that #(b) ,for an obJect b m Ob H For a morphlsm

l

b -*d Jin. H #(u),. wr1tten }ul)#-:'lﬂ Heath [13], ;s a e h ot

A."-\ [

R

scarmas



i S SR r R T e =

o o Proof: . ‘We do this proof in 'several steps.’: -
el ' ' Y Let " 'b » R be a morphism-in
; - e belong to ‘0b Fb . o

s H .

(takmg g -as an obJect o G) . ’

P
m
sl ey

d

, -y &

wg v-—:,-—nr (m(l))

27t 2 Ty e e

SO ‘
(R TR TRED ORI N : . ; h
’ B N - = s, . B 'a"l‘ & A By -,
. e i+ n . . S 0 i ok 2 4 =4 - R
LI = 2 AN or LS CRA e - Y o
H ol AL [ ., .
t

Now we

,.t'

'P(wJ + p(G)"'*?.ii(w )~'=

Folkn

C e e 'l‘hen we have the follow;mg commutat:.ve dlagram of groupolds :

,have ,.vuthin 1t's component 1n Fb

hat - 1s- let g,g

),'-‘ls a mbrph:.sm J:n I-'b

Now the

e T '.‘- =k

o ..,

yron.

. ,,"- RFTUNA _"n;r' :n.n"!‘-'
ok
- “U \"' . %
H .and'let g
. L R
‘ .

since”
: v

-t

-
-

3
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s | i .m =-0 b in the daagram abbve we ..can
5 ."v_-“_#‘ ) ¥ v 3 R : 9

, #(0 } 11nks . .Fb to 1r Fb and

%

;\

1

i We then shOw that..#(n'; w]-"—-;

.

R <

#.(_'n)_ %4 (0):

m as in.:a) and "lét'

7 B . '_.
3 £ D .~

n d > c be giveﬁ'.- .,Choose "ﬁ' as. a

i 5 . . nel e £ ‘
' B -

_".'ia‘t‘ " g‘,"i.-,e:’,-‘# preserves com‘positlon.‘, 'I‘hus

= is mdeed a functor.
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#“(m:+ m‘}) . (bv (d))

1

)+ Y

It

-

el e e iy @),

|

. 'Simil‘girl)*. #(w-l) + # (@) O.f-th_US_ #(m) ( is.'a bif_‘)cct'i,on.”'"

.

.

SR B Fati SR s e e e ,‘». e e e

'cé'r’o'iiaryss 2 -4'2 If p* : 1r((X X) (E,E )) *n((‘( \) (B Bo” ;
s a flPratlon of group01ds then w[(x Xo) (B 30)) -»~Set o ‘ 1;
defmed b)’ #(f) =m Ff ) the 5et of path components of the flbre S N,;;' ;

; Cover:. 'f -«on objects- and #([m]) [m(l)] .on morph1sms, 1sa % -
e lfunctlor i L | o o ‘ ) # » ':f‘i" g
T eres : FStioks imediately. Fron the Thoorem abovers 7., ¢ i G|

IDef1n1t10n 3. z 5t »'-'"""Le.t‘f q x - B- B E > B be mapsd\ : .,.
FIBRE MAP f q +_p:;': is a map f:. X e E such that pf q' T ) {

I“ r _.‘j'.’”. A f:.bre (verucal) homotopy H f= g_.:'. q » p '15 A, homotopy : ey

: ‘ , H f ‘.g‘ X, % I + E such 1:hatJ pH 0 é’r’he map p - 15 sa1d L -.'
L to ‘e FIBRE. HOMOTOPIC EQUIVALE.\ET to the map a 1f there ex1st
N pyaps, -'v"f E 2 X T, " )& +.E \thh pr = q, qh = p and homotoples S i

, L - H ::5 @1‘ l rel p L1 e, pH constant], ll"il‘ X rel q s - .

g : o [1\e. ql( constant]) We dgnote the set' of (voftlcal) homotop}"—' '—'_I-lif‘-.,, g

: . classes of flbre maps from q 1nto p by [X E.]// or [f,p]“

Lomma 3 2 6.I. If p (E EO) ‘*.(B B‘)' '1s a f1brat10n in Toppa:tr
- o and f belongs t.o Ob['n((X X) (B B ))] . _ ‘ ' : I
’/ x f0= (X,Xo) X, I > (E EO) such that px ~ 0 then fl:tere

C 1Th1s def1n1t10n reachly adapts to: the Toppalr category and we wrlte ';-'.'.j: L

v . . f .,.)

: ~"‘N[(X.“q)('')‘,v('[-f,E' )] O‘r [f p] where no cont‘usmn anses.
RN g 0/477q
. Sl o 19, R "”__.‘.a"' . Lo
.. ';:’ ‘,"“"'-‘,’-". i <:“"r‘ﬁ:7_f-""?"’-""" '.i‘j’ff'x.‘- e .~ e~ ..u_...._..‘_-»......‘-, ey e
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1-mp11es thata-there exis

X, 0) A I xl + CB,BO)

»

(E;Eo)

'
.g

"‘E(- 1) '

]

Let K,. restricte& to"

(x x~) X [(I ¥ {1})'u ({0}

I

let R -'be defmed.

u(

'
..
>

ts a homotopy

b ”‘

:, i-al én;c}-'

By defm 1t10n, i _m

I) U ({1} ® I)].;

- .
.

5 [see dlagram;

v
. b

e--called R

K1, 23 6o

R

.re

R 1s-' thm homotopy A‘ we
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'If B p ey o &l
i e M P : ( B ) + (B B )'-- 15 a‘.hfl‘bration | P Frgme S 8 e
e ST . : . . g a2 4 5 o B , i

I Al = e **m Toppair, then-- [f,p] or : t(x xo),(B Eo)]// = ,;,.1-‘

“We' want thaf [f,p] o__l'f i
> ."‘,.‘ :_ Sznce“ p -.1s P f1brat1m? m"'!‘é’ppa:.r,'then by Propc)snion
; mi ¥y \ .’- " p*, :1. n((x XO) (E EOJ)’?- 11'(()( Xo) (9,30)) {r )

o -‘-I'hen by ‘defin:rt. 'on,

)

(X, ) -" 1 *> (Ba 0). such that pH

But thls implies that [pH]

,- 5o

&5 Yot
, T '.u ‘\ .

. and

(X.

™

tis.ts' k,;bljeckfon 2
5 -..x R I

g

ol
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A, w-‘”: o : -5- TR -. * ; . . *_w‘-' o | g ‘_,..‘:: : .,,,,...:',..:.. .«1;--—;"?"':"‘-‘"'""
bEAs . ) ’ - C C \\- g kB
Y, .
s T o] . 7 62,
‘ *
-"'{" ’ N ‘ o ¢
n . b) If }‘,g are iifts of f _and g respgcnvely,
: ' 5 . - ,and ﬂ([H])[f] [g], then there exists a ‘
1ift H° of O, + H such that
F. 1:. . ) v 4n ’ i v
. . 3 : H= 5 £ =g 3 (X,XO) x I » (E,Eo).
g ¥ = "Proof:., a) . Since = F = £, p], T Fg .[g,p] and sir').cg‘a_ )
o . . ., functor- preserves 1somorphisms [Proposition: 1.1. 3} "’1‘/_
. the result follows. , )
. T . . . ' a8y : 0
-b) The ,follow:mg d:l.agram 1s commutative in the ol -
¥ . . Ml"‘._l _‘-,.,‘
i category of groupoids and p, :|.s a f:.bratmn ':” ol L S
o'} -of grbupo:lds smce p is. a fibra.tmn m P N
,.4' ’ T0ppa1r. - _“ ',"‘" - 0 b g e .~"'.-.' ’ ““.:.L b .‘. R ". .
1 s . ‘ o : S .‘ : ) i , _r‘ .- : 3 = ”,'.q ko =1 c
3 i ‘ ¥: : : "y . # "”.".
o O ’ ) Oﬂﬁ“((x xo) (E E .)) "'.', u,‘z.,..!. o " s . :: .'. =
5 H h [ .‘. . z . g . ,,;J , - b ‘ "
: ’ ‘ “/ i 1 i . e ,‘.‘ ~_"-‘ .
,‘ . ” pe ':: :p* ’ .. - - :. E .,‘ - H - ..:‘J.A’ J:k“ :
R .. Wil B /'%\ ) Py A s ‘ i . F " Wl ks ‘_: :"_‘:. ,:‘—1
) .2 . - l"". 7 . sk 3 .. et o . :.‘ o !'
> . a W((x xo) (B Bo)) Lo . x!.; ' Al o ‘.' g l -
_ [H] f., : A < et L ' T T i
‘ . : L' ';‘,. i . , "" ‘\‘ Y :: e 5 "}“'- ‘-‘- .I:
Let H belong 1:o [l;l] 'l‘hen H H(-,l ) ‘: (x,x ) x_ I'+ (E E ) o e

.By def1n1t1on of # “we. hav‘e that #([H])[f] [H(- 1)] \ ?": T

‘;'#([H])[f] [g], by hy'pothes:ns. Hence ey {, : i

-

p. [H(-; 1)] [g] :m 1r F and there e:usts a hgg_otopy

K. Hc-.l) STy? xo') i L+ (E, so)' such that K of
i X +1"i,. {s"ﬁ (x x ) T (s EGJ . and~

& 3\.
p(K+H)-pK+pH ,‘_ffﬂ sothat K+H

., -
.t o

o P
- a? .
is the reqn:.red 11?t H of of,-o-—n r >
5 S o
IR ~de e o 4:' o T
S . - s . e o
. o R t.e A =
o e ' < T
~ i - s eyt o
By o By B B e e
;. JR =TT L
_;—a,.'-‘a..."—t"‘ ——
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-+ (B, B())"

o Lemna 3.2.9.: If H': £=g: (MN) x I+ (X)), then therp
' o ‘ ex1sts a morph:.sm (8] in Mor[n((l'l L] ) (B Bo)]] such that
ST sthe followving diagram commutes for each . ¥ : (X, Xo) - (B, 0) .md Toppa:lr .
'_ - : B £ fibration .p (E l:o)
L [kp] ——> [k£,P) ) ‘
S - - #([e))* . ~ Diagram 3.2.10
) .\ \ .o J . ’ ‘ :I' “ . . R [kg'p] - ) " N B l‘.' h. i - : %
1"' : \ B :‘L", '.‘. o s < ; .

o

.,

1|r‘here (p,) belongs to [k,p].v_

93 o s
It 1s obvmus that kH kf .' e (B Bo)

\,-.e

.,

tHis 15 the morphxsm [0]‘-'.. we requu-e.. Now R.H 15 a lift

2%
PO &)
1% - . -nq -
S

ki .,and w([e])f*a)“ =.tc[e1)af) -1g ="'£*(n

Ay Now #([a]) mls a biJection [Corollary 3 2 8(a)]

'1s..a norphlsm in’ n((w,wo ,(B, o)) and




B e, B e e i GE L gl @R 0T S ey : vt

. ' S ' | o 64.
| . with r{espect'to (x,xo) and if k (J( xo) + (B, Bo) is a map, . | r :
g 18 3 : . -l ' : ’ .. F
.0, then £* : [k,p] * {kf,p], 1s a szectmn. L : P
‘ . ' ' Proof: As a -spec:al case let (v, Wo) '(X,Xo) in Lemma 3.2.9 . S
e T . and let, f'= 1. Then "£* : [l_c,p] + [kf,p] isa l;iject:f:o&l ‘ I I
o since Diagram 3.2.10 commutes. — . - -
vy E .. Vo : o - . » 5 [ o ’ - o . ’ . "
T g Ty <Rer Wi pependl cosk deg g (K, Xg) (w wo) be a homotopy i o -
{i — LI ‘ P f ‘ f, _l’ e.. gf (W W ) and fg = ;1"(x’x ) o' &
i,. -! : ". B '_.' ..~" "5 d g b 0 i E ‘."'-‘-“" 4. 0-. ': v (5 ‘“:' ".' ;'s
’% - Consxder the' followmg d:.agram. ." SO - s
N IR g B o e E :._.:; - ."{ A .' . '-'.'; K ;‘, il oHs

; [cx x) a’s E, )'1 k————=—>" V,[(w,W) EE, )1;7———-- ) (E.E, ),
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Now #([9])

But #([0]) is a. bJ.J ect.mh [Corol,l

a biJectiOn, so g*f*
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K Yy
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’.;* [Lemma 3. 3. 9]
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1s a' biJectJ.on. 'I'h:\s 1mp11es that" 'g*

f*- :ls mono. Cénszder the foiImeg di'agram' u"
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- e, .ot . ; 5 2 i . # N
o | s’o. '#(-[9']‘)?*§f' ='1*, But this 1mpllps that f*g isa | . ) SR R 1
)& R ) ) N : N A o .o g .
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“a e
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T T ', £ ' #([e] i wm d

";‘ ..'.'_. ,- O . . //goq . 'k" B //goqfl-go Op' , e //p '.,P-'.: 3
'-h,:’::'.l( ..:-', ',. ..-_: —_ H ‘ . _": o : . = o R . " .-.~ . o *‘,. " . 5 L o -'..- . . .: ,-: " . ..' o ". "'.‘l
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I R XY =gt c[en Sk R
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But since, #([el) and f1 , aré" bijectlons [Corollary 3. 2 8(a), T E F
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E a2t R & - ity b 5 . i e 2 e Ty HE
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Thus by def1n1tion of f* ([81]). #{[e])(f* Je J = ”([9]]([81f1]) [1]
- . [Equatlon A]
~~ We also have that pl = p' and pglfl g op Thus _1 and . L

glf1 are lifts of p and go Op respect1ve1y U51ng this
latter fact and equatlon [A] above, we are in the situation of ; IR

\ Corollary 3 2 S(b), hence there exlsts a homotopy K: glf1 =1 ¥ . hj: .

such that K is a llft of 0t He We have actually found a 1eft:. v IR

homotopy 1nverse of f

1 =

mak1ng Dlagram 3. 2 13 commute. Ne can
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apply a s1m11ar argﬂment to show that there exlsts a map
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'ﬂ3¢'i ‘:;‘j;i;:p;t 15 a f1brat10n of group01ds since p 1s a f1brat1on 1n ‘fqﬁhf'ff-
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\ of commutatlve squares in prpalr.J.
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and (87,8)) X I——3 (87,8 ') X I—>  (87,By). . S
£ 18 H:f 030 y e

t t

-

Proposition 3.2.15.: ‘1f in the following diégrém p,q,f,g "are : i P

.fibrations in Toppair and

0(;,101,92 are ‘homotopy- equivalences in Toppair, then the induced o i
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3 f“' ® . 2 - Lo . B
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T 4 thls chapter + THE RELATIVE co- GLUEING THthEM. o S e
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R4 I
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. ;PiProofz. We have‘the folloang pullbaCR dlagram
* ! I P . WE o ..—t

(xn B nE xpn B r'l];e_}y.____u_,(E. EO)

f}fﬁhhwé.'are pro?ectlons and wg‘h}
factorlzatlon of g (X,XO) b (B BO) through the MAPPING TRACK
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§4.1 . PUSHOUTS IN TOPPAIR' . S B eem T oTm gl
Definition 4.1.1.:°  Let ~ -be.an equivalence rélation or'the * . -
space” '-Y.-";mfl-"'lét ¢ ; ”z i’e._i'a'mé‘ii. ‘ebmpa.lﬁil!",léf with ~ The - RIS g "'
1 tencé of 4, unlqué m.ap‘“ g Y/m-.+ Z‘ such:.that ‘ 801r= fé' - .. - :
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6.ﬁ§iaer;"a_n ;dlagram m T0ppa11' of the followmg form. ol Crgih
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and let f and ,'g',.be the obvmu's maps i e..we-have;

gt

(I {0})-‘-————-}(*‘ : )




) . ., ' I . R L

. - - . 0y - . N N . ~ -t
b » - Rl P L

- - >

T 2 / ‘
L . ‘ - B2
- kY
< . . .
X . , ) . S o
Tea b - v -

’ . -

" In this case XLEY = * and 'xou,_J Y51, But ommugh -
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Under certain condltlon’s the pushout in Topp is indeed t’he ¥
one we expect, ,i.e. (}( 'L:lf Y~,x0 LJ Yo) e now g ‘;e some . e L
. such conditions. ; - . o . Tt ;“ L
Propo:utlw 4.1. 5. .' . If. both f and g are :mclubg,ons,' then :
| (X l..i. Y X |-', ),‘ . h.l?.t;.;'? X l-l Yo has the sub-.,pnce tbpolog,y’, f‘:‘ g

:'_“l1s the pushout""of D1agram 4 1..2
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Cammnous IN TOPPAIR.- EL.EME"T,RY PROPERTIES U
Sy S e WAk L ,‘ N & *:: ) ’
P oL -\' . . " .-_:r i o . . . . .
nefmmon ai. Amap (A Ag) <3 ( (x x ) is'd ‘COFIBRATION P
Do s - ‘E:_:.. N | s
in,‘Toppalr if any. _commutative dlagra of the followmg form g Sk PR o 1
. Jer GL = & . ;‘ Bee ',
‘ . :_ R K ..“. ".:-' : I ) -‘ ,~:t' s
K -_::' .. '~ -,’." ,",] (A A ].’_-_’* (x xo) “. :. 'l‘.
L la‘:‘ ::.‘ :_"" I.‘,‘ | .‘J; 3 '-";':,
.'"‘cA.AO) ¥ 1,—,?-4 (X, X ¥ _
o el i 7 ._ i
. J -"_,. ‘. -’ n-",_" ‘;Z:
"'is a WEAK pughgut ‘ and any mapé' 4;
.‘ , . B “.l-; x; 7 " ..,‘;{-
3 (x x ) -+ (Y,Y~ ),'-‘ such ‘that 7 290
H(1 x 1) =, f:.. there.-ézf_z.sts a: map H‘ (X,Xo) .k 4."(_Y,"Y L 2 g

A*.snch tha.ﬁ. H‘ 0 (1 x 1] = H and Hj.x —-f The map i

'_' v ." i ar -, - = o, i . = 'h. ) -‘ . 1 .. ‘ )
e g RS sa:u:l to haVe the HOM(H'OPY EXTENSION‘PROPERTY, abb?ey;atqq Hl_i
if the" definltion\holds w:.th respect to a. partlculaif % (Y,Y'“
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- as the HBP m .To

LR -




i arelar ‘T‘F-n— o gt Tew 4w va et et A RN " . N BT R
|‘.4 ,' - 4 . PR N ." Dt J to. ¢‘ .:' K s
U P v " - Nl N . - N . . A
3 . . . * _v‘ N .
et OO . o = . - 1y ,
. g » . .
A L' e g = T C o . &8
- o - b ".-' ‘.-‘ . PR - K — '--‘ .
d L_. ’ . gl - - TR A
“ Ky s i d N *a .‘ . T . '
.. e . . g i : . . - R .
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e (A;Ao)c:;_.._..___)_ (X, X
» . ety . i .‘
. . T

"'and conversely the dxagrgm of Definitiﬁr'\ 4 2..1 gwes r t By e £

coﬁbrat_;on in ‘fepbéi . e

Proof ‘ Let .‘(A A ] f—-) (x X) -be a cof1bra;1 n m Toppe;r and

let f (A map Conndexr h ':fdll,.owiﬁ

pushou 1n 'i'dppajiit.: .
SRR P Y o
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o af et
v . 3
PR v, ®
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each comutatne d1agram of the follmung fom ‘in Toppau'

“ne o B
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s d e

- such that q

'ram ;4 2 6
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en q completes'Dmgram 4 2 6"’
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’ .-, Diagram 4.2.8 - ° i L e e
. D grar 4 .8_‘;, i 1‘ T S
. X) o (Y Y ) such that
: But 1 s a cof1bration m ’I‘op, hence there ensts a map
Sl ' . : " . I . R 1 - e, i
e h X ke Y uch that € h and lup— K. i
LI ;. ' . v
‘- - .. @ ..,J' l e ‘i
: ; - ¥ S
‘ 15 a commutatwe dlagram m Top, hence there ex1sts a commutatlve
J N I " “ - . Y 5 \"
o x * Yo . smce 1 1s a cof1brat1on» m Top. : It 15 :;, RN
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' Lt - »Proposnlon 4 2. 9 ['5\ A ) c—-; (X X ) be. an, 1pc]us;on e

-

g _~) such that Ay C——?X : 15 a COflbl‘atIOI‘l 1n TOp

o1 s

‘ (jo)c—; X LJA,X’O) i a cofxbratmn in’ TOpp

-

ALY R N

P‘r’oc,)ft'_.:-. : COns:Lder the follonmg dlagram

.-l.x. ""‘\ .4_,.. Yy ‘.‘" I"f . . .. -“: “, ’.y '.I * -

- .

'ﬂlen o .‘"5 o

arr.v, L T

; : (xo,x ) -——th UA ~);.;.r
' » ' Th15 ‘ils mdeed a. pu§hout m 'l’oppalr [see §4 1]
. ,*\‘Z"‘ 2 .o, e, "i"‘:‘“: -
And R ‘15 a coflbratlon :ln Toppau' by P p051t10n 4.2, 7. et
$e e " :A ’ Lo Y

- - . - "
L 3 .
, " oA . O
(- . . )
- Y . v s
+ - ) -
Y B [
< . - .o Il_‘_l.'», -

Y Y I_JY and Y are closed An 'Y‘

1'2

¢ -

T '~',.,_,1'rhen lf Y ! Y nY (vl,Yo)c_.y(Y,Yz) a.nd

0

’ 'are Toppan' cof1brat1ons.' . ,‘
= ' K .,A.Pro_of:x . For, t}!e-fn'_st::gar;_‘.ta]ge A0= D’ 0 \ 2, th
B A A ‘Propos:Ltmn. For the second part take AO Syx D
s T the Prop051t10n- S J T f‘f'g L et NS ‘ g
.'::_.w. T _ ;'. ,Propos1t1o&4 2. 11.. _ "4,.L§' (A A )c._; (X,X ) be a map 1n
| W 'l‘oppan‘ such that (1) A L_a X 15 a coflbratlon 1n T0p ) .."-
5 s ( ) X U A c_) x 1s a cof1 tlon m Top

T Thus by Prop051t10n 4. 2 4—,5 :/ 1s ‘a. coflbratmn in Toppau'. oo

.. . --}_Corollary 4. 2 10...‘" Let (X Y Y&/ be a Mayer-V1etons Tnad

o
R

(see Brown [2 ])‘
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(xou A X) ’:I.S ,cofxbration

s

he following
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-x I -_* (Z Z. ) such" that

2 o LIS

so’ have the followmg cbmmutanve "dlagram

Q".:.”X x. 1 *, Z such that Q"(‘t %

:..

Then the maps Q " arida.Qo' (the restrlcuon of "Q_)
. 't e _ Vo R
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.a._;—

.1n Toppalr.
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- Coroilary 4 215.%, Cis'a cdflbratmn in Top
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IR (T T) X. I >, (Z (Z Z ) ) makmg D1agram 4 2 16
Sl ' commute. Hence 1* is a’ flbrzrtlon m Toppnr. f ~' LT
r K ) [ T . BTN ’\',. . ,( .':) .ly‘ “ ) .-".’.'::_.,I < e )' :..",
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s e, 18
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e LT . S
“ b . ¢ BRI A [ '

ST -f.;fiﬁ. o 0 (x,X) - (v*,(m){ Lis amapffand <o o

R TN

AR TER T only 1f (x X, x0 x *) > (Y YO) is.4 map~

& x ]
L x X" Sd Q/ (* *) + ( :(Ytyo) )

‘~"7:",:"""-a,." amap And h (A A ] + (Y,Y) glVeS a map

v-\'-:’:,’." " "1‘: .". ‘,:.’ '. ::: "‘.f,‘ ." . ”J ) ".‘ .; o .‘: ‘-.'. ' ‘:} B ,‘ . “ ; ’ : ‘,“'l. : , ' :1 “'..:.A - -r“‘ ';
AU i (A A ) : e s e
. ‘ 1+ {YA (Y Y ) P A O L BRI




'f;maklﬂg D1agram 4 2 19 commute. ' From H"7 usmg the exponer}tl
, "~‘-j._' “Iaw,. we ge‘t‘ the requ1red map H (x xo) -+ (Y Y J B makmg

N . .:._.'Dlagram 4 2 18 Commute. Thus E 15K§_ coflbratlon 1n TOPpalr. “;":_l L _"~

Let f (x X, ) + (Y,Y ) be amap m

' Toppan-, Then T .' (x, Q) > (hf,m ) defmed b,y q(x) = [(x,l)]

~cof1b1:at10n m Toppa:.r..
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. jDefinition 4.3, 1'

-~
. /¢ P ¢ v 5,
I < - - e < e -
.. - .
. b o s N

oA subspace (A :.A") of a qpaco (.\,X-O‘)f‘ ‘;is :

|. . 1 - "‘ . ;
L D AR
e o : R A
. : v R e o
, 7§4,3  TOPPAIR RETMCTIONS . % «° = . .. 7 I

¥ called a RETRACT of XX o i the inclusion mip. i
F7 . (A A ) c__a (X \ ) has a lcft inverse - in the categdry of - .
CE 2 '.'Toppan* Thus (A A ) is a retract of '(‘\"XO) ;'1F g:md ‘pnl}’\
1f thers exists a continyous nap - BT R
. , ‘- . I' # .
s (X,X.) A,A. : t = ’ :
T ) (ﬁ Q) > ( ) such thz}t ln‘ l(A \ ) , . )
. i.e. i‘(’() ="'x ‘for all X. belonglng to _ (A A ) ']hc map T (;‘% ']»‘ - '
-,1s called a. RETRACTIO\I of (X,XO) onto (A A ) - t T, .
- ,Det}pé‘clou 4. 3 2, "A':sobspace (A3 A ) of (X X ) is calledl a_' N - .
gl\El\K RETRACT of (X, X ‘ 1f the mclusmn map . Y e " s
« T '; c N - v “"h’b
(A A ) c-——) (X;X ) has a left homotopy 1nvez:se Thus\ (A,:\ ) s
| "15 a weak- retract of (X )\0) 1f and only 1f there ‘exists’a . :
- contmuous map -r (‘( X ) 2 (A A ] such‘that r1 = 1 : -
i AR . o (B49) C
ST me map ris called a WEAk RETRACTIO\‘ of (x Xg) onto (A,AO). L |
g oL o : . ) - & N
R o, e L R _— . ;
. ‘I’HEORE‘I 4 3 If (A A )“—3 (X X ) has the HEP with.respcct -
Yy . ’ Lo '
(A A ), then (A A ) weak retract of (x X ) 1f and onl\
J ' f‘v_-.if (AA) is aretractof“(XX) B o e R S ‘ "
. . 'proo'f: (Necess1ty) | We show that “aty weak retractmn _ S
A . ...': - . e _ : ‘
. RN (X X ) + [A, AD] is h0m0t0p1.c to 2 retractlon tet K o~
f’ = _~i _(.A’A ) G——} (X,X ] -j then T]; = '1. . Let . _‘ r ::‘ ’
= G:ri = (A A ) %1 [A A ) Then G(x D) = ri(x)‘ =g-(x) for- _ j L
N A \ t B
4 all x [A A i Bﬁt (A A ) C--) (X X ) ”has the HEP w1th respect X i‘a
b . ¢ . .“-. o § n
' ] - S ’ ) - § ._ +
: o e <@ ' ~.'{ i




:1 . . \ : . '-ﬁ. *
. . . -~ .. 0
: " , to (‘N’,Ao)x- *Fhys we have the-fallowing diagram:
» ' s L : B /_\ - o ' ~(A’AO) C,'___._v, (_\,_\O‘) » T _ . -
'-s . -’. L ) : “." ...- -~ * . - o o 8 . N P% - ' .-'0
R ' . . : 1 o . . oo . G ) '

RN : {. L AXX )&—_7 r\,\ R

I T U R U S h
S T r\ r:‘

B TR LA \\9 (A,

-’

3‘,:_‘7".'- :lj so that thcre ex1stq 'I makmg, thc dxagram commutc.» And _
F(XD] = G(x 0) rl (x) = r(x) ..ffj.x;“': [\ X ) > (A 1 ) ‘iz';

»

det’med by 17 (x) = F(_n.,l) for a.ll x in [X,.‘O), ‘then r-

is a’retraction of. (X,Xy) 'on_to (A,Ao). : o

ince r’(x) F(t 1) '='G(x l) = ](A AO) =X aﬂd F:r~= rcé,

ho rcsult follows. =~ - .. ~ = ‘. - r‘) ' . »

¢

105.

. <. it . P RN o : : B T S
“ e s \ L o . : q. e . .
- MR . . . - . . . :
- .. .

— .~—, . [ T, ) \J" ‘ ". ) ~ . g . o i -
. - (Sufficiepcy) Triviar. | o RN : :
. ';—-}. ) . ’ . - - . R . . Sy . : - o B ]
- Lo J ‘\)' * ‘- L . N - . : (' . t. ‘ . _‘.. B i - /-/ .ol
' " . ' C “~A‘.“, co - o el a Lo el
L » ‘We also consider 8iclusion maps-with right homotopy . , .
oo " inverses. This c;}néid‘érati;on' “leéd_s_lttb.fihé follo_wing d;z'firi"ii:ions.
iwo.. .. -Definition 4.3.4.F Gwen (AR )c_, (x xo), a DEFORMATIOV I of .
. N /‘ e Ao ." . .
t (A A ) .’in (x.x ) .1sza'homot0py.“D' (A AO) % I - (x,xo) such
\ I T ',. tpat Dga,O) --a for all .a m (A A) Mpreover, if e
: AR j{)((A Al o) % 1) s contamed in.a subspace (X’ ’) of (X XO), :D
R Q . 'ls sa1d o be a DEFORMATIDV of‘ (A A o) - mto (X’, Q’) and (A Ao]
G e S ,,'15 sa1d to be deformable in- (x x 1nto (x°,X X, ')
’ ) « - ' - RS
NI SRS T >
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Note 4.3.5.: A space (\ Xo) s said to be DEFORMABLE ‘

, :
.into a subSpace x- ,‘(0 ) if it is de,orr-ahlc 1n 1t~.cl‘ mto ‘ .
XX ) Thus. a space (). X ) s contmctxh]c if and nnh if it ‘ . i
s defot-‘mable into one of its pomts L e s ‘-'.";

¥

Lemma"zl 3 6.. : _ ‘A spacc (\ \ ) IS dcforn.lblc mm a -ub~.p1u : F

(A Ao] 1f 3"‘1 Oﬂl\ 1f thc mclu:sxon rnap r\ \_ ) . ;“ \ '4 h,“.?‘? S |
a Tlght homotopy 1m erse 4 ‘ -

Y Proof (Sufﬂciency)»

’ t'et '-‘ff:(x,xf) * (A,A ) be.d map fuch that

"1f@

HEP has a nght homqtapy mverse onlx 1n the tnnal cas - ‘

"(¥ecessitv)

.',nc(xx)xl)ccm)

.of.': j...

. 'Nd'ce 437,

SoF

Let Bs s if P (%, x) N (x X,)- Then

15 ’a deformatmn of (X X ) and

&'

F((Xké}xl) 1f()x)C(A,A) o R

Thus- (xx) Jsdefomablelnto (AA) S

If ()s xo) 15' deformable irito
t -

(0( xo) x' 1 ad '(‘)‘(’ xo) be a. deformauon such that

(A:’\ )

Let f (XX)-»(AA) bedefmedb\-

1£0x) = n(x,n, =for a11’ 'i‘n * xo)

Then D 1 1f whlch shows that f 1s a r1ght homotop\ mvcrse

)

In Tep or. Toppan' 1K(A,A

\.‘

(AA)- cxx)

. 0 ) 1 - ‘. o ‘ T .
. L . . . »,"E ’ . M LA .'-,.. .
1" ».' . ? . ' i . M
B K . ' 0 N .

Defm1t10n 4 *8 A subspace (A A ) of (X X ) 15 called a

l-'(.\,O)- = ..

" WEAK DEFORMATIO'! RETRACT of (x x ) 1f the 1nc1usmn map 4
o ,' (A Ao] C-) (X X ) 15 2 homotopy equwalence ' :." - L
y YR
'l‘.‘-i‘." = . \;\ .:.1:_ :




Lcmm'a_4.3.9,,: o (A,AO) is a weak d'o‘f:orma;ion retract of

o(.\',,KOj if an,c.l‘ only if '(A,J\Au‘)' xka sscok "1‘-Qt’rnct of ‘(X',Xé) .
) ‘ ".and "(‘X,XQ) is. déformnb’l ¢ i;n;o' A. | o -

‘Pro’of‘." . ¢ follows trnxall\ fror; thc faot that. lL Fr md .1 lﬁht' ) ;:-'J &
) D h‘mvexlse"s ;rc cqual and from Lemma 4 3 6 . B TR B
'A_"‘Deflnxmon 4 3. 10 \ subspace (A A ) of ()\,\ ) '15 a SlRO\.t, e

NE ":_', :-'DEFOR.*!ATIO\ RETRACT 1f thcro cx1sts a retractmn (\ \ ) + (,\,,\ )
:‘:-i.such that, ,f (.\ .\ )(____;(k,,\ ),~ then 1 ~'1r rel (,\,A)
';.'.'~-Dé'f1nitidn 4. a 1-1"':.1-,.?\ subspé’ce (A, A ) of (x X ) is talled a e
~-DEFOR\MTIO\ Rf"lRACT if “there is a retract:on r °9f (k X,) to ’
(A A ) such that ;l = ir uherc 1\ (A A ) C——) (X X ) is the “
: . '-1nc1u51on map. Ifl; :A"l = i’r,« F- 1s called \eformatmn retractmn
i ’ Ch - ”of (\ X ) to (A A ) LA homotopy F : (X X ) x I g (X,X)
. . ‘ ' .called ‘a deformatlon retractlon 1{" and only 1f F(x 0) = x for all
. - .x ’oelongmg to (x x o and F([X X ) X 1)§c (A A ) |
B 'F(x l) = x for all x m (A A ) It 15 a STRO\G DEFOR.\iATIO’(L . _ '
- 'RETR»\CTpf and onl) 1f it aLso satlsfies the cond1t1on F(x t) P
(' s . i‘for all x m (A AO) and all t 1_n 'I. -
S Lém;a,:;’.,s;lz»»--"- CaE (x x ) is deformable into'a retract . @, A
;. | v then (A,Ao) is a deformatmn retract of (X X ) B . '
S '-_proof o ‘ (A A )‘-——)(x X ) be the ,u)u:lusmn map and R .v R
= (X X, ) *> (A A ) ‘a. retractlon. 4 'I‘hen n = 1 by defimtlon of L B,
.r;tr‘act, i.e. o 15 a left homotopy mverse of 1. But (X XO) 15 ”,
fAI—» deformable 1nto (A ‘A ), so by Lcmma 4 3 6 1 ha§"a rlght homotop) P |
., y ::.4%~t,j L




' .:‘ i :“ >y L ) .‘. .::‘ v . -!. "- Ay =" .}? e v ':. L
- 5 o T ' ' : 106,
. C ‘ ' ‘- i s ' ) . = ' ‘ € oy
& ) - ' ’ . v 3 ' ‘. . M .
. -inverse, But.we know.that if i has a right homotopy inverse and | .
. : "~ a’left homotopy inversc they are the samc. Hemce 1 = ir - and =
W s = : - n i A - " “ B DA . L. 5 ) o 5 | eEET .
g W "(A,Ao)_‘is a deformation retract ‘of f(x,xo); B ' N

O] 0

then (A s\ )

‘Proof: .‘_

lf_, [A,Aojt..;(x \ ) has the HEP,.Mth rcspect "

Th:s follows -from Lemna 4 3- 12 and Tneurem 4 3. 3 e
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¥ THEOR!’..\}‘ 4 4 | P 'ihe map (A A ) c——-)(\ Xo) 1s a co—flbratmn i

‘a rctract of (\ %1 "0‘ % 1) W

‘e .o o+ '., . 0} . o »t .
.. Oy o W R =%
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oo ey e £ 0 i ._,'-..‘é LRl
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§4.4 CHARACTERIZATION OF CORIBRATIONS IN TOPP:\H! 7y AR
L O A t .- N

v

ln Toppalr 1f and onlv 1t‘ (\ % {O}U A v‘l xo . {O;UA

.. . ,_- ot
)

o . Ve

“15 a cof1brat1on. l!e need:

t\.- » '

£01UA X 1 x *x fO}UA-'._'

\o\-. we, have the fpllowmg dlagram' L
3 ~"_But, i-isa cof1brat10n. therefore there exlsts 3 map M ¥ _:ﬁl’j ,
i 'a’, a LT e ) k -" "’ . :- i :‘:‘,'.".‘.‘”,-‘.-, _- .‘:"‘::. .
A (x,xo) p r » (x x {O}UA X! I X % {O}UA x~I) o i T
: such that 1‘1“" = 111(:11 and . ri” mcl We stlll need that ': T
GHTOT : B T ey B T
! "' g
!

: r:'i‘_=,1'.. But we have that r1 (a t) = r(a t] = mcl (a t) ‘.' ,='.'-"',_._'..'--;:-1

L . .,,_‘ . '..‘.. _.. . .- v I ’ . “‘.Q""- .-'.‘-"'._',_-'j
K F 'J‘. v.. N “ . .. S ot ‘e ‘.. t .. . -;'-:. ;-'. '., _'
R L Bife wed 8 (a t) (AA)xI(a ) 3 ¥ e ¥ T S
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S e . .

A ‘;-'_»' . . ; 15 a -retract of X x I,,_
A ro 8 6pén in- X x, {0} UAI X I' 1f and only 1f C (\)'(':"»x {o}
¥ e A& o Y B g %
LR I 1s~~open in, AxL
Ho oF o TI8 Pi‘ of.. (Suff1c1enc}') %.‘:‘Assume --that c c. ¥4
y o=, "'X x_ {0}
J # (e I })Te m,eed‘that C 13'open in

b W‘-,' o '~" R A
Yot - =
" BN
. . @
¥ - ) o)
K ¥ e . ."-.'
e, . ! -
= AR - X be open in X.
" o N y 5 3 ..a'
| .'.. o ) .:. ‘: '.. 2 v b 3 '.:_
J _'_:"",'. . .~”:”.‘ Let U e
[ Then

EIE

P . ‘ B

'.-’ .\...

. | "c —'C f\(A x

. ) b .',-'A..
ol : s 4 Le‘m!qa;4’_5.4.2'.:

C
e
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RN
23
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f [

et s

- t
v

- .-
f
[N P
N ‘ 2
s e
A g v
Lo
ERRNN
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K _z:
;
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(0 1])

e

x-'. o+ (x X {0

* . .
Vet . ..,..'.

{0}) wh1ch 1s open in

s open m X: .jmd

R Jc.' LIJUN Assume th'a'é ;
1 belongs tp @h.e_';”c_‘losure 9f .

'l'hen r(x t) belongs to

.|!

-.,,.. .

} iJ A='-
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., 2 We shoul‘d then, ave- 't;hﬂt (V n A) ')'t f=.
RN i A .' e V. i i]‘néig!ibqt;'rbgod of i
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23

'
: Pt 5

&

b G -

ve e &

.

s

t) : '-belongs to ;
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e i eae piagm e, s e e sl e gl ‘.. ‘n.'.a-p,-,,r.‘”‘;-u A 4 ¥ s
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a-(Anu)nu

cn (A x‘(o l])"open ui : X % {0} U A x I

AndB

T PR

x".x {D}UAx I

1
..

Hence:.(; 1s open m x

s

Lema 1s proved

h W
. o

15 sufﬁclent for our purpuse

'e now p:pﬁvé"the suffltuency of The&em 4 4-'
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4

“ . .
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"y, 1s a weak pushout.

. .

TR yRY Pty
an e &

s o

-

Y

f

-t ¥ e S

By e s Rl

e
T

e

AP« L

2 2o




- Xt =1
.. .. 3 v N 5
. ‘ sy . N - -
e - gL . v ! , P ' [ . wo s . o
X PR H .- . -, . ! 'saih ", . R Y . R -t oyt .
: Co ' o . . N
' : - . . s ) ’ . ) -
- N s . o S '
oo W . IRy . ., .
N s . v N . “ 4 . D
L L (" . NS H ' o -
¥ . N .
' i [ — » . '
. 7 P : 11 :
- A B ) .
. : . P ' " : o )
Y v, o 1 . »
. . -t DRL & s
. . .
. N . ;
. ., . .
* SRS . , 9 - o .
--’ i 2 v
. K K
.
Ay
R

Now s;mce rﬂ 15 a retractlon and as a consequence of

. T Therefore there ex1sts g UF

Q. sa)',. makmg Dlagram 4 4, 4 RN
s : commute. . ‘Then Q o r is 2 map that commutatlvel)’ completes 2
o i S Dlagram 4 4 3, ":'Henge j

¢ i 15 mdeed a coflbratlon in Toppalr T

. k i i ".‘ - N
. , . - : L // ’. :i i R
. - N . "‘ . " '.f" ) Ll
K y 0 . AR I VLo i
[ ' S B ' ‘ ‘-‘ 1 "
. _ coflbratlon 1n To alr, then A ‘-—) X and A ¢—-> X' y L e
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] whxch ist a.’

in. Top are ilécessary ‘but

x x‘ )+()(x

.s‘

2
‘-

" I. v -

&
U

r."*x X, I >, x b {0} UA ¥ I s then a retraction in Top':.
hejfollowmg d1agr

coflbratl.on. 5

{O}U‘A* I X x {0} UA
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not sufflcient cond:l.tions for'
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) (Y Y ] and (&,Z )
o :J.i;. -y "" Tl
x a.rrd Z are Hausdorff and Y"1s locally compact

Rl

v "?then the funétmn

L,

Sae Dugundjl, p. 259 [10]‘

e, e N
. .

Pmpos_;tmn : 4 5 i

e

. ‘.\

3=

¥
3 ...- Su,

Hausdorff a.nd Y i locally.,compact Then f “is homotop:.c'»-

‘e

-_-‘;J-a—-a'--\-

=

).
3 ‘.‘,0 )+ (Z

D
P
.

H 4 1s continuous 1f and only if H

--13 conﬁnuous 1f and onl

o,

(1 I) & (Z (Z.

.
D]
RN

3
-.Av '™ .4,.-.......,-.. e T s
o PRt
“ Paw vs
AT

. have the fo




1 ) 1 s- cont muous

e g

(Sufficiency)’

We then have the followmé..sequenq

e
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W~
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'S ._.,.- =)

Hausdgrff 4 a.nd locally cbmpact.f Theﬁ”uf A

>

iy "" '.‘ s .
gulya],’er’ig_e e

5.

: ,"-:.{!'-.5'?' 1=:.'qj- {:a.ff;?ﬂd“éﬁi.f < Torefore’” (g)? L

oy Y s, TR 3

"1., 'By fuap crial PrOPertleﬁg,thls i"’Ph‘*s 'h,‘at"";[
N

(TR}

”Hen'c'e

ince f*-- is. ~a homor.opy equn.valence for,.all -

) be a homotopy“"inverse‘_

we ha\re a. map

(1,1 1;«-» o (xx Oy, '-:-.=..'




35

. 9
el te e
: 2 , 117.
. z ' ‘ C . ’ 1 ] 4
'w .- ~ . e
‘K(0) (-) = HQ1 (x’xo) (")10) = figlx('), = uf*h = hf. ‘And
. K() () = HUy o 1 (),0) = 1 o (Ey o (60 = 1o o v, dee.
' ! ) “' l (x!xo) ‘. xx (x’xo)' . (x)xo) o f .
K .is a’pé'th between hf- ahd' 1. :
. @ -'4 X ’ - L@ - s ! ' . e -
: L Using the 'exponential 1éw we gbt a homotopy .
"".4':-‘:' .".'." 1. . o .‘ ".‘ A = v
LA ST (X Xo) x (1 I) > X, x) .

v, © o, And L K(r,0) = -K("'.'l)} BUt K(- 0) K(O)( ) S, 0()=hf .
e N N : .(X,Xo)'- o C
St TEmd e e o
J e = k) =1, @) - %" i

‘ ‘ : ) (X,Xo) 0 -
- S0 f(‘:hjf: 1(xxo)9(xx)x1+(x o) :
But h does not necessanly induce g since we simply have: that
»
e g(l()(x ) =h and g(K) need not equal h* for  K-#£ 1.
S S However, smce hf 1. we can say that

N - - (hf)* =L x |

o -z, (ZZ)(X x0)) f‘?"‘a“ (Z:2p), i.e.
| | . '

' ) X)) e X
f*hr 1 : (z (z zo) ) x (1 1) + (z (z, zo) ).

‘:,“I:".,.'- IR ' i ‘Buf f* : and 1. are homotopy equ:Lavlances.' Thus by

- . o

o _ T Prop051t10n 1 3 ,6 and Note 1, 3 7 so. too 1s h*, Now we have
. r TR ) that f is'a nght mverse for H. We still need a left homotopy

Y

‘ 1nverse for B. Applymg the argmnent above to

(Y R (Y Yb) ) - (Y P (Y‘YD) . ) ‘we.: get our result. . "

‘Now h* is a homotopy equrvalence, so there ex:.sts

;e
. : < ~.
— . N
e . o
N )
, . . . =
o ' - '
@ i . i o o
¥ T . . *
- PN :
.- . . f RO
r .o BRI




£

o ‘ ~ v

Y (Y,Y) (XX) . ‘
T (L (YY) °)+(Yx,(YY) 9) such'that rh* = 1" and 3
. ‘ - - ’
“h*r = 1. Let r(l
) v ;
. .' . . . . qh

(Y y )) =q : (X.XD) » (YY) and we get

(YY)': ;

S >
. R . -
e e T Y TR S A Pt

c Now thhslfhjfh [If L : m-m..(AAo)xI-o-(BBO).
A and te (BB ) -+ (CC 1samap, then tL 15 ahomotopy

v . 4

0)
between tm and tn]

But thh = q1 X, xo)h = qh Therefore gh = thh fh (Y YO) s ' . s 11 |

ie. f i @ Jeft homotopy inverse for h.. Hence ~h is a

.

[, ST S
g )

homo £Gpy equwalence. . But hf = 1; ‘hence £ is a: homotopy

equivalerce. - , o . . . ‘ ' : ' Coe
2 ; T

3 * ’ -

'  ( ' 'Pr0position 4.5.4.: If Z is Hausdorff and B. is locally

B e e Y TR SN
. . R

\

co:npact and Hausdor£f then commutanve Diagram 4 5.5 is a
. L] L b -
pushout m Toppair 1f a.nd only if conmmtauve D1agram 4 5. 6 :

s

-

15 a pullback in Toppau-.

. o ) u o . c . ) o 4:"‘“"

. . . uz 1 - 1B- . pll:agram_%.-S‘.S. C s )

*»
A E - s
R NS -

P

o .
©, co)-—aca c,aouco) s

e ('"BU(': * ¢BLC,B

o t, ,,' o ,‘ ' q - -",»-",'Di'égra;n.. e
S C 2 oot 1 ' T .4.506.. L
S e (cco), : (AAO) A

uc) oo (B,B)
((Ga2g) non )-—l,(z“(zzo) RS

(z (z zo) g (zA (z zo) R
: ' L e T e



Proof : (Necessity). Let W be locally compact,

(8,5, PN (XA
(W Hy) + (Z , (2,2 ) BER & "(w"”o)"’ (z ’(Z’Z.d) 3. be

. . = \
maps such that ql o f = t2 o 8. We need a map’

RS BUC . (BIJCBL.IC) L Co R
o ‘ (W Wo) (B g,(Z Zo) e 0) maklng D1agram456 M)

' } - f"coxmnute Usmg the exponent1a1 law for Toppalr, Dlagram 4 S 6

» . "'g1ves r1se to the"followmg commutat1ve dligram e
(A!Ao) ——— (B,Bo) c ' T : ) .‘ RO
L A R
) - ’ ’ _— Ly i u . 1 o A%_
. (C,co)‘_-—ig—;» (B, C_’Bo Cy) . |
- | : (w wo) . s
(-Z ,(Z z ) ) SN oo
But the abové'&iasram is a.-pushout in Toppaiir,;"-so there existsa . .0 -
. , - BN . e _n. .
.. map- Q% (B “JC B "" CO) > (Z s (Z,ZO)' ) Mkl.ng ‘the /d1agram , i
‘qoiimilité, Aga:m usmg the exponent:.al law - Q glves rlse to 7;“' o

' c - ' _— [BLIc B,HC )
Q: (wvu)+(zuc,(zz)- 00

. 0 ‘ 0

- : - -commute. 'l'he unlqueness of Q comes. from the fact that

- (BUCBUC) . U
: A Map[cwwo) (z ,czzo) ‘)]:;—~ e L e

) wh:.ch makes Dlagram 4 5 6

Map[(BIJC,BO‘JCo),[Z [Z Z ) )]. :f.
"_ SN Hence D:l.agram 4. s. 6 15 a pullback for all (z zo) SRl
- . i : ] ~ "‘ \',

119..




' (Suff1c1ency) " Let T be Hausdorffand f : (B,B)) + (T,Ty),

'g: (CC)+(TT) bemapssuchthat fou].:gouz‘

" We. reun.re the enstence of a umque map

1

- N A - - .t . . . L
1 o A o . . . N . ) . Ly

. o4

:

{_w (BUCB uc0)+(w}fo) N P

- : . . 4

0

PR T ' mak:l.ng any dlagram of -the followmg form commute.
:’ '!.. ' S T . ’h' l '. ‘. '-‘ : ‘_.' .o . N «,‘,‘ , ur:, : : I. o '..
2 kg s BB = o

A T I AT RS AN £ Diagram'4.5.7.

3\-‘» - {T,Ty) L .

‘Now -£rom 'D:iagr'am 4.5.7 we deduce the fol}owirig ‘.u‘:mmutativ'e Yo e I

.-

e e

diagram .. SR / - s
. ”')B.Uc‘ UC;\ ((B B .. 7 L

( B ’(TT) )_—?(TB (T R e

K ! 1 . T . . . u * L ] . T N

e -(C,Cy) - N 3 .
R R R N R R (r‘ (Tn ;,0.

(BUC Bo

N »

B Now cs,s)x c* *) = (BB) +-(TT), so using the . . SIS
‘ .y ’ o ‘;'exponenual law .. A . -- : . ‘i |
.": ";.. i oo " 'L""__:'Y ) '.A ! (B BO) .“'- ‘..' Lt ..‘ 4 R AN ) . . ) .'.;'-‘:u:_-”‘u.

AR R SllnllarIY 8 (* *) "' (T ’(T To) . ). is a map. Lo T S

EEUC P R
- -_.u-.:.)-s.wéow,-:.,

S, e e - ' . toa ' . . ] .
! BT B ' Y " RN . I - : e - ..
. -
C. v,
. . . ‘
=)
1 -
- ’ :
. ‘ :
. N \ .
-, . . i
: . . \ 3
. ) B .
‘- . ) .
i f




. XY N Ny
L, .

B
-
Y . R . -
. PRI .
.o P .
AT
. Y .' -
N ’ ~ N -
. ot *
. [ oLt
- v .
i e
Y . s
, -y -
P S Vo L
7 i Y S
» t, L . \“,
' - T .
T . ST
LA . B K
a1 e e
. .

-(.*,*‘),

.,But D:Lagram 4. 5. 6 1s a pullback in Toppalr for zrll (Z,Z

in partlcular for (Z Z ) (’l‘ T: ) Therefore, there exlsts a: un:Lque B

“map: c* *) - ('r"

L1

Thus we have the. follow:mg commutat:.ve dlagram in Toppalr

fe

(BUC,B '-JCO) B "B* ‘(B B. ) R P

@iy

I u* .';...' .‘«,4-.' o N

€ i “‘ o ' cA A )" S e

'S0

0)

(Bch 1Jc ) :

Voot

"mak:mg the above d1agram commute. Us:mg the exponentlal law we o :.' e

’ “'ge‘t;-a map. Q" (BIJC B IJCO) > (T, o) X
‘ - -mak1ng D:.agram 4, 5 7 commute Usmg an argument s:.mJ.lar to the o
one used for the "1f" part of thq proof we get the unlqueness " : :
of Q‘ Hence Dlagram 4 5 71is a pushout m 'I.‘Oppalr. o o "'
‘r.. . ‘.” S ,-'.'-: Lo -". M‘_;‘ - '""5 _ ‘. ) ] ) ' .‘.
Consider .the .foilibi’{:irigy ',qoﬂunut.dti've:'dilé'grél_g; in" Toppair: L - E A &
L (AA) —3:(B,B)) - ~~ T U R
(A", A7) ——3(B",B ")

4, Dlagram o
N

3




. - ,~' X3 :
' i - N LR . PR e
Ry 1n whlch 1,] are coflbratlons, squares L and II are pushouts, -
Do u and ¢31 ¢1, 02 are homotopy equrvalences.} " L ‘. L
RELATI\FE GLUEING THEOREM S RO R Rt
DT "l:; ." THEOREMA s 9.. The :mduced map ”¢ in Diagran’4,5:8 is'& ©:
: | homotopy equlvalence. " L :
< _I;JProof ‘

R commutat:.ve d1agram 1n whlch squares I" and II' are pullbacks S SRR
P .; 1n Toppalr (Propos::t.lon 4 s, 4 ),

i* and J* are f1brat10ns . “_~..'-;:f_'; ',
. (Lemma 4 2 14 ) and ¢*3, ¢ 1, o* are homotopy equ:waiences . '.“A-" . f_;.. i
L g M(Proposu:mn 4 5 3 ') o ] sl e k ‘ 3
T RN | n ) 7 (X‘ x- ) EETCL AN
b e L R 50 0 S
‘-% I (Z ,(zpzol ' )‘—‘? (Z Co S
: 13 '\ 1‘ °*_'s'1 - .

(R Ro) X (X X )

)—-»(Z (ZZ) g ) ;;-,‘ _:..:' -
.~;’1 A l"" (B B

(A':A '

)
@ (z zo) D )f—-:«(zA cz,zo)'

e L TR T \"ﬁa\ o - Ly

-Note, The above theorem is a generallzatmn of a.ﬁuular result due to

: Brg}m [2] and a speciallzanon of s:mlar results of l(amps. HERIEER




SRR

-'theorem we quote 1s 'I’heorem S 1 3

1 - 1‘.‘ A . N ‘: ".

backs m Toppan' and show how a Mayer-Vletons type"sequenCe ,' '

Ixs I “
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. K s, - Yoa gt . : P . -
. oA f o - ol .
. . . ’ [ I et »
. . « .. . R . e . P B
. - 3 B - s o o ., , .
, . R . ety w ., 0 ) . soma K R |
S . " J . " U d . - .,
P . . o . B L oo PRI h f ” .
] . . ‘. bt - - o S PP ‘
. ' o LR ‘ CI e Wt o ¥ B
. . . Y . . N .o .. - o . - i
B L o, " - . ., P AR
- A 5 B ‘N : ° b T j L.
. b o L " d . b R - N
- 2 e . B o . Ca . - 2
N ks < ol T | be - "
_— . , . 0 e R [
' s . . - .
MAYER VIETORIS SE UEN ES“DF GROUPOI S )
A s
5 .;, d 4 ¢
1% ,- o . » ‘. . :
- I CCH . e _ " o ”',,' )
N .‘ e : " . .' - '.‘ . b yr
Gt % :
W~ . PR

Defm1t‘ n 5 1.1;.

Let G Wbe»‘ a groupmd.

’ -

- & suncnoupom of 'G

- :l.s a subcafegory H pf G

such that a be10ngs to -'H 1mp11es.,-’

;- dte. ~H - 15 a. subcategory,,whmh is also . Tl i

.::'.".‘»' .' .“ ‘:", ..1‘-,'.' :.' .-’.".._"w ’.‘,'::_,,._.--' .,':‘ ,. "'."'T" . ""-'.‘. -: -:;:..
£y We say that H lis'a FULL sussnoupom f ‘H 1s_a 'Full subcategory :

The fu11 subgroupom« of G on one obJegt of G 1s wntten L A 0

J : "-'.., ".' e .\l - Lol o
G{x} - th1s groupm.d has one zero and ap b is defmed for a11 . : e !

§ 18 .:‘:_ Throughout th:l.s chapter the' component of an’ o\bject 3 ’-.;i' ..:,
A X .of upo1d w111 be wr:ttten Cx.; Also' 1£’” f ; A‘* C 1.s q L LI & F Y
i e so __be used” to...denote th

& E

throughout thJ.s chaﬁf

e . -“

er we wxll cons:.der a pullback square of

el

AN
L Ea s T
I ,‘.'

whose mo

A"D

s > e




‘; . ' ' } = ‘:'

o ' . .

LR 125,
‘\ ..’1 e "' .’,

’ a 1 \ PN ' ] l » -. A . L - : ’ i .' LI “ . -.‘;..‘ v
oo ‘ .‘ f(ao) = p(do) Let < f(ao) We gwe the followmg 'I'heorem :
R of Bljo.wgn."[.?:‘.]r. SE S T e RN

) A THEOREM 5 1 3..;-._, .

g 15 a functlon A C{c } > 'n-oB th.ch flts mto a d1agram .
A '.“‘ g .:?, N oD it D L Y J :.‘
| . Ce
e w11:h the follow:mg exactness propermeS' 5 ' ) ‘:"'.;':4" B
S (1) If a belongs to £ A ?I belongs to "OD and
- R e sat1sfy f(a) p(d)~, then there 1s b belong:.ng,.-‘-' SRR
N l'. . e ".M ' .: ,? -t. S i L N ": .. R M ‘ "l :l'.,“. ".’.‘: .
| T tO r B such that f(b) p(b)é\z/J R
- L : (11) Im(A) ’,",j; T
R )"y, | Selonging 1o Cleg stiay
: ,' s A(Yl) A(Yz) if and only 1f there enst elements ' -:-i .
-\ ,":I"-‘VZ."' .'_,L" ‘f'~ =1 of A{a }, ;o of D{d } such that e
. o _(J




o3| . . ] . 2 P L ] - . e . LS
i e - $ . A Ce e . : . L *
3 4 * > * . -
S N . .t 3 S TR
) R * e ol e et e o B Tpee 4 ge s s g wTTE ge T2t oo A
K N i N » . « N b . ‘ - - . ~ A
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ther’e'exi?sts', ; P . d

._ . s Y ' W

.

Pokee

i .
-
ace Tn
ST e e

I 5 W

ket o

vy

Thls ¢omp1etes the

iy e sl U
I ‘p..n ,. o 3 W A * -
v e

is a f1brat1on

ol




T e S,UCh' 'that. P(Y) =y
;.: G and p(do) “-_f'ta."-)
R p(d) - f(a)

(ao,d) belongs to Ob B E“We defme A(y) .= (a )

S -the component of (a in’ We now need to show that A 15 e

K2 AN

‘__well defmed.‘ Suppose y _ also I1fts y » _1’5‘belongmg to

D(do,d ). say,,,[p(v ) 2 Y] anﬁl = 1de““"" at 2
: (1:7 'Y ) ; . .

0 Tera

[ . ; N . . PR Car - ..
PR ) . ISl ¢ B [ I S
N v . et : ’ P [N ™ Lot . X
P X ‘ . DU L e Lo - : Lo . a 5
: . . N -t . . o . L v . PR LR . - 4
1, L / N . A LI et e PR Y .
S . I v, .. Lo N ETERE ! X
. SR . R - . . - . :
i ‘e - . . oo . KN . N ',
M P - .
' PR .
B N '

\ )- ¢y = f(a),.p(d)—.c fcao) -.so\ ca d) belongs to

e vjdbn Now p('r) p(v) =y, (1,77 b Joms (ao,d) to /

. Sao,d') f (1) '(Flfi.néjibrfl'brqs'g;:vesl 5 S

| p(v T ) = P(T )p(Y ) =11
f[l) p(‘r ‘r J Thu§ . :

A(Y) = (ao,d) A(Y) = (ao,d’) and (ao,d] = (o,d')

He also have that p(a d) = a f(a RO, Ay

p(Im A) = {a } and f(Im A) {d }, 17e

d ‘d“"‘?;:d: So that':‘ v:" : .‘4“._‘ ’“. L




“_ 4 . B FREA) 2 ,.,:. . e . e . + ot
. s X e '
: | A . s ,
~ ) “o . ;_' . ‘ ) " " ) ’ “. [
Lo mesila 03 "f N L RN
L To prove the i'emam:mg part of (11) let b = (a,d) m T B =~

~,:--.,-and supposqz. p(b) =3y f(b) = Qo e s‘how that b bel gs
A to Im A Then p (a ) n f (dog gIm A,

".":",1.9. we show that there ensts Y bel/"ﬂglng to :;:.C{c } ;'?}ii:lhl;

L "-'v‘,"f'if--::-that A(Y) = ’_,_ Now smce p(b) 5% p(a,d)
ROE

S e ey -

'é( N there are elements u m D(d )‘
f(ao) p(d)

1 e dlagramatlca.lly we have ~

1n A(a,a. ),

f(a) s:mce (a d) belongs

to ObB

Thus “Y f(tx)p(ti) ;s an ;alement* of C{c } And';"' I'1n;e ‘p | 1s
.:‘:, _ 3 g ;,'a f;.brat;.on there qx1sts a 11ft of -1 3. Say,. . ;qhere y belongs |
S e by, ) and P p( K f(ao) )
~"”/M‘ I ;"'::‘50"that- (a d’} belongs to Ob 1? And" (a,yé ) j01‘ns

1n/B and :(-p(y ?)

f(u)

(a'a) to (a.o,?i']

-["mp(‘s ’ YP“ ) f(a)pcc)p(es )
A(f(a)pcs)) =

ca ,d) @d)? =3




SO  ad l_lajve co:npleted. the ‘;p'.po'of of
:mclus:mn 1mp1y.. equa.lity & ' . .

-'.

.
»
T,

- o

-f-‘l belong to C{c } as :m the dl

s

p 15 a flbratlon a.nd p(do) =6y =

.
LR

E

2 ex1sts a 11ft 1 ofll' such that' 1':. ialongs to"'D{d }, i e.

e e

D(d "dz) be llfts_

1 .

r L
B LAY
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* ‘ coe T ‘ 4 : , ’ ’ 131.
a .w_’f;a"’ ‘ A | R ’ . ' .
- flence there exists .@ in Afa)} and B8 ip p(d ) such that
e ' f(a) = p(B) as in the following diagram: .
h 1
‘ . .‘-. - - ‘ ’ P o - 7 .
. | < But we have 61 m D(da,dl), 82 :m D(do, 2) wh1ch are 11ft5
R T ' -
; o -. of ‘71,12. el P(51) : \'(I cand P(6 ) 72 since p is a E
. ' i ' E vf:.bratz.on of groupo;tcls. So in’ D ‘we actdally haveé the followz.ng
' - -y L ] , - i ‘
o « 2 vpicture": I
4 ‘ X ..
' - 8 . ¥ ‘
' * 4 " '
S a . . N D
Yo . : -
'  _| , i 0 :
N o ‘;. ; R o
JE :

f . 'Now.let . 6,.

862 " 1 e.fcall tbe "road" above, 6-1’ '

s, "

s b . . L . s 1 . ';‘~'-' -1_1
b s X - “Then 61 8626, [6‘ 62.( 852) S,

-

RS TP And vl'- B(8;). 7 p(sc 5) - P(B)p(ﬁz)PCGL RN

S s _' I "g..e.’ 71 5 f(a)yzp(6)- Thl's completes the necessity.
T e e

Soal o L g “"fj{v) He need that o - ERE
;-..r.,‘,v. o * .o MRS

‘>'.':“- "" T - , : s . f * -
E L A o
N . . " . -

- B{b }-——--—-—> D{d } ot




-~ 1is a pﬁllback diagram, i.e. ;we need i:hat

,‘ 'a.nd »Pb'.;: '“65 +'"OA oLt ;‘ 2 . : ;" : ST

<

s S : R

B{b,} =.A{ao}'ﬂD{dD} ‘wh.exs',.e bo’ = (ag,4,). ;. o/

Now Afapy} ﬂD{dol-'- {(a,8)) in Afa,} x pido} ,such’ that

’

PG = £(@)}. R ,

And Dby = B (ao, 0)} - "'n'n){rao. 0)} )
s {(a 5) i (A x D){(a dO)} such that o .
l p(&) f(a)} by defuﬁuon ,of ,B.’ s ! , S

o B{bl (Anu){b} A{a}nn{a /fmce

A(a } x n{d } = (A x D){(a do):} where, (a,a) tby > b dees o

the d1agram 1s mdeed a pullback o -
Cons;der the pullback o ‘ SCEE

S An1rD ﬁ:,ﬂD

C T B - : S
: - . . N 3 o N
. — . . B -
AN . l lp. S T
A . . - s, ‘ . Af:., . L

: '-'.:= 'woA""_—f'—'—""oc L «‘ .': ; ‘. :

Now: EoaBad. i T
are maps uaﬁ-z-that pf fp * Thus by the unlversal property of

pullbacks there ex:.,sts 2 un:Lque map - ":‘";\. i

B * 1r0A l‘l1r D makmg the dlag;ram above commute

r

.~.‘ 0

‘--:;fz<:‘ca.:o1:§ary, 514¢:t1 . i

1oy ._« v T AR u--:’ﬂ" 4

o A .
o " A,;.‘.,K RN L

. e R .- o s .
. [ ,{ ‘,- t \. 0

Pmof~ Broun [3] 'l‘hJ.s has already been proved in (1) of

. the, thgorem. Eor J.:E a belongs ‘co woA 3’ belomgs t.o qroD
. " o, ! .' Lk .

SR

. . .. .- A I ~__~
e Zl S3 e e b




- ::_i.e. -1-(3 ,:!

and - f('s) = p(ﬁ), - we have seen tﬁat there eiis;s -3 in .—“OB

such t‘h‘a.t EMd) = d arid p(b) = 4, i.e. there exists 3 . in

‘ .

. "[TOB,"SU"—h that .t('l\;) = ('5;3.)'- )

S

Defmltlon 5 1 5;.- A groupcud C 1s 51mp1y~connected 1f

o "C{c } con51sts of a s,mgle element for all '5,'0' belonglng to Ob C

Corollary 5. 1 6.. Ig A’ constant for all cho1ces of ) e

(ao,do) in- Ob B ‘then’ 43 : 15 b1;|ect1ve. In p;lrthula_r - ’

¢ is b1Jec't1ye if € is s’imply-qonnected. . .
i c ; . q

Proof: Brown ’[‘ '3] Now A is constan‘t,fo_ro all choices of

(a ,do) in B (see diagram)’

w}uch means. f(l) p(l) s0° that ‘s, Joms (a d) 1"=_=‘-ol4‘z':f~,'7«“' .

: to 1tse1f smce Im (Ls) p (ao) n f’l(ﬁo) =%o

% . only. ' But every element of

- A 15 constant

o) I
N oAﬂ-rroD s af the form (a. ,“do) for ‘some obJect (a , 0) of

~ /:
-B s:.nce ¢ :|.s Sur3ect1ve. So 1f A is constant 4: is-

- o ‘_ L ‘ . vym .. : ;
-jin_J_ect:L_ve,, 1._,e. 4;.. ,:|.s bljlgctl«vt;,, e L T s e
. ") ’.. !

T e Cmn iy




134.

’

Now we have.already seen that, if p : (E,EO) + (B,B.) is a

fibration in Toppair thenA for all (z, ), .

Px 11((2 ZO) (E, Eo)) -+ 1r((Z Z ) (B BO)) is a f1brat10n of |
, _;gz'Oupo1ds S L : b - D SO ’ Cs

Con51der the:followmg pullback d].agram m Toppa:.r PR |

e .'1n wh:.ch p ‘is a f1brat1on e . s B T T T e

';;';': K ‘!": . NIRRT R ¢ - ¥ %
a8 \ ‘ j ‘ ‘,"

. )
e ~Con51der also the followmg dlagrams of groupoi!‘ds - the fn-st
o

on e L i

J
1

a pullback dlagram, the second the :mddced dlagra.m

<

T .:_’i((zi;_zo),jtx;xg))“fa:w'(gz,;o),(s;sa)) §+.v.((’z;zoj,(’s,a'))f]
B S A

ey, (‘x'i”—‘o”‘-,-.—.:—?—-'—%ﬁ(-(fz;zb),"('t_s‘,.a"(',))

¥((2,20), (K EX, P B3 7 ((2,2), (BLED),

' N A AR ."'-" ER A ,, S
L w((2,2) (X)) ey W((2,2,) 5 (B;B)) D e .
'«<." DA '0.,”,:. 0 R f-',.‘- oz 0 - 0 L. .. N . L e N
P 2 ,‘~.,:‘_.‘ ' N K et s e oY

"\ Now. by "mii\férs"_ﬁ.l propertyof -pul ;bagks _thg"re_? emsts ia’ '@iql/fe '

L e g




.' Bt ng (2, 20) 00D P 5 (aZg)s BT s (20200 XPIELXREQ) T ,
f .defiine‘d as "fouws;: ‘ - S AR

et T el ta syl (@2, (k) PR TREEN,

e i wethave BTN N

(x n E X4 r-us ).__>(E Eo) e e

\(X X )——T-> (B BO)

.-:‘,‘- - ' But 5 1.7 is a pullback d1agram in Toppau', 50 there exlsts a

: . o un;Lque map Q (Z, 5 (XHE x HEO)

‘,fQ = h pQ [Q] belongmg to

such that N

s

. [u((z z {XHE x HEO))] we defme W([(h h‘ ] to be
lcu : / R A POR E SR
= 4 :'. VR A R . " - ‘ ‘.- ".' "_:.:. g , |
P roposu::wn 5. 1. 8. ~ -¥, as definéd above, .is a canonical..’ .-

; bJ.J ect:.on
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r

E ! "jProd‘f" Ne pr0ve (1) that d: s well defmed (11) that "._
Ypoisa. b1ject1on. .‘.4_1_ o . ‘ . ‘.:j.-“.'.: c

e

"','::'“&:.'z'.A . .‘}" ) h '. A' N ! L - . ', - R T o LN
' (1) Let (g ,g) be a’ representatlve of [(h h)], D T A

U [(g .- i h)], ‘and 16t :p([cn' .2 [cu, Lt
A o | ‘PC[(& ,g)]) [Q ]- 'I‘hen we have the followmg plcture Lo
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“ a.nd th1s w:|.11 :unply that
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L h and g slnce H" is, such a hOmotopy. Also we have that

f(o +(H +o)) “g +(fH +o )

W f;‘ So we have the followmg d1agram m Toppalr. S

1.:"'15.“'=,“ (zz1x1x1+(xnsx

« ar

wh1ch 15 1ndeed a homotopy between h and g,
(T+c5+a)).h—gf,1'~" ' Ce sl

. And- let H.-= (9 .t (H “+:0 )) ‘ ThlS 1s hoﬁlotopy between ’
T K 6,1 ._‘: PR e “-.‘.

.Pg ph)

So we have homotop:.es wh:.ch make D:Lagram 5 1 9 commute.

.zt- ,a

Hence there exlsts a: homotopy G (Z Zo) X I + (X H E X r1 E )

U .'.

Cap e

makmg Dlagram 5. 1 9 commute. So the class of G [G], , 1s A

homotopy élass between Q and Q determmed by the homotop1e5 i

betWeen h and g and h and g . ‘I'hus { [Q] [Q]

NOW 1f ‘e have [Q] = [Q ] 3nd 4’([11' h)D = [Q] and ‘
w([(g' ,g)]) [Q ]/ we can eas:.ly show that there J.S a’ 3

mol',phlsm between (h’,h) and (g ,g), ) :t.;e."

[(h h)] : [(g ,g)] R RSP

&
Ty

Now Q and Q are 1n the same class 1mp11es that there,exlsts ' "

ahomotopyclass [1 Q Q (ZZ)xI-»(anan)

s 'u .“-

And - FA: F if and only 1f there exl.,ts N - J £, :

"-w.' e

on E ) rel end maps

‘andSuchthat le xlxl e 2x1x1+xne

.0; 5 0 0, 0 O'
(restr:l.ctlon of L 1s a homotupy between the restnct:lon of '
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We have also the dlagram

‘ and PQ pQ’ : (z z ) X T ¥ (x Xo>,.,-;'i-.e
( pL h‘ 'z ,

L ;;m (fL) f(pL) “'so. that R
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olnc(z Z ) (x XO))n wccz zo) 3 Eom, 1-5"‘}‘ |

1]: is well-defmed '_ L oo e

surjecuve can be read:.ly Seen by takmg

EQ’ = g, '.’.,':, e ST

8o, that fL R R ENCEAEN IS ECH NI W SR

Cp

"-. Por (11) we see from above that w 15 1n3ect1ve. ’tﬂlat;—j.ﬂl "is': '

[h] 1n': no('n((z Zo) (XI'IE xo HEO))) Then there .ex1.5t‘5‘ .
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. | .o Chx :. . o . =) < 3 g
Eal ‘ % g L 3 ., . R . . - '
b g, e such that mcﬁ.phm [h] w ol S o
L r @ [ ] s, ¥ 'r v -‘ . ) . . . . - o &
- » D . d ) ;.' . 5 = ] e .
R Hence w., 1s 1Ject1ve 2= S T 5. o B :
o ' - ..: -:.l' . ’ -' - '.-. . " i .,; s *_'; . /'/ 2 3 . 2" RN :_ &
P - 'l'he followmg 'corollary to the above proposu::.on R T LT S )
gt B o i ‘,. } : b | ‘" ’ 4 " kD =% ' .7 '.l’ . " K :: ’Z.,. ;‘ .; .:‘: 3 -"‘  § .
VO R i ammeﬂds a stronger statement of BWWN lﬂ l"l'OPOSHZIOn 4 (IR R R BRI
- :..o_hu' :"..:':. ,"- ’ ': : kS v 3 o |. - oo ¥ & o .‘. N I 5 :;; M .l . ,‘; - L o-“,‘ .“»:".'5’“ 3 '. ]
N of [ 3 ], the -proof of . w‘ru.ch conta:.ns an error. A o R e
-y R LT A % =3 D , . e . § R
T " v, 3 ot . ‘L.t % o 1 “ . £ L. L = N . huel B b : . . . . o e -‘
e i T Corollary 5 1 1q.: ‘woh(z X ms)] + no[n(z,x) r11r(Z s)] . " | g
. L , 9y . " 5 o .0 ..-: :.‘.
.G o '15 a cannm.cal szectmn. = 5 ' -4 o T
o B, CEAS l"roof-:' 'I‘]us follows dlrectly from the Prop051f10n and the L ey B o
. W S "1 . 5 D ]
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".i'.-"": T . 1:((2 ZO) (E EO)) "'((Z 202 (8, Bo)) are groupoz.ds and p‘* _' . 4
A o LB T '15 a f1brat10n of group01ds., We recalI tha.t K [ ((A 0) (B Bo))] AR i
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s *, . '. N h " . - . . r'e 1
group01ds - the fJ.rst, thé 1nd,uced dlagi‘am, the second a pull_ba_c;k'- S e, R B & oS
roupo “'.' = Rt 7;"".; ST N SN o
OF groupoids 1 P i, 1% S 0
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the M-V sequance 15 as follmg 18
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e TR BN INRPAIR
S :'ﬁwﬁ‘\ﬁs.f<'%;:"«, SN ;(‘,”:”r S i 7;;.,3 o ;‘ .
s T ,'15D¢£1n1t10n 5. 2 1.._ Con51der the follow1ng square 1n Toppalr‘"”-’ R
" ' :f‘ ' . ‘,‘_.‘A- ."‘;,-" "1 ‘.' . "'-L "-, " - “‘7,-.‘:: '.-. _‘ K f _ R . '-_- ‘.:‘:."1 ,” _', L. . ..‘.:.:-:‘: . ‘l.l ' ‘ '.' -‘_\ :,‘;.
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.Now h can be factored through the Mapplng Track of’palrs f*?};f‘é.f~ﬁff .
':lfﬁq”iffnlf',iﬁﬂ (Prop051t10n 2 2 2 ) ;{"fhtf,jﬂ"' ;;'l; ﬁ%}ﬁlﬁ3f,,ﬂ fi"'l;ﬁfzf ?y.;- |
AR | iif Sl e T e T e T
PR :ff"fﬁu'TA (B B; ) Q(B ADIR r‘D“Ifqz'(D36 R e B A
e wh u s a_:‘h‘cimsszébx squivalence and:’ 0. s a: Eibration. (® T
| T e mow hethfngpubkdg i Toppatzs - ©
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P \ X >

SRR ﬁenbté (an nn c nB nn ) by (E B
PRI R ‘ hk Dh

S Lol N
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" S defmed by\.. w(a) —..(g(a) fCﬂ)s Hla "~IJ
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' (EE)+(EI"BIEOHB ) 88,8
in vhich v is a homotopy equivalence and 6~
. ~ Me have the following pgl‘lba'pk in, Toppair

S¢S )—g——-)(EﬂBIE ns)
. Py OP . ‘0 SO

o . i

G

-5 (B BO)

. < . where f° and 6 are pro;ectlons. ' R

(;onéidgr also the fqllowing-diagrain in Toppair: |

-

- (c ma_ cgnso)-q(ﬁ 50) -
2 S ERE e
©lo)—

Tk

1 ‘ " Now p,'e"’ are fiﬁfétions,‘i'

L

. Qquzvalence.

N o L wh:l.sker map in ‘the defgﬁtlon c‘if a homotopy pullback

-— o .
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N S * .
.o A . N v ,
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9 , s L -
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Athe front and back squares are pullbacks 1;1 Toppazr. - |

-"1‘11us by 'l‘heorem 3 3.1, the mduced map y 1.5 a homdtopy

exa.mple-v_'-*_ ‘

a fibration.
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u,i are homdtoi)y Aeqﬁi‘valeﬁées and:

We non ‘show: that o has the pmpcrt:l.es ‘of the -

0 '\ . fﬁe: fn'st wnte the sta.ndard homotopy pullback for th:l.si‘—"‘;\
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v .

'x.u..-«.:u} <

r

(c,e,8) F——— (e,0) — e

< -

' - " P :
Y : (Ep f,E“" ) -’_f_..) (EHBI',EO ] BOI) ——E——)(E,EOJ
Lo p,f . oL ‘

@

R .F.""‘“o" R
SRR »vf e

"+ Now plf’ : ‘ "t‘ by commutauuty of Dr.agra.m 5 2 7
But we ’havé the sequenl:e

1 I”1

Y )+(B.0) T .

(EE)g(EHB )

LN
S

' ‘ ’ / . where Pl - '(E,E) ' So- Plf’ P1 ’if ’i £. ,.'o

._Thus (1) of the Definit:.on S 2 1 holds.

.Part (11] of the def1n1tion holds by comutatiuty of CE '

. '.-DJ.agram 5 2. 7 _‘ ’ .* ‘. R ‘
--"And for (111) we' have G ° Q pplf‘o £ feo (Cm’:: C ﬂE ) x I + (B Bo)

. ':;But pplf’¢ ppluf =, plf pf o L :
And few- fp This Go 5 u, a,,d
' 0 s mdeed the wh1sker map sat1sfy1ng the necessary cond1t1ons Qo

to nake D1agram 5 2 6 a homotopy pullback We mte that s’ a

o '-f_pa.rt:Lcular case the ordmary pullback m the categoty 'l'op 1s

. :also a homotopy pullback m Top, .

) X 1 - (B no) e T

. . IO " J LT T R
R N N SRR R SR ety L . B
. 3 . S
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W¥e can form a Mayer-Vietoris sequence associated with a
homotopy pullback as follow,s: ' . P LS

- . ’ ‘ Consider Dlagrams 5 2 2 and 5.2, 3 and assume - that 5 2 2 is

Pt L a homotopy pullback. The$e dlagra.ms can be Hritteh together as follows. '

A T c)e - c BT
.(C"‘CO?‘ -:' k > (D, Do). 4: B : ':

e | . The front trapezo:d is a‘ pullbeck in- Toppau and the hach..sqoare is'a A

. R .“ homotOP)’ pullbaCK._ It is eas;tly seen that the two tnangies comute, . L ‘. _‘:.-,

II

o 3 "1.e. qw- g and 6u
R A .. ) I

LT L commutatwe. Furthermore, we have that w and ,u are homotopy o \// T

h and that the top trapezoxd as vhomotopy

v‘

< ..equlvalences in TOPPair and B is a TOpparr flbratmn. Hence for',.‘ e e

ST ail (Z Z o) in Ob Toppzur, we. have the followmg mduced dxagram-i'*-" o
w}uch commgte's: L e T 5, T
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