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of determlnlng unknown expre551ons for currents on an -%

- “‘antenna system;subgected tngamé known'rnc1dent fleld may . ; 8 -
:; "then be solved by flrstiflndlng the solutlon of an 1ntegra1 2
E‘equat1on for the 1ntermed1ate functlon, after Whlch expres-‘:f;"' :
) slons for unknown currents may be found by a sample 1ntegra;%‘ .f
L X tion. The kernel of the 1ntegra1 equatlon usedlln this L ﬁ}
" v{-method is" s1mllarlto that of Halren s equatlon and at the t?
. same tlme the flex1billty of Pockllngton s:tormulatlon is. . 'E
LT retalned.k;uijf'f“‘;EZZWV;.jfly“‘j”gl,f :t%fT.én: .. ﬂ- , ‘%
'%;V“%313”4ﬁ'~ Any of the standard numerlcal technlques13 14 4,;f:“;“ ﬁ' :i
,' such as Galerkln s method, polnt matchlng, and best approx—i"' } Ai
‘_;?'%51; 1mat10n may be used to solve the 1ntegra1 equatlon 1nf/ -i ';
oo conjunctlon wzth a var;ﬁty of approx1mat1ng functlons for"l}i:fgy’%

fthe unknown of dhe equatlon.; For comparlson w1th avallablefﬂdgﬁ




- & . " -‘  m ‘:‘ . " B [t P & - ! 2 . s .
, o By R o Py L 3 00T SEU S S p I g B L e PR g AR
a2 0% ¥ 4 ' W) T e g o6 -g @ N | EE O A, s gy & T
raf # : :- ; Ty i e .a_ ok :. 8 .'.‘ ,'_- :4', - i o : . 3 g - :‘ }. . o £ . ot %
’ n =0 R B . . R , . & - A e g ) '
- - vy Yy a - g ‘g RS - ~ vl .
o3 e ' o v CRE) o R g » o o R e 2 e 3' .
4 RS : Ay . s , ; Bl g e g SRgE .
. b i 1: e . Skl & 6 -f A k ? k. e s :
i ) i e d N ""."’:q{ ' e '! L o . Y . e Uy [y i () &y f
By G C k ri results for convergence w1th Pockllngton s equatlonp o Ml
{ % CH. e : oo - “-, TlCH "8 < 4 o "'.‘ . - . ' .‘
gt G D Ry e 'u51ng the poznt matchlng technlque 1n conJunctlon W1th g :‘xj‘ﬂ, e
i SAEEEM pulse functlons, the same technlque has been used to solve." e T
‘ g R g S
o L P S o the 1ntegra1 equatlon based on. the proposed method The BN e a0 e
".l." Ll i o P . 1 WE ey ; J) £ A - - \ m = ) < LS ] Y
3 S i o 1 g = A
D o 2 -results contalned 1n thls thESlS show a muc faster rate ca Tt el
g = 9 % v A . . , e ' » P :' R
B 3 of convergence compared to re ults for Pockllngton s equa— o %
%, \ . i

% t"'“'-'-f'--"-",:.:_"‘)"‘“"."c~~j'u.'.e'u::t:i.on with pulse functions. Thls ch01ee is ‘made’ becanse L

' tlon, and:afeicohbarable'oﬁea ntlre domeln c051ne ﬁode * ci'””.

funct;ons\are,used 1nstead of’ ou\se functlons~ia Pockling-.".-'_-'-'*.f,‘f;;4

“ton s.eéeatlon.u-é;s all forther computatlons alsoh‘the.ﬁ.{??{iji'g

! numer1ca1 technlque used 18! agaln pomst.ﬁatcafng ;A co ‘:ﬁ 1“‘faﬁ&”
.".‘.,- e RO s g e les Fou .:*;—- 5

e TEL I AR B0 6 R & 5 BT A o M g gk 0 g
?; ) };%' speehn s of the“attached slmpiiclty and convenlence with thlS‘ l'ﬁA
?: fblf ) 'e'::',;teogglqdeifor the'cases cons!de%ed The resuits lnelode .
et : 9 1 - % * E " He oo 1 0 By
'; Lo 19§pt 1mpedence4and’2urrent dlstrlbutlons for the 11nearu
? dlpole antenna.’ Fot‘examéles of mqltl—element sttuct:ses i;;w f“
.. ? a V---antenna15 and too loaded.antenaa16~are soioed for ":}‘éh,?' ?
o P ‘-. .' s g i B DA y
Ti o 1nput 1mpedence and current dlstrlbutlons.' ‘The. results flﬁjj~;; o
DRI Sy o |are compared w1th measured results and:t;;wagreemedt is- E;:_qf~i'$ }

good 1n general.:_-:




B B I PR

THE éé:il:iam FORMULATION

¥ o CRCR

Assume a current sburcenJ(x),' giééiqg,pnly in’ a;'f?

‘ e . {. s 1P . “ -

'and ersed

‘*hOmdgeneous med

] .

1n~an 1nf1n1te nonconducthe,.asotroplc

ans’

.u. q

. b 0 . Lo - \, P

‘andﬁperm1tt1v1ty e.LgFor the steady

aa”
.
v .

"fox the;

= g 8
‘ff-state—senn301dal case the hel*holtz equat

‘..-'

(see Appendlx A.

i

o

'k A(x) ='";vJ(x) "

.. "

',S..th,e

Jk*”ZwJ B 15 the wave'number wath u | as radi

'n.ffé




., e,

s o Bohg = N
'*where f(x)ﬁls a scalar funct;op and &=v {”5‘57{ .j‘;fi-/ :
e s(x) 1s the three dimenSLOnal Dirac—delta function.
The solution of equatlon (2 1) i then'j-:_a" S M
- .3.' A(x) ‘qu(x) s K(x) . dpgie o pdeed '-(‘z.'s,)i \
g ".J‘ o ok ~..: :' - '. r.-...'t .- : % - ' "Zv.';’ ‘- . “ o "\ ' 3 "' u:

where * denotes componen‘ se convolutlon-ln R Eqdhtlon

(2 5) is wrltten 1n~tﬁe senseAOf generalxzed functlons?2}¢"

In this sense it is well defined"s;nce J(x) only exlsts 1n -5~

5 - ‘-- 31. e 'ﬁ - ,"" £A | AR _.",
.1-a bounded region and is ‘at least'con,'nuous, and K(x) is o

ldbally 1ntegrable xn R
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where T 1s the llnear differentlel operator (vv + k )J-‘~f?

Apply;nq equation (2 9) to (2 5) yields (2 10a) and hence .
1..-}~~ =
T (2 10b) for E(x), since cenvolution commntes w1th d;f,er—-54~
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-.1§V§' refers to V : W1th respect tp x .’ For tvlS norma1—53‘?3f"ff;'¢
. ' D :Lzatlon the current den51ty J should be expresse :m amperes/ N N

"i'j-;terms of volt/wavelength. The convolut:.on J.n -eq atn.cns 3

e, @ﬁ'ifu(z 10) ls w1th respect td x ; l:e. x/x.
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’;,ﬂ Equatlon (2 10) 1s the startlng p01nt for several*5

T e e

methods of analy51s of antenna problems» It should be

:;noted that Hall en s 1ntegra1 equatlon 1s derlved from ’551;
? equatlon (2 10a).‘ Elther of the forms of (2 10) may be ;\:'ﬁ

: ]3fused to determlne.unknOWn current densltles ‘on’ some bcdy'
A_subjected to known 1nc1dent electrac fleld rnten51t1es or B .

§v1ce versa.;‘However, 51nce ph¥51ca1 propertles of the body
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,ushally 1mpose boundar;,condltlons on the qgrrent dens;tlesul;,ii;'
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Con51der, for example, the case of a perfectly cpn—~?

Rt}

ductlng body w1th known 1nc1dent flelds E (x) over‘mtsA

o e N
R A '
\ :& ‘.4_ s . L
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l‘Surface, 1 e-. E (x) is the e1ectr1ca1 fleld from some EERUINCREI

47.ﬁ:external source. The broblem of determlnlng the surface,;fﬂ*f”;i? -

- N [

7,current densat;es J amounts to f1nd1ng a solutlon of*the

L{differentlal equatlon T(J ). such that J satlsfles the

'wvfphy51ca1 boundary condltlons 1mposed by the conductor.-‘Let ;; ‘*f“

f:lj*the convolutlon be ;,Q:Q“;jw' f"-1;f1”f}QfIJ§w7$iffﬁﬁf5

1' AT . _ . .l ~ '.-—, “':.,'.: R ‘ ' c
R f(x) (_.)»=~'-ri(f).,,;? (2. 15)

v, ‘o \ . .
:fthen the set of all radleted flelds freh theAconductor.rg’?ff;}}ff !
;f i /fE(x) [ T (T(J )) ?[;“_i‘:af:}§7;<hv;A (2 15) v
4 ’ o ,'. - _.U, .' R ._ . i
where J Jranges over the set of aIl current den51t1es whlch . I5
\ satlsfy the houndary condltlons 1mposed by the conductor.'?“giffuf :

Slnce a perfect conductor cannot support the tangent1a1 com— ji”"}‘
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ponent of any electrlcal fleld over 1ts surface, t follows 'j:4¥:
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ompodght of the flelds.,’
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to t.he conductor surface, ;|. e.,‘
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ferent1a1 equatlon /4
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AR S -" K T O T 5 -
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It should be noted that equatlons (2 10) state that

Bt T *fPL‘f T and '1'K commute, 1.e.,.' S
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Lo e '?,‘t‘ Equations (2 10) ‘are wrltten 1n the'eenee of general— ”Gj R
}.L o iz?d-functions thus, for some current dlstrlbutzons T(J) may
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o ;ﬁ' contain s;ngularlty functlons, i e., the delta functaon and
JAEEN »
even 1ts derivatlve.- The later 1s unllkely 1n a practlcal
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3 LINEAR CYLINDRICAL DIPOLE ANTENNA
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T . F <
L g - L s [N - 1 ™ =
Hr * S OR o - v gl &

. @ -='-. ’: .- ConsuieX' iihear cyl:.nd_r_{.&calﬂtube OF rad;l.us a ana
w e B _—_J ,, ) ':\‘1"‘

suchcen elemeﬁt; ety : ) ’ ‘
_l.‘(-:‘:':.': '.(a)"::_‘ l;e cjtulzv’e_iﬁ ‘a thin w‘el‘lea perfect conductor.. ’ ';:.;'f,,"'ﬁ.

‘ (}a) »It carr;ee a. current alocg t}:’e long.ltudinalx' élregtlcn

V ‘F only .:and 'co'r;fined' to gxe surface.', )

is much smaller than the

(u -."

\ 3 : operating wavelength, so t e current may be ass

ey .' ey e ~ v ‘\..' ® '_ .

4

to be dlstributed uniformly ‘.over the tube. .:

b o AT | s P ) . B e & t"" .

' sty B Mo ‘.'l'he/ ax:.s of the tnhe co:.ncides with the z" axJ.s of the ",

: cylindrical coordlnate (z,p, ¢) and center at the origi’h; ;;"
o .~'1’he current distra.but:.ons far the tube thus:acap be g:.ven as, B
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Let us ngw consider the dlfferentialxoperator T o i

o~ .t , .
. . > ' . . e, ‘*-.

1 o o g fi.jre'dzi;Z'-'fféf.‘ e e
AN Tt T Tty =k KT, S T (3.9)

o | . Y ’ 4 . . :
' ' . dz’. ~ . . . . R .
4 .ooN . . .l P .
. . " M . . .t K

r oy

. Y R -~
N ) W
S appearlng 1n equatlons (3 2) and (3 3). Thls operator "
e y,,.; should be defznbd for all z, 1 e., -w<z<a., The sUpport of -
R ﬂna::i S ’Ii7 however, i':‘”e 1nterva} [ L, L],/l e., .2 0 for, RO
‘ COnsider first the restrictuxlof T [I ] to the u
1n£erval [ L, L] " Letus set thls restrlctionfequal to some J.,;'J
N auxxliary function, say E (z)“:L e.,'i”” ‘: ; “;; . 1f
LToAL) = E k -»-E (z) o2 Leézel, UL
o gt T 2 o = e : \
1 ldz ,."'.‘. . ; ,[1.:-‘ ~oeE L L e R j .
" : :“ifThls restrlctlon is naw extended‘to the
J',-;,'settmq SR
- , . A‘ By A . : R ‘ :_‘ . ,' , E —_ ,_ , ,-, ' . -
Lo 'fzwithfthe.;esulty" , ) SR : P
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. L Lo : / . S e - N “
N F I; -L) 6(z+f.) (m § (z-L)-m :
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Igll-i — I;J—Lrband I'(B) are the llmiting values
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Then the solutlon 13

be the end cur;ents I ( L) ahd I'1L)

._.‘_ '*». "’ -‘: .’,.,\.,.‘," ;.. R ;f‘“,' . = LA
R SLn[k(L~z)] R L's;.m[ku.+z)]/'.-y'- S
I,(2) = I {-1) T (L) Lo
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3.2 The DJ.pole Antenna~ ‘Current and Impedence - A
TR - K T o . ‘

“’\2\1 The Dipole m ole e e

In thls sectlon attentlon w1ll be conf:med to the

Y
PRI Tl B

s:l.mple cyllndrlcal dlpole antenna tn free space of length

: 2L and radz.us a cer;tereq at the ongln. The axls of the e ’
‘ dlpole, co:.nc:Ldes w;.th the z. axls as . shown in. Flgure 3, l : A : j
e ‘. Agaln the usual assumpt:.ons are made for the dlpole the.. S
LT ~.s’am”u‘e as’ are made for the basm llnear element 1n Sect;.o.n.
| _ 3 1.1 The ’dlpole is center dnven by a’ magnetlc frrll . ‘..-‘,‘._: ) ‘
current sou.rce“‘l l as oppcsed go the delta gap voltaée gen- —* bl
R | erator ‘used- extens:l.vely by ;other workers. ThlS ChOlce 1s o .
; made because”tl/ue 1s a een\i‘)a‘ratlvely better’ model of an RERE RS
, e ac ua,} physical srtuatlon, e‘ g. . when an. an)tenna over -a '_ -"1."_" L
. . reund plane .'LS fed through a: coax:.al cable‘.)_ the rsatlo. of :
’ . outer to 1nner radlus ef the frlll is. taken 2 23, smce thls B }?_1'
g ' Ig;,:es"a charactenstlc :meedence ef an alrf:\.lled coax1a1 o
r N cable of 50 ohrhs‘.’ .Tha.s is 2 standard J.mpedence of a cable | "
| 7'.-:; normally used 1n feedmg such antgnnae.'l:“ - .'.‘-;."?: , d . o :."ﬂ:» '
e ::-'.. 3 2 2 The Approxlmate Kernel PR L S o
PR _ J onsiderable simpllf].catlon ,15 ach:.eved 1n solv1ng _-.
llnear antenna problems by adopts.ng the pra_”i'ee :afuslngan .
approxnnate kerne14 19 .20 m equatlon (3 2)17‘: Thus Kz(z,p)ln '!
(3 2) 1s replaced b}t ,' Ul - ‘ ‘fz'-f. o f.

: w j41rme(z +p +a )
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and Pockllngton s, w1 11 be dlscussed brlefly for the d1pole ob

case of a. dlpole and by us:.ng the app‘&:oxlmate kernel of (3 26)

Lt N - .
’ . ; ‘ 18
Fufther for the case 'of a dinole ) equals 0 in ca"lculatin‘g‘ B g |
the sgattered fleld. An :Lnterpretatlon of thlS' is that the (..‘j
observatlon' p01nt for the fleld 11es on the axn.s and the ’
eurface current dlstrlbutlon is represented by an equ1valaent
fllamentary llne source, parallel to' the ax:Ls ‘and located '
at, a radxal .dlstanc'e. a: from it. Thus,. e:quat:.on (3.'_25)‘
.'reduces to : S ) o R - : " S
| - o expl- Sk (22 +a )!’] o -
. a Kfz]a‘(?'oj ¥ J4mnc(z "}a’ )35 . - (326)
: The above 1s the.same approxn.mate kernel glven by Klng -8 | ;
and M1e3 for thlS case. ‘,j - ; m 1
Before applylng the ’part:t.cular fcrmulatlon dxscussed
;.n SectJ.on (3 l)\ to the present dlpole and mult:.-;u:):el-"; ':-" o
structuresm Chaipter 4 ,’ twc class:Lcal formulat:Lons Hallen s ;

[

3

/

NSRRI S

thls sectlon. e ER .f' E o
. ' ) r‘ N : e , . o i . o o i
3 2 3 Hall’en s Integral Eq'uatlon R DU
S T P U T

As po:.nted out earller, Hall n s equatlon can be

R P R

derlved from equat:.on (2 10a) Th1s equat:.on 1s used e.xten—"
T 51ve1y by many yorkers,partlcularly by K:mg5 8 and also by |
M1e3 who extended 1t to antennas of arbltrary shape.. Fo:r the S

(.._

- te e

for the scattered fleld equatlons (2 lOa) through (3 2)

reduces to “

L

E (zro)' x, [1 (z) ‘. K (z.o)]

xof
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it where T, is g1ven by equatlon .(3.5) and’co'nvolixtion/is,‘
i . . reétricted to z on‘ly. If the antenna is drlven at the: // .
A" I R center by a delta—gap voltage generator V* such that the ) "
el o S :axlal component of 1nc:|.dent f1e1d J.s g:wen by o P
i . : d = . S ..
Fd, - B T . P E'(?J,O) = V6(Z) n T tat o TENES)
. the equat:.on (3 27) becomes '\ 5 . 3 o SAAE d
Y - A T lI (z) * K (z 0)] —vsii).,;..
- e e il alh! | K -'.".. IR A .
FOL L T and further solv:.ng for I'j,* K, ylelds P
w ',._ I""“ :
I-P" g "‘.; ':‘. .
z + V T
..;:"‘"’ s 5 8 o0 ‘ where .“o 1s the fg:ee spa e :Lntrms:.c impedence.. Tth 1s “ ‘ (a2
/ T b B Hallen s ihtegral equatn.on"fo'r the s:.mple dpole. The con— '
:"‘, , ‘ '3 stant C mgst be evalu’ated from the condltlon th:at the curr\ent g
e & = - \ vanlshes at both ends of the antenna.. i L T Ly Ty i )
| % e 3 2 4 Pockllngton s: Integxal Equation I'.'. o ',‘;__5 . / g o B
G A B g Pockl:mgton s J.ntegral equatlon results when the e B
" i ) i ,'-': . P - 3 e = 7 -E‘ . S R . "
< B g e operator T J.s applled to ‘Kz mstead o:E I 1n eguat:.on (3. ). 5 v
M, £ ¥ Th:.s applization»- for the d:.pole nges the soattered fleld a“ N
el <M aeas e b _.“_0),,_‘=. I (z)/* ‘1' [K a(z,O)] (3 3;._ AR
e g o WhereIT is gJ.ven by equation (3 5) and convolutlon J.S aga:u g g
R _ '. . b, ‘- K ‘.‘ i s e '{ b ~' ».‘:" o :. g .,." o ) Bl & .,
T Ty restrlcted to z only.. For thé "nown J.nc:.aent f:.eld E A SO
' , . equat:l.on»(3 31) becomés '

1.




- K .' - 3~~Also - the-*compos:.te kernel’

arbltrary 1nc1dent fleld wh:.ch 15 advantageous J.n analyzlng

J.ntegral equat:.on ‘

at z' ﬁf -L and L for all z except poss:Lbly for z

'.'.-‘ 1ntegral equat:.én the der:.,vat:.ve of the current 1s trans—".-.'.\;','jz. o

20 .
& 7 = _pi y
1, * T, 0K ,(2,0)] = -E_(z,0) P (3.32)
- or Pz [i— K _(z-2z!,0) +k2k__(z-z",0) 1dz'
°r -L Tz 0L 02 Mzatt B T Naa ! 2
) . e.-:Ei(z".O) (3.33)

~

.- . _j The above equatlon is. of the form glven by Pockllngton

to solve for current dlstrlbutlons on th:.n w1re antenna.

: ThlS equation 1s also used exten51vely by m}xy workers to

L
KA

'I'he equatlon .‘LS more flex— .

¢ ’

. solve varlous antenna \problems -
+ b / S . -

:Lble than Hallen s 1n the sense that‘ .tt can eas:.ly handle an

. \‘4 ?
The compos:.te kerne1 K

multl—w:Lre structures. PN . o

1. or 1ts approx:.mate K c :

o“btalned by replaclng K, by K ‘m equatlon (3 19) of ”K

za

of the 1ntegra1 equatlon based on the ﬁproposed method As: of

o . B “as

the same lower. order as the kernel ,K or K of Hallen s

R

.1nf the sense that they do not 1nvolve

‘ . L.

derlvatlves of the kernel K VR of of 1ts approx:.mate

: t ro '
-_za. zc. or Kzac gpes o 28

p

N ,._./ ,/.

whereas Hallen s kernel does not In thls sense
that the compos;Lte kernel m the proposed method J.S better

In the case of Pockllngton s

behaved than Hallen"s kernel. )
Lk \, B

£

ferred to the kernel K or K The resultlng kernel 1s .

‘1t appears g\ L

1S
[

b

o e w R
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~therefore of a hlgher Qrder than the kernels of other two mtegrai

.

)
. RIS
N <, N -<
N . 3 “ ' et
e
N R LSO

equatlons. Hence, smgulantles m the kernel are more of

.
> Lov

R S a, problem :Ln Pocklln‘gton s equatlon th an Aine Hallen s equa— o

N

‘ : tlon or the equat:.on based on - the proposed method >~ 5
N S 3.2.5- ‘SOlutlon for the - Cu\rrent o e e i
S ‘ - ST N - - o e

2 o : Us:mg the approxlmate kernef' of equatlon (3 26) and i

condltlons I (-L) = I (L) , equatlons (3. 17) and (3 15)

. . . B S . 'A R __\\ ,' 14,-‘ . .. R | S - - ' :::, . .:
GE e DL e reduce to N \ P S

e

fbt E (z )K (z/z'/O)dz' ‘-‘.{-E;(z’;.o.)_f{ ": | (3‘,’5'35;'_)
; BRI ’;'Zal',l'd' T :" AR RIS i SIS
S el Ty ~' - A SRR A
vt ) = G(z/?-'v',)E (z )dz * oo
\ PR where ’E (z,O) J.s a gJ.ven axlal mcuﬂent fJ.eld an . K;';'c is’ N : )
, gn.ven by equatlon (3 l§) w1th the change that K ( ;iﬂs G
3 : - ". replaced by the approx1mate kernel K (z,O) - . -‘,‘Q“;—:, X g
/ R SN The approx:.mate current dlStIlbUthn fdr the 1p61e
L LTy may thus be obtalned, and hence 1nput 1mpedence, by f:Lrst _"‘ }”'."._?
T flndlng E (z ) from equatlon (3 34) and then solv;mg (3 35) .

) w g B for. I (z) Any of the standard technlques may be used for

;;-i' \ C EETTE ' solv:.ng (3 34), such as method of moments ' ThJ.s method 1s e

4 . P, " : e . "_,, e _1.," . ;:’

I S d:.scussed J.n the next sectlon. e RN NP ,
T IR S S e W e
" ; L 3 2, 6 Method of Moments EER
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.v.ar_ntous titles: Raylelgh-thz, Galerkln or’ varlatlonal

¥ t :" i »'il/- i
1 ~ ) L ; ‘c// " 3
2 0
. R : S
1mportant class of this. method is that charactenzed by’_ 0 L

. } . ) / -
. : method. These technlques are w:.dely used £0 solve the

reloL

. lems and in  this area 1t is more known as reactlon con- C

- - - cept14 21. The qeneral approach “to solve problems is ©
‘ usually a reductlon of the asspc:.ated :Lntegral equatlon to

J S . a system of N 11near algebrlc equatlo)af in N unknowns, where .

SR Ry gy s SRR

the N unknowns are generally coeff1c1ents 1n some sultable

T A expans:.on .of the unknOWn functlon of the equatlon, € g =
i where S is llnear 1ntegral operator, E_ ;iS‘A‘.k'giown:,- nd E 'i‘s'_f )
o j'." - to be determined The def:.nltlon of 'S .is obvious from (3 34) S
K ";, "-A- : / v 4\“} :‘ ot ! o : . ./’, ' ’ l“.x‘l . .- : :'.‘ e '/ E
- _,'.A ". . E
L DI T
, the coef/lclents g’3 's are constants.. The E j are called
- o expansxon functlons or bas;s functlons. . For exact solutlon !

For apprdxlmate solutlon n .1s flnlte,

oL e n lS usually 1nfm1te
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S | a . o Coe ® _— ) S
P - f‘a - . - . o . - . .
B C i. €0y the -smmnation in. (3,38) -is truncated. The g 's are .
e - ' .3
now the unknowns that have to be determz.ned Substltution §
' ~ ) . y - . '.' . '4.‘ g
N ! of (3 38) in (3 36) yields S L , S . ‘E
i__,‘//"' | ' o - . i . v . ) . v :?
8.2 giE_ .1 = <-E T (3.39) 3
~[j=1 gJ 03] ) Z . ( ) ;
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.,usi‘ng ‘gpe’d’fﬁear"ity of S, ° , : o P b

,"-'<E "E > (:Ln electromagnetic :E:.eld problems thJ.s 1s called . 1";_5

- react:. on)
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It 13 often necessary to deflne -a sultable 1nner P/xoduct

/,..

.
et e o 93 L el - -

A su:.table inner product for such problems .19

defined by4 T R SR )

'-><"F'§éf Ep T T Eo@Epmes o e

-...‘," ‘r. ..'.'$

Now, :Let us def:l.ne a set of welghtlng functlons, also

AR B el
i tinda SN

fod

called tésf::.ng functlons, Wl' W 3 m, and form the

i
i
3 et
LEREL P

:Lnner product for each W. .. Th::.s yn.elds : ;f' REEERTR A

o

», ";'vf:

&

e P T e
e = L - . . :l : C _/ ce g . -.“ - - ."' .‘._- ,_ . ‘- ) .’“ A ..‘v‘.:.

/ / ..3=1 gJ<w ! S[E J] . :.=‘ = <w'l E-i . = (3.42) n .,

where ; = l, -,_3f‘.': . ‘. ThJ.s set of equata.ong/for m n ,

N
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J.nverse ex:.sts. .

_'tlons W 's are taken equal to bas:.s functlons E j»':s,':

“ re g W dmet e TR ML MO . T e e res em

o SIE, 1> <y, S[Epl> o o <W

<w2' s [E01]> « o o s a s - s = - s ® .« e ‘ gz

v

'Equatlon (3 43) can be solved by any standard matrlx :mver— .

\); I

"s:.on techn,,lque for unknown column vecté ga,proirlded thlS

1ti

f

o

known as Galerk:m s, method / In us:n.ng the above technlque

t to have proper

fﬁor solvmg the problem 1t 1s 1mportan

4'cho.1.ce of the bas:.s functions E

's 1n t~he sense that these
_ o] :

"",l,should be lz.nearly mdep”endent:—*and—can*approxlmate E (z)

- reasonably well through some superpos:.tlon ln.ke (3 38)

,-:‘

-—,_7 A N i - .
, '<wl ” EZ>T . . . . ,: :"r)
’ A =i . , R
- ] , B .- - : hd RN 3 ’*. S
v e e

It is to be noted that 1f we:.ghtmg func— S

' .-'I‘hls, _1n general, glves faster convergence w@ch means R
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AR

the size of 'smaller matrix to calculate and invert in eq'ua-

tion (3.43). Also, in some ‘cases, -this realizes a better

'z
condi tloned matr x>

-

-
~

" There are two classes of basis fﬁhctiens, namely : , i
' entire domain bases- an',d subdomain bages. Entire domain :
. -bases exlst overxr complete domam of mtegral operator S. ' ¥

. "Subdomain bases exist only over part of domain S ’ otherw:.se. S

) ze‘ro. Th s ‘constltutes leldlng the antenna 1nto segments

\and thus each gj of the expansmn (3 38)

| ‘:,‘affGCtS the aPproxmatlon of Ej (z) only/over a mxﬁsecta.on

T jor subsect:.ons,

(,. L
*

) 'j{of the reg::.on of \hterest.‘ Some common basls functlons R
. . used m w1re antenna/ problems are gJ.ven J.n the hterature AR S
(4) .: A few of them are as follows‘ : "'.f
, :1 m:' - !./ ‘ ,’ . . '., ':.5:"~ o '.-': . ’ ‘._ l_\ . _r_\'.“: f': ‘ ‘ v ';" ;
AR "~ \(‘a)I ' Enti'ré' domain bases .- . - .. c o ‘
T (i) Foirier:. E, (z) gl cos(nz/ZL) R,
2, ) +.q c0?5(3nz/2LY+ g3 005(511‘2/21:) ‘ {
) o« ' - -A + S (3 44) | K A
) ) . ‘_,.\'..- B . . - ! ) ..I<5~ S
B i R EACL A CL LN
; - . AR R s S - (3 5) o<
Lo (b) ~subdomain:bases - . . .. o
. DR R SR A L " it
g :(':!J Pulse functlon (p:.ecew:.se un:l.form)
o g g:i fo:r: z J.n Az. , ‘.":
A E (z) J--
Eols ! ; 0. otherw:.se

#‘mw .. .




ETD e N v, .

. v . . : '

3 - ' /
© (ii) Triangle -fqnction/(piecewise,linear): .

* g.(z. .-z) (z-z4) ° ' h ,
= J I+l J+l _ .o
- 'Eo(z) - : : : > for zinaz, S

| (3.47)
0 otherwise - )

_ .3 2. 6-1 Po:.nt Matchlng o - o e
D The calculat:.on of matrlx elements in equatlon (3 43)
T L ' . ) . ST

R ;.s qu:.te often ted:.ous, since it requires two J.ntegrations Sl

/ ‘per element, _)one because of an 1ntegra1 operator S and the
; I ”\";"‘_',other 1n the evaluat:l.on of an inner product. Moreov‘er, most
3 [ ' :"~ “f‘. _/ el o b : .-: :/‘ ‘4
C ! of the time they have to be done numerz.cally. ThJ.s J.s very .

LTl ,,,TL;__."‘-;:'.-:gtn.me—-consum:l.ng even on hJ.gh spee‘d dlgital computers. ) 'I‘he

i L trouble can be reduced lf the ch01ce for welghtlng functlon W
Wi is taken to be Dirac-—delta functn.on.‘ = This eliminates |

. h one :Lntegrat:x.on per element. . For this choice of w. » equetlon

' . (3 39) can be wr:Ltten as

i1

: i (, .
g .\‘s(z-zl). S[Eol]> <6(z-—zl), s[E02]>‘ Qs q. 9]
'.; N '_‘v RN -"'\‘.... . .‘:’ S ) . ., . «’:’-_. :‘, ‘*v‘ g o T ,'.__“‘ : ‘ B .:.5'. ' -~
Do E T T e e e <6(z—z ); S[E 1> N gﬁj S
S R <6(z-zl): i R

73; ,<a (z-zz) ' Ei>

o . = . “(z"zn)' E >
5 )

SHRLE PR
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where & is Dirac-delta function, s . T

By taking the 1nner product, equat:.on (3.48) can be

& s:.mpl:.f:.ed as

‘":E;_component of an J,nc1dent fJ.eld at that z1 Any 1ntegra-

«'_:'tlons that are needed are now only those due to s In

_/|

- T . . yr . — ’_ -1 _ i ) - .
S, [E01] Sz [E°2] . o e Sz [E_on]' g9, Ez~(21’0)
‘1 1 1 ‘ .
. : ' . $ .
- S_zz [EO].] 04‘ L] L) ».c ’c 1 L) L] Ld L L] . gz—/ E (22'0) [
il I L ’ IR LS TE ) R
R ,‘ ' - e -_- ".-A .— LI .J‘- B
S A }Where' S‘i-'. is' the restrlctlon on S and means that 1t oper— A |
o T C o i i o T S PR
’ates on. E o3 at a partlcular z; and E (z. O) 15 the ax1a1? ce e T

z
i
the above equatlon the fleld is match d at discrete po:.nts

‘ 'so th:.s techn::.que is known. as pomt matchlng. )
: ' : . & '
3 2 6-2 Best Approximat:.on Techmque 1

b A G A 2 s Y TR

g‘ te N - o T ‘/v ' - k4 -
. o~ The techm.que used for solv:.ng the i tegral equatmn . '.
. \*(3 34) by matrlx 1nvers:.on in equatlons (3 43) or (3 49)
-, :b‘v s ﬂ . can be imprg\ved by taklng m>n and solve the overdetermlned
v : system of 11near algebm.c equatmns.‘ 'I‘h:.s technlque 1S o N
: ' known as best approxnnatlon techm.que l and i§ d:x.scussed :Ln ,'-
: : [ —
- Chgg::er 5 of Delves and Walshla.. ’,Under th:x_s techm.que the '
. i r. N RO “ _
!ﬂOSt appealing type 18 Chebyshev approxlmatlow 'rhe method Rk
. ./I/_»l ” _. ___‘ i H; " ‘.‘ ‘ " N “"‘:‘ '
L L . < SR A DX
- . ]r ) ! } : '- S ., "1 d"; .
o ) x A S T '




o is based on linear i:r;ograml_n_i,hg oroblem.: ‘c.ompu't& éiléorithn;s .
’ ' are aveil,ab’le"to deel witlh‘_° this ine £hod. . “. ’ _. . . o - '.': :_‘ :
‘ d ’3.2.;)V;mnerical hésults and Comarls%n B | h_ : | §
: This sectn.son compr:.“ses the nurqer:.cal results obta:.ned ‘F }
. " for the leOIE in free space ‘and a compara.son is. madé w:.th i
the results: of other workers.‘ Equatlon (3 34) is solved for W"
. E (' ) us:.ng pulse: functions given - by (3.46),. J.n CQnJunct;.on : 3
‘ ' .' wa,th a po:.nt r;tatchmg techn:l.que.m; 'I'his paa:t:.cu’lar choice :Ls - SN )
° E' also mac‘te 1n rsolv;ng multr-w:.re etructures. ,,'phis method :Ls 4'
,.6 . method. ' Further,° thlS method has l other adrantages apar‘t
g ‘ . . from those already ds.scussed fo‘r ,pomt matchlng techmque.;f(
: The kernel.-vl(:zé‘b:mln equat:.on (3 34) has to: be E.ntegratlec.i o(rer,,
. | relatlvely small length and 1nvo'lves only 51ne and coslrhe

¢ I

- N '>1ntegrals. The terms resultlng from end effects 1n Kzac S

- ;" and the 1ntegratlon of the Green s functlon GLz/z 'J~ .rn "
:“ " _\v - "ul \:

. equatlon (3 35) for the current are in closed form as shown

- . -

‘ R m Appendn.x (B 4). Also, for that choicé ~the rad1a1 fielql
BRI L Ep (z,p) is ava:.lable 1n closed form wh:.ch 1s :.mportant for
l' ‘ ' mult;-w:.re systems For th:Ls chou:e equatlons (3 34) and

A ,-._.\.‘“‘. ' L (3‘\7 85) can be ertten as _. t%. g -:. '_
"","FQ ‘ - “.- e T T ‘.' N Lo Tyt Lo

’ - jnl Jf zac(zl/& /0) dz' ; = E (z '0)

) S for:. =
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' o where ql and q2 are the lower and upper 11m1ts of Az5 for
e = N . TR
A . . (,:»-' » "'-V‘

4

J segment of equatlon (3 46).

/ s « ) _"- Flgure 3 2 shows the :mput 1mpedence of a. dn.pole

. . . RN DN .. \ -
L . R segments llke (3. 46).. Also contalned in thls flgure ‘are

results of calculatlons by 'I,‘hlele4

A L

equatlon (3 33) and poxnt matchlng.. The same type of func—"

u31ng Pockllngton S' 

-SZW: tlons as (3 %6) are used to approxlmate the current and

) ‘ the same exc1t1ng fleld, 1 e.,_a magnetxc frlll current
‘f'rf‘; used.‘ It can Be seen that convergence lS mﬁch faster 1n~;'ﬁf
= the proposed method compared w1th Pockllngton 8. equatlon..fffn;_iv

e e Also, the requlred 1ntegratlons are more comp}ex in the T
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;7 f?“}fi-f; Flgure 3. 3 showsaa second dlpole example. A solutxon

T N SRS

. . : of the same problem usrng Pockllngton s equatlon and entlre Cooe B

o~ . ) R T —
{’_ \domaln cos1ne modes, glVen by equatlon (3 44)‘ to approxlvj:‘ B

'2‘5}?f'”ltﬁ‘3' mate the curfént solutlon are. also shown4 : The natés of
2 SRR .

g F,_ conv gence are“51mllar but’lnteQEQt&ons u51ng Pockllngton S .;jgf S

;:::ﬁ ‘ T equatlon are much more. complex and have to be evaluated for _
aem T : s s. Tl
LR the completq~length-of the~dlpole._'Also plogted 1n Fxgurg T
. o, .,“;': el ‘ i ~ : e - I Lo
:4 93 3 afe rESults for the same dlpole uslng Hallen ‘s equatlon :}T.,T o

T ln« . s

(3 30Y and entlre domain-cosine odes to approxlmate the E'glﬂfgl.
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generator is used as a field source. No direct comparison

is possible since'in~this case the impedence converges to

-
=

* a different vatue, however the rates of convergence may be

*

séen to'be similar, although agaln the 1ntegrat10ns are
> o more complex and have to be’ evaluated for the complete
length of; the dlpole.

-

It should be noted, that in the method used the cur-

.
’

rent is not. approx1mated but T (I ), hence, 51mpler

foi— t

\.;
; approxlmatlng functlons may be. tolerated It 1s readlly

.1",.}.;3 , ’~-' checked that u51ng the functlons of (3 46) to approx1mate o

. o E glves rlse to a current whlch has a contlnuous flrst
QXAtjﬁlfj "“4:1 ‘derlvatlve., On the other hand, 1f functlons 11ke (3 46)
- ‘ iii are>used to approx1mate the current hlgher order flelds
”fi?ij4;;§Aﬂ}?; 1nvolv1ng the second derlvatlve of the kernel'lnuequatlon.

. _;.-_. L

A{v?. ;ff‘i (3 33) are generated Hence, for."normal“'
ST f ., .

ﬁ-ﬁ;:x-iff" 51mple approxlmatlng functlons for the current cannot be .

expected to glve gOOd results.' }?#f 1Vﬂ:l,3- ’-:fﬁl‘”

5 f-'7f?fq Flgure 3 4 shows the 1nput admlttance for dlfferent

i,lv lengths of dlpole antenna. Convergence occprred 1n 19 seg~-

~

for the half 1ength above 0 61 and up to l 051 Also

I

14

ton for comparlson. In hls calculatlon the current 1s

Ty

’

tlon (3 47) and 32 segments are used He observes that

phlse functlon approxlmatlon for current glve slower

Fadiling
PR
'*“ R

exc1t1ng flelds

oL

4 . VI

ety S8

plotted ln the flgure are*the results calculated by Harrlng-7j'1'

approxlmated by plecewise~11near functlon as glven by equa—l‘,ﬂf

a
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- convergence than plecawise—linear apérox1mation. The. com-"l ‘ gé

puted results are- in very good agreement with hlS results ii/ é.

except slr@ht difference in suséeptance over certain length. “ij

: \ This may be-because the 1nc1dent flelq.ln:his calculation :_%
L s s dif'f"erentfthan‘that of a-magne'tic £rill field. ) ‘I;
o | Figure 3.5 shoWs the current distributions.for a: —,gf
three—quarter wave digole and a one-and—a-quarter wave '. ’i : : ’f%f

dlpole u31ng 19~segments. The results are compared w1th ']?-
measured'results by Mack taken from POPOVchz,} It can be ;4;3 Lfi'

1 e

‘htﬁ seen that calculated results are in cloae agreement/with

:-:nmasured results._ The results also closely-agree w1th that

o ~

found by Popovxc u51ng Hailén s equation and polynomial

S ".- ) 0 .-:. “ ,”__4:. Lo
"ﬁnnf‘approximation for current.,_ diﬂ*"»" o S

'-f7T' *f;r(= Finally, the case of sxngular Green s function 1s

. e treated., As p01nted out earlier, one way to deal wath this }E_F;i?
? _-!fi:,:iﬁ L>131tuat10n lS glven 1n the literature11 :fihelother method
%,-:{5_-f;; ifii is to treat the dipole as made up of two ﬁires JOlned ‘
.‘ Q;{"f;{:'"fff together axially 1n a straight 11ne.; This 1s a speCial case\fk’f”
T"'._T:: o of V-antenna when the angle between the two arms 1s 180 :
.fgjf{ ;";w The Veantenna lS discussed inythe next chapter.4 The length
3,?{%; . of each piece of dipole should be such that the Green s
.Vbiijj?._ ' function is nOt Singular.: Two examples of this method are’
} jhjiltﬂyg; ﬁ' “;Even in flgure 3 6.;.Figure 3 6(1) shows the current dis-*ﬁ\‘h;
' H“ry‘vfai't;” tributlons for a half wave dipollbusing 20 segments.‘/Also -
':a??i ’ plotted_are the results measured hy Mack taken from Kin‘_i'
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results, in fact/better‘than the results obtained by_K{Eg -

o

'using King's three term theory.'-Tﬁe;second example. given

.~ in Figure 3.6(ii) shows current diétributions for a two-

’ : . and-a-half wavelength dlpole using 26 segments. .Tge/results 3=
. . . ‘ , ’ o I
are  comparable with that found by'silvester and Chan20

b

LT ". using Bubnov-Galerkin solutlon for Pockllngtonﬁf/equatlon | ' EN
B andaapproxlmatlng the current by a fifth order polynomial. j ' _.;.'
5;/; The source 1n the latter is dlfferent.. A delta—gap g%?— ; - ) /f 'Ei{

ST . ::erator.ls used It should be noted that although the \\ O'g.; ff&

jiai; ' Skéég,matrlx 51ze*is small‘ln thelr method, e g., order of 10 £or ..?i;}.f;i?%

‘-7fﬁ' " | *f}the present example, the computatlon of matrlx elements .;xﬁjj.atf;tf
.g\j; ;‘ -i$requ1res eValuatlon of more complex 1ntegrals compared to ,y.n;imxf*;
5';,}'?Jslmple pornt matchlng 1n conjunctlon‘wath the pulse funct;On m:?iiE?iS;;

o 'f»method used here. :fﬁx;';“::fuﬁ‘illf}ffjﬂiglﬁf'Jf“;}*'::< LI :r'fa;*';i
,‘f\:;n}%w’i‘n So far,_only tPe merlts of’p01nt matchlng technlque.v3 =d?;f;»;?;

) #:1n solvxng the antenna problems have been dlscuSSed. Thls-7' ' T?.'“:‘;

L .technlque has also some drawbacks. The method requlres a p' ; ';u: f;?
;z;f;'ipyfV'large number of poxnts.' Th;s will glve better convergence~ T;;?fx'u;ﬁ

;‘ 3 E;a“d sufflc£ént accuracy, Tﬁls lB ev1dent from the results‘of.:~f{f tﬁih
:the examples grven earller.; Moreover, pdlnt locatzons are(' lﬁmg?ld}gf

E?impoftant espeC1a11y in" near fleld calculatlons such as 1nput :};ﬁ;'figj

f . o .fﬁfimpedence and current dlstrlbutlons.‘ It has been founF that *i/fikréi
; ﬂéﬁrrﬁ';;-jfffmore pornts are: requlred where the slope of the inCident fleld ;flng;
)5 e f_f} 45“}‘18 very steep. e“;:.-rn the near reglon of the freld fromi ?@éé% f*5§f
E ‘f~,"- » u‘;ﬁnetlc fr111 current source for faster convergence. Also match—?.i;;igf
“q;Lji
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Lo away from the ends when using the approximate kernel.  This A

.
Ll v

3 - 1is to avoid the almost singular condition of the radiated ° =

e

‘ fleld‘from the end conditions. Of course, high?r order -

et

e

’ . . techniques like Galerkin 8 method can be used/éo solve the .
) - - ‘
: : : 1ntegra1 equation for E, (z) which will glve better conver- .

R A L

' gence but only on. losing the simplicity o¥ khe p01nt

i
i
4

;& ma;ching.techniqug- ’ = ) : '
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] - CHAPTER 4

Ve

MULTI-ELEMENT STRUCTURES

4.1 Mult1 Llnear Element Systems

In the last chapter the &ormulatlon given in Chapter

la-
V-
:
{-
£ .
3
i
L E
!
1.
]
i
g

J

2 is successfully applled to 51mp1e dlpole antennas. In

[}

‘ N
thlS chapter the’ technlque 1s extended to. multl—llnear

R element systems ; For an understandlng of the technlque of

.,t

solv1ng such systems, analy51s of two such elements 1s dls-”m

—— ..,.-\._..._

'J.ﬁcnssed The method 1s then ea51ly generallzed to n ele- ”

*;ments.. f.“}ﬂ'l.f;“u_vf?.{ﬁ‘{*%;h,? j jt__~~~1,-]f ﬂl'\~,';'.T,;=‘;”
Con51der two llnear elements, satlsfylng the assump- -

e tlons 1a1d down for a- ba51c llnear element 1n Section (3 l),
. A

-_d gnated as 1 and 2 and located arbltrarlly 1n spacen
: Let element l have a length of 2Ll and radlus a1 w1th 1ts\

:lgj '_ axis c01nc1d1ng W1th the zl aﬁis and centered at the orlgln
B - " ' . " IR
of ltS carte an coordlnate system xl (xl,%a,z )-or “'~u e T

°
- ~/4

"9

(zl,q1,¢l) n,é'cyllndrlcal coordlnate 8YS , Slmrlarly,
/ v .
a

. ‘f_eleme t 12 has length of 2; ,and radlus a2 W1th 1ts axls°‘

001nc141ng(w1th ‘2, axls and centered at the orlgln of ltS IR

EOR

ilgi; carte51an coordlnate/system x (xz,yz,z'T/or (z ;p2,¢2) 1n
'ﬁ “'f’/cyllndrlcal coordlnates. The geometry of thls conflguratlonl:-~‘f
o s’ shown in Flgure 4 l(i)’f The éélal and rad1a1 flelds ~fuffl‘%:”‘j

P ’: from element 1 can be wrltten as g,'fif:ﬁ %;ﬂ]Qﬂajz ffEZVA
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P T 1%z 17°1) Kzlle—Ll'pl) (4.1) 3"

[}

L‘ ~ ‘ N
g ';L- where the prlmes denote dlfferentlat on, Wlth respect to zl':
. B ’;“.v-‘K'z“l and K l' are glven by equatlons (3. 19) and (3 20) W1th
. ' fL and a replaced by L and a; and (z 9) by (zl'pl) bl and

N o '-:K;l and K 1are glven as before by equallons (3 6) and/}3 7y
.;g:wg‘f:gﬁf‘}yfwith necessary change a for a./fE ol is| glven by equatlon 5
6 “‘273‘§§lpfﬁ;ff’?; The equatlon for the current 1n Thls case“can be

'zm.ertten from equatlon (3 15) as
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o E ) sinfk(L;-2zy)] | sin[k(L14zl)] , !
' g ' Iz (zl) = Iz (-Ll) ' + Iz (Llr — . . [
1 b sin(ZkLl) q: 1 sin(ZkLl) . f
[N N ® b ) ] . . 7’ » -~ ;1': .
2 . L) . . Ll . ) : - -' 5 % b
3 ' v = 5 gl
] + [‘LlGl(zl/zl) Eol(zl)-dzl i '- q 3 ’.(4-3)~ Ul %“.
- where. Gl(il/zi) ‘i; given ~by 'quatien (3.16) with L réplaced‘ L ' »” .':
. mmE = A LRI, PP I i
~ . - For SlmPIIClty 1n computatlons agaxn an approxlmate il ;
L P I kernel Kz ol w111 be used Lnstead of the actual kernel

ﬁ*.év. " f':uquil.T.w:”"' Th1s replaces K l 1fpi?'b¥i?l”f '311?'{“

exp o3k (3 +pl+a1)1’s i
)Eﬁ o'
1! = unf

S B s e BRE T e USRS o g J4ﬂme(2 +p1+a
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E : g N el 5 S Ayl Ry © Sobat T R S e
j:‘~",,:i' . For calculating scattered f;eld pl equals zero and thus PR 2 A
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.'-‘" '."- 3" o o : k i o M k hs
5 e e R Pk g e It can be seen that equatlon (4 6) for Kp 'is obtalned 3
2 e e
8 o P 2 b . e _— ‘l «' ,--o »sw-—.-'-' .

. jlm;.ugllf._ from equatlon (4 4)~for K ;on_a smmllar basxs ‘as’ the

L g;~;'1£_' exact kernel K given by (3 7) 1s obtarned from equatlon ZEZQ:“

"~when' j( & LA
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® £ fnu"élr'vls replaced by Y For the . ahové ch01ce.of approxxmate R
?:\‘a ':- .. “ .‘}."_ ..' i' ) -..'.. - g "8 1 la :' = S0 y
R X et ;.?' kernels,.K 'é and K S ln equatLOns (4m1) and (4. 2) wouldl- :
A w e ko %oamEr o P k) T
Wi . &+ d X . 1 T b8
il i be replaced by thelr approximatrpns Kx and K y o 8
. el 1 EX . ; o a N o 0w
: Y LT ﬁ - R q. ,w-““ 1ac . Py ot %& "“F . o PR
G e e - respectlvely, where K = and,K 3 -are glven from the=~ P

i S B Tl ;zlac 3

.!" .,-\ . = % ‘ 5 .~ 2,
.

S ) equatmns. (3 19) and (3,.20) fpi K ‘cfand K. w:.th the " ..~ .

A 3 tbla'-ulfﬁ ij, change%that actual kernels K , and K;q_are replaced bY the - g zg.

f ’ ,sc;mr:.“f : approxmmate\kernels K zya and K a, respeetively, as 1n i y
" .A“_ :‘~_‘ o : ,..::: Fog ,’ 1 ) ...! ‘. ] = ) s ..:. N 3 - % "'
= . TEE e equatlons (C 27) and «L29) ’-):5g;-_- _,f 1, B g '”‘,_ - '

Y
-3

B ﬁ\“}!"~:T}fﬁ _72' For element 2 the equat1ons ﬁ fleld components and
. $ R T ARG | d - cEoig

I a7 o Ilvene B g 40t ‘. s .
B e ;ﬁ;m " current are not"glven here. They can be wrlttenudmrectly
é : f'3from the eguatlens glven for element l by just changlng the

i 3
'. [

‘fsuﬁscrlpt from 1 to 2 1n the varlon terms.m The angular :}.;'

component of fieldS'(E¢) for both élements are zero as'{“ ::'.;'
fshOWn earller 1n the case‘cf the ﬁa51c 11near element in
Appéﬁdlx (B 3)A ".: ‘nv... :,‘.f' ""‘ '.‘,4-.‘ . "‘h - '\\~‘ :-' y .n :.,.‘,- S o '.. o N :‘:

% ’ As suc y the um of scattered f eld and tangential 1ncldent
3 flelds from all cther sourcée w111 be zero.'*Mathematlcally 3:u "“J@

oy

A s = =} K

.
e
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the sum of fmélds for both eifments can bé wrltten mlth fl. 3
»v.reference to
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.,-..-' _ \\ : oriervatn.on po:mt orf 1ts axis zl between —Ll and Ll : "‘,-}'—__ ':
‘; ' "'. ) : ..\"{, (erpz)’ and E (z;,‘p ). are respectlvely rhe axial and.-‘_h‘.'.' ) E
i or B° Y 3 radial f:.Elds radlated from element 3 at spame obserVat:'Lon ,. "'_ 11'1'-
:' ) pomnt Yn zl -w1th reference ‘o 1i:e coordlnate axJ.s xz g =" =
‘ E 'f- ‘_ P ':‘ (z ,0) J.S the scatf:‘ere;i fleld of‘ element 2 at any ; :‘ ‘ : "
kY d obiervetion geint on ;-1ts ax:.s 2, betwnee-n —L2~and L2 H ” ’w‘ﬂ
} E'. (zl’p.l) end Ee *(zl,pl) are re_spect:.vely the axlal‘ andl >
f; P radial fields from"element 1 eValuated at same observaﬁlon 2 “ f»_:
" "_a::': "'po:l.nt on 22 w1th re?eﬁrence»to ltslown coordln‘ate axn.s xl“ -.':,:
' rare‘the J.ncldex;‘; £4 : ;is onAelement 1 'and 2 ' e
'; '" S u resPectively along\the:.r éxe}s" ‘from 'some' e‘xterne1. source er 5 bt i
J 2 ana 2 refer 'to the projectrers ef ther ae;ec1ated flelds
i A oY .‘~ . PRl R -..~" e ([0 RS R g "‘
o ’ or thez.r component_s on z'li‘am‘i. zz‘. axes, respectlvely. *
.',"‘ P l : Nov; tw'o dlffferent cond:.tions, nahmeﬂly the c0nd1t10n
:" . af:free ends ar:d the condltlon —é‘f jo‘%..r;ts w:.il be 'qo_nsz.dered
. M §,§':~-’ R ‘4 1 1 Treatment of ?ree Endsl Condli;}?n v T
'(Th:.s condn.tmn :.s usuaily« encoun:tered J.n ar;{:enna‘ :

currents are zero.
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. _ ‘I—L (zl)Kzlac(z 72! /O)dz +,I~L2302$22) {ﬁlngaq(ez/nz/pz).‘”

Ca o o .
(22/22/02)} dzy = -EL (2,,00 . (4.9)

A ’
=~ .z, K_ .
1 z, 17 . - -

a
P ac

R
U

°4

ol : : . . :
R 7 LT e, P c
A T TP A 28 /00 ) - B K. .z /230, Ydz! .-
";,erlgﬂl‘zi)ff?2;KZiac(zl/ﬁi/élf ‘ ZZ-EVIaC‘?l/fizél-}qzl”

e .

: EA N
s '
! .

g Y.

: -'.,:_—‘-‘w:. ' . . v =-.. i A"I"' A l",'. el “a h “' .:i “,: ‘. "' s . : " ] :l
: '_i*J-Lz .Z(ZL)K éaq‘?zf?2‘°19f?‘2-‘*3?253259? L hw-’3f51?19{~5
- A VJ;where 22 and p2 “in’ eqpatlon (4 9) are determlned 1n termsiiEJ

w1th respect

fatof coordlnates of any observatxon p01nt on z1

/

_ s Slmllarly, l and pl ln equatlon (4,10) are deter-.’
j: } 'i}\mined 1n terms of coordlnates of any observatlon on- z2 w1th

i;respect to xl.' For the glven 1ncident flelds E and E heﬂ;.:F'“'
E 2 cee

TQabove set of two 51multaneous 1ntegra1 equatlons can be

&

;fg_gsolved for E 1(21) and E 2(z ) by u51ng any standard tech_J

‘g:nlque such as discusseﬂ earller for the case of the dlpole
ﬁ’ftz:?f L?i;“fantenna.n From the solution for Eol(zl), the current dls-;5w7frﬁ~5”:
"{trlbutlons for element 1 can be determlned w1th the help of T

fequatlon (4 3).t}slm11ar1y,Afrom the solutlon for Eoz(zz),

,the current distrlbutions for element 2 may be determined.:-'

"ng there are n such elements thlS technlque can ea51ly be

-

: extended’result1ng 1n n 51mu1taneous 1ntegral equatlonsh.nv~




"-and (4 2) cancel w:.th the result that the follow1ng equat:l.ons

o may be used ﬁor the radn.ated ax1al and rad1a1 f:x.elds- ./

R R 3 Fro g,

may be détermj’.ned-.

4,1.2 Treatment of Jo:.nts

- Jo:.nts between the varxious elements a~re very common

in’ a. multi—w1res antenna. . A few good examples are v,

' rhomb.'Lc and top—loaded antennas. - In treatlng jOlntS the

follow1ng ass*umpt:.ons are made, parallel to that of other ;\_

_-wo;rkers, in addltlon to those already made for a llnear

element, ._' AU S L {' R e

B i_‘(l) All jo:mts are ax:x.al W1thout occupylng any space and

(11) All-th'e elements jomlng together have equa

It 1s shown J.n Appendlx (C l) that for n- elements

‘\

Joq.m.ng together,' when K:chhoff's current law 1s applled at

i
the junction and us:mg the approxlmate kernels, hlgher order

flelds, iﬂe.‘,”the terms wn:h denvatlves :Ln equatlons (4 1)

T Sl

Fa .(217-.",1):: .T;.f.Ll ol‘zl’K 2 )a (zljzl/pl)dz' NI

do not grve r:.se to off ax1al currents, K RN X

=:', Sl
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J where .8 - = .-

.

» - 1@ * ,

X (gl+L‘ll'pl) — , 5 - (4' 13) ‘. -

. A = 3 .' I —. .
- Lo Ve 4 pe Hi T n e m ™

L

. e =-;':;L"-j I. (L

! . - 3 B 3. et l) r(z -Ll' Dl) i > (4- 14) P

oo - where r is deflned in general as - - ‘,' g, B PR
: A " “'- " '. i w Ok Gy A B . Tl : 5 T . . .
i S . o e . h : - ,.'_ o -, A - . -] - 2- 2 ol 2 %‘ d ’ | H = ..‘, . .. v nl‘.- .
s = N AL é‘z ol MR, T e s M
‘,. ','"':. 5 & o jA n )’ ...:. P B .l . ) - o , . n:.' o ' : . .. d i :. 9 .A' N ‘{ ._.):“ . YR,
) 3 =10 1> - T O “. ot . 1 B “ "‘ ""‘ 3 : g
$1H . " h d .‘..If 1t is assumed that all 301ning élements rhave com—
W W Phys:.caLly the exlstence
-4

°F 5 G RS

| dlScontJ.nuous current or :

a current th.L'h does not obey K:.rchoff'hs‘.

JAun‘ctio{n/.: Of, co-urse, : su;:h ; cu;.:rent sou;‘ce cannot_:._ ?\?cq.st.
: -—.4,_,. canside&: the two "elements 1 an.d‘ zegc;i.‘nea toéethe} at“ el
‘ j:'t é:‘ii ends (Ll,L ). as shown in F:t.gure, 4. 1(11) 3 »For sifn;)llc-ﬁ'{.'
?;; 4 ir ‘only thelr aies :a‘l;e shown in fithgv..l.rg.. The angle‘ ‘bét;neen
L A ; ~ ) -.": . the:.r axes ié '9. S:maé ﬁhelr bther gn@s (-L -L ) Lare free,
& Gy - -Lz) van:.sh. 5 Forwgucl'; "a caéé .equatlons':."‘f.
S + (4 11) ‘and - (4 12) ahq Flgure P 1(1'1) ;xs shawn in Appg{l;};x
_ g 2).. Fo'r va'known. inc}.dent fi'eld, the resulting coupled

¥ O '&:t o 5
'}!f !




~.._ s:.nce thlS :Ls not a good model for practlcal multx—wlres

- B and (4 /3) For multl-:eleme\nt structures a top loaded

: antenna ,:.s solved us,lng a generallzatlon of these equations. :- .

o These equat:.ons may be solved for unknowns, for a; glven ERREEHRRIE R

: :Ln conjunctlon w1th pulse functlons._:"'

curref:t distribut‘ions for}eleﬁent 1 may be detexrmined from

equatlon (4 3) and sum.larly for element 2.

'

If there are n llnear elements, jo:l.ned or® separated .

~ B

or bo‘th, in space formlng a multi- elements structure, thé‘se ‘ AT

equat:.ons ‘can easlly be generahzed. ‘This’ w1ll give n . . \ 4

A

m
s:.multaneous 1ntegral equatlons w1th mK:chhoff s current

— A

1aw equatlons where m 1s number of jomts 1n the structure.

”

l“Cident flEId- and the current dlstrlbutlons for all ele— ,l.--‘ S

ments and ‘thus input 1mpedence determ:.ned. ._’I'he case of . :'.: o

unequal rad:LJ. of elements 301n1ng together 15 not cons:.dered‘

Q\-.).

:v‘

4.2 NUmer:Lcal Results and Comparlson ' .;L,, SRR O

N A
N As an example for the two/element structure a V—-

antennals is- solved us:Lng equatlons (C 21) ; (C 22), (C 36),< =

16 . .

.-.\1. s‘

In both cases mput 1mpedence and curreﬁt dlstrlbutions are _
determlned. _ The source :r./s agaln a magnetlc fr111 current.
'I‘he numarical techiuque used for solutlon is p01nt matching

"\."~ A

Th:.s 1s s:um:.lar to that
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out earlier in the s ame sectlon, the 1ntegra1 of the o /
. T S 'composi'te ke‘rnel Kp for the radlal fleld 1s avallable 1ﬂ

closed form for _such & cho::.ce as’ shOWn in Appendlx (C 3y
) ‘ ) S . "', . . V - /l‘ '

-, ’ .

: - © 4,241 V—Antenna e o ‘ R

. A , A - .
. -F:Lgure q. 2(1) s‘hows a monopole prctruding from an

1nf1n1te and perfect ground plane. It 1s fea at :Lts base. . i

/ . '-The\ mon0pole w1th 1ts J.mage 1s modeled as’ gwo symmetrn.cal ) ,

) . :‘;L.‘ ) .'4,."'.‘.,:"\11.111ear elements '40 hed together forming Ia V—antenna. ' ' . :f

: | ‘ ‘I;';:urje 4‘:2(115 shows the mput adm:Lttance of a quarter /wa.ve 4
monopole as a \:fi'unctzien of angle of J.ncln.natlon from grou@ . '

) . ,'ij_Jélane rnc>:r:ma1 (oz) ;;:Also plotted 1n the f:.gure ar/e' the :7'.
:.-z’."i-;’,‘results {measured by Lekhyanahda taken\from J‘ones 3 for 5 ‘
° , ) ccmparlson.;. It can be seen that there is a- good agreement ) *

s // oy between the.two*results fo’:\r: :up to 50°, and 1ess agreement

y ‘,_/for u greate’r‘than/that.‘: 'I‘he’probabl/e/ reason for th:.s d:.s/ \ f: ;
- crepancy 1s that at hlgher w, the angle between the two elements .;';'-.'.:;'.5

B SRR l'.(fhx 1n the model 1s less. thlS means that the overlap ~ L
i 3 'between the two elements rs more at the Jo:Lnt, g:Lv:Lng s:.g-; ’/ I J
X . ..:'-'m.fz.cant cff ax1a1 current. ) 'I‘h:Ls departs from t}xe assu.mptlon'-l ¥

. U : ‘;;'oi‘i '*an :Ldeal Jon.nt.; Also, the use o} Japprox:l.mate kernels may,‘ et

- _';'.produce some ‘alscrepamcres :Ln the res-trlwlts. B Flgure 4 3 showsA . .

"'-j".':Aaga:Ln trre J.nput ,'admlttance of the monopole :l.n anoth;: caee. _'_{"; :

“"‘w"\“‘%e"»ﬂ"—’}n’&\
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Cows v. . - o

match:mg technlque in conjunctlon‘ w1th pulse functlons. A

Ve e i nigps TEAE L !

v
\

N ' A . 53'

_ both cases the results are similar to that calculated by

'

Jones. Current dlstrlbutlons are also calculated for the

~

monopole for o =_30_ - The results are. plotted in Flgure
o ” 4,4 (i) for gquarter wave monopole and in Frguz_:; 4.4(ii) fof
the leng‘th of. OGA In all the results the mcnopqle was
lelded into 10 segments. P . . S -
. Nex\t,‘the current dlstflbut1ons for a symmetrlcal
center fed. V—antenna of F:Lgure 4 5(1) are calculated for : :—~
e 90 usirig 11 segments per arm for the cases shown.»\‘ The A | i:
:"‘(-"4"'{-,"”.,2:7_,\results for half wave V—antenna -afre gJ.ven :.n Flgure .4.‘5 (/1;1.). “

v F;J.gure 4 6 1nc1udes the results for palf 1ength (L) of 0 2A.o o

V0. 4}., and 0 Gx. The agreement of the reSults 15 good, in
23

‘ genera;l., when compared w1th the results of Jones thtle

. .
c dn.screpanc:.es ~.1.n the results for lengths of 0: 47\ and 0 GA

. ; ] may be due to the dlfferent sources used for e tatlon. A

e e

RV

. delta gap generator 1s used by Jones and the numer:.cal tech-— R g
‘ n:.que used is Galerkln type moment methodﬁ;p ccmjunctlon w1th

.plecew1se 51nu501da1 expans:Lorx of current. The‘Qumber of

- AT segments 'used are only 5 per arm but ‘the. :LntegratlonsA

.o Coe T ‘ Yo

RS 1nvolved are/uéh more co7nplex qompared to s:.mple p01nt
L N

-

.ffspec::.al case oflv-,antenna .'LS a 1rnear d:Lpole (6 = 130 )

o : th:.s case also the current distrn.but:.ons for two d:.,fferent L
"/-r‘{/ - I . '~"~.-'”‘ .
- 1engths/h/ave been determlned and are shown 1n Flgure 3 6. PR

-t aﬁgﬁy-xi-ﬁg{*:.& Gt
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- kY s .. . S
T , L | 6
4 2.2 f‘l‘op Loaded Antenna S SR ..
. - A symmet:c'a.cal “two element top loaded antehna Lol "
- O i protrudlng from an mflnlte and perfect ground pldne 1s e TR
L. /] . . “t . . . M ’ ) -;‘.
) ' shogm in Flgure 4;7(1). The antenna 1s fed at its base. AR
It, \together with 1ts 1mage, is modelxled by six lineaxr ,' }
elements, three for. the antenna and three for its’ 1mage. -'-‘
' The J.nput lmpedence of a 'P-ant-enna w:Lth k (H+L) 'n/2» and 2
2. S S
e 90 1s calculated us;ng 10 segments &om ce ter to- \
\ \\ L -7_:« L elther gf the top end. The result as a functlo of'.;l?c-H is :
R shown J.n Flgure 4 7(11) . Also plotted 1.n the :Lgure are
o , experlmental values glven by S:meson f3r l1:1'1e s e Str_'ﬁc—
. 'g ,t_ 24 20_.-, aIt may be seen that the ag‘reement 'etween theory
' and expenmental valqgs is good It 19 of m erest to note R

4 5 The

w1th H—L-A/B us:.ng same number of s"gments...
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Symmetr1ca1 two element top loaded antenna.;f:ffx
Input rmgedence of ‘a base fed' symmetrlcal

,..T(e—QOO) antenna as.a functlon of kH..




- ia/ L L o | Tﬂ L S 5 " R
- S e e T Theory T
Ce T e ) x X% Sunpson(Meo&ued)
o R H= L OI?SX S
T U o 0002657\ -
e Re. oo o

Corner

element

Current alstrlbutlonsvfor a’ symmetrlcal two
p!Ebp 1oaded base fed antennanfor (1)




T T0 I b o 5 ..:
- ‘ " .’gha.ri-'p’s":'tné‘Bul:iﬁo'\g—hGailerki,n'"'sohi.ti'ér_x.“fo:é'-- ?b.ckvli'n‘g‘t'_dni-.s- ..
: e 2p A ir’x-te"ﬁg'fé.l 'équétion. and '{apia’rt":iiima.'t'i'gg_ .t-;he'; currentby .é.'.polj(; R T
] 'h}binbial ' :' Aééir’_x til'; eyéﬁluégt‘i.;:':x_i b';‘..' xﬁgtfi.xtqléxpéﬁtﬁsi is. l'cpm'plle‘x““‘
o although the s'izle. ‘oi.f the matrix lssmall" \ P » o

T

e

i .»":w'n'.“

‘..;

-y,

Php e e



s g R R T T L Tt ol T
ey ST N L. N . u -, . .. . ,. St
o ."i‘.ﬁrﬁ.vé“mw KLl 2 ) SO T R A R e el i B0 Ll s N s e & L3 i ? = = <
v . 5. . . g . . - ' g R . i T ‘
. - . . . S R . P . 3
. e . R . . L . : v Ve

LR e . | 0 . . |

- . . . . Lo « . . v ;
- . - «

. | .

) D 4
-, .
N " Y g g

) P K . ‘; ..1' ‘ -~ . .-“?u :.'-g:.- "4: . ) -
PERR T G007 70 -'CHAPTER 5 ¢ S .

R

ORY e 77 .. 7 CONCLUSIONS . . ' 7 3
s SRS o B R e . ’
oo ?v£: f.'f‘ﬁ_.,i The method oFf - ana1y51s of 11near antenna systems ‘;{

. . . s .\,

£ L proposed in thls the51j ellmznates the need of 1mp051ng

-

‘ ; .'j:.i boundary condltlons on- the solutlon of an 1ntegra1 operator. rii':EA
:?.'1';.{p};oré‘:ff ThlS’lS achleved by flrst 1nvert1ng a commutlnq dlfferent1a1:;j3.7 :ﬁ
,r; o gijf:joperator whloh satlsfles the bbundary condltlons. Thls ‘1:f;'$3;f5;%
. o method is partlcularly effectlve slnce,}he solutlon of the..%gft§ﬁ?;ﬁ
'fgfﬁ:f;'i*ﬁ daffe;entlal equat1on can;he‘mrlttenfln‘closed form er ; e ﬁ~“w
o e 5 . ‘ 9N
e R B R A o __’_“~*_”_,__l, o
S theoretlcally and.by measurement. It has been shown, for ’ '
| “3’[{:tﬁfgiif Athe examples glven, that the method ﬁas certaln numerlcal ’;; S
; jt'"fijﬁglhgifgn advantages over the class1ca1 Pockllnoton 's formulat10n.~ . ;f»

L Numerlcal results Hased on tHe proposed method show a rate

Lt e .
RO ‘-—* . RN TE Tpan NG AL

~~- .5 -

'Ifaglffﬁvf:” of c0nvergence far superlor to that of Pockllngton s formula-”iw

P Dl tlon when p01nt matchlng technlque in: conJunctlon w1th pulse J;ﬂ’_

? "..functlons 1s used to solve thejlntegral equatlon 1nlboth

% ‘\The rates ire\ES?Parable when enélre domaln 0051ne baéesiare “?f;f‘ ?i
% | :{‘used 1nstead of pulse fun0t1°n5 for. 5°1V1n9 PACkiingt°n s‘~=‘; t. o
g . ; Also, the method proposed here hasvthe'flefihilﬁty -hf '}
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'Although 1n thls thesls‘attentlon is. conflned to

the ‘use of a: p01nt matbhlng technlque in. conjunctlon w1th

T . pulse fu~ tlons as a method of solutlon of the 1ntegra1 ,:ﬂjx‘u»“

{“ I equatlon based on the proposed method 1t is- not 1mp11ed .gﬁ{;;f

that the proposed method u51ng thlS numerlcal technlque ig .o
E O |

superlor from the p01nt of v1ew of éonve;géﬁce to some of

-f T the varlatlonal technlques proposed by other workers.-

—

R ‘ ‘ However, these varlatlonal technlques are not so 51mp1e to
g 7“'? apply as p01nt matchlng. Examples of these are the papers
"of Jone523 and Sllvester and Chanzoﬁ who have analyzed ‘ﬁ
‘ ‘ respectlvely the V—antenna.of Sectlon (4 2 1)\and the top
f‘ . loaded antehha of Sectlou l4 2 2) These:varlatlonal %

technlques oan of course beiused for-solutlon 1n the proposed

Vet ' : ‘*

‘fi':xi;l;?}ﬂﬁ: method’and it is hoped to make thls the subject of a further

1nvest1gatlon.;‘h;'ﬁf~fm” Vua;ﬁiff-f"f“;;il;f“j

AN . L. B . PP R . R : ) P

'hxg'f R ,EQ" Flnally,_the results of Chapter 2 are qulte general

'h7¢§;.“l*’ Equathn (2 19) clearly demonstrates thefw‘_f‘: gl

beiweengantenna problems and mechanlcal v1brat10ns, the ': ﬁ;f.xuff

x ﬁfE:;fh'jiff{ii: rlght-hand Slde prov;dlng a for01ng functlon for the dlf/er-

”}«ﬁﬁf; entlal equatlon T(J ) In the case of a dlpole, the solutlon

T (3 35) 1s merely that of a well knowh»v1brat1ng string with
e E (z) prov1d1ng a dr1v1ng functaon.= Although 1n,thls thesis
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: or. TX(E(X) + juk(®) =0. - C e (ALT) :
From eqﬁat;on (A 7); it 's»ev1dent that E + JmA equals to~ J/- 2 P :4i

scalax potential V ag

. From equatlon“(A_l) and
I Ja Sk _"v':'cva(x) =

Lo K'(’?) +, k2'>“(x) =
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whlchxls“equatioﬁ'(2-1)

the .gradient of a scalar.
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U31ng‘Lorentz gauge GOndlthn"'

Thls leads to thé deflnltlon of

(A*GY”/ 3

.jmueE(X) -.l- uJ(x)

and is kncwn~as>
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‘ A.2 Da.rect Der:.vatlon of Equat:.on (2. 10b)
o ; z . As po:Lnted out in Sect:Lon i-— the- equat{.on (2 ,,,_Ob)
: _ - can be derived ﬁrectly from Maxwell s e&uations and the - | e
o . equat:.on of éntinuity without/ using ‘the concept of: vector ' v
3 : - . S potential. '/-:‘__'. ‘/' } 3 Do e N

' i By taking the cﬁrl uf equati.on (A.2)
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5 or - E(x) = T(J(x)) * K, (x) © . (K718) :

'-.:l:‘.-' ) e K ' A ?
i . where K(X) and K (X) are defined by equations (2.2) and (2.11) )

%o . . respectively. T ‘ P :

‘ - ‘ ) It can 'B,e. seen that . .equation (A.18) is the same as .. K ‘
R '~ tion (2.10b). and’ due to commutation of convolution and * -

"::.i "'.-‘ s’ . . S ey B8 g e ' ) ¢ " e ) . e / -
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7 o e _shown 51learly 1n Appendlx (B 1), equatlon (B l7) reduces _ N
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B o Pl T '-, SR ‘. ST T _ , A
1: , STt ooy el E (z pL [I (z) * K (Z.p)] R (B.-18) " .. St
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Lo b vafﬁf where K (z,p) 1s glven by equatlons (3. 6) or (B 14) and W LT

X - o, . v I *, '

I T , the~c nvolutlonils restrlcted to z-only. 'Slnce 1n (B 18) - -
3 i -a ~'~. - ‘] N ” ‘. kl"‘
LT N3 convo uthn and dlfferentlatlons commute,'it can be rewrut— L

s N s s - C et e, . i

T8 R . ' S . *i;{= IR e S o
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2 ::.:~x (z p) = = Sy - 3 Ko(z,p.¢)d¢ (B.21) o

L N L . . .' . Colel ”.'..:““ . _,Q.
(;whefe K 1s glven by equatlons (B 7) through (B I2) ' s{tf_ S gf
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