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L ’ In this dlssertatmn, ,we study two " 1mportant classes of loaally convex o)
N o . . /
T . spaces in, great detall The f1rst~ one 1s the class of (DF) spaces 1nt. 0~

duced by GROTHENDIECK as @ prototype of duals of (F) spaces.,’ A ron- local ly o
’ . o . K ‘
‘ i . comnvex analogue of these spaces is also dlscussed The 'second’ one 15-- the- : '

’class of ,Schwartz space,s. The role of -certain Banach spaces as "un:wersal" . :

‘to the "varietyi' of all 'Schwartz spacesis‘invest_igated;-- Fmally, co- - ' Y

e Schwartz spaces ‘are :mtroduced in a fashlon a@logoﬁs to the study of co- N ' o
- e . . w7 I‘;.—'
e T, nuclear spaces from tha; of nucl’e;ar spaces. Several coﬁnter exampi\es arg - ‘.
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a 11near space E' endowed WJ._th a vect

,‘ on E. ' The adebraw dual E* " of B E

e .- DUALS AND BIDUALS OF

I

CHAPTER 1!

l

l

‘(F) -SPACES

ThlS chapter beglns w1th a rap1d surVey of the duall&./y theory of locally

- ]

convex spaces to serve as a preparator? materlarl for the subsequent ohapters.

]

*

Dua11ty plays an, 1mportant role in the development of (DF}- -and Schwartz

i

spaces _ whose study is ,the major aim of thlS thesis. Af-ter recapltulatlng

*

dua‘:ls and strong b1dua1s of (F)~spaces

I

*

the sta.ndard notions' and’ ba51c reSult,sj, We dev1ate to the study of the strong

Thls is done to motlvate the def1n1t-

ane

.'?""ion of a (DFg—space, 1ntroduced by GROTHENDII:CK [‘l] as a prototype of strong

~ I3

duals “of (F) ~spaces. We conclude the chapter w1th a: comprehens1ve, but not

ey ‘

Iy

exhaustlve treatment of’ 1mp0rtant perertles df theSe spaces.

. Unless otherw1se mentloned we always follow the termmology Qf KOTHE

[13] . Set theoretlcal dlfference is 1nd1cated by the symbol v, and fIM

denotes the restrlctlon of the map t‘I

L]

to the‘set M.. We use the symbol #

s
{'

to indicate the end of a propf or of" any numbered’ statement w1thout proof

o ] [
« »

v

Y

. "

All 11near spaces cons,ldered are

—m

-

numbers, and all spaces con51dere8 are

The t-dual of E - is the space E' of

1 Duality theory.of‘locally convexi spaces

v

' i . o e K R
over the field of real or complex “. -

assumed ‘to be Hdusdorff. We denote

or. topology' T, by-a'the symbol E[t].

all t- oontmuous linear funct1onals

1s the space of all l1near functlonals

L

on E. The 11near spaces. E and Ei ovey the same fleld are said to be ‘

in dualztg if there exlsts a bllinear form < '_ , > ‘.on E x E Whlch

S

separates the pomts of E as well Las E 53 in the sense of B@URBSAKI [2]

t Ie

- . f

4
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- . .

"~ We/'also s&y‘ that' <Ei,E25 is p dualipair. 'Fot such a pair, - the weak .topolbgy' PN
N T "". fl,. L “- ' & ); . 0 tl o
« T (E ) on E1 . is the weakest topolo%\y whieh ‘tonders"each'mcmbe{' of .‘E2 "a B

continuous 11near functmnal Sirriilarly*‘__rs(ﬁl) i;c,_',‘th,e wcak topology on
. v ' aaty N .

L

'

5 defined by B L . N SR T
,‘l Notv for a spacc I‘;[T'] “,.A<~E,E'> 1s- a'lways a dual palr and’ thc ‘topology’ o
T [L'] on E 1sl1n genei‘al‘ courser than 1t .. A topolog)" on. [}2 is said- to‘
be admsszble for tge patmng <E,E'> if the dual of E b,“ er, the topology o,
is précisely E'.: Clearly the weak top010gy is the weakest admts';lble

!

; ‘topology for <i: E'>. A comprehensive method for defmlng va)nous topologles ’
1{ on E arlslng £rom the pairing <E, E'> is by means ?)tlf polars,*. For,eachﬁ,sot '

3

' A-c E, the poZar )A—

an absolutely convex 'r _[B)-closed subset o_f" -E'. Dually for' BC E', -

(fe L' : [<x f>[ < 1 for each .x i A} and-is

B0 = {xeE: |<x f>] < 1. for each £ in B} . The bipolar theorem _ésserts~
. that A oo is the {(E) cloSed absolutely convex hull of A The symbol . ‘o
\(A) refers to thc absolutely convex” hull of " A, Corres‘pondlr’lg to each . Yy

/

famlly M of T (E) bounded sets of E', the family .,{pM Y | E'M} .ofo.

semmorms defmed by pM (x ] ‘:' f e M} pfescrii)es a l'ocallif"., ) -

‘convex topology on E. The_famlly M is sa1d to- be satura.ted 1f L §‘J§

¢'1) 'Me M, Ne M.implies N.€& ¥, L e LT .
o, e . ‘ N . . . (O ! ‘e

. . ) . . RN l ‘ , B . s .\ Y . ) ) , h_ . ‘.. ;'
2) "Me M implies ‘A M e M far each scalar A, and "« ° L . 1.,"

', [ . X . : ! .~ .- Lo T ' .

3) MNew ’impl_i'es that the, t'S(E)-clo‘sed ébsolut:e_ly convex hull of MW N

‘belongs to Moo \ . / I o
' : A

: . . [ ( . . . Wt

"If M is t'o;tal‘ in ..E . in the sense that U{M : M’G'M} f.spans‘ EY, - then ‘

I

the generated topology on E is’ fmer than the Wcaak topology rsg'lif). If

M is saturated, the converse is true. cw T . .

¢ ~ . L
;o . e

[

+
f
|
! S .
i



L

§

1

* is obtamed by choosmg M to be the saturat1on of all T (E) bounded suhsets

abso‘lu"t‘ely convex TS(E)-compact sets, and’ - (E) bounded sets of E'

T is reallzod by settlng M to be the saturated famlly of all T-e_qu,tcontlnuous-

I ' : : o

- [ " N v -
3

If M is any famlly of T (E) bounded sets, there 15 a smallest B " NS

satorjlted' family _M* whlch contalns M. If M is total and saturated thc ' ‘?b
family .{MOTM é»Ml of polars of conve;c‘ TS(E)_—CIOSGd .n;embers of .Mé-; forms’
a nelghbourhood basis for the polar topology . ;This topo.logy 1s usu'.%ll'y??‘.' o .-

: refle;crcd to as the topology of tcn;for;n convergence o'ri‘ the inem‘be'r'e'of “M '(oaxf;; _w

s
N . w s

slm'ply the M topoZogy) The wgak topology T (E') Jin E "is obtaiine‘d by‘

3y

choosmg M “to Con51st of a11 f1n1te subsets of "E'.~ The 'erzttaZ topﬁogy

e

L

subsets .of [‘.‘ The Mackey topology T (E') " and'the strong topoiogy i- (E') :

on E are respectlvely the M—topologles ‘correspondlng to the famllles of all .
o i

That TK(E") ‘ﬁ’is the largest adnissible topology, fdr , <E E'>5 .is. ‘the-

|

¥ . N . . . ) - .’ . ) ". N
content ‘of the Mac‘key-/\rens Theorem. - Yet another topology, b*([:' ‘on E .

e

" of \E'. Clearly, T (E') AR 1 (E') < (E') < T (E’) when et refers to ' L

-
1

-if t‘: ?b*(E'). Eq"u'ivalently ”E[r.] is barrelled if and only if each barreZ |

- . \r’ . : ) .
"co;xrser‘th'an" . In addltlon to these we also need a tOpology denoted by .. vt

To (E) namely the topology of unlform conyergen/e on the precompact subsets’ of’

1. _ . | 4
E[T] Thls is a topology. on EY. ;- : S 4

v

N

l‘he space E[t] .is said to be barrelled 'if T =T (E') "?éhd inf‘rabarrelléd , §
) y . ) B . . X . *

(1 e. closed absolutely convex absorbmg set) is-a T-nelghbourhooc} of 0 o -

and E[T] is. 1nfrabafrre1 1ed 1f each bornmvor'ous (a set whlch absorps all .
. . \ E
bounded sets) barrelxls a - ne1ghbourhood of "O: A bornologzcal apace is a

' ws "
L P

,locally convex space in - wh1cﬁ every absolutely convex born1vorous set is -a‘

- . .
o

nelghbourhood of - O The bornoZogwaZ topology T™* assoc1ated w:.th ~T is

the finest locally convex topql_ogy ‘whose famll_y of bounded sets is identical



. oo L S - ] .o ¢
With. the famlly of 1rboundéd sets.’ _C'leérly E[1] ' is horhol‘oéi.ca‘i if and
only lf - “:l'*‘-. . - L . 3 s . - :“-,.:

, VA : - SO
The b1dual E", of E['r] is the b.(E)‘-dL'xa-l_”bf‘ E'. The.canonical. '

BN Lo
W o

“map 1 :'E +E d‘efmed by' L(x) (£) . ;'éx f’> : or’ x ;h\" E, f in 'E

lrhb_eds E :into\the ‘bidual E"‘ The space E[r] 1s seni- ref‘Zexwe if, tho

@ €

map I is- onto, .or equ1va1eptly on E‘ »the topologws T (E) and (E)

: coinclde:. .. Now. <E',F"> forms a dual pa1r The strong b1dual of E[-r] 1s
the space 'E"[T‘ E")] arJ:smg from the- pa1r1ng <E' E">=‘” Thc space. E[-r] e
is reflemve 1f and only if the canonlcal map l of o onto the strong |
b1dual is an. 1somorph1sm onto It is well known that a. space ig reflexlve‘

- T if an‘d only if 1t is both sem). reflexwe and 1nfrabarrelled
' - l' ER g A ‘, ’ . b

R [ shall also con51der the natural topology 1' (D') ' on: E" which is"'

3

the topology of unlform cd’nvergence on' the 1- equ1cont1nuous subsets of E'.'

We'.remark that while rn(E') 1nducos the 1n1tlal topology . i:on:“'E, the-,

o topology ST (") ° Qn"; E"”.‘. _1nd|uce.s"tb*(E’ . ,onl' E” We say E[T] . ls dt}stiﬁf .
gzgz.shed if ‘J.t.s,strong.’;doal_. is bar-réll_ed, or equ1valent1y T (E) (é"), on

N < P : Co o St ‘ N v

For a subspa of E[T] “we have' a"péirin'g'. ‘<H,E'/‘H-L>‘_ . The topology

a*

'TS(E'.)_ relativized to H 1nc1d_es _.wi'th_ 'r (E'/HL) , while the' relativiz-
. ations of l((E.,) " and. 'rb(E')- areé arser than l((E'/Hl‘) and‘ b(E'/H-L),‘

respectlvély If "H is a closed 11near sub ce of E . and Tq represants' R
. ~(- , : . . R 1 . T
the quot1ent topology on E/H the dual of E/H[T ) n be i'dentlflec_l Y”lth\

H'L and TS(H-L) on B/H is p_rec:.sely, the quot:.ent;topolog”y. <, (E') q
\ .\,’_{"“ ' - S . A o' ° ’ -...
For a fam11y {Eh L a EA} of locally conVex spéces IIE denotes
:

produot space w1th the product topology 'I'he adebratc dzreat aum G E 15

the_subspace of IIEG con51st1ng of those members wlth only a f1nite number of

- i
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EER R

i

:;.-onve:c thZ) rof the fam1ly {E ['t ],

u

Y 15 the finest locally convex topology render.tng ‘each tnj ectlon Q’? ‘_ : :

‘generaltzed stmct mduthe Ztmw Of thev famlly In addlzlonrlf each u, B

spaces {E }, then the generallzed strlct 1nduct1ve 11m1t topology 1nduces

. ,'on each E ' a topology coarser than ~‘T'n"; If for each °n m restrlcted

--VI\E is-a; -r —nelghbourhooé of O 1n E for:e“ach e e a .

3.
1.
-

P
T ol

1
P

»
o
]
L)
-
- - - )
U~. . s .
“ .
- . ~
@
-~
.
[
o
(3
L4
LY
4
"

'non zero co+ ordmatcs The Zoeally corzvex dwect v topologg on §' B E. .

‘2
-

[ -

PR

I. E >, @E contmuous A nelghbourhood ba51s for th1s topology.,_consmts

of;sets of the form I‘ I (U } where for.a flxed {U } nep‘resents a~ ‘
nelghbourhood..bams ofd 0 ..~in" I:ol and I‘ I (U ) - denotes 'the absolutely -0
b _ e ...‘4.. S -, T

,conve*x 'hpl‘l of_,;the union ;of"the I (U ) IR CE e N
N .’ S . P 3 . . ) S -‘ o. _— S - I

X More'gen'e'rally, let {E [ T}th denote .a ~fa‘mil~y' of,'locally ‘co'nvex L
shaces and for each 'q ulet_.. u* L s E denote a- 11nenr map, where
=E 1s the span of the set U ua(Ea] Let\ d‘enote the f1nest lo‘éallyé'convex
e - Ge4- ‘ ’ A - .

(not necessarlly Hausd’orff) topology on "B whlch renders eg.ch Uy contmuoue S

<

T .

..If- T 1s'Hausdorff then EET] 15 celled the mducj:we Ztmt ( or ZoaaZZy - o ¥

,“".:' .’“ 4" »

L]

eA We wrlte thlS by the statement

'liL[r] Z u [E [f ]] , 1s a countable set 4then E[r] . 1s called the

i .\c

_1s the 1dent1ty map and E 1s the unlon of the mcreaslng seQuence of sub-

‘
» - . .

’

+1

Ve ’ .' . -

to' E]-n 1s the topology T ne then ) E[T] is. called ‘the stmct znductwe
. o s

) Z'Lmzt of the famlly An absolutely convex absorbmg ,§et V Qf E "ie‘ a- e

< LJ

’ne1ghbourhood of 0 for the stnct 1nduct1ve lplmz.t topology 1f and only 1f

“e
E. - 1

ot
e ¥

. . B . L. ’ ¥ e
.)Let f E -+ F be a 11ne&r map betWeen tw0 locally convex sp‘aces,- The‘

q LN

" linear mip . £* F* - E* ;,defmed by, f*(y*}(x) =y (f(x)) for x i Bl

-

’an'd"'y* in ‘l?* : 1s called the algebraw adgowt of f If f-'1s cont1nuous,.

° §

°.then 1t ls T (E’) -t (l") (weakly) contmuous and conseguently,

¢ . » :

. f'°'(F.’~) E;E"._ Hende 1f f is weakly conf.1nuous we cam deflne' the transpose S
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- mapping f£' : Ft -+ E! by f'(y )(x) = y! (f(x)) Jfor x in E and y'
Il . ’ 2 -
.F' 9 “ ~4 . - R - . . N l .
D . ' - -, ) . @ .
‘jq .- ’ b . ' -t ’ “‘ * L g ‘4 ’
':‘In‘this case ’f', is weakly contlnuous, and further, f' is also. Co
(F) - Tb(E) qontlnuous. 'Again, its transpose f" :,E F” is well-. '-;1 o
© e L ’ ’ o e FA P
.- .deflned and f" ‘restricted to E coincides with f£-5. E +-F,-J LA o Fﬁ_
e (.- - . . . . L. §. e e, - - . “ - A . R 1
$Bre e R R I St el '
o 2 Stroug'duals andﬁstrong hlduals'of-(F)—space L. S e .
o ey L A complete metrlzable 1oca11y.convex space 15 an (F) space It forms v .. |
"- g \v. [y . o ¥ (\ .-- N ’. '
e i‘ . .-an. 1mportant class of topologlcal vector spaces and-occurs;haturatly in - i
R K - th, D te L R ~ - - ."' E P " . : .
, GfJ‘-,-,. tho-theory;of dxstrtbut1ons¢and'many other 51tuations.in analysis. An (F)-ﬂ N '-J
; 5“; L spaoe 1s always %?rrelled Baire, and bornologlcal and_possesses many pleasant T
d ptopertles such as,the Krein=- Smullan Property for conVex sets [9] and - 1u : ,
Y . e~ - ai cee : .
' e satlsfles the open mapp1ng and closeﬁ gnaph theorems [9] {t'ls‘wellaknownm~ "
A "' o . '. Lo U - 'l D
S E . that the weak dual of an (F) space possesses a numbe}yof strlklng propertles. K
D . { ‘ -o .
. '. In cpntrast‘wtth thls and 1n contrast w1th the strong duals of Banach spates, L
1 - e . .
L} N s .,
- the strong dual' E', ot an (F) space E has a structure “more comlecated o? .
) 4 . o . - s ’
\ll
. . tydn that of the space E 1tse1f. For example,'aE'[Tb(Ef] ,ki notﬂmettizable ;
lf. unless ?E is normabﬂe' also E'[r (E)] _need not b arrelled; and hence ' . )
A - . . A I 1
Y ) 2 oo : ’ AN oL
: o nc1thcr bornologlcal nor 1nfrabarrelled -~ " o
v # : et . . . .. . . . L . R 2T
= o Nevertheless, the fact that E'[T (E)] possesses a fundameytal sequence , :
- . . T | : ‘ . 2
cT of bounded sets has far reachmg consequences, and thls will be \eveloped :
1 N . __.. « . g - ~ ! —*
- what follows.. Thls dlscu551on m8t1vates the study of a, class of spaces
. [ % Ter o n . - N
f;/ ’ .called (DF) spades, Lntrod‘;ed flrst by GROTHENDIECK [7] as a naturai general- o ' s
. a i . ‘. |;.. B i . ) “—J - ) 5«
. Izatlon of the strong‘duals of (F) spaces '_3 o - .'.' -
<§}. ‘) 141.'DEFINITION A 1ocally conOex _space 'E[T] {swsaid. to possess a fhﬁda ) :
. ) o , - w0 o
mental sequence of bounded sets 1f there ‘éxists an 1ncrea51ng sequence {B 1) \
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' space. We start with the following result.. .

- 1.2 THEOREM If’ Efx]. is locally conven, metrizable and possesses a

- . N w
. . . . LA
- . Co .- S N

of bounded sets in E such that every boundéd set of E- is contained in
. "‘l . ' ‘ ’ “‘

"Clegrly such a fundamental sequence exists. in every Banach space:'~We

[y

now investigate under what circumstances such.a sequence exists in an (F)-

)
P

fundamental sequence ‘{Bn}' of bounded sets, then it is’normable.

PROOF We'first claim that,there is.a bounded set B in, E ‘which absorbs a
N : : .

i

“_ every other bounded set. If not let B, "= {0} and we may essume that each’

0

Bn s absolutely convex and does not absorb B 1.

Tt

Let x e,B N {0} andlset X, = x/n . Obviously x & B for each. n’

n
Y

and‘-tin). converges to 26. For each péir L(n;k)g of;integers 3;1;-.chobse

oyl

.2

1

zﬁ,l(eﬂﬁ-Bﬁem (k‘+‘i)Fnll .wlth.ﬁen,k.f ~nn:. bet‘2M,= {x .+ krn k g
' ﬁdr-e“fixed n, consider~the sequenCe'_{ k}i 1.. Since- Bn-'ls bounded
for an absolutely convex nelghbourhood U” of O, there ex1sts an 1nteger )
'm.> 0 Wlth B c mU Consequently, for k > m, ;zn'k i B € T u C U .and
- ‘ ,’
jhence 'zn,k > Q. Hence xn + zn,k -+ x €. M and 0e M)~ =.M.. Agaln no

AN

"CaUChy seduence in ,M has 0 ' as a 11m1t. For' each term of such a Cauchy

7

o o - :
sequence is of the form xn + oz and the 1ndrces, n ,occurlng in- the terms

n,»k ! )
form an unbounded set OtherQESe, some. X repeatslinfinitely,often, and
. . 0 . - R . ]
the/subsequence {x Nz ) converges=to- 0. ‘But 'z ', + 0 and so
: LN _.po,k Coe no»k- . .
Tz = Jx for SOme k, ' wh1ch is, 1mp0551b1e Slnce the séﬁuence is

N “"!0. ‘,- . . I
bounded there ex1sts a flxed 1nteger m,. w1th X +_z X e'B ,' Hence

we then ‘must. have B

- t

n ‘X e B + B ‘c ZB ’ By the choite of Zn,k‘

SO n <m ‘a contradlctlon Observe that the closure of a set in a metrlc

space is determined_byfits'Cauchyfsequences. S . l. .,

t

1 # m'“i
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A Sib}%& B absorbs each Bn;' B° igfabsorqu by.'each Bg' in Ef[?b(Ef]~
{f%hué_ E! Iis.hd&mable'witn_clo§¢d unit'pali 8. . Therefore, tﬁe,sgzgng .

Y

:E&f;dqaﬁ ﬁ"(fb(ELJl~ 4s also normable with B%C, as the closed unit ball. -But.

r;}E‘);.on E" ‘induces- Tb*(é'l on E and because E[7] is'metri%ébl?

N

féﬁa henqe:infraburre}Léd, we obtain that E[T]' is nbrmable: H

s Ay inmediate consequences- of the above theoren we have the following., -

1.3 COROLLARY :The strong dual of a }ocaily ¢onvex metrizable Space,'
possessing a fundamental sequence of boundéd sets, is normable. !

N &

&

.‘i:4 -COROPLARY' “An (Fj-Space:is a .Banach épace if .and only if if hasfa funda-

) oW
. - a
"

-mental sequence of bounded sets.  #
e e .

< e

Néxt,'if- Efr] islldcally convex and metrizabléd and {Un) is a decreas-

h 13

ing sequence of neighbourhoods; then since E is infrabarrelled, each 'strongly

- bounded subset M of E' s contained if an equicoﬁfipuous set U where
U:is a neighbourhood of "0 in E and UD Un= for .some.” n; hence
Meue Uﬁ- Conseqﬁently {Ug) forms a fundamental sequence of.strongly

bounded subsets of E'. This observation together with corollary 1.3 yields
Nt . . . .

¥ -

the following theorenm. ' o . _ " o <o

.

1.5 THEOREM Let E[t] be locally convex and metrizable. Then E'[TB(E)]

I3

is metrizable if and only ;f ‘E[7] is normable. ¥

.
r ] B
]

¢
4

. "To complete‘theinecessity part of the proof we have only to qbservé that-

E"[1 (E')] is normable and since Rbgﬁ')..induges T on E, E[t], is

normable. The sufficiency is trivial. ) Ce ‘

- e "

. A'second‘criterion for an (F)-space to be a Banach space is proviégd i

. . ,
vr : ’

N .
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N
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1.6 _THEOREM _An. (F) space E is a Banach space if and only if E contains ..
. ‘ . ‘ - \ - e

a bounded absorban:set. . ' )

" PROCF' The closed unit ball is the requ1red set -for the nece551ty part and

L for the suff1q1ency, if B is bounded and absorbent the closed absolutely‘

*

eonvex hulL C of B is a banrel, and is a nelghbourhodd of 0. CQnsequently,

v . - . - o
»
’

“_.E is normable. # .

t
.

ket us fecall th?t‘if ‘{Un} is.a decreasing sequence of absolutely

A .cdnvex.sets forming -a neighbourhood basis of 0 ‘in 3 locally- convex metriz-
.able space -E[t],. then the-sequehee {Uﬁo} of pola}s.inh E'" forms a neéigh- .
bourhood basis for the natural topology' rn(E') on E". Hence clearly

E”[T#(E'l] is metrizable. Sihce E[T] is infrabarielled] the strbng}y ‘ ;

hopndéd shbsets ofl'E" are equ1cont1nuou§ thlng that the weakly hounded
:.'Jsuhsetslgf E' ih thejpaltlng <E!,E"> are the same as the above-mentloned
et;ongly,boundedfsubsets of- E' we'getzthe fqllow1ng pbsegvatlon e ’f . ) L

PR Y
- 3

1.7 'REMARK If E[T] is locally cénvex-andrmetrizablez-then . ‘
. : A o T4 - .
v (E') = 7 (l' on’ EV. # ‘ T L o
- . . , . M ' . - :S

I ' o

1he next lemma-will be cruc1al inv Feallzlng the Structure of the strong

L e

duals of (F)- spaces ‘The conclu51ons J111 play a promlnent role.ln def;nlng

'thc GlaSS Of (DF)ﬁSpaceS 1n the next chapter , ' . ) :‘

.t N Ll
. . - .

1.8 LEBWM _Suppose Efr] ,isLlocall&iconvex and metrizable with‘StrQQg dual

.

. 1 } Lo
E'[Tb(E)} and‘strong-bidhal ‘B[ (E')]. If {M } is a sequence of 7 (E)--© = - .

equlcontlnuous subsets of E" whose union M_ is 'TS(E')-bpﬁhded in E",

then Mo is t (E) equ1cont1nuous ,

.

PROOF . Let {UH}' be as in the remarks above with the additional assumption .

- . .
, . - . . . -
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1 2 0o+ ) 1 : 'oo,' . " ' . L '
M € (ki\].-b'kuk] and- so Me ((\ kak] . Since kak is bounded .

10.

-

that each 'U “is closed. : Since Mﬁ is equicontmuous, . MﬁC Bgo ', where
Bn is an, absolutely convex, bounded subSet of £[T} and. B::’o .is the.polar'

- . +

in -E".’ L o

By KUTHE [13; 21,6.(4)] E'(r,] is‘complete. Again,. by, the Banach-Mackey

Theorem [13; 20,11:(85] M isl' fn(E') bounded. Hehoe fof each ‘Tn—ne_ighbou;'—

hood Uio ,of 0, §here' is‘ a constant Ck >0 with M€ ckUk . Further,

for each k and n3 there ‘exists ank > 0 with . B c ‘a kUk " Set .

b, = max (c,a_, ). Then N a UCr\bU S0 ). - |
k n<k k_, nk ) k=n+1 .kk n+l 'k ;

‘ .

h b Uk) C (f\ a kUk) C B . . Therefore we have since Boﬂ 9 M, “that
n+l S . : PRIRY n

(A b0 C M2 E
‘n+1l. Kk “ ol i -
Since M ¢ M e kak Tit follows that - - N
. : ' Y ' -, . o
ilo-'o T u© n - '
b uy c'Mn . so Mn 2 ( r T k) - (kr\lbkuk) by [13;20,6.(5) and |

. 20,8. (1‘0)] where the c'losure refers to the Tg (E)-closure. Henc.e,

. n X P , . ) A} n - . . .
M =M + M2 (A b UNC .+ (A bUIC. Now (f\bU)° being the polar
I A L TRA T U R

of a neighbourhood -oﬂf" 0 in -E[7] is .(;leakly compect in E'.. Thus,

v n. : . . ' '
({\ ka + ( {\ b )9 is wea!\'ly closed. Consequently

kn+1 ' , . . C
n ! ) )

- (/'\ .bk k) c (f\ kak) +(f'\ b Uk) C ZM . Heoce, 'for._’all n, . -y,

n+l -

2 . . 2-

. . : L k=1 X . ) k:l . .
in E, the desired conclusion follows. # .

v

~-The next theorem g1ves an: 1nterest1ng property posseSsed by the strong

‘_blduals of metr1zab1e spaces.

&)
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: Q”ITQ(Ef)] is a s@quentlally T (E') complete (F) space h‘,.

Ty (EV)- compqpt with a compacts T (E‘) closure X. Thus {ig} converges to

1.10 COROLLARY The, strong bidual of an .(F)-space is an (F)-5pace. #

-E"an(Eﬂ)] is a nen-teflexive (F) -space. S

- . N
\ . . Ve f »e . - ) s . )
-, ’ .

l1g9 \THEOREM fIf Efr] 15 locally convex and metrlzabIe, 1ts strong bldual

¢

£ < . CL -
\ . <

PR@O? \ if {U } is a decreasing sequence of neighbourhoods of 0. whicH forms’

\

a b351s( the sequence {U °} forms a ba51s of nelghbourhoods of - 0 fbr

’ .
D) o P {

v
[

T (E') \On E" - ‘.4" ) ’ ! . AR i . ) ]

. \ . . . : . .
.Let ~\_{xn} be a Cauchy sequence in E"[T (E")]. Then {x.J is- TS(E‘)-
\ .
\

- bounded and hence b(E)-equicontinuous Consequently {x }oois ;elafively\

5

. : . s
some po1nt of X, in the " topology T (E') on E" E"[T (E‘)] is

' sequentlally complete Agaln E"[T (E')] has a b351s of nelghbourhoods of O

/

" consisting. of T (E")- closed sets and T (E') is flner than TS(E'). Hence

by [13; 18,4;(4)] EQ[Tn(Elj] is sequentlally complete. \Consequently

'E"[Th(ﬁ')] is an (F)-spece, being mefrizable. #

W ! i

;o C _— e -
As a special case of the above theorem we obtain ,

. : LR
v - o ‘ ‘l ! -

7

We'conclnde-thisfcﬁaptef with the following two gesulﬁsthich are

. . - . ' ! L d /'--
extensions of theorems valid for Banach spaces. : /

{

1.11 . THEOREM 1f E[r] is a non-reflbxive.CF)—space,'the,strong bidual

1.12 "COROLLARY If E is'a non—&eflexive'(F)~space;'ehe_iterated’strong

duals are all non-reflexive, and in each of the sequences

. . . ;
. .
vl J cL 1

‘ECWCE”%IHQ@M&,PCF”f-u

1

1

L

: ; e ‘ v :
" each space is a proper subspace of its successor. N . : .Y_

rrer > e
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\the converse is not true.

"of the stablllty properties are available for the class of (DF) 'spaces we

‘;a (DF)-space. We obtain. cond1t10ns uhder which the property of be1ng a (DF)~

space is preserved whlle pa551ng to closed subspaces.
,Examples are given to show

3 Basic properties 0% (DF)-spaces _ K ’ -

’

(DF)=SPACES | Lo o
LY ) . g

. N ' S . S .

. In thlS chapter we attempt a systemat1c treatment of a class of spaces

v

4

known as (DF)- spaces f1rst 1ntroduced by GROTHENDIECK [7].The motlvatlon for

the 5tudy of these spaces is contalned 1n the statement of lemma«l 8 regard—

1ng “the strong duals of locally convex metrlzable spaces. The class of (DE) - -
spaces plays an 1mportant role in the theory of topolog1ca1 tensor products

{ - v -
end nucllear spaces;_ This class,contains the class of all normed spaces and

. . L
o

the class of all 1nfrabarre11ed spaces which possess a fundamental sequence
P , 5

of bounded séts, Whlle the strong dual of every (F)- space is a (DE) -space,
. B . ; .
. R '.._' . S oy

As an’ 1mportant property of these spaces we show that the topology of a .
(DF)- spage can be "locallzed" 1n a fashlon analogous to the locallzatlon of .

the topology of compact convergence on the dual of an. (F) space. 'While most.

’

' -

prov1de an example to show that a closed subspace of a (DF)- space need not be

. . ! ' , ‘o

,‘ @ N r.:.
S
1..4.,,,'-\

RO

2

, the chapter is devOted to the study of bornologlcal

' N

’

. i . ) .o‘ -'
t an infrabarrelled (DF)-space need not be

. - .
Y ' »

" bornological. e _ . L

.
,

] »
Y . ¢

t

.o ’
¢ . . . [N el

2.1"DEFlNITION A 10ca11y4conyex space E[r]-'is said to be a (DF)-spage [7]
. ! s O . . .

if

bl

-

e TeamnT o

a .

T Y o Y e



a). it has a fundamental sequence of bounded séts and .

. b), every strongly bounded subset of E° ‘whlch is a countable union of .

T"QC{U].C'OHT.].HUOUS sets is- T-equlcontlnuous . ..

- ' .
f . v ' . . [
. foe ! . ‘ - A
.
'

We‘ca;x; replace the conditiori (b) ‘by the foll%wing'equivalent 'cond:iti'on"f,
bi‘) 1f {U }isa sequence of closed absoluteiy convex nmghbourhoods of 0.

in E[T], and 1f U ﬂ U absprbs every bourided set, then . U .;s a'

.-r—neighbourhood of 0. ” / . , R

: An infrabarfelled locally r,/onvex space with a f’imdamental sequence of bound—

-

ed sets is always a’ (DF)— spac R hence every normed space .is a (DF) space It -
,’/ Aty . B

is cJ.ear from lemma 1. 8 that the strong dual of a metrlzable 'space 1is a complete

\c- - (DF)-—Space. ' o B )

An example of a complete (DF)-space which is not tepol‘ogicel_ly ‘150morph'1':c'

. : < . :
to the stromg dual of a metrizable;.spéce is provided later [cf. II.4].

. ) The f:LI‘St result of the sectlon due to GROTHENDIECK [7],descr1bes t

ﬁeighbourhoo_d system at 0  for a (DF)-space. P I I B

2.2 THEOR-EM Let '!.E[r] be a (DF) space and let ‘{Bn} be a fundamental

s‘equence 'of'- closed absolutely c0nvex ‘bounded ‘subséts of *E. Then an

absolutely, convex subset W‘, of E }s,a r—nelghbourhood of 0 if and onl'j'

.
et
[

~if W Bn is a I—neighbourhood of 0-in 'B  for each n.

i3
. - . o . -

PRQOF~ We need only to prove the suff1c1ency parf: We const'rl'l'ct‘ a seqtience'

. -t
{-i {an} i of poszgtlve number,s and. a sequence {U } of closed absolutely convex
neighbourhoods of 0  such that’ v ' . s
- 1] . . Fs )
a) agB C3W .

et



by e B €U and" . o SRS L,

c) UI;(\ BH‘C-W , fotr all .n .and for all. k, . .

. . .~ K . , . . . . - - 3 ’ ‘ ' . -‘ 11
L. r e ‘ B . . .-

. If m= 1'," chooéé‘ Ui to be an absolutely convex.and closed neighbour-

hood of 0 such that Uin B, € ~wnB CH. Let 0 <oy <3
e 1 1 1 - I

c =y, . = I C — ==y .
a8, € .U} Then alBl 3 U {\ By 3 w 'Ihus we can set - U1 7 U]

- . o A. . B . . * . . . I .
" Suppose for each n<m ,"'an and U have been chosen so.as to satlsfy

.‘ conditionsﬂ (a), (b), and (c). By assumptlon, there -is a neighbourhood U of

; "Ll Ly, :
0 w1th un B lc W. ‘Choose 0<am+’1 < 3 S0 that m+le+1C’3 U;. then
] .

'am}le+l¢ T W and so(a) is 'satlsfled Clearly am+1_' can be chosen small
enough to admlt (b) for n=m+1 and k < m. ’

- (m+1) 1' ; . . . i '

Let B I' «.B.. If we find an absolutely convex neighbourhood V -
‘of 0 such that- Um+1 = B'(mﬂ) +V vsatisfies (c)‘ for n = m+ 1, then since

.'ianhC g (m+1) cy (b) 1s satlsfled for n<m+1-and k = m+ 1. Now
3

g @),

m+l’

+ V 'is an absolutely convex nelghbourhood of 0 and S0 B(m 1) + Ve

]

'ZB(m 14 2V ; hence in order to prove (c), it sufflces 1:0 show that

(m+1)

/
‘(ZB +2V) f\ B C W 3 OT equ1va1ent1y, denotlng B ‘1 r\ (E v W) by M,

]

'that (ZB(mH) + 2V M= ¢ for a su1tab1e nelghbourhood V ’I‘hus 1t
m+{ '
’)

(m+1)

amouﬁts to showing that' 2Vea (M +.'2B( ¢ or , setting| N = M + 2B,

is sufflces to show that 0¢ N.

‘As (m+1) C = W ‘ we.héve ‘_E‘W + 2p(m*1) c W, hénte l'Wf\ N =4

. because WA M = ¢, Clearly N, 'and tﬁerefore 3N is bounded and so 3N¢ B

for some k;“ Then - Wg'\' B, -'is a nelghbourhood of O in B 'd

N

W Bk N 3N = ¢, Hence 0 f 3N, and so. 0 ¢=N... ‘Thus‘our cons_truction 1s -
. A - . s o . ]

. L :
" valid for all n and K.

S0 that ) -

f

s o

. e
B et ]

o r—ts



! L
.

I\ U absorbé'every bounded set b).'

,,L>‘>_—« -

To complete the proof note that

]

) (b@ﬂ'and 'aga[in i)y 2 l(b') u 1s a 1~ne1ghb0urhood of 0. 'Since' E.=4J B s
. v < Tl=1
0.

is a 1= nelghbourhood of # .

/
(c) is used to obtaln that U C W. Hence\\
. ' ‘
* We have the followmg smple corollax\'y : .
" . . \ . . .

' ;’2 3 COROLLARY Let E[T] be locally conkrex and metrlzable and let {Un} " be | '

A
Cs

a basis of absolutely convex nelghbourhoods of 0 whlch form a decreasmg
‘

sequence. An absolutely eonvex set W of! E* isart (E) nelghbourhood of 0

| in E'. if and only if Wy Uﬁ is a Tb(E)\l—nelghbourhood of 0 'in Uz. ,for
’-, . . a ' . % .

each n. * & s :

SRTR b

If {Bn} is any fxmdamental sequence éf bounded sets in' a (DF) space

E Eftt], then {I‘B'n} forms a fundamental sequence of absolutely convex closed

" J ~

‘b'ounded sets in E. If further f t: E~+F. 1s a linear map, from E ,mtq

- the 1oca11y convex space E[t!? ],/ whose restr1ct10n to each B is continuous

‘ .

then it is eas;ly seen that ‘the restr1ct1.ons!.of f to each I‘Bn is also

‘contim}ous, since for eech n, = there is a k with I‘Bn' Cc Bk‘ Again if V CcF
¢ . . . ) » . N

1s an dbsolutely convex neighbourhood of 0, then - f‘.l[V] n I‘Bg is-a

inelghbourhood ‘of 0 in PB TB_ because of the ‘continuity of the restrictions.

! . )

'So by theoren 2_.'2, [V] is a neighbourhood of 0 in E. . Thus we have '
\\ - ) . : ‘ . . ' a B

- the ‘following result. . - - i . )

. . . . N
\ ot o . i ’
.

-2, 4 COROLLARY A linear map f from a; (DF) space ‘E into a J;ocally convex

space- F- 15 contlnuous 1f and only if 1ts restrlctlon to each member of a
.« A ' " .
. funaamen\tal ?iquenee,of bouhded _sete, ‘is contlnu0us. #_ Co

1
,

- -'Simi‘.lar to the result that 'the-.strong'c'lu:al:of an (F)-space'ie a (DF)-

space, we now have the following pleasant situation, namely

Ei

- —



[
}
i
;
. i
N . -‘
5
1

PROOF The metiizability of E'[r£(E)] gxﬁlows‘because Eft] -has a funda-

5E'[thE)]_ is. complete., #

f * The next tesult, again‘due to GROTHENDIECK [7] relates the topology of a

' that g1Ven an absolutely conVex closed 1 (E')-nelghbourhood V of 0 thefe

‘igenerallty we may assume. that 0 E.M ) We can assume that V' 1s T-closed for .

j(MnU)r\(‘E'\:V)= Lo Lo ,'!_

IS

*

« ’ * ‘ . . . ', .
2.3 THEOREM If E[r] is a (DF)-space, then..E'[tb(E)] is an (F)-space.

s

-I.

i <,

. mental sequence of bounded sets Slnce the bounded sets of E[r]’ are

b »
saturatedand total by the completeness theorem of GROTHENDIECh [16' Ch. 6

Sec 1, Th 2] a 11near map on Eis in the completlon of E' if and only ;f

'1ts restr1ct10n to each bounded set of E is contlnpous. - Hence, by 2.4,
2 . - . . Fo

(DE)Lspace tq that. of the topology. TB;(E'QL\on E. . v '

2.6 THEOREM If M is a separable subset of a ‘(OF)- space Efr], the ,
topoloéies T and ‘Tb*(é') coincide on ;M. e - ol
PROOF ‘Since b*(E ) is flner than T and X+ M is a 'separable subsct. '
of E[r] JAf and only if M 1s a separable subsot , we need only to shom

l

‘exists an open T~ neaghpourhood U of OFZW1th M nU c V (Wlthout 1055 of

e

~ar, s e
Ko ARaTRIA 4

‘a basis of*ne1ghbourhoods of O forx T *(E ) is glven by the/polans of the .

strqngly bounded subsets ‘of* E'. Hence we have to establlsh that ”' ".( "fu_-

. . .‘ N
l ‘ N LT
. Let 3; } be a dense sequence 1n M 'S0 that M C\{x } . Because

’

Llf\ (E ~ V) ds open, 1t sufflces to show that no x, 1s arnemmer,of . t :~”‘. T
.U f\(E N V), namely, there is a U Wthh contalns none of the Xy s whlch

n'
l1e in Ea V ‘Rename these xi again by - XysXg) doavy I these X, 's are

1

. : . St o ' ERRETE
f1n1te the result is immediate .since E is Hausdorff. Hence we asspme-that T

Ax 1} forms“a sequence. oo L .



We now* construct sequences of. numbers e > 0 and glosed absolutely . -

cohvex nelghbourhoods U, - of 0 satlsfylng' "”2' S .
a? gn%IC'Uk ‘ .1 «
') o.B eV and : ' Lyl

AN 0 R ”

c? X, ¢“U5~ s feg;gach<_n “and k.-

o .
e . ~ - ~
K

P [N . + ’

For m= 1, the conét¥iction is trivial Since - T and rb*(E ) have the
same bounded sets. .Suppose’ for. n,k < m the dcs1red sequences have been .
v . "

constructed Then'it is possible ‘to chopse, am+1‘

and’(a) is satlsfled for n 5 m }" ~and. k g m. Let B
g(m*1) .

so that (b) is sathfled
M+l

(1) . Tr o

_ n=1 nn

Siné:e c. V and X +1¢ V by [13; 15 6(9)], there ex15ts an

.absolutely ppnvex nelghbourhood U* of-.0 in E[r] such that

, (m# 1) (m+1)

Clx U A B

o +U*) = ¢ . Letting U U, FOECEE

“a

- ot

-

. sat;sfled and also (a) for n.<m+ 14 aﬁd k=m+ 1. S N

Finakly putting U' = I\ U ,by (a), ur ebsogbs eVerbeoundéd set‘ahd_'
P N L. .n... . N . .' RN . B ‘A N f
so by the definition of a (DF)-space U is a neighbourhood of 0. Choosing.o

Y

‘a t-open U.c G', "the -proof is completeéd since by (c) X ¢ u_ for any m, # -

" The conclusion of the above thSorem yields two sufficient conditions for s’
a .(DF)-space to be .infrabdrrelled. More precisely we have-

o

2.7 THEOREM - , IR

"a) - Every separable (DF) space is 1nfrabarre11ed N

" b) . If.the bounded subsets of ‘a (DF) -space’ E[r] are metrlzable then E[%]_'

3 . c
) is 1nfrabarre11ed S ﬂ. Lo -

T . -

'-l .- {. 3
“PROOF ] Statement'(af is ihme@iaté from'2.6, To preve:(tj in view of 2;2! we

shall show that. 1 and Tb;(E') coihcide'on'eveiy-boundéd set B. ' Since

. e M
N .
' B 5 . -
. .

I X A SN



- -
&

; / o -
~by_2.6 it is straightforward‘to see that every. t-convergent sequence in B

~ . . - . e Lot

';iblc_for the p#iring"<B,B' . Con51der the class M .of all bounded,

o .,

in each B, - T. is metr1zable, it is determlned by the class ofasequentlally

closed subsets of B Whrle evern Tb*(E')-convergent net 1s,T—conyergent,.

15 2 (E‘) convergent in B.

Id

The'fEEt'that' . is metrlzable‘in qhows that the - closure of a

/ | «".,' ’

set 1n B 1s contalned in the Tb*(E )-cl)}ure of the Set. Hence every

(E J-closed set in .ji,as/?j;lo;e;lln.:B. The reverse implicatio

-~

b*

tr1v1a1 and hencé’ the restr1ct1on of these t0polog1es to. coincide. b

"

Let us'recall that a locally‘conze§/§§ e- E[T] is'histingdished.if-its
; 1 >

s .
strong dual E'[r (E)] is-barrelled. The prev1ous result 1mmed1ately glves :
.a crlterlon for an. (E;/EBZ:;/;:ebe d1st1ngu15hed The fact that the strong

¢

.,dual of an (F) space is a complete (DF) space together w1th theorem 2.7 (b)

e
., . S

f
e

i . - . ¥

y1e1ds the follow1ng result.. L . B o,

«

¢

2.8 COﬁOLLARY An (F)-space is dlStngUlShed if ‘the bounded subﬁets of the

i

o

strong dual are. metrlzable. #.

-
1) I

) f N . .
“ . «

- o hd - ’ . i

‘4 Example of a (DF)-space which 'is not the 'strong dual of an (F)-spﬁgg

[ s . . " .
. : : ‘
L AL R . 3

We nonglve an exampje of.a completé iDE):gpace which is not topologically

isomorphic :to the strong dual of a metrizable space. Further, the space we _

v v ‘ Lo . *
D S Pl P

' construct is not even'infrabarrelled. ' - °

, -
1 . . '

Leg B denote a non~separable reflex1ve Banach SBPCG w1th the strong

LY ~

(= norm) dual B';i Let 1 be the topology of un1form convergence on the

separable bounded subsets of ’B‘ ,(where B’ has the norm topologY) Slnce

< r

51ngleton:sets.of B' "are bounded and sepafable, the topology < is adm1ss-

3

b Lo S
§ . .-

. ) \ " ‘ ). I o -,- ." . )
/ ‘_'4“ c ) o ) 't

a

LA JLmss Toor e e
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R separable‘subsets'of'the'ﬁana( . B'uifsepafpbility of a-sétpis still

N U reta1ned by passxng l"'countable'unions or taking closures. If X is a K

set of a topolog1ca1 -vector space w1th a coUntable dense stbset
n}’ set 7= \J A X a, x } where eachr aj 15 rat1onal 1£ the f1e1d IS
> ’ A n 1 J l \ .
IR and’ has rational real and 1mag1hary parts if! the f1eld is- C and

c'

p- o ) lu | < l Clearly 2 ds a countable subset of :TX and anc Z " Hence
N S ¥X is separable.c e - ot ‘. . ' .
. .- One can, ea51ly check that M is satyrated.. Hence. M 1is the class'of
: ' JM [ . -‘r.. “ -
. f.' all T equ1cont1nuous subsets of "B'. Since- B ‘1s not separable, the same ‘is
L, ' b o

true for B'. Cpnsoquently the. closed unit ball of B'_ is not separable and_

"hence.does not belong to M. Thus T is strlctly coarser than the Mackey

y topology tK(B‘)' 51nce a, Ban&ch space is barrelled : T
. ' \ ) o o .
e h . ! . : ’ ’ : : ) .
. s L If - B[T] is topologlcad}y 1somdiph1c ?o the strong dua1°of a metrlzable
. ) ’ ] ‘,4 . :

: space, then the strong blduaL.of this® metr1zabbe space is topolog1cally

1somorph1c to B! 'whlch 1mp11es that the strong bldual 15 normable and complete

P .

Hence"B[t] wopld have to be a Banach space whlch is: false slnce‘ T # TK(B'

! o D .
We show _hat= B[T} is complete:. By'[13;.2}310.C3)]‘.eyery'precompact
set.of Br . 1i, 7 ih the‘closéd absolutely convex thl of‘atnull sequence in
) B'. 0bv1ously ivery null sequence‘1s bounded and separable in B' and/henCe
. "is:contalned In ﬁﬁ_ Since” M .as saturated, every precompact subset of . B' is
O in_~M;{ Hence, ch, ‘the topology of unlﬁorm converéence on the precompact
e "subsets'of B'- is coarser thanl.; T ‘

* .‘«_‘
\

By [13' 21 6{4)] sjnce _ﬁb is'metrlzable, B[i.(ﬁ')]' is. complete. :
lAgaln by [13 18,4(4)] since B[T] has a basis of. ne1ghbouxhoods of 0 .

V- cons1stlng of ,Tcﬁclosed sets B[T] is complete. ot fé }

o . . . ) .’

e



F1na11y B[] is a'(DF)—Space because'it has’ the Same‘bounded sets as

._the.ﬁanach space : -and again a strongly bounded set whlch is a countable
X N °© ‘e . ' " N
umion of sets’im # is in M.

o

' .
. N . -

5. Hereditary'properties of'(DF)qspaces -

- - -

We now study somepemmnencepropertles possessed by (DF)- spaces ’ While

man* of the standard propertles carry over, the main drawback ‘is that a sub— ‘
- v - Y !
space of a (DF) space need not be -a (DF) space even when 1t is closed Thls

situation w111 be 1nvest1gated in greater detall and various condltlons are -
4 . . .

obtalned under whlch tﬁls_can-be answereduln the-aff1rmat1ve.' F1rst we studyo’

" the obvious properties. .. . 1 | - . S S
: B LS . - - C . 1R ) SN '
2.9 .THEOREM . If . is a closed subspace of a (DF) space E[7] then

E/H[Iq] is also a (DF) space and on H:  the topologles T (E)IHJ- and

Tng/H) coincide. o L . CO

" PROOF  Let

and *  denoté polars in the pairings <E,E'> and <E/h, 1Y

" respectiuely; and K° denote the cdnonical surjective map'of E onto E/H..

‘A basis’ of nelghbourhoods of 0 for T (E)|Hl- is glven by the fam11y of

Al

B° f\ H‘L where ~B.-1s a?s(E')rbounded;ln L. 'S;nce "B is i- bounded as well

K[B].is T —bou,nded' in  E/H- and (K[B])*-= B~ aL 'Hence, b(E/u)Q is -
fflner/than b(E) restrlcted to =Hl To show the reverse 1nequa11ty, we

‘show yhat ‘the 1dent1ty map S -

'7' .nl[T (E)IH-'-] Hl[rb(E/n)] . is

aonfinuouS' Slnce HL[T (E)lﬁl] is metr1zab1e it is a bornolog1ca1 Space,

:--a and;so by [13 28, 3 (4)] i is cont1nuous if and only 1f every sequence h

{uﬁl (%PP‘ yh%ch 1s T (E) convergent to 10' is b(E/H)-bounded Now E[T]

s R e L™~ ¢ “'

~ .

»

=



.

‘being'a (DF);spaqe, {un} is t-equicontifuous, hence relatively | g GE) compact

“and phefefore‘neletiveiy (TS(E)IHiircombact since ML is Tg (E) closed _By

‘i13; 22,2.(2)] - {un} is relatively 'TS(E/H)-compact and so is ~Tb(E/”)-

“bounded. _Thus the second assertion is proved.

.2.10 THEOREM JIf the subspace H[x

’

We prOve that . E/H[r 1] -is a (DF)-space by first exh1b1t1ng a fundamental .

L 3

sequence of bounded sets satlsfylng (a) of def1n1t1on 2,1. If A is a bounded.

L]

.set in E/H and‘ {Bn} is’'a fundamental sequence of bounded sets 1n E[ ]

there Iexists a- Bn w1th B n HL C A* so (K[Bﬁ])*_‘cﬁ\,*_ _and hence -

AC (K[B ])** . Consequently E/H[r] has :| fundamental\§equence of 'boundéd
- M - . s .'. A

sets The veflflcat1on of (b) ‘of 2 1 is tr1v1aI m

o . [

: . Lot
As a sort of dual result we have P -

=

ul .of a locally convex ‘space. E[r] 1is a .
or . . " .
-(DF)-space, the strong dual of ‘H[TH] is topologlcaily 1somorph1c to
' , ' 4 h ’ . . et -:._*. . . R .o
Rt - ¢ - . E - IR
E/MhwaL , L S _ - S

. (DF)-space, {un} is THTeq%ioontinuous in- H'. By .[13;22,1.(1)] {un}
' * . e . - 1 :

.latter set 1is T;(E)-boundéd, its canonical image 1Gn}_-is_ Ts(E)q—Bounded

Vi B/BLL ¥

'0
~

PRdOF "~ We have to show that the algebraic 1somorph15m of H'[r (H)] into. °

E'>/H‘L is topologlcal 5U51ng an argument 51mllar to 2.9, it is easily seen
A
that Tb(H) .is coarser than -Tb(E)q. Now H'[Tb(H)] is metrizable, so by

- [;3;-28,3,F4y1, ‘Tb(H) is finer than Tb(E)q,_ if ev§§y eeguence,.{un}z_

convergent to 0 in Hv[Tb(H)] is . rb(E)a-boundéd.'.Since H[%H] is a

A

is the canonical image of a t-equicontinuous stibset of E", "Since the

r

a

N »

. ‘e

.THetﬁEXt:result'deéls with the completeness properties of a (DF)-space:

P : . . L D

J



. 2.11. THEOREN -

N . . oL
and since UNECU, the proof of (b) is completed.

<y . - N 2

t 4 : . ~

a) A (DF)-'space 'E[r] is complete 1f and only 1f it is qua51 complete.

3 .

b) The complet1on of a (DF)-space 1s agaln a (DF)- space ' P

c) . Every semi-reflexive (DF)-space is complete. —

- « R

PROOF fIn_'2.10' take Eft].= A[t] a (DF)-space which is a subspace of its

©

',completion “E[7). ‘Because EL = {0} the strong topologies T, (E). and

Ib(g).'coincide on E! ='(%1' which mdy be reg%rded as equal since E is dense -

-

in E[?] We take polars in ‘the pairing <E E'>. If A is bounded.in

. E, then there is a BC E such that B 1s absolutely convex, t-closed, .

and t'—bounded and B < Ao oIt follows that Ac 'I‘f— B where the closure )

is taken in %[T ' If X'€ % then X e B where B °15 1= closed and r—

» ..\"
s

bounded in- E-. But 51nce E[T] . is qua51-comp1ete, B is complete under T, *

. - - ’\J . . N : . " N - . -
and hence complete under T ; hence ‘E =:§ .and .x € E. .Because E §“§, the

. N -.l'x‘ .t s - f -
proof of (a) 1531mmed1ate. AR . ) .

' ’ e

By our remarks above, if A _isAhounded,in E[7], and {B } is a funda-

‘mental sequence.of‘bounded\sets in’ E[r],. 'then there exists n such that . -

*
1

Ac:ﬁ ' where the closure 1s.taken in §[¥]_ Hence, E[?] has'a fundamental

sequéﬁce of bounded sets.' Let” {Un} be.a sequence of closed absolutely convex

nelghbourhoods of O 'in ﬁ[¥] for which U= f) U. absorbs all bounded sets.
. % - . n .., . ' . o

A
oo.

1t follows that UI\ E.

n=1

.T—nelghbourhc‘od of 0 .in" E. Again Gn. E: is a :;}'.—neighbourhood of "0 in E,'

.
K]

. N . ,
To prove (c) it need only be noted that every sem1 reflex1ve space is

. i, ~ N
quas1-comp1ete by [17 Ch Iv, Cor. 1 to Th. 5. 5] N 5_'.2

« 9

4
/

O

N Unf\ E is bornivorous in. E[t], so UMN'E is a :

e



”
. r

Let -{En[-rn.]}n: “"be a sequence of (DF) - spaces and F @E [t ] be

" the locélly convex 'dn‘ect sum ‘of the sequence. By [13; 18 5. (4)] every
bounded set B in F is contamed in some set of the form- G B : s “where -
. . (=1 T '

N i : e . e L
,Bn is bounded ]J\ En [rn] for i = 1’. ...,_'N.. So if {Bn '-'}m=1 is a

SO S | | ’
fundamental seqnence of b'ounded .sets in En[rn],. then the sets
(m) S o e R -
m @ B , m=-1,2, ..., form a fundamental sequence of bounded sets
. . n=1 ) . , . . ’ . . .

-in" F.. . o

-

let U= M U ‘where each U is a closed absolutely convex.neighbour-
\ m'..l

hood of 0 1n F, and u absorbs every bounded set in F. It follows easily-
; .

™

from the deflnltlon of the d1rect sum topology that u. 1s a, neig_hboﬁrhood N
ofOin,F. C , o v

'I'hus we have proved that F is a (il‘)(I:‘)-space.' ~By. [13' '19 1 ‘(3) ]-. every )
topologlcal 1nduct1ve limit- (- locally convex "hull) of the spaces E [*r ]

is. topologlcally 1somorph1c to a qUotlent space of - F by a closed 11near L

, subspace H, . The’ followu1g theorem is; then 1mmed1ate

2.12 THEOREM . The l_ocally\'eonye'{c hu'l.l F[-r] ZA [E [-r 17 of a sequence

. of (DF)'—spaees 'Enlhn]. is again a (DF);si)ac_e. #

.~

The next result .id_enf.ifies .each bomo]‘og'i\cal ‘(D.F)‘-'sp'a'ce as.a topological .

inductive limit -of narmed spaces..

2.13 THEOREM A locally convex space . F[vJ] ‘is a bomologlcal (DF) space

a

"1f and only if 1t is the topologlcal 1nduct1ve°‘11m1t of an 1ncrea51ng Sequenge )

of’ no\}'med _spaces. L - o . o

.
o, . - . d

Al

" PROOF ' The sufficiency is easy to prove by 2.12 and-[13; 28,4,(1)]. If By

. . . . K - ¢

-

4 e S T



4. %

is a fupdamenta1 sequence of closed bounded absolutely convex sets, it can

r
) -

be shown that ‘E[t] . 1s the topologlcal 1nduct1ve 11m1t of the spaces Eh'-‘
by the. injective niapplngs In : E]_l + E, where En' is the 11near subspace
of E generated by .Bn; with a morm topology Which,has Bn as the closed

t ..
1 i

unit ball. Hence,'the necessityr #

"We now return to the d15cussxon of the locally convex' dlrect sum

EE? E [1 ] of a sequence of (DF)—spaces {E [TJ } R § follows from ,
\n1~
~the proof of 2.9, that each bounded set of the quotlent F/H of F by a

'closed 11near subspace H is contalned in the closure of the canonlcal 1mage .
of some" bounded set in F, -Every bounded set in -F is contalned in some

G?B 5 hence there exists some' m and bounded absolutely convex sets
i . .m .
B C.E [r ] for which T B contalns the bounded . set (where each B Ais
> . nl .
,pon51dered as its 1mage i F), Let the 1inear map A:F ZA [E.[x 1] - be

eflned by. A[@x ) ZA (x ) E then A is contlnuous a.nd open, and 1t can ‘
.be shown that every bounded subset of the locally convex hull ‘is contalned t
m’
in some set of the,form T A [B ] ,where ‘B"  is bounded in E [r ].
S . a=l O n nt'n

:2 14 THEOREM The locally convex hull of a sequence of sem1-reflex1ve

’,

(reflex1ve) (DF)-spaces {En[rn]}.-.'ﬂls agaln a semlfrefleglve_(reflexxve):"'
(DF) -space . ' '

° ) e’

PROOF " In. both cases, the E [T ] are. sem1 reflexlve s;nce B : is . f;-

,4

bounded,therefore B, is relatlvely Tg (E )- compact because Tb[E ) e ;.’.{
~_adm1551b1e for the phirlng- <E;' Enk. Let E ZA [En[T 11 bea locally
_convex hull for the sequence ‘of - spaces Each A 15 contlnuous, hence .
. JETLIN

Ts(En') < TS(E')- continuous. By [13; 20 6 (S)], the absolutely convex cover ’

of finitely many An[Bn] is relatlve&y _TS[E']-compactj,consequently,'w1th



’ sequence space, and,if each.’ Aa' is perfect S0 1s the: sequence space

.é.}\l {x }E w Wlth Z lanl [xnl_ < e ..;-»':- R

the remarks preceeding this theorem, we have E is-semi-reflexivée."

. If ‘the En[rn] dre reflexive, they are barrelled. By [13; 27,1.(3)1,
. * ' ' : '

='zAn[En[Tth is barrelled; and a barrelled semi-reflexive space is .
. N ¢ " - .

-reflexive. # C e

LN

6 Example of a closed subspace‘of a (DF)Jspace which is not a (ﬁF)rspace

We need a-.few notions from the theory of perfect sequence spaces. For a

vector sequence space A fﬁhich is always assumed to be a'linear.subspace of

the space w of all scalar sequences), the K8the dual X*. -is defined ‘to be -

' )

“the space,of.all scalar sequences {u ) such'that ) |unxn] <. for

-

s . o e n=1.

:each {x } 'in X, Clearly A € A**  and we say A s perfect if A = A**,

. %

If {A;} ,is a class of sequence spaces, thé linear.hull Z A is again a-

. . ’ :A—"=" - :
{}.Aa .= Also (gxa) ‘IZ.AG 1f each R ¢ (the space of all f1n1te

.sequences).A If fdtther each -Aa is perfect (r\A )* = (z A *)**,_ ff_

o
) . a ¢ .

= {ai} is an arb1trary vector, we "denote by A .the perfect space of..

.n=1 o .

Let a. '; k =1,2, ..., be a countable ngmber,of bectors inx‘w,

- RS o [

- called steps. 'If the .vectors dre-co-ordinate-wise ihcreasing over k, --then
-,the system of steps is sa1d to ‘be. monotontc tncreaszng Then
. 1%

" . d
.kr\l *a(k) an kz1 A..a[k) ;

eo-echelon space correspondlng to the ‘a

are respectlvely-called the ‘echalon quce and- -
(k). A detailed account of such
spates 1s glVéﬂ*un KOTHF [13 30] . S

' An 1nfrabarre11ed space is_called .a Mbntel space ((M) space) if every .

bounded set i's relatlvely compact Further, an (M)-spacetls sald to be an

!
o »-~

.
f

o et v om—— 1



R

A AtTK(A*)] is an (FM)-space and - Aj[TK(x)] is" an (M) space Further, when

k= 1, then 'a(¥). has each component aij(lj L .SOj A (15 =gl and

; 26.
i ' '.6 ’ » ’
# C : -
. o , \ . ‘e ) . - )
(FM)-space ( (DFM)-space) provided it is also -an (F)—space'((DE)gspace).;,‘
" We start'with a sequknce of vectors w}itten as double sequencesﬂ. For
‘each k = 1,2,3, ... take ! S
\ . 3 B ' ", ‘ . .‘ " ‘;’ R . . ' - . , . '.
o (k) _ (k) - (k) e (K)o (K) L ‘ A
a : -(all1 31 s ...,”az1 FE PP U T .
LY Y k .. .
-, M bk_l“’- s ke ;KM le ;L)
. \l , £l
w1th b (k) (1 2k k ..... ) and c= (1,1, } ) :
Denote by A the echekn1space correspond1ng to the a(k), and let -A*
be 1ts Kothe dual we can make the sequence of vectors a(kJ monotonid‘by

I

0bv1ously the echelon spaCe

@0, g

making the addition‘ a
for the néw sequence of vectors -remains the same as the'orlglnal,one. "It can

be shown that, the conditions of [13;'30,9;(1)] are satisffea, so that

= 12
| . 15 %%
. * ' t . . '

CAY (1) = 9%, i.e: ,A*-él)_ is' L written‘as a space of'double sequences.

_— ..Let A be a.llnear map on A deflned by’ A(;ci ) = (lzl 0 igi *iz’
‘Since (ll“E'A* and.. z Z .l < ZX!X < W_ we have A(x,.) € 1l

o ‘ < j=l  i=1 ' . e lj.m .
“If Tu=(u.) €9~ and \x = - (x; ) GA,. we hav,e u(é(x = ). u F x =

. J ‘ ‘|‘ . . j_—‘]_:] i=l 1J . q

-

="(u; u;-...)x, so'that the transpose A' o 0” > k* ls well-defined since'

L

AR contalns the double sequence representat1on of l ~and  A'(uW) =(usu; L),

<&

) . o
‘It is easy to see that A 1s.a one-to—one weakly continuous map from &

. into, G w1th a weakly closed 1mage space By BOUﬁBAKI [2; yoi;Z;.p. 1067, .

I

it follows that A is open, onto, and‘cont;ndqus as a mapping of (F)-spaces..

If N is the kernel of A, " then the'space 'A/N with the topology"TK(A*)q

is isomorph1c to 2. ~ So the (FM) - space A[TK(A*)] ‘has. a quotlent space

) wh1ch is not an (M)- space

‘r . ! . , , . N

f
4



o

a co—'dlmen51on.' These results‘pre due’to VALDIVIA [21].

.'space and from the carller remarks H, is not barrelled, and ‘hence, ‘not

[ . N . i
"Since, A. is an (M)-space, the closure of the canonical image of ev-ery _
) .- . ' © : AT 4
bounded set is'compact' consequently, since ‘A/N° is not an (M)-space, there .

v .

is a bounded- set in " A/N- not contamed in the closure of- the canon1ca1 image

of a bounded set in A. . Usi'ng lemma 4.4 we easily see’ that the- strong

tepoiegy T (MN) " is strictly fjrer than the topol-ogy tb(J\) restrlcted to
=vcar. ; A '

. ! .t A M 7

Becz’xuse A* [t '(A)] isva complete'r(DF)-space, .H["rb‘{)\').IH] ‘is a complete

. ; . . .

Lt

~i‘nf}°abarre11ed Using [13; 21,3.(4) and 27,2.(3)], it .¢an be shown that

: ,u_ll[v (A)]H] is separable. By".theorem 2.6,‘.we thus have a closed subspace ’

‘of a (DF)—spac‘e whieh is not a -(DF)-space.

[ ~
¢ " ’

Next we prove that the property of be1ng a (DI‘) space 1s heredltary on
\

paSSlng to a subspace of f1n1te co- dlmensmn, and if the mltlal space is

i

sequentlally‘complete or barrelled, .then on passmg to a subspace of countable

LERY

2.15 LEMMA Let G be a subspace of co-dimension one of:'e_ locally convex '

space E. If U .is’an absolutely convex closed bornivorous set of G, such

L3

that its. closure U . in E is absorbing, then, U is bornivorous in E.

o . . y PR
'

PRObF ‘Let B denote the famltly of a11 absolutely convex closed and bounded

as uspal, the 11near hu11 U n B of. B,

séts B.'in E..,‘Ve denote by EB,-.

M S Ve _ n=1, .
with the norm topology with B - as -its,closed unit ball.' ‘Let E[1] = Z EB
. . ’ N Lo ) L : ‘B d
be the loc'a.lly convex hull e_f'the spaces {E_} by the:inj ection mappings.

. B gen

'Since r- is finer than the initial topolpgy on- E,. the locally ‘convex hull

is Hausdorff Be'cauee the .E"

B are bornologlcai,.so is E['r] by [13 28,4, (1)]

' By a result of DIEUDONNE [4], smce G is of f.1n1te co-dimension, G[t']

is born_olog1ca1 if 1 = T]G. £ U' is 'a neighbourhood of 0 in E[t],



" associated .with E- and its. subspace G.

' <
B,
wi_th ‘B c A(U' n E ) Consequently B.qQ, AU' ' Obv1ously E[r] 'and. E have

""then urn E is a ne1ghbourhood of- O E and so there' exists A >0

thé sarne :bounded setS' hence E[T] and G[1 ] arc the bornolog1ca1 spaces

RN . A ..
s
[

'Let 0 -and ..f‘l'*‘@be't'he closures of Uc in E and --E[x]. If G is

dense ‘in E[-r],,' then U*-.is a neighbonrhood of "0 i'nA; E[t]. So we have

U is a'bornivorous 'set in  E. If not then G is closed in - E[x].. Let
. L Dbe the subspace generated by x €0 u (and hence X ¢. G) and let L
' have the 1nducéd Hausdorff topology Then G * L E “and. € n L {0}

Let ,p and q I -'p- be ‘the’ pro;ectlons : E[-r] + G[T ]

: E[T] > L By B;Ch.2, Prop 7.1 and 10 4], the maps p and Q- are

continuous. "Let - G be the absolutely convex hull of {x}.

If ‘B € B, there isan r > 0 with [B] c rU, 'a"nd-'q[B] c..-rC;

consequently B c p[B] + q[B] c r(U ¥ C) “So .U+ C ":is"a'ne'ighbourhooc'l of .

@A

0 in Eft].- Now'. ,.=.U -_P U QU + C; ‘hence Zfl and, thus .0, are,_l;}orni- '

vorous in E. # IR ) - . . f

» v,
2.16 'THEORE'M let E be a (DF) space If 6 s a;:subspace of E of <\
° . K e ".' . .

f1n1te co- d1men51on, then .G: is a (DF)-space.

a3 ¥

.PR(lOFI Let -{x,x,, .;.'., x } be a co-base: of ‘_G..'j‘ Th'en consider*in‘g‘_reép_éct.-

1vely the 11near hulls of G u{x ...., ‘X' }, (lU.f{x~ '...'!, 'xh.l'},-,“.,

Gwv {xl}, - G,. it sufflces to carry out the proof where .G is of co- N

. :
dimension one ; s0 we shall make thls asSumptlon. Two cases are possﬂ:le

.
= (

1) G s clbsed ir'z' ".‘E.'._ If x is an elernent of' .E' bt nbt G, let .L : o

be the 11near hull of {x}, Then ‘G + L= “and G NL -‘ {o) By

‘o ROBERTSON and ROBERTSO'N [16 Ch Vv, -Prop. 29 and Corollary], G and E/L

n

Rt > 7wt



/l

-

-
v

o EIK]H\E;T r\(u o n"u
n=1 3 A =1

e ) .
v such that F < G,. and the co- d1men51on of \F in® G is finite. Let B be

29,

E S L
are topologically isomorphic. Using 2.9, G"’ is a (DF)—space‘.

-

Q' G- is de'nse in E. Let “{Un} “ be .a sequence of absoluﬁely convex
/ ¢ n=l .
closed nelghbourhoods of . 0 in G ~such that U = /'\ U absorbs all e
n=1 - oo

: boundcd :@s of . G.” Let . {B } oy be a fundamental sequence of bounded

. - : n-l - : "
absolutely convex c.losed sets in -E; . then _{Bn!'\ G}n=1" is a fundament‘al
sequence of.absolptely convex bounded c¢losed sets ‘in G. _ “f bea

linear functional ass_oci'ated with the hyperspace G CE. Then 1f

f—l[{O}] N B =GN 'Bn is TS(E')-cloeed for each n, Twe have fe E' '

. by ROBERTSON and ROBERISON [16; Ch.V1, Prop. 1.2], . since E',('Tb (E)] is
'_complete._ This contradlcts the fact that G is dense in L. ‘Hence for

. some m, .B MG .1As not clo.sed in E. Choose X _in” (B nG) v (B n G)

m |/

!

then B_A G € B = B . ‘which. verifies x,¢ G. Becaute U..’ is bornlvorous 'E\\
m m- om A

in G, there exists A > 0° with B N G& AU; hence ,n'G C-AU and-

x &€xU, * so that %x e . Any y € E. can be writtenas .y = g+ ax for -

.some g € G.‘and seafar ,a.‘ We can easily show . U is absorbent By the'_'

Tee g

lemma 2.15 U 1is bornivorous in E.

. <a B . .
thus ) TJ; is bornivorous in E. Since E°
n=1 . Co ot
+is a nelghbourhood of 0 in® E: But .

.. For each 'n,

v H

U<l ,
. (-8 s n
is a (DF'):-I.f_p:ice, f\ TJ_

. = U is a neighbourhood of 0 inG.
n=1 n=1 - ' o '

- : N 7 ! .
R} . " K

We now prove a ser1es of, lemmas wh1ch w111 be needcd ‘to prove the maJor

results

‘ : ' « ’ . : ? .
2.1% LEMMA Let F -and G be two subspaces' of -a locally convex space .L,

D . S .
the famlly of all bounded, closed and absolutely convex sets of E. If i%or'

~each B€B , FA B is closed, then G(\B is closed : ' . " ..

[ .



"+ dimension one in G. _

e

.L and F. Let t|F

PROOF - Obvlotiely, ‘it edffices‘to-oarry out the proof where F "is of co} . ;)

¢

) .
. . t

It is first shown that | F p; Ey is closed in Egs for.each - B e'B'.',- Let..
a sequence “{ xn} c Fn EB' ‘converge to x € EB.\ ,.Sin'ce the sequencé. is—_ N
T on=t - e T o
bounded, thel;e exists > 0 with Ak "e B, n=1,2, ...'. Now 'Fn~B is .

‘closed in E, and the 1n1t1al topology restrlcted to E " is coarser than ;

. B
the norm topology on -EB, hence F n B is closed in E Thus, smce .Axn-
'convergeﬁto Ax,' we-have Ax € FN B and X € F n EB‘ .
"\ ' ’ . . . . 1:

"Let ¢ be the_ topology"on G. where G[-c]‘ lis‘ t}le. locally convex hull .

.of the spaces {E (\ G} i~ by .the in;]'ectioﬁ niaippingS into G;". this topology

_ BGB . . .
is- finer-than the initial topology restrlcted to-G. Since F is a hyper-

plane of G[T] . and® for each B €3B, F f\E o G is closed in E ¥ G we -

have F J.s,-clos_egl in G[xI by [13; 19,1. (7)].

" Let x€ G ‘with - x { F. Then G[t] is the.locally convex direot sum-of Fl1|F]

and the l_lnéar hull’ L. of {x} with' the Hausdorff vector topology. Let I be

T Y
the identity on G, and p ‘and q I - p be the progectlons of G onto

7', Then P ‘and q " are contlnuous w1th respect to

‘the topologies < ‘and 4

"éiven' B € B, we now show NG is closed in E. We take'a net

[ .G which c0nverges ) ) x-€ E. To prove the result we need to
aeA
show .that x € B I\G For each a, p(x ) + q(x ). Since *Bn G is

bouinded in G[T] 3 p[B n G] is bounded, 50 relatlvely compact, in - L." There

is a subnet‘ {y } aof {x } . such .that’ p(yY) +y € L. Thus,

YGI‘ ® qEd .

y p(y{) +y in the 1n11;1a1 topology on’ E and lim q(y ) s llm(yY -‘py.)) =

. ver . 7V yel
=x}-—y in E. Lo

q[Bn G] is bounded in ~'1=[T']', and t' is ‘finer than the induced

‘topology from E, ,there exlsts\ B'e B with q[B N G]'C:B'A F. . Hence

B

ot
e,



'.q'()’Y) &€ B'n F for each Y and ‘since " I;‘ nB' 15 closed
T x < y=2z2 €& B Fe F. So x.=y + z . where .ye L and z e‘ implies

x € G; énc,l B i.s_clc';,s-_é'd implies . xQ‘B, i.el- x'e-BA G, W o

The next lemma glves a cOndltlon under wh:.ch a (DF)~space is a strict o .
1nduct1ve 11m1t of a’ sequence -of 1ts subspaces. . R R
2.18 LEMMA Let 'E- be ‘a .(D‘E)—gpac'e. Let {E y.” be an inCreésfhg sequence' |
. co = .
_.of subspaces.of E, Suc_:h thla.t‘ v E‘ =,E. If fgrleach bounded set A, there
_escis:ts é positive .ipteger m,' wl::;tll AC E ‘ then + E 1s‘t!1e strl'ct_ mdqptlve.
.. limit of the st_ec‘ll:‘lev-nce' {En}n-—l' o ‘ . : L T 5

. PROOF  The. locally convex hull E[tr] of the spaces En is the'strict induct-
ive limit of:these .spg.cés by [9; Ch:2, Sec.12, Th.1 and Cor.1].. Suppose U
is an aBsolutel_y convex t-neighbourhood of 0 in. B; - then UuhEn‘is a

neighbourhood of = 0’ 1nEn for-each n. If A -is bounded and absolutely”
convex, there exists a-positive integer m. with Ac Em. Consequently

LY

UnA-= w !\E 2 A s anelghbourhood of 0 in A. By2.2, U isa

nelghbourhood ‘of 0 in 'E.. #

. : . L . & i - ) . .
2.19 LEMMA Let‘ E bea (DF)-space and let B be the family of all.

!

3 absolutely convex bounded closed subsets of E. Let G be a éubépace of

infinite countable co-dlmensmn in E. If for each BCB : G ngy »is-{closed

-

an'd_ G is of finite co—dfmensio_n in the lihear hull of Gy B, t.;hen G is
' closed.

H

PROOF ~ We.show that i.f'_E "x€E~ G, thereis anopen ACE with A/NG=¢ and x€A.

Let {x,xl, .t

2.} bea.co-base of G in E and let H' be the hyperplane
’ génefated'by Gy {xl.,xz;j',‘_. i..}.\ By hypothesis, G. is-of finite co-dimension

-
!



‘n

ar

""" topologically isomorphic to the (DF)-space E/H.

-

t

B _\i_contalned in the linear hull_ Em' . of ' G v {x, X ey .x;n}.

WA B =HA (ENB) = GHAL) N B=H-O B Since the co-dimension 6f G

m the 11near hull of GU B glven Be B, S0 ther'e is aﬁ_-inthegeﬂr; m such that
SR
- If .Hx;l is the flin@aar hull of GV {xl, ey 'xr;‘}- we have

2

o .in._'-Hm “is finite, we have Hm(\ B is closed by lemma 2 17. Hence the hyper-

pl‘ane CHe intcréeé:‘l;s_( ‘eackr B é‘B in a’ closed set As in the proof of theorem

h

of‘A G VB, then G “is a (DF)-spéée.
f B R4 - ot .

" fx

. . . s .
2,16, H 1is closed'in. E: Choese A 'to be the complement of‘ H. ' #
Now we are ready to prove the maiﬁ rgsult'.

. . . \ .
2.?0 .THEOREM . 'Let E bé a (DF)-space. Let G .bea sub'spaqe of E. -1If fér
every ,bounded set B o‘f,' E, 6 is of finite co-dimension in.the'linear hull |

-

’

PROOF Let '{B'n"}.‘ be a fundamental sequence of bounded ‘sets in .E. For each

n, ‘le.t Fo 'bg.‘a-c’o;base of G in the linear.hull of G. V'B . suéh that

for e:_;:gh n, .Bn'c Fn+1'

Since each F “is flnlte the set F U F
S . " +on=l
is‘ a countable co~b‘és‘e of G in E. If the co-dlmensmn of 'G- in E is

‘finite, the result holds by theorem 2. lq CIf not, we let {x»X, ...T bea

2
cp- base of G and set E, ='G, and for each n.> 2 set E "to be the

11near hull of GU {xl, vees K g }. “The proof is carrled out in three cases.

. 1) G‘ 18 c'L‘osed in E. Aécording to lemma 2'.18;- *E is th_e s,tr’ict inductive’

L.

limit of the s"equence' ‘{En}' . Let H be the subsi)ace ‘generated by
.o . Tl n= 1 , ..
l,x ...} and p be the pro;ectlon of ‘E’ onto E

-

1 with kernel H.

1f B 'is the res\trlctmn of p to E f_or n'= l,é, '..., _then P,

* 7.

is'contmuous because ~E1 is closed and'of finite co-dim'qqsion in En’

T S . N N . , r T . - ‘ * . ‘ .
By [13; 19,1.(4)] p 1iscontinuous. So as in theorem 2.16, G = E1 is
. o ¢ s - ' ~ .



- o\ '

. . . «

"2) G- i8 dense in E. Smce E has a: fundamental sequence of bounded sets,’

“so does  G; *hence we - need only show that 1f {Un}-"?" is a iequengc of
L. . . n=1
.¢losed absolut-ely con_vex nelghbourhoods of -O~ in ‘G, and U= N U
. h '. . . ~'- .. ~ M 3 , . . n 1
absorbs - cach ‘bounded. set in- G, then _U is a nelghbourhood of 0 in G.
. N . . ‘ - :' . . M

Let U ' and Rl be the c‘losut'es in E of U ) eand U for .

'n 1,2_,":..., and let L ‘be thc 11near hull of U . We shall show that

E=L and U is bornlvorous in B, Let B be an arbltrary c‘lésed absolutely . c
"c‘:ori\}'ex boundgd set 1n~ "L, '_ and ‘6{3 N the 11near hull of B w1th the .gauge of . ‘
B'. 1n "L as norm ':N-()te- tha'it G+ EB is the 11near hu11 wdf G. U B. If ‘j'.. '\ . ,
' G f\ E has 1nf1n1te co dmensmn in EB 3 there exlsts an, 1nf1n1t;3 d1men51onal' o ’
subspace C of Ess ‘w1th G o E +.C 2 EB? G f\E "\ C = {0}_. Hence,_.\‘i : ‘* Jj
. G+ <G +E whlch is'a contradlctlon, so G /\ E has finite édldinen'sionAl —-,-:' u
in EB Ne con51der -G f\ E " to be a topologlcal subspace of the*normed ;pace '
EB'. Slnce BA- G is bounded in C there ex1sts x>0 w1th B I\ G‘ C AU; }
consequently, un [G N E ] 1 "is bornlvorous and a nelghbourhood of - O \ E
" in GV Eg. 1t br is the qlosure Bf" u1 in E'é, we have Un Ey :)

. becausev the topology_ of,;, EB' is- flner than that mduced on the space by the "'

[N . N . e 1 . . i . : . -]
- topology on E, .. . . - S L.
* Let P -be 'the 1in¢ar hull of ﬁi" Then“' p 1s closed and of f1n1te co-, /-
dmen51on in E 'Ifj P =- EB’ U'{'\ EBD U* and Ui‘ S is a nelghbourhood of - ~
.0 :;‘Ln 'EB. If P ;4 E . and Q' is the 11near hull of a co- base of P ’ EB,,‘"

then let p . and q = I - p be the pro;ectmns of E onto p gnd Q, where‘
I is the 1dcnt1ty on. Eé,. Then p ‘and. ,q are contlnuous Sin_ce i gen_er- - ’_ o

:"ates L, un E~- ‘1s abso’rbent in EB. Let C’ be‘ a- basxs of‘ Q ‘such that
o > g

C cl.. It is. easy to show that U; + I‘C is’ bornlvorous in Egs and con- , .
L. . 2 . ' ' B IR -
" sequently 0 (\_EB 1spbotn1vorous in EB," 50, that 0 is bormvorous in L.

" . - . ’ " - . ‘ : . )I ‘ ot + *
{ R

. . " . . . -
coe . . hald ‘ v, - . ) . l
v e N . . . N . - .
A . . . - N LI \ . Pove



s

; o If’ L #‘ E' - then we. s"till haveﬁ that L is- dense in® E. - The’ last"l‘en_lma

. e B

holds for the gase wherr -G - has finite co- d1men51on in E ‘So there is a
‘ P , 5 ‘ . R

B C E which is bounded closed and absolutely convex and L N B -i's not

Wl :

'clcrsed in E If x(‘.(L!\B)N(LﬂB), then XG(L(\B)C‘B =Bi P

[¢)

lL

"so'- g ¢L Because U is bormvorOUS 1n L, and B n L  1is bounded there,

.there ex1sts A > 0 W1th L n B < AU => L n, B C AU c L, We have a contra—

dlctyon, show1ng L ‘E'.' o ' ) "~, .
T.F_rom_ this (\ U e (I\ U ) U, 'an‘d hence '_ n. 'U' is bornivorous in;
=1. 7. nzl - e o . n=l i )

3 “E. $ince B "is a (DF) space, . f\ U 15 a nelghbourhood of 0 in E, ‘ and - )
LN N . «© :__~_‘ T @ I P n= 1 . . "-.. "‘
' (AVU)ING= N U;] =U isa nelghbourhood of 0 in G. So' G .is again a °

S=1 , n‘él_ . ) . . .
(DF) space oL S W . s ) 7
"3 N G .18 arbi%ﬁafy. Let - G be the closure of G in B, e
* . " . ° T L N D L
.".' ’ ‘.. . . o - {' ' . -

v, e .

Lld

A tha't G is-a (DF)-space. If G is of-infinite countable co-dimension, we apply
-rts . K

i !

‘b stage@?(l) qf the present theorem. Because -G .is closed 1n ~ By’ G:‘as dense in ;!

ot . )

G,. 50 we apply e1ther theorem 2 16 or stage (2) to conclude ."G is a (DF')-,

~

. . .. .‘/- ‘ ) " ., . - L . . 3 .
sp"hce S . ‘I - » T .
h N ‘.’ SRR s '," i . *" o . ’ ’ o

I

" e 2:21 .THEQREM. Let” ‘E . be a“barrelled (DF) space If G is a.subspace of - E

: .o‘i_’:'in‘fini'be CO,Untable qo~d_1men51on, then G 15 a. (DF) space. - .,‘ )
PRdOF VA'LDIVfA [20] proved that a subspace of 1nf1n1te countable co- dlmensmn .
: N . . }r
R of A barrelled space‘ls barrelled S1nce G.. 1s a subspace of the (DF) space

“E, -G has a fundamental sequence of bounded sets, consequently’,- G .is a (DE)-

. space.‘ #n Gy . L a . 1. S E . ’ S -
. . - ‘_“. ' ) \ - . - . : ' .- g :‘.‘ . ’.‘:3_
-+~ We.conclude this section.with the following result. . . %+ . .
. . * i \
(.4 ° . ) ; v '
l‘ - .
. r o N ,
'y . L N 1
» * , ‘..- . 3 _ ) N o
K T e ,
1 L] g '- P

If G 2is,o'z"..‘finite co—dimension in E, _‘we apply thcorem 2. 16 to conclude _

. ™



2.22 .THEOREM ‘{Let -E be a sequentlally complete (DF) spacEsg\lf;sF_.

T subspace of E of infinite countable co- dimen51on, then G 1s,a (DF)-

of  E. °Let E[]

B G:B and the norm is the gauge of -B Because B 15 closed in’ .E,

. sequentially comp

We have also that

" space E.

K .

-

-

PROOF. Let B be the family of - alI bounded closed absolutely CONnvex ubsets

be the locally convex hull of the normed spaces Eg where’

it-is

lete as.a subspace; by’ [13 20,11. (2)] E_ . is a‘Banach'Sﬁace-

B

E[T} is the bornological space assoc1ated with’ the 1n1t1al

N

. Lo s P . .
! P . — . Y
. R i . .

-

. -het E be the closure of AQ in E{t] w1th topology 1nduced by the

1n1t1a1 space -E.

E " in 'E  is fin

1

has 1nf1n1te coun

PO S

of E .‘in' E and E for n 3_2, be the linear hull of

1
EIU {’_‘1”‘2"

is barrelled. It

We shaw that Ei is a (DF) space 1f thc co-dlmcn51on of

n

1te, the proof follows from\theorem 2 16, SO we -assume El’
. L) . . ‘ 1 -~

;}»-bp;a co-base

.
-

table co dimen510n in E. Let {xl,xz, ..

n-1

is shown in [20] that if {E } ¥ - is an increasing seduence
n-l o

of -subspaces of the barre}led space E such that \) n = E,” then E is

\

n_l }

the strict inductive limit of the sequence If for each n; ot f='t|E';

’ﬂn - ‘- n

then E[r] is the strict 1nduct1ve 11m1t of the spaces {E [r 1}. Because.

‘E is closed in

1.
195 Ch 2, Prop 10.

] i .. .

E[t] andﬁmt is of f1n1te cd dimension in En,-.hy
1Y :

3] we have En i's closed in E[T]. Given any B € B, and

noting [9; bCh 2, Th.12. 2] there exists m with B CE. The conditions of

theorem 2.20 are

is a (DF)Lspace.'

satisfied “for the subspace E£ ‘of E} consequently, iElv”

"
o

k4 R
. ! :‘ ' ¢ -
If 6 has finite co-dimen31on in E ,then it is a (DF)-space;,so we'
again ‘assume" G 15'of 1nf1n1te qountable co—dlmen51on in E1 ‘Let. {Qn}xé
e : o . : ’ - n=l

i

X f By %13- 27, i'(éf],_ EL%] is oarfelled,since each Eg

."

w



-t

o ' =

‘be a sequencé of closed absolutely conyex neighbourhoods of 0 in .G such
that U = SN U s born;VOrous CIf t' is 1|6, we shall show first

' n=1 ' - S :

that U .is a ne1ghbourhood of 0" 'in G[t']. ., oY

!

“U is a barrel in_ G, and hence also a barrel in G[t"]. 1By'thefre§ult

of VALDIVIA mentioned earlier,’ G[t'] is barrelleo, éozthqt U, is a neigh-
bourhood -of 0 in G[t']. l&ecﬁuse NE->.i§ the closure of, ‘G' in "E[t]," G

is dense 1n E [r ] -Since the initial topology on ~E restrlcted to g- s
is coarooﬁ than ti; «then U-vthe,closure of U ln Fi 15 a tl-nelghbour:\ -

hood-of 0. Consequently. U is bornivorous in Ei.

fet U_ , for .n.= 1,2, ...,'be-the,CIosure'of U; in El' .Then

n
] - . ) . _ °, - - L .
('\ T » (AU ) =1, ’Za.nck_ -so,is'bOrnivoro'uﬁ_ . Since '1_51 is a (DF)-space,
n=1- ! n=1 . - : ) : . e
© =N . . . »
N U isa nelghbourhood of 0 in E . We have . %- - .
n=1 . e . }Pw .
(N TING =N T NG =) U =U is a neighbourhood of ‘0 in G. #
on=1 M =1 Mo op=l T ‘ St .
. . N (Y o
o oL e .
7 ,'Bornologiéal (DF)-spaéeg' e e T -

Q
.

. . . t. . . N . . . . *
These spaces are-ane<important cdass of (DF)-spaces. - In this-section a

toool'ogy -is given-on the dual ’q.f‘ 5 metrizaole space u.under which th-e space i‘s
‘a.boi'nological -(DF)-spoce':;'— Condl‘tlons for a stfrong dual of a metrlzable space’
to beﬁbotnologlcal aré given. The sectoon concludes w1th an example of a |
qu351 barrelled (DF)- space whlch is not bornologlcal
: A X .. . .. 5

Thé fifét-resuli of the section identifies the“bOrnologicol topology:
aSSOC1ated W1th the strong topology on the dual E'. of a metrizable~§pace,

E w1th the strong topology on E' derlved from the palrlng .fE',E"ﬁf

. 8
[
- o

2.23- THEOREM Suppost that E{t] is a locally.convex metrlzable space
Th& bornological topology 1€ assoc1ated w1th the strong topology tb(E)'

Sty



-

-

. on E' is equal to ': Tb(E';).-. '

E' [:b(E"i] is thus alﬁéys a cqmplctc'box_‘no.logicall (DF)-space:

PROOF 'First, it is shown that E [1;.]' hag a bcsis :bf rb(E)—'cldsAedb neigh— -

bourhoods of 0. Let ':{Bn} be a fundamental.sequence of absolutely. convex

,bounded I-T (E)-.-C].AOS'Ed.SL!bSBtS of E'“[Tb-(E)']‘ We ‘prove that the algebraic

T.hull {y € E K there exists x € V with [x,y) c V) of any set V of
the form..V = I'" a B, withedch a > 0, is ,r:*(E)-closed. )

N - a n=1 nn i N . b A .

' . X . e .
Letv V = .' a B, " thén U V -Because Eft] is ‘metrizable, . -
' L K=l Ko L -

'

) by [13-'20 6.(5) I

.Hi.énc"é"fﬁe' v, -are (E) closed -,-I-t 1s eas:LIy shown that " vi¢ v° ‘,where

the sets Bn are’ .T. (EJ compact and SO are’the v,

. o

_pdiar's are taken in the pa1r1ng <E' E'"> By [13; 16,4. (4)] if u{ va v e

_there ex1sts B >1 w1th u¢ BV; - cons\equently B fV for each k So

: _f_or each k there_ ex1st§ ._zke Vk CE" w1t.h k(_u) = g . The sequence , ’

'{‘zk} r('r)n’ we have z'.€, A V= (U

. vy . . . . . 5 D "
{-zk} is Eounded in, “E"[T (E')'], and T, (E*) = (E');' 50,. because PP

k} is equmontmuous, soa relat1ve1y

T (E') compact subset of ,E"., So there is a Ars‘(E').—,conver‘gent subnct of

E'[r' (E-)] 1s a (DF) space, the. sequence {z

(zk.} whlch converges to some€ ;o"e E". . Because zk(u) =:B:’for all k,

" . . . ' ',' -,
z (uy =8". For- éach "m we can c'hoose a subnet,- of the. T (E')-converg‘ent

.

net,whlch takes g1l its values in the set .{zk.} oo Slnco ':_ o
# V°° ;  hence e
: k':

the.;rb(ﬁ)—‘c‘lésui'e' v of v 'is equal to V2,

v . .

k;-m o 0 k=1

b

“Each V is a nqlghbourhood of 0 "in t* because every bounded set is
absorbed by sets” of.thls form \If W is q" ;rg;closcd _-ri‘;—neighbourhoocl of

- I

S

- 0, then some V is contamed in ,w. .Ob\/ious'ly Va'_ is also ¢ontained. in '

Y

b

‘e .t
w * '

W, hence the sets pf. the- form' Vv? K form a basis ‘qf,”’-'-r";—.néighbourh'éods of -



C0 dn B, e LT S

.d

. basis of Tb(E”)—neighBourhoods of 0 in E'[Tb(Eh)]; So we have . ng is

- completeness Qf'this space folloﬁs.frdm [13; 48,4:(4)].'#.'.f

. barrelled S0, (a) “and (c) ‘are equ1valent 'In‘thé previous proof, it Qaé

. shown'that -E'[r*] has a ba51s of nelghbourhoods con51st1ng of %ggE)—.

" immediate. © - L

; P . . . AR -

The fb(E)—clbsed gbsolutqiy‘convex absorbqnf subséts of “E'- form a

'coafser‘than ‘T (E") Conversely if A is a %b(El—plosediabsoluﬁely-convéx

absorbent subset of E',. them . A is q.bdrﬁivorgusj barrel ih: E{[Tb(E)l )

which is a compiete space. 'ConﬁéQUenfly A ‘ié i'neighbourhood of. 0 in / -

b]’ ;q Tg'e Tb(E")f . . . - oAl . ) .
. . L - d . ‘ N - . L.

f&ecause: ET[Tb(E"]I: has a basis of Zib(E)—closed-neiéhbéﬁrhoods.of 0,

B[t

S

b

[ A T
a

As a,corollary to thls we glve some equ;yalent crlterlafor the strong
/ .- — : T .
~dual of a metrlzable space to be bornologlcal ' o v

~
¢

.

1 2.24 COROLLARY'-‘Supposelfhat Eft] _is'a_lbcaliy.cohveg'heffizaﬁle space. .

» - e

_The following are equivalent. .. o
a):.E[T] is distiqéuisheﬂ; ST
)"E'[f (B)] lS bornologlcal énd’_ . .
. » - . N .. . ! - - B
9) E'[Tb(E)] is 1nfrabarre11ed : o ”f‘ ,i'n-; ol !

PROOF ' Because E'[Tb(E)] is‘coﬁﬁlete,'if it is quasi¥barre11ed; if.isi-‘

)

‘ closed absolutely convex sets‘ _Because E'[T (E)] 1is barrglled; (b)'ﬁollowé'

N . . -

from (@) o L R

b

‘From this borollary,Zénd results of section 3, the following is :

.



e

- c) If E[T] is reflexive, then E'[r (E)] is bernolegical. h:

(k)

“'a -,:k'=.;,2; ...;, such that every a’

) (kn/a (1)}

.-_.%}}:iih:(a .@p*l?}a (1)g,=1 .

. E[T (A)IE] 1s a non-bornologlcal 1nfrabarre11ed spaee."

1225 - COROLLARY - Let E[r] bé an (F)-space. |

-a) .Ifh E‘[Tb(E)]' is separable, then Et{rthj] is bornologlcal

1

by If E'[r (E)]‘.has'its bounded subsets metrizable; then E'[rb(E)] 1s

'“bornologlcal

-

‘GROTHENDIECK [7} asked whether each 1nfrabarre11ed (DF) -space is born-

.‘olog1cal.. KOMURA [11] gave an example of an 1nfrabarre11ed (DF) space whlch

‘was, not bornologlcaL,but thls example was 1ncorrect Recently VALDIVIA [22]
" has given an example of such a_Space. We state the fOllOWlng result wh1ch

‘Jwill give the desiréé exaﬁele. . ~. ‘.'f ': S S

. '"Let_ x" be an echelon Space deflned by the nncreaslng system

(). (p M) =

a Cis a, sequence of

N n =1

is a- strlctly 1ncrea51ng sequencc {p } of p051t1ve 1nteger5 such that ;

1s a bounded_sequence for "k =1,2; ,.. p.
Pn n S - - Co
mme P Py L
Then there is a dense subspace E ‘of A* [rS(A)] 'sueh;that."'

¢

..The example is now obtalned from the above result We:ﬁish to ponstruet

the sequencc a( ) Given p051t1ve n, "We‘can wrlte n uniqlie'ly':;lls'~
"(Zm —',1)2h_~1 where ‘m  and h Care pOSlthe 1ntegers Tf 'h <k, set
an(K?.=“n H Af h > k set an(k) =1, ObV1ously the syst@m of sequences.

is increa51ng leen a ﬁositiﬁefinteger P set P, (2n - 1)2p,-n = 1, 2

: irrom the deflnltlon, lf p ¥ 1> K, . then sp_(k) = 1. _So, for K = l,2, cee

(p*1) L 1

(k) p,. The eénditions'bf the .

a .1, and.fer .k =p+ 1, "a Al
o oo AR Pn.

PR
", *

a-

: 'str1ct1y p051t1ve numbers Suppose that for every pos1t1ve 1nteger p;'there .

p}!



‘a'(DF)-space., . - L N

~ .

A I . .

\ .. . : C

' theorem are satlsfled SO we obtaln a space[ E[T (A)lE] wh1ch is. 1nfrabarre11ed

- 5

. an&}pon-bornolog1ca1. Slnce E w1th thlS t0pology is a subspace of;the (DF)-

space A*[Tb(k)]" 1t has a fundamental sequence of bounded sets and is hence
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R CHAPTER 171 ”,’ ,

| ULTRA-(DF)-SPACES . N

8 Definition and sohe¥preperties ofJﬁltra-(DF)-spaces ,

In the prev1ous chapter we stuﬁled the .class of (DF) spaces motivated by

: the

¢

L '
N 5

. properties of strong duals of (F) -spaces, Slnce duality theory played

.an important rple,,local,convex1ty was cruc1a1 in all the results, Based -

onka.recent work of ERNST [6] we develop a class cf'topdlogical.vector

i

spaces callée U1tra¥(DF)-sbaces. The concept is'meaningful'in the setting

.

of drbitrary topological vector spaces, which are not necessarily locally
. L] ' : . .

convex. Ultra—(DF)-spaces form a generalizatfeh‘of (DF)-spaces and most cf

"the

" patt

by I

“‘what

nece

. ¢
results avallable for (DF) spaces carry over-to .this class ‘with greater

; generallty -The generallzat1on from’ (DF) space to Ultra [DF) space 1s

erned after the study of Ultra barrelled and Ultra—qua51barre11ed spaces
YAHEN [10] in the context of a general topologlcal vector space. In
folicﬁs E[r] Qil; refer to an arbitraryjtopological vector space (not.

ssarily locally convex) over the field of real or complex numbérs.

’

We first recast the,definiticn of a (DF)-space as follows -to-suit. ready

gene

N

31

a'j)

‘ ; . K] .
. sets such that for each 'n, Bn + B < B and : E\

b'I.

ralizations.

A

REMARK A locally convex space E[t] .is a' (DF)-space provided. .

¢

E has’a_fﬁndamental‘sequence {Bnl of closed absolutely convex bounded

n+1l 4 ‘I \

) *
if {Uﬁ} is a sequence of closed absolutely convex r-nelghbourhoods of\

0 in E and “U = (\ U ) absorbs all bounded” sets in E[t], then U i

- L. n=1
is a 1~ ne1ghb0urhood of 0. # -

]
M ]
) .
- '

41,

PR,



we used in chapter II fcf. 211).

3.2

!
s . h o
It is easily seen that the above definition is identical ‘with the one
9 . . *
*l B . s

‘DEFINITION Let M(O)/ be a subset of a linear space E. 'The sequence

{M(J)} ‘is calLed a deftntng sequence .for MF b if M(I)C E ,and
M(J) " M(J) c de 1) for each j = 1,2, . W

’

3.3

« Coa
We now give the definition of an Ultpﬁ—(DF)—space.
v ' " l ' . ‘ . A .
DEFINITION "-A Hausdorff topologlcal vector space E[T] is calied ‘an

UZtra—(DF)-space (or(UDF) space) 1f

"a) there exists a fdndamencal sequence '{Bh} of cdrcled c}osed bounded.sets ;
' in _E[t] and o - /ﬁ S -
b) dlf {U (0)} is a sequence of closed c1ncled nelghbourhoods of 0 “in
t Efr]} and {U (J)} .is a def1n1ng sequence for - U (0),-.for each n,’
\ ’and“for each j > 0 (J) (\ U SJ? absorbs alI‘boundedtsecsvdn the
fundaméntal-seQuenee,~then . U(O).-is a TrneighbourhoO@ of .O.Zin E.
. 3 ‘ .
. g ven a topolog1ca1 vector space E[T] there is a flnese locally.convex
gopolpgy % on. Ef whlch is coarser than .T. A nelghbourhood ba51s/of
for 1°° consists of convex, hulls of members of a - nelghbourhood basss of 0.

-

0

-

convex space assoczateg with E[r]

¥

As.a. first result we show that’every locally convex (UDF) space is a

““ ’ \
{ .

(DF) space

. ,
- v, i i
. I

3.4 -THEOREM If Efr] is a (UDF) space’ w1th a fundamental sequence {an .

s.,u.ofwclosed circled. bounded sets and the topology Tqé. is Hausdorff, then

f

‘

In case %% is Hausdorff fOIIOW1ng IYAHEN [10], we call E[r ] the loeally

Lt
WL e

PR

NP AN SR A
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v

a) the sequence“{Cﬁ} where C,

.of absolutely convex.closed bo

-

b) E[t”°] is a (DF)-space.- .

’ 5 - . ' :
'PROOF  We first prove 3.3(blelet
] Too-neigbbourhoods of [ 0 *and lét

" . is a ° -nelghbourhood of 0 pro

Each .wn is a circleci ‘closed

sequence _{1—. wn} S If W ab
. 23 M=l v

' N P T 00
‘and since it-is convex, W is a

¢

Coming tb the probf ‘of (a),, ea
We f1rst show that each bounded se
If not, there \exls_ts an ;‘- C_,.

..Too-null s'equence. Since each ‘.C.
\'[13 15, 6 (9]] there is an absolut

00
"suchthat xfc +V[ s fore

absol'utely con'vex_ -ro,o-neighbourhoo

any of the 'xn"-'s.

For a fixed- ‘m,' .BmC Cm+nc W

- a

But Wooisa Too‘-nei.‘gbbour'hbb
absorbs B_. Heénce W is a. %%
~ ’ l;le'no’w show that C- .lies .in‘s
Sincg {Bn‘} is a:,fu‘ndam.entall s‘ec:lu
- for some n; hence,‘ cCc )‘Cm-c C

"~As an immediate consequence we

n" This completes the proof. #

.43,

. 00y ... L )
= <B > (in 1t ) ‘is a fundamental 5equence:

‘n

unded sets in E[t°°] and . . .

. &
|
.

. . " * -
{w } be a sequence of absolutely convex closed

W.= n W . It suffices to prove that W

V1ded 11: absorbs each B .

T-neighbourhood, of -0 and has a defining .
sorbs all B, so does —1—- W= 1. Wy .
. : N 2 n=1 27

-neighbourhood of 0. . o
: L P T
ch - -‘Cn is obv1ously bounded. -in E[T J.oo =

t- C in E[r ],, is absorbed by some C .
. n

¢C for each n. Clearly, .f{kn} is d
is closed and each X is compact,_ by

ely convex Too—neighbourbood Y, of O
N » 1+ .

ach" n. Now W =C-+V T 'is a:closed’
n _n. n -

d of .0 and W= I\Wn does not contain
: . 1

At

- for n = _0,'1;2', vee, SO 0

d'of'0, hence 1 ((\ W )ﬂ(n W
' . n=m

eighbourhood of_ 0 which is a contradiction.,

ome C_ . Clearly C €iC_ = for some ') -> 0.

ence of bounded sets in. E[r]., AB‘;I €8

have . . R .
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-

" ology induced’by T on M GO L i X

.spaces, the converse: -is also true

o L — A
3.5 COROLLARY . If E[t] - is a locally convex (UDF)-space then it is-a
(OF).spade. # = .7 ‘

i S

The proof 15 now obvious.

. : >

-

Let us now recall the def1n1t10n of an Ultra barrel and an Ultra qua51—

barrel from IYAIEN [10]. i ’ ; ‘ Y

3.6 DEFINITION A circled closed set U(q) of a-Hausdorff topological vector

space E[t] with a defin@ng,sequence: {U(JX}.: ~ such that each' U(J), is

" absorbent is called’ an-Ultra-barrel. 1f each Ultra barrel is a T~ neighbour-

hood of 0, then E[r] is said to-be an Ultra-banrelled space

;o .
If in the above statement each U(J) absorbs every bounded set then U(O)

ey '
R T

is called an Ultra-quaazbarrel,‘and if each Ultra—quas;barrel is a t-nelgh-' —
bourhood df 0 then E[f] ‘is~said to be ULtra-quasiharraZZed. . '

—

, 0 (0

In 3. 3(b) the sequence {U(J)] 118 a’ defining sequence for éﬁa

so every Ultra qua51barre11ed space w1th a fundamental Sequence of. bounded

sets is.a (UDF)-space 'Since a Zoaally bounded space is defined as a Hausdorff
. " o

topological vectur g%ace w1th a -bounded nelghbourhood of 0 it is Ultra-qua$1—

'

,barrelled and hence a (UDF) space We shali now see that:foi separable (UDF) - S

«

-~

3

3.7 THEOREM _Let E['r] be a (UDF) ~space and M CE be a Separable set

contalnlng 0. ' If V( ). is an Ultra qu351barrel with deflnlng 'sequence

{V(J)}j=1' as 1n 3.6, : then V( )r\ M is a nelghbourhood of” 0 in the top-

+
7

P

PROOF It suff1ces to- show that there ex1sts an open nelghbourhood U of 0

.in E[1] l‘such that ‘M.aUc v, that is U. h J n(a " v(o))- ¢ Again

/4
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v

since UM\ (E n V(O)) is opeﬁg it is enough to show that no.element of a
" dense sequence {xh} in M liesin U (En V_(O)).( If xr'lé E"\f V(O) . .

wéj shall show that X ¢U.' If'only finitely many X beloﬁg to En V'(,O)

‘the existence of U 1is obviGus. If not, we let {J'cn'} ®

: o . L (0) . n=1
subsequence of elements*in *E v V™. :

represent the

Since- V(O) is closed, for each n  there is a circ-led'néig}?.bourhood :

¥y =
w 9y~

of 0 with a defining sequence

~ ] g=I ' ., . —= —
so that x ¢ v@ g @ ' “THe .set . u ) V(J-) U ) g
.on n ., - : i o, - N
. a elosed neighliou'r'hOQd of 0 for each j ~and.is circled for j = 0. .Again
' {Un(J-)} Y " is a defining sequence for Un(o) for each n, Because-
; j=1 . L . o ' ‘ o . .
- foe] - N . » o . > 3 v .
U(J)-.= N Un(;') contains V(J) for each. j, U(J) absorbs all bounded
n=1 [ ' ' ‘

., sets. Hence U(.O) is a closed neighbourhood of 0 which contains no X
! Hence. the existence of- an open U- which we arc seeking is guaranteed. #

-

T
}

. - J ' . ) R
. As an immediate corollafy we have o e

3.8 COROLLARY .- - L o

" 1a) iEyei'y Ulfcra-quasibarljel,l'ed'-sf)ace' -wit_h~a fu'ndaihental sequence of bounded

. . sets is a (UDF)-space. -" C . ¢
A " . RS e e C S

Ul tra-quésil;arrelled": 4

. b) Every separable (UDF)'\;spé‘ce'_is

v .
4

9, Linear maps on (UDF);sj)aceé -

‘

- ' {' Tt
, Just’ as in the case.of (DF)-Zpaces it'will now be shown that a linear ‘map

from a '(UDF);—Spa‘ce into a ‘éop‘olpgica}l' vector :space is continuous provided it

.is continuous ‘on-each bounded set. In this"section, whenever we refer to a-
~1 . - , R L ‘ ‘ 4.
fundamental sequence’ {Bn} we shall make the blanket assumption that

“y . [N
~

‘for each . . B ’
1 - e . e .

B 4+ B C.B
.n NN+ - )
S . - . S - '

of neighbyo-ixrhpods' of 0 ..

v

et

_——

SRLENAL TId. Sest
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.3.9 LEMMA Let E[T] be a (UDF)—space with a funde.mental' sequence {Bn'j
‘ (0)

of c1rc1ed closed bounded sets and let V be: a c1rc1ed ‘'subset of E

w1th a deflnlng sequence {V(J)} 1% - Then V( ) is a t-nelghbourhood of

-0, 1f V(J)(\ B “is.a nelghbourhood of 0 in the induced topology on .‘Bn‘

for éach 'n 2.1 and j > 0. . . S .
. ,"_. '-.’—‘ N . N ‘ : .

PROOF g For each n, there is a c1rc1ed closed nelghbourhood U (0) of 0',
/\

-

such that B _;_ln~U (O)C.B ' l'\ V(l].‘ Obvmusly, B N vy o © B n V(l]
It is ea311y seen that for each U _(0’)' there is a defmlng seqUence {U (J)}
of circled closed nelghbonrhoods of 0 ‘such that B ﬂU (J)C B l\ V(J+1)
'for each. j > I S‘ln,ce, B €5 for~.3 < n, wé have . T

U.(J)c_h' .nV(Jﬂ)_for ni__l ~and '0_<_‘j'<n.

We shall now construct a sequence {W (0)} of. c1rcled closed nelghbour—

S ¢ n=1 . ;‘ ‘

hoods of 0 such that each W_ (0), has ‘a defining sequencé {W” (J)} with

. J 1 ‘s

the-pr,operty that the sets W(J) {\ w G) - (3.> 0) absorb all bounded
' . n=1

| osets. - ¢

) l ‘ . .
et oW U)o (\V(J“” N GD) Cfor §=0,7..., i1, %
& ! : o '« K P :

v s : Un(J+1) o for - j

We .may assume that- V(J) 1s c1rc1ed for. each j J clearly each w (J)

®

n, n+1

i

‘ . a circled closed“nelghbeurhood of . 0..

-

For' 1 <j <n

| wn(.j):'; v 3 nv(”” NREE Bn ; nv GO, G

L e T e+1) — TG G

TR < B“.‘J nv Bl VY , Y ) U", ‘
R T ‘ 5y G G-D)
. 7 : C Bn-(j-l) ‘. nNv U, - Wn. e

F I TR

L P
E @ Betremteama.d f. T . *
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47":19
- . ) - ' ‘c‘ " -. N . -. . ':r:\. o } ’
If i =, w @, W Wy (7 ('“-”c u Mey -1
and‘ if j >”n, W (J) + W FJ) [ W (J .1) gxs {U (J)} " forms a défiﬁing
. J 1 N *
sequence for U (.0); Thus {W ‘(J)} “is'a def1n1ng sequence for Wnn((?’) .
. Set W(J) - f,\ V ‘(J).. For arbltrary but El—'J.xed is there 'ié_ a m‘.miber .
° : n 1 . v . ° N . '.’ . .v . "—1‘
P 0 with B - c o (B n U, Gy “for > J For p.= 0,1,2,5007 7
e o ST L L
+ 3 ‘ e
cp(B nU,”Hp(B n,v“ )y- S
/ S ' L
. (3+1) G)
e "n‘Bn 3+ "; v “’n“’mp : :
Hemee B, i p. A (J)o ) .G
Hence B- . LW, . But W w ('\ We ..
T TR R TN, LA
-1, (j) - R (J) :
.and ) A w".1 . ab'sqrbi . }_i-j' So it f-‘o.lllows t%hat W abs?r}‘)s alll ,Bn-j«_
CoemElt '
"for n >—j and hence absorbs all B .
Fmally we show that W(OOC V(O§ to -conclude that 'V‘.(O)' is" a nei‘g.hbour"- -
c e . [a) .3._." ‘. . .
hood“ of ‘0 fsmce E[T] is a (UDF) space Now ' .. R hd
W ©) | sn?{v“) U (1)c 5 nvm SAOINONS -
ST e C B 0o v(1) n(.): :_S.O__ . -
c,." ) g ) ’ . - .

c{B {\v(l)+ [(B +B)nU (0)]}

S (1) - (0)5 (1)
- ;( f\V ) *. (B ’\U )c(Bman, ) (Bey
‘So.i'-c 'f,olllows for n = 1..‘,2, ,_(;" B ",;,. T l’ - Lo
S (0) W W, | .
. B MW cLBaan )+(Bn+1r\V D S~
-BecaUSe : U B ='E for any k-» 0, . “ oo S UL
o ‘n=t . " ‘ . .
. . . “ e,
L] ¢ . ) _P‘ . '
. - g e : 5
. ’ ‘ o :‘ﬁ\.: ) * »
- . L

. s L P RO
TreR ARt TN A e s, e

..
P T T
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-3 X \ .
. g | <48,
S Aﬁ , ) _s_ ) .
WO -0 & (0) 3 s ) 1y, R
W_r‘U-%J‘W U {lehV )*'(BaxlhV )} N
. ‘.nfl o n=1 ) . . .
L. e VN (1) ()
L e nl;ll.nmlnv T+k_) Bn+4nv
’ : " ' .‘.'.. ‘ . “ N N
. -z V(l) ‘+'V(1)'C"V(.) . co}ttpleting the -proof. #
¥ - - T ' S e ’

Using '3‘."9. we can now prove the following result.

3.10 . THEOREM . A femily A of iinear maps. from a (UDF)-space’, E[1] with -

a fund'amental sequence '{Bn} ‘of circled;iclosed bounded Sets' irto an
“n=1 S

‘o

.arbltrary topologlca,l vector space F[:E']-"nis equicontinuous if and only if

o

for each n the restrlctlon of A “to B is eggicﬁontinu‘bus at 0,

' def1n1ng sequence “of

s0 by 3.9 V( ) 15 a nelghbourhood of 0 “in E[-r] This shows _that‘-v- _A is

e e e ' T

’ .. Conseq\_xemf.l_y_ a linear.map from E[_'T‘] 'iﬁ-t;'i:i\f",'[:r']f-is .cont'inuous if @_ﬁd”

onily‘ if ,it is 'co.nt\i'rinl.lo.us ~~211:"“'0 -!in cach B . ’

PROOF Let U( ) "be a circled nelghbourhood of 0 in TF[r'] ar;_d .

iO) = A f'l[U(O)] Obviously V( ) is circled. ‘:L‘et(' {U‘(j)'}j:{ -be.a

£ ent U() nelghbourhoods of 0 in F[t']. befine

V(J) fr: }:-I[U(J)] 'I'hen {V(J.) }j=1-' is a def1n1ng s;quence for V(O)
4. . : . s

Now V(J)ﬂ B {\ f (U.('j)) (\'B I3 a Reighbourhood.of ,,0', in’( B and
FEA I AN T

4

¢

equ1cont1nuous # .
. s
The concepts of (» ) inductive 11m1t and strlct (%9~ 1nduct1ve limit for

A . ° ~

~ an arbltrary topologlcal vector space were :mtroduceq by IYAHEN [10] Usmg

a °

- them we shall now repres,ent every (UDF) space as a strict (%)- 1nduct1ve 11m1t

N 1
I

of a su1tab1e famlly of topological- vector spaces.

o

3.11 DEFINITION * Suppose that E is a linear space, (E )}  ,isa class | .

. : . . aed .
of topologlcal vector spaces, and {u"l-} . 1s.a class of linear.maps ghere
o ® B ,‘;!‘A ) v T . o

-

Y NP
I N
RN

N

EPeRE

b

PR



. v’,‘ . Y. . I/I . ) B n.é‘N i .

N G : LT - .

uec: E < F, and the'span'of‘ L} u (E ) is -Ef Then, E with.the finést
. a a . . %‘A i .
vector topology such ‘that a1l u are cont1nuous is called the (%)= 'Lnductzve~

sztt of. the 3paces {E } by the mMappings {u} SR . oL,
. o . a . ‘ LW
Cald . . a @ . - .

et . - * ! . .o, . L ' - 1 t

3.12 DEFINITION Soppoee that E ais.a-linear spate, and {En} is a
T - : Tnew
. class of subspaces of E such that E €E . for each’ n,'{lﬁ} " is
. S : . . neW”
the set of 1nJect10ns I : E_ ~E,- and \J E. = 'E: If, for each ‘n ,
‘ n’ n meN M .
the topolOgy on En‘ c01nc1des with tnat 1nouced by E

LI
\

1+1—,' then the (*)-'\

1nduct1ve 1Jm1t of the spaces {En} . by the mapp1ngs {I } is called

PneW " n(:W
the strtct (* -zndudtmue szzt of the spaces (E}.. . #

t

g . .

f [ . v . . .. . . - .l s

3. 13 THEOREM 'Let '[r] be a (UDF)—Epéée with a fpndamentar éequence
o {B } ot bounded sets . For‘\n =71;2, wo. let E be the 11near span' of ‘
"=l . C - b
Bﬁ' with. the 1nduced topology L ffrom E, then. E[T] is the strlct (*)-. ! :

- . .o
o ‘ L
> .

inductive lrmlt of the spaces {E‘[T 1 : ) ' .
n . .. ; .
. ' Tow . g et n_t‘" . ~ - . ot
: . ) /-‘ . _“' e ' . ’ . ' v b ]
. PROOF ~ The (+)-inductive Limit +t' -of these-spaces, by definition, is finer" T
.. than 1 and the eanonical mapé o .ﬂ}' o IR
: % ; : In E [r ] > E[r] are contlnuous Since .I‘o I;_.ig.the'iestiiétion of - .
: the 1dcnt1ty mapang © 1 : E[1] » E[r'1 to E 0’ it follow§ I is$ continuous.. L
on a fundamental sequence of bounded - sets . By .3.10, .1 is- contlnuous and ?
-, : . , et . 4
hence 1 = 1'. Since \) E the desired result follows., #oo . .
' R 1- . A ST e
As in the case of (DF)—quces one can prove the folgpwing"u. ) " 'f L

3 N . B . . N ~ N
. - a . \ R . N —h- . K
. . . . ! . . -

3.14 THEOREM - T1f E[v] is a .(UDF)-space with a- fundamental sequence - {B }

\ a - " e ' ’ :
: X . ‘ . . .. . ) )
of bounded sets such that -the restriction of v 'to each Bn is metrizable, .., |
- : M [ ’ - .". . .: T % N n
: L . - . . : . . » j
then " E 1is Ultra-quasibarrelled. . : ™ » N ' R .
tra L -1 G ) . ) . . Co
, [} ' L)
‘i’. v
[y , n : .
) . . . SN § .
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°

“and circled.. Each .V(J) 1s -an Ultra quasabarrel because

‘a. deflnlng sequenCe Since a f1n1te 1ntersect1on of Ultranuasibarrels 155

‘of Etaf. As a consequence of the proof of theorem 2 7(b), we - have that T
and " t'. c01nc1de on the bounded subsets of L[r] Notlng that each Ultra-

.qua51barre1 ‘hds a deflnlng sequence of Ultra quas1barrels we conclude from

-One would: be curious to know if thlS property of llnear maps could character—-

dze (UDF) spaces or (DF)- spaCES The“follow1ng counter—example-settles thls_'

.TS(E)-closed. J. B COOPER [3] has con51dered the topology ' on E' de-

: "of 0 and’ let n(U *) L} (U* ftB oo+ U ?.r\B ). Then-'the set of e N

PROOF We can assume that each Bn'°1s c1rcled and closed° Letﬁ V( ) Lbe '

o

ah Ul}ra—quaslbarrel ', w1th a deanlng sequéhcev :{V(J)}:l =] ‘of sets’such

. that V(J) absorbs each B o We may assume that the - V(J) are closed

L]

°
© .

V(n+3)} . is : Lo

- v

.'agaln -an Ultra Quas1barrel, the fam1ly of all Ultra qu351barrels forms F: o
‘ba51s of nelghbourhoods of 0 for a vector topofﬁgy Tt on - E f1ner.than'_%.
Using 3;7 .me may show that 'T 'ahd " 'ikcoidcide on-separable-subsets' S
. wo

3
Q /s
N v

o 0,9 °
. . o O o o,

o K

o, .

R T

lemmd }.9 that each Ultra- qu351barrcl 1s;a t-nelghbourhood-of :O ih fhf #

i q . -
L 1 - B0

T e As‘we'have already seen, 3. 10 g1ves an 1mpbrtant property of (UDF) spaces - L

NP

o

e A .

’ K

R . L. s R AR
f EN !

question.in the negative'([ﬁ]). - o SR -

A Y
G e erf

" Let ETt] be locally donvex_metrizable, so thaf E'[TL(E)]- is a' (DF)- v
space with a fundamental seduence- {Bn}' of=absolutely3coﬁyex closed bounded - -

- . 3

'_setév We can furthem assume that for- each n, -Bn + B CrB - and B. is

+1 -n

3 . . «

a

‘

ffned‘as follows.

* . ' - -
* . v

Let {U *} be a seqUence of absolutely'convex T (E) ne1ghbourhoods
' . ‘rnl. i

N n=1 . . .
all such'_n(Un*) forms a %a51s of nelghbourhoods of .0. ior a locally convex
topology T on E' which has’the following prpperties. . B

’ . 5 L



N

a) a (B) <o < (B). . ¥ R

. ¢) A family 4 df'fiﬁear_maps frqh.E'[r‘] "into another topological vector’ -

"~ d). 1' is the finest E&pology which agrees.wiph TS(E)~.on T-eqﬁicontinudh§ s

3

ES

¢

-~ " \ » " "jvl"
' R 51. -
3.15. PROPOSITION (COOPER [3]}) ™ * .~ SRR S '
: . i ;- ) R . “:9 ) A - _

‘b) On fb(E)—bohnded seté, ' and rS(E)_ coing¢ide.’ : N ST 55 i
o - ’. T . o ' . - . SRR 2

»" space F- is.equicontinuous if and only if its restriction to'egéh ‘B, S

Y. . - ' v I, - L . o~ R
.- is equicontinuous. - o, 0 : : e . 2
[ . . . - . L, ¢ : ’ [ Do

;o —

~ subsets of E'. ¥ R %
Since,fE[T]‘ is locally convex metrizable, by the Baﬁ&ch-DieUdénﬁé S
. . . w0 . - . i ‘. M ,‘i

Theoreni [13; 21,10.()],. we have <" =nicfﬁj ‘the topology of uniform convergence .
. - i . - . . O v . v, = - o )

. e— )

.on thc-r-p(qumpqcf subsets pf"E. Lo . o o P ... ?

In gengral” E'[1_(E)] 'need not be a (DF)-space. For example let S

E'= 220 "Then (E'[r (E)])"'= E. We shall show that im LZ'Atheré exists a oy
sequenée“.{Mn} offprecpmpact sets whose union 'M ‘is boundéd.but,ﬁo; | -

sl

precompact.

. ‘ . . ~
‘ .

Ry

\ . L ' .
Let en,fbc the ' nth co—ordinate vector..
' \ o ‘o : )

‘Then the sets- Mﬁ,='{en} are

bl P

» .

" precompact 43d the set M = {J M is bounded. It is easy to show that M . - = .
& ., R ' . B . . .

. .. - n=l .o . . . ) : .
is not precompact in’ 22, . Bechuse E'[t.(E)}] 1is not a (DF)-space, it’is = -

‘ .. E
not' a (UDF)-space. . :
- - ) ‘ S ' i oy ‘: L . 5
- Next we shall consider linear maps between (UDF)-spaces and metrizable :
. . ' ¢ T ’ - . B ’ : ' " i.
spaces. . - S " : '
. [ . - T e

3.16, LEMMA If E[7] .is a (UDF)-quée, qu each sequence -{Unj of. t-neigh-
bourhoods#of” 0, there is a t-neighbourhoed U ' of »0  which is absorbed ‘by

all U. . . .. ' -



: 1f some U

3

M, (3) M, (3 -,' ' for‘eech i,j,n. For flxed n -and j, and. arBitraryg;I o
ni —=n+l i i v . )
R U i) o, v
1>n,j , nMi(]).?— iMi( ).“ Hence, pi- " 1(3) > 1 and ‘so_ :

k) - ing {p; (J)} > 0. Slnce U, Gy is cl_osed,',we‘h'ave :
.n. iGIN 1 n o

Consequently,

_a_ll'A- B_. L‘et\; M (J) = sup{u > 0: uB C ug (J)] . B&_the assumption on B

o L 3 a .
) -d:'v R te N ) ) .
PROOF ' Assu‘ine w1fh_out loss® of generahty that cach U =.’ (0) is‘circled
and-. closed ". Then each U (0) has a def1n1ng sequence {U (j)} of closed o

ne1ghbourhoods of 0. Tt  suffices to prove the assertion for {Un(o)}
, n=1

' where hn.(o [\ U 0), Each v, © ) -is again a’ clrcled closed nelghbour—

= TCNEN TSI R CPR
hood of 0 W1th deflnlng sequence {U } where L ﬁ U
Let '_{'Bn} be a fundamental sequence of c1rcled closed bounded sets We
* . . ' *
can ‘assume. that Bl is not contalned 1n all mult:,ples of Ul(o). ,[Otherwise?' ‘_

(0

does ‘not equal E, we can flnd an 1nteger m so that

B ¢U (0). It sufflces to prove the theorem for the sequences .{Um (Q) 7
N e k=1
where we take {Bm+k}' “ as’a fundamental sequence, of bounded sets. ] ‘
. k=1" T .
- L.

We W111 show that there ex1st p051t1ve numbers P such that

U(O) n o U (0 . is a nelghbourhood 'Aga~1n 1t is enouéh'rto ‘show’ the;'

' n=1 -

- existence of ,pn~ such that for each ] > 0 f\ p Uy (3) 'LU.(:',) -ebsorbs

nl

n- =71

st

. 0 1 .
and Ul() o 1(3? < o, - Iset,p. =Tti) for i =..1,2,4...

Si_nce . (3)9 U ek 1) and B c B 1 , We have M Q) > an(J+t) " and

0 ana ;o K(J)B Cp vy (J)
i . n < -
B

Hence K(J)B C U(J) n Py U (J) So each U[J) " absorbs all’ Bh.
i=1 |

. - N -
U(o.). is a nelghbourhood of O which, 1s absorbed by aIl U (O)

and hcnce by all Uh' # - L T T

LT
Ll (™ o
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. 3.17

‘ther

'.4 ful =

3.18.

stat

a)

-~

ol

" b)

’For each sequenee {U } of neigthurhoods in 'E;

, .

,DEFINITiON. A'fah&ly A of. 11near maps from a topo

¢ N

e exists a x-ne1ghbourhood 'U of 0 1n E such that

Y, f[U] ‘is bounded in the range space . F[T 1.
fe4 e ‘ :

ements are equiyalent.

n=1
bourhood U of 0 wh1ch 15 absorbed by each U

RN ]

: Obvieusiy, ‘then, if :E[T] is a_(UpF)-space{'phen (bf

'

'zNecessity: Let '{Vn} “  be.a neighbourhood' basis bf -0

s . n=1

because the family A4 1s equicontinuous, the set‘4 [V 1=

hood U of O in E[T] which ‘is absorbed by a11 U . G

¢

is-absorbed by all Vn; 'j.e., A “is equlbounded

* sequence of c1rc1ed, closed ne1ghbourhoods {U (0)} .+ E

n=1

' deflnlng sequence {U (J)} . of c1rcled closed nelghbour

E[T]n

' J=1
” 1

1.1

' x.'r n'\:.'.. o
. Define U (0),‘ and U (\ U, ), for n = 2,

o

o

THEOREM .'Fof any;arbitrari ;opologicei vector space
there is a néigh-".°

Ehch'équicontinuous set . A4 of lihéar maps'frqm_ Efr] -
v . o L o ’ o .
‘ttopgjcgical vector:'space, F[t'] is equibounded. - .

.. 53

log1ca1 vector

_ " “space E[}j‘ 'into a topologlcal vector space F[T ] is equtbounded if

the set ‘E

"E[1] . the following

into-each metrizable
is true: -

5

in .F[r‘j}' Then B

f\f [v]-u'

s a. nelghbourhood of - 0 'inf E[T] for each n. ‘So ‘there is a ne;ghbour- l

onsequently, -AfUT

ach U gO) hes a

hoodM\ o

3, ... . Then- each.

is a,c1rcled closed ne1ghbourhood of- 0 @n'lE[r],, and it is:easiiy:seen'

. -that u + Un+l c_Un for.n = 1,2,

n+l



E pseudo—metrlzable vector topology +' on’ E; If N = f\ U 5 theﬁ'.N ié a

te

L] . . *

" The sequence {U } ”" thus forms .a nelghbourhood b351s at 0 for a
1= :

v .

" closed linear. subspace of E, so that the quotlent 5pace E/N[T' ] is a

metrizable space. . The canonical’ mapplng K« E[T] - E/N[T_q] is a gontlnuqus =

.ﬁn->'0~ such that K[U]'é pd-[Un+1].j:Frdh this if'follows that /™~

UC pn(Un+1 * N)lC'lann. #

Since the identity map is.always'continuous, we have the following.

3.19 COROLQ?RY' Every metrizable (UDF)-space is 1ocally bounded. #
e . ' & .- . s ,

T Now,vwé-éonsidgr linear ﬁaps from pseudo-metrizable spaces into (UDF)-

SR&CES .

E[f:]- intb a (UDF)-space E[t]" is,eqdicoptinuous if and only if it i55

i
1

PROOF Let {V } T bea decreasiné'neighbdﬁrhood‘basis'of 0 for Flt'].
‘ n-l '

and B y <. be a fundamental sequence of bounded sets 1n E[T] If A

,

n=1' .
is not equlbounded A[V ] th s for' n=1,2, s .' So there exists

xn 3 V such that Afx } k) {f(x ).} ’{B for n =1 Zy ..~ The set -
' feA - \
\} A(x ). is thus not bounded in" E[tr]. But - {x y % is a null sequence °
e 3 ny : A

An F[t.], hence bounded. Because 4. is equlcontlnupus,- B is. bounded,-

so we have a contradiction; this proves the necessity.

o : -

. The sufficiency is obvious. #°

_ linear map; Because K is équibéphdedf there is a r—neighbouzﬁood U of 0.

in 'E siuch that K[U] 1is bounded in E/N[r‘q]. So for ééch"n, there'is a. '

3.20 THEOREM A set 4 of. linear maps -from .a pseudo-metrizable space o

.efuibounded. . . - RN . . - _ : "'._ .
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10 The space Lb'(E,.F)- o '_ T
R P } . Yo

Let Lb(E,F) ' c‘lenote‘ the space L(E,F) of continuons_ linear ‘mop's .f?roin )
a topoiogical veotor space E :'-Ln'to a topological vector'spacé F, with
tPe topology of. unlform convergence on all bounded sets of E. The aim of
the. sectlon is to characterlze (UDF) spaces with the help o£ Lb(E F) w\helx"e L B
‘F;‘ is a metrizable space, Th15.15 .parallel to the deflnltlon of‘ (DF) -
spao‘_es\r;ia t‘h.‘e'. d'ua:l. spaoe. We need a'few 'notations If M C E and N CF,
then -we let [M,N] = I{f: : E>F : | . f-is a 11near map and .. f[M] C N}, and"-

‘e

M,N> = (£ & L(E;F) : £[M] C N}

We begin with a completeness ciiterion. for 'LS(E',F) .

"' 3.21 THEOREM - If E[r] is a (UDF)sspace and E[r']. is a complete Haus--

" dorff topological vector sp;ice, then Lb(E,F) is comple'te.‘

PROOF Let B be the class of all bounded .sets, -in E[t] 'and Vv be a neigh-

bo'ixrhoodl basis of O for ¥F[t¢']. N. ADASCH."[I] has shown that :i:he completion

L

M, C - * ’ .
b(E*F) of L (E I;) has the- representation: : !
7 ‘N n ' .. . P . . ks
Lb(E,F.) (L (E,F) + [B V]) It suffices to show that -if
L BEB i .
T~ VeV . / .

A€ Lb(E?F)’ then A€ L(E,F); i.e. 'A 1is continuous. o "~
"' Let V,W €V such eh'at' YV + VCW, Letr B be circled and bounded in
E[t]. " Then there exists Al & L(E,F), AZ- '6- [B,V], and a ne'ighbourhood ]

-

of 0 in E[t] such thit

A=A1+A2 and A[B U]¢v A, [BnU] cv,.
Hence . A[B A U] C A, [B!\ U] + A, [Bf\ U]c \ +VC W. - A’ is continuous

at Q‘ln .B.. By310 AGL(E,F). o S !

\

“a P
ot mn bt am s e
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. the followmg parallel result for (UDF)-spaces.

- 3:22 THEOREM Tet Eft] be a (UDF) space and F[r'] an arbltrary

- topoiégic’a_l Vector space.. If . A€ ngE,F) is bounded, and A= U A
Gy
SFAATES S
.{ J:

- neighbourhgod of 0- 1n: F[’r'],.,

of 0 in-_E[-r] for ‘each " n .and 'j. .Then

.3 > 0 because U() N £ [V(O)]

56,

"t

Analogous to the defmltmn of a (DF)space via dual spaces we have

)

7

. . . ) ‘ n=1-"
where. AAn.C L(E,F)- is equicontinuous, then A. is .equlcqntmuous.

g PR'OOF. Let V(O) be a circled closed nelghbourhood of 0 ih' F, and

“~

1' be a deflnlng sequenceofV( )’ where each V(J) is a c1rc1ed closed

r

: Beca{us_e each A.n_' _is'eduicon'ti'nuoﬁs, and 'each':'V-(J) is a circled closed - .

neighbourhbod of 0 -in F[7'], ..
U (J.? [V(J)] n ":f"",L[V(J)].. is, a.circled closed ﬂeighBourHood-

‘ v : : o o S
[(G+1) G+1) _ 471,41y gm0y GH1D,. S
Un ’ i " T A B R I .

j _>_ 0; so,'. for. each n, the sequence {U (J)} is a-.definix‘xgee%uence-
=1 .' N - - . . .
U (0)' ' : o J . ' S e

for

L=

1f sufflces to show U(J) ﬂ U (J) absorbs all™>bounded sets for each:

"feA )
Let B be bounded in E['r] Since '.4 is bounded in Lb(E,F), there

exists a real number k (J) > 0, -for each j > 0, such that -

A€ AB(J) <B, ' v(J) . Then we have ;o o ' ‘ !
L 4 e <,y . s, = . 4[Blc v ., from

A (3D : @ o

B ' B+ -

! ! \

[



whlch 1t follows that A[———

( )B) c’ V(J) N "I'hus-;

| (5) - (J) :
(J)B(;A [v 1= R

.2

~ As’an immediate corollary we have

e

, .
3

3.23 COROLLARY Let E[t] be a' (UDF)-space, and F[t'] an. arbiti‘ary topdlogical vector
space , Every bounded sequence and every bounded set separable in: the topology

of p01ntw1se convergence on D(E F), -in Lb(E F) is equlcontmuous.: #

Slnce every (UDF) space has a fundamental sequence of bounded sets, the- -

-

next result is obv1ous

> . P
)

-

L . ., . - G l—
3.24 'LEMMA If’ Eft] is a (UDF) space and Flt'] is a pseudo—metnzable -

topologlcal vectOr space, then Lb(E F) is a pseudo metrlzable topolog1ca1

vector space. # ' L C o S

)

3

We shail now prove partial converses of Tesults 3.22 and 3.24. B

"3.25 . LEMMA If E[-r] is a topologlcal vector space and for each metrlzable .

" space F[t']. it 15 true that each bounded set .4 CLb(E F) is equ1cont1nuous ‘

which is-a union of a sequence of equlchontlnuous ‘sets An C L(E,F) , then

PO

E[r] has pxjo,p.oert‘y ‘(b) of 3.3,

. K . .
" PROOF “Let {U (0)} be 4 'sequence of c::rcled closed nelghbourhoods of O .
- ) - n— .
) 1n E such that each U (0 has a defmlng sequence {U (J)} - of sets 2.

. . -3=1
with each éet. U(J) n u (J) yabsorblng all bounded sets_of E. We _may
o =l - 0 0
assume each U (J) is c1rc1ed. It must be shown that l_J( ) - [\ u ( )

.n=1
a nelghbourhood of 0. ip E." .

' * * N ' : 0\. - ' . ' © . . -
We now construct a metrizable space F[t!]. 'Let F = @ E  be'the



. L. ', A ' . .
algebralc dlrect sum of the spaces {E } where each’ En: = E, ‘For
" n=1 . ’

; >0 set. v, @ U (J) 3 then the sets {V(J:?} _form.a neigobourhood' o

n=1r ™ . . .
ba51s for'a pseudo-metrizable, vector topology t* on F, ~Letting_

ey o
-~

LN = ﬂ V(J) s F = I‘/N endowed ‘with the quotlent topology 'r' ™ is

. §=0 : , - . Soa
' “metnzable. . ' . T AR
If K : F -+ I-‘ ‘is the quotlent map and each 1 'El +.F is tl_'.l'e canonical‘ L
1n3ect10n, then the collectmn {In} , ,wh,ere- each In K g I Lis ¢
a - Joon=l -
UCO). is a nelghbourhood of

!

equ1cont1nuous ‘and it can be' ea51ly seen that

: - in E. ¥ o . ' L Lo E Lo . . ..-'

The following is.=a »parti'al ,oonvéf'se of 3.24,

3,26 LEMMA If. B[r] . is a topological vector spooe; and, if. for each metriz-

L)

'able topolog1ca1 Vector space’ Fc'], Lb(E,F)- ‘is'metrizable, thén Efr]

s,atlsfles propexty 3.3 (a).

[
[ §

-PROOF. We construct a 'metrizalﬁle spate F[t']. Let {V;O):ye T} bea

ne;ghbourhood basis of 0 for E[t], consisting of circled neighb"qurh‘ood's.

of -0 " and for each' YET, let {V (J)} be a defining sequence for-
j=1 ' '

" VY(Q) con51st1ng of c1rc1ed nelghbourhoods of -0 ‘, Let F’=~' ? EY be the
. R !Y I‘

4

algebralc_dlrect sum of the linear spaces {E }  where each | EY= E. The

Y
. . oy . YT ! .
sets V(J) = @ VY(J) » j =0,1, ... -form a neighbourhood basis for a
o ver ' - ‘ ® -
pseudo-metrizable vector topology t* on' F. Letting ‘N = n V(J_) R
~ SN : N j=0

= B/N endowed with the quotient topology =<' = -r*q is metrizable. .
\ : : . : .

Obviously,. - L(E,Fj contains the canonical injectior;s IY : EY -+ F for

~

.each Y€ I'. Letting IY =Ko IY where K .is the canonical surjection

"K: F> ‘1\3, then EYE L (E;_F) for each y eT. We'let Q(J') = K[v(j)]

for.each j >'0.

v oapem o

PN S
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‘et L - :

‘We mow “show that for all bounded BCE, the Sets _"_ _ .
<B V(J) [V(l)] n ) [v(ll] for al.l J)l i '0, " are bound—ed il‘l L
. fe<B, vk, > : )

£ since v e v gf i 5 0,7 it follows that
_ <B, V(J) [V(Hl)] C <B V(J) [V(l).], so ‘it suffices to shhow that ‘ .
‘<B V(J) [V(O)] is bounded in- E for ecach j > 0.

"is a nelghbourhood of 0. in L (E, F) . for each 1

Y
.there exists )‘Y > 0,, such that AYI € <B, V(J)> (For each Y € r,
. . . ,
- . ‘- ..
1 (0)
5 — I.
L L 2]
. _ '_1" )
i (V + N) ,
Y /
< ;i L@ V'(‘?)) |
Ay ) ) o i
. ¢ Ly @y o
. y 7 Y- o
. " . ‘ .. \' ] x'.-
As {VY(O)} . forms a neighbourhood basis of O in E[1] so does:
. COYer | ) _ . ’ '
{VY ), V,Y(o)} . Thus we have shown that the above-mentioned sets are
" YeT ' ' o ) :

bounded in E(r].

'ofO

By hypo'thesis theré exists 4. couhtable neighbourhood basis {W l

in “L b (EF) .such.

that W_ . + W

n+l ---'x_1+1

. : o " hew -
C W'n for all 'n >, 1. The sets

<B, V(J) ,,where B .- is’ bounded in E and J >.0" form a neighbourﬁooci basis

.of O

" . hood

n n

1f

of -

B is an grBitrary bounded set in E, .then‘ %B,V(])o isa n'eig.hbour..

0¢ in 'L'b(.E,'I;),

in Lb(E,f) »' S0 by what we have shown above the sets

, n>1,.5>0 areall bounded in E.

t

so there exists

)
[

Wn'C <B,V(J)‘>.\ Then w‘e'hav‘e’

e

- am

~a-



. ‘a) Lb(E,F)-. is metrizable, and .. : \'-.;..' X

"~ if and only if for all( metrizable spaces F[t']

. 3.28 THEOREM . If E-tr] -is’a (UDF)-space and Hg € a cipeéd subspace, then . 3

' clqsed circied bounded' sets in ,E/H. We show that 1f {U (0)} is a. ’ . ..\'

© 60.

A . N
'

A . . .. ’4 """ ﬂ .o
BC <, v( [V(J)] <’ [v(J)] cﬁ(l) c cnm). . \
. Because the- C (0). a.re countable, there exists a fundamental sequence

Cof circled closed boundcd sets, #

Results: 3.22, 3.2'4,, 3:25 and 3.26 together yield the following character-

ization of (UDF)-spaces.

’ o ’ ooy
A .

" 3.27 TIEOREM A lHausdorff fc.opologi'c_::al vector space E[-,r]..}is a’ (UDF)- space

b)" if A "Lb(E,F)' is - bounded and A is a union of a sequence ofnequl- -

continuous subsets.of L(E,F), then 4 'is equ1cont1nuous. g ‘ L

- .. . . -

11 Permanence .properties of (UDF) -spac.es

We now show that the class of (UDF) spaces possesses many permanance propertles

. 1) °\ ©

51m11ar to those of (DF)= spaces We begin W1th the quotlent stn.ucture

o * T o,
‘the quotient space E/l'i['tq]‘ is a (UDF)-space.

PRO&)E' It is 'fir'st‘ %f’erified'_‘g\hat E/H[Tq]. rh.as'propeccy "33.‘3(b). Let .

i( : 5 -+ E/H Be the c:«;nonicaquuotient mapping, and for each n, f&n _='K[Bn
where .{Bn} Tl' ie a. fundam'en‘tal'seauence of circled bounded sets-in :E" “such- o
t‘h:l"t cB o+ E;C B}.+'1 - for edch n. Obvmusly {-[T?f—]}'n 1, is a sequence of‘- ' L

. n=1
sequence of c1rc1ed closed nelghbourhoods of 0 in EIH and'if fqr‘"each

(J)}
n.

n, n(O)" has a deflnlng sequence
. j=1

such that for each iy -
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F‘ e [P A =y ' l', ' > oo .. ., '_, . '__ . ’_‘ - Ve ’ : _'_ ." oo, -

' U(J) h’ fJn'(J.) .absorbs f{»n, then U(O) -is a neig’hbourhood of - 0 in ‘E/H.- - °
. . L7 . ) n=1 . ) Y oa . 4 . SO A ,
P K For n > 1 and j>0, let' U (J) = K [U (3)] Then U ( )- i‘s'a'

i L3 'y

. ¢ c1rc1ed clo,sed nelghbourhood of 0 ifi .E. for each __n':f and U (J)} . vy
, A J‘) LA v J 1‘ e
° .o is a defm.mg sequence for u &‘” Slnce U’g. °‘ absorbs all Bh\’ there
. - o ’ B . a" N , ) A vo et

exists “for each an a number A > 0 w1th )‘vB t‘r’ U(J) CU (J) for all

. . ~
-0 . R

n:'i. " Wé liav_e ,A',Bl‘nc K [AB ]C K [U (J).]a \\\,‘.._='U (J), for each.n.

. . - X '-, . » '_‘ a ‘“ - ) - o ) ‘
So, as a resd‘lt, 0 - ﬂ U, (J . absorbs all botmded séts in - E, and thus, _ » - . -

- oo ;U(O) is anelghbourhood of 0 1h E. Now,at follows thaJ: B Y _

K[u“”] -‘Ktrl 0 Oe r\ K[U f"’] R S T

, . ) : . e e i

ﬁ U (0) = (0), hence U( ) -is‘a neighbourhood of 0 in - T ihi

] E/“- Lo e ¢ - . . K ;l “ . ’ . L - "‘--‘ f,.'

’ . ’ : ) i - ’ ' 7 ?‘.
- . o . o .

To complete the proof we .that every bOunded set 1n E/H[-r ] isa - RN

subset. of some o i.e. {_['_]T . 15: a fundamenf.al “sequence of o FTe

. . ‘ " 5 .. . ! .n_l “ . ) . .,._, [ o . . ?2

Bounded-s€ts in “E/M. - . . . .0 Lo e s :

._". ." - ' . © e - . - ¢ - o . - ' ? ' .- C . ) . p . “:’;

C_TTT . -Suppose {B "} - 1:'s-not a."fundamental sequence. - Then there is st)me . L
o tee n-l . * ~ . g
'\ o " bounded.set B wh1ch is not a subsxet of any B ' If B 1s absorbed by ST S

_some: Bh S it w111 ‘Eollowb that ’B.; is contalned in some set 1n the- seguence

- c . o 5. - [ " - ,/ .Y - I ' ,;
T " Hence it. may be. assumed that -B -is not absorbed by any B . . e o :
s . o' . . . -

- . For each n > 1 choose X n€ T B such that X B Thén for each . n
T ’ - * ,| . o A ., . \

&;. C L there is a closed c1rc1ed nelgbbourhood U (O) .of :.O E/ﬂ~ wlth a defmlng

! " sequence of closed c1rc1 ed nelghbourhoods {U (.J)} of - G such that ' A
TR : ot I 12 T o
’!B +U(o) L 5 R ST

.o . .. - v . .
¢ T . .
B PN . .

.- .. let T et B, .+, 032 “j =01, ..., n -1 7,
. . . X . 2 . - . n_J . N .-,' R L . (- . .

“ 7
. S \
[N : ) ;_?n
9 .
A : -
Wt [ LT .-
’ - . »
. . ® K . .
. "o /.
¢ ' . .
v . .
. ) v . .
c » . t
I : . . °
W » Jv
3 f - ° 7 N T L4 -
. e, T \
. . g A R
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&

N3

.. n >-1

o~
of bo

B C

-consequently-

. Cons1der the sets ‘W(Jl‘f\ W gl)LT‘Let ”Bm' be a member. of the sequence - o~

ce .

Then ﬁn(J) is-a-closed cifcied.noighﬁoorﬁood of .O-Zin"E/H for. .
) and J-> 0, and becausg B + B ¢C B .- for -each’ n; .we'haﬁe

i) < A T
} is a def1n1ng sequenCe for Wn,, s J :
Ji=1l IR

e
"

n
nEl : ‘
unded Sets; If n.> m+ j we obv1ou§1y have B CLWH(J) so
o () M-l gy -
(\ wn- , and also’ ﬂ W is a nmghbourho of Q f 0 in E/H,

ot

o

absorbs

mey oo o ‘ m+j -1 .u.' : . ‘
f i) = n W (J))n(q W %) "3“ "By-‘the S

flTSt
we ha

T 3029

A
.

1 b)

Ca),

PROOF

:tﬁat

E[T]

the

we use th1s fact to prove (b)t.:.,“ 53 RN

[T]'» A

.=Bn1fhnq -x;k;E..;Thus E --%{ and consequently E[T] is complete o

:uETT]f‘ie‘eomple:e'if énd~on;y>ff it_is quasi-complete.’

n=m+j . (.) n=1 ’
part of the proof,” W is a nelghboufhood of 0 "»in E/H »aqd also :

*

ve ¢ W( ) for each n. ,.But {x } is a null seqﬁénce’in E[H
: ‘n=1- .. . . _
is a,contrad1gt1on. Thls completes the proof [ . Lo

Now we deal with -the pompletions‘of (UDF)-spaces. A fbwg s '_ C o
THEOREM- « 1f | B[], is & (UDF)-space; then - LA
the combletion. E[?] ‘of . 'E[7] is a (UDFj—space; and °

The proof of (a) 1s analogbus to the proof of 3. 28 From fhis we obtain‘
?

if ,{B }-'\.J S’

“n—l . .

COn51<t1ng of the closures 1n %[r] of A

}én is a fundamental seq nce of ClTCléd close& bounded sets in t[r] . .

* . 3 .
M v
. P
. . !
. . .
.

If x 6 % then x evﬁ' for some n. Butw'Bﬂ- 15 closed and<;oundéd im,' R

- '

. e -A ¢ . '_'. Lk \5: - .
By IYAHEN [iO] 1f E[(] 15 the ( ) 1nduct1ve limit of the Spaces .

so'.B 1s complete 1n L[ ] and thus complete in’ %[T] Hence T s

P PR

S dx

gt Y,



P ‘. . . s C. * ~ . H Kl
R N - . f . . . o '
q ~ . .
e . . . - . . e -t A T
. . . - i . .
. , :
.

‘{El'[r 1} by;t'he. maps {u } . and-for.each- o € 4, V' is a circll,ed‘
S8 aT e o o )

. The notion-of the (x)-ditect sum of a‘c_laSS of tppol‘ogical vec'to;' spaces,

. is again.a (UDF)-spdce.’

63.

1l

-

actd - . o . ’
neighbourhood of 0 in E , then U = v z u- [V.] where thé union is
: o S b okt O - !

_ tak'en' over.all finite s‘upsets ¢ of A4 1is,a neighbourhood of -0 in. E[t].

If. 4 is ‘countab'le,_ thén as va runs_through a basis of circled neighbour- .

hoods-of 0 in an, - the Gollection of U obtained.forms a basc of ncié!lbo'ur—
' ~\ ) L . e

hoods of 0 in E[r]. In particular.if the Eu[iu] are 'locally convex and

A J,,s cohntable, E[t] is locali'y convex bechuse e’ach U may be written as

the unlon of an 1ncrea51ng scquence "of absolutely convex sets prondcd we

-,

choose su1table ncighbourhood bases ‘of 0s in the spaces' ;Ea[Ta].. Consequently, .

" » ¢

in this ;instancc, the (*)-inductive limit of the spaces '{E-[-r 1} - by the
. : oed

1) . /

: maipping‘s "{u;(;} 3 if. separated coxncules w1th the 1ngluct1ve ilmlt of- the, spaces.

aéd

X

)
- e . " ‘e
[

as a speceial .case’of the (x)-inductive limit wns intro“duc_e'd in [10]. Let.

{E _[r 11 be a.class of’ topologica{ vector sp'aces; E. = @ E the
. ., 0(4 . ,, : s ° - .
algebralc direct sum and {Iu_} the class of 1nJect10n mappmgs
: S oed : )
Ia : Eel + B, Thcn the ()- 1nduct1ve 11m1t of the spaces -{Ea[ta]} by the
. . S ol '
‘maps {I"} is. called the, ( )-dwect swn @ E [-r ] (?f the spaccs AN
Co e o G(A . ‘ ' ) . . . - . o=
HE } L ) : ' : o . C
o ,G.QA o L ) ) . o » . .v B ) , .
e . ' . o “a p RN . . o’
3.30 - THEOREM, The (x)- dn‘ect sum of a. sequence {E [1 ]} . of (UDF)-spaces
- R =1, T

“. .t

. . -,‘. . . - . * /" . o ) . 4 :‘
PROOF = Let E[t] Be.the ( )- dlrett sum.of "the spaces " {E [t ]} " IVAHEN 7

. o ! P n=1 ' o .
" 0] showed that if -B, is bounded in E[-c], B is contained in a sum of ' ;-, .
4- . . 11& *

' bounded subsets of fJ,nltely many of the En - Hence, if {B (J)} is a
. . v : H : J=1

fundamental sequence of bounded sets'in E ', for each ng then- e
'. 1 (n) LW }

By = @ B 1s a fundamental sequence of bounded sets. in E[T] L
e =] . . . ) . i

. . ) ‘ . - '}

L3

ANt TN N

S
L™ il

1



-e

“(*)-direct Sum of the spaces. So from 3.28 and é 30 ve havc

Because T 1s Hausdorff we need only to 'show that property 3. 3(b) is

satisfied.- Let {Wn(o)} ' be a sequence of c1rc1ed closed nelghbourhoods
, . . on=l 7
of 0. in E, and-for each n, let {N (J)} be a deflnlng sequence for
- . ) J=1 u; \‘
Wn(u) such that for each .j > 0, the set :W(J) =N\ Wn(J)' absorbs all
‘, . B el 1’0, . n\=1 ) - - .

'boundcd sets.. For each m let Im : Em + E be the canonical injection, .

Then the :Iﬁ-l[wn(o)] are circled closed neighbourhoods of - 0,  and

“the sets . {‘I.m‘l[wn(J)]'} ®  form a defining sequénce for 'Im'l[wn(o)n'] for

. . j=1
each n.

Al
.

»Since I Jl[w(J)j f\ I B [W (J)] and ‘Im_ is'cgntinuous, we ‘have
[W(J)] absorbs all bounded sets of E for each i consequently,

A

[W( )] 1s a nelghbourhood of O in ETn for each m.

It cdn Beushown.that W( ) is a neighbourhopd of 0 ‘in E[t], so that

" the proof is complete. # - . v

In-[ld] it is-further,shown that_the‘(*)€inductiVe limitnof,a ciass of

spaces by a class of mapplng51s topologlcally 1so90rph1c to a quotient of the

[}
L SR
e 1

Y] \

3.31' THEOREM A’Hausdorff (*) 1nduct1ve limit of a countable number of (UDF)-'

4

. spaces is a (UDF)- space. i ' s - ’

In section 8 we. remarked that locaily bounded spaces are (UDF)-spaces

Using 3. 31 we can construct (UDF)- spaces by con51der1ng Hausdorff (%)~ 1nduct1ve

limits of the spaces (M=
. n=1

W1th the help of theorem 3. 31 we can show that many fam111ar (DF) spaces

ar'e (UDF)-,paces Each bornolog1ca1 (DF)-space is the 1nduct4ve 11m1t of a-

Lo *

sequence of normed spaces. Thus we have

' tu o - .

e TR
A A et <
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I3

'3.32 -THEOREM* Every locally'convex: bornological (DF)- space is-a (4DFJ-

spdces # c I o R

< v

[

s '
-

"4

" Similar to inductiv.e limits (= locally convex hulls) we can write t,qlo.\‘ '

(»)-inductive limit E[r] of the spaces -{Ea [r'u]]_'- by the mappings
o ' - o : . a€q . o T '
1A'} as E[t] = ] A [E [t ]]. : - ' L
& el T & . | N ,‘ o .
. Lo . f. . - . ) ‘ 'I/ . ,
. . o
. . - i \ J , m )
3.33 .THEOREM Let {E [t 1} be & sequence of " (UDF) spaces, (A} 'be
! n=1 N

linear mapé An : E =+ E where E{1] = ZA [E [T 1 is Hausdorff Then each :

bounded set B of E- lles in the closure of the sum of a f1n1te number of

’ l

-bounded sets Bn CEn‘ (i=-1 ,", "..,m), i.e. BC Z A [B ]

i, o o " .
PROOF:  Define a linear map . ' i
e @l v [ AT ey I
. -n=1 n=1 S i
A( @ x) ), /\ € ). 'Obviou,sl‘y A s \xell defined and 11near Let '

n=
N(A) be the null space of A, . Consider ;hc quotient space @ E, [r ]/N(A)

T
s - .
v . v

"The ma'ppmg

¢
@ B [rn]/N(A) > A A, [, (711 defined by
A([ @ X ]) ). An(xn)' is 4n.isomorphish. Let ~. o ,

]

=1
]
—
l

hing . . s, ' PN . . g

K @ [1 ] > @ En[rn]/N(A) be ‘the cangnit;al'qdbtient map;. then

' . . oy
o -

- o

As mentmned earller " when Vn runs thfough a basis of c'irclegl‘neigh—._

, bourhoods.of 0 in .En[Tn]’ then the sets of* the form S -,

I
oL
i



*

! 66,
" \ B ) . \ o . R -
. . w .qn o7 w n v Ce L
= U Z In[Vn] and AfU] = ‘ U Z A [Vn] .fc:_rm< bases of neigh-
‘p=1 " i=1 o X n=.l =1 .
bourhoods of, 0. for G} EnIT-n] 2 AL [E [T ]] respectively. It can.
« n=1 . . ) . S

éasily, be.veri'fied that A i5 a.continuous and open mapping;. hcnce'by

15 4 (4)] A- is a topological isomorphism." ‘

A-l

If B is b‘ounded in E[tr}, then B's= [B] is Bounded,in

o

n=1

- such th.‘“? BT l\[B*] So there is a finite number of boundé_d séts Bﬁ 4 E

. _ . i i
Bl =1, ..., m) $0 that g . '
. - m ‘._ - , L ' ’ Y
B*¢ @ B V- o | ) o
: i=1 My : S . ,
] - . L I — T, ) .‘ ‘ : '0. o '
. So, . B < K[ @ Bn and ther_\“ .
' o . = 1 i o ' ,
- ~ / . an et " ’ :
"B'= A[A [B]] c A[K[ Qb B, 11- Since (A is a' topological isomorphism
- ." ~ m
AIK] @ B 1= AK[ @ B_1], so
‘ M i=1 i .
. m_u f m . , ' F \.
Bc A[K[ @ B 11 =Al. & ‘Bn 1= 7 A [B: 7.
3 o isle i=1 P oas1 M T
.« . ‘.
. \
< .

R " Lo ‘ . B C, ) .~ l
@ E [-r ]/N(A) As in 3.28, there is a bounded sé¢t B* in the (*)-direct sum,

PR

R

“e



. CHAPTER IV ST A

- SCHWARTZ SPACES

4
:

Thls chapter malnly concerns its 1f with a certaln class of locally
A v,

convex spaces def1ned and called Schwartz spaces by GROTHENDIECK [7] 'In

a general setting, one.can con51dpr Schwartz spaces as a spec1a1 case of

-

° ¥ AN

those locally convex spaces in which every bounded set is precompact, or as
a more general case of nucléar spaces. The ‘theories of Schwartz spaces and
nuclear spaces run parallel, and many of the propertles could be proVed
51multaneously. Since the definition 1tse1f leans on the propertles of

' transpose'maps we begln by rev1ew1ng basic results in thlS area. We then

proceed to define and give various characterlzatlons Of Schwartz Spaces. A S
general representation theorem for precompact semi-norms on a locally convex

.space is proved u51ng the Banach space c. . The concept -of local convergence

plays an important role in th1s discussion. Using thiiréeveral characteré-

1zatlons of Schwartz spacesare obtalned based: on ‘the works of RANDTKE [14]
R

4 »

fnd TERZIOGLU [19]. The theory Tuns somewhat similar to that of nuclear

‘spaces. - . ’ S . ‘; E A . o,

T i ’ ’ ' - : ._;;‘
We conclude the chapter with a d15cuss1on of some hereditary propertles, E

of Schwartz spaces. In essence they form a "varlety" ([5]), in the sense

'that they are closed under subspaces (not necessarlly closed), separated

quotlents, arbitrary products, and 1somorph1c images.

A

12 Transpose mappings in normed spaces T

2 Tl SN

. , . ‘ . S !
. Let E[1] “and Fft'] .be locally convex’spaces and t-: E-»F pe a

' llnear”mag. The transpose mapl t!  F' > E* is defined;by £ }+ fot

' foriﬁ;',jn: F', Ohvlopsly t' is linehrp lheAfolloWlng results are;well-‘ ) ,
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. . . " . _ ) , N i I - . .
known. For proofs- we refer to ROBERTSON -and ROBERTSON [16] or HORVATH [9]. .

4.1 THEOREM

Y .

.a) If t _is continuous, then t is TS(E') - TS(F') “'continuous.

“b). t'[F']€ B if and only if t'is weakly (v (E') - r (F")) »
continuous ; iﬁ this case, t' is wéakly (tg(F) - 1 (E)) as well as.

strongly (rb(F) - Tb(E)) continuous.

4 ‘

DR

c) If t is weakly continuous, .the transpose fh of t!' from E" into

.Fhig well-defined,and further. t"$JE =t : E > F. ¥

. 4.2 DEFINITION The linear map t between' locdlly convex spaces Eft)

and F[t'] is said to be compact, {preéampac#; bgyhded) if there is a. - “\
heighbourhobd U of -0 in E such that, t[U] is relatively compact,

(precompagt,'ﬁounded) in F. #

Obviously compact maps'are precompacf,'and precompact maps are bounded. -
‘ . - A o, _’ . ) N . . . . -
The following.chd%acteri;at;on of precompact.maps between normed spaces by

1nieans"bf.the‘transpo‘se map is often called- Schauder's Theorem. -

4,3 THEOREM - Let E ahd F be normed spaces and t s E'* f'jbe linear, t

Then - t is précompact if and only if. t' : F' » E' is a compact mapping

of ‘the norm dgﬁts: _ -

. ‘, . . ) B . i .~ i . ., )
<y, .

PROOF Let T be the image in .F of the unit ball § of E. Then

't'[Toj < So; so that t' is continuous if we equip’ F' with the topology . -

TC(F) and E' with the topology. Tb(Ej, i.e. the norm topology. The -
closed unit ball B of F! is the polar of}the unit ball in F, "and
hence is equicontinuous, Since TCCF)' induces TS(F) on equicontinuous

7



sets, gB' is Tc(ﬁj-conpact. 'Consequentiv.the image of B under} t' is.
_compact in the norm topology on E'. o '
The converse follous éimilanly from theoren 4;1. .
it .Leti'E[T] “be a locally'convex'space and E' its duai Let M:c'E
be-a closed subspace and . "¢ : E + E/M the canonlcal surjection., .fhen it
is easy to see that the transpose ¢' < (E/M)' + B! deflneg by’ f r»foo
Cis 1nJect1ve w1th image M- ,-so, we may_consider the restriction
(E/M)' » M- .\,It:can easiiy be'Shown that .¢’" is a topological
isomorphism when we equip’ (E]M)d W1th the topology T {E/M) and M-L
with the topology 1 (E) rest}icted to MLY; so we. 1dent1fy M} w1th

(E/M)' .. o ) . 5 < " a

P

. J‘By 4.1, ¢': (E/M] [T (E/M)] -+ E'[Tb(E)] 1s continuous: hence

' 'rb(E)|ML <t (E/M) We Tnow give a condltlon under whlch the reverse 1nequallty

‘ ol
. ) . '

holds.

4.4 bEMNA Let _E[r]. be a locally convex. space with dual E', and MC E
. a closed'subspace.' Then, b(E)[ML b(E/M) "if and only if for every bound-

. ed set-.'B of E/M[T ], there eXIStS a bounded set B of E such that

1

-the closed absolutely convex hull’ of the canon1ca1 1mage of B in E/M

14
o N »

. ) L . ’
contalns . B. ’ . B

PROOF 'We need only show Tb(E/M) <. rb(E)lMl A ba51s of nelghbourhoods of |
0 'in rb(E/M) is glven by the fam11y of sets B® where -~ B 1is closed
absolutely convex and bounded 1n E/M[r ] i A ba51s of nelghbourhoods of 0
in tb(E)|ML is glv;n by the sets B f\ ML where' Bi is bounded and “.' |
absolutely convex in E So Tb(E/M] < tb(E)IM-L if and only 1f for each

4

. closed absolutely convex bounded set ‘BC E/M there exists an absolutely

69. -



convex bounded B’l-C E such that ‘B® b Blof\.'M-L =(B,V M)° = ('<'BIU M> )‘_).

Buf <B,V M> = Bl + M since B, 1is balanced and M is a sobspace. ' Qur

1
" conditdgn is satisfied if and oniy-if 8> (8, + W°. By polarity it

immediately follows that B is contalned in the closed absolutely convex

hull of -the canonical image of Bi' L #

o . - ) . L , )
This result will be needed when we consider permanence properties of’

Schwartz spaces. . . S N . sl

Again let lE[T] be locally convex, and M CfE be a linear’ subspace
Let .j ¢+ M>E be the canonical 1n3ect10n Then the transpose ‘
j' t EU+ M' (where W= (M[x|M])*) is defined by fi++ £ o j;- and is.

. , { ‘.
obviouSIy onto. The kernel of j is ML

7

Con51der the quotlent space E'/Ml . 'Then the lihear map

t: E'/M-L > MY deflned bx £ f[M \is a bljectlon. Since
‘,“’l . 1 §
it B[t (B)

[9; Ch. 3 Prop..l3.2]s

-15 a-topological isomorphism 1f M is closed.
So we {dentify M' with E' Ml'(eVen if M is not elosed] Letting

ot ) represent the quotlent topology of- quotlent space E‘[rh(E)] by

the subspace Ml- we - obtaln from theoren 4.1 that t E'/Ml[rb(E)q] -
M'[rb(M)] ‘is contlnuous, thus b(M) e Tb(E) A, condition for equality

is glven in the follow1ng result

;
t

) 7 -
is contlnuous t s contlnuOus. By HORVATH

70.

4.5. LEMMA Let 'E[r]' be a iocally convex space,‘ and M a Vectof'subspace

of E. Then the quot1ent ‘topology * (E) on EV/ML' is equivalent to

fb(M) if -and only if for every bounded set B‘ of E ;here’exiSQS'a'bounded

‘set Bl\ of. M (in the rest;ic;eq topologf of T to M§\\such that every
continuous linear form on M bounded by 1 on By can!be'eXtenQed to a

,continuous linear form'on - E ‘bounaed‘by 1 on B.



3

{
i

~

. PflOOF 'We need only show. that the condition is eouival'ent to- the fact that

(E) < -cb(M) ‘A undamental system of nelghbol}rhoods of the former :

topology is glven y the canonical 1mages of the 8° where B .is bounded

in E. A fundamen al system of nelghbourhodds in the latter is given by

the Blo' where B1 is bounded in M. So rb(E) < Tb(M) ,if and only if:

'for each é there is a B, such that B c' K[B] where. K : E! + E‘.lML

1 1
. ’('-.- ’.)

is the canon1ca1 surJectlon. ' o ’ .

We now prove the equlvalence of this. and the cond1t10n in the statement

1
£fe E'. Since Bl ,° c K[Bo], £ (MY) G‘K_['B.o‘]. Consequent‘ly for some 'm ¢ ML,

Let hé M' and h be bounded by 1 on' B . Then h = f|M for some,

f+m€B°, Since m'€ML,. £+ m extends .h. e

Conversely, let B be bounded in 'E and B, bounded in ~ M such that

the cond'ition. in the stéte_me;it ‘is satisfied, Let f£'€ Blo;,,‘ then f €& M

' “'such. that £ _is bounded by 1l on ‘Bl"" Then, 1éttin'g -fl be an ex,tension‘

:_of" f.-to E such that 'flé B0 - we ha.ve £ = K(f ) since fllM = f,

" PROOF It can tr1v1a11y be shown that T (M') ~r (E')!M So if ..'Bo"is

Thus, '-'_‘Blo c K[B°] " ahd the’ broof is complete. a

" . We now give a class of: spaces which .satisfies";the condition of lemma 4.5. -

I

! o

. 4.6 .THEOREM ' Let E[-c] be a sem1 reflexlve space mth dual E', and

M CE'a closed 11near subspace. 'I‘hen

a) M is;semi-ref_le:&i\ie,;-and o e

b) - the strong topology rb(M) -on E'/M-L co:mc1des with the quotlent
-topology Tb (E) on E! /MJ- .' wor v " ' ' o '
. . I ' . L . ‘ B L

.
\

bounded 1n.. M, B is bounded 1n E; hence B is weakly relatively . )

' v : 2 : L i



" bourhood U of 0 such that B+ UCE X G. - Hence - (B+U)nG on

Then GA B A M = ¢, and ‘G is closed in E, 51nce G is closed in M

. closed in E, and E~ G is weakly open.

'G = X + Q, .dnd (B +U-x)N Q

72,

compact -in E, since E is semi-reflexive. Because M 1is closed" B is

> ) \

: relatively rS(M')ucompacta Thus * M[t[M] i’ sem1—ref1ex1ve prov1ng (a)

4
\ K

We shall use 4.5 to prove {(b). Let’ B be closed absoiutely convex
and bot’uided.in B[t ‘and ;B = 2(B'N M). Let f € M sich'that £ is
bounded by 1 on_ Bl and so by '1/2" on B A\ M. Let G = "1[{1}]

and’ M is closed in E. 'Obv1ously, G is convex hence d is weakly

-,

If b& BAM. then b§ G, andlf be BAE M, then bf.M,_

so that BCE ~ G. | ’Because B is bounded B is r (E') compact. By '

xSCHWARTZX[r§; 2.8], there exists a weakly opéh absolutely convex nelgh—

13

' Let‘ X € M such that ffx) 1,. and Q f [{0}] Theh

o, IWhere QA is weakly clqsed and

- B + U - x is weakly open and convex 1n E.l By the Hahn Banach Theorem, :: .

. there ex1sts a weakly closed hyperspace H contalnlng Q such ‘that.

(B+U=x) NH=¢. - o S o o

Q

~

Let'- f' be the linear functional. associdted with H such that

£1(x) =1, Since H is weakly closed, £1is continuous:: If yé€M,,

'y =Ax'+q where A €K, and q&Q; thus ]

Fry) = £k + Q) =A=£0x+q) = £, So

f' extends f. ’ . l ) _ S
- - ) ) . . . - . ;. )
‘If there exists b'€ B such that ff'(b)J'> 1, then since B is -
circled we can-assume £1(b) =-1. Hence B M (x + H) #'¢, “a coﬁtraw

diction. #

5 )
' . ; i
. s . . R . S
i ‘ ) . . o . . o
‘ . . .
. N . . A N .
. - . R .
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The next result will be

which satlsfy 1emma 4,4,

4,7 LEMMA Let E and F

-

surJectlve 11near mapplng

H € E such that f,[H] =

find an absolutely convex H.

useful in f1nd1ng a class of Schwartz spaces

’

be (F) spaces and f : E3F a cont1nuous and“

Fureher, if K is absolutely convex t)‘e'can~ ;

-

73,

" For every compact K ©F,~ there exists compaCt 4

PROOF By the'open-mapgihgltheb}em; £ is open. iLeé d:ExE~IR* be.

a translation-invariant metr

.(ELd)‘ is ‘a complete metric’

~

¢ For n = 1,2,-.., let

redius r/z“' Lett1ng B run through the sets in B

N sets f[B] form an open cov

.:,~1

Sy HCH

{xl, ey x } of p01nt

ic which.generates the'topology on E; then

space: . _ R .

B ‘be the class of open balls 1n E W1QP
l’ the <lass, of
erlng-of K Chodse a f1n1te set

s of E such that 1f B. or. 1 <i <m is

. the open ball in B, centered op x; i then ¥ \J £[B; ] .covers K.

h‘ p

Aséume for thevindices

' ‘H.- of E w1th the follow1n

1

1, and'eaeh po

- H, (1<1<n-1), and’
2). if B runs throégh the

then the union of the sets

) Let ‘Bfn+1 be the coll
-‘satisfies d(x, H) < 172",
open ball of radius ' 172"
x & £ for which "£(X) =y -
" the balls of B' ., U]
L

centered on some h €H .  So there exists

-. f:.‘_ 1 1 "

. (‘ o

1 <ic< n“ﬁﬁeﬁhave cOnstructed ‘a f1n1te subset
<™

LY

{ : - ’ . A

o

g two prope@i1es
int'of ‘Hi+£ is at a distance S'I/ZI from"
ppen.baL;Q;éqﬂ B, centeped at .a pointﬂof “Hif

f[&] cove}s K. - S

ectlon of sets 1n B ‘whose_centre X

1’1
1f y €K, then y e f[B] where B is an

v

-

»

and ‘d(i,h) < 1/2", "Mence as B’ rums through-

B] covers K. Choose-a finite set

FS TS



Y& H

§n+1

. and centre at a po:mt of G

C E such that as B rins through the open balls 1n E. w1th radrus 1/2

el ,then' the .sets f[B} .cover K. Set

H = hnv Gn+1" 0bv1ously H

n+l n+l

.Consequently f?)z; each. n there is -such a set. o

satisfies properties (1) .and (2).

s -

" Let . L= U H We now i:rove L 1s precompact. Let. ‘n > 1. If

nip € Huipe - where p> 0 " there is a finite sequence of points,
A e_ Hn+1 . 0‘_<___1 <p, such that .
. n+1 .
. A0 a2 Yneien) < ,- ﬁ‘“s o
‘d( - ) < Pi.l = < 1/2m-l Obviousi. L .
.yn’- ~yn+p L7 n+i : Lous1y .
a . * . R . 1"0 2- . /’ . .
- is precompact. _ T v
- 2. . - .. . . . & -

Smce (E,d) ‘is .a complete metric space L is compact. We now Show -
K Cf[L] Let z €K, then .. ’ R
o d(f_’-l[{z}]f, ). < 1/2“, for e{)ery n; so

d(f [{z}], L) = 0. Because the functlon q : E+ IR defined by -

X b d(f L{ z}], x)mf contmuous, we have q[L] is. compact in R

consequently q[L] : contalns its 1nf1mum. Thus, there ex:.sts X €- L

Such that d(f [{z}], x) = 0. Hence .x & f [{z}] f [{z}] since {z}

“.is a closed set and f is cont:,'nuous.J We have Lh £ [{z}] )( b 3 and ,

e

P

' convex and compact, and f[H] = K # .

"o

K Cf[L]. Lettmg H Ll\f [!(], -.then f-[H] = ,'and 'H ds cp_rr_lp_act.-

. L
1 . -

If K is absolutely convex, choose L as, above. Then TL is

compact and KCf[I’L] Lettmg H FL.N £ [K], : is abso'lutely;

‘Let' E[-r] 'be a'loc:ally'convex- space, and : U(E) “and ‘B(E) he. the

-classes of’ closed absolutely convex ne:.ghbourhoods of 0 and of the closed

! -

absolutely convex. bounded sets-of E, respectlveb'.lf p is a seml-norm,on

-

n+l
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. . . ® e, z ' E . o L

* "E, we denote by Ep’ .the 'space 'E' "with the semi-norm topology induced-.-
' by p. : . . o ..: ) ;‘? e - i . P - R

. - N - . s, _' 'c B .J_ . N

:. We let Ep E/{x G E : p(x) 0} w1th norm defmed by ||x(P}|:|=’ p.(x')‘
. -where P= {xe€E.: p(x)'= .T If KP : E - E13 denotes the canonleal
E 'Jsurj ection, -KI') is contlnuous 1f and only °1f p is contlnuous.' There‘ls'

an obv1ous correspbndence between the continuous -semi- norms on E- and the

-

‘Huel.ements of _U(E). Slmllarly for U QU(E) we let pti be the gauge of

hU, and .set: EU‘ b -and KUO-— N If V- éU(E) and' V-C.U .we haVe,
: a well- defmed 1:meaz°map KU = E > EU g1venQ\x(V) t+ x(U) where

x(V) and x(U) represent the obv1ous equlvalenge classes Slnce' v C u,

~

o p < pV -S0 that KU 1.5 _'eontlnuoas.l A o " 2 )
We let E- 'denot-e-' the. eompie'tioh of EU where :U_ e:'-[j('E')-. ‘L,et._ .
N N ) 3 o -' v, ©
- K, 'E +.E, 'deﬁote the comp051t10n of the maps KU SE * Ejj and the T
1dent1ty i E > EU . From.above we: see that KU —,K o Kv. .Let e
~ M R Y ..', .
Kx - EU_ be the un1qUe1y determlned exten51on.. Clearly _ T
R S B SR

If K € B(E), let E(A) U nA be the space seml-normed by the .-
S, ‘n=1 a - e =

gauge p'A~ on~t}{e set A : Smce A 15 boundecL pA :Ls anorm, and smce

A is closed in E[-c], 11: folloyfs that A ‘is the closed unlt bal’l of

. ]
Vo

E(A) If A CBE B(E), we denote by IA ' E(A) '-’ E,(B), the.canonlcal

eSS injectl_on.' Since A € g,. 1"‘1; . is contlnuolfs. Q s .‘ e L
. . . - ’ - " R S . ‘ j '\ . . . . - . . .
It is easy to see that the mappmg» e R ‘1:‘ T .
I: (E )' + E! (U ). defmed by - f 6 £ 0. KU" i:s a bijection 'and 'an"isorn'etr'y“.‘
if the spaces have thelranorm topologles., *So" we can consfder the space
E! (U ), a Banach space, to be the strong dual of. the normed space E ’ ‘_ g

[N 3

U'.‘_

J

.

s
.~ .

D L Kk e e pap e

"-.x',.
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T As a result of thls, the transpose of'gKM.; is the injection : ,

. isometry of E|~o into '(EOA))!.

S U LA L.

0

] . .
as glvenqby GROTHENDIECK,[?]. Varlous characterlzatlons are glven and a

0 ”

VO

" If A'é B{E),i'thqn 'AO'EﬂUtE'j’ fop.the"topbiogy'-tb(Ej‘.onh Ev.

Thus .the sﬂ%ce :E"g mey be cdnstructed - Con51der the mapplng _" R
A . -

J o (E(A))' deflned by f(A ) B f|E(A) This is. seen to be an. '

A‘ - o ) - A
* From this we have that the restriction ..
A A a ) [ .

.of the transpose of IB to E! o is the surjective'mapping

Bo ) . g . i . B:.- . .. .o ] - ‘: ] i ' R
. » . v N .- L . . M
;« Lettlng E” = (E'[T (E)])" the strong duél of‘ E! 5 is the space
. . AT : o
E”(A ) where _A0 1is 2 nelghbourhood of 0 in E'[Tb(E)], cohsequedtly.

A%° s r’(E') bdﬁhded in. ,E"' It can be shown.that the. mapplng -

. 0

- 0

" fe ﬁ',;'is an isometxny 1nto. Hence E(A) is nprm-lsomorphlc to a subspace'

B

- of (E"Q)'ie‘lt follows that the restrlctlon of the transpose of K. °to. .

A . < . . AO'

E(A) . 1is ‘the injection E(A) > E(B) O A SR R
s . > ; -‘ R LT CR. AL C
13',Definiti6h andschafacterizationcoﬁ Schwafti'Spaces Wr'f,: " ’
s B . N . L . Y . "“,’! :

This aectlon beglns with the or1g1na1 def1n1t10n of ‘a, Schwartz space

[ .
N »

s

number of striking proﬁeities;gre then obtained.

TN . . « N . .

4.8 'DEFfNiTIdN A locally convex space E[\] .is sa1d to be g Schwartz

space if for every closei absolutely convex nq;ghbodrhood ﬂ of 0 :E,_.-
I3 T
there ex1sts a nelghbourhood \'A of 0 such that fbr every . a > 0 the .

. . ,
set' V can be covered by f1n1tely many traqslates of aU. #.o o
: u:“a e n et ) . .1 L . x- )
.~ The firsﬁ-theorem giVes an immediate characterization Qf Schwartz spaces.
O . SR . e o
”l' ‘. . .n . - ",“ V‘:" ‘-'t‘ . }. :; ‘e 4{ -r'at C- ’ A o'. ‘..: )

1 :E'(U)+E'(VJ SRS - C

H E(A) + E”(A ) deflned,by X l+ F -where' F (f) f(x) “for each ‘u L

A e o weaaiw

-



4.9 'TH‘E'OREM

1f for every U E U(E),'

PROOF'
hood of 0.
= KU[A] for each x E E and ACET

L@,
}'lv of I ;u!:h that

! Suppose Lonvcrscly k

hoqd

¥

‘Let E[1]

is” a delS of n01ghbourhoods of ¢ iﬁ. E

. fiﬁite.subsef' {;.
. " .l .t 5-
L Ve U
L o . L= l
i‘(aU}
iprecompact

V _of 0 in

. S L
T txg ) of points

Then V€ '

. Since

PC E"aU,'

A locally convex space

be. a Schwartz space,

&

w1th the property stated in 4. 8

1=.1

(x + uU)

L]
’
‘ -

' 1

E, such that fbr

L
Hence ve U (xi

is prccompact.

77, "

E[tr] is a Schwartz spacé if and only:

the mapping KU.: E ~» EU

.t

U-d U(E),

is precompact.

and -V be a npighhogr{

Let X = KU(x) gn@ o

Then for ‘a'> 0, fthére is a

i-l

1

in - E whcre VC U(x T+ aU

%"n i=
[V]cK _U

i

A w

],

Nlr—-

aﬁ)]

Yo

\) Xp ot —-uU + P) whqre P =‘parl[{0}].

Ve U(x + aU] Hence E[;};&
. 1 1 ' ‘ -“'

s, thc'mﬁpﬁing K is
u - 1

+ al). ~~Becausec- Co

u ..

-

s a Sghwartz space. f.

Then there exists a ncighbour- .

.a > 0, there eX1sts a finite. subset

dllof pﬁf{ﬁiTIONﬂ“Let. E[T] be-a locally convex space. ZA?semi-nor% :ﬁ

on’ E iS'SaiJ to be p;ecéhpac% Af thc mapplng K : E -+ E.::is-prcéompact.
« ' g o PP v
‘As a co%bllary.tq 4.9, we have thc following rosult. o '

The prooés;are.ohv;§u5n . . ) - . Y

4.11

-
.
-

COROL’MRIY

. statements- are equivalent.

-

A

Ay

oY

. Let IE[WJ be a locally coanxnsﬁacél Then fhé following °

/

——r Pa—
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~.a) E is a Schwart:z space;
b) for.cvery U. € U(E), -the mapping Ky @ E= L-.U is pfecompact; ' . .

L

lc) . for every’ Ucf'U(Ej, there exists V (- U(E), ve U such that

~

. vV . o
. thc mappmg KU v ‘V + Eu is precompact;

h

' ﬁ) for. cvcry U 6 U(E), tﬁe 'ma[)j_iing AL’U H -»IE:’g is ¢ompac.t-;.’ o '.'I//.
e) f01' cve.ry uig U, th'ere'exis;t‘s. Ve-u(E), vy, s'uc-h thél‘t th/c/!}/ -
mapping K; »Eu is compact; and - | C '/fi'

. f)  .every co'nt.iﬁl'xous‘.'semi—norm on Efr] is:prccoinpac;t. S '// :

’
. a

. . K a
. fe ¢ aas . : . [ .
. We now. give a characterization of Schwartz spaces which is" quite
. . ’ rd
e

s

different from the previous ones.. . . . - ' -
- '// R : -
4.12° THEOREM A locally convex space E[t]  is a?hwartz.épacc i'annd ’

,only if the followmg two c.ond1t1ons are satisfied,
1);,’? Lve}y baounded supset of E is precoy(, and
2) . for every u ‘U(L), therg ,ex1st/.:| 1ghbou_rhood Vi of 0 in " E

such that for-‘every a >0, we can £ind a bounded set A € E- which sati.sfics_

VCal + A, ™~

PROOF -Let U. € uCd) / b a neighbourhood of "0° as described in
I

. defifition 4.8, If B is bounded, then B'C AV fop’amc._‘x > 0. Let

{x.} n be a finitc/Subset &f E
1 .

o=l

BCA\/f: U(Ax

=1 .

/

~_~.uch that ve U(x + XU)' Then
el .

’

+ U.).’ So B.'is prccompa'ct. Let o >0

n

aAnc:l‘_- ‘{yi] n be a flnlte subsct of E such that 'V.€ U (Y * aU)

,_vll

'

11'.

-

‘ Lottin'g A' = U {y;},» then V=C al + /\,, -_and-‘ A is obvmusly boundcd’ '

(‘onvcrsqu, supposc condltlons (1) and (2) arc Sa‘tisfied Let

(e Y

-U€ U(E), and V .a nc1ghbourhood of 0 which satisfies cond1t10n (2))

\\
¥
1



have immediately ‘

-
\

If o >0, 'lct:' A be bqun'déd such that Ve A+ 2 U, Since A s

-2
precompact, there is a finite. subsct {xi } " oof E 'such that
.. n i=l, . n '
AC Y (x, + %U). Conscquently, we h'wc Ve [U (x\ + = U)] * ~—U
i=1 . Coi=l ‘
. i P .n : . ) . - .
\J (x, + dU). .So E[
AR ST
) . . . i=1- :
is’ a Schwartz space. f . n LS

. UsIng this _result we now.show that if E[r] is a locally convcx spagc,

thénl E[T (') ] 15 always a Schwartz space. It is a well known tact

cvc_fy T (L') boundcd sct 15 TSCI: )-pr.ccompact.z

A basic closcd absolutely copvex T, (!3"_)-nc'ighb6urhoodxof ‘0 In
is given by U= {x@ E: |<x, fk')l <e ‘for £> 0 and all £ &8

where 1 <‘k < n}

-
'

S\'Jp'll;ose {fk} n
S Kkel

i, f_; Z a f (we may assume all f (f ) are dlffcrent .and non-zero)
¢ i=1 1 . ]

. fj # fk = and Exi # 0,< for i=1; ..., m.

i

. . ! ] ) . 5 o L . ..
Choosing ¢! \\smallcr than ¢ and cach G/(m|‘1il) , 1 <ixm,

.«
-
v

I

={x'eli: <x,f> <é',k#j,l< <n} cu.
g _ 2k = .

)

So we can’ assumc the sot {tk} o _is linearly independent. .
) ) k=1 . ’
. Lct M <. L' bc the, qubbpacc g,cncratcd by the set {&} " . .Define
' ) R .5 k:l .
. 5, . .

linc,nr functionals Fi'.'.l <iz<n, on M by

.

F'i(kzl-'qkfk) =a; ., F, for each i is

o

T]‘

-

that

E

is not a linearly ihdependont set. 'Ihen we have for somc . )
LY i N N
" where /.
. wd

29

15(13)0 M-continuous since M is finite-dimensional and its topology is .

\

-lausdorff.- So, for cich .1, there isa. 1 (I) continuous 11ncnr )
. ton C )

o T ” -’ B "

N

79,
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functional G, which extends F, to - E'.

A is l rS(E')-bound_cd in' -E.

¢

f 2
\

Define’ - P : Ef +M by . o " e
' £ o [ G, (O, Clearly P is ‘ :
! k— k ’ 3 ‘i: s 4
_ . \ . o oot
continuots. *If f € M, P(£) = Z Gy (f)f 'Z F (£)f =
e T, k1 K k=1 kT k
\n v

|1 I

For .f € E' , D2(f)

[ G, ( Z G, (f)f )f

n .
) iglck(fi)ci(f)fk

;o= (£3f = P(f).
- N kgle . k ! ’.'

I

<

I F)
S Tt~ 3

Hlence p "is‘a continuous 'bro_jcction of E c_mt.o; M. Let
1[{'0}].‘- Then *'E'  #s th'c,' l'ocall}}'cohvex direct sum of "M and N.

-,

" Consequently, 1 ~ P, - the projection of "R' onto- N Es-.continuous:

Let ‘(g } be a basis- for. N. Cho§se '- : -
W - . (o :
.. . wed N . (o ;
\,/=-U,' A={xe& E: |<x,_ fk'>]iﬂ, 1 <k < ny and
| <x, gw>| <€E, we&A4} . Any '

. . . P Coe . '

T @ ', can'be written as

LT £ = Zu F + gAngw for a suitable chome of scalars, So,

If X €A, |<x. B cz Iakl + z' |8, 1)E, . 50
wEA

. v ’
i v
i
LY

Lct.‘ 'Fbe any linear functional on BE',  such that F[N] = {0}

Then FIM is TS(E)‘ M-continuous since M.1s a fin‘i,tc-diméns-ional

“* Hausdorff space. If we have a net Yy T “in E [TS(B)],- then letting .

m,o*n o=y, for cach «, ‘and m+ n =y, where M, m&M and

¥

a

"

N

~ e T

n , n& N, wc obtain dince the projectlon. P 'is continuous that wi m.
PR . . . - N . v ‘

80.
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[

+.hence F is a Tq(E)-continuous linear functional.

Chave - Ty

..J ‘ "". '..‘/

4
P

‘Consequently I«‘(‘mu) +~ E(m), and since F[N] = {0}, we have F(y ) - F(Y);
. ' - . . . ) AN i o . .

Each -linecar funcltion‘al F? t- M* may be. extended tO“i_l TS(’E)-continuqus
lincar functional F on E', such that F[N] = {0}: ‘A basis for M*. is

where F''  is defined by 's'ctting.
k=1 . C ’ k ' ' BN .

Co .

givcﬁ ,by ‘ {I"-'k
Py Z a, £}) = @, ., As before these obviously define

{
t

continuous -linear’ functionéls on M.
The above mentioncd extensions {Fk} ‘form a basis for the space’
. k=1

N-L-c. E. Since each. F is 1. (L) continuous, thero exists xk‘& E, such

k

\
! Lo

that B ' . '

<xf>/1ry}\}‘t : ’

\ T X GU, set u = Z

for cach fe¢ E'.

y
i

o=
]
—

/- * .

l<u, 'fk>|' |<x , >| <g’

n
e~
A
X
Fh

[

- v o
E A -
]

v

4 .
- PR I Y

o

ll

,4|<_'u,_ gw>|.~ | ) <x, £, 7<% g >( = 0, hehce | ug A'.'
.- i=1 . i ° ' . ' [

- 1]

Fmally <x - u, £> = <)E°, £> - <u, f}'(> = 0.

4

Hence X-ug al for every o > 0.. So, Ucuu fA'._ Heﬁce;‘the result.

aae
X, . ¢

As a consequence,' every'finlite-dimensional Hausdorff topological vector
. \ . | . . ' . .
space is a Schwartz space. So we have

o

' ., . ‘et , <

. 4.13 THEOREM . A normed space is 'QSchw'art'z‘ space if and only ifeit is

¢

'finite-dtmeqsionall. . L7 RS : ) . :

. VR , N
LN : S . '



" . dual

PROOE -

)

The sufficiency is clear from our remark.

}

The necessf%y.fbllows

from 4.9 because by taking- U to be.the closed "unit ball of a normed

space

.fE[r], E[t]' -and E_  coincide as topological spaces. -The result

u '

follows since a Hausdorff.topological,veétor space has a precomﬁaet neigh- .

bdurhood of 0 if andonly if it is finite-dimensional. '#:

)
P

4.14

[
'

' . ' C I Y
spaces. ey Lo

Next we characterize Schwartz epaces by means of .a ‘property of the

S

THEOREM Let ‘E[t]- be a locally'convex sbace with duél"E' Then :

82.

E is a Schwart: space if and only if for every eq¥1cont1nuous subset BC E"

there

compa

: Kv

corollary 4. ll there exists V& U(E) v,such’that V{. u and the mapplng
U : Ev +* EU‘ is precqmpact. By 4.3 and statements in the prevmous sectlon,
_ the transpose.of this mapping
S o e .
IUb': E’(Uo) +'E'(V°)_ is' compact,
Y S . RV
and hence B isirelatiyely compact . in. E'(Vo)i

PRdOF

" Conversely if UE U(E), then B = U® is equicontinuous.

exists a nelghbourhood V.. of Q- rlbl:such that B 15 relat1vely

ct 4in the,qormed space -E'(Y ).

Slnce B is equlcontlnuous B C T for some

.Y s T

i

V € U(E) euch that B is relatively compactrin

‘ assum

s

f“ Uo \-O : i o > '
B | o0 ¢ E'(UD) +1E'(V-) is compact.
VoL - oo e |
KU : EV -+ EU is precompact. By corollary 4.11,
sRaee # .

e V¢ U. . Hence the mapping . -

3

E'(v0).

1

rd

-U e U(E) By

- o

0.,

.85 U

»

'By 4.3 the mapping

E[r}"'is a $chﬁgrtz'

1
v

Obviously we may -
. . . 1.

There exists’

:



" have KU[V{\F] i?a neig’hbourhoodﬂof 0 in, KU[F]; KU[U] is' bounded

and since KU[F] is'Lfini.te—c}im,ensi‘onal, K.U [VAF] is totally Bou.nde'ci\.in

Schvartz §pqcés. o '

415 . THEOREM If Efr] is 'a locally convex Spacg, E[t] is a Schwartz

.sp‘a'ce if and only if- for every U & U(E) ' there exists 'V e U(E), v C 'U, :

such that for every e > 0 there éxists a finite-dimensional subspace =

-

<

F of E such-that

v € el + F.
PROOF By definition 4.8 the conditi'qn_'ié necessary. So let U €& U(é‘) e
and 'V satisfy ‘the above condition. Let € > 0 and' F a finite-
dimensional subspace of E such that V¢ % U'+ F. .
* .Since V is absoldtely convex and absorbing in 'E,' KU[V,I\ F] is
absolutely convex .an'd absorbing in KU[F] c EU. ‘Because the topology of ;:

Ey ‘restricted to the finitefdimensional subspace KU[F] is normable, we !

in EU, ‘hence KU[U] (\-KU[F] is bounded in .KU[F], c'onsequen.tl)(. ’
KU[U n,.F] < 'KU [U‘]“n KUtF] ,‘is Boundqd. So, there exists A > 0 "such that
Seoo k lun Fl e K (VA FL - - K

-~

H

. Because V'€ U, K[V A F] cKU[Ur\‘F]; thus Kk [VA F], is bounded, ,

. . . . Ve . . . 1.
K: [F .h i E . .o . .
-U[ ] ’and enc§ in E, ) , . - ' .
. . : ’; ) ’ ' . . ! \ ’ v
So there is a finite subset H<€ E such that '
1 .) 1 . . . ! : ! 1‘ N
o ' - C e -1 ¢ ' ” . '
‘ KU[\(H F] € A(_l‘-f.-i-? ( 2.)Ku.[U] ',F_KU’[H]' .‘ If x€eV, N
there is'a y.€ F éuch that”
P ‘ ’ . X - ye‘% U., From this and the ’ o
. _ i B N . A '\\‘\ FY o - o '
-fact that VC U, it follows that . = . R
A : ' "y S . . ’ S )
- PR
’ - ‘ , \ ' Vo
\ s o

Pra



W

W&

2
.'::, . \ 84.
_‘ ) e LY yen s -;—) (UN F), From above there
"is a z & V(\ F . such that. _
. 7 . Ky (1 + %)7!’)? -.z) = 0. There exists * . .
. hed such that - '

: : . e.-1.¢- . i ‘ q .
KU(zg:,- h)€ x(1 +_5) ('é:.)KU[U]' .So'now we heve R

. ’ -1 -- s . '1' € v . ’ ,
Ky (x - A (Lx S)h) = KU.[X -y) + FU(y A ‘(1 t5)z) - .
p N .-4_]_ . :
\ P 2 : )K z ‘—.h)e' 2 KU[U] + 2 KUIU] e
. + . ] o ) (V;nl . , - . . .""‘?‘
t ® ‘ " ' » & . N N ¥ .. . . ‘ N =€ K‘J[U] '”. M ‘ '-,"-‘é ' .
r [ . . . ‘ T o . .' - * . ".\' .
"So we have ™ et A ,' . Tes Lo R T
y . - . . ! .‘ ) ’ ’ ’ ‘L‘
.AK[V]c.eK[U]+A (1+2)K[H] .o Lo e
e . - : Y
', .Sincte ‘the sets { eKU[U]},l form. a basis of nelghbourhoods of =O for - . .
. T . . '€>0, [ - N '/:
. .EU, KU[V]’ is precompact, and KU 1s a precompact mappmg. By theorem P 4
4.9;- E_['.-r'} 1sa Schwartz space. #
..‘, ' L. . . '0 . ‘ . o . } ‘ ' _'.’. . " “'
We now introduce the concept.of local convergence. . : A S
' . L 14 :
4 16 DEFINITION A sequence {f )} in the dual E' of a locally o
n-l ' o
convex: space E[-r] convergea ZocaZZy if there exists a nelghbourhood V of - ' '
'?p in<E such’ that each £ € E v and {f } f converges to an element o
.‘ R “ . - . . ¢ o ‘ n—l . B . o ‘ ' . 3
of . E' (Vo) ’in the norm topology. o v S
“t=, . Because . KV' + Efr] +/EV is continuous, it follows from 4.1 that each T
i 1o'ca1r'ry convergent ‘s'equen.ce is strongly convergent to’ the same limit.
o« ) A '~‘ a . .‘ . . . N . ; , . v ) — ‘:..o ‘.' 3 o
) ‘s' - . v T . : B o © e -F I EE
4' 17 THEOREM ‘ A subset A of a metrizable space E[-r] is precompact 2 S
and only 1f there ex1sts a’ sequence {x o convergzng to 0 1n E. such s ) '. ”
| ‘v n-l - . i
that -each element of A can be wrltten 1n~the form Z °'nx for some | .
w : - . ndl S L
'--'segpence of scalars (a } w1th T la | < 1. P
’ : ! :' v , ;‘4_ . n..l . '-‘ "" " + -
) : . . . So. T AR oy
o ¢ o et



.

(J ) - i . " .. ' . . . ‘.
JIf ¢ is a flner locally convex topology on E such that_ E[f!]

- - J

i% sequentially’ complete and If {xn} ® converges to 0 in E[T ],
h=1

: then each element of - ‘A has the same representatlon as before and A

' .So, assume. A is precomp::tﬁig/th metrizable space E[r], xn_4”0
. . s o T ’ - . « )
in. E{t'], and each x €A ¢ e written'as x = J a X in E[r]

for some sequence

' . ’

’, * v

1s_precompact 1n_;§[r 1. . N 4//

:PROOF The nece551ty of the first’ part is obtalned from Lemma 2, Chapter

VII of ROBERTSON and ROBERTSON [16] The sufflciency 1s obv1ous's‘
each’ g01nt of A }s-contalned in the closed absolutely orvex hull of a

null sequence.

- m._ n=1 n n N
of sealars with - { 1“n| 5_1. .For-a closed
n=l : *  "\.°  n=l1 ° '

':3 abéolutély nvex neighbourhood U of 0 in E[r'],' choose a positive

. A\
ger N w1th pU(x ) < 1, for each n'> N. If m%n > N, then

(anx + .40 x ) < 1. Conseq%Fntly the f1n1te partlal sums

JE

n
{ Z‘_anxn}'m form a Cauchy sequence in E[']. Slnce E[c'] s
= k._.._ l . “ ; A “

. -] . P .
. sSequentially complete, Z @ X exists in E[r']. Because thé sequence

n=1

~ converges to x - in a coarser topology, we A St have x= ] o X

&,

‘e

o

absoliitely convex hull of.a null sequence, || # I

L Elx']. A s again precompact because, it 1s,conta1ned in the closed

A

»

.-The next result typifies precompact segi-horms in terms .of equicontinuous

" subsets of ‘the duai and elements of cé ([147),

A .y - . .

' . ~
»

[ ~ . . "‘._

4. 18 THEOREM A semi-norm’ p on a locally‘convei space h[r] is pre-.
compact 1f agd only if there 15 a" Sequence Ae c and:an eqpicqntinuous seduence‘:

- {a'} ® in' E' - such that foraeaeh ‘x in .E }

n . . AL f , . A o
. n-'—'l ) - v o S . ) 2 ' '
;: ) . l" . - o l‘ . . ’ i oo
- Cro T opr 2 sw gl e SN )
- . o n ‘ : :
) . , : . | . y e B ) . \
' : ' - - ’
v .‘\" " . ?

'

A\

- iwng et



: PROOF N N
" Necessity: Letting U = p'll[o, 1]], since act there is a
Ve&U "‘: C U, and ‘Kg :'EV,+'EU is precompact. By 4.3, .
. its transpose . . s .
-0 ’ - . : 4
‘ 1‘?0 1 Ev (UOJ' B ) isa compact mapping, “So
: e 3 Syl . ~ to o e S
L i ) i .

° is a pfécompacp set-in the Banach space E'(VOJ. By %.17 there is

C ... null sequence_'{ﬁn} ® intE' (V%) such that U® “is contained in its

: ‘ n=1 C o~ : .
élosgd hbsolutely,convex hull in the~formlgiven by this result. ,

, g If ,p'O is the norm on E'(V?) with élosed unit’ ball Vo, set
\ . v . . . . , - : '
n o 1 . oo : = oh
! a = B__TF—Tbn 1f‘ hn # 0, and a p 0,. if. bn = 0. For ggch. n,
o' n : - . . .
'
8 AMi=p (b)), ) ) o » .
{ n VO n ‘ . . ' - . . \
Because {b }-w is.a nuil sequence, p (b“)'+ 0, hence
noo S S eom o .
A= {A;}} € c. Als:o. for each - n, either.p o(gn) =0 9'1-p 0(an) = 1;
: . .n=1 . : % v ’ .
' so that each a_ &€ Vv°. so {an}‘uo is an equicontinuous sequence...
. : ' n::l . L '

set-

Now  p(x) = inf {A:x € AU} '= sup {£(X):f & u°3. _Because any sequence :

. ) ‘ Lo S o
. convergent in E'(Yo) .is weakly convergent in E', it.can easily be ."
i ‘ .. ' s o
{ . seen -that * c e

co T L pe e sip e, bl = swp ol 9k a3l

.‘ . . . o ) ) . n - ‘ n " n ) n” e . .

i+

T L . e,
' ', ‘which is not larger than some précompact semi-norm at each point, isya’
¢ - . . e - * C, . . . R
R _precompact semi-norm. So, we nebd only show that
| i . . ., , . ; o o ,
! p(x) = s%p;JAn | <x, an>|' is 'a precompact semi-norm
R . ; © A P .
B ] . . - ) " . 5,"
. . on E[r],.‘. ~ : w oo
- N B * . . [y 4
:' ., .
. 1] [l ’((') 9'
- v ' e . ‘ ' ’ 7 ! !
. N ’\"
¢ * ' . !
e : ' ' \
- ~ . X ha ,

. 'Sufficiéncy: It is clear that any semi-normon.a locally convex space,.




e ' [--]
JBecause {a_}
N y n =
and since A S‘Co" P

So, by .properties of

‘Define a linear

. P

a continuous” function
a,'neighbofxrhood U o
each " x € U, because

. exists do such that

]llf(xa)He; <€ for aza. ‘So 'P(xj > 0;" so P is continuous, >

is an- equlcontmuous set, it is weakly. hounded in E'
is a well defmed p051t1ve real-valued f'unctmn on’ E

the s.upremum it is a semi-norm. - -
e . i : )

<
'

function

tE> 2° t:y' x b {<x, 8>} 20 We claim 'thzit P is
: : n=l -’
. Let a net X, 0 .in" .E. .For e > 0, there is
£ 0 in E with |<x, a >l < € for each’ n and for
- . .

of ‘the, equ1contmu1ty of {an} " Because there
. . 1 . . ,.
for « > a5, we have x e u, then

-—

Define D, : & - ;0‘ by 6 {6 } 5o {Anﬁn} . ObV1ousl)f‘ Dy

A
well-defined and line

be the unit ball in’

. M a1 n=1 4 .
ar, We show that it is a precompact mapping. Let .

2™, Choose N >0 such that for .n'> N [A'n| '1‘ €/2.

Then, for each s ='{sn}- E S, IA J ] < gf2 fo':p n> N,

"+ Restricting o,

it is equivalent to a mapping !
oY 192 % c ¥ defined by T
X N / ,
N7 _ . o . ®
8 -{6 } s {wn-. W, o= Andn if 'n i N: W= 0 if- m> N} BN
n= J: R i - . n=l

D, is linear, and hence.continuous betause &, is a finite-dimensional

A
normed .space. 'Resi.:i'i

we g'et the clos'ed unir;' ball §

Gonsequently Dr; [S&]

. : ‘i oNC
F of .co with. D [SN].CF + S

g in O 1t 1seds

precompact mapplng

4
&

n=1 . . S
to the first ‘N co-ordinates of each member of Lm,
¢

. . ' o

N

cting each point of S to its~first N 'co-ordinaités',-

y °of '9.;-, which is precompact 1n R’N

is precompact “in C . So there is a f1n1te subset

e/2 -

where ‘SG is the close‘d,‘ba-ll’ of 'radiu's'_,

ily shown that D [S] CF+ Sce 0 ;f.éo‘ Dy is a

- . v * ) - -

. '
. - ; !
y - e
R a
.

¥

[
LIS A SRy
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3

88.

. . . [\

‘Define’ a linear map LERN [E]].—r Eq by b, (P(x))‘ - k~.(x).
D, (pcx)-).= D, (P(y)) - ‘then D,(P(x - y)) =0, . X<x -7, a >=0 S
‘,‘for each n So.p(x ~y) = 0 - hence K (x - y) 0. Consequently the

- map Q is well-defined, Since the mapplng Q 1s a norm- 1somorph15m, 1t
A P . - ‘ : W ’ . - l .. ; .r . ., . . . ] . R
’ is’ continuous, : ) : . N 2 o . A
R - . N t . . . .
- . . . . s oo . . . . ~‘ ‘- ) . .'. ." N ‘. . . .', . . ‘
Because DA S cg 1sa precompact mapping, so is the restriction . v
° . : A e o T

b' % P[E] » Dy [P[E]] Aléo, P E#.P[E]’ is continuoue.. As.:;_. 'ree'uit,'

! <

p = QD P P Eoo Ep 15 a. precompact mappmg. . S0’ p -is. a"prec_ompaét- ,
~.‘- sem1 norm on Eft}l. #, v o . e L : ;
o ' _ . .- c N . v . ._.. s L . . L){

- . - v . ' . 13 . . .-

“The n'exi: corgllary gives a characterization of precompact semi-norms’
S , R - . . - .. )

~in.terms of . locally convergent,sequences." - .. ' ) '

- - . a . “ . * .
. . - R i . P . -
‘ N . - ’ . - . L

4 19 - %?ROLLARY A semi-norm p on a: locally convex space “E 'r] is precompact

S

’ if and only 1f there 1s a sequence {fn} m locally convergent to 0 inm

R . n=l
/\ E', su,ch, ‘that the inéquality '

»

- .

[4 : !
. L . .

'p'(x) < s'up |<x, £ >| . holds foi all xe E.. ‘u
' ¢ ARER ' _' ! .

e ﬁROOF-, The necessxty as* we11 as the suff1c1ency follons ea51ly us:mg zhe S o
P . Y . . . . _«. L . ) .
tools in the proof of theorem 4, 18 Cdf e Ty e T e ey S

N . As An 1mmed1ate consequenqe of 4. 11 and 4. 18 we have the followmg aab i
' theorem. _ P o . :. S 5
4,20 THEOREM A loca.lly convex space E['r] is a- Schwartz space 1f and only R
. 1f for each éont:muous semi~ norm p on E, there 15 a sequence ,2\;6’ co-,_ o !

and an. equ1cont1nuous seq‘uence '{an} " in E* such that, for each. x, in . v w

, ¢, M=, o R
. E .’ ) ) . R , . . h:‘ . "_": v, . " r

B (x). < sup [Aﬂl [<x, ar;>| # o .

) - / ’ R ' \" ¥ 4
- - "’ , . ! ' . . ‘

) [} ¥ ] .l

] . it
A . g ¢ ]
' - 'I! + - ty :



R <L St - . . R
«% ' The néxt result will be useful when we’ cénsider (DF)-spaces. We need a
“definition similar to the notion of a.fundamental sequence of bounded |

f

sets, . . . . : Lo . "

2 S
: . . . -, N .
“ .. . L. . Lo Iy ) I

' - .

o 4. 21 DEFINITION ; A 1ocally .convex space E['r] has a f'undamental sequence

IS

of precompact sets, 1f there is a sequence {-B } of precompact sets of
R -».'.;-E[T']' such.that. BnL'Bﬁ,e-l
in- E,__\we have BcC Bn Ffor som'eg‘osit_ive integer n.  #

. Lo . o . . .
PR - c. o . . e N . *-

- B, "
*

for .q =1, 2, carey and 1f B is. precompact ,

- - B w

4 22 THEOREM If a locally convex space E[-c] has a fundamental sequenc‘e

3 ™ . »o

: of preeompactysets -and 1f every Te (E) -convergent sequence in E‘ is .

'1oca11y. <:onve1jgent-,‘ \then l_E. is a Schwartz space. LT

y . ; PR o ; ]
o * PROOF Because -r (E) and T, (E) comclde on rrequlcontmuous subsets R

.2 " .\.L

d.

} o Bj:' hypothe51s ,,_r (E) 1s metrlzable, so hy theorem 4 17 wé can- fmd a :

,'s_eqt)ence {f} cE such that f -> o 1n T (E) and every‘ element
e'f 'i}‘u" can ‘ben;iittaen ‘.,a;- ‘ E . anfn  for some scalar sequence {a | S

N w_ith Z Ia |‘< 1. Agalln rl;)—flh)q::ot}{esz.s, we can flnd a T-nelghbeurhgcé :

a AN v‘

L. V of. 0 1n E such that V&' U and” f +0 in the norméd space.«d

\~ Y E' (V). By 4, 17 u° is precompact in’ E'(V ), dnd 51nce UQ' is closed -
‘ ‘ ] . . * . »- \.
_ '3 - iny ‘E'(V )“: a Banach space,- ,Uo 15 compact./By 4. 14, the résult .

. \fOllOWS. 'R o T W o AR ” .
’ e " ‘: :
E ° . v . e - ’ T, R e

, o 4.23 THEOREN  1f .'E['E] 'is a’ Schwartz space and, U € U(E), 'then E, is’

'
. . ’ .. . o
' . N .. N 7 . \
. . = . . lr . .
s . - . . . . t il ot . .t
. . . , K

‘ separable. ;
M - .t

. (O .' X
P ‘PROOF : Let s" be the close,d unit ba’ll of By where v e-U(B),, , v, C U
C- “= . and the mapplng Kx . is precompact,. \ _ , S, ‘, R

.(.;'.‘- ‘ . - ’ ' ' “ \ ._ - : -A.' ’ :"'.l. o ¥ .'. L

»
\
K

L,
[
®

.

,of E' . 1f U ‘ig’ a r-nelghbourhood of 0 1n E 'U(?. 15 T (E) compact.. ,

o ..'L'/“'..'.



o

* has rat‘ional_r~eal and irﬂagiqax’y -'parts)}'.then "Yn is‘countablg.' i--’Lt ca'n'be

separable., “# .. . . o : ST

. 4.24 COROLLARY Evérj"metrjszablé ‘Schwartz space is separable.:

=3

/ v > \ ‘ . A 3 90.‘
. A VoL ' ' ¢ .
. . A . . . . v. N o
Then EU U lﬂ, (n S) = U n l&, (S) Because v'(S.)e is ‘pre:c-ornpa‘ct 3 |
. KU Rt ’ .
. . 1 K
KU (S) ‘is contalned in the-qloSed absolutely convex hull of some null
L I ' . . °

"sgquence {x} - in E . : L

. Let xn.='U {ﬂxm} for m = 1, 2,°...; then 'X_~n :=anxl and

TRy = XL sines K (9) €O n'K )€ T £ s0 - -

—
=]
Y

. o - oo - .- 'f'..‘:.__ e ' o s, e . ) ’: -
EU = u r ]’: = ‘I‘ X . ) ) " ' ., ’ . ;'
=1 n=1 ": - - ' ' T Lo

. \ . . ) . o« . i . .’ ) ) . ", . .
'_ Sinte each. ’Xﬁ-_ is a countable set, U X is a countable set and . .-

n
- . TR n=1 " A ..
E, = IX. X can be written-.as the set X.= { ¥i» yz, s da et v oo

-2 L L C
Y ‘ Y. [@+| < 1 | yhere each’ «, is ratmnal (1f K ~c o : '
n‘ e 1 11 1 —,— - T . :. 1. . : s

i}
-
~1
o
~
~

shown that ™XE V‘:':U Y; ; consequently 'EU =Y 7 and thus E is . e
. e "' T . . Lo . '

z

N I .. : : g .

.One obtains the_fdlléwing'_result. B St SRS

- . o

PROOF Le’t' the"éequenc’:e {U l 'be_a bas'is of hbsblutel){ convex, closed
‘. n..l RN ., s " . ln i . ..”
-nelghbourhoods of * 0 in a metrizable Schwartz space 'E[j]j . such that :

{ .

n n_  nl "0 .7.-— o -pn noo . e

O '. ‘.‘ ' “. . . ) E o . ,"o.
E et

>

" By the previous r'ésqlt,_' there. exists for éach .n a $e'quen'ce.of peints ?
. K - ‘-. . . ' - . f. - ,. . .," . B ! ’ o .
of B, {x 1", .such that the sequence S T o
S mEl : . ‘ S :
oo .. ' . . : [y =, .
xAm)no} ~ -is’ dense in E, =_En. . : ;
=1 C - : , M
. 0 . '
. 4 . v,
. ” h ' Y R
£ s -"’.:
- N e

U e u 3 for n > 2;- let K- =K ;uand~for each. xg§E.let” - .+ 7

«

Y
PN SN

-

‘

et e e e
B T T g T n g AT
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L™, osd - I /‘

_‘hypotheses of 4,4 and 4 6 L

s, 25 THEOREM(f e : S EE

» > . . 91,
’ ) & . Lt o= s R ' L ) .‘ N ; .
, it X=\ U {x 13, X i%ya dountable subset of E. Let x& Ef
'}. “w - n=1 m=1 o “} - ! g ) ' '
) : e . _ A . ~ - - PO N >,
theﬁ forieach n,, KP+1[X + Un+1] = Xnpe1 t En+1[Un+1]’ and o |
~:Fxn+l ¥ n+1 [UP+1])" K’+1[X] # ¢ - : f ' DI ' "...=--
" hence X tu -y =~t for iome u € Un+1’ y & X. and u € i\% AUn+i’
consequently, X - Y. €. U ¥ "Un£1 cvu . Véo,, (x + U )(\ X # 6. We have
X  is.a countable dense subset of - E[T] i B ) - o

wn

-
N

‘14." Heréditaw properties of.Schwartz spaces . .
b ' M . i T ° - s
A [

'rIn'this section, .the hereditaq;broperties'of.SchWartz spaces are examined. -

v

* * . ‘. . G N s " ' e
It is proved'that linear subspaces, topological products, and quotient spaces

by closed 11near subspaces of Schwartz spaces are agaln Schwartz spaces.‘ 1f

-

thefﬂ is’ a dense Schwartz subspace of a locally convex space, the orlgihal

spacc 1s shown .to be Schwartz. Fréchet- Schwartz spaces are deflned, and '*.,'

°

condltlons are given under whldh a locally convex space satlsfles the o 2

. .
<

a) A subspace M of a Schwartz space . E[r] is.a Schwartz-space.z

. o
3 P

b) Let ~{Ea} By Be a'faﬁity of S¢hwartz spaces. Then the-topoloéical

- " a€d - . - o
product 1l "E .gis a Schwartz space, .

¢) Let E[r] be a locaily convex®gpace. If M is a dense Schwartz

[

: fsubSpace of. E[r], then E[r] 15 a Schwartz space.

% "-.
'. L]

«PROOF Let ‘U-be. an absolutely convex closed nelghbourhood of 0 in M

I3 -
e

s

of part (a) ‘ Then there exists an. absolutely convex closed nelghbourhood

U1 of 0- in E{T] w1th U, N MCU. Let V " be a nelghbourhood of 0

a ‘:l a

‘:.in “E[r] whlch is covered by flnltely many translates of* aU " for ‘each’

' b

[

L



) 5 O.'.‘Taifce vz V h M. Given 0> 0, ¢ there is a f1n1te famlly ‘
C E “such that vlc, u (x, + 95 U ) Let H “be’the’ set of mdlces

1
i=l )
,"1 < i <n w1th (x‘i = U )n M 94 ¢ Then for i é H. choose ’ _
Y é (x + — U ) n M. Consequently VC. U (v, . uU) So property.(e) is. ™~
. i . leH . . ) ) B
proved T - L .

a .

Let U be an absolutely convex closed nelghbourhood of 0 ii\

E = II E . Then there is a fm:.te- subset H 4 A “and -an absolutely convex
© o aed L ..
. closed nelghbourhood U of 0 Cin .Ea for each @€ A4, such that -

U = 'E\ for o ¢ H and U <. For each o & H choose a’neighbour-
* @ . ded ' e ST . o
hood V of 0 _in Ed’ such that for every 6> 0, v, is covered by -
‘ fmltely many translates of € U;?\;For a ¢ H, ¢hoose Va"e'Ea-. 'Define .
V = H v : . ) ' . ) ¢ ‘ -. . x
atd ¢ . AT . o BT Co
'Given £ ».0, for every 'a.€ll, there exists a finite family

T {x k}n () ~of Eoints in "E s §Uch that
) Lt
V < \jl L+ el ) Denote by {y 1 ,e the famlly of
S ' i j-'l ,
pornt;s y.j = {yJa}d&A of .E, where for a. G H, .y:l equals some X .
1<% <n(a). and Yia= 0 for . fH Then V& U 0y + cU). Hences

E is 'a' Schwartz space, ,

Let U be an absolutely convex clbsed ne1ghbourhoog of 0 in the .

locally convex space- E['r] Then Un M ,is an. absolutely convex closed

nerghbourhood of 0 1‘-‘, M. So there ex1sts Vi nelghbourhood of 0 in -

a

M, which for everyf o > 0, 'is covered by f1n1te1y many translates of

a(U'on'M)».‘_ Hence, for ’q > 0, we have a finite family:” {x yM e M
T T o : - i=1 .
" such that A -
R . . j ‘ . ' n . L . . : ) . ) . i .’, . ) . ( .

- € - .V1 C ¥1 (xi .+ a(U n _M)). . Set.ting v =-V} ,the'c'{osure ‘
.. ¢ = R A‘ \ ' .. . '_‘.- . .. ] -

LR o

e 7
v

T Ty



- /Then the quotlent space E/M [r ] is a Schwartz space. B

- ¢ - : . . . :
- 4.28 - THEOREM ~ Let E[T] be a Schwartz space and M.a closed subspace. B wal e

- absolutely convex closed ne;ghbodrhood'bf 0 in. Efr].,~dhoqse3a neighbourf

ot o : ‘ ! 93. . ..
. ) N k
of - Yl in ,E[T],‘ \’C \J (x * aU), 51nce the latter is a closed set.' .
: i=1 .
Because V 1s‘ a n,e1ghbourhood of, 0 in- E[-;],A .E[T] 1s .a Schwartz
space., - # < R p .. oo e

f
LY

4.26 , DEFINITTON A ldcally coﬁrex'sPace, Efr] .is called a Frechet—Schwa?tz

H

';space (an (FS) space) 1f it is both an (F) space and a, Schwartz space. #;

. T
-

Because 1nfrnbarrelled and qUa51 complete Schwartz spaces are (M) spaces, -

ot

PR

we have the follow1ng corollary.

‘ . . . o L. -
4,27 CDROLL_ARY [ Every' (FS)-space is an (FM)-space. — # .~
.A‘ . 'y . . ". , .‘, ﬂ.' o -, - ‘ N . .

We' now show that the,class‘of"Séhwartz'spahes l54closedﬁunder,taking, e
quotient‘spaces by.closedjlinear.subspaces.. o .

B . P

’ ’ I -' . ' Il‘ o - ' Iy' ""-'
© As a coﬁsehuence of this;-if":E[t], is an {FS)—space}t E/M'[fdl is /
an (F8)-space. . L S L R S d

-

-‘\. ) Lo - ’

PROOF  Let U be an absolutely convex, closed ne1ghbourhood of 07 'in E/M;. BRI

Then if K, E + E/M 1s the canonlcal surJectlon; K. [ﬁ] = U is an -

hood V +of 0 An " Efx] which'satlbfies the definition of 'a SEhwartz o
space. Let V= K[Y]k L ‘." ) . R PR 5o f" ‘ -
[ . N . n, o ’

If a > 0, there is a f1n1te -Set {xl} - & E with 'V ¥} (x; + aUj.

.o 1-1 . A .o i=l, K ! )

Then settlng K(x ) =x, 1 f_i <, -we have T

- - . 4 . ]
‘.

.' n . .o M 1
L ' ~ A . : " « e o N 7
SRS ve V (x; + al). So E/M [rq] is a Schwartz space.

ol ) _‘ ‘1_1 EE B . ) ', "-. " \q‘

1

The consequenqe,fdlldWS'from HORVATH [9; Ch. 2,” Th. 9.2].  #

v



In Chapter 11 we gave ‘an example of a quotlent space of an (FM) space,f

a

)

by a closed subspace, yhlch.was not an” (M) -space. ,As a conseqpence of the °
M . N - . o, L ’ L + “‘ _“ ) ‘> . P . - - ne
" \-previbus thecorem, not every. (FM)-Space is a Sghwartz space., .’ .

o
. ”

' We now show‘(FS)-spaces_shtisfy the. conditions of 4.4 and 4.6.

'4:29 'THEOREM . "Let "E[r] be an (FS)-space and'.MC E "be a closed subspaces;

“ N . B . . e,
" Then - : . © > SR Tt S
F] . - . P E
. . : : . . _
)

»
]

a) ffhe'strong topslogy on Ef/ML, . i.e. Tb(M),' c01nc1des w1th the .

quotient topology Tb[E)q} on’ E‘/ML - ‘ “.ﬂ f;v’n )

¢ ! Tp B g o T . Co
; ' a ., ' . e h ‘ : 1/' - ; Co- * o ! . _:/’”

b}_ the strong topology on .E',' Tb(E);-:relatiined'to"MLp coincides )

AL
' .

-~ with the strong topo;ogy'_rb(E/M).

e.

Y
+ e et

» . i " ,.’-
g PROOF" Because E[r] 1s an (M)vspace result (a)rfollows from 4 6 slnce_ ST

< . . ‘ ‘e N

(M) - spaces are refleﬁ1ve. C L

Lo ..
,; if' B 1s bounded in E/M [1 ],, then its clozzz ’&goldtely convex hulli

Ve ds compact. By 4, 28 ﬁ/M[rq]' is- an. (F) space, so by 4. 7 thereé exists

- H.CE which»ls_absolutely'convex and compact, such‘that K[H] =' :‘;By
L . o s . . . . .
474, resalt’ (b) follows. . ,# S g .

M
"

. ‘. N ’ . ' . l’. I3 - [] - 3 . . 0
The next result is useful 'in' considering strict inductive limits of

- seqhences.' o ; - . -“‘? ) “
. o LT 4 . L e : : B o
4 30 THEOREM Let~ E be a vector space and let {ﬁ } be a sequence

i . . nGlN
of 11near subspaces of E' such. that E' c E i' for all n elN . and

\J E Suppose each E A'1s equlpped Wlth a 1ocally convex topology(ﬁ
_ ngW’ . **pa,
. rﬁ- for.whlch En[r_n . 1s a Schwartz space. . Suppose, further, that

T
for. ea'chf ne it/

N

+1 n+1‘

tnfl' n =Ty and El 'is closed;1n,,E for T

i Let T be the f1nest locally convex topology (not necessarlly Hausdorffj :

v

for whrch the 1nJect10ns I Ep = E._are bontanQQS. Then E[r]“ is a f

R

—hel B

! G S s



- .. e N ;
. [ ) | : *
. \ , . - A N ) 95.
o 1 -, . ,:- N
he 1 k) . .
S ° ~N ! €
S . R ‘- * . \ " e .
Schwartz space'. . A ‘ o . e
ca . e : : . v s . N )

" PROOF, By ‘95 Ch. 32, cor. 1 of Th. 12.1], T _is Haugdor£F, -

v

1s the strict 1nduct1ve limlt of the’ spaces {E [r ]}

1

‘ Lg;cn.-z, _Th. 12.11,- ,'r[’En.?' T for- ea.ch n ud

.If" B¢ E[r] iS'.Bnunded, thén:i:y the Dieudonné-Schwartz %edfém e
[9;‘ Ch., 2 Th. 12 2], B c‘En' for some ‘n,' and ' is rn-Bdunded ‘there.
','SJ.n,ce E [T, ] is a Schwartz space, B, is -rn'-pre’c'ompaclit; consequently ‘B‘ \‘

' 1s precompact in- E[-r]

Let . U be an absolutely convex ‘closed nelgl}bourhood of 0 in E[r]
Then i) '; [U] = U n E :is an abso-lutely ‘.convex_clos.ed~ne1ghbourhood.
of 0 int E [T i lete Vn be a ngignboprhood “o‘f' g in an[;fn']y .\;vith.

v'nc. Un', :and Vn satisfying the second condition of 4.12.: ‘I_letb_ L

V= T - 3; ~-V_. " Then .V 'is a neighbourhood of . "0 in. E[7] ssince -
Van E'~3 v is a neighbourhood of ‘b in E_[r. ] "for_each n '
n " r}... . . . . - no . . RN
. Let a > 0. Then'we: have L Do 1
SRR 2L V. Cal €alll for ..° m> 1/a ..
. .o ' L. mon n T :
- . - - 3 , ' E ' S et
For 1<mn¢>. let A. be bounded in_ ¢ J(r,] such ‘that_‘ : - ®

\}dc An + aUn. Let A be the absolutely convex hull of the umon of

thé.setls"pcn_,. len's 1/, and A= (0}, i€ no n £ l/u. _ '. .

« - k]

s.*  Thén A lS bounded in. E['r] and —%—vnc A+uU for nell\}

B . . MR L
’

“ ' Since “A'+.aU .;is absolutely convex, V( A+ al, | #



. Schwartz or co- Schwartz. " e \

',(I‘) spaces whlch are Schwartz or* co- Schwartz and (DT) spaces,'.whlch- are .
. : 4

“. . -  CO-SCHWARTZ AND- UNIVERSAL SCHWAhTZ'S?ACES

'3’: . LN s ‘_‘ L ‘.. ] : " " .« : .' e \

In thJ.s chapter we’ 1ntroduce the’ class of co- Schwalrtz spaces as a sort
. .

of dual to the 51tuat1on of Schwartz spaces. As 1n Schwartz spaces 1t is . . ) .
P ,( . K .. P . \/ .

"'shown that ~bounded sets are p,recompact We then examlne ‘the classes of

- .- . s

s ’ ‘ L o '
‘ ' s
In [5] It was announced that there ex1sts a/"uiuversal" Schwartz space

e

"E, meanlng'that every Schwartz space can beJLobtalned as a subspace of some

'power of E but. no concrete example wa,

Y]

\ “y )
a) An (F) space Wthh ‘is’‘a co Schwartz space is called an(FcS) space A

ava:,lable. In.—thlsia chapter, .

(I .- »

. ‘concrete.examples of'three such 1v rsal Schwartz spaées are exh1b1ted

“’n"arne,l)"' Co’ 9.?, and C[O 1]4‘ ce'rtaaln topologles. Th1 *result Wis dae :
to RANDTKE [15]." Ry S Ry .

. - - . . vy , N
)5‘ "Co-Schwartz 'spaces and "t:hei'i" appl.ica'tli"ons:" to .([")FJ-s.pace’s"'-:A/.

Flrst we gqve the def1n1t10n of .co Schwartz spacesﬂglven by TERZIOELU ‘
ug] . f;“'..' TR ' . .
f': c T T e T .-.“:-: 'afi' '

;5.1 DEFINITION A locally convex space El1] is a co-Schwarv.ta. space if
for,every A€ B(E), there ex15ts another set Bé B(E) ."§u'ch that A C'B '
“and _the .1nje_ct'10n . I.g K E(_A) +.E(B) ‘is precomp.ac.:t'.. a ! o
5.2 DEF.IILJIT.ION L ’:‘.‘. A R .;.'.’ o

-b) LA (DF)-—space Wthh ].S also a- Schwartz space i3 called a (DFS)-apace. |

.
3

c) A‘ (DF)—space' Wthh J.s a co—Schwartz space is-called. a (DFcS) -space. ‘.‘-#'5

\

We now g1ve a Just1f1cat1on for ,the nomenclature of a co- Schwartz space.

BT ‘L v T
L g e
P ) ) N

. . .

¥

P Lt S
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'only 1f 1ts strong dual E' [—rb(E)] 1s aﬁchwartz space

"and s parabié -

'PROQF.  If A'CE is r—oounded then A€ B

' th';ée exists,” B

et
.
h
t

) ——
»

5. 3 THEOREM - A+ locally com)ex space [:[T] 1s a co- Schwartz space 1f and

S B ' . .
PROOF . TheA s"ets "A® where’ A e B(E) ‘féTm a ba515 of closed absolutely

. convex nelghbounhoods of 0. .for E'[rb(E)] For any A GB(E), there

'-ex1sts B&’—_’g};) w1th ACB _and IA‘~ precompact - By 4.3'he transpoSe_

o B

of IB " is compact, hence kB(') s i;he restrlctl_on of t'h,e transpOSe to

A . ’ . - L % T - [

§i 0. s pr;ecom‘pac't.» By 4.11 .E' [TB(E')]' . isa ’Sch\bartz' space,. - - .
WL BT ' o

‘/' If E [_rb(E)]- 15 d Schwartz space then for every bolmded A [ B(E),

-w

. there exi's.t_-s :boimdec_l ~'B & B(E). rsuch that A C B' and the’ mapplng o

R0 . T :
KB 't B' o+ E‘O s prec‘6_mp‘act.- So the restrlctlon of the transpose of -—

~0.

B SO SO ¥ S - e

«

- N . . - ' . . . i N : , S
o . . * . v 4 B

N i S A s o , . .
.KB to E(A), which 1s the injection I - -, 1s also precompact, Hence

v s .

,.E['r] is, a eo Schwartz space A

N
) 1

The next lemma W111 be needed in show:mg that every (DFcS) space is B
.

‘:mfrab rrell ed

5.4 LEMMA  Every ‘bounded sul;sét' of a co—‘schnartz spa,ce' E[r] * is precompact -

1 .fior .some.‘ E“é B(E).: So

€. B(EY - such that B and hence-'- 'A 15‘,3 precompact

2. 1.
subset of the normed space E(Bz) "By a method s:Lmllar to. the proof of

T 4,23 1t can be shown A is a_ subset of some separable subset of the normed

space E(B ) Smce a metrlzable topolog1ca1 space J.s separable 1f and

“4

only if it has a countable ba515 of open sets, A is Separable as a subspace

R -

of E(B ). Because the 1nJect10n E(B J+ E['r] 15_, contlnuous, lAl‘f_is .
also separable and precompact in the space E[r] -

o . N . R To.
L N Lo A . . ' - b
" .\ [ . . N . . B . -

T e van e

e

el e



e

”

-bpunded. subs"et of E

B N\ AU |
. of absolutely c0nvex closed nelghbourhoods of 0

closed bounded and absolutely convex 1n

L E(B),-

i

~PROOF

's 6 COROLLARY

'

We - now apply the- theory of Schwart!

(DF) -spaces. Flrst ‘we give a condlt

5,5 THEOREM An (F) space E[T] is

"is precompact

The neceSsity waS’, pro{fed in-S
A€ B(Ey.” By assumptlon and 4. l7

such that every element of A can. be

o . (P . n—-l
of scalars‘ with .J
cnal 0T e pEL

J-‘

*
saquence '{an}
T S S S
L‘et C= I {xn}'.,' Then € 151
each integer n >.1," chdose A2 -n

4

n=1

I

It can. ea511y be shown that if

nerned space E(B), then pB(x ) -

E(B). is a Banach 4spa'c‘e": . B.y.{4.l'7

[

and Ac B, h

(_As a;l immediate’ corollary\-we.-hai\'r{

v
¢

An (F)-space is an (
(FM) space. Y /

|

!

ion.

j . o
. ’ . i V2 )

a

!

J
there eX1st’s,a null sequence {x }

1 \ * - c s
l
such that

(whére we have taken the sequence

L
0
o -
is. sequentially complete- as e_subspaqe of E[T]
P ‘ . \ A{ .

50’ .E["c]__'.‘"ls' .ar_l (tiS)-—,space. '
- ‘.\),' vt_,l':. T . .

o
A .
‘

and CO'-S'chwarti spaces to (F)- and

for an (F)-’sbece to be.co-Schwartz. -

=
. 4

n (FcS)-space if and only i every.-

\J‘". ‘, g . ‘
Lo e L i

L

4 so We, prove the suffxmexlcy. 'Let

0 n:]_

written as | a. n¥o for_some

ol £ 10

an absolutely convex bounded set For'

)\ .
CC—-—-U “Let

T,

"to be a basrs

{U } .
n-1

;'n E{<])." Then‘ B s

[ ‘

B[]

!pB is.the norm associated with the

e .

. Since E[t] 'is an (‘F)'-:épalce,. .B -

LT
"so by [13; 20, 11.(2)],

is precompact 1n the Banach space

e ‘the t;ol‘louing." .

FcSj-space if and'only if it.is'an’ -

By’ [13, 27 2. (5)] eVery (FM) s

(I‘cS) space is separable. We proved

separable In the prev1ous sectlon,
‘:“k:" [ . . - Ce ok
T osedk : ¥
BN

pace is separable, so by S 6, eVery

1n 4 24 that every (FS) space is..

.

we, noted the exlstence of an (FM)-—\ o
L . C

|

S e ) -

98.

. #-.' . .‘4 ' -... .'.. . ‘. , - “‘

N o, - . . .
. a LT e . . .

. . 7 : . ° ’ * " T
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"space which is not a Schwértz spaée. Consequentt!y, not every (TcS] sp'lce LN
© is an ."(FS)-space But .as aqother c’0rollary ‘to 5. 5, We have the next result.

u

5.7 COROLLARY 'Every'(FS)—space' ify an éFéS)-spa"ce.-

i
! -

S .‘Z ‘ “iWe now study the dual s1tuat10n of (Dl‘) spaces. S1nce a (DF)- space. has

L

" a fundamental sequence of boundcd sets, we have the- followmg rcsult whlch

CN LI

- .

' comes from 5.4.
$. separable and hencé*g&nfrabarrelled o

\ . 5.8 l‘llEOREM Every (DI‘cS) space i

\ ) . . & . .
’ The next result deals” mth the topology of a (DFS) spacc R R .
) ’ . : ) s¥ | . ) LI

'5~.9 'LEI.\NA' ‘\If ~E['T] is a (DFS) space, then the topology r " of I; is‘, AT

It A

e

‘ " the topology of un1form convergence on the relat1vely (E)] compact subsets
R of L" , IR o S N .
. \‘ . '.“. .. \\".‘ p ‘i . ‘ ’, . : '
equ1cont1nuou5 and relatlvely TB(E)- '

Bl ’
.

\ PROOF We show that the classes of i

cp1nc~1de,.m Since the bounded and precompact -subsets

'-

\compact subsets of Ef

\Of L coincidc- thc’topologies Tb.(E)- and 'r (E) c01nc1de On T-equl—.
. hontmuous subscts of E", T (E) «and T (E) co1nc1de' CQnsequently every

<

'cqu1cont1nu0us subsct of E' Ci's telatwcly b(E) compact o f‘. ; .
o \ “Convers'el‘}' if A is- a rclatlv.\.y compact subset of the (F) space -

‘ . - Py '
. v

e E' [Tb(E)], thcre QXIStS a null scquem{q {f 37 < EY such ~that -A 15 L
.. ' i ’ n-l : . Yy . [
‘;- ' contamed 1n the 'r (E) closed absolhtely convcx hull c__;f\the sequence Slnce

s equ1cont1nuous hecause ¥t is

E[T] is a (Dl")vspacc,' thc sequencc (fn}
';1 B . ) i; “"

. : ) stro'hgf)?ﬁboundcd i Wc -can f1nd a nelghbourhood U, of 0 in E["c] _ w1th e
e 'i N
.- - °{fn} Y l] wh1‘ch is (E) closed nnd absolutely con\fex. .’l‘h\en Ac U .
- '... . n"l v e : , . . : N 2 R RPERELIE .
' nnd the proof 1s complette LR LT e
L . . o Ty S 1
T . . vt ! - ) . O o ¢ . . * . ’ 17. A . .
g . ! ,wé now_ hav'ef 'the "f61l0Wihg rgsulv about strorg duals of (DFS)~5pacés.-
) . : . - o v i s e : . . o” PR
. ; . . o - T t ' v R -
Lo ah g | L o * n ! e U Ko "
! N . . X ‘ ‘. '” e .‘ L * J - o

! o\ . I : . - . . ..

L " . . .
- . . g F



" then ._E'ITJ‘- is a. -(-DFS)-‘-spa’ce.; ‘

.5.13 THE_on_EM_.'- A (DFM)<spacé  E[t] is a (DFS)=space. . -

.- A i - i L L - . . T

©5.10 THEOREM The strong dual of a (DP‘§)-$pace E[’T:] is'aﬁn (FM) - space. .

-
2

g P'ROOF We have proved in chapter II thé;‘. 'E? [T (}:)] is.an (F)-‘s'pace so

" we need on.ly show’ ove‘ry b(E) bounded set 1s relatlvely 'rb(E) compact.

' ;l, .
Th1s is- cqu1va1ent to showmg chry closed and bounded subset A of

L' [T (E)] is compact Slnce the top010gy Ty (E) restrlcted to A 15

metr1zable,_wc need only show that every ‘sequencc 1n A has a convergent

-

subsequence Thls 1s’ sat15f1ed by showmg every strongly bounded sequence

—

of E' has a convcrgent subsequencc. 'I‘hls is easy Since by 5.9 evgy

. A 4 v ‘ :
st_rongly bounded scquencc ‘15 equ1contznuous, .and,gconsequently, relatlve_ly )
e,b°(E):7compact:. o " .

. If."i;'[r'] is. a (DFS) space every strongly bounded subset of E' is

' relaetiv\cly b(E) compact by 5 10 and by 5 9 15 equ1cont1nuous. ‘_ As”fol'j

(DI‘cS) -spaces, we havc the next result. . A ) ’ e
. 511 THEOREM R Eyelfy,'(DFS)-.spa’c'é“is'i'n'frabé'r';'eued, o
. Co ' “! . e, . . . oot i o . P \'

«

h]

e '
3.

"PRC-O‘I'? By assumptlon we have 't (.E] =T (E), consequently, every LT (E)-

convergent sequence is’ locally convergent By theorem 4 22‘ "E[T] .1s a-
T _,‘ e .. T . e , )
Schwartz space # N LT T S <L T o
:' ’ . * ) ' " ' :'. ’ ’ - e
’ Using ”tnis leinmd we show that . = > % . 0 T T e

. . -
oo - . »
- ! . . I3 L
- . B \
. ‘ - o :
i t 4 TR N W N -
- ' s Y.
- , . Q. - - ¢ -
“ o - ’
- . o . . D "
- . .
v - ~\k ’ .
v . . .
- 4 1 K °
M B . v
- - v
2 : <t
] v -

' 5. 12° LEMMA 1f 'E[%] 1s a (DF) sPace ev'ery 'boun'd_ed subset of E. is p_1‘*e-'

, »

' c0mpact, and cvery strongly convergent seqﬂence in. EY is~“'10ca11°y“éonverge'rjt,‘ ',"

A ' . . oo
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PROOF . Sincé ) E[Ti- ‘.15 an (M) spacg, the bounded and relatively compact

sets comc;lde thus so do . the bounded and- precompact Sets

Let, un.-r:u" strohgly in E". As in the pt’oof of.S 5, with sl1ght : : ‘ , -
alteratlons, there isa closed absolutcly convex bounded set” B of ' »
£ ['r C(E)] such that pB(u B u)'—* 0 and u 'gmc_l each 'un are a'zll’ 1n B P
Because (M) Spaces' are 1nfrabarrelled g’ is cqt.iicon.t\ihtlou's;.so ﬁc Uo ‘

‘where U 1s some T- nelghbourhood of 0 in E . Iiecaué’.é Be .Uo-,‘. ‘

. . . L. . [ ‘

we have that . ‘. p (u - u). -+ 0.‘- ’He_.nge”on —L u .10(:'%'11.1.)’:; B); lle.mm"a' 512 R
eE[-r 1 15 a (DFS) space. ] ' ' ‘ ' A | \
Let: E[T] be an, (FM) Space wh1ch is not a Schwartz Space : Then . " e !

E'[-r (E)]. 1s a’ (DFS) space by 5.13," observmgethat the strong dual of an ‘ ' - \
(M) - space is an (M) space by [13 27 2. (2)] The strong dual of E' [-r (E)] : i
T is E[-r] because (M) spaces ar'e reflexlve, consequently ‘[‘:' ['r (E)] 1s not ,.“ . ‘
‘a co- Schwartz spacle. '-" T C N R R o . :..r) " i

In contrast we, Tow have a result dual to sta‘temf;nt 5 7 —

v

. . .o .
B 13 . e ’ ot . LR - d
v ' B . Vot \ s .-~ . - PO I . K , " . . . *
o L) . 3 _... B . X - ; L v . )
. » - N * te . v . FAd -
«

5.14 - TAEOREM. A (DFcS)-s,ISage-_ :E['r]” is"_é”(Dst)‘-s_’p'ac;é,":;. O -

PRQOF E'[tb(E)] 1s an (FM) space, The b1dua1 'E"[t-"(E'f)]: is-a (DEM)’ space. L T

By 5.13 the b1dual is a Schwartz SPace . By lemma 5.8, E[m‘j 15 1nfrabarrelled

and, thus is a subspace of the bldual. By theorem 4 25 E[x} ‘15 a Sch-wartz cole

spage. A - ' : S . " '. Cee e ‘,-. ) .t : ':_-_.-'.w_’v ,“ \_

~To contlude the sect1on a cond1t10n is. glven under\whmh (DFS)-. and A ~

Y Z ) X ° - . ..'.‘ . . o L
(DFcS) spac‘e(g/ are (M) - spaces. o R 'f e : S .

»f*

5.15 ‘ 'THEO.REM_-  1£ ':’E [-r]' ‘is a quasi;gori'xpil'éte,~‘(DFS)'-'~spé'cqv' or"g- duasi-_c'thlet,'e'

: . . o 4 . [ A
.o - . . e .l N - . . . . T M Lo - : ‘ . . L
. (Dl_’cS'):spaqe,_ then _E [t] _is a (DFM)-space R , RIS S
- . . . - Y, vy . . .\ - N ’ ‘ . ® T * .:A a
. - . Ty , . 4 v e . - X
™ - - o 13 ) ." R :iﬂ* K‘ o .. " » . 'r '.‘ B
s v - ! LT . » Y ’ . . .
g . o “ ! Lo . to.
rs - -” . e : - et
N , -~ - L] ALY . . N . /'.A ” . -
. - - ) .. &,
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. - , ‘0‘ e [ > .B » . N - ! ’ |.' .
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. 4 . - . - 3 - o 5 . R : ; ‘_-“‘_ ) :rt
! . ! . ' ) o b oL 3 ‘) . ' ~ -102_- ' 1
c . o L . e : : .
) - o N \ 0 . ) . t° '_ M o R R *
. s > : . , s : RN ‘ Do S : . .
L ¢ N y Lo 2 A - ' c . . .
PROOE S1nce (DFcS) spaces aﬂ- (DF8) - spaces we need only cons1der qua51- L ,;,.:, o
_“' complete (DFSr)n spaces., By theorem '5.41, Elf] ‘i :mfrabarrelil)ed ,A=S o L.t
T noted earller, 1nfrabarre11ed and quasi- complete Schwartz spaces are (M)’- i .
. ,,‘ / s h t . N . N d 3 ) .
‘ TR spacés.  # L L - ] , -
e - « N s ' -
. Ny ‘e . ,:‘. . . ° , ) ! an - N ’ ., o’:‘ ‘- . '°
- 16 Universal Schwartz spaces - , S T N .o
e € . ! B . . v . ‘_ .. . . W e ,*‘ '. 3
’ ' “ T ) 8 « e ) L P e : ! . ’ o Loo® : ! . PR
° - We need a few preliminary reésults before we reach the main result. . e
\ - , . .y L . - “\“ . .. RS . ' .“°"‘ i . .q.
. o o ¥ ] ‘. o . ‘° ‘
, 5.16 LEMMA ° Let E[“[] be a, metr1zable locally convex space, and Ac E o
. - cw g , =
=Y . R N ‘ KA
° be prec'ompact . Then there is-.an absolutely COnvex closed bounded subset D
r’\. . . : “ .
B .of E such that A <. B and A s .precomgact in’ _E(B); . ‘ e
PROOF Because' A is precompact ‘theré ig a null sequepce {xn.}. sodine o e
v m=1" . .7 . SO
’ E[T] such that A & I‘ {x } ‘=zC.. If. ?-.'[-c] 1s the complet1on of E[r],, oo LU
o ‘n=1 . (O e . 5.
2 . then g[-t 15 a metrlzable space and xn > 0 in ﬁ[T] ‘So A is contalned e ‘j
iyt T . * ' V.“J' é v ' o ' -o ":.'"
. in the clos?d absolutely convex hull C' of {x } cin -['r.],‘ whwh SR S
:'_ ’ e “ ' LI * ' o Y -n_l . ’.‘l . o : c o [ . "'h‘i
“ & .is ‘the| closure of C ;in' j?:'['r]_.- : o v ' e T . .
LI ( . ; . o ‘o‘\" ‘ ., T 'u'.,' ‘:.
_;,' T Co As in S 5 we can f1nd an absolutely convex closed bounded subset ’:B" of
Y % such that CVC B! and PB.(x Y+ 0 »where PB. is the norm ,detmed on ) ¥
L . 'l\;(B') . wﬁh closed un1t ball "B'. €on51der1ng the restr1ct10n of o F % - O
s " \ . ; . . ) TR
H R o . P
L e rl‘;'(B'), " we have the closed absolutely convex hull of {.xr:} ® in e R
' . R . ot n=1 .. T s ;
1~|%(B')' i C'u smce _B contams cL.” Hence A J,s precompact in the : o
ST e restrlcted topology of ? to E(B' e G e.t .
. ¥ y . . e L . ." . aa ,‘ Y . ‘, - N .
L _‘D'- . By "[13; 20 1. (2)] E(B' 1s a Banach space,. so by theorem 4 17 A ai'l's'__ L
o precompact 1n E(j ) ! Let B =.B' N E; then %(B‘) N EfB) E(B) I‘f . . o
N E(B), then  x € AB" 1f and only jlf x €° A(B' " E) B; +so - _' :
Sy e pB,(x) pB(x2 Consequentl'y.,a'l‘:(B)' 15 a subspace of ‘ ?:'(B') > Slnce A.€.B, ‘
U, j"ill . ¥ .‘n s " ) . . KN

is precompact in E(B) T -

B A

d

o o

L — R ‘ o ’ . . .o ’ LT e ' N - “."
\ : . . [ ‘ B . Tl R .ol [T Lol L
& - . L e v, : . P R . .- ;

- . . - . A . . - . ) s . .

. . . . ' et = . T - R . e, VT . . ‘ ‘4
; , . . . - - - < . V3 e . . .
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~= 7, ' . The next result is qbout)precompact semi-norms.

- " . -
- : N . .- A
. . i
N . "

"5 17 LEMMA Let E{r] be a locally convex space. If p and q are pre- .
-7 % :

: - T ) -
. ‘ : . St o 3 :
Ti-¢ -compact semi- norms on E, .then p + q is a precompact semi-norm on E. -~
' 'Let' [r ] be another locally convex space, q a continuous semi- =
J . . ‘ ' . . o
norm on F, .and T @ 'E;_-.-* F ,a continuous linear map. , If either q or T
. . . L. . L . e N ) . LI

R S o - . . - N . .
is precompdct, then qT ‘is a precompact ‘semi-norm on E.

~ ' PR OOF'_' The space 'Ep x Ifq 1is a. product of normed 6pace5,, and cdn easﬂy be .

Low . . [ ’ [l LI - Do .
6\5‘ ~~ sh wp to be normed by\\[cf page 7'5] . . ‘ 3 .
. L . . . . i ) -, \
.. .
. : . ' ’ | | (K‘pl(x), u(y))|| p(x) + q(y) » Defi_ne a iincaru
' ;, ) .‘ 'f’ . -'l ! “ v : <
s oo map ‘T E - Zf’ ' Lc.1 by X > (K (x) k (x)) Thcn the kernel of T' is. °
' the set (p + (U 1[fO}] So~ the llnearl map_ S » E(p-iq) +.T" [E] deflncd
. [ - PR L. ' -
$ S -by K o (3) h-r 'I’(x) .i's a well-defined bijection

N - .
1 . St " . \
. \ M ~ - - -. . -

< -

bypﬁlously S 15 an 1sometr1c 1somorphlsm of . E

N
)
e

onto T! [ﬁ] o

. E . -’ - A ) > ' (P“’ ) 5
o ' ,'—Becausc- p- and .q . are precompact ¢ T' can be shown to be precompact.
' . -. ' (N g Ly - . : )

#‘Re‘;tI:lCtlng “the range of T' to T.[E], ._ther} T! - SKp+c'|’ _'hen.c.e ;‘fp+qu '
- is.a precompact mappmg._ : JL C ,. ' .,
i ° . " 3

c . ¢ . ) ' R ' ) 5 -

o ’ o Wq, now pro‘be the latteJ' part of the statement . It is -easﬂy shown that

L . : . _ R _ ;

qT is™d .continuous sem'l—norm “on, (E. We, shall show E 'T 1s'1sometr1ca11y

-t isomorphic to " K ["I‘[Ej.]» . The former. is normed by HK T(x)}\ qT(x), Lo

.

yhlle the ‘latter is normed by ||K (T(x))H qT(x) So the mapping ' S

» 8 . , ’

: _' ' "8 ‘th =+ K [T[E’]} bdef;ned by K T()c) = K (T(x)) is an isometrio iSom’or‘fahism.

' ‘' Then K . = SHIK T ~1f,we restrlct" the map l( "to" T[E] -+ K [T[ﬁ]] and
- S at q. L N qa © ¥
the map ‘T to ' T +F - T[E]. .The result now" follows ea511y #
4 . v . P — 4 L Y .. . " \ 3 a~
. ‘“ X - . . ’
- j‘ ® -
: ‘ S a "o i h ¢t
[ ° o . o, . L)
he * )‘ ° @ ’ » . \
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: '5.18 DEFINITTON Let .~E[t] "and Flr'] be'locailynéonyex space$ and
T E:;,FAﬂp lincar map. - T"if said to be a quasi;Schwafﬁg;map if thege

is a prccompact semi-norm p ‘on'. E such that the set: {T(x) : P(iizi 1}
! ) ! . ' g

' is a bounded set.in .F. T # | o IR R
- N - \ - . ~ - c : : ve N c' !

This definition will enable us to give a necessary and sufficiens condit-

e

v

fon for a map between normed spaces to be precompact. . .
5.12 .LEMMA  Let .E[t], F[r"] and G{t"]. be locally convex ‘spaces. -Let

- ‘

T+ E~> F and S : F+ G Dbe continuous linear maps. S

»

)

<If either T ‘or 'S _-is quasi-Schwartz, then, ST is,9uasiTSchwartz.
" PROOF . Sﬁppose T fs‘quasi—Schwarﬁz and- P ‘is a precompact sem1 norm on
,E.:sdchithaf {T(x)':“p(x) < 1} is bounded im - Fl ‘Then - -

-

1§T(x).’ p(x) < 1} = ‘§[{T(x) ! p(x)_g-l}]' and,the ;ontinu&ﬁs'lineﬁr imagé

‘of & bou"dcgfﬂﬁ%féérPounded st ) ' P LN

1€ S 1s quasi- Schwartz and q is a precompact semi-norm on * F with ~

oy {s(y); q(y) ::l}. bounded'1n» G, then by 5. 17 qT is a g;ecompact 'semi-

norm on E.’ We also have we oo ' o I
L {ST(x). : qT(x). < 1} € (80) ¢ @) £ 1) Lk y
< . . 8.\. o . ' '-/-’-' ..
N 4 .« ‘ B

Thc next result shows thc cqulvalence of precpmpi\f and quasl Schwartz'

lJnear maps 1nto metrlzable spaces

- . .
Coe N . . ®

;‘5\20 .THEQREM " Let E{t] and Flt'] . be:jocalqy convex spéceS and" T : E~ F'

‘"a lincar map. T . ,: o < s ‘ .
‘ ) 3 : ‘ . . i . ’
& .. If- T 'is quasi-Schwartz, then- T is precompact.

if F is yetfizable,'énd‘.T is precompact', then 'T. is quasi-Schwartz.

’
g f

e o v e e



. restricted mapping .T'f E i.F(M) is" contlnuous, S0 the restricted mapping

.n'

injection,

PROOF Shepése T. is quasi-Schwartz.” There exists a pmecompact semi-norm
| e uag e - XiSts & prec Fosem .
p' on EﬁﬁISuch“thAt’ = thx) : p(x). < 1} is bounded in- F. Since - .

[{0}]] C M and is a subspace, T{p-l[{blj] ='{O};.' Then, the‘lfnear

'map .S'E ﬁ > F deflned by K (x) — T(x) “s well defined; o ',_" ¥

a " . ES . --', . ot
ot "

.Because M - 16 boundcd . 8 cis contindous; since Kp is precompact,

wehave T = S‘ip "8 Precompacf-"
N 1 .

Let T be precompact and F[T ]' métrizabls ’There is a continuous-semi-

norm q on E ith M' ={T(x) = q(x) < 1} a precompact subset of F. Then

.
’
!

=~1' is also’prccompact; By~ 5 16 there is a set N & B(F) such that the |

+

-

- Ixf‘:.F(M) - F(Q}i;}svpreéompaép,f ahd"M C ﬁ; Thq" . ,‘J

O

-T»:“E » F(N) is precompact Let q be the seml-norm of. F(N) 1dent1f1ed_

With the closed un&t ball N. Bf'iemma 5.17, 'p = qJT is a precompact :
. 3 . . . .

sgmiunorm on. E.: Tho set {T(x) : p(x) :_1} ¢ N and so is bounded. Conse-

a

quently the. map TIESF is quasi-Schwartz.  #

Tee

5.21 COROULARY‘ A linear map T :E->F from,a‘}ocallyﬁconvex space E[t]

‘into a normed space F[I] ||] i$ precompact if and”only if there is a
'precompaqt seml—norm p on E such that for each x ¢fE, e - '
. ' 0 i . ot ) . ‘L B ”
HT) ] < p(x). . o

PROOF ° First, assume T is precompact. ByaS .20, T is quasi-Schwartz; SO

.there 15 a precompact semi-norm -q on E, such that there exists an 1nteger

N0, ‘for'whichdf x€E and qx) <1, then '||T(x)|| < N. Choose

p = Nq;..tben by 5;17, 'p s a precompact semi-norm on E. It is easy to

.see;thét -JLT(X)II j‘p(ﬁ) fqr each x'g E.
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Conversely deflne a semi- norm q on E by q(x) ][T(x)ll for Qaéh
X é E. Then q :'p, ~'q is precompact The set
{T(x)y :.q(x) < 1} = {T(x) T )] < 1) is norm-bounded in F;-

donseqpentIy,: T *is qua51 Schwarfz and hence precompact .

- . ‘ _ . . . ) ‘
Suppose E[r]. is-a Schwartz space, and T : E.+ F is‘a continupus

i

11near map into a normed space FLI] - " 111." Then there is a U g U(E) such

that T[U] is normed bounded by 1 in F.

I
'

The mappjng"S : EU + F défincd-by ﬁj(x) — T(x) is thus well-défined

and continuous. Bqﬁauéev'KU is a precompact mapping, T = SKU"iS'a:pre-
_compact mapping. ,Copsequeﬁtly, we have the following result.

I

5.22. LEMMA Let ‘E[r]. be a locally convex space. .Then E[r] is a Schwartz

space if and only ifhevéry gontindous linear map from E into a normed space

is‘brecompacf, and, hénce;“quasifSchwartz. i ‘ e o 1. .
The next result is due to‘kANDTKE [14]. ‘ ’ ' o . C v

5.23 THEOREM . Léﬁ Eft] be a localiyaconVex,SpaceT"The fallowing statements
' : B o ) K ) . ' [N

\
.€

.are equivalent. -
© a) E{r] is a Schwartz space;
bi’ "every bounded‘linear, map from E "into a locally convex space Flt']

is quasi-Schwar'tz; and

¢) every precompact linear map from TE into a.locally corivex space .F[T'j

. > " ‘
- 1s quasi-Schwartz.

\ S

PROOF 'Sﬁbpose 'E[T] is a‘Séhwartz space. Let- M T{U} in F, “whefe--. .’
T : E+F[t'] is a bounded linear map, ' Ttu] is bounded, and U@ U(E).. :
’Tﬁen S : E~» F(M) deflned by x> T(x) is contiﬁuous By_5.22,- S is

quasi-Schwarfé. JIF K. F(M). - F  is the canonlcal 1nJect10n, then T = KS

e .



B

- is .quasi-Schwarta by 5.19. ~So we have (a)»impiieé-(b);
Since every precompact map is bounded it'followé'that (b) .implies (c). .

°

So Let F[[ -*II] be a‘normed space and T :'E.+'F‘tbe a continuoué

linear map. Then .T is a- bounded 11near map Because a bounded subset of
‘ . ‘o
F is. TS(E')-precompact -we have, by (c), that T is T, (F )~ qua51 Schwartz

[y

So there is a precomoact semifnorm p on E such that {T(x) :p(x) g_l}

Lo . l ) . &y ’ ' 3
“is 1 (Ff)—bounded in F. ‘But the norm-boundéd- and TS(F']-bounded subsets”
. - - S W - - .

of F c01nc1de, gonsequently T is’ quasi-Schwartz, and hence precompact.

By 5. 22, we have (c) 1mpllos (a) # A_ . .‘ . T »
\ - . . . ‘.' o ’ ’ ¢ ’ -

We now establish the_existence.of a finest Schwartz- spacg topology on ) .

R a . N 4 .
" a-space coarser than a givenm locally convex topology. . S _ -

5.24 THEOREM = Let E[r] be a locelly convex'space'with dual E'. “Then there . '..,3

is .a Schwartz space topology‘ r‘ on E for wh1ch (E[x'D*" = E',, ' |is .
coarser than 1, and t'’ " is flner than anﬁ Schwartz space topology on . E .'Q o
"which is coarser than . R LE o ' '_. N . B,

PROOF Let t' be the locally convex topology on E defined by the =~

precompact semi-norms. Because T (E') contlnuous “semi-norms are T (E')~
. : . ) \

recompact, hence r-precompact, ', is a locally convex to olo y adm1551b1e B
p p ! p p . p g . P H

H

for the pairing..<E,E'>, and. Td:i 1. If B<rt1 is a topology on E such
that* E[8] is a Schwartz space, then any B-continuous semi-norm on E is
¢ L ‘ B ' ’ L C. . N
' B-precompact, hence t-precompact. Obviously B <.t'. " R .

" 1 . . , v
N . - . .

It'remains‘to show that E[T'] is a 3chwarté'space. By lemma 5.17 R

. murtlples and sums of T—pJecompact semi-norms are T -precompact, so.’it

sufflces to’ show each T- precompact semi-norm 1s T —precompact We show

B i
-] ., .
"that if A'e L and- {an}' -.is a T-equ1cont1nuous,sequence in E', then

n=1. e e
L rer )
Yo f

s .
'Y .
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) . D~ . . _‘ ’ "- . B . i -‘ §~ . ’ ) - a ‘ '4 :’ . "-' '..’
- \1 . 4 ’ . - . °° - . R . ‘. e . PR . ’ .." .0 R
[ there exist ' u ¢ c, and’ {bn}w » -a 1'-equicontinuous sequence of - E'. such
'. . . ) n=1 . ) . Y ' . B " . ¥
_that. for each x & E "we have' ' , ‘ b
. R N ) . 4 . . . ‘ . ‘. {
] sup |An[ |<x-,’lan>l < sup'[un[ | <x, bn>l L. .
n . n T : .
From 4.11 “and 4.18, we see this is-suffigient.. - ¢ ‘ o
For ‘), .choose sequences 'u, o € co,"su,ch that 'unon = )\n for each .
et b= ga for cach n. S e o : )
A S 13 . , , .
Then’ for each .X €E, = . " . SN v
]<x, b >| s [c |- |<x, an,>l.i sup |oh’|'|<x,,‘an>|.. ’ T
.- B . ' ) ‘e : . on ' : . f . co . LT '
8o {b } -is a 1'~oquicontinubus sequ'en‘;e in E'. JAnd, obviously, - - = .
’ n—l- .. . , .- - . ) , ) ) - . * '
sup |A l |<x’ a >| = sup 1Uh|‘l<x, bn?} for each x & E ke SR s
n R N oo i H
5,25 DEFINITION A Schwartz space E s universal if‘%avery‘ Schwartz space
is topologlcally 1somorph1c to a lnnear subspace of some product EI of E.
- .. . ‘ ) .‘ o . . S
Let” I be a partlally-ordered set and {Eu] . a fam11y of locally ) i
' - ukl C
_convex ‘spaces. Suppose for each pa1r <(u, v) of 1nd1ces such that u < v . A
we have a contlnuous lmear map.. ' - L - CoT ' N
< R - : C . . . 3 ‘ 3 L - . ‘;1
f. + E_ » E_, such that £ ' .is the identity map for each u ¢ I, A
, ouve v U . uu PR i L. X c e K i
and- £ _-=f ¢ f " for ‘U< v < w. Let E be the .topological- subspace ’ o
uw ¢ Tuv. W' - =0 o S R

“of the 'topo,logical'pro'duct 1 E_formed vby ‘the vectors {xu}’- . satisfying
' ugl ) ., : b . uel. . ’ ' "u
(x ) = X, ~for u v, The locally convex space E is called the '

uv \Y -
pr'ojecti_ve, Limit of the progectzue system (B, £.) -. The projective P
. . e N u,vel ' i
. . . . L " R " » i
Himit of -the projective system .. {Eu’fuv}u ve Where the E . are Bamach = . . !
‘ . : , . : : . ek

\ ~

space$ 18 said to be compact, if for each u, there exists‘ v‘ >'u. 'such that
the map fuv 5 Ev > Eu is,',compa'éf.' In'a'.,p'épe'r YA Structure Theorem for

Schwartz Spaces'™ Math. Ann. 201(1973), 171-176, FANDTKE, proved ‘the follow1ng
L v : BT '

I . .

i
[ ’ v . : .
.
. . . N
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' result charactei-izihg /Schwirtz -spaces. We note that if’ Eu = E for each u, .

N\
\

Rl T

.oy

<
o

‘the projective limit is said to be'a projective limit of ‘E-spaces.

g

S

«w .

5.26 'THEbREM : If B denotes any one - of the Banach Spaces . Cor & OT

. C[O 1], then a locally convex space E[T] 1s a Schwartz space if ahd only'
. 1 . \
if 1t 15 topologlcally 1somorph1c to a 11near subspace of a compact project-.
“ive limit of 'E -5paces. B

.- '
s

Using'this result we give concrete examples of universal Schwartz spaces.

'5.27 THEOREM Let E - denote any one of the spaces co.,' £~ or ¢[0,1].
' B denotes the topology on E defmed by’ the ‘precompact’ semi- norms o: E,
then ‘E[B] is a un;,ve‘rsal Schwartz space. ‘ \

.

, [{ROOF" . By theorem 5;24," E[8] .is a Schwartz. space.- Lét F[t]' ‘be a 'Schwartz
: N “ L} N .

)

. e b
space; then by 5.26, F[r] 1s topologlcally 1somorph1c to a 11near subspace

uv

'of the compact..projective 11m1t P of a system . {E £ }
. C T uvel

P

Let T d\enote the’natural,i_riject;ion of~‘P mto EI. Let S denote
“the idcm:ity‘map" from EI o,nto' E[B]I. Smce B. 1s coarser than the Banach

space topology on 'E, .S is continuous. We‘ show that ST : P E[B] is_

't‘elatively opeh .

4 /

2

Lt u €I, and U denote the. set of a11 pomts x in® P with

3

Hx Il < 1. Choose v > u in 1 with £ E+E compact By 5.21, let

-t

p be: a precompact semi-norm on. E lsudh that

Hf (x)H < p(x) for each

‘set of x in E[B] such that p(x )<, 1 Then,‘—ifl T o T
S-T-(x) €V n ST[P], we have p((ST(x)) ) < 1. So SR o ' . J
[[£,, (5T )| = II(ST(x))uH < 1. Consequently S'I’(x) ¢ ST[U] so ST

is relatively open.

€ E.- Let 'V denote the - , :
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