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’ 'the constructlon by Eckmann.ln [1] It is possible

' equ1va1ent to a. CW complex constructed “around a p01nt" v . o

‘e : “" 1 . . )
'The'first chapter is an attémpt to unify some standard results
[ . - . \ ‘ D .
ooncerning mapping ‘cylindexs and'-mapping -cones, by means .of a construction °

~

whlchylne,ludes them both as special cases; namely, _the'double mapping.

cy11nder for twq maps w1th a common domain. If one of the maps is-a

2 1

cofibration, ‘then’this, space i‘s homotopically equiyalent to the push-out -

spaee'*of the 'tw'o'maps. . Consequently, under th1s hypothes1s we can oo

obtam 1nformat10n about the push-out space from propertles of the double
mapplng cylmder. o . ‘ -y- B oo e Tl

v,

G1ven two maps w1th a common codomam we can form the pull back space. -

’ . B .

There is a constructlon dual nto the double mapplng cyllnder th.ch prov;Ldes

a Space whlch 1s homotoplcally equ:walent to the pull back space when one .

’ - . i

of the maps is a f1brat10n. ThlS constructlon has propertles analagous' to

- 2

~ T
those of, the double mapplng cyllnder.. L Vo

‘

- In the second cr pter one of the maln results of t:hapter one 15 usedl

to show that every flmte dlmensg.onal connected CW .complex is homotoplcally

£y
-

.
)

. . .
. 2 O ¢
.

.. INTRODUCTION . LT

- The thlrd chapter is devoted to the construct:.on of some of the basic- o

o

exact .sequences of homotopy theory. The constructlons of the Puppe sequence

and its dual are '1nc1uded here for the sake of completeness. 'l'he exact o

!
s

arguments as opposed to

sequences for ‘a hnple are obtamed by geometr1ca'

. -

o ass oc’iate two -

DRSS a e N .
. ( 3 . , . r,

: 51m11ar lookmg exact sequences w1fth a fibfation. These “two exact sequences

are shown to be esSential'ly the same by means of a "tranSgre551on square" o£
’ T "\ - ' Lo .

spaces:and maps. © . C. .. ..o e
o - . .. L . R . R .

.

[



- CHAPTER ONE: ' THE DOUBLE MAPPING CYLINDER AND ITS- DUAL

- We shall work in the category Top, of topological- spaces with

~ . " - 1

base.points and base ~point preserving maps. We always suppose that

_the base p01nt X, of a space X is closé&d as a subspace of X.

‘s . »

N V4 homotoples keep )the base pomt flxed
. If X and Y are two based spaces with base pomts X, and Ys
3 ,-. respect:.vely, thelr product x x Y ‘-has the base point (x Yo ') .‘ "i'he i
| _wedgeof XandyY . 1sthe$ubspace XvyY. Xx{y}V{x}xY of

\,,. X, x'Y.' T Xv Y may also be descr1bed as the quotlent space of" the

o .

d15301nt umon of X and Y obtalned by 1dent1fy1ng the base p01nts

There are 1n3 ections . i X -+ X v Y and 1 Y * X v Y wh1ch map - X . )
I 1 ! '\ ‘e
and Y homeomorphlcally onto closed subspaces of -X v Y We 1dent1fy o

P

¥ x and Y w1th these subspaces. '

.

T
1

= The (reduced) c.yllnder cone and sﬁspension of a space X ' <are

. the-.quot1ent spages . . “x _ : N o
) - ) Q . | - IX = XxI/{x}oc‘I ‘ F‘ o R M
"~‘., ‘CX"-—'XxI/{X}x IuXx{l} ‘
v \‘.‘ - o ’-SX=,xxI/{x}quXx{01}

t 3 !

'where I 1s the unit interval [0 1] w1th ‘the usual topology. In

each case we denote “the class of =, t),.. where xe X "and t € I

L
A

by [x t]. Wlth the obv1ous 3551gnments for maps we obta_in from these- ..

conStructlons functors z,C ands from TOP* "to Top*. S

SN

'I'he path space of a space x denoted by PX, is the space of
‘.: a1,1 maps I~ x wlth the compact open topology The subspace of Px
K - con51st1ng of those paths _ w: for wh1ch m(l) "o 1s denoted by EX
| B The loop space of X, denoted by X, is the subspace of PX. con51st1ng

1

of those paths— m £or wh:.ch o(O) w(l) = xoi.: We now-l'iave functors

- . -

t .
A
“

P, E and Q' whlch are adJo:Lnt to Z C and s respectwely




If F is an);_of the functors ,’Z,C,S,P,E,ﬂ we define an for each

. - " | . . .
integer n > 0 inductively by ’ : S
© ROX = x l . ) - , .
: and = FX = B(F ). - A L

'

If F is Z,Cor S FnT( is a quotient space of X x 1" and we

L4

" have F" (X vY) = X v FnY If F-is P,E or 2, X, may be inter-

- preted as’ a subspace of the s%ace of maps 1" + X and we have
. _Fﬂ X xY) =FX x #Y.,

o2 'Let"

°

L xeE Ay, i)

: be 'a' dihgr&m of"besed '5pac'es ‘ar;q iﬁaps; ] The double mapping C};lindér ofr

thls dlagram denoted by Z(f,g)", . is the quotlent space of X VAV Y SRR
, \obtamed by 1dent1fy1ng [a C] e ZA’ w1th f(a) € X /and [a, 1]6_ ZA

"-wlth g(a)eY for- all aelA:

F

ZA“ . A T . . "o
. £a) |- 180 |.-ole@ S
R . @11 ) - :
- X 1. . .~ - Y
X bem e T e SN
Ig Y = A and g - is fhe 1dent1ty map on- Ay, then Z(f,g) = Zf’ Do .
“‘the mapp:mg cyllnder of f [f Y = *, 2 po:.nt then Z(f,g) = Cp y

the mapplng cone of f Zf and. C'f'fmay also be descrlbed as the,-',

" )
> B . .

quotlent spaces of ZA v X a'l[ld CA v X respectlvely obtained by

1dent1fy1ng [a, 0] w1th f(al- for . a11 g,e A.- The wedge, cyllnder, P

. '5‘

_ cone and suspensmn may also b\e regarded as spec1a1 casgs’ of thlS = “’L( L e
- .. . Al : o~
. _ e ' . Q“ T A s
constructn.on. . - oo S i * R S MW’M :
We ‘have a dual or adj eint constructa.on :Eor a dlagra.m i ; }




XZoaely e aam
.-; ’ :
{

of based spaces and maps ‘The -double mapping track of ﬂhis diagran,

~ ~

. ’ ’ ) denoted by P(f,g), is the subspace of X x PA'X Y cops1st1ng of
. T 'triples (x,w,y) such that £(x) = w(O) -and g(y) = m/(l)'. ' ,
. l X oomen S f(x) =) 7/

. . ]
"
N co

- \ : o CEONE LAY Meeeeny ” .
\ 3 o ) , R ) " i \ .
I‘ﬁ\ L If Y=A. and g is the 1dent1ty map on -A then- P(f,g) = Pf

. the mapplng track of f Pf -may also be. descrlbed as the subspa(:e of. L.

o X X, PA cons1st1ng of palrl (x, m) such that f(x) = w(O) We denoté

v \.

“ ¢ g by.ﬁ'f the subspace of X x EA con51st1ng cf palrs (x m)' such’ that
f(x) w(O) “If Y *, then P(f g) = E The spaces X x~Y PA

" EA and QA can all be obtalned as spﬂeclal cases bf this constructlon.- .

[ 1 ~ d
¢

"»\ . The double mapp1ng -cyllnder and double -mapp1ng track constructions '
S g ,
‘\, are each fun’ctorlal on. a category of d1agrams of the appropnate type.

/ - ' A map £1X > Y is called a flbratlon if for each space A glven .
\ -a map h: A > x and a homotopy G:A x I >y such that G(- 0) =
ST . ' there 1s ahomotoPy ‘H:A x I > X such that H(- 0) h and fH =.G.

\

/ : ) “,Eq.mvalently, £:X+Y is.a f1brat16n if each commutatwe square

b o . . . . ' N . .
T . - . . v . . .
[} 't L . : s .- . . - t, ¢ 1 . °

°

S
i
, Jo . — S .
- 2 . P4 : . N -
o \ o, . N P A . 3 Lol 3 e * -
/ B ) B \ "f N " X ' . . ; ‘ * - 1
,/' . FEERE Y e ce e .
. .| ‘where i' "is the inclusion al-—)[a 0] » can be completed as shoWn w1th . '
/ A . . .
i G B 4
/ the map *H. so that the whole d1agra.m is commutatlve. A map f X > Y A
. J is called \@ cof1brat1on if fq_r each space B, given a map h:Y+ B and a
£ ' - Co . A R A U



homotopy. G:X x- I + ’B. such that . G'('-,O‘) = hf, - there is a homotopy, o ,

H:Y x 1> B ‘such that H(-,0).=h and H(f(x) t) = 6(x, t). for

al].’ xe X, te I. Equlvalently, f: x -+ Y is a cof1brat10n if

R

“ v

‘each’ commutatlve square

x -G B

- . _ . LT - : " .

» . ] . f H "’ ) T A. - » ) . ) v, s .
L ' . . "-’, N o % .o . [ n.

. s ' . - . h.‘ v ‘ .

where T -i§ the prOJect:Lon ml—aw(o), can be completed as shown

. w1th t;he map H S0 that the whole dlagram is commutatlve. | A pau'

,,,Of Spaces ()( A) w1th AC X 1s sa1d to have- the ‘homotopy exten51on o

, & P
—-

' property H E P if the 1nc1u51on A > X- 1s a cpflbrauon. '-"'

The kemel ‘of a flbratlon f X » Y, kerf {xe x | f(x) y }

Ag called the fJ.bre of f If - X = Y x- F for some space F he- '-

npro;)ectlon Y X F + Y onto the f1rst factor o£ the product is a

' flbratlon. Wlth flbre F ~since we.can define H: A % I #Y x F by

-

HCa,t) (G(a t) ph(aj) where p rls the pro;ectlon Y X F +'F

‘onto the second f‘actor.

Ft o

M ’ The cokemel of a cof1brat10n f X > Y cokf = Y/f (X) " is Ca11~ed
' ‘the cof1bre of f If Y = X v C for some space C, the 1nc1u51on
‘x > x v C 15 a coflbratlon w1th coflbre C smce we can deflne
H(XvC)xI+B hy H(xt)—G(xt),xeX te.I and H(ct)-.
h(c), ce- C, te I. IR ’\' ' 5.

7" H . . - )

h'Leﬁma (1.2') If £:X +Y and g:Y> Z ‘,'are fi,brations,'jc‘hen 50 is
. Lemma. (1.e2) .If £X+Y and .gi¥ -> Z- are- 'cofihrations, then so .is

ng:x'-r'Z»' ) :'. o ' - - vl

-

R - o . I
et e iz

e, .
B . - .
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A ————5 X
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. - -
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°
u . s
INLEN

the dlagram

R
.
.
Looenl
.
‘2 -
[
N -

is a push-out squarg 1n whlch . f is'a coflbratlon, then T _is also »

7’

‘a.fibfation.'

a cof1brat1 on. .

I

Proof We’ use the property of the push out square as 1nd1cated by

the dlagram

.8
3
B ¢
- ]
P
"
1 -
* B
‘
v o
‘
i
.
t ¢ o
~

s

3

s

-

rd

.-
~

td

ZA-:—%.——._—'—')Z

M
L N

IJlf

Y,

’ P ’
7 g T ?.'lg .
- A

L@

‘v

B

Proof We use. the property of the pull-back sqi.lare as 1nd1¢ated by

'
N

.
~
.
.o
»
. -
H
'

N |

%]
YA

'v——;#x'.

—_—

N g' ¢ B‘ v'

S

-y

=

‘
¢

"

A

1

~

o

B TR

~
.

]
.

f
L

ket

-
.
v
B
™
- ' W
v
ta
. 9,
N

B

D
- \ “
. r ¢
- f . B I' S ‘o Crel
. . .
~ N
Y
. A . - Y :-pB . .
A . \ . 14
' A B -
! el °
TR - I :
.." . ‘.(\\‘ ‘e Y ~ (;'* - N
™ o ', ¢

\
b
r
.
X
te

Wt

- is a pull-back square in which’ £ 'is a fibration, then ¥ i

.

-7 =
. . “
- R rd
Y v e
sl e, L. -
. I‘
.’
L4 -
.
L.
. [
AR
R 3 .
L . .

W,

o

.

v
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W .
. .
noA »
N -
? .
ant
v
n
\
. 2
»

. )
. .
'

oy .

'

. .

Pl N



'
A%
-
[
.
¥
.
Yo
’
.
o
- )
o
.
’
i
LN )
E]
-

¥

- - s " i - | ‘ o

i ‘l . \‘\1, 13 " N . ’ R ’ - 7. " 4.;'l‘ ‘.

- . . ‘ co o s ey

T ¢ '” ot * L X . : A ‘ , i H . ) ' \," ‘s ; \‘ ,.. '
@ " Itis app:;oprlate to :temark at th1s stage that the eVJIdent duahty S

. T 'y l . . t O , :
is’ related to the formal dua11ty lOf category g

" 1nvolued 1n th1s wo:rk 2]
A theory but 15 1tse1f“’not formal. . Av theorem s°hou1d the:;ﬂore be stated

In practlce we shall often B

-

and proved 1ndependent1y of 1ts dual

. . e L.

P merely sketch the p:roof of .a dual result when- the °procedure for e ‘ i
dual;l.zatlon 1s clear oL T < s R R

b .t -
Loal . a ~

gwéh a diagram(1.1), -the inclusion’ Xv.Y + 2(f,g)

" ” roEosnlon (1 4) i
v 1s a coflbratlon. ;o S S SRV ‘ T A
"'- ' . - o ' '- v ‘""“-ﬂ"..-‘ . . ' o
Proof Let‘ B be any spg.ce and Suppose that we hawe a map ';" ‘ ,:‘; o .:/ I

\’h Z(f,g) > B and 2’ homotopy G {e8% Y) x 1 +»B such that G(-,O) s h|x v Y I

" 't e ) S, o
: I Let U x {0} U{O 1} x I C I2 : and deflne . ¢ A X U' + B by NEN e ?‘ )
s ‘,, s L Lo 4 ; . o -, .",v e : : L .-"”"r;‘."l FAN
,‘ L " { \\ ' ‘\ « oq 4 -’:" lL ' u K -‘ ..'. -'-l o N ,:., ‘l T Lot ' o K e
L I \ Lo N R G(f(a) t) if. 'se=00-0. ’ A
N S o {= < ‘ L
., ‘w- h. [ 3 “ N ¢(a,s’t) "= h[a s] 4' " ..m :f' t § ‘ 1 t
R T, RN Y G(g(a) t) if. 's;* =17
..'n N A‘. - ;‘4 p ‘ ' ok L ) v —" -
B AM S‘mcé‘ U is a’ retract of 12 A X’ U 1s a rétract of & %12 NN
\7' - . - ‘ ' ' ! e R . '
sl df e and ¢ has ‘an extensmn ¢ A x‘ ]E2 + B Defme' 'H Z(f ) ‘1.+/B,,by
R " R . o -°, - Y e o N f . .
Loe iR L ‘o H(x t) —‘G(x t), : xef‘x te 1 ST RN
N NS )4 L T' . o e , . . i S ,',’ ‘ .
P D T : ,H([a s] t) = “(a, s t), =aLe"A ste. I STl ey
e e : . = H(y,t) G(y,t), oL y“ e.iY te I b 4‘1 S "
. ln. :.;:’.' ":h : v :3 . :.1 ‘o - '. KIS . -'.'g-”;‘ 3 -.( .,.’ “ ?“'.".;“': ." z 'v‘ ) P “"“ . 1'. '
. . \ PR Smce I is locally compact we can use. the adJomt map LT L
T ! o NS ‘ . ,," RSP R
I E o Z(f g) +§PB to see that H 1s well def:.nedl and contlnuous. We have ° ... - .
. N . L ” ‘ A ¢ . ir n ; ' ' Tt M “' ' N '.' ‘.
S J H(- 0) = h and ’HIXVY G hs requlred j._ ffj e e e
. PRI S g . \ R SV RN R B Lo
;'.-_"‘:'," ‘ r\ Tt Lt TR R 'f-*' N 4
S roposnwn (1.4 ) G1ven a dlagram (1 1! ), the proJect:Lon AP
) : " T : ’ : o I- co ”, “" - .."’ ' .
P o p P(f,g) ¥ X x Y glvex, by p(x w,y) 3 (x,y) is a f1brat10n. R RO / v
- N h v - l . o ) ° : : . I‘,, , A N ‘-‘ Lt ' '
- o e ‘ SOUEIE . IR BN R B
: N toe o S o Rt S ) / .
o S . o ﬁJ N | : n B R n - o f:‘ "
e .."' e ro.,’; e ! ‘ o ; l " "‘« E ! " I - u ' l' ! ,n‘
ot “ ) o v vt . f ‘\3 .rJ I'l, v N ‘ l o :',. . /:.‘I -
s . ) } .o N o . Py L { ),,’!' ) g
'l-. ™y . ! PO ' ""' [ : (".r S .x(‘ :' , ’ ¢ \ ‘ .. _,/' R o
Coie s v o R I Ly 5 (I : . ;W : e - ' sl
o o " cy v . \’ L ’,I l‘. e, D“':A-, ITIRE ! B



Proof Let B be any space- and suppose that we have é'map h:B > P(f,g)

."{J: and a homotopy G:Bx1I=+XxY such that G(-,0) = ph. Let q be
R 3
2- }f':’;.;"* the pro;ectlon P(f g) » PA” g1ven by q(x,w,y) = w and let p;,p, be .
YA .
RIS the PI‘OJeCtIOHS of\ JP(f,g) eonto X and Y fé5pect1ve1y. Then
o
h(a) = (plh(a), gh(a), pzh(a)) for all oe A. Define ¢:B x U+ A,
where U =1 x {d} v {0,1} x I, by
A fp G(b,t) , if s =0
. LT ¢(,s,t) = qh(b)(s) - if t=0 .
. | . % - - (60, ,  if s=1 O
* . * T ~
v . ,Then ¢ has<an extension ¢:B x 12 » A, Define ¢ = B-x I - PA" by
LL . ~ . . ) . :
- _ 4 Mb,t)(s) = ¢(kb,s,t) and HiBx I P(f,g) by H(b,t) = (p,G(b,t),
. R B @(b,f), p,6(b,t)). Then H(-,0) =h and pH = G as required>
-b ) . " . ’, . -
W Corollary (1.5) The inclusions X + Z(f',g),' 'Y +'Z(£f,g) are cofibrations.
L . i ' ._, - ' . ' . .
C . Proof Each inélqsion is the composite of two inclusions each of which
[y » ———— = N

- e R
g . is a c%fibi-ation. Hence the result folloys from lemma (1.2).
’ s . It . .0

. Corollary (1.5') The projections P(f,g)+ X, P(f,g)~> Y are fibrations.

‘ - N . Givon éfdiagra‘.m"‘ (1.1) We ca;l form the push-out space U(f,g).
" . ~Wel;nay regard U(f,g) to bo the ﬁ'uotient space of X v'Av Y obtained

r by identifying a € A with f(a)€ X and g(a)e Y for all ae A. =

'_ . ' -Since each point in :"U(f,g) is represecnted by a point i}x XorY we

. e h : o may also regard U(f,g) to be a quotlent space of X v Y. ,

. | > y ‘There is a projection q:Z\ f,g) ~ U(f,g) given by

R s Q) = [x] , x€X
” , a . _ qla,s]) = [a] , .ae A, se I

€y) = [yl a ye X

o o q is induced by the map X v ZAv ¥+ X v A v Y which collapses
! . ) o / . ZA onto "A. u ’
e ¢ ‘ ' of . <

.
Y

| —  —



O«

-
.

Proposition (1.6) If f or g is a co%ibration, then q is a homotopy

equivalance.

Proof By symmetry it is sufficient to consider the case where f

is a cofibration. .

Define G:A x I » Z(f,g) by G(a,t) = [a,t]. Then G(-,0) = ilf.

where 1i, 1is the inclusion X > Z2(f,g). "Since f is a cofibration”

1

there is a homotopy H:X x I + Z(f,g) such that H(-,0) = i, and

H(f(a),t) = G(a,t) = [a,t] "for all a ¢ A. Define q':u(f,g) + Z(E,g) by
4 q'[x].= H(x,1)
qQ'[yl = vy
"Then q'[f(a)] = H(fta),l) = [a,i] = g(a) so q' 1is well defined.
We show that q' is a homotopy inverse for. q. . ‘ .

Define F:U(f,g) x.1 + U(f,g) by ' P

F([x],t) = gH(x,t) ,” X€X, tel o

y F(yl,t) = [y] , YEY, tel | \

~ B -

n

Then F([£(a)],t) = qH(£(a),t) = a[a,t] = [a] = [g(a)] and so via

thé corresponding map U(f,g) -+ PU(f,g) we see that F is wéll
defined and continuous.  F is a homotopy from the identity map

on U(f,g) to qq'.

RS Define F':Z(f,g) x I + Z(f,g) by

F:(x;t) ;.ﬁ(x,t)
F'g[d,S],t).. = [a,(]- - t)s + t]
F'iy,t)'= o

" Then F'([a,1],t) = [a,1] * g(a) and F'([a,0],t) = [a,t]-= H(£(a) ,t)

so F' is well defined and continuous. F' is a homotopy from the

" identity map on Z(f,g) to q'q. ' ﬂ

-



G

Wk The fact that q' is well defined implies that f is injective.

Corollary (1.7) If £:X *Y isa cofibration then the map

.. cofibre
v qiCc > Af given by q[x,t] = *

qy) = [y]

is a homotop'%' equivalence.

'Proof cokf = Y/f( ) and Cf are respectlvely the push-out space

-

T and double mapping cyly‘{der of the diagram
’ Ee——X—Y | . D
Ve Given a d1agram (1 1) we can form the pull -back space I(f,g)

We may regard I(f,g) to be the subspace pf X x Y. cons.1st1ng of
pairs (x,y) such that f(x) = g(y). There is an incl,usioh

l .

j:I(£,8) » P(£,g) given by j(x,y) = (x, w(x,y).y) where w(x,y) € PA

o4

is the constant path onto the point f(x) gly)e A.

~

Proposition (1.6') If f or g is a fibration, then j 1is a homotopy

equivalence. ¢ r

h_roo_f- We consider the case where f is a fiBration.'
. Define G:Ptf,g) x I *A by G(x,u,y,t) = w(t). Then G(-,0) = fp,

where P, is the projection P(f,g) +°x. Since f is a fibration, '
there is a homotopy H:'Ptf:g) xI+X 'such' that H(-,0) = ;;1 and
_fH = G,

Define j':P(£,g) > I(£,8): by j'(x,0,y) = (H(x,u,y,1), y)
Then fH(x,w,y,1l) = w(i)‘ = pg(y) so j' is well defined.

Define F:I(f,g) x I * I(f,g) by F(x,y,t) = .(H(J‘(x,'y).t),y)-:
Then fH{j (x,y),t) = w(x,y) (t) = g(y) so F is well defined. F ‘is ,

a homotopy from the 1dent1ty on I(£, g) to j J.

-

Define F': P(f £ x I P(£,g) by F'(x w.y.t) = Hx,u,Y, t), ¢(w,t),y)



-
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~o

‘where ¢$:PA x I - PA is given by ¢(w,t)(s)= w((l - t)s + t).

Then ¢(w,t)(0) = w(t) = fH(x,w,y,t) and ¢(w,t) (1) = w(l) = gly)

so F' is well defined. F' is a hombtopy from the identity map on

o
1

P(f,g) to \jj"'. Hence jl' is a homotopy inverse for j.
Corollary (1.7') If £:X »Y is a fibration with fibre , F, then the

map j:F ~»> Ef given by j(x) = (x,+) 1is a homotopy equivalence.

o .
Proposition (1.8) If f = f':A+ X and g = g':A > Y, then there is

‘a h;)motopy equivalence ~Z(f,g) »> Z(f",g') which extends the identity

L

on XvyY.

Proof- Let F:A x I > X be a homotopy from , f to £f'. Define

$:2(E,g) > Z(£',g) by

; $(x) = x I o
- . _ JF@,25), O0<s < 1/2
¢[a,s] = {[a,ZS - 1], T/Z._E ‘52/1'
¢(y) =y | ‘ o

and ¢“:Z(f',g) ~ Z(f,g)" by
) =x
. ¢'[a,s] = &a,Zs - 1], Jd/2<s <1

‘e . .

=y ’\

Then $'¢:2(f,g) » Z(£f,g) is given by ] L

2

s =x - (Fazs), o <s<1/2
¢'¢ta,s] = . A F(@3-4s), 1/2<s < 3/4
') =y [a,4s - 3], 3/4 <s <1

Define H:Z(f,g) x I+ Z(f,g) by

[4



-

'
i

J-

H(x-,t) = X
H([a,s],t) =

TH(y,t) = y

is a similar homotopy from ¢¢' to the identity on Z(f',g), hence
f

'F(a,Zs), )

1

+ 3t

[a, 45+3t-3];

0<s <1/2-1/2t

¢ is a homotopy equivalence with homotop); inverse ¢'.

by

7

P(x) = X

n

. yla,s]
Vo) =y

[a,2s],

G

%

’

0 <s<'1/2

’

Then ¢ 1is a homotopy equivalence by a similar argument

Thus. W;Z(f,gi + Z(£' ,g';') A g‘iven by

‘l_ Po(x) = x
vla,s] =
W) =y

is a homotopy equivalence.
.-

F(a,2s),

(a,2 - 2s), 1/2 <s <1

f

12..

34 - 3/4 t <s <1
|

\

4,

‘Then™ H is a homotopy from ¢'¢ to the identity on Z(f,g). There’

v

Fa,3-4ds- 3t), 1/2- 1/2t<s<3/4-3/4t

Let G be.a‘homotopy from g to'g' and define ;p:.Z(f',g) - Z(f',g")

to the above. - |

0 < s.<1/2

[a, 45 - 2], 1/2 <s < 3/4

G(a, 4 - 4s), 3/4 ¢s < 1

L

ProEositior; (1~=.Q) Given a diagram (1.1) and\lwnm;)b}’ equivalences

h:X + X' and k:Y +Y!', tﬁe map Z(f,g) + Z (hf,kg) - induced by

h and k is a homotopy equi'valelri\ce.

be a homotopy from h'h to .1

-

px) ='x
S dlas] {‘
) =y

'is a homotopy equivalence.

X"
we see that the map ¢:Z(h'hf,g) + Z(f,g) given by

¢

" Proof . Let h':X' + X ba a homotopy inverse for h and let H:X x I+

From the prbof‘of'proposition (1.8)

H(f(a), 2s),
[a) 2s - 1]5

[

-

X

Ay

-
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I\ Let n:Z(f,g) > Z(hf,g) and n':Z(hf,g) > Z(h'hf,g) be the
maps induced by h and h' respéctively. We show that n is a
homotopy equivalence with homotopy inverse £ = ¢n'.

{
En:Z(f,g) > Z(f,g) 1is given by
En(x) = h'h(x) i
(H(f(a), 25), 0<s <12
gn[a)s] {[a, 25’ - 1]’ v 1/2 i§ -<-14

En(y)

'y
Define F:Z(f,g) x I »Z(f,g) by '

3

p - 'th,t) ='H(x,t)

_ (H(f(a), 25 + £), 0 <x <1/2-1/2t
F([a-:s]-)t) "‘ {[a,, 2s _'.1 + t ], 1/2 . 1/?;,13 is iqlh

1+t
CF(y,t) =y
“Then F islad.boinotopy from En to l,lz(fl,'gji’_. 3 .,'
There is a homotopy from hh' :to IX’ which we can use to obtain a

" homotopy equivalence Y:Z(hh'hf,g)+Z(hf;g).

. Let n":Z(hfhlf,g) > Z(hh"hf,gJ be the mép induced by h and

1

let"v E' = y1i'". Then E'n' = } by a similar hon;otoéy to F. We have
¢n'n = 1 ‘and Since ¢ is a homotopy equivalence m'n¢ = 1. Thus

. . N { s
E' =£'n'nd = nd| and therefore, .mE = n¢n' = E'n' = 1.

By a similar arguilent it follows that ;the_ map = Z(hf,g) + Z(hf,kg)

induced by k is a homotopy equivalence.

Proposition (1.10) Given .a diagram (1.1) ‘and a homotopy equiva)lence
e:B> A, the map FZ(fe,ge) + Z(f,g) induéed by~e 1is a homotopy

‘equivalence. .
] T L

Proof . Let e':A + B be a homptopy inverse for e, and let E:Ax I+ A

be a homotopy from ,ee' to 1A° From -the proof of proposition (1.8) we

/ I

‘f:j,e\e that the map 9:,2_(fc.=:'t=,-‘,'.,‘gee')~ > Z.(f,g)'t gJ:.ven by - |



i)

\ o(x) = x.

6[a,s]

8(y) =y

“fE(a, 1 - 25),

: [aa 4s - 2];

gE(a: 4s - 3);

is a homotopy‘ equivalence.

i4.

0<s <1/2
1/2 <'s < 3/4

3/4<s <1

Let e Z(fe ge) + Z(f,g) and «' :Z(fee','gee') + L(fe,ge) be

the maps 1nduced by e and e' respeétively.

We show that € is a ~

homotopy equivalence with homoto'py inverse X = &'s.

_ex:Z(£,8) + 2(£,g)

| eA(x) = x .fE(a, 1.~ 2s), '
e)\[g,s']- =
P ei(y) =y (a8 s - 5,

Def1ne FZ(f,g)xI+Z(f g) by f L

is given by
0<s <1/2
[ee'(a), 45 - 2], 1/2<s < 3/4

3/4<s <1

LRyt = x fE(a,,l - 25),, 05 N2 - 1/2 £ . = T
F([a,s], t) = [E(a t). 4s 1_2. + 2t], 1/2 - 1/2 t<s < /4 - + 1/4 t
J : + 3t ,
Ely.t) = y E(a, ds -.3), 3/4+ 1/ tis <1 L‘
o ' o v ¢ _‘2 T i

Then F is a homotop)f from .eX . to ."'lz(f g By a similar argume_nt'

. ? * . :
to that used in the previous proposition we élsq have ,Aé,= Lo H

XxY.

Proof

and g to g"

_ corresponding to. F and G.

)

.  " ¢(x, w,y)

whe:pe * denotes the usual addl.tlon of paths, and ¢' P(f,g) -+ P(f',g)

.8

respectively.

Proposition (1.8'). If £/« £:X > A- and g

I

»

= gh:Y + A then, there is a

: honioi:opy equivﬁ]_.ence'. P(£f',g') = P(f,g) which covers the identity on"
. . - B i . ) l\ . - -

-~

-

® - i
v

‘Let F:X x.I+A and G:Y x' T + A be h'omoi;opies from “f tonf".‘

.
Lo

Al N
‘Let F:X+~PA and G:Y - .PA be the maps

~ " L

befine‘" .¢:_'P(fa' ,g2) + ?(f,g). by - | )

(x, F(x) +uw,y)

Y

- -." . . -~



that " ¢!

by @ (e,y) = (5, FO) + 0.).

given' by

.1_.

is a homotopy equivalence.

"

e

HENLIN

ProBosltlon (1 9') . Given. a dlagram Q1. 1‘) and homotopy eqmvalence
i
" h: x' +-x and k; x' +—Y

't A .
is a homotopy inverse for "¢. Similarly,

LvEey) = w + (600)))

Thus . ¢¥:P(£%,8') > P(£,8)

PP(E',g') + P(£),g) -

dix,0,y) = (x, FOO-+ @+ E0DD0S ¥,

t )

is a homotopy equivalence. ~ .- .

0y

' ’h and X in a hométopy eqfnvalence. L

rogos:,tlon (1 10') G1ven a dlagram (1 1')

,eA-*B

the map P(f ,g) -+ P(ef eg) 1nduced by
.}'_ 'equlvalence T :. Coh e, o )
S e f : - o :
From pfop'o's'i.tions 1}6 ,
R r‘esixl.tl. ‘ ‘ ‘ %
K , ‘I . . .o n . .
. Theoren ('1‘.1_,1)“ Given a commutative diag?am ,
! 0 ! ,uX<‘f A E . 3
TR T ,
: “ | X'--‘ £ T gu._;&'
i 'V‘:(‘ o there isa commutative square - ¢ ‘:" 5 |
d C T (£, — Z(£',g")
| B ﬁ;l R 'lﬁ'

)

q,q' . are the pro;ectmns. |

3
‘r .

U(f 8) _—"“_’U(f',g )

4

A K e
-~

_ the map' P(fh,gk) -+ P(f,g)

RS

.-

given by

[y

15.

Then it is straightfordward to show -

1nducgd by .

and a homotopy eqmvalence o

is.a. homotopy

*

—

1.8, 1.9 and 1.10 we obtain the following

(1.12)
A

“in Whlch ¢ and . are.each’ 1nduced by the triple of maps (h,e, k) and

AN



L
. . 3 S , L)

If h,e and k are homotopy equivalences, .then ¢ is a

" homotopy equivalence. AN

If one map in each of the pairs . (£.8), (£',g') is a

. cofibration, then q,q' are hom6topy‘equivalencesu
Consequently,' ¢ 1is a hoﬁotopy equivalenée:

If the diagram (1.12) is only homptdpy commut;tiye, then

we still have .2(f,g) = Z(f',g') by a map which extends.

hvk on XvyY. If fhe hypothesis of .(b) holds, then

u(f,g) = UCE',g'). o - e

" Corollary (1.12) If  (X,A) has the HEP.and  f = g:A X, then the .

adjunction. spaces Y UX .and"Y'U%X arenﬁbmotopicéliy.éﬁuivaleﬁt.

 Coréllary (1:13). 4f  (X;A)- has the HEP - and’ A

¢’ L, l N ,
is ‘contractible,
. ;

.'fﬁen the projection *X - X/, .is a homotopy equivalence. .

Proof Consider “the commutative diagram

e '\.

i

o

X D A——

_The push-out space of the top line is X- thie that of the bottom

line is X/,. R B :

Theorem {1.11'). Givena commutati've diagram

3
r

v .

From propositipns 1.6',71.8&;.1g9"5nd 1.10' ‘we obtain ‘the dual-

)

£

. - ‘ .8
. XA ey ] )
h el kK . ‘
. l . ‘l' l' ' . (.12Y)
. f‘ i - g' . . - - . " = . *
_ Xf > A‘té : Y
. 1



{Fe

R

| . '
there is a commutative square | -~ . .

z _ _I(f,g) ._\__w__‘_, I(f;’lgl)

MR
T

P(£,g) —\—L——s P(£',5')

‘l
i

in which ¢ and ¥ are induced by the triple of maps (h,e,k) and
. ' | S
j»j' are the inclusions. \
1 . . -
are homotopy equivalences, then ¢. is a
L

(a) If h,e and k
' homotopy equivdience

(b) If’one map in each of the paiis (f,é), (£',g") is a

o fibration, then j,j' ' are hpmotdpy equivalences .-

|«

o :Consequehtly, .y is a h motopy equivalence.’ N °;

() 1f the disgran (1:12') |is only homotopy comutative, then '

t
H

we ‘still have ‘P(f,g)lé i(f';g').;By:é map which coVersi
hxk on XxY. Ifthe hypothesis of (b) holds, then’
I(f,g) & 1(£;g").

’

17.

. ©
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.. Lemma (2.1) ﬁor-eéch aeJ.

~

CHAPTER I1: APPLICATIONé TO CW COMPLEXES

We now summarize some basic ideas concerning CW complexes. More
details can be obtained from [4], [5], [7] and [9]..

A céll complex X is a HauSdorff space which is a'(set theoietic)

d1s;o1nt unlon of subsets ea called cells,indexed by some set J,

for each of which there is a map ¢ (BN > X for some, n >0, where

n is the dimension of €, such 'that:
(1)»\¢GJEH‘\ g1 4 bijecfive onto e,
2) ¢‘(S ) meets only cells of dlmen51on 1ess than. n.

Here 'En. is the subspace of Euclldean n-space R "cons1st1ng of a11 -

,vectors x ‘such that '|x| 5.1,,and s" .: is 1ts boundary EM

TN T . , .
. LA . .

\

The map ¢ : 1s calledbthe characterlstlc map of eu. The sub- !,

i

space of X con51st1ng of aLJ the cells of X whose dlmen51on does

) N

not exceed 'm 4is called the n-skeleton of X and is denoted by X .‘

if X +has no m-cells for - m >n, then X = n;
. : \

and- we say that X

has dimension n. A cell complex which conslsts of a. finlte number of

,\.cells is called a finite. ce11 cemplex A finite cell.@omplex is-

\\

clearly flnlte dlmen51ona1 TR ,

-

(1)¢(E>-e' N
(2) e, has the quotlent topology determlned by ¢ R R

(3) ¢ IE -.S is a homeomorphlsm onto e, 1; - R “ .

The closures'vé; of the-cells éaw of X .are. called the closed cells !

" of. X. A union S of cells of a cell complex” X—1is called a sub-:

complex of X iff for each cell e -of X contalned in 8, 'S._contalns

&
-

the c10sed cell e



. a CH complex.” . . L e T .
. Lemma‘ (2.2) A subcomplex of a CW complex is a CW complex q,n the BRI
) 1nduced topology R | I o o ]

| Lemma (2 3) A subcomplex of a CW complex X ’1s closed as-a subspace :

of X. . . ;f"'"-’ L : SR T <;1 : ] '

. product space X x J, Where J has the dlscrete topology Each

0@ J

19.

s

A map £f:X » Y between cell complexes is called cellulaf iff

Tfx™ e Y! for all n > 0. For example, the inclusion of a subcomplex

is a céllular map: -

L e

A cell comfﬁ‘ex is called. closure finite 1ff the closure of each

cell of X meeté‘b”ly f1n1te1y many cells of X, .or. equlvalently, - A
iff the boundary of each n-cell of X . meets on‘ly flm.tely many . cells

of X of d1men51on less than n. A cell— complex 1s-sa1d to have the |

weak topology 1ff it has the weak topology with resPect to 1ts closed

- icells ‘A closure f1n1te cell complex w1th the weak topology is called

a
-, f
’

o

9

) Lemma (2 4) Every compact subset of a CW complex 15 conta:Lned in a.

: .. R R |
}f1n1te subcomplex., o v " SR R . l]

v L.
.
.

. Let X be a. topolog1cal space and J. be any set. The‘-.'disjoint' E

I~

sumon of cop1es of X 1ndexed by J, cﬁenoted by :-L—'T Xa~, is ':th>e ‘

" subSpace X =X x. {a} of X xJ 115 ‘a homeomorphlc copy pf X. SRR

Xy has the weali topology w1th respect to the sub5paces Xa. .'
% - If X has a base polnt X the wedge \! J’xa is mt_he quotlent

space X x J/{x } x 3 o -_

"Theorem (2 5) A space X 1s a CW complex iEf there is a nested- SR "

. e )
sequence of subspaces -

] o "1, PR -
. : : 3



. . . At \
. P . .
f " . . . . . >
[ .
. .

g
. Y
- . [

f A~ Y be a, cellular map 1nto a CW complex Y

Then~-the adJunctlon ;
srm——y O . - '

) . Then f is e
da homotopicjrel'ative to: A' to a cellular map.

.
N : r ’
[
o - ‘l. i , Sy - e
A R B . . e %
l N * v - . ' ¢ .
",‘ ' Lo - = .o N . .
£ ! - . L] v n

Lt

- v
t

x°c x! <

. . ) " - / Y -
.of X s'uch'~that; ‘

o oW X |

- 1s discrete’;

- ‘ @) X% is obtalned from X

by attachlng n-so{ls' that is,-
for sach n > 1 there is a push-out dlagram

. - |l En"’ a )

. n
~om : . %X
‘ - aed. -~a A

. ,,
J T T ‘

a . - 'Xn—l 3 i a
S - : Taedb : C |
oot where J a J is-the 1ndex1ng set for the n-cells of X '
. ! . e .
o . (3) x = nLg 0, X and X has the weak topology w1th respect

T ©to. the ‘subspaces X o ; g g : ;
.- A\ :‘- .- RIS s ‘".ol“ o Lo \}‘; - .
.~ «*+ " The elements-of + X7~
)\ o ) u L xl“a\ cl [
"'l

T .L," - ! .
L rop051t1on (2 6) Let A\ be a subcomplex of a CW complex X and let

nt

sPaCe Y Uf X is a. CW complex with n-skeleton Y Ufn x where .
fnﬂ 1s the restructlon of f to \A )

0 T - ‘//'ﬂ.

- j b ST
.‘ ro;o_051t10n (2 7) Let X be a CW comple)s w1th a vertex as base : _'\P_\
o p01nt and let’ A be a subcomplex of . X wh1ch conta1ns the base p01nt
. o Then X, A) has the HEP B

.
i~ ‘ ’

Theorem (2 8) Let £: x g Y ‘Be a map between . complexes such that -
f|A is cellular }vhere A 1s;a subcomplex of X

n

orollagx (2 9) Let f: x - Y \be a pomted map between CW complexes
-
w1th vertex base po1nts. ’l‘hen\ f is homotoplc (relatlve to the base
: \ .
p01nt of X) to a p01nted cellul

i

. 4
mapf,“ . 1\}' / ‘. B ) :, \\“ . e

TS '

e

]

are the 0-ce11s of X -Tano ar.é called {rertices. .
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t . ".,’ o ! , ’ “
_ vy o . . AL ¢ j . * , ', . ‘_).
orollag_z (2 lO) Let A be a subcomplex offﬁ’a based CW complex X PRI
and let N f A + Y be an arb1tra’xy po1nt‘ed map 1nto a based CW complexk\ o
‘Y. 'l‘hen the adJunctlon space Y U ‘X has the homotopy type of a e
© ’ ‘\ e . L] !
CW complex. 4 ‘ ' A - cno , R [ A
e L C S , o ,~,,-,1 5
. Proof . The result follows by the theorem from propos:LtJ[on (2. 7) and . [‘ c.
corollary (1. 12) o o - . A . \ﬂ o
: . . * ' s e X - . . R . A . .
o L L . -,' T - ' ',. . ) { ) L. ‘
| Corollarz (2. 11) A CW complex: X‘; is p'ath connected 14\:’3 Xt . is pathl ‘ !
Pr'oo'f‘ S“uppose x is path connected and let f I > X be a path in’ \:
)g from a p01nt x “to a pomt\ x' Where X, x' é Xl G1ve I the RN *!‘
obv1ous cellular structure of two O-Qells and one l-cell Then f SR A
: R L _— LT ey
“ is- homot0p:|.c rel {0 1}° to ‘a path in’ Xl‘ from x £6 x‘ ‘ A
! ¢ - _\ . - A ‘ . N
¢ Conversely, suppose that Xl 1s path connected Any map R o X o o
LS homot0p1c to a, map # X c )(1 Hence X is path connec‘ted . -h[l
B N S o ° s
Lemma( (2 12) X is a CW complex then the path components of x ,
) T . o S .
are ﬁ.x' complexes. If X 1s connected then 1t 1s path connected. - R
A ¥ § \) ., ,)‘ ) \ - . z ,' o ;—, " N .?'~ u‘" . : K r \..
.:Pr‘woofl, Let P bga path component of X and let e be a cbll of X
Lo . A )
‘which is contalned. P. Smce each po1nt of € 1s connected by a~
: ' : B I
fe path to a pomt 1n e, we have e = /P H/ence,' P 1s a sub;:omplex of
S > A oL
X. The path components of .. X form ia fam11y of d15301nt subcomplexes ST
whos{e umon 1s X., If X is not pafth connected,\ then thereus more e ‘,
N e . - . v - \q [} s . '..
than one path component. By selectf.ng one and taklng the umon o,f nthe xS
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From corollary (2.11) and lemma‘(2.12) we obtain the following

[ 4

. Proposition (2.13) For a CW complex X the following statements are
\\\ o ' equivalent
(1) X is connected ; .

'(2) X 1is path-connected ;

’
c‘ (3) X! is path-connected. . .
A t;éological space X 1is called n-connected iff every map Si + X,
, ) Pe s <.n 'Has a continuous extension ove?.'Ei+1. Thus X is O-connected
- iff ‘X dis path connected. A l-connected space is also églled
p ) ¢ ' -

. * simply connected. ,
g . ' A\ene dimensionaI'CW complex is called a gzggh and a simply
® K connected graph is called a tree.

Qemma (2.14) A grapﬁ is a tree iff it is conzractible.

: J = . Proof Since a'contractible.space is obviously simply connected, a
—— . ‘ .

. T . - . ) ¢
: . contractible graph is a tree. Conversely, let X be a tree and let

- s X, be a point of X. We define a homotopy F from the identity map

]

. : there is a path v from each vertex v of X to x,. We define F
. i .
L er

on vx T by F(v,t) = v(tj.. For each 1-cell e! of X, F is

now defined op the subset e! x {0,1} &' xI of el'x I, Since X

- o R - M
8 is .simply connected we can extend F - over el! x I. Thus we obtain a

of X to the constant map of X onto X . Since S 1is path connected

- 3 function F:X x I'> X whose restriction to el x I' is continuous for

., each 1-gell e! of X. To see that F is continuous, consider the
r\gorregponding function X -+ PX which is continbious by virtue of the
. fqét that Xo has the weak topology with respect to its closed cells,

. N !‘ , o
. ) The set of tré€s Contained in a graph X is partially, ordered

by'inclus_ionw o

“

™.
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Lemma (2.15) Let X be a connected graph. ‘Then X codtains a

maximal tree and any maximal tree contains all the vertices of X.

Proof Let L " be ﬂlinearly ordered set of trees ix X and let

T = T\eJL T. T is clearly a subcomplex of X. ‘We fhow that

T is a tree. Let f be a map s' > T wherevi ='0 or 1. Since:

~

£(S*) 1is compact, it is contained in a finite sybcomp'lex F of T.

Then F can intersect only finitely many distinct elements
n

T.,T., ... T of L since L is linearly ordered. Then T = L__j T,
172> °7 "'n - . j=1 "1

is a tree in L and we have f(Sl) c FcT. Since T is a tree,

. _ . i N
the map £f:8' >+ Te T has an extension over, gl . This shows .that

T is simply connected and: is therefore a tree. It now follows by

t

Zorn's Lemma that X contains a maximal tree.
Let T be a maximal tree in X and suppose that theére is a vertex,
v'of X which ig ot in T. Then there'is a path in X from ' to

some vertex of" T. Let.v, and v, be the last vertex outside T

2

and the first vertex inside T intersected by this path. Then there

is a l-cell el of X - such that el = {vl,vz}. Let T1 = T v &l

Then T 1is a deformation retract in‘- 'I‘1 and so T1 is contractible.
Thus T1 is a tree strictly larger than T, contradicting the
3

.maximality of T, ‘ . ) -

-
a

Prop. osition (2.16) Every connected graph is homotopically equivalent
- . * '

4
" to a wedge of l-spheres.

[\

Proof Let ' X be a connected graph’ and let ' T be a ma;cimal tree
‘lin X. Take a vertex in T as blase: point. Since T _contains,every
vertex of . X it "fo‘llows that X/T is' homeomorphic to a wedge of
i;spheres. "I'hen, since T is-a subcq;nplex of X, ) (X;T) has the HEP,

-
L)

<
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3

S ’ ’ . '
and so by corollary (1.13) the projection X X(T is a-homotopy

equivalence.

In the following we identii’y_ s" w,iqh the quotient space En/én.

We denote the class in s" containing x e E by ([x] and if

|x|‘= 1 we write [x] =0 € Sn. We form the space s" v I with the

-

base point of the unit ‘interval I = [0,1] taken as O.

It is clear that the inclusion st Sn v I is a homotopy

equivalence,but we wish to make use of a different homotopy equivalence.’

. "_'(.".hange the base point of s viIoto 1 ¢ I and define. h:s" sy 1

hix] ={ [2x] , 0= x|
- Lalkl-1, 122l

(4 ’ ' h

'so that h pulls a portion of the "balloon" s down the "string" I.

Let k:s"v I +s" be the-projection given by

. k[x] n

B}

[x] , x¢€E

k(u) 0 , uel

'h and k are both pointed maps with respect to the new base point for -

'SnvI.

Lemma . (2.17)

-

h is a homotopy equivalence with homotopy inverse k.

-~

.P‘roof hk;Sn vIi+StvI is given by
N

© Bk[x] * h(x]

hk(u) = 1

~ -

Define F:(S™Mv I)x I +*s"v I by

>

¢ . . -

1/2 2

t
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I . .
, - [—2—2-"—t] 0 <fxls1-1/2t
FClx],t)

2x]-2+¢t, 1-1/72t< |x]| <1

F(u,t)

u+t - ut )

Then F is a homotopy from len 4 to hk.

kh:s"+ s" is given by

.{[m, 0<|x < 172
. 0

. kh[x] =

“ , 0 a2 lxl <
Define G:5" x I »s" ‘by SR Yy
2 0 < |x| ~< 1 - 1/'2. t : G i

l 2 - t ? — — . B 1 J J‘ :,‘

G([x],t) = A ‘ o

: L 0, 1-1/2t < |x| <1 . o

’ , Then G is a homotopy from lsn to kh. . . ' [] w‘x

B ‘Identifyiné E" with 5CSn-"1; the cone of Sn'»l-, we define

R:En-*EnvI‘by

L : [[2x], u], 0% [x]| <1/2 ‘ ' ,,
. hi[x], u] = a : < ° .
: : 2|x| -1, 1/2< |x] <1 , T
and K:E" v I+ E" by ' '
’ - -
‘ » KIIx1, v1 = [A[x], v] , o
Kw. = 0 - . | |
" v
- Here the'baée' point of E" vI is the point 1€ I. h and kX
. L, - ] LI , L]
are extensions of the maps 'h and k ' defined previously. ‘ . ' )
. . 1
i .

 Lemma (2.18) "(h,h) is a homotopy equivalence of pairs

- o TE S he @ v STy D
| with homotopy inverse (k,k).
Proof It is obvious how to define extensions of the homotopies 0
: | . o . - . . , v"‘
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Fand G of the previous lemma so

from 1, 1 to hk and G fr

Theorem (2.19). If X 1is a conne
base point,. then for each integer
4

4’:\0I ny, 82—1' +x™ 1, uhere J"

‘of X, and a homotopy equivalence

-

e

t

as to. provide homotopies F '

om len  to Th. y

cted CN complex with a vertex as
n > 2 there is a pointed ‘map
1Y .

is the indexing set for the n-cells

A:Cy + x™ such that the diagran

) v Sn-l ‘1’ . xn'l ’
N € Jn" ; . \ l |
¥> N 4 . ) ,"- N xn ,
" is commutative. - ) )
Proof - We have a push- ~out dlagram o
{ l | > XI.I J

ae‘Jn J‘ \
] _‘_U._ n-1

ced"

S ey

in'which the vertical maps are inclusions and f -is the attaching

fnap of the n-cells of X.

» For,eac':h o€ Jn 1et
cn )z (ED, "‘1)+

be the relatlve homotopy equlvale

Let n

Y

(v, "1 v

nce of lemma (2.18). -

Vh(-l : ng'l -————)EV(SH“1 v I)u
and 7. V}Ta : 'VEn _— V-(~En. v I) S
_Then' (m,m) (Vel Vsn 19 Ay (V(E v 1) , V(}“ 1y n, )

v

is a homotopy equ1valence of palrs.

v .

Slnce X is connected,‘ X
- - )

e J? there -is;a path -p;l : in,“xn'l

n-1

.-is path connected and for each

from the image of. 0 ¢ Sn 1

B

?
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-in.which the push out space of the top row is homeomorphlc to c

| n > 1 there is a push-out dlagram

27.

under f to the base point Of X. These paths together with the

. A
map .£ define in an obvious way a‘map

1]

e Vis™ ! v 1), — x7-1

and it is clear that the push-out space of: the system

Ve v_I)a:V(S“'l v I)a-(\——_—> -1
: ’ & . .

' \)
is homeomorphic to X", . e ’

Let ¢ = gn \/Srl 1o Xl;.—l : Then "¢ is base point preservihg

and we have a commutative diagram *

\/E :‘-————JVSOL " ,‘¢~ ",‘Xn-l

G vI) Cels™ ey ¥f———>x 1.

.

o v

I;.,;g clear that the two inclusions are coflbratlons since, for

hexample, they are inclusions of sul?‘comp'lexes\o'f CW complexes. Since .

the three vertical maps are hc;motopy equivalences, it follows by -
theorem. (1.11) that they induce a homotopy éﬁﬁivalence ’A:C¢ + X" with
the desired properties.‘ ' |

- ’ ~9,

We. shall” say that a CW complex X has pomted attachlng maps 1f

it has a smgle vertex wh1ch is taken as the base point and for each

¥

- . . - , - n : . -
CT o V. 8 — X . |
g ael J ‘ B :

G . ‘ v - ‘ . ¢
) Tl-l A n‘-.'l‘ . ' L3
: —_— :
aed® S ‘ X '
of p01nted maps . g T

Theorem (2.20) Every finite 'dimensionallcon_neqted CW complex X is o+

homotopically equivalent to a CW complex X withupointed attaching

3

-maps, . ' o ) S : *



Proof The l-skeleton of X is a connected graph and as such is
homotopically equivalent to a wedge t;f sp‘heres which we- take as the

1-skeleton X! of X. Let 7‘.1:)(1 + X' be a homotopy equivalence.

Now s;rppo§e that we have éonstructed‘ the (n—l’)—skeleton Yn_l
of X and have a homotopy equivalence . An_l:).@n -,1 -+ )(n'1 with a
hom:)topy inverse u n-:; :)-(n-l '-*T(n'l. }:rom t_he proof of theorem (2.'19)'“
we see~that the‘re is a homc;topy commutative diagrérn
\/En — V.Sn—l. ._ﬂl;}i__)fn-l o
Lo T
: V(En v 1) 3%\/(5“‘.1'\}'1)’——)7——'—.—:‘)(9-;1 L

in which:the t};;’ee vertical, -mapsl‘are"hqmotopy..'QQUivalenqg:S 'I‘he push-
out 'spla’ce of the"bo”ttém Tow is hqfneomérphic to X" and fwe.'letf ‘X1 be
the push--out épaé;: of ‘th‘g.‘tg‘;pu xow. Si;lce‘ the:"two incIusidn§ are IR
cofibrations, . it fojl lows by“' ;hehgre‘m '(1,.' 11) f{xat therg is'a homogégy
eqyiira.lenéé .xnfin + Xﬁ." It is'cl-ear, thei‘efore, thaf‘.»"the theorem

follows by induction. : , ' : o P ‘] .

."'.
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"CHAPTER .ITI: . SOME EXACT SEQUENCES

¢

Let . X ami Y be two based epaces. The set [X,Y] of homotopy classes -

of maps from X to Y has a distinguished‘elehent givenythe class of

o

: the oonstant map; in fact [,] is a bi._functor with values in the

.catego_py of pointed sets. -

: elément gwen by the class of the constant map ‘ If Y. is'a' loop spaice,-

-

If X is.a suspen51on, say X =8X', then [SX',Y] has a natural

. ’

grogp»stmcttire given by the "pinch map" Sxt » sSx¢ vA sX!* with identity

T

C qay Y =QY's; then : [x Qy']- has a natural group structure glven by the .

map_ QY' x QY' + QY' correspondlng td addltlon of loops. If+ X = sSX'

l

and” Y = QY' : then the two group stmctures on . “[SXY ,RY"] --coim‘:ide a;m_i

v

-/ the group structure is necessanly abella.n.

S and 9 con51dered as functors from the homotopy category of based

spaces to 1tse1f are adJo:Lnt. The adJunctlon 1somorphlsm [SX Y] [X,QY]

l
2.

is’ actually a group 1somorph15m. We write rrn[x s Y] = [s“x,Y] = [S ;QY] -
K3 S . S '

/ - N ; .

= .00 = [x QnY] In part:.cular -n X) = [Sn X] =, [S° X] is the nth

'homotopy group of X 1f oy 1 and the set oT path- components of x

~_1f nl=0. .- “.“‘

’ (s
Let (X,A).be a pair Of based spaces with A& X and let 1A > X

be the in‘clusion. We may - identify E..: wi‘th the 'space'of p‘aths in.‘x

#

) .‘wh1ch start in A and -end at the base polnt,whlch we denote by E(X; A)

".The nth relat1ve homotop}r group T (X A) of the pa1r (}(,A),- n>2,

is \the group ﬂn 1(E(X A)) LN (X A) has an obvious ixiterpi'etation by

means- of mapb/ (E S ) +. (X, A) " More generally . the nth homotopy group

‘,

m, (£ o_f a map, .f:x +Yl,n 1‘.2, | 1is the group - l(Ef)



Loy

. Proof The map AE:X x I ‘+_Cf gj.vgn‘by F(x,t) = uB_,t] i,s_ a homotopy °

,from gf to, the constant map X - ‘B. Defme h:C

. Proposition (3.2), For each map f X Y thgre is a'homthpy commutative

- diagram * *-

Proposition (3.1) A sequence

f i
- - X > Y :Cf/)

where i 1is the inclusion, induces an exact sequence

¥

[C4B] — [¥,B] > [x,5]

for each space B.

from™ if to the ‘constant ‘map X > Cg- Hence. £*i* = 0. Let g bea

1

f+ B . by h[x t]

“G(x t) and h(y) g(y) “Then . 1*[h] - [hi] = fg].

ProEosnlon (3 1) .A sequence

where . p is the projection (x,m);-—>x, induces an exact se«’:{uence)'-
v ! 4 . . .
ro [AEf]—L->[Ax]~—>[AY] CL LD

for each spac_é ‘A,

Proof The map f Ef xI>Y gJ.ven by F(x,m t) = m(t) ié a homotopy

from fp to the constant’ map Ef > Y, Hence f*p* = 0 Let - g be a

m'ap“ A + X, such*that [g] e ‘ker f4. ‘Then there' is a homotopj? \
GAx I~+Y from fg ~to the constant map A=Y, Define’ ¢-A.§' EY

by ¢ca)(t) c(a £) ad K> Bl by hi) = G, $@). Then
p,lh] = [ph] = el T

s v . “ y
b - I
o

-

| map Y +'B stch that [g] €. ker £+, Then there is a homotopy G:X X I +B
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J . -
! c; ,

\l S£ l . .(3"3)’

. SX —— SY

xf,Y._.__,iC

a . - £
0

in which i,j and jl are the inclusions, p 1is the projection and

the vertical maps are homotopy equivglences. ' -

. , . N . N . . ﬁ’ . .
Proof °~ Wemay regard Ci to be the quotient space of CX v CY obtajned

by identif)’ring [x'd] e'CX with [£(x),0] -€ CY for- a1-1 x ¢ X. Since
) .

i is a coflbratlon, the pro;ectlon q: C -~ SX - given byi q[x u] =

[x u], q[y V] K 1szhomotopy equlvalence Clearly qJ -p.

&k

u

Let p1 be the proJect1on C. +SY given by pl[x u]

T pl[y,v] = [y,v] Replacmg f-by” i in the previous - argmnent we see* .

that there is a homotopy eqi:ivalence‘ ql:C-_j + 8Y such that qul =P

For each space A there is a natural hpmeomorphism_ c'A-:'SA + SA

givén by 0A°[a,u] = [a, 1 - u]. If g 'is a map into SA we Write jf

)

-8 = 0,8 and if h- is-a map from SA, we write -h = hoA.

the proaf of the proposition, we show that -Sf o q = pl.. Then we can

To complete

_ take q:C. + SX and -qI:Cj + SY to be the ,yert—icél maps in the °

dlagram (3 3)

We have (-Sf o q) [x, u] = [fCX), 1 - u] " LT o
= and (-Sf o q) [y ,v] =k | )
‘Defite F:C, x I » 5Y by : s ‘
L Rxult)s £, (- w-0)] '

© Ryl = Iy, ves 1ot |

. ‘. .. ‘ . i . . .
Then *F is a homotopy from.. -Sf 0. q to Py ' . ' ,
Propos:.tlon (3. 2‘) For each map £:X Y :,t'here is a homotapy f_c'ommutative‘
dlagrém I o

i ' . bt
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Lemma’ (3:4)'~ SC. =¢C

. [x u, 0] & CSX w1th [f(x) u] e SY for a11 xeX, ue I', whlle SC,-

32.

- 4 . ’ . | i\ ..
T QF T / ) o _(;3') )

in which P 4 and q, are the projections, 1 is‘the inclusion and
the ve.rtical niaps are homotopy equivalences. ', .

‘P_r_o_gf_' We may regérd "’Ep to be the sﬁbspéce of EY x EX consiéting
-of pairs (w,8) syd‘a. thgt fc 0) = L’Lo(O), S_ince P isa fib;-ati—c>n;_ ethe ’
inc‘lusioﬁ‘ JQY > EP. . giyen' by j,(u;) ‘= (fu’ -f ‘)‘ is. a hg;notdpx equivgl,ence'
.and we have qj = i. ‘ ' )

L'eé i, be the inc1usioi1 ™ > By given by 1,0) = (59,

‘ Replac1ng f by p 1n the prevmus argument we see that there 1s a

v

homotopy equwalence Jl QX -+ Eq such that qul = i

r

For each space " A there 1s'a natura,l homepmorphism p A:QA + QA -
given by pA(Q) = -u. If g is a ﬁap into” QA, we wri‘te 8= Pp8
and if h is a map from QA we v;vrite_'-'h = hpA."_.,To complete the proof
of this proposition we show that j(~Qf) = i,. Then we'can take-
joy » Ep ‘and =jy0X > Eq to.be the vgrtié.al‘ m'aps in diagram (3_.3‘{').

We have j (-Qf) (q) = (-fo,%). Define WX x I -+ EY: by u:(c,t)l(u) =

LEo(( - w)(l<.t)) and viRX xS BX by v(o,t)(w) =o(l-t+ ut)

Then FiX x 1> £ givenby F(o,€) = (u(o,t), v(o,t)) is a homotopy’

from j(-2f) to i, . . . o

f.Sf; § R - .

Procf .‘CS £ is the quotient - space of CSX v SY obtamed by 1dent1fy1ng

f
“is the quotlent space of sccx v Y) ScX v SY ‘obtained by 1dent1fy1ng )

[x’O v] e SCX w:Lth [f(x) v] . S5Y for all x e X, ve I. We may
/ . . . '
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.33
i‘clentify'CSX with SCX by inte;rchang_iﬁg co’ordinates.. _Hence"’it.is clear
L that we may identify Cc.withSC.. . . . ' .

(3.5)

Proof Eog is the s'ubs'pac,e'of X x EQY" consisting of pairs. (o,p) -

© . .vhere u is amap I2+Y -such that X(0,) = fo, A(1,t)'= y_ for all
t eI and’ X(s,0). =.'A(s,1) = y, for all s e I. S S
C L o T b, . o | . B ‘
y DR " o’ _‘.". ¢ , ./d .
- T 1 )‘ N mappéd to base point
[ T . . N ) i j’ © ‘, “ . ’ f '
. T v e S ' T
RE. is t!ie subspé,ce of 9 (X x EY.) =X x QEY consisting of pz)a_irs{.'(c},._u) J
© where u is amap I2 +Y such that u(-,0) = -fo, n(s:",'l),_= .yé for all
’ se I . and n(0,t) = u(1,t) =y, for-all teI. It 1s .clear, that we

can identify the two spacés.:
_.Theorem (3.61). .fér _eqc}i map f:X 5 Y and’ ee;ch, space A there is an |

\ e ; infinite exact ééqiiqnce B . : . -
- - .. . o o f N N i -~ p* - ;f* .oz - N a
@ —’ TalAX] — T, LA, Y] _:"d ﬂn-l.[.l\.’Ef] e "n'-ll[A"'x] - ‘n.’n-l[A’Y'] Tt

P L LU malX] S tans o @hn

AN o - .
) ' . > ' . L : s :

Proof .. It 1s ciear_frbm prop'psitj._ons (3.1’) and (3.2') that there ist,"'
an exact sequence _ S AR ” :
e T I 5 £
[AG] =2 [A,2Y) =5 [A,E] =5 [AX] > [AY] ..

L PR

i - LN B C K ‘ - : R . R - ) i.
., .  .Replacing £ by Rf .and identifying QEf fvit,h Enf’ we obtain the = -
! .exact-sequence = - B S

o . . 4 P .
. Y .o L . s . a . - . N
o ’ oo . " ! ) oo o . . : 4 * . R
. - . a .t + ' . * N ' ! L . h 'l’ ‘ A
S, . o te - L . ) : i s i ) [ R
RRTE TR . . o LI . CoL P U
Ca « 7 ' . . . AU P . . T " S0 .
0 . o) 0 )
B o . . N . R X . v . . R L . (. ‘ . R . ot

wr



Corollary (3.8) If - £X+Y

- then for each 'space” -

' -f,
[A, nzx] [A nZY] --> [A, maf] —-> [A ax] —-> (A, m{] o
» P

Iteratlng this procedure yields the desired ‘long- exhét sequence

\ Ve vt

In particular, ~for-any map f£:X +Y we have an exact sequernce

L pnm —> 1Y) — " B —n ,X) i -_> L5 (Y);. L

Théorem -(3.6) : For each map £:X Y “and" each ‘spaceg B there is an
. . _"'—"~ «.‘ ) . x.. te . . . - ) . ; . r-\‘ ) ’ .
. infinite exact sequence T

. ~ f - . v . ‘ f I ..
'.—i Ly [Y B]-——*'rr[x B] 1[Cf,B]—-> L [Y B]—->1r [X B]

. _'ﬂ R . ’ .l ) l ' -‘-> “O[X’B] j‘“o[xJBl e : . . (3'7) ‘ ot
oL L |

" Corollary (3,8') If £X-+Y is a fiprationwith fibre. F, thenm for '
eeeh_, space A there is an in”fi‘nite\- e{ac,t Sequence B
S X e,

ﬂ . . -
> A= g [A Y]——’ n-1[A F]_"' o1 AXI—= A -

S [ASX]D T [AYD

i, is induced by the inclusion F - X and T is the composition -’
| S PR AL A S e
: ' | . - .

‘1 o ‘ ?ﬂ-ip\;, Y] — "n.-'I[_A’Ef] ,-—_>,,1rn;1[A,F] t S

N 1 . s - = *
oo _ . | CT L :
4 X . -

. el
..

-in which the f£irst m‘%lp‘is..induced by ‘the¢"inclusion fy-+ E, and_the

second map is the inverse of the iSomorphism induced by the inclusion -
i B . - ; o .
R \.+;Ef~. - .,"‘ Lo

-
. R . s ’
[ 1 oo -, .

15 a coflbratlon w:Lth cof1bre C

i
B there is an 1nfm1te exact sequence : \\
L !




kY . . . .

h

. ‘. ; ___’..n.[y B]——* n[XB]—éwgl[CB]-——)n‘ l[YB]——)-n' 1,[)(8]

PS - . ) ) i‘ » ‘ '. “—':'> ﬂé[Y/,B.],—),'ﬂ'o[x,B]- ) H
y LI - * ' s Ol . . e N

o ’ N . 3 . - .

L . . . - . ". ' . . . . . .4 .

.® -
Now suppose we- have maps | :
- 3

»
o™
)

. R . X-—'—*..Y'—“‘_—""Z . . .
. - . , i . .
S . [ - . .. . o} .
e . ‘l“ [
' l : \

o | e and'let /h = gf. The commutat1ve d:.agram ~ ‘ I
' t

K - . . . . ',\_\ ) , "‘., . . ‘..

' R

. "‘ | ~‘ . :__. . ‘.‘!l ; —'_-> . ] ot . :‘ ) ot : .
o e /I Lo T . f ,hl lg S . rB3.9)
o . ‘ . L L o . . g . o - R
. ‘,“ . . . - 4: . .' \\ t ", N o e » ' Y > Z Z “" - ‘- ) ., . °
e S g S
IRV i N ) ) l. N l , N " P ' ‘-' N . e . ¢ B K
a . \&l gives rise to-a. sequence Y ‘- : ',‘ e e, ‘
oo PR . O
;.A._ . __.;.‘.: S - ! N "'- R WU . P oo
- where :’ $. . 1s 1nduced by the p'a T. (l,g) [and \p by the pa:u: (f 1) - s
L . t .
. T lebn51der the mapplng cqnie §equence v, < )
X’ : ’ 'r ' ! v -

B i -l - . . "' ‘i - W ) B ; . R L.
N I b =G | A A
S wherc?, i 7 is the m;lusmn. : : C AR .‘ -

\, |
|

Cy is, the ‘quotient space of sz v CY v CX v Z nbtalned by‘

be £

‘ 1dent1fy1ng [x uO] € sz wI th [x, u] cx [y,O] e o with- g(y) ¢ zZ,
. [x 0 ,v] € CZX W1th [fgx) v]j < CY and [x 0] e CX , w1th h(x) ¢ Z. .We
- oL " 'may 1dent1fy C,-

. ol )

vith ‘the qu:otlent space of @X v QY v, z obtamed by -
T S 1dent1fy1ng [x 0 v] \‘Céx wa.th [f(x))v] e CY. and [y,O] eCY w1th 3

”
.
e -..-s__-_..-

‘ l
. Lo '- . . . . S8 .
. Lo . i b . 1[ s . : _" i . W ,
. . . f . . ' . . . —
coe e T g(y)e Z. . T SR Lo . Lo
. o R Seoo ' ey R . o : . . B N
. : . e q \ L N . , . N - = LI “
v ' | . e ' Y .
e . . i N R )
" : . i . 3 .
: ., PN e 4 Do ..
. w ) | e » .
Ve PR P ! . . .
1(‘ ' ' ‘ | ! 1 M ' I .
M { ” a ‘e . 3 .
N v " ~ me
\ . =
. . . \ R . - e
ol N Sy |
i T . N
-3 o 3 L e . - . 'Y
i- - ! ; o . ' L \"
‘ ' - " ! . “ ! ' .
1 . ’ o 1 : « 2. [ !
. . : “ LIS ? * .
. ' ' . Vot : ! : por i ! '
e . ] Al P . R
i ' , i \ ‘11 ", B I as . P
X N ' } . . ’ pn ¢ %
i ' . - PECHA i N i ) - .
LI ‘,\ Yo PR ! ' BT ® M N
e e RN S | . e bt .
, . v T ‘. , 0 : vl C . '
: : i .!.w L “ Cr " » o ot
. [ 1"' BAERTS . -t Cl - T . o . s
i . |~1' N - ¢ s f N
- L « 5 o 0

- y o
N e



S

’

[£(x),v]

1£(x),v] - -2 /-[x,0,v]
[y,Oj
} e !
] i [x,u,0] I
o : - [ 7
1 g Ixul :
gy h(x)— -& gly)

_ With this identification the inclusion i:Oh > Cy is given‘by
i[x,u] = [x,u,0]

i(z)”

z
Let j ‘be the inclusion Cg - C¢ given by

fy,v]

ily,v]

T j(z) P

Pr&position (3,11) j:Cg > C; is a homotopy equivalence with homotopy
inverse a.retraction r:C¢ - Cg such that the diagram 5
. 8 i

Cg—bt— Cp ——>C

)

o L . °

is commutative.

°
o

Proof We define a strong deformation retraction D:C2X x T+ C2X of

C2X onto _CX by ’
[x,u,(1 - 2t)v + 2tu], ‘'u>v, 0<t<1/2
\ [X,U,V], usv, 0 it il/z

D,([X,U,V],t) = 3 [x,(2 - 2t)u, u], u > v, 1/2 <tz<1

[x,(2 - 2t)u,'V], u&v, 1/2<t<1

«

"(3.10)




- Let q:Cg * SCg be the rgstrictiop of p to-Cg.

v 4

0<t<1/2 1/2°<t <1 |,/

-~

Now define A:C¢ x I ~» C¢ by

A([x,u,v],t) D([x,u,v],t)

A([)’:V],t) = [y,V]
A(’Z’l) = A ¢
Then A is a strong deformation retraction of C¢ onto Cg. :
We have:
A([X:‘J:‘}],i) = [?(',O,u] = [f(x)’u]’ u >
- [x,0,v] = [£(x),v], <
w . . ' -
a(ky,v1,1) = [y,v].
3
4(z;1) = z

12

Then %etting r = A(-,1) we have rj = iC and jr 1d .

-

ri[x,u] - = r[x,u,0] = [f(x),u] -
ri (z) = A |
Hence -ri_= Y. . )
/
In the sequence
Ce .¢>ch 1 ,¢ P>séf’?¢ > SCy
the projgction p:C¥"+ ?Cf is given by
lp[x,u,v} = [x,u,v],
ply,vl = [y,v,
p(z) = % .

(See diagrams (3:5) and (3.10)).

LI
-

v
v

=4



38.

Corollary (3.12) In the diagrams

Cg — G, —— C SCg¢ SCh
0 lr ~ ¥
V ‘ ‘p ] q
Cg g
¢ i P S¢
\ Cf—-—-——) b — C —58C, —>SC-
* 0
| ) x IJ / |
) Cg

the triangles marked 0 are commutative while those marked =* are

e ’

homotopy commutative.

. ~
.

Proof We have p=1i and q =pj. Thus qr = bjr =p and .‘ n
jy = jri o= i ‘ : i T

Cofollagz (3.13) For each spage B the sequence

— “n[cg,B] —‘-U? ﬂn[c}l,B] _ "n[cf,B] -— "n—l[cg.B] . --.
. —_,‘“o[chnBj _— ‘"o[Cf,iB]i

, x _ o . : u 7
is exact. - .

s .

o
J

-

-The commutative diagram (3.9) also gives rise to a sequence L

R By

where tp:Ef +-Eh is given by. ¢(x,m)'=“(i3gm) and cb:Eh > Eg is given
by $(£,0) = (£(x),0).

Consider the sequence

p $
¢ h g

"E¢ is the subspace of X x EZ x EY x_E-Z consiséing'of'eiéments
(x,0,w,1) - such that (0) = £(x), ¢(0) = h(x), . x(0,-) = ¢ and

~
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)\(-;O) = gw. - We may identify E¢ with. the subspace of X x EY x Ez

consisting of elements (x,w,A) such that w(0) = f(x) and

A(-,0) = gu. ' e
h
X o £x) - (x)
g
w gw

! Yo . 20
With this identification the projection 'p:Eq’ * Eh isA_ given by
p(x,w,A) = «(x,A(0,-)). Let r be the projection E¢ —r-Ef given by

-

(x,w).

T(X,w,A)

ProEositibn (3.11'y rﬂ:E¢ -+ -Ef 'is a homotopy equivalence with homotopy

. inverse an imbedding j:Ef + E - such that the diagram

$.
By —PsE o o
J]\ / ‘ ' ‘ | P

Eg
is commutative.

Proof Define an injection e:EZ » E27 by

y

: . -{o(u), u>v
e(0) (v,u) =

g(v), u <y

;IA

/

and .define j:Ef+ E¢ by j(r,w) = (x,0,e(gw)). Then rj =1 so j

is an imbedding. Define D:E2Z x I + E2Z by .

v 1/2<t<1_

- A(v-2tv+2u,u, uz>v, 0<tc<1/2

D(A,t) (v,u) = A(v,u) , u<v, 0<tclf2

) : A(u, 2u - 2tu) , uzv, 1/2<t<1
AV, 2u - 2tu) , u<

and A:E I+E
S T
homotopy- from .1,  to jr.

by - A(x,w,i,t) = (x,w, P(A,t)}. . Then A is a. RN



~  Define k':QEg+E

3

- .
Corollary (3.12') In the diagrams

-

) - ’,
We 'have pj(x,0) = p(x,w,e(gw)) = (x,gw) = Y(x,w). Thus pj

o

In the sequence -
A}

¢

‘QEh:ﬂ;"-QE—l—»E -2 , g %, &
g ¢ g

h
!

A S

"~ 40.

ker p = QEg is the subspace of QY x QEZ consisting of pairs (w,})

such that X(-,0) = go and the inclusion i:QEg + E, is given by

¢

i(w,\) = (xo.,'m,x)'.
e by K@) = (x0).

-
i
@

. Qb i P ¢

QE, —2 s QB —> E, . —E B, 2
« 1. 0

. ' ¥ " S o

ap, —2 g, L g —Po g o

Q¢ i
'.:.‘ . k - B ‘P . é

Eg

the triangles marked 0 are commutative while those marked

. .
homotopy commutative. “

v v -

Corollary (3.13') - For each space A the sequence

SRR LR TR E R I LS TR R

-~

.. ;.
- FO[A’EH] -/ “G[A’Eg]

"is exact.

In particular there is an exact sequence

——"'-A;Tn_(f) -—'—i 'rrn(h) A un(g)‘-—r) LA # .....

' For ea'chbtriple of spaces (X,A,B) with Be A ¢ X -there is

¢ + .

[
e

an



exact sequence

41,

— nn(A,B) - .nn(X,B) —_ Trn(X-,A) _ -rrn_l(A,B)

Let £ beamap X~ Y. A lifting function A for f is a map'

}\:Pf -+ PX from the mapping track of f to the path space of X such that M—-—/

Lemma (3.14) f:X T Y‘ is a fibration if and only if f has a lifting

function.

by G(x w, t) = w(t) Then G(-,Q) = fr where .r is the prOJectlon

/

Ax,w)(0) = x and fa(x,w) = w

8

\.

Proof . Suppose that f X' Y is a flbratlon and deflne .G: Pf xI+Y

Pf+ X g1ven by r(x,w) = x. Since'")f is a f1brat10n, there is a

_ homotopy H:P
G(x,w,t) = w(t). Then \:P

lifting function for f. ) .

f

x I X su¢h tﬁat H(x,w 0) = r(x w) = X and fH‘(x,w,t) =

£ > PX glven by A(x w) (t) H(x w,t) ’

Conversely, suppose that £:X + Y .has a lifting function A:P ‘+.PX..
\ - ’ . - *

f

Let- h be émap A+X and G bea h'omotopy. A xI->Y such that

G(=,0) = fh.

Define ¢:A + PY by ¢(a)(t) = G(a,t) and then define

f.i:A xI+x8 b}f H(a,t) = A(H(a),d;(a).)(t‘)., We have, H(-,0) = h and

-fH = G, -as required. i ' T ‘ ﬂ

~

°

Let- f &-* Y bea flbratlon w1th fibre F. aJld let A:E

el

f-rPX be

the restrlctlon to E of a llftlng function for f. Define f: E(X F)

+ QY by T(g)'= f6 and N:QY +“E(X,F) by A(w) = -A(xo;'-m).' We have..

Y(w) (1) = X

oot

and’ fi(w) =

W ‘o ' ’ .
P G oG - L
Yo' ,Of(°3'= fo

J_f

e

<
o
— —
L ;)
L2
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]
Proposition (3.15) f:E(X,F) -~ QY is a homotopy equivalence with

homotopy inverse A.

.

B_I_‘gc;_f Cléarly A = loys We mus € show that 'X’f = 1 X,F)" :\‘\
De¥ine a homeomorp}iism m:12 > 12 by Aﬂ &
| (u(1/6 + t/2), 3t(l - u)), 0 <t <1/3
m(t,;z)‘ = ((3t --1)(1" - u)'f ut, 1 -~ u), 1/3 it'ﬁ 2/3
. L a-waes-u,a St - W, 23 <t <1

The action of m is indicated by the diagram

u-s , T . ]
ot | YR 12'3 "
voeo - -\ ’

. l‘ i m \ !
S s d
HE N . Xooor i
] ] R ' . . . \ "I
o Co N
o n Y3 ',T%t ‘ ' ‘, ‘ob A > 4 )
Define $:E(;F).x 12 »'Y by . ¢(o,m(t,0)) = F(w).
~ If g:E(X,F) x I > X is the map given by :
o(6t), S 0<t<1/6
glo,t) = xb, . . 'i/6 <t 1’5'/6 o
Q U X(fo)(6 - 6t), . 5/6 <t <1
we have '
o fo (6t , 0<t¢1/6-
' e ‘ .
fg(o,t) = Yb’ i , 1/6 <t 1,5/6 )
. £o.(6 - 6t), 56 <t <1
- .=, $(0,t,00 . S L o |
Then, since f 1s a fibration, there is a map - w':E(X,F)-x 12> X suc :
. - - .. S o . .
that ¢(0,t,0) =-g(o,t) and fo = ¢. ! ‘
. Define 0:E(X,F) x I +*E(X,F) by. 8(c,t)(@) = ¥(o,m(f,w). SR

Then' £0(5,t)(0) = $(o,m(t,0)) = £5(0) = y,, so' O is well defined. = '

" -
¢ v



(@

Thus 6 is a'hom\otopy from lE(x,F) to Af:

.on> 2,

-3

43.

~*
8o, = v(o, /s u; 0) =' glo, 1/6 u) = g(u)
6(c,1)(w) = ¥(,1- 1/6u, 0) = g(s, 1 - 1/6 W - X(£0) (u)

= 2£(0) (w)

. Corollazz (3 16) For each space A, ?-E'(X F) + QY 1nduces a bijection

[A E(X,F)] + [A QY] which is an 1somorphlsm ‘of groups when A is a

suspension. ] - .-

“In oartie_ﬂlax", we have am-i.so"nm’r:'phi.smj f;:un(X,F) + 'ﬂ’n(Y) fmj-each

- . . . PR
v

' _Cons:ider the diagram

1 N . - . ' j.~ .
o -'gx_nf___) QY %———) Ef

E(X,F) —E—— F

where i, 1, J _are. the irjmlusions y P, p, are the projections and -'h )

is given.by h(x) = (x,%). I ;
. ' N \ . . 5 ’

'+ Lemma (3 18) The two tr1ang1es 1n the dlagram (3 17) are commutative

9

and the s‘quare becomes homotopy commutatwe on replaclng 11 by the map

¢

1 g1ven by '-11(10) = ;'-1(“‘.’)'- E S 2

Proof The f1rst part is clear By eorollary (1 7'), h-is a homotopy

: equ1va1ence and from the proof of propos1t10n (1 6! ) e see that

t

ke Ef + F g1ve’h by k(x w) A(x m) (1) is a hor_notopy inverse for h'.u :

.
it

.Thu "e*havea—comutatwe._dlagrm . - . :zi :

¢ .o : . « ‘ -

T K T? hI/ <G
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-i, » )
' Yy 1 Eg

E(X,F) > F

)\(m) (0) = )\(xo,,-m) a) = k(xo,-w). .The result now folloivs.‘

)
H

since px (w) =

B\ : .
.
- . . ’

We may call the square i
: Yy S

. -
."' . Ry - . .
‘ 3 : .
| . - ol * e ) ,
L o ‘ . p . . . N
! .o . = ' ,

. hr—d .
L - £ | -
£ . . ’ . B !
! .
N .
I 3
. a

i
. }u . ) ‘ ] , “ _E (-x‘,F) "'—p . .’ F . . . - -.'
! the transgression ‘sq‘uare',' [.2]. L
We have seen one way of obtaining an exact sequence for a fibration f£f.
d " An alternative wdy of obtaining an exact sequence is to make- use of the. -
- ; R sequence: - : . :
~ ; . o i M . .. \ . K
' | _ 9F-—— X — E(,F) —> F —— X
| : )
' - N ., v
and- the homotopy equ.walence TE(X, F) + QY. By means of the transgression
'{ ' square we see that the resulting exact sequences are essentlally the same.
, ) K '
' ' . i
N -
. .
o - v 0
“ ‘ . ’: NS A— H' s
. K .
| : . -
[j ) " i
X o L) o .’ ;
: H g - . ! 'A‘
_ \ ' v 'n L ¢
2! i . ? .
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