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ABSTRACT -

13
2

-1

A f1n1te elenent analys1s has been performed to. study the

buckl1ng of a semi- 1nf1n1te ice sheet due to an in- plane d1str1buted

loadr

Th1s work hﬂS relevance in the determ1nat1on of the forces

ii

‘generated on mar1ne structures dueuto buckl1ng'fa1lure of ice sheets.
S ) p R

* ) ) v‘- "i ‘. ) N 3 c.
In thi% analysis, an. ice sheet 'is treated as an isotropic plate resting

" . q

4

’

o

o

A c0mputer program 1s developed and tested to analyse

. n

l

v

problem us1ng a»lG degree of freedom rectangular plate element

S1nce the maJor port1on of the deformat1on takes place

¢ .

th1s

Lw: ae_ +. .onan elastic'foundatiOn. o e SR

e e D L e T e 7 A

K ;f“ sw1th1n a few character1st1c lengths of the plate on elast1c foundat1on, d
T a large size plate 1s used as ‘a model of- the sem1 1nf1n1te 1ce sheet ' . !
\‘ oy ‘
. In order to check th1s s1mul&t1on, 1t 1s found that there is very £l o K
. » [N
: little effect on the buckl1ng 1oads and mode’s of buckllng due to, -
v - . 1mpos1t1on of. d1fferent _types of boundary cond1t1ons on the. edges
) wh1ch are. SUpposed to- be at{1nf1nity The resultsfof this analysis
. are presented in a non-q1mens1onal form;
bt : : - ’ . : l
;,. s . To demos trate the u$efulneSS oﬁ the computer program for: f1p1te 0
Y- size plates, the results of buckl1ng analys1s of a clamped rectanngal
; plate rest1ng on an elast1c foundat1on are also presented and comered
B i . . . , , l
S . . thh those obtatned by Rayle1gh R1tz procedure. f '
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CHAPTER.1

- INTRODUCTION S 0y

¥

v

One of the most. 1mportapt forces in the des1gn of structures in

Y 4

ice 1nfested water is the h0r1zonta1 thrust’ apphed to the structures :

by ice. Reill [6], in hgs review paper, has classified the ice action . -~

" on structures into four principal modes as described in Table 1.1.

. The prob]em of ice forges on structures has received considerable .

g attentwn in the recent past "but the amount of exper1mentaT data 15

still very small, and the avaﬂable ‘data  has varwus def1¢1enC1es wh1ch L

make them d1ff1cu'lt To use dlrect]y for design or for ver1f1cat1on of

1] A . 5 N

) ana]ytmal method,s Des igners have generaHy relied or:{,empwmal

'formulae des1gn codes and the1r own indi. v1dua] Judgement

. The mechan1ca1 properties - of ice ar,e so compﬂex and var1ab1e .

'that the analytical approach of est1mat1 ng lce f’orces on a structure

v

will only be acceptab]e when it is supported by the qu sca]e measure-

_rnents and evaluation of Structure performance. * The number of variables /

‘e

infliencing fce forces is so great that field data alone cannot be
expected to give ehough information for design' unless they.can be fitted

into a logical ana1y'tical framework The gap between theoret1ca-1

‘ ana]ysws and fuﬂ-sca]e data may be br1dged by smaH sca]e expemments

We shall restmct@our d1scuss1on to cons1derat1on of “horizontal:

-

ice forces on smg]e veritical s-tructures such as p1ers pilesr and towers.

The mode of faﬂure of 1ce sheet 1s due to crushmg (see Figure 1. l)

when the aspect ratio (structure w1dth/1ce th1ckness)’1s small.- It has

- s

-
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' * . ! fl S, : i L. Lt KD .
.:-‘ ' ' ' \ ) :, * B ~ ’ ) ~ - ‘e ' .r". 2 z?’- - ‘ ’:’ ' 1'
. /’ * a : o * B ,.‘ ‘i " -'° '\‘ H i ; .
. . o [ - : o, . } . - O . u ‘\
. _been observed by many 1nvest1 gators [l 2, 3 and 22] dumng smaﬂl sca}e‘ v e
. » tests that the jee sheet fau,s in the buckhng mode when the aspect . ;
' s/ AT
) V\;" ratio is. greater than B The determmatmn of buck]?\g Joad" by ana]y- or
o - - o . N
Y t1cé] approach does not exist for‘ a partially d1str1buted 1oad actmg . >
. on a 'sem1"1nf'1mte p]ate on elast fou;\d tion. Henc‘e, & numemda.] ) "\'
i approach -is foHowed to determm( \# buck 1ing 1.oads and.modes of
l,' o bUckhng by qu:e e]ement mdghod, The initial motJvatwn of ﬁhls . "
. e study i to determ1ne the hqm on'ﬂﬁ] 1Ce forces generated o struc,tures o v T
k] . . -, . - . . & i ¢ v - . :.‘
o <. - due to buckhng on]y, but thrs a p(roach 1s qu.1t,=e génera] to perform "i
L . P < \ L e Totes,
§ ¢ - \ buckhng gnaLysm of plates' on e]?shc foundatmn N I ,5
R : h 2o !". I . .. . R ) - * '.: R 'lr{. i L1
! : . ’ A h ’ ’ C T ) g LroT e e .:3
.y .. T, Fallure of 1ce sheet 1n crushmg mode R I RN T o 3
\l‘ ‘{ 1 d (e : . . o A o “. * - ¢ .:’i'
% -f; .ot The faﬂure of 1ce sheet 1n crushmg mode 15\a complex phe\vomenon. ' A
' because,gof ‘the fact that many parameters pre affectmg the u:e forces e
7 - ‘ - o1 STy . R N
’ E; : ! generated on the mar1ne structures Huch reseam:h work has > bqen done SR ;{
o ; . in est1mat1ng the 1ce for‘ces due to crush1ng’, bu»t there stﬂ] remams N ‘: v L*
% » fe Tl & ) 3 . ...
k ) * mich work to be done in tms field to tt*eat .:Ehe vari’ous defgc1enc1es . : §
- C .3
! 'g in the ava1Iab1e expemmental datq and to get enough 1nformat1on. .
' | . espec1a]1y from fu]l scale measurements. to be .used" by the demgners
' \.\ > and_for vem Ficatign of ana]ytrca] results. Sma]] scale tests in L . .
; i '.g 1aboratory are prov1d1ng sdﬁe 1n51ght mto th1s comp]ex grob]em o S . I
. . " ‘ . b l'
y ' Korz’havm [21] presented the followmg emp1r1ca1 formula to P
';-l‘ - s B 3
o est1mate the effectwe lce pressure (p o3P/2bh, see hgure 1.1 )%n a oy
T e , ‘ ‘ ! R S ’
L ,steady crushmg mode, - . o . .
TR | LT Cynke SR . Lo
. ' ffect;ve essure P, = W ‘ (I.]~/1 o o lE
' : ’ s . ] . e
. : R (N YZm e T ool .
» . \ . , J. R S ) v/ .I
i e - . . ‘ . ’ T g co L X
. b n‘-. e . N L o
; riad "r"‘ .. ’ ' » \ ~'°, ®
-9 n. w o © . ® ©t T . [l . "
: j‘_ L “"“‘*:' - '/" e ’"F'".':-"-"f ;:::‘:';:5: '"_.*r‘f—':»;«i-'i-m@m&.a;.@w;;.'.It.;'.;Zf, L e 5’-’»{{ < -
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* where C, is-the indentation coefficient, h‘the coefficient for plan
shape of the nose, K the contact coefficient, V the velocity of ice
sheet in meters per seeond,lv0 the reference, velocity equals to 1 meter

'per second apd o, the compressive'(cube) strength of ice: A discussien

on the values of various parameters i Korzhavin's formula.is given in

5. ° e .
Referehce y R ) -
Schwarz ef al. [1, 2 and 10] and Nevel et al. [4] have conducted
small-scale experiments to determine the factors Which affect the ice
L ? 3
Y.%’ . fordes exerted by ice sheets on vert1ca] marine structures There seems

.

ﬁ

T'E

i?l to be genera] consensus that ice forces depend upon the aspect rat1o,

’ stra1n rate and the-compress1ve strength of ice. Ne111l{5}_has given °

the fo]]oWJng s1mp11f1ed.re1at]pn‘between four dimensionless groups for |

g T

"ithropif infinite uniform ice.sheet against rigid vertical pile or pier.
. . . '

9 '_bt’ﬁ;q[!‘ _l‘-_'f-_} [ S (1-2)
- 2bhg, .

\

. - . [4

/)where P 1s the. force deve]oped h the ice sheet th1ckness,2b the p11e
dlameter or pier width, V the ve]oc1ty of ice sheet, 0. the compress1ve
streagth, g the s«corresponding test strairl;@te, and E the modulus of
e]ast1c1ty Schwarz et al. [1] have suggested some more parameterS'ih
the1n d1mens1ona] ana]ys1s, e.q. temperature?'rat1o of structure w1dth

to grhin size, etc. )
"‘:C{:- i

Neill ES] has discussed br1ef1y some. of the fu11 scale tests

done in North America and Europe, some correlation with empirical -

a

formuiae has been indicated by the tu]i-sea]e measurements, but the

complete verification of énalyticai,resu]ts_is-not possible due to

4
.
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comp]exifies of full-seale tests and variability of ice properties.

1.2 Failure of ice sheet.in buckling mode

L

' As mentioned earlier, the ice shegt fails in buckling mode
when the aspect ratio {(2b/h) is larger than six. .

The theoretical formulation of.buckling of plate .on elastic

foundation is the same as that of-a p]ate‘except for the extra term

_re]ated to the elastic foundation. V]asov and Leuten [18] have dis-

cussed the theoret1cal formu]at1on of the buck11ng probléms of beams ,

-

- «plates and shells resting -on elastit foundat1on. They have presented

solutions of beams, plates and s £TTs conSiderinb on]y the simply,

supported boundary conditions. teny1 [25] presented the def]ect1on

-
/

and buck11ng analys1s of beams on elastic :::Sdat1on. ' 2

Recent]y, some attention is being d to the buckiing problem

of plate on elastic foundat1on in order to determ1ne the ice forces

ES

generated on marine structures K1v1s11d [11] has - preseﬁted a few
formulae to ca]culate the.buckling Yoad w1thout g1v1ng any der1vat1on.
Kerr [16] has solved the buckling problem of tapered beam fioat1ng on -
vater. Tpe jusfifféa:ion of~considéring a tapered beam is due to the
fact that rggia} vertieal cracks neve been observed to originate from

the loading‘reg}onland fadiate outward in the ice sheef. Takagi (17j
deveioped a theoretical solution to the buck]ing problem of a-floating '

plate stressed un1form1y along the-periphery of an internal hole.

i (LY
-

There is no extensive refefence in literature to the buckliﬁg <

w -

- PR, . . §
analysis of finite or semi-infinité plate oh elastic fbundation for

arbitrary Boundary conditions, plate geometry or 1oedinq. The analytical

s T R et N

B 5 sy A RS S & W



S vy

solutions of these problems are complex, and numerical solutions of a

~

few problems are availabTe‘ermiiterature (12, 16, 17, 18, 21]. ~

1.3 Statement of the problem

,/*\5 The general differgntia]’equation governing the buckling
problem of thin plate on elastic foundation due’to in-plane loading only, .

can be written in the following manner [18]:

u N . ‘ : 5 -
Dvbw + kw Nxx w,xx + 2ny ”,xy + Nyy w.yy ) (1.3-1)

where W - out-of-plane deflection
' D - flexural rigidity of the plate N
.. = foundation stiffness \

Nxx’ ny. Nyy - in-plane stress resultants (N/m)

~ biharmonic operator in x and y co- ord1n1te>

WXy £ @87
axay

. »

‘ The semi- 1nf1n1te plate oh elastic foundat1op, as shown in

¢ Elgure 1. 2, is used as a.mathematical model to study the buck11ng of ice

/sheet under a compre551ve in- p]ane ]Oﬂd of 1nte£§1ty P which is distri-

buted over a length 2b. The boundary condittons for this problem are

as follows: =~
] ) © ,
at x = Q M-x = Vx =0 (free edge) - _
X i T (1.3-2)
andgat x = W o= Mo = 0 'fclamped edge) j
where r = VYx2s y? ~
Mg%dggﬁ Vx are the'bending moment and the effective shear
force. ’ ' _ ‘ v ;

B
1 ' v
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The expréssions for gh—p]ane stress resultants Nij due to the in-plane

compressive loading can be written in'the following manner [19]:

=P P I
Nex T apw L 0 = 03 * 5 sin20, -sin2o, )]
- P 1, . L.
vy T 7 [ 02”- 6 - 5 ( 51n2q2 5in29,)1 (]_;-3)
. Cp | .
. ny T [COSZB2 - CQSZG] ]

Where 9 and ¢, have been defined in Figure‘1.2. The expressions for

2
2bNij'are_non-dimensional'but,,these tlepend upon the width of the in-

'

—

plane 1oading (2b).

'Thé ddfferential equation'(lx35]) is transformed into non-

" dimensional co-ordinates £ = x/%.and n = y/& where L=V D/k , the

chdracteristic lenght of the plate, thus we have

. . ) , o, \
4 Lo
TW Yt WE =- ot + , C{1.3-
4 Wt W, M p Ng‘g Woee ZNgn w‘&” an.qun)] (N 3:41
. Where ¥ - biharmonic operator in £ and n co-ordinates.-
\ /
A= —E§ ,hon-dimensional buckling load

ke
f . . r~"J
The non-dimensional buckling Toad X will depend upon the made-

~.__of buckling and the ratio b/%. Hence,for any given mode of buckling ,
™~

the non-dimensional buckVing load A is a function of the ratio b/t only.

.The finite element method is used to perform the buckling analy-

“sis. of the above-mentioned problem.. As a numerical method, it can be

used to solve the differetial equation for any type of plate geometry;

b0undar;f:onditions and loading. To demonstrate this cépabi]ity, the

-

buckling analysis of a clamped rectangular plate on elastic foundation

-

R A o - <
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: ! is performed and its results are then compared with thosg obtained
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: . by Rayleigh-Ritz procedure.
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~

 BUCKLING OF PLATE ON ELASTIC FOUMDATION

2.1 Introduction

-—

a

of thin plate on elastic foundation hadkleen formulated for a long time
(18]. The exact theoretical solutions [18] and approximate numerical
solutions [12] using different approximate numericél approaches, are

available for only few spec1a1 cases of 1oa%)qg, plate geometry and

.boundary cond1t10ns

-

A finite e]ement formulat1on for buckling of a p]ate not restung
on e]ast1c foundat1on is presented- us1ng d1fferent k1nds of f1n1te

elements, by ﬁ/l%nd and Moan (8], Carson and Mewton [97, and Ga11agner

- f13]. The finite element formulation of buck]lno of plate on. elast1c

_%oundatqon is almost the-same as th@t for a plate W1th0ut,elast1c foun-

dation except for an additional 1ineér'stiffness which is due to the

elastic foundation.

X .
\ - -

buckling of plate on elastic foundation and the fipite Slement formu-

lation of the sgme. The results of the finite/£lerent ana]xsis are

presented in the next chapter,
’ ) . [

2.2 Formulation of buckling of plat 7 elastic foundation -
N N . ’ B . ) " , , . . -
Based on the well-known théory by Von Karman [7], the energy
expression for large deflection of a p]ate is written in terms of the

d.i placements u,’v and w as follows:
f k\\ , e .

The classical differentia) equation governing the buckling.problem

In this chapter, we discuss ‘briefly the general formulation of o

Bt S R ARy

g
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r .
' 217 2 2 1-v 2
¢ v 5 [ cl v’y + v,y 2vu,xv’y Y (u’_y +v,x) 1 dxdy
X
] 2. 2
i —\ + . . P
j , * 5 DL XX ﬁ-‘y va’xxw’ny*’Z/(])\)) W’xy] dxgdy
~ ] 2 2y 2
+ ZJ C[(u,x W,y)w,x + (v’_y vu,x) w,y )
. + (l-v)(u’y + V.x) w’xw'y] dxd!\\‘ (2.2-1)
‘ ' s
4 M
Where E - madulus of elasticity
\ h - %hickness of the plate: -7
Y : ~.v - .Poisson’s ratio / = -
' ' - Eh IR ' ‘
a oo N - ‘ = — “ R
f i . g C ]_{‘,2‘ ' . ) ~ , )
ot . w3 T . S - C
g - 5 D - T — l. N R .
’ 12(1-v2), o } ' _ . -
2 .2 . o o e
uy = (u'x? . etc o : , ,
Under ' the assumption of indepgnaent prebuck11n9 analysis for in- : j
- pléne loading, the in-plane stress resultants are fefated to the in-plane f'
% ' . o . . . i
L P strain compgnent by the following relations : JiL” . , ;
~ . bl - ‘»
’ Nxx - C ( U,x + v v’y) ) \P\ I 'g

: Nyy c.( Y,y + v ”,x)‘ (2.2 2) :

' N 1 bV : - ' ' '
. | Ny = C ) Cuyt vy : R
M ~. _ . o -

- ThesStrain energy expression (2.2-1) can now be written as a sum
S : of extensional. and flexural energ;‘expression in the fol]oﬁing mamer:
\ | U=l * Uy ' - (2.2-3) N,
’ R
~ . » \ L.—L . ‘s;i\ - .
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vhere U, = 5 C [uz’ + vz‘ + 2v U,V +' i,—v/(u’yf v’x)z] dxdy
-1 2 2 2
Uf 5 D (w xx + W 3y + 2v w’ < w’y + 2(1-v) w ,xyj d;dy
: (
\ AN 2 2
t [Nxx Xt Zny My + N W y 1 dxdy .
. LY
- In order to determine the critical intensity of the in-plahe
\ . : :
load system to causefelas;ic instabi]ity,ithe inaplane stress resultants
Nxx* Pyy and ny) are deterT1ned for an arbitrary chosen 1oad intensity,
and these are then usgd to determine the critical load intensity (taken .
< .‘" . . \" K
to be w times the arbitrary chosen'intépsity) for neutral stability. o
i ‘ ! s v ‘ ~ a | I-“
I- In-plane Analysis: - ¢ .
. The principle of minimum potentié] anergy is used to determine .
¢ the §$p¢ss resultants due to arbitrary chosen load sy§tem. The pertinent o
: : . . - ¢ A
functional for the principle of tdpimum potential energy takes the o
N \ Ce R S i
~ - 1
. i
oY (0 4y )2 dud o ]
2 ._V X - ly ‘g
‘4
. . .
¢2.2-4) SR
SR
[ —-»—¥«——q_“___
where u, v - the admissible displacement function which satjsfy the | i
kinematic“boundary conditions. ?? S : '142‘
. A
' . 3
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Ups Uy - displacement in the normal and tangential direction’
at the houndary.
N+ N, - prescribed in-plane stress resultants with respect to -
- . 13 \‘
normal and tangential coordinate system at the boundary.
'SF‘ - the part of the boundary on which loads  are Pre-
. . LY
scribed.
. ) v /
It has beenh shown [15] that, when & 1, .0, one obtains the
follewing equilibrium equations in the domain after taking/ the constitutive:
. | .
: . : ' e
relations (2.2-2) into account.%\\';:> ' -, . -
: ' i 1 P
4 . P
e + = K
.. Nxx,xt ﬁ&y,y 0 | B i
S o , (2.2-5)
N #N_ =0 o < ’ )
XYaX T YYay ‘ o . [ .,
g C . . C/
along with the assoctated boundary conditigns.On SF . / - )
SO S o o .
o . S ¢2:) I
i =N ° Lt St . oyt :
| Coe o [ : - ) -/ . o
For the finite element formulation, the domain is disgretized o :
. . : ( I
into rectangular elements of sides a and b in'the x and y directions, .
respectively. A non:dimensional 1oca1.co~ordinate system is chesen for :a

<

®

v

gach element, as shown in Figufe 2.3, in the following mannec:
£

£ = ' \7

no= F ’ . 1

=

-
N el o

o

The djsplacement functions u and v are assumed within, each element in
3

sthe following bilinear form: ) i
. ) . ‘ . %
// ' , ‘ i : vy v%

: : : o : J
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i e /“ u=ga) ta,t f ayn toy £
A ¢ - - 7 | , : (2.2-7)
‘ s / . V=°5+°‘6£+a7n+c_’8£n‘l 1/ '

-

i . . -

' ' The above displacement functions can bé expressed. in terms of nodal

displacements instead of a (v = 1-to 3). The.genera]i}ed nodal dis-

placement vector, for every element, containg the in;plane nodal dis-

placements.’in"the following méﬁH;r:

, . ' o l ‘ t = v B ‘ .
:"{," o {qu) »Dé; Up Uz Ug 1 Vy Yy Vg Vg ] . (2.2-8)
v . The displacement functi 2.2-7) can now be substitutéd into th
) ‘. | e displacement fun 1Eﬂ§?£~\ ) can n‘w e su ? jtuted into F e
- N , fuhctional o (2.2-41 to derive the,in-p?ane stiffness matrices and the,
| s dertvatin s .

j consistent load vectors for each eiementi This derivatidn is given in
many textbooks [6, 13 and 14] and hence it is not reveated here. The system

equations for the in-plane stress analysis of the composite system are

K Co obtained by assenbling the.e}ements Stiffkess matrices and the consistent *
load vectors .and these are written as fo]ﬁpws: ' | -
- s 2 L . - >
| o ! a2 | - ‘2 29)
SRR RN T )
L] . * . ‘
where { a, } - represents the generalized displacement vector centaining
, all the nodal degrees of reedom of the system.
} O,
y ) { K, ].~ the stiffness matrix of the system.. o
7\ * ° ’
} { Qu j - the consistent load vector of the system.

J | """ 'The above linéar algebraic equationa are solved and the average
in-p]dne'strain compdnents are then obtained within each element in terms
of nodal displacements of the element [7}, as follows:

»
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Ex " Ux T 28 LUy -y ¥y -yl " ‘ '
A ) IR D

N T ~ Lovg =y v vy -, ] L .
(2.2-10)
. = L -
Yy Uy PV T Ly -y vy -]

_f;g average in-plane stress-resultants w%xhin each elemenf can

now be determined using equations (2.2-2) and (2.2-10).
Fj‘ .

-

I1- Buckling Analysis:

i
l\ 1 - “y

minimum potential energy.is again used to perform . "%

Thg pr1ng1p

s the buckling analysis. fipertinent functional takes thé-foT1owing form:
:.I s // me = 1 'D [ w? + w; + 2y W w_ . +2(1 - v) wl j dx dy '
" , : o f 2 HXX Yy 2XX LYY sXY ;
.'?!l“ . -/3."/. . ‘/ - N + ) . . )
B e +‘”[N W2+ 2N wo w4 N W ) dxdy ) ‘
. / ' 7))t Txx Mo xy “ax Ty D lyy Ty
'i l/' : , . L0 N . ,
. r 7 — . 1 S ~
| e T W - 3 [k ey (2.2-11)
N LSF : . -
i where-w  -"admissible transverse displacement’ function which sati§fies.
/ ? . o ‘
¢ the kinematic boundary conditions.
, - ' °
;,A Vﬁ - prescribed effecgive shear'foﬁze at the. boundary.
{. ;Hn - prescribed normal bending}noment at the boundary. . Hé
f Sg '~ the part of the boundary where Vh and ﬁﬁn are prescribed.
7

It can be shown [15) that, when & ne = U, one obtains the
. ) I 4

following equilibrium equations in the domain

[N = » '.'-'
D v% w + kw (Nxx Y + Zny Yy + Nyy vy

) (2.2-12)

. .
- . . ¥




along with the associated boundary conditions on S%

. no= Y
(2.2-13)

Mnn f Mnn

The critical load is obtained when the equilibrium equation

-(2.2;]2) is satisfied.
) | For the finite e]eme%t formulation, the domain is Jiscretized
into the same rectangular element resh as in the case of in-plane stress
) analysis. Using the same local non-d}vi:jional co—ordiﬁ%te system, the
displacement funq£16n w is assumed,withWl each element, in the following

bicubic.polynom1a1.@%§ch yields a conforming plate
. s AN - M ‘

w’=a] +a2‘:rﬁ§ }a3n+a%, +"u5€n+u6: “'
. . * ag g2 n + ag & n? + %0 nd + o £3 o % a5 £2 n2 + a3 n3
- ' ‘ ) +.(x-|4 53 n2 + 015 52 ”-3 +\L‘l]6 E‘3n3 ‘ ) (2.2-14

. The generalized nodal displacement vector for -an element is taken in the

following form: - : -
E (q) - [ 3 ; ' |
« . A A I R A TS BT
¢ W i W oW oW W W W oW ] '
-~ w1 y2 Tay3 TLyA T Taxyl Toxy2 Toxy3 T, xyd
| L ' : o (2.2-15)
. Y . : e ¢

* a

~The disﬁlécement function w.(2.2-14)vcan‘be expressed in terms

of podal dﬁéplépements, i.e. in terms of { q ) instead of a; (1 =1"to 16).°
e

The derivatﬁon of the stiffness matrices and the consistent load vectors,

: 4
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is given in many textbooks [6, 7, 8, 13 and 14]. The functional «

. ‘\ f
{2.2-11) can be expressed in the following form: ' \
- . 4
e gt KTt g iat KT (g -
f 749 q 2 19 g4 '
‘ -
~{ gt {Q} (2.2-16)

where {

q } - the generalized displacement vectdr containing a1l the

nodal degrees of freedom o the system.

{ K_J\”- the genera11zed stiffness matrix of the system whlch

includes the st1ffness of the plateﬁ@xthe foundation.

\

[ KG 1 - the geometric stiffness matrix derived from the in-plane

stress resultants due to arbitrary in-plane compressive '

\ Joad density. ' . ' o 1
G b - the generalized consistent load. vector of the system.
, » ” N —//— .
w . - proportionality factor associated with the critical - {
buckling loads. - ..« - I '\\Q

For the equiliBrium of the system, the~firstjvariatﬁoniof-the

functional sust be equal to Aero whikch resuﬂtslin the following system

SN
of equations-

[ K ] tarvu K Jlal=q Q! . (2.2-17)

\__,,r For the condition of neutral stability of ‘the system, we must

have the second variation of the functional equals to zero

5

" where

s

. - | ' '

st qit (LK) +wlk)%s(q)=0 (2.2-18)

I EKIrulKglgzo0 ' : (2.2-19)
| i'- symbolizes the daterminant. " |

We can interpret equation (2ﬁé-T9) from the point of wview of

N . e L
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{ Q) is identically equal to zero.

Then, we look for non-trivial .

is a yector { g } and scalar

{ o _igolhtion of equation k2.2-]7),ff there

quantity w such that >

" -

[kJCar+wlkgliqis=

0 - o (2.2-20)

_ The eigenvalues uH;nd the eigenvectors { q } of the . above
. equation can pg obtained using the standard §ubrout1né§ i;\}he computer.
The disp]aceﬁeht vector {*q } , as it exists. in equation
-~ (2n2~50),:contains the noda{ values of transverse deflection, Totation
in x and y directioﬁs and the twist at all nodes._'From the patﬁt of view
of both coﬁputer time and zcre:requireménfs,‘i} is vé§§ expehsiyé to .

soTve the eigenvatue—proeblgd

~-

..

[ g % VLN

3

problem can be solved with less degrees of freedam.

- With a suitable condensation procedure (131,

'

A}

the condensation procedure are given in.Referenc

- -
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CHAPTER 3

RESULTS

) 3.1 'Infroduction o (

< —

A finite element computer program has beeén developed Isee.

r

Appendix B )TtO's?lve the-buckling'problem of plate on elastic
2

- i
foundation using rectangular finite element described ealier. The
. . a

compdter\pfdgram.is'capable of incorporting any kind of boundary

conditions‘provided.thendpmain is«recfangdlar. However,this method

@

-£an’ be, used fdt any <type of domain geometry, boundgry conditions

and ianlgne loading u;ing appropriately shaped finite element.

]

JRS R The results of- the finite element method are.fiﬁgf checked by
comparing them with the availatle exact theoretical so1utfbn§ in

literature for simply SQPpprted beam and rectangular plate on elastic
foundation. After the finite element approach had shown very good
"agreement with.the exact solutions the program was then used to pe%form

a -

a numerical buck}ihg analysis oflsemi-infinite plate on elastic founs '

L 4

dation due to partially distributed‘in-plane']oad. The program was

2 . B 14 °
also used to perform the buckling analysis of a finife rectangular
clamped plate -on elastic foundation. The agreement, between the results -

by' the finite element method andiﬁpe Rayfbigh-Ri;z procedure are found ™

L i b N
. .

" to be good ,
N 4:; «

3.2 Checking of the Gomputer Program ° . '«

1. Buckling of Simply Supported Beam on Elastic Foundation:

The differential equation which governs this problem is written .

e

e

¥t

-

- Stmgnle s,

e
=)
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as follows : \\\\ <
4 2
fr Y kg w - p 8y (3.2-1)
: dx dx
Where d - Epp/ﬁggih of the beam.
The exact solution of the.above equation for the case of simply
i sﬁpported beam is givequn Reference 15, .and the buyckling load can be
expressed in the following non-dimensional form :
n -y o
A= (m W I:"" )2. + "—'—L—-“z ( (32—2)
(mn =)
) L 2
Where ) = P s @ the non-dimensional buck¥ng load.
¢ kdg? & T o J .
=l‘ L . I3 ) ’
L v the charactei1st1f lTength of the beam. e

m - ndmber of half-waves .in the byckling mode..

- o

L - length of thé beam.
The finite element ana]ysi§ is performed by using a string of

long rectangular elements. The resultg-of the finite element analysis

~

is plotted in non-dimensional form 1n F1gure 3 ] for d1fferent values
- ’

" oof L/k along with the pTot of equat1on (3.2-2%.

The agreement between the exact resul ts and the finite element

results is excellent not only. in the values-of the'first few buckling”

lToads, but also in the modes of buckling.
The buckling .1oad fer 1nf1n1te]y Tong simply supported beam on

e]ast1c foundat1on ‘was first given by Hetenyi [25] tp be gau to 2kd£2

and this load can pe derived from equation (3.2 2) by derlvxng the

condition fér which A is minimum. Dﬁfferentiating the equation (3.2-2)

with respect to (m = % ) ‘and equating it to zero, one obtain the following

k.
h
‘lx‘\.
A
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g
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conditidn for A

- M

e

L

‘Therefore, \

min

mn

1

19

2 fort =@, m=1,2,....». This means that all

the curves relating » and (%) for different values of m must touch

the line 1V =

2.

One can notice this in Figure 3.1. Hence, one can

conclude that the buckling load for an infinite Tvﬁﬁ—ETmpIy supported

beam is de-z (i.e.

I'l- Buckling of simply supported rectanqular plate on elastic

= 2).

Ao
mn

A}

foundation with all four edges simply supported :

The differential equation which §overns this praoblem for uni-

D«

I
L

directional in-plane loading, is written as follows:

[ : : )
:’ “\II + 2 ‘.’ + *‘ ~‘vl 1r + kw ”
G AN
~x" axZay? T ay"

J . R
S(p/B) ¥
&

{3.2-3)

N
The exact solution of the above differential equation for the

-

case of simply: supported rectangulak plate is given in Reference 18.,

The buckling load can,be expressed in the following non-dimensignal

form:
~ 1

where

mn

T

8 ]

e e BT e (W)
£ (m" BA -_) . A B N mb
A B

qu-, non-dimensional buckling load

°

$/¥f', characteristic length of tﬁ! plate

(3.2-4) «

[«

- the number of half<waves of the mode of buckling in x

and 7 directions

-~
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A,B - length and width of rectangular plate respectively

.One quarter of a square plate is discretized as shown ?n-Figurp

3.2 and proper boundary conditions are imposed along x and y axes for

the analysis of symmetric.and anti-symmetric modes 0f'buck1{ng.

The exact solution given by equation (3,2-4))9nd the results

Vd

of finite element analysis for different values of B/% when

o . . . - '
A=B , are presented in ngn-dimensianal form in Fiqure 3.2. The agree-

ment between the exact and approximate non-dimensional loads is good \\\‘

for the first few mgdes of buckling.

&

3.3 Buckling of semi-infinite plate on elastic foundatiof due
to partially distribyted in-plane load"

[

The buckling of semi-infinite plate om elastic foundation due
té‘partia]ly distributed in-plane load is used to simulate the failure
of ice sheet in huckling mode. :The fluid foundation to the ice sheet

<

can be considered as an elastic foundation of winkler type. This type

L3

of foundation produces a vertical resiéting f&rce proportional to the
vertical dis}lacémént of the point at the plate-foundation 1nterface.
The contact between the ice shéet (the plate) and the fluid foundation
(the elastic foundation) is assumed toobe fricfion]ess.

Because of the limitations of the computer capacity, it is

quite difficult to perform the buckling analysis for a semi-infinite

~domain using the finite element approach. So, a finite large size

“plate resting on elastic fowndqtion has been used in order to simulate

the semi-infinite domain of a floating ice sheet.” The finite e]emgnt

computer program is used, first, to check whether the) finite size of

Mt .
-l a-;—,.,-_!-- - TR, S
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the plate has any effect on the simulation to the semi-infinite domain.
Two diffe;ént kinds of boundary conditﬁi’ons, simply supported'qnd clamped,
. are imposed on the gdges CE, EF and CD (Figure 3.3) which are simula‘ting‘
S the edges which are supposed at infinity. -The resulting effect of'
imposiny -the. twg different kinds of boun’dary conditions on the buckling
Toads and modes is found to be very sma]ﬁ\{ggg\fable 3.1).
’ Que to the svmmetry of the problem about the centre line, on
half of the plate 15 discretized into different meshes Smé]l size
fi 1te elements have been used near the in-plane load due to the rapid
changes *in the stresses and Qef]ection. §nd large size finite e]emgntsl
have been used in’ the regions whjéh aré further away from the load.
L ‘The symmetric -and anti- syméetr1c boundary conditians, for the aeflection
- w, are 1mposed along the line of symmetry to‘determ(ne the buck1lﬁg loads

for the symmetr]"c and anti-symmetric modes of buckling for the whole
plate. )——%" . o
o ‘ Sfﬁce we are us'ing an approximate numerical approach, we must
make sure thit the numerical results of the analysise converge as the
- plate is discretized into more number of finite elements. Meshes of
3x3, 4x4°, 5x5,26x6 and 7x7 eleménts are.used to discretize one-half
of the plate as shown in Figure 3.4. The convérgence of the first two
buckling loads is presented in Table 3.1 and in Fig&re 3;5. It can be
, noticed that the conyer’ge'nce is good and®the mesh of 6x6 elements gives
~ as good results as that“ofe7x7 mesh. The mesh of 6xb ~lemants haﬂ.heen
osed to perform‘the buckling analysis of the 'semi-infinite plate resting

“on elastic foundation. The numerical results for the bucki.ing 1oads,

using the finite element computer program, have been calculated for

e . i & & — v me

o e Tl L

e
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different values of b/¢ ratio which is var thanging the value
the modulus of tﬁe elastic foundation for low values of b/% ratig
the width of the applied in-plane 1oad for high values of b/2 ratio,
The .results of the lowest guck]ing load is presented in
Table 3.2 and plotted in non-dimensional form (Al) with respect to
b/& ratio in Figure3.6. One can notice that the curve tends to approach
the value of the non-dimensional concentrated buckling load ()= (Bij =
3.32, where P 1is the copcentrated buckling Jobd } as the value of b/2
ratio approaches zero. For high Jﬁ]ues of b/L ratio, the curve tends
to appkoach\éﬁymtotically the Hetenyi’s buckling load of semi-infinite
beam on ‘elastic foundation [25] . ‘ ‘
The first thfee typical buckling modes have been sketched in
Figﬁrksulxwhich.depict two symmetric and one ant{-symnetric mode about
the centre 1ine. ‘
The buckling effective pressure Po (=§gﬁ~) conrespondiﬂﬁ
to the lowest buckl{ng Joad has been calculated and plotted iﬁ non-
dimensional form (122230 with respect to_b/l\rgtio (see Figure 3.8 ).
One can notice that,‘for a particular thickness and crushing strength
of ice sheet, it will fa%l in the buckling mode when the aspect ‘
ratio exceeds a certain-value. Also, for a given _kind of ice, thin
sheets will fail in the buckﬁing mode at lower values of the aspect
ratio than thick ice sheets, i.e thin ice sheet needs smaller width
of the in-p]ahe load to fail in the buckling mode than thjick ice
sheet: This agrees with the exprimental observations made by many

investigators while performing small scale expriments that thin ice

sheet tends to fail in the buckling mode rather than in the crushing

K~
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mode.

3.4 Buckling of clamped rectangular plate on elastic
foundation

To the knowledge of the author, the exact theoretical solution

tq this problem is not évailable and no mention ofgapproximate solution \
has been found in literature.

Rayleigh-Ritz procedure is used to solve gLqubck1ing problem
of clamped recgangular 5late resting on elastic foundation. The

deflection at any point ‘a{the plate is assumed to be a function of a

-

product of two characteristic fun#tions for a clamped beam. . The -

v a -

def]éctioh function can be expressed in terms of non-dimensional co- o é
. : 1
ordinates ¢ and n as follows: . 2 ‘
P q o : " Y : S
we oL A Xn (€)Y (n) (3.4-1). 5 - .

o

where £ = x/A, h = y/B..
/ ‘ \‘

AB:- length and width of the rectangular plate

—;
-

Xm(i) = COShLmE - Cosems - um(anhcmC - Sincm{) ‘ :
. (3.4-2) 4
- : . ! _ . fes _ca f T
Yn(n') = Coshsnv\ Corscnn un(S'lnhenn S1ncnn) | | j
©) i
. . ) ;
The values of . , . and the numerical values of the necessary integrals !
are available in Reference [20]._ The above deflection functionlsatis- '
fies the élamped boundary conditions along the .edges of the plake.
We introduce the fo]loﬁing notation: \\$> . k
. : ;! .
l . d7Xm < ) L
Eim = J X e & \ C
0 i
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Substituting equation (34-1) in the following engrgy expression

1! > 2
IR

|

7 o=
4

- 3t e (ar et OS] Al e ot [T) (A (3.4-4)

where
23+ - - Ay Ay Agg
) Hmn Hnn .
for mn = ij ) : \.
3 - )
- . A A :
v [ 2(] U) g HITH' nj +(v B wi FnJ
A ) . .
VR R an ] for mn # ij
(13) _ | (13)
Sn LAB S .
where S(lJ) = ] “for mn = ij
y. =0 for mn 7 1]
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. of a square clamped plate into a mesh of 4 x 4 = 16 elements and imposing

(ij) L g w N
Toin A Nx§ Hmi for mn = i) L

- =0 for mn # ij

*

The first variation of functional n given in equation (3.4-4) is written -

as follows:
s n=6 Mt (2 (P] +AB Kk [I] - B 4 [Q] V(A =0
. K R

in which the elements of matrices [P] and [Q] are nondimensional and

(I} is the identity matrix. . ,

For arbitrary variation of {A; , we get'the following eigenvélue

problen:
[N] (A = | (8] (A} . ‘ - (3.3-5)
where . o A ' ’
6] = (3 (§) 1)+ [1]
.4
_ P
R
(8= (35’

* . As mentwoned earlier in the case of simply supported, the non-
dimensio%a1 buckiing load depends upon the buckling mode m,n, B/t and
A/B ratios.

The finite element computer program is also used to determine
the buckl1ng loads and the mode of buck11ng by discretising one quarter
»
proper boundary conditions for q}fferent combinations of symmetric and

anti-symmetric buckling modes about x and y axes,

A)[QJ'_:' /ﬂj
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The results of the finite element analysis and Ray]eigh—Ritz
procedure for different values of foundation stiffness, are presented
in non-dirmensional form in Figure 3.9. The results obtained by the two
approximate numerical analysis are close to each other.

It can be noticed that the non-dimensional load , for a parti-

\ .
cular mode of buckling, decreases to a certain minimuwa value as the

width rqtio (the width of the applied load to the characteristic length

of the plate) inc}easeé, and then starts to increase. For high values

of width ratio, which correspond to high values of foundation stiffness,

the huckling load is'.a function of{fhe number of half-waves in the load
h o

direction only. R
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CHAPTER 4
CONCLUDING REMARKS

The ice forces on structures are caused due to failure of ice

sheet either in crushing mode or in buckling mode. The purpose of this

study is to determine the buckling load of an ice sheet which is modelled ,

as a semi-infinite plate on elastic foundation.
- -
Only a few references exist in literature regarding the exact

and approximate buckling anglysis .of plates on elastic foundation. In

this study, the finite element method is chosen to perform the buckling ' ,

-

analysis of suc‘h.‘ plates.

A finite element computer program is iwritten and tested to
1 ) .

. . e .
determine the loads and modes of buckling using conforming rectangular

plate element.fﬂ though this computer program can only analyse the

stability of rgctangular plate, the method is quite general to handle

any geometry and boundary conditions of the plate.

2

fhe buckling loads of a semi-infinite plate on elastic foundation
‘#:e determined and the lowest buckling load is plotted against the width
of the partially distributed load in non-dimensional form. From this
graph: the effective pressure is determined which will cause the plate

to buckle. For a particular crushina s_trength of ice sheet, one can

v )

determine the val i¢ of aspect ratio above which the ice-sfieet fails in
el i,

s

the buckling mode
The buckling loads of a clamped rectangular plate on elastic

foundation have been determined& ‘two methods--fim:te element method

\
“

i = . s
Rl NI e

-



>

. .
\ 3
C AN AT e

44 =ty T

N

and Rayleigh-Ritz procedure. The comparison is good between the

results obtained by the two methods. . B

Further research in this area is suggested to obtain the exact .

A

solution of the buckling problem of a semi-infinite plate on elastic
.foundation. A systematic experimental work is also suggested to verify

the theoretical results with the experimental data.
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Table 1.1 Principal modes of 1ce action
No. DESCRIPTION - TYPICAL ENVIRONMENT] ILLUSTRATION
1 Impact of moving Rivers at break-up

sheets and floes stal water with =
nreciable currentd
2 Static pressure fron‘Lakes,sheitered gﬁgft.*
expanding or contra4 coastal water temp. (
. cting sheets changes and jacking
. by refreezing of

. cracks.
3 7 Slow préssure from | Exposed coastal

ice pack or jam

3.-waters,r‘ivers .

£ ? L
4 Vertical movement Tidat locations - =
with heavy ice —
build-up .- ks B
/-7'_TT/ i
13 L)
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Table 3.1
Honidimensional partially distributed buckling load
. of semi-infinite p]af;e for ?lffgrent d1scret1zat1on:
t e pla .
T o 1* 1 : - - - 0 1" 8 --' L -
. Y g et Oxd 5x5 | 646 YA
O\ Mesh i”Ode! tesh M99 tesh 1109€1 negh Mode | jocp Mode,
i e I e e b RS T - m—— b |
1« 5.06257 S 1 3.72101 S 3.5836! S | 3.46461 S .| b | =
S SRR IS AR PY 4% N R
S ——— ——l~~»---v—----———y-——-- s T -—\"——----L -~ —-‘p---—- \——-———-‘[——-——l
- 214908 LS 13475 S 112,501 'S 11990 5 s |
' ! \ ' ' . |
. CidR e 1390 -.4" ! RS AEE ERFERER "
——— . A | ‘—"—+——T"—'—' ____;_____'_-_.1 %
. 3 115.535 1 A 117.651 ' A |16.8098 117.006 i A : A ‘
| ‘ N A P oo \ L [ .
L NI VSN LIRS W LU LS
o faz 208 S |28.167 f A 119.868 f s |18.295 ‘ S ‘ S |
NS AT s | R i 15,557 ) 17078 |
¢ | 5 ;432986 | A i29.098 | S 127.093 | A 125529 LA | A
"’ \’ i ~ P !n'\ *‘!:‘ .; in-' A ‘ lr' ) [ ' ' e g '
. I T IR 7084 25,510 T
* i | ‘ V \ ' ' I ‘ | 1
“': H \ T . i i | . . y i
2 6.51.958 . S 44161 S 31.773 S l25 676 " S \ S ]
v * ! '
3 ' SRR daasio YL KOEELAL 105075 :
bt e e e e e e e T '
s 7 59.399 A 54,530 - A 32171 ' A G31.315 LA T A
g 59,081 154,574 52,438 3163 31407
¢ R S S S BN l C ||
b, 8 76.609 ; A 61129 'S 43.847 | s '39.232 A S
R .77.:4] i aront b e 133,504 32 md ‘
h&-—7_~----—-r-._+-n_—--ff--4 S A : g
s 9 82.026 'S '61.856 | A 149.423 ''A 139.484 | S A
; L ssorss b lssoo b Towasan g isneer o lssisss
*‘: ' L :‘"'"—T‘”“""_'_T—'"“T_—_“ T P ] - | '——‘*T—_ i 7
| S | 10.86.678 | A '94.288 A ;70.36 | A 163.931 A 5 ? AT
: CTET90 295,507 | V70874 T 1gd.n5S 49021,
— A iR I — L i L
i *Ylon-dimensional buctling load () = P /k: '
S sy«n'metric mode about the centre line.
p anti-symmetric mode about the centre line.
5.0625 simply supported edges. i
5.0615 clamped edges. ‘ ’
=0.0254 m, b=0:1724 m , b/2=0.355, v =0.3 , k= 9,126 kN/m3 }
: £ = 206.700  kn/ml - | : i
. \ 7
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IMPLICTIT PFRALSR(A=N,N=7) '
DIMFHSTIO, AKR(160,1A0), XN (160,160),2(160,1A7) AKI1(80,R0)

CALL YARABA (AR, AKKL,Z.160,ANY, B0 ,Kn , Kuw KTT)

999 STOP . )

END

SURRQUTIKE YAHABA(CAK (AXNI 2,501, 2K, 6D2, Ko, Xwn KTT)

IMPLICTIT RraAlL®A(L=h N1a7) .

DIMENSTIDY THI(R,8),T2M4., 41, T01a) ,U{VAY , TNOYA,1AY,RT20)  PR(2MY,
{THI20).BNAL20) ,ARLI0Y , RRI20) kTYPH(GAY,TIF (SN, 4 RI(300Y,0I(Q0,A),
2S1(RBYLPELA IR, QEEA IRV POCTA L IAYLTH(IG,18),PRPIIA.IEY. N(10,16Y.,
IPPCGOCIA, VAY , FXX(YQY FYTIQOY, FAV(UN1,8X(4),51(4) SR, 81, ,0R(8),
45216, 16),.501n,16) ,halRC, 18) A% A,1R) ,KOGFIGN Ry NDYCINOY,
SNOW(SGO) b ICEL(S20),NL(500),E1(%00),62(500Y,PDIS00Y.ETIGF(10)Y

DIMENSTOYN = (1b,1H6),n)(A,R)

DIMENSION AK(hDI,.NO1) ,AXKLCNDT L NDL),ZINDE . KD1), AKT(ND2.802)

DIMENSTON FOUND(10)
DIMEASION TITLE (181}

THIS SURKLUTIGLE TO SOLVFE THF RUCKLING PRORLEM NF A PLATE QM ELASTIC
FOUNGATION DSTAG PIGEN VAIUS BARPROACH

THE FORUTATING USED 1IN THIS ANARLYSIS IS LARGE DFFLFCTION APPROACH
AND LINEAR (ELASTIC) MATERYAL BEHAVIQUR

2

s XaleNaNalsNaRaXa

FOUND(1)=20.01336
FOUND{ 2150, 00236
FOUND(3Y=0.3)8
FOUND(4)=3.)0 , .
FOURND(5)=33,600 .
FOUND(61=336,0 .
FouUND(7)=3300,.0 ’ ’ -~
FOUNDTH)=334A00,0 : :
FOUND(91=3361000.0
FOUND(10)=0.)36E 07
NKK=ND -
NKI=ND2
NKJzND?
READL, TZ ’
PRINTI.TZ
CALL THVFRS(4,.4.TZ.1)
0O 457 1=1.14 '
DO 457 J=1,4 .
THI(TeN,0e01=TZ(1,.0)
THI(Tedq, 063121201,
THI(T1¢4,J40)20.0
TN1(160,044120,0
457 COLTINOF

READ 1,(T(I1),1=21,18) .

READ 1, (UCTY. 121.,1/)

1 FORMAT (1#FS.1)

READ 1, (T (1,J).J=1,16),1I=1.16)
9999 RFAN 100, MPHUB,. TITLE

TF(WPROREN.D) GU TD 999
100 Fre¥sl (1%,)s,1H84), \)

PRINT 101,%PROA, TITLE
101 FORYAT (1M1.15,5XK,18K41
PRINT 711
¢
C READING THE TNPUT DATA
c
READ 111 .NKP,REL.NTYPE.FOUN, hCONL.DEH

o bt AN e € L A vk .
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4

nnonn

5

51
111 FORMAT (3I5,E15.8,15.,E15.8) .
PRINT 2,NHP NEL.NTYPF.FQNN
2 FNORYET (10K, 3nnNP=, IS5/ 10X, 4HNEL=.15/10X  6HNTYP =, 16/10X,5KF0NUNE,
1€15.2777177)
READ D (FU1Y.PROIDTHOTYLADALTY ,AA(]),BBII),T=) ,KTYPF)
) FORKAT (AFIU. )
PRINT 4, (F (L1, PROII,THOTYLBOACTY JALCTY ,ARCIY, 21  NTYPE )
4 FORMAT (102, 17mu]DINNS NF FLAC. = ,B1S,7/710X,180 001 88CN RAT IO,
1E1S, /710X, 1uMTHICHNESS=,b15,7/10X.10KR/8 RATIO= E15.7/710X,
Y O2THLENGTHE IS _J/1UM ANIDTIE (EYS5 V7277 2)
READ S, (FTIFE(KR), (TE(X,11,1=1,4) .21, ,MEL)
S FUORPHAT (51%)
PRINT A, (RTYPE(K),(I1ECK,T1,1=21,4),Kz1, NED)
PRINT 717
6 FURMAT (5157)
DO 57 Izi,anP R
READ S8, (“N0L(I,J) .02 .6
PRINT 58,(NUDE(].J).J=1.4)
$7 CONTINUE )
. PRINT 717 ) .
58 FORMAT (619%5) R
' ' !
CALCULATION DF IN=PLANE PROAILEH .
. NUY=2&KN .
00 99 xém\r t
RIT1)=0 ‘ '
DO 99 Jal,.nkd " .

AKI{T,D)50,

99 CONTINUE - .
Kiz1 ' .
KK=0 .
DO 81 JJsi,2
DO &1 II=1,h%P .
IF(NNDF(IT.JJ).EQ.0) GO TO 87
KK=Khel . ]
NOU(K1)=kK : ' . .
GO T0O 81 '

8T KDU(K1)=0

81 Ki1=Kle}
PRINT S9,(NDUCT).I=1. WUV

59 FORMAT (20157)
PRINT 217 : f
KUV=KK ’
PRIMT 59,KUY
PRINT 717 f

DD 19 HTYPE=1,NTYPE
l:AA(FTIQF)
BRA(HTYPF) .
PO=PR(NMTYVE ) ’
AETROA(MT(PL) '
D1z6 (MTYPF)STH(MTYPEY/(),0-POS82)
ZR=(1,0=FN)7D,0 ,
ZAz(1.0+P0)/2.0
N0 458 I={.H
DD 458 J=1,8

458 S1(1,J)=0,0 I’h
S1(2,2)=RF
S$1(2.4)2RE/2,0
S1(?7,7)spn

o

s
L
K
"
]
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459

CALCULATIUN OF THE AVERAGE STRAIN STRESSES IN FACH ELEVFNT

s1(2.81=p072,.0
S1(3),3)=2h/bL
51(3,4)381(3.3)/2.0

$1(),6)=2R }
S3()aR)=/8/2,Q ' :
Si(4.48)=(BFeZnrsBbEY/Y.C
S1(4,861=2¢R72.0
£1(4,7)=PNn/72.,0 }
S1(4,81=78/74,0 |
Si(k,E)=qaspy
S1(6.8)2700bF /2.0
S1(,7)=s1,0/uk
S1(7.8)=0,5/R¢
1(A,R)={1,/8t+2B%BE)}/)3.0

0 459 Iz1.s
DO 459 J=1.,%
S1(I.J)=81(1.0) D1
S1(J. 1328101, 0) .
CALL REDUCE(nl.S1.TNI,R,8)

N0 22 Xx=z=i,nEL
IF(KTYPE(M) .he .MTYPE)Y GO TO 22

Do 1 =1.4
NX=z  LE(X,1)
NXX= TE(K, ]} . #NNP

NI(K, T Yzt U(N)
NU(K.4¢T)ISN0U(LXX)

CONT IR UF

Do 72 1=1.,8

LX=NU(K,])

o0 73 JU=1,8

LY=NU (K ,J) .

F (LX.EN,0,0R.LY.EQ.D0) GN TO 71
LO=LY=LX¢)

IF(LOLLE.O) GO TQ 1)

AKL(LX ,1Q0)=AK1 (LX,LOYeSI1(1,0)
COMTIHUE

CONTTNUE

CONTINUE

CONTINUE . ’ -

4

00 26 MHz] ,NCONL .
REED 44 ,1,RI1C1)

CONTINUE

PRINT 3, (RL(IN, 1= .,NUVY
PRINT 710

FORMAT (15,F10.4)

CALL PANMSAL, (1 AKLL,RULRUV KUV, NKT NKJ)
CALL BANSOL (2,A4K)1, Rl ,XUV,KUV,NKI, N¥J)

r
FORMAT (30X, E15,7.10X,.F 18,7, 10X, ,E15.7,16X,E16,9/Y)
PRINT 717

iy
00 991 MTYPE=1 NTYPE
AzAN(MTERF)
BsRA(MTYPF)
EFSE(NTYPF)
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M
112

7]
m

335
19
991

CAL

17

.

68
06

067

98

PO=PR(NTYPE)

00 79 Xz, uLL
IF(KTYPEC(K) . ME.RTYPEY GO TO 79
Do 1717 1=1.,4

LX=NU(K, 1)

IF(LX.EN.D0) GO TO 771
SXE[Y=RI(LX) ,
GO TO 172 ¢
Sx(11=0,

LYS4U(K,Ted)

IF (LY.ED.w) GO TO 773
SY(11=R1(LY)

¢o 10 1717

SY(I1)=0.

CONTIWVE »

EXX=(1./7(2,82))8(~5X(1)eSX(21+5X(31=5X(4))
EYY=(1./7(2.%6))8(~S5Y(1V=SY(21+5((31+SY(4))
EXYS{=1./7(2.%8))¢(SX(VV¢SX(21-5X[3)V=SX(4))¢(=1./(2.%R)I
14SY(1)=SY(2)=S1(3)+SY(a)) .

FXX(K)Z(EE/ (] ,=PNs2 V10 (FXX+POQsEYY)STH(MTYPF)
FYY(KIS(EE/Z (1, =PO*®2) ) (FYY+POSEXLI¢TH(®TYPE)
FXY(X)2(FF/7(2.%C1 . +PM IV EEXYSTH(MTYPE)
FORMAT (10X,15,3E15.2/777)

conTINnug

CONTINUE .

»

CULATION OF OUT OF PLAN PROBLEM

DO 17 1=1,16.

DO -17 J=1,16

P(l.Jd)= FE(T(DI+T(IY)e2,, UD)+UMINETC(EYIT(D
acr.J)s FROTCIN T JUCTY (1Y =2, )00 T Y iy
POCI.J)= (FFCT(DI*TOMN =1, UE U ()= )8 T(TIBUIT ) »
1 FR(TID +T(I) =1, UCY) U= )T IBUCTIY
CONTINUE !

0N 103 NFOUvNzé,10

FOUN=FOUND(NFOUN)

Ki1=1 -

XK=0 \

00 8R? J=1.,4 -

DO 86 TI=1,hNP

IF ( MOQDE(1.J*2).EQ0.0) GO TO 88

KKsSKKe]

NDw(K1)=KK

GO T0 &6

NDw(¥1)=0

KizKle) ’

IF (J.FD.1) Kew=KK -~
CNUTINNE

KwW=KK

DO 9R I=1,Kw

D) 98 J=1,nn
AKRLIT. ) =0,
AN(T1,0)1=20. "
CONTINUE '

.

DO 31 WTYPE=I1,KTYPE
AsSMA(PTYPF)
AZHRIBTYPY Y
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LY

EF=F(~TYPF)
POZPR (¥TYPE) ,
. De(EESTH(MIYPE)IO)/(12,0(1,.-POSIM)
DO 29 1=1.4
DO 29 J=1.16 ,
TREI.JI=1 (1.0 .
TR(I®é,J1zTh (o4, d1/A .

TR(1s8.J))=T% {18, 0)/R
TRII«12.0)=Tn(1+12,J)/7(4R)
29 CONT INDF -

CALL IHVERS (16,18.TR,.1) .

»

C
C ' —
\CALCULATI(‘W OF OUT OF PLAN STIFFNESS MATRIX AND ELASTIC FOUND, MATRIX
c
C

VaPR (MTIPE)
Vw=2_.8(1,-V)
DO 43 1z1.16 : .

DO 47 J=1,16 &

FA=(1,0 /(A8 ))S((R/7AVE88T (Y I8(T(T )= J8T(.IO(T(IV=) YSFF(T(IY+TH(
10)=4 2, T4 (0N e [A/RISII8U (T PO (UIT ) =y )80 1VO{1IL]Ym1 YOFF(T(TY&TS(
203,011 () =4 )« FOTCIIOTIOI =2, UCI)4U( =238 (VasT(IYSU(I)IOT ()8
JUCI) AVOTCL) O (T(I)et, Y &UIVS (VI Ve VOUCTISUIT)=1 . )8T(IISCT(d) =1
4.0

S(I,J)=F4¢D i

2¢ 8(J.1)s5(1,4)

!
CALCULATE ELASTIC FOUNDATION MATRIX

’

annnn

F2=FFIT(1+T(J,U(TI+U(N 1 8a0R

S52(Y,J)5F 288 DU <«

$2(J.1)282¢1,J) . ‘ .
43 contiuk . .

CALL PRFDUCE (#,5,TR,16,16)

CALL REDUCE (#,52,TR.1A.14) .

o

ClLCUlLATION OF hUONeLINEAR QUT OF PL.AH STIFFRESS MATRIX
. P

7

annnn

[

DO 32 K=),MEL
IF (XTYPFIK) NE,HTYPE) GO TO 32
PG 17% [=1.4
H1=TE(K, I , _
- N2=TF(X, 1) ennp ..
IONIZTF(X, 1) e05%P .

NQ=TF (0, 1) 430 5NP

NW (K, ,I)=%Nw(H])

No (K, 144)=H0a (82}

NW(K,I¢RIZrDa(N3)

NMOK,T¢12)SRDa(NG)
719 CONTINUE

DO %5 I=1,18b
DO %5 Jsl.1b
ANCT, )= PLI,J)S(B/AYOFXX(K)e O(I,JYS(A/BIOFYY(K)e PQ(I,JISFXY(K)
85 CONTINUF
CALL FEDUCE(w.AN,TR,16,16) \ .
C ’ .
C ASSEMBLY OF STIFFNESS HATRIR
C e

T e Do e !
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00 76 [=1,16
LX=Nw (K, 1) .
DO TR J=1,16
LY=Nw (K,
IF (LX,FA,0,LR_LY,FOQ.0Y GN TO 76
AK(LX , LY)I=AR (L K LI eSIT . M eS201, )
AKNL UL L, LY =ARLILE, LY YeAN(T JY
768 CONTINUE
32 CONTIMNYE

<31 FONTINUE
C
. KITzKkmeKuW
C B
CALL PATRDY C(AR,AKNL . AWN.ATT.NRK)

CALLING THE EIGEN VALULE SUBROUTIME .

s NsNaEaKel

PRINT T17

PRINT 313,FOUN

PRINT 717

CALL DEVIN (AKNL,AK,EXGEN,Z,UL,OD.E1.E2.5.5 KWW, NKK)

PRINT 717
PRINT SO, KIT.Ks, KoM
PRINT 717

"

s

nn

- D0 102 1=1,5% .
EIGR(T)==1.0/LIGEN(T)
PRINT 335,1,EI1GE(D)
102 CONTINUF | )
103 COMTINLE * -
_ G0 TD 9999
737 FORNAT (2/777) v
999 RETUK™ - . ) .
END
SURROUTINE BANSDLIKKK,AX,R,NEN.IBAND .NDIN,MDIN)
THPLICIT REALSH(A=M.N=7)
SYMMETRIC BA%N MATRIX EQUATIOK SOLVER. (REF, 2)

KEK = | TPIA%GULARIZES THE RAND MATRIX RK, F1. (2.7 ' s
KKK = 2 SOLVES FOR RIGHT HAND SIDE R, SOLUTIOM RETURNS IN R, ED.(2«)) 2 .

NANOMNN

DIMENSENK ANCNDIY,MDIMY, RINDIN)

KRS = MED = 1 ’ .
NR = NEO . :

IF(KKN,L2,2) GO TO 200

DO 130 NEL,NKS
Uz Neai]
MR = MINO{TRAND,NReM)
PIVOT = AK(N,})

0O 120 (,x2,4R

CP= An{N,LV/PIVOT :
1F (CP) 100,120.100 4
100 J =0
I = Mel
DO 110 x=L, MR
Jeded ~
110 AK(T .J)s AR(I1,J) «CPSAKR(N,K)
120 » AK(N, L) = CP
130 CAUTINVUE = ‘ .
GO TO 400 .

i e A s ARy
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200 DO 220 N=1,HRS
M= N-|
MR = MINO(JIBAND,NR=-M) '
CP= R(N)
RIN)I=CP/AN( N,
DO 220  L=2,kR
1 = e L
220 . R{IY= R({1) « Ax(N,L)sCP
R{NR) = W{NRYZAK(HR, 1)
DO 320 I =1 ,hRS
Nz NR= |

W= N=|

¥R = MINO{IRAND,NR=-M)
DO 320 K = 2,MR

{ = han

C STORE COMPUTE" ( ISPLACEMFALTS TN [0AD VECT(R R

320 , R{N)= WH(N)= AK(N,K)®R[L)
400 KRETURN
END
SURRQUTILE RELCE (A,A,C,NB,NA)
s IMPLICIT FP AL S6(A=H ,O=-7)
t SUBRDUTINE OVEKR =RITES R3C'sBsC wHERE C'=C TRANSPQOSE
o A=B*(C
DIMENSION A(id,hA) ,BINR NR) . CINB.NAY /

g0 1 I=31,nR
DO 1 J=i1,%~a
A(I,J)=0.0
DO 1 K=),hH

1 ALI.0)=A(T,0)+8(1,.KY&C(K, 1)
O 2 1=1,N4 ¢
na 2 Jd=1.,NaA -
R(I,J)=0.

DO 2 Kk=i,M@

2 R(I,J)=B(Y,J)Y+C(K, T ®A(K,.})
RETURN ‘
END ¢
FUNCTION FFIX,Y)

TMPLICIT ReALSH (AN ,0-2)
IF(X.€0.=1. .00, T EQ.=1.,) GO TO 2
FR=1./7((h+1,.)%(121.))
G0 TO 1
2 FF=1.0
1 RETURN ‘
END
' SUBROUTINF ~AaTRLYI(A,B,NA,NB,IDIN)
IMPLICIT RralLss(h=k 0-1)
DIMENSTION A([nf™, INTI«} AR{IDI«,[0IM)
N IF(NK,EN,0) GU TD 999
NC=KNA+HA : '
KAP I =%8A9)
Carl InVERSINHNC,IDI™, A NAP]
N0 92 I=21,thm
07 92 J=1.,mn2a

)
» A

A(LenA 3=, 0 e

N 92 K&%t,%n
92 ACUeNd 1= (1+%A, JYSA(T IR, KeNAYOA( ) KeNA)
DN 93 [=1.%aA
NO. 93 J=1,nA
DD 93 k=i ,Np
93 A(T,0)=2A(0,J)-A(1 , KelAYOALNONA,JY
PO 94 I=1.,n8 . !
DO 94 J=1,%A
AlI+NA,0)=0,0
NN 94 rxl .8
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! N «
N
N
94 RUT+NA, J)Zh(TaNA, JYeblleNA RoNRYIA(RehAL T
DO 95 I=1.%a R
D0 95 J=1, A . .
DO 95 ¥=1.%8
95 B(1.J)=R(1 .J)-A(nﬂu.lH(a(xmA.J)-R(J,hNA))-B(I.K.nnq(x.rm,.n
999 RETURNK B
END
SUBROUTINE DEVIN “~
- - o
is a eigenvalue subroutine to calculate the*first five -
. eigenvalues and the corresponding modes shapes
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