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ABSTRACT

The purpose of this thesis is to set forth some fixed point theorems

in metric and Banach spaces for densifying mappings and k-set-contractions.

In Chapter I, we discuss the Banach Contraction Principle and give

an extensive coverage of its generalizations. Results are also given for

contractive and nonexpansive mappings, and for mappings of an iterative
type.
In Chapter II, we introduce the concepts of a-measure (and X-measure)

of noncompactness; some geometric properties are given.

In Chapter III and IV we make a detailed study of some of the recent
fixed point results in metric and Banach spaces respectively.
Particular attention is given to the works of Furi, Vignoli, Nussbaum,

and Petryshyn.

In Chapter V, we give applications of a-measure to problems in

optimization theory.
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(iii)

INTRODUCTION

The Banach Contraction Principle was formulated in 1922. Since then
there have been diverse generalizations of this basic principle. Edelstein
[26] and Rakotch [62] have studied contractive mappings. F.E. Browder [10,
11], W.A. Kirk [42], L.P. Belluce and W.A. Kirk [4, 56], D.W. Boyd and
J.S5.W. Wong [7], R. deMarr [23], and others have studied more general
mappings. All this in the search for fixed points; and thus to find

solutions of integral and differential equations.

In recent years efforts have been made in extending the classical theory
of fixed points. Using measure of noncompactness several mappings have been
investigated; among them k-set-contractions, l-set-contractions, and densify-
ing mappings are worth mentioning. The notion of c-measure of noncompactness
was introduced by C., Kuratowskii [47] in 1955 and a generalization of the

Cantor Intersection Theorem was given. The proof relies on the notion of

a-measure.

In 1955 G. Darbo [19] gave the first fixed point theorem in this light.

If T:C-»C is a k-set-contraction defined on a closed bounded
convex subset C of a Banach space X, then T has at least one fixed

point in C.

M. Furi and A. Vignoli [31] were the first to introduce the concept of a
densifying mapping in 1969, although in 1967 B.N. Sadovskii [65] had
published a paper using condensing mappings and the closely related notion

of X-measure.




The major and significant contributors to date in the area of a-
measure and noncompact mappings are R.D. Nussbaum [54, 55], W.V.

Petryshyn [56, 60], and J.R.L. Webb [77].




CHAPTER I

General Fixed Points in Metric Spaces

1.1. Metric Spaces.

Definition 1.1.1. Let X be any nonempty set, and let ﬂ+ denote
the nonnegative real numbers. A distance function d : X x X » 7R+
is said to be a metric if the following conditions are satisfied for

all x,y, z€ X :

(i) dix,y) >0 ; d(x,y) =0 iff x =y,
(ii) d(x,y) = d(y,x),
(iii) d(x,y) < d(x,z) + d(z,y), (triangle inequality).

If condition (i) is replaced by
i) dx,y) 20 5 d(x,y) =0 if x =y,

then d is called a pseudo-metric.

The set X with metric d 1is called a metric space and is denoted
by the pair (X,d). When the metric d is understood, we will denote

the metric space simply by X.

Example 1.1.2. Any nonempty set X can be considered a metric space by

imposing the following metric, called the discrete metric,

dix,y) =1, x#y

Example 1.1.3. Let X = 7R , the real line,and let the metric

d(x,y) = |x - y| , for all x,y eTR -

(R,d) is a metric space.

wr P T TR




Definition 1.1.4. A sequence {x } of points in a metric space X is
called a Cauchy sequence if for given ¢ > 0, there exists a number

N = N(e) such that d(xm,xn) < e , whenever m,n > N. In other words,
lim d(x_,x_) = 0.

n, M+ m’"n

Definition 1.1.5. A sequence {xn} is said to converge to x if,
given € > 0, there exists a positive integer N = N(e) with the
property that

n>N=> d(xn,x) <e,

i.e., lim d(xn,x) = 0.
n-+-w

It is well known that every convergent sequence is Cauchy, but not

conversely.

Definition 1.1.6. A metric space X 1is said to be complete if every

Cauchy sequence in X converges to a point in X.

1.2. Banach Contraction Principle.

Definition 1.2.1. Let T be a mapping of a set X into itself. A

point x € X is called a fixed point of T if T(x) = x.

Definition 1.2.2. A mapping T of a metric space X into itself is said
to satisfy a Lipschitz condition if there exists a real number k (< = )
such that

d(T(x),T(y)) < kd(x,y) , for all x,y €X.

In case, when 0 < k <1, then T is called a contraction mapping.




Example 1.2.3. Let T : R + /R  be a function defined by Tx = x/2.

Then T 1is a contraction, since
X 1
d(rx,Ty) = |Tx - Ty| = |5 - %] = 3 dx,y).
1

Here k € [z, 1).
Definition 1.2.4. A function T : X + X is continuous at a point Xy € X
if for all e > 0, there exists a 6 > 0 such that

d(x,xo) < § = d(T(x),T(xo) < g,

A function T 1is continuous on X if it is continuous at every

point of X.

Theorem 1.2.5. If T satisfies a Lipschitz condition on a metric space

X, then T is continuous on X.

Proof., Let € > 0 be given, and let Xx be any point in X. Since T

satisfies Lipschitz condition, we have
d(T(x),T(y)) < kd(x,y), for all x,y<€ X.

If k=0, then d4d(T(x), T(y)) = 0 < e, for all ye€ X.

And T is therefore continuous at x.

Otherwise, let 6 = €/k, and let y be any other point in X,
such that d(x,y) < & . Then we have, d(T(x),T(y)) <kd(x,y) <k * €k =¢ .

Hence T 1is continuous at X.

Since x is an arbitrary point of X, T is continuous everywhere.

Corollary 1.2.6. Every contraction mapping (0 < k < 1) is continuous.




S. Banach (1892-1945), a famous Polish mathematician, formulated
the "Principle of Contraction Mapping'" [ 3 ] in 1922, which was first
applied to the proof of an existence theorem by Cacciopoli [14] in

1930. We are now ready to give this main theorem on contraction mappings.
Theorem 1.2.7. (Banach Contraction Principle).
Every contraction mapping T of a complete metric space X into

itself has a unique fixed point.

Proof. Let X, be an arbitrary point in X.
Let x; = T(x)), Xz = T(x;) = Tz(xo), cees

. n
and in general ; X = T (xo).

Then, for m < n, we have

AT (x,), T'(x,))
d(m(x ), TT T (x,))

d(xm,xn)

|/\

K'd (x,s T (x,))

m
k d(xo,xn_m)

< KA (x ,x1) + d(xp,Xp) + ..o + d(x

)]

X
n-m-1’"n-m

E_kmd(xo,xl)(l +k+ ... + kn-m-l)

< KMa(x %) (7o)

Since k < 1, this quantity is arbitrarily small for sufficiently
large m. Thus the sequence {xn} is Cauchy. Since X 1is complete,

1im xn exists in X.
>




Let x = lim X
N>

Since T 1is continuous, we have

Tx = T(1lim xn) = 1im T(xn) = lim X4l = X

Thus the existence of a fixed point is proved.
To prove uniqueness, let y # x be another fixed point of T,
i.e., T(x) =x, T(Y) =y , x + Y.

Then d(x,y) = d(T(x),T(y)) < kd(x,y),

i.e., k> 1, a contraction.

Hence x = y and uniqueness is established.

Remarks.
1. Both conditions of the theorem are necessary.
(i) The mapping T : (0,1] = (0,1] defined by T(x) = x/2
is a contraction but has no fixed point since (0,1] is not
a complete metric space.
(ii) The mapping T : R~ ﬂ defined by T(x) = x + 1 is
not a contraction and has no fixed point although ﬁ? is

complete.

2. The construction of the sequence {xn} and the study of

its convergence are known as the method of successive '

approximations.

3. The contraction mapping theorem has the advantage of being

constructive.




Its error of approximation can be estimated as

m
d(x,xm) f_il%—id(xo,xl). It guarantees the existence and

uniqueness of a fixed point.

1.3. Generalization of the Banach Contraction Principle.
In this section a few known generalizations have been given.
Theorem 1.3.1. [53] If T is a contraction mapping of a complete

pseudo-metric space X into itself, then T has a fixed point, not

unique.

Proof. Existence of the fixed point may be justified as in Theorem 1.2.7.

If X 1is a pseudo-metric space, then we have

0 if x =y.

d(x,y)

Hence d(x,y) =0 $ x = y.

Now, referring to the discussion on uniqueness of the previous theoren,
d(x,y) 2 kd(x,y) => d(x,y) - kd(x,y) < 0.

Suppose d(x,y) - kd(x,y) = 0,
then (1 - kK)d(x,y) = 0.
But (1 - k) #0 for k €[0,1),

therefore d(x,y) = 0.
But this does not necessarily imply that x =y.
Theorem 1.3.2. [17] If T is a mapping of a complete metric space X

into itself such that Tn, for some positive integer n, is a

contraction, then T has a unique fixed point.




Proof. Since T' is a contraction, it follows from Theorem 1.2.7 that

n

T has a unique fixed point, say ™z = 2.

Then T(T(z)) = T(T"(2)) = T(z),
i.e., T(z) is a fixed point of T .
But T" has a unique fixed point, hence T(z) = z. So T has a_uniﬁue

fixed point,z,and it is unique since-any fixed point of T is also fixed
n 4
for T .

Remark. An extension of the preceding argument shows that there is no
need to assume that T® is a contraction and defined on a complete
metric space. All that is used in obtaining the conclusion of the

theorem is that T has exactly one fixed point.

Example 1.3.3. Let T : [0,2] - [0,2] be defined by

Tx) =0, xé& [0,1]

1, xe (1,2].

Then T2x = 0, for all x € [0,2]. Hence T2 is a contraction and has

a unique fixed point, although T is not continuous.

Theorem 1.3.4. [16] Let T be a mapping defined on a nonempty set S
into itself, K another function defined on S to S such that
KK-l = I, where 1 is the identity function on §S. Letn KTlTKa<be

epatractiondop:iSs. Then T has a unique fixed point.
The following is an immediate corollary to the above theorem.

Corollary 1.3.5. Let X be a complete metric space, T : X+ X, and

K : X+ X be such that kK ITk is a contraction in X, then T has a

unique fixed point.



A further generalization of the Banach Contraction Principle,due to

Sehgal [68], has been given below without proof.

Theorem 1.3.6. If X is a complete metric space and T : X+ X a
continuous mapping satisfying the condition : there exists a k < 1
such that for each x € X, there is a positive integer n(x) such that

for all y € X.
am ™ ), ™™ ) < kdx,y)

then T has a unique fixed point 2z and Tn(xo) + z for each Xy € X.

1.4. Contractive Mappings.

Definition 1.4.1. A mapping T : X + X 1is called contractive if
d(T(x},T(y)) < d(x,Y), for all x,y €X, x V.

A contractive mapping on a complete metric space need not have a fixed

point, as the following example illustrates.

Example 1.4.2. Let T : R+T®  be defined by T(x) = x + % - arc tan Xx.

T is contractive but has no fixed point.

The following theorem is due to Edelstein [26].

Theorem 1.4.3. Let T be a contractive mapping on a metric space X,

and let x € X be such that the sequence of iterates {T®(x)} has a
n,

subsequence {T 1(x)} which converges to a point z € X. Then z is

a unique fixed point of T.

A simpler proof of the above theorem than that due to Edelstein




can be given in the following way. This proof is similar to that of

Cheney and Goldstein [i5].

Proof, Since T is contractive, we have,

), ™)) < dm™ ), ™))

<d(x,T(x)).

Thus {d(Tn(x),Tn+1(x))} is a decreasing sequence of real numbers
bounded below by zero, and therefore has a limit.

Since {Tni(x)} +2¢€ X and T is continuous, therefore

i) > 1)

ni+2
and {T ~ " (x)} + T?(2).

Now, if 1z # T(z), we have

n, n. +1
d(z,T(2)) = lim 41 *(x),T ' (x)).
i
By continuity of T, we have
n+l n, +2
d(z,T(2)) = lim d(T  (x),T > (x))

1+

n, n,
= lim d(T( *()),T2(T *(x))

1>
= d(T(z),T2(2)),
" contradiction, since T 1is contractive.
Hence 2z = T(z).

Uniqueness is obvious. For, let vy # z be such that y = T(y). Then

d(y,z) = d(T(¥),T(2)) < d(y,z),
a contradiction.

Hence z is the unique fixed point of T.

The following corollary is due to Edelstein [26].
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Corollary 1.4.4. If T is a contractive mapping of a metric space X

into a compact metric space Y& X, then T has a unique fixed point.
Bailey [1 ] has given the following result.
Theorem 1.4.5. Let X be a compact metric space and T : X + X be a
continuous mapping such that there exists n = n(x,y) with |
(™, ™) < d(x,y), for x $y.
Then T has a unique fixed point.

Rakotch defined a family of functions F = {k(x,y)} satisfying
0 < k(x,y) <1, sup k(x,y) =1 and such that Banach's theorem holds
when the constant k is replaced by any k(x,y) € F, and proved the

following two theorems to that effect in [62].
Definition 1.4.6. Denote by F; the family of functions k(x,y)
satisfying the following conditions:

(1) k(x,y) = k(d(x,y)), i.e., k is dependent on the distance between

x and Yy,
(2) 02 k(d) <1 for every d> 0,
(3) k(d) is a monotonically decreasing function of d.
Theorem 1.4.7. If T is a contractive mapping of a metric space X into
itself, and there exists a subset M € X and a point X, € M such that
d(x,x ) - d(T(x),T(x)) > 2(x,T(x)), forall x€X -M,

and T maps M into a compact subset of X,

then there exists a unique fixed point of T.
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Theorem 1.4.8. Let T be a contraction mapping of a complete metric
space X 1into itself such that there exists a subset M €X and a
point xo€ M satisfying the following:

d(x,xo) - d(T(x),T(xo)) 3_2d(ko,T(xo)), for all x€ X - M
and

d(T(x),T(y)) < k(x,y)d(x,y), for all x,y€ M
where k(x,y) = k(d(k,y)) € F,;,
then there exists a unique fixed point of T.

Boyd and Wong [7 ] have introduced mappings which satisfy the

condition

d(T(x),T(¥)) < ¥ (dx,y)) ,

where ¢ is some function defined on the closure of the range of d. In
this way they extended the results of Rakotch [62]. They proved the
following theorem, and have also given an example to justify their claim.

They raised a question which was later answered by Meir and Keeler [52].

Theorem 1.4.9. Let X be a complete metric space, and let T : X > X
satisfy

d(T(x),T(y)) < ¢(d(x,y)) ,

where y : D~ [0,0) is upper semicontinuous from the right on D,
and satisfies y(t) <t for all t €D - {0} . Then T has a unique

fixed point 1z, and Tn(x) + z for each x € X.

Definition 1.4.10 [52]. A mapping T of a metric space X into itself

is called uniformly contractive if the following condition holds:
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Given ¢ > 0, 4 8 >0 such that
e <d(X,y) <e+ 6=>d(TX),TH) < ¢ .

The following known result is given by Meir and Keeler [52].

Theorem 1.4.11. Let X be a complete metric space and T a mapping
of X into itself. If T is uniformly contractive, then T has a

unique fixed point z. Moreover, for all x € X, 1lim Tn(x) =z,
nN--®

Observation: We first observe that T 1is contractive,

i.e,, x 4y =% d(T(x),T()) < d(x,y).

Thus T is continuous and has at most one fixed point. Moreover,

the following result is known [17] and easily proved.

Lemma 1.4.,12, If T : X > X 1is contractive and if, for all x € X,
the sequence of iterates {Tn(x)} is Cauchy, then T has a unique

fixed point z and for all x € X, lim Tn(x) = z.
N>

Proof. Since X 1is complete and {Tn(x)} Cauchy, each {Tn(x)}

has a limit z.
Since T 1is continuous,

T(z) = T(lim (T°(x)) = lim (T™1(x)) = z.
o >

Thus z 1is a fixed point.

Remark 1. By Lemma 1,4, 12,the theorem is established if T uniformly
contractive implies that every sequence {Tn(x)} = {xn} of iterates is
Cauchy. Meir and Keeler go on to show that where T is uniformly

contractive lim d(xn,xn+l) decreases to zero and that every sequence
n>oe




13,

of iterates must be Cauchy.

Remark 2, Rakotch [62] and Boyd and Wong [7 ] assume the inequalities
(nonlinear'contractions)
d(T(x),T(y)) < ¥ (d(x,y)) and y(r) <r

(as well as other conditions). The following example due to Meir and
Keeler [52] shows that these inequalities may be violated while T is

uniformly contractive.

Example 1.4.13. Let X = [0,1] {3, 4,6, 7, ..., 3n, 3n+l, ...}

with Euclidean distance, and let T be defined as follows;

T(x) =3-2C- » 0<x<1
=0 s X = 3n
1
= 1 - n + 2 ’ x - 3_1’1:"1 .
n
Example 1.4.14. Let S_= ] (1 +1/k),
k=1

and let X = {Sn} . Let T(S) =S8 for all n.

n+l?

Then d(T(x),T(y)) < ¥(d(x,y)) with

1
n+l

vl + %9 = 1 + and there is no fixed point.

This example shows that T may be a nonlinear contraction in a
complete metric space, while T has no fixed point, resolving the

question raised by Boyd and Wong [7 ].

Browder [11] has given the following result.




14,

Theorem 1.4.15. Let X be a complete metric space, M a bounded
subset of X, T a mapping of M into M. Suppose that there exists
a monotone nondecreasing function y(r) for r >0 with y continuous
on the right, such that y(r) <r for all r > 0, while for all
X,y € M,

AT, T < vEE,).
Then for each X, EM, {Tn(io)} converges to an element z of X,
independent of X, and

d(T"(x),2) < ¥"(d,)
where do is the diameter of M, wn is the n-th iterate of ¢ , and

_ .n
dn = ¥ (do) +0 as n-+ =,

Corollary 1.4.16. T can be extended in a unique way to a continuous

mapping of M+ M and 2z is the unique fixed point of this extended
mapping.

Krasmoselkii and Stecenko [46] proved the following result.

Theorem 1.4.17. Let X be a complete metric space and T : X > X be

a function satisfying
d(T(x),TO)) < d(x,y) - Ad(x,y)), for all x,y € X,

where A is a continuous real valued function on [0,x) such that

A(r) >r for r > 0. Then T has a unique fiied point.

Zitarosa [79] has given the following theorem , which generalizes

the Banach Contraction Principle and the theorem due to Rakotch [62].
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Let X be a complete metrie space and T : X + X be a continuous
mapping. If {Tn(x)} converges then {Tn(x),Tn+1(x)} converges to
zero. Let

A(T,8) = {x e X : d(x,T(x)) < 6} and

S be the set of all continuous mappings T : X + X such that for some
positive integer n and for each ¢ > 0, then there exists §>0

such that

diam(A(T,8) N T°(x)) < e .

Theorem 1.4.18. If TE&E€ S and x € X are such that
lim d(T"(x), ™!
)t ma

of T.

(x)) = 0, then {Tn(x)} converges to a fixed point

1.5. Nonexpansive Mappings.

Definition 1.5.1. A mapping T of a metric space X 1into itself is

said to be nonexpansive (e-nonexpansive) if
d(T(x),T(y)) < d(x,y), for all x,yée X (for all
x,y with d(x,y) < e ).

An isometry, i.e., |T(x) - T(y)] = ]x - y| for all x,y € X,

is a simple example of a nonexpansive mapping.

Definition 1.5.2. A point y € YC X is said to belong to the T

closure of Y, y € YT , if T(Y) € Y and there exists a point x €Y

and a sequence '{ni } of positive integers, (m < np < ng < ... <N, <...),
n.
so that the sequence {T ‘(x)} converges to Y.
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Definition 1.5.3. A sequence {xi} € X 1is said to be an isometric

(e-isometric) sequence if the condition

d(xm’xn) = d(xmin-k’xnan-k)

holds for all k,myn= 1,2, ...

(for all k,m,n = 1,2, ..., with d(xm,xn) <e).

A point x € X is said to generate an isometric (e-isometric) sequence,

under T, if {Tn(x)} is such a sequence.

The following theorems are given by M. Edelstein [28] for nonexpansive

and e-nonexpansive mappings on a metric space X.

Theorem 1.5.4. If T : X > X 1is e-nonexpansive and x € XT then a

sequence {mj} s (mp <my < ...), of positive integers exists so that
m,

lim T J(x) = Xx. [Hence, in particular, (XT)T = XT].

J—HD
Theorem 1.5.5. If T : X > X is nonexpansive (e-nonexpansive) mapping,

then each x € XTY generates an isometric (e-isometric) sequence.
Cheney and Goldstein have proved the following theorem [15].
Theorem 1.5.6. Let T be a mapping of a metric space X into itself
such that
(1) 4(TX),T()) < dx,y),
(ii) if x 4 T(x), then d(T(x),T2(x)) < d(x,T(x)),
(iii) for each x € X, the sequence '{Tn(x)} has a cluster point.

Then for each x, the sequence '{Tn(x)} converges to a fixed point of

T.
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K.L. Singh [70] has proved the above theorem by relaiing conditions

(ii) and (iii) in the following way.

Theorem 1.5.7. Let T be a mapping of a compact metric space X into

itself such that

d(T(x),T(y)) < d(x,y), equality

holding when x =y. Then T has a fixed point.

1.6. Mappings of Iterative Type.
The following results have been given by Kannan [40].

Theorem 1.6.1. If T; and T, are two mappings of a complete metric

space X into itself and if
d(Ty (x),Ta(¥)) < ald(x,T;(x)) + d(y,To(¥))],
for all k,y €X, and 0<a < %-,

then T; and T, have a common fixed point.

If T, =T, =T, then we obtain the following theorem.

Theorem 1.6.2. If T is a mapping of a complete metric space X into

itself and if

d(T(x),T(y)) <ald(x,T(x)) + dy,T(M)] ,

for all &,y €X and 0<a < %.,

then T has a unique fixed point.

The conclusion of Theorem 1.6.1. can also be obtained under

different assumptions.
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Theorem 1.6.3. Let T; and T, be mappings of a complete metric

space X into itself and let
(1) dMX),Ta()) < odx,y) ; for x,y€ X, x}y, and O<a <1,
(ii) T, 1is a contraction mapping,

(iii) there exists some x € X such that if

X1 Tl (X) » X2 = T2 (xl), X3 = Tl (_x2) »

xy = Tp(x3), and soon, then x_ $x_  if r s,
Then T; and T, have a common fixed point.

Theorem 1.6.3. has been generalized by Singh [73] in the following
way.
Theorem 1.6.4. Let T; and T, be two mappings of a complete metric
space X into itself, and let
(1) d(T; (x),To(y)) i_ad(x,y), for x,y € X, x + y, and 0 <q < 1,
(ii) T, has a unique fixed point,

(iii) there exists some x € X such that if

X3 =Ti(x), x5 =T (x1), X3 = T1(¥2), xy = To(xz), ...

x, tx, if r $ s.
Then T; and T, have a common fixed point.
That the above theorem is more general than Theorem 1.6.3. can be

demonstrated by the following ekample of Singh [73].

Example 1.6.5. Let T, : [0,1] -~ [0,1] be defined by
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Ty (x) ’ x e [0, "];‘)

vl X B

s xe[l,l].

Clearly, T, is discontinuous at x = %- and therefore T, is not a

contraction mapping, but T, has a unique fixed point, x = 0.
Singh [73] also gives the following theorem.

Theorem 1.6.6. Let T; and T, be two mappings of a complete metric

space X into itself and let

(i) d(T;(x),T2(¥)) < adx,y) ; x,y€ X, xty, 0<ac<l,
(i) there exists some x € X such that if x; = TI(X), ﬁz = Ty (x1),
X3 = TL(X2), X4 = Tp(x3), .o, x_$ x, if T 4.
Then T; and T, have a common fixed point.
The following theorems are due to Kannan [41] in which the complete-

ness of the space is omitted.

Theorem 1.6.7. Let X be a metric space, and T be a map of X into

itself such that

(4) d(T(x),T(y)) < a[d(x,T(x)) + d(y,T(¥))], for x,y € X,

1
and 0 < a < 3 s
(ii) T 1is continuous at a point z € X,

(iii) there exists some point x € X such that the sequence of iterates
n,
{Tnx} has a subsequence {T 1x} which converges to z.

Then 2z 1is a unique fixed point of T.




20.

Theorem 1.6.8. Let T be a mapping of a metric space X into itself

such that
1) dTE),TON) < ald®,TX) + A, TO], 0<a <5,
X,y € M, where M is an everywhere
dense subset of X, |
(ii) there exists a point X € X such that the sequence of iterates

n,
{Tnx} has a subsequence {T lx} which converges to a point

z € X.

Then 2z is a unique fixed point of T.

Theorem 1.6.9. Let T be a mapping of a metric space X into itself.
Suppose T is continuous at a point X, € X, and there exists some
point x € X whose sequence of iterates (T} converges to X,

then T(xo) = X . Moreover, if

d(T(Xo),T()’)) iad(xo:)'), y€ X, 0O<ac<l,
then X, is the unique fixed point of T.

Singh [ 71] has given the following extension of Theorem 1.6.9

by taking a = 3 .

Theorem 1.6.10. Let T be a continuous mapping of a metric space X

into itself such that
AT, T < $AETE) + 4, T], for x §y.

R n
If for some x € X, the sequence of iterates {T x} has a subsequence

n, .
. n .
{T *x} converging to z, then {T x} converges to 2z and z is the

unique fixed point of T.




21.

Theorem 1.6.11. Let T be continuous mapping of a metric space X

into itself such that
(1) dTE,TH) <Fld,TE) + dly,T)],
(ii) if x 4 Tx, then d(T2(x),T(x)) < d(T(x),x),

(iii) for some x € X, the sequence '{Tn(x)} has a subsequence
n

{T l(x)} converging to z.
Then the sequence '{Tn(x)} converges to 2z and 2z is the unique
fixed point of T.
Theorem 1.6.12. Let T be a mapping of a metric space X into itself
such that
(1) d(T(x),T(y)) < d(x,y}, for all x,y€ X,
- 1 ~
(ii) d(T(x),T(y)) < z[d(x,T(x)) + d(y,T(y))]- , for all x,y€ X,

(iii) for some x € X, the sequence '{Tn(x)} has a subsequence

'{Tni(x)} converging to z.
Then {T™(x)} + z and 2z is the unique fixed point of T.
Simeon Reich [63] has generalized Kannan's result [41] in the
following way.
Theorem 1.6.13. Let T be a mapping of a complete metric space X into

itself such that

d(T(x),T(y)) < ad(x,T{x})) + bd(y,T(y))

+ cd(x,y), X,y € X,

where a, b, ¢ are nonnegative and a + b + c < 1.

Then T has a unique fixed point.




That Reich's theorem is stronger than Banach's (Theorem 1.2.7)

and Kannan's (Theorem 1.6.2) can be seen in the following example.

Example 1.6.14. Let X [0,1] and let T  be defined by

T(x)

0 <x <1,

1]

al— WX
-

T(1)

Clearly, T does not satisfy Banach's condition since it is not

continuous at 1. Kannan's condition also cannot be satisfied because
1 1 1 1
d(T(0),T(3)) = H4(0,T(0) + d(z, T()-

But T satisfies Reich's condition if we put a = %? b= %-, c = %-;

and these are not the smallest possible values.
In [62], Rakotch proved the following result.

Theorem 1.6.15. Let T be a mapping of a complete metric space X

into itself such that

d(T(x),T() < kKEEYAX,Y), Xy € X, x i}y,
where k : [0,») + [0,1) as defined in 1.4.5.
Thep T has a unique fixed point.

Reich [64] further generalized Rakotch's result and Theorem 1.6.13.

Theorem 1.6.16. Let X be a complete metric space and let a, b, c
be monotonically decreasing functions from (0,») into [0,1) such

that a(t) + b(t) + c(t) < 1. Suppose that T : X+ X satisfies

ATE),T(Y)) < a(d(x,y))d(x, TR (d(x,y))d(x, T [@(x,y))dx,¥)

where x,y € X, x $ y.

Then T has a unique fixed point.
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In [72] Singh has shown the relationship between the Banach
Contraction Principle (Theorem 1.2.7) and Kannan's fiied point theorem

(Theorem 1.6.2) in the following way:

For k<3, d(T(),TH) < kd(x,y), XyE€ X,
implies that

d(T(x),T(y)) < aldx,T(x)) + d(y,T(¥))], x,y € X,

and 0 < a < %—.

Proof. d(T(x),T(y)) < kd(x,y)
< K(x,T(x)) + d(T(x),T()) + d(T(¥),)]-

This implies that

AT(),TH)) < 7o [A6LTE) + AT

1 . . _ k 1
Now, k < 3 implies @ = T <3

23.
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CHAPTER II

The Measure of Non Compactness and Related Results

2.1. Preliminaries of Banach Spaces.

Definition 2.1.1. A linear (vector) space X is said to be normed if

to each element x € X there is made to correspond a nonnegative real

number ||x|| , called the norm of x, such that
(1) |]x[| =0  if and only if x = 0,
(ii) ||ax|| = |]a] + ||x]] , for all A€ K, x €X,

where K 1is either the field of real numbers or the field of complex

numbers,
(iii) ||x + y!| < [|x|| + ||y|| (the triangle inequality) .

Remark. It is easy to see that every normed space is also a metric space,

with metric d(x,y) = ||x - y]|]|.

Definition 2.1.2. A normed space X 1is called a Banach space if it is

complete as a metric space.

Example 2.1.3. The space C[a,b], of all functions continuous on the

interval [a,b] with norm

[1£]] = max |£(8)]

afpfp

is a normed linear space.

Remark. The above space is complete in the given norm, and hence is a
Banach space. However, the space C2[a,b] with norm
b 1
[1£11, = (f (£(t))2dt)
a

is incomplete. A proof may be found in [ 44 , p. 59].
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Definition 2.1.4. A set C in a normed space X is said to be

convex if ax + (1 - a)y € C whenever x,y&€ C and 0 5_& < 1.

The following definitions are due to Clarkson [18].

Definition 2.1.5. A Banach space X is called uniformly convex if for

any € > 0 there isa & = 6(¢) > 0 such that if ||x|| = ||y]] =1
and ||x - y|] > e,
then 5—%—X ' <1l-34.

In other words, X is uniformly convex if for any two pointc x,y on
the unit sphere, §5(0,1), the midpoint of the segment joining x and y
can be close to but not on that sphere only if x and y are sufficiently

close to each other.

Every Hilbert space is uniformly convex.

Definition 2.1.6. A Banach space X is called strictly convex if, for

any pair of vectors x,y ¢ X, and ||x +y|| = ||x|] + |ly|l| , it follows
that x = Ay, A >0.
It is worth noting that every uniformly convex Banach space is strictly

convex; however, the converse is not true.

Definition 2.1.7. Let A be a bounded subset of a metric space X. Then

the diameter of A, denoted by &(A), is sup{d(x,y) : X,y € A} .

Definition 2.1.8. Let C be a convex bounded set in a Banach space X

of diameter d. A point x € X is said to be diametral for C if
sup{||x - y|| : y € C} = d.

In the Banach space C[0,1] every point of the convex and bounded set

{x(t) : 0 <.ti< 1, x(0) =0, x(1) = l.and 0 <2x{t) <1 for 0 <t <1} S
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is a diametral point.

Definition 2.1.9. [8 ] A convex set K in a Banach space X is said
to have normal structure if for each bounded convex subset C of K
which contains more than one point there exists a point x € C which

is not diametral for C.

Geometrically, K has normal structure if for every bounded and
convex subset C of K there exists a ball of radius less than the

diameter of C centred at a point of C and containing C.

We would like to give two well-known results related to normal

structure.

Theorem 2.1,10,[8 ] Every convex and compact subset of a Banach space

has normal structure.

Theorem 2.1.11.[27,10] Every uniformly convex Banach space X has normal

structure.

Definition 2.1.12. For a given Banach space X, X* will denote its
first conjugate (dual) space, i.e., the linear space of all linear
continuous functionals T : X+7R or € , with the usual norm

(denote by (T,X) the value T(X) of T at x)

[T = supt](r,0] ¢ |]x]] < 1)

Remark. For any fixed vector x in a Banach space X, the mapping of
X* into ZR (or £ , if X 1is a complex Banach space) which to every
T in X* assigns the value (T,x) of T at x is a linear continuous

functional in the space X*, i.e. an element of the space (X*)* noted




27.

also as X**, Moreover, the norm of this functional is equal to the
norm |[x||. It may be easily verified that the canonical mapping of
X into X** defined by tﬁis correspondence between elements of X
and linear continuous functionals on X* is linear and one-to-one.

Therefore, it is an isometrical imbedding of X into X**.
Definition 2.1.13. A Banach space X is called refleiive if the
canonical imbedding of X into X** is onto.

It is clear that every Hilbert space is reflexive. Also, a uniformly

convex Banach space is reflexive.

2.2. Densifying Mappings and k-set Contractions.

Definition 2.2.1. [47,p. 318] Let A be a bounded subset of a metric
space X. By the real number a(Aj] we denote the infimum of all numbers
€ > 0 such that A admits a finite covering consisting of subsets of A

with diameter less than ¢ .
We state the following properties of o, and give appropriate

proofs. (For detailed discussion see Nussbaum [54]),

Theorem 2.2.2. [19,47] Let A be a bounded subset of a metric space X,
and let N_(A) = {x € X : d(x,A) < 1}

Then (i) a(A) =e < 8(A), where g§(A) = diameter of A,
(ii) if ACB, then a(A) < a(B),
(i11)  a M, A) < o(A) + 2r,
(iv) let A denote the closure of A, then a(A) = a(A),

v) (A Y B) = max{a(A), a(B)} .




28,

Proof. (1) It clearly follows from the definition of «(A).

(2) Suppose a(B) = d.
Then, given any ¢ > 0,

>
n

we can write B = T. where §(T.) < d + .
Jl=J1 J, (J) = €

n
Since, AC B, we have A = {J (Tj NA ,
j=1

and 6(TjﬂA) <d+ e .
Since ¢ is arbitrary, we have o(A) < d.

Hence a(A) < a(B).
(3) Let a(A) = d.
n
Then given any ¢ > 0, we have A = {J Sj s
j=1
where §(S.) <d + ¢ .
Im = n

It follows that Nr(A) = jL=J1 Nr(Sj) R

and since 6(Nr(SJ.)) <d+2r +¢e,

we have a(Nr(A)) < a(A) + 2r.

(4) Since AC A, by part (2) above, we
have a(A) ia(l-\).
Now A CN.(A) , forall r >0,
therefore ao(A) <a(N,(A)) < a(A) + 2r, for all r > 0.
Hence a(A) < a(A) (Since r is arbitrarily small).

And hence, a(A) = a(A).

(5 We have AC (AUB) and BC (AUB),
therefore, by (2), we have
a(A) <a(AU B), and a(B) < a(A U B);

i.e. max{a(A), a(B)} < a(A U B).
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It remains to show the inequality in the opposite sense.
Let d = max{a(A), o (B)} ,

then given any e > 0, we can find sets

Sj , for j=1,...,m , and Ti , for i=1,...,n,

m n
such that A = USj and B = U T,
j=1 i=1
with G(Sj) <d+e and G(Ti) <d+e .

m n
Since (AUB)C(,USj)U(UTi) s
1

j.—.l i=
and ¢ 1is arbitrarily small,
we have oA Y B) < d = max{a(A), a(B)} .

Hence a(A U B) = mai{a(A), a(B)} .

Corollary 2.2.3. If A, a subset of X, is totally bounded (or

precompact), then o(A) = O.

Proof. A is totally bounded. Therefore, for any ¢ > 0, A can be
covered by a finite union of subsets with diameter smaller than or equal

to e. And, since ¢ is arbitrarily small, o(A) = 0.

Definition 2.2.4. [44] Given any subset A of a normed linear space X,
there is a smallest convex set containing A, i.e., the intersection of
all convex sets containing A (there is at least one convex set containing
A, namely X itself). This minimal set containing A is called the
convex hull of A, denoted by wA. For ekample, the convex hull of
three noncollinear points is the triangle with these three points as

vertices.
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Lemma 2.2.5. [19] If A is a bounded subset of X, and wA its

convex hull, then 6&(wA) = &§(A).

Proof. For convenience, let us denote the wA by A*.
Since AC A* , we have &(A) < §(A*).

To prove equality, let us assume &(A) < S(A*),

Then J x,y € A* , x,y¢ A

such that §CA) < ||x - y|]| -

Consider Sx = S(x,8(A)), the sphere about x with radius §(A).
Now, either A C Sx or A¢ Sx .
Suppose A C Sx’ then sx N A* is convex

(Sx N A*) DA

(Sx N A*) 1is a proper subset of A*

yé: (Sx N A*), which is absurd,

since A* 1is the smallest closed convex set containing A.

Suppose, on the other hand, A ¢ Sx

then ,§ z € A such that z ¢ Sx'

Let SZ = S(z’G(A))’
then Sz 2A

and X € A* xﬁ#SZ;
3 *

i.e. A ¢Sz s

which is absurd, since A* is the smallest closed convex set containing A.
Hence, we conclude &(A) < §(wA) is false;
i.e. &(A) = &(wA).
We state the next theorem without proof. A proof can be found in

R.D. Nussbaum [54].




Theorem 2.2.6, If A 1is a bounded subset of X and oA is its

convex hull, then a(&A) = o(A).

Lemma 2.2.7.[34]° Let Sn-1 be the unit sphere of the real Euclidean

space E".
Let {Al»Az»---»Aq} be a finite family of closed sets with the following

two properties:
q
n-1
@ Ay =87,

(b) none of the sets Ai’ (i =1,2,...,n) contains two antipodal

(symmetric with respect to the origin) points.

Then q > n.

Lemma 2.2.8. [34] Let S be the unit sphere in a finite dimensidnal-real
normed linear space X.

If {Al,Az,...,Aq} is a finite closed covering of S, and none of the

sets Ai has a pair of antipodal points, then q > n.

Proof. It is easily seen that there exists a homeomorphism
T : X ->Sn-1 , such that rt(-x) = -7t(x).

From this and Lemma 2.2.7, the result is immediate.

Theorem 2,2.9. [34,54] Let X be an infinite dimensional linear

normed space.

Let B={x€X: ||x|]|] <1}, be its unit ball

and S = {x€ X : ||x|]| =1} , its unit sphere.

Then a(B) =a(S) = 2.




Proof. Since B = S, by Theorem 2.2.6, we have oa(B) = &(S);
and since §(S) = 2, it is certain that &(S) < 2.
Let us assume d(S) < 2, and proceed by contradiction.

n
If o(S) < 2, we can write S = §;£Ti ,

with 6(Ti) < 2,
We assume Ti closed, for if not, we can take its closure.
Let F be an n-dimensional subspace of X,
n
and consider SN F = g;{(Ti N F).
By the Lusternik-Schnirelman-Borsuk Theorem [24,p. 349], if the unit
sphere in an n-dimensional vector space is covered by n closed sets,
then at least one of them contains a pair of antipodal points;
i.e. points x and -x for some x on the unit sphere.
This means that some (Ti N F) contains a pair of antipodal points,
so that for this (Ti N F) we have
2 E_G(Tj N F) 5-5(Tj)’ Contradiction.

Hence &(S) = 2,

L]
N

i.e. a(B) = «(S)

Definition 2.2.10. [2%] Let T be a continuous mapping of a metric
space X into itself. Then T 1is called a k-set contraction if
(1) for all A ¢ X, with A bounded,

we have T(A) bounded, and

(ii) a(T(A)) < ka(A), where 0 < k < 1.

Definition 2.2.11. [81] 1If condition (ii) in the above definition is
replaced by
a(T(A)) < a(A), for «(A) > 0,

then we call T densifying.
* (see added reference)

32.
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Definition 2. 212. [19] The modulo of a k-set-contraction T,
denoted by kT » is the smallest k in order that T is a k-set-

contraction.

Remark. A k-set-contraction with k € [0,1) is densifying, but the
converse is not true.

Consider the following example given by Nussbaum in [54].

Let 2 : [0,1] + 7@ be a strictly decreasing nonnegative function

with 2(0) = 1.

Let B be the unit ball about the origin O in an infinite dimensional

Banach space X,

B={x€X:||x|] <1}
And, consider the map T : B - B,
as defined by T(x) = xa(x).
Then, T is denisfying, but T 1is not a k-set-contraction for any
k € [0,1).
To see this, consider T(Vr(Q)), for 0 < r <1, where Vr(O) is the
closed ball of radius r.
Clearly Vrl(r)an C T(Vr(O)).
By Theorem 2.2.9, a(Vr(O)) = 2r ,

and a(Vrl(r)(O)) = 2ri(x) -

Hence T is at best a £(r)-set-contraction.
Since 2(r) »1 as r+o0o, T .cannot be a k-set contraction for any
k € [0,1).

T, however, is a l-set-contraction.
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Let A be a bounded subset of B.
Then T(A) ¢ w(A U {0}),
therefore o(T(A)) < a(w(A U {0})) = a(A),

i.e. a(T(A)) < a(A).
Hence T 4is a l-set contraction.

However, more can be said about T.

Let AC B and a(A) =d > 0.

Choose r < 521- ,
and define A; = AN Vr(O)
_ 1
and A, = AN Vr(O),‘

vhere V;(O) is the complement of VrCO).

Then A =AU A, ,

and  T(A) = T(A;) U T(A,).

Since T 1is a l-set contraction, we have
a(T(A})) < 2r < d = a(A).

Since & is strictly decreasing,

and ||x]] > , for x €A, , we have

a(T(A3)) < 2(r)a(A) < a(A).
Hence a(TA) = max{a(T(A;)), a(T(A;))} < a(A).

and hence T is densifying.

Example 2.2.13. [31] Let T be a completely continuous mapping of a

metric space X into itself, then T 1is a k-set-contraction.

Proof. T maps bounded sets to precompact sets.
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For A a bounded subset of X, we have «(T)A)) = 0 < ka(A), for all
k € [0,1).
In this case, kT = 0, and by the previous remark, T is obviously

densifying.

Example 2.2.14. [31] Any contraction mapping T of a metric space X into

itself is a k-set contraction, with kT = the Lipschitz constant k of T.

Proof. Let A be a bounded subset of X such that 0 < a(A). Choose
e > afA).
A can be covered by a finite number of subsets {A;,A,,..., Ah} of A,

such that '5(Ai) <afA) +e, i=1,2, ..., n;
n
i.e. A C-}:QAi, and §(A;) <a(A) <e, forall i.

n
Clearly, T@A)< U TA; (by continuity of T).
i=1

Let 1 <i<n be fixed, and take x,y € Ai’

then d(Tx,Ty) < kd(x,y) §_k6(Ai) <ka(A) < e .
Therefore G(TAi) j_kG(Ai), i=1, 2, ..., n;

i.e. a(TA) < ka(A).

Hence T 1is a k-set-contraction.

Example 2.2.15. [32] Let ¢ : ﬂa+-—9ﬂ?+ be a right continuous non-
decreasing function defined on [0,») such that ¢(r) < r, for r > 0.
Let T : X - X be a mapping of a complete metric space X into itself
such that d(T(x),T(y)) < ¢(d(x,y)), for all x,y € X.

Then T 1is densifying.

Proof of this example follows on similar lines as the previous ekample,

and was given by Furi and Vignoli in [32].
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Theorem 2,2.16., [19] F(T) = {x € X : x = T(x), T 1is a k-set contract-
ion}, the space of solutions of the equation x = T(ﬁ) in a metric

space X, is locally compact.

Proof. F(T) is,in fact)closed.

Let H be a bounded subset of F(T).

Then H = T(H), and oa(H) = «(T(H)) f-kT a(H).
Hence o(H) = 0 ;

i.e. H 1is precompact.

Theorem 2.2.17. [19] Let T be a k-set-contraction of a metric space

X into itself and let U : X + X be such that
d(Ux),U()) < d(T(Xx),t(y)), for all x,y € X. ™

Then U is a k-set-contraction with kU 5-kT'

Proof. d(UX),U(y)) i_d(T(x),T(y)), for all x,y € X,
hence U is continuous and maps bounded sets to bounded sets.

Now, 1let A be a bounded subset of X, and choose ¢ > 0.
n
AclJA, , with §(A.) <a(A) +¢
) i i’ =
i=1
Since T is continuous, we have
n
T(A) €© UIT(Ai), and  §(T(A;)) < a(T(A) + ¢
i=
< kTa(A) + e .
Let Aj = {xeA:T(x)€ T(Aj)} ’
then A = [JA..
j ]

by (*), 5(U(Aj)) < 8(T(A4)) < kp(A) + ¢

U is continuous, and therefore
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n
U(A) € UU(Aj), with s(U(AJ.)) k() +e ;

j=1
i.e. a(UA)) < kpe(A) + e .
Since € is arbitrarily small, a(U(A)) f-kTa(A)'
Hence U is a k-set-contraction with kU E.kT'

Theorem 2.2.18 [54] If T and U are k-set-contractions of a metric

space X into itself, then V =T o U is a k-set-contraction and
kV = kaU .

Proof. Let A be a bounded subset of X,

a((T o U)(A))

a(T(UA)))

kTa(U(A))
= kaUa(A), 0 E-RTkU < 1.

then aV(A))

That is, V is a k-set-contraction with kV = kaU.

Lemma 2.2.19 [19]. Let A,B be a bounded subset of a Banach space X
and denote {a +b : a€ A, b€ B} by A+ B.

Then o(A + B) < a(A) + a(B).

Proof. Suppose o(A) =d; and a(B) = d,.

Then given € > 0, we can write

n
A= {JS. , with &(S.) <d; +€¢/2,
i=1 v
n
and B= JT, , with &(T,) < d, + €/2.
i=1 7 .

Clearly A +B={J(s,; + T,).
i,j
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Therefore, to show a(A + B) <d; +do + e , it is sufficient

to show §(S; + Tj) <dy; +dy + ¢

To this purpose, take x,ye¢ Si + Tj
We can write x=a +b and y =c + d,

where a,c € Si and b,d & Tj.

It follows that
llx -yl < |la-c|]+|]b-d]|
< (dy +€/2) +@y + 8/2) =dy +dy + ¢

Hence §(S; + Tj) <d; +dy+ e

Since ¢ can be taken arbitrarily small,
we have 6(Si + Tj) <dj; + d; = afA) + a(B).

Hence &(A + B) < a(A) + a(B).

Theorem 2.2.20 [19]. Let X be a metric space and Y a Banach space.
Let T : X~+Y be a k-set-contraction,
and U : X+Y a kp-set-contraction.

Then (T +U) : X+ Y is a (k; + kp)-set-contraction.

Proof. Let A be a bounded subset of X
Then (T + U) (A) &= T(A) + U(A).
By the above lemma,
a((T + U) (A)) =o(T(A) + UCA))
< a(T(A)) + a(U(A))
< kja(A) + koa(A)
= (k; + kp)a(A).

Hence (T + U) is a (kj + kp)-set-contraction.

We state without proof the following generalization of the Cantor
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Intersection Theorem [69,p. 73].

Lemma 2.2.21 [ 2%]. 3J3] Let X be a complete metric space and
A1,Az,... be a decreasing sequence of non-empty closed subsets

of X.

Assume that a(Ah) +0, as n+ o ,

Then A = N An is a non-empty compact set, and An approaches A
in the Hausg%iff**metric.

Theorem 2.2.22.[54] Let C be a closed bounded convex subset of a
Banach space X.

Let T : C-+ C be a continuous map.

Let C; = w(T(C)), and C, = G(T(Cn_l)), for n> 1.

Further, assume a(Cn) + 0, as n -+ «,

Then F(T) $# ¢ ; i.e. T has at least one fixed point.

Proof. Clearly Cn is closed, bounded, convex, and nonempty,

and Cn > C for n > 1.

n+l’
Then, by the above lemma,
C, = N Cn is nonempty and compact, and C_ is convex.
n>1
By our construction, T : Cn -+ Cn+1 ,
so that, T : C. - Cm.
Hence it follows by Schauder-Tychonoff Fixed Point Theorem [19,p. 456]
that T has a fixed point;

i.e. F(T) % ¢

**D(A,B) , where A and B are closed subsets of a metric space, is
max{d(A,B), d(B,A)}, with d(A,B) = Sup{d(x,B) : x € A}.

*(see added reference)
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Corollary 2.2.23 [19]. Let C be a closed, bounded, convex subset of
a Banach space X, and T : C+ C a k-set-contraction.

Then T has a fixed point.

Proof. Define Cn as above.
To show T has a fixed point, it is sufficient to show that
a(Cn) -0 as n o+ o,
Consider a(C;) = a(w(T(C)))= a(T(C))
| < ka(C).
This implies that «(C) < K'a(C) + 0

as n- «,

2.3. Condensing Mappings.

In [65] Sadowskii introduced the concept of a condensing operator
for mappings defined on subsets of a Banach space and thereby obtained

a generalization of the Schauder fixed point theorem [67].

Definition 2.3.1. Let A be a bounded subset of a Banach space X.
Denote by Q(A) the set of all ¢ > 0 such that A has a finite
e-net. Then the measure of noncompactness of the set A is the number

x(A) = inf Q(A)*. It is clear that ¥x(A), the measure of noncompactness,

is zero if and only if the set A 1is compact.

*Note: x(A) will, where ambiguity may arise, be denoted by XX(A) if
A is considered as a subset of X, and by XA(A) if A is considered

as a subset of itself.




Remark . Nussbaum [60] called attention to the fact that, strictly
speaking, the measure of noncompactness used by Sadovskii (i.e.,
X(A) in [65]) is slightly different from the definition of o (A)

used by Darbo [19], and others [54], [47], [31], since Sadovskii

defined X(A) to be the infimum of all real € > 0 such that A
admits a finite e-net. It should be added that X(A) does not have
all the properties of a(A) since X(A) does not depend intrinsically
on the bounded set A.(see 38d¢d.reference [10] for details).
Nevertheless, « and X do have a good deal in common. Thus,

for example,

xx(A) = xy(A),

Xg(A) < xy(B) if A< B,

xx(A  B) = max{x,(A), xx (B},

xy(A) = 0 <=> A is compact

xx (@A) = x,(A),

Xy (A + B) < xy(A) + x,(B).
However, if C 1is a subset of X and A is a bounded subset of C,
then o(A) is a number which is independent of whether A is
regarded as a subset of C or not; but, in general, xx(A) need not
be equal xC(A).

For example [33], A = {x€ % : ||x]| =1}, then Xy (A) = /Z
while xx(A) = 1, where X = &, .

Thus, Sadovskijii established his theorem for a related class of

continuous mappings T of a set C into C such that X(T(C)) < x(C)

NN § § : A e T e A Ly e
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and not for densifying maps as we have defined in Section 2.2.
Apparently, Furi and Vignoli were first to introduce formally the
notion of densifying mappings in [31]. It seems that the fixed
point theorem for denisfying mappings T of a closed bounded convex
subset C of X into C has been established independently by

Nussbaum [54] and Furi and Vignoli [33].

Definition 2.3.2. An operator T from a Banach space X into a
Banach space Y is called condensing if it is continuous and if for
every bounded noncompact set A € X the inequality X(T(A)) < X(A)

holds.

Sadovskii [65] has established the following theorem.

Theorem 2.3.3. If a condensing operator T maps a convex closed
bounded set C of a Banach space X into itself, with T(C) ¢ C,

then T has at least one fixed point in C.

If in the definition of a condensing operator the strict inequality
is replaced by ''less than or equal to'", the conclusion of the theorem may

not hold evenin a Hilbert space, as the following example illustrates.

Example 2.3.4. In the unit ball of the space &, let the operator T

be defined by the formula

Tx) =61 - [|x]|]|2, STE TIPS SR

The continuous operator T transforms the unit ball into the unit
sphere. Moreover, it leaves the measure of noncompactness of each set

unchanged. Indeed, if the elements

(*) x, = (x s veey Xo s see)s i=1,2, ..., 1,

R
1 11 _12

o ———————
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form an e-net of the set A, the compact set S consisting of the

elements

y=(xo, Xil, Xiz, S0y xi, -ca),
n

x,e[0,1], i=1,2, ..., 7,
forms an e-net of the set T(A). On the other hand, if the elements
(*) form an e-net of the set T(A) then a finite e-net of A can be

formed from the vectors

]
~
”

Y3

Thus x(T(A)) Xx(A) for any set A. Nevertheless, the operator T
does not have any fixed points. In fact any solution x = T(ﬁ) must
satisfy the equalities x; =x5= ... = Xp = eee For an element
in 2, this is equivalent to an equation x = 6 = (0,0, ..., 0, ...).

But T(6) = (1,0,0, ...) $ 6 , [see 39].

Now, we would like to give some results related to commuting

mappings and their common fixed points.

Definition 2.3.5. A family F of mappings of a set A into itself is

called commutative if TATu = TuTA , for all A,p € A .

We state without proof the following theorem due to Kakutani [39]

and Markov [49].

Theorem 2.3.6. Let X be a Hausdorff topological space over the reals, and
C a convex compact subset of X, Let F be a commutative family of
linear continuous mappings in X. Suppose that T(C) € C for all

T € F . Then there exists a point x_ € C which is fixed for all

TEF .




A similar result, due to Browder [10], is valid for nonekpansive

mappings.

Theorem 2.3.7. Let C be a bounded closed subset with normal
structure of a reflexive and strictly convex Banach space X. If

{Tu}’ u € A is a commutative family of nonekpansive mappings of C

into itself, then {TL} has a common fixed point in C. 1In particular,
every commutative family of nonexpansive mappings of a uniformly

convex Banach space into itself has a common fixed point.

We state the following theorem without proof. A proof can be found

in [20].

Theorem 2.3.8. Let X be a strictly convex Banach space and T a
nonexpansive mapping on X. Then the set F(T) of fixed points of T

is convex.

The following result of deMarr[23] ; ':rstates the Markov-Kakutani

theorem in another direction.

Theorem 2.3.9. Every commutative family F of nonexpansive mappings of
a compag%zgﬁgset C of a Banach space X into itself has a common

fixed point in C.

The next theorem is an extension of the result of deMarr[23].

It is due to Belluce and Kirk [4].

Theorem 2.3.10. Let C be a bounded closed convek set in a Banach
space X, and F a family of commuting nonexpansive mappings of C

into itself. Let M be a compact subset of C with the property that
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n
Mn {Tu(x) tn=1,2, ...} =¢ , for some Tﬁé F
and all x ¢ X.

Then there exists X, € C such that T(xo) =X, for all Te F.

Using the notions of commutative nonexpansive operators and

condensing operators, Bakhtin [2 ] introduced the following two

theorems.

Theorem 2.3.11, Let F be a commutative family of nonexpansive
operators defined on a closed convex bounded subset C of a Banach
space X. Further, let T(C)C C for all TC F, and let there be in
this set at least one condensing operator. Then the operators TE€ F

have in C a common fixed point.

Theorem 2.3.12. If the norm in the Banach space is strictly convex
and if in the commutative family F of nonexpansive operators T on

X there exists at least one condensing operator To with the properties

(1) To has at least one fixed point,
(ii) outside a ball ||x|| < £ there are no fixed points of

the operator To'

Then the operators T& F have a common fixed point.

Remark. A nonexpansive condensing operator To on a Banach space X

has at least one fixed point if for some x, € X the sequence

X, = Toxn_1 R n=1, 2, ... ,

is bounded. It can be shown, as in [65], that the set L = L(xo) of

all limit points of the sequence {xn} is compact and that T(L) =L .




Obviously, if L consists of one point 2z then To(z) = z,

Bakhtin [2 ] has shown that L must consist of at least one point.

Lifsic and Sadovskii further generalizedthe concept of condensing

operators in [48].

Definition 2.3.13. Let X be a locally convex linear topological
space. A continuous operator T : X + X is called a generalized
condensing operator on a set C € X if for an arbitrary set A in C
the condition T(A) € A and the compactness of the set A - @(T(A))

together imply compactness of A.

Theorem 2.3.14. Let C(<& X) be a closed convex set. Suppose that a
generalized condensing operator T maps C into itself, with

T(C)C C, then T has at least one fixed point in C.

Remark . We also have a third measure of noncompactness, namely, the
ball (B) measure. B(A) = inf{e > 0 such that A can be covered
by a finite number of balls of diameter e}. For example, if B denotes
the closed ball in an infinite dimensional space X, Nussbaum [55] has
shown that o(B) = B(B) = 2.

For ekample [77], Webb illustrates the difference between
(o) measure and (B) measure.

Let X = 22 , the space of square summable sequence, and let

{en} be the orthonormal basis : e, has 1 in the nth place and

zeros elsewhere. Take A to be {en :n > 1} .

It is easily seen that o(A) = VY2 while B(A) = 2.
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Densifying Mappings and Fixed Point Theorems

3.1. The Furi-Vignoli Fixed Point Theorem and Related Results,

Definition 3.1.1.[31] Let F be a real-valued lower semicontinuous
function defined on X x X. The mapping T on X 1is said to be

F-contractive if
F(T(x), T(y)) < F(x,y), for all x,y in X, x % y.

If F(x,y) = d(x,y), where d is the distance function on X,

then T 1is simply called contractive.

Definition 3.1.2. [74] Let F : X x X + [0,2) be a continuous mapping

such that
F(T(x), T(y)) < F(x,y), for all x,y in X.
Then T 1is called F-nonexpansive.

In case, when x * y, there is some integer n = n(x,y) such
that
F(T'(x), T"()) < F(x,¥),

then T is called iteratively F-contractive at (x,y).

The following result is due to Singh and Zorzitto [74].

Lemma 3.1.3. Let X be a Hausdorff space and T a continuous and
F-nonexpansive mapping of X into itself, and let T be also iteratively
F-contractive at (x,y), x # y. If for some x £ X, the sequence of

iterates {xn} = {Tn(x)} has a convergent subsequence, then T has a

unique fixed point.

~



Proof. We have the monotone nonincreasing sequence of nonnegative

real numbers,

F(x, T(x)) > F(T(X), T2(x)) > ... > F(T"(0), T ) > ...

which must converge along with all its subsequences to some o € 7% .
n
We also have a convergent subsequence ({T k(x)} in X which converges

to some point, say, z in X. For some n = n(z, T(z)),
F(z, T(z)) > F(T'(2), TV (2)), if z 4 T(2).

But we also have

n n
F(z, T(z)) = F(lim T ¥(x), 1im T **1(x))
K K

n n
lim F(T (), T ¥1x))
K

n : n
lim F(T k+n(x), T k+n+1(x))
k

n+1
F(T'(z), T (2)) ,
~giving a contradiction, unless 2z = T(z).

To prove uniqueness, let y be another fixed point of T

different from z;
i.e. y,2€ F(T)€ X and vy # z.
Then T is iteratively F-contractive at (y,z). Therefore there exists
a positive integer m = m(y,z) such that
F(T"(y) , T'(2)) < F(y,2).
This is a contradiction, since Tm(y) =y and Tm(z) =z, for all m.

Hence y = z, and z is the unique fixed point of T.

The following result has been proved by Furi and Vignoli [31].
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Theorem 3.1.4. Let T be a densifying and an F-contractive mapping
defined on a complete metric space X. If for some X, € X, the

sequence of iterates {xn} is bounded, then T has a unique fixed

point in X,
Proof. Uniqueness follows immediately from the F-contractivity of T.
We prove the existence.

Let A= X

n=0 n

Then T(A) = (U x CA = TA)U{x)} . :
n=1

Hence A 1is an invariant set.

Let A denote the closure of A. Now, we shall show that A is

compact, which, by the completeness of X, will be true if a(A) = 0.
Suppose a(A) > 0, or equivalently, a(A) > 0. Then a(T(A)) < a(A),
since T is densifying.

But a(A) a(T(A) L){xo}) i

max{a (T(A)) , a({xo})} :
max{a(T(A)) , O} ;
a(T(A)).

Hence a(A) = 0, i.e. a(A) = 0, and hence A is compact.

Now, by the continuity of T, T(A) € T(A) CA. Hence A is

-

invariant under T and is compact. So the space A with T : A+ A

satisfying all the assumptions of Lemma 3.1.3, and T has a fixed point

in A.
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Corollary 3.1.5. (The Banach Contraction Principle). Let T be a

mapping of a complete metric space X into itself such that
d(T(x), T(y)) < kd(x,y), for all x,y€ X, 0<k<1,

Then T has a unique fixed point.

Proof. T is a k-set-contraction and hence densifying. (See Example
2.2.14 and remark following Definition 2.2.12).

T is also contractive, since it is a contraction.
Further, if {xn} is a sequence if iterates of T, we have,

n
d(x,, x ) < 121 d(x; 5 ;)

n .
i
5_.2 k d(xo, Xp)
i=1

d(xo, X;)

TTTCX

i.e, {xn} is bounded, and hence the result follows.

Corollary 3.1.6. [31] A contractive and densifying mapping on a

bounded complete metric space has a unique fixed point.

The following result due to Edelstein [26] follows as a corollary.

Corollary 3.1.7. A contractive mapping on a compact metric space X

has a unique fixed point.

Remark. Furi and Vignoli [31] have shown that the conditions

(i) there exists a bounded and invariant subset M C X

(with TM) < M),




(ii) T is F-contractive,

(iii) T 4is densifying
of Theorem 3.1.4 are independent, in the sense that any two of them

are not sufficient to ensure the existence of the fixed point.

Example 1. Let X = {x € ﬁ? : ¥ > 1}, and T(x) = i + %~.

We have |T(i) - T < ]i -yl . T is also densifying since
a bounded subset of 'ﬂ? is relatively compact. But T has no

fixed points.

Example 2. Let S ={z e : lzl =1} , i.,e., the set of complex numbers
with norm equal to one. The mapping T : S + S, defined by
T(z) = iz , does not have any fiied points; but, because of the

compactness of S, clearly satisfies both hypothesis (i) and (iii).

Example 3. Let Co be the Banach space of real sequences, X =:{xn} s
converging to zero, with norm
x| = sup %, -
Let X = {x = {x;1}€ Cy 0<_xn11} .

We now define the following mappings of X into itself:

U {x], X9, ..} > {1, x1, Xp, ...}

v :'{xn} +'{x'n} , Where 1 - x' = (1 - x ) — 1 s
i.e. x' = 1+ "%
n n+1




Define T : X+ X by T=1Uo V.

[[]

Then T(x) = (Uo V)(x) = Uo V({x;, X5, ..., X v })

1+ x; 1+ 2x, 1+ nx_
= U({ 2 H 3 3 sy n+.1 ’ ¢ })
1+x3 1+ 2x, 1 + nx
= {1, — s e —L D
3 n+1 2 '
U is an isometry, since
o) - vl =sup €1 -1, x1 =y1, ooy x_ -y, ...}

n n

- 11x - y1I.

Therefore |[|T(x) - TO || = [[Vx) - vl
= Sup [x' -y |
= Sup 1+ nx, 1+ ny
n n+1 =~ n+l1
n
= Sup|—— (x - ¥)
n
<sw |x, -,
n
= [1x - yll.
ie. llTx) - T < [lx - y||, for all x,y €X, x # y.

But T has no fixed points. 1Indeed, if z € X is such that z = T(z),
then z = T(zn) for every positive integer n. Hence z = {1,1,1, ...} ¢ Cy-

In this example T is not densifying.

The following theorem is given by Furi and Vignoli [32].
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Theorem 3.1.8. Let Q : 7R +/R* be a right continuous nondecreasing

function defined on [0,%] such that Q(r) <r for r > 0. Let

T : X+ X be a mapping defined on a complete metric space X such that
d(T(x), T(¥)) 2 Q(d(x,y)) for all x,y € X.

Then for any X, € X the sequence {xn} of iterates starting from X,

(x; = T(xo), x, = T(xn_l)) converges to the unique fixed point of T.

Proof. We shall first show that the mapping T is densifying.
Let A CX be a bounded set such that 0 < a(A), and choose ¢ > a(A).
Then there exists a finite covering {A;, Ay, ..., An} of subsets of A,

such that 5(Ak) <e, k=1,2, ..., n.

=]

Clearly T(A)C | T{A
k=1

k). Let 1 <k <n be fixed, and take

x,y € Ak'
Then d(T(x), T(y)) < Q(d(x,y)) < Q(e).
Hence 6(T(Ak)).§ Q(e).
If € ¢+ a(A), then, by the right continuity of Q, we obtain
@ (T(A)) < Q(e(A)) < a(A).
i.e. T 1is densifying.
Let x_ € X, and let {xn} be the sequence of iterates starting
from Xy Let Bn = d(xn, T(xn)). Let us prove that Bn + 0,
Clearly, Bn j_Q(Bn_l) < Bn-l , if Bn-l > 0.
Hence {Bn} is a nonnegative nonincreasing sequence. Let Bn + B. From
the right continuity of Q, it follows that B8 < Q(8). This implies
B = 0, otherwise we would have Q(B8) < B .

Since, by our definition, T is contractive and has at most one fixed

point, it is sufficient to prove that the sequence {xn} is bounded.

Let r be a positive real number.

T T T Y R Y T T T T T S s e

A '&;Ma,b;



Since Bn > 0, there exists a positive integer N such that
By < T - Q.

Let us prove that the set B(xN, r) is invariant; i.e.
T(B(xy, 1)) C B(xys 1)

Indeed take y € X such that d(y, xN) < r,

Then d(T(y), x) < d(T(), T(xy)) + (TG, x)

2 QUEl, X)) * By

A

Q(r) + (= - Q)
=,

Clearly, X € B(xN, r) for all n > N,

i.e. {xn} is bounded.

Thus the theorem . .. follows.

The following result due to Krasnoselgkii and Stecenko [46] follows

an immediate corollary to Theorem 3.1.8.

Corollary 3.1.9. Let T : X > X be a mapping defined on a complete metric

spac: ¥, which satisfies the condition
d(T(X), T(Y)) id(x,)') - A(d(x,}')): for all X,y € x,

where A is a continuous real function defined on [0,«), such that

A(r) > 0 for r > 0.

Then, for any X, € X, the sequence of iterates {xn} = {T xo} converges

to the unique fixed point 2z € X,

Proof. Let Q(r) = max {t - A(t) : t < T}

It is easy to see that Q is continuous, nondecreasing and such that
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Q(r) < for r> 0. Obviously, d(T(x), T(y)) < Q(d(x,y) for all

X,y € X. Hence the result follows.

3.2 Generalizationms.
In this section, we will give a few generalizations of the results

given by Furi and Vignoli [31].

Definition 3.2.1. [75] Let F be a real lower semicontinuous function
defined on X x X. The mapping T on X is said to be iteratively
F-contractive at the point x € X if there exists an integer n(x)

such that
My, ™® () < Fx,y), forall yeX, x4y

The following theorem is due to Thomas [75].

Theorem 3.2.2. Let T : X + X be defined from a complete metric space
X into itself such that T' is densifying for a fiied integer n. Let
T be iteratively F-contractive at all points of X, and let Tn(x)
be continuous at x. If some sequence '{in} of iterates of X, is
bounded, then T has a unique fixed point in X.
o =
Proof. Let A = F_{'{xi}. Then T"(A) = (U {ki} €A, and ™ (A) ¢ A,
i=

i=n
where A denotes the closure of A.

A is compact, since A = Tn(A) b’{xo, X1, sees xn-l} implies that

a(T"(A)) = @(A), and if A is not compact, a(Tn(A)) < a(A).

-3 >
-

Now, define Q : A +~ R : x» F(x, T")(x)), defined by Fo

where F is the restriction of F to A x A and

T:A>AxA:xe (X Tn(x)(x)).
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Since T is continuous and Q is lower semicontinuous, Q has a

minimum point, say z, in A.

Assume z * T(z). Since T is iteratively F-contractive for all

points of X, we have
QT B (2)) = FA™ (B 2y, 1272 (3))

Fiz, '3 (2))

A

Q(z),
i.e. 2z 1is not a minimum point.
Hence 1z = Tn(z)(z).

Since T is iteratively F-contractive, z is the unique fixed point of

n

T . It remains to show that z is a fixed point of T. To this purpose,

consider
T(z) = TP (2)) = " (r2)),

i.e. T(z) is also a fixed point of T.
But 2z is the unique fixed point of ™,
hence z = T(z) and is unique.
We can give the following result of Chu and Diaz [17] as a corollary

to the above theorem.

Corollary 3.2.3. Let T be a mapping of a complete metric space X into

‘s . n . X
itself. If for some positive integer n, T is a contraction, then T

has a unique fixed point.

. n . R n
Proof. Since T© is a contraction, we have T is densifying, T

is contractive, ™ is continuous for all x. Any sequence of iterates
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{xn} is bounded. The result follows.

The following example may be used to illustrate the generality

of Theorem 3.2.2.

Example 3.2.4. Let T :JR +/®  be defined by

T(x)

0, x rational

1, x irrational.
T2(x) = T(T(x)) is a contraction mapping.

Singh and Zorzitto [74] gave the following generalization of

Theorem 3.1.4.

Theorem 3.2.5. Let T be densifying on a complete metric space X,
and F : X x X+ [0,) continuous. For x # Y, there exists some
integer n with F(Tn(x), Tn(y)) < F(x,y). If for some point xo'e X,
the sequence {xn} of iterates of X, is bounded, then T has a

unique fixed point.

Proof. Let A= U x » and let A denote its closure.
n=0

By the completeness of X, we will show that A 1is compact. This will

be true if a(A) = 0, or equivalently «(A) = 0. To this purpose, let

us assume a(A) > 0. Then o(T(A)) < a(A), since T is densifying.

But o (A) = max {a(T(A)), a({xo})}

max {a(T(A)), O}

U]

a(T(A)).
Hence a(A) = a(T(A)) = O,

i.e. a(A) = 0, and hence A is compact.
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Now, by the continuity of T, we have TAC TA c A. So the space A,
with T : A+ A now satisfies the assumptioms of Theorem 3.1.3, and
therefore there is a fixed point z in A. From the condition
F(Tn(x), Tn(y)) < F(x,y), for some n, it follows that 2z is the

unique fixed point of T.

3.3 Asymptotically Regular Mappings and Diminishing Orbital Diameters.

Browder and Petryshyn[13] have introduced the following.

Definition 3.3.1. Let T be a mapping of a metric space X into
itself. If

lim d(T"x), T1(x)) = 0, for each x € X,

n-»rx

then T is asymptotically regular on X.

Singh and Zorzitto [74] have given the following result.

Theorem 3.3.2. Let T be a continuous mapping on a metric space X,
such that T is asymptotically regular on X. If for some ’-(o € X,
the sequence '{xn} of iterates of X, contains a subsequence which
converges to a point z€ X, then z is a fin.ced peint of T.

Proof. Let {x }>{x_ 1} + z € X.
n ny

Since T is continuous, we have

T(xnk) + Tz.

Now, T is asymptotically regular on X;




t-e- r];-];: d(xp Xpep) = 0
t 4, 5 <9
limd(x_ , T(x_)) =0
ko Tk "
d(1im X, 1lim T(x_ )) = 0
kao "k keo Dk

d(z, T(Z)) = 0.

Hence 1z = T(z),

i.e. 2z 1is a fixed point of T.

Furi and Vignoli [32] have given the following result.

Theorem 3.3.3. Let {xn} be a bounded sequence of a complete metric
space X, and T : X+ X a densifying mapping such that T is
asymptotically regular on {xn}. Then {xn} is compact and all its

limit points are fixed pointsof T.

Proof. Let {xn} be a bounded sequence such that 1lim d(xn, xn+1) = Q.
N>

Let A = {xn tn=1, 2, ...} , so that T(A) = {T(xn) tn=1, 2, ...}.

Then, given any e > 0, it follows that B(T(A),e) contains all but a

finite number of elements of A, since 1lim d(xn, X_..) = 0.

n+l
oo
Then a(A) < a(B(T(A),e)) < a(T(A)) + 2 ;
hence a(A) < a(T(A)).
This implies a(A) = 0, otherwise we would have a(T(A)) < a(A); and
therefore {xn} is compact. And, by the continuity of T, all the

limit points of {xn} are fixed for T.

We have found an alternate proof for the above theorem. It rums as

follows.
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Let A = %ﬁ%xn, then since T is densifying, X complete, and
A bounded, we know that A is compact (by Theorem 3.1.4),

Hence T : A+ A satisfies Theorem 3.3.2 and therefore T has a fixed

point z € A,

The following corollaries are given by Furi and Vignoli [32].

Corollary 3.3.4. Let T be a densifying mapping defined on a bounded
complete metric space X. If inf{d(x, T(x)) : x€ X} = 0, then T has

at least one fixed point 2z in X.

Corollary 3.3.5. Let T be a completely continuous mapping defined on
a bounded complete metric space X. If inf{d(i, T(k)) : k € X} =0,

then T has at least one fixed point 2z in X.

Definition 3.3.6. [38, p. 57] A topological space X is called a
Fr;chet space (or a T,-space) if each set which consists of a single
point is closed; or equivalently, X is a Fréchet space is for any pair

of distinct points x,y in X, there exists an open-set U of X such

that x€ U and y ¢ u.

Corollary 3.3.7. Let T : D+ F be a mapping defined on a closed
subset D of a Fréchet space F such that T =G + H, where G : D> F
is a completely continuous mapping and H : D> F is a contraction (or,
more generally, densifying). Then any bounded sequence {Xn} such that
T is asymptotically regular on {in}‘ is compact and all the limit

points of {xn} are fixed for T. (F is metrizable topological vector

space).
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Foof. By Theorem 3.3.3, it is sufficient to prove that T is densify-
ing. To this end, let A be a bounded subset of F
with o(A) > 0. We have

a(T(A)) < a(G(A) + H(A))

[A

a(G(A)) + a(H(A))
a(H(A))

a(A).

A

The following is due to Belluce and Kirk [ 4].

Definition 3.3.8. Let T be a mapping of a metric space X into itself,
For x &€ X, let
ox) = {x, T(x), T?(x), ...} , and for ACX,
let the diameter of A be 6(A) = sup{d(x,y) : x,y ¢ A} .
If, for each x € X, we have

1im §(O(T"(x))) < 8(0(x)),  whenever &(0(x)) > O,

-

then T is said to have diminishing orbital diameters on X.

Theorem 3.3.9. [43] Let T be a continuous mapping of a compact metric
space X into itself. Furthermore, let T have diminishing orbital

diameters on X. Then, for each x € X, some subsequence {xnk} of the

sequence of iterates of x has a limit which is a fixed point of T.

Proof. Let x € X, and let L(x) denote the set of all points of X
which are limits of subsequences of the sequence {xn}. Since X is

compact, L(x) # ¢ , and it can easily be shown that T maps L(x)

into itself.




Since L(x) is closed, we can use Zorn's lemma to obtain a subset
K of L(x) which is minimal with respect to being nonempty, closed,

and mapped into itself by T.

Suppose 6(K) > 0, and let X, € K.
o—('g)' » the closure of 0(x)), is mapped into itself by T and the
minimality of T implies that K = ﬁﬁcj . But if §(K) > 0, then
because 1lim S(O(Tn(x))) < G(O(XO)), for some integer N, the diameter
of O(TN(::;B is less than G(O(XO)). This implies that the closure of
O(TN(XO)) is a proper subset of K, and since it is also mapped into

itself by T, the minimality of K is contradicted. Therefore &(K) = 0

and K consists of a single point which is fixed under T.

Belluce and Kirk [43] gdve the following example to show that the

compactness of X is essential for the existence of the fixed point.

Example 3.3.10. Let X be the positive integer and assign a metric as

follows:

For each pair k,n of positive integers, with k > n, lef
d(n,k) = 1 +%= d(k,n), and let d(m,n) =0, (n=1,2,...). X is
complete in the metric, and let T : X + X be defined by T(n) =n+ 1,
(n=1,2, ...). Then for each integer n, 1lim G(O(Tn(n))) =1 while

>
G(O(T(n))) =1 + %u Thus T has dimishing orbital diameters, but no

fixed point in X.

We obtain the following generalization.

Theorem 3.3.11. Let T be a densifying mapping of a complete metric

space X into itself, and let the sequence '{xn} of iterates of X,
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be bounded for some Xy in X. Further, let T have diminishing
orbital diameters on X. Then there exists a point z on {X } which
n

is a fixed point of T.

(=] (-
Proof. Let A = ] x » then T(A) = X C A.
gfo“ nL=J1rl

T 1is continuous (since densifying) and therefore T(A) C T(A) C A. A
is compact, since A = T(A) U {xo} implies that a(T(A)) = a(A), and
if A is not compact, a(T(A)) < a(A).

Now, consider T : A+ A , i.e. the restriction of T to A. A
is compact and T is densifying (therefore continuous) with diminishing
orbital diameters,

Hence by Theorem 3.3.4, T has a fixed point, say z = T(z), in X.

Remark. If T is densifying, {xn} bounded, and X complete, then
A= {xn} is compact and T : A+ A is densifying. Therefore, the
condition that T has diminishing orbital diameters can be replaced

by any of the two equivalent conditions given by Belluce and Kirk [6 ].

(i) T is asymptotically regular

(ii) T is not an isometry on O(x) if 6(0(#)) >0, x&X.
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k-set Contractions in Banach Spaces

4.1 Fixed Points in Banach Spaces.

We state without proof a fundamental result of Kirk [42] for

nonexpansive mappings in Banach spaces,

Theorem 4.1.1. If C is a closed bounded convex subset with normal
structure of a reflexive Banach space X, then every nonexpansive

mapping T : C +~ C has a fixed point.

Remark. It is worth noting that all the conditions of Theorem 4.1.1 are

necessary. We will give simple examples to support this claim.

1. C closed : Let X = ﬂ? be a Hilbert space, and C the interior

of the unit ball, i.e. C= {x: ||x]|| <1}.

X+ a
2 >

Obviously T is nonexpansive, but T has no fixed points.

Define T : C+C by T(x) = where ||a|| =1, a real.

2. C bounded : A translation in a Banach space is an isometry and

obviously has no fixed points.

3. C convex : Let X = ﬁ? be a Hilbert space, and C be the set
containing just two distinct points a and b. Define T : C~+C

as T(a) =b and T(b) = a. Clearly T is an isometry and has

no fixed points.

4. X reflexive (see Kirk [20]) : Let X = C[0,1] be a Banach space
with ||£|] = max{]£(t)] : 0 <t <1}. It is known that C[0,1]. is
not a reflexive Banach space. Now consider C as the unit ball about

the origin in C[0,1],

ie. C= {£(t) : 0 < f£(t) <1, £(0) =0, £(1) =1} .

Define T : C+C by T(£f(t)) = tf(t).

T(C)C C and T has no fixed point.
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5. C has normal structure : The mapping T : C, C,» where C,
is the unit ball in 22, defined by T(kl,kz,...) = (1, xl,kz,...)
maps the unit ball Co into itself but does not have any fixed
points, since (x;,X5,...) = (1, xl,xz,...) would simply mean that é

X] = X3 = .,,. =1 and this is impossible.

An immediate consequence of Theorem 4.1.1 is the following result of

Browder [9 1. It was independently proved by Kirk, Browder and Gohde.

Theorem 4.1.2, Let T : C+ C be a nonekpansive mapping on a closed
bounded convex subset C of a uniformly convex Banach space X. Then

T has at least one fixed point in C.

Browder and Petryshyn [13] have given the following result for

nonexpansive and asymptotically regular mappings in Banach spaces.

Theorem 4.1.3. Let X be a uniformly convex Banach space and T : X » X
a nonexpansive mapping. If F(T) is nonempty then the mapping

TA =AI + (1 - AT, 0< A <1, is nonexpansive and asymptotically

regular. Moreover, F(T) = F(TA)‘

Proof. That F(T) = F(TX) is immediate from the definition of F(TA)’
That TA is nonexpansive is a consequence of the nonexpansiveness of T.
It remains to show that T, is asymptotically regular.

Let z be in F(T). Then

E N1, - 2l = [, @ -w@] ] < 11T - 2]

So the sequence {]ITnA(x) - z||} is nonincreasing. Thus it converges

+1 n
to some o > 0. If a =0 then ™ LX) - T, (x)}||} converges to

zero trivially.




Therefore, let us assume o« > 0. We have ﬁ

TA““I(&) -z = ATA“(x) + (1 - x)'r'r“x(x) -z
=AM - 2) + 0 - DO e - 2.
Since IlTln+1(x) -zl| +a, ig

[T, () - z|]| +« and [T 00 - 2] < ||T“A(x) - z]| f
we have II(THA(X) - z) - (TTAn(k) - z)|] + o.
Therefore IITAn+1(x) - TAn(x)ll + 0

i.e. TA is asymptotically regular.

Remark. The use of TA is place of T for the determination of fixed

points was considered by Krasnoselskii [45] for A = %- and completely

continuous mappings. The general A was considered by Schaefer [gg]
in the case of completely continuous mappings and by Petryshyn [56] in

the case of demicompact mappings (see Definition 4.1.9).

The next two results are due to Browder and Petryshyn [13].

Theorem 4.1.4. Let T : X+ X be a nonexpansive asymptotically regular
mapping in a Banach space X. If, for some X, in X, the sequence
of iterates {xn} = {Tn(xo)} has a subsequence ‘{xn'} converging to a

1 .
point z, then 2z is a fixed point of T and the sequence {xn}

converges to z.

Proof. Let us first prove that z is a fixed point of T.

n, n. .
Tix)+z = (I-DT &)~ -1




ni ni ni+1
However, (I - T)T (xo) =T (xo) - T (xo) + 0 since T is

asymptotically regular.
Thus (I - T)(z) = 0,

i.e. z is a fixed point of T.
Now, the condition
||Tn+1(xo) - z|| i_llTn(xo) - z||, for all n =1,2,

gives us {xn} > z.

Theorem 4.1.5. Let T : X + X be a nonexpansive asymptotically regular
mapping in a Banach space X. Let F(T), the set of fixed points of

T, be nonempty, and let T satisfy the following condition
(I - T) maps bounded closed sets into closed sets. (4.1.5).

Then, for each x_ in X, the sequence {Tn(xo)} converges to some point

in F(T).

Proof. If y 1is a fixed point of T, then

™) - vl < 11T x) -yl n=12, ...
so the sequence {Tn(xo)} is bounded. Let G be the closure of
{Tn(xo)} . By condition (4.1.5) it follows that (I - T)(G) is closed.
This together with the fact that T is asympototically regular gives 0
(I -7T)6) =0,

in (I - T)(G). So there exists a z in G such that

i.e. z = T(z).

sy ey
Srntinty

But this implies that either z = Tn(xo) for some n, or there

n.
. i .
exists a sequence {T (xo)} converging to z.

TR SRR
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e

Since z is a fixed point of T, we can conclude that, in

either case, the sequence {Tn(xo)} converges to z.

Remark. Let A be such that 0 < ) < 1. Let Tk =AI + (1 - »)T. Then

T satisfies condition (4.1.5) if and only if TA does. To see this, E

observe that I - TA = (1-2N-17). t

By the above remark and Theorem 4.1.2, we can deduce the following ﬁ

corollaries to Theorem 4.1.5.

Corollary 4.1.6. Let T : X+ X be a nonexpansive mapping of a uniformly 1
convex Banach space X into itself. Suppose F(T) is nonempty and T g
satisfies condition (4.1.5). Then, for each ko in X, the sequence ﬁ
{xn} defined by X .1 % AX ¢+ a - A)T(xn), 0 <A <1, converges to

some point in F(T).

Corollary 4.1.7. Let T : X+ X be a nonexpansive mapping on a uniformly

ATIRITATEY
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convex Banach space X. Define TA =Al+ (T -AT, 0<x<1. If F(T)

is nonempty and (I - T)(X) is closed, then for every X, in X the

sequence '{xn} = {T n(xo)} converges to some point in F(T).

Y SR

E3

Corollary 4.1.8. Let T :C~+> C bea nonekpansive mapping on a closed

bounded convex subset ‘C of a uniformly convex Banach space X. If T

is completely continuous, then for every X, in C; the sequence {xn} :

GAL RO U R YR

defined by x = %{xn + T(xn)) converges to a fixed point of T.

n+l

Definition 4.1.9. A continuous mapping T of a Banach space X into
itself is said to be demicompact if every bounded sequence {xn}, such

that {(I - T)(xn)} converges, contains a convergent subsequence {xni}.




In [56] Petryshyn proved that the class §f demicompact mappings

contain, among others, all compact (completely continuous) mappings.

Theorem 4.1.10 [20, p. 47]. A demicompact mapping T of a Banach space

X into itself satisfies condition (4.1.5).

Remark. It was claimed in [13] that the converse of Theorem 4.1.10 holds.
However, this is not true. Consider, for example, the identity mapping
T=1. T=1 satisfies trivially condition (4.1.5), but it is not

demicompact.

In a strictly convex Banach space we have the following result [20].

Theorem 4.1.11. Let X be a strictly convex Banach space and T : X~ X
a noneipansive mapping. Then the set F(T) of fixed points of T is

convex.

Proof. Let us assume that F(T) consists of more than one point, otherwise
the result is proved. Suppose x and y are in F(T), we will then show
that z =Ax + (1 - XA)y, 0<A <1 is also in F(T).

In fact, since T is nonexpansive, we have

[x - yll = |ITo) - TN

[T - Tl + [Tz - T

A

[x - z|] + |z - yll

|A

= |Ix - yll .

Since X is strictly-:convex, it follows that the vectors T(x) - T(z)

and T(z) - T(y) are linearly dependent. But this implies that the vectors

On the

T(z) is in a straight line through T(x) = x and T(y) =Y.

(R R o
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other hand, [|T(z) - T()|| < ||z - x|| and [|T(2) - TO]| < ||z - ¥]].

Thus T(z) must coincide with 2z, and the theorem is proved.

Remark. This theorem is not true in the most general class of Banach

spaces, as the following example of deMarr[23] shows.
Let X = 2“(2), i.e. the space of pairs x = (a,b) with maximum

norm ||x|| = max{|a|, |b|}.

Let T be the mapping defined by

T(x) = T(a,b) = (|b], b).

e

SRR R

It is easy to see that T 1is nonexpansive and that (1,1) and (1, -1)

are fixed points of T. However, no otker point in the segment joining

these two points is a fixed point of T.

e

In [29] Edelstein established the following result, which had been

../-,?:71

previously proved byKrasnoselskii [45] and Schaefer [66] for uniformly

convex Banach spaces. We will omit the proof, which can be found in

)

NI RS

[20, p. 48].

P iy
e

Theorem 4.1.12. Let X be a strictly convex Banach space and C a closed

A

convex set in X. Let T : C »C bea nonekpansive mapping such that

R A A R

T(C) is a relatively compact set contained in C. Let TA =Al + (1 - AT,

. o
0 < A <1, The for each point X, in C, the sequence {TA (xo)} converges

to a fixed point of T.

g

Remark. We cannot conclude in this case, as we did in Theorem 4.1.3, that

TA is asymptotically regular. Theorem 4.1.3 does not hold for the wider

class of strictly convex spaces. So Theorem 4.1.12 is a special case of

Theorem 4.1.5.




71.

Belluce and Kirk [6] have given the following.

Definition 4.1.13, Let C be a convei subset of a Banach space X. A

mapping T : C + C is called convek on C if

HTEED || <5 IT@ ]| + |[To)[])

for all ﬁ,y in C.

Theorem 4.1.14, Let C be a nonempty weakly compact convex subset of a
Banach space X. Suppose T : C -+ C is continuous and (I - T) is
convex on C. If "faf{]|x - T(x)||:: x€C} =0, then T has a fixed

point in C.

Proof. For each r > 0, let

Ho={(yécC:|ly-Tmll <z} .
Because inf{||x - T(x)|| : xe C} =0, H 1¢, if r> 0.
Convexity of (I - T) implies Hr is convex, and continuity of T implies
Hr is closed. As closed convex subsets of the weakly compact set C, the
H_ are also weakly compact and it follows that /’\ H. 34 ¢ , yielding
T r>0
at least one fixed point for T.
Theorem 4.1.15. Let C be a nonempty weakly compact convex subset of a
Banach space X. Suppose T : C+ C is nonexpansive and (I - T) is

convex on C. Then T has a fixed point in C.

Proof. By a result of Gohde [37] we have inf{||x - T(x)|| : x€ C} = 0.

Hence the result follows from Theorem 4.1.14.

The following examples are given by Belluce and Kirk in [6].

LEEe T
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Example 4.1.16. Let B be the unit ball in any infinite diménsional %
|

1 : .
Banach space X and let Bf={xéX: [|x|li%-}.

1 .
Let Q : B Bf be any continuous mapping which has no fixed point.

>
1 . :
(Because Bf 1s not compact, such a mapping will exist.) Let [x, Q(x))

i
i
| | 2
be the half-line emanating from x which contains Q(x). Then the ;
. )
length of [x, Q(x))N B is at least l. |

(I -T) is convex. T is continuous because Q is. Since X may be

z |
Define T(x) to be the point of this ray with distance -;- from x.
Then T : B+ B and ||x-T(x)||E%, for all x in B. Thus

chosen so that B satisfies the hypotheses on C in Theorem 4.1.14 ( i.e.
assume X is reflexive), this ekample shows that inf||x - T(x)|| = 0
cannot be removed in Theorem 4.1.14, nor can nonexpansiveness of T in

Theorem 4.1.15 be replaced by continuity of T.

Example 4.1.17. Consider the space C[0,1] of continuous functions.
Let C ={fe c[0,1] : £(0) =0, f(1) =1, 0 < f(t) <1} .
Define T : C >~ C as follows:
T(f(t) = tf(t), for all f in C.
As seen in [42], T 1is noneﬁcpansive on C and has no fixed point.

Let f,ge C.

£ t
15 - &1 5| - sup{ | ZE g®) _ (EO g(t)y) |
0<t<1}

<sup {3(1-t) £(t) :0<t<l]
s Sup {5(1 - ) g(r) s 0 <t <)

- .%-{Hf -TH)|| + [lg - T@] [}
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Thus (I - T) is convex on C. Also,

T ) - ™) || = supt]tee) - ™ lee)| t0 <t < 1)

sup{(t" - e™1)Ft) 0 <t <1} ]

Sup{(tn - tn+1) :0<t <1}

|A

1
n+l

=
So T is asymptotically regular on C.

Therefore the hypothesis of weak compactness is essential in both

Theorem 4.1.14 and Theorem 4.1.15.

4.2 Densifying Mappings in Banach Spaces.

In this section we will give some fixed point theorems for

densifying mappings in Banach spaées.

S

The relation between nonexpansive mappings and k-set contractions

has been studied by Furi and Vignoli in [33]. We give the following

result.

Theorem 4.2.1. Let X be a metric space, and T : X+ X nonexpansive.

Then T is a l-set contraction.

Proof. Let A be a bounded subset of X, and choose ¢ > a(A). A can

be covered by a finite number of subsets {A;, Az, ..., An} of A such

that G(Ai)_i a(A) < e, forall i=1,2, ...,n.

n
i.e. A UAi R G(Ai) <a(A) +e , forall i=1,2,..
1=1 n

Clearly T(A) € UT(@®;), by continuity of T.
ji=1
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Let 1 <i<n be fixed and take x,y in A;. Then ’
d(T(x), T()) < d(x,y) 2 8(A;)) < a(A). |
Hence G(T(Ai)) < 6(Ai), for all 1.

i.e. a(T(A)) < o(A).

i.e. T 1is a l-set-contraction.

The following results have been given by Furi and Vignoli [33].

Theorem 4.2.2. Let T : C+ C be a l-set-contraction defined on a closed
bounded convex subset C of a Banach space X. Then

inf{|]x - Tx)|| : x€c} = 0.

Proof. Let X, be a point in C, and define T)‘ : C~>C by

TA(x) = (1 - )\)xo + AT(x), 0 <A <1.

The mapping T)‘ is a A-set-contraction, for 0 < A < 1. Indeed, let j

ACC, We have
T)‘(A) = (1 - A)xo + AT(A).

Hence “(TA A) =ao( - A)xo + AT(A))

< (1 - A)a(xo) + 2 {TA))
= Aa(T(A)).
Therefore, it follows, from a result of Darbo (see Corollary 2.2.23) that

T. has at least one fixed point x_ in C for any 0 <A < 1.

A A
Furthermore, TA (x) converges to T(x) uniformly on C as A > 1.
- |
But |[x, - T(x)l| = [T, (x,) - T(x,)||, therefore [1x, - Tex)| >0
as A ~>1,

Then inf{||x - T(x)|| : x € C} = 0.

e e e e S T MR T T T ST
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We will state the following lemma due to Martelli [50] without

proof.

Lemma 4.2.3. Let T be a mapping of a compact topological space X into

itself. Then there exists a nonempty subset K € X such that K = T(K).

Theorem 4.2.4. Let T : C~ C be a densifying mapping defined on a
closed bounded convex subset C of a Banach space X.

Then T has at least one fixed point.

Proof. For X, in C, consider the sequence '{Tn(xo) :n=1,2, ...}
and let K equal its closure. Then K is invariant and compact.

Therefore, by the previous lemma, there exists a nonempty subset M C K,

such that M = T(M).

Consider F = {B€C :MCB, B closed convex invariant
under T} .
Let A =N{B:BEF}
Clearly A = EIT(A)),V the convex closure of T(A).
Since a(w(T(A))) = a(T(A)), we get that A is compact.
Then by the Schauder-Tychonoff fixed point theorem (see [25, p. 456]),

there exists a point z in A such that T(z) = z.

Remark. The proof of Theorem 4.2.4. as given above is due to Martelli

[50]. It also follows as a direct éonsequence of Theorem 4.2.2. and

Corollary 3.3.4.

We have the following result.
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Theorem 4.2.5. Let T : C+>C be a densifying mapping of a closed
bounded subset C of a Banach space X into itself. Furtheréﬁret

T satisfy the following condition
x4 T = ||T) - 20| < []x - T[] (4.2.5)

Then T has a fixed point in C.

Proof. Let ko be a point of C such that io 3 T(io). Consider the
sequence ‘{Tn(ko) :n=20,1,2, ...}, and let A be its closure. A is

bounded since it is a subset of C, and by Theorem 3.1.4. A is compact.

Now, define Q : A+R : x> ||x - T(x)||. Q is continuous
since the norm in a Banach space is continuous. Hence Q has a minimum,
say z, in A.

Assume z # T(z). This implies
Q(T(2)) = ||T(=) - T2(2)|]| < ||z - T(2)|]| = Q(=).

i.e. 2z 1is not a minimum point.

Hence z = T(z), and the proof is established.

We give the following result, which seems to be new.

Theorem 4.2.6. Let T : C+ C be a densifying and nonexpansive mapping

defined on a closed convex subset C of a Banach space X. For 0 <A <1,

define T, = Al + (L - A)T, and for x f TACx), let T, satisfy condition
(4.2.5). If for some xo in C, the sequence of iterates

{x}={T n(k )} is bounded, then the sequence '{xn} converges to a
n A Yo

fixed point of T.

.
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Proof. By Theorem 4.2.4, we know F(T) % ¢, and since F(T) = F(T,),
F(T,) o6, Ty : € > C is densifying, and {x } bounded.

Hence A = {E;} is compact, and therefore {xn}:D'{xn }+y in A.
i
Since TA is continuous, Tx(xni) - TA(y),

2 2
and TA (xni) - TA o).

Also, T, is nonexpansive and thus the sequence {]|x - TA(xn)Il} is

nonincreasing, and therefore converges. So does {[|x - T, (x ).
i i’

Hence ||y - TA(Y)II lim len. N TA(xni)Il

1 1

lim [T, (x ) - T,2(x )]
i i i

T, &) - 7,2m 1.
If y$T,0), then [[T,» - T2MIl <[y -T,MII;
hence y = TA(y), i.e. yE F(TA).

But ||Tkn+1(x) -yl < ]]Txn(x) -yl| , forall n.

Hence {xn} = {Txn(xo)} > Y.

n .
Remark. For each x in C, the sequence {xn} = {T, (xo)} is
bounded; and for x 3 T, (x))» Ty satisfies Theorem 3.1.4., hence T,

— n
has a unique fixed point in A = {xn} . However, {TA (yo)} may converge

to a different fixed point for y 3 X, Therefore we cannot conclude

that the fixed point of T is unique.

Before we give a few results on star-shaped sets, we want to introduce

the following, which can be found in [20, p. 27].
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Definition 4.2.7. A set S in a linear space X is said to be star-
shaped about a point y in S if for every z in S, there exists
a nonnegative number tz, 0 5_tz < + » , such that the set

{y+tz :0<t <t} is in S, and the set {y + tz : t, < t} is

outside S. It is clear that every convex set is star-shaped about any

of its points.

Theorem 4.2.8. [20]. Let T : S > S be a nonexpansive mapping of a
closed bounded star-shaped subset S of a Banach space X. Further, let

the following condition be satisfied:

There exists a compact subset M of X such that for all x in X,
the closure of {T"(x)} contains a point of M.

Then T has a fixed point. (4.2.8)

Proof. We may assume, without loss of generality, that the origin 0 is
in S, and that S is star-shaped about O. Then the mapping Tr = rT,

0 <r <1, is a contraction in S, and consequently it has a unique

fixed point X, in S. We have

Hg-TugH=llrﬂg)—ﬂgﬂliu-rnhugn
<d( -r),

where d is the diameter of S.
On the other hand, by condition (4.2.8), there exists an integer
n(r) and a point Yy, in M such that
ly, - P el <1 -

Then
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lye = TORI < 11y, - TP+ 1T e - 6 e
P IO ) - Ty
< 2y - TPl g - Tl

Hence, ||yr - T(yr)ll <@+ 2)1 - 1).

Now, let {xn} be a sequence converging to z. Using the compact-
ness of M, it follows that there exists a subsequence of { yr} that

converges to y in M as r-~ 1.
From the last inequality, it follows that y is a fixed point of T.

Furi and Vignoli [33] have given the following results.

Theorem 4.2.9. Let T : S+ S be a l-set-contraction on a closed
bounded star-shaped subset S of a Banach space X. Let p : X » [0,x)

be a lower semicontinuous function such that

(i) x% 0= p(x) >0,
(ii) p(tx) <t p(x) for t > 0.
Let T satisfy the condition
(1ii) p(T(x) - T)) < plx - ¥), %y in S.

Then inf{||x - T(x)|| : x € 8} = 0.

Proof. Let S be star-shaped with respect to X..

Define TA : §+ S by TA(X) = (1 - A)xo + AT(x), 0<x<1l. The

mapping TA

0<A<1l; and TA

For 0< A <1, the mapping TA

is a A-set-contraction (and therefore densifying) for any

converges uniformly to T on S as A~ 1.

is F-contractive, with F(x,y) = px - ¥).




)

Indeed, F(T,(x), T,()) = p(T, (X) - T, (¥))

POTE) - TH)))

AP(X - ¥)

IAa

F(X,y),

A

for all x,y €S, x¢y.

Therefore, by Theorem 3.1.4, it follows that T has a unique

fixed point x. in § for any 0 <2< 1.

A
Then {||x - T(x)|| : x € S} = 0.

Corollary 4.2.10. Let T : S+ S be a densifying mapping defined on a
closed bounded star-shaped subset of a Banach space X.
Let p(T(x) - T(y)) :_p(i -y), where p is as in Theorem 4.2.9. Then

T has at least one fixed point.
Proof is immediate from Theorem 3.1.4 and Theorem 4.2.9.

We can deduce the following result.

Theorem 4.2.11. Let T : S+ S be a l-set-contraction on a closed
bounded star-shaped subset S of a Banach space X. Let T satisfy
conditions (i) and (ii) of Theorem 4.2.9 and

(iii*) p(T(x) - TO)) < px - ¥), Xy S, x$y,

p defined as in Theorem 4.2.9.

Then T has a unique fixed point in S.

Proof. The existence of a fixed point is immediate from Theorem 4.2.9.

Uniqueness follows from condition (iii*). Indeed, assume X,¥y are
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distinct fixed points of T.

i.e. T(x) =x, T(y) =y, x¢%y.

Then by condition (iii*)
p(x - y) = p(T(x) - T(y)) < p(x - y).
Hence p(x -y) =0,
i.e. x =1y, a contraction.

Therefore the fixed point is unique.

Remark. Theorems 4.2.9, 4.2.11, Corollary 4.2.10 hold in particular

if T : S-S 1is a k-set contraction.

4.3 Mappings With A Boundary Condition.

In this section we will give some fixed point theorems in Banach

{x €X : ||x|| < r} will denote the open ball about the

spaces; B

origin, B = {x€ X : ||x|| = r} its boundary, and B=BVUB its

closure. We will restrict our study, for the most part, to mappings

T : B+ X which satisfy the following boundary condition:
If T(x) = ax, for some x in B, then a < 1. (AZ).

We will make use of the following mapping:

R: X~ B defined by the formula

by X
R(x ’ llxllir
0 = TTqy

x 5 =z

is called the radial retraction of X onto B.

.
1.1
1
i
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The following Lemma is due to Nussbaum [54]. The proof given

here is given by Martelli and Vignoli in [51].

Lemma 4.3.1. Let X be a Banach space and B the open unit ball of X
about the origin. Then the radial retraction /R : X » B is a l-set-

contraction.

Proof. Let AC X be a bounded set. Clearly R(A) € o ({0} U A).

Therefore.
a(R(A)) < a(@({0} U A)) =a({0} UA) =a(A).

The follewing results are due to Petryshyn [60].

Theorem 4.3.2. Let B be an open ball about the origin in a Banach space
X. If T : B+ X is a densifying (in particular, a k-set-contraction,
k < 1) mapping which satisfies the boundary condition (A <), then F(T),

the set of £ixed points of T in B, is nonempty and compact.

Proof. Since every k-set-contraction k < 1) is densifying, it suffices

to prove the theorem for the case when T is densifying.

Define R : X > B as in Lemma 4.2.1. Then R is a 1-set-contraction of

X onto B.

Now, if for all x in B we define the mapping T, (x) = R(T(x)),

then T, is a continuous mapping of B into B which is also densifying.

Indeed, T : B~ X is densifying, R : X~ B is a l-set-contraction and,

therefore a(T;(B)) = a(R(T(B))) < o (T(B)) < «(B).

Hence by Furi and Vignoli's fixed point theorem (see Theorem 4.2.4), Ty

has at least one fixed point, 2z, in B.
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But then z is also a fixed point of T.
Indeed, if 2z € B, then T(z) = z, since the assumption of the
equality T(z) = ilzézlll-z would contradict the fact that ||z]| < r.

If 2z€B and z is not a fixed point of T, then

a= llIL%lll- > 1, 1in contradiction to condition (A 5).

Thus 2z 1is a fixed point of T, and hence F = F(T) is a nonempty set
in B. Since T is continuous, F is obviously a closed subset of B
such that T(F) = é. This also shows that F is compact, for otherwise
the assumption o(F) > 0 would lead to the contradictory inequality

a(F) = a(T(F)) < a(F), which follows from the densifying property of T.

Remark 1. If instead of the boundary condition (A <), we assume that T
satisfies the following condition on é.
If T(k) = ai for some x in é , then a<1, (A«<)
then the nonempty compac; set F(T) is contained in B and

hence lies at a positive distance from B.

2. In Theorem 4.3.2., we have shown that F(T;) € F(T). Now,

F(T) is obviously contained in F(T;), hence F(T;) = F(T).

Corollary 4.3.3. If T: B> X is densifying (and, in particular) a

k-set-contraction) and satisfies any one of the following conditions:
(i) T(B) € B,
(ii) T(B) < B,
i) ||Tex) - x|]2 3_]]T(¥)|,2 - ||k[|2 , for all x in B, then

the set of fixed points F(T) of T is nonempty and compact.
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Proof. By Theorem 4.3.2, it is sufficient to show that each of the
given conditions implies condition (A <).

It is obvious that (i) and (ii) each implies (A <). Hence we must show
(iii) implies (A 2.

Suppose T(X) = ax for some x in é. Then (iii) implies that

(a-1)2>a%2 -1 or that a <1, i.e. condition (A <) holds.

Corollary 4.3.4. Let B be the open unit ball in a Hilbert space H,
and T :B~>H beamapping of B into H. Let T : B>H bea

densifying mapping such that the following two conditions are satisfied:

1) 0, x < ||x[[2 , and
@) [IT@ - T, < |lx - Tx)]| for all x on B.

Then F(To) ¢ B is nonempty and compact.

'Proof. By Theorem 4.3.2., it suffices to show that conditioms (i) and

(ii) imply condition (A <) for T . Thus, suppose T (x) = ax for

some x in B and, without loss of generality, assume a > 0.

Then (ii) shows that ||T(x) - ax|] < [[x - T(x)|| or that
2(T(x), x)(1 - a) < (1 - a®Xx, x). This implies a <1, for the
assumption that a > 1 would lead to the inequality

2(T(x), x) > (1 + a)(x, ;C)>2(x,x), contradicting (1).

Remark. Because of its usefulness in applications, we shall explicitly

1 case of Theorem 4.3.2, whose first assertion.

and in [59, 61]

state the following specia
(i.e., F(T) # ¢) was obtained independently in [78]

under some additional conditions (see [12] for a more general result).
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Corollary 4.3.5. Let T =S + C be a map from B to X such that
S is a contraction on B and C is completely continuous on B.
If T satisfies condition (A <) on B, then F(T) is nonempty

and compact.

We can generalize Theorem 4.3.2. in the following way.

P R Gl e b A S e L Y
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N

Theorem 4.3.6. Let B be the open ball about the origin in a Banach

e
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space X. If T : B~» X is a l-set-contraction which satisfies the
boundary condition (A <), then F(T), the set of fixed points of T

in B, is nonempty, provided T 1is demi-compact.

i
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Proof. Let R : X + B be the radial retraction of X onto B (see

Lemma 4.3.1). Then R is a 1l-set-contraction.
Again, for all x in B define the mapping T;(x) = R(T()). T 1is
a continuous mapping of B into B and a l-set-contraction. For,

T : B+ X is a l-set-contraction, R : X » B a set contraction, and

therefore

o (Ty (B) = aRETB)) < «(TAB)) < o).

b s SR AT

. _ o . ]
Now, for x_in B and 0 <2 <1, let TA : B+ B be given by

0
‘ « in B. T. is a A-set-contraction
T, &x) = (@ - 2)x, + AT;(x), for all x in B T, .

< 1).

Therefore by Darbo's fiked point theorem (see Corollary 2.2.23), Ti has

at least ome fixed point X, in B for any 0 <2 < 1.

T (x) converges to Tl(x) uniformly on B as A~ L. E

£ X, - Tl(x )]+ 0 ;
But [IxA - Tl(xx)ll = IITAch) - Tl(xx)ll therefore || |

Furthermore,

as x> 1.
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Then inf {||x - T;(X)|| : x€& B} = 0.
By applying Theorem 4.2.4. to T; we may conclude F(T;) 4 ¢ in B.
But F(T,) = F(T), as was shown in the proof of Theorem 4.3.2, hence

F(T) 4is nonempty in B.

Remark. We cannot conclude to the compactness of F(T), since T is a
l-set-contraction. It is known, however, that FCTA) is nonempty and

compact for each A < 1.

We state the following lemma without proof; the lemma will be used in

the proof of Theorem 4.3.8.

Lemma 4.3.7. If D is a bounded open subset of a Banach space X with
O in D and T : D+ X is a densifying mapping which satisfies the

boundary condition (A <) in D, then F(T) cX is nonempty and compact.

The following results of Petryshyn [60] generalize Theorem 4.3.2.

Theorem 4.3.8. Let D be a bounded open subset of a Banach space X with
O in D and let T : D+ X be a l-set-contraction satisfying (A <) .on
D. Then, if (I - T)(D) is closed, F(T) o -

In particular, if T 1is demicompact and a l-set-contraction, then F(T)

is nonempty and compact.

(For definition of demicompact, see Definition 4.1.9).

Proof. For each 0 < t < 1, consider the t-set-contraction Tt of D
into X defined by Tt(x) = tT(x). It is easy to see that Tt satisfies

condition (A <) on 6 for each t in (0,1). Hence, by Lemma 4.3.7,

i o e exists an x_€ D
for each tn€(0,1), with t = 1 as n-»> «, ther n
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such that Ttn(xn) =X Since T(xn) - X, = 1 - tn)T(xn) and T is
bounded, it follows that

T(Xn) -Xx, >0 as no+>ow

In view of this and the assumed closedness of (I - T)(D), we see that
0€ (I -T)®). Hence, F(T) $ ¢ .If we assume that T is demicompact
and 1-set-contraction on D, then (I - T)(D) is closed and thus, by
the first part of Lemma 4.3.7, F(T) + ¢ . Furthermore, F(T) is also

compact since T is demicompact on D.

Remarks.
1. The set (I - T)(D) is certainly closed if T is densifying
(and, in particular, if T is a k-set-contraction, k < 1).
2. If D is also convex, then (A <) holdson D if T(D) < D
and, in particular, if T(D) ¢ D.
3. When O ¢.D, then the following generalization of Theorem 4.3.8
holds. And in view of Remarks 1 and 2, this generalization

includes all the fixed point theorems for densifying and k-set-

contraction mappings mentioned to present in this section.

Theorem 4.3.9. Let D be a bounded open subset of Banach space X and

T : D4+ X a l-set-contraction such that T satisfies any one of the

following conditions:
(i) There exists an X, in D such that if T(x) - x, = a(x - xo)

holds for some x in D, then a < 1.

(ii) D is convex and T(D) € D.
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Then, if (I - T)(D) is closed, we have F(T) # ¢ ..
In particular, if T is demicompact and l-set-contraction, then F(T)

is nonempty and compact.

Proof. We will first prove the theorem for condition (i).

Consider the set Q=D - %o = {x - X, : x€ D} . It follows that Q

is bounded, open, 0€ Q, Q=D - Xy and Q=D - xo.

Furthermore, Q 1is convex if D is convex.

Now define the map T'(y) for y in Q and
y = {x - X, X e D} by T'(y) = T(x) - X,
Then T' maps Q into X, T' is a l-set-contraction, and T' satisfies
condition (A <) om Q.
Furthermore, (I - T')@) is closed since (I - ™M@ = I - T)D).
Thus T' and Q satisfy all the conditions of Theorenm 4.3.9. Hence there

exists a='y in Q such that T'(y) =V,

i.e. T(x) - X, = X - Xg with x€ D,
i.e. T(x) = x.
The second part of Theorem 4.3.1 also follows since the demicompactness

of T implies the same for T'.

Now, we will show that condition (ii) implies condition (i).

. o N .. § s D.
Suppose condition (ii) holds, and let X, be any f;xed element in

Then Q=D - ko is conveic, 0eQ, and T'(Q) € Q since

’ . D = Q i . , b
T"Q) = T@O -x,<D-x,= § and D is convex. Hence, by

Remark 2 following Theorem 4.3.9, T! satisfies condition (A <) on Q,

that is, Theorem 4.3.9 holds.

xr-_{




89.

Based upon results of Petryshyn [60], Vignoli [76] has given the following

Tesults.

Theorem 4.3.10. Let T : B> X be a k-set-contraction, and let T satisfy

the following condition on B

(i) If T(x) = Bx for some x in B, then B <y, where u is
any real number satisfying the inequality,

(ii) 0<k <1 - |1 -p|, where 0 <k <1 is the contracting

constant of T.

Then there exists x in B such that T(k) = K.

Proof. Consider the mapping F : B> X defined by F(x) = T(x) + (1 - wx,
where u satisfies condition (ii).

The mapping F is a k-set-contraction. For let A be any bounded subset

of B, then we have

a(F(A)) = a(T(A) + (1 - w)A)

a(TA)) + |1 - ula(A)

| A

k + |1 - u]) aqa).

| A

Condition (ii) implies 0 <k + |1 - u| <1, so F isa (k+ [1 - u])-

set-contraction.

Now, let R : X > B be the radial retraction of X onto B (see Lemma

4,3,1). Since R is a 1-set-contraction, the composite mapping
RoF:B-+J is a k-set-contraction with contraction constant &+ |1 -u]).
Thus by Darbo's fixed point theorem (see Corollary 2.2.23), there exists

x in B such that (R o F)(x) = x. But from the definition of a radial




R
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retraction and condition (i) it follows that x is also a fixed point

of F.

Indeed, if x € B, then F(x) = x. Otherwise the equality

_ X} |F(x) . :

F(x) = —JJ—;T—JJ- would imply ||x|| = r which contradicts the assumpt-
ion {|x|| < r.

Now suppose x&€ B and x is not a fixed point of F; this implies

llféﬁlll.> 1, hence T(x) = Ellﬁéflll -1+ u)i,
thus B=.I.J_F_I(‘£)—I—I-—1+u>u

which contradicts condition (i).

Therefore F(x) = x, 1i.e. T(ﬁc) = uﬁc.

Remarks.
1. Condition (ii) of Theorem 4.3.10 implies 0 < u < 2. This
restriction (at least with the present proof) is essentially
due to the fact that the class of k-set-contractions is not

closed under linear combinations, but under convex ones.

2. For u =1 we obtain a fixed point theorem which extends o3

Darbo's theorem (Corollary 2.2.23) in the case of the ball.

et

As shown by Petryshyn [60] in this case F(T) the set of all q
fixed points of T is nonempty and compact. Actually this is §
proved in [60] for densifying mappings- é
3. If k=0 (i.e. T is completely continuous mapping), Theorem f
4.3.10 holds for any 0 < yu < 2.
i
i
4, Imposing some restrictions on the Banach space X, Petryshyn ﬂé
|

[57, 58] was able to prove a theorem analogous to Theorem 4.3.10 :

| Ll

R e e T




involving P-compact mappings (see Petryshyn [58]).

Let X be a real Banach space and X* its dual space. Py (i,y),
X in X and y in X*, we will denote the pairing between X and X*.
Let K : X -+ X* be a mapping such that (k, K(k)) >0 if x $ 0.
As a consequence of Theorem 4.3.10, Vignoli [76] has obtained the following

result.

Theorem 4.3.11. Let T : B+ X be a k-set<contraction. Suppose

(T(x), K(x)) < (x, K(x)) - a| [K()]| , for all

x in B, where a > 0 1is some constant.
Then for any fixed f in X and any real A such that Al|f|]| < a

there exists x in B such that x - T(x) = Af. |

Proof. Let f € X be arbitrary but fixed. Consider the mapping

F=(-1)I+T+Af: B~>X, where u is a real number such that

lu - 1] +k <1, and A, (0 <A < 1), is such that Al £]] < a.

Clearly F is a (k + |u - 1])-set-contraction. Furthermore if for some
x in B we have F(x) = Bx, then

(F(x), K(x))
n(x, Kx)) + (T(x), Kx)) - (x, X(x])

(Bx, K(x)

+ A (£, K(x))
u(x, K(x)) + (T(x), X(x)) - (x, K(x))
+ af [k()] |

|A

| A

u(X, K(X)).
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Hence by Theorem 4.3.10 there exists x in B such that

F(x) = ux

i.e. x - T(x) = Af.

By choosing f = 0 we obtain

Theorem 4.3.12. Let T : B> X be as in Theorem 4.3.11, then- there

exists at least one element x in B such that T(x) = x.

It is easy to see that Theorenm 4.3.11 holds also for densifying

mappings.

Theorem 4.3.13. Let T : B> X be densifying. Suppose

(T(x), K(k) < (x, K(x)) - a}]K(k)I] , for all x in B,

where a >0 is some constant,
Then for any fixed f in X and any real number A satisfying the

condition a|[f]| < a there exists x in ‘B such that x - T(x) = Af.

Proof. Consider the mapping G =T + Af, where 0 <A <1 is such that
MI£]] < a.

Suppose G(x) = Bx for some k in é, then it is easy to show that the
above equality implies B < 1, hence by Petryshyn's fixed point theorem

(see Theorem 4.3.2) it follows that there exists an element x in B

such that G(x) = x, i.e. x - T(x) = Af.

4.4. Condensing Mappings in Hilbert Space.

In this section we will give a few results of Edmunds and Webb [30]

on condensing mappings in Hilbert spaces. (See Section 2.3 for a discussion

of condensing mappings). B, B, B will be as in Section 4.3.
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Theorem 4.4.1. Let T : H-+ H be a condensing mapping such that for
some r >0, |[|x||=r, x€B, implies T(x) $ Ax for any A > 1.
Then T has a fixed point in B, the closed ball of radius r and

centre 0.

Proof. Let R : H-+ B be the radial retraction of H onto B,

It is known [22] that ||R(x) - RG)|| < ||x - y|| for all x,y in

the Hilbert space H.

A routine calculation shows that R o T is a condensing mapping which
maps B into itself (see Section 4.3). So by Sadovskii's fixed point
theorem (see Theorem 2.3.3) there exists X, in B such that

X, =Ro T(xo). There are two ppssibilities: either Xo is a boundary
point of B (i.e. *o ¢ ﬁ) or x  is an interior point (i.e., x & B).

If leoll <r, then ||Ro T(xo)ll <r sothat x =Ro T(x,) = T(x)).

Alternately, if ||xo|| = r, then
"T(x
x =Ro T(xo) =T (?o) ,
0 T(xoi
which gives T(xo) = A;o wheére
A= IIT(xo)” => 1.
T

However, A > 1 is excluded by hypothesis so that X, = T(xo).

Corollary 4.4.2. Let T :H-H bea condensing mapping such that,

for some r > 0,

(T(x), x) < ||x||? for all [1x|] = r.

Then T has a fixed point in B.
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Proof. The situation T(i) = Ax implies (Ai, i) 5_[,*]]2 for

||x]| = r, so that A < 1. Hence Theorem 4.4.1 applies.

Corollary.4.4.3. Let T : H+H be a condensing mapping such that for

some r >0, T maps B into B. Then T has a fixed point in B.

Note. In our discussion of a-measure of concompactness, we studied
k-set-contractions and l -set-contractions. To avoid confusion in our
terminology, we will denote a K-set-contraction in X -measure of con-
compactness by k*—set-contraction and a l-set-contraction by lx—set—

contraction. This terminology will prove useful in the next result.

Corollary 4.4.4. Let T : H-+H be a lx-set-contraction such that
(I - T) maps closed balls into closed sets. Suppose that for some

r>0, ||x|]]=r and A>1 imply T(x) # Ax.

Then T has a fixed point in B.

Proof. For 0 <t <1, let Tt = tT.

Suppose ||x|| = r; then if 1> 1, tT(x) +rax, sothat if > 1
and t satisfies 0 <t <1, we have Tt(k) # pi.

By Theorem 4.4.1, since T is a condensing mapping, there exists it

in B such that Tt(it) = X,

Then (I - T)(x,) = T,(x,) - T(x) = (¢ - 1)T(5ct) +0 as t-+1, since
{x,} is bounded and T, being a 1*—set-contraction, maps bounded sets

into bounded sets. Thus 0 belongs to the closure of (I -~ T)(B). But

(I - T)(B) is closed by hypothesis; hence there exists x in B such

that 0 = x - T(x), i.e., x=TX).

L.




Remarks.

1.

Corollary 4.4.3 is, in fact, true in a strengthened form;
i.e. let C be a closed bounded convex subset of H and

T : H* H be a condensing mapping which maps the boundary of
C into C. Then T has a fixed point in C.

To see this, define a mpL : H+ C by associating with every
x in H the point L(x) in C nearest to x. Such a map
is a contraction in Hilbert space and the desired conclusion

follows from an argument similar to that used in Theorem 4.4.1.

An examination of the proof of Sadovskii's fixed point theorem
(Theorem 2.3.3) shows that its conclusion remains true if the
condition X(T(A)) < X(A) imposed on T is replaced by
a(T(A)) < a(A) for every bounded noncompact set A. It follows
that, Theorgm 4.4.1 together with Corollaries 4.4.2 and 4.4.3,

hold for maps T densifying, while Corollary 4.4.4 holds for

1-set-contractions. Moreover, the strengthened form of Corollary

4.4.3 given in Remark 1 above, may similarily be varied to read

as follows:
Let T : H~+ H be densifying. Suppose C is a closed bounded

convex subset of H, and let T(C) < C. Then T has a fixed

point in C.

The set F = F(T) of fixed points of T, 1in Theorem 4.4.1 and

in its corollaries, is compact. For, F is a closed subset of

Now, by the condensing property of T
F

B and hence complete.

we have X(F) = 0 and hence F is totally bounded. Thus

is compact.
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The radial retraction R is a contraction. This is valid
only in Hilbert spaces; in Banach spaces which are not

Hilbert spaces the corresponding result is

[|IR(x) - R[] <k||x - y]| for 1<k <2. In some Banach
spaces (e.g. £') the constant 2 1is necessary, but in
uniformly convex spaces the inequality holds with k < 2.
Karlovitz and de Figuerido [21] have obtained the estimate

k <2 - 25 where ¢ is the modulus of convekity corresponding
to e =1. Theorem 4.4.1 is valid in any Banach space provided
that the condition on T is strengthened by requiring that T
be a kx-set contraction with k < %1 in uniformly convex

spaces k < 1/(2 - 28) will suffice.
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Applications

5.1 Applications

Many applications of fixed point theéry occur in differential
and integral equations, optimal control theory, monlinear optimization,
nonlinear approximation and many other fields. Here we give only some

applications iii optimization theory.

Theorems 5.12 and 5.13 proved in [35] give a characterization of
well posed minimum problems and well posed minimum problems in the

generalized sense respectively.

Let J be a lower bounded, lower semicontinuous functional defined
on a metric space X. Consider the problem of ménimum for the functional
J. Suppose J has a unique minimum X, in X. This problem is said to

be well posed (or correctly posed) if any minimining sequence '{xn} of
J converges to X, - We will now look at a somewhat more general definition

of well posed problems which does not require the uniqueness of the

minimum point.

Definition 5.1.1. Let X be a metric space and J : X +/) be a lower

bounded, lower semicontinuous real functional. The problem
J(x) = inf J(X) (5.1.1)

is said to be well posed if any minimizing sequence {xn} of J is

compact.

Note that, if {xn} is a compact minimizing sequence of J, then any limit

point of {x_} is a solution of problem (5.1.1), i.e. is a minimum point
n

of J.
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Let J : X »JR be a lower boufided; lower semicontinuous functional on a

metric space X. Let

2
)

Q

{x€X :J(x) <inf J(X) +p} , p>0, and

{x€ X :J(x) =inf J(X)} .

Thenthe following theorems hold.

Theorem 5.1.2. Let J : X +ﬂ be a lower bounded, lower semicontinuous
functional defined on a complete metric space X. Then, the minimum
problem for J is well posed if and only if 6(90) +0 as p=>0,

where B(Qp) is the diameter of Qp .

Theorem 5.1.3. Let J : X-*WR be a lower bounded, lower semicontinuous

functional defined on a complete metric space X. Then the problem

J(x) = inf J(X) is well posed in the generalized sense if and only if

lima(® ) = 0.
>0 P

In the case of the uniqueness of the minimum point for J, we have

the following result.

Theorem 5.1.4. Lét J : X e-ﬂ? be a lower bounded, lower semicontinuous

functional defined on a complete metric space X. Then any minimizing

sequence for J is convergent if and only if 6(90) >0 as p > 0, where

6(Qp) is the diameter 6f the set Qp .

Furi and Vignoli [35] have given the following example of a well posed

problem where o (@ y>0 for p>0 and a(ﬂp) does not vanish as p -+ 0.
o

Example 5.1.5. Let X be the closed unit ball of C[0,1]. Define

J:Xx+R by J(x) =0SC(x), where OSC (x) is the oscillation of the
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function x in [0,1]. Clearly, Q= {x € X : J(x) = 0} is the set of
all constant functions belonging to X. It is easily seen that

a(np) >0 for p>0 and npc B(Q,p ). Hence a(ﬂp) < al) + 2.
Therefore, a(np) +0 as p + 0, since Q is homeomorphic to the

compact interval [-1,1].

Definition 5.1.6. Let o : D » F—? . be an extended real function defined

on a subset D of ﬂ+= [0, +«]. Let g (A) = {r €D : ofr) € A} ,

where A CR+.

We define
(1) o'(p) = Sup 5([0, p]) if a([0, 1) % &
=0 if 5[0, o]) = ¢
(i) o (p) = inf G([0, p])  if (o, +=1) 1 ¢

= 4 if o(lp, +=1) =9,

It can be shown that o' and o are nondecreasing extended real
functions defined on f-?+ such that ¢ (o (r)) >r, o (o (r)) <r, for
any r in D.

We introduce the following definition given by Furi and Vignoli in

[36].

Definition 5.1.7. A lower bounded, lower semicontinuous functional

J +R defined on a metric space X is called a funnel functional if

inf J(X) < max {J(x), J(y)} - ad(x,y)), for all X,y in X,

where o : D + R . is such that

0+(p)+0 as p+ 0 and D 2 {d(x,y) :x,y €X} .
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We have the following theorem.

Theorem 5.1.8. Let J : X e-ﬂ? be a lower bounded, lower semicontinuous }
functional defined on a metric space X. Then J is a funnel functional

if and only if G(Qp) >0 as p + 0, where

2 =1{xeX:J(x)<inf J(X) +p}, p>0.

As a consequence of Theorem 5.1.2 and Theorem 5.1.8, we have the K.

following characterization of well posed problems.

Theorem 5.1.9. The minimum problem for a fud@kional J : X~ }? » X a complete

R RN RO

el B A

metric space X 1is well posed if and only if J is a funnel functional.

If J is a funnel. functional defined on a complete metric space,
then the following theorem gives an error estimate for the unique

minimum point for J. .

Theorem 5.1.10. Let J : X +%® be a funnel functional defined on a %

complete metric space X, and let z in X be the unique minimum ;

point for J. Then, the following error estimate holds:

Hpf A PO

LS

PLEMERT

d(x,z) <o  (J(x) - inf J(X)) , x in X,
where 0+(p) -0 as p > 0.

The following examples are given by Furi and Vignoli [36] to illus=-

trpate the concept of a funnel functional.

Vo xdd A G DA

Example 5.1.11. Let (E', | | ) be the n-dimensional Euclidean space,

i i : [a,b]> E" of tt
and let C_[a,b] be the Banach space of all continuous mappings Q : ’ :
n

. n .
compact interval [a,b] into E-, with norm

||x]] = Sup {]x(t)] : a <t <b}l.




Let £ : [a,b] x E® + E* be a continuous mapping which satisfies a
Lipschitz condition
|£(t,x) - £(t,¥)| <K (x - y), for all i,y in E™M.

Consider the integral equation

: t
Q(t) = x_ + J f(s, Q(s))ds
a
where X is a fiven point of E". The solutions of this equation

are fixed points of the mapping
T : Cn[a,b] - Cn[a,b]
such that

t
T(Q[t] = x  + J £(s, Q(s))ds.

a

The functional
J:cfab]*R Q> la- T@Q|]

is a funnel functional.

Example 5.1.12, Let T : XX be a contraction mapping defined on a
metric space X. Then, the functional 3(&) = d(x, T(x)) is a funnel
functional. We have
d(x,y) < d(x, T(x)) + d(T(x), T)) + A(TH), y)
< 2 max {J(x), J(y)} + kd(x,y).
But it is well known that inf J(X) = 0.

Hence,

0 = inf J(x) < max (J(), IM} - 3 A - KAEY).

101.
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Example 5.1.13. Let X be a complete metric space and T : X + X be

a function satisfying

d(T(x), T()) < d(x,y) - A(d(x,y)), for all x,y in X,

where A 1is nondecreasing, right coantinuous, such that A(r) > 0 for

r > 0. Then, the functional J(i) = d(k, T(i)) is a funnel functional.

Example 5.1.14, Let T : X+ X be defined on a bounded complete metric

space X and satisfy.
d(T(x), T) < Q@(x,y)), for all x,y in X,

where Q is a nondecreasing, right continuous, real function such that
Q(r) <r for r > 0 (see Browder [11]). Then, J(i) = d(x, T(k)) is

a funnel functional.
Example 5.1.15. Let X, be a given point of a metric space X. Then,
the functional J(x) = d(x, xo) is a funnel functional.
Indeed, we have
d(x,y) < d(x, x)) + dx;, ¥),
i.e, 03J&)+J@)-d@q}
Then, 0 < max {J(x), J(Y)} - %-d(k,y).

The concept of funnel functionals have been extended by Furi and

Vignoli [36] to tank functionals.

Definition 5.1.16. A lower bounded, lower semicontinuous functional

J: X 4-”? defined on a metric space X is called a tank functional if

inf J(x) < Sup J(A) - a(a(A))
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for any set A € X such that Sup J(A) < + w, where o : D~ ﬂ?+ is

such that D D {a(A) : A€ X} and ¥ (o) > 0 as p - 0.

We have the following results.

Theorem 5.1.17. Let J : X > 7R be a lower bounded, lower.semicontinuous
functional defined on a metric space X. Then J is a tank functional

if and only if a(ﬂp) + 0 as p + 0, where
Qp={x€X:J(x)_<_ian(X)+p}, p > 0.

As a consequence of Theorem 5.1.3 and 5.1.17, we have the following

characterization of well posed problems in the general sense.

Theorem 5.1.18. The minimum problem for a functional J : X +7R defined
on a complete metric spaée X 1is well posed in the generalized sense

if and only if J 1is a tank functional.

The following consequence of Theorems 5.1.9 and 5.1.18 shows the

connection between tank functionals and funnel functionals.

Theorem 5.1.19. Let J be a functional defined on a complete metric space

X. Then, J is a funnel functional if and only if it is a tank functional

with a unique minimum point.

Some examples of tank functionals are now given.

Example 5.1.20. Let T : X > X be a continuous mapping defined on a

bounded complete metric space X, such that a(T(A)) < a(A) for any

ACX, o(A) >0, i.e. T is densifying. If inf {d(x, T(x)) : x € X} =0,

then J(x) = d(x, T(x)) is a tank functional (see [32], Corollary 3.3.4).
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Example 5.1.21. Let T : C+ C be a continuous mapping defined on a
closed bounded convex subset C of a Banach space X ~such that T

is densifying, i.e. a(T(A)) < a(A) for any A€ C, a(A) > 0. Then,
the functional J(x) = ||x - T(x)|| is a tank functional. Indeed, in
[33] (see Theorem 4.2.4), it was proved that T has at least a fiked

point; therefore
inf {||x - T)|| : x € C} = 0.

Hence, by Example 5.1.20, the functional J is a tank functional.

Example 5.1.22. Let J : X+/R be a lower semicontinuous functional

defined on a compact metric space X. Then, J is a tank functional.
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