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ABSTRACT

In 1930, F.P. Ramsay publiéhed a paper contain-
ing a2 combinatecrial theorem which has since then become
very well known. and hﬁs given rise to an extensive litera-
ture. Most of the research which has arisen from Ramsay's
Theorem, has dealt with the problem of finding upper and
lower bounds for the so called Ramsay numbers. In addition,
some exact values of these numbers have been deterihined

and some applications: of Ramsay's Theorem have been given.

In this thesis, we survey some of the research
which has been done. 'In addition, some new results have
been obtained. These results yield a better lower bound
for certain classes of Ramsay numbers, than any of those

that have been obtained up to the present time.
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CHAPTER 1I.
INTRODUCTION

A very significant theorem in combinatorial
analysis appeared in 1930 in a paper [7] by the English
logician F. P, Ramsay. Before stating Ramsay's Theorem,
the following terminology used in formulating the theorem
and throughout most of this thesis, is explained: By an.
s—-get iﬂ meant a set the number of whose eleﬁents is s.
By a t~-subset of a set. § 1is meant a subset of S with
t elements. The set of all t-subsets of a set S

shall be denoted by Pt(S).

Ramsay's Theorem in its most general form can .

now be formulated as follows:

Theorem 1.1 Let- kl’ kz, coes kn- and t be positive

integers such that each ky > t . Then there exists a least
positive integer R = R(kl, Koy ey kn;t) such that if §
is an 8-set, 8 > R , and if. Pt(S) is partitioned into n
classes Cl’ CZ’ cesy Cn’ then for some 1, 1 <1 <n ,

there exists a. kyj-subset K; € S such that P.(Ky) € C,.

The integers R = R(kl, koy +oey kn;t) are

referred to as the Ramsay Numbers. If k; = kp = ... = kn = k

in Theorem 1.1, then we shall denote Ramsay numbers of this

type of Rn(k.t).



Perhaps the most interesting special cases of
Ramsay's Theorem are the cases t =1 and t =2 , A
moments reflection shows that in the case t = 1, Ramsay's
Theorem reduces to the well known pigeon hole principle. 1In

fact R(kl, kz' s sy kn;l) = kl + kz + 00 *+ kn -n+ 1.

In the case t = 2, Ramsay's Theorem can be
formulated in the language of Graph Theory. If S 1is amn
s-set, then we can think of the elements of S as the
vertices of a complete graph on 8 vertices, the 2-subsets
of S as the edges of this graph and the partitioning of
the 2-subsets of S d1into =n <classes as coloring the edges
of the graph in n colors, The Theorem of Ramsay can thus

be formulated as follows:

If G 1is a complete graph on s vertices,

8 2 R(kl! k2, veey kn;2), and if the edges of G are colored
in any way in =n <colors Cys €25 =25 Cpo then for some. 1,
1 <41 <n, there results a complete sub-graph of G with

ki vertices all of whose edges are colored Cy -

In much of what follows, the language of graph
theory shall be used. For notational convenience,
a complete graph on k vertices or '"k-gon" shall

be denoted by the symbol <k>. If a <k> is such that
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all of its edges have the same color, then we shall refer

to it as a monochromatic <k> or M.C,<k>.

Since the appearance of Ramsay's Theorem in
1930, several well known mathematicians have worked on
problems arising from it. Most of this research has
dealt with finding bounds for the Ramsay Numbers-
R(kl, Koy oo kn;t) or Rn(k,t). Still, very little is
known as to what is the order of magnitude of Rn(k,t)
for t > 2. Also, some exact values for. the Ramsay numbers

have been given for small valiues of n and -k, and t = 2,

1T 1R o =

However, the values of R (k,2) are only. known for n < 4
n
and small values of k. In addition, other papers have

been devoted to the applications of Ramsay's Theorem.

In this thesis, we give a survey of the research 2
which has gone into. some. of the above mentioned problems.

Also some new results are obtained.

In Chapter II, we shall develop a proof of the

most general formulation of Ramsay's Theorem.

In Chapter III, We shall discuss'some of the
existing recurrence inequalities and lower. bounds for the
Ramsay Numbers. In addition, we shall prove a new result
which yields for fixed k and large .-n, a better lower

bound for R (k,2) than any of those.that have been obtained
n




up to the present time.

In Chapter IV, we shall discuss some of the

known exact values of the Ramsay Numbers.

Finally, in Chapter V, some,of the applications

of Ramsay's Theorem are discussed.

1 1R a2
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CHAPTER II

PROOF OF RAMSAY'S THEOREM.

An exposition of the proof of Ramsay's Theorem
is given in the book by Ryser [8] . The proof there is
essentially due to G. Szekeres [1l]. .However, in this
Chapter, we shall approach the proof of Theorem 1.1 from
a.different point of view, showing that the main idea in
Szekeres’argument is really contained in.the evaluation.of
the simplest non-trivial Ramsay number R(3,3;2) or R2(3,2).
We evaluate R(3,3;2) and then proceed to generalize the.
argument until we finally reach the proof of the most

gensral form of Ramsay's Theorenm.

Theorem 2.1: R(3,3;2) = 6.
Proof: Let v be a vertqx of a <6>, and let'three‘bf the
five edges terminating at v have color ¢;. Consider the

three edges joining their farther ends in:.pairs. If neither
of these three edges is colored c;, then-all three must be

colored c,. In either. case, there does exist a mono-

chromatic triangle. Thus R(3,3;2) < 6.

To. show that this. result is best. possible, we
show that R(3,3;2) > 5. Color the edges of a <5> in two

and c¢. as follows: The interior diagonals of the

colors ¢ 2

1




pentagon are colored ¢, and the remaining edges are colored
¢, » Clearly, this coloring scheme does not force the

appearance of a M.C.<3>.. Thus R(3,3;2) = 6.

We now proceed to establish the existance of
R(kl,k2;2)° If we assume that R(kl,kz;Z) exists, then it
is clear from the symmetry of the problem that R(k,,k,;2) =
R(kz,kl;Z). It is also clear that R(2,k2;2) = k, for all
k, > 2 and R(k;,2;2) = k; for all k, > 2. The existance of
R(k,, kz; 2) can now be proved by induction. We take as
our induction hypothesis the existance of R(kl-l,z;z) and
R(%,k;-1;2) for all &. In particular, the induction
hypothesis insures the existance of R(kr-l,kZ;Z) and
R(k,,k,-1352). Let s > R(kl-l,k2;2) + R(kl,kz-l;Z) be a
positive integer and color the edges of x<s> in two colors
¢ and Cye Following the idea used 1in the proof of theorem
:2.1, we select an arbitrary vertex v of:.<s> and let n, of
the edges incident with v be colored ¢ and n_, colored cz.

1 2
(n1+n2 = g=1).,

Suppose n, 2> R(kl-l,k2;2)o Consider the edges
joining in. pairs the farther ends of the n, edges. incident.

with v. Since n; > R(k;-1,k,;2), the coloring of these

edges in two colors ¢, and c, forces the appearance of either

a M.C. <ky-1> of color ¢ or a M.C..<k2> of color ¢, and
hence in.G, either a M.C. <k;> of color ¢; or a M.C. <k,>

of color c.,, . Hence we may assume that n; < R(k;-1,k,52).

1 1R 2 A 2w
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Then n, > R(kl,k2-1;2), and the same argument applies. We

have therefore proved the following theorem:

Theorem 2.2 R(kl, k,3;2) exists and satisfies

(2.1) R(k,,k,32) < R(k,-1, ky32) + R(ky, k,-1;2)

Corollary: R(k,,k,32) < ky+k,-2
kl—l

+k, =2
17K2 ),clearly T(kl;ké) satisfies
k,-1

1

the same. recurrence and: same boundary conditions as R(k,,k,;2)

Proof: Let T(ki,kz) -(%

If k; = k,, then we have the special case

2k, ~2 !
k-1 iy

The same type of argument can be used to establish

2). We have

the existance of R<k1' kz' I

n

Theorem 2.3 R(k;y-kpy oeey kn; 2) exists and satisfies
n

R(kl,kznooo,kn;z) i E R(kl’kz’.o.c’ki—l’ki-.]"ki+1,‘-"’kn;z)
i=1

kl+k2+- o 0+k -0
Also since n satisfies the same recurrence

kl-l’kz-l’ e 0 .kn-l

and boundary conditions as R(ki'kz"°"kn42) we have

2 RS I O B T



- 8 =

k1+k2+o ° c+kn-n

(2‘2) R(kl’kz’unu’k ;2) <
- n ki=1,k,=1,.0.,k -1/ .

It follows from (2.2) that

(2.3) R (k,2) < Spk-m).
- ((k=1) 1)
We mention in passing that in Ramsay's original
paper [7] , it was proved that Rn(k,Z) exists and that
Rn(k,Z) < f(n,k) where £(1,k) = k by definition and
£(2,k) = (£(2-1,k))! It is not difficult to check that
this upper bound is much larger than (2.3). We also mention
for the sake of completeness, that another proof of the
existance of Rn(k,Z) was given by T. Skolem in [10]. He

obtained the following upper bound.

(2.4) R_(k,2) < = -1

It is not difficult to check that the upper bound given

by (2.4) is roughly the same as that given by (2.3).

The generalization of the argument to the case:
t > 2 is somewhat more involved. We consider first the
problem of‘establishing the existance of R(k;, k,3;t). By
theorem 2.2, we know that R(%,k;2) exists for all 2,k>2.
Also it is easy to see that R(L,t;t)=R(t,%;t)=2 for all

2 > t. We may therefore take as our induction hypothesis

T BRLE I A B S
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the existance of

(1) R(k,23t-1) for all k,2>t-1
(2) R(k,kp-1;t) for agll k > t

(3) -R(kl—l,Z;t) for all 2 > t.

In particular, the induction hypothesis assures the existance

of
R=R(R(k1-1,k2;t),R(kl,kz-l;t);t—1)+1

Let S be an s-set, s>R. Let Pt(S)=Cluc2 be
a partition of Pt(S) into two clases C1 and C2 . If we
can show that there exists a kl—subset K, € S such that
Pt(Kl) g,cl or a kz-subset K, € S such that Pt(Kz)gCZ,

then the existence of R(k;,k,;t) will follow.

The argument used in the earlier theorems suggests
that we select an arbitrary element a ¢ S and counsider the
partition of the(t~1)-subsets of S*=S-[a] which is induced by
the above partition of Pt(S) in the following natural way:
Partition P._3 (5*%) into two classes B, and B, by placing a

member T of P (S*) in B; if Tu (a] ¢ C1 and in B

t-1 2

if TU[a] € C,.

S* is an(s~1l)~-set. Since s-1>R-1, it follows from
the definition of R--that either there is an:

L,- R(kl-l,kz;t)-subset L, of S* such that Pt_l(Ll)gﬁ1 or

[N SN N S
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there 1is an 22 = R(kl,kz-l;t)- subset L2 of S* such that

P L.)CB .
1:-1( 2)- 2

If the first alternative holds, then since L1

has R(kl—l,kz;t) elements, either there is a (kl-l)-subset

%
K* such that P (K') € C or there is a k_.-subset K., such
1 t 1" — "1 2 2

that Pt(KZ) = C2 » 1In which case we have finished. Hence
%*
we assume that there is a (kl—l)-subset- K. such that

* *
Pt(Kl) €c . Let Ky = Kltl[a] . Let T be any t-subset

1
* *
of Ky - If TCKl,then T eCl. If T ¢K-1,then
* - *
T=T VY [a] , where T is a (t-l)-subset of KI . Hence
*
T is a (t=-1)-subset of" L1 and hence T € Bl'. But by
the manner in which B1 was constructed, ™ u [a] € €y »

-3 (-3 L] c
i.e T ¢ C1 Hence Pt(Kl) Cc C1

If the first alternative does not hold, then the
second must, and the same argument applies. We have there-

fore proved the following theorem:

Theorem 2.4: R(k ,kz;t) exists and satisfies the following

1

recurrence inequality:
R(kl,kz;t) < R(R(kl—l,kz;t), R(kl,kz—l;t);t—l)+l .

It is now easy to complete the proof of Theorem 1.1
by induction on n. . We have just established the existence

of R(kl,kz;t). We take as our induction hypothesis the

LY N N 4
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existence of R(kl,kz....,kn_l;t), n>2, Let R =
R(R(kl,kz,.,.,kn_l;t),kn;t) . Let § be an s-set, 8 > R,
and let P, (S) = CjV ChU ooV Cn be an arbitrary partition

of Pt(S) into =n classes. Then either there exists a

k subset K_of S such that P (K ) € C in which case
n n t"  n°" — n

we have finished, or there exists an R(kl,kz,...,kn_l;t)-subset

L of § such that Pt(L) CcC Tte

JVCu..avC ..

induction hypothesis then implies that for some i , 1 < i < n-1 ,

there is a ki-subset Ki of L (and consequently of S )

such that Pt(Ki) c Ci . This completes the proof of Theorem 1.1

1ITRRARY

We have 88 a corollary

™~

R(kl,kz,...,kn;t) < R(R(kl’kz""’kn—l;t)’kn;t)+l .

Ll

We note in conclusion that if k1 = k2 = o4 = kn = 3
in Theorem 2.3, then this implies that Rn(3,2) < an_l(3,2) E
and this leads to R (3,2) < 3(n!) . A slight improvement was
n.

obtained by Greenwood and Gleason in [5]. They proved that
(2.5) Rn€3,2) < [nle] + 1 .
Their argument is as follows:

Let Tn be the sequence defined by T, = 23

T = n T + 1. for n > 2 . By induction it is easy to
n n-1 ’ -

prove that

=]
=}

L]
=}
e~
= |-

- -




From this it follows that

We now want to show that if the edges of a
< Tn.*'l > are colored in any way in n colors cl,(:a,‘.....c.ﬂ s
then there results a monochromatic triangle. This is clearly
true when n = 1 . We assume that it holds for n - 1 .- Let
v be a vertex of the < T_+ 1 >, There are T = n T + 1

o n n~-1

‘edges incident with v and there are § 2> Tn-l + 1 of these
edges with the same color c. (say). Consider the (;) edges

joining in pairs the farther ends of the £ edges incident with

I A S i £ i Y
S R e T R

v and colored c.. If one. of these edges 1is colored ¢ ,
' n

~a
7 0 8 iigr i

we have finished. If none of these edges are colored c s the
induction hypothesis implies that there is a monochromatic ,;

triangle colored ome of <¢j,cy,..+5¢ ;. This proves (2.5). Ei




CBAPTER II1I

LOWER BOUNDS FOR THE RAMSAY NUMBERS

As we mentioned in the introduction, very little is
known as to what is the order of magnitude of Rn(k,t) and
all existing upper and lower bounds are quite far apart. Ih
this chapter we discuss the problem of finding lower bounds
for Rn(k,t) . Some of the known results are presented and

some new results are obtained.

§3.1 Recurrence Inequalities

In this section we prove some recurrence inequalities
and from these derive lower bounds for-Rn(k,t) < In [1], it is

proved that

Theorem 3.1.1l: For all positive integers n and m and fixed
(3:1.1) Rn+m(k,2) 2 (Rn(k,Z)-l)(Rm(k,Z)—l) + 1 .

Proof: For notational convenience, let p = Rn+m(k,2)—l,
q = Rn(k,Z)-l and r = Rm(k,Z)—l . We now have to show that

P > qr . Let Pl’P2°'°"Pq be the vertices of a <q> . Color
the edges of the <q> in n colors ‘cl,cz,...,cn in such a
way that there does not result a M.C. <k> . This can be done

by the definition of q . Let <r>,, 1 <1 ¢ q have vertices

P 19 Piza co e ) Piru Color the edges. of each <r>y in m

e B I B W
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colors Ca+1?® Spgn? °°° » Cpan without forcing the appearance

of a M.C. <k> . Let <qr> be the graph with vertices
Pij » 1 <1 <q,1=<3j<r. Let E-= (Pst’Puv) be an edge
of <qr> . If s # u , color E the same color as edgeé

(PS,Pu) in <q> . If 8 = u , color E the same as it is

colored in <r>. . Suppose P y ses Pi are

1 kIk

P
1137 "1y,

the vertices of a M.C. <k>.

Case I: If i, = 4i, = ... = 1 then P P ees P
222 1 2 ’ ’
k 1317 Ty Tedk
are the vertices of a M.C. <k> in <r>y
1

which 1is a

contradiction.

Case II: 1If il, i +co , 1 are all different, then the
edges of the <k> are colored the same as those of the <k>

in.. <q> whose vertices are Pi s Pi s ess 4 P . This
1 2

again 1s a contradiction.

Case III: If 1 =41 _ # i, - Then the edge

s t P

(p ) )
P PR P

is colored one of ¢ c while the edge

a+l1? Sn+2° " * Sn+m

(Py j Py 3 ) i1s colored one of Cys Cgs +ve 5 C- This is
8 s u“u

also impossible. Hence p > qr

It follows easily from (3.1.1) and the fact that

Rl(k,2) = k , that
(3.1.2) R_(k,2) 2 (k-1)" .

This. lower bound for Rn(k,Z) is substantially smaller than

the upper bound given by (2.4). We shall obtain some better

1 I A Y
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lower bounds in sections 2 and 3 of this chapter. However,
we can use theorem 3.1.1 to gain a little more. insight into

the behaviour of Rn(k,2) « We prove that for every fixed k

lim
2 e e Ry(k,2)1/®

exists.

To prove this, let h(mn) = Rn(k,2)—1 . Then

we have by theorem 3.1.1,
h(n+m) > h(n)h(m)
This implies

(3.1.3) h(ab) h(b)?2.

|v

1
. lim dnf 1/ lim sup gy /m

n > ® - n‘P:D.

Let = B , Suppose

first B < »= . Let € > 0 be given and let b be the

least integer for which
(3.1.4) he) /% 5> g - e
If n = ab , we have
n() /0 = n(an) /P > B = nm)/P s - e,

where we used (3.1.3) and (3.1.4). Let n = ab + r where

1 <r < b-1. Then

h(n) = h(ab + r) > h{ab)h(r) > h(ab)

1 1S AT Y
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and hence

| e T :
h(n)lln 2 h(ab)llab+r = h(ab)ab r/ab , (g - E)I:?+E§

Hence a > B - € « Since € 1is arbitrary , a = B . The

case @8 = =» can be disposed of in the same way. Let N be
a positive number and let b be the least integer such that
YOI LA I

The argument used above then shows that

a >N and hence o = = ,

We cannot decide whether the above limit is finite

»
or infinite. 2
4

One can now ask whether Rn(k.t) satisfiles the E

same recurrence inequality as Rn(k,Z) . We cannot decide -
this, but we prove: Z

Theorem 3.1.,2: For all positive integers n and m

Rn+m+l(k’t) 2 (Rn(k»t)'l)(Rm(k,t)-l) + 1

provided k > (t - l)2 + 1 .

Proof: For notational convenience, set Rn(k,t)-l_= h(n) .

We now have to prove that h(n+m+l) > h(n)h(m) . TLet § be
an h(n)-set with elements Bys 8gs s s ah(n)* Partition

Pt(S) into n classes Cl, C2, e Cn in such a way

that if K 1is a k-subset of S , then not all t-subsets

of K belong to the same class. This 1is possible by the E



definition of h(n) . For j =1,2,...,h(n) , let S.3 be
an h(m)-set with elements a:l , aj s ses 5 @& .

17 32 Ih(m)

Partition each Pt(sj) into m «c¢lasses Clj, Czj, cee s ij
in such a way that if K 4is-a k-subset of Sj’ then not

all t-subsets of K belong to the same class. Let

h(n)
R = \J Sj . Then R has h(n)h(m) elements. Partition

i=1

Pt(R) into n+m+l classes Bl, 32’ ceesy

B 4+p’ Bn+m+l as follows: Let T be a member of Pt(R)

B B

n* Ba+rs 0

I .
fTCSj.putTian+2ifTngj If T is

distributed over exactly t of the Sj , say SJ s S
1

-.-,a

AP

eoey S, , then T = {a j 4 } say. Put

L] a ]
3¢ 13147 3,4, ehe
T i . B if the 8 t T' = e 0 0 C .
n . e {ajl, ajz, . ajt? e C,

T 41is distributed over r(l < r < t-1) of the Sj’ put T

1 AKX £ ¥

If

™~z

in B The proof will be complete if we show that “

n+m+1"
there does not exist a k-subet K of R such that

TAAN

Pt(K) C Bi for some i , 1 <1 < n+m+l .

Case I: K € § It is then obvious. that the desired

j o
result holds.

Case II: If K is distributed over exactly t of the

Sj’ then there is at least one t-subset T of K
.distributed over exactly t of the Sj' Then T € Bz

for some & < p . Since k > t , there is a t-subset

T, of K which has at least two elements in one of the :
A

S and at least one element in some St’ t # j. Hence

T1 € Botn+1 °



.Case 1II: If K 1is distributed over r(l < r < t-1)
of the Sj , then since Lk > (t-l)2 + 1 , there must be
at least k/r > (t—1)2/r + 1/r > (t-1) + 1/r , and hence

at least t. elements of K in one. of the § Thus

j L ]
there is a t-subset T of K such that T € Sj' Then
T e Bn+z » for some £, 1 < & < m . However, there must
be another t-subset of K which belongs to Bn+m+1 .

This completes the proof of theorem 3.1.2.
In. [1])], it is proved that
(3.1.5) Rn(kz-k-z+2,2) > (Rn(k,z)-l)(Rn(z,Z)—l) + 1 .

One can now ask whether this result can be generalized to
the case t > 2 . We have not been able to do this. However,

we prove:

Theorem 3.1.3:

(3:.1.6) Rn+l(k2—k—2+2,t) > (Rn(k,t)—l)(Rn(E,t)-l) + 1 .

_Proof: For notational convenience, put hn(k) = Rn(k,t)-l.

We then have to prove

(3.1.7) (k2-k-2+2) 2 h_(k)h (2)

hn+l

Let S be an hn(z)-set with elements

al’a2’°'°’ahn(z); Partition Pt(S) into classes Cl, 9

C. so that if L is an 2-subset of § , then not all
n

i~a t LIS AN TC XY
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t-subsets of L belong to the same class. For

j = 1’2°'“"hn(2) , let Sj be an hn(k)-set with elements

a a oo o a . Partiti .
jl, j2’ s jh (K r on each Pt(sj) into n
n

classes Cl ’ C2 p scop Cn » 8o that i1if Kj is a

] ]
k-subset of Sj, then not all t-subsets of Kj belong to

the same class. Let W = hn(z)s . Note that W 1s an

=1

hn(l)hn(k)-setn Partition Pt(W) into n+l <classes
Bl, BZ' cney Bn+l as follows: Let T € Pt(w). Firstly, ;
if T ¢ Sj for some J , them T e Cg for some s, {
h y
l <s <n. Put T 1in Bs . Secondly, if T 1s distributed E
over exactly t of the Sj’ say Sj s 8, 5 <2+, S, , then -

1 d2 I¢ :

T = {a s neny @ _}say. 1If the set T' = {a, ,8, ,...,a, } 7/
j111 jtit ji 12 1 -
belongs to Cs s put T in Bs' Finally, if T is -
o
distributed over r(l < r < t) of the S, ,, put T in B . p
j n+l >

The proof of (3.1.7) will be complete if we show
that if M 1is a subset of W with kf&-k-2+2 elements, then

Pt(M) E-Bi is false for all 1 , 1 < i < n+l.

Case 1I1: M is distributed over r > & of the Sj' Suppose

Pt(M) C B for some 8, 1 < s <n . Then M must contain
= s

an f~subset L which is distributed over exactly 2 of

g S ceny S . Let L = {a a .o
the Sj’ say Sjl, jz’ R jg e jlil, jziz, ’
' . Th the set L' = {a a .se5a, } 1s a subset
ED } = : 1177327y
of S and the condition P (L) € B implies Pt(L') C Cy




This is impossible. It is also clear that P ¢ B+l

cannot occur since there is at least one. t-subset of M

which is distributed over at least t of the Sj

Case II: M is distributed over r < 2-1 of the §S,, say

Sjl, SJZ, oy Sj . Then there is a subset K of M with
T
at least Lk elements such that K C Sj for some s
8

l <g <r , since otherwise the number of elements of M

would not exceed r(k-1) < (2-1)(k-1) < kf~k-2+2 . Suppose

Pt(M) Cc By » for some i, 1 <1 < n . Then P _(K) C B But

i
this implies Pt(K)'E Cijsh This is a contradiction. Also
it cannot occur that Pt(M) € B,,3> since this would imply
Pt(K) C Bn+l' This is obviously impoessible since it
indicates that every t-subset of K 1is distributed over

at least two of the Sj’ contradicting the fact that K C §

This completes the proof of (3.1.7).

§3.2. Probabilistic Arguments

L1
A lower bound for Rn(k,t) was obtained by Erdos

in [2] who proved by a probabilistic argument that:

Iheorem 3.2.1:

k
(-1
(3.2.1) (Rn(k’t) > n't
k
Proof: Let S be an s-set and let £(s) be the number of

ways of partitioning Pt(S) into n classes such that for

Vi AR Y

™~

)

s




each such partitioning, there exists a k-subset K € §
such that P (K) is contained in one of the =n classes.
The total number of ways of partitioning Pt(S) into n
classes 1is n(z). Hence the probability that for a given
partitioning there exists a k-subset K C S such that

(8
P (K) is contained in one of the n classes 1is f(s8)/n t)

We need therefore

(%)
(3.2.2) f(s) < n .
s ¥
Since the number of k-subsets of an s=-set is (k)’ we have 1
4
$)=(5 :
f(s) =< n(;)n p
-5
where n °© is the number of ways of partitioning the Z
remaining t-subsets. Now (3.2.2) will be satisfied 1if -
w
”
- (%) 3
n(%)n < n
k
or 1if
. (-1
(3.2.3) () <n

If 8 is any integer satisfying (3.2.3), then

there does exist some way of partitioning Pt(S) into n
classes such that no k-subset of S has all of its
t-subsets in one of the n classes. This completes the

proof of (3.2.1).



If n=+t =2 1in (3.2.1), then we have

R_(k,2 ky_
(3.2.4) (2 )) > 2(2) ' .
" 2
(3.2.4) yields
(3.2.5) R, (k,2) > ck2¥/?

for some constant c¢ and all sufficiently large Lk .
It also follows from Theorem 3.1.1 that

n
R, (ks2)-1 > (Rz(k,Z)-l)

(3.2.6) n
R2n+1(k'2)—l 2 (Rl(k.2)-l)(R2(k,2)-l) .

It is not difficult to see that (3.2.6) and (3.2.5)

yield a better lower bound for R (k,2) than that given
n

by (3.2.1).

Probability arguments have been used by Erdos to
obtain lower bounds for other classes of Ramsay numbers,

especially the numbers R(3,k; 2).

The best result that has been obtained up to the

present time is
2 2
R(3,k; 2) > ck”/(log k)

for some constant ¢ and all sufficiently large k . For
the proof of this result and further references to the

literature see [12].

[ I § 1 IS 221X 7

A AY



§3.3. An Algebraic Approach

In this section we obtain by an algebraic method
a lower bound for Rn(k,2) which is better than that given
by (3.1.2), and also better than that given by (3.2.1)

provided %k 1s small and n 1is large compared to k .

k-1

Consider the following system (S) of ( 9 )
equations in (g) unknowns:
.4 a - R -
1,3 %040 % Ty gepe PS03 Sk ’
{
Suppose there exists some way of partitioning 4
r
the nembers 1,2,...,m into =n sets A;, Ay, ..., A -
no set containing a solution of (S8). Let G be the ’
complete graph with vertices P_,, P., P,, ..., P . Color
0 1 2 m n
o
the edges of G in =n colors cl, ca, veey Cp by
coloring the edge Pin color ¢ 1f |1 -3|e A, . 2

In order to see that G contains no M.C. <k>, let

Py Pi s veony Pik, i1 > 12 > 6. > ik , be the vertices

1 2
of a <k> in G , and suppose all interconnecting edges
are colored crf Then :I.t - is € Ar for 1L <t <s <k.
- - = - 1 < t < g < k—l.
But (1 - 1) + (1B 141 (1, - 149)s B < 2

Hence we have a solution to system (S) in A_. This is a

contradiction. Hence G contains no complete M.C. <k> .

It follows from the above argument that

(3n3ol) Rn(k’z) _>_m + 2 .




If we define t(n,k) to be the largest integer for which
there exists some way of partitioning the numbers
1, 2, «.., t(n,k) dinto n sets, no set containing a

solution of (S8), then by (3.3.1) we have

(3.3.2) R (k,2) > t(n,k) + 2 .
n

We have thus translated the problem of finding lower bounds
for Rn(k,Z) into the problem of finding lower bounds for

t(n,k).

We define'a function g as follows: If
t(n-1,k) < m < t(n,k), then g(m,k) = n. g(m,k) 1is thus
the smallest number of sets into which the integers
1, 2, ..., m can be partitioned, no c¢lass containing a

gsolution of (8).

In [1] it is proved that g(m,3) < log m for all
sufficiently large m . Since g is a decreasing function

of . k , we have

(3.3.3) g(m,k) < log m

< (1 + ¢€) log n for

log k
every € > 0, m 2 mo(s) , but (3.3.3) is sufficient in

In fact, one can show that g(m,k)

- what follows.

1 B3NS A=A FC T
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Now we prove

Theorem 3.3.1. For all positive integers p and q
(3.3.4)  t(pq + g(pt(q,k),k),k) > (2t(q,k) + 1)P -1

Proof: For notational convenience, let X = 2t(q,k) + 1.
Write the numbers 1, 2, ..., XP-1 in base X . We distinguish
these numbers as follows: The set of numbers each of whose

digits < t(q,k) 1is denoted by N The set of numbers,

1.
each of which has at least one of its digits at least

t(q,k) + 1 1is denoted by N2. We shall split the set Nl

into g(pt(q,k),k) sets and the set N, 1into pq sets,

8 31 LI\ Fed W L

no set containing a solution of (S). The proof of the

~a

theorem shall then be complete.

L

Let C c be sets containing

12 20 000 Cg(pe(q, k), k)
1, 2, ..., pt(q,k), no set containing a solution of (S). We.

I\

partition. the set N, into sets Al’ Ays cees Ag(pt(q,k),k)

by putting a number in Aj if the sum of its digits belongs
2 -
to Cj’ i.e. put a = a; + a2X + a3X + ... + apxP 1 in

A if E a, € C,. This can be done since E a;, = pt(q,k).
i g=1 + 3 | 121
Then Aj;contains no solution of (S) because C_, does not.

3

For l'<r <p let B, be the set of all numbers

a = aj + azX + ... + a X + ... + apx satisfying

a, < t(q,k) for i =1, 2, ..., -1 and a_ 2> t(q,k) + 1.

i
The set N, has thus been partitioned into sets



B B o ® o L)
1? 2° , Bp We now partition each Br into q sets
as follows: ULet D D

1> Dav rev Dq be disjoint sets con-

taining 1, 2, ..., t(q,k), no Di containing a solution

1
t S). . = -
o (8) Let a ¢ Br Then a X (ar) wherg

1l . 1 .
1l < (ar) < t(gq,k). Put a e.Erm L E (ar) € Dm. Then

Br is partitioned into q sets Erl, Erz, ceey Er .

q
Hence the set N2 has now been partitioned into pq sets.

Suppose E_ contains a solution of (§8), i.e. !

m

there are numbers 2 in E such that
1,3 rm

jA

-
I

[

(3.3.5) Zyg * Zy,ge1 = Z4,9410 1215

Let

[ O T AN T N 3 W |

r-
Z = (ai,j) + (ai,j)zx + 0. + (ai.j)rx

i,j 1

(3.3.5) 1implies that P

Iy

(ag ), * (@3,94000 = (34 ), + X i

and this in turn implies _ :

1 1l 1 .

(3.3.6) X - (aivJ)r + X - (aj,j+l)r = X - (ai,j+1)r + X, é
1 1 1

where (ai,j)r’- (aj,j+1)r’ (ai,j+1)r € Dmn But from

(3.3.6) we have

1 1 1
<ai,j)r + (aj,j+l)r (a4 y41):

That is, we have a solution of (S) in Dm . This 1is a




contradiction. Hence Er does not contain a solution
m
of (S). This completes the proof of Theorem 3.3.1.

If we set q =1 4in (3.3.4) and use the

easily established fact that t(1,k) = k - 2 we get
(3.3.7) t(p + g(p(k-2),k),k) > (2k - 3)P - 1,

Let k be arbitrary but fixed. Then it follows from (3.3.7)

(3.3.3) and (3.3.2) that

(3.3.8) R_(k,2) > (2k - 3)7(17€) :
{
/
for every € > 0 and n > no(k,s) . This result is clearly s
better than (3.1.2). B
7

In the immediately preceding argument we chose

.2z

q = 1 . However there is nothing to prevent us from choosing

-
»

larger values of q to get still better results for certain

values of k . We illustrate this in the cases k = 3, 4.
If k=3 1in (3.3.8) we get

(3.3.9) R (3,2) > 37179

Let k=3 and q = & 4in (3.3.4). This gives

(3.3.10) t(4p + g(pt(4,3),3),3) > (2t(4,3) + 1)P - 1.

It is known (L. D. Baumert, unpublished, see [1]) that
t(4,3) = 44, This with (3.3.10), (3.3.3) and (3.3.2)

yields




R (3,2) > sg9n/4(l-¢)

for every € > 0 and =n > no(e) .
If k=4 4in (3.3.8) we get
(3.3.11) R (4,2) > sRUTE)

This can be improved by taking k = 4 and q = 2 in
(3-3.4) o

We observe first that t(2,4) > 16. This follows

from the fact that the numbers 1, 2, ..., 16 can be split

into two sets

C1 = {1, 2, 4, 8, 9, 13, 15, 16!}

c, = {3, 5, 6, 7, 10, 11, 12, 14}
neither of the sets containing a solution of the system

x12 + 123 = x13

13 ¢ *34 T ¥y

X34 T Fa24

Thus from (3.3.4), (3.3.3) and (3.3.2) we get
R_(4,2) > 33"/207E)

for every e >0 provided n > no(e) .

Other results of this type can be obtained

but we do not discuss these any further here.

iy aAA O 1
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CHAPTER 1V

SOME EXACT VALUES FOR THE RAMSAY NUMBERS

The problem of determining R=R(k1,k2,..,,k t)

n;
appears to be a very difficult one. No value of R 1is
known for t>2. In fact, the values of R1=R(k1,k2,.,.,kn;t)

are not known for n24. Even for n<4, the values of R,

have only been established for small values of k,.

In this chapter, we shall give some of the
techniques used in evaluating the known values of the

Ramsay numbers.

For notational convenience, in this chapter we
shall denote a monochromatic <k> of color ¢y, by the symbol

°i<k> .
The first evaluation we give is the following:

Theorem &4.1:

(4.1) R(3,432)=9

Proof: We prove first that 1f the edges of a <9> are

colored arbitrarily in two colors c, and c, s then there

will result either a c1<3> or a c2<4> . This will show that

R(3,4;2)<9.

Let Vv be a vertex of the <9> . Let nl of the

T Ll ReR KN R

'S

1

3

[ T 2 N




edges incident with v have color ¢,  and n, of these

edges have color c, - (nl+n2=8). We suppose first that
n >4. 1f one of the edges joining in pairs the farther
ends of these nl edges incident with v, is colored C»
then we have a c]<3>n Otherwise, we have a c,<b>,

Hence we may assume that n 3.

1=

Suppose that n. = 3 at every vertex of the <9>.
Then the number of edges colored c, 1is (9)(3)/2 which is
impossible. Hence without loss of generality we may assume
that n1i2° Hence n,>6. Consider now the edges jcining in
pairs the farther end of these n236 edges incident with wv.
By Theorem 2.1, these must yield either a cl<3> or a

c2<3>. Hence in the <9> , there is either a c1<3> or

a c2<4>. Therefore, R(3,432)x9.

That R(3,4;2)-8, follows from the fact that in
the graph sketched below, there is no c1<3> and no

<&G>,
c, 4>

Hence R(3,4;2)=9,

Y POLE RN M in G
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We now prove

Theorem 4.2 R(3,5;2)=14,
Proof: From (2.1) and (4.1), and the fact that R(2,k;2)=k

for all k > 2, we have

(4.2) R(3,5;2) < R(2,5;2) + R(3,4;2) = 14,

Hence we need to show that R(3,5;2)>13. To do this we

must show how to color the edges of a <13> in two colors ;
Cl and ¢, without forcing the appearance of c,<3> or a %
c2<5> . é
Consider the fileld F of residue classes modulo v

13. ¥F={0,1,2,...,12}. Let H={1,5,8,12}. H is a subgroup -
of the multiplicative group of F. The cosets of H are :
»

H1={2,3,10,11} and H2={4,6,739}n Let the vertices of the

<13> be P P coey P o The edge Pin is colored ¢y

0°* 12
if i-jeH, and colored ¢, if i—chIUHz. Suppose there re-

1l

sults a c1<3>, with vertices Pi'Pj’Pk° Then 1-j,j-k,1i-keH.
But (i-j)+(j-k)=1i~k. This is a contradiction since the
sum of any two elements of H is not in H. Hence there is

no c;<3>¢

Suppose there results a c;<5> with vertices

cesp P . Then vi-vj,l£i<j55, are all in H\VH,.
1 2 S

Suppose vs# 0, Set Wi=Vy=V g Then wi-wj=vi—vj,w5=0, and
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wi-wj are all in Hlu H2 ~ Consider WiaWysWayW o The
3-subsets of H are (2,3,10),(2,3,11),(2,10,11),(3,10,11).
In each of these there is a difference equal to 8, i.e.

there 1s a difference in H. Hence at most two of W sWo, W3, Wy

belong to Hln

Similiarly, at most two of WyaWy,Wa W, belong to

Hy. Hence exactly two (say) w,,w

10V, belong to H1 and the

other two, WasW, belong to H,. Now (wl,w Y£(2,3),(2,10), -
2 p

(3,11) or(l0,11) since 3-2=10-11l=1c¢H and 10-2=11-3=8¢H. {
.J

Hence (wl,w2)=(2,ll)or(3,10)» Suppose (wl,w2)=(2,ll). Then -
L and w, are different from 6 since 1ll-6=5cH; also -
L and LA are different from 7 since 7-2=5¢H. Hence Z
(wa,wq)9(4,9). But this contradicts 9-4=5¢H. Hence j
(wl,w2)¢(2,ll). The same argument shows (wl,w2)¢(3,10). -

Hence there is no ¢, <5>. Heoce R(3,5;2)>13 and this with

(4.2) completes the proof of the theorem.

Another evaluation is given by the following theorem:

Theorem 4.3: R(4,43;2)=18.
Proof: From (2.1) and (4.1) we have
(4.3) R(4,43;2) < R(3,432) + R(4,332) = 18.

‘To show that R(4,4;2)>17 we must show how to color the

edges of a <17> in two colors c, and c, without forcing
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the appearance of either a c1<4> or a c2<4>. Consider

the field F of residue classes modulo 17. Let
H={1,2,4,8,9,13,15,16}. H 1is a subgroup of the multiplicative
group of F. (H is in fact the set of quadratic residuas of
17. ) The coset of H is H ={3,5,6,7,10,11,12,14}. Let the
vertices of the <17> be labeled Po'Pl"°"Pls° The edge

1

Suppose there results a c, <4> with vertices P ,P ,P ,P ,

Pipj is colored ¢ 1if i-jeH and colored c, 1if -i—jsHl.

1 u‘1 u, YU :
Then ui—uJEHslii<Ji4e. Set vi=ui-u40 Then vi-vjfui-uj, i
vi-vjeH. and vu=0a Set xi=(l/v3)vin Then x3=1 and i
xl-xz,xl-l,xl,xz—l,xz.leﬂ. Now xl.xl-leH implies that -
x,# 1,4,8,13,15, and x,,x,-leH implies that x,#1,4,8,13,15. ”
Hence {xl,xz} ¢ {2,9,16}. But since 9-2=7, 16-2=14 and j
16-9=7, this contradicts the fact that xl-xzeH. Hence there ﬁ

is no c1<4>.

Now we assume that there exists a c2<4>, with
vertices Pul’Puszug’Puq' Then ui-ujeﬂl,lii<j£4. Let aeH,
and let v,=a ug. Then vi-vjﬂa(ui—uj)eH. Hence PVI,PVZ’PVS’PVQ
are the vertices of a c1<49. But this contradicts the first
.part.of the proof and hence there is no c2<4>. Hence

R(4,432)>17 and this with (4.3) proves the theorem.

Using an argument similar to that used in the proof of

theorem 4.3, we have obtained the following:
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ITheorem 4.4: R(5,5;2) > 38; R(6,6;2) > 90 and R(7,7;2) > 110.

Proof: To show that R(5,5;2) > 38, we let G be a completd
graph with vertices PO,PI. ccey Poco Color the edges of G
in two colors <, and ¢, by coloring the edge Pin color c,;
if i-j 1s a quadratic residue of 37, and color c, if 1-j 1s
a quadratic non-residue of 37. Then it is not difficult

to check that G contains no monochromatic <5>. The same
type of argument using the primes 89 and 109 can be used

to show R(6,63;2) > 90 and R(7,7;2) > 110 but the details

are naturally fomewhat more involved.

Finally vie prove

Theorem 4.5: R3(3,2) = 17
Proof: From (2.5) we have R (3,2) < [nie] + 1. Hence
n

R3(3,2) < [3!e] +1 = [6e] + 1 =17. To show that R,(3,2)>16,
we use the following argument ¢ Let F be the field of residue
classes modulo 2.  Adjoinf to F the indeterminate t satisfy-
ing the equation t“ = t+l. This yields the field F[{t] con-

sisting of the elements:

{0,1,t,t+1,t2,c2+1,c2+t,t2+t+1,:3,t3+1,t3+t,t3+c+1,

t3+22, t3+t241, 34+t %+, t 3+t 2+t +1}.

Let H be the multiplicative group of F[t].

H,= {1,t3,t3+t2,t3+t,t3+t2+t+1} is a subgroup of H.

PO S W S N Y
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uz- {tye+l,e3+t+1,e24t+1,t34t241)} and

Ho= {t2,e2+t,t2+1,t3+t24t,t3+1) are the cosets of H; in H.

Consider a <16> with vertices labeled Vs V ceey VW

2’ 16

where v, € H. Color the edge (vivj) color e if vi+Vje Hz,
L = 1,2,3, If vi.vj,vk are the vertices of a M.C <3>,
then vi+vj.vi+vk.vj+vk all belong to one of H,,H, or Hj.
But (v +v ) + (v +v )e v + v. . This is a contradiction
i 3 J k i k
since the sum of ‘any two elements in either HI,H2 or H3

is not in the same set. Hence there does not exist a

M.C. <3>, Hence R3(3,2) >16 and the theorem is complete.

PR R W S Y

All of the above results were obtained by Greenwood

and Gleason [5]. Other values of the Ramsay numbers -

L

have been obtained by Kalhfleisch [6]. His arguments d¢

not involve finite fields, and it seems tnlikely that any -

H

new results can be obtained using the methods used above.
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CHAPTER V

SOME APPLICATIONS OF RAMSAY'S THEOREM

In this Chapter we discuss some of the
applications of Ramsay's Theorem to various problems, in
particular, to a problem in Set Theory§y to a problem in

Geometry, and to a problem in Matrix Theory.

§5.1 An application to a problem in Set Theory.

A family F of sets is said to pbssess property
8 if for every F ¢3#, there exists a set BC U/F such that

F¢ Band FA B # ¢.

Erdts and Hajnal in [4] asked the following
questiom: What is the smallest integer m(n) for which
there exists a family 3-n of sets Al’ Ayy woey Am(n) such
that |A. | = n for 1l<i<m(n) and which does not possess

i
property@? They observed that m(1l)=1, m(2)=3, m(3)=7
and. that m(n) <:Gn—l)u The value of m(n) is not known
- n
for n>4, and the problem of determining m(n), even for
n=4 appears to be difficult.

Erdds proved in [3], that for all n > 2

n-1

(5.1.1) m(n) > 2

Various improvements in the upper and lower bounds for

-
4
-
I
i
-
/
-
.
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m(n) have been given, but we do not discuss these here.

We megtion only that the best known lower bound for m(n)

is

o |
m(a) > 27 (n*a) |
which was obtained by Schmidt [9].

"
In [4] Erdos and Hajnal also asked: Does
there exist for every ppsitive integer k > 2 a finite

family }k of finite sets satisfying:

(1) |F| = k for each F ¢ 3k.
(2) |FA G| <1 for F,G ¢ 3k.F¢G.

(3) F . does not possess property B .?

They observed that such families do exist for k=2,3.
Abbott proved in [l] that such families exist for every
positive integer k, by making use of a gspecial case of

Ramsay's Theoren.,

Theorem 5.1.1: Let S be an s-set, s”>Ry(k,t) and let K

be a k-subset of S. Let F denote the set of all t-subsets

of K and let 3’-k denote the family of all possible sets

t

»

constructed in this way. 'I‘hen}k . does not possess
1]

property 03 .

Proof: Assume that }k . does possess property A.
]

. Then there exists a set BC U&k . such that BA F # ¢
9

2" A% a

= adn
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and F ¢ B for each F egk . Partition Pt(S) into two
classes Al’ A2 by placing'a t-subset T of S in Al if

T e B and in A2 if T ¢ B. Let K be any k-3ubset of S

and let F be the corresponding member of 31“t, Then
since BN F ¥ ¢, there is a t-subset of K which belongs

to B and hence to Al' and since F ¢ B, there is a t-subset -
of K which does not belqng?to-B-andnhence-bequgs to A,.
However, since:bsz.Ré(k.t), there must exist some k-subset
of S all of whose:rt~subsets belong to either A, or A,.

This is a contradiction-and the proof of the theorem is

complete.

Since gfl( o1 satisfies conditions (1),(2) and
= ’

(3), therefore the:question of Erd8s & Hajtdal is settled.

I1f we choose .s=.R2(k,t)'in-the'above theoren,

then the number of sets in:the fhaily Q-k . is (th(llz,t))
9 !

and the number'of‘elements.inneach'set'is(ﬁ); Therefore

we must have:

R 0)s e ().

Hence by (5.1.1) we have:

(5.1.2) (Rg_.(llz,t)) . 2(]:)'1

.This is the same result' as was obtained in Theorem 3.2.1 for

Pl SN S VY Y

L 2t At

%
A




the case n=2.

§5.2 An application'to a problem in Geometry

In this section, we show that Ramsay's Theorenm
can be used to settle a problem in geometry. The problem
can be formulated as follows: ©Let k>3 be a positive integer.
Does there exist a least integer f(k) with the property
that among every set of f(k) points in a plane, no three
collinear, there are k points which form the vertices of

a convex k-gon?

[ S

We prove;

Theorem 5.2.1: £(k) exists and satisfies

£(k) < R(5,k;4). "

Before we prove theorem 5.2.1, we introduce the
following lemmas, the proof of the first of which is not “

difficult.

Lemma 5.2.1: Among any five points in the plane, no three
collinear, there are four points which are the vertices

of a convex quadrilateral.

Lemma 5.2.2¢ If the(z)quadrilaterals formed from k
points in the plane, no three collinear, are all convex,

then the k points form the vertices of a convex k-gon.
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Proof: Let Pl’ P2, ooy PR be the vertices of the

convex cover of the set of k points. 1If 2=k , we have
finished. Suppose %<k. Then there is a point P which
must lie In the interior of some triangle, say Pl,Pi_l,Pi.
Then P,, Pi-l’ Pi' P is non convex, and this 1s a contra-

diction. Hence 2=k.

Proof of Theorem 5.2.1: Let R=R(5,k;4). Let S be a set

of R points in the plane. Partition P,(8) into two classes
C1 and C2 by placing a 4-subset in C1 if these points form !
8 non-convex quadrilateral, and in C, if these points form
a convex quadrilateral. By Ramsay's Theorem, either there
is a 5-subset of S5 all of whose 4-subsets belong to Ci» 4
or a k-subset all of whose 4-subsets belong to C,. By

lemma 5.2.1, the first alternative is impossible. Hence
the second alternative must hold. But by lemma 5.2.2,

the k points form the vertices of a convex k-gon., Hence

f(k)<R(5,k;4).

It is easy to show that £(3)=3, £(4)=5 and it is
known that £(5)=9. The values of f(k) are not known for k>6.

However, it 18 conjectured that f(k)=2k_2+1.

§5.3 An application to a problem in Matrix Theory:

Another application of Ramsay's Theorem 1s to

matrices of zeroes and ones., We define an Ax y matrix to
]
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be a matrix in which all entries above the diagonal
are x and all entries below the diagonal are y. The

diagonal may have both.x and y entries.

Theorem 5.3.1: Let k be a positive integer. Then

there exists a least integer g(k) such that if A=[aij]
is an arbitrary g(k) x g(k) matrix of zeroes and ones,
then A contains either an AO » A A or A

k x k submatrix.

Proof: Let RﬂRu(k,Z) and let A=[aij] be an RxXR matrix :
of zerdes and ones. Let S be the set whose elements
are the rows of A, Let Ri, Rj be elements of §, i<j.
We now associate with {Ri’Rj} the vector (aji’aij
{Ri’Rj} corresponds to ome of (0,0),(1,0),(0,1) or (1,1). i

). Hence “

Partition PZ(S) into four classes Cl,Cz,Ca,C“ by putting !

{Ri'Rj}in C, if {Ri’Rj

it corresponds to (1,0); in C; 1f it corresponds to (0,1)

} corresponds to (0,0); in c, if

and in Cl+ if it corresponds to (l,l1). However, since 8§

is an R-set, then by Ramsay's Theorem, there exists a k-subset
K of S such that PZ(K)ECi for some 1, 1<i<4. Hence there

exists a kxk-submatrix in A,which is of the form AO 0,AO 1’
3

The above argument can be generalized to the case

where A is a matrix whose elements are 0,1,2,...,r=1. It
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can be shown that if k is a positive integer, then there
exists a least integer g(k,r) such that if A is an arbitrary
g(k,r)xg(k,r) matrix whose elements are 0,1,2,...,r-1, then
A contains a kxk submatrix A  for some p and q, 0<p<r-1,

Pq
0fqcr-1. Moreover, g(k,r) satisfies

g(k,r) <R 5 (k,2).

r

Using an argument similar to that used in Theorem

3.2.1, we have obtained the following,

“mem m arm .

k
Theorem 5.,3.2: g(k) >c k 22 for some constant ¢ and all ‘
sufficiently large k. .
Proof: Let S(N) be the number of NxN matrices A of ;

N i
zeroes and ones which contain at least one kxk submatrix

of the form A s A , A or A . The probability
0,0 0,1 1,0 1,1

that a matrix A . chosen at random contains a A , A s
N 0,0 0,1
A or A - kxk submatrix is §£Hl, since the number
1,0 1,1 N2

2
of NxN matrices of zeroes and ones 1is 2N2. Hence the
probability that a matrix AN chosen at random does not con-
tain a kxk-submatrix of the desired type is l-i&%%, Now
since the number of ways of choosing k rows andzcolumns

N\ 2
from N rows and columns is(k) and since the remaining

2 » .
entries can be filled in 2N (kz‘k) ways, we have
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S(N) < 4(E)2 2N2 -(k2-%k) < (i?l; 2N2 -(k2-R)+2

Hence, 1-5_&‘). > 0 or S(N) < 2N% 4111 hold if
2

2k
2. 2o
(k!)
or if K
N < ¢ck2 2

for some constant ¢ and all sufficiently large k.

k
Hence g(k) > ck2? .

The same type of argument yilelds, for each

fixed r>2.

k |
g(k,r) > Cckr?

for some constant C and all sufficiently large k.




- 44 -

BIBLIOGRAPHY

Abbott, H.L., Ph.D. Thesis, University of

Alberta, (1965).

Erdds, P., Some remarks on the theory of graphs,

Bulla Amer- Matho SOCn -ﬂ (1947), p-292"2940

Erdds, P., On a combinatorial problem, Nordisk.

Matn Tidski-. _2- (1963), p- 5'100 '

Erdds, P. and A. Hajnal, On a property of family

of sets, Acta. Math. Acad. Hung. Sci., 12 (1961), p.87-123.:

Greenwood, R.E. and A.M. Gleason, Combinathprial
Relations and chromatic graphs, Can. Jour. of

Math., -7 (1955), p. 1-17. 1

Kalbfleish, J.G., Construction of special edge
chromatic graphs, Can. Math. Bull., Vol. 8, No. 5

(1965), p. 575-584.

Ramsay, F.P., On a problem in formal logic,

Proc. Lons Math. Soc., 30 (1930), p. 264-286.

Ryser, H.J., Combinatorial Mathematics, Rahway,

New Jersey: Quinn and Boden Company, Inc., 1963.




10.

11.

12,

- 45 -

Schmidt, W.M., Ein kombinatorisches problem
Von P. Erdds and A.Hajnal, Acta Math. Acad. Sci.

Hungar. 15 (1964), p. 373~374.

Skolem, T., Ein kombinatorischer Satz mit
Anwendung auf ein logisches entscheidungsproblem,

Fund. Math. 20 (1933), p. 254-261,

Szekeres, G. and P. Erd8s, A combinatorial

problemin geometry, Compositio Mathematica, 2

(1935), p. 463-470,

Erdts, P., Graph theory .and probability II,

Can. Jour. of Math., 13 (1961), p. 364-352.












