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Abstract

An extensive classification of initial and final topologies characterizes chap-
ters one through three. The one exception is a generalization of the locally
compact and Hausdorfl concept which appears at the beginning of chapter
three and plays a role of significance later in the thesis. Most of work in the
first three chapters is standard material, the general theory is laid out and
followed by specific constructions. Features of this treatment include an ini-
tial topology in the function space setting, several final topology constructions
that satisfy convenient category criteria, and some basic properties of a spe-
cific product topology are explored in detail. Modification of the exponential
law is the thrust of chapter four. There is a desire for a law which utilizes no
assumptions on the spaces involved. A compact Hausdorff image-open topol-
ogy is defined to replace the standard compact-open topology on a function
space. The x-open topology coupled with a x-product topology give life to
a y-exponential law that has the usual exponential law as a consequence. A
fifth chapter examines initial and final topologies in regards to their commu-
tativity. Improvements to the current body of knowledge are made in the area
of product and identification commutative. In particular, an interesting case

of initial and final commutation using fibred mapping spaces is explored.




Acknowledgements

Thank-you to
abcdefghijklmnopqrstuvwxyz
and especially
0123456789
but most of all
H.S.,P.B. and S.A..

11




Contents

Abstract

Acknowledgements

Introduction

1 INITIAL TOPOLOGIES

2

1.1
1.2
1.3
1.4
1.5
1.6

Characterizing the initial topology . . . . . .. .. . ... ...
Initial-inverse topology . . . . .. . ... ...
Subspace topology . . . . .. ... L
Product topology . . . . . .. ... oo o
Pullback space topology . . . .. .. ... ... ..o

Free range functional space topology . . ... ... ... ...

FINAL TOPOLOGIES 1

2.1
2.2
2.3
24

Characterizing the final topology . . .. ... ... ... ...
Final-inverse topology . . . . .. .. ... ... ... ..., .
Identification topology . . . . . . .. . ... 0oL
Quotient topology . . . . . . ... .o oo

iii

il

oo -3 o0 NN

10
13




CONTENTS

2.5
2.6
2.7
2.8

3.1
3.2
3.3
3.4

4.1
4.2

5.1
5.2
9.3
5.4
5.5
5.6
5.7
5.8

Sum topology . . . . . .. ..o
Adjunction space topology . . . . .. ...
Wedge space topology . . . . .. .. ... oL L.

Union of an expanding sequence of subspaces. . . . . .. ...

FINAL TOPOLOGIES II

A useful local property . . . . .. .. ... L
k-space topology . . ... . ... . ...
Compactly generated topology . . . . .. ... ... ... ...
x-product topology . . . . . ... ... o

DEALING IN INCONVENIENCE

The exponential law: an introduction . . . . . .. . ... ...
A modified exponential law . . . .. .. ...
4.2.1 Modified admissible condition . . . .. ... ... ...
4.2.2 Modified proper condition . . ... .. ... ... ...

4.2.3 x-exponentiallaw . . . . . .. ... ... o L.

INITIAL AND FINAL COMMUTATIVITY

Product and final commutativity . . ... .. ... ... ...
Sum and final commutativity . . .. .. .. ... ... .. ..
Sum and identification commutativity . . . . . .. ..o
Subspace and product commutativity . . . . ...
Product and identification commutativity . . . .. .. ... ..
Adjunction and product commutativity . . . . . ... ...
Expanding sequence of subspaces and product commutativity

Identifications, pullbacks and subspaces I . . . . . . ... ...

v

27
28
31
34

36
36
37
40
45

60
61
63
63
65
68

72
72
75
76
77
78
79
82




CONTENTS

5.9 Identifications, pullbacks and subspaces 11

6 Conclusion
6.1 Closing thoughts and questions . . . ..

6.2 Historical notes concerning the y-product

References

............

85

91
91
92

93




Introduction

Little time is spent on preliminaries, but there are certain points to be brought
to the reader’s attention.

It should be noted that initial and final topologies are commonly referred
to as weak and strong topologies in the literature. Be warned that the latter
pair are used interchangeably at times, to the point of blatant discrepancy
Christenson and Voxman [10].

There is a deliberate attempt to highlight the universal properties of ini-
tial and final topologies in general, and in regards to specific constructions.
Both Massey [17] and Brown [7] have recognized the significance of universal
properties. Indeed, usage of such properties is a running theme of this work
thereby making proofs of many results significantly easier, shorter, and more
intuitive.

Let us fix our notation on certain fronts. The standard practice of calling
a continuous function a map will be employed in this work. Fn(X,Y) and
Map(X,Y) denote the set of functions and maps from the space X to the space
Y. X7 denotes the topological space with underlying set X and topology 7T,
when there is a possibility of confusion. The symbol 2 will be used exclusively

to denote a homeomorphism.




Chapter 1

INITIAL TOPOLOGIES

fi X = X;

1.1 Characterizing the initial topology

Let us set the table. Let {X;} be a family of inducing spacesand {f; : X — X}
be a family of inducing functions for each 1 € I, where [ is an indexing set.

An initial topology can be induced on the arbitrary set X.

Definition 1 Let X be a set and {f; : X — X,}icr be as above. The corre-
sponding initial topology on X, denoted I, has a subbase

S = {fY(U) such that U open in X;, fori € I}.
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The reader is directed to [23] or [10] for alternate descriptions.

Proposition 1.1 The previous definition describes a well defined topology on
the set X.

Proof:  Any collection of open subsets of a set X is a subbasis for a unique
topology on X, it follows that the initial topology is a well defined topology
on the set X. |

Proposition 1.2 If X has the initial topology then the functions {f;}ier are

continuous.

Proof:  The result follows from the definition of the subbasis for Z. [

Thus it is safe to describe {f;} as a family of mappings.

Proposition 1.3 : Universal Property for Initial Topologies

Given a set X with the initial topology relative to a set of corresponding
maps and spaces {f; : X = X;}ier, and a function g : Z — X for some space
Z. Then the function g is continuous if and only if f; 0 g is continuous for all

vel.

Proof: ~ Assume the data.
Let g be continuous. It follows from 1.2 that the composites f; o g are
continuous for each 1 € I.

Suppose each f; o g is continuous and let there be an open set U in Xj.

Then (f; o g)~!(U) is open in Z. Now

(fieg) " (U) = (¢ o fTHU) = g~ (fT1(U)).
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Now f71(U) is a typical member of the subbasis for X and ¢g~!(f7!(U)) is
open in Z for each f}(U). It follows that g : Z — X is continuous. |

In proving the next proposition, the reader should bear in mind that the
initial topology satisfies the Universal Property for Initial Topologies. It is

necessary to show that any topology satisfying this condition is unique.

Proposition 1.4 The Universal Property for Initial Topologies is a charac-

terization for the initial topology on a set X.

Proof: Let T; and T; be topologies on X both satisfying 1.3 for a family of
mappings {fi}icr. Consider the identity functions 1x : X7; — X7 and 1% :
X7, = X7;. Our hypothesis implies that f;olx = f; : X7; — X, is continuous
for each 7 € I. Similarly f; o 1% = f; is continuous. It follows by 1.3 that
both 1x and 1’ are continuous. Thus 7; = 73, thereby proving any topology
satisfying this property is unique. Moreover, the initial topology satisfies 1.3;
so any topology satisfying the Universal Property for Initial Topologies must

be the initial topology. |

This universal property permits proof of the following proposition con-
cerning a composition rule or transitive rule which can be applied in certain

situations.

Proposition 1.5 : Composition Rule for Initial Topologies
Let each set X; have an initial topology relative to {gr : Xi — Xk }rek, for
alli € I. Then the initial topology on X relative to {f; : X — X;}ier coincides

with the initial topology on X relative to {gx o fi : X = Xi}icrkek, -
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Proof:  Let Z, be the initial topology on X relative to the maps {f; : X —
X:}ier and let Z, be the initial topology on X relative to the maps {gx o f; :
X — Xilierrek,. Consider the identity functions 1y : X7, — X7, and
1% : X1, = Xq,.

Associativity of function composition ensures ggo(fioly) = (gko fi)oly =
(gro fi) : Xz, = X where (gxo f;) is continuous for all s € [ and all k € K;. It
follows that (f; 01’ ) is continuous by way of 1.3 for X;. Then 1y is continuous
by 1.3 for T,.

For all maps f; and g; every composite gx o f; : X7, = Xj is continuous.
Now g o f; = (gr © fi) o 1x : X1, = Xj is continuous. Thus 1x is continuous
by 1.3 for Z,. Therefore the identity function is continuous in both directions,

thus the topologies Z) and Z; must coincide. [ |

A decomposition rule for initial topologies can be proven. If an inducing
family of maps can be factored through a family of spaces, then an initial

topology coincides relative to the latter family.

Proposition 1.6 : Decomposition Rule for Initial Topologies

Let X have an initial topology relative to {f; : X — X;}ier. Let there be
a family of spaces {Y;}ier and families of mappings {h; : Vi = X;}icr and
{ki + X = Y;}iecr such that h;ok; = f; for all1 € I. Then X has an initial
topology relative to {k;: X — Yi}icr.

Proof: It will be proven that {k; : X — Y;} satisfies 1.3. Let g: Z — X be
a function for an arbitrary space Z.
Suppose that g is continuous, then k; 0 g : Z — Y; is continuous for each

1 € 1.
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Now suppose that each k; 0 g : Z — Y; is continuous. Then h; o (k; o g) :

Z — X; 1s continuous. Moreover,
h;o(kiog)=(hioki)og= fiog Viel.

Hence, g is continuous by 1.3 for {f; : X — X,}ies. The result follows by 1.4.
|

Proposition 1.7 The initial topology is the coarsest topology on X ensuring

that each f; : X = X; is continuous on X relative to {f; : X — X.}.

Proof:  Assume some other topology from I, say 7, on X such that each
fi is continuous. Universal property 1.3 ensures that the identity function
1: X7 — Xz is continuous. So for all V € Z, it follows that V € 7T, thus
IcT. |

It is possible to characterize several initial topology examples armed with

the general results of section one.

1.2 Initial-inverse topology

The most immediate example of an initial topology is the inverse image topol-
ogy. However, to alleviate future confusion it is referred to as the initial-inverse
topology. Induce an initial topology on X by taking any function f into any
arbitrary space Y, f : X — Y. This leads to the characterizing theorem of

this example of an initial topology.
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Characterization 1.8 Let Y be a space, let X be a set and let f : X = Y

be a function. The following conditions each determine precisely the same

topology on X :

(i) X carries the initial topology relative to f : X — Y,

(i) Universal Property: Given any space Z and any function g: Z — X,

then g is continuous if and only if f o g is continuous,

(i1t) X has the coarsest topology such that f is continuous.

Proof: It follows from 1.4 that (i)¢(ii) and 1.7 ensures that (i)<>(iii). W

The unique topology satisfying conditions (i)-(iii) of the previous theo-
rem is called the initial-inverse topology. The following commutative triangle

illustrates the universal property of this last proposition.

Z

feog

f

1.3 Subspace topology

A specific case of the initial-inverse topology is the subspace or relative topol-
ogy. A topology is induced on any subset A, of an arbitrary topological space

X via an inclusion. We have simply 7 : A < X. Note that in this situation

the inducing map is an injection.
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Characterization 1.9 Let X be a space, let A be a subset of X and let ¢ :

A — X be an inclusion. The following conditions each determine precisely

the same topology on A:

(i) A has the initial topology relative to the inclusion i : A — X,

(ii) Universal Property: Given any space Z and any function g : Z — A,

then g is continuous if and only if i o g is continuous,

(iit) A has the coarsest topology such that i is continuous.

Proof:  Similar to 1.8. [ |

The unique topology satisfying (i)-(iii) of the previous theorem is called the

subspace topology. The commutative diagram illustrates the universal property

described in the previous theorem.

1.4 Product topology

There are different points to be considered when an initial topology is induced

on a Cartesian product of spaces.
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Let I be a possibly infinite index set with ¢« € I and let {X,},¢; be a family

of inducing spaces. Take the underlying set to be of the form
X=ILX = {f : T — | J X, such that f(.) € X,,V. € I} .
Then define a family of projections {p, : X — X, },cs by
p.(f)=fle) Vee,Vf ellX,.
Now it is possible to induce an initial topology on X.

Characterization 1.10 Let {X,}.cr be a family of spaces, let X be the set
above and let {p, : X — X, }.er be the family of projections as above. The

following conditions each determine precisely the same topology on X :

(i) X has the initial topology relative to the projections p, : X — X, for all

L

(ii) Universal Property Given any space Y and any function g: Y — X,

then g is continuous if and only if p, o g is continuous for all ¢,

(iii) X has the coarsest topology such that each p, is continuous for all ¢.

Proof:  Similar to 1.8. [ |

The unique topology satisfying the conditions of this last proposition is
called the Tychonoff product topology. The universal property of this situation

is illustrated by the following commutative diagram.
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Y

pP.°g

X

X,
P.

Suppose [ is a finite index set with ¢ € I. The reader will recall that the boz
topology on the set X = II; X;, where each X; is a topological space, has as a
basis all sets of the form U = IL;U;, where U; C X; is open for each z € I. The
box topology is an initial topology induced by the family of natural projections
{mi: X = X;}ies. In this case, with I finite, the box topology coincides with
the Tychonoff topology. Now suppose that [ is an infinite set with « € I. It is
not possible to express U = II,U,, where each U, C X, is open, as a union of a
finite number of basic open sets. We direct the reader’s attention to example
2, page 98 [12]. Hence U C X =11, X, is not open in general in the Tychonoff
topology, and the box topology on X is not an initial topology relative to the
infinite family of natural projections. In practice, such a topology is too fine.
It is possible to describe the Tychonoff topology in a box like manner. A basis
for the Tychonoff topology can be described in a box like manner by adding
further conditions on the basic open sets U = II,U,: each U, is open in X, and

all but finitely many U, = X,.

1.5 Pullback space topology

For spaces X, X3, and Y a pullback space or fibred product space is formed in

the following manner.
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Let p; : X; = Y and p; : X; = Y be continuous functions. A subset of

X1 x X, is the underlying set of this situation.
X125 X2 := {(21,22) such that pi(z;) = pa(z2)}.

When no confusion can occur this is denoted by X; M X,. Let 7: X, N X3 —
X, x X; be an inclusion. Then define the projection 7] : X1 M X,; — X; by

7ri(:c1,:v2) =T Oj((L'l,xz) =T \V/((L'I,IL'z) < X1 M Xz.
Similarly, we can define the projection 7 : X; M X; — X, by
75(Z1,T) 1= My 0 j(T1,%9) = 22 Y(z1,22) € X3 N Xo.

Then the following diagram commutes.

X3

™

/
™ D2

X1

Y
D1

An initial topology can be induced on X; M X, by taking the projections
m; and 7, as inducing maps and X; and X, as inducing spaces. It is also

possible to induce an initial topology on X; M X; relative to the inclusion

j:X]_'_'Xz(—)X]_XXz.

Proposition 1.11 The initial topology on X; N X, relative to n] and 7 co-
incides with the initial topology on X1 M X3 relative to 3, t.e. XM X, regarded

as a subspace of X1 x X,.
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Proof:  The result follows from 1.5 with ¢, = 7], g2 = 7, and f = j. [ |

Consider the following characterization theorem.

Characterization 1.12 Let X; and X, be spaces, let X = X, N X, and let
m; and 7}, be the projections as defined above. The following conditions each

determine precisely the same topology on X :
(i) X has the initial topology relative to 3 : X — X1 and m, : X — Xo,
(1i) X has the initial topology relative to j : X — X; x X,,

(iii) Universal Property: Given any space Z and any function g: Z — X,
then X has the unique topology such that g is continuous if and only if

710 g and o g are continuous,
iv) X has the coarsest topology such that 7} and 7, are continuous,
gy 1 2

v) X has the coarsest topology such that j is continuous.
poiogy

Proof: Tt follows from 1.11 () < (i¢) and from 1.4 that (i) < (212). Propo-

sition 1.7 ensures that (i) & (iv) and (21) & (v). |

The unique topology satisfying the conditions of this theorem is called
the pullback space topology. The universal property of this last situation is

illustrated by the following commutative diagram.
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VA
\ 504
g

XN X,

X,

7
T

7
mog

X Y

N

The topology described above can easily be generalized for any finite index

set I and family {p; : X; = Y };¢;. Define
MpXi = {(21,22,...,2,) such that p;(z;) = p;(z;),¥e,5 € I}

A topology can be induced on this subset of II;X; relative to projections of
the form 7l = m; 0 5.

Suppose that I is not finite. It is possible to generalize in a manner similar
to the product topology by considering sets of functions. For ¢ € I and a
family of maps and spaces {p, : X, — Y}, define

M, X, = {g 1 — UX‘ such that g(¢) € X, and p, 0 g(¢) = pso g(¢),Ve,/ € I} :

An initial topology is induced on this subset relative to {p, o j},er where j is

the inclusion of M, X, C II, X,.

1.6 Free range functional space topology

To complete the initial topology exposition consider an example of greater

interplay between initial topologies and function spaces.
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For an arbitrary space Z7, define the space Z%, as having underlying set
Z¥ = Z U {w} for some w ¢ Z,

and topology
T' = {0} U{U U {w} such that U € T}.

For simplicity’s sake the subscript is disregarded in future discussion. Let
Y be an arbitrary space. For C closed in Y and any map f : C — Z we can
define a map f“:Y — Z“ by

) { fw) ifyec,
w if y ¢ C.

For an arbitrary space B and any mapping ¢ : Y — B define the space
Y|b=q'(b) Vbe B,

and the set

Y1Z = | ) Map(Y'|b, 2).
beB
If B is a Ty-space, then we can define functions

q972:Y'Z — B by (q!Z)(h)=b whereh:Y|b— Z,
i:Y1Z — Map(Y,2%) by i(f)=f“ where f € Map(Y|b,Z).
Note that 7 is well defined as a result of the T; condition on B. It implies that

each fibre Y'|b is closed in Y.

Characterization 1.13 Let Y and Z be spaces, let B be a T|-space, and
let Z* and Y'!Z be as defined above. Also, let ¢'Z : Y'Z — B and i :
Y!Z — Map(Y,Z%) be the maps defined above. The following conditions

each determine precisely the same topology on Y!Z:




CHAPTER 1. INITIAL TOPOLOGIES 15

(i) Y!Z has the initial topology relative to the funciions ¢!Z : Y'Z — B
and 1:Y!Z — Map(Y, Z%),

(it) Universal Property Given any space W and any function g : W —

Y!Z, then g is continuous if and only if ¢!Z o g and 10 g are continuous,

(i1t) Y1Z has the coarsest topology such that q'Z and 1 are continuous.

Proof:  Similar to 1.8. [ |

The unique topology satisfying the conditions of this theorem is the called
free range functional or free range fibred mapping space topology. A more
extensive discussion of this example is beyond the scope of this thesis; we refer

the reader to [2] for more extensive details.




Chapter 2

FINAL TOPOLOGIES 1

gj:Xj—>X

2.1 Characterizing the final topology

In the language of Spanier [19], a final topology on X is said to be coinduced
by the family of functions and spaces indexed by J.

Definition 2 Let J be a set and {X;};ecs be a set of spaces indezed by J. Let
X be a set and {g; : X; = X}jes be as above. Then the corresponding final
topology on X, denoted F, consists of all subsets U C X such that g;'(U)
is open in X; forallj € J.

Proposition 2.1 The previous definition describes a well defined topology on
the set X.

16
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Proof:  Let F be the final topology on X with respect to a family of maps and
spaces {g; : X; = X}jes. It follows that both @ and X € F, since g; ' (0) =0
and g;'(X) = X, for all j € J.

Let {U;} be a finite family of open sets from F. Now

5 (A1) = O

Each gJ-'l(Ui) is open in each X;, thus their intersection is open in each space.

Lastly, take {U,} as any indexed family of open sets in F. Now

g (U UL) =Jg'w).

Each g7 *(U,) is open in each X for all j. It follows |, g; '(U.) is open in each
X;. Thus all the necessary conditions are satisfied and the final topology is a

well defined topology. [ |

Proposition 2.2 If X has the final topology, then the functions {g;};cs are

continuous.

Proof:  The result follows from definition 2. [ |

We can utilize a closed set definition of this topology. Let us denote such
by F'. That is, a set C C X is closed in ' only when each ¢;!(C) is closed in
the corresponding space X;. Some useful final topologies discussed in chapter

three utilize a closed set definition of a final topology.

Proposition 2.3 F' is a well defined topology in the closed set sense.
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Proof:  Assume the closed set definition of this topology. Both () and X are
closed in X for all j € J. Hence, both ) and X € F'.
Let {C;} be any finite family of non-empty closed sets from F'. Now

7 (06) Qs
1 )
Recall that each gj_l(C,:) is closed in each X for all . Consequently any finite

union of such closed sets will be closed in each X;. Hence U Cie F'.

As well, for any any family {C,}

- (n a) )

Now each gj_l(Cb) is closed in each X, thus [, gj_l(CL) is closed there as well.
Thereby ensuring that (1), C, € F' for any ¢. Thus F' is closed under arbitrary

intersections. Hence F' is a well defined topology. [

The following proposition establishes a one-to-one correspondence between

the sets of either collection F and F'.

Proposition 2.4 The open and closed set definitions for the final topology on
X relative to {g; : X; — X}jes specify the same topology on X.

Proof: Let X have the final topology relative to {g; : X; — X};es. Then

forany U C X
ver

g7 (U) is open in each X;
X;\g;'(U) is closed in each X;
g; {(X\U) is closed in each X;
X\U € F'.

£
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Thereby establishing the necessary correspondence between the topologies F

and F'. [ |

It is possible to prove several results which characterize the topology of

this chapter. Consider a Universal Property for Final Topologies.

Proposition 2.5 : Universal Property of Final Topologies

Given a set X with the final topology relative to a set of corresponding maps
and spaces {g; : X; = X}jes, and a function f : X =Y for some space Y.
Then the function f is continuous if and only if f o g; is continuous for all

JEJ.

Proof:  Assume the data.

Let f : X = Y be continuous. From hypothesis each g; is continuous, so
the composition f o g; is continuous for all 5 € J.

Now assume each fog; : X; = Y is continuous. Let U be open in Y.

Then (f o g;)~'(U) is open in each X;. Now

(fog;) ' (U) = (g;" o f)IU) = g7 (F71(V)).

Thus gj_l(f_l(U)) is open in each space X;. Since X has the final topology
relative to each continuous g;, it follows f~*(U) is open in X by definition 2.

Consequently f is continuous. [ |

In fact, 2.5 is a characterization of the final topology. Indeed, it has been
considered an alternative definition for a final topology [7]. The next proposi-

tion verifies this property is a suitable characterization for such topologies.

Proposition 2.6 The Universal Property for Final Topologies is a character-
ization for the final topology on a set X.
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Proof: Let T, and 7T, be topologies on X both satisfying 2.5 for a family of
mappings {g; : X; = X };es. Consider the identity functions 1x : X7, = X5
and 1% : Xy, = X7. It follows from 1% o g; = g; and 1x o g; = g¢; that
the identity function is continuous in both directions. Hence 7; = 73, and
any such topologies satisfying this definition must coincide. Moreover, the
final topology satisfies the Universal Property for Final Topologies, so any
topology satisfying 2.5 is coincident with a final topology on X relative to
{g;: Xi = X}jer. u

There is a composition or transitive rule for final topologies. The initial

terminology is favoured.

Proposition 2.7 : Composition Rule for Final Topologies

Let each set X; have a final topology relative to {hx : Xi — X;}iek, for all
j € J. Then the final topology on X relative to {g; : X; = X}jes coincides
with the final topology on X relative to {g; o by : Xx = X}jesrek,-

Proof: Let X have a final topology relative to the {g; : X; = X},es and let
each X; the final topology relative to the {hy : Xi = X;}iek,. Let U be an
open subset in X. Then g7 '(U) is open in each X;. It follows that h;l(gj"l(U))
is open in X;. Now hi'(g;'(U)) = (g;0 ki)™ (U) for all j € J and all k € Kj,
then U is open in the final topology on X relative to {g; o hi}jesrex,. This

argument is reversible, thereby ensuring the desired result. [

A result which mirrors 1.6 can be proven. It is shown that if a coinducing
family of maps can be factored through a family of spaces then a final topology
coinduced by that family of spaces coincides with the original final topology.
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Proposition 2.8 : Decomposition Rule for Final Topologies

Let X have a final topology relative to {g; : X; — X};es. Let there be
a family of spaces {Y;};cs and families of mappings {h; : X; = Y;};es and
{k; : Y; = X}jes such that g; = kjoh; for all j € J. Then X has a final
topology relative to {k; : Y; — X };e7.

Proof: It will be proven that {k; : ¥; — X} satisfies 2.5. Let f: X — Z be
a function for an arbitrary space Z.

Suppose that f is continuous, then fok;:Y; — Z is continuous for each
JEeJ.

Now suppose that each fok; : Y, = Z is continuous for each j € J. Then

(fokj)oh;: X; = Z is continuous. Moreover
(fokj)oh;=fo(kjoh;)=fog;, Yj€J
Hence f is continuous by 2.5. The result follows by 2.6. [ |
Finally a namesake property for this type of topology.

Proposition 2.9 The final topology is the finest topology on X ensuring that
each g; : X; — X is continuous on X relative to {g; : X; = X}

Proof:  Let T be some other topology on X such that each g; is continuous.
Consider the identity function on X, 1x : Xz — X7. Each composite 1xog; =
gj where each g, is continuous, then 2.5 guarantees the continuity of 1x. Thus

any set open in 7 has an open preimage under the identity map in X with

the final topology, i.e. T C F. [ |
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There are several final topology constructions to characterize using these
general results. They are examined here and in chapter three. Particular
attention is devoted to a non-standard product space topology toward the end

of the third chapter. It will be employed in the chapters four and five.

2.2 Final-inverse topology

The final-inverse topology is the basic example of a final topology. Given any
function g : X — Y, a final topology can be coinduced on Y for any arbitrary

space X.

Characterization 2.10 Let X be a space, let Y be a set and let g: X = Y
be a function. The following conditions each determine precisely the same

topology on Y :

(i) Y carries the final topology relative to g : X =Y, ice. if U CY, then
U is open in' Y if and only if g7 (U) is open in X,

(ii) Let C CY, then C is closed in Y if and only if g7*(C) is closed in X,

(iit) Universal Property: Given any space Z and any function f 1 Y — Z,

then [ is continuous if and only if f o g is continuous,

) Y has the finest topology such that g is continuous.
potog

Proof:  Proposition 2.4 ensures (i)<(ii) and 2.6 guarantees (i) < (iii). Then
(1) ¢ (iv) is verified by 2.9. [
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The unique topology of this last theorem satisfying conditions (i)-(iv) is
called the final-inverse topology. The following commutative diagram illus-

trates the universal property of this last characterization.

X

2.3 Identification topology

This final topology is coinduced on Y by a surjective function p: X — Y. In
this context, p is known as an identification and the topology on Y is called
the identification topology. Note that the identification topology is a specific

case of the final-inverse topology, where ¢ is a surjective function.

Characterization 2.11 Let X be a space, ¥ be a set andp : X - Y a
surjective function. The following conditions each determine precisely the same

topology on Y:

(i) Y carries the final topology relative to the surjection p: X =Y, i.e. if
UCY, then U is open in'Y if and only if p~'(U) is open in X,

(i) Let C C Y, then C is closed in Y if and only if p~}(C) is closed in X,

(i4i) Universal Property: Given any space Z and any function f:Y—> Z,

then f is continuous if and only if f o p is continuous,
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(iv) Y has the finest topology such that p is continuous.

Proof:  Similar to 2.10. [ |

The unique topology of this last theorem satisfying conditions (i)-(iv) is
called the identification topology. The following commutative diagram illus-

trates the universal property of the previous characterization.

X

A composition rule and a decomposition rule can be readily justified by 2.5

in this context.

Proposition 2.12 Let W, X and Y be spaces, and let p : W — X and
q: X =Y be identifications. Then qop: W — Y is an identification.

Proof: It is necessary to show that 2.11(iii) is satisfied. Let f: Y — Z bea
function and Z be an arbitrary space.
Suppose that f is continuous, then fo(gop): W — Z is continuous.
Now suppose that fo(qgop) = (f o q) o p is continuous. Then fogqis
continuous by 2.11(iii); since p is an identification. It follows f is continuous
by 2.11(iil); since ¢ is an identification. Hence 2.11(iii) is satisfied for gop, i.e.
gop: W — Y is an identification. ' |
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Proposition 2.18 Let Y have the identification topology relative to p: W —
Y. Suppose there is a space X and maps g : W — X and q: X — Y such
that p=qo g. Then Y has the identification topology relative toq: X = Y.

Proof:  For any point y € Y there is a point g o p~!(y) € X such that
gogop Yy) =y. Thus g is surjective. It will be proven that ¢ : X = YV
satisfles 2.11(iii). Let f : Y — Z be a function for an arbitrary space Z.
Suppose that f is continuous, then fo¢: X — Z is continuous.

Now suppose that f oq: X — Z is continuous. Then (fog)og: W — Z

is continuous. Now

(foq)og=fo(gog)=fop,

and f is continuous by 2.11(iii) for p. The result follows by 2.11(iii). [

2.4 Quotient topology

The quotient topology is a specific type of identification topology. One must
be careful when reading the literature. We need only look to the exposition of
Bourbaki [6] concerning identification spaces to verify this last point!

A quotient topology is constructed by defining an equivalence relation on
an arbitrary space X. It is then possible to coinduce a final topology relative
to the natural projection of X into its equivalence classes. Such a projection
is surjective, thus ensuring the validity of our earlier statement relating iden-
tifications. We prove this notion formally after characterizing this topology

and illustrating its universal property.
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Characterization 2.14 Let X be a space, let X/R be a set of equivalence
classes of X under an equivalence relation R, and let m : X — X/R be the
projection of X into the corresponding equivalence classes. The following con-

ditions each determine precisely the same topology on X/R:

(i) X/R carries the final topology relative to the projection m : X — X/R,
ie. if UC X/R, then U is open in X/R if and only if 72 (U) is open
in X,

(ii) Let C C X/R, then C is closed in X/R if and only if m=*(C) is closed
in X,

(iii) Universal Property: Given any space Z and any function f : X/R —

Z, then f is continuous if and only if f o is continuous,

(iv) X/R has the finest topology such that m is continuous.

Proof: This is a special case of 2.11 with p =7 and Y = X/R. [ ]

The unique topology of this last theorem satisfying conditions (i)-(iv) is
called the quotient topology. The following commutative diagram illustrates

the universal property of the Characterization 2.14.
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Proposition 2.15 Let Y have the identification topology coinduced by p :
X =Y for an arbitrary space X and surjection p. Define a relation R on X by
z; ~ 3 if and only if p(zy) = p(x;). Let m: X = X/R be the projection of X
into classes, where [z] denotes the equivalence class of x. Define 0 : Y — X[R

by 0(y) = [z] for y = p(x). Then 0 is a homeomorphism such that fop =m.

Proof:  Clearly R is a well defined equivalence relation, i.e. it is reflexive,
symmetric, and transitive. Moreover, 8 is bijective.

Now 6 o p(z) = [z] = n(z), so # o p = m. Since 7 is continuous, it follows
6 o p is continuous. Then @ is continuous by 2.11(iii). Since # is a bijection
6! exists. Now p=0"1o0fop, thus p=6"'on. Since p is continuous, the
composite §~1 o7 is continuous. Then 67! is continuous follows from 2.14(iii).

Consequently 8 is a homeomorphism such that § o p = 7. |

2.5 Sum topology

The sum topology is a final topology coinduced upon the set X = UX ; for

j
a family of disjoint sets X;, where J is an arbitrary indexing set. This final
topology is coinduced by a family of inclusions of disjoint topological spaces,

ij:Xj‘—)X.

Characterization 2.16 Let {X,};cs be a family of disjoint spaces, let X be
the set given above, and let {i; : X; — X}jes be a family of inclusions. The

following conditions each determine precisely the same topology on X :
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(i) X carries the final topology relative to the inclusions {i; : X; = X}jey,
i.e. if U C X, then U is open in X if and only if 17" (U) is open in X;
for all 3,

(ii) If C C X, then C is closed in X if and only if i;'(C) is closed in X; for

all g,

(i4i) Universal Property: Given any space Y and any function f : X —
Y, then f is continuous if and only if f o1; : X; = Y is continuous for

all 7,

(iv) X has the finest topology such that i; is continuous for all j.

Proof:  Similar to 2.10. [ |

The unique topology of this last theorem satisfying conditions (i)-(iv) is
called the sum topology. In the case of the sum of just two spaces the universal

property is illustrated by the following commutative diagram.

Z

fou foi
XIL—_V X1L|X2 4——'——)X2
1 (2]

2.6 Adjunction space topology

Intuitively, an adjunction space is formed from attaching two disjoint spaces

by identifying a closed subset of one space with a subset of the other space.
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It is possible to describe this space as a type of identification space [7], or
by using a quotient topology [14]. Another approach which utilizes simpler
inducing spaces is favoured here. However, the quotient topology approach is
highlighted due to its frequency in the literature.

Consider two disjoint spaces X and Y. Suppose thereisamap f: A=Y
where A is some closed subspace of X. We can define an relation ~on X UY
by z ~ yif and only if z € A and f(z) = y. Now ~ generates the equivalence
relation R. Set X U; Y := X UY/R. The projection 7y : X UY — X Uy Y is
surjective. Then it is possible to give X Li; Y the quotient topology relative to
7s. Alternatively, let us take into account the inclusions ix : X — X UY and
iy : Y <> X UY. It is possible to realize a final topology on X Li; Y where the
coinducing functions are taken as the compositions mfoix and mf o1y, and X
and Y are coinducing spaces. Note that the compositions myoix and wyoty are
each continuous. Moreover, 7oty is injective and 7foiy is injective whenever

f is injective. The following commutative diagram describes the situation.

A Y
f

g Tyoty

X

XUy Y

Ty o1 X
Our approach to adjunction spaces coincides nicely with the quotient topol-

ogy approach.

Proposition 2.17 The final topology on X Us Y relative to myoix : X —
XUsY and mpoty : Y — X U Y coincides with the final topology on X Ly Y
relative tomy: X UY = X Uy Y.
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Proof:  The result follows from 2.7 with h; = ix, hy =iy and g=7n;. W

Characterization 2.18 Let X and Y be disjoint spaces, let f : A =Y be a
map for some closed subset A in X and let my,1x and 1y be the maps defined

above. The following conditions each determine precisely the same topology on

XUfY.‘

(i) X Uy Y carries the final topology relative to myoix : X Uy Y — X and
mroty : XU Y =Y, de if UCXUfY, then U is open in X Uy Y if
and only if (myoix)~Y(U) is open in X and (w;oiy) Y (U) 1s open in'Y,

(ii) Let C C X UsY, then C is closed in X U; Y if and only if (m;01ix) ' (C)

is closed in X and (mw;ody) '(C) is closed in Y,

(iii) X U; Y carries the final topology relative to my : X UY — X U Y, i.e.
fUCXU;Y, then U is open in X Uy Y if and only if7ro1(U) s open
n X UY,

(iv) Let C C X U;Y, then C is closed in X Uy Y if and only if ﬂjTl(C) is
closed in X UY,

(v) Universal Property: Given any space Z and any function g : X Uy
Y — Z, then g is continuous if and only if go (ry0ix) : X — Z and

go(mpoiy):Y — Z are continuous,

vi) XU;Y has the finest topology such that mro1x and w;oty are continuous.
f f f

Proof: Tt follows from 2.4 that (i)<»(ii) and (iii)<>(iv). Proposition 2.17
ensures (i)« (iii), 2.6 guarantees (i)<(v), and 2.9 provides that (i)<(vi). B
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The unique topology satisfying conditions (i)-(vi) of this last theorem is
called the adjunction space topology. The following commutative diagram is

illustrative of the universal property in the context of Characterization 2.18.
A XU f Y

; mpoty go(mpouy)

X Y

7Tf0iX
\A‘

go(msoix) Z

A topological sum of two spaces can be described in terms of an adjunction
space topology. Take A = ) C X and consider the empty map ¢ : § — Y.
Then X L; Y =X UY.

2.7 Wedge space topology

Let {X;, %o, };es be an indexed family of disjoint topological spaces with base
points. A wedge product or one-point union [14], is formed by identifying each
base point zo; to a single point wy within |__|j X; with the sum topology. In

this situation, the underlying set is taken as
V X =X\ {20,}) U {wo}.
J J

Define a projection ¢ : [ |; X; =V, X; by

z o€ Xj\{=o},

(2) =
T v o ¢ X\dao, -




CHAPTER 2. FINAL TOPOLOGIES I 32

The wedge space topology is the final topology on \/ ; Xj coinduced by com-
posites {w o ¢; : X; = \/; X;}jes where {i; : X; = | |, X;}jes is the family of

inclusions. However, it is possible to characterize it in a different manner.

Proposition 2.19 The final topology on UJ. X; relative to poi; : X; = V X,
for all j € J, coincides with the final topology on \/ X; relative to ¢ : | |; X; —
V; X;.

Proof:  The result follows from 2.7 with g = ¢ and h; = ¢; for all j. [

Characterization 2.20 Let {( X}, zo,)}jes be a family of disjoint spaces with
base points, let X =\/ X, and let i; : X; — [ | Xj and o : | X; = V,; X; be
as defined above. The following conditions each determine precisely the same

topology on X:

(i) X carries the final topology relative to the composites p o1; : X; — X,
i.e. if U C X, then U is open in X if and only if (¢ o 1;)~H(U) is open
in X; for all 7,

(i) If C C X, then C is closed in X if and only if (poi;)"'(C) is closed in
X for all 7,

(i1i) X carries the final topology relative to the composites o : |_|j X; =+ X,
ie. if U C X, then U is open in X if and only if = (U) is open in
|_|j XJ':

(iv) If C C X, then C is closed in X if and only if p~'(C) is closed in | |; X,
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(v) Universal Property: Given any space Z and any base point preserving
function f : X — Z, then f is continuous if and only if f o (p o) is

continuous for all 7,

(vi) X has the finest topology such that @ o 1; is continuous for all j.

Proof:  Proposition 2.19 ensures (i)« (iii). The remaining details of the proof

are similar to 2.18. [ |

The unique topology satisfying conditions (i)-(vi) is called the wedge space
topology. In this new space \/ X;, each X; retains its original topology. In
the case of two spaces, the universal property is illustrated by the following
commutative diagram. All maps are taken as base point preserving in this

situation.

Z

foil foiz

X]_ ;‘"——’ X1 VX2 <—) X2
11 12

The wedge of two spaces can be expressed in terms of an adjunction space
topology. Take A = {*} C X and the basepoint preserving map f : {*} = Y,
then X VY =X U, Y.
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2.8 Union of an expanding sequence of sub-
spaces

Let J be a set of non-negative integers and {X;} be a sequence of spaces
such that the predecessors of each space in the sequence are its subspaces,
ie. Xi C X9 C X3 C .... Take the set X to be U]- Xj, i.e. the union of
the underlying sets of the spaces X, X3, Xa,.... A final topology on X is
realized by taking {X;} as the family of coinducing spaces and coinduce a

final topology via inclusions {¢; : X; = X };es.

Characterization 2.21 Let {X,};es be an expanding sequence of subspaces,
let X =, X; and let {i; : X; < X}jes be the family of inclusions. The

following conditions each determine precisely the same topology on X:

(1) X carries the final topology relative to the inclusions i; : X; — X, i.e.
if U C X, then U is open in X if and only ifij—l(U) is open in X; for
all 7,

(ii) If C C X, then C is closed if and only if ij“l(C) is closed in X; for all

Js

(i1i) Universal Property: Given any space Y and any function f : X =Y,

then f is continuous if and only if f oi; = f|X; is continuous for all j,

(iv) X has the finest topology such that i; is continuous for all j.

Proof:  Similar to 2.10. [ |
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In the case of a union of an expanding sequence of subspaces, notice the
universal property takes a form similar to that for the topological sum of
a denumerable family of spaces. The universal property in this case being

illustrated by the familiar commutative diagram.

Z




Chapter 3

FINAL TOPOLOGIES II

3.1 A useful local property

There is a desire for a nicer form of compactness and Hausdorflness. It is

possible to consider every point in a space to be contained in a compact and

Hausdorff neighbourhood.

Definition 3 A topological space X is locally compact-Hausdorff if for
any neighbourhood, N,, of each z € X there is an open set U C X such that
U is both compact and Hausdorff where z € U C U cC N,.

The reader should note that if X is a Hausdorff space, then the locally
compact-Hausdorff and locally compact and Hausdorff concepts coincide. Ev-
ery locally compact and Hausdorff space is locally compact-Hausdorff, but in
general the converse is false. Consider the following nontrivial counterexample

of a locally compact-Hausdorff space.

36
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Example 8.1 Let X = (—o00,0) U ([0, 00) x {1}) LU ([0, 00) x {2}).

[ N
. | 0, 00) % {2}

~L

('"0070)

[0,00) x {1}

A basis for the open sets of X is given by sets of the following three types:
(i) (@, f) with a < B <0,
(i) (a,0) U ([0,8)x{i}) witha <0, >0 fori=1 and 2,

(iii) (o, B8) x{i} with0 < o< B fori =1 and 2.

For any point z € X there is an open subset U containing z such that Uis
compact and Hausdorff. About the point (0,1) take U = (—¢,0) U ([0, €)x{1})
for any € > 0. Then U = [—¢,0) U ([0,¢] x{1}). Thus X is locally compact-
Hausdorf.

Clearly X is not compact, but it is locally compact. For any neighbourhood
V C X, V is a compact subset of X. Since there are no disjoint open sets
containing the points (0,1) and (0,2), it follows that X is not Hausdorff.

Thereby confirming our earlier assertion of a false converse.

3.2 k-space topology

The older theory of k-spaces is mentioned briefly before studying compactly

generated spaces in greater detail.
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In this section there is deviation from denoting the topology of a space with
a subscript. The original theory of k-spaces is based on a definition which is

reminiscent of final topologies. Consider a standard definition [23].

Definition 4 X is a k-space provided the following condition is satisfied: A C
X is closed if and only if ANK is closed in K for each compact subset K C X.

This definition is quite comparable to a characterization of a final topology on

X.

Characterization 3.1 Let X be a space, let {K,}aea be the family of com-
pact subspaces of X and let {in : Ko — X} be the family of inclusions of these
subspaces into X. The following conditions each determine precisely the same

topology kX on the set X:

(i) kX carries the final topology relative to the inclusions iq : Ko — X, i.e.
if U C X, then U is open in kX if and only if i;1(U) is open in K, for

all a,

(i) If C C X, then C is closed in kX if and only if i7'(C) is closed in K,

for all «,

(iii) Universal Property: Given any space Y and any function f : kX —

Y, then f is continuous if and only if f o1, is continuous for all a,

(iv) kX has the finest topology such that iy is continuous for all c.

Proof:  Similar to 2.10. [ |
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The unique topology satisfying conditions (i)-(iv) of this last theorem is
called the k-space topology. The universal property for k-spaces is illustrated
in the next section. A space X endowed with the above k-space topology is

denoted by kX. In practice, X is a k-space if X = kX. Moreover, kX is

always a k-space. This last fact is proven next.

Proposition 3.2 In general, kX = kkX.

Proof:  There is the following diagram which commutes:

K, K, CkX
1,
2 o
kX . kkX

The result follows from Characterization 3.1(iii) and the fact that identity

1g, is a homeomorphism for all a. [ |

This section concludes with a nice result similar to a theorem of Kelley [16].
A contrapositive method is employed to prove sufficiency for Characteriza-

tion 3.1(ii).

Proposition 3.3 If X is locally compact-Hausdorff then X is a k-space.

Proof: Let C be closed in X where X is a locally compact-Hausdorff space.
Then i;1(C) = C N K, is closed in each K, by the continuity of each 2,.
Next we assume that C' C X is not closed and will prove that C'N K, is

not closed in X for some compact K, C X.
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Assume that C C X is not closed. Then there exists z ¢ C' which is a limit
point of C. By definition 3 there exists a compact Hausdorff U C X such
that + € U C U where U is open. Since z ¢ C N U is a limit point of
this set, it follows that C N U is not closed. Now U € CH. Hence, C is
not closed implies that i;!(C) = C' N K, is not closed in K,. Consequently
Characterization 3.1(ii) is satisfied and X is a k-space. N

3.3 Compactly generated topology

By using a convention similar to that employed in the k-space section, a suit-
able characterization of compactly generated spaces is realized. Instead of
coinducing a final topology relative to inclusions of compact subspaces, a fi-
nal topology is coinduced relative to all incoming maps of compact Hausdorff
spaces.

Henceforth, let CH be the category of all compact Hausdorft spaces. Now
coinduce a final topology on any space X by retopologizing X relative to
the family of functions {ks : K — X}aea for all K € CH and all maps
ko € Map(K,X) for an arbitrary index A.

Characterization 3.4 Let X be a space, let CH be the category of all compact
Hausdorff spaces and let ko € Map(K,X). The following conditions each

determine precisely the same topology KX on the set X :

(i) KX carries the final topology relative to mappings ko : K — X, i.e. if
U C X, then U is open in KX if and only if k;*(U) is open in K for all
K € CH and dll
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(ii) If C C X, then C is closed in KX if and only if k;1(C) is closed in K
for all K € CH and all

(iii) Universal Property: Given any space Y and any function f : KX —

Y, then f is continuous if and only if f o k, is continuous for all c,

(iv) KX has the finest topology such that k. is continuous on each K € CH

for all «.

Proof:  Similar to 2.10. [ |

The unique topology satisfying conditions (i)-(iv) described above is called
the compactly generated topology on X or cg-ification of X, and is denoted by
KX. A space X will be said to be a compactly generated space or cg-space
if X = KX. The universal property commutative diagram in this instance

closely resembles that of the past examples.

fokq

K —— KX

ko
The universal property for k-spaces is illustrated by the diagram above

when K C X is compact and k, = ¢, for all a.

Proposition 3.5 In general, KX = KKX.

Proof:  The following diagram commutes:
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K KckX
1x
ke k.
KX ) KKX

The result follows from 3.4(iii) and the fact that identity 1x is a homeomor-
phism for all K € CH. [ |

Proposition 3.6 The identity function 1 : KX — kX is continuous.

Proof:  Let X be an arbitrary space. For any K € CH and k, € Map(K,X),

ko(K) is a compact subspace in X. Then the diagram below commutes:

K ko(K)
ko la
KX kX

1
It follows from 3.1(i) that i, : ko(K) < kX is continuous for each K € CH

and each k, € Map(K, X). Thus each composite 1, 0 k, is continuous for all
a; whence 1 0 k, : K — kX is continuous for all k,. Hence 3.4(iii) ensures

that 1 : XX — kX is continuous. [ |

Proposition 3.7 Let X be Hausdorff. Then the identity function 1 : kX —

KX 1is continuous.
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Proof:  Assume that X is Hausdorfl. Let A be a compact subspace of X,

then the following diagram commutes.

kX KX

1
Now A is a compact Hausdorfl space, by 3.4(i) k, is continuous. Thus each
composite kq o 1,4 is continuous. Hence 1 o1, : A = KX is continuous. It

follows by 3.1(iii) that 1 : kX — KX is continuous. |

The two previous propositions justify the following result.

Proposition 3.8 Let X be Hausdorff then X is a k-space if and only if X is

a compactly generated space.

Proof:  The result follows directly from 3.6 and 3.7. |

Proposition 3.9 In general, the identity function: 1x : KX — X is continu-

ous.

Proof: Let X be an arbitrary space. Consider the identify function 1x :
KX — X. Then the following diagram commutes for all K € CH and all
k., € Map(K, X).
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X
ke
1x
K, KX
With respect to this diagram, 1x o k, = k, where each k, is continuous

by 3.4(i). Thus each composite 1x ok, : K — X is continuous for all K € CH
and all k, € Map(K, X). It follows by 3.4(iii) that 1x : KX — X is continuous.
|

Proposition 3.10 Let X be an arbitrary space and K € CH. Then a function

k: K — KX is continuous if and only if k(= 1x ok) : K = X is continuous.

Proof:  Assume the hypothesis.
Let k : K — KX be continuous. It follows from 3.9 that 1x : XX — X is
continuous. Hence 1y o k =k : K — X is continuous.

Let k : K — X be continuous. Then from 3.4(i) it follows k£ : K — KX 1is

continuous. | |

Let us consider one more result for this section, a special case of the Com-

position Rule for Final Topologies.

Proposition 3.11 Let X have the final topology relative to {g; : X; = X }jey,

where J is an arbitrary set. If each X; is a cg-space, then X is a cg-space.

Proof: ~ Now 3.9 gives that 1x : KX — X is continuous. To verify the

proposition it is necessary to prove that 1x : X — KX is continuous.
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Each X; has a final topology relative to {ko : K — X;}aea where K € CH,
ko € Map(K, X;), and A is an arbitrary index set. Now g; o k. € Map(K, X)
for all j € J and all a € A;, i.e. each composite is a coinducing map for the

cg-topology on KX . Hence the following diagram commutes.

KX
g5 © ka
1x
K X; X
ko g;

It follows from the diagram above that 1x o g; o k, is continuous for all j € J
and all a € A;. Then 1x o g; is continuous by 3.4(iii). It follows that 1x is

continuous by 2.5. Hence the result. [ |

3.4 x-product topology

We shall define a specific final topology on the Cartesian product of two spaces
and explore some of the more redeeming qualities of such a topology. The
origin of this product is in [8]. However, the examination contained herein is
in the more categorical flavour of [5].

Let X and Y be two arbitrary topological spaces. On the set X XY induce

a final topology by taking as coinducing maps the inclusions:
o {z}xY = XxY  VzelX,
and the maps:

lxxk: XxK — XxY VK €CH,Vk € Map(K,Y).
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We will denote the inclusion 7, simply by z when no confusion can occur.
Before proceeding with some important results and properties concerning this

final product topology, consider the usual characterizing theorem.

Characterization 3.12 Let X and Y be arbitrary spaces and let © and 1 x <k
be as defined above. The following conditions each determine precisely the

same topology on the set X xY':

(i) X xY carries the final topology relative to i : {} XY — X xVY and
1y xk: XxK = XY, ice. ifl C XxY, then U is open in X xY if
and only if i~ (U) is open in {z}xY for allz € X and (1x xk)™'(U) is
open in X xK for all K € CH and all k € Map(K,Y),

(it) If C € X xY, then C is closed in X xY if and only if i~'(C) is closed
in {z} xY for all 2 € X and (1x xk)7!(C) is closed in X x K for all
K € CH and all k € Map(K,Y),

(i) Universal Property: Given any space Z and any function f : XXY —
Z, then f is continuous if and only if foi: {z}xX — Z is continuous
forallz € X and fo(1xxk): XxK — Z is continuous for all K € CH
and for all k € Map(K,Y),

(iv) X has the finest topology such that each i : {z} XY — X XY and each

lyxk: XxK — XxY s continuous for all z and all k.

Proof:  Similar to 2.10. [ |
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The unique topology of this last theorem satisfying conditions (i)-(iv) will
be named the x-product topology for reasons which will be made clear in the
following chapter. Henceforth denote the set XxY with the y-product topology

by X x, Y. There is the usual commutative diagram illustrating the universal

property.

foi fo(lxxk)

{.’L‘}XY (———* XXXY
? lxxk

XxK

The reader should be made aware that the diagram above commutes for

all z € X and K € Map(K, X). First, the x-product is proven to be natural.

Proposition 8.13 Let A, B, X and Y be arbitrary spaces and let f : A — X
and g : B = Y be mappings. Then the function f X, g: Axy B =& X %, Y

is continuous. It is defined by

(f xx g)(a,0) = (f(a),g(b)) Vac A, Vbe B.

Proof: A x, B has the final topology relative to the mappings
i:{a}xB > Ax, B Vac A,
laxk:AxK — Ax, B VK € CH,Vk € Map(K, B).
X X, Y has the final topology relative to the mappings
J:{z}xY =2 Xx, Y VeeX,
Ixxh: XxK — X x,Y VK e€CH,Vh € Map(K,Y).
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Then the following diagrams commute for all a € A, all K € CH, and all
k € Map(K, B).

{a}x B {f(a)}xY AxK XxK
XlK
? J 14xk 1x X(gok)
A Xy B X %X, Y Axy B X %y Y
fxxg fxxg

So
(f xxg)oi=7o(fxg), and
(f xxg) o (laxk) =[lxx(gok)]o(fx1k).

Now fxg : {a}xB — {f(a)}xY is continuous and the inclusion j is continuous
by the 3.12(i). It follows that each composite jo (fxg): {a}xB —+ X x, ¥ is
continuous for all @ € A. In the second diagram each k is continuous by 3.12(i).
Then the composite [Lx x(go k)] o (fx1k): AxK — X x, Y is continuous
for all K € CH and all k € Map(K, B). Hence all mappings (f X g) ¢ and
(f x5 g) o (1axk) are continuous. It follows by 3.12(iii) that the function

[ %Xy g:AxyB—= X x,Y is continuous. |

Commutativity and associativity of the x-product are examined next.

Proposition 3.14 The natural projections mx : X x, Y = X and my : X Xy

Y = Y are continuous.

Proof: Let XxY have the x-product topology. Then the following diagrams
are commutative for all z € X, all K € CH and all k € Map(K,Y).
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(z}xY ——~ X x,Y X xK
1 1X><
Y
8% komg
Ty
{z}xY — X x, Y XxK

1 ]-X x k
The four functions 7x : {z} XY - X, 7x : X XK = X, my : {z} xY = Y,
and komg : X XK — Y are continuous. The continuity of mx and my follows

by 3.12(iii). | N

Lemma 3.15 Let X be a non-empty space. The natural projection my : X X4

Y = Y s an identification.

Proof: It can be shown that my satisfies 2.11(iii). Let f : ¥ — Z be a
function into an arbitrary space Z. Suppose f is continuous, then f o 7y :
X Xy Y — Z is continuous. Now suppose that f o my is continuous. Then f
is the composite Y = {z} xY — X x, Y - Z which is continuous for each

r € X. It follows that my is an identification. |

Proposition 3.16 If X is an arbitrary space then X x, {x} = X.
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Proof:  Proposition 3.14 provides for the continuity of mx : X x, {*} = X
when Y = {*}. Clearly mx is bijective in this situation. It is necessary to
prove that 7x is an open mapping in order to show it is a homeomorphism.
Let V = Vx{*} C X %X, {*} be a non-empty open set for appropriate non-
empty V C X. Then it follows from 3.12(1) with K = {*} and k = 1(,j that
(1xk)"' (V) = Vx{*} is open in X x {*}. Thus V is open in X by 1.10(i).

Consequently 7x is an open mapping. Hence it is a homeomorphism. [ |

It will be shown shortly that the y-product is not necessarily commutative.

However, it is possible to prove a two sided identity.

Proposition 3.17 IfY is an arbitrary space then {x} X, Y 2 Y.

Proof: Let Y be an arbitrary space, from 3.14 with X = {*} it follows
that 7y is continuous. The bijective nature of my can be verified easily., Let
U = {*}xU C {*} x, Y be open for an appropriate U C Y. It follows that
{*} xU is open in {#} xY by 3.12(i) and that U is open in Y from 1.10(i).
Therefore my is an open mapping, thus it is a homeomorphism. Hence the

result. |
Under certain conditions the y-product coincides with the S-product topol-

ogy of Brown including cases where the latter is known to be non-commutative.

Definition 5 Let X and Y be Hausdorff spaces. The S-product topology is

the final topology coinduced on the set X XY by all mappings of the form

i:{z}xY > XxY VrelX,
lyxig: XxB<s XxY VB CY with B compact.
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For specific details concerning this product the reader is referred to [8].

Proposition 3.18 The identity function 1 : X X, Y — XXgY is continuous.

Proof: =~ The following diagrams commute for all 2 € X, K € CH, and
k € Map(K,k(K)).

{z}xY {z}xY X XK X xk(K)
= lxxk
: i 1x xk Lx X i(k)
X X, Y " X xgY X %Y ! X xgY

The remaining details of the proof are similar to that of 3.6 and follow from

the commutative diagrams above and from 3.12(iii). [ |

Proposition 3.19 IfY is Hausdor{f then the identity function 1 : X xgY —

X XY is continuous.

Proof:  The following diagrams commute for all z € X and for all compact

BCY.

{z}xY {z} xY XxB X xB
¢ ? lx Xzp 1x xip
X xsY X x Y XxsY X x, Y
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The remaining details of the proof are similar to that of 8.7 and follow from

the commutative diagrams above and 2.5 for the S-product. |

The following proposition can be justified quite easily.

Proposition 3.20 Let Y be Hausdorff, then X X, Y = X xgY.

Proof:  The proof follows from 3.19 and 3.18. |

Now suppose that X is a compact Hausdorf space, and J is an uncountable
discrete space. Then corollary 6.5 of [8] shows that the natural map of X xR’
and R’ x s X is not a homeomorphism. Hence it follows that in general the
x-product topology is not commutative.

There are still more useful propositions to be proved.

Proposition 3.21 The identity function 1 : X X, Y — X XY 1s continuous .

Proof:  The result follows by way of 3.12(iii) since 1os = i and 1 o (1x xk) =
1x xk. Alternatively, the result follows immediately from 3.14 and 1.10(ii). B

A nice result pertaining to the preservation of Hausdorffness under the

x-product topology can be proven.

Proposition 3.22 If X and Y are Hausdorff spaces then X x, Y is a Haus-
dorff space.
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Proof:  Let (z,y),(2',y’) € X x, Y be two arbitrary points. Since X and
Y are Hausdorff there exists open subsets z € U C X and 2’ € U’ C X such
that UNU' =0;andy € V C Y and y € V' C Y such that VN V' = 0.
Then UxV and U'xV’ are two subsets of X x,, Y containing (z,y) and (z’,y’)
respectively, such that (U xV) N (U'xV’) = (. Proposition 3.21 ensures that

these two sets are open in X x, Y. Hence X x, Y is Hausdorff. |

Proposition 3.23 In general, the identity function 1xyy : K(XXY) = X x, Y

is continuous.

Proof:  All mappings k : K — K(X xY) where K € CH are of the form
k= (f,g), where f : K =+ X and g: K — Y are continuous by 3.10. Then

there is the following commutative diagram.

XxK
(falK)
k=(f,9) lx xg
K(X xY) X x4 Y

From the diagram above 1 ok = (1x xg) o (f,1x). It follows from 3.12(i)
that (1x xg) is continuous for all K. Both f and 1x are continuous therefore
(f,1g) : K = X x K is continuous for all K € CH. Hence the composite
(1x xg) o (f,1x) is continuous. It follows 1o k : K — X x, Y is continuous,

thus 1: K(X xY) = X x, Y is continuous by 3.4(iii). |

Proposition 3.24 If X XY is a cg-space, then X XY = X %, Y.
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Proof: Let X and Y be arbitrary spaces. It follows from 3.21 and 3.23 that

there is a short chain of continuous identities.
KXXY) 3 X x, Y = XxY.

If XxY is a cg-space, i.e. K(XXY) = XxY. Thus 1: XxY — K[X xY) is
continuous. Hence X xY & X x, Y. [ |

Thus the y-product topology coincides with the standard product topology
when spaces are compactly generated. However, it is possible to get the above

result with weaker assumptions concerning X xY'.

Proposition 3.25 IfY is locally compact-Hausdorff, then X XY = X x, Y.

Proof: Let Y be locally compact-Hausdorff and X be an arbitrary space.
We show the identity function 1 : X XY — X x, Y is continuous. Select a
point y € Y. By definition 3 there exists an open subset V, C Y about y
such that V, is a compact and Hausdorff subset of Y. Then the composite
j=(1xk)oi: X xV, = XxV, =+ X x,Y is continuous, since the inclusion
7 is continuous. As well, 1 x k is continuous by 3.12(i).

Let U C X x, Y be open, then j7'(U) =U N (X xV,) C X xV, is open.
All subsets of the form X xV, for each y € Y are an open covering of X xY.

Moreover

u=|Junxx=v),

yeY

where each & N (X x V,) is open in X xY. Since U is an arbitrary union of
open sets in X xY, it is open in X xY. So any open subset in X x, Y is open

in XxY, thus1: X xY = X x, Y is continuous.
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Clearly it is bijective and its continuity in the reverse direction follows from 3.21.
Consequently the identity function is a homeomorphism, that is, X xY =

X x, Y. [ |

By considering the previously mentioned chain it is possible to derive a

result similar to 3.10.

Proposition 3.26 Let K € CH and f : K — K(X xY) be a function, then

the following conditions are equivalent:
(i) f: K = X X, Y is continuous,
(i) f: K — X xY is continuous,

(iti) f: K — K(X xY') is continuous.

Proof:  Assume (iii), then (i) follows by 3.23. Proposition 3.21 ensures (i) =
(i1) and 3.10 provides (ii) = (iii). |

The standard exponential law is employed to establish a useful lemma
concerning the commutativity of the final topology and a specific product
topology. We use this lemma to prove the associativity of the x-product. As-
sume for the time being that any function space has the compact-open topology
(see section 4.1 for further details concerning the exponential law and proper
definitions). Let X and Y be Hausdorff, Z be arbitrary, and additionally sup-
pose that Y is compact. Then there is a homeomorphism Map(X xY, 7Z) =
Map(X,Map(Y, 7)) given by the rule f ~» f’ where f(z,y) = f'(z)(y) for all
€ XandallyeY.
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Lemma 3.27 Let J be an indexing set and let X have the final topology rel-
ative to a family of functions {g; : X; & X}jes. Also, let K be a compact
Hausdorff space and let 1x : K — K be the identity function on K. Then the
product topology on X x K coincides with a final topology relative to the family
of functions {g; x1g : X;x K = X xK}jer.

Proof: Let Z be an arbitrary space and ¢ : X X K — Z be a function. It
will be proven that ¢ is continuous if and only if each composite ¢o (g; x1g) :
X;x K — Z is continuous for each j € J. Under the exponential law, if ¢ is

continuous there is a corresponding map ¢’ : X — Map(K, Z) such that
d(z,y) = H(2)(y) VzeX, WyeY.

For a continuous map ¢ : X; — Map(K, Z) there is a corresponding map

6, : X;x K — Z such that for each y € J
0;(z5,y) = 03(z;)(y) Vz; € X;, Vy €Y.

Assume that ¢ is continuous. Recall that the hypothesis gives that 1x and
each g; is continuous for all j. It follows that each composite ¢ o (g; x 1) :
X;x K — Z is continuous for j € J. Set 0; = ¢ o (g;x1x). Next, let 8; be
continuous for each 7 € J. Under the exponential law, there is a continuous

map 0 : X; — Map(K, Z) defined appropriately. Now

0;(z5)(k) = 0(zj,k) = ¢ o (95 1k )(z;, k) = $(gi(<;), k) = ¢'(g;(z5))(k),

for all z; € X; and all k € K. It follows by 2.5 that ¢' : X — Map(K, Z) is

continuous.
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Apply the exponential law to ¢’ and we see that ¢ : X xK — Z is continuous.
Hence X x K has a final topology relative to the family {g; x1x : X; x K —
X X[X’}je_] by 2.6. |

Proposition 3.28 The x-product topology is associative. Given arbitrary
spaces X, Y, and Z then (X x, Y) x, Z 2 X x, (Y x4 Z).

Proof: Lemma 3.27 and 2.7 permit a description of the final topologies on
(X %, Y) xy Z and X x, (Y xy Z) in the following manner.

(X x4 Y) x, Z has the final topology relative to the mappings

o X1y X1z {2} X{y}xZ = (X X, Y) Xy Z,
is X1y Xk : {z} XY x K — (X x4 Y) Xy Z,
Iy xk'xk: XxK'xK — (X X, Y) X, Z,

forallz € X,ally € Y, all K,K' € CH, all k € Map(K,Z) and all ¥ €
Map(K',Y).
X x4 (Y X, Z) has the final topology relative to the mappings

ip X1y X1z : {z}x{y} xZ = X x, (Y x4 Z),
g X1y xk: {z}xY x K — X x, (Y x4 Z),
Ixxk: XxK — X x, (Y X4 Z),

forall z € X,ally € Y, all K,K € CH, all k € Map(K,Z) and all k €
Map(K,Y %, Z).

Let 1: (X x, Y) X, Z = X X, (Y %X Z) be the identity function and 1’ be
the identity function in the reverse direction. These functions will be shown

to be continuous.
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It is necessary to define some mappings for all K € CH and all continuous

maps k: K =Y %, Z. Define k' : K —» Y by

E'(w) = (ry o k)(w) Yw € K.
Define k" : K — Z by

k'(w) = (170 k)(w) Ywe K.

Since k, ,, and 7, are everywhere continuous, it follows that all mappings
k' and k" will be continuous as well. Lastly, let A : k — k x k represent the

continuous diagonal mapping. Then the following six diagrams commute:
{z}x{y}xZ2 — {z}x{y}xZ {z}xYxK — {2}xY xK
1x><1y><1z ].XxlyX1K

ixxiyxlz ixXinlz ixxlka ixxlka

(X Xy Y) xe—1>X Xy (Y Xy Z) (X %4 Y) ><XZ—1>X Xy (Y %y Z)

XxK'xK — XxK'xK {z}x{y}xZ — {z} x{y}xZ
1X><1K’><1K ].XxlyX1Z

lxxk’Xk 1x><k’><k ixXinlZ ixxiyxlz

(X %X, Y) %Xy Z -~ X %y (Y x4 Z) XxX(YxXZ)T(XxXY) Xy Z
1

{z}xYxK — {z}xYxK X xK XxKxK
1x><1yX1K lxxA
ix x1ly xk ix X1y xk 1x xk 1x xk' < k"

Xxx(Yxe)T(XxxY)xe XX (Y X0 Z) = (X %, Y) %, Z
1 I
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Thus
To(izxiyxly) = (izxiyx1z)o (1x x1y x1g),

lo(izx1y xk) = (1x x1y X1g) o (1, x 1y x k),

lo(lyxk'xk)=(1xxk'xk)o(lxx1g x1k),

Vo (ipx1,X1z) = (1z X1, x1z) 0 (1x x 1y x1g),

1o (igx1ly xk) = (1x x1y x1g) o (i, X1y xk),

1o (1x xk) = (1x xk'xk") o (1x x A),

forallz € X,ally € Y, all K,K',K € CH, all k € Map(K,Z), all k¥ €
Map(K"Y), all k € Map(K,Y x, Z), all k¥ € Map(K,Y) and all k" €
Map(K, Z).

For each of the first three equalities the functions on the left-hand side are
continuous. It follows by 2.5 that 1 : (X X, V) x, Z = X x, (Y X, Z) is
continuous. Similarly the final three left-hand side functions are continuous.
Again, by 2.5, 1' : X %, (Y %, Z) = (X x, Y) x, Z is continuous.

Clearly 1 is bijective. Hence it is a homeomorphism, i.e. (X x, Y) x, Z =

X X, (Y X, Z) for arbitrary spaces X,Y and Z. [ |




Chapter 4

DEALING IN
INCONVENIENCE

The goal is a modified exponential law which utilizes less restrictions on the
spaces involved. A law which can be safely applied in the usual category of
topological spaces. The proof of 3.27 utilized an exponential law for map-
ping and product spaces. To apply the law it was necessary to utilize the
compact-open topology and assume certain conditions on the spaces involved,
i.e. compact and Hausdorff, or compactly generated.

We commence with a clear account of an exponential law as an introduc-
tion. Key notions are highlighted in this section. They reappear in the proof

of a modified exponential law.

60
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4.1 The exponential law: an introduction

Studies of function spaces in algebraic topology usually involve the compact-

open topology, introduced by Fox [13].

Definition 6 Let X and Y be arbitrary spaces. The compact-open topol-
ogy on Map(X,Y) has subbasis of the form

M(K,U)={f:X =Y such that f(K) C U},

where K ranges over the compact subsets of X and U ranges over the open

subsets of Y.

Henceforth, the set Map(X,Y) with the compact-open topology is denoted by
Mapeo(X,Y), with the exception of this section.
There are two conditions associated with the exponential correspondence

between Map(X XY, Z) and Map(X, Map(Y, Z)).

Definition 7 The Admissible Condition states that if X, Y and Z are
arbitrary spaces and there is a map f' : X — Map(Y,Z), then the rule
f'(@)(y) = f(z,y) determines a map f: X xY — Z.

Definition 8 The Proper Condition states that if X, Y and Z are arbitrary
spaces and there is a map f : X XY — Z, then the rule f(z,y) = f'(z)(y)
determines a map f': X — Map(Y, Z).

The proof of both the admissible and proper conditions comes down to the

proof of the continuity of the following functions.
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Definition 9 The evaluation function e : Map(X,Y)x X — Y is defined
by
e(f,z) = f(z) Vo € X, ¥f € Map(X,Y).

Definition 10 The coevaluation function € : X — Map(Y, X xY') is de-
fined by

e'(z)(y) = (z,y) VzeX,WyeY.

Continuity of the evaluation function is necessary to prove the admissible
condition. While continuity of the coevaluation function is key to validating
the proper condition. Once these conditions are satisfied, and some mild as-
sumptions concerning X and Y are made, we have the following well known

results [19].

Theorem 4.1 : Exponential Correspondence

Let X, Y and Z be spaces, and additionally suppose that either (i) Y
is locally compact Hausdorff or (it) X xY s compactly generated. Then a
function f : X XY — Z is continuous if and only if the corresponding function
f': X = Map(Y,Z) is continuous. The functions are related by the rule
f(z,y) = f(z)(y). The elements of Map(X xY, Z) and Map(X, Map(Y, Z))

are in bijective correspondence via the rule f ~ f'.

If more assumptions concerning the spaces involved are made, then a much

stronger result can be proven.

Theorem 4.2 : Exponential Law

Let X, Y, and Z be spaces that satisfy one of the conditions of the previous
result. If X and Y are Hausdorf], then the rule f ~ f' is a homeomorphism,
i.e. Map(X, Map(Y,Z)) = Map(X XY, Z).
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4.2 A modified exponential law

Several results need deriving before a conditionless version of 4.1 and modi-
fied exponential law can be proven. An essential step is modification of the
compact-open topology. It is necessary to consider a particular case of a set-
open topology for Map(X,Y) [5]. The focus is a specific A-open topology
where A = CH.

Definition 11 Let X and Y be arbitrary topological spaces. The compact
Hausdorff image-open topology on Map(X,Y) has subbasis of the form

M(g(K),U)={f:X =Y such that f o g(K) C U},

where K ranges over CH, g ranges over Map(K,X), and U ranges over the
open subsets of Y.

Henceforth we denote the set Map(X,Y’) with the compact Hausdorff image-

open topology, or the x-open topology, by Map, (X,Y).

Lemma 4.3 Let X and Y be arbitrary spaces. If X is Hausdorff, then the

x-open topology and compact-open topology on Map(X,Y) coincide.

Proof: Let X be a Hausdorff space, K € CH, and g € Map(K,X). Then
the compact Hausdorff images g(K') are precisely the compact subsets of X.
Hence in that case Map (X,Y) = Mapgy(X,Y). |

4.2.1 Modified admissible condition

The continuity of the evaluation function is key to a positive admissible con-

dition result.




CHAPTER 4. DEALING IN INCONVENIENCE 64

Proposition 4.4 The evaluation function e : Map, (X,Y) x, X =Y is con-

tinuous.

Proof:  First, set 1 = 1 Map, (X,¥)- The reader will recall two facts. The
function e : Map, (X,Y) x, X — Y is defined by e(f,z) = f(z) for all
f € Map (X,Y) and all 2 € X. The space Map,(X,Y) X, Y has the final
topology relative to the mappings

i {f}xX = Map, (X,Y) x, X Vf e Map, (X,Y),
1xk: Map (X,Y)xK — Map (X,Y) xy X VK € CH,Vk € Map(K, X).
It is necessary to show that the composites of e with these coinducing maps
are continuous.

For each f € Map,(X,Y) we notice that eo¢ : {f} xX — Y is the map
given by (f,z) ~ f(z) where z € X. This is the composite of the canonical
homeomorphism {f} x X — X and [ : X — Y. It follows that e o4 is
continuous.

For each K € CH define an evaluation function e : Map, (X, Y)xK =Y
by

er = eo(1xk) Vke Map(K,X).
Let U be an open subset of Y and (f, 2) € e; ' (U) where z € K. So fok(z) € U
implies that z € (f o k)™'(U). Since K € CH, i.e. K is compact Hausdorff,

it follows that K is regular by the corollary to proposition 1 §9.2 [6]. Thus
there exists an open subset V C K such that z € V. Cc V C (fo k)"'(U). V
is compact and Hausdorff so k|V is a mapping of a compact and Hausdorff
space into X, i.e. k|V € Map(V,X) for V € CH. Then W = M (k(V),U) is a
subbasic open set of Map, (X,Y).
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It follows that W xV is an open subset of Map, (X,Y)x K such that (f,z) €
W xV C eg'(U) for all k € Map(K, X). Hence ¢;'(U) is open; consequently
e; 1s continuous.

Now, eoi : {f} xX — Y is continuous for all f € Map,(X,Y) and
eo (1xk): Map (X,Y)x K — Y is continuous for all k& € Map(k,X). It
follows by 3.12(iii) that e : Map, (X,Y) xy X =Y is continuous. O

The proof of the admissible condition in this setting is an easy consequence

of the last section.

Proposition 4.5 : Modified Admissible Condition
Let X, Y, and Z be arbitrary spaces. If f': X — Map (Y, Z) is continu-
ous, then the function f: X X, Y — Z defined by

f(zy) = f(=)(y) VzeX, Vyey,
18 continuous.
Proof: Let 1y be identity function on Y. It follows by 3.13 that the function

"%y ly : X X3 Y = Map (X,Y) x, Y is continuous. Then the composite
f=eo(f xy1ly): X x4 Y = Z is continuous by 4.4. Whence

flay) =eo(f' xx 1y)(z,y) = e(f'(2),y) = f'(z)(y) Yee X, Vyey,

as required. u

4.2.2 Modified proper condition

The proof of a modified Proper condition requires a familiar type of mapping

space result.
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Proposition 4.6 Let X, Y, and Z be arbitrary spaces and f : Y — Z be a
map. Then the induced function f, : Map, (X,Y) = Map (X, Z) given by

filg)=fog Vg€ Map,(X,Y),

18 continuous.

Proof: Let W = M(g(K),U) be a subbasic open set for Map, (X,Z) and
f.(h) € W for some h € Map (X,Y). Then W' = M(g(K), f~'(U)) is an open
subset in Map, (X,Y) such that h € W’ C f7'(W). Hence f, is continuous.
|

A toned down result by way of theorem 5.12 [16] plays a role in establishing

the continuity of the coevaluation in our setting.

Lemma 4.7 Let X and Z be arbitrary spaces and let K be a compact space.
Also, let f : Xx K — Z be a map with z € X, and f({z} xK) C U, where
U is an open subset of Z. Then there exists an open subset V C X such that
reVand f(VXK)CU.

Proof: Tt follows by theorem 5.12 [16] that there exists an open subset V C X
such that z € V and Vx K C f~}(U). Hence f(VxK) CU. [ |

Proposition 4.8 The coevaluation function € : X — Map, (Y, X x, Y) is

continuous.

Proof:  The function €'(z) : Y — X X, Y is the composite of the canonical

homeomorphism Y — {z} xY and the coinducing map {z}xY — X x, Y.
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Fix an ¢ € X. Now ¢(z) =1 : {z} XY — X x, Y. Hence it is continuous
for fixed z € X. Thus for an arbitrary z € X, ¢ : X — Map (Y, X x, Y) is
well defined.

Let W = M(g(K),U) be a subbasic open set of Map, (Y, X x,Y) where
U is open in X x, Y, g € Map(K,Y) and K € CH. Select an arbitrary
z € ()71 (W) then ¢'(z) € W

= €(z)(g9(K)) U

= {zlxg(K)cU

= (Ixxg){z}xK)cU

= {z}xK C(1xxg)'U).
The function 1xxg : XxK — X x, Y is a coinducing map for X x, Y therefore
it is continuous by 3.12(i). Hence (1xxg)~*(Y) is open in XX K. By 4.7 there
exists an open subset V C X such that ¢ € V and V x K C (1x xg)~'(U).
Then (1x xg)(V,K) C U

= Vxg(K)CU
= €(V)(g(K)) cU
= (V) CW = M(g(K),U).

Hence ¢/ : X — Map, (Y, X x, Y) is continuous. [ |

Proposition 4.9 : Modified Proper Condition
Let X, Y, and Z be arbitrary spaces. If f : X x Y = Z 1s continuous,
then the function f': X — Map, (Y, Z) defined by

f(z)(y) = f(z,y) YeeX, Vyey,

is well defined and continuous.
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Proof:  Since f is continuous, it follows by 4.6 that f. : Map, (X,Y) —
Map, (X, Z) is continuous. Continuity of ¢’ : X — Map, (Y, X x,Y') is ensured
by 4.8. Thus the composite f, o€ : X — Map (Y, Z) is continuous. Now for
eachz € Xandy€eY

(feo €)(@)(y) = ful¢'(@))(y) = (fo€'(z))(y)
= f(€(2)(y)) = f(z,y) = f'(z)(y)-

Hence f' = f, o €, therefore it is well defined and continuous. |

4.2.3 y-exponential law

Theorem 4.10 : xy-Exponential Correspondence
Let X, Y and Z be spaces. Then there is a bijective correspondence between

maps f : X X, Y = Z and maps f': X — Map, (Y, Z) determined by the rule

f'(@)(y) = f(z,y) VzeXVyeY.

Proof:  The result follows from 4.5 and 4.9. [ |

There is one more result to consider before proving a modified exponential
law. It can then be shown that the standard exponential law follows from the

modified result.

Proposition 4.11 Let X, Y and Z be arbitrary spaces. Then the composition
function (o) : Map, (Y, Z) xx Map, (X,Y) — Map, (X, Z) defined by

(0)(g,f)=gof Vfe€ Map,(X,Y), Vg € Map, (Y, Z),

is continuous.
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Proof: It follows from 3.28, 4.4, and 3.13 that the following composite is

continuous.

(Map, (Y, Z) % Map,(X,Y)) % X = Map, (Y, Z) xx (Map,(X,Y) x5 X)
5 Map (Y, Z) x, Y 5 2.

Then 4.9 ensures the continuity of
(0) : Map, (Y, Z) x,, Map (X,Y) = Map, (X, Z).
For all z € X, all f € Map,(X,Y), and all g € Map, (Y, Z) it follows that
(o)(g, f)(z) = e (1 Xy €)(g, f,z) = e(g, f(2)) = g(f(2)) = (g ° [)(2),

as required. u

Theorem 4.12 : y-Exponential Law
Let X, Y and Z be spaces. Then there is a homeomorphism

¢ MapX(X, Mapx(Y,Z)) — Mapx(X X, Y,Z)
defined by

#(f") = [ where f'(z)(y) = f(z,y), YzeX, WeY.

Proof:  First we prove that ¢ is continuous. It follows from 3.28, 3.13 and 4.4

that the following composite given by (f’, (z,y)) ~ f(z,y) is continuous.

Map (X, Map, (Y, Z)) %y (X %, Y) 2 (Map, (X, Map, (Y, Z)) X, X) %, Y
XN Map (Y, Z) X Y 5 Z.
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Then 4.9 ensures the continuity of ¢ : Map, (X, Map, (Y, Z)) — Map (X x
Y,Z).

Next consider the function ¢ : Map, (X x, Y, Z) = Map, (X, Map (Y, Z))
defined by

(P(f)=f, where f($7y)=f,(x)(y)7 Ve e X, VyeY.

The following composite given by (f,z) ~» (y ~ f(z,y)) is continuous by 4.8,
3.13 and 4.11.

Map (X %y Y, Z) x5 X 225 Map (X %, Y, Z) x; Map, (Y, X %, Y)
ﬂ) Map, (Y, Z).
Then 4.9 ensures the continuity of ¢.

Now, pow = 1 and ¢ o9 = 1'. Hence, ¢ is a homeomorphism, i.e.

¢
Map (X, Map, (Y, Z)) = Map, (X x, Y, Z). [

Corollary 4.12.1 If X and Y are Hausdorff, then Mapgn(X x, Y,Z) =
Mapeo(X, Mapeo (Y, 2))-

Proof: The result follows by 4.12, 3.22 and 4.3. |

The following result shows that under the normal assumptions on the
spaces involved the usual exponential law can be proven using a modified

exponential law result.

Corollary 4.12.2 If, in addition, either (i) Y is locally compact or (it) X xY
is a cg-space, then Mapyo(X xY,Z) = Mapeo(X, Mapen(Y, Z)).
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Proof: Let Y be locally compact, then Y is locally compact and Hausdorfl,
it follows that Y is locally compact-Hausdorff. The result follows from 4.12.1

and 3.25.
Now suppose that X xY is a cg-space. The result follows from 4.12.1

and 3.24. [ |




Chapter 5

INITIAL AND FINAL
COMMUTATIVITY

A generalized version of 3.27 is key to many of the results of this chapter

5.1 Product and final commutativity

Theorem 5.1 and theorem 5.2 are two nice general results that are to be used

as legs for the final chapter.

Theorem 5.1 Let J be an arbitrary set and X carry the final topology relative
to the family of functions {g; : X; = X}jes. Further, suppose that for each
r € X there exists an z; € X; such that g;(z;) = z for some j € J. Then for
an arbitrary space W, X X, W carries the final topology relative to the family
of functions {g; X5 lw : X; X, W = X X, W}iey.

72
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Proof: Let Z be an arbitrary space and f : X x, W — Z be a function.
Suppose that f is continuous and it follows from 3.13 that each function
g; X 1w is continuous. Thus fo(g; Xy 1w) =0; : X; x, W — Z is continuous
for each j € J.
Conversely drop the assumption that f is continuous, but suppose each

9, is continuous. Theorem 4.12 ensures that for all j there is a continuous

mapping 0} : X; — Map (W, Z) defined by

05(z;)(w) = fo(g; Xy lw)(z;,w) = flgi(z;),w) Ve; € X;, Vw e W.
Define a function f': X — Fn(W, Z) by

f'(z)(w) = f(z,w) VzelX, YweW.
The pseudo-surjectivity assumption implies that for each z € X
F(a)(w) = f'(g5(z;))(w) = flg;(x;),w) = b;(z;,w) = O5(z;)(w)-

Whence it follows that f/(X) C Map, (W, Z). As well, for cach j € J

0;(x;)(w) = 0;(z;,w) = flgi(z;),w) = f'(gi(z;))(w) = (f 0 g;)(z)(w).

Then the following triangle is commutative for all j.
Map, (W, Z)

’
o; #

g;
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It follows from 2.5 and the continuity of 8 that f’ is continuous. Thus f
1s continuous.

Hence X x, W carries the final topology coinduced by {g; x, 1w : X; X4
W — X x, W}ies. [ |

Corollary 5.1.1 In addition to the hypothesis of 5.1, suppose that either (1)
W is a locally compact-Hausdor(f space or (it) X xW is a cg-space. Then for
an arbitrary space W, X x W carries the final topology relative to the family
of functions {g; X 1w : X; xW = X xW};e;.

Proof:  The result using (i) follows from 5.1 and 3.25.
Assume condition (ii). It follows from 3.21 X x, W = X xW and from 3.24
it follows that 1 : X; X, W — X;xW is continuous for each j € J. The diagram

below commutes.

Xj XXW XjXW
gi Xx 1w g;i X 1w
X x, W XxW

Let f: X xW — Z be a function for an arbitrary space Z.
Suppose f is continuous, then f o (g; x1lw) : X; xW — Z is continuous.

Now suppose that f o(g;xlw) is continuous. It follows from the equation

[(fo(gixlw)lol=fol(gixlw)ol]= fo(gxyxlw),

and 2.5 that f is continuous. The result follows from 2.6. [ ]
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5.2 Sum and final commutativity

Theorem 5.2 Let J be an arbitrary set and X carry the final topology relative
to the family of functions {g; : X; = X}jes. Then for an arbitrary space W,
X UW carries the final topology relative to the family of functions {g; U 1w :
X;UW = X U W}iey.

Proof:  To prove this result we must show (i) that each composite g; Ll 1y is
continuous, and (ii) satisfy the universal property for final topologies.

(1) There is the following commutative diagram.

X &— XuW ——W
13 w

9g; gi Ulw 1w

ZXJ' tw

It follows for all j € J that

ixog;=(g;Ulw)oux,

The functions ix, iw, lw, and g; for each j € J are continuous. From 2.16(iii)
it follows that each g; U 1w is continuous for all j.

(ii) Now, let f : XUW — Z be a function for an arbitrary space Z. Suppose
that f is continuous, it follows that each composite fo(g;Ulw) : X;UW — Z

is continuous for all j € J.
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Next suppose each f o (g; U 1) is continuous. The composites (f o (g; U
lw))oix, : X; = Z and (fo(g;Ulw))oww : W — Z are continuous

by 2.16(iii). The continuity of (f oix) ¢ g; for each j € J follows from

(folgiUlw))oix; = fo((g;Ulw)oix,)
= fol(ixog;)
= (foix)ogy;. |
Then 2.5 ensures f o iy is continuous. The continuity of f oiy for each j € J
follows from
(felgiUlw))oiw = fo((gUlw)oiw)
= fo(iwolw)
= foiw.
Now 2.16(iii) ensures the continuity of f : X UW — Z. The result follows
by 2.6. [ |

Some significant specific results follow from these general results.

5.3 Sum and identification commutativity

Theorem 5.8 If p : X = Y is an identification and Z an arbitrary space,
thenpUly : XUZ —= Y UZ is an identification.

Proof: Clearly, pUlw : XUW — Y UW is surjective. Then this is a special
case of 5.2 with |J| =1 where g, = p: X — Y is an identification. n

Corollary 5.3.1 If p: X = Y and q : W — Z are identifications, then
pUqg: XUW = Y UZ is an identification.
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Proof: ~ Theorem 5.3 ensures that there are identifications pUlw : X UW —
YUWandquUly : WUY - ZUY. Moreover, ly Ugq: YUW Y UZ
is an identification by the commutativity of disjoint topological sums. Then
pUg = (pUlw)o(ly Ugq) is a composite of identifications and the result
follows by 2.12. |

5.4 Subspace and product commutativity

Theorem 5.4 Let X and Y be arbitrary spaces and A be a closed subspace of
X. Then the x-product topology on AXY, denoted by A X, Y, coincides with
the subspace topology on AXY relative to the inclusion 7 : AXY « X x, Y.

Proof: 1t follows by 3.21 that 1 : A X, Y —+ AXY is continuous. It will be
shown that 1: AxY — A x, Y is continuous.

Select K € CH and k € Map(K,Y). Now A is a closed subspace in X. It
follows from 17} (AxY) = {a} xY, where a € A, and (1xk) ' (AxY) = AxK
that AxY is closed in X X, Y by 3.12(ii).

Let W be closed in Ax, Y, 7, be the restriction of i to i7 (A x, Y) and 1 xk
be the restriction of 1xk to (1xk)"}(Ax,Y). Then i }(W) = i1 (W) = {a}xY
is closed in {z} xY and (1xk)"}(W) = (I1xk)" (W) is closed in X x K. It
follows from 3.12(ii) that W is closed in X x, Y, hence it is closed in AxY
as a subspace of X x, Y. Hencel: AxY — A x, Y is continuous and the

result follows. | |
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5.5 Product and identification commutativity

Theorem 5.5 Ifp: X — Y s an identification and W is an arbitrary space,
then p Xy lw : X X, W = Y x,, W is an identification.

Proof:  This is a special case of 5.1. Where |J| =1 and g, = p. [

Corollary 5.5.1 In addition to the hypothesis of 5.5, suppose that either (i)
W is a locally compact-Hausdorff space or (i) Y xW is a cg-space. Then
pxlw : XxW = Y xW is an identification.

Proof:  The proof of this result is similar to 5.1.1 and follows from 5.5. W

It is a standard result that 5.5.1 holds when W is a locally compact and

Hausdorff space. The result given here is an improvement on this known result.

Corollary 5.5.2 Let W, X, Y and Z be spaces, andp: X - Y andgq: W —
Z be identifications. If either (i) W and Y are locally compact-Hausdorff, or
(it) X and Z are locally compact-Hausdorff, or (i) Y XxW and Y X Z are
cg-spaces, or (1) X xXZ and Y XZ are cg-spaces. Then pxq: X xW — Y xZ

is an identification.

Proof:  The result is proven for (i) only. The proof using condition (iii) uses
a similar argument and follows via 5.5.1(ii).

For (i), it follows by 5.5.1(i) that px 1w : X xW — Y xW and gx 1y :
W xY — Z xY are identifications. Moreover, ly xq: Y xW — Y xZ is an

identification by the commutativity of the standard product topology.
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The mapping pxq: X xW — Y x Z can be factored into the above identifica-
tions, i.e. pxq = (px1lw) o (ly xgq). Hence the result follows from 2.12.

For (ii) and (iv), it is necessary to factor pxq : X xW — Y x Z as
the composite of the identifications 1x x ¢ and px 1z instead, otherwise the

arguments are similar. [ ]

5.6 Adjunction and product commutativity

Theorem 5.6 Let W and X be arbitrary spaces and A C X be closed. Let
[+ A=Y be continuous and let X Uy Y have the adjunction space topology
coinduced by composites m; o iy and Troix. Then (X UsY) x, W has the
adjunction space topology coinduced by composites (15 oiy) X, lw and (my o

ix) Xx lw.

Proof:  This is a special of 5.1 with |J| =2, X, =X, X; =Y, g1 = m; 0,

and g, = T 0y. [ |

Corollary 5.6.1 In addition to the hypothesis of 5.6, suppose that either (i)
W is a locally compact-Hausdorff space or (11) (XU;Y )XW is a cg-space. Then
(X UfY)xW is the adjunction space coinduced by the maps (s oiy)x1lw and

(waiX)xlw.

Proof:  The proof of this result is similar to 5.1.1, but follows from 5.6. W

If we use different coinducing maps and the same coinducing spaces, then
we obtain a different adjunction space homeomorphic to the one realized in

the previous theorem:.
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Define the relation ~ on the set (X x, W)U (Y x, W) by (z,w) ~ (y, w)
if and only if z € A and f(z) = y. Now ~ generates the equivalence relation

R'. Define
(X Xx W) Upsaw (Y X W)= (X x, W)U (Y x, W)/R'.

In this situation
Tpi=Tex1y (X X W)U (Y %, W) = (X x, W)U (Y x, W)/R'
ix =ixx,w X Xy W (X x W)U (Y x, W)
by ==iyx,w ¥ Xy W (X x, W)LI(Y x, W)

Then the following diagram commutes.

Ax, W il Y x, W
x +W
2 Xx 1w Tixylw © inxW
X x, W (X W) Upx, 1 (Y Xy W)

Tixylw © UX xyW
The elements of (X Xy, W) Ugx, 1 (Y Xy W) can be described explicitly.

For each class [(a, w)] exclusively

[(a,w)] = {(z,w) such that z € X\A, w € W}, or
(a,w)] = {(f(a),w)suchthatae AC X, we W}, or
[(a,w)] = {(y,w) such that y € Y\f(A), w e W}

A similar description of the elements of (X Li; Y) x, W is
([o],w) = {z suchthat ¢ € X\A,w € W}, or

(la],w) = {f(a)suchthatae AC X,w e W}, or
(le],w) = {y‘such that y € Y\ f(4),w € W}.
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It is now possible to generate a result which shows that two adjunction spaces

we have discussed are homeomorphic.

Theorem 5.7 The function 8 : (XU Y) X, W = (X X, W)Ufx, 1, (Y X W)
defined by the rule ([a],w) ~ [(a,w)] is a homeomorphism. That is, (X U;
V)X W2 (X X W) Upx 1 (Y % W),

Proof: Let (X U;Y)x, W have the adjunction space topology coinduced by
(rpoix) X lw : X X, W = (XU Y)x, Wand (rpoiy) X, lw : Y X, W —
(X U;Y) x, W. Then the function 8 is such that for each z € X, y € Y and
weW

i

Bo ((ﬂ-f °© iX) Xx 1W)(I7w) B([a],w) = [(avw)] = Tfxxiw © iXXxW(xaw)’

Bo((msoiy) Xy lw)(y,w)

Il

B(la], w) = [(a, w)] = Tpy1y © by, w (Y, ).
Where both composites msx 1, © ixx,w : (X Xy W) = (X X W) Upy, 1y
(Y x W) and mpx 14 0ty w i (Y Xx W) = (X X W) Upy 1y (Y W) are
continuous. It follows by 2.18(v) that 3 is continuous.

Consider the function 87! defined by [(cr,w)] ~» ([@],w). For each z € X,
ye€YandweW

B71 e (Tixerw o ixx,w)(@,w) = 871 ([(@, w)])
= (le],w) = (7 0 ix) Xy lw(z, w),
B o (T pxery © tyww)(y, w) = 871 ([(@, w)])
= (la],w) = (7 0 dv) Xy Iw(y, w).
Thus 871 : (X X W)Usx, 1w (Y x4 W) = (XUfY)x W is continuous. Clearly
we have B0 37! =1 and 8710 B = 1. Hence B is indeed a homeomorphism,

Le. (X ULY) Xy W= (X Xy W) Ups 1 (Y X, W). m
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5.7 Expanding sequence of subspaces and prod-

uct commutativity

Theorem 5.8 Let W be an arbitrary space, let X be the union of an ezpanding
sequence of subspaces, i.e. X =UX;, and X; is closed in Xy, for all j. Then
X x4 W is the union of an ezpanding of sequence of subspaces. We have
Xx W=UX; x W) with X; x, WC Xy x, WC Xax, WC..., and
X; Xy W is closed in X;1 X, W for all j.

Proof: It follows, via 5.4. that this is a special case of 5.1 with ¢g; = 1; :
Xj — X. [ ]

Corollary 5.8.1 In addition to the hypothesis of 5.8, suppose that either (i)
W s a locally compact-Hausdorff space or (ii) XxW is a cg-space. Then XxW
is the union of an expanding sequence of subspaces, i.e. X xW = [J(X; xW)
where X1 xW C XoxW C XaxW C ...

Proof: ~ The proof of this result is similar to 5.1.1, but follows from 5.8. W

5.8 Identifications, pullbacks and subspaces 1

To complete the final sections of this work it is necessary to introduce some

notation from [2]. Let X and Y be arbitrary spaces, A be a subspace of Y,
and p: X = Y be a map. Denote the subspace p~!(A) of X by X|A, and the

restriction of p to X|A by p|A.
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Proposition 5.9 If p : X — Y is an identification and A is a closed (or
open) subspace of Y, then p|A: X|A = A is an identification.

Proof: ~ Suppose firstly that A is closed. The following square commutes.
B . ¢

plA p

A————Y

Now p: X — Y is continuous by 2.11(i). Then p|A is the restriction of p
to X|A, hence it is continuous. Let W be a subset of A, it follows from the
continuity of p|A that if W is closed in A then (p|A)~!(W) is closed in X|A.

Suppose that (p|A)~!(W) is closed in X|A. It follows from (p|A)"}(W) =
p~ (W) and 2.11(ii) that W is closed in Y. Hence W is closed in A as a closed
subspace of ¥ and the result follows by 2.11(ii).

The proof of the result employing the open condition of the hypothesis

follows in a similar manner. [ |

Recall that the usual topology on X MY is the subspace topology relative
to the inclusion i : X MY — X xY.

Definition 12 Let X M, Y denote the set X MY with the subspace topology

relative to the inclusion 1 : X MY — X x, Y.

Theorem 5.10 Let Xi, X, and W be arbitrary spaces and B be a Hausdorff
space. Also, let p; : X; = B, ps : Xo = B, and ¢ : W — B be maps;
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p: X; = X2 be an identification; and 1w be the identity map on W. Then
py 1w : Xo O, W — Xy My Wois an identification.

Proof:  There is the following commutative diagram.

XMW e Xy, W
pﬂxlw pxxlw
szXW;’XQXXW

P2 Xx q D2 Xx q

AB — Bx,B

B is Hausdorfl, thus AB is closed in BxB. It follows from 3.21 that AB is
closed in B x, B. Now p; X, q: X; x, W — B x, B is continuous by 3.13, and
it follows that (p; X, ¢) ™' (AB) = X,M, W is closed in X; X, W. Theorem 5.5
ensures that p x, 1w : X; x, W — X, x,, W is an identification. Then the

result follows by 5.9. [ |

Corollary 5.10.1 In addition to the hypothesis of 5.10, suppose that either
W is a locally compact-Hausdorff space or (ii) Xox W is a cg-space. Then
pMlw : XMW — Xo MW is an identification.

Proof:  The proof of this result is similar to 5.1.1 and follows from 5.10. M
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Corollary 5.10.2 Let X,, X,, Y, and Y; be arbitrary spaces and B be a
Hausdorff space. Also, let py : X1 = B, po: Xo = B, 1 : Y1 = B and
q : Yy = B be maps, and p : X; — X, and q : Y = Y, identifications.
If either (i) X, and Y, are locally compact-Hausdorff, or (ii) X, and Y; are
locally compact-Hausdorff, or (i) XoxYy and Xy xY, are cg-spaces, or (iv)
both X1 xY; and X,xY; are cg-spaces. Then pMg: X;NY, — X;MNY; s an

identification.

Proof:  The result is proven for (i) only. The proof using condition (iii) uses
a similar argument and follows via 5.10.1(ii).

For (i), it follows by 5.10.1(i) that pM1ly, : X;MY; = X, MY, and M1y, :
Y, N X, — Y,M X, are identifications. Moreover, 1x,Mq: X,MY; = XoMYs is
an identification by the commutativity of the standard product topology. The
mapping plg : X;MY; — X2MY; can be factored into the above identifications,
ie. pfg=(pMNly)e(lx, Mgq). Hence the result follows from 2.12.

For (ii) and (iv), it is necessary to factor pfg: X; MY, — X3 MY, as the

composite of the identifications 1x, M ¢ and p M ly,. |

5.9 Identifications, pullbacks and subspaces 11

Consider the following special case of the definition 12 where B MY is the
pullback of maps ¢: Y — B and 1g: B — B.

Lemma 5.11 Let Y be a cg-space. Then ¢*(1g) : BN, Y — Y is a homeo-
morphism that identifies (15)*(q) : BNy Y — B with q.
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Proof: It follows from 3.14 that 7y : B X, Y — Y is continuous. Then
q*(1p) is the restriction of my to BN, Y, and hence it is continuous.
The following diagram commutes for all K € CH, k € Map(K,Y) and

yevY.

K Bx K
(qok,1k)

k 1xk

Br,Y c—— Bx,Y
(g,1y) g

The composite (1xk)o(gok, 1x) : K — Bx,Y is continuous. It follows that the
composite 10 (q,1y)ok : K = B X, Y is continuous. Characterization 3.4(iii)
ensures the continuity of the composite 10(q,1y) : Y — B x, Y. Hence 1.9(ii)
ensures the continuity of (¢,1y): Y — BN, Y.

Now ¢*(1p) : BN,Y — Y is continuous and its inverse (g, ly) is continuous.

So ¢*(1pg) is bijective, and hence is the desired homeomorphism. |

Definition 13 Let Y!,Z denote the set |J,.g Map(Y'|b, Z) with an initial

topology relative to the functions

qZ:Y'Z — B defined by (q!Z)(h)=b where h:Y|b— Z, and
0:Y!Z — Map, (Y,Z%) defined by i(f)= f* where f € Map(Y|b, Z).

It is possible to generate a modified exponential law type result involving

XN,Y and Y, Z.
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Theorem 5.12 : Fibred x-Exponential Correspondence
Let X, Y, and Z be arbitrary spaces and B be a Hausdorff space. Let
p: X = Band q:Y — B be maps.
() If f : XN, Y — Z is continuous, then the function f': X — Y, Z
defined by
f'(@)y) = flz,y) VzeX, VyeY,
is well defined and continuous.
(%) If ' : X = Y, Z is continuous, then the function f : X, Y = Z
defined by
flz,y) = f(e)(y) Vee X, Vyey,

is well defined and continuous.

Proof: (i) Let f : XM, Y — Z be a map. Then f can be extended to a map
f:XxxY—>Z“’ given by

Fle,y) = { flz,y) if p(z) = q(y),

w otherwise.

It follows by 4.12 that the rule f(z,y) ~ f’(z)(y) defines a map, f': X —
Map, (Y, Z*). Note that f'(z)(y) = w whenever p(z) # q(y).
Define a function f': X — Y1, Z by

, ) Py ifp(e) = aly),
f=)(y) = ,
undefined  if p(z) # q(y).
So fi(z)(y) = F(2)w) = flz,y) = f(z,y) if and only if p(z) = q(y). I
p(z) = b, then f’ is defined for each y € Y'|b. Now (¢l,Z) o f' = p and

io f' = f'. Now both p and f" are continuous, so f’ is continuous by 1.3.
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(ii) Suppose on the other hand that p and f’ are continuous. We reverse
the argument in (i), in the sense that a map f' : X = V!, Z can be extended to
amap f: X — Map, (Y, Z*), which determines an f and hence the required
f.

The result follows from (i) and (ii) above. |

Theorem 5.13 Let Y be an arbitrary space, X be a cg-space, and B be a
Hausdorff space. Let f : X — B be a map and ¢: Y — B be an identification.
Then g*f : Y N, X — X is an identification.

Proof: It will be proven that ¢*f : Y M, X — X satisfies 2.11(iii). Let Z be
an arbitrary space and g : X — Z be a function. Suppose that g is continuous,
then g o (¢* f) is continuous.

Now, suppose that g o (¢*f) is continuous. It follows from 5.12 that there
is a continuous map, (go (¢*f)) : Y — X!, Z defined by

(9o () (W)(z) =go (g f)(y.2) =g(z) VyeY, vVzeX.
Define a function g, : X|b — Z by
g(z) =goixp(z) Ve e X suchthat f(z)=0b.

It follows from 3.13, 3.14, and the continuity of g o (¢*f) that the following

diagram commutes.

(Y 16) x (X]b) —= ¥ 1, X
yp Xx tX1b
X go(q"f)
X|b Z

9b
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The continuity of g follows from the commutativity of the diagram and 2.11(iii),
since mxp ¢ (Y'|b) Xy (X]b) — X|b is an identification by 3.15.
So the rule b ~» g, where g, € X!, Z is a well defined function. Let

ge : B = X!, Z represent this function. Then the following triangle commutes.
X\ Z

(go(qf))
G

Y

B
q

So g. is continuous by 2.11(iii). Next 5.12 ensures there is a continuous

map ¢, : BN, X — Z given by
gu(b,z) = go(b)(z) Vz € X such that f(z) =b.

Lemma 5.11 now ensures that the the map (f,1x) : X - BN, X is a

homeomorphism. Moreover, for every f(z) = b

g o (f; 1x)(2) = 6u(b,2) = g.(b)(2) = gs(z) = g © 1xpp(2) = g(x).

Hence g : X — Z is continuous and ¢*f : Y, X — X is an identification. W
Corollary 5.13.1 The map ¢*f : YN X — X is an identification.
Proof:  The result follows from 5.13, and 2.13 by way of 3.21. |

Corollary 5.13.2 Let Y be a space, B a Hausdor{f space, and A a compactly
generated subspace of B. Let ¢ : Y — B be an identification. Then ¢|A :
Y|A — A is an identification.
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Proof:  This is a special case of 5.13 with X = AC Band f=1: 4 < B.
|




Chapter 6

Conclusion

6.1 Closing thoughts and questions

The theory presented in this work contains some improvements on known
results, in particular the results concerning locally compact-Hausdorff spaces
and some results concerning y-open topologies. It is the intention of the author
to reformulate some of these results for publication.

This study undertaken in this thesis is by no means complete. Indeed, one
can explore further examples of commutativity of final and initial topologies.
An immediate open question would be to determine sufficient conditions for a
general result concerning Initial and Final Topology Commutativity. Another
question arising is the possibility of replacing the x versions of product and
mapping space topologies with ’local’ x versions, i.e. consider incomiﬁg maps
from the class of a locally compact-Hausdorff spaces. Would our theory work

in this context?

91
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6.2 Historical notes concerning the y-product

The x-product of two spaces, X and Y, as defined in section 3.4, is a particular
case of the A-product, Definition 1.1 of [3]. In our case, we take A to be the
class CH of all compact Hausdorff spaces. The A product traces its origin to
the S-product of [8].

Several of our x-product results are particular cases of results in [5]. We
list these coincidences here. Proposition 3.16 and 3.17 are particular cases of
Proposition 1.2. Propositions 3.24 and 3.25 are particular cases of Proposition
3.3. Proposition 3.28 is a particular case of Proposition 1.4. Propositions 4.5
and 4.9 are particular cases of Propositions 2.3 and 2.1 respectively. And

Theorems 4.10 and 4.12 are particular cases of Theorem 2.4.
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