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Abstract

In this thesis we study the Morris-Lecar equations with delay. We modify the
original Morris-Lecar ODE model to simulate delayed recurrent (inhibitory
and excitatory) feedback in a appropriate neuro—muscular feedback loop. The
loop consists of two neurons and a muscle fibre, whereby a neuron excites
a muscle fibre, which influences a second neuron which in turn excites or
inhibits the first neuron. The effects of feedback are described in terms of the
voltage across the membrane of the muscle fibre. The model is formulated
in terms of delay differential equations with a single discrete time delay to
account for impulse conduction and synaptic delays, and assumes the muscle
fibre possesses two noninactivating conductances, one for Ca** and one for K+.
Each single-ion conductance system with delay is studied before analysing the
model with both conductances operational. A dynamical systems approach is
used to analyse the bifurcation structure of the systems as the delay parameters
(p and 7) are varied, using both analytical and numerical techniques. The
systems with delay are more complex than their non—delayed counterparts,
and exhibit stability switching of equilibria, Hopf bifurcation leading to stable
soft and hard oscillations, and multistability. The direction and stability of

Hopf bifurcations are determined by applying the normal form theory and



i

the centre manifold theorem. Biophysical interpretation of results are also
included. Applicability and limitations of the model are discussed, along with

suggestions for future research.
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Introduction

Physiological systems use feedback as a control mechanism to regulate im-
portant functions. Virtually all essential processes employ feedback, includ-
ing enzyme synthesis, production of red blood cells, and neural interactions.
A feedback model for the regulation of enzyme synthesis was introduced by
Goodwin [15], and modified by Landahl [23] and MacDonald [27]. Models
describing the control of production of red blood cells were initially studied by
Chow [5], and subsequently modified by Mackey and Glass [28]. The subject
of neural feedback loops has a rich and extensive literature. A survey of re-
sults and literature in this area appears in [2]. As most biological cycles and
interactions involve electrical and/or chemical signals from the nervous and
endocrine systems, most feedback loops are subject to temporal delays arising
from transport and processing of such signals. For a nice overview of delays
and feedback in physiological systems, see [1] and references therein.

Delay differential equations (DDEs) provide an appropriate setting in which

to formulate models with inherent time delay, since they incorporate non-
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instantaneous interactions. Many models have been developed which demon-
strate the profound influence which time delays can have on the qualitative
behavior of biological systems. Delay equations are capable of richer dynamics
than ordinary differential equations (ODEs). Introducing a delay to an ODE
system can lead to instabilities in the solutions, and even lead to oscillations
or chaotic behavior in such models.

In this thesis, we investigate an electrophysiology model with delayed re-
current feedback, a phenomenon commonly encountered in the nervous system
used to coordinate electrical and mechanical processes. In particular, we con-
sider a neuro—muscular feedback loop involving two neurons and a muscle fibre.
An excitatory neuron E activates a muscle fibre M, which in turn influences
a second neuron (or interneuron) I, that either excites or inhibits the firing
of E. Due to finite conduction velocities and synaptic transmission, the influ-
ence of I on F and then F on M, is not instantaneous, and depends on the
activity of M at a time 7 in the past. The effects of the recurrent feedback
are studied by examining the potential difference (voltage) across the cellular
membrane of the muscle fibre. The differential equations used to describe the
voltage across the muscle fibre membrane are based on the Morris—Lecar Equa-
tions [24]. The original Morris-Lecar model is based on the historical model
developed by Hodgkin and Huxley [21] to describe conduction and excitation
in nerve. In the following sections, we introduce both the Hodgkin-Huxley and
Morris—-Lecar models, and formulate our model of the Morris-Lecar equations,

modified to simulate delayed recurrent feedback.
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1.1 The Hodgkin—-Huxley Equations

In the 1950’s, Hodgkin and Huxley {21] developed a physiologically based,
quantitative model describing the propagation of an electric signal along a
squid giant axon. The first of its kind, their model accurately detailed the
dynamics of the action potential from a phenomenological viewpoint, and is
therefore capable of explaining the behavior of excitable cells. Excitable cells,
such as neurons and muscle cells, respond to a sufficiently strong stimulus (ap-
plied current or synaptic input) whereby the membrane potential goes through
a large excursion before returning to rest. This large excursion is an action
potential, which is an electrical signal. The ground-breaking work of Hodgkin
and Huxley was an important landmark, and not only had a major influence
on electrophysiology, but on the applied mathematics of excitable systems as
well.

The general approach taken by Hodgkin and Huxley was to model the cel-
lular membrane as a capacitor in parallel with an ionic current. In particular,
the Hodgkin—Huxley neuron model incorporates two nonlinear voltage- and
time—dependent ion conductances, one to describe the fast sodium (Na*) cur-
rent, and one for the slow potassium (K*) current. The remaining ions present,
which play no significant role, are lumped together into a membrane leakage
conductance. The parameters and functions governing these conductance sys-
tems were measured and fitted from empirical data based on space-clamp
and voltage—clamp experiments conducted by Hodgkin and Huxley. The full
nonlinear system involves four ODEs, one describing the membrane potential
which is coupled to three auxiliary equations used to describe membrane gating

variables which affect the ionic conductances (commonly known as “relaxation
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variables”). The full Hodgkin-Huxley system is given by
) = —gnTN h(v - VNa) - gKn4(V - VK) - .@L(V - VL) + Iy,
m(t) = om(V)(1 ~m) = Bu(V)m,
(1.1.1)
A(t) = @ (V)(L = 1) = Ba(V)n,
h(t) = (V)1 = h) = Ba(V)h,

The functions o and S describe the kinetics of the relaxation variables, and

are logistic and exponential functions given by

25—V
am(V) =015,
e 1w —1
B (V) = de™ 15,
an(V) = 0.07¢™ 2,
1 (1.1.2)
Br(V) = paneg
+1
1 Vv
an(V) = 0.01———————#1(?_” ,
e 16 -

Ba(V) = 0.125¢7 %0

In (1.1.1), V is the membrane potential, m, n, and h are ion gating variables,
Iy is the applied current, and Vj., Vk, V. are equilibrium potentials. The
sodium conductance is a function of the m and h gating variables, and is of
the form gy, = Gn.m>h. Here, the gy, is a conductance constant and the term
m2h describes the fraction of open Nat channels, where each channel consists
of three m gates and a single A gate. Each potassium channel consists of
four n gates, and so the n* term indicates the fraction of open K* channels.
The overall potassium conductance is described by the equation g, = gxn®.
Furthermore, the sodium conductance is inactivating, meaning that when the

membrane potential is high, the Nat—ion gates close to shut down the sodium
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conductance. The variable m is the sodium activation variable, and % is the in-
activation variable. The potassium conductance does not display this feature,
and so this conductance is noninactivating, with n as the activation variable.

Mathematical analysis of the Hodgkin-Huxley system (1.1.1) is difficult,
since the system is 4-dimensional. However, many researchers have modified
the equations so that they are easier to study, but successfully capture the
dynamics of the full system. One route popularized by FitzHugh [12, 13],
and Nagumo [31] in the 1960’s involves analysing a 2-dimensional analogue of
(1.1.1), by taking advantage of the different time scales of the two conductance
systems. The V' and m variables are fast—acting while n and A are slow. This
allows one to reduce the dimension and consider a fast—fast sub-system, where
V and m are varied and n and h are essentially fixed, and a fast-slow sub-
system, where the slow variables are combined and the fast variable m is
considered to act instantaneously. There has been considerable work done on
both of these simplified systems, and both successfully reduce the dimension of
the system while retaining some of the key features. There is a vast literature
devoted to the analysis of the Hodgkin—Huxley equations, and the bifurcation
structure of the model has been investigated in detail. Refer to [33] and

references therein for more details.

1.2 The Morris—Lecar Equations

The Morris-Lecar model [24] is a Hodgkin-Huxley type model developed to
describe voltage oscillations in barnacle giant muscle fibre. The model employs

two nonlinear, non-inactivating, voltage-dependent conductance systems, one
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for calcium Ca?* and one for potassium K*. Calcium and potassium play
important roles in electrical activity in muscle, in contrast to sodium and
potassium in the Hodgkin—-Huxley neuron model. Like the Hodgkin-Huxley
model, the Morris—Lecar model is quantitative and physiologically based, de-
veloped using voltage— and space-clamp experimental techniques. The system

consists of the following three non-linear differential equations

A%
C—(—i%— = _gcam(v _ VCa) — gK?’L(V - VK) - gL(V - VL) _I_ I

1in(t) = An(V) [roe(V) — ] (1.2.1)
2(t) = A (V) [0 (V) = 1],
where V = V (¢) represents the voltage across the membrane, and the variables
m = m(V(t)) and n = n(V(¢)) represent the fraction of open Ca?" and K*
channels, respectively. The functions A, (V), A (V), m (V) and n(V), fitted

using experimental data, are given by

| Am(V) = A cosh (VQI/ZVI)

| meo(V) = % [1 + tanh (V ;2‘/1)} (1.2.2)
L
| M(V) = A cosh <V2;:/3>

¢ oo (V) = % [1 + tanh (V‘;Vgﬂ | (1.2.3)
S

The gating variables m and n are analogous tc the m and n activation
variables in Equation (1.1.1), but here each calcium and potassium channel
are both composed of a single gate. The model parameters are listed below,

and parameter values used in [24] are based on experimental data.
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List of Model Parameters

V = membrane potential in millivolts, (mV)

m, n = fraction of open Ca** and K* channels, respectively

9, 9k, s = instantaneous conductance values for leak, K*, and Ca?+
pathways, respectively (mmho/cm?)

Vi, Vi, Vo = equilibrium potentials corresponding to leak, K+, and Ca?*
conductances, respectively (mV)

Meo(V), noo(V) = fraction of open Ca?* and K* channels at steady state
A (V), An(V') = rate constant for opening of Ca?* and K* channels, (s™)
Am, Ap, = maximum rate constants for Ca** and K* channel opening (s7')
V1, V3 = potentials at which my = 0.5, ny = 0.5, respectively (mV)

Va, V4 = reciprocal of slope of voltage dependence of my, and ne, resp. (mV)
C = membrane capacitance, (uF/cm?)

I = applied current (uA/cm?)

Morris and Lecar compared numerical simulations of (1.2.1) to their own
experimental results, and found that they were in good agreement. Therefore
their model had the power to accurately describe voltage responses of muscle
fibre. To simplify the analysis, they first considered separately the dynamics
of each conductance system in isolation from the other. This was done to
gauge the contribution of each conductance system to the model with both
systems operational. To prove that voltage oscillations are possible with both
conductance systems active, Morris and Lecar successfully reduced the dimen-
sion of the system to two, and in doing so were able to invoke the theory of

Poincaré and Bendixson. They were also able to establish domains of oscil-
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latory behavior by varying certain model parameters, and to interpret their
results biologically. Mathematical analysis of the original ion conductance sys-
tems, as well as the full two-dimensional Morris-Lecar model, is included in
this thesis for comparison with the Morris—Lecar model with delay.

The Morris-Lecar model, although relatively simple with only two non-
inactivating conductance systems, is quite versatile and exhibits a diverse spec-
trum of behavior when considered over a broad range of parameters. These
include bistability and hysteresis, excitability and threshold behavior, and
beating and bursting oscillations. A detailed study of these behaviors, as well
as the bifurcation structure of the Morris—Lecar model, is conducted by Rinzel
and Ermentrout in [34]. Tsumoto et al. further investigate bifurcations of the
Morris—-Lecar model in [39]. Most work done using this model has been done
treating I, the applied current, as a bifurcation parameter. External stimulus,

while artificial, can effectively simulate excitatory synaptic input.

1.3 Formulation of the Model

The model we propose is derived from the pre-existing Morris-Lecar ODE
model. We intend to modify the Morris—Lecar equations by adding a suitable
delay term to simulate the effects of delayed recurrent feedback . Here, we
discuss physiological models with delayed feedback as a means to motivate
our modification of the Morris—Lecar equations.

The phenomenon we consider is a time-delayed recurrent loop composed
of a muscle fibre and two neurons, depicted schematically in Figure 1.1. The

excitatory nerve cell E initiates an action potential which stimulates the muscle
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fibre M. If the signal received by the fibre M is above a certain threshold,
then an action potential is generated, and will propagate along with membrane
of the muscle fibre, causing muscle contraction. The depolarization of the
membrane excites the interneuron 7 in close proximity to the muscle fibre.
The synapses of I impinge upon F after a time delay 7, and either excite or
inhibit it. This completes the feedback loop, and in this way contraction of

the muscle fibre is controlled through delayed feedback.

AR

Y >

E
(__f Muscle Fiber
I

Figure 1.1: Schematic diagram representing the time—delayed recurrent neuro—

muscular feedback loop.

We note that the phenomenon of recurrent inhibition is more commonly
observed in physiological systems than excitation [29, 32]. Plant {32] comments
that recurrent neural excitation might be responsible for causing seizures in
the hippocampus. This might indicate that, in some physiological systems,
recurrent excitation can have a destructive rather than a mediating influence,
and may lead to unstable behavior.

A model describing recurrent neural feedback in a system of two neurons
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is considered by Plant [32] by implementing a delay into the FitzHugh equa-
tion [13]
) 1,
t=v— 0" —w+1,
3 (1.3.1)
W= plv+a— bw.
In (1.3.1), v represents membrane potential, w is an inactivation variable, a, b,
and p are parameters, and I represents the membrane current. In this model,
neuron 1 excites neuron 2, which in turn excites or inhibits neuron 1. To
simulate synaptic feedback, Plant proposes the following modification:
L,

GO = =g O O ) e

In (1.3.2), the magnitude of ;1 measures the strength of the feedback, and
1t > 0 represents excitatory feedback, while 4 < 0 inhibitory feedback. The
time delay 7 > 0 is to account for the delay due to conduction time(s) and
synaptic delay. The appearance of vy in the delay term pfv(¢t —7) — vp) results
from the assumption that the magnitude of the current induced by the feedback
is proportional to the distance of the voltage v from the resting potential v
of the gsystem in the absence of feedback. Furthermore, Plant considers only
“moderate” values of 4 and 7, and imposes the restriction
T> —/;5 )

where 515 measures the relaxation time of the system. This is based on an

assumption that combined synaptic and conduction delays in a neural feedback

circuit are greater than the duration of a single action potential.
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In his investigation of (1.3.2), Plant focused on equilibrium point stability
for 7 > 0, and treating u and 7 as bifurcation parameters, on the appearance
of periodic solutions via Hopf bifurcation. Direction and stability of the Hopf
bifurcation(s) was also studied, using the normal form method and the center
manifold theory developed by Hassard, Kazarinoff and Wan [20]. The results
indicated that Hopf bifurcation occurs in the presence of both inhibitory and
excitatory feedback, and both bifurcations are supercritical and branch to
stable oscillations. Furthermore, the Hopf bifurcation structure of the model
depends on the pair of delay parameters u and 7. Similar results for both
¢ > 0 and p < 0 are most likely due to symmetry in this simple system.
Stable oscillations resulting from delayed recurrent inhibition are a result of
anode break excitation, a commonly encountered phenomenon whereby the
membrane rebounds from a strong hyperpolarization to generate an action
potential upon removal of that hyperpolarization [32]. Plant comments that,
while this model and assumptions are restricted in their application to actual
physiological systems, it does successfully describe the dynamics of recurrent
neural feedback, and does provide insight into the behavior of more complex
models.

To investigate the properties of multistability arising in delayed recurrent
loops, Foss et al. [14] looked at a simple integrate-and-fire neuron model with
delay, and, more notably, the classic Hodgkin—Huxley model with delay. Inter-
ested primarily in recurrent inhibition between a population of two neurons,
their research largely consisted of numerical simulations to study the possibil-
ity of encoding memory into temporal patterning of neural spike trains. They

found that multistability in delayed recurrent loops can arise from two different
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mechanisms, depending on whether the neuron is in the excitable or periodic
regime in the absence of recurrent input, which is determined by the value of
the applied input current. They considered a loop with a time delay 7, and
commented on results obtained by selecting 7 less than and greater than the
response time of the system. However, their main interest was to identify how
changes in the initial function ¢ on the delay interval [—7, 0] propagate in the
solution, where ¢ is given the form of neural spike trains.
The modification to the Hodgkin—Huxley equations Foss et al. proposed
to simulate this delayed recurrent feedback was the following
CV (1) = —gnam®h(V = Vo) = gun*(V = i) = gu(V = ) + Iy
—uV(t—1)
m(t) = am(V)(1 = m) — fn(V)m (1.3.3)
(1) = an(V)(1 = n) — Bu(V)n
h(t) = an(V)(1 = ) = Bu(V)h,
where the functions «, §, variables and model parameters are given in (1.1.2).
The term —pV (t—7) is a feedback function which simulates delayed recurrent
feedback with time delay 7 > 0, |uz| denotes the strength of the feedback, which
is inhibitory for u > 0, and excitatory for 4 < 0. Note that the sign convention
of p is opposite to that employed by Plant [32]. System (1.3.3) represents the
simplest modification of the original Hodgkin-Huxley system to imcorporate
delayed recurrent feedback.
Mackey and an der Heiden investigate the dynamics of recurrent inhibi-
tion in {29]. They propose a model for a recurrent inhibitory neural feedback
system using nonlinear DDEs. The model consists of three populations of

neurons: presynaptic fibres which excite the postsynaptic cells, and inhibitory
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interneurons which are activated by the postsynaptic cells. In turn, the in-
hibitory interneurons inhibit the postsynaptic cells. In particular, Mackey and
an der Heiden model the dynamics of the inhibitory post synaptic potential
(IPSP), to relate the frequency of arrival of action potentials at the interneu-
ron synaptic terminals to the frequency of generation of action potentials in
the postsynaptic cell. The feedback loop is delayed, since a finite time delay
is required for activity in the postsynaptic cell to be translated into activity
at the synaptic terminals of the inhibitory interneuron.

As a specific example, recurrent inhibitory feedback with delay is used to
describe the excitatory—inhibitory neuronal interactions involving three pop-
ulations of neurons of the hippocampus. Here, the presynaptic mossy fibres
excite the CA3 pyramidal cells, which in turn excite the interneural basket
cells. The basket cells then inhibit the pyramidal cells via the neurotransmit-
ter GABA (y-amino butyric acid) after a finite time delay 7(> 0), to account

for impulse conduction and synaptic transmission. Their model is of the form

X = falt—7) ~ az() (1:34)

where the feedback function f is a non—monotone, “humped” function of
z(t — 7). This implies that the the feedback is of mixed type, a combina-
tion of both positive and negative feedback. Using analytical and numerical
methods, they detected interesting behavior, including periodicity and deter-
ministic chaos. The model proposed in [29] does not simulate exactly the same
type of feedback as we are interested in, nor does it directly involve voltage
across cellular membranes. It does, however, involve the process of recurrent
inhibition in a population of more than two neurons, and therefore serves as

a good example of this process which we hope to implement in our model.



CHAPTER 1. INTRODUCTION 14

Longtin and Milton [26] use a nonlinear DDE to model the human pupil
light reflex with negative feedback. This reflex is governed by a neural feedback
control mechanism, and exhibits a wide range of dynamical behaviors.

The feedback loop operates as follows. Pupil size is controlled by a bal-
ance between constricting and dilating mechanisms. Constriction is caused
by contraction of the pupillary constrictor muscle. This muscle is innervated
by parasympathetic fibres, and is controlled by the Edinger-Westphal motor
nucleus (in the oculomotor complex in the midbrain). According to Longtin
and Milton, retinal light flux is transformed, after a time delay 7., into neural
action potentials which travel along the optic nerve. The afferent neural action
potential rate gives rise to an efferent neural signal which is produced by the
Edinger—-Westphal nucleus after a time delay, 7;. The efferent neural signal is
conducted to the pupillary constrictor muscle by parasympathetic fibres which
generate muscle action potentials via the neurotransmitter acetylcholine. This
initiates contraction of the pupillary constrictor muscle, after a time delay 7,,.
Pupil dilation is then regulated by two neural mechanisms, one which operates
by inhibition of the activity of the Edinger—Westphal nucleus by sympathetic
fibres. This inhibition then decreases the efferent neural signal which initiates
contraction of the pupillary constrictor muscle.

Thus, the pupil-light reflex functions as a time-delayed negative feed-
back system. This system involves two populations of neurons (the Edinger—
Westphal nucleus along with the parasympathetic fibres, and the sympathetic
fibres) and a muscle fibre, and controls the size of the pupil, thereby regulating
the amount of light which enters the eye. The total time delay of the model,

the pupil latency time, is simply the sum of the time delays discussed, i.e.
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T = T, + Tt + Ty, The nonlinear DDE model developed by Longtin and Milton
is of the form (1.3.4), and stability and bifurcation analysis of their model re-
vealed that stable periodic solutions arise via supercritical Hopf bifurcation as
the equilibrium point of the system loses stability. This was observed in both
cases of symmetric and asymmetric pupil light reflex. While no additional bi-
furcations were detected after the Hopf bifurcation in numerical simulations,
they point out that other bifurcations leading to additional periodic, quasiperi-
odic, and chaotic dynamics may occur as parameters are varied.

The model formulated and analysed in [26] does not study the pupil-light
reflex in terms of voltage across the membrane of the pupillary constrictor
muscle. However, the reflex does involve neuro—muscular interactions in a
delayed negative feedback loop, involving multiple neurons (or populations
of neurons) and the pupillary constrictor muscle. This is, in principle, the
anatomical phenomenon we are hoping to model by adding a delay to the
Morris-Lecar equations, and therefore represents an actual physiological pro-
cess to which our model might be applied. It also provides insight into the
stability and bifurcation analysis of a physiological model involving nonlinear
DDEs.

These observations suggest that an appropriate modification to the Morris—

Lecar equations to simulate delayed recurrent feedback is

dv
Cfét— = —goa(V = Voo) — gun(V = Vi) — gV — Vo) + pV (i — 7}

m(t) = An(V) [moo (V) — m] (1.3.5)
(t) = An(V) [neo(V) — 7]
where the functions me(V), nieo{V), Am(V) and A, (V) are given in (1.2.2),

(1.2.3), and model parameters are introduced in the List of Model Parameters
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in section 1.2. The term pV (¢t — 7) represents the feedback function of the
system, F(V (¢ — 7)) = pV{(t — 7). The parameter |y| measures the strength
of the feedback signal: p > 0 represents excitatory feedback, for which the
feedback function is monotone increasing, while I is monotone decreasing for
4 < 0, which corresponds to inhibitory feedback. In either case, the feedback
signal is subject to a time delay 7 > 0, which recognizes the non—instantaneous
interactions associated with the feedback. Note that the applied current, 7,
which plays and important role in the original Morris—Lecar equations (1.2.1)
without delay, does not appear in the delay model (1.3.5). Therefore, our
analysis of the Morris-Lecar model with delayed recurrent feedback is carried
out in the absence of applied current. This is done to limit the number of
parameters which influence the system. Furthermore, we consider two distinct
types of model parameters. Static parameters, which we do not vary, are those
which are described in the List of Model Parameters. For these parameters we
select a standard reference set of typical parameter values, cited in [24]. The
dynamic parameters, which we do vary in our analysis, are those associated
with the additional feedback term in (1.3.5), namely u and 7. We wish to
study the dynamics of the model as these parameters are varied, and in doing
so we hope to isolate the effects of the delayed recurrent feedback, and compare
them to the original model without delay. We note that system (1.3.5) does not
account for spatio—temporal aspects of a distributed muscle fibre membrane.
Therefore the investigation of the model in this thesis applies only to a space—
clamped patch of sarcolemma membrane.

Of course, there are limits on the values of p and 7 for which (1.3.5)

could be considered physiclogically realistic. For example, the strength of the
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feedback signal || would certainly be bounded, as well as the value of the
time delay 7. However, establishing suitable parameter ranges on ¢ and 7 is
of secondary concern here, and the main goal is to study the dynamics of the
model, to determine whether a physiologically based, quantitative model such
as the Morris-Lecar equations (1.2.1) can support delayed recurrent feedback.
Therefore, in our investigation we do not impose too many restrictions on these
dynamic parameters. In particular, we consider i € R, and only require that
the time delay be positive, 7 > 0. Note that we do not impose the restriction
that 7 be larger than the response time of the system, as Plant does in [32].
Since we are using a specific set for the other model parameters, the results
obtained are largely restricted to that particular set. However, in the analysis,
an attempt is made to generalize the results to an arbitrary set of model
parameters (which obey certain physiological criteria) whenever possible.
System (1.3.5) is a set of three differential equations, two ODEs both cou-
pled to a DDE with a single discrete time delay. The results obtained from
other nonlinear delay differential equation models describing delayed feedback
indicate the presence of rich dynamics and bifurcation structure, with multi-
stability and periodicity being the most common and widely observed. In our
analysis of (1.3.5), we interest ourselves primarily in the number, location, and
stability of equilibria of the system, as u and 7 are varied. To investigate these
properties we use both analytical and numerical techniques. Also, since the
main motivation behind the development of the original Morris-Lecar model
was to describe voltage oscillations in muscle fibre, and given the propensity
to which similar models display periodicity, we take a vested interest in ex-

amining the potential for oscillations in the model with delay. Of course, the
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presence of additional dynamical phenomena arising as a result of the feedback
will also be addressed.

In [24], Morris and Lecar first analyse the potassium and calcium con-
ductance systems in isolation before considering the model with both con-
ductances operational. Determining the dynamics of each sub-system before
combining them provides insight into the contribution of each component to
the full model. Then, Morris and Lecar study a reduced, two—dimensional
model which incorporates both nonlinear, voltage-dependent potassium and
calcium conductance systems. This reduction, described in Chapter 4, simpli-
fies the analysis of the model dynamics, by confining them to the (V, n)-phase
plane. In the same fashion, we follow similar steps in our investigation of
the model with delay, in that we provide a detailed analysis of each isolated
conductance system, and then turn to the two—dimensional reduced model
employing both conductances.

With the derivation of the modeling equations in place, we present a brief
discussion of DDEs before our analysis of the Morris-Lecar equations with

delay.

1.4 Delay Differential Equations (DDEs)
Autonomous ODEs with independent variable time ¢ are of the form

z(t) = flx(t), m), (1.4.1)

where z(t) € R*, n € R*, and f : R* x RF — R*. In (1.4.1), n € R* is
a k—dimensional vector containing real parameters, and the n components of

z(t) are all real-values functions of ¢. Within systems of ODEs, both the
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state variable x and its derivative £ depend only on ¢, the current time of the
system, and so interactions between the state of the system and rate of change
of that state with respect to ¢ are assumed to be instantaneous. Furthermore,
solutions of (1.4.1) are uniquely determined by the value of z(t) at some fixed
time %y, denoted by x(fs) = %o, assuming f is moderately well-behaved, at
least Lipschitz continuous. Since (1.4.1) is autonomous, any initial time %
should suffice, however for our purposes we shall consider ¢, = 0. For (1.4.1),
the phase space is R”, which is real and has finite dimension n.

However, the story becomes much more interesting if we incorporate a time
delay into the system, and allow the state variable z to depend not only on
the current time ¢ of the system, but also on some time(s) in the past. This
can be done in a number of different ways. The entire history of the system
can be considered, which results in a system of integro-differential equations,
and the importance of certain delay times or intervals can be specified by an
appropriate kernel, or distribution function(s). If the state variable z depends
on a finite interval of time in the past, a system of distributed delay equations
results. Thirdly, if z only depends on one or more specific time values in
the past, then we obtain a system of DDEs with discrete time delay(s). All
three types mentioned are all part of a larger class of equations known as
functional differential equations. In this paper, we only consider the latter,
that is, autonomous delay equations with a finite number of discrete time
delay(s).

Delay equations of this type are of the form

z(t) = f(z(t),z(t — 1), 2(t — 2),...,z(t — Tn), M), (1.4.2)

where z(t) € R*, 7 € R®, and f : R**{m+1) 5 R — R, In this case, the state
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variable z depends not only the current time of the system, ¢, but on the m
discrete times in the past, denoted by 7y, 7o,..., 7m. Note that the derivative
of the state variable, , depends only on the current time of the system and not
on times in the past. Equations where the (highest order) derivative depends
on time(s) in the past are called neutral functional differential equations, and
are not considered here. Due to the dependency on the past, rather than
prescribing a single value of z(¢) at a fixed time tp, an initial function ¢(8),
9 € [~1,0], must be specified on an interval of length 7 = max;—; . {r} to
ensure uniqueness of solutions. The initial function segment belongs to C' =
C([-r,0], R*), the infinite-dimensional function space of continuous functions
mapping the maximal delay interval [—r, 0] into R™. If we integrate (1.4.2) to
some time ¢, the function z; € C with z(0) = z(¢t — 6), 8 € [—r, 0] defines the
state of the system which then uniquely determines the future of the system.
In this manner, delay equations of the form (1.4.2) are infinite-dimensional
systems, and the phase space is C, an infinite-dimensional function space.

A consequence of the transition from finite— to infinite-dimensional phase
space is that DDEs are capable of exhibiting richef dynamics than ODEs. For
example, a scalar delay equation may be capable of periodic, quasi—periodic,
and chaotic behavior, which is not possible for scalar ODEs. This also implies
that incorporating a delay into a system of ODEs may significantly complicate
the dynamics. One of the most well-known instances of this involves the
logistic equation, whereupon introduction of a delay leads to periodic solutions
if the delay is above a certain threshold, which depends on the parameters of
the system. In fact, periodicity is commonly observed as a result of introducing

a delay into a system of ODEs, and usually arise via Hopf bifurcation in the
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systent.
Consider next an example which will play a prominent role in this paper,

the all-potassium conductance system of the Morris-Lecar equations:

CV(t) = —g.(V-W) — gun(V — V&)
2(t) = Aa(V) [neo(V) — 1,

(1.4.3)

where n4(V), and A, (V) are given in a previous section. This planar sys-
tem consists of two coupled ODEs, with z(¢) = [V(t),n(t)]* € B2, =
(g, 9, Vi, Vi, Va, Vi, C, 2T € R®. Therefore, an initial condition V' (0) = V5,
n(0) = ng = ne(V5) uniquely determines the solution for all time ¢ > 0, and
the dynamics of the system are coufined to the (V,n)-phase plane. Further-
more, in the phase plane, trajectories must satisfy properties common to all
ODEs, that is they must cross nullclines in a certain manner, they cannot
cross each other, a closed curve in the phase space represents a periodic solu-
tion, etc. To simulate delayed recurrent feedback in the all-potassium system

(1.4.3), we add a delay term to obtain

CV({t) = —gu(V—-W) —gxn(V = Vi) + uV (t —7)
72(t) = A (V) [ (V) — 1.

(1.4.4)

Thus we now have a single DDE with a single discrete time delay 7 > O coupled
to an ordinary differential equation. There are still only two equations in the
system, but because of the pV (¢ — 1) term, to solve this system we must
prescribe initial functions V(6), n(6) = n.(V(6)), # € [—7,0] on the delay
interval [—7, 0], and so the system is indeed infinite-dimensional. As such, the
dynamics of the system are no longer confined to the (V, n)-phase plane. But

we may project the system onto this plane, and in doing so gain some valuable
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insight into the behavior of the system. Steady state solutions, or equilibrium
points, (V* n*) of the system are independent of the value of the delay T,
and are merely given by the intersection points of the nuliclines of (1.4.4)
with 7 = 0 in the (V| n)-plane. Studying the nullclines in this plane therefore
reveals the number and value of steady state solutions of (1.4.4). However, it is
important to realize that trajectories of the DDE (1.4.4) in the phase plane are
not subject to the same rules as those of the ODE (1.4.3), and so closed curves
in the plane do not necessarily represent periodic solutions, and trajectories
do not have to cross nullclines in a specific manner, and can cross each other
in the plane. In the actual infinite-dimensional phase space, trajectories may
not cross each other, however, but may appear to in the (V, n)—plane since this
is merely a projection of the trajectory onto the plane. To analyse periodic
solutions, we will make use of the “delay phase plane” of (1.4.4), a convenient
construction which plots the delay V(¢ — ) versus V(). Closed curves in the
delay phase plane are indicative of periodic orbits of the system. In going from
(1.4.3) to (1.4.4) we merely included a single discrete delay term. We shall
see later on that this subtle addition significantly enriches the dynamics of the
all-potassium system of the Morris—Lecar equations.

This section has briefly discussed DDEs, and in doing so introduced the
setting for our investigation of the Morris-Lecar equations with delay. Some
additional properties of delay equations are presented throughout the course

of our study, when these details are pertinent.



The all-K* Conductance System

The equations describing the all-K* conductance system with delay (u # 0)
are

CV(t) = "QL(V - VL) - gKn(V - Vi) + ﬂv(t - 7)

(2.0.1)
A(t) = An(V) [nee (V) — 1],
where ny(V), and A, (V) are given by
Neo(V) = :,13- [1 + tanh (V ;I;%N ,
¢ (2.0.2)

M(V) = X cosh (VQ;f) .

\
Here the Ca®*—conductance system has been blocked, so that m = 0. Before
investigating the all-potassium system with delay, we address the original all~

potassium conductance system without delay.

23
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2.1 The all-K* Conductance System
without Delay

In their model without delay, Morris and Lecar found that muscle fibres in
Ca?*—free solutions produce no voltage oscillations, even in the presence of
external applied current. Their investigation revealed that the all-K* system
exhibits a graded response with a transient peak followed by a decay to a
voltage plateau. Consider system (2.0.1) with u = 0:
CV(t) = ~gu(V = W) = gen(V = Vi)
(2.1.1)
n(t) = An(V) [neo(V) — 7],

with 1y (V) and A, (V) as given in (2.0.2). This is simply the equations de-
scribing the all-K* conductance system without delay, studied by Morris and
Lecar. We shall show that this system admits a single stable equilibrinm point

(node). Equilibria (V*,n*) are given by the intersection of the nullclines

and n(V) =nw(V) = % [1 + tanh (V;VE‘)J :

4

— 9V + gV
9. + gxn
where V(n) is monotone decreasing for 0 < n < 1, and n(V) is a monotone

V(n)

increasing function. Therefore the nullclines may intersect at most once for

0 < n <1, yielding at most one equilibrium point. Figure 2.1(b) shows the

phase plane for the system with 4 = 0, and indicates that the system admits

a single equilibrium point. Taking x =V — V* and y = n — n*, the linearised
system with equilibrium shifted to the origin is
z(t) = —az + by

(2.1.2)

y(t) = ez — dy,



CHAPTER 2. THE ALL-KT CONDUCTANCE SYSTEM 25

where

a:w b——MI_(_:.Y_). d:j\;cosh(v—vé)7

c c 2V,

S VTR L (V' -Va
cwgmcesh( 17 )sech( Vi )

A detailed linearisation of the system with delay is included in section 2.2.2

— the linearisation presented here follows directly from that by setting p = 0.

The characteristic equation for system (2.1.2) is
A2+ (a+d)A+ (ad —bc) = 0.

The equation has two roots, given by

o —letd) £ /la+d’—4ad—b)
E 9 )

The equilibrium point (V*,n*) is stable provided both eigenvalues have nega-
tive real parts. By the Routh-Hurwitz [3] conditions, this is satisfied as long

as
(i). a+d>0 = a>—d, and
(ii). ad ~bc>0 = ad>be

Since there are numerous parameters in the system, we employ a standard
reference set for the original model parameters to facilitate our investigation.
Table 2.1 contains typical values for the parameters for the all-K* system, as
reported by Morris and Lecar [24].

Note that the first Routh-Hurwitz condition is satisfied for any non-

negative ¢ and d, provided a and A, are both non—zero. That is, (i) holds
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Parameter Set

C = 20 pF/cm? Ap = & 571

g, = 3 mmho/cm? | gx = 8 mmho/cm?

Vo=-50mV | Vi=-T0mV

Vs =-1.0mV Vi=145 mV

Table 2.1: Morris-Lecar parameter set for the all-K* conductance system.

for a general set of parameter values g;, G, An, V3, Vy and C. Therefore, con-
dition (i) is satisfied for the specific parameter values given in Table 2.1. For
condition (ii), note that (V*,n*) = (—50.061, 0.001) for the parameters in Ta-
ble 2.1. Since V* > Vi, then b < 0, which implies that (ii) is satisfied. Hence
both eigenvalues have negative real parts and the equilibrium (V*,n*) is sta-
ble. It is a stable node since both eigenvalues are real, which follows from
the fact that the discriminant of the roots A = 3.98 x 10™* > 0. Also, any
combination of parameters for which V* > Vi will ensure that (ii) is satisfied.

Finally, this analysis is valid for any V¢ < V...
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2.2 The all-K* Conductance System
with Delay

Consider the delayed system (2.0.1), with i # 0. Then we have a system
consisting of one delay differential equation coupled to an ordinary differential
equation. Since both dependent variables V' and n appear in the DDE, to solve
the system we must prescribe initial functions on the delay interval [—,(0].
From a mathematical standpoint, the initial functions V() and n(f) for 8
[—7,0] can be arbitrary elements of the function space C([-7,0],R). The
physiological interpretation of the state variables V' and n requires initial data
to be selected appropriately, that is by choosing an initial voltage function
V(6) = Vp, and then calculating nq(Vp) for n(6), so that the initial fraction
of open K*—channels corresponds to the initial voltage. For our purposes, we
employ constant initial functions for V() and n(4).

Analysis of the V(£) = 0 and n(¢) = 0 nullclines in the (V, n)-plane provides
information pertaining to the number and location of equilibria of (2.0.1). In
the following section we present a detailed discussion of the nuliclines of the

all-potassium conductance system, and how they change as 4 is varied.

2.2.1 The Nullclines of the all-K* System

To study the pullclines in the (V, n)-plane, we set V(¢) = 0 and 2(t) = 0 and
consider V (¢t — 1) = V(1)

_ g Vo + geVin

(2.2.1)
gL+ gxn — Y

V(n)

(V) = ne(V) = % [1 + tanh (V ; VE’)} . (2.2.2)

4
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We wish to determine how the nullclines change as the parameter p is
varied. The variable n represents the fraction of open K* channels, and so

0 < n < 1. This in turn implies that the voltage V(n) varies between

= SN gy = BVt adk

V(e
G — K g+ gk — U

Note that, for certain parameter sets, these voltage limits may become infinite
for certain values of . In this chapter, we interested in varying omly the
parameters 4 and 7 to investigate how changes in the delay parameters affect
the behavior of the system. For consistency, we use the reference parameter
set listed in Table 2.1 for the remaining model parameters.

The 7(t) = 0 nullcline (2.2.2) does not directly depend on p, and n(V) is a
sigmoidal-shaped, monotone increasing function of V for all y, and n(V) — 0
as V — —oo, while n(V) = 1 as V — oco. On the other hand, the V({t) =0
nullcline (2.2.1) does depend on , and the qualitative behavior of V(n) as a
function of n changes as p is varied. The V'(n) nullcline is simply a hyperbola,
separated by a vertical asymptote at V = Vi, except for one degenerate case,
where it is reduced to a pair of vertical and horizontal lines. We are only
interested in the physiological case where 0 < n <1, and so depending on the
value of u, one or both branches of the V-nullcline are significant. First, note

that as u — =00, we have V — 0 and n — n(0) ~ 0.53. For

V(n) is a monotone decreasing function of n in the interval of interest, 0 <
n < 1, and the system admits a single unique equilibrium point, (V*,n*). The

significant branch of the hyperbola lies to the right of the vertical asymptote,
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and we can ignore the lower branch of the hyperbola, which is below the V-
axis. For these values of y, we have Vi, < V*, and with the parameter values

listed in Table 2.1, we obtain

Figure 2.1(b) shows the nuliclines in the (V, n)-plane for x in this range p < £.
1

Next we evaluate V(n) when p =g, {1 — %)
Vin) = gLV + g Vkn — V(g VL + g Vin) =V,

gt gxn— gt ok Vintah
and so the V(n)-nullcline is simply a vertical line at V = Vx = —70 in the
(V,n)-plane. Above we canceled the common factor gV, + gxVkn, and in
doing so, we assumed that this expression is nonzero. In the event that the

factor is zero we have

Vi
oVt oVin=0 = n=-2t,
9x Vx
which is a horizontal line in the (V,n)-plane. With the parameter values in
Table 2.1, the horizontal line is n = —%% < 0, which is outside the feasible

range 0 < n < 1. Therefore, with p = g, (1 - ‘%) =%, V* = Vk and the
equilibrium peint of the nonlinear system is (V*,n*) ~ (—70,0), since the
n(V) nullcline is nearly zero there. The nullclines of the system for p = § are
depicted in Figure 2.1(c).

The next parameter range is

v
QL(I—T}> < g < g,
K

and with p in this interval, we find that V'(n) is a monotone increasing function

of n in the interval of interest. The function V(n) is still a hyperbola, and we
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Figure 2.1: Plots of the V(n) (solid) and n(V) (dashed) nullclines of the all-K*

system (2.0.1) for representative values of p.
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still ignore the lower branch which is below the V-axis. However, in this case
the important branch is the part that is to the left of the vertical asymptote.
In this range, we obtain a unique equilibrium point (V*, %), with n* still close
to zero but V* < Vi. Figure 2.1(d) shows the nullclines for ¢ = 2, which is in
the present range.

From equations (2.2.1) and (2.2.2), we can see that n — 0 as V — —oo.
Hence (V*,n*) — (—o0,0), as u — gr, and so when p = g, the system does
not have a finite equilibrium point. Moreover, the system will not have an
equilibrium point if g is in the range g, < u < g +gx. With p in this interval,
V(n) is still a strictly increasing function of n but the lower branch of the
hyperbola becomes important once it crosses the V—axis (i.e. when p passes
g.). For our parameter set in Table 2.1, the range of u for which the system
does not have an equilibrium point is 3 < u < 11. This range can be obtained
if we rearrange the V' (n) nullcline and solve for n, to obtain

g(V—Vi)

This allows us to find the value of n where the voltage V becomes infinite, in

other words the horizontal asymptote of the hyperbola in the (V, n)-plane:

lim n(V)= £ (2.2.3)

V—otoo gx

Hence as long as this limit is between zero and one, t.e. g, < p < g + gx,
the system will not have an equilibrium point. However, as p — (go + g« ), the
limit in (2.2.3) becomes 1, and here V — 400 and n — 1.

The nullclines for g = 5 € [3,11] shown in Figure 2.1(e) are representative
of the nullclines for the system with g in this parameter range. If u > g, +

gx, the lower branch of the hyperbola intersects the sigmoidal nullcline and
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we regain an equilibrium point (V*,n*), with n = 17 and V* > V. In
this parameter range, the branch of the nullcline which is to the right of the
vertical asymptote is again significant. The nullclines for y = 15 are shown
in Figure 2.1(f), where we see that, for y > 11, the system admits a single
equilibrium point.

This concludes the description of the nullclines in the (V,n)-plane for
i € R. The evolution of the nullclines as g is varied is shown in Figure 2.1.
Pigures 2.2(a), 2.2(b) depict the bifurcation diagrams for the all-potassium
conductance system, indicating how both V* and n* and their stability change

as p is varied ( for 7 = 0).

w00 : . - — , . 12
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(a) V vs. p. {b) n vs. p.

Figure 2.2: Bifurcation diagrams describing how V* and n* of the all-K*
conductance system (2.0.1) change as p is varied. Solid lines indicate stable

equilibrium points while dashed lines represent unstable ones.

The nullcline analysis of this section can be used to prove the following theo-

remi:
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Theorem 2.2.1.1. With parameters listed in Table 2.1, system (2.0.1) admits
at most one equilibrium point (V*,n*) for all y € R. The value n* € [0, 1], and
VA Ve ifp<g (1—— —%) or > g+ ge, V< Veif g, (1— %;) < p < g,
and V* = Ve if p = gL( — 'V‘/T[}) Furthermore, if g, < p < g, + gx, then

(2.0.1) does not possess an eguilibrium point.

2.2.2 Local Stability and Bifurcation Analysis of the
all-K+ System

We wish to analyse the dynamics of the isolated conductance systems in the
presence of delayed recurrent feedback. Not only will this reveal how the im-
plemented delay affects the dynamics of the systems, it should also indicate
how each conductance system with delay contributes to the full delay model
which incorporates both conductance systems. In this subsection, we take a
look at the all-K* system, to investigate the stability of the equilibrium point
(V*,n*) for certain parameter ranges. We shall also examine the system to
determine whether or not it is capable of supporting oscillations. Periodic
solutions commonly arise in delay differential equation models via Hopf bifur-
cation. The system studied by Plant in [32] serves as a case in point. As
will become evident later, the system in [32] is very similar in form to the
ion conductance systems of the Morris-Lecar model with delay. Therefore,
we look for periodic solutions of (2.0.1) arising via Hopf bifurcation. It seems
plausible that the Hopf bifurcation structure of the system will depend on the
pair of delay parameters p and 7.

Consider a two—dimensional autonomous delay equation with a single dis-
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crete time delay,
Z(t) = f(x(t)i III(t - T)? 77)7 (224)

where z(t) € R?, p € R*, and f : R* X R* — R%. Steady state solutions, or
equilibrium points, z(t) = z* € R? of (2.2.4) are obtained as solutions of the

nonlinear system
f(z*,2*,m) = 0.

The number and location of steady state solutions z* to a system of delay
differential equations do not depend on the value(s) of the delay(s). However,
the stability of 2* under (2.2.4) does depend on the value of the delay(s). To
study the stability of an equilibrium point z*, we linearise the nonlinear system
(2.2.4) about z* and obtain the variational equation, which is a linear delay

differential equation of the form

0 J
50 = o5 (a2t M) + (a2 (e =),

where f = f(z° z',7n). To obtain the characteristic equation of the system,

we substitute solutions of the form ve™ into the variational equation to obtain

_af * * _ai * * — AT .
()\I 33:0( ,z,n)+am1(:c,x,n)e )’U—-—O

o] = 1.

This gives a nonlinear eigenvalue problem with characteristic matrix

af

* *® 8f * * — AT
é;o—(a; » T ,77)+~“1($ s L 777)6 A 3

A(N) = AT — =

which we can rewrite to obtain the characteristic equation

det(A(N) = 0. (2.2.5)
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Equation (2.2.5) is a transcendental equation, with an infinite number of roots.
Therefore, system (2.2.4) linearised about z* has an infinite number of eigenval-
ues which determine the stability of z*. The equilibrium z* is asymptotically
stable provided all roots of (2.2.5) have negative real parts, and is unstable if
there exists a root with positive real part. If A = 0 is a root, then the system is
degenerate, and the stability of the equilibrium cannot be determined in this
manner. In general, the eigenvalues A € C and depend on the parameters 7, so
that A(n) = a(n) + tw(n). As physical parameters 7 are varied, a bifurcation
occurs when an eigenvalue crosses the imaginary axis, that is A = 0 or A = iw,
w # 0. With this bifurcation, the stability of z* can change, and in the case
A\ = iw, w # 0, a Hopf bifurcation is likely, and a branch of periodic solutions
may emerge.

We now turn from discussion of steady state analysis of general delay equa-
tions of the class (2.2.4) to the specific analysis of the all-potassium system
with delay (2.0.1). Assuming that p € (g, g. + gx] = [3,11], system (2.0.1)
admits a single equilibrium point (V*,n*). To linearise the system about the
origin, we shift the equilibrium point to the origin by taking z =V — V*, and

y = n —n*. With this substitution we obtain

Ci(t) = =gz +V' -WV) g y+n)(c+ V' = Vi) +u(at—7)+ V")
= —0uT — GgTY — 9 V7Y + guViey — gk’ + .U'l'(t - T)
-V (gL + gxn* - M) + g Vi + gx Ven”

= —gT — gxTY — G« VY + g Viy — gxn' @ + px(t — 1),
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where we used the fact that V*(gy + gen™ — ) = gV + g« Vin*, and

y(t) = Ay(x) [yoo(m) —Y- n*] )

where )
_‘ 1 T+ V* - V3
§ .
o) =T (25,

“

The nonlinear system with equilibrium point at the origin (z*,y*) = (0,0) is

Ci(t) = —(gu + gxn")T + g (Vi = V)y — gy + px(t — 7)

§(t) = X cosh (Lg_v.:l) « (2.2.6)

1 r+V—V3 .
[5(1+tanh(————v4 ))~—y—n}.

The n—coordinate of the (V*, n*) equilibrium point is in fact n* = ne(V*),
and so in in the transformed variables, we have n* = yx(z) = ¥ (0) since
x*=0.

To linearise system (2.2.6) about the origin, we linearise the hyperbolic

functions using series expansion. Hence the equation for §(t) becomes

o Vi _ Vi Vo — V-V
y(t):mcosh< 5V 3) sech? (—V;i)g;—)\ncosh< 7 3)y

in the linearisation. The variational equation associated with the nonlinear

system (2.0.1) linearised about the origin is then

Ci(t) = —(gu + gen" )z + g (Ve = V*)y + pz(t — 1)

o (2.2.7)
y(t) = A cosh (u) sech® (v) z — X, cosh (u) y
2V4
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*.._ *_ - . 1] 2
where u = Y—Q—ﬁ‘—é—, and v = Vw Ys  Since the coefficients in the terms of

(2.2.7) are constants for any given set of parameter values and equilibrium

point (V*, n*), let

g+ gurt’ gx(Vie = V7) 5~
GZ“IL—‘—C,—K*—, b:i(‘*ga—'——““, d:}\nCOSh(U),
¢ = 2% cosh (u)sech? (v), fi= L.
2V, 7 C

The equations become
(t) = —ax + by + jx(t — 7)
(2.2.8)
y(t) = cx — dy.
Note that the coefficients of the linearised system depend on the equilibrium
point of the nonlinear system, which in turn depends on the value of 4.
From the restriction 0 < n <1 we see that the voltage V satisfies V(1) <
V < V(0) if the V(n)-nulicline is a monotone decreasing function of n for
n € [0,1]. This is true as long as i < g, (1 - %) On the other hand, V(n) is
a monotone increasing function in the n-interval of interest if g, ( - %) <
L < g, and alsoif 4 > g+ gx = 11. For p in either of these ranges, the voltage
V varies between V(0) < V < V(1). Collectively, these cases represent the
situation where only one branch of the V(n) hyperbola is significant, the upper
branch in the first two cases, and the lower branch in the third case. Of course,
there are no upper and lower limits on the voltage if u € [gy, g + gx], where
we have no equilibrium point, since the nullcline V{n) can become infinite for
certain values of n, namely, the value of the the horizontal asymptote.

Given that the coefficients of the variational equation are defined in terms

of (V*,n*) and other parameter values, we can draw some conclusions about
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the range of values these coefficients may assume. Since they are functions of
the equilibrium point (V*,n*), they only exist for values of p which admit a
finite equilibrium point in the (V) n)-plane. From the definition of ¢ and the

parameter values in Table 2.1, we find that

G utoe 3

< g <
c-%"="7T 90 = %=

L\')‘r—l
O =t

since n is restricted to [0,1], and gy, gx are positive constants. In particular,
a > 0 for any set of parameter values where the conductance constants are
non—negative and capacitance is positive.

To estimate the bounds on ¢, we use the properties of hyperbolic trigono-
metric functions. From the definition of ¢ we see that

. _/_\__n_ cosh (u)
2V} cosh? (v)

where u = 55 . Note that v = 2u gives
4

pe _.)‘—L cosh(u) _—A—_n cosh{u)
T 2Vicosh?(2u)  2Vi (cosh?(u) + sinh®(u))?’

Also, sinh?(u) > 0, cosh(u) > 1 Vu, it follows that
cosh(u) < cosh?(u) < cosh?(w) + sinh?(u) < (cosh?(u) + sinh?(u))?,

and so
cosh(u)

(cosh®(u) + sinh®(u))?
Since A, > 0 in general, cosh(u) > 1 > 0 Vu, and V, > 0, we find that

<1 Yu.

An
0 < —.
< ¢ 2V4
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Therefore, ¢ is positive for any set of parameter values where V; > 0. For our

parameter set (Table 2.1), we obtain the bounds on ¢ to give

1
O<C<Z§5

While a and ¢ are in general finite positive quantities, the story is not as

simple for the coefficients & and d. From the definition

d = Ay cosh (u) = A, cosh (Vg;}%) ;

we know that in general, d is positive. If we consider values of u for which the
voltage V' is bounded, that is either V(0) < V < V(1) or V(1) < V < V(0),
then the range of values which d may assume depends on the values of |V (0)]

and |V(1)]: the values of i for which |V(0)| < |V(1)| produce the inequalities

T V({0)-Va — V1) -Va
< UL AR m———————— . L
An < A, cosh ( YA ) < d < Ay cosh ( YA (2.2.9)
When |V(1)] < |V(0)|, however, we have
— - — —V
An < Ay cosh (;‘/—(2—7—;—}/—%) < d < hpcosh (%) ) (2.2.10)

In either case, we see that d > X, > 0, and so in general d is a positive
constant. However, as u — g or 4 — gy + gx, V" — £c0, and so d — +oc0.

Finally, for b we have

Ix gx
ol (Vk —V(0) <b< = (Ve — V(1)) (2.2.11)

if u<gy (1 — %), which implies V(1) < V(0), and

Ix gx
= h=VD) <b<Z (Va=V(0) (2.2.12)
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if g {1 - -%(L) < p < gy, or if g > gy + gk, which implies V(0) < V(1).
However, as 4 — g, V* — —00, and s0 & — o0, while b = —ooc as u — gy +9x,
since in this case V* — 4+o00. Also, from the definition we see that the sign of
the coefficient b can be either positive or negative: if u < g, (1 - %), then
Vi<V*andsob< 0,ifp=g, (1 — %) then Vi = V* and b = 0, and finally

if 1> g (1—%),theu Vi > V* and so b > 0.

2.2.3 The Characteristic Equation

To study the stability of the equilibrium point (V*,n*), we examine the eigen-
values of the system using the characteristic equation. This is obtained by

considering (2.2.8), and assuming solutions of the form

Xx=|"|=e" & = X= T AeM 2
Y §2 Y 3
Therefore
10 G| | -a+ e b &
01]|&] ¢  -d]le]’
and so the characteristic equation for the system (2.2.8) is
2+ (a+ d)A + (ad — be) — frre™T — fde™ = 0. (2.2.13)

Equation (2.2.13) closely resembles a transcendental characteristic equation
studied by Plant [32], and the form of the linearised two~dimensional system
obtained in that paper is similar to system (2.2.8). The characteristic equation

obtained by Plant was

~ —_

2 4pz+qg+r(pze +s(p)e® =0,
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which compares to our model via the substitutions z = Ar, p = 7(a + d),
g = 7*(ad — bc), (i) = —pi7 and s(1) = —jdr?. However, in Plant’s paper
the coefficients of the linearised system are simply positive constants which do
not depend on any model parameters. Therefore only the last two terms of
his characteristic equation are functions of the parameter p. Recall that all
of a, b, ¢, and d of (2.2.8) depend on (V*,n*), which in turn depends on pu.
Hence all coefficients of characteristic equation (2.2.13) depend on g, and so
the analysis of the characteristic equation in [32], while elegant and effective
in establishing Hopf bifurcation of solutions with respect to the parameter pu,
cannot be applied to our model.

To analyse (2.2.13), we use theory developed by Cooke and Grossman [6]
to study stability switching in delay differential equations as the delay is var-
ied. The application of their results requires knowledge of the stability of
the equilibrium point (V*,n*) of (2.0.1), when it exists, with zero time delay.
This information is important when carrying out a Hopf bifurcation analysis of
the system, since, according to Datko [7], for retarded functional differential
equations the supremum of the real parts of the roots of the transcendental
equation varies continuously with the delay. Therefore, as we vary 7, a tran-
sition from stability to instability (or vice-versa) must correspond to a purely
imaginary root of the characteristic equation. Hence, to determine if such a
transition is possible, we must know whether the equilibrium point (V*,n*) of

the model with 7 = 0 is stable or unstable.
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2.2.4 The 7 = 0 Case
With 7 = 0 we obtain the characteristic equation
M4 (a+d— )M+ [(ad — bc) — pd] = 0, (2.2.14)
a quadratic polynomial, with roots
_p—(a+d)x /@t d) — AP — 4l(ad— bc) — d]

dy = 5 . (2.2.15)

Let A = [(a+d) — p)*> — 4[(ad — bc) — fid], the discriminant of the roots
in Equation (2.2.15). The trivial solution of (2.2.6), and hence (V*,n*) of
(2.0.1), is stable as long as both roots of (2.2.14) have negative real parts, ..
Relr < 0. This is true provided both Routh—Hurwitz conditions are satisfied:

i). e+d—p>0 = [<a+d and
(ii). (ad—bc) —pd>0 = p<a-—%.

Note that (V*,n*) is given by the intersection of two nonlinear nullclines,
and we have no closed form expressions relating the values of V* and n* to the
value of u. Hence, we have no explicit formula which expresses the coefficients
in terms of u. To check conditions (i) and (ii) we must determine how the
coefficients vary with p, which we do numerically using a program written
in Maple which calculates the equilibrium point as y is varied, and then also
computes the values of the coefficients and quantities in conditions (i) and (ii).
Then, by plotting i, a+d and a— %C versus u we can identify the ranges of the
parameter u for which both conditions (i) and (ii) are simultaneously satisfied.

be

Figure 2.3 contains the plots which compare how the values of a-+d, a —

and [t change with respect to p. The coefficients b and d become infinite as the
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a+d, a-bo'd, uhat
asd, a-be/d, hat

4t L osf

(a) p < gL =3. (b) gr +gx =11 < .

Figure 2.3: Checking the Routh-Hurwitz conditions: Plots of a + d (solid
curve), a — % (dashed curve), and f (dotted line) against u for the two pa-
rameter ranges where system (2.0.1) (with 7 = 0) has a unique equilibrium

point.
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equilibrium voltage V* — oo, which occurs when p — g, and p — g1, + g«
In this situation, calculating the quantity a — %‘9 in a computer program can
become problematic. This can be averted by stopping the code with u close to
gy O g, + gk, and then using a limit to show that the curves for a — % and [i
intersect as p approaches these values. This technique is used often with this
analysis, and a detailed example is given in the following section.

The plot in Figure 2.3(a) is for values of p less than g,. In this range we
have a unique equilibrium point, and find that both conditions (i) and (ii) are
satisfied. Therefore with p < g., both eigenvalues A, and A_ of (2.2.14) have
negative real parts, and it follows that (V*,n*) of (2.0.1) is stable.

We may distinguish the ranges for p < g, for which the equilibrium (V*, n*)
is a stable node (A > 0) from those where it is a stable spiral (A < 0) by
checking the sign of the discriminant. To determine the sign of A, we plot
((a + d) — i1]* and 4[(ad — be) — fd] versus p in Figure 2.4. We see that
[(a+d) — 4] > 4[(ad — bc) — pd] = A > 0 for u < pa,, and for pa, < 4 < gr,
and so for these values of u the equilibrium point is a stable node since both
A, and A_ are both real and negative. Estimating the values of pa, and pa,,
we find that ua, = —14.0 and pa, = —0.05. For pa, < p < pa,, we have
A < 0, and so both A, and A_ are complex with negative real parts, indicating
a stable spiral.

Note that there are no plots for u between gy and g, + gk, since for these
values, (2.0.1) does not have an equilibrium point, and sc we have no linearised
system and hence no a, b, ¢, and d. Figure 2.3(b) indicates how a + d, a — %9

and [i change with respect to p for p > g, + gx. From the graph we see that

condition (ii) is never met, i.e. that 4 > a — %, which implies that (V*,n*)
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[a+d-{phat)?, 4[{ad-be){Hhatjd)

Figure 2.4: Plots of [(a + d) — fi]? (solid curve) and 4[(ad — bc) — Ad] (dashed

curve) versus i to determine the sign of the discriminant.

is unstable. Also, this indicates that the discriminant of the roots A is always
positive, and so the two roots A, and A_ are always real. Therefore it follows
that

Ay >0 and Ao <0,

and so the equilibrium point is an unstable saddle point for all p greater than
gu+ gx. Finally, we note that, while these results are only shown for a “small”
range of the parameter u, the programs used to obtain these results were run
over larger ranges of x and no change in the results reported were observed.
Also, the results presented here pertain only to the model with the specific

parameter set given in Table 2.1.

2.2.5 The System with Nonzero Delay = > 0

Now we turn to the model with nonzero delay (2.0.1) with (2.2.13) as the

characteristic equation. To study the bifurcation structure of the model (2.0.1)
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we apply results established by Cooke and Grossman [6] on general second

order equations with a single time delay. Their equation was of the form

95_23:_ + i:l_: + bz(t . T)
az Y P

+cz(t) + dz(t — 7) =0, (2.2.16)

a+b#0, c+d#0

with characteristic equation
Mo +be ™+ e+ de™ =0.

Cooke and Grossman studied this equation in connection with a model con-
taining delayed friction and delayed restoring force. Equations of this form can
be obtained from a nonlinear system with one delay, upon linearisation. The
conditions a + b # 0, ¢ + d # 0 are required to ensure non-degenerate eigen-
values. Wei and Ruan [40] have applied the results of Cooke and Grossman to
study steady state stability in a two-dimensional neural network model with
delay, with equations similar in form to (2.0.1).

To see that our model is in fact of this form, we convert the system (2.2.8)

to a single, second-order delay differential equation in z(t) and z(t — 7):

& = —ai+by+ px(t—r1)

F = —ai+blcx~dy]+ pa(t—7)

i = —at+b c:c—%l(a':+aa:—/1:r,(t—'r))]+[m‘:(t——’r)
¥ = —af +bex — di —adz + jdz(t —7) + pE(t—7)

0 = i+ (a+d)z—pit—7)+ (ad—bc)z — pdz(t —7)
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Thus for our model we obtain the equation

d’z dx LIt —T)
— Flatd)— + (=) ———

dt +(ad = be)z(t) + (~pd)e(t —7) = 0, (2.2.17)

which is simply (2.2.16) with a replaced with @ + d, b replaced with —f, ¢
with ad — be and d with —/id, with characteristic equation (2.2.13). Hence
the conditions a + b # 0 and ¢+ d # 0 are replaced with 4 # a + d, and
b # a— %9, respectively. Figure 2.3 indicates that the second condition is
violated when u = g, and u = g, + g, the parameter values which lead to
equilibrium voltages of —co and +oo, respectively, and that there is a single
value of u where the first condition is not met. However, these violations
occur for different values of u, and since both conditions are never violated
simultaneously, the characteristic equation will possess non—degenerate roots
for all p. In the instance where 4 = a + d, the coefficient of the delayed
“friction” term and the instantaneous “friction” term are equal in magnitude

but opposite in sign. In this case, with 7 = 0, the roots of the quadratic

characteristic become

A = ++/~[(ad — bc) — jud] .

Since {ad — bc) — id < 0 for this value of p, then both roots are real, with
A, > 0 and A_ < 0, indicating that (V*,n*) is an unstable saddle point. The
value where this situation occurs is p = 21.57.

To find changes in stability we look for purely imaginary roots A = iw of

(2.2.13). Since complex roots occur in conjugate pairs, it suffices to look for
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solutions with w > 0. Hence if A = 4w is a root such that w # 0, then

0 = —w?+i(a+d)w - ijw|cos(wr) —isin(wr)] — fid [cos(wT) — 7 sin(wT)]
+(ad — be)
0 = —w?— jwsin(wr) — fid cos(wT) + (ad — bc)

+i[(a + d)w — fiw cos(wT) + fdsin(wT)].

Setting separately the real and imaginary parts to zero we obtain
(ad — bc) — w* — fw sin(wT) — fid cos(wr) =0
(2.2.18)
(a4 d)w — fuw cos(wT) + fidsin(wT) = 0.
By rearranging equations (2.2.18), squaring both equations and adding, we

obtain:
wt + [(a+d)? — 2(ad - bc) — p?] w® + (ad — be)® — p*d* = 0.  (2.2.19)
The roots of this quartic equation are

wi o= —;—(ﬂ2—a2—d2—-2bc)

-

+ {% (i = a* — d* = 2bc)" — ((ad — bc)* ~ p*d?) }2 -(2:2.20)

Of course, the four roots are given by the 4 square roots of wi and w?, denoted
4w, and Fw_, respectively.

According to Cooke and Grossman [6], there are two cases to consider:

1. (ad — bc)? < p*d* = p* > (a— %)2. In this case there is one

imaginary root A, = tww,, with w, > 0.
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2. (ed —be)? > p*d> = pP<(a- %9)2 Here, there are two imaginary

solutions Ay = iwy, with w, > w_ > 0, provided that

~

(a) i —(a+d)?+2(ad—bc) >0 = p>>ad”+d + 2, and
(72

(b) [3% — (a+d)? + 2(ad — bc)]” > 4 [(ad — be)? — p2d]

& (fP-d-d- 2bc)2 > 4 ((ad — be)® — p2d?)
and no such solutions otherwise.

In Case 1, the magnitude of the coefficient of the state variable with delay
(z(t — 7)) in (2.2.17) is larger than that without delay, i.e. the instantaneous
term z(¢). That is, the delay term is dominant. Here, the discriminant of

2 > 0 while w? < 0. With w? > 0, we obtain

(2.2.20) is positive, and so w} 2

two real roots, +w., one positive and one negative. For convenience, let w,
denote +w.,, the positive square root, since we are only interested in positive
real roots of (2.2.19). The are no positive real roots of (2.2.19) associated with
w?, since it is negative and its square root complex. Therefore in this case we
obtain only one purely imaginary root A = iw, of the characteristic equation
(2.2.13), with w, > 0.

The roles of the coefficients of the delay (z(¢—7)) and instantaneous (z(t))
state variable in (2.2.17) are reversed in Case 2, and so the non-delay term
is dominant. The extra conditions (a) and (b) ensure that the discriminant
of (2.2.20) is again positive, and that the term outside the square root (5% —
(a + d)? + 2(ad — b)) is positive, so that both w? and w? are positive. This
leads to four real roots of (2.2.19), two positive (+wy4 ), and two negative (-wy.).

Hence there are two purely imaginary solutions of (2.2.13), AL = iwy, with
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w,. >w_ > 0. Here, we let w, = +w, and w. = ww_, the positive square roots,
for convenience.

Note that these conditions are independent of the coefficients of the instan-
taneous and delay first—derivative terms, £(t) and £(t—7) of (2.2.17). However,
the magnitude of these coefficients does play a role in determining stability of
the equilibrium point in the model with 7 = 0 (¢f. Section 2.2.4). As we shall
see, this will in turn influence whether or not the predicted crossings of the
imaginary axis are possible. Furthermore, if in Case 2 both sub—conditions (a)
and (b) are not met simultaneously, then there will be no positive roots w > 0
of (2.2.20), and hence no purely imaginary roots of (2.2.13). This, in turn
implies no crossing of the imaginary axis, and therefore no change in stability
of the equilibrium point.

To find the parameter ranges where the model resides in Cases 1 and 2, we

must determine the values of p for which 4 > (a - %9)2, and those for which

(? < (a— %)2. We employ a graphical analysis, and plot the values (a — %9)2
and [ versus y in Figure 2.5.

In Figures 2.5(a) and 2.5(b), we see that A and (a — %0)2 intersect when
p= gy and p = gy +gx. For these respective values of y, the equilibrium voltage
tends to —oo and +oco, and so the program cannot compute the equilibrium
voltages, or the values of coefficients b, ¢, and d. However, we can show using
limits that in fact (@ — %)2 — (%—)2 as i — gp. Recall that as p — g,
V* — —co and n* — 0. It immediately follows that, as p — gy,

azw a— T since n* 0.

c = C
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(b) p> gr +gx =11

Figure 2.5: Plots of 4i? (dashed curve) and (a — %“-)2 (solid curve) versus p, for
the two parameter ranges of u where system (2.0.1) has a unique equilibrium

point.

Next we show that bf - 0 as V¥ = —oc0:

he M(VK — V*) cosh (Y—g{,‘%) sech’ (V_V:Vi) 9 (Vi — V")

d A cosh (V*”V‘“‘) 20 e (K;4—‘/?'> ’

where we canceled the factor A, cosh (Y—z—ﬁl’i), which is non—zero. Taking the

limit we cbtain

] be _ . gx (VK — V*)
m — = lim
Vis—oo d Ves—o0 2V4C ogh2 (V*V—Vg)
4
= _Jx_ im —!
2VaC vior=o0 9 0nehy (%) . V% sinh (Kﬁ!ﬂ)
g, ~1

1 =0,
4C V*g{l-oo sinh (Z(V"—V?»))

Va



CHAPTER 2. THE ALL-K+ CONDUCTANCE SYSTEM 52

since sinh{u) — —oco as u — —oo, and we applied I’'Hopitals Rule to evaluate

the iimit. Therefore

. be ? . bc ? g 2 gL\ ? . )
VD (a—ﬂ =, (“*z) =(6-9) =(8) = jm#

as desired. A similar limit computation with 4 — g, + g«, and V* — o0,

n* — 1, verifies that the plots (a — "—C)2 and 2 in Figure 2.5(b) intersect as

d
it — gy, + g« For 1> g + gk, we find that 2 is always above (a — "7:)2, and
so only Case 1 is possible with u in this range.

Figure 2.5(a) indicates that there is a value of u < 0, which we denote by
p*, for which g2 > (a — bf)z for all u < p*, and 4% < (a— %9)2 for all values
of u* < p < g.. Therefore with 4 < u* the system is in Case 1 for which a
single crossing of the imaginary axis is possible, and hence only one change in
stability. More accurately, at most one crossing is possible, since the crossing
is not automatic — it depends on the transversality condition (c¢f. Section
2.2.6) and the analysis with 7 = 0. Note that an exact numerical value for u*

cannot be obtained, but using Maple we can approximate this value to two

decimal places to obtain p* == —10.74. This gives us the ranges
u< ptx—10.74 and > g+ g =11

for ¢ which lead to Case 1. To address the Case 2 dynamics of the system,
we must determine if the additional criteria (a) and (b) are satisfied for all
u € (u*,g.), or only for a subinterval. Again, this is done graphically by
computing the quantities in criteria (a) and (b) of Case 2 for p € (¢*, 1), and
then plotting the results. Figure 2.6 contains plots which are used to check

conditions (a) and (b).



CHAPTER 2. THE ALL-KT CONDUCTANCE SYSTEM 53

a4sd®2he, (uhat?

-

0.1 . 005
10 B 6 4 2 o 2 5 -4 3 2 1 0
L 3
(2) Condition (a). (b) Magnification of 2.6(2).
o3 202
0251
= - 0.015 ¢
é o185 E
3 § om
2
§ o5 b N.:;’ 0005
= e 0
-0.‘15['
R Jo N " P v z R p s P P 0
# B
(¢) Condition (b). (d) Magnification of 2.6(c).

Figure 2.6: Checking conditions (a) and (b) for Case 2: Plots of j?
(dashed curve) and @® + d? + 2be (solid curve), versus u, and plots of
(3% — a® — d? — 2bc)® (solid curve) and 4 ((ad — be)? — 42d?) (dashed curve)

versus p. Magnifications of both are also included.
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From Figure 2.6(a), we see that condition (a) is not met for all p € (1*, g.).
A similar situation appears in Figure 2.6(c), in that condition (b) is not satis-
fied on the entire interval. There are two sub—intervals where condition (b) is
met, and one where it is not. Figures 2.6(b) and 2.6(d) are magnifications of
Figures 2.6(a) and 2.6(c), and these diagrams indicate that the largest sub-
interval of (u*, ¢y) on which both conditions (a) and (b) of Case 2 are met
simultaneously is (u*, p**). Like p*, we cannot find the exact numerical value
of u**, but we can approximate this value as p** = —4.37. Therefore with p in
the range p* < p < p**, there are two imaginary solutions A = iwy of (2.2.13),
with w, > w_ > 0, and it is in this interval where we may apply the theory
for Case 2 presented in [6].

When p is in the range (u**, g.) the model does not fall under Cases 1
or 2. There is a subinterval of (u**, g.), denoted by (u**, ;) for which the
discriminant in (2.2.20) is negative, and so the roots of (2.2.19) are imaginary.
This implies that there are no purely imaginary roots A = iw of characteristic
equation (2.2.13), and therefore no change in stability of the equilibrium point.
The same is true if g is in (p;, g.), only here the discriminant in (2.2.20) is
positive (i.e. condition (b) is met), meaning that in (2.2.20) w3 are real but
negative (since condition (a) is not met). Hence the roots w. are all imaginary
and so there are no purely imaginary roots of (2.2.13), and hence no change
in equilibrium point stability with g in this range.

The theory does not include any conclusions for the case g? = (a — %)2.

Consider the case where i = (a — %C)z # 0. Then (2.2.19) is reduced to

w'+ [(a+d)* — 2(ad — be) — p*] w® =0,
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the roots of which are the square roots of
w?=0 and w'=-[(a+d)®—2(ad—bc)—p?].

Thus, we obtain a double zero eigenvalue, A = 0 (multiplicity two), and a pair
of purely imaginary eigenvalues. We shall see that, in some cases, the zero
eigenvalues occur for a different value of the delay than the pure imaginary pair,
there is no degeneracy. The cases where this situation occurs are addressed as

they arise in the analysis.

2.2.6 The Transversality Condition

The transversality condition indicates the direction of change of the real part
of the eigenvalue on the imaginary axis, and is determined by the sign of the

quantity
d(Rel)
dr A=tw

A positive sign indicates crossing of the imaginary axis from left to right, while

a negative sign indicates crossing from the right to left. If all other eigenvalues
besides the complex conjugate pair which cross the axis have negative real
part, then this crossing marks a change in stability of the equilibrium point
from stable to unstable if the crossing is from left to right, and from unstable
to stable if it is right to left. Furthermore, a Hopf bifurcation occurs provided
the sign of the derivative is non-zero, and if either all other eigenvalues (of
the linear variational equation) have nonzero real parts, or if for (u,7) where
the crossing occurs, there are no additional purely imaginary roots of (2.2.13)
which are integer multiples of iws. At those values where a Hopf bifurcation

occurs, a branch of periodic solutions emanates.
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From Equation (2.2.13), we have

dr _ —i(A + d)re™
dr ~ 2+ (a+d)+ ar(\+d) — e >’

which, along with the fact that a, b, and d are not all zero, indicates that all
purely imaginary roots are simple. Also,

(dA)“l I R ) CA A (A + d)

d—’r - €

AN+ d) X’ T XY (atdAr+(ad—bo)

From [6], we know that

. [d(Re)) o d\\
mgn{ m }/\zw = agn{Re <&—;> }A—-

_ —(2X + (a+ d))
= sign {Re [A()\Z + (e + d))\ + (ad — bc))] A=id

e sra),)

| (a+d)’~2((ad~bc) v’ !
= B8Ign { (a T d)2w2 + (w2 - (a,d — bc))2 - w? + d2}

= sign{(a+d)* — p* — 2(ad — bc) + 2w’}

where Equatioh (2.2.19) was used in the last step. If we insert expression

(2.2.20) for w?, we obtain

. d(ReX)
sign § ——~ -

H

sign {(a + d)? — ii* — 2(ad — bc) + (i — {(a+ d)?

+2(ad — bo) + VA }
= sign {:t\/E},
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where A = (32 ~ (a + d)? + 2(ad — bc))* — 4 ((ad — bc)? — (12d?) is the discrim-
inant of (2.2.20). Hence we see that the sign is positive for w? and negative

for w?.

2.2.7 Analysis of the System in Case 1

To summarize the results for the bifurcation analysis of the all-K* conductance

system, we have

Case 1 (ﬂz > (a - %c)z) This case is satisfied for 4 < u* and p > g + gk,
for which we have only one purely imaginary root A = iw, (with w, > 0) of
(2.2.13). Therefore only one crossing of the imaginary axis is possible, and by
the transversality condition it follows that this crossing is left to right as 7 is
increased. This indicates that the only change in stability of the equilibrium
point can be from stable to unstable. Consider first 4 > g; + g«. Since the
equilibrium point is unstable for 7 = 0, we already have eigenvalues with
positive real part (i.e. on the right—hand side of the imaginary axis) for 7 > 0,
and so a left—to-right crossing of the imaginary axis has no bearing on the
stability of the equilibrium point, and therefore cannot induce a change in
stability. Hence an unstable zero solution of (2.2.6), and therefore an unstable
non—zero equilibrium point of (2.0.1)) for 7 = 0 cannot become stable with
increasing 7. Hence for y > g, + gx, (2.0.1) admits a unique equilibrium point
which is unstable for all 7 > 0.

On the other hand, the equilibrium point (V*,n*) of (2.0.1) is stable for
7 = 0 provided p < g1, and, in particular, for ¢ < p*, which is the range for
Case 1. Hence the left—to—right crossing of the imaginary axis as 7 is increased

will induce a change in stability of (V*,n*), which becomes unstable at the
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smallest value of 7 for which an imaginary root exists, say 7%, and remains
unstable for all 7 > 7*. When 7 = 7*, the system possesses a pair of purely
imaginary eigenvalues +iw,, and all other eigenvalues have strictly negative
real parts. Since the transversality condition is satisfied, the Hopf Bifurcation
Theorem for DDEs [17] indicates that the system undergoes a Hopf bifurcation
at (p,7*), resulting in the emergence of periodic solutions. The calculation
required to determine the direction and stability of the bifurcating periodic
solutions is presented at the end of this chapter, in section 2.2.9.

The analysis of section 2.2.9 reveals that, for u < p*, the Hopf bifurcation
which occurs at (u, 7*) is supercritical, and the bifurcating periodic solutions
are stable. Supercritical Hopf bifurcations are such that the bifurcating peri-
odic solutions exist for 7 > 7%, and stability of the periodic solutions refers to
orbital stability. Thus, for each u < p*, there exists a 7* > 0, depending on u,
for which the solution of (2.0.1) is non—periodic for 7 < 7*, and periodic for
7 > 7*. Once 7 is increased past 7%, stability of the equilibrium point cannot
be regained, since we have only one pair of purely imaginary eigenvalues.

The second equation in (2.2.18) can be used to obtain an expression of
7*, the bifurcation value of 7 for a given u < —10.74, in terms of the model

parameters and root w,:

1 {awi + d(ad — bc) } 21
nn

= — COS
i AW + d2)

(n=0,1,...). (2.2.21)

Wy

Note that 7* = 7y from this sequence of time delays, and that +* depends
directly on p. Therefore, expression (2.2.21) indicates how the pair of parame-
ters (p, T) are related. If 7 is increased past 7*, then the terms in the sequence
(2.2.21) past 7* = 79 mark the delay times where additional eigenvalues cross

the imaginary axis. These additional crossings do not change the stability of
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the equilibrium point, which is unstable after the initial crossing, and cannot
regain stability. The bifurcation delay times 7* can be found using (2.2.21) for
u < p*, and from these times we can generate a bifurcation diagram for the
system. This diagram, which plots 7" with respect to y, is shown in Figure 2.7.
Note that, in order to find 7* for a given p < p*, we must first evaluate the
root w, using (2.2.20). These calculations support our estimate of u*, the
critical value separating the Case 1 and Case 2 dynamics of the system. A
single purely imaginary root is obtained provided p < —10.74, and p = —10.73
revealed two imaginary roots, Ay = iw., indicating that the system is in the

realm of Case 2.

4

35 |-

3k

Figure 2.7: Bifurcation Diagram plotting 7* vs. p for system (2.0.1) with
p< pt = —10.74 (Case 1).

A final remark for this case is that periodic solutions emerging through
Hopf bifurcation (in Case 1) in this conductance system are only possible for
a feedback signal which is inhibitory, since p* ~ —10.74 < 0.

Figure 2.8 illustrates the numerical results for Case 1, by showing the
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numerical solution of (2.0.1) with x4 = —10.8 and different values of 7. Model
parameters y and T are specified for each plot, and other model parameters
are as in Table 2.1. The delay initial conditions, that is, the functions V(6)
and n(f) for —7 < # < 0, are set as the constant functions V(#) = —50 and

1(6) = ooV (6)) = re(~50) = 7 {1 + tanh (i%/:—vi)] ,

chosen to correspond to the original initial conditions for this conductance
system used by Morris and Lecar. The software package XPPAUT [11] was
used for numerical simulations, and all results were confirmed using the DDE
solver dde23 {36] for Matlab. All numerical simulations included in this thesis
plot the numerical time-series solution V(t) versus ¢, along with the delay
phase plane V(¢ — 7) versus V(¢).

In Figure 2.8(b) we see that with 4 = —10.8 and a delay of 7 = 3, the
system settles down to a stable equilibrium point after a few transient oscilla-
tions. However, by increasing the delay only slightly to 7 = 4 in Figure 2.8(d),
we find that the stability of the equilibrium point has been lost, and the
system exhibits periodicity; note the limit cycle in the delay phase plane in
Figure 2.8(c). The simulations reveal that periodic solutions only appear as
7 is increased through 7*. Furthermore, the periodic solution is stable, and
exists for 7 > 7*, in agreement with the detailed Hopf bifurcation analysis.
Therefore the system passes through a Hopf bifurcation at (z = —10.8,7*),
where 3 < 7% = 3.6 < 4. Also, increasing 7 further will not change the sta-
bility of the equilibrium point, and so (V*,n*) is unstable for all time delays
7 > 7*. The low Hopf bifurcation value of 7 in this particular case is due to the
relatively large magnitude of p, which measures the strength of the feedback

term.
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Figure 2.8: Numerical simulation of (2.0.1) with the parameters in the range of
Case 1: g = —10.8 with delay 7 increased from 7 = 3 to 7 = 4 ms, illustrating

a change in stability of the equilibrium voltage as 7 is increased.
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Before examining the Case 2 dynamics of (2.0.1), we comment on the values
of y for which ji? = (a - %9)2. These values are p = p*, which separates Case
1 from Case 2, and p = ¢y, 4 = g. + g, for which the equilibrium voltages
approach —co and +co, respectively. We are not concerned with the latter two
cases, which are physiologically unrealistic. Consider the special case p = u*.
We saw in Section 2.2.5 that the éondition a2 = (a - %9)2 leads to a double
zero eigenvalue and a pair of purely imaginary eigenvalues. By examining the
equation defining 7 of Case 1, (2.2.21), we find that the two zero eigenvalues
occur for a different value of 7 than the pure imaginary pair. In fact, as
w, —+ 0, it appears that 7° — oo, where 7° represents the delay value where
the zero eigenvalues occur. Therefore for 7 = 7%, which corresponds to the pair
of purely imaginary eigenvalues, there is no degeneracy. As such, a change in
equilibrium point stability and a Hopf bifurcation is expected as 7 is increased
through 7*. For the approximate value p* =~ —10.74, numerical simulations
indicate that the equilibrium point (V*,n*) is stable for all 7 < 7* = 3.6, and
loses stability at 7* via a supercritical Hopf bifurcation, which gives rise to
stable periodic solutions. That is, the dynamics are qualitatively similar to

the Case 1 dynamics discussed in the previous section.

2.2.8 Analysis of the System in Case 2

Case 2 ([ﬁ < (a-— %)2) The model satisfies the condition listed for all u

such that u* < u < g.. The additional conditions
(a) i* > (a+d)* — 2(ad — be), and

(b) (22— (a+d)? + 2(ad — bc))” > 4 ((ad — be)? — p2d2)
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are satisfied provided p* < p < p** = —4.37. Recall that, for these values of
1, the equilibrium point (V*, n*} of (2.0.1) is a stable spiral for 7 = 0. In Case
2 there are two purely imaginary roots A+ = twx of (2.2.13) with w, > w_ > 0,
and that sign{ gi%f—’\l}kiu is positive for w? and negative for w?. The crossing
of the imaginary axis fr—om left to right with increasing 7 occurs whenever 7
assumes a value corresponding to w,, and crossing from right to left occurs for
values of the delay 7 corresponding to w_. In this case, there are two sets of

values of T for which there are imaginary roots of the characteristic equation,

obtained from Equation (2.2.18):

(n=0,1,---)

1 {a,wi + d(ad — be) } 2mn
Tp1 = — COS —
Wy p(w? +d?) Wy

(2.2.22)

1 . {awf + d(ad — be) } 27n

T2 = o CoS A+ & ~

Since the zero solution of (2.2.7) is stable for 7 = 0 with p* < g < p**, then we
must have 7o) < 7g2. That is, the initial left—to-right crossing of the imaginary
axis occurs as 7 is increased through 74,1, and the initial right-to-left crossing

occurs as 7 is further increased through 79 5. Also, since

2 27

Ta+1,1 — Tp,l = o < o = Tp+1,2 ™ Tn,2s
+ —

there can only be a finite number of switches between stability and instability,
after which instability prevails (for more details on this stability switching,
refer to [6]).

Counsider p € (u*,u*]. To determine the number of stability switches

possible for a given value of x in this interval, we compute the terms of the
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SeqUences 7p, 1, Tpn2, and loock for two consecutive left to right crossings of the
imaginary axis, ¢.e. find k such that 7.1 < Tp111 < 7x2. When this occurs,
Tk, will mark the final stability change, to give a total of 2k + 1 stability
switches. For u € (u*,—5.02), only one change in stability is possible, from
stable to unstable as 7 is increased. With p in this interval, the results are
qualitatively similar to those reported for Case 1, in that as 7 is increased
through 7" = 7y, the equilibrium point (V*,n*) loses stability and remains
unstable if 7 is increased further. Also, the Hopf bifurcation which occurs at
(u, 7) is supercritical and branches to stable oscillations.

On the other hand, if —5.02 < y < p*, multiple switches in stability are
evident: for most values of 4 in this range near the lower end of the interval,
three changes in stability occur as 7 is increased before instability persists. For
values of iz in the upper portion of this interval, the number of stability switches
increases to 5, 7, 9, 11, 13 as u4 — ™ from the left, and up to 27 stability
switches are possible with gy = —4.37, the approximate value of p**. These
results were obtained by considering 4 in this range accurate to two decimal
places. As |p| increases, the delay times marking the changes in stability
decrease, and as the number of possible stability switches increases, the time
delay where the final switch to instability occurs increases. For example, with
@ = —4.37, 27 stability changes are possible, and the final switch occurs when
7 & 645 ms. But for p = —5.02, only three changes in stability are observed,
and the final switch occurs when 7 ~ 41 ms.

By computing the terms of the sequences in (2.2.22), we can generate
bifurcation diagrams which describe how the delay times vary with u. In

Figures 2.9(a) and 2.9(b), the plots of 7,; and 755 versus p are shown for
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wu € {(u*, ™). Since there is no gap between the values of p which place the
system in Cases 1 and 2, we expect the curve describing 753 vs. p to be a
smooth continuation of the 7* vs. u curve obtained in Case 1, since both
times correspond to the w, root. This is confirmed in Figure 2.9(c), which
combines the curves of 7x = 75 of Case 1 along with 75; and 75 of Case 2.
Computing these roots and values of 7 in the sequences supports our earlier
estimation for p*™ &~ —4.37, since no real roots were found for p = —4.36.
The final bifurcation diagram we include demonstrates the stability switching
properties of the model with g € [-5.02,—-4.37]: Figure 2.10 contains the
terms of the sequences 7,1 and 7, » which give rise to stability changes in the
equilibrium point for 4 in the indicated range, and up to 13 stability switches
are included. Note that the intervals of y exhibiting more stability changes
get smaller as the number of switches increases.

We remark that no change(s) in stability occur at the cusp points in Fig-
ure 2.10. At these points, we have 7,5, = 74411 (k € {0,1,...,6}, since up
to 13 switches are possible), and so as 7 is increased through this common
critical value, there are two pairs of purely imaginary eigenvalues, one pair
corresponding to a left to right crossing of the imaginary axis, the other to a
right to left crossing. The pair of eigenvalues which cross from right to left
are the same pair which crossed from left to right at 7,. As 7 is increased
through 742 = Tiy1,1, the left to right crossing maintains the instability in the
equilibrium point, and for those values of ;s where a cusp point arises, the final
stability switch occurs when 7 = 74 ;.

The system undergoes a Hopf bifurcation when the equilibrium point (V*, n*)

changes stability, which occurs when the delay 7 assumes the values 7p; and
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(¢) 7% (solid), 7,1 (dashed), and
70,2 (dotted) vs. p.

Figure 2.9: Bifurcation Diagrams: The values 753 and 752 versus p for Case

2, and shown together along with the 7* values of Case 1.
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T
300

250

Figure 2.10: Bifurcation Diagram plotting the terms of 7, ; and 7,, o which give
rise to stability changes for p € [~5.02, ~4.37]. The values of p for which the

model exhibits up to 13 stability switches are indicated.

To,2. 'The Hopf bifurcations which occur with the 7, 1, sequence are supercriti-
cal and branch to stable oscillations, while those associated with 7, » sequence
are subcritical and branch to stable oscillations. These results are obtained
from the detailed Hopf bifurcation analysis carried out in section 2.2.9. There
is numerical evidence to suggest that the periodic solutions emanating from
the subcritical Hopf bifurcation(s) at 72 are from the same branch of stable
solutions which appeared via the supercritical Hopf bifurcation at 7, ;. With
T just above 7y 1, the amplitude of the periodic solution increases, but further
increasing 7 causes the amplitude to decrease. As 7 — 72, the amplitude
decreases and appears to approach zero.

To summarize, for g € [—5.02, u**] system (2.0.1) possesses a single equi-
librium point (V*,n*), which is stable for all 7 < 79;. When 7 is increased

through 791, the equilibrium point loses stability, and a branch of stable pe-
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riodic solutions emerges via a supercritical Hopf bifurcation. With 75 <71 <
To2, the system possesses an unstable equilibrium point and a stable limit
cycle. As T is increased through 7y2, the equilibrium point regains stabil-
ity and a branch of stable periodic solutions disappears through a subcritical
Hopf bifurcation. Then, with 752 < 7 < 71,3, the system admits only a stable
equilibrium point, but a branch of stable periodic solutions emanates from a
second supercritical Hopf bifurcation at 7y ; when the equilibrium point loses
stability. This trend continues until the final stability switch. Figure 2.11 con-
tains a schematic bifurcation diagram illustrating this conjectured bifurcation
sequence for the case where three stability switches are possible. Bifurcation
diagrams such as Figure 2.11 concisely depict the behavior of a system as a
parameter is varied. In schematic bifurcation diagrams appearing in this the-
sis, solid lines represent stable equilibria, and dashed lines represent unstable
equilibria. Stable periodic orbits are represented by filled circles, and unstable

periodic orbits by unfilled circles.

wm wm e wm wm wm ma we e oy e wm mm me s mm e em

Figure 2.11: Conjectured bifurcation structure of system (2.0.1) with three

stability switches as 7 is increased.

Numerical simulations are included in Figure 2.12 to illustrate the stability—

switching phenomenon predicted for this model. Here, we examine the spe-
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cific case u = —4.7, which is in the range where we expect multiple stability
switches. With u = —4.7, the Cooke-Grossman theory predicts changes in
stability occur when the delay 7 is increased through the values 751 = 13.9,
To2 = 34.8, and 711 = 48.4. Included in Figure 2.12 are the time-series solu-
tions for four different values of 7: 7 = 10, 20, 43, and 55. With delay 7 = 10
ms, we find that the solution settles down to a stable constant equilibrium
voltage after a few tramsient oscillations. Note that this initial time delay is
less than 753, which marks the first change in stability of the equilibrium point.
The first stability change is observed by increasing the delay to 7 = 20, which
is above 7y 1, and included in Figure 2.12(d). Here, we see that the equilibrium
voltage is unstable, and the system exhibits stable periodic solutions, as a re-
sult of the supercritical Hopf bifurcation. T'wo further stability changes can
be seen by taking 7 = 43 € 152, 71,1] and 7 = 55 > 71, the value where the
final stability switch occurs. The equilibrium voltage cannot re—gain stability
once 7 is increased beyond this value. The sequence of figures shown here
compliment the schematic bifurcation diagram in Figure 2.11, which depicted
the dynamics of (2.0.1) with three stability switches. The initial functions in
Figure 2.12 are V() = —20, n(f) = ne(—20), 8 € [—7,0] to illustrate the
local behavior of the system near the equilibrium point.

With u € (p*, —5.02), the model satisfies all conditions of Case 2, but
only one change in stability is possible, since 713 < Tg9. In this respect, the
results for the model with y in this range are similar to the results for those
p < p* where Case 1 occurs. Figure 2.13 is a numerical simulation of system
(2.0.1) with p = —8, a representative of this case. Initial conditions are as in

Figure 2.8. With a delay of 7 = 4 ms the equilibrium voltage is stable, and
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Figure 2.12: Numerical simulation of of system (2.0.1) with 4 = —4.7 (Case

2), illustrating the stability switching of the (V*,n*) as 7 is increased.
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the solution approaches a constant value after a brief transient period. If the
delay is increased to 7 = 6 ms, then stability of the equilibrium is lost, as the
system has passed through a supercritical Hopf bifurcation (at 7 =5.3) and a

stable periodic solution has emerged.

gt
g

wm ® ® @ & 0 ER) o 200 200 s00 400
3 +

@) V{E—-7)vs V. (b) V(t) vs. t for 7 = 4.

S PEETTTVRCIAR PR

T

° 100 200 300 200 300 oo
*

() V(t—71) vs. V. (d) V(¢) vs. t for 7 = 6.

Figure 2.13: Numerical simulation of (2.0.1) with the parameters in the range
of Case 2: p = —8. With delay 7 = 4 the equilibrium point is stable, but
becomes unstable if we increase the delay to 7 = 6. Periodic solutions arise as

the system undergoes a Hopf bifurcation.

Since p** ~ —4.37 < 0, stability switching is only possible for the all-
K* conductance system (2.0.1) with inhibitory feedback. Therefore, sustained

oscillations arising through Hopf bifurcation are possible in the all-K* con-
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ductance system (2.0.1) with inhibitory feedback.

Finally, we consider u in a range where the model does not satisfy the
criteria for Case 1 or Case 2. This occurs for values p** < ¢ < g, an interval
which includes both inhibitory and excitatory feedback. Recall that, with p
in this range, the equilibrium is stable for 7 = 0. Since there are no purely
imaginary roots of (2.2.13), then there are no crossings of the imaginary axis
and hence no changes in equilibrium point stability. Thus we expect (V*,n*)
to be stable for all 7 > 0, and do not anticipate periodic behavior. Figures 2.14
and 2.15 show the solution to the model with inhibitory feedback (1 = —2.5)
and excitatory feedback (u = 2), respectively, for values of p in this range.
In both cases, we find that the equilibrium voltage of the model is stable,
and even a ten-fold increase in the magnitude of the delay has no affect on
the long—term stability of the equilibrium. Here, the strength of the feedback
is relatively weak, and it appears that no value of the delay 7, no matter
how large, can cause the equilibrium to lose stability. Initial conditions for
Figures 2.14 and 2.15 are as in Figure 2.8.

No additional behavior was detected for the all-potassium system. A large
sample of initial conditions all led to the same behavior as the numerical
simulations presented here, and hence we conjecture that the full dynamics
of the system are accounted for by the Cooke—Grossman theory relating to
equilibrium point stability, and by the Hopf bifurcation theory for DDEs.
Of course, this is not true for those values of y where the system does not
have an equilibrium point, and for these cases we observed that in numerical
simulations, the voltage approached dco. The biophysical interpretation of

the voltage V — +o0 is discussed in Chapter 5.
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Figure 2.14: Numerical simulation of system (2.0.1) for weak inhibitory feed-
back. Here, p = —2.5, and the delay is increased from 7 = 20 to 7 = 200,

illustrating that the equilibrium remains stable as the delay is increased.
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Figure 2.15: Numerical simulation of system (2.0.1) for weak excitatory feed-

back. Here, u = 2, and the delay is increased from 7 = 20 to 7 = 200,

illustrating that the equilibrium remains stable as the delay is increased.
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The main results of this chapter {including Section 2.2.9), with respect to
equilibrium point stability and Hopf bifurcation, can be summarized by the

following theorem:

Theorem 2.2.8.1. Assume that parameters in system (2.0.1) are as in Ta-

ble 2.1. Then we have the following:

1. If p < p*, then (V*,n*) is stable for all 7 € [0,7%), where u*, 7™ are
defined earlier, and unstable for all T > 7*. A supercritical Hopf bifurca-
tion occurs at T = 7%, and the emerging periodic solutions are orbitally

stable.

2. If u* < p < p**, then (V*,n*) is capable of a finite number of stability
switches before instability persists (u** defined earlier). Transitions from
stability to instability occur with T, terms of (2.2.22), while those from
instability to stability occur with 7, 2 terms, n = 0,1,.... A total of 2k+1
switches is possible, where k satisfies 7,1 < Tpy11 < Trg. Al each 7,
(Tnz2) where a stability change occurs, a supercritical (subcritical) Hopf
bifurcation occurs, and the emerging pertodic solutions are orbitally stable

(stable).
3. If p™ < p < gy, then (V*,n*) is stable for all 7 > 0.
4. If u > g, + gx, then (V*,n*) is unstable for all 7 > 0.
The following section 2.2.9 contains the detailed Hopf bifurcation analysis

of system (2.0.1), while physiological implications of the results presented here

are addressed in Chapter 5.
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2.2.9 Direction and Stability of Hopf Bifurcation

The previous sections indicate that system (2.0.1) is capable of undergoing
Hopf bifurcation when p < p**. Furthermore, whenever stability of the equi-
librium point (V*,n*) changed, a Hopf bifurcation occurred. In this section,
we present a detailed Hopf bifurcation analysis to study the direction, stability,
and the period of bifurcating periodic solutions. We wish to verify that, for
it < —5.02, only one supercritical Hopf bifurcation takes place as 7 is increased
past 7*, and that alternating super— and sub~—critical Hopf bifurcations occur
as 7 is increased through the values 7,1, 7,2, n = 0,1,.. ., respectively, if u is
in the range —5.02 < p < —4.37. The method used to analyse these features
is based on the normal form method and the center manifold theory developed
by Hassard, Kazarinoff, and Wan [20].

Consider system (2.0.1) with ¢ < p**. Recall that the Cooke—Grossman
theory ensures that all eigenvalues other than +iw, have negative real parts
when 7 = 75;. Similarly, when 7 = 755, the system possesses a pair of
purely imaginary eigenvalues diw_, and all other characteristic roots have
strictly negative real parts. In Section 2.2.6 we verified that the transversality
condition is satisfied in each case. The system (2.0.1) also satisfies the required
conditions on the continuity of the nonlinearity, and so all hypotheses for the
DDE Hopf bifurcation theorem [17] (Theorem 11.1) are met. Therefore we
conclude that a Hopf bifurcation occurs for system (2.0.1) when 7 = 70; and
T = Tp,g. The same is true as 7 is increased through the delay times 7,1, and
Tpo, n=1,2..., while 745 < 74111, k = 1,2, ..., the condition which specifies
the number of stability switches. We noted earlier that, for the cusp points

in Figure 2.10, no change in stability takes place since there is a simultaneous
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left to right and right to left crossing of the imaginary axis. Since there are
two pairs of purely imaginary eigenvalues in these cases, the Hopf bifurcation
theorem for DDEs is not met, and hence no Hopf bifurcation cccurs at these
points. Such Hopf-Hopf interaction points have been studied in neural network
models with delay [37], but we do not investigate these points of our model
further.

Having determined that Hopf bifurcation(s) are possible when 7 = 7,
and 7,2, n=0,1,..., we turn to the direction and stability of periodic orbits
emanating from these bifurcations. The analysis which follows is similar to
that by Plant [32] and Wei and Ruan [40]. We consider the eigenvalues to be

a function of 7, and when 7 =1,,;, n = 0,1,..., the root
A7) = afr) + iw(7)

of (2.2.13) satisfies (7 1) = 0, w(7s,1) = w,, and has the property

do(T, 1)

dr >0,

where n = 0,1,..., which is simply the transversality condition considered
earlier. In the case of 7 = 7,9, the root A(7) satisfies (7, 2) = 0, w(7, 1) = w_,

and has the property
dﬂf(’/" n,2)
dr

where n =0,1,.... fwelet r=7,:+7v, YyER n=0,1,..., then y =0 s

< 0,

the Hopf bifurcation value for (2.0.1). The same is true if we let 7 = 7,2 + 7.
For convenience, assume that 7 = 7,; or 7 = 7,2, n = 0,1,.. ., and let w be
the corresponding root of (2.2.19), that is w = w, or w = w_, to carry out the

analysis. The actual values of 7 and w are only important once the calculation
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is complete. We choose the phase space to be C = C([—, 0], R?), and concern
ourselves with only real solutions. Expanding the hyperbolic trigonometric
functions, we may write (2.2.6), the nonlinear system with equilibrium point

shifted to the origin, in the form

dz N
- = —az + by + jz(t — 1) — azy
dy c 1 s 4
C 5 1 3 d 2, A4
V,f [24+ﬁv (Qﬂu ﬂv)]x 8‘/421: y-r'O(CL' )7
where

V-V V-V g
2% 7 - ‘/4 E “09

B, = tanh(u), B, = tanh(v), u=

and the coefficients a, b, ¢, d and i were defined earlier for the linearised

system (2.2.8). For ¢ = [¢y, o]t € C, let

Lo = [ N ~Z } 8(0) + [ ;‘ ) } o-r) (2224
and define
' ~a1(0)2(0)
F(y,¢) = . . g
-2 (m _ 5@} 5(0) = 577 Bu91(0)62(0)
: 0 :
+ + O(z*)
[+ 8 (59 ) | 80 - 060
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By the Riesz representation theorem, there exists a 2 X 2 matrix-valued func-

tion n(-,7) : [-7,0] = R¥ = R* whose components are functions of bounded

variation such that
0

Lyp= | dn(8,v)¢(0)

-7

for all ¢ € C. Specifically, we choose
-
—a b
}, =0

7(0,7) = {

DT

0
0

} 5@ +r7), 8¢c[-T,0),

L L
where § is the Dirac—delta function. For ¢ € C*([—7,0],R?), define
[ d¢(9)

“E‘g—‘ s g e [—"T, O),
A()$(0) = S

[_ *dn(9,7)¢(9), 9 =0,

T

and
0, 6 € [—1,0)

R(v)¢(0) =
F(v,0), 6=0.

Hence, we can rewrite (2.2.23) in the form

X, = A(Y)X: + Ry X,

(2.2.25)

where X = [z,y]T and X, = X(t +0) for § € [-7,0]. Let C* = C*([0, 7], B?)
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and define, for 1 € C*, the adjoint operator A*(0) of A(0) by

( —%éf)—, s € (0,7],

A (0)1(s) = ¢

1]
f dn" (s, 0)p(~s), s =0,

where 51 is the transpose of 5. For ¢ € C and ¢ € C*, define the bilinear

form

0 s
(1, 8) = P(0)$(0) ~ / /g RAGOEOIGES (2.2.26)

where n(f) = 5(9,0). Therefore, A(0) and A*(0) are adjoint operators, and as
usual, we have

(¥, A(0)g) = (A*(0), ) -
If we assume that A(0) = iw is an eigenvalue of A(0), then it follows that —iw

is an eigenvalue of A*(0). Then
A(0)q(6) = iwq(8), and A*(0)g*(s) = ~iwq'(s),

where ¢(#) and ¢*(s) are the eigenfunctions corresponding to eigenvalues iw of
A(0) and —iw of A*(0), respectively. We directly compute the eigenfunction
q(#), and obtain

cd — icw

R tw?

1 .
q(0) = et where B

To find ¢*(s), we let q(s) = [v1,12)e™*, and the equations (¢*,¢) = 1 and
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{¢*, @) = O under the standard inner product (2.2.26) lead to

0 0 (4 0] 1]
1 = o+~ jf f e~ =[5, 7y 56+ 1) ededo,
—-7J 0 0 0 I5)
_ o po [ 0 ] ] i | )
0 = i+ P —-f f e‘“"@"a)[ﬂl,ﬂz] # 5(6+71) e~ EdEdd.
—T7 <+ 0 g 0 ﬂ

Integration of these equations yields
71 [1 + fir cos(wr) — a7 sin{wT)] + By = 1,
~ i . _
2! {1 + = sm(wq—)} + By, = 0.
w

Solving these equations for 7y, Py, we obtain

5 &
ﬂel 562 ,561 562

where e; = 1 + 7 cos(wr) — ifirsin(wr) and e; = 1 + gSiH(UJT). Taking the

v = and Vg —

complex conjugates of 7 and 7y, we obtain

. (dLl + ng) — ’l:(UJLl - dLg)

- L2+ L2 ’

—(d2 + w2)62L1 - Z(d2 + w2)62L2
c(L3 + L3) ’

Vo =

where

Ly = {d7 cos(wT) + sin(wT) (M— — i):l ’

W

Ly = w (2 + frcos(wr)) + fsin(wr)(1 - dr).

A centre manifold Cy for (2.2.25) at v = 0 is a locally invariant, attracting

two—dimensioral manifold in C, whose coordinates are computed as follows.
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Let X, be the solution of (2.2.25), and define
2(¢) = (¢*, Xv), and  W(t0) = X.(0) — 2Re{z(t)q(d)}.

Then, for v = 0, on the centre manifold Cy we have

2 %2 2,’2 z

W(t,0) = W(2(t), 2(t), 0) = Wao(6) 5+ Wi zZ + Wia(0) 5+ War () -+

where z and Z are local coordinates for the centre manifold Cy in C, in the
direction of ¢* and §*. Note that we are only interested in real solutions, and
if X, is real, then W is real.

According to [25], the existence of the centre manifold allows us to reduce

(2.2.25) to an ordinary differential equation

) = (¢", A(0)X; + RX,)
= iwz+(¢g"(6), F(W + 2Re{z(t)q(9)}))
= iwz +§(0)F(W((z, 2 0) + 2Re{2()q(0)})
= wz+ §(0)Fy(z, 2). (2.2.27)

We rewrite this as

1) = iwz(t) + 9(z,2),

where

= P - Z2 _ Zz 222
9(,2) =T (0)Fo(2,2) = g5 +9uzZ + gy +gm— + . (2:2.28)

From (2.2.25) and (2.2.27), we have

W X . Lo A(7) W — QRe{'T‘(O)FOQ(Q)}’ XS i_’ra 0)
=Xi—2g—-2f =
A(v)W — 2Re{G*(0) Foq(0)} + F;, 8 =10,

= AW + H(z,2,0),



CHAPTER 2. THE ALL-KT CONDUCTANCE SYSTEM 83

where
22 52 22

H(z,Z%,0) = Hy (9)2 +H11(9;22+H02(9)—+H21(9)—2f-z: e (2.2.29)

il

Expanding the above series and equating like coefficients, we obtain
(A(y) — 2iw)Wa(8) = —Ha(9),
AVWi(0) = —Hu (9), (2.2.30)
(A(7) + 2iw) W2 (0) = —Hoe(8), - - -

Note that ¢*(0) = [, 1»], and
z(t) = WO (t,0) + 1 (0)2(t) + @ (0)2(t) = WD (0) + z + %,

y(t) = WA(t,0) + g2(0)2(t) + 3(0)2(t) = WP (0) + Bz + 3z,
since ¢(0) = [g1(0), ¢2(0)]T = [1, 8]T, where

=2
W (0) = W (s,0) = W (0) 2 -+ W ()22 + W (0)52— T

52
w® () = w3, 0) = w2 (0 ) S w0 )zz+W(§§)(0)%+ e

and
—ax(t)y(t) 0
Fy = + T
S(6) - Bay(t) | | ~Da%(0) - G (0w()
where
a=-E(n-18), B=s

c 15 i d
—W[g"'ﬁv (‘Qfﬁu—ﬁu)], G—-S-‘ZE,
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for convenience. Therefore, it follows that

9(z,2) = §(0)F
= —az(t)y(t)p + [Az*(¢) — Bz()y(t) — Dz°(t) — Gz* (t)y(¢)] o
+0(z%)
= [Av — B(ap; + Bin))2® + [240, — (B + B)(ai, + Bik)]2z
+[Avy — B(ap, + Bmp)]|2 + {Wz‘é)(())% (2A7, — B(aw, + Bin))

1
W) (245 ~ Blaw + Bru)) = WE(0) (o + Br)

+ WP (0) by + Biy) — 7 (G(2B + B) + 39)] 223,

Comparing this to the expansion of g(z,z), i.e. (2.2.28), and equating like

coefficients, we have
goo = 2[Ap — B(ab + Bis)),
g11 = 2A0y — (8 + B)(ai + Biy),

goz = 2[ADy — B(aby + Biy)),

Gor =2 szg)(o)% (24D, — B(av, + Biw)) (2.2.31)
"FWl(ll) (0) (2AD, — B(aiy + Biy)) — Wz(g)(O)%(aﬂl + Bi)
~W(0) (o7 + Bry) — 1y (G(28 + B) + 39)] :

To compute Wag(fd) and W1, (8) for 6 € [-7,0), we have

H(z,2,0) = 2Re{q"(0)Foa(0} = —gq(0) — 93(6)

2 72
= - (5’20“2~ + g1122 + 902-2— + - ) q(8)

32 22
- (ﬁm; + gu12Z + !702"'2'" + - ) g(9).
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Equating like coefficients with (2.2.29) gives
Hao(0) = —9204(0) — 9020(0), and Hu () = —g11q(0) — 5117(6).
From (2.2.30), it follows that
Wao(8) = 2iwWao(8) — g20¢(0)e™? — Fo23(0)e™?,
and solving this differential equation for Wy (6) we obtain

Wao(6) = —%q(o)ew@ - 392%@(0)3““"9 + Ee¥?, (2.2.32)

Similarly, we obtain

Wi (6) = %qm)ew -~ %q(O)e—M +F (2.2.33)

In (2.2.32) and (2.2.33), E = [Ey, B,]T and F = [Fy, F3]T are two~dimensional

vectors, and can be determined by setting ¢ = 0 in H. Since

H(z,%,0) = —2Re{7"(0) Foq(0)} + Fo,

this gives
Hy(0) = —g20g(0) — 5024(0) + [ b } ; (2.2.34)
2(A - BB)
and ~
H11(0) = —g11¢(0) — 51:4(0) + |: b+ 6)_ :l ) (2.2.35)
2A — B(B -+ p)

where ¢(0) = [1, 8]F, and A and B were defined above. From (2.2.30) and the
definition of A(y), we have

74
Wzo(O) -+ ng(—-—’T) = ZMJWQO(G) - HQQ((}), (2236)
c —d 0 0
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and

c

[‘a b:!Wu(O)-i-{ﬂ °}W11<—T>=—Hn<0>- (2237)
—d 0 0

Substituting (2.2.32) into (2.2.36), we obtain

E = —g20q(0) — 5024(0) — H3(0),

—a + fle” T — 24 b
¢ —(d + 2iw)

since

—a + fie7wT — qw b
c —d — 1w

] q(0) = 0.
With Hy(0) given in (2.2.34), we obtain

—2a8
2(A - BB)

?

—a+ e BT _ 94 b
c —(d + 2iw)

which gives the set of equations
(—a+ pe ™7 — 2iw) By + bEy = 2af,
cEy — (d+ 2iw)Ey = —2(A — BB).

Solving these equations for Fy and E, gives

_ 2ap(d+ 2iw) — 2b(A ~ BB)
T be+ (d + 2iw) [le%eT — (@ + 2iw)]

1

and .
_ 2afc+ 2(A - BB) [pe 7 — (a4 2iw)]
27 b+ (d + 2iw) [le 297 — (a + 2iw)]

Solving for the components of F' in a similar manner, we obtain

—ati b | —olB+h)
¢ —d 94—~ BB+58) |
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which leads to

5 b2A-B(B+8)) —od(B+P)
! (ad — be) — jd ’

(6= )2A-B(3+4)) —oe(5+5)

F
2 (ad — bc) — jid

Now we see that all of the g;;’s in (2.2.31) are determined by the parameters
and delay in the nonlinear system (2.2.6). We employ the formulas of Hassard,

Kazarinoff and Wan [20] to compute the quantities

2w 2
_ Re{C1(0)}
H = T ReN(0)} (2.2.38)
B, = 2Re{C1(0)},

T, = -~ (Im{C(0)} + mIm{X(O)) ,

] 1
C1(0) = — (920911 ~ 2lgu ) — 5]902]2) + &,

where A(y) = a(v) + iw(y) is a solution of (2.2.13), where 7 = 7,1 + 7, or
T = Taa+7v n=01,..., satisfying a(0) = 0, w(0) = w. Applying the
results of Hassard, Kazarinoff and Wan [20], we know that py determines the
direction of the Hopf bifurcation: if uz > 0 (< 0), then the Hopf bifurcation
is supercritical (subcritical) and the bifurcating periodic solutions exist for
7 > 7* (< 7*). The stability of periodic solutions on the centre manifold are
determined by the sign of the Floquet exponent f;: the bifurcating periodic
solutions are orbitally stable if 8, < 0, and unstable if 8, > 0. Finally, the
period of the bifurcating periodic solutions is given by 73, and the period
increases if T3 > 0, and decreases if 75 < 0. We are mainly concerned with

the direction and stability of the bifurcating periodic solutions.
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To conclude this chapter, we present some sample calculations to illustrate
the results of the Hopf bifurcation analysis. The first example is for y < p*,
where the model is in Case 1. Under this case, stability of the equilibrium
point is lost for good when 7 = 7 = 75, and a branch of periodic solutions
emerges from a Hopf bifurcation. Consider ¢ = —10.8 as a representative
from Case 1. For this value of u, the purely imaginary root is A, = ww, =
¢ X 0.5441, and the delay time for the bifurcation is 7* = 79; = 3.6 ms. The
component S of the eigenfunction ¢(6) is 8 = 0.000283 — ¢ x 0.00206, and
vy, Vg of g*(s) are vy = 0.274 + ¢ x 0.273, vp = 9.37 — i x 12.39. For the g;;
coefficients, we obtain goq = 0.00123+1 x 0.00150, g;; = 0.00071541 % 0.00109,
goz = 0.000205 + ¢ x 0.000680, and gg; = —0.00222 + ¢ x 0.00284. This gives
Ci(0) = —0.00111 + i X 0.00142, and hence uy = (0.00111) (Re{A'(0)})~* > 0,
since Re{X'(0)} > 0, and B; = —0.00223 < 0. Therefore, the Hopf bifurcation
at 79,1 for p = —10.8 is supercritical (yu; > 0) and the bifurcating periodic
solutions branch to stable oscillations (3, < 0). Similar results were obtained
for a large sample of values of u < u*. These results are consistent with
numerical simulations for this case.

Next consider 4 = —4.7, an example discussed in detail in section 2.2.8.
For this value of y we found that three stability changes are possible, and occur
as we increase 7 through the values 797 = 13.9, 792 = 34.8, and 71; = 48.4. At
each of these bifurcation values we also obtain a branch of periodic sclutions
from a Hopf bifurcation. Note that both 7o; = 13.9 and 7, ; = 48.4 correspond
to the w, root, which has value w, =i x 0.182, while 75, = 34.8 corresponds
to the w_ root, where w_ = i x 0.0875. Tables 2.2 and 2.3 report the values

for important quantities to determine the direction and stability for all three
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Hopf bifurcations.

Value Tp,1 = 13.9 To2 = 34.8
Jéj 0.00121 — 2 x 0.00260 0.00329 — ¢ x 0.00339
I 0.201 + ¢ x 0.107 0.106 47 x 0.0177
Vo 112 -9 x 21.7 —9.63 — i x 13.9
g20 0.000289 + ¢ x 0.00162 | —0.000625 + ¢ x 0.00127
gn —0.00138 + 14 x 0.00121 | —0.000845 + 7 x 0.000862
goz || —0.000565 4+ ¢ x 0.000802 | —0.00106 + ¢ x 0.000455
g2 —0.00261 4+ x 0.00282 ~—0.00203 + 2 x 0.00112
C1(0) || —0.00131 +¢ x 0.00140 | —0.00101 + ¢ x 0.000558
12 (0.00131)(Re{N(0)})* (0.00101)(Re{N(0)})*
B2 —0.00261 —0.00201

Table 2.2: Detailed Hopf bifurcation analysis: sample calculations for the first
two Hopf bifurcations which occur for p = —4.7 (Case 2, multiple stability

switches).

For the Hopf bifurcation which occurs at 7 = 75; = 13.9, py > 0 since
Re{XN(0)} > 0, and so the Hopf bifurcation is supercritical, and since 8y < 0,
the bifurcating periodic solutions branch to stable oscillations. The same is
true for the bifurcation at 7 = 7 ; = 48.4. While the bifurcation at 75, = 34.8
branches to stable oscillations (82 < 0), we find that ps < 0, since Re{}(0)} <
0, and so the the direction of the Hopf bifurcation is subcritical. A large
sample of values of p € [—5.02,—4.37] (approximately 20-25 values) were
tested and all produced similar results. That is, Hopf bifurcations occurring

with delay times 7,;, n = 0,1,... are all supercritical and branch to stable
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Value 71,1 = 48.4
i 0.00121 — i x 0.00260
vy 0.0680 + ¢ x 0.0427
Vs 0.948 — i x 7.58
g | 0.000143 + ¢ x 0.000561
g1 | —0.0000174 + i x 0.000482
goz | —0.000178 + 4 x 0.000296
g | —0.000845 + 4 x 0.00105
C1(0) | —0.000423 + i x 0.000525
pz | (0.000423)(Re{N(0)})?
Pe —~0.000846

Table 2.3: Detailed Hopf bifurcation analysis: sample

calculations for the

third Hopf bifurcation which occurs for 4 = —4.7 (Case 2, multiple stability

switches).
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oscillations, while those for 7,5, n = 0,1,... are subcritical and branch to
stable oscillations. Also, numerical simulations presented in section 2.2.8 are

in agreement with the results reported here.



Chapter 3

The all-Ca?T Conductance

System

In this chapter, we explore the dynamics of the all-Ca?* conductance systemn.
This investigation will illustrate how the all-Ca?" and all-K* conductance
systems with delay differ from each other, how the dynamics of the all-Ca?*
system with delay differ from the original model without delay, and will help
demonstrate how the all-Ca** with delay contributes to the full-2D model
with delay. The equations are similar in form to those describing the all-K*
system, and so the analysis of the all-Ca?* conductance system is very similar
to that of the all-K* system.

The original single-ion conductance systems of the Morris—Lecar model
without delay exhibit qualitatively different behavior. The all-K* system ex-
hibits a graded response with a transient peak followed by a decay to a voltage
plateau, while the all-Ca®* system has bistable responses and a characteristic

threshold [24]. These differences are due largely in part to differences in pa-

92
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rameter values. It is important to note that Morris and Lecar [24] change the
values of some parameters which overlap between the all-K+ and all-Ca?* sys-
tems, most importantly the leakage equilibrium voltage. In the original all-K*
system without delay, they set V, = —50 mV, but used the value V;, = ~35
mV for the original all-Ca?* system without delay. This was done to illustrate
different behaviors displayed by the the two isolated conductance systems,
and in the system where both systems are active. For consistency, we shall
use V., = —50 for both single-ion conductance systems. This will also allow
1s to better compare the dynamics of the conductance systems with delay.

The all-Ca?* conductance system with delay is governed by the system

CV(t) = —g(V—W) — gon(V — Vo) + puV (t = 7)

(3.0.1)
(t) = An(V) [meo (V) — m],
with voltage—dependent functions m(V), An(V) described by
( 1 V-V
00 V)=~ b
Moo{V) 2[l—l-tamh( v )}
S (3.0.2)

2V,

. vV —
Am(V) = Ay, cosh ( Vl) :
This system is obtained by setting n, the fraction of open K* channels, to
zero in the three-dimensional Morris Lecar system with delay (1.3.5). Before
addressing the dynamics of (3.0.1), we present a brief overview of the behavior

of the original system without delay.
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3.1 The all-Ca? Conductance System
without Delay

In the absence of delay, the calcium conductance system displays more compli-
cated dynamics than the potassium system. While voltage oscillations are still
not possible in this isolated system, Morris and Lecar found that the all-Ca®*
system exhibits bistable responses and a characteristic threshold. With y = 0,
system (3.0.1) is reduced to the original Ca®* conductance system without
delay:
OV (t) = —gu(V = Vo) = gaur(V — V)
(3.1.1)
m(t) = dn(V) I (V) — m],

with A, (V) and my (V) as in (3.0.2). For system (3.1.1), three equilibria are
obtained in the (V, m)-phase plane, given by the intersection of the nullclines

- gL{/L + gCa%am

V(m) o+ gea™

and m(V) = mao(V) = 7 {1 + tanh (V;VIH .

2
The i = 0 nullcline, is a monotone increasing function m = ms (V) which is
similar in shape to the n(V) nullcline of the all-K* system, differing only in
steepness and a slight shift along the voltage axis. The nature of the V=0
nullcline is the cause for the different behavior between the Ca?* and K*
conductance systems without delay. With Vi < V., the V = 0 nullcline of the
all-K* system is monotone decreasing and hence the nullclines can intersect
at most once. On the other hand, since Vg, > V, the V = 0 nullcline of the
all-Ca?* system is monotone increasing, and so the nullclines can intersect

one, two, or three times, depending on the value of the applied stimulus.
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With I = 0, the system admits three equilibrium points, as indicated by the
phase plane diagram depicted in Figure 3.1{b). We shall refer to the lower
equilibrium point as (V;, m; ), the middle as equilibrium point as (V3, ms), and
the upper as (V3, ms3).

Morris and Lecar state that the upper and lower equilibrium points are
stable nodes while the middle equilibrium point is an unstable saddle. They
also add that this pattern of equilibria leads to bistable behavior since the
separatrix solutions associated with the saddle point separate the phase plane,
so that trajectories starting in different regions are attracted to different stable
equilibrium points. To verify the stability of each equilibrium, we first linearise
the system about the origin. Let (V*,m*) be an equilibrium point of {3.1.1).
Taking x =V — V*, y = m — m™ and linearising, we obtain

T = —ar + by

¥y = cx — dy,

where a, b, ¢, and d are given by

* . *Y L *
a4 = ————————gL +gcam y b = m——goa(vcé V j, d = )‘m COSh (V §/1> .

mm V*—Vl 2 V*“Vl
c.~2V2cosh< o )sech( 7 )

The characteristic equation is simply

W+ (a+d)+ (ad — be) = 0,
and by the Routh-Hurwitz conditions [3], (V*, m*) is stable provided

(i). a+d>0 = a>—d,and
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(ii). ed —bc>0 = ad>bc.

For the model parameters of system (3.0.1}, we use a standard parameter listed

in Table 3.1.

Parameter Set

C = 20 pF/cm? Am = < 571
g, = 3 mmho/cm? | go, = 4 mmho/cm?

W= —-50 mV Vea =100 mV

Vi =10.0 mV Vo = 15.0 mV

Table 3.1: Morris-Lecar parameter set for the all-Ca?* conductance system.

From the definition of a, and since the conductance constants g, and g,
and capacitance C' are non—negative, it follows that a is positive. Furthermore,
d is also non-negative since ), > 0. Therefore, like the all-potassium case
system without delay, condition (i) is always satisfied for each of the three
equilibria of the all-calcium system without delay (3.1.1), and specifically for
the parameter set in Table 3.1.

To check condition (ii), we examine each of the three equilibrium points
separately. The lower equilibrium point (V*, m}) = (—49.932,0.000), and so
V¥ < Voo = b > 0. Computing the coefficients a, b, ¢, and d we find that

ad > be, confirming (ii}, and so (V[*, m}) is a stable equilibrium point. To show
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that (V;*, m3) is a stable node, we must show that the roots of the characteristic

equation,

_ —(a+d)x +/(a+d)? - 4(ad — bc)
= 5 ,
are real—valued. This is true provided the discriminant &, = (a +d)? — 4(ad -

be) of (3.1.2) for (V*, m3) is positive. For (Vi¥,m3), we find that A; = 0.053 >

As (3.1.2)

0, and it follows that A_ < A, < 0, and both roots are real, indicating that
(Vy¥,m}) is in fact a stable node. Similarly, for (V3, m%) = (34.299,0.962), we
find that ad > bc = condition (ii) is met, hence (V5*, m}) is stable, and for this
singular point Az = 0.077 > 0, which confirms that we have a stable node.
On the other hand, for (V37, m%) = (10,0.5), ad — bc < 0, and since condition
(i) is violated then (V3*,m}) is unstable. Furthermore, both eigenvalues Ay
of the system corresponding to (V*,m3) are real, since the discriminant Ay =
0.263 > 0. This implies that A. < 0 and A, > 0 from which it follows that

(V,m3) is an unstable saddle point.

3.2 The all-Ca?* Conductance System
with Delay

We return now to the conductance system with delay (3.0.1). To determine
the number and location of equilibria of the all-calcium system (3.0.1), we
analyse how the nullclines in the (V,m)-plane change as the parameter p is

varied.
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3.2.1 The Nullclines of the all-Ca** System

The nullclines of system (3.0.1) in the (V, m)—plane are obtained by setting

V =0, and 71 = 0. This gives

v 9uVo + goaVoum
V(m) =
gu+ Gea™m —

m(V) = me(V) = % [1 + tanh (V ;jflﬂ : (3.2.2)

The function V(m) represents the ¥V = 0 nullcline, while m(V") represents the

(3.2.1)

m = 0 nullcline. Since 0 < m < 1, the voltage of the system varies between

the limits

Vi V. V.
guvy and V(l) _ GuVy + Goa ca
gL — K gut Gca — M

V(0) =
For certain values of u these voltage limits may become infinite, in which case
the voltage itself may approach infinite values.
The m(V') nullcline is a sigmoidal shaped, monotone increasing function of
V, with limit 1 as V' — 400 and 0 as V — —oc. This nullcline differs only
slightly from the n = 0 nullcline of the all-potassium system, in steepness and
position on the voltage axis. This nullcline does not depend on y, and sc any
change in the number of equilibria must be attributed to changes in the V' (m)
nullcline. The qualitative behavior of V(m) changes as p is varied. V(m)
nullcline is a hyperbola, separated by a vertical asymptote at V = V,,, except
for one degenerate case, where it is reduced to a pair of vertical and horizontal
lines. Since m € [0, 1], we are only interested in the portions of the hyperbola
which lie in this range. We have already seen that for 4 = 0, the system admits

three equilibria, a saddle point between two stable nodes. For large values of

4, both positive and negative, V(m) — 0 and m(V) — m(0) =~ 0.21.
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There are several regions to consider for finite p. If

W
< 1- ,
# < g ( VC&>

\

then V(m) is an increasing function of m, and is the portion of the upper
branch of the hyperbola which lies in the range 0 < m < 1. We do not
consider the lower branch, since it is below the V-axis. With p in this range,
either one, two, or three equilibria are possible. A saddle-node bifurcation
occurs at a value of p < 0, say i, so that the system has a single equilibrium
point (Vi*,m}) if 4 < f, and three equilibria (V*,m]), 1 =1,2,3,if g < u < g,
where g, < gy, (1 - '1%;) The bifurcation is of the saddle-node variety because
the emerging equilibria are a saddle point and a node: we shall see later
that, for system (3.0.1) with zero time delay, (V;,m}) is a saddle point and
(Vy,m3) is a node. With the parameter set specified in Table 3.1, g, = 3,
gy (1 — %) = %, and the value of [i is approximately —2.22. Also, for u in
this range, all equilibrium voltages V*, 1 = 1,2, 3 are below V,. Furthermore,
note that Vi* = —oo as p — gi, and the lower equilibrium point (V3*,m7})
is lost once p > g. Thus, for g, < p < g, (1 - %)’ system (3.0.1) has
two equilibria, an unstable saddle (Vif, m%) and a stable node (V;*, m3), with
Vo', V¥ < V.. This claim is proved in a later section. Figure 3.1 contains plots
of the nullclines for the all-Ca?t conductance system, for values of z, including
representative values for the three separate cases for u < g, ( — —%:) Also,
once i > g, the lower branch of the hyperbola is above the V—axis and in the
interval of interest [0, 1], but does not intersect the sigmoidal m (V") nullcline.
With both branches of the hyperbola significant, the voltage of the system is

no longer bounded, and by rearranging V(m) and solving for m, we can find
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the value of m where the voltage becomes infinite:

m(V) _ gL(VL - V) +uV

gCa(V - VCa.)
. _HT 0
V&riloom(V) = (3.2.3)

With g > gy, the limit in (3.2.3) is greater than 0, and so for each u €
(gL, gL (1 - V%:)), there is a value of m € [0, 1] where the voltage V of the
system becomes infinite.

The nullclines reduce to a pair of lines V =V, = 100 and m = — L& =

g9caVea
2<0,if
(-4 -
= gu Vo, 5
For this value of u there are two equilibria, a stable node (V;*,m3), with

Vi = Voo = 100, and a saddle (V5, m3), with V5 < V.. Stability here refers

to the stability of the equilibria of system (3.0.1) with zero time delay. The
nullclines for this special case is displayed in Figure 3.1(d).

With g in the range

Vi
73 1_V < @< gLt Geas
Ca

the V(m) nullcline is a decreasing function for m € [0, 1], and both upper and
lower branches of the hyperbola are significant and intersect the sigmoidal
m(V) nullcline. There are two equilibria, a saddle point (V5,m3) with Vf <
Ves, and & stable node (V5*,m3), with V5 > V,,. Using the parameter values
in Table 3.1, this range is —g— < p < 7, and the nullclines for a representative
case are shown in Figure 3.1(e).

As pp — gv+9oa, V3 — +00, and so once i passes this value then the upper

equilibrium peint (V3*, m}) disappears. Furthermore, with p > gy + gc., the
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(&) p=5. () p=8

Figure 3.1: Plots of the V(m) (solid) and m(V') (dashed) nullclines of the

all-Ca®* system (3.0.1) for representative values of 4.
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upper branch of the hyperbola is above the line m = 1, and so is not in the
interval of interest. The lower branch is significant, is monotone decreasing
for m € {0,1], and intersects the m(V) sigmoidal nullcline to yield a single
unstable saddle point (V5, m%), with V¥ < V.. Refer to Figure 3.1(f) for an
example of the nullclines with p in this range.

This analysis has shown that, as y is varied, the shape and position of
the V(m) nullcline changes, which in turn influences the number of equilibria
of the system. Figure 3.1 shows a sequence of nullcline plots to indicate the
evolution of the nullclines in the (V,m)-plane as p is varied. The number
of equilibria for a given value of i can be concisely depicted in bifurcation
diagrams as a branch of steady—state solutions, and are presented in Figure 3.2.
Figure 3.2(a) indicates how the equilibrium voltage(s) V* change as y is varied,
while Figure 3.2(b) shows how the equilibrium fraction of open Ca?* channels,
m* varies with p.

As a final note in this section, we remark that for weak inhibitory and
excitatory feedback, the all-Ca?* system with delay (3.0.1) admits multiple
equilibria. Moreover, the system exhibits bistability in this case, with two
stable nodes (V*,m}) and (V5, m}) separated by an unstable saddle (V;, m}).
Again, the stability we refer to is in the case of zero time delay, and these
claims are verified in the following section. These cbservations can be clearly
drawn from Figure 3.2(a). If the feedback strength is increased, then only a
single equilibrium point remains in the inhibitory case, while a single unstable

steady state exists if the feedback is excitatory.
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s

06

(a) V vs. p. (b) m vs. p.

Figure 3.2: Bifurcation diagrams describing how V* and m* of the all-
Ca?* conductance system change as p 1s varied. The solid curve represents
(Vi*, m}) the dashed curve represents (7, m3), and the dotted curve represents

(V§, m}). Stability of equilibria is not indicated.
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The results of this section, stated as a theorem, are given by:

Theorem 3.2.1.1. With parameters listed in Table 3.1, system (5.0.1) admits

up to three equilibrium points as p is varied:

1. If p < L, then (Vi*,m}) is the only equilibrium point of the system, with
‘/]_* < VC’u;

2. A saddle-node bifurcation of steady states takes place at p = [, giving
rise to two additional equilibria. If i < pp < g, then sysiem (3.0.1)
admits three equilibrie, (V*,m}), 1 = 1,2,3, with each of V¥ < Vg,
1=1,2,3;

3. Ifg, < pu<g, (1 - %/L), then system (8.0.1) admits two equilibrium

Ca

points, (V5',m}) and (V5',m%) with V3}, VyF < V,;

4. If u =g, (1 - %/é—), then system (9.0.1) admits two egquilibrium points,

Ca

(Vs m3) and (ViF, m}) with V¥ < Vo, V3t = Vs

5 Ifg, (1 - VKCL:) < p < g+ goo, then system (8.0.1) admits two equilib-
rium points, (Vy',m3) and (V5', m%) with Vit < Vg, Vi > Voo,

6. If 1 > go + gec., then system (3.0.1) possesses a single equilibrium point

(Vy, m%) where V¥ < V,.

For all cases, m; € [0,1],1=1,2,3.
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3.2.2 Local Stability and Bifurcation Analysis of the
all-Ca** System

In this section, we address the delay—dependent stability of the equilibria of
(3.0.1). In the previous section, we referred to stability of the equilibria for
zero time delay, that is system (3.0.1) with 7 = 0. Here, we prove the claims
pertaining to the stability and type of equilibria for the model with zero time
delay. We then examine the stability of (V;*,m}), 1 = 1,2,3 for 7 > 0, and also
determine whether or not the all-Ca?* conductance system with delay (3.0.1)
is capable of supporting stable oscillations.

We begin by linearising system (3.0.1) about the origin, noting that, for
all p € R, the system admits at least one equilibrium point (V*, m*) in the
(V, m)-phase plane. The linearised system is similar to that obtained for the
all-K* system. Let z =V — V* and y = m — m* and linearise to obtain

i(t) = —az + by + fz(t — 1)
(3.2.4)

y(t) =Ccr — dy7

with the coefficients

Gt Goatm* o Foa(Voa — V¥) A V-V
a= o , b= C , d = A, cosh ,

Am V* Vi 2 V* Vi “ H
- 2m osh h =2
c 2V2COS ( 5V )SBC ( A , [

as the linearised system with equilibrium at the origin. In the event the sys-
tem admits more than one equilibrium point, a separate stability analysis is

required for each equilibrium. Note that (3.2.4), the linearisation of (3.0.1), is
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identical in form to the linearised version of the all-K* conductance system,
with the exception of the parameters appearing in the coefficients. This is not
surprising, since the equations in the nonlinear systems have almost identi-
cal forms, and hence we expect a similar representation in the linearisation.
Also, the coefficients depend on the equilibrium point (V*, m*) of the nonlinear
system, which in turn depends on the delay parameter p.

Since 0 < m < 1, the voltage V = V(¢) satisfies V(0) < V < V(1) if
i< gy, and V(1) <V < V() if 4 > g, + goo. The voltage is unbounded
ifgo < p< g (1 — %), and may become infinite through the horizontal
asymptote of the V(m) nullcline. The coefficients a and ¢ are bounded for any

value of y, with

gL gL+ Gee Am
Z<a< d 0 =
o= a< c an <c< T
which are simply
3 7 & 1
—<a< —, d 0<e<—He=——
20=%=3 “<305) 300

for our parameter set (Table 3.1). While the numerical ranges do depend on
the parameter set used, these ranges specified in terms of the parameters are
true for any general parameter set where the conductance constants are non—
negative, and as long as the capacitance C' and parameters V5 and A are all
positive.

The coefficient d is bounded if the voltage is, and the bounds depend on the
values of |V(0)] and |V (1)|. In this case we obtain inequalities similar to (2.2.9)
and (2.2.10), with An, Vs, and Vj replaced with A, V7, and V;, respectively.
Thus d > A, > 0 for all 4. Also, in the linearisation of the system about

(V*,m3), Vi¥ = —co as p — g, and so d — oo. Similarly, in the linearisation
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of the system about (V5', m3), V5* = 4+oc as 4 — ¢+ ge., and d — +o00. Since
the value of VJ is always finite, the coefficient d in the linearisation about
(V;,m3) is always bounded, above and below. The range d € [0.1,0.106] is
obtained by considering the limiting case V' = 0.

If V is bounded, then b is bounded, and we obtain inequalities similar to
(2.2.11) and (2.2.12), replacing gx with g¢, and Vi with V;,. In the linearisation
of (3.0.1) about (V{*,m}), the sign of b does not change, since V* < V¢, for all
p where (Vi*, m7) exists, and so b > 0. The lower bound on b can be obtained
by considering the limiting case V;* = 0, and so we have b > 29‘15@6%:&—) =
39&%:20. As 4 — gy, V¥ — —o0, and so b — +o0.

For the middle equilibrium point, (V;*, m}), b is finite because V5 is always
finite, and positive since V' < V,, for all u where (V*,m3) is an equilibrium
point of (3.0.1). We find that b is confined to the approximate range (16.5, 20),
where the upper bound is found using the limiting case V;* = 0, and the lower
bound is obtained using u = [, the point where (V', m3) is generated via a
saddle—node bifurcation.

In the linearisation about the upper equilibrium point (V5",m3), we find
that b is positive if u < g, (1 - %) since Vi < Vs, b = 0 when p =
g (1 — %), since Vi = Vg, here, and b < 0 for u > g; (1 — %), since
Vi > Veoo AS i~ go + goa, V3 — +00 and b — —o0, and so b is unbounded
from below. Using u = [i, we obtain the upper bound 16.5 for b, and so in the
linearisation about (V3*,m}), b < 16.5.

Motivated by the results obtained for the all-K* conductance system, we
expect the bifurcation structure of the all-Ca®* system to rely on the pair of

delay parameters u and 7. Considering the linearised system (3.2.4), we make
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the usual ansatz z = & e, y = £&¢e™ and obtain the characteristic equation
A4 (a+ d))+ (ad — be) — fre™ — fide™ = 0. (3.2.5)

Aside from the definitions of the coefficients a, b, ¢, and d, equation (3.2.5)
is of the exact same form of the characteristic equation obtained for the all-
K* system, (2.2.13), since both characteristic equations were obtained from
identical linearised systems. We apply the Cooke-Grossman theory to study
the delay—dependent stability of the all-calcium system with delay.

Before seeking purely imaginary roots, we first determine the stability of

the equilibrium point(s) of system (3.0.1) with zero time delay.

3.2.3 The + = 0 Case

Given u € R, we must determine the stability of the equilibrium point(s) of
system (3.0.1). The stability of an equilibrium point (V*,m*) is preserved in
the linearisation, and so the problem is reduced to studying the stability of
the zero solution of the linearised system (3.2.4). With 7 = 0 the system is
reduced to two ordinary differential equations, and the characteristic becomes

the quadratic polynomial
X+ (a+d— @) +[(ad - be) — ad] = 0, (3.2.6)

with roots

The zero solution of (3.2.4) is stable provided the Routh-Hurwitz conditions

are met. These conditions are
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(i) a+d-p>0 = [<add and
(i). (ad—bc)—pd>0 = p<a-%.

Recall that the coefficients of system (3.2.4) arising from the linearisation
of (3.0.1) about an equilibrium point (V* m*) depend on the equilibrium point
of the nonlinear system, which in turn depends on the value of . So all of
a, b, ¢, and d are functions of p. To check conditions (i) and (ii), we follow
the same procedure outlined in the all-potassium section. We compute the
coefficients and quantities in conditions (i) and (ii) for a large range of p and
then plot the results in Figure 3.3. These figures show that the plots of i
and a — % intersect when p = g, for (V{*,m}), when 1 = [i (the saddle-node
bifurcation point) for (V5,m3), and when y = g and gy, + ge, for (V3, m3).
Since V* = —oo as p — g, and V5 — 400 as 4 — ¢y, + gea, We use limits to
show that the a — édﬁ and [ curves intersect when p assumes these values.

Both Routh-Hurwitz conditions are met for (V*, m}) and (V3*,m3). Fig-
ure 3.3(a) plots both the conditions for the lower equilibrium point (V}*, m?)
for —20 < p < gy, = 3, while the conditions are shown for (V;*,m3) on —2.22 ~
O < pt < g+ goa = 7, its entire interval of definition, in Figure 3.3(c). There-
fore, both (V{*, m}) and (V3¥, m3) are stable for (3.0.1) with 7 = 0. Meanwhile,
from Figure 3.3(b) we can see that condition (ii) is never met, and so (V;, m%)
is unstable for (3.0.1) with zero time delay. The conditions are plotted on the
sample interval —-2.22 < pu < 20. Furthermore, it is easy to classify (V3*, m})
as an unstable saddle point. Let Ay = [(a + d) — 2]* — 4[(ad — bc) — fd)], the
discriminant of the roots (3.2.7) obtained in the linearisation about (V5*, m}).
Since condition (ii) is never met, then the discriminant of the roots is always

positive Ay > 0, and so the roots of the characteristic equation Ay are both
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&+d, a-bo/d, ghat
o
1

(a) Conditions for (V{*,mj) with

—20<p< g =3

and, abio/d, ghat

(b) Conditions for (Vy,m%) with

~292% [ < p < 20.

a+d, a-beid, phat

05 L

(¢) Conditions for (Vyf,m3) with

~222=p<p<gL+tgc. =171

Figure 3.3: Checking the Routh-Hurwitz conditions: Plots of a + d (solid

curve), @ — % (dashed curve), and /i (dotted line) against u for each of the

equilibrium points (V*, m$), i =1, 2, 3.
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always real-valued. Initially, we see that condition (i) is met, 4 < a + 4,
and then after some point this condition is violated, that is 4 > a+d. In
either case, it follows that A, > 0 while A_ < 0, indicating that (13", m3) is an
unstable saddle point for all values of y > i

To classify the stable equilibria (V{*, m}) and (V5',m}), we calculate the
value of the discriminant corresponding to each point to see whether it is
positive or negative. A positive discriminant indicates a stable node, while
a negative discriminant yields a stable spiral. Let A; and A; denote the
discriminant of the roots of (3.2.5) obtained by linearising about (V}*, m}) and
(Vyr,my3), respectively. We plot the quantities [(a+d)— ]? and 4[(ad—bc) - jid]
versus p for both (Vi*,m}) and (V5,m}) in Figure 3.4. In each case, we see
that [(a+d) — 2]*> > 4[(ad — bc) — iid], and so A; > 0 and Az > 0. Hence both
eigenvalues Ay for each of (Vi*, m}) and (V5, m}) are real, with A\, < 0 and
A_ < 0 for each equilibrium point. It follows that both (V*,m}) and (V5, m})
are stable nodes. This classification of the equilibria (V;*,m]), i = 1, 2, 3 for the
(3.0.1) with 7 = 0 is only according to the particular parameter set included
in Table 3.1.

These results for (3.0.1) with 7 = 0 are similar to the all-calcium system in
the original Morris—Lecar system without delay, in that, when three equilibria
exist, the middle equilibrium point is always an unstable saddle, while the
upper and lower equilibria are stable nodes. Also, in the lower parameter
region, p < [, there is only a single equilibrium point (V}*, m}) which is a
stable node. The main differences in system (3.0.1) with zero time delay
and the original Morris—Lecar calcium system is the parameter regions where

there are two equilibria (V, m}) and (V;*, m}), which is the case if g, < p <
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ta+d-(ehatl?, 4l(ad-bol-phatid]
fa+d-tuhaty]’, 4i(ad-bo)-(uhatid]

(a) A; for (Vy*,m}). (b) Ag for (V5', m3).

Figure 3.4: Plots of [(a +d) — ]? (solid curve) and 4[(ad — bc) — jud] (dashed
curve) versus 4 to determine the sign of the discriminant for equilibrium points

(Vyr,m}) and (V5',m3).

gu + Gea, and the upper parameter range p > g -+ go. Where there is a single
unstable saddle point (V;, m}). Neither of these situations is encountered in
the original calcium system without delay. Note that, when the system has
two equilibria, the existence of the saddle (V5°, m3) gives rise to the behavior
in which stability of the node (V3,m}) is only local, and not global. The
separatrix solutions associated with (Vf,mj}) separate the (V, m)-plane, and
trajectories from some initial conditions escape to —oo instead of approaching
(Vr,m%). Refer to Figures 3.1(c) and 3.1(e) for the nullcline plots where this
situation is encountered.

We note that the theory is only valid for values of y such that i # a +d
or fi # a— %9. From Figure 3.3(b), we see that & = a+ d for ¢ = 6.3, in

the linearisation of (3.0.1) about (V5,m3), and in this case the roots in (3.2.9)
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become

w2 = (ad — bec) £ d < 0,
and so there are no positive real roots of (3.2.8). Also, from Figure 3.3, we
find that i =a — I;—c when p = g, for (V§,m}), for p = p for (V;,m3), and for
p=[, g = g+ go. for (V5,m}). We neglect the physiologically unrealistic
cases u = gy and p = gy + gc., and comment more on the special case y = [

in Section 3.2.7.

3.2.4 The System with Non—zero Delay 7 > 0

In this section, we apply the Cooke—Grossman theory to investigate the delay—
dependent stability of the equilibria of the all-Ca** conductance system. We
apply the results in [6] to analyse the degree-two transcendental characteristic
equation of system (3.0.1). To look for purely imaginary roots of (3.2.5), we set
X = iw in characteristic equation (3.2.5). We discuss the results for a general
equilibrium (V*,m*) of system (3.0.1), and then address the specific details
of each equilibrium point separately. The equations obtained are identical to
those from the all-potassium system analysis, so after substitution, setting
the resulting real and imaginary parts to zero, squaring both equations and

adding, we obtain a quartic equation
wt + [(a+d)* = 2(ad - bc) — f*] w* + (ad — be)® — i@*d” = 0, (3.2.8)

with roots

wi = (P —d®—d*—2b)

{

H- DO
e
™=

(0*—o® — d&* - 2bc)” — ((ad — be)? ~ [L2d2)} . (3.2.9)
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Purely imaginary roots A = iw of {3.2.5) with w > 0 correspond to positive
real roots of (3.2.8), i.e. the positive square roots of w? and w? that are real,
which we denote by w, and w_, respectively.

Recall that there are two cases to consider:

1. Delay—dominant case: % > (a - %c)?, which leads to one imaginary root

Ay = tw,, with w, > 0.

2. Case of non-dominant delay: 2° < (a — %9)2, with additional conditions

(a) p* > a® + d® + 2bc, and

(b) (2~ a® = d? = 2bc)” > 4 ((ad - bc)? ~ p*d?).

If all three criteria are met for this case, then there are two imaginary

solutions Ay = twy, with w, > w_ > 0.

The discussion of why each case leads to one or two purely imaginary
roots was addressed at length in the all-potassium chapter. The method
of approach is the same, in that we look for the values of the parameter u
such that the system falls under the dynamics described by Case 1 or Case
2. However, since multiple equilibria are possible for this system, we do this
separately for each of the lower, middle, and upper equilibrium points. For
each equilibrium point we compute the values of 4? and (a — %‘5)2 for a large
range of p, or in the case of (V3*,m3), where the equilibrium point is defined,
and plot the results. Comparing the curves resulting from these plots, we
obtain the parameter ranges where Cases 1 and 2 occur. The relevant plots

are included in Figure 3.5.
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(b) Checking the cases for (V5',m3).
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(c) Checking the cases for (V3*,m3).

Figure 3.5: Plots of 4? (dashed curve) and (a — %‘5)2 (solid curve) versus u, for

each of the three equilibrium points (V*, m?),i=1,2,3.
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3.2.5 Results for the lower Equilibrium Point (V}*, mJ)

Figure 3.5(a) contains the plots of 4* and (a — %)? versus p for coefficients
a, b, ¢, and d arising in the linearisation of system (3.0.1) about the lower
equilibrium point (V7*,m}). Note that (V*,m?) is an equilibrium point of
(3.0.1) provided u < g, and is the only equilibrium point of the system if
4 < . As in the case with zero delay, the curves intersect when p = ¢,
corresponding to V* = —co, which we verified using limits. There is a value
of u, say u~, such that 2* > (a— %)2, if p < p,but 42 < (a- %“)2 for
uw < p < go. Therefore, if u < p~, then Case 1 is satisfied, and if = < u < g
then the first condition of Case 2 is met. The value separating the cases is
approximately u~ =~ —2.52 < i, and so Case 1 occurs for the lower equilibrium
point (V}*,m}) in a range where it is the only equilibrium point of the system.
Also, since y~ < 0, the Case 1 dynamics of system (3.0.1) linearised about
(Vi*,m¥) occur for inhibitory feedback only.

Consider first system (3.0.1) with u < u~. Here, the system is in Case 1,
and it follows that for every p less than x~, there is a single purely imaginary
eigenvalue A, = iw,, with w, > 0. This eigenvalue comes from w? > 0 of
(3.2.9), while w? < 0 and therefore does not yield any positive real roots of
(3.2.8). Therefore for every p < y~, there is a value of 7 for which the system
has a purely imaginary eigenvalue, and a pair of complex conjugate eigenvalues
cross the imaginary axis. The value of 7 depends on the value of u, and on the
value of the w, root. To determine the direction of the crossing, we check the
transversality condition, the sign of the derivative of Re A with respect to 7 at

A= A, . This derivative is identical in form to that computed in Section 2.2.6
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for the all-potassium case, and so we have

s@n{ﬂgfn}kﬁw:sgn{in}, (3.2.10)

where A = (3% — (a + d)? + 2(ad — bc))* — 4 ((ad — bc)? — 2d?) is the discrim-
inant of (3.2.9). From (3.2.10), the sign is positive for w? and negative for w?.
In this case, only w? is significant, and so the crossing of the imaginary axis is
from left to right. Recall that, for system (3.0.1) with 7 = 0, (V}*, m}) is a sta-
ble node. Therefore, considering p < = and increasing 7, (V}*,m}) becomes
unstable at the smallest value of 7 > 0 for which w, is a root of (3.2.8), and
remains unstable if 7 is increased further. There is a sequence of time delays,

Tn, given by

1 {awi + d(ad — be) } 2rn

Tn = ZJ:COS ﬂ(wf_ +d2)

(n=0,1,...), (3.2.11)

Wy

for which we expect purely imaginary roots. The only significant crossing
occurs with the first term, 75, which we label 7*. A two-parameter bifurcation
diagram illustrating how 7* varies with u for y < p~ appears in Figure 3.6.
Also, solving for w, to obtain the value of 7* for y < y~ supports our earlier
estimate of the value of = ~ —2.52.

In addition to the change in stability, for 4 < -, system (3.0.1) undergoes
Hopf bifurcation when 7 is increased through 7*. To see this, note that all
eigenvalues of system (3.0.1) with 7 = 0 have negative real parts. Also, since
the first and only crossing of the imaginary axis occurs when 7 = 7*, all
eigenvalues of system (3.0.1) have strictly negative real parts while 7 € [0, 7*).
There is only a single pair of complex conjugate eigenvalues with positive real
parts when 7 > 7% and all other eigenvalues have strictly ﬁegative real parts.

This is the pair that migrated across the imaginary axis for 7 = 7*. And since
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Figure 3.6: Bifurcation Diagram plotting 7 vs. y for system (3.0.1) linearised
about (V{*,m}), with p < —-2.52 (Case 1).

the transversality condition (c.f. Section 2.2.6) is satisfied, all hypotheses of
the Hopf bifurcation theorem for DDEs are met, and so (3.0.1) with g <
= does indeed undergo Hopf bifurcation as 7 is increased through 7*. The
calculation to determine the stability and direction of the Hopf bifurcation is
addressed at the end of this chapter in section 3.2.8, which also includes some
sample calculations illustrating the results discussed here.

Interestingly enough, two qualitatively different types of Hopf bifurcation
occur for system (3.0.1) with p < p~. If 4 < —3.7 then the Hopf bifurcation
which occurs as 7 is increased through 7* is supercritical, and the emerging
periodic solutions branch to stable oscillations. Figure 3.7 demonstrates these
results for the representative value u = —5. Here, we see that (V*, m7) loses
stability as 7 is increased through 7% = 11.7 ms, and stable periodic solutions
emerge via a supercritical Hopf bifurcation. The initial functions used in this

simulation were the constant functions V(6) = —17, and m(f) = me(—17),
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—7 < @ < 0, selected close to the equilibrium point to demonstrate the change

in stability.

T B

o
o s00 1000 1500 2000

(@) V(t—7) vs. V. (b) V(#) vs. t for 7 = 11.

8 -
w 2 = N B E) E3 Q s00 1000 1500 zo00
©

()V({Et—-71)vs. V. (d) V() vs. tfor 7 = 13.

Figure 3.7: Numerical simulation of system (3.0.1) with ¢z = —5 (Case 1). The
delay is increased from 7 = 11 to 7 = 13, illustrating the loss of stability of

the equilibrium voltage, and the onset of stable oscillations.

However, if —3.7 < u < pu~ =~ —2.52, then the Hopf bifurcation is sub-
critical, and the emerging periodic solutions are orbitally unstable. Hence for
some 7 < T*, the system possesses unstable periodic orbits along with the
stable equilibrium point (V{*, m}). Moreover, numerical simulations of (3.0.1)
with g € (—3.7, 4~} indicate the presence of stable periodic solutions for some

7 < 7*. Since the system admits only the single equilibrium point (V}, m})
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with 4 in this range, it must lie inside the nested periodic orbits, with the un-
stable limit cycle inside the stable limit cycle. In this way the system exhibits
bistability with coexistence of a stable equilibrium and a stable limit cycle.
Trajectories with initial conditions in the basin of attraction of (Vy*,m}) will
approach the stable equilibrium point, while those outside this region will tend
to the stable limit cycle. At 7 = 7%, the equilibrium point loses stability, and
the unstable limit cycle disappears via a subcritical Hopf bifurcation. The sta-
ble limit cycle remains, appears to be globally attractive, and is well-formed
with a finite (and somewhat large) amplitude. This behavior is consistent with
the emergence of a stable limit cycle prior to 7%, which grows in amplitude as

7 is increased. These observations lead us to propose the following conjecture:

Conjecture 3.2.5.1. Assume the parameter set listed in Table 3.1 for system
(3.0.1). Then (3.0.1) linearised about (Vi*,m}) with p € (=3.7,u~) (Case
1) undergoes a pertodic saddle-node bifurcation (PSNB) at some value of the
delay Tpsy < T*, where T is given by the o term of sequence (3.2.11). A pair
of stable and unstable periodic orbits are generated at Tpsy, and the sysiem
ezhibits bistability with a stable equilibrium point (V)*,m}) and a stable limit
cycle for Trsy < T < T*. Furthermore, the unstable periodic orbit formed at

Teon 18 lost in a subcritical Hopf bifurcation at 7 = 7%,

The conjectured qualitative dynamics of system (3.0.1) for —3.7 < p < p~
are illustrated in the schematic bifurcation diagram in Figure 3.8. Note in
particular the PSNB at 7pgy prior to 7%, and the subcritical Hopf bifurcation
at 7*. Without actually computing the branch of periodic solutions emanating
from the Hopf bifurcation using a numerical continuation technique, we cannot

verify that a PSNB is responsible for the observed behaviour. As such, we
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cannot obtain an accurate estimate of the delay value where periodic solutions
arise for (3.0.1) for a given u € (—3.7,u) (7pen if the orbits are generated by
a PSNB). Even if a PSNB is responsible, we cannot determine the basin of
attraction of the stable limit cycle while 7 is close to Tosy, since it will have
a small region of attraction in comparison to the stable equilibrium point.
Numerical simulations of (3.0.1) with p € (3.7, 47) provide only a rough
estimate of 7psy, but more importantly they reveal existence of stable periodic
orbits for 7 < 7*, which, along with an unstable subcritical Hopf bifurcation
at 7*, provide evidence for a PSNB. Problems detecting stable limit cycles
associated with a small basin of attraction were avoided by selecting initial
conditions far away from the equilibrium point. Also, decreasing the strength
of the inhibitory feedback signal decreased the value of the delay where periodic
orbits arise. For example, with y = —3.7, 7 = 19.6, stable periodic orbits
were detected at 7 = 19.4 ms, just before the Hopf bifurcation. But with
u = —2.52, 7" = 652 ms, stable periodic orbits were detected for 7 = 36 ms,

long before the stability of the equilibrium point changes.

In Figure 3.9, we present a numerical simulation highlighting the dynamics
of system (3.0.1) described above. With y = —3, the system is in Case 1,
and we have 7 = 34.6, the delay value where the equilibrium point loses
stability. A stable limit cycle is present when 7 = 28 < 7%, and the Hopf
bifurcation at 7* is subcritical and unstable, which we verify in §3.2.8. With
the delay just below 7* and initial conditions close to the equilibrium point

in Figure 3.9(d), we see that (V}*,m}) is stable, and coexists with the stable
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TPSN

Figure 3.8: Conjectured bifurcation structure of system (3.0.1) with parame-

ters in the range of Case 1 (—3.7 < < p7), as 7 is increased.

limit cycle. Increasing 7 just above 7* leads to instability of the equilibrium
point, and trajectories starting close to (V;*,m}) eventually approach a stable
limit cycle, see Figures 3.9(g) and 3.9(h). Numerical evidence suggests that it
is the same limit cycle which formed earlier at 7 = 28, which has changed and
grown in amplitude with the increase in delay.

Multiple stability switches can only occur if the system has two purely
imaginary eigenvalues. This is only possible for the Case 2 Cooke—-Grossman
results. Figure 3.5(2) indicates that the primary requirement for Case 2, i.e.
< (a— %9)2, is satisfied for all u such that y~ < p < g.. The plots
required to check the additional criteria (a) and (b) associated with Case 2
are included in Figure 3.10(a), where we find that 42 < a? + d? + 2bc for all
u € (p~, gu). Hence condition (a) of Case 2 is not satisfied for any p~ < u < g1,
while condition (b) is satisfied for all g in this interval. This implies that, for
p~ < g < gy, both w? and w? are real, but negative, and so there are no

positive real roots of (3.2.8).
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(b) V(6) = —100,n(8) = nee(—100) with = = 28.
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Figure 3.9: Numerical simulation of system (3.0.1) with 4 = —3 (Case 1),
illustrating that a stable limit cycle emerges before the equilibrium point loses

stability as 7 is increased.
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Therefore, system (3.0.1) linearised about (Vj*,m}) with x in this range
admits no purely imaginary eigenvalues, and consequently there is no change
in the stability of (V}*, m}). Since this equilibrium point was shown to be
stable for 7 = 0, we conclude that the lower equilibrium point (V}*, m}) of
system (3.0.1) for a given p~ < g < g, is stable for all 7 > 0. Also, for
those pu € (p~,g.) where (V*,m}) is the only equilibrium point of (3.0.1),
i.e. for u= < pu < [i, the system cannot undergo Hopf bifurcation. As such,
any periodic solutions of the system must arise from a different bifurcation.
Stability of (V}*, m}) for increasing 7 is illustrated in the numerical simulations
presented in Figures 3.11. Here, we consider g = —2.3, and plot the solution
for two different time delays, 7 = 50 and 7 = 200 ms. No change in stability
was detected, even with a four—fold increase in the magnitude of the delay.
With the higher time delay, more transient oscillations are observed initially,
but the solution eventually settles down to the constant equilibrium voltage
V;*. The initial conditions V(8) = —25 and n(f) = ne(—25) are selected close
to (V*,m}) = (—27.67,0.0065) to specifically demonstrate its local stability
properties.

Figure 3.11 also indicates some interesting additional dynamics of (3.0.1)
with = < p < . While (V{*,m}) remains stable for all 7 > 0, this stability
is only local, and (V*,m}) is not globally attractive for all 7 > 0. Instead,
the system exhibits bistability, with a stable equilibrium point and a stable
limit cycle. We conjecture that the stable periodic orbit emerges via a PSNB
for some value of the delay 7pgy, similar to that observed in the Case 1 for
p € (—3.7, 7). However, for system (3.0.1), there is less evidence to support

this conjecture than Conjecture 3.2.5.1, since for pp € (u™, i) there is no loss of
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Figure 3.10: Checking conditions (a) and (b) of Case 2 for (Vi*,m}): Plots
of ji* (dashed curve) and a? + d2 + 2bc (solid curve), versus u, and plots of
(4% — a? — d? — 2bc)® (solid curve) and 4 ((ad — bec)? — 42d?) (dashed curve)

versus 4. Magnifications of both are also included.
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an unstable periodic orbit via a subcritical Hopf bifurcation subsequent to the
appearance of stable periodic orbits. As such, we cannot be sure that a pair of
stable/unstable orbits are generated together. If we do suppose that a PSNB
occurs, then the unstable periodic orbit generated at 7pgy must be present
for 7 > Ty, since there are no purely imaginary eigenvalues to facilitate its
vanishing through a subcritical Hopf bifurcation. Therefore with u~ < p < [,
the stable equilibrium (V}*, m}) persists along with the stable limit cycle for all
T > Tpen, and the system displays bistability over a large range of delay. Also,
numerical simulations showed no indication of decrease in the amplitude of the
stable limit cycle. The schematic bifurcation diagram in Figure 3.12 illustrates
the qualitative dynamics conjectured here. This behavior was detected for
system (3.0.1) with p € (u™, 1), the interval whereby system (3.0.1) is outside
Case 1 for which (V}*,m}) is the only equilibrium point of the system. There
is some additional behavior to report for the system with & < u < g, but we
leave a discussion of these results until the stability of the upper equilibrium

point, (V3¥,n}), with non—zero time delay, has been addressed.

Note that for 4 = u~, and p = gy, we have 2> = (a— % ? and the
Cooke—Grossman theory makes no assertions pertaining to equilibrium point
stability. The latter case y = g, is unphysical, since VJ* —+ —oco0 as u — gy.
The value p = p~ marks the end of the Case 1 dynamics for system (3.0.1)
linearised about (V}*,m?}), and this situation resembles the u = u* case for the
all-K* system (c.f. Chapter 2). Here we obtain a double zero eigenvalue, along

with a pair of purely imaginary eigenvalues. The zero eigenvalues occur for
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Figure 3.12: Bifurcation diagram illustrating the behavior conjectured for sys-

tem (3.0.1) with p € (1™, 2), as 7 is increased.

infinite values of 7, different from the 7* value where the purely imaginary pair
occur. Since there is no degeneracy, the lower equilibrium point does undergo
a stability change and a Hopf bifurcation as 7 is increased past 7*. For the
approximate value of =~ &~ —2.52, numerical simulations indicate that (V*, m})
is stable for 7 < 7* = 652, and loses stability at 7* via a subcritical Hopf
bifurcation, and that the bifurcating periodic solutions are orbitally unstable.
Numerical results also indicate the presence of stable periodic solutions for
7 < 7*, and so we again conjecture that the stable/unstable limit cycle pair is
generated via a PSNB for some 1p5y < 77.

We summarize the results proved in this section, along with the results pre-

sented in section 3.2.8, in the following theorem:

Theorem 3.2.5.2. Assume that parameters in system (3.0.1) are as in Ta-
ble 3.1. Then for p < p~, (Vi*,m3) is stable for all 7 € [0,7*), where p~,
7* are defined earlier. For all 7 > 7%, (Vi*,m}) is unstable, and the system
undergoes a Hopf bifurcation at 7 = 7%, If p < 3.7 (3.7 < p < u™), the

Hopf bifurcation of T is supercritical (subcritical), and the emerging periodic
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solutions are orbitally stable (unstable). If p= < p < g, then (V¥,m3) is

stable for all 7 > 0.

3.2.6 Results for the middle Equilibrium Point (V}*, m3)

We first recall that (V', m3) is an equilibrium point of (3.0.1) for all u > fi, and
that this middle equilibrium point is unstable for 7 = 0. Stability switching
of such an equilibrium point is only possible if the system satisfies all the
requirements of Case 2, so that both A, = iw, and A_ = iw_ are roots of the
characteristic equation, for which both left to right and right to left crossings of
the imnaginary axis are possible. An unstable equilibrium point with 7 = 0 may
undergo multiple (finite) stability switches before instability persists, provided
the initial crossing is in the right to left direction. When the system falls under
Case 1, there is only a single crossing of the imaginary axis with A, = iw,,
and this crossing is left to right by the transversality condition Lemma 2.2.6.
Since (V,f,m}) is unstable with 7 = 0, the system linearised about (V5', m})
must have at least one eigenvalue with positive real part for 7 > 0. Therefore,
a left to right crossing as 7 increases will have no bearing on the stability of
the equilibrium point.

In Figure 3.5(b), we see that 42 > (a — %)2 for ;1 > 7+, which indicates the
single requirement for Case 1 is satisfied. By the reasoning above, the predicted
crossing of the imaginary axis does not affect stability of the equilibrium point,
and so the unstable equilibrium point cannot become stable with increasing
7. Therefore, with y in this range, the middie equilibrium point (V5,mj}) is
unstable for all 7 > 0. Note that (V;*,m3) is the only equilibrium point of

system (3.0.1) for y > g1 + gca.
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The primary requirement for Case 2, i < (a ~- %9)2, ismet for it < g <

gy + Gca, 2s indicated in Figure 3.5(b). The plots required to check the ad-
ditional criteria associated with Case 2 are included in Figure 3.13. From
Figure 3.13(a), it is clear that 4* < a® + &® + 2bc for all p € (G, 9. + gca),
meaning that (a) is never satisfied. Therefore, the characteristic equation has
no purely imaginary roots, since both wf_ and w? are both real but negative.
Hence stability changes in the equilibrium point are not possible with increas-
ing 7. Thus for any p € (fi, g + goa), the middle equilibrium point (V5, m3)
is unstable for all 7 > 0. Moreover, this equilibrium point is unstable for all

7 > 0 whenever it is an equilibrium point of the system, i.e. for g > [i. These

results lead to the following theorem:

Theorem 3.2.6.1. Assume that parameters in system (3.0.1) are as in Ta-
ble 3.1. Then (Vy,m3) of system (5.0.1) is unstable for all p > [i, for all
72>0.

When p = fand g = 7+, we have §? = (a — %)2, and the system possesses
a double zero eigenvalue, and a pair of purely imaginary eigenvalues. In each
case, the equilibrium voltages are finite, but for p = 7+, (Vf,m3) is unstable
for all 7 > 0, and so whether or not the zero eigenvalues occur for a different
value of 7 than the purely imaginary eigenvalues is not really relevant. The
results for u = [i are addressed in the following Section 3.2.7 which deals with

the results for the upper equilibrium point (V3*, mj}).
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Figure 3.13: Checking conditions (a) and (b) of Case 2 for (Vy,m3):
Plots of /i (dashed curve) and a® + d? + 2bc (solid curve), versus p, and
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3.2.7 Results for the upper Equilibrium Point (V;*, mi)

In this section we address the delay—dependent stability of the upper equi-
librium point, (V5*, m%). This equilibrium point exists for the system when
i < @ < g+ ge., and was found to be stable for 7 = 0. According to
Figure 3.5(c), there is a small interval where the criterion for Case 1 is met,
< p< p~ & —1.73. With p in this interval, we obtain one purely imaginary
root of the characteristic equation, A, = iw,. Along with the transversality
condition, this indicates a left to right crossing of the imaginary axis by an
eigenvalue of the system. Since all eigenvalues of the system linearised about
(V5F, m3) have negative real part with 7 = 0, a transition to instability is ex-
pected at the smallest value of the sequence (8.2.11). That is, for u € (G, ),
there exists a 7 = 7y of sequence (3.2.11), depending on u, such that (V;*, m3})
is stable for all 7 < 7%, and unstable for 7 > 7*. Furthermore, stability
of the equilibrium point cannot be regained once 7 > 7%, since no right to
left crossings of the imaginary axis occur. Calculating the initial terms 7
of the sequence (3.2.11), we obtain a bifurcation diagram of 7* versus p for
ji < < p~~, which appears in Figure 3.14. This figure describes how 7* varies
with the strength of the feedback signal, i, and indicates where stability of
(V5,m3) changes in terms of the bifurcation pair (u,7%).

For u € (i, 4~ ), the system exhibits some additional interesting dynamics.
As 7 is increased past 7, the upper equilibrium point (V3, m¥) loses stability,
and the system undergoes a Hopf bifurcation. However, with y in this range,
the system admits two additional equilibria, (V}*,m}), which is stable for all
7 > 0, and (V5*, m}), which is unstable for ail 7 > 0. If we consider the system

with 7 < 7%, then both (V{*, m}) and (V5,m}) are stable equilibrium points,
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Figure 3.14: Bifurcation Diagram plotting 7* vs. p for system (3.0.1) linearised
about (V5,m}), with i < p < == (Case 1).

and so the system exhibits multistability. Furthermore, numerical simulations
also indicate the emergence of periodic solutions of system (3.0.1) prior to the
loss of stability of (V5*,m}) at 7*. The mechanism is believed to be the same
as that observed for (V}*,m}) in Case 1, that is, via a PSNB at for some value

of the delay gy < 7*:

Conjecture 3.2.7.1. Assume the parameter set listed tn Table 3.1 for system
(3.0.1). Then (8.0.1) linearised about (V3*, m}) with u € (g, ) (Case 1)
undergoes a periodic saddle-node bifurcation (PSNB) at some value of the
delay Tpsy < TF, where T is given by the 1y term of sequence (3.2.11). A pair
of stable and unstable periodic orbits are generated at o5y, and the system
exhibits tristability with o two stable equilibria (V*,m3), (V5",m3) and a stable
limit cycle for Tpsy < T < 7*. Furthermore, the unstable periodic orbit formed

at Tpsy 48 lost in a subcritical Hopf bifurcation at 7 = 77.

As mentioned in Conjecture 3.2.7.1, the Hopf bifurcation at 7* was found
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to be subcritical and unstable, which would facilitate the loss of an unstable
periodic orbit generated at 7pgy, thereby supporting our claim. Therefore,
we propose that the system is bistable with two locally stable equilibria for
0 <7 < Tpgn, and for 7pqy < 7 < 7* the system is tristable with two locally
stable equilibria and a locally stable limit cycle around the upper equilibrium
point. Stability of (V5, m}) is lost if 7 is increased past 7*, and the system
reverts back to a bistable state, only this time we have a locally stable limit
cycle coexisting with the locally stable equilibrium (V*,m}). In numerical
simulations with 7 just above 7%, trajectories starting with initial conditions
close to (V3',m3) appeared to approach the same stable limit cycle generated
at Tpgy, Which had grown in amplitude with the increase in delay. This further
supports our PSNB conjecture.

To demonstrate the occurrence of tristability in system (3.0.1), we present
a numerical simulation of system (3.0.1) with g = —2.2 in Figure 3.15. For this
value of y, 7 = 47.7, the value of the delay where (V*,m3) = (19.29,0.78)
loses stability. If we take 7 = 45 ms, then trajectories were observed to
approach one of the two stable equilibria, and periodic solutions were not
detected. But if we consider 7 = 46 < 7*, with initial conditions V(8) =
~100, m(8) = m(—100), then the trajectory approaches a stable limit cycle
(dotted curve). If we use V(8) = —35, m(f) = muo(—35) with 7 = 46, then
the trajectory tends to the stable equilibrium point (Vi*,m}) (solid curve),
and with with V(6) = 20, m(f) = m(20), and 7 = 46 then the trajectory
approaches (Vy,m%) (dashed curve). The three solutions with these initial
data are included in Figure 3.15.

As a final remark for system (3.0.1) with u € (@i, p~~), we note that the
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Figure 3.15: Numerical simulation of system (3.0.1) with y = —2.2 and 7 =

46 < 7*, illustrating the occurrence of tristability in the all-Ca%* system.

domains of attraction of the locally stable equilibrium points (V}*, m}) and
(V3*,m3) are delay—dependent. As a consequence, trajectories starting from
the same initial data can be made to approach different stable equilibria simply
by increasing the delay. A numerical simulation presented in Figure 3.16 of
system (3.0.1) with . = —2 illustrates this point. For this value of u, 7* = 67.6.
With initial conditions V(0) = 50, m(0) = m(50) and 7 = 15, the trajectory
tends to (V5*,m3) (dashed curve), but with 7 = 20 we find that the solution
with the same initial conditions approaches the lower equilibrium (V}*, m3})
(solid curve).

In Figure 3.5(c), it is clear that 4? < (a — %)2 for all y such that =~ <
U < g + e, the remainder of the interval where the upper equilibrium point
(Vy*,m3) exists. However, checking conditions (a) and (b) of Case 2 in Fig-
ure 3.17 reveals that (b) is satisfied while (a) is not, implying that both w?

and w? are real but negative. Thus, there are no purely imaginary roots of
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Figure 3.16: Numerical simulation of system (3.0.1) with 4 = —2, with the
delay increased from 7 = 15 to 7 = 20, using the same initial conditions. This

illustrates the domain of attraction of the equilibria are delay-dependent.

the characteristic equation, and so (V3', m3) does not change stability as 7 is
increased, and is locally stable for all 7 > 0.

However, with 4 € (4™, g.+gc.), the complete dynamics of the system are
not governed simply by the one stable equilibrium (V3', m3) if 2 € (9¢, 90+ 9ca)
or the two stable equilibria (V;*,m}) and (V5,m3) if p € (0, g.). There are
sub-intervals of (4™, g. + gc.) Where the system admits different qualitative
dynamics.

Consider g~ < u < g.. We can further sub-divide this interval into
two regions, p=~ < p < —14, and —-14 < p < g.. With g7~ < p <
—1.4, and small delay, the system appears to be bistable with two stable
equilibria, (Vy,m?) and (V3, m}). However, increasing the delay leads to the
onset of stable periodic solutions which coexist with the stable equilibria, and

the system is tristable. We conjecture that a PSNB at some value Tpgy > 0 is
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Figure 3.17: Checking conditions (a) and (b) of Case 2 for (Vi',m;): Plots
of 2 (dashed curve) and a® + d* + 2bc (solid curve), versus y, and plots of
(2 — a% — d* — 2bc)? (solid curve) and 4((ad — bc)? — j%d?) (dashed curve)

versus j, and a magnification of 3.17(b).
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responsible for this. The system exhibits tristability for a large range of the
delay, T > Tpsw, since an unstable periodic orbit which might be generated at
Tesx Cannot be lost in a subsequent subecritical Hopf bifurcation.

We were not able to find any numerical evidence of a delay-induced PSNB
with —14 < g < g.. No periodic solutions were observed with p in this
range, and the system is bistable with two stable equilibria and one unstable
equilibrium. If g, < u < g. + ge., then the lower equilibrium (V}*, m?) is
no longer present, and the system admits two equilibria, (V, m}), which is
unstable for all 7 > 0, and (V5f, m}), which is stable for all 7 > 0.

The values of p for which ? = (a— %6)2 are 4 = f1, 4 = p~ -, and
i = gy + gca- It was shown earlier that this situation leads to a double zero
eigenvalue and a pair of purely imaginary eigenvalues. We disregard the latter

case, since V3* — 400 as 4 — gi, + ge.- The value p = 1=~ marks the end of
Case 1 dynamics for system (3.0.1) linearised about (V5*, m}). Qualitatively,
the results for this parameter value are similar to the results obtained in Sec-
tion 3.2.5 for y~, in that the double zero eigenvalue and pure imaginary pair
oceur for different values of 7. The double zero roots appear as 7 — +co, and
since there is no degeneracy, we predict that a stability change and Hopf bifur-
cation occur as 7 is increased past 7 = 1473, the delay value corresponding to
the pair of purely imaginary eigenvalues. However, the situation surrounding
i = [ is more interesting: as u — [i, the Hopf bifurcation and steady-state
saddle—node bifurcation coalesce in what appears to be a Takens-Bogdanov
interaction [37]. Here, we expect 7°, the delay value corresponding to the
zero eigenvalues, to approach a finite limit, 7°, as w —+ 0. This differs from
be

. 2 .
other cases where §* = (a — %)°, where ° — 00 as w — 0. Since we cannot
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obtain an exact numerical representation for fi, and since the limit is difficult
to evaluate analytically, we estimate the limit using the approximate value
[~ —2.22. With this value we obtain 7% = 46, and conjecture that the point
(@, 7°) is a Takens-Bogdanov point.

The phenomenon of bistability was observed in the original all-calcium
conductance system studied by Morris and Lecar, in which the V(m) nullcline
was monotone increasing and the system possessed three equilibria, an unsta-
ble saddle between two stable nodes. They showed that a trajectory starting
with initial conditions could be made to approach different stable equilibria
by including an impulse of current to raise the voltage past the region where
the separatrix of the saddle point intersects the voltage axis. However, this
requires non-zero applied current (I # 0). We were able to obtain bistabil-
ity in the all-calcium system with delayed recurrent feedback and no applied
current, indicating that the feedback alone is capable of producing bistabil-
ity. Furthermore, the all-calcium system with delay, (3.0.1), is even capable
of demonstrating tristability, between two stable equilibria and a stable limit
cycle. The original system without delay did not exhibit such diverse and
complex behavior.

This concludes the detailed analysis of the all-calcium conductance system
with delay. Addressed here, at length, was the stability of the equilibria, as
well as other more complicated dynamics of the model. The all-calcium sys-
tem with delayed recurrent feedback exhibits a diverse spectrum of dynamical
phenomena, and are much more rich than these of the original model without
delay. Figure 3.18 provides a summary of the dynamics observed for system

(3.0.1) as a sequence of schematic bifurcation diagrams. In the next chap-
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ter, we shall combine both conductance systems and study a two—dimensional

model with delay, obtained from a simplification of the full three-dimensional

system.
o Va - S
o :nu o V‘Z --------------
Vi —————f - Vi— - - W1 r 2tese2 Y T
T* TpSNT™ TPSN TpsN 7"
p<~3.7 -3.7< p<-252 -252 < p<—-222 -2.22 <p<-173
V3 ° 90 2000 ‘/3 %
Vogmmmmmmme i m - Vg =-=-mmmmmmem e Vamommmmm e oo Vo -------------
Vi r Vi
TPSN
-1 <p<~1.4 -14<u<3 I< T w>7

Figure 3.18: Sequence of schematic bifurcation diagrams outlining the con-
jectured bifurcation structure of system (3.0.1) as u and 7 are varied. Delay

times for Hopf bifurcation (7*) and PSNB (7psy) are indicated.

The following theorem summarizes the results proved in this section:

Theorem 3.2.7.2. Assume that parameters in system (8.0.1) are as in Ta-
ble 8.1. Then for o < p < =, (V5,m3) is stable for all 7 € [0,7*), where
o, ==, ™" are defined earlier. For all 7 > 7%, (V5',m3) is unstable, and the
system undergoes a subcritical Hopf bifurcation at 7 = 7*, and the emerging
periodic solutions are orbitally unstable. If p== < p < g, + Goa, then (V3, m})
18 stable for all T > 0.



CHAPTER 3. THE ALL-CA* CONDUCTANCE SYSTEM 141

3.2.8 Direction and Stability of Hopf Bifurcation

In this section we examine the stability and direction of the Hopf bifurcation
for the all-calcium conductance system with delay (3.0.1). Since the equa-
tions are identical in form to those of the all-potassium system with delay,
aside from the parameters, the analysis required to determine the details of
the bifurcating periodic solutions is identical to that presented in the chap-
ter on the all-K* system. The previous sections have shown that the system
admits at most one pair of purely imaginary roots iw,, and hence multiple
stability switches are not possible for any equilibria of the system. Therefore,
at most one (significant) Hopf bifurcation is expected for those p where the
system linearised about the lower or upper equilibrium points has a pair of
purely imaginary eigenvalues. Furthermore, we know from the transversality
condition computed in Section 2.2.6 that any crossing of the imaginary axis is
from left to right, i.e. if A(7) = a(7) +iw(7), then a(7*) =0, w(7*) = w,, and

da()
dr

> 0.

The lower and upper equilibrium points are capable of at most one change
in stability, while the middle equilibrium point is unstable for all 7 > 0. There-
fore, let (V*,m*) be an equilibrium point of (3.0.1). Specifically, (V*, m*) =
(V,miyif p < p~, and (V*,m*) = (V5',m3) if & < p < . The nonlinear
system with equilibrium point shifted to the origin, and with the hyperbolic
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trigonometric functions expanded is

i’_‘::—ax—l-by%-ﬂm(t—ﬂ —azy
d 1 d
d_?;fl =cx—dy—c (,By - 'iﬁu) z —~ mﬁuxy (3.2.12)
c [5 1 d
— TVE [ﬂ + ,Bv (:‘Z_ﬁu — ﬁv)jl z% — mxzy + 0(174)
Here,
B, = tanh(u), f, =tanh(v), u= Vm_/le’ o=t *&;Vi’ a=E

and the coefficients a, b, ¢, d and [; were defined earlier for the linearised system
(3.2.4). The calculation on the centre manifold is the same, and we obtain the
same expressions for the g;; terms, and hence the expressions for us, 3; and
T5, the coefficients which determine the stability, direction and period of the
bifurcating periodic solutions, are also identical. One must simply replace the
coefficients for the all-potassium system with those of the all-calcium system,
given above for (3.2.12), to reproduce the analysis.

Now we turn to the results of this important calculation. For the lower
equilibrium point (V{*,m}), system (3.0.1) has a pair of complex conjugate,
purely imaginary eigenvalues iw, for (u,7*), where p < p~ =~ —2.52, and
T* is given by (3.2.11). Recall that for 4 < —3.7, the onset of stable periodic
solutions was observed only as 7 was increased through 7%, corresponding to
the loss of stability of (V*, m}), the sole equilibrium point of the system. If we
consider the specific example ¢ = —35, then we expect to find a supercritical
Hopf bifurcation (u; > 0) at 7 = 7*, and that the bifurcating periodic solutions
are orbitally stable (8, < 0). For this example, the purely imaginary root is
Ay = tw, = 1 % 0.1786, and the delay time for the bifurcation is 7% = 11.7
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ms. For the ¢(#) eigenfunction, we obtain § = 0.00132 — ¢ x 0.00164, and for
g*(s) we have 1, = 0.2145 + ¢ x 0.2075, v = —2.74 + ¢ x 30.37. For the g;;
coefficients, we obtain go9 = —0.00045 — ¢ x 0.001147, g;; = —0.000242 — £ X
0.001318, goz = —0.000034 — ¢ x 0.001489, and go; = —0.00317 — ¢ x 0.00395.
Computing C1(0) we obtain C1(0) = —0.00159 — 7 x 0.00198, and hence pyy =
(0.00159)(Re{X(0)})~ > 0, since Re{X'(0)} > 0, and 5 = —0.00317 < 0.
Thus our predictions as to the direction and stability of the Hopf bifurcation
are confirmed. Similar results were obtained for a sample of value of p < —3.7.

On the other hand, for —3.7 < u < u~, stable periodic solutions were
observed prior to the loss of stability of (V*,m}), that is for 7 < 7*. We
conjectured that these stable periodic solutions were generated by a PSNB for
some value 7pgny < 7%, along with an unstable periodic orbit. In this case, we
expect to see a subcritical Hopf bifurcation (uy < 0), and that the bifurcating
periodic solutions are orbitally unstable (8, > 0). Considering p = —3, we
find that A, = iw, = ¢ % 0.0733, 7* = 34.6 ms, 8 = 0.00117 — 7 x 0.00050,
1 = 0.1455 44 x 0.0769, v, = 13.77+ 1 %X 16.96, goo = 0.000268 — 2 x 0.00049,
gu = 0.000331 — ¢ x 0.000456, goo = 0.000394 — ¢ x 0.000421, and g9 =
0.00218 — ¢ x 0.00395. For C;(0) we obtain C1(0) = 0.00109 — ¢ x 0.00198,
which yields po = (—0.00109)(Re{X(0)})~! < 0, and 3, = 0.00218 > 0. This
verifies that the Hopf bifurcation at 7 = 34.6 is subcritical, and that the
bifurcating periodic solutions are orbitally unstable. A sample of values of
u € (=3.7, 1) yielded similar results.

With g < p < =, (Vi*,m]} is stable for all 7 > 0, but (V;*, m%) loses
stability as 7 is increased through the (Hopf) bifurcation value 7*. Also, stable

periodic solutions were detected for 7 < 7* most likely arising via PSNB.



CHAPTER 3. THE ALL-CA*" CONDUCTANCE SYSTEM 144

For this case, we expect to find that the unstable periodic orbit formed at
some Tesy < T is lost via a subcritical Hopf bifurcation at 7*. To see if
this is the case, we calculate the coeflicients us and 5y for the sample value
p = —2.2. For this value of p we have A, = iw, =1 x 0.0215, 7 = 48.8 ms,
B8 = 0.0223 — 7 x 0.00458, v; = 0.1133 + ¢ x 0.2517, v, = 9.10 + ¢ x 40.62,
g = —0.00177 4 ¢ x 0.00972, g1; = —0.00262 + 17 x 0.00942, gpp = —0.00347 +
i x 0.00913, and go; = 0.00651 — ¢ x 0.0192. Computing C1(0) we obtain
C1(0) = 0.00423 — 4 x 0.0116. This gives uy = (—0.00423)(Re{X(0)})~! < 0,
which indicates that the Hopf bifurcation is subcritical, and 8, = 0.00846 > 0,
which implies that the bifurcating periodic solutions are orbitally unstable, as
expected. Checking a large sample of values of i < 4 < u™~ produced similar
results.

The results of this detailed analysis are consistent with results obtained
from numerical simulations, and verifies our earlier claims. The subcriti-
cal Hopf bifurcation branching to unstable oscillations was observed with
=3.7 < p < p~ for (V*,m}), and with iz < p < p=~ for (V;",m}). Along
with numerically-detected stable periodic orbits for 7 < 7%, the subcritical,
unstable Hopf bifurcation(s) support our PSNB conjecture. However, this de-
tailed Hopf bifurcation analysis cannot provide evidence for a PSNB of the
system with p=~ < p < g, + gc., since there is no Hopf bifurcation of the
system for these values of u. Hence this phenomenon is a trend observed for
fi < p < p~~, and is believed to persist with p € (p~~, —1.4], based on results

from numerical simulations.



Chapter 4

The Full-2D Model with Delay

With both the calcium and potassium conductance systems operational, Mor-
ris and Lecar [24] found that the original model without delay is capable of
supporting voltage oscillations. Analysis of the full three-dimensional model
requires simultaneous adjustment of several parameters, making it even dif-
ficult to establish requirements for oscillations from numerical study of the
full system in some generality. To facilitate their study of the model with
both conductance systems active, Morris and Lecar successfully reduced the
dimension of the system, invoking an inequality of Tikhonov [38] which allows
reduction of the dimension of the phase space without changing the charac-
ter of the singular point of the system. They then were able to apply the
Poincaré-Bendixson theorem to prove the existence of periodic orbits of the
reduced system. The physiological justification of such a reduction lies in the
difference in relaxation times of the Ca?* and K* conductances. The calcium
conductance operates on a much faster time scale than the potassium conduc-

tance, and so by assuming that g., is instantaneously in steady state at all

145
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times, i.e. M = M (V), we obtain the reduced two—dimensional system with

delay

CV(t) =g (V-W) —gn(V — Vi) = geamoo(V)(V — Vo)

L vt —1) o
1(t) = Au(V) [neo(V) — 1],
with meo(V), nee(V), and An(V) given by
i (5]
{ nalV)=3 [1 + tanh (V - Vé)} , (4.0.2)

System (4.0.1) with g = 0 is the original V, N reduced system studied by
Morris and Lecar. In this thesis, we refer to the delayed system (4.0.1) as the
full-2D Morris-Lecar model with delay. In effect, m has been removed as a
dependent variable. Inspection of system (4.0.1) reveals that it is basically the
all-potassium system with delay (2.0.1), with an extra nonlinear term in the
DDE to account for the steady—state calcium conductance.

We have already established that each conductance system in isolation is
capable of supporting voltage oscillations in the presence of delayed recurrent
feedback. Since the original conductance systems were incapable of display-
ing periodic behavior, we conclude that the addition of a delay allows for

more complex dynamics. The purpose of this chapter is to analyse the two—
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dimensional reduced model with delayed recurrent feedback, so that we may

gain some insight to the effects of adding a delay to this more complex system.

4.1 The Full-2D model without Delay

With g = 0, we obtain the original V, N reduced system proposed by Morris

and Lecar:
CV(t) = —gL(V -W) - gKn(V ~ Vx) = GcalMoo (V)(V — V)
(4.1.1)
(t) = A(V) [neo(V) — 1],

with mo(V), nee(V'), and A, (V) as given in (4.0.2). The n = 0 nulicline is the

same as that in the all-potassium system,

n(V) = ng(V) = -;- {1 + tanh (V;ZL%)] .

The equation of the V = 0 nullcline is

V(n) — GeaVoaMoo (V) + QKVK'ﬂ + g Vi
gCamOO(V) + gr + gkn

which is no longer a hyperbola, due to the hyperbolic tangent term. However,
with p = 0 the nullclines still intersect only once in the (V,n)-plane, and
so the system admits a single equilibrium point (V*,n*). This is evident in
Figure 4.1(b), which contains a plot of the nullclines of (4.1.1). The parameter
set used in the investigation of the full system is included in Table 4.1.

To determine the local stability of the equilibrium point (V*,n*), we let
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Parameter Set

Goa = 4 mmho/em? | g = 8 mmho/em? | g, = 3 mmho/cm?

VC& == 100 mV VK - “"70 mv VL =—-350 mv
Vi =10 mV Vs =-1.0mV C = 20 pF /cm?
Vo =15 mV V=145 mV X, =& st

Table 4.1: Morris—Lecar parameter set for the full two—dimensional system.

=V —V*and y =n — n*, and linearise to obtain

dz 1 . W (VP =V) L (V=W
= = TC [gL + gxn” + ges (mm(V )+ 5V sech 7 z

+%(VK - V*)y

fd.?./. = —~)\icosh (V _V3>sech2 <V —%’)x——:\:cosh (V ‘V}')y

dt 2V 2V, Vi 2V,

Setting
1 . . V* — Ve,
o= {gL + g9k + gea (moo(V )+ (——272—0—)— sech? (t))] )
An Vi ~ V* —
<=3 cosh (u)sech® (v), b= ‘—q—"—(——%;————)—, d = X\, cosh (u),
where u = %Vi , U= K*T,}‘@L, t= Y—’%‘i , where ¢ in this case is a parameter,

not the independent (time) variable of the system. With these substitutions,
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we obtain

N+ (@+d)A+ (ad—be) =0

as the characteristic equation of (4.1.1). By the Routh-Hurwitz conditions,
(V*,n*) is stable provided (i) a > —d and (ii) ad > bc.

The equilibrium of system (4.1.1) is (V*,n*) = (—49.995,1.16 x 107%).
With this point and the parameter values cited in Table 4.1, we compute the
coefficients a through d of the linearised system, which appear in Table 4.2.
Since a and d are both positive, condition (i) e > —d is satisfied. Also, since b
is negative and c is positive, condition (ii) is met as well, implying that both
eigenvalues of the system have negative real parts. Furthermore, since the
discriminant A = (a+d)? — 4(ad — bc) = 4.52 x 107* > 0 of the characteristic
equation is positive, it follows that the single equilibrium point is a stable

node.

Parameter Value
a = 0.149
b= —8.00

c=2.98 x 1075
d=0.187

Table 4.2: The values of the coefficients of the linearised system of (4.1.1).

4.2 The Full-2D model with Delay

Consider (4.0.1) with non-zero p. As with the conductance systems, we begin

our analysis of the full two—dimensional model with delay by examining how
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the nullclines of the system change as the parameter p is varied. This will
indicate the number and position of the equilibria of the system in the (V,n)~

plane.

4,2.1 The Nullclines of the System

Since the second equation of (4.0.1) does not contain the parameter p, the

n = 0 nullcline is simply

Vi

which is a monotone increasing sigmoidal function with horizontal asymptotes

n(V) = neo(V) = % [l+tanh (V“Vs)], (4.2.1)

—1and 1 as V — —co and 00, respectively. This is the same as the nullcline
obtained in the all-potassium conductance system.

For the all-potassium conductance system, we obtained V as an explicit
function of n for the V = 0 nullcline. In the case of the full system, such
an explicit representation is not possible, due to the hyperbolic tangent term
containing V. Therefore the nulicline V' as a function of n is defined implicitly

as
V(TL) _ gCaVCamOO(V) + gKVKn + gLVL ‘
JoaMeo (V) + gu + gxn — 1

However, it is possible to express the V = 0 nullcline with n as an explicit

(4.2.2)

function of V, which is convenient to study the nullclines in the (V, n)-plane.

We obtain

_ gL(VL - V) + GoaMoo (V)(VCa - V) + MV
QK(V - VK) .

For convenience, we shall label the 7 = 0 nullcline n,(V), and the V = 0

n(V) (4.2.3)

nullcline no(V). Note that the V = 0 nullcline is no longer 2 simple hyperbola,
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but it still consists of two distinct parts, separated by a vertical asymptote at
V = Vi. There are two horizontal asymptotes for ny(V'), which we find by

taking the limits as V — Zo0:

. _ T4
Vl—l)]zloo TLQ(V) - Jx ?
. _ HE— 9. Jea
V!—l)lzli}oo ’FLQ(V) - ’

K

To evaluate these limits, we used 1’Hépitals rule along with the fact that
tanh (%) — —1and 1as V — —co and oo, respectively, sech? (V—‘“,;‘ﬁ-) — 0

as V — +oo, and

V-

V sech? ( 7

>—+0 as V — Zo0.

The behavior of the n,(V) nullcline as p is varied is very similar to that of
the V = 0 nullcline of the all-K* conductance system. When we refer to the
nullcline in each parameter region, we mean the portion of the nullcline which

is in the interval of interest 0 < n < 1. If

Vea Vi
,U: < gcamco(VK) (1 - ‘/C‘;) +gL (1 e 7;)

then the portion of the ny(V) nullcline left of the vertical asymptote is below

the V-axis, and is merely shifted vertically as p is varied. The part to the
right of V' = Vj is in the interval of interest, and changes significantly as we
vary u in this range. For large negative p, say g < —9, this part is monotone
decreasing and the n;(V), ne(V) nullclines intersect once. As u approaches
FoaMoo (Vi) (1 - va{ﬁ) + gL (1 - %), then the right-most part of ny(V) has a
cubic-like shape, due to the approximation of rapid activation of the calcium

current (m = M (V)). Such an N-shaped instantaneous current-voltage



CHAPTER 4. THE FULL-2D MODEL WITH DELAY 152

relation is common of models of excitable membranes for which the voltage-
gated channels carrying inward current activate rapidly [34]. For some values
of i the knee of the N-shaped nullcline rises above the V—axis, but does not
lead to any additional equilibria. Therefore, for all p < ge.Moo (Vi) (1 — %) +
gL (1 - %), system (4.0.1) admits a single equilibrium point (V*,n*) in the
(V,n)-plane, with V* > Vi. Using the parameter values included in Table 4.1,
we find that

Veu V.\ 40 34 ~16\ _
Jouoo(Vic) (1 VK } +g. (1 - VJ = +% tanh( : ) ~ 0.857369283,

6

which is very close in value to In the all-potassium system, the value

-~

o= g— separated the parameter range where the V = 0 nullcline was mono-
tone increasing from that where it was monotone decreasing, and marked the
parameter value where the nullcline was reduced to a pair of vertical and hor-
izontal lines. A sample nullcline plot in the (V,n)-plane with 4 in this range
is included in Figure 4.1(a).

When g = geaMieo (Vi) (1 - l\%) + 4 (1 - %), the n, nullcline is reduced

to a vertical line at V' = Vj, and an additional part given by

oV, Son MooV (1= %2 ) Vo mo(V) (Ve = V)]
9x Vx N gx(V — Vi)

The vertical line intersects the n;(V) nulicline, leading to the equilibrium

ne(V) = (4.2.4)

point (V* n*) = (—70,0), since the n;(V) nullcline is nearly zero there. The
additional part (4.2.4) lies mostly below the V-axis, but does protrude into
the interval of interest. However, it does not lead to additional equilibria.
Figure 4.1(c) shows the nullclines in the (V| n)-plane for this value of p.

The part of the ny(V') nullcline of interest is monotone increasing when p
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Figure 4.1: Plots of the V(n) (solid) and n(V') (dashed) nullclines of the full-

2D system (4.0.1) for representative values of p.
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ig in the range

Vee Vi
Foaoo(Vic) (1 - V(':{) + 4o (1 - VL) < U < G,

and consists of the branch left of V = Vi. To the right of V' = V4, na(V') does

not intersect the n = 0 nullcline. Here, we again have a single equilibrium
point (V*,n*) but the equilibrium voltage is below Vi. Figure 4.1(d) contains
the nullclines for a value of p in this region.

As u — g, V* — —o0, since the horizontal asymptote of ny(V) as V —
—o00 approaches zero. When u = g, the nullclines do not intersect in the (V, n)—-
plane, and there is no finite equilibrium point. The same is true while g, <
1 < gu+ g« + gca, because with p in this range, the lower horizontal asymptote
of ny(V) is above zero, and the upper horizontal asymptote is between zero
and one, inclusive. This can be seen in Figure 4.1(e), where the n;(V) and
n5(V) nullclines are positioned in such a way that they do not intersect. Note
though, that when p = gy + g« + go., the horizontal asymptote of ny(V) as
V — +oo has value n = 1. As p is increased above g, + gx + gc., the right
branch of ny(V) intersects n;(V), and the system has a single equilibrium
point, (V*,n*), with n* close to 1 and V* > 0 > V. Since the left branch
of the nz(V) nullcline is above the interval of interest (the lower horizontal
asymptote rose above n = 1 with p > g, + gx), it is not important. The upper
branch flattens out at around p = 10, and becomes monctone increasing and
concave down on the interval of interest. Figure 4.1(f) shows the nullclines of
the system with u = 17. Here, the left branch is well above n = 1, and the
right branch does indeed intersect the n, nullcline.

Comparing Figure 4.1 to Figure 2.1 of Chapter 2, we see that the qualitative
behavior of the nullclines of the full-2D system (4.0.1) is similar to that of the
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all-potassium conductance system (2.0.1). As such, system (4.0.1) with model
parameters in Table 4.1 admits at most one equilibrium point in the (V,n)-
plane for any p € R. Furthermore, the equilibrium point (V*, n*) of the full-
2D model (4.0.1) for a specific value of p is very close to the corresponding
equilibrium point of the all-K* conductance system (2.0.1) for the same u.
Also, there is a parameter region of y where the system does not have any
equilibrium point. This range depends on the model parameters appearing in
the expressions for the horizontal asymptotes of n2(V). These similarities are
not surprising, since in the reduction of the full model we assumed that the
potassium conductance system played a more prominent role than the calcium
conductance.

The results discussed in this section are summarized in Figure 4.2, which
contains steady—state bifurcation diagrams indicating how V* and n* change
with p. Stability of the equilibrium point (for 7 = 0) is also included, where
solid lines represent stable equilibrium values and dashed lines unstable val-
ues. Stability properties of the equilibrium point of the model with zero time
delay are verified in the next section. Notice the similarity between the bifur-
cation diagrams in Figure 4.2 to those for the all-potassium system depicted
in Figure 2.2. It is evident that the full 2D model under this simplification is
dominated by the potassium conductance, and it appears that the contribu-
tion of the calcium conductance is minimal, serving only to slightly raise the

equilibrium voltage for a given value of p.
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(a) V vs. pu. (b) n vs. p.

Figure 4.2: Bifurcation diagrams describing how V* and n* of the full-2D
model change as p is varied. Solid lines indicate stable equilibrium points

while dashed lines represent unstable ones.

With the results of this section, we have essentially established the following

theorem:

Theorem 4.2.1.1. With parameters listed in Table 4.1, system (4.0.1) admits
at most one equilibrium point (V*,n*) for all p € R. The value n* € [0,1],
and V* > Vi if b < goumoo(Vi) (1 = %’;) + g (1 - %;) or 1k > g1+ g + Gou,
V* < Vi if goumoo(Vid) (1 - KV%) Yo ( - 3—!{) <pu<g,adV =V, ifp=
germon(Vi) (1= %5 + g, (1~ %) Purthermore, if g, < 1 < g1+ g+ g

then (4.0.1) does not possess an equilibrium point.
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4.2.2 Local Stability and Bifurcation Analysis of the
Full-2D Model with Delay

Equilibrium points (V*,n*) of system (4.0.1) are given by the intersection of
the nullclines (4.2.1) and (4.2.3). In the previous section 4.2.1, we established
that the system admits at most one equilibrium point. In particular, there is
one equilibrium point with finite equilibrium voltage provided g ¢ [g, 9. +
gx + goa), and no equilibrium point if g is in this range.

Consider system (4.0.1) with g ¢ [gu, 9. + gx + goa)- To determine the
local stability of the equilibrium point (V*,n*), we linearise the system. The

nonlinear system with equilibrium point shifted to the origin is

dx _ % Jca $+V*"‘/1
CHTE = {gL +ggn* + 5 [1 + tanh ( 7 )] }x (4.2.5)
z+ V"=V

-g§a (V* = Ve) [1 + tanh ( 7 )] +gx(Vk = V*)y

—gxTY + /J,:L‘(t - 7') - V*(gL + g — fi) + (gLVL + gKVKn'*)

dy z+V* -V,
> = An cosh( oV, ) X (4.2.6)
1 r+ V-V, N
{2 <1+tanh(———————————V4 ))——y—n},
Linearising, we cbtain
dv 1 . N (V* — V) 2
p7iiays [gL + gxn* + g (moo(V )+ Tsech t) 1z
gx * L
+ fCT(VK - VYy+ =zt —1)
¢ (4.2.7)

y(t) = Ancosh (u) sech? (v) — A, cosh (u) y.
2Vy
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®

— L T __
where u = .58 o =Y=8 and t= X528 | I we set

2V Vi Va
1 V- Ve
a=z [QL + gun* + gea (moo(V*) + —(——3—{7,2——9—)— sech? (t))] ,
An gV = V) T N
= h 2 = — = Ap e
=5y cosh (u)sech” (v), b c , d=A,cosh(u), [ ik
then system (4.2.7) becomes
E(t) = —az + by + gz(t — 7)
(4.2.8)

y(t) = cx — dy,
which is identical in form to (2.2.8), the potassium conductance system lin-
earised about the origin. Therefore, the characteristic equation for system
(4.0.1) is of the same form for the all-potassium conductance system, and
we can apply the results of Cooke and Grossman to analyse stability of the
equilibrium point. Comparing (4.2.8) to (2.2.8), coefficient a has a different
definition, while all other coefficients have the same form but differ slightly
in value from those of the all-potassium system for any given u due to the
change in equilibrium point from the single-conductance system to the full
system. Since the behavior of the nullclines is qualitatively the same for both
systems as p is varied, the ranges for coeflicients b, ¢, and d specified in the
all-potassium chapter are valid for these coefficients appearing in (4.2.8). One
must simply replace the values g, ( - {,—’i) and g, + g in the all-potassium
system with go.meo (Vi) (1 — -‘{};‘f) +q. (1 — TV‘{]I:') and gp + gk + gc., respectively,
for the full two—dimensional system. We still find that b and d are unbounded

as pu — gy and g, + gk + ge., both ¢ and d are always positive constants, and

b changes sign at a slightly different value than before.
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We consider a separately, since it has a different form. Again, V* — —o0
and n* — 0 as u — g,. In this limit, the extra terms appearing in the definition
of a tend to zero, and so we find that a — %. Also, as u — gy + gk + go,
V* = 4ooand n* — 1, and so ¢ — ﬂi—%ﬁ%. For large values of p, positive
and negative, V* — 0 and n* — n4,{0) & 0.53, and substituting these values
in for V* and n* into the expression for a, we obtain a ~ —3.47 x 107%, which
is less than zero. While a can assume negative values, we note that this can
only occur for large values of |u| which are physiologically unrealistic, say
@ = —100 and p = 80. Also, since the lowest value a can assume is very small
in magnitude, it does not interfere with any of the analytical results. For our
purposes, we may consider a to be a positive constant which is bounded above
by the value ﬂi%iﬂﬂ = 0.75.

The characteristic equation of (4.0.1) is
A+ (a+ d)A+ (ad — be) — pre™ — jide™ = 0, (4.2.9)

with a, b, ¢, and d defined above. Consider first the system with zero time
delay, (4.0.1) with 7 = 0. In this case, the system is reduced to a pair of

coupled ODEs, and has a quadratic polynomial characteristic with roots

A = L~ (a+d) £/[(a +d)2— fi* — 4[(ad — bc) — jid] . (4.2.10)

The trivial solution of (4.2.7) is stable provided the Routh-Hurwitz conditions
(i) & < a+d and (ii) & < a— % are both satisfied. These conditions are plotted
in Figure 4.3, where we find that both (i) and (ii) are satisfied provided y < g;.
Therefore, with y in this range, (V*, n*) of (4.0.1) is a stable equilibrium point.
Further investigation reveals that the equilibrium point is a stable node for

most parameter values, but a stable focus for ~1.21 < p < —0.04, which can
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be determined from the plots of the discriminant A = [(a + d) — i]* — 4[(ad —
bc) — d)] of (4.2.10) in Figure 4.4.

a+d, a-bold, phat
a+d, s-boid, phat

(a) p < gL =3. (b) gL + gx + gca = 15 < p.

Figure 4.3: Checking the Routh-Hurwitz conditions: Plots of a + d (solid
curve), a — -’:i—c (dashed curve), and ji (dotted line) against p for the two pa-
rameter ranges where system (4.0.1) (with 7 = 0) has a unique equilibrium

point.

For yt > g1 + gx + goa, condition (ii) is never met and so the equilibrium
point (V*, n*) is unstable. In fact, from Figure 4.3(b), it is clear that & > ¢—%
for all & > g + g« + gca, from which it follows that (ad — bc) — id < 0 for all
1> gy + gx + goa- This implies that the discriminant A > 0 for all y in this
range, and so both roots A. are real with A, > 0, A_ < 0 and so (V*,n*) is
an unstable saddle point for all u in this range. The Cocke—-Grossman theory
does not apply when u = 21.0, since for this value of u, we have i =a+d. As

in the previous chapters (Chapters 2 and 3), in this case there are no purely

imaginary roots of the characteristic equation (4.2.9). The theory also fails if
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Figure 4.4: Plots of [(a + d) — 2}? (solid curve) and 4{(ad — bc) — jud] (dashed
curve) versus 4 to determine the sign of the discriminant. Figure 4.4(a) mag-
nified in 4.4(b) to distinguish the ranges of y for which the discriminant is

positive from those where it is negative.
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~

n=a— %9 which occurs when p = g, and g, + gx + go., but these cases are
physiologically unrealistic.

Turning now to the model with delay, 7 > 0, we substitute A = iw into
(4.2.9) to search for purely imaginary roots of the transcendental characteristic
equation. From previous analysis, we know that this leads to the quartic

equation
wt+ [(a + d)? — 2(ad — be) — ﬂQ] w? + (ad — be)? — 42d? = 0, (4.2.11)
the roots of which are the & square roots of w2, given by

wi =

[N=R

(#* — a® — d* — 2bc)

+ {i (2% — a® — & — 2b¢)” — ((ad — bc)? - Ade)y (4.2.12)

Purely imaginary roots A = fw (with w > 0) of {4.2.9), occur with positive
real roots of (4.2.11). To determine if system (4.0.1) admits purely imaginary
eigenvalues, we check to see if the system satisfies the criteria for the cases

outlined by Cooke and Grossman [6].

Case 1 (ﬁz > (a — %— 2). In this case, we obtain one purely imaginary root
Ay = tw, of (4.2.9), corresponding to the single positive real root of (4.2.11),
w, > 0. To determine the range on the parameter y for which this case is
satisfied, we plot 42 and (a — %—)2 versus y in Figure 4.5.

Figure 4.5(b) indicates that the single criterion for Case 1 is satisfied for
all 4 > g+ gk + g The plots for p < g, appear in Figure 4.5(a), where
we find that there is a #* < 0 such that 4* > (a — %0)2, i.e. Case 1, provided
< p*, but g? < (a — %)2 for p* < p < gy, which is the primary requirement
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ta-berd)?, (eha?

(b) > gu + gx + goa = 15.

Figure 4.5: Plots of 42 (dashed curve) and (a — % 2 (solid curve) versus p,
for the two parameter ranges of u for which the system (4.0.1) has a unique

equilibrium point.

for Case 2. Asin Chapter 2, we cannot obtain the exact numerical value of p*,
but we can estimating the value to obtain p* = —7.39. Recall that the symbol
1 was used in the chapter on the all-potassium conductance system, and
represented the value of p which separated the Case 1 and Case 2 dynamics
of the model. We re—use this label here to serve the same purpose.

In this section we focus on the Case 1 dynamics of the model, for which
the system has a single purely imaginary root A, = w,, w, > 0. By the
aBen))

dr

transversality condition computed earlier, we know that sign{
sign {—H/K} > 0 for A,, where A is the discriminant of (4.2.12). It follows
that the crossing of the imaginary axis occurring with the purely imaginary
root A, must be from left to right. With g > g, + g« + gc., the equilibrium

point of the system is an unstable saddle for 7 = 0. Therefore, with y in this
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range, stability of the equilibrium point cannot be obtained by increasing 7,
and so (V*,n*) is unstable for all 7 > O.

Consider next the case where p < g*. With u in this range we obtain a sin-
gle equilibrium point in the (V, n)-plane, which is stable for 7 = 0. Therefore
(V*,n*) loses stability as 7 is increased though the smallest value for which

1 . {awﬁ + d(ad — be) } 2

Tp = — COS
"ow f(w? + d?)

(n=0,1,...).

Wi

Denote this value by 7% = 13. Since there is only one purely imaginary root
and one crossing, this is the only change in stability of the equilibrium point.
Therefore, for every p < p*, there exists a time delay 7* for which the equi-
librium point (V*,n*) of (4.0.1) is stable for all delays 7 < 7%, but unstable if
T is greater than 7. Stability of the equilibrium point cannot be regained by

further increasing the delay. Figure 4.6 plots the bifurcation times 7* versus

ufor p < pt.

L L L 1 L :
-40 ~35 -30 -25 ~20 -15 -0

Figure 4.6: Bifurcation Diagram plotting 7* vs. u for system (4.0.1) with
p < p* = —7.39 (the model is in Case 1).

When 7 = 7%, the system satisfies all requirements for the Hopf bifurcation
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theorem for DDEs [17]. As the equilibrium point (V*,n*) loses stability, the
system also undergoes a Hopf bifurcation as 7 is increased past 7*. Numerical
simulations indicate the emergence of stable periodic solutions prior to the
loss of equilibrium point stability. The system is originally monostable with
a stable equilibrium point, but for some values of the delay less than 7% the
system exhibits bistability with a locally stable limit cycle and a locally stable
equilibrium point. To illustrate these results, we consider system (4.0.1) with
4= —8 < pu*, and so the system is in Case 1. For this value of i, 7* = 4.4 ms.
In Figure 4.7 we plot the solution V() versus ¢ and delay phase plane V(¢ —1)
versus V() for 7 = 4 < 7%, and 7 = 5 > 7%, and two different initial conditions
for each time delay. The initial conditions V() = —16, n(f) = n(—16), €
[, 0] demonstrate the stability properties of the equilibrium point (V*, n*) =
(—16.53,0.11), while the conditions V() = —50, n(d) = ne(—50) highlight
the presence of a stable periodic orbit before and after the bifurcation value
T

These results are consistent with those obtained for the all—calcium con-
ductance system, and so it seems plausible that the stable periodic orbits for

T < 7% are generated by the same mechanism, namely a PSNB. Hence we

propose the following conjecture

Conjecture 4.2.2.1. Assume model parameters are as in Table /.1. Then
system (4.0.1) with p < p* (Case 1) undergoes o periodic saddle—node bifur-
cation (PSNB) at some value of the delay Tpsy < T*, where T is given by the
7o term of sequence (8.2.11). A pair of stable and unstable periodic orbits are
generated at Tpgy, and the system ezhibits bistability with o stable equilibrium

point (V*,n*) and a stable limit cycle for Tpsy < T < T*. Furthermore, the
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(b) V(8) = —16,n(8) = neo(—16) with 7 = 4.

(@) V(8) = —50,n(6) = noo(—50) with 7 = 4.
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(f) V(@) = —16,n(0) = neo(—16) with 7 = 5.
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(h) V(8) = —50, n(8) = neo(—50) with r = 5.

Figure 4.7: Numerical simulation of system (4.0.1) with = —8 (Case 1). The
delay is increased from 7 = 4 to 5 ms, demonstrating evidence for a periodic

saddle-node hifurcation.
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unstable periodic orbit formed at Tpgy 15 lost in a subcritical Hopf bifurcation

at T =T1%

Refer to Figure 3.8 of Chapter 3 for the schematic bifurcation diagram
depicting this behavior. Since there is only a single equilibrium point, a PSNB
would generate a pair of nested stable and unstable periodic orbits which
surround (V* n*). Recall for the all-calcium conductance system (3.0.1), we
found that the unstable periodic orbit produced prior to 7* was lost via a
subcritical Hopf bifurcation at 7*, indicated by the detailed Hopf bifurcation
analysis in section 3.2.8. The Hopf bifurcation analysis for the full-2D model
(4.0.1) appears at the end of this chapter in section 4.2.3. However, the results
from this analysis indicate that the Hopf bifurcation at 7* is supercritical and
branching to stable oscillations, contrary to the expected result. It also does
not guarantee the existence of an unstable periodic orbit for time delays below
7%, and therefore cannot offer any support to our PSNB conjecture for the full-
2D model (4.0.1). Thus there is a discrepancy between the Hopf bifurcation
analysis and numerical results for system (4.0.1). However, it seems apparent
from numerical simulations that the Hopf bifurcation is not supercritical and
branches to stable oscillations. If it were, then we should be able to detect
a stable small amplitude periodic solution for system (4.0.1) when 7 is just
above 7*, and with initial conditions close to {(V*,n*). No such stable periodic
solutions were detected. Instead, trajectories with initial conditions very close
to (V*,n*) approached a stable large amplitude periodic solution. Moreover,
the large amplitude periodic solution for 7 > 7* appears to be the same limit
cycle generated prior to 7%, which had since grown in amplitude as the delay

increased. This is also illustrated in Figure 4.7.
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We were unable to account for the discrepancies between the numerical
results and detailed Hopf bifurcation analysis. It is likely that there may be
an error in the Hopf bifurcation analysis of section 4.2.3 that we could not find,
given the tedious nature of the computation. As a result, the analysis revealed
a, Hopf bifurcation structure of (4.0.1) which was qualitatively identical to that
obtained for the all-potassium conductance system with delay. However, the
numerical results seem to indicate that the bifurcation structure mimics that
of the delayed all-calcium conductance system, depicted in Figure 3.8. From
our experience with the previous chapters, we are more inclined to accept the
numerical results, especially given the ease at which errors may creep into the
Hopf bifurcation analysis. However, this does not preclude the possibility that
more complicated dynamical phenomena might be present. It might be that
both the Hopf bifurcation analysis and numerical results are correct, giving
a more complex bifurcation structure which differs significantly from both
conductance systems.

The emergence of stable periodic solutions of (4.0.1) for delay values below
7* was observed for a sample of values of u < p*. As || increases, 7* decreases
and the value of Togy estimated using numerical simulations gets closer to 7*.
That is, the range of the delay over which the system exhibits bistability
decreases as || increases. In general, estimating the value of Tpgy is difficult
since the stable limit cycle'will have a very small basin of attraction just
after it forms. A more accurate estimation of 7oy can only be obtained using
a numerical continuation package for delay differential equations. However,
such numerical packages have been developed only recently, and one was not

available for this thesis research.
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Before discussing the Case 2 dynamics of the full-2D model with delay,
we comment on the dynamics of system (4.0.1) for values of y where the
Cooke—Grossman theory is not applicable. These values are p = u*, ¢ = gy,
and g = g + g« + Yo., for which 2> = (a— %)2. For the values p = g,
and g; + gx + gos, V¥ — —00 and +o0, respectively, and so these cases are
physiologically unrealistic. The value u* separates the Case 1 and Case 2
dynamics of the model, and in this case we have a double zero eigenvalue
along with a pair of purely imaginary eigenvalues. But like the case for u*
in Chapter 2, the zero eigenvalues occur at a different value of 7 (actually

® — o00) than the purely imaginary eigenvalues. Thus, when

asw — 0, 7
T = 7%, the delay value corresponding to the purely imaginary pair, there is no
degeneracy. Hence as 7 is increased through 7* the equilibrium point changes
stability and a Hopf bifurcation occurs, and the result resembles the Case 1
dynamics. For the approximate value p* = —7.39, numerical simulations of
indicate that the equilibrium loses stability as 7 is increased past 7 = 4.8.

Also, the system exhibits bistability, as a stable periodic orbit emerges for

some 7 < 7%, possibly via a PSNB.

Case 2 (ﬁ2 < (a — %‘:)2) In this case, we obtain two purely imaginary
roots Ay = iw of (4.2.9), corresponding to the positive real roots w, and w_
of (4.2.11). The primary requirement for Case 2, 4? < {a — %)2, is satisfied
for all p such that y* < p < g, where p* =~ —7.39. Checking the additional
conditions {a) and (b) associated with Case 2 indicates that both conditions
are simultaneously met when p* < u < p**, where ™ ~ —3.66. The plots
used to determine this range are included in Figure 4.8.

Therefore, if p* < p < p**, then there are two purely imaginary roots of



CHAPTER 4. THE FULL-2D MODEL WITH DELAY 170

1 005
08
004
4
us
,g 000
% oo k3
2 kA
§ o :%,' 202
) S —— = :E ]
3
02 N
¢
04}
6 < 2 [] 2 an " < P [ 2
v *
(a) Condition (a). (b) Condition (b).
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the characteristic equation, AL = w4, and two crossings of the imaginary axis
are poésibie. By the transversality condition, a left to right crossing occurs
with the A, root, while a right to left crossing occurs with the A_ roct. We
obtain two sequences of delay times, 7, ;, which denote the time delays where
a left to right crossing takes place, and 7,9, which marks the right to left
crossings. These sequences are given by

1 . {awi + d(ad — be) } 2mn

Tp,1 = 'a}:COS ﬁ(wi n d2)

(n=0,1,--+)

Wy

(4.2.13)

_1 [aw? +d(ad — bc) 27n
w? + d?) '

Tp2 = — COS
w

Hence with x in this range, multiple stability switches of the equilibrium
point are possible as 7 is increased. Not every crossing of the imaginary
axis leads to a change in stability of (V*,n*), and a finite number of stabil-
ity switches from stability to instability may occur before instability persists.
The number of switches depends on the model parameters, and the switching
behavior terminates with two consecutive left to right crossings.

Only one stability change is possible if p* < u < —4.11, since for these
values of u, 711 < Tg2, and we have two consecutive left to right crossings of
the imaginary axis prior to the first right to left crossing. With p in this range
the dynamics are similar to those encountered in Case 1. The equilibrium point
(V*,n*) loses stability when 7 = 7* as a purely imaginary root migrates across
the imaginary axis. In addition, the numerics indicate that a stable pericdic
solution emerges for some T = 7Tpgy < 7%, and the system exhibits bistability
for all 7 € (Tesn, 7*). We conjecture that a PSNB occurs at 7psy, and generates

a pair of stable and unstable periodic orbits. When stability of (V*,n*) is lost,
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only a stable limit cycle remains. However, similar discrepancies between the
Hopf bifurcation analysis and the numerical results were also encountered for
4 in this range, and so we have no concrete proof that an unstable suberitical
Hopf bifurcation occurs at 79 5.

A number of numerical simulations were run with samples of y € (p*, —4.11),
and all revealed the same qualitative behavior. In Figure 4.10 we consider
the example 4 = —5, for which (V*,n*) = (-20.79,0.06) and 7* = 8.6.
Initial conditions are V(f) = —100, n(f) = nw(—100) and V(8) = 20,
n(f) = ne(—20), 6 € [—7,0], with the delay increased from 7 =7 to 7 = 9.
With 7 < 7, the system is initially monostable with a stable equilibrium
point, and no stable periodic solutions were detected. This can be seen in
Figure 4.9, where we plot the solution for 4 = —5, 7 = 6 and initial conditions
V(0) = =100, n(f) = ne(—100). If 7 = 7, the system is bistable with a stable
equilibrium and stable limit cycle, but if 7 is increased past 7* then stability
of the equilibrium point is lost, and only a stable limit cycle remains. Note
the detection of a stable periodic orbit as the delay was increased from 7 = 6
to 7 = 7. We do not claim that ey € (6,7), and it is possible that 7 < 6.
Rather, we have merely identified that, for a given initial condition, a stable
periodic orbit becomes evident for 7 < 7*.

If —4.11 < p < p**, the equilibrium point (V*, n*) of system (4.0.1) under-
goes multiple changes in stability before instability persists. A total of 2k + 1
stability switches take place, where k£ € N is the smallest value for which
Tei < Te+1,1 < Tk2, and the final stability change occurs when 7 = 7 ;. The
number of stability switches increases as p — p**. If p is close to —4.11, then

only three switches are possible, while as many as 31 switches are predicted
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RN

Figure 4.9: Numerical simulation of system (4.0.1) with g = =5, 7 = 6 ms,

illustrating a stable equilibrium point.

for 4 = —3.66, the approximate value of 1**. The number of stability switches
(up to 11) for a given u € [—4.11, u™], as well as the values of the delay where
the switches occur, are reported in Figure 4.11. As in Figure 2.10 in the all-K*
chapter, neither stability switching nor Hopf bifurcation(s) occur at the cusp
points of Figure 4.11, due to the presence of two pairs of purely imaginary
eigenvalues. The initial terms 75; and 7192 of the sequences (4.2.13) are plot-
ted for —4.11 < p < p* in Figures 4.12(a) and 4.12(b), and similar plots can
be constructed for any terms in these sequences. In Figure 4.12(c) we show
that the 7p; bifurcation curve of Case 2 is simply a continuous extension of
the 7% = 79 curve of Case 1, and that the 75; and 793 curves of Case 2 also
combine to form a smooth, continuous curve.

To demonstrate the local stability switching of the equilibrium point (V*, n*)
for a given u € [—4.11, u**], we present a numerical simulation carried out for

i = —3.8. For this value of u, three changes in stability of the equilibrium
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Figure 4.10: Numerical simulation of system (4.0.1) with g4 = —5 (Case 2).
Only one stability change is possible and a periodic solution emerges prior to

the loss of stability of (V*, n*).
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Figure 4.11: Bifurcation Diagram plotting the terms of 7, ; and 7, » which give
rise to stability changes for u € [~4.11, —3.66]. The values of y for which the

model exhibits up to 11 stability switches are indicated.

(V*,n*) = (—23.57,0.04) are possible, and these occur for the delay times
T = 17.3,35.5, and 59.5. Teo witness the stability changes, we increase the
delay 7 through the values 15, 25, 50, and 70 in the numerical simulations
in Figure 4.13. Initial conditions V(§) = —20, n(f) = ne(-20), 6 € [~7,0],
are selected close to the equilibrium point, to emphasize that the stability of
(V*,n*) is only a local phenomenon.

Along with multiple changes in equilibrium point stability, we also observed
some additional, more complicated dynamics. The bifurcation structure of the
model appears to change significantly as y — p**. With u near the lower end of
the interval, say —4.11 < g < 4, the stability of the equilibrium point (V*, n*)
changes three times, when 7 is increased through 741, 702, and 71 ;, and at each
of these delay times a Hopf bifurcation occurs. Stable periodic solutions were

detected for values of 7 € (0, 75,1 ), while (V*, n*) is stable. There were no small
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Figure 4.12: Bifurcation Diagrams: The values 791 and 79, versus p for Case

2, and shown together along with the 7* curve of Case 1.
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Figure 4.13: Numerical simulation of system (4.0.1) with y = —3.8 (Case 2).

The delay 7 is increased from 7 = 15,25,50 to 70 ms, to illustrate multiple

stability changes.
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amplitude periodic solutions detected using initial conditions close to (V*,n*)
for 7 just above 7y, rather trajectories approached a large amplitude limit
cycle. We conjecture that a PSNB occurs for some Tpgy < 77, which generates a
pair of nested stable and unstable periodic orbits surrounding the equilibrium,
and that the unstable periodic orbit is lost in a subcritical Hopf bifurcation
at 7 = 79, Numerical simulations indicate that the system is bistable for all
T € (Tesn, T0,1), Which is consistent with our conjecture. With 7 € (70,1, 70,2),
the equilibrium point is unstable, and the system is initially monostable with
a large amplitude limit cycle for 7 just above 75;. Interestingly, based on
numerical evidence, we propose that a second PSNB takes place for some
Tesnz € (To,1, To,2), Whereby we have nested stable, unstable, and stable periodic
orbits of increasing amplitude surrounding an unstable equilibrium for 7 €
(Teenz,To,2). To support this conjecture we include a numerical simulation
with u = —4.06, for which stability of (V*,n*) changes at the delay times
70, = 13.5, To2 = 45.3, and 71, = 48.8 ms. Figures 4.14(b) and 4.14(d)
illustrate that, for 7 = 40 € (79,1, 79,2), the system has two stable limit cycles
of different amplitude. Initial conditions are specified in each plot.

The smaller-amplitude stable limit cycle we believe is generated at Tpgy,
decreases in amplitude as 7 — 795, and we propose that it is lost via a sub-
critical Hopf bifurcation at 7 = 19. With 792 < 7 < 711, the system is
bistable with nested unstable and stable periodic orbits surrounding a stable
equilibrium point. Stability of the (V*,n*) is lost for good when 7 is increased
past 711, and trajectories close to (V*,n*) with 7 just above 71,; approach
the large amplitude limit cycle generated at 7pgy, as indicated in Figure 4.16.

Thus, we suspect that an unstable periodic orbit generated at Togy, is lost via
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Figure 4.14: Numerical simulation of system (4.0.1) with y = —4.06 (Case 2),
and 7 = 40 ms, illustrating the presence of two different stable limit cycles

Simulations run from ¢ = 5000 to 10000 ms to discard transient behavior.
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a subcritical Hopf bifurcation at 7 ;, and so the system is monostable with
a large amplitude periodic solution for all 7 > 71;. No additional bifurca-
tions were detected after the final switching time. Considering the sequence
of bifurcations described here, we propose the bifurcation structure depicted

in Figure 4.15 for system (4.0.1) with —4.11 < u < —4.0.
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Figure 4.15: Conjectured bifurcation diagram illustrating the behavior of the

full-2D model (4.0.1) for u € [—4.11,—4.0].

If —4.0 < pu < —3.76, then a different series of bifurcations appear to
take place for system (4.0.1) as 7 is increased. There are still only three
stability changes possible for (V*,n*), and we still observe a similar PSNB
phenomenon for 0 < ey < Tg,1. Also, we conjecture that an unstable periodic
orbit generated at Tegy is lost via a subcritical Hopf bifurcation at 791, so that
for 7 € (15,1, To2), the system has an unstable equilibrium point and a stable
limit cycle. But unlike the results witnessed for —4.11 < p < —4.0, numerical
simulations seem to indicate that a stable limit cycle formed at 755y decreases

in amplitude as 7 — 752, where we believe it is lost in a subcritical Hopf
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Figure 4.16: Numerical simulation of system (4.0.1) with g = —4.06 (Case 2).

Increasing 7 from 48 to 52 ms, illustrates the system is bistable for 7 < 7y 3,

but monostable for 7 > 7,;. We believe that an unstable periodic orbit is lost
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bifurcation. We believe that, with 7 just above 759, the system is monostable
with a stable equilibrium (V*,n*), and no periodic solutions were detected.
Based on numerical evidence, we conjecture that a second PSNB occurs for
some value Tpsn, € (To2,711), Which generates a pair of nested stable and
unstable periodic orbits surrounding the stable equilibrium. The system is
bistable for all 7 € (7psns, 71,1). Because large amplitude periodic solutions
were detected for 7 just above 71 1, we speculate that an unstable periodic orbit
generated at Tpgy. 18 lost in a subcritical Hopf bifurcation at 7 ;. Furthermore,
for 7 > 7,1, we gathered evidence to support a third PSNB for some Tpgy; >
71,1, and with 7 above this value the system exhibits bistability with large
and small amplitude periodic solutions. Figure 4.17 indicates that, for p =
—3.8, the system appears to be monostable for 7 = 75 > 1;; = 59.5, as
trajectories with significantly different initial conditions approach the same
stable limit cycle. However, with the delay increased to 7 = 85, different long-
term behavior is observed for different initial conditions. Hence the system is
(at least) bistable, and there must be an unstable periodic orbit separating
the small and large-amplitude stable oscillations. The bifurcation sequence

we propose for (4.0.1) with 4 in this range is concisely depicted in Figure 4.18.

Numerical simulations indicate that the bifurcation structure of the full-
2D system (4.0.1) becomes increasingly more complex as p — p**. Some very
rich dynamics arise as the number of stability switches of (V*, n*) increases,
and we make no attempt to classify all the behavior here. Figure 4.19 is a

schematic bifurcation diagram outlining the gualitative dynamics conjectured
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Figure 4.17: Numerical simulations of system (4.0.1) with 4 = —3.8 (Case
2). Increasing 7 from 75 to 85 ms demonstrates a PSNB takes place for some

Tpsns > T1,1. Simulations run from ¢ = 17000 to 25000 to discard transients.
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Figure 4.18: Conjectured bifurcation diagram illustrating the behavior ob-
served for the full-2D model (4.0.1) for g € (—4.0,—3.76) (Case 2), where

three stability switches are possible.

for system (4.0.1) with g = —3.75 € (-3.76,—3.7), for which five changes
in equilibrium point stability occur. Combinations of PSNB and subecritical
Hopf bifurcations (stable and unstable) are suspected to largely govern the
dynamics of the system with g in this range. The results discussed here for
p € [—4.11, —3.66] are based on observation from numerical simulations, and
there are discrepancies between the numerical results and Hopf bifurcation
analysis that we were unable to account for. A more complete picture of the
bifurcation structure of the model could be elucidated with the use of an an
appropriate numerical continuation package for delay differential equations,
which would allow one to accurately estimate the delay times where PSNB(s)
take place, and would indicate the existence and location of unstable periodic

orbits.

All that remains in the analysis of the full-2D model is to comment on the
dynamics of system (4.0.1) for u** < p < g.. With u in this range, the primary

requirement of Case 2 is met, but the sub-conditions (a) and (b) are not
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Figure 4.19: Counjectured bifurcation diagram outlining the dynamics of the
full-2D model (4.0.1) for —3.76 < u < —3.7 (Case 2), where five stability

changes are possible.

simultaneously satisfied. This implies that there there are no purely imaginary
roots of the characteristic equation, and hence no changes in stability of the
equilibrium point are possible. Since (V*, n*) is stable for 7 = 0, it follows that
(V*,n*) is stable for all 7 > 0. Numerical resuits support this conclusion, and
two examples are illustrated in Figure 4.20, one for weak inhibitory feedback
(p = —2.5) and one for weak excitatory feedback (1 = 1.5). For p = —2.5,
we use initial conditions V() = —20, n(f) = nw(—20) and V() = —50,
n(f) = ne(—50) for g = 1.5. In each case, the stability of the equilibrium
point does not change, even with a 10-fold increase in the delay.

However, for some values of p € (u**, g), the system exhibits bistability
over a range of the time delay. With p near the lower end of the interval,
say p** < u < —3.37, numerical simulations indicate the existence of a stable
limit cycle along with a locally stable equilibrium point. Since there is no
Hopf bifurcation to account for a stable periodic solution, we speculate that
a PSNB at some value of the delay Teosy > 0 is responsible. However, if
we further increase 7 then the equilibrium appears to be globally attracting,

and no periodic solutions were detected. We propose that a reversing PSNB
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Figure 4.20: Numerical simulation of system (4.0.1) with weak inhibitory and
excitatory feedback. The values of y and 7, are specified for each plot. In each

case, stability of the equilibrium does not change as the delay is increased.
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occurs as the delay is increased, whereby a pair of unstable and stable periodic
orbits coalesce and annihilate each other, leaving only the globally attractive
equilibrium point. A schematic bifurcation diagram describing these possible
qualitative dynamics appears in Figure 4.21. This behavior seems to persist
for a larger interval of the delay as || increases. For example, with p = —3.65,
we detected a stable periodic orbit for 7 = 12 to 26 ms, but for u = —3.37 we
could only detect a stable periodic orbit for 7 = 17 to 20 ms.

o]

o] Q
o o0 ©

TPSN TPSN

Figure 4.21: Conjectured bifurcation diagram illustrating the behavior ob-
served for system (4.0.1) with g™ < u < —3.37 (neither Case 1 nor Case
2).

To illustrate these dynamics, we consider the example p = —3.5. The
equilibrium peint (V*, n*) = (—24.44,0.04) is stable for all 7 > 0, but a
stable limit cycle becomes evident as 7 is increased past 14, as demonstrated
in Figure 4.22. Trajectories with initial conditions close to the equilibrium
point tend to (V*,n*), while those with significantly different initial conditions
approach a stable limit cycle. We believe that a PSNB occurs for some 7 < 14.

If we increase 7 further, the equilibrium point remains stable but the stable
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limit cycle cannot be detected for 7 > 24 ms.

This concludes the analysis of the full-2D Morris-Lecar model with delay.
Our investigation indicates that the model with both conductances operational
displays a wide range of rich dynamics, and contributions of both conductance
systems are evident. In the final chapter, Chapter 5, we interpret our results
biophysically, address the contribution of each conductance system to the full—
2D model, and comment on how the Morris—Lecar model with delay compares
to the original non-delayed model. A detailed Hopf bifurcation analysis of the
full-2D model (4.0.1) is presented in the following Section 4.2.3.

To close this section, we summarize the proven results in the following theorem:

Theorem 4.2.2.2. Assume that parameters in system (4.0.1) are as in Ta-

ble 4.1. Then we have the following:

1. If u < u*, then (V*,n*) is stable for all T € [0, 7*), where p*, T are de-
fined earlier. For allT > 7%, (V*,n*) is unstable, and a Hopf bifurcation

occurs at T = T%.

2. If u* < p < u*, then (V*,n*) is capable of a finite number of stability
switches, before instability persists (u** defined earlier). Transitions from
stability to instability occur with 7, terms of (4.2.18), while those from
instability to stability occur with 7,5 terms, n = 0,1,.... A total of 2k+1
switches is possible, where k satisfies 7,1 < Tp411 < Tr2. At values of
Ta1, Tn,2 Where a stability change occurs, system (4.0.1) undergoes a Hopf

bifurcation.

3. If u** < pu < g, then (V*,n*) is stable for all T > 0.
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Figure 4.22: Numerical simulation of system (4.0.1) with p = —3.5, to illus-

trate a double PSNB.
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4. If i > gp + gk + Gou, then (V*,n*) is unstable for all 7 > 0.

4.2.3 Direction and Stability of Hopf Bifurcation

We turn now to the direction and stability of the Hopf bifurcation associated
with (4.0.1), the two—dimensional Morris-Lecar model with delay. The de-
tailed Hopf bifurcation analysis of this system is similar to that presented for
the individual conductance systems, and follows the same steps presented in
the all-K* chapter. However, the delay differential equation of (4.0.1) has an
additional nonlinear term representing a steady—state calcium conductance,
which affects the calculations. Therefore, in this section we merely highlight
the important changes. We note in particular that the conditions on the
continuity of the nonlinearity of the system required by the Hopf bifurcation
theorem for DDEs is met. Also, we comment that Hopf bifurcations do not oc-
cur at the cusp points of Figure 4.11. These are Hopf—Hopf interaction points
where there are two pairs of purely imaginary eigenvalues, and the situation is
similar to that encountered for the all-K+ conductance system in Chapter 2.

Consider (4.2.7), the nonlinear system with equilibrium point shifted to
the origin. Expanding the hyperbolic trigonometric functions in powers of z,
we obtain

a—‘;—,:—a:z+by+[wz:(t—7)—aa:y+J:z:2+K:z:3+O(:c4) 21

Z—:Z = cx — dy + Az? — Bzy — Dx® — Gzy + O(2?)
where 3, = tanh(u), B, = tanh(v), B, = sech®(t),

el A A S ol S L

7 A 7

Y =
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c 1 d c
A= ""'I;; <6’u - 5/&1) , B= mﬁm D= V; [ - (\ ﬂu ﬂv)]

Cals V- Vca Cals V* VOa
J:giC [( 7 )51:“1}, K:;JV;C [@‘l’ (5s 25’?)},

and the coeficients a, b, ¢, d and [ were defined earlier for the linearised system
(4.2.8). For ¢ = [¢1,82]T € C, the definition of L,¢ does not change, since
the form of (4.0.1) linearised about the origin is identical to that of (2.0.1).

However, in this case we define
—a1 (0)62(0) + J1(0) K ¢(0)

Flv,9) = + +0(z%).
A¢1(0) — B1(0)2(0) —D¢}(0) — G¢1(0)¢2(0)

The eigenfunctions ¢(6) = [1, 5]Te™® and ¢*(s) = [v1, v2]€™*, with B, v; and

v defined earlier, also assume the same form, since these are found using only

the linear components of (4.2.14). Most important are the coefficients g;; for

the full system, and we find these by evaluating g(z, z) = §*(0)F;. This gives
g20 = 2[71(J — ) + D2(A — BB)],
g1 =01(2J - a(B + B)) + 7:(24 — B(B + B)),
goz = 2[1(J — af) + (A — BB)],

g1 =2 [Wé&’(O) (171 (J - 1a5> + 7 (A - %53))
+2W{(0) ( (J - —aﬁ) + 7y (A - %ﬂB)) - Wé?(@)%(wl + Bin)
~W(0) (o + Bi) +3K5 — 5, (G(28+ B) + 3D)] ,

where Wao(6), Wi1(0) are given by

WZO(Q) - g20 (0) wd g:zjq(o)e—iwﬂ + Ee?in,
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and

Wﬂm:%ﬂwwmﬁﬁ@aw+ﬂ

The vectors E = [Ey, E5]T and F = [Fy, F3]T have components
B 2(af — JY(d + 2iw) — 2b(A — BB)
"7 be+ (d+ 2iw) [re 2 — (a + 2iw)]’

af — J)+2(A - BB) [ae™ " — (a + 2iw)]
be + (d + 2iw) {ile=2%" ~ (a + 2iw))]

B, = 2¢(

b(24 — B(B + B)) — d(c(B + B) — 2J)

o=
' (ad — bc) — fid ’

B)(2A - B(6 + B)) — c(a(B + B) — 27)
(ad — bc) — jd

With the coefficients g;; as functions of the model parameters only, we may

o Gl

compute C1(0), along with p,, and f,, which indicate the direction and sta-
bility of the bifurcating periodic solutions, respectively.

The results complied from numerical simulations of the full-2D model in-
dicate that the Hopf bifurcations associated with terms of the ,, 1, n =0, 1,. ..
sequence are subecritical and branch to unstable oscillations, while those as-
sociated with the terms of the 7,5, n = 0,1,... sequence are subcritical and
branch to stable oscillations.

This is where we find discrepancies between our numerical results and
Hopf bifurcation analysis. The results of the Hopf bifurcation analysis for the
all-K* and all-Ca?* conductance systems matched perfectly with numerical
results, and these methods complimented each other nicely. However, this is
not the case for the analysis of the full-2D model with delay, as the following

calculations illustrate.
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We consider first an example where p < p*. For these values of u the
model is in Case 1, and one Hopf bifurcation occurs when the equilibrium
point loses stability, that is when 7 is increased through 7*. We present a
set of calculations for 4 = —8, a representative value of this case considered
earlier. For this value of g4, the purely imaginary root is A, = iw, = 1x0.4292,
and the delay time for the bifurcation is 7 = 4.4 ms. The component [ of
the eigenfunction ¢(6) is 8 = 0.000399 — ¢ x 0.00224, and 1y, vy of ¢*(s)
are v; = 0.293 + ¢ x 0.306, v, = 12.3 — ¢ x 16.77. For the g;; coefficients,
we obtain ggo = 0.00419 — ¢ x 0.00102, g1, = 0.00355 — 7 X 0.00147, goo =
0.00290 — ¢ x 0.00193, and gp; = —0.002152 47 % 0.00324. This gives C,(0) =
—0.00106 + ¢ x 0.00164, and hence up = (0.00106)(Re{N'(0)})~* > 0, since
Re{N(0)} > 0, and B, = —0.00213 < 0. This calculation indicates that the
Hopf bifurcation at 7 = 4.4 for 4 = —8 is supercritical (u; > 0) and the
bifurcating periodic solutions branch to stable oscillations (32 < 0). Similar
results were obtained for a sample of values with p < p* using this calculation.
However, numerical simulations of (4.0.1) with y in this range provide evidence
for a PSNB followed by a subcritical Hopf bifurcation, contrary to what our
Hopf bifurcation calculations show.

With g* < p < p**, the system is in Case 2, and multiple changes in
stability of (V*,n*) are possible. Only one stability change occurs if p* < pu <
—4.11, and calculations with p in this range indicate results similar to those
for p < p*. For an example where multiple stability switches are possible, we
consider g = —3.8, for which three changes in stability occur for the delay
times 751 = 17.3, Tgp = 35.5, and 717 = 59.5. At each of these delay times

we also obtain a branch of periodic solutions from a Hopf bifurcation. Note
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that both 717 = 17.3 and 73; = 59.5 correspond to the w, root, which has
value w, = i x 0.149, while 9o = 35.5 corresponds to the w_ root, where
w_ =1 x 0.0838. Tables 4.3 and 4.4 report the values for important quantities

to determine the direction and stability for all three Hopf bifurcations.

Value To,1 = 17.3 To2 = 35.5

Js) 0.00145 — 7 x 0.00246 0.60295 — 7 x 0.00281

vy 0.201 + ¢ x 0.105 0.125 + 1 x 0.0285

Vg —1.23 —1x24.3 —-10.8 — 7 x 16.3

920 0.000995 + 4 x 0.00121 | —0.000086 + ¢ x 0.00119

an 0.00055 -+ 2 x 0.00080 { —0.000331 + i x 0.000793

Jo2 0.000106 + 7 x 0.000392 | —0.000576 + 7 x 0.000393

a1 -0.00279 + i x 0.00319 —0.00247 + 1 x 0.00158
Ch (0) —0.00140 + 7 x 0.00159 | —0.00123 + i x 0.000783

g | (0.00140)(Re{X(0)})™" | (0.00123)(Re{N(0)})""

o) —0.00280 —0.00246

Table 4.3: Detailed Hopf bifurcation analysis: sample calculations for two of
the Hopf bifurcation which occur for p = —3.8 (Case 2, multiple stability

switches).

Note that Re{)'(0)} > 0 for 75,; and 7y,;, while Re{X’(0)} < 0 for 792. Our
calculations indicate that the Hopf bifurcations which occur at 75; = 17.3 and
711 = 59.5 are supercritical and branch to stable oscillations, since pp > 0,
B> < 0. On the other hand, the results in Table 4.4 indicate that the Hopf
bifurcation at 792 = 35.5 is subcritical and branches to stable oscillations, since

te < 0, B2 < 0. All values of p € (—4.11, u**) which we checked produced
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Value 13,1 = 59.5
Jol 0.00145 — 7 x 0.00246
2 0.0690 + ¢ x 0.0415
) 0.0657 — 7 x 8.65
G20 0.000377 + ¢ x 0.000407
gu 0.000212 + 3 x 0.000272
Go2 0.000046 + ¢ x 0.000137
Ga1 —0.000924 + ¢ x 0.00118
C1(0) | —0.000462 + 5 x 0.000592
2 (0.000462)(Re{ N (0)}) !
P —0.000925

Table 4.4: Detailed Hopf bifurcation analysis: sample

calculations for the

third Hopf bifurcation which occurs for p = —3.8 (Case 2, multiple stability

switches).
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similar results, in that Hopf bifurcations occurring with members of the 7, 1,
n=10,1,... sequence are supercritical and branch to stable oscillations, while
those with the 7,2, n = 0,1, ... sequence are subcritical and branch to stable
oscillations. The results for bifurcations with the 7,5, n = 0,1,... sequence
match the behavior indicated by numerical simulations, while those for the
a1, 7 =0,1,... sequence are opposite of what the numerics indicate.

The most likely cause of the discrepancies between the numerics and the
Hopf bifurcation analysis is an error in the calculation for the full-2D model,
due to the tedious nature and numerous steps involved with the algorithm.

However, we were unable to identify mistake(s) in our calculations.



Jiscussion

In this final chapter, we provide a biophysical interpretation of our results
from previous chapters. Since our model describes the dynamics of the neuro-
muscular feedback loop in terms of the potential across the membrane of the
muscle fibre, our interpretations are based on membrane dynamics. We com-
ment on the contribution of each conductance system to the behavior of the
full-2D model, and how the conductance systems and full-2D model with de-
lay compare to the systems of the original Morris—Lecar model. Some model
limitations are also discussed, along with interesting avenues of possible future
research.

The all-K* conductance system with delay is capable of more complicated
dynamics than its non—delayed counterpart. Voltage oscillations were not pos-
sible in the all-potassium system without delay, which admitted at most one
equilibrium point. With external stimulus, the system exhibits a graded re-
sponse with a transient peak followed by a decay to a stable resting plateau,

and with no stimulus the system simply approaches the steady state directly,

197



CHAPTER 5. DISCUSSION 198

with no early peak in the voltage. The all-K* system with delay does sup-
port voltage oscillations for inhibitory synaptic feedback. In fact, for 4 < 0
the system with parameters in Table 2.1 is monostable for all delays 7 > 0,
with either a single stable equilibrium point or a stable limit cycle surrounding
an unstable equilibrium. The equilibrium point (V* n*) corresponds to the
membrane resting potential, which changes with the strength of synaptic feed-
back, |uz|. A stable rest state in this case corresponds to quiescent behavior
where the membrane is polarized, while stable oscillations about the rest state
represent repetitive firing (graded depolarizations) of the membrane. In the
case of u < 0, oscillatory solutions correspond to excitation due to recurrent
inhibition. More specifically, it is due to the well-observed phenomenon of
anode-break excitation, which is a form of post-inhibitory rebound {32, 35].
If the inhibitory feedback signal is weak, say p** < p < 0, then the rest
state (V*,n*) is stable for all 7 > 0, and no voltage oscillations occur. Con-
versely, if the delay term is dominant (¢ < p*), then the feedback is strong,
and the stability of the equilibrium is delay—dependent. The rest state is stable
for small delays below a critical value 7*, and is unstable for all delays greater
than 7*. The value of 7* depends on x and other model parameters, and is very
small when the delay is dominant. When the resting potential loses stability,
stable oscillations emerge via a supercritical Hopf bifurcation. Oscillations
arising in this manner are termed “soft” [16], [26], since they appear to grow
from the rest state, in that they are small in amplitude if the delay 7 is just
above the bifurcation time 7*, and grows as the delay is further increased. We
note that the oscillations encountered in the all-K* conductance system do not

have the same relaxation—oscillation shape typical of standard action poten-
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tials. Instead, the oscillations are graded with depolarized and hyperpolarized
phases, which are produced by an oscillating outward potassium current. Such
graded action potentials are common in synthetic membrane models with a
single voltage—dependent conductance system {24]. The sequence of events
that produce a typical relaxation-oscillation action potential are determined
by the dynamics of two gating variables, one with a fast—activation time course,
and the other with a slow—activation time course. However, in this case the
fast—acting calcium conductance is inoperative, and so the oscillations of the
all-K* system are governed by only a single gating variable (n) and therefore
only one (slow) time scale is operational.

The story is more interesting when the delay term of the system is not
dominant, which is true if p* < @ < p**. In this case, the feedback signal is
strong enough to influence the dynamics of the system, but not strong enough
to “take over” for small 7 > 0. If i is near the lower end of this interval then
the dynamics are similar to those for 4 < u*, however the bifurcation value 7*
has a more modest value, and so the equilibrium point remains stable for larger
delay values before relinquishing stability to a stable oscillation. However, a
finite number of changes in stability of the equilibrium point are possible with
more intermediate values of y near the upper end of this range. For small
delays the rest state is stable, and the membrane remains polarized. But as
the rest state loses stability, a branch of stable soft oscillations appears and the
membrane undergoes repetitive firing. Increasing the delay causes oscillations
to cease via a subcritical Hopf bifurcation as the rest state regains stability.
This sequence of events continues with increasing 7 but eventually stability of

the rest state is lost for good, and a globally attractive limit cycle dictates the
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repetitive firing along the membrane.

No stable voltage oscillations were encountered for the all-K+ system with
excitatory feedback. This may seem somewhat counter-intuitive, since recur-
rent excitation might be expected to lead to repetitive firing, and has been
observed in neural feedback models [32]. Instead, the system possesses a sta-
ble equilibrium point if 0 < g < gy, no equilibrium if g, < p < g + g«, and
a single unstable equilibrium for u > g, + gx. The equilibrium point (V*,n*)
for 0 < p < g corresponds to a rest state where the membrane is polarized,
while that for ¢ > g, + g« represents an excited state where the membrane is
depolarized. The feedback signal is not strong enough to induce stable oscil-
lations if 0 < p < g, and the rest state is stable for all positive time delays.
With x> g + gk the signal strength is sufficient to cause the excited state to
be unstable for all 7 > 0, and no stable oscillations were detected about this
depolarized level. Solutions in numerical simulations for 4 > g, + g« tended
to +00 or —o0, which is obviously not possible in an actual physiological set-
ting. Rather, we interpret such behavior biologically as V' — V(1) or V(0),
respectively, since the variable n represents the fraction of open K* channels
and must lie in the interval [0,1]. The case V — V(1) corresponds to a state
where all potassium—ion channels are open, and so the conductance system
is 100% operational. The opposite is true in the case V — V(0), where the
potassium—conductance essentially shuts down, and all K+ channels are closed.

The all-potassium conductance system does not admit an equilibrium point
if 4 € [gu, g + gx]. Trajectories in this case can escape to +oo or —co for a
value of n € [0, 1], which we also interpret as V — V/(0), or V(1), depending

on their values. That our model of recurrent excitation does not admit an
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equilibrium point for even modest feedback strength is unrealistic, and an
unfortunate by-product of how the delay was incorporated into the original
Morris—Lecar equations. Therefore, we speculate that, while the Morris—Lecar
model appears to describe the dynamics of recurrent inhibition nicely, it is
incapable of supporting recurrent excitatory feedback as it has been proposed
in our model. In addition, it is also unrealistic to have the equilibrium voltage
V* — —oo and +o00, which is the case for our model as p — ¢, and g, + g,
respectively. Some suggestions on how to improve the model so that these
unrealistic scenarios are avoided are addressed later in this chapter.

The isolated Ca?* conductance system of the original Morris—Lecar model
did not support voltage oscillations. Rather, the system had bistable responses
with a characteristic threshold, with two stable equilibria separated by an
unstable saddle point. Sustained oscillations are readily observed in the all-
Ca?* conductance system with delayed inhibitory feedback. With p < 0, the
system admits up to three equilibria, and the number of equilibria can have
a significant influence on the dynamics. For a moderate to strong feedback
signal (1 < p~) the delay term in equations (3.0.1) is dominant, and there
is only one equilibrium point, which corresponds to the rest state where the
membrane is polarized. In fact, the rest state is the only steady state of the
system for all p < p~.

If the feedback is strong (¢ < —3.7) the rest state is stable for small to
moderate values of the delay, but loses stability if the delay is increased past
a critical value 7*. When this happens, stable oscillations about the rest state
ensue, driven by a supercritical Hopf bifurcation, which represents repetitive

firing of the membrane. Recall that for soft oscillations arising in this manner,
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the amplitude of oscillation is related to the magnitude of the delay above the
critical value 7*. As in the all-K* system with delay, stable oscillations for
u < 0 result from excitation due to recurrent inhibition. The action potentials
are graded due to the oscillatory nature of a single inward calcium current,
which operates on a fast time scale. The slow—acting potassium conductance
is not operational in this system. Therefore with strong inhibitory feedback
the membrane operates in one of two stable modes: a stable rest state for
small 7, and stable repetitive firing for large 7.

With intermediate feedback strength (—3.7 < p < u~) the delay is still
dominant, and the rest state becomes unstable as the delay is increased past
the critical value 7*. However, the system exhibits bistability with a stable rest
state and a stable oscillation for some values of 7 < 7. We conjecture that
a PSNB occurs for some value of the delay (0 < 7Tpgy < 7*), which generates
a pair of nested stable and unstable periodic orbits which surrounding stable
rest state. Trajectories with initial conditions inside the unstable periodic orbit
approach the rest state, while those with initial conditions outside approach a
stable periodic state. An unstable periodic orbit arising from a PSNB could
act as a threshold for repetitive firing.

This threshold is believed to be lost along with stability of the rest state in
a subcritical Hopf bifurcation at 7*. When 7 > 7*, the system is monostable
with a stable limit cycle, and the membrane fires repetitively. However, these
oscillations are “hard” [16], [26] since they have large amplitude when the
delay is just above 7%, in contrast to soft oscillations. A trajectory with initial
condition leading to rest for 7 < 7° will suddenly undergo large amplitude

oscillations if the delay is increased above 7*. This type of bistability and
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subsequent hard oscillation which may result from a combination periodic
saddle—node bifurcation and a subcritical Hopf bifurcation is in fact a common
phenomenon of the reduced-2D Morris-Lecar model without delay, but not
of the non—delayed all-Ca?* system. Similar behavior can be observed in the
original Morris—Lecar model model by treating the applied current I as a
bifurcation parameter, and with an appropriate parameter set for the other
model parameters [34].

There is a range where the feedback strength is too weak to induce in-
stabilities in the rest state, regardless of the magnitude of the time delay
(b~ < p < [), and for which the rest state is the only equilibrium point of
the model. In this case the delay is not dominant, and the system is initially
monostable with a stable rest state for small time delays. We again observe
bistability in the model possibly arising through a PSNB at some 7pgy > 0,
however since the rest state does not lose stability as 7 is increased, bistability
in the model persists over a large range of the delay, 7 > Tpgy-

A saddle-node bifurcation of steady states occurs at p = i (& = —2.22),
which gives rise to two additional equilibria in addition to the rest state. An
unstable saddle point representing an intermediate, slightly depolarized state,
and an excited state corresponding to a voltage plateau, which represents
a fully depolarized state of the membrane. For all i < u < g, the rest
state is stable for all time delays, which incorporates weak inhibitory and
excitatory feedback, and the saddle is unstable for all delays. The excited
state can undergo a change in stability with weak inhibitory feedback, that is
if u € (@, ). For certain parameter values we may obtain stable oscillations

about the depolarized, excited state, which itself may or may not be stable.
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With 4 in this range and a small time delay, the system appears to be bistable
with a stable rest state and a stable excited state. We believe that a PSNB
takes place (at Tegy) as the delay is increased, after which the system is either
tristable (for 7 € (Tpay ,7*)) with a stable rest state, stable excited state,
and a stable periodic state about the depolarized level, or bistable (7 > 7*)
with a stable rest state and a stable hard oscillation about the depolarized
level. A threshold for repetitive firing, an unstable periodic orbit possibly
formed at Tpgy, Which would allow for the tristability, is most likely lost along
with stability of the excited state via a subcritical Hopf bifurcation at 7*.
However, if the feedback is slightly reduced (g~ < p < —1.4) so that the
excited state does not lose stability as 7 is increased, then tristability in the
system appears to persist over a large range of the delay (for all 7 > Tpey).
Tristability in the all-Ca?* system with delay is an interesting feature of this
system, and is not possible in the all-Ca?* system without delay. However,
the reduced-2D Morris—Lecar model without delay is capable of exhibiting
tristability for certain model parameter sets and by treating the applied current
I as a bifurcation parameter [34].

Stable oscillations about the excited state are abolished if the feedback
strength is reduced further. For weak inhibitory and excitatory feedback
(—1.4 < p < go), the rest and excited states are both stable for all time delays,
and the system seems to be bistable. No stable oscillations were detected. It
is interesting that, while the rest state and excited state may change stability
for certain (inhibitory) parameter ranges, neither state can undergo multiple
changes in stability, a trend observed in the all-K* conductance system for

non-dominant delay. Thus with inhibitory feedback the all-Ca?* conductance
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systermn displays a broad range of behavior, including multistability and hard
oscillations, neither of which were possible in the all-K* system with delay.

However, problems start to creep into the model if we consider excitatory
feedback. As it — gi, which corresponds to small feedback strength, the stable
resting potential approaches —o0. Also, as g — g5+ gca, the stable equilibrium
voltage of the excited state approaches +o0. For g, < p < g, + ge. the system
has only a stable excited state and an unstable saddle point, and trajectories
can escape to +o00. As in the all-K* system, these unphysical results are
interpreted as the voltage assuming one of the limiting potentials V'(0) or
V(1). Furthermore with strong excitatory feedback (1 > g1 + gc.) the system
is unstable with only an unstable saddle with no stable rest or excited state(s),
and no stable oscillations. Therefore, similar problems to those identified for
the all-K* system with excitatory feedback are present in the all-Ca®* system
with delay.

Investigation of the full-2D model with delay revealed that it retained fea-
tures specific to each of the single-ion conductance systems, and that each
system contributes significantly to the dynamics of the full-2D model. How-
ever, the behavior observed was more complex than a straightforward com-
bination of the K*— and Ca®*—conductances would account for. This trend
was observed when the potassium and calcium systems without delay were
incorporated into the reduced-2D original Morris—Lecar model. Despite hav-
ing two very simple components, the original Morris—Lecar model was able to
support sustained and damped oscillations rather than merely voltage-plateau
responses. However, much of the diverse dynamical phenomena admitted by

the original Morris-Lecar model was possible only through the application of
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applied stimulus, that is by treating [ as a bifurcation parameter. With I = 0,
as we have here, the original Morris—Lecar model is in fact a very simple sys-
tem, and with the parameters in Table 4.1 admits only a single stable rest
state and exhibits no periodic behavior. Hence its dynamics are by no means
as complex as even those of either single-ion conductance system with delay.
We shall comment more on the dynamics of the original Morris-Lecar model
with I # 0 after discussing the results of the full-2D model with delay.

One obvious feature of the full-2D model with delay is its similarity in
form to the all-potassium conductance system with delay. Eliminating the
calcium ion—gating variable m as a dependent variable of the full-3D system
(1.3.5) reduced the model to system (4.0.1), the full-2D Morris—Lecar model
with delay. Similarities in the form of systems (1.3.5) and (4.0.1), and in the
steady—state bifurcation structure were addressed in Chapter 4

However, the all-K* system with delay was incapable of hard excitation
and bistability, which were common in the all-Ca?* system with delay. These
phenomena were also readily observed in the full-2D model with delayed in-
hibitory feedback, and it stands to reason that these characteristics are con-
tributions of the all-Ca?* system to the full-2D model. With » < 0, the
equilibrium point corresponds to a rest state where the membrane is polar-
ized. In the presence of strong feedback (u < u*) the rest state is stable for
only small delays, and loses stability as 7 is increased through a critical value
7*. Also, we observe bistability with a stable rest state and a stable oscillation
for some 7 < 7*. A PSNB at 7psy < 7F is believed to be responsible. An
unstable periodic orbit generated at 7pgy could act as a threshold for repeti-

tive firing, and may then be lost via a subcritical Hopf bifurcation at 7*. For



CHAPTER 5. DISCUSSION 207

T > 7*, numerical simulations indicate that the system is monostable with a
stable hard oscillation. A similar sequence of events, namely a PSNB followed
by a subcritical Hopf bifurcation, was proposed to cause similar behavior in
the all-Ca?* system with delay.

More reminiscent of the all-K* system is the multiple changes in stability
possible for the rest state with intermediate feedback (u* < g < p**). In this
case, the delay is non—dominant, and the rest state may change stability a
finite number of times before instability prevails. With only a single change
in stability the dynamics are similar to those for strong feedback. However,
as the number of stability changes increases (as p — p**) the dynamics of
the system become increasingly complex, involving the rest state and multiple
periodic orbits. The system demonstrates bistability with a stable rest state
and hard oscillations, or with two stable (hard) oscillations of different ampli-
tude surrounding an unstable rest state, depending on the value of the delay.
We speculate that a series of PSNBs along with subcritical Hopf bifurcations
(some branching to stable oscillations, others unstable) may be responsible for
the occurrence of bistability over large ranges in the delay for u € (u*, u**).
Numerical simulations indicate that the Hopf bifurcation structure (direction
and stability) is similar to that of the all-Ca®* system with delay. Thus for in-
hibitory feedback, bistability is a commonly encountered in the full-2D model.
No instances of tristability were detected for the full-2D model.

With intermediate to weak feedback (u** < p < —3.37) the system demon-
strates bistability only over a small range of the delay. The system has a stable
rest state for small delays, and also for large delays. There is a range of the

delay where the system demonstrates bistability with a stable rest state and
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stable periodic state. An unstable periodic orbit arising from a PSNB could
provide a threshold for repetitive firing, and is believed to be lost in a second
PSNB, whereby the nested stable and unstable periodic orbits from a first
bifurcation coalesce and annihilate each other. For weak inhibitory feedback
(—3.37 < p < 0), the rest state is stable for all values of the delay, and no
stable voltage oscillations cccur.

The results for recurrent excitation in the full-2D model with delay are es-
sentially the same as those for the all-K* system with recurrent excitation. As
in the two conductance systems, the full-2D model with delay displays diverse
dynamics with recurrent inhibition, but problems arise in the case of recurrent
excitation. These problems are a result of how the delay was incorporated in
to the original Morris—Lecar equations. Our results and discussion indicate
that the Ca?t—conductance system has a much more substantial influence on
the dynamics of the full-2D model than originally anticipated, and that the
full-2D model with delay is more than merely a simple combination of both
Ca?"— and K*—conductance systems.

There are many modifications and improvements one could add to the
model we propose here to simulate delayed recurrent feedback in the Morris—
Lecar model. However, there are still some interesting questions from our
investigation that remain unanswered. First and foremost are the discrepan-
cies between the Hopf bifurcation analysis and numerical simulations for the
full-2D model with delay. Given the tedious nature of the Hopf bifurcation
analysis, it is likely that an error in this calculation is responsible for these dis-
crepancies. However, we were unable to identify any mistakes in our analysis.

Secondly, although we hypothesize the occurrence of a PSNB in the all-Ca?*
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system and full-2D model, and have some evidence to support these claims, we
cannot be certain that this is the mechanism generating stable and unstable
periodic orbits in these systems. It seems plausible, especially since this type
of bifurcation is commonly encountered in the original model without delay,
by treating the applied current I as a bifurcation parameter. To confirm that
this is the actual mechanism responsible would require the use of a numerical
continuation package for delay differential equations, such as DDE-Biftool [10]
for Matlab. Numerical continuation packages can be powerful aids in eluci-
dating the dynamics and bifurcations of nonlinear differential equations, and
can verify and compliment analytical results. While such packages are com-
mon for ODEs, numerical solvers capable of bifurcation continuation for DDEs
have only recently been developed, and are presently in the beta-testing stage.
This is why a package such as DDE-Biftool was not used in the thesis research
presented here. However, once perfected, such packages should be reliable and
have the capacity to reveal the existence and location of unstable periodic
orbits, provide an accurate estimate for the value(s) of Tpsy, and verify the
direction and stability of Hopf bifurcations in systems of DDEs. With the
methods discussed in this thesis, we have no way of accurately estimating Tpgy
bifurcation values, and are simply relying on thorough detective work with nu-
merical simulations to identify the emergence of stable periodic orbits which
might arise from a PSNB.

Another interesting aspect of this model which we did not pursue in de-
tail in this thesis are the codimension two bifurcations which occur for the
single-ion conductance systems and the full-2D model with delay. The cusp

points of Figures 2.10 and 4.11 in Chapters 2 and 4, respectively, are codi-
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mension two bifurcation points where Hopf-Hopf interactions occur, that is
the system(s) admit two pairs of purely imaginary eigenvalues. Interaction
of such bifurcations can result in a secondary Hopf bifurcation leading to the
creation of a 2-torus [16]. References [4] and [37] discuss these points and their
dynamical possibilities in more detail. For the all-Ca**, there is evidence of
a Takens—Bogdanov interaction at (f,7*), which occurs with a double zero
eigenvalue and a purely imaginary pair of eigenvalues. We briefly investigated
this point in Chapter 3, and found a finite delay value was approached as
1 — fi, a steady-state saddle-node bifurcation point of the system. A similar
situation arises in the Morris—Lecar model without delay, using the applied
current I as a bifurcation parameter [11]. In this case, a steady-state saddle-
node bifurcation emerges along with a large amplitude periodic solution at a
common parameter value. Takens-Bogdanov bifurcations are common codi-
mension two bifurcation points, and analysing these interactions may reveal
some additional, complicated dynamics.

An obvious modification to address in the Morris-Lecar equations with
delay is the behavior of the model with different parameter sets. OQur analysis
is based on a single parameter set, and so our results are highly specific to the
parameter set used. Throughout the thesis however, we have attempted to
generalize results wherever possible. Rinzel and Ermentrout [34] have found
that the original Morris-Lecar model is capable of many different dynamical
phenomena, and the dynamics vary considerably with the model parameters.
Certain parameters have a more profound influence on the dynamics, while
other have only small to moderate influence. By varying other model param-

eters besides the delay parameters g and 7, one might uncover a different
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spectrum of dynamics for the Morris-Lecar model with delay. The most sig-
nificant change would be expected for the full-2D model with delay. With
different parameter sets from the one used here, the N—shape in the V = 0
nullcline is more pronounced, and the system can admit up to three equilibria.
In some cases the system is excitable, with a stable rest state, and an unstable
excited state separated by an unstable saddle. Here, the stable manifolds of
the saddle point (for 7 = 0) define a separatrix curve that distinguishes sub—
from super-threshold initial conditions. By tuning the bifurcation parameter
i, a range of repetitive firing can be realised as the stable rest state and un-
stable saddle coalesce and disappear via a saddle-node bifurcation. As such,
repetitive firing might even be achieved in the full-2D model (4.0.1) with zero
time delay using such a parameter set. Considering 7 > 0 in such a case could
lead to some interesting and more complex dynamics than those reported in
Chapter 4.

The original Morris-Lecar model displays an impressive array of behavior,
especially for a relatively simple model employing only two noninactivating
conductances. Most research on the original model has focused on how the
dynamics change as the applied current, I, is varied (e.g. [34, 39]). By treating
I as a bifurcation parameter, the model exhibits excitable dynamics, multista-
bility (bistability and tristability), and sustained oscillations (repetitive firing
of action potentials). Further variations in dynamics occur with different pa-
rameter sets. Here, we only considered recurrent input due to synaptic feed-
back, studying the dynamics of the model as the feedback parameters u and
7 were varied. With no applied current, solutions of the system represent the

natural response and evolution of the membrane potential over time. It would
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be interesting to consider the combined effects of synaptic feedback along with
external stimulus (non-zero applied current) on the Morris-Lecar model by
treating p, 7, and I as bifurcation parameters. This is an obvious extension
to our investigation, given the significance of 7 in the bifurcation structure
of the original model without delay. What would make such an investiga-
tion interesting is that, for certain parameter ranges, an applied current might
counterbalance the effects of synaptic feedback. For example, consider the
all-K+ conductance system with inhibitory feedback. With u < 0, the V=0
nullcline in the (V| n)-plane is monotone decreasing on the interval of interest.
As p — 0, the nullcline is shifted to the left, thereby lowering the equilibrium
voltage. If we add a positive applied current I > 0, the V = 0 nullcline will
shift vertically, thereby raising the equilibrium voltage of the system. Raising
the equilibrium voltage in turn changes the values of the coefficients a, b, ¢,
and d in the linearisation, which influences the parameter ranges where the
model obeys the dynamics of Cases 1 and 2 of the Cooke-Grossman theory.
Thus, adding a positive applied current in this case could change the long-
term behavior of the model, and eliminate stability switching of (V*, n*) which
would have occurred with I = 0. Also, the values of wy and hence 7,1, 72
(n =0,1,...) in ranges where Case 1 and Case 2 are satisfied would change
as I is varied. Therefore, even if the external stimulus is inadequate to change
the qualitative behavior of the model, it will influence the quantitative results
by changing the delay times where stability changes in (V*,n*) occur.

In addition, the number of equilibria in each of the all-K* system, the
all-Ca?* system, and the full-2D model with delay may change as I is varied.

For example, while the all-K* system with delay only admits at most a single
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equilibrium point for all 4 € R, the system can admit multiple equilibria
for non—zero I, which could lead to totally different dynamics in the system.
Moreover, incorporating 7 into the single-ion conductance systems and full-2D
model with delay might also alleviate some of the problems encountered with
excitatory feedback. Recall that neither of the all-K* conductance system
and full-2D model with delay possessed an equilibrium point for a range of
excitatory feedback strength, which was suggested as a limitation of our model.
However, considering non—zero I with s in these range(s) can shift the V =0
nulicline so that these systems do admit one or more equilibrium points, which
may be stable or unstable. This may provide us with a way of studying the
dynamics of recurrent excitation as they are proposed in our model, without
too much modification.

By reducing the 3D Morris-Lecar model with delay (1.3.5) to a 2D-system
(4.0.1), the analysis of the model becomes more tractable while retaining many
key qualitative features of the full model. However, it is natural to wonder
how well the full-2D model approximates the full-3D model? Surely the quan-
titative results would be expected to differ between the 3D model and its 2D
counterpart, since the calcium-activation time course is not assumed to be
instantaneous in the full-3D model. A more important question is whether or
not some new dynamical phenomena arise in the 3D system so that there is a
significant difference in the qualitative dynamics of the two systems. Such a
question can only be answered through a thorough investigation into the dy-
namics of the full-3D Morris-Lecar model with delay (1.3.5), and comparing
them with the results for the full-2D model presented here. However, for the

full-3D model the transcendental characteristic equation of the system would
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be a degree—three trigonometric polynomial, which is more difficult to analyse
than the degree-two trigonometric polynomial characteristic equation of the
full-2D model.

In {33], Rinzel considers spatio-temporal distribution of voltage and ionic
permeabilities in the Hodgkin-Huxley neuron model. In our present treatment
of the Morris-Lecar model with delay, we have ignored spatio-temporal aspects
of the muscle fibre membrane, and so our results describing the the voltage
across the membrane apply only to a space—clamped patch of sarcolemma
membrane. Also, a spatially uniform cell, or a network of identical, perfectly
synchronized cells might be modeled using the methods discussed in this thesis.
Consideration of such spatio-temporal aspects in conjunction with delayed
recurrent feedback would result in a system containing a time-delayed non-
local partial differential equation, and might make for an interesting future
study.

The model studied here involves a DDE with a single discrete time delay.
Employing this type of delay presupposes that the recurrent inhibitory/excitatory
(feedback) pathways all operate with an identical time delay of 7 ms. A
more realistic treatment of time-delayed effects on our neuro—muscular feed-
back loop would involve the use of an integro— or distributed—delay differential
equation, to account for distribution of axonal diametres, conduction pathway
lengths, and synaptic transmission times. An appropriate modification of the
original Morris-Lecar model incorporating these considerations would involve

using a relation of the form
t

FV(t-1)) = ;,Lf V{u— 1)k(t — u)du (5.0.1)

-0

for the feedback function, rather than simply F(V(t — 7)) = pV(t — 7). In
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(5.0.1), k(z) is an appropriate kernel function describing the distribution of
transmission times. While the model with this type of delay would be more
realistic, analysis of the Morris—Lecar model with distributed delay would
be more involved than the work presented here for the discrete delay case.
Whether or not using a distribution of time delays rather than a single delay
would produce different qualitative behavior has not been determined, and is
an interesting topic for future consideration.

To study the full range of dynamics of our model, we only required that
the time delay be positive, 7 > 0. Many models concerning delayed recurrent
feedback have been developed with additional conditions placed on the time
delay, the most common being that it exceed the relaxation time of the system
being considered. Our objection to this is that the relaxation time of a physio-
logical system modeled using the Morris—Lecar equations with delay would be
highly parameter—specific, and rely on accurate estimation of numerous model
parameters. A study only considering delays of a certain magnitude may not
detect some important dynamics present for small time delays. For example,
Plant [32] and Foss et al. [14] were mainly concerned with time delays greater
than the duration of a single action potential. Plant asserts that the relax-
ation time of systems similar in form to (2.0.1), (3.0.1), and (4.0.1) is roughly
measured by the quantity %, where d = ), cosh (%‘?,;Z@) for systems (2.0.1)
and (4.0.1), and d = ), cosh (%) for (3.0.1). Imposing the restriction

‘T>1
d

on our model might not reveal the presence of some important dynamical
phenomena. For example, consider the all-K* system (2.0.1). If u < u*, the

system is in Case 1, the equilibrium point (V*,n*) loses stability when 7 = 7%,
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and a stable limit cycle emerges. The value of 7* for a given p < p* is very
small, so that 7 < ;12. Considering only those delays 7 > é > 7% would reveal
an unstable equilibrium point with a stable limit cycle oscillation, and so we
would not observe the transition from a stable equilibrium point to a stable
oscillation. Furthermore, for system (2.0.1) in Case 2 (p* < p < p™), the
value of -(1; is greater than the delay marking the final change in equilibrium
point stability, then an analysis of the model for delays 7 > % would not reveal
the stability switching properties of the model for increasing 7. We would only
find a monostable system consisting of an unstable equilibrium and a stable
limit cycle, and therefore would be unable to discern any qualitative change
in behavior from Case 1 to Case 2. If in Case 2 the value of % is below the
final switching time then a few (but not all) of the stability switches would
be detected by considering only 7 > %. Of course, with g > p**, the results
obtained by considering only 7 > ;11- would be the same as those for 7 > 0, since
the qualitative behavior of the system with g in this range does not change
with increasing 7.

Similar comments can be made pertaining to the limitations resulting from
such an analysis of the all-Ca?* conductance system and full-2D models. In
these cases, however, the dynamics observed would depend on the value of
5 in relation not only to the delay times where changes in equilibrium point
stability occur, but also to the value(s) of 7pgy, where the system is believed
to undergo PSNB(s). In these cases, regions of monostability or multistability
for certain ranges of u might not be detected by considering only 7 > é—, and
would not provide a complete picture of the model dynamics. Thus there

would be pitfalls in not analysing the sub-systems and full-2D model for all
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T > 0. In any case, we have seen that studying the equations with zero time
delay can be useful in the analysis of delay—dependent stability of equilibria.
Therefore, to study the systems analytically it behooves us to consider the full
range of positive discrete time delays 7 > 0.

In their treatment of the dynamics of recurrent inhibition, Mackey and an
der Heiden [29] employ a type of mixed feedback, by using a feedback function
which is non—-monotone. This corresponds to feedback which is neither purely
positive or negative. The feedback function used in our model, F(V(t — 7)) =
uV (t — 1) is monotone increasing if ¢ > 0, and monotone decreasing if 4 < 0,
thereby permitting pure positive and negative feedback, respectively. As we
have seen, the dynamics of recurrent excitation are somewhat questionable
for the model in its present form, and we have identified this as a possible
limitation of our Morris—Lecar model with delay. It might be interesting to
study the delayed Morris—Lecar model with mixed delayed feedback, by using
a non-monotone feedback function, for example the one used by an der Heiden
in [2] given by

B V(it—r1)
ST

Problems arose in the all-K* system and full-2D model with delay for 4 > 0

FV(t—r1)) n> 2. (5.0.2)

due to the appearance of the parameter p in the denominator of the V=0
nullcline, for example
— g Vi + gxVkn
gy + gkl — U
for the all-K* system. Considering a feedback function of the form (5.0.2),

V(n)

with say n = 2, we obtain for the V = 0 nullcline

=V -V + V) +pV
V)= —voasv)
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This modification might allow us to study a model with fewer limitations
and problems like those encountered with the model we propose here. Also,
analysis of nonlinear DDEs with mixed feedback of type (5.0.2) have revealed a
rich structure of bifurcating periodic solutions and deterministic chaos [2, 29].
Another interesting and physiologically relevant type of feedback we could
study would be nonlinear mixed feedback with delay. In such a model, an
example of a nonlinear feedback funciion would be F(V(t—7)) = ptanh(V (t—
T)).

When Morris and Lecar [24] developed their original model, they used
linear relations for the instantaneous current-voltage curves through open-
channels. However, in their own experiments with barnacle muscle fibre they
found evidence for a nonlinear instantaneous Ca?" current—voltage relation,
and therefore used a suitable relation when analysing the all-Ca?* conduc-
tance system. However, when considering the reduced-2D model with both
conductance systems operational, they reverted back to the linear relations.
The motivation behind this was supported by results which indicated that the
operational K*—conductance system is enough to keep the Ca?*-system in the
(nearly) linear region. In our analysis of the all-Ca?" conductance system with
delay we used the linear relation, because studying the all-Ca?* with a nonlin-
ear current—voltage relation (such as the one suggested by Morris and Lecar)
would have not provided a clear indication of the contribution of the all-Ca%*
system to the full-2D model, which employed the linear relation. Neverthe-
less, it might be interesting to examine the all-Ca?* system with delay using
a nonlinear instantaneous current—voltage relation, to see if it adds to the al-

ready rich dynamics of that system. Alse, including the effects of Ca?*—ion
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accumulation in the analysis of the all-Ca?* conductance system with delay,
as considered in the original Morris-Lecar study, may prove fruitful.

Also concerning the individual conductance systems, some authors [35]
have suggested a modified potassium conductance system for models of Hodgkin—
Huxley type to account for calcium ion activation. Experimental results [24]
indicate evidence for such a Ca’*-activated potassium conductance, which
might easily be implemented into our model with delayed recurrent feedback.

In closing we comment on the applicability of our Morris—Lecar model with
delay. The purpose of our investigation was to determine the effects of time-
delayed synaptic input on the dynamics of a muscle fibre model with two noni-
nactivating conductances. The original Morris—Lecar model as a mathematical
means to study voltage oscillations in muscle fibre had predictive power, in
that it was able to accurately describe many different, experimentally—observed
voltage behaviors. The subsequent work of Rinzel and Ermentrout [34] suc-
cessfully identified new complex behavior capable of the Morris-Lecar model.
However, Morris and Lecar [24] point out that there are aspects of the barna-
cle fibre voltage behavior which their model (1.2.1) was unable to account for.
These included a bistable oscillation pattern, as well as the sort of oscillations
which start small and grow in amplitude. Our model (1.3.5) is an improve-
ment of the original model since it is able to account for these complex voltage
responses. Figures 4.7(f), 4.10(f), and 4.13(d) in Chapter 4 are numerical sim-
ulations of the full-2D Morris-Lecar model with delay (4.0.1) which represent
voltage oscillations which start small and grow in amplitude, while Figure 4.14
of the same chapter demonstrates bistable voltage oscillations. Therefore, our

modification of the Morris-Lecar equations enhances the predictive power of
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the original model.

The real test of the predictive power of our model (1.3.5) would lie in
comparing the results gathered here to empirical results collected from a
suitably—designed experiment involving an appropriate neuro-muscular feed-
back loop. We noted in the introduction (Chapter 1) that the constriction
and dilation mechanisms which control the pupil-light reflex operate using a
neuro-muscular feedback loop, and represents an actual physiological process
to which our model might be applied. Applying a voltage—clamp to a patch
of the muscle fibre of this loop along with the appropriate neural connections
would provide an ideal set—up to test our results experimentally. However,
it is not known whether the components of such a neuro-muscular feedback
loop are amenable to voltage—clamp analysis. Alternatives to using a complete
physiological feedback loop on its own could include using components from
different loops for which voltage—clamp analysis is possible, or to artificially
simulate the effects of delayed recurrent feedback in an experimental set—up

like the one used by Morris and Lecar [24].



ibliography

[1] U. an der Heiden, Delays in Physiological Systems, Journal of Mathemat-
ical Biology, 8 (1979) 345-364.

[2] U. an der Heiden, On the Dynamics of Nonlinear Feedback Loops in Cell
Membrane, Neural and Sensory Systems, Fields Institute Communications,

Volume 21 (1999) 259-268.

[3] R. Bellman, K.L. Cooke, “Differential-Difference Equations” Mathematics

in Science and Engineering Volume 6, Academic Press, London (1963).

[4] S.A. Campbell, Stability and Bifurcation in the Harmonic Oscillator with
Multiple, Delayed Feedback Loops, Dynamics of Continuous, Discrete and
Impulsive Systems, 5 (1999) 225-235.

[5] S.N. Chow, Existence of periodic solutions of autonomous functional dif-

ferential equations, Journal of Differential Equations, 15 (1974) 350--378.

6] K.L. Cooke & Z. Grossman, Discrete Delay, Distributed Delay and Stability
Switches, Journal of Mathematical Analysis and Applications, 86 (1982)
592-627.

221



BIBLIOGRAPHY 222

[7] R. Datko, A Procedure for determination of the Exponential Stability of

certain differential-difference equations, Quarterly Applied Mathematics, 36
(1978) 279-292.

[8] R.D. Driver, “Ordinary and Delay Differential Equations” Applied Mathe-
matical Sciences 20, Springer-Verlag, New York (1977).

[9] K. Engelborghs, V. Lemaire, J. Bélair, D. Roose, Numerical bifurcation
analysis of delay differential equations arising from physiological modeling,

Journal of Mathematical Biology, 42 (2001) 361-385.

[10] K. Engelborghs, T. Luzyanina, D. Roose, Numerical bifurcation analysis
of delay differential equations using DDE-BIFTOOL, ACM Transactions on
Mathematical Software, Volume 28, 1 (2002) 1-21.

[11] G.B. Ermentrout, Simulating, Analyzing, and Animating Dynamical Sys-
tems: A Guide to XPPAUT for Researchers and Students, Siam, Philadel-
phia (2002).

[12] R. FitzHugh, Thresholds and plateaus in the Hodgkin-Huxley nerve equa-
tions, Journal of General Physiology, 1 (1960) 867-896.

[13] R. FitzHugh, Impulses and physiological states in theoretical models of
nerve membranes, Biophysics Journal, 1 (1961) 445-466.

(14] J. Foss, A. Longtin, B. Mensour, J. Milton, Multistability and Delayed
Recurrent Loops, Physical Review Letters, Volume 76, 4 (1996) 708-711.

[15] B.C. Goodwin, in Advances in Enzyme Regulation, (G. Weber, editor)
Volume 3, Oxford: Pergamon Press (1965) 425.



BIBLIOGRAPHY 223

[16] J. Guckenbheimer, P. Holmes, Nonlinear Oscillations, Dynamical Systems,

and Bifurcations of Vector Fields, Springer—Verlag, New York (1983).

[17] J.K. Hale, Theory of Functional Differential Equations, Springer, New
York (1987).

[18] J.K. Hale, Theory of Functional Differential Equations, Springer—Verlag,
New York (1977).

[19] J.K. Hale, H. Kogak, Dynamics and Bifurcations, Springer-Verlag, New
York (1991).

[20] B.D. Hassard, N.D. Kazarinoff, Y.H Wan, Theory and Applications of
Hopf Bifurcation, Cambridge University Press, Cambridge (1981).

[21] A.L. Hodgkin, A.F. Huxley, A quantitative description of membrane cur-
rent and its application to conduction and excitation in nerve, Journal of

Phystology (London), 117 (1952) 500-544.

[22] J. Keener, J. Sneyd, Mathematical Physiology, Springer-Verlag, New York
(1998).

[23] H.D. Landahl, Some conditions for sustained oscillations in biochemical
chains with feedback inhibition, Bulletin of Mathematical Biophysics, 31
(1969) 775-787.

[24] H. Lecar, C. Morris, Voltage Oscillations in the Barnacle Giant Muscle
Fiber, Biophysical Journal, Volume 35 (1981) 193-213.



BIBLIOGRAPHY 224

[25] N.D. Kararinoff, Y.H. Yan, P. Van Den Driessche, Hopf Bifurcation
and Stability of Pericdic Solutions of Differential-difference and Integro-

differential Equations, J. Inst. Maths Applics, 21 (1978) 461-477.

[26] A. Longtin, J.G. Milton, Modeling Autonomous Oscillations in the Hu-
man Pupil Light Reflex using Non-Linear Delay-Differential Equations,
Bulletin of Mathematical Biology, Volume 51, 5 (1989) 605-624.

[27] N. MacDonald, Time delay in a model of biochemical reaction sequence
with end-product inhibition, Journal of Theoretical Biology, 67 (977) 549-
556.

[28] M.C Mackey, L. Glass, Oscillation and chaos in physiological control sys-
tems, Science, 197 (1977) 287-289.

[29] M.C. Mackey, U. an der Heiden, The dynamics of recurrent inhibition,
Journal of Mathematical Biology, 19 (1984) 211-225.

[30] J. Murray, “Mathematical Biology” Biomathematics Texts, Volume 19,
Springer-Verlag, New York (1989).

[31] J. Nagumo, S. Arimoto, S. Yoshizawa, An active pulse transmission line

simulating nerve axon, Proceedings IRE, 50 (1964) 2061-2070.

[32] R.E. Plant, A FitzHugh Differential-Difference Equation Modeling Re-
current Neural Feedback, SIAM Journal on Applied Mathematics, Volume
40, 1 (1981) 150-162.



BIBLICGRAPHY 225

[33] J. Rinzel, “Models in Neurobiology”, Mathematical Aspects of Physiol-
ogy, Lectures in Applied Mathematics, Volume 19, American Mathematical
Society (1981) 281-297.

[34] J. Rinzel, G.B. Ermentrout, “Analysis of Neural Excitability and Oscil-
lations”, Methods in Neuronal Modeling, The MIT Press, Massachusetts
(1990) 135-170.

[35] M.E. Rush, J. Rinzel, The Potassium A—Current, Low Firing Rates and
Rebound Excitation in Hodgkin—-Huxley Models, Bulletin of Mathematical
Biology, Volume 57, 6 (1995) 899-529.

[36] L.F. Shampine, S. Thompson, Solving Delay Differential Equations with
dde23 (available on-line), (2000).

[37] L.P. Shayer, S.A. Campbell, Stability, Bifurcation, and Multistability in a
System of Two Coupled Neurons with Multiple Time Delays, SIAM Journal
on Applied Mathematics, 61 (2000) 673-700.

[38] A.N. Tikhonov, On Systems of Equations Containing Parameters (In Rus-
sian), Mater. Sb., 27 (1950) 147.

[39] K. Tsumoto, T. Yoshinaga, K. Aihara, H. Kawakami, Bifurcations in
Morris-Lecar neuron model, Proceedings of the International Symposium

on Nonlinear Theory and its Applications (2002).

[40] J. Wei, S. Ruan, Stability and bifurcation in a neural network model with

two delays, Physica D, 130 (1999) 255-272.












ik ”!J *1 14']
EJ (it

vw.

|| ||r'|l |, .|
il nl,kl} i }

||1.\
I||I

]1
: u' [:'hl *'L
'a' (s I 1#

I'H

t"-i§|

o X —— = z = T T SR T T e e
e L 2 = - = = i
ki = = e = S = e = = S =
= = = : T — e _.“_é::: -
= - el e e ey = - = — - — e e e i
z = = i =i e e T = — == —eT e —_— — =
i = . T T — = T, e A e —= e --"‘-,___,..‘ = e —
-- T e = - = e e e e ] S e __' e = R —
= e = - T e = e = T e = e e e e _""'_ =
e R Ly e ar — - T —— = = o o T e - e et s ST s —m
e e S = — = e = Tl el i e - - — e o i e el -.—"—n—
e e — e = B e e T =i
-’ —— - e et fo o - - [ - i Tl i o o e - e = i e — bl e e s e 4
= X z ey T e e = T T TSt
- = e . e e e — e e, Sl - =T ey —= - ——— e — - — mm
o = - e = ~ - e e~ i —ToTT- s —_—— == e T e .
=1 X E - = e e e ) = s
; = = - = = — = — [ .,..H.—u—
= e e s e e e ———— e -
= - ome — = = T e e R R e e e T - e i —
s s = = = - e e e e e -'_._ e = ———y e e S T
= ~ = - LT e ""—_ - —_— '_7.:.'.""" -= b [ = S e
2 = = = _- = = S e e s S -
- — iz e oo eEm ST = =

“ L i ,?1
| fn gty nhémzf~¢3*-bnkeﬂ
ARG )
1 |t _ﬁﬁﬂ;“~ﬂ!§ il
ﬂﬂ.w' i 'L?@mﬁ“
]ulu I.| 1: "rl:\:!% ]

l I
{{ il !rfl_,l:l
| _| l'ij:

et ¥
A e —
P T
e
P

:: _ﬁ_!'-
(i ]‘i i i
'ir[ f 'I:Iill L‘ i

% {h!

I;IH

H;
]‘illl il

@1%
|
|
.

T

G
e
o

=

= = e — e
T —r— e
7 e = C T e e T e ——

e s e e ST
— -

e ! -

n =iw

e

]
e e e e e i
== e
T s

=

- e S
e it et




