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T Chand1er exaitation may; be . a non- statfonary process. :

, evidence of free oscﬂlations called undbrtones,

'ABSTRACT  © . T

. " The spectrum of the geo’graphic motion of the. fatth’s'rotatdon
pole and conf1dence Timits on th1s est1mat1on of the spectrum are obta1ned
in the first part of th1s thes1s These statistica] tests negate the .

ev1dence for mu]t1p1e peaks 'in the Chandler region and conc]hde thdt the T

The response of the Earth to" an external - harmonfc potent1a1 of

second or th‘ird degree is presented 1n the second part of th1s thesis
_ _An Earth mode . with a sub-ad1abatic f]uid core. 1s considered for' the

: second degree exc1tation and Love numbers are ca1cu1ated the{e give

As the direct effects .
of rotat1on have been fu'l]y retained 1n this study. it is ﬁhown that the - -
rotational c0upHngs exc1te tors1qna1 modes and other sphero1da1 modes of-

osc‘I‘Hat1on Love numbers “for “the terdiurna] t1de (M ) are ca1cu1ated ¥ ]

L TN

for Earth mode1s w1th both adiabat'fc and 5ub—ad1abat1c fluid cores.
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Lo This thesis descr1bes two separate 1nvestigat1ons on the dynamics
: E i . ," of the rotat1ng Earth -

N
]

1

The first 1s-a spectra1 ana1ysis of the ILS IPMS data on the

variat1on of . 1at1tude (1899 1970), carr1ed out to show the statistical

uncertawnty IA the spectra and the consequent unre?xab171ty of {nterpreta-
.; - T tions 1nv01V1ng sp11tt1ng of the Chand]er peak i

" The second 1nvest1gat1on 1s a theoretica] study of the response

of the rotating Earth to a harm0n1c potential of external or1gin (t1des
"~ of thé solid Earth) and of the free osc1l]ations w1th per1ods longer than

those of the gravest e1ast1c mode, 1n the case when the tanperature gradient
A fn the 11qu1d cork is sub—adiabat1c

B <
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L S
* SPECTRAL ANALYSES OF THE CHANDLER WOBBLE ’

* - INTRODUCTION R 0

The changes in the geographic position of the Earth ] rotation

._poie have been the cause of much theoretical and observational research
"The motion is now known to have three princ1pa1 compohents th; annual. _T
wobblé, the Chandier wobbie and .the secu]ar drift. Of these the secu]ar - Jf ;
.’drift appears to be a random wa1k process,; -the annuaT ‘wobble - is we11 L
understbod as a. forced vibration and the-Chand]er motion is a free :.

v1bration of the Earth. . . B _

t . R iL

~'In the 1atf?#-part of “the 18 th centigy Euler's studies of the ;
motion of a rotating uniaxia] rigid body indicated that the body has a |
'.~free wobb]e observable as the motion of . the rotaf?on po]e about the poie .
. of figure. For the Earth, the. predictéd wobb]e period is 305 days h
"During the 1840’5 observatories began to search fon ev1dence of - tris free
‘wobble._‘ o R . .’ . . ' f '

- In 1870 Ke1V1n showed that the’ annua] rearrangements of
atmospheric mass wouid exc1té an annua1 wobb]e w1th an- ampiitude " 0"1 '
(arc sec) In 1891 observatories in Ber]in (near 0 1ongitude) and in o
Hono]u]u (near 180° Tongitude) fo]lowed a program of observations to test &4

3':Ke1vin s theoretical resuits The corre]ation between their latitude data
’ supported Ke1v1n s prediction and inspired Chandier to re= eva]uate
" ex1st1ng iatitude data. Chand]er found that the po]e path couid bd

‘described as a beat phenomenon between two periodic components the forced ki

N annua] motion and another motion with a period of approximat y. 14 months
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‘ CL hlew’comb;'.(1892')‘.ar§ueo that the latter c_omp.on'ent_was the; free ]
o wobbl.e predicted by Fuler but that the Earth"t departure from‘rigw'.d1ty . o '
" (due to the e]as[1c1ty of the solid Earth and the fluidity of the oceans) -~ - ; ’
L 1engthened th1s per'lod. Love (1909) and Larmor (1909) 1nvestigated thts . ] 1
| ' . hypothes1s by taking 1nto account the bu1k elasticity of the Earth as ‘ P
~ _' o determined fr'om the ana'lysis of Earth tides. The agreement between their ‘ %
v resu1ts and .the observationaﬂy determ1ned period substantiated Newcomb' L | g
'suggestwn that the Chand1er motion was the free wobble of the Earth
The effect of the 11qu1d core, wh‘lch shortens the wobble pertod
B 3 by approximate'ly 30 days.fhad been 'investigated by Hough (1895), and the
S oceans '1engthen the period by about 40 days (Larmor, 1915) i i
) . | _ B "I . ‘ 1
3 . ) 3 s
j'. : -
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CHAPTER 1

B THE PHYSICAL PARAMETERS OF THE CHANDLER WOBBLE -

' and dynamic enipticity H (- :

CL : v . . ‘ R .
12 - . R . . l N
i

~ For & rigid un’laxia] Earth, the free wobble mode occurs at the..

Eu]er'lan frequency\ e - .
'which is determined by the bu]k properties of the Earth: its polar. and
equatorial moments of 1nert1a (C and A, respectivew). angular velocity Q
A
).

A: power spectrum of the po1ar mot1on

' shou'ld be ab]e to determine the frequency of the free wobb1e of the rea]

: Earth s‘ince an 1dea1 record of an undamped cych system with circular

.frequency wo produces a power spectrum symmetrfc about the c1rcu1ar

TN |

_ Furthermore! the power spectrum of a damped cych motion has the f‘orm

frequency and of the fqrm o

i o A
N . ‘ oLt
- : )

i
~ Tt er
where C 1s the damping time. The width of the spectra1 peak is. ’:hen an

' "estimator of‘ the damping t‘ime, where a shorter damp1ng time is represented

by a’ broader spectra1 peak The quath 'factor Q of any damped per1od1c

. - system 1s an estimator of the rate at which- energy 1s dissipated in that

’ -system and its reciprocal.. t_he spec1f1c dissipaﬂon fun'ction, i$ defined by .

-

PR P
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.
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,1s d1rect1y proportional to the pf{q%uct of the frequency 'go :

: pOmt d1str1hut‘10n can be re1at1ve1y smaH ag - gidenced by. the low ve1oc1ty
" . zone and the ane1ast1t1ty provided by a region of part‘la] me]tmg will
. t:ontribute to’ high damping 1n the méntle. ' '

. oscﬂ]atmns 1ndicate a- Q of at lealst 100 but that the Earth t1des 1nd1cate

FR o CEFS AUV SEUMPES AU SUEPOIE & S S S Ciar e b i mder o ae Mgt s e

{;;: .

. ° ‘ . . ,?:’j. - ‘ . - ) B ‘
where E is thetmax imum energy stored in any cycle.and - AE is the energy i

' dis'sipated in that cycle In a d’amped{ bertodic system the quality factor

We

~and the dampmg time 2:

(_'1..3")‘. . , Q= Ilffo.t ,"‘= wé’f/,z )

"The ef’fect1ve Q for a pemodic phenomenon will depend on the o

| ~distribution of the wobb1e ‘energy within the Earth, that is ‘the Q will
:reﬂect on the extent to wh1ch this phenomenon 'samples the 1nterna1 reg1ons
: of the Earth (Lagus & Ander_son.,.1968). _For-a layered system, the effective

.. or bulk qua]'l'ty factor i 'defme'd as , - . : : | o

& F®a

L]

where Vk is the, elastic potent1a1 energy stored within the. k'th layer and
V is the total elast1c potent1a1 energy of the Earth Thus know]edge of

. the Q. of the wobb]e would suggest the region of the, Earth withm which
" most of the wobble energy 1s dis,s'lpated withm the mant1e the departure

:from e1ast1c1ty is primarily due to frictional 1osses in shear The:

difference bétwéen the actua] temperature distr‘lbution and the me1t1ng _:3.._ f_"iw‘

Kaula (1968) states that surface waves body waves. and free

‘a Q of on'ly 11 The f1rst Qis detemined from the non geometr1c attenuation v
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“to give an observed Q of 380 for the
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. of seismic waves and from the decay of free oscillations. The.Earth~t1de'

Q is estimated fromithd nhase lag between the Moon's position and the tida]‘;_

_response and 1s poor]y determined due to the uncertainty in the phase lag
_ (Q 5 cot & where the Iag ) is 0% 3°5 (Lagus & Anderson, 1968))
ZAnderson (1967) mode]s the Q distribution w1th1n the Earth s'mantle with
5regions having quality factors bet%een 100 and 2200 and-a. bu]k Q of 500.

~w1th a region of strong attenuatfon overlying a more élastic 10wer mantle

0

the Q (350 70) calculated by Sm1th & Anderson (1967) Bodr1 (1974) has

' 1ncorporated attenuation 1n the mantle 1nto an Earth mode] to pred1ct Earth - /
. tides and also the phase lag. he obtains a 1ag of practica]ly ‘Zero (1 2 g
. |

k

m1nutes of arc)

Mode]]ing the attenuat1on in the fluid and 1nner core has been

.

JLagus E Anderson (1968) model the mant]e as a simp]er two layer structure '

S2 free osci11at1on 1n.agreement with °

done by obserVations of the ratios of the amp]itudes of se1sm1c waves wh1ch

have made mu1t1p1e passes through these regions Buchbinder (1971) has -
assigned a Q of 4000 to. the fluid. outer core of the Earth and Doornbos

: (1974) has modelled the. b of the inner core f1nd1ng a variat1on from Q=

WO

200 near the 1nner core- boundary to E 600 at a depth’ of 400 km 1nto thel

1nner core" with a max1mum value for of less than 2000 at the geocenter

Qamar & E1senberg (1974) obtained 2 Q for the outer core betwee\v5000 and .
', 10 000 and a Q Hgtween 120 and 400 1n the 1nner core . : ! :

On the Farth's: surface tida] energy dissipation has been under- L

stood as, due to turbu1ent bottom fr1ct1on in the shallow seas and in ':

. narrow estuaries Recent est1mates of 'the Q of the oceans (Hendershott..:

1973) are between 5 and 34.

a . L
———— e




'reassESs this

K -~vecto by using the direction c051nes

Among the mechanisms suggested for the wobb1e s excitation have

been non- seaSOnal moveant of atmospheric masses, earthquakes and e1ectro-

'magnetic core-mant}e coupiing. Munk & Hassan (1961) 1nvestigated the first

of these proposais and found'it 1nsufficient by an orde% of magnitude.
Rochester g Smy]ie (1965) d1d a detai]ed study of the. electromagnetic

torques between the core and the mantie andirejected this mechanism as a

_ source (or sink) of the Chandier energy Although Munk- & MacDona1d (1960,
&

p. f%B) had rejected earthquakes as a piau51b1e source of the Chand]er

" mot on (because of the supposediy 11m1ted extent of the accompauying

: disq]acement fie]d), permanent displacements of the crust were measured at

thoutands of kiiometers from the epicentre of the Alaskan earthquake

'..This constituted evidence of a much more extensive displacement fie]d than'

than previous]y considered ]eading Mansinha & Smy]ie (1967 1968) to

of 1arge ear quakes and break in the po]e path A 1ater theoretica1

' w1th an a p]itude of 0"1. Howe er” s1mi]ar ca]culations by Dahlen (1971)
. and by Idrael, Ben-Menahem & Si gh~(1973) question the effectiveness of

thislex71tation proiess as thi? calculate a much sma11er wobbie amp]itude

:)

For. the deformabie Ear h the dynamics at_the po]ar motion can be,

!

_ summar jzed by a set of 1inearized equations (Munk & MacDonaid. 1960, p. 38).

The ir tantaneous rotation vector can ‘be referred to the average rotation ‘

* -

,ossibility. They’ found correlations between the occurreq ce. .

[ TERC N
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. The equatorial components can therrbe combined'fn comp1ek'torm~

o
"

m = M\ "ml

\ e

EY o which: gives the geographic position ‘of the 1nstantaneous rotation po]e.

:; . o f:“' Changes in the position of the rotation po]e can be produced by.

.?; - the app]icat1on of an externa] torque on the Earth (‘S by.a redistribution
| : of the angu]ar momentum within the Earth (h) or by . changes 1n the Earth 5

1nert1a ten:;orc,‘j The equator1a1 cdmponents of these quant1t1es can be
I . .

combined 1n a comp]ex form ',' S ." . l{ Lo -

s

. -:'- 1 t"f‘ L t\ }\ 4+ l.‘\ _' . ;1

v ’_= ,. g.\,,»-,;.c,,;- IR

The 1inear1zed equation of motion of. the rotation po]e is - then
- ‘9

. where the excitatton function §B is defined in terms of the abovd sources .
S UL T e
T .-Q‘(C.-M'.gé =-.,Q. ¢ ~\Q¢ +\2h f-'s\\,*“‘: oo T
In the case of a torque-free, uniaxial rigid body this excitation

functwon van1shes and the Eulerian so?ution (1 1) resu]ts. Departure from-:-

r191d1ty a]]ons the equatorial bu]ge to adjust tT the 1nstantaneous equator




.;. : .]' | o -:_J

(E'ct ) and hence 1engthens the'mobble period A1ternat1ve1y abrupt '

.+ chahges in the mass distribution w1th1n the Earth (for examp1e, that due -
to 1arge earthquakes) can excite po1ar motion o . ’

The gross features of the‘Chandler wobb]e and the physical j‘
parameters of the Earth which determ1ne this phenomenon can 1n pr1nc1p1e
be- estimated from spectra1 an?}yses and autoregressidns An ideal record‘
for the purposes of spectra1 ana1ysis wou]d not only be free of no1se but
would also be continuous. stat1onary and‘Pf infinite 1ength 0n1y then
w111 the spectra1 analy51s uniquely determine the distribution of power

.Vw1th respect to frequency A no1se1ess stationary record samp]ed at a

"f1n1te number N of equalﬁy spaced time 1ntervals ‘can only determine the .

e .: J': power 1n each of N harmbn1cs of the fundamenta] frequency

- \

f’ = NA\:

y ‘. ' ’ . A ‘ !
a . . . ‘ . ’D. ; -, N

(2 prograde and g-retrograde harmon1d components) which best approx1mates .f

' .the continuous d1str1butdon. The shape of the resu1t1ng~spectra1 peak 1s"”'
modified by the samp11ng prOCess and this leads to errors 1n the est1ma— o
tions of the physical parameters of the motion Therefore 1t is mandatory

,’dthat the best aVai1ab1e record by‘used “for the analysis. '

ﬁbbservat1ona1 data’ an the poTar motion have been systematica]ly

. col]ected (by measur1ng the variation of 1at1tude) s1nce the 1880‘5 when a

] ,liﬁ-' set of § obsfrvator1es (operated under the.aegis of the Internationa]

oy o ’Latitude Service, nou the Internationai—ﬁo{ar Motion Service) was “,:11' - :nﬂ

" estab115hed at régular spac1ngs on 1at1tude 39008 N, These stations have o

f%: ~i 'f“.:-~ :recOrded po1e posit1ons and pub113hed monthly means of these s1nce

* . Decenmber 18992 Since 1958 they have col]ected data from ‘an. add1tiona1 26."




-

@

' stat1ons and have bEen pubiishing the mean- poie p051tions at 0. 05 year

"0"01 a1though thelderived poie positions may differ bJ(s as much as 0'1.

nforcing anH the d1551pation in baianCe. the wider Chandper peak indicated
‘th‘.presence of dissipation. The reiative]y short record iength permitted

'caicuiations of. the spectra1 densities oniy at harmonics of 0 0184 cpy and

. detehnined frOm the power spectrum.‘ The power is maximum at t e cyciic :'.

e .
. . . ) .
“16- 0 S
o N H i '
. M t . A

-

- 1nterva1$ as well as the monthly means.' SRR S S

A second organization, the Bureau Internationai de 1 Heure (BIH)

i

-has a]so been pubiishing the poie positions caicuiated for 5- and 10 day

~ means. since 1955 This organization has more stations contributing (some o

50 as of 1970) with better instrumentation than the IPMS observatories ' '*\:
(most BIH stations have a PZT) however, they have neither the iength of -

record nor the advantage of . a 1atitude chain which can empioy cdmmon star

cataiogues Both the’ IPMS and the BIH give the poie p051tion reiative to.

: the Conventionai Internationai Origin (CIO) which was the(mean positdon

determined for the rotationai pole over the 1ntervai 1900 1905 both

"currentiy quote error’ 1eveis on their published means as approximateiy

Rudnick (1956) used 54 4 years of ILS dita which he interpoiated

from the monthiy means. to a, spacing of 0. 1 yearswto obtain the Fourier iine

e,
3 }

Spectrum or’ periodogram shown in Figure 1 “ﬂhe spectrum shows a narrow . ,'_. '._;'

fi-peak at about 1, 0 cycles per year (cpy) and a much broader peak at 0 84 cpy

“As the forced annuai motion is approximate]y in equ111brium, with the

!
L T

/ . .
:
.

"thus no deta?i cou]d be resoived ih the spectrum with on]y 3 spectrai'-
4 1ines between the haif power points even the estimate of the damping time
is. not too reiiabie.- " s s

For an.ideai record the dam ing time (or reiaxation time) can be
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»frequency Ldb~an¢ the half-W1dth of the peak is the reciprocal of the
f dampfng t1me qua11ty factor qQ 1s then given hy x i

Q = w"/Aw

' where the ha]f—width Ah), is determined by the frequencies (wbtb wo\
': “at whfch the power is half of the- Lax1mum power ,
The sparse samp]fng of the spectrum achieved by Rudnick (1956)
© Was one reason for ‘the 1ack of re11ab111ty 1n his estimate of the damping

~ time of. the Chandler process

B rh«Furthermore the samp]ing process 1tse1f will® be ref]ected in.the .

- -
4) spectral peak . obtafned The use of a ffnfte, discrete process to sample

the record results 1n a spectral peak which is. shorter and broader than

. ;the peak which wou]d be obtainedxfrom an 1dea1 record. . _ & ,

Departure from stat1onar1ty (such as isolated 1arge changes 1n

P

. phase which may: be accompaﬁ1ed Hy changes in the amp11tude of the s;gnal)

also modifies the shape of the spectral peak (Federov & Yatskiv, 1965)
ITherefore in pract1ce the . w1dth of the spectra1 peak will 1nd1cate some
' combination ‘of ‘the cdntributions of the effects of (i) the sampling
' .process used to observe the event, (11) the non- stat‘onarity of the
: process and (11f) the ane1ast1c1ty of the Earth Neglect of.. the Fivst ‘
! " two of these effects will 1ead to 1ncorrect statements conz;rning/the
effects of ane]ast1c1ty of the Earth T .*‘“§%;;§53' .
. In genera1, therefore. one can say that the Q 1nferred from the
.]”!.power spectrum is a Tower Timit. to the real Q. - s
S . “Fhe gross features of the Chandler wobbTe which have.been

P'festimated from ear1fer spectral analyses and autorepressionS‘(Rudnick,_

’ b

Trve, memem cmeembis sl e wpaee e egm R - 4 -~ =l - g ey v et e
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1956; Walker & Young, 1957 Jeffreys 1968) are its frequency (0 Bglto
0. 87 cpy) and its damping time {2 to 30 years). . "‘ v :\

-

Since these earlier analyses were published several poWerful

" tools and techniques have become available First the computerr -and in -

‘ 1965. the Fast Fourier Transform (FFT) technique (Cooley & Tukey, 1965)

‘which allows spectra to be calculated in a more reasonable computationalf
.time and. secondly, interpolates the spectral den51t1es between the

‘ frequenCies determined by the record length  The actual observations for
Wthh the spectrum is required is supplemented by adding zeros to the end

~of the record until a tota] record length of 2" data points is obtained

St and the FFT uses this supplemented record as its data base. Theispectrum

TTds thus interpolated to a finer-frequency grid. (the spectrum wihl now be’

(e

calculated at frEquencies which are multiples of w = i%ﬁ: ; the addition

. of zeros, to the record makes no different assumption about the non recorded
signal than does the standard spectral technique and the spectrum is ,"' (
interpolaFed on. to the new frequency grid) 1 note that in the traditional

' spectral analyses adjacent power estimates are uncorrelated howeVer the .
1nterpolated power estimates resulthg from\the use of FFT introduce |
’correlation between adJacent interpolated power-estimates In 1968 the :
:MaximwnEntropy (a data adaptive (MEM) method of spectral analysis was

| introduced (Burg, 1968, . 1970, 1972) and the Tesults ‘of MEM studies of the -

L Chandler wobble will be discussed later.

. ‘ Spectral analyses of the variation of latitude data using FFT
"have been published by Yashkov (1965) and nearly 51multaneously with this
study. Gaposchkin (1972). By splic1ng together various records these

v authors were able t% produce records with lengths si?nificantly longer

v




' Chandler peaks wou]d reso'lve the disparity between: the Q est'lmated from
' -the previous ana1yses of 'Iat1tude data and that 1nferred for the Earth

. 1nd1v1dua1 peaks 1s 1ess than 0.025 fpy which 1nd1cates a dampmg t1me

wobb]e modes of the Earth f’ '

- 14 -

than that used b'y: Rud?nicf( (1956) A record construdted in this fash.i_on o |

? Q

. Will appear to g1ve a much better resolution thah a shorter record
. However the h1dden shortcomings must be noted EarHer segments of the

‘ record represent data obtained from fewer stations usmg different methods '

of data reduction and 1ndependent observmg programs, and these

' 1nconsistenc1es in the sp11ced record may largely offset any apparent

gam in reso1ut10n It dis 1rrmed1ately noticeab1e 1n the power Spectra ~

obta1ned by these authors that "fhere 1s a fine structure in the ChandTer
band or mu1t1ple Chandler peaks | '

. Yashkov: and Gaposchkin have 1nterpreted these peaks to be - '; :

physicaﬂy sigmftcant Yashkov reported that this mu1t1plicit_y of - I

from se15m1c stud1es. thus 1nd1cat1ng the mant]e as a su1tab1e energy : ~+

sink for the Chand]er wobble. .He 71nds that the half—width of the

of at'least 80 years, correspond'lng to a Q of at least 200.- The 1mp'l1ca-

t:on was - that prior ana‘lylses had not been" ab1e to separate thes[e Chand]er :

. componerrts because of the shorter record 'lengths and consequent poorer:-

reso1ut10n and had therefore resu]ted dn spurious]y 'Iarge ha'lf'—w‘ldths

--However the ex'lsteche of multiple peaks p.resents another prob] em;. 1t '
» .'1mpl1es that the .mantle cannot be a s1ng1e component system w'lth regard
" to the wobb]e and must. be re-investigated as a multip]e component system

'w1th cojpﬁng bet\ﬁeen these components to fmd the correspond1 ng free . .
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- , Gaposchkin also reached this conclusmn as hlS analy51s dis-
tinguished three wobble components in the Chandler[region (at 0 898,
. 0. 865 and 0.807 cpy) as well as the annual component . .
' Colombo & Shapiro (1968) removed ‘the annual term from the .
' latitude data and remarked that the plot of the remaining polar motion 15
: contained in an envelope characteristic of a beat phenomenon with a period :
(e - between 80 and 100l _vears the result of 5uperposit10n of. two wobbles with |
periods dif‘i’ering by 12.0r 10 days, respectively They alsq have suggested ..
" that, because of the’ Tow velocity zone, the upper mantle acts as a'two- . .
layer system with three degrees of freedom coupled by a viscous torque. :
"_" An alternative that has been suggested for the explanation of
the multiple peaks resolved in such spectral analyses is that the Chandler |
~'period is variable by as much as’ 4% (Melchior, 1957). H)owever, the o
Chandler f'requency is determined by bulk properties of the Earth (such as
. the moments of inertia _the bulk elasticity and the dynamic ellipticity), "'
and 1t ie difficult to env1 sage any phys[ical process which could, sub- ! .. '
stantially change these bulk properties over very short Time intervals.- .
2 Following Yashkov s paper, Federov & Yatskiv (1965) gave still
: . . another alternative explanation for the multiple peaks of the Chandler
- region. Theﬁr interpre‘gft}don of these eaks was illustrated by éonsidering
an extremely simplified model pole path where the effects 9f damping werel"
| neglected and where a phase shift of 180 was introduced in the middle of o E
: the recocrd Taking the frequency of the purely periodic term whic |

described the. pole path before or after the phase J'ump as G'and the _
record length as (24\!-1) data points at time intervdls At, the spectrum
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"produced'had m‘ax'i‘mum power at frequencie:s"of o ST N
T Nat v .. L

" and van1shed at the assumed Chand]er freqUency of G" cpy

From this 111ustrat1on it 1/5 apparent that ‘a sing]e large phase .

sh1ft in the middle of a ‘récord ot’ an undamped per*lodic phenomenon produces

"bifurcatmn" o‘r an apparent sphttfng of the true peak 1nto two smaller, -
peaks placed symmetricaﬂy about the true frequency The 1mpHcat1ons o(f/)

thenr mode'l have been substantiated by a more. detaﬂed mvestigation wh1ch

1 have carried out, in wh1ch damping, arb*ltrary phase sh‘lfts regeneration .

- of the amphtude and non-symmethc records about the event have been -

. modelled. . In- these cases the sp]itting 1nto mu‘ltip]e peaks is obServed '

but the synmetry of the spectra about the assumed frequency s destroyed
' Federov & Yatsk# attr1bute the mu]tip]é&eaks to phase sh1fts
and quote Or'lov (IQGIQ ~This interval (1924 1926) Wis character1zed by a.

phenomenon which "essentfa'l‘ly altered. the nature of the ChandIer wobb'le" ;

L Th'is exp'lanat‘ion appfaars to be borne out by Yashkov 5. 1nvestigat,,1on of

L 'shorter lengths of record;. tfwree subsets of the origtna] data, each a

~

‘record of 25 years, gave sign1f1cant1y different spectra, two records show -

. on1y one peak whereas the record that spans the above mentioned interva]

-

' c!ear]_y shows the mu'ltip]e peak spectra. . R . ‘{

One physwal process cons1stent with the phase shift hypothesw L

: advanced by Federov & Yatskiv 1s probably the. excitation mechanism proposed

by Manstnha & SmyHe (1968) for the Chand'ler wobb'le. Neglectinq forced

,precessfon and nutation. the Earth s angu'lar momentum. angular ve1oc1ty )

| and pr’rnc1pa1 axis of the 1nert1a tensor will coinc1de 1n the absence of .

,’wobb]e. Dur1ng wobb]e. the anguIar ve'loc1 ty and the princfpﬂ axts
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' precess about the angu1ar momentum vector, the sem1-apex angle of the cone

~

o -descr'ibed by the principa'l ax1s being on'ly about a fraction H of - that

"descr1bed by the angu'lar ve]oc1ty " Due to d1ssipat1on and to mass

'momentum 15 conserved during this event the angular ve1oc1ty must change

EEE : . ‘the angu‘lar ve1oc1ty has begun precessing about a'new: posit'ion. Th1s can

' '-tensor and hence. the orientatton of »the pr1nc1pa'l axis. P{s angu'lar

. geographic frame the inertia pole has undergone a sudden d1splatement and .

- S readjustment these vectors wou'ld eventua'ﬂy sp1ra1 1nto coinc1dence w1th

-"

'the angu'lar momentum vector.~ The sudden 1arge scale red1str1but10n of : - "

“mass -due to an earthquake wou'ld change the components of the’ 1nert1a

. . .
oy .o
.
! [

i accordance with the change 1n the 1nert1a “tensor. V1ewed From a Lo O

H

3 oo L constitute a change 1n both the"amthude and the phase of "the variation

;of 1at1ﬁhde data and would represent a non- stationary process The phase

shifts cou]d be random1y distributed over 1ong per*iods of tame but cou]d

C : be cumu1at1ve over shorter time 1nte°i‘vals to produce a spectra] recor( . ‘

o simﬂar to' the resu'lts of the model. propOSed by Federov & Yatskiv lﬁg\- Coy

v

beginmng again in 1926, "% - '

" The present study 1s an extens1on of the work pubHshed by

-Yashkov. I chosé to compute and compare spectra1 analyses of the ILS- IPMS i

data[ as: this record contpr{ses the: 1ongest continuous data set avaﬂab'le L

from- ﬂa S‘lng'le organizat1on. Again I note that the apparent ga1n in record'

' - ‘:‘Arecord ,-wou]d‘beh.questionable, : The choice of this record. wh‘ich I be]ieve

."

’ dndependent observator1es prior to the fonnatwn of the ILS ‘on to th1s o

1ength and in reso]ution that might result from sp11c1ng data co11ected by ]

V.

. was a permd of relative sei smic 1na‘ct1v1ty with’ maJor earthquakes N

' .
i . . .

. ' . . . 1 "
- . . ] N . . ' -
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was the opt1mum r'ecord avaﬁame 1n 1971 givqs a duration of abouL 70
,zears (December 1899 to October 1970) with 12 data po1 nts per year - the’

-geographica] coordinates of the rotation pole re]ative to the clo.

this basi record 1 can produce the power spectrum. se]‘ect subsets of the,

From- I

. entire record to compare the resu1t1ng spectra and app'ly filters to the
Adata which wm decrease the u{pc*grtainty in"the spec_tra‘]‘ estimates. In
this 1nvestigat1on of the spe tFa' o'f~t'he' wobt'ﬂ»e 1 shaI'l"'shc.Jw tﬁé basic . -

uncertainties present’ 'ln any at empt to extract parameters or to Sw%@
. , g

'stantiate hypotheses concerning the ChandTer motfon by means of FFT
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' -,structure of the Chandler region dom1nated -by two sharp resonances near

o spectrum but sha'l'l show the uncertainty wh1ch is: directly dc1e to the

k—~

length of the record and\ to a lessev‘ extent, the d1screte sampHng of the

Us1ng the entire ILS- IPMS data- avaﬂab]e in 1971 (Na'lker & Young. .

'1957; Jeffreys, 1968, Yum‘l , 1968 1969 1970) I computed the power spectrum

of* the prograde components of the var1at1on of 1fat1tude~ data. I sha'l1

refer to tms as the raw- spectrum (Figure 2). This spectrum 1s 1n = - ) /

v

' ,essentw] agreement with the spectra produced by Yashkov (1965) and

Gaposchkm (1972), shomng jthe annual peak c]ear]y and also the fine

"

. 0. 84'cpy 1 shaﬂ not consider the eff"ect of observatwnal errors on this

&

var1at1on of latitude signa] In F1gure 2 the 80%‘conf1dence 1nterva1 of

-the dom1nant peak extends from 10.5 to 230 . (0"01) /cpyt r[,e bandwidth of -

the "rai ‘spectrum is’ narrow (hence the detaﬂ in- the spectrum) and t‘he

:‘correspondmg var1ance of the spectra1 estimate s very 1arge. _

: The confidence 1nterva‘l @n be narrowed (at the expense of the

—

/
bandwidth and reso1ut10n) by emp‘loying a. su1tab1e smoothing process and

i 'then reca]cu1ating the spectrum -1 chose Parzen windows (F1gure 3) to

- we1ght the data as: these wigdows are sharp1y peaked in the frequency I o

' "domain and thus average over a sma'ﬂer frequenc_y band than the conmon

a'l ternatwes. For a ParZen window of width M 1n the time domain the data

' potnt is replaced by the smoothed data pomt (Jenkms and Natts. 1968, p 24&4)"

’,“x-Lt.) . P IW‘,LP\x (x +5A‘cg
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', where the weight'lng functwn or., window of w1 dth M is deﬁned by

B w e
WY(P :-',- 2[_1. '3-3 .'..1
o | ”%\jw,u.

. 4

Mg l-'.j\ <M

The representation of this window 1n the frequency doma1n is

- w\(‘“'E ,7) .'t .
“"\’(f) T g E . '\V&'M/'z ] s

'and the smooth'ing of t'he data ' 1n the- ta'me domain is e'ql'xi,va‘lent‘ to'an '
1.86 !

: averagmg process over a bandwwdth g1 ven by —~M——cpy .The va1ues used for

the wi ndow w1dth were 20, 32 50 and 70 years-ﬂF1gures~4-7 show the
effects of these windows on the spectrum w?éh the 80% conf1dence 1Lm1ts
'.1nd1cated PP e Lot "["

- . ‘ ) .
0n1y ‘the 1ast of these spectra exhibits a trace of thg separat1 on’

C of the Chand]er reglon into tWO peaks Th1s 1s to be expected smce the - """‘.'4

bandm dth. 1s on'Iy just sma]'l enough to resol ve these two frequenc1 es 1n .

' ’th1s case, the conﬁdence 'mterva] \has 1ncreased to emphasue “how 11ttle

conﬁdence can- be- placed in the rehabﬂity of this detaﬂ -

An alternah Ve me'c.hod wh'lch a]so demonstrates the ‘Iack of

. fdeﬁm te evidence 1n the spectra] ana'lysis of {s data ls the comparison

: of spel:tra obtawned from different subsets of the ILS IPMS data. When'

_these subsets are taken mth the same record 1ength the resulting spectra

'shou‘ld be s1m1'|ar, provided that the wobble excitataon resemb1es a

.b
-,
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stationary random process The resolution in the\raw spectrum of each of

these subsets is weaker than that of’ the fu11 record, however, suhsets of :
equa,l 1ength w111 have equal reso1ut1ons and can then be compared among . L
themse]ves : EE ' | e ; o -
. . " This comparvson has. been made for record Iengths of 20 30, 40 '
and 60 y& (Figures 8- 11) Selecting the four spectra produced from

records of. 40-year durat1on (Figure 10), the unsmoothed spectra are

S remarkab]y variable in the Chandler region a1though the spectrum of the
L " annual wobb1e is very pershstent Furthermore the observed ha1f width of -

. '{ ;' e the annual peak (m 0.012 cpy) is the minimum half- width that cah be

o

obtalned from a discrete 40- year record, narrower ha1f widths obtained in -

. the Chandler region must be spurious.
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| CHAPTER 3
oo mscussmn AND CONCLUSTONS.

4 The var'iab'thy within the Chand1er region 'lends support ta the
" 1nterpretat1on that the wobb]e exc'itatwn 1s not a statwnar_y random ‘
,process, and that the Chandler band structure is due to phase - shifts -‘The |
, conc]uswn forced by these tests’ 1s that there is ne1ther deﬁnite .
evidence for~ ror against a doub]e (6r myltiple) peak structure in the
%«\ "' Chand]er region o : _ 3 o
| l R Furthermore 1t 15 ev1dent that ne1ther the traditmna] nor the
. FFT spectra] techn1que wﬂ'l succeed with tLe present data or even with a ‘
substantTaHy anreased racord 1ength It 1s posswle that 1n the hear -
‘future better quahty data (more accurate and at shorter time 1nterva1s)
will be avaﬂab]e using 1ong basehne 1nterferometrL However. the ,: : ;
‘ _ :conﬂdence Hmits p1hced on the spectra in this paper have neg'lected any
'contributwns due to noise in the data and thus ref]ect on]y the facts ;"
that the data points are discrete and that the record 1ength is’ re]atwe]yu
short For these methods to be dec1s1 ve. for a statmnary random process,v
T a much 'Ionger record is necessary ' ' ) ‘
' r o - T The most 1mportant advance of - this study over those of Yashkov
) (1965) and Gaposchkin (‘1972) 15 ‘the 1nvestigat1on of ‘the stat1st1ca1
31-_ S ‘aspects of the spectrum of the Chand]er wobble as nei!her Yashkov nor
o Gaposchkm d1scussed the confidence 11m1ts p'laced on the1r spectra1

est1mates nor the 1mphcat1ons of the spectra with regard to statwnarity

A paper reporting th1s work has been pub'Hshed (Pederpen &

': Rochester, 1972)
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-~ Mﬂier & Nunsch (1973) ca]cu]a{:ed the spectrum of . the po1e ti de _

'(excited by the ChandIer wobb]é) using 65-year records of sea 1evels and

have obtamed on'Iy F s1ng1e Chand]er peak wh1ch again g1ves ev1dence
1

--agamst the ex1stence of two or more Chand]er wobbtle permds

.

More recent'ly MEM (Burg, 1968 1970, 197,2) has been apphed to
geophysica] problems and to the Chand]er_wobbJe 1n part1cu1ar. MEM uses .

a. set of predi'ctidn error coefficients to pre-whiten the data before the.

_ spectra] est1mates are ca’lculated and hence gives the true spectrum from .

1

a shorter reicord 1ength even when the ’spectrum does change siovﬂy mth

frequency (Lacoss, 1971) " MEM also makes the least arb1 trary assumption 5 .
“about contmumg the data beyond the. actual record C]aerbout (.1969) used '
| an ILS data set and SmyHe et al. (1973) used 11 years of BIH data, C
. app]ymg MEM to obta1n a smg]e Chand]er peak w1th a Q of 50 Currie
_(I974) appHed MEM to the TES- IPMS data (1900 1973) and obta1ned a sing'le
 Chandler peak at a period of 432 95 1 oz msd with a Q of 3 10.

-.‘Curme places lan, upper Hmﬂf of 60 on the Q of the Chand'ler motmn which

_would rile out the mantle as a poss1b1e s1nk of the ChandTer energy;

: _howeVer, as I have prev1ous1 y noted the half-width determined from ..

' spectra] analyses wﬂ] be greater than the true half—width duz}a to the ‘ .

sampling techn1que and due to poss1b1e departures from stationamt}y

Curr1e conc]udes that the Chandler. process is non- stationary and thus

vahdates my own eonc]uswns
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sphere, homogeneous in dens1ty and rig1dity, to a potentlal of. external

i 1rigld1ty profiles The effects of compresslbilxty on a homogeneous Earth '

"~,than 1nd1cat1ve

. cons1stent Wlth Bullen s selsmologwcal results, he: numericﬁlly 1ntegrated

) N t co -8 o - T '
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e T PART i1 s
. UNDERTDNES AND TJDES FOR A ROTATING EARTH. | o
A N R R N
1 INTRODUCTION -~ % o
] '._; . . ) - . . N . -."‘h‘ ‘FL’;:‘J R t
The problem of theoretically der1v1ng the response of the Earth }:fif:
to the tldal attract1on of astronomical bod1es “has been under development S "-}

for the last hundred years, 7 "

l ' ]

In 1863 Kelvin calculated the response of an incompreSSIble

or1gin“‘-Herglotz (1905) general1zed this study by coﬂslderlng models with
[

spherlcal synmetry and quadratic forms (Roche s law) for the denslty and

were accounted for by Love (1909) and ,éﬁ/a\ﬁoche model Earth..by Hosk1ns
(1920) The flrst lnvestigation to- yncorperate a. core- (Jeffreys. 1926) '
lnodelled the Earth as an 1ncompresslble homogeneous mantle overlying a

homogeneous 1ncompressxble core.’ Although each of these studles was -an F

Al

extenslon ‘on prev1ous work all’ models consldered were extremely simple..1

:the computatlonal dxfficulties 1nherent in a #ealistlc Earth model were

_h

" proh1b1t1ve and none of the above Earth models could be considered more .1: -

. J
The fxrst work to 1nc0rporate a geophyslcallx more real1st4c Earth

:model was undertaken by Takeuchn (1950) Tak1ng varied Earth/mode]s j_{ .‘ \; e

".(by abacus) the set of dlfferentlal equatlons whlch defvne the deformatlon

pUre

. l .

L% "4 . . . . . Lo .
- { e T
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-, within the core. and‘ 1nvthe other mode1 they s1mu'|ated-the inner core to some-

: extent by 1ntroduc1ng a point mass. at the Earth s centre Molodensk'ﬁ (1961)

¢

-

ST

thh'In the 'last two decades,‘

1nvestigat1on of Earth tides ‘For 1ncreasing1y more reahst1c Earth mbdels /

Jeffreys & V1cente (1957) adopted a var1at1ona1 approach and -
treated the core as an 1ncompressib1e f1 u1d rather than 3s @ solid W1th

van1sh1ng r1g1d3:ty. In oné model they spec1f1ed a Rache ]aw dens1ty profﬂe

‘o

L]

started w1th the Nawer Stokes equat1olns and exammed a model with a f1u1d

core where the’dens1ty Var'lat'ion in the f1u1d wa'g dye to compression alone,

J'
and a mode1 contammg a sohd 1nner cores Jeffreys b V1cente s approach

has been reworked (Pedersen, .1967) w1th mmor corrections and Kakuta’ (1970)
has extended Mo]odenskn s work "by accountmg for. the effects of compressi-
bflhty mthm the ﬂmd regwn on the boundary cond1 t1ons at the core-mant]e

interface. , P o Lo S

T Untﬂ recently all géophysmaﬂ_y acceptab]e mode1s had been con- .

structed under the assumptwn that the fTu1d core obeyed the Adams - hh'lhamson'

cond1t10n ‘the f1u1d core had been- assumed to be ad1abat1c and hence

L ]
grav1tat1ona1 1y neutraHy stab]e agamst tonvectmn The 1nvest1gatlon of”
the stat1c deformatwn of the f1u1d core of the Earth by SmyHe & Mansmha

(1971) has emphas1zed the 1mportance of th*rs assumption Subsequent]y,‘

Pekeris. & ACCad (1972) 1ntroduced a po?ytromc modei for the fluid core-

i

wh1ch admits departrres from the above adiabatic, mode1 to a sub- or: super-" ,

adiabahc f]uqd and 1nvest1gated the resu}tmg tidai deformation of the

'. Earth however the1r work neg'lected the Earth' s rotation

Invers1on of free oscfﬂatmn data has reﬁned Earth mode'ls ahd

the acr:ompan)zﬂng free oscﬂ‘lation thedry has recast the governing equatwns

-

_.
ad
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-

computers have made poss1b1e the
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of the. deformation into six‘first-order ddfferential equations appropriate -

to high speed compqtat1on Ie tend'the governing equations to inc]ude

,rotationa] coup11ngs The spec1fic mode] under consideration was 1n1t1a11y

deve]oped by Land1sman et al. (1965), mod1f1Td by Peker1s & Accad (1972) to’

1ncorporate a sub-"or super adiabatnc fluid core and then by Smy11e (1974)

.. to 1nc1ude @ solid 1nner core.

In the f1rst chapter I w111 specify the Earth mode] under con-"

siderat1on in-greater detail and note the 51mp11f1cations wh1ch were taken-

;~to ef ure that the computat1ons were manageab1e ‘1 a]so derive the

d1fferént1a1 equations wh1ch govern the spat1a1 var1at1on of the deformat1on

°

'The deve1opment uhdertaken 1n this chapter is an extens1on of work prev1ous1y

gl

. done in the theory of e1ast1c free osci]\ations (Alterman et al., 1959), the

stat1c,deformat1on of the Earth (Smylie & Mansinha, 1971) and the externai]y '
dr1ve?»bod11y~t1desof the solid'Earth (Pekeris & Accad, -i§72)‘ Smylie |

(1974). attempted to 1mprove on Peker1s & Accad by tak1ng the effeets of

f'~rotat1on 1nto account but lgnored-the @xcitat1on of torsiona] modes through

"Cor1o11s coup11ng Cross1ey (1975b) has 1nvestigated the effects of : -

' necessary to 1n1t1ate and to propagate the so]ution tunfugh the Earth from N

Cor1o1is coup11ng .and has ca1cu1ated undertone per1ods Th1s work is.an
1mprovement over. the resu]ts of Peker1s & ‘Accad and Smy11e due to the ‘
inclusion of the Earth s rotat1on and specifical1y because of the retention .
of the Cor1o1is coup11ng wh1ch excites the torsiona1 modes- of osc111ation

- ﬂ‘ , The second chapter contains the spec1f1c numerica1 methods .

¢

’ the geocentre. The 1n1t1a11zat10n is an extension of the techniques

L described by Smy11e & Mans1nha (1971) and have been obtained 1ndependent1y
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by Crossley (19753) for a non-rotating Earth. My 1n1t1a11zat1on scheme
'-56cdmmodates the Earth's rotatton Due to the exc1tat1on-of the tors1onal
modes and of the spheroida] modes of other degrees than the degree of the
"exc1t1ng potential, the propagat1on techn1que is most simply descr1bed by
.matr1ces and 4- d1mensiona1 arrays rather than by vectors and matrices.
:Because of the rotat1ona1 c0up11ng it is also necessary to test. the C
'so]ut1ons obtained for stability aga1nst changes in the truncat1on 1eve1 )
retatned to compute the responses.. : , 'f.' A
" The numerica] results are presented in the third chapter T
. f1nd that the inclusion of the rot4t1ona1 effects, especially withum the.
f]uid core, great]y perturbs the motions from the so]ut1ons obtainsd by
- Pekeris & ACCad (1972) and Smy11e (1974) to the extent that a practical":
upper Jimit of 11 hours 1s placed nn the forC1ng per1od for. the procedure j -
| deve1oped in th1s study 'to be app]1cab1e Crossley (1975m presents’ qua31-
.empirical evidence that for core undertone osciliations there is a
'theoret1ca1 upper,]imit on the period of 12 hours, both his results and
‘ mine demonstrate that the number of modes which must be cons1dered increase’
rap1d1y as th1s 11m1t is approached w1th1n the aFove per1od range on]y
'one bod11y t1de has been observed (the terod1urna1 M3) .I ca1culate the
" solutions far th1s tide and the Love numbers that resu]t.‘”However it {é;
l also possible to predict'two free'osc1i1ations‘of'degree 2, order 2, with -
per1ods less than 12 hours by 1nvestigat1ng the var1at1on of the Love o
numbers as functions of the period of the exc1t1ng potent1a1 " - " | -

The d1scussion of the resu]ts of ‘this ana]ysis is. presented in.

the f1na1 ‘chapter.. - ' ff‘ R I o e
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CHAPTER 1

EQUATIONS GOVERNING THE TIDAL RESPONSE -
’ OF THE ROTATING EARTH

..:‘l‘

| ]

The Earth model cons1sts ba51ca1]y of three reg1ons. an elastic

sohd enve]ope - the mant1e, an outer fluid core and an 1nner F]astw solid

/
core. In each redwn the model.is deflmed in terms of the dens1ty profﬂe,

the grav1tationa1 f1e1d strength and the sh’ear and compresswna} veloc1t1es.

of the se1sm1c waves (or alternatively the Lame constants) A]though 1 can

formulate the genera] problem to include the e]hpt1c1t1es of[ these surfaces i

) 1mp11c1t1y, 1n order to evaluate the solutwn I have allowed the model to

degenerate to spherica] symmetry The 1n1t1a1 cond1t10n that is- 1mposed on
this model Earth is an equ111br1um configuration’ of balance between the

e]astic stresses and the grav1tat1ona1 ‘field (hydrostat1c equwarwm)

The conditwns 1nvestjgated in this thesis are the reactwns of

-.the Earth while rota;1ng umfor'mly, to a harmomc potent'la] of externa]

origin. L - |
: t . . :
The govermng equations .I .derive fo]]ow most c]ose]y those of

o A]terman al. (1959) and Smylie & Mansinha (1971) but 1ncor‘porate {fuﬂl_y

"T

".the effectsf of the external’ potent1a1 and of ?he rotation Pekeris '& Accad =

(1972) have also attempted a study of Earth t1des us1ng the equatmns 1n

'the above- mentwned works but they did not 1nc1ude the effects of rotation
Smyhe (1974) 1nc1uded the Corwhs self- couphng but neg1ected the o %

'exc1tat1on of other modes by the Coers effect.
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L 1mt1a11y describe{d by Land1sman et al.

*.on the core’s moment of inertia) is satisfied,
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The ‘majo{* shortéorning of this rnode]- is- the retaxation 6f"tng

ealtmity of the 1nterna1 surfaces to. provide a Tphericnny symmetric

As previously mentioned the actual profiles of the Earth - ~

mode1

paréme'ters hdve'been ‘taken to indicate the response of a ,‘sub-adiabaf‘ic
ﬂu1d core with constant stab{lity factor B = -0.2. ‘Th‘e ‘model was .
' (1965)-..
then recalcu]ated the denswt_y and gravity profﬂe in the inner core

'cons1stent with the above stabiht_y factor, and Smyhe (1P74) prov1ded
‘the data 1‘1 Table 1 wh1ch takes the sohd 1nner core df the Earth 1nto
account. . _ c X

* The choice of a constant -8 profile has 1imited the model so

that only the‘c'onstram't‘ on';he\rnass of the core '(and'not'the. constraint .

~
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THE PARAMETERS OF THE EARTH WODEL WITH A-SUB-ADIABATIC .\ -
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L TABLE 1
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'OUTER_CORE_(p(r) L -0.2) '_(smut,fwm) -

v (km) oo"(g{n/cm,B) Dogg (cn/s?) v, (km/s) v (km/s)
0. 13.030 . 0 11.15 - '4.90
173.5  © 13.023° 63.1 . 11.15 4.89
347.0  -13.003 126.2 11.16 4.88
520.5. | 12.968 -189.0 11.17 *. .  4.88
694.0 12,921 .°. 2514 0 U11.17, 4.86
867.5 .. 12.860 313.3 * 11.15 4,85
1041.0. - " 12.786 - 374.7- 1113 -+ - 4.84
1075.7 12.770 . 386.9 - 11.12 4.8%
1110.4 . 12.753 399.0 11.09 - 4.84
1185.1 °~ [12.736 411.2 ©11.04 .84 .
1179.8 12.717 - 4233 - - 10.93 4.83 .
1214.5 12.697. 435.3 ~ ', 10.76 4.83
1214.5 12.697 a3 1076 -
1249.2 12.677 447.4° 10.48-
1283.9 - 12,654 - 459.4 1617
1297.8 . 12,645 464.2 10.117.
1318.6 12.630 47113, 10.11
1388.0 - 12.581. 495.1 10.08
1735.0 12.203: | 6.8 . 9.8
2082,0 . 11.939 7208 9.63.
2429.0..  '11.517. - 824.0 931 -
2776.0 ©° 11.023 . .. 919.1 8.90 .
3123.0 10.449 . -1004.8 8.4, |
3473.0. 9.795 . -.1080:2, 8.4 o
3473.0 5.279 . ..~ 11080.2, 13.65 7..20
3491.0 5.239 . . 1077,0 . -13.70 7:20,
AR o

B
)
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. TABLE 1, continued

N

N

2 (gm/;ﬁlB) % (@752) -\/~p (-kfn/.s.') - vs (kn/s)

3571.0
3771.0 -
' 3971.0
4371.0
. 4371.0 .
4571.0
- 4771.0
- 4971.0
5171.0 * .
5371.0
. 5471.0
- 5571.0
- 5671.0
 5771.0
5871.0 |
5958.0
6071.0
6171.0 © -

62210 . - -

62710
© 6311.0
" 6338.0
'.6338.0. -
6371.0 -

~

D N o th oLth

1}
o

W W W W W W W s B D NS D

s,
4
2.

2.

.086 1063.
.092 . 1034,
.090 - 1013.
.085  1000.
072 . . 992,
.066 ' 988.
.040 . 988.
(955 . - 991,
.852 . 994,
619 . 998
502 999,
373, . 1000.
215 . .1001.
047 . 1000.
812 - .999.
569 - 997
374 - 992.
413 . 988.

—_———

840 © °  “'981.9

OO RO W WY WON OO O H O .= y N

462 T 987.0
.488 | .. - 985.8
474 | a9
386 '~_ﬂ!984.3 -
840 - 984.3

T13.70 .
- 13.45

13.20

13.00 .

12,80

1 .12.55 -
12.30
12.05

11.80

| 11,40

11.30
10.90

10.50

10.10

9.60 -

9.06
8.50

BB
185
. 8,00
BT

806

6.30

6.30

oY OO N 3~
~
on

¥ 25

.20

(=]
— -
(3}

5.90

. 5.60 . -
5.30 -

- 5.00

" 4.60
L a0
435 -
4,40
4,60
4.65 -
355
3.55

10
.00
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2, L'lst of Synibo]s R PN

I haVe adopted the standard representatwn used in the theory -of’ 4
free osc1T1at10ns and of forced t1da1 response of the Earth As11st of ,';'
‘_,the_rnam symbfo]s _used vn‘th theh‘ phys1ca1 mean1ng is presented_here. In ‘
N .' ' ‘ i . - . . s ‘ . ' ,' - " . ' ;ﬂ
general I-shallidistinguish a unit .vector by a circumflex {~), a vector by’ _ ’! _
B . . . N . .:4 . ' . { . s . N 5.
an arnow (=) and a tensor by a tilda () over the symbol. I ' ]

P K] : f ' ~ " . ' \Q .g. .
i =JT the imaginary unit . R 3
' i o fhe idenfit_y tensar o L ﬂ
a. = 3—2—" 'the part1a1 der1vat1ve w1th respect to t1me b
D o the distance from the Earth to the Moon ‘
S é : the elastic stram tensor - ,
? " . “ .
'-f'.-=h€ ‘ibﬁ‘ dr’wing frequency in cyc'les/day ,
' ' '-30 - A the equﬂ'lbrium vaTue for grav1ty at r
) o , - '
S-S ..+ the uniVersa‘I constant o‘f' gravitat'lon.
._'h,k(.‘] Love. numbers -, . e .
) " k,d . .. ~indices indicating the degree of a spherical harmonic . e
1,m - - indices indicating the order of a epherica-f_ harmoni.c‘ -
R, "the equﬂibrium" hydr‘osfatic 'pr'essure ‘ - L
: Pﬂ the as!oc1ated Legendre funct1on of- degree n and \ : §
. . L o
5 order m- '
r - the position or radius vector - ,
Y P \
. | ,\\ i
. ’ , "' R ) ‘ _,“_'
. .‘- . .”‘ - . > . -\..
U A T i L\
N S eyt EOESTE h
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" the radius of ‘the Earth

: geocentric co-Tatitude

' , o : . T 7
A'. . ' - :

I

the sftir‘face .spherica'll lhaf‘morlﬁc o..f'.dlé'gr.e'e .'r;.and. ord‘er m

“the, rad.ia'1 fac;tors in thé d.isplacerﬁer}t mo.des R o
the vec;cor dis;i'lgcerﬁen}: from the 'equi.Ht;r"jL}m p.qs‘i't'io'n,
the mstanta'n';aous andl équilibr;%ﬁm érgvitation’ﬂ j
\'pqt.ent1a1 )

the compres‘s.iona1‘ and shear seismic .ve‘l‘o'c\.i"éies

‘
‘

the radial factars 1n -the' expa’hsi.ohs!of 'th,e fields. _'

sthbility factor

dilatation or relative change in volume - -

Lamé constant, (adfabatic incompressibility within the

‘ fluid)

¢

Crigidity - L. 1;..

1nstantaf'«eous and equihbmum densfj

"'frequency of the driving potent1a1

1m’t1'a1 “and instantaneouy’ stress tensors
- ) ' ) . /' . .. s
. S

e1ast1'c stress tensor

. geocentr1c 1ong 1tude

the 1nduced potent1a1 resu]tmg from the deformatwns '

the externa1 forc1ng potent1a1

.the angu]ar ve'loc1ty of the Earth

. [y - . * . L .
* " -~ . e ‘- : T . .

[ O ——.
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3. Equations of Motion for the- Rotatmg Earth ""
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bhthin the mode1 Earth defmed, consider a mass element which
undergoes a smaH d1sp1acement u ‘to the pomt r. ~ This d1sp1acemdnt 1s
, d1rect1y due to the apphcatwn of an external (harmonic). potentwal but ’

it is’ also necessary to 'consider the indirect effects of rotatlnon the

';

differences in gravity and the 1n1t1a1 stress between the initial and

1nstantaneous part1 c]e position,, the estabhshment of add1t1ona1 e]ashc
,:

; stress and the mduced grav1tat1ona1‘f1e1d due to these d1sp1acements. At

i
i

this. stage 11: is not yet necessar_y to 1ns1st on sphemca‘l synmetry . ,"

S \ In a geograph1c frame rotatmg mth umform angu]ar velocity -
' L ﬂ. “Qk . that:is a frame rotatmg on. tHe average with the Earth the

equfatwrfl of motlon rf an e]ement of mass 15'

Zﬂ.nu. -'ﬁi(ﬁ“')] - V-"C +CVV -\»thP

-l

whet‘e le, V and q‘ are the instantaneous den51ty, Stress tensor, gravita—'
, tional potentuﬂ and external]y produced potent1a|l at ¥. These quant1t1es

1

are related to their equ1hbr1um va]ues at rv eo » R _,by" '

. (’ = ot 6«

2 T .= T : - e
- YA \[‘° » é w1th W, 2 Jo -

.
»

TR The change in the densxty of the mass elenent ‘as it is carried
L from r - u “to r is due to.the dﬂatwn,A =V u. (e1ther expans1on or

contractwn) during 1ts dzsp]acement and hence

TS ad o SR A

v S ol At 7. it P L 3 RS - . L , -‘ . IR o - oot
o P e LA s g A B P A ot TR D R ettt S S AR P Gt o Bd o ot ST R 2wl 2
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L |
» the mass element from F-u plus that

- | (1:,4.)

' (1.5a)

e ——— ey wrp = et e o

R M sh B A ofasae BN &~ e in 4 T
- B
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Ce(P) = g PR ot

(1.3) ‘ .. . - e° (?) ..J'.'_"._.Veo. —eoh

L m ga(® =TileeW)
= @o +6@ .' ‘

.\: . ‘

L

The instantaneous stress. exjting at v 15 due¢ to that carried by'

with the shear' motions and -vo]ume' change§. Therefore
LT - TED AT,
" _-'%('ﬂ -'&'*55:“ *+7, .
. ' b,
'v_lheire. %‘ 1hcorpor'fates the 's‘tress;es due to the defor;netton'

The assumption that the original streSS d1str1but1on is

Lo ~

the_displacement field to vanish) to be written =

e @ RnET) =TE teﬁ"of'*‘?\% *€§V°" -

i.e. Z'o'— - po . aHows the equilibrium cond1t1on (wh1ch can be e,xtracted

the equation of mot10n by .s1mpjy aHowmg the external potential and.

ue to the e‘last1c stresses assoc1ated

1§otrop1’c;

Th1s is the cund1t1on of hydrOStatw equihbr‘lu%for a r'otatmg Earth a

ba1ance between the effects of the . 1n1t1a1] str#

and ‘the geopotential A

. ._cons»equence_ of the cond1t1on of 1sotropy in this model is that’ th'e equ1-.'

potentia] sui;'f‘ac'es and the isopecnic surfaces coincide 1n the u'n'd'eformed

conﬁguratwn- - :." - e
| Ve I\ VVo - S (ﬁ v.?’?'.
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Rewr1t1ng the equatmns of mot1on to_ first: order 1n the d1 splace-
ments, ‘and- using (]] ) .

)
N
.

eou_ ¥ Ze,,ﬂ_f\t = V 'C‘ - eoA‘.VVO —Q*(Q-*‘ﬂ
e ev[q: g TV mmm]
o
- .
s 1 note here that if the rotatmnal ‘effects, and the presence of

the tide~ producmg potent1al are smultaneously set to zero the above

equatlon properl_y degenerates to the equatmn »def1n1ng the displacement by

,_ field obtained in free oscillatwn theory

o

'u_." T A

t
'

: fou' = v-T,

A\
(Al terman et al

5 .

., 1959 p. 83, "eas. -9)'

equat1on reduces to the displacement equatwn 1nVest1‘g';7a d by Smyl1e &

Fid

—9~

ai

o

(Smxhe & Mansmha, 1971 p. 331. eq 0) *

If only the rotatlonal terms ar‘e neglected the d1splacement

e

-

‘Mansinha in the1r study q’f the stat1c deformatmn of the Earth

+e$[ §+—u. VVo-_\ t- e AVVO = O - s
S .

LI

- &Aw_, + e;-&'l_ $ +%IV) -

AlternatWely, if the t1me dependence is also neglected the above

T

eqﬁétwn I have developed degenerates to that obtamed and - used by PekeNS‘& .

Accad in the1r study of ltldal defOrmatwns

-ezr '-?q’ﬁ +ev[§ * 0N

v,] = €°°‘ vvo
™ . '
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- ‘the Earth.tide phenomena apd core undertones - A &

". spherica]]y\symmetr1c, non- rotating body. Although his theoret1ca1 work

e R

eyl

T

N o ... L v . . . i

In their paper they have

AR e Tt

¥ (ﬁekeris‘&'Actad 1972, p. 238, egs. 5,6):
. 1nc1uded the externa] potent1a1 Jn the term § rather than carry1ng th1s
'forc1ng potentia1 exp11c1t1y This is equ1va1ent to our procedure
~prov1d1ng that there is a corresponding mod1f1cat10n in the boundary ~
cqnd1t1on /placed on & at the Earth's surface '

Finally the d1sp1acement equat1on degenerates to that: used by. .

2wy n e v e
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© Smylie to 1nvestigate the undertones of the Earth if the centr1fuga1 temns

in the. d1591acement equation are set to zero: 5 | ‘
. - ) | |
.“:_eoA..?.Vo | '——I o

Latme

_(Smy1ie.'1974} eqs. 1,17).

. The periods of e1ast1c free o$c111at1on are all less than 1 h0ur,

ot s S gt AR S Nt T
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50 the’ neg]ect of thé. Corio]is effect 1s Just1f1ab1e as I sha]] show

‘-numerically, however these effects become cruc1aJ in the cons1derat1on of '

*fh’k;-oa-.‘oy;‘.('\n: AR )

Smith (1974) has not on1y taken into account the full effects of
ﬁrotat1on but aJsp the departwre ‘of the Earth from spher1ca1 symmetry He'

Id

N

4

‘has also noted the pxcitation of the torsional moqes and the coup]ing R

between’ modes which arises d e to the departure of the Earth from a

.

©is- thus more omp]ete than the resu]ts of this thesis, he-has’ ‘done no-

% s dumd Banat gt SIS D] ] A S 6o e

nume%ica] ca]culatfons to show the effects of the coup]ing Secondly. T

- 'Smith's thesis requires'knowledge'of the Verjation of the,e]]iptictty of
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‘density, the geopotent1a1 and the sF1sm1c ve{oc1t1es, the retent1on of

," 1nto~account readily as I have done 1n th1s thesis B ' : i t

.o - - . P Y

. a-." ’ ' . - i - b4 -

T

';thé 1sopecn1c, equipotent1a1 surfaces ‘and the norma] derivat1ves of

~

the centrifuga] term w111 give rise to coup11ngs between modes governed ‘

by the-same. select1on rules as the el]ipt1c1ty effects and of the same ’

orger since the elhptlmty e'—“Q aé + In compar1son w1th the effects
o of the e111pt1c1ty, the centrifuga] ‘term, 15 s1mp1y,given and n_be taken.

j in- order to be ab1e to so]ve for the deformat1on #1e1d 1t is

3neces3ary to supplement the displacement equation derived above w1th
'Laplaze's equat1on fo; the forcing‘potenttal Po1sson s equation for the
’grav1tationa1 and the 1nduced potent1a1s and to postulate ‘a stresd strain

—dependence, The decompos1tlon of the displacements 1nto rad1a1 spheroida1. ."

transverse spheroidal, and torsiohal vectors and the subsequent expans1on

of these and the other fie]d quant1t1es ‘into surface spherical harmonics -

is a standard and very usefu] techn1que. . _'} . ' )
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4, Spher1ca1 Harmon1c Expan51on'bf the Equatfons of Motion o
/ L ,'- To proceed further I use the surface spher1ca1 harmon1cs

o

4 j'(1.7:')' | S:\":Ce.qﬁ};,f = ?"‘(cos 63 e{ ¢

-

- of degree n and order m where 8 is the geocentr1c co- 1at1tude and ¢ is

I

the 10ng1tude - These are. norma11zed sth that they satisfy ‘the. re]at1on"

. _ ‘ o . m-

(1.72) " j-s: ,S:"g'moaead..-, z«fP:PK'_“s.\ede - 41\'(-13

' .- M : ’ ' . v T ’ R X - '-.‘ ) 2k+‘
"l ’ . . .

These surface spherfca] harmon1cs form a complete orthogona] basvs for a

spher1ca1 surface The 1nduced and thé externa1 potential can row. be

"wr1tten in terms of this basis " set as

.(1?8:). § =’22 ?( )S"'(a,tﬁ') <P Z‘. 2: L‘)M(r\sn (e 4))

T WMyg=n l‘\-]. h““

-;. . , . .
.

- For the representation of a vector this 1s extended to the

orthogona1 vector baS1S with the tr]ad
[+ ]

"(137b), ‘-S rﬁs“ : rxag

t

which are mutuaI]y perpendfcular, orthogona] over the sphere and complete’

°
t1on of spheroida1 and torsional ve

B (Backus, 1958) Therefore the' d1splacement f1e1d is wr1tten as. a com%1na-'

tor components . ,‘, Co
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. ) ,_: In. standard free osc111at10n theory the. tor51ona1 component is

‘ ,comp]ete1y decoup]ed fdom ‘the sphero1da1 modes It is exc1ted 1ndependent1y
L .of the spherondaI modes and can be” stud1ed Wndependently Againin the '
"stat1c deformat1on of the Earth. it 1§ dec0up1ed From the sphero1da1 modes
“and.1s so?ved'1ndependent1y. As the forc1ng potent1a&~4s pure]y spheroidal,
'{ Pekerfs'& Accad“(197é) and Smylie (1974) assumed that there was no- coup11ng
". between the t0r51ona1 osc111at10ns and the sphero1da1 excitat1on and |
eomp1ete1y neg]ected any study of the tors1ona1 response. In the 51tuation'l

,_here cons1dered the tors1ona]?mode5 are -excited through rotat1ona1

>

,(Cor1o]1s) c0up11ng to the sphero1da1 modes, they'a1so feed energy back .

1nto the spheroidal modes and consequent]y theJ must be reta1ned in the .'“

N description of the d1sp1acements for a comp]ete,so?ution Neglect of the.

',tors1ona1 modes a1so 1eads to a VJOlatlon of the conservat1on of angu]ar

J

From the structure assumed above for the d1sp1acements and the

&

'
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AY‘

n'o mv-n

D

Therefore, for s1mp}1city, I shal] omit the’ summat1on s1gns andlthe 1nd1ces

}';unless amb1gu1ty wou]d resu1t Inlkeeping with prevwous works (A]terman

et 1 "y 1959) I sha1] a1so adopt the. equ1va1ent var1ab1es

.(;;;-;Qy S 3 Vs = v: Ys - §"

T — W;,,«»wr iy “s:

'
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=.‘properties of .the surface spher1ca] harmon1cs the d11atat1on can be wn)tten', E
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and introduce . o, ",» o :, f':' o 5:'
. (’l.llb) . \/? = Lt“. s Y’ = ‘Pl_\ e _
.. \: . : . . - ..

S1nce its sources are externaT to the Eavth the tide- produc1ng

'.potent1a1 sat1s%1es Lap1ace S. equat1on
Vq:"‘-o

and: since the potent1a] must be flnite through the Earth the relevant | ‘

'solutioh satisfies the’ f1rst-order d1fferent1a1~equat10n
. L S e )

L

* Poisson's ‘equation governs fhe initidl and théwinstantanéouS'?‘

. f'gravitationa1~potent1als; hence -

Vz\lo 'n-%- -§° = ...4“»66‘: ’
VRV rf-ﬁﬁag;.

. ‘ . "
- ]
Therefore the 1nduced potent1a1 sat1sf1es

(1.13)

) 9°g - -areg 4 4“GV<e~‘*\

or, equ1va1ent1y, ’

(1.1.4b).A v[v@ 4“‘5\@:\&1

so that the term, -V,Q“«Gle.u- y 15 solenmda] and its norma] component
«1s continuous across boundar1es provided that r U 1s cont1nuous there

%pross]ey & Gubbins, 1975) :-'.‘ - 1'
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'_obtafned from (1 14b) 1n spherica1 harmon1cs by the re]ationship

“or
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At th1s pomt I sha]] negl1ect the e]]iptjcitws of the 1sopecn1$

equ1potentia1 surfaces and assume sphemca] syrrmetr,y, whence

@o Eo(" s 3,, = 30(.\-3 :

1 retain the centr‘lfuga] terms wh'ich are of- the same order as the ealt'lc1ty

,"smce it will be necessary 1h any further study‘ which does 1n(:orporate the

e111ptic1t_y to. include_ these ef’r‘ects

-,

T expand the radial (norma]) component of the solenaidal vector

b Vg -1'41?6@1 = é}‘z W e

-'..ffrom 'wh1ch

e B dvegur

L

v .
. A .
LR .

‘. .
where y6. the norma] component of the so]eno1da1 vector, 1s the gravita-—.

t1ona1 flux density , o b o [ e

" Poisson s equation for the 1nduced potential- (1 14a) can then be

. expanded in the’ sphericﬂ hhrmonic basis set as

. . )
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As the surface spher1ca] harmon’ws sat1sfy

V’:iS 1—‘!\.&3‘:‘;‘1\'_3’ -0

' the above expresswn is equivalent to .

o dy, 2
(1.16), - Sl = “‘“Gfo (r\*'\l‘lz +“(“+‘\ii -i°
- dar _ l o
-for e#ch spherica’l harmomc mode . " ' _' - !

. The, set of equations derlved above is stﬂ] 1ncomp1ete for the

'.so1utlon of the- response of the Ear‘th model. The add1t1ona1 postu]ate ,

necessary "to complete th1s set’is a specific re]atwn expressmg the

dependence of- the stress tensor, ?. . on the d1sp1acements In the .-

fo]]owing two sect1ons I proceed to defme thlS dependence 1n the solid

»

“regions and"in the f[uidooter‘cgre..

ARY
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The ‘shear modulus, or rigidiiy,~is‘given by

';1ye1y.

. symmetr1c Earth mode] or spec1f1ca11y

- 60 -

L The Stress- D1sp]acement Equat1ons w1th1n an Elastic Solid

I assume that the solid under consideration is 1sotrop1c eqa

| and subJect on]y to small- d1sp1acements Then

Z = AT o+ z'g’é.’ !

tensar, &, are

3 erﬁ . =g:.€?;‘i.?):;- }+"€§§§{X“.'T

e eo“s.
and ’\ by ‘
":'n, . :' 5
'/\-\-2‘4, .‘=~ eo‘-vr.
s

.

P At this stage I am dea11ng with the simp]ffied spherica]ly

e e‘,(v) Mf - V‘,(ﬂ = Vs(")

rl

I show (Append1x A 1) that the d1vergence of the stress tensor can be

: .wr1tten in terms of sphero1da1 and torsiona1 vector copponents"w

~

- N . - - . \J..
. . o . oL 4 .

st1c

where A énd't;.are the Lamé constants and the*comLonents of thé strain

_where v_ and v, are the shear and compressional seismic velocities, respecs .
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These definitions allow the stress force to be rewritten
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v These vamab]es are d1rect1y related to the rad1a1 cornponents of .
the e]ast1c stress: CL . .' o T ._ -' ‘
. = mm s (e ¢) SN
e - Ya L .

-3

where k 15 the incompress1b1th wmtmg‘the d1sp1acement equation in ‘the ,

- expanded form \1tﬂizing the orthogona] vectbr bas1s \"S v?g and \"1-33
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Us1ng the orthogonath of the ba51s vectors, the orthogonahty of :
the sphemca] harmomcs the deﬁmtmns and the relations alread_y derwed, |
I extract three f1rst-order different'ia'l equat1ons fior the vector components
of e'ach spherical harmomc mode {Appendix- A.2). ' ‘

_ The 'rad1a1 component gwes

. . T .. | - \u\ kw}. w
e ety
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.(_1.20) _CQ"[nLnM\A +2A1\\]. e kLkM\ y*
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: 't' ™ V’ \"A‘\. ]3 - eo__y s ! ‘ ' .
" the rest of . the sphermda] component 1st a — |
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- and the tors1ona1 component is

v

k(k“"\“! Je — ka*\\ g‘.\\édrk 23%‘ ﬁ' . eo‘ﬁk
| '\'2‘@(‘1{ k“‘:(g * B« ‘Ju Q'mj\;]

- 52 A’ [4 j\ .\.\—j‘ —'Z\‘\('C\*B \&33]

kn - kn kn kn kn kn
The coupHng coefficients A1 , A2 s A3 ’ A4 s 1 , B2 ‘and’ B4

are def1ned in Append1x A and ca1cu1ated in Appendix C. The angu1ar
=y

Aveloc1tyh- is . . ,’

ﬁ ™ n[mer -‘-WGQ] ]

If 1 neglect the effects of rotatmn (D."‘O) the above set of

equat1ons aga1n degenerates to. the set used 1n free oscﬂla!ﬂon theory

. ‘(w1thcla -0) and to- those Used by Pékeris & -Accad. (with§*\‘)"' )-

The comp'lete set of first-order d1fferent1a1 equatb(s that '

define the defor‘mation field throughout the solid regwns of the Earth are
: (1 17), (1 20) (1 21) and (1. 22), together with the defming equatwns
f"for the potentials (1 12), (1. 15) and (1.16) from section 4,

A parallel’ deve]opment must now .be done for the. fluid olter core

i
i

i e e i
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. tional field.

1ntroduced by Pekeris & Accad (1972 P 239 .eq. -13)
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6. The Nav1er Stokes Equat1ons wtth1n the F1u1d Core . ' "[

1 assume that the f1u1d compos1ng the outer care of the. Earth is

e

"1nv1sc1d and 1sotr0p1c (I a]so neglect any geomagnet1c effects), and hence

" the stress w1th1n the f1u1d 1s due’ on]y to’ the expans1on or compréss1on of

Q
4

" the local ro]ume»e]ément. Under this cons1derat1on .

P )

RN . . .
z-; kAl ‘. ) . |:. . .
. . _ N
where dgain the Lamé constant {also the bu1k modu]us w1th1n the- f1u1d) is' .

. A = eoVP ‘= eo 3

For the. moment I return to the more exact, rotat1ona11y f]attened

e

model of ‘the Earth although 1ater I shall re]ax ‘this to Spherlcal symmjtryl

AT

With the,above-spec1f1cat1on'of the stress tenspr, the displace- -

" ment equat1on (1.6) can be wr1tten as :. . L ' '} . e
T ‘*:'7-"3* * :‘1 = (’M\ A[a,, x(O.x"\]
6 1K) I r '

+V‘[ "P § - u.c&o - Qx(ﬂxﬂ;\._

From the cond1t1on of 1n1t1a1 hydrostat1c equ111br1um, the

1sopecn1c and 5eopotent1a1 surfaces 1n the equ111br1um conf1gurat1on

.tco1nc1de, or equ1va1ent1y, the dens1ti;frad1ent is para11e1 to the grav1ta-

1 adopt: an analyt1c fo

. 9\\7 (_e_\ =_-, _a-. $0) { Wo —?n (nn\-)\
. ‘[ . . /"'" (4~ Fb S ﬁor +§)_x(§1x-’\~§
| F A ) L *

for. the hydrostat%c cond1t1on as .
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o SmyTie & Mansinha (1971) have shown the extent to wh1ch the | L

.stat1c response of the fluid depends on its dearture from the Adams- . ‘,1:;f
e _."w1111am50n cond1tmn and th1s has since been d1scussed by Smy‘He (1974)
:and Crossley (1975b)

0

bas been taken as 2 constant Uhe above expression degenerates to the -
- tq‘"
&dams N1T]1amson cond1t1on “(dn- the absence of rotat1on) when - p 0 : (,,

everywhere ahd to a uniform dens1ty d1str1but on when ,9 (r)

i
‘¢

pub]1shed by Pekerls & Accad (and supplemented by Smyl1e to aT]ow for the *
presenge of .the 1nner core) has/B (r) = -O 2 throughout the. f1u1d core “If -

use the same modeT for pyrposes of comparison, . - .- con K ;_
TR

The stab111ty factor is reTatedﬁko the thermodynam1c propert1es

of the fTuid Under the assumpt1on.pf 1sotropy the equ111brium dens1ty..

Ry .‘ prof11e W1TT be the result of the pressure and the temperature d1str1but1ons

. t ] ,- { p A I(L AS . .”“- . n.": N .
. .= <§§f§)‘ f{zz AF 0 u / ‘
: c1V' LI
Y eP RSN
B3 L R L, N '
" where p is[the pressure, T is. the temperature and S 5 the specific ehtropy o
i ' -The. thermodynamic def1n1tion of th adiabat1c 1ncompress1b111ty-
©or the bulk moduTus of the fluid is v o A P
Lo €° / (—39> ce e
N ;. ) - " .
s and the difference between the actuaT temperature gradient present at [ and
A\: . ) . . N . . .
' ’ o 3. o T .
. . ' B - . Q@. o
| [} .'.f’::, ’/’. .. "- .’ .: . ..- a |
‘ 4 - -, “ . j . "‘f'!...,
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In al} models cons1dered to date the stab1T1ty factor,,’nj
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the q&?abat1c temperatdre grad1ent which wou]d prevai? at ¥ in a.ﬁerfedt '

i

¥ f'-' : : f1u1d in thermodynaT1c equ111br1um

seaTi(@®, o

| o
IS S S ’ * v
E , [ e _.-'=_ 47 .f(ﬁ)s‘% .f_ ,

L . R Y i .
-ﬁ_'. - ’ . " The coeff1c1ent of thermal vo]ume expans1on at constant pressure 1s:def1ned
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Hence 'the densn;y gradjent‘can be written using;the'above re]ationsiand R

- deffnitions as

L :

%-a\% h ( €°°‘P\g ~.’ _-:,

T 'ahdAthglcondition_of 1n1t13£ hydrostat1c equ111br1um allows / .

L e e et o L

Aga1n these Lan be regrouped to- g1ve f'. oL ; e ]‘f i

B g DR
1.v X . "/,- R -,.7' ﬁ . : .
- j” ;'.: ‘ ;- with the stab111ty factor ‘ - e , -. ;.1,--', . ?Fit::
| I B @,30 I

|
| H
i )
& -
l .l . .
b , »
]
'y i
»" P . .
! [N
o ' , s . / . . . P
.
- it 3 rhens sy o 4 R SN - L
.I . = e ; e y
" .r Ot . .
[GRTETAN o 1 ’ '-, .-
Mg
o




LN

R . .
e e ’ N M : . . .
69 . . . . .

- - . ST o , .

‘ . . . . . .
. ’ : N v .
, ..

the Earth and w1th denSity, eo moves sudden1y~ tf’ r ¥ u then its densityl

«
[

If a fiuid eTement, 1n1tia11y at a radius r from the._centre of . '- ' g

change wﬂi be ad1abatic~
de (-@") ‘*P =?-eo.aou-~ P

particid has an in situ den51ty .

.t '
A

The fiuid' now surrounding the

determined by the ecruatiop of state within the fiuid €° r+u), and hence o «

differs frorp thiem?—itiai density of the f u

Aeo "'.'-:'

P from the fina'l density ‘of- the e'Iement by . f i o

’ adiabatic), the bUOyant force vanishes and the: eiement is stab'[e in its _ X

) new position. The configuratic’n is. then neutraliy or marginaﬂy stabie

(4 . . ‘ ‘ d
. " .

cts ‘as. 2 restoring force: and the eTement will

Aeo ...Ae

The buoyant force on this displaced f]uid eTement is then

.‘g[@:ga]u.-n e

N

and wiH determine its subsequent beh’av*iour

If the *\bi}ity factor is negative,({: 0, the bueyant force " o :" £
iH\ate about its initia]

position with frequency N = goJ /vp (the Vaisaia frequency) The imtiai .

density distribution is umform‘ly stabie against cc}nvec.tion. For p= 0
the Adams—Wi'l]iamson condition holds (and lthe temperature gradient is ) g

Y
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. can occur.

.w1th respect to the onset of convection. For 1570 the temperature -,

_grad1ent 1s superadiabatic and the buoyant force causes the e]ement to move .

farther fr'om the 1mt1a1 pos1tion The f1u1d isl unftab]e and *convection

-

]"_of state {1. 2) as’ . . o ’. o B ;

‘—-PN

» .

> 30 3 i‘ﬁ"‘.é’jﬁ{f’?}fﬁ’;“(ﬁ{f)}

'TI--t- Zﬁxut' o \ :'” s é};"'

K The cur1 of this equat}on is
o

(1 26) .. Vx(_i\f-\-znxu] . - '—3({,&)7({_% _nx&xﬂ]

, 4

R

the static deformat1on of a (1n th'ls case, unifornﬂy r;)tatmg) f1u1d

( ~ Ma(hé.b |
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The stress force .can now be rewmtten mth the a1d of the equatwn '

., .

which inmediate'ly gwes the resu]t obtained by Smy‘He & Mans1nha (1971) for: .
'ei_ther '

r . '

4. .
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"’g\gv;ﬁ_ ana]ytic equations constra1n1ng the transverse mut1ons These are Lo

R S S )
‘ -”," g

g . n 7'7 _

‘ B
! » .

the f1u1d muﬁt be exact]y Adams-w1111amson or ad1abat1c throughout or the

dllatatlon van1shes (with the exception of the 1owest degree mode - the ‘

t

;rurely norma] expans1on ‘or contractlon of the fluid).

Now 1 revert to a spher1ca11y symmetr1c mode1 :{,

oo

Genera]?y for the dynam1c tase I def1ne w1thin the fIU1d the«

vardable T o o :' 'f

.

e _',

'(‘L.lz,'?):“él" e 21L +-z- A MJ* ‘

d LSRR Ly

.1:
Y

. ' ‘il:,_. e y J ar ’ .

:ffsr . In Append1x B I show that the componentslof the d1splacement

r‘vequation prqduce a d1fferent1a1 eguat1on 1nvo]v1ng the d11atation and two .:

éi_ +Q" A"("js) :—mQ (vj-,)

'~~4-ij\ | "“'-—ye - k::q»«C(-@ 2
(128) | '
oo \<h Ty
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L .'_Because of the second and th'ird ter'ms on. the LHS of the f1rst of
the above equations,. it is a1so. necessary ta gfve "the. components of the cuH -,‘;
of the equat1on of motion (1, 26) These components are derived 1n Appendix B
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i T "Th‘e third co'rnp’onent'ot ‘thi.:s equation is simp]y:a reoetitj_dn of
i (1. 30) - | B
; I wﬂ] treat the. above two equatwns as" ana]yt1c equations _ ] C @’

. b f1n1ng the var1ab1es aé-(\'js) and 34'(731) in terms of the remaining- ‘
' :’v r1ab1es and then these with- the other ana1yt1c equations can. be so1ved AR

' for the mon-rad1a'| motwns and the1rr derivatwes ' Fina'llyﬁ will be left.

Wit on1y fwe first or'der d1fferent1a1 equations (for each sphemcal
. harmomc mode) which 1nvo'IVe on'ly the rad1a1 d'lsplacement the dﬂatation
! . '-‘, B . "A,and the potentuﬂ equations . ) ‘
. ; ‘ Thls’ then compIetes the def1n1t1on of the prob]em insofar as L [ ‘
4o o _' - epocitly stat1ng the yérnhg d1fferent1a1 Jquations of the disp1acement - .

‘n'fields 1n both the e]astic solid reg1ons of tqe Earth and Ain the f1u1d outer

,'-}'._core e : : RCE T
o ' Having the govern'lng equat‘lons above I sh’ai'l 1nv-e'é:1gete‘ 'th'e‘ o
' -"'._'tide raising potent1a1 and the coupHng terms due to rot'étion to deter‘mne 3 ’
. 'the se]ection r'uTes wh‘lch gover'n the set of the modes of the deformation' "{. I '
wh1ch this tide raising potential wﬂ'l excite 1nd1rect1y . v -
IR N
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' '7., The Tide Raising Potentia] and the Selection RuTes for the Excited e

¢ .
Modes BRI ' "’ o ' ' '

The sources of the: tide ra/ising potentia] under con51derat10n are '

Az

K the Moon and the Sun For either source it 15 possible to specify tts
~‘p051tit>n reTative to the- centre of the Earth.as D (D ?\,4) and 1ts mass

Cas M. At a f1er p int, ¥, mthin the Earth the tide-raising potentia'l is '

‘ ‘ . . ’ - . o . .o .‘. '
4 . where, . . 0. /_.. SRR, A —
Foooem ool R = .\ v\ ’ o
g: J.- ' , '. . ° ' 3 ) ) P - .
< ‘- A standard exPanswn of this 1n Legener poiynomials gives
“t ‘ \ ",'. ' n-z L. .t P .
1. , : o
_ where '( is the ang]e between r and D . . :
o In terms of'the coordinates o’r‘ the field point r —(fe 45) (it
- shou'ld again be noted here that 6 fs the €0~ Tatitude)[ ,;,
e m o Gem m
M-—e__z () z:(n smg)squ)
P : me-n .
e 'and within. the Earth the ratio D Z:LO 50 that I need onTy retain S ’I
o 'ieading terms. iy exp11c1t1y do not consider any externaT driving forces S
T - on the Earth other than the Teading terms (n= 2 and n= 3)
.- T ‘ . \
s ) _ S Y3 have truncated the tide raising potential to oniy the )
E " B 'second and third harmomcs, for a ‘non-~ rotating Earth onILr; econd and third N .
‘, ( o 'degree harmonic responses woqu be excited The effect of tatfbn is then, o7
,"’by coupiling other modes to these modes, to excite these other modes.:_ It is
e T R e e
t TR L T
- -',"‘\." ’T ’.'
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chiefiy for this reason that I am investigating a rotating Earth modei
) ConSidering the coupling doefficients defined in Appendix A and used in .
-the.equations ‘which govern he 'disp]acement;fieids in both the sohd and ‘.

1

fiuid regions ‘of the Earth Al’ 2 2 andé coupie even degree spheroidai

terms to even degree spheroidai terms and odd deqree spheroida‘l terms to

l‘ . odd degree spheroidal terrns.' The. remaimng coupling coeffic1ents A3. A4,. .."

B1 and B4 coup]e even degree spheroidai terms to odd: degree torsionai terms

e
and odd degree spheroidai tern's to even degree torsionai terms m

o coupling coefficients coup]e modes of the sanme order SO that it is not

necessary\to carry this index explicftiy Oniy if- the Earth modei were B

extended 'to inglude the possibi'iity of azimutha1 variations wouid coupiing

between different orders be excH;ed If I cons{der on1y the second degree

externai tide raiSing potentiai as the source of 'the deformations, it is :
ev1dent that the Carfolis and centrifuga'l coupans wﬂi excite oniy even

deFree spheroidai componfznts and odd degree torsional components The

Ai ternatively. if I consider oniy the third degree exc‘ltation oniy odd

degree spheroidal and even degree torsionai modes wﬂ] be exc1ted

coupiing effect of eiiipticity wi'l'l be simiiar to that of. centrifugai force.
' Since this is an infinite chain it wiH be {iecessary th truncate e

the set of equations at various 'ieveis and COmpare the resuits to test the ', _

convergence of the set ,of soiutions at chosen forcing periods. .

The .ic :

res—uits of the rotationa] couphng are " shown schemelticaiiy be1ow (Fig 1).‘ -

[ ST
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EXTERNAL POTENTIALY  SPHEROIDAL MODE = -TORSIONAL.MODE . .. -
:i o - , [T, . e v . .-.. . IR (a
‘, m dir‘ect exc1tation by the tide producing pot’e'ntia'] o

J--—--—--p couphng due to LoMoHs effects

—____ﬁ coupHng due to centrdfuga] effects N

o : Fig. _;._ Sdhemaﬁc of }he exchanges of energy between the Sphero‘idal

modes and the tors1ona1 modes due to rotat1ona1 coupHng

. " for 41de ra‘ising potent1a1 of degree 2 o
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.« 8. The Time Degendence of the Forcing Motion

T K . In th'ls sectlon ‘the simprymg assumption that the exciting
o potent1a1 has a s1nuso1da1 tnne dependence is made. A niore comp11§ated

. temporal variation can then bj cbnsidered a s1mp1e Fourier sum of these
16'1:

sinusoidal time variq(tidns. he time dependence chosen is smp]y e

1

: for. aH\variaMes since d1ss1%atfve processes - withm the Earth haVe been
‘v neglected- ‘ { ) ‘ .
Unqier this assumption the equations govermng the deformah ons
cén be rewritten. s1mp1y by replacing a partia] derivative with respect to -
Ctime by i0, e.g. - ' i '
: ' " y Io'_y. . L
g r y.-*.-«y. o
' ‘regwns and the correspondihg set of ana'lyt:lc and first-order d1fferent1a
' equations fn the. fluid are now comp1ete and phrased in terms of rea'l (not

comp'lex) variables. The solution to thesé equations wﬂ] be Subject to

“the boundary condit‘ions on the’ variab] es at (or a ross) interfaces between
‘ the solid and fluid regions and at the surfacé.\ R
.. Lt - .'
! . o ’ I
) o Lo -
N ..'“ LR . \ - ‘ , 1
=
. ‘ ’. . {'i '_‘ ° B * . ) ' - ,} i . 3 ) . , . i ) . .
‘ e g ' U )
e 7 nou . . 3 ."(io

In this form the set of first-order differenh al equations for the solid \:‘

O )

oy
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"9, Bolmdary Cond1t1ons '

S e = @, T
] Ys (“3 (‘%‘) ) @ys qER |

’ Therefore

T8 -

fo [ . Al] the variab1 es under consideration must be regu’lar at the

'origm (centre of the Earth) and the d'lsplacements must vamsh ‘at the
origwn to leave the stresses Timte The sing]e exceptwn to th1s statement

T the sphermda] displacemefits of degree one, ‘which must satfsfy the

cond1t1on that the. centre of mass of. the Earth remain Fixed.

“The potentials are cont1nuous across ~all 1nterna1 boundaries and,

" -since the grawtataonal ﬂux is so1eno1da1 1ts norma1 component ds a]so

cont‘lnuous across a'{"( boundar‘les provided r: u is 1t5e1f cont1nuous

~

- Cl As I am deahng with dynamic di splacements rather than the statm

case, the radia] d1sp1acement and the rad1a1 stress are. also continuous

‘ across a11 1nte_rna1-boundaries The shear stresses must vanish at the o '

surface of the Earth (r = ) and a]so at the 1nternal soHd f'lu1d 1nterfaces

Returning to the 1nduced gravitationa] potent1a1 and the normal .

' ’comeonent of. the gravitatwnal ﬂ ux, these must be continuous at the surface '

¢ -

of the Earth and the 1nduced potent1a1 becomes harmonic outs1de the Earth

y‘ (RY)... YSA,R*)

B

o Ryo +-<k+\3'y‘:‘ ~o atr=R.

I note that this differs from the constraint placed on. these terms
by Peker1s & Accad (1972) However they were deaHng ‘not with the 1nduced '

'potentia'l but with the combinatwn of the 1nduced and - 1nduc1ng potentials, .

[

'furthermore the1r conditwn (p. 239, eq.. 10) shou]d read
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;e where their U 1s equwa]ent to my Yg- . ‘ ‘ . ’
: ;" ..« The prob]em is nOw completely spec1f1ed with the Earth mode]
’ defmed the govermng d1fferent1a1 equatxons formu]ated and the ‘
’ ; c0nstra1n1ng boundary conditions stated In the next chapter I shaH .
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C .:torsional .modes and fron(each other- In-order to “produce; the behav1our of

'deformatwns wi th1n the elast1c 1nner core are simphﬁed by. neglectmg
“the rotationaﬂ and the dynam1c terms (set d‘ «CL = On The set of -

. ,'equatwns 1 have developed then degenerates to the set obtamed by SmyHe &

- _'eaCh other, and’ L‘he sphermdal modes are 41so COmpletel{ decoup]ed from the °5‘

-'-‘the so'lutions as r - 0, I aISo assume that the variation 'In density and in

‘ ’she Lame ponstants 1s negHg1b1e and write each vamab]e 1n 2l regu‘lar power

- p— o " - . . ).

\ v ] ) 14 . "
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CHAPTER 2 - ) S
NUMERICAL PROCEDURES T AR
. ‘ ." ' ; ' ‘y. . . RO . B -
. . . ' K - ’ . .A . R . .. Lt 'l‘.. . .'..'. . o . \ .
-1, ImtiaHzatmn ERR S e R &

Y
- .

In order to start the so1ut1ons at the geocentre it 1s necessar‘y

toLexamme the behakur of the deformations. s’tresses, potentials and“

L.
vitatmna] f]ux near there for each mode . Under consideration
3 -9

- ) —

As a f1rst approx1mat10n, the def1'n1ng equations govermrg the :

!

Mans1nha (1971) for' the sohd part of the Earth In thts approximation the

‘i

"'torsional modes are comp1ete1y découp'l ed from the spheroida] modes and «from e L

s
N
£ : , .
,

-

. series expansmn., “The procedurd used ‘here 1s simﬂar to. that used by R R

SmyHe & Mansmha (1971) where they considered the ent1re core of" the Earth s
N as flu1d 0 Crossley (1575a has 1ndependent1y used. th1s technique and ;/", .

5 . . - . )
t’ained resul té cons1stent mth m1ne..:, .-( s e e ST
j The 'Iea'ding term 4n each var1ab1e dan then be ca1culated (Append1x o
i L e e - :
. D). Fcr= the t.erms pf degree zero these-are o . - e, .
P y = u *...‘ r . s, - '.- EE ' -\"~ . S ) ".
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S " A1 other variables of degreé zero oan{shithﬁoughouc the Earth, | For degrees

“k 21 the above, procedure gives . S

. - . . . . s ‘ } ‘ | . F.:'.'."\..
\\ ‘ ‘ ) ‘: .A . N PR ] . ‘ ; s

, -" " ,. ) - o . , '."' n‘-.' | X .. .‘ l
W= Otxi"k- g e o

' L ) y““ = - 2t‘-(k_.|)uK . «\voc'g - ’ . - | . . : :
. '-. . . | . o y}k - E_"L k~ \ ﬁ'\i- s . .
o= zlf‘ ("“) Mo 70 e
e L ) ' js = . k"'i--' .
. . . '\ " ’: = [k ‘{K SP“K] - ‘f|to

T R T e

BH
% Y‘“‘"b T ”

-, . C\g“'k 5

" where the coeffﬁcients include three urdetermined constants (uk,‘-gi and ™
| } ’)kj' the strength o the external poteht1a1 (ck 15 known in terms of the_‘
o D mass of the source and 1ts d1stance from the Earth) and the constant

| .‘._'(,2_.3)':- r"—'-: [Qnﬁl] 4G g,(0) .

. ,.r-ro -.‘3_ | v
N ’ e

As stated in Append1x D, each mode except the' degree zero response 1nvolvas

Lo '..-“' one other arbitrary constant 16 unique1y determine the splutions and I have

!

DT chosen the coefficient of rk+; Tn the xpans1on of y%, e, 1 have’ taken,
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(2.4) AR unr Lk 9‘\—_ f‘,.

At this stage the: resu]ts are in agreement w1th the 1n1t1a11zat1on procedure

de ped for the spheroida] components by Crossley (1975a although they are

e

formu]ated different]y

For numerical accuracy. I now def1ne the variab]es x§ within the .

k

solid inner core of the Earth related to the variab]es y1 by the definitions

s | . » |
s Re gk, xEa oyt xE- g
“and for k # 0. e o '_" . T
. T e - ey
(2.56) xpe y, /r“ "'. RITS R .
* ' x;k - y\/r . i=5r ?l g.o l
., Each of these variables'wiTI then- have, within the .inner. core," -
l . . . -
‘the form A | | | |

x? | “:.éonstantt " \0(“‘-.‘)

'near the origin . . e

‘ To 1mprove on theSe conditions and take 1nto account the cross
'coup11ng between torsiona] modes and spherowda] modes fu11y, I have

' -rewritten the full dynamic equations in terms oflthese new Vartables.
retained the approximat1on that the inrler core is homogeneous near the

. geocentre and calculated the ftrst and second der1vat1ves of these

-variables at r .= 0. The details are 1n Appendix D
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leading term Iln each expansion is aga1n gWen by (2 1) and (2.2) with the
definitions 1n (2. 5) taken 1n?6 account‘ o o ’. .

of either degrée 2 or degree 3 by taking the representa‘tion

I f1nd the first der1vat1ve at the origin vanishes and that the

-

It 1s now possib1e to initialize the solution for -an excitat1on

(2.5) x: (0\ “. _= B'j (O)fj “ )
" where the matrix of u_nknown-coeffidehts is s;'imp]y L Lo
o ] ‘. F' 0 '~a... 4 ‘ 1 | F' ) L - s
.o 1% . X % 0 ' °‘o “1. Oy toe | '
. - » e ", ~ . . ‘ . ,
(2973,) O :: i? ve e Q P‘. . F‘ Y :
- = o . N .
ELE N O PR
vy < .' ', ' o
, ’-' 2’ x'."" v‘ N y‘ v‘ 'es “ ' .
o x‘- o o J ‘ o . ; o '
L et S o dvag WU cn. O AR v
(where the dot over a variable ﬂow represents a rad1a1 der1vat1ve) for the
degree 2 excitation or as. -
"A . . rx: x| fuo. -1 C .' u:" .u! «‘ we |
e %R R bbb |
. - - .-.- T, |-
£ FPRE S T T VR A
.. '1\ A ‘ ".. ‘. R
' L-o x’ O " J :' _O. cso \ll- .
: L reQ - | . .
for the de'gree':} éxcitation. . . v L e
o
| e )
3‘-(
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" The matrixx 1s defined with the same’ number' of columns as. Z

where each column dis the transpose of the row vector

’ ‘ P PQ\: Y P‘ . : ,:
(278) (X -)Cs_)'ﬁt.P !4) ‘;;xL\x? } P& )"'13 o

1 .

with the 1ndex p ranging over the even: mtegers for the degree Zexcitation -

: and over the odd 1ntegers for- the degree 3 excitatiqn

Lo Tom .nn-‘ ‘ na 3 . :
- (2.9a) - Bu. = B =By = Bor -1'

, (é‘;'9c)

For the degree 2 exc1tat1on the non- zero e‘lements of the array

1. 3

" f2.ob) B =T 3ha2pe

v AR s R . . l
. . . '
iyl

andforn#l(#O) o

, : wm
B a3 BNy R o

-

lhere n 1s the tndex- retert‘ih'g to "the. spheroidaﬁ -vam‘ab]es'of degree"N and -

e torsionai vamatﬂes of degree N+1 represented in the n th co1umn of JC
' For the degree 3 excitation the arrayB 'is constructed in an

o,
1dent1cal fashwn with the exception that (2.9c) ho]ds for n = léather

| than, (2 9b) Aga_in the spheroidal vamab]es ‘.(‘:f degree N (= 2n-1) and the

tgr_jsiona,'l variab'le; of degree N+1-are re;‘)resented in the'n'th column of x ..

""AM ..‘ “
AR TENCE h f; ')Bq\ TEN
N :
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For\gjther case . the first derivat1ves of an variab]es vanish at,
the origin-and from Appendix D where I ca1culated the second derivatives
at the or1g1n the further re]ation o - A

(2.10). x (o\ = c:,S

is obtained by SOIV1pg these equations b, ' ' ' ; ‘

.'!'

Hence a quadrat1c pred1ct10n from the origin r s 0 to an

arbitrary radius r = 4 can be tfﬂen as,

x'ag 'x:(o\ + A x' (°3 * -\- A“'
R d O IR -) +-la‘x:(°\
Sl S8R+ i fce

= Deegec)e

’ £ N . . u

) That is, the so]ut1on set ata finite d1stance from the orig1n ‘s extrapo-.r

CO)

1ated from the soiut1on at the ortgin using the der1vat1ves of the'

/‘"
’
/» .

solut1on at the origin. The so]ut1on can now ‘be represented 1n terms of

the array of undetermined constants as

"(2.11a)-.. xm\ =f- Bm(“\i’

where ‘the " array (A) 15 defined as

'.:,(2.:11_bv)' - B(A) = B(c:) -\-:{-A C

hbﬁever; these are multiplied Eyvyetiebles in such a manner as to cenge] out.'f '

L

" u :"j As noted in. Appendix D, spec1a1 re has to be taken - for the =
“ﬁvéiuation of the derivatives since jndfcqiial coeff1c1ents behave asr %y

-1

FA R

e i,
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Once the soiution 1s obtained at some arbitrary non-zero radius

' the coefficients in the derivatives are 1ndividua11y we'li-behaved and the
: .second derivatives are obtainabie immediateiy. Using the complete fuiiy

dynamic set ?f differentiai equations, Wh1Ch €an now be Writtenzin the form

D _\ DC dr'. T)C A)C.
- \ - ‘
i ¢ . . and which can be supplemented by forming o Lo
f RO Qx_ ?_ A)C N AJC {AA»«P:\DC .

L a quedratic predictor has been formed which ai'lows the lsoiui;ion to be B
o ‘propagatéd through smaii increments in radius from the initial arhitrary
= radiug to- the outer boundary of the inner core This quadratic extrapo—

1ati on gives

e ] x(\»--m\ x(m, ex:m +-\-a x:(r)

F e - ‘:-“‘ , EE JC(\% + AA?C(V\ "v -‘- &[M\*A\x("\
|- s [ AR+ .gnlcnmhﬂﬂr)

o In practice only the arrayB is caiculated at each step- aod

this, 15 given by - .
| '(2 12) B(N-A\ [ I -\-M\-i--L A‘(M\ *H\] B(Q

and in practice the: radia1 derivati‘ve of the array A‘is sufficientiy we%i
approximated for. smaﬂ steps by treating the densi ty and the Lame constants -
‘as constant during this step The major improvement due to the retention of

this term 15 gained near the origin where the coefficients of A behave as r 1

b_'\
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S undetermmed constants descr‘ibing the behaviour at the origih When the
. ' ’

‘soTution has been prooagated togthe outer boundary of the soHd 1nner core

: ‘ the condition that the shear. stresses van1sh is apBHed and "the unknowns
o .x'l‘ and x7 are determined in terms of the’ rema1n1ng variables. The array
' B. is. then rewr1tten in terms of thTS reduced set of un;ietermined co--

efﬂcients. and passed into the f1u1d region :' /

4 -". , S1nce the propagation ltechnique uses matrices and 4~ d'lrnensional

arrays. a Runge—Kutta method was not use<\ The use of a Runge Kutta method
' wou]d have entaﬂed storage of at Teast th)o test arrays and. compamson of

" each element 1n these arrays. The aTternat ve of selecting a smaT'l step .

s1 2e was used.

Vo ;:-,- In practise it is ne1ther possibTe nor ecessary to cmsdder a]T
|

: RS \ . : the' modes which may be exc1ted to some extent thro gh rotationaT coupHng

the prOpagation of the solution. .

1,‘,,'

N

o J L T The propagatmn technique descr1bed above 1n pr1nc1p1e allows the .
p ' 1 ca]cu]ation of the solutions of all’ modes excited ei ther d1redt1y by the
R T '. *externaT potentiaT -or fndirel:t]y through rotationa] couplings to be
ot - _’ / ) | determined at any radius within the inner core 1n telrrns “of the set of

. \ . prOpagation through the f1u1d and’ through the ma't1e are d1 s<:ussed e
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' el =88 Y ‘.
) . 2-;-"'Sca1—~!n' - : - X o
L /S o For computaf1ona1 accuracy and for conVen ence the system of un1 ts.
described below hs used rather than rationa‘Hzed M S un1ts. the umt of
i , distance 1s taken to ‘be 10 m = 10° km, the unit of time js ta“ke-n to be-
P .103 seconds the unift of mass Ts 102 kﬂograms The phya'ica] parameters
. " . ’ .
j R “are now scaled 1n agreement Wwith the scheme used by SmyHe (1974) and
: . 'Crossley (1975b) . S | S :!_ '
, — ‘ " In the above system the numerica1 va1ues of the physica] qhantities l .
% ‘ = ‘ ' are related to the MKS ‘values. by R PR T R R
| e = \O e\\KS o~ \O i
% ! , - . -
- v =10 ke L~ L
A Lm0 ‘IM\KS', ~ Vo o :
g = 10° Gmes o~ b
i \ﬁ = TO’D_MKS- ~oL T .
, 'G = OBGMKS r el
The rationa}e for the above scaHng procedUre is that the
parameters and- var1ab'les within the Earth ne 1onger span' over 15 orders of_
' ' - magn1tude. as attempts pr1or to the use of th'ls scaHng procedure had
' " 1nt:urred numbers which ‘were. oo 1arge )
" 3] ' !
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3. Propagation of the Soiutions through the F1iid Corie and Mantle.

( Th-e 1n'1t1a\11'zat1 on of the solution, the propagation ovf ‘this
solution through the inner .core and ‘the app'lication of -the boundary .
-1 cond1tions at ‘the inner cove-fluid interface has been’ discusseq in the, o
first section of, th]s chapter. "As a result'of these ca-'lcu]atwns the
_' radial variab]es (yl. Ypr ¥ y6 and 7y which are cont1nuous across the' .
boundary)z are know_n at the bottom of the flnid regio‘n' in terms of the set

.- of unknown consta'nts-intl:'mduceq ‘initial'ly. "These are writte'n in the’ form "
L Y=BE te Y () = s,j W = |

'lwher‘e the matrix Z has been reduced to

. r%' "l°‘z Xa o T r“a-r v3. '6‘5 !"J RN
o O O"'. - ThO, 0O \
ZE% 1" _&.,;- ,or", d. 15 {S“ . ;\\7‘ -

coa T las el 1
[0 ¢ o] L0 c5 oy -0

for the degree 2 or 3 exmtation, respect ve'ly, and the tangential displace-' "

I
ments at the bottom of the ﬂu‘id are obtai\red from the ana]ytic conditions S

. 29 and 1. ). _ | | |
' As I have prev1ous]_y stated. the above anaLytic conditions, with

'two other "analytfc" bonditions (1. 31) obtained from - the curl of the d1s-

X ~p1acement equatwn, are used wi thin the fhﬂd to ehminate the transverse

-L:displacements and then‘ derivatilveq from the remaining d1fferentia1

( equations Aga'in it 15 neither' feasible nor necessary to retam aﬂ

[t}

- modes’ which may be excited and a. cho1ce of  the max'lmum degree to be retained

A



. X
L
- od. A
A o in the e‘Hmiriation procedure must be made . To_ensure accuracy 'in the ' o

g 'ehminat1on|of the transverse di sp]acements fre(m the dxfferentia] equations

LY

\
I haVe retained moré modes for this step than have been kept in the

propagat1on o , o _ ‘

. ) -

b o Once th1s reduction of ‘the different'lal equatioms has been e
‘ accomplished the result is a set of first-order differential equatinns

relat1ng only the rad1a1 displacement, the dﬂatation the potentials and

R the gravitationa] ﬂux represented in the form
Y(e) = -‘—4_Cr) N¢r)
which can.be propagated through tﬁe’ fluid in ‘small steps,’ & , to obtain’

-*Y(?%AY-% AGRIA LR ALl

!

T RS

- 1n terms of’ the'Va]ues‘ at ror. alternatively 3
! S : ) , . %

B(r-\'A\ = [1-*5./\] B(r).
The so]ution is then propagated to the ﬂm d-mant]e interface

‘and passed 1nto the mant‘le L ST ‘“9‘
- At the Tower boundary of the mant'le (r —0( ¥ 1 restructure the

Loy, * o .
v . I

Vo o matrixZas

Ui BE *s(o) xsco\... e EIORHOLS o 1
S e e RO ROLIN I l/
. _O 3 quOX"'..'. L O ﬂ(O)"'_ " . // -
'depe?‘d:fng oh wh‘e‘t'her t'he 't1de'-raisi'nvg‘ ;;‘aten.t%;‘l._isj of degree 2 or‘3.'_‘. | "',"’ “-\ . _

N me e L A e
BT N A St
- ELICREIS PR

£
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. . and

préviously descrfibed;-

. '.-.9‘1 n

U The matrix reﬂects the fact that the transverse disp'lacements

need not be continuous across the solid-f1 uid bOundary The continuity of
the other varWes 15 taken into account 1n the array B Specificaﬂy
the boundary corni_tion that the shear stresses vani;sh at the interface is

taken \into account b
v B:k
. : ..\

4

: B:: .‘I o

nk

The components B“ for 1 and 9 Jith je 1, 3 or 5 are identicai

‘to those at- the top of the ﬂ id and W th J 2 or 4 are zero.
Nithin the mantle th systemo differentiai equations is again
1mply of 'the farm -

Y('r\ = A("\ \‘.'.. )

A ‘YC\%K\ = CI“‘A-A.P((;S \'

ch-[»a\ {u aA] B(r\ S
I.' Appiication of the boundary conditions on the stresses and the

I

pOtentiais at the surface of the Earth permits so]ving for a1l -the

arbitrary constants (the e1ements of the matrix Z) in terms of the

amthude of the tide raismg potentiai The displacements at the surface

' are then known. as are the induII:d potent1al and the gravitationai fiux.

if
- The variatwns of the displace ents, the stresses the potentaais and the

gravitational flux throughout the Earth _¢an then be determined. :

A~ o TT
i -




- of the radiai disp'lacement at the surfa(:e of the Earth to the - radiai
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', - At the surface oi" the Earth it is generaﬂy more convenieht to

measure the response in terms of Love numbers,[ dimensionless quantities

’ which reiate the deformations in the real, Earth to the corresponding

: deformations of simpiified Earth modeis. : The Love number h is the ratio '

4
disp'lacement at the surface of a f'luid Earth,.k is: thé ratio of the

potentiai due to the deformations to the’ inducmg potent1a] arid ¢ iintro-

. duced by Shida) is the ratio of the horizonta] dispiacement at the surface o

- . of the Earth to the correspondihg hor‘izontai (spheroidai) dispiacement -on

2 fiu'id Earth : S -
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' 4.." “The. Stabiiit_y of\the Soiution L

.. Earth at periods of less than one hour, only one mode at a time need be]

.conSidered. Pekeris & Accad (1972) considered on]y one mode at a, time due ‘

.'cOupie other modes to the mode being driven di rectiy by the t1de raising R

Pae 2 oag P e S e S .. LT e - e H o e .

. ‘.-'l,.-o; R S L UL B R e S S AN I LI S TS RIAVE N 1)
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As I have indicated in Figure 1 the effect of rotation is to ,,. oo

potential In standard mvestigatiops of the free osciﬂations of the "

, to their negiect of all rotationai coup‘lings Smyi‘ie (1974) inciuded the a

' 'Corioiis seif coupiing but neglected the torsionai modes ahd the rotationa°1

exci tationI of other spheroidai modes. . I show that these coupiings must be

taken into aCCount as. the period of. the motion increases and hence I need

to consider the effect of truncating the f’uﬂ soiution (which wouid RO '

' contain an infinite number of modes) to a subset which can be handied

-"numerical'ly yet wiﬂ stii'l give credible results. .

“There are two decisions on trdncation to be made. The first of .

these is simpiy a choice of" the truncation which 1s generaiiy carried

'throughout th:e integration, in effect this s a choice of the size of the

) matrix of arbitrary constants which has been referred to as Z in this

_ chapter As a standard 1 take Z as a 5x3 matrix and verify these resﬂ??‘*

XY

~Mor. improve on them) by suppiementing this to a 5x4 matrix A'Iso 7 cali"be
reduced to a 5x2 matrix for morg direct comparri son with the results of
!’BREJ‘IS & Accad (1972) The standard choice for dn excitatidn of degree 2 | "Y'
impl1es a retentfon of the spheroida'l degrees 0; 2and 3, and the torsionai
d'egrees 1‘ 3 and 5. and 1 shai'l refer to this as a. propagqtion truncation

of ieVei 3 The results obtained with the 5x4 matrix inciudes the modes
above as we'l] as the spheroidal degree 6 and the tOrsional degree 7 response ;

[3Y W !

and i s referred to as a propagation i;runcation‘l of ]IEVei 4 The 5x2 matrix ‘

IE ) -
(W 3
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f,spec1f1es a propagat10n truncat1on of ]eve] 2 ‘and reta1ns on]y degree 0

'and 2 Spher01d;1 response anﬂ degree 1 and- 3 torsiona] response

[3]

’ The second choice is generated by the need to solve for the trans-

‘ verse‘disp]acements ( . and y7) and their derlvatives within the fluid and

o 1 &‘.to then;giiminate'these.varlahtes from the.dafferent1a1 equataons. 'In ' ‘ ’
,hs L - v-'princtpTe one again has aniinftntte set of cdup]ed equations whjch one ' ,; N
’.;f‘ o  .would 1dké'to be ab1e‘tojso1ve ana1ytica11y Again'ih praCtise one must

Lo ;‘: loL solve these numer1ca11y and hence choose some’ truncat1on 1eVe1 for the

v, “‘”‘*\i-p: , .computatlons Fortunate]y 1t is necessary to perform th1s so]ut1on only

| | - once (for a spec1f1ed dr1v1ng period) and it is therefore possible to

retaln a much h1gher number of- mbdes to so]ve for the transverse mot1ons

and to e11m1nate these from the different1a1 equat1ons. After tp1s

e11m1nat10n the resu1t1ng.set of differential equat1ons is tben truncated

-to the propagat1on truncation' level c0nsistent w1th thaF reta1ned in the _ 1313“
e 'sol1d reg1ons of - the ‘Earth. o _' o L ,\” _— '
ﬁ;;.. The - standard truncation 1eve1 chOSen for‘th1s step was an

' incTusion of a11 spher01da1 modes up to degree 26 and torsional’ modes up

t, {;: 3 ', j - "to degree 27 (a choice made by computer core availab]e) w1th gelaxations

f—; .;~ :; - -: 1t0 a maximum degree of 5 or 3 torsiona1 mode {in.the latter choice. a C'Fﬂ¥;;~
) PR propagation truncat1on level of 3 15 the maX1mum cons1stent cho1ce) for-v?hb
i{“ i f_ a compar1son with prev1ous resu]ts and with the results of other authors. -

This truncation is referred to as an e11m1ﬁat1on truncat1on and the
b .

N . = cho1ces 1nd1cafed above are 1eve1514 3 and 2, respectively

:-7) e S g As a f1na1 check on the numerical so1ut1on tha1ned it is’ .
. ." 5\ ] ' .ﬂ . - N .'-

7K*/' ;'{- ) necessary to repeat the ca]cu1at1ons w1th d1fferent step sizes chosen for :
'..’. ' 3 . . Lo . ' .0 - X . Lot N °
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_'5 . ".thelintegratiqhgl_~This,a110ws an thimizétion of step size with respeq{
”“f§ A " to both,édduracy»andis ed. {° ' .

«

) be tes'

; oL ‘The numericé} thod can a] d to some'éxtent'by

' compar1ng the numerxcal S0 t]OhS to an ytic so1ut10n. By neglect1ng

a11 rotat1ona1 coup11ng except the Corio]is se]f coup]ing ‘and assum1ng,an

}f ‘~Earth model of uniform dens1ty,nan ana]ytlc so]ut1on can be obtained in
S terms of spheérical Besse1 funct1ons and mod1f1ed spher1ca1 Besse] functlons
s “ :v,\»
. (Appendxx E),- The resulting anh]yt1c so]utnon can then be compared w1th
3 the numer1ca1 solut1on derived by ugxng “the tgchn1que5'qsed for the comp]ete
5 ] .
' . .case, (after removing al] coup11ng coeff1c1ents) for the equlvalent Earth
L J" model. These soluﬁ1ons are compared 1n Appendix E and show exeellent
¥ ' a agreement B ' ' ' :
- o
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' of differentiai equations. specified the boundary conditions and discussed

ﬂ-tions produced by a tide raising potentiai of either second or third -

nperiods

R

P T R T il

" S _,gé‘,

CHAPTER 3

NUMERTCAL RESULTS
at

In the preceding two chapters I have derived the necessary set tf‘ke;~

'the numericai procedure that I have uSed to investigate the- Earth tide

probiem Using these methods I have been able to caicu]ate the deforma-:

degree - EE T S | - - | Ce | C uﬁéj

For purposes of comparison w‘th the resuits of Pekeris & Accad .

(1972) ’Smyiie (1974) and Cross]ey (1975b), ‘the model that & have adopted
‘has a sub—adiabatic fluid core which wiii exhibit—the free osciiiations
" which Smylie, has cai]ed undertones Nhere Smy]ie and Cross]ey have oniy -

calculated. the periods of these undertones, Pekeris & Accad aiso caicu]ated : \

the Love numbers as functions of frequency, however they negiected ali

rotationai coupiings (1n essence, they have 51mp1y extended ‘the. standard

. 'free osc111at10n theory irito. a. frequency regime where it is inappiicabie)

' Smyiie s 1nvestigation of the undertones of a rotating Earth- inc]uded only
. . the seif~coupiing term due - to the-Corioiis effect hf all, the rotationa1
'lr'coupiings which app]y (Fig 1) but Crossiey has subsequentiy 1nc1uded the

- tgr51ona1 modes in the fluid which are a]so excited throhgh Coriolis forces.

The advantage of my approach 1s twofold an arbitrary number qf_,f

modes can (in principie) be retained to describe the response and the g "y

'fbehaviour of the dispiacements and stresses throughout the Earth and at

_'the surface (1n terms of . the. Love numbers) can be_ calculated.at. arbitrary

)
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To iiiustrate the ‘above points I’ dispiay the resu]ts obtained for

) _ S the radiai stress “functions. (y2, the degree k response in _the radiai strESS)

that is obtained through the Earth (for k 2 and for k = 4) 1n response to - .J

J

an extenai potentiaT{of degree and order tao}(n =m=2). The' radial stress‘

P 'functions have been chosen as representative since they are continuous
”_;e“ across all inte:nai boundaries and vanish at- the surface These are ' " S
N7 plotted for periods of 1, 2, 3, 4, 5, ,6" 7, 3,] 9, 10, 11 and 12 hours in |
I . Tigures 2-13. 'These soTutions'have'been obtained by‘retaining an - 'eiiminae
~ tion truncation' 1evei of 14 and a propagation truncationh levei of 3
‘which inciudes aTT modes of the response up to and inciuding the degree 5

-(and order 2) torsionai components For comparison the corresponding

;solution resuiting from changing the propagation truncation' Tevel to 4

) B ’.' ij" '(which iqciudes the degree 6 spher01da1 and degree 7 torOidai modes of

order two) has been graphed for periods of 1 3,58 7,9 11 and 12 hours.
. The units ‘on the verticai scaie of these graphs are those '

.;//' co .described in Chapter 2, section 2, such that the externa]]y prescribed - -
o . |
potentiai is unity at a unlt distance (10 hn) The horizontai axis is ‘

.* marked in steps of 103 km with the- “inner core- fiuid boundary and the core- _

~man61e boundary sndicated.

" From these solutions 1t is. ‘evident that the description of the

A 'response An the £laid region is very sensitive to the numerical procedure

"for periods approaching the semi-diurnal. Not onTy are the soiutions N ;é.:’éﬁj.

"; obtained dependent upon the step 51ze used to propagate the soTution o _
S through the. fTuid outer core but aiso upon the number of modes retained in ?\\\\\;\

: the approximation of the fuli soiution. The 1nvestigation of ‘the variation _

I

of the soiution with. respect to- the step size is a pureiy empirical








































.perlods of 1 hour 5 hours, 7 hours and 11 hours. The so]ut1ons for the

’ vtruncat1on 1eve1 of 3 whereas the 1onger per1od so]ut1ons were those

. f .
o et L mee . . e e e 4 . b

S0 -

numerwca] procedure and the results of these tests are glven in Append1x G

the 1nd1cat1on of these tests is that a step size of approximately 1 km .

:through the f1u1d reg1on produces a rea115t1c result

However, even with this small-step 51ze used for propagat1ng the

‘_ so]ut1on through the f1u1d region, the solutions are deteriorat1ng as the

sem1-d3urna1 period-is approached. Using the convergence of the fad1a1

stress functions as e test, the app]icability,ot'the so]utions‘is limited -

. to perlods less ‘than the semi d1urna1 ~To. i]lustrete the ‘behaviour of'the‘ ! .

Ty
variables throughout the Earth. I’ d1sp1ay the d1sp1acements (yl, yg and y7.

T F1gures 14- 17) the shear stresses (y4 and yg, F1gures 18 21) and the :

potentxa]s and grav1tat1ona1 f]ux (y5, yg and yg, F1gures 22~ 25) for

,J

o
3

1-hour and 5~ hour dr1V1ng potent1a1 are those obtained with a propagat1on .f,ﬂ

der1ved by reta1n1nq a ]eve] of 4. '_,"

. The sphero1da1 disp1acements at the 1- hour period are s1m11ar to
the'so]utwons obta1ned by'Alterman et~a1 "(1959, P 88;‘Fig- 2) and by
Peker1s & Accad (1972 "p. 256, Flg 10) for the fundamenta] spheroidal

; -osc111at1on (except for the obvious d1fferences due to the 1nc1us1on of an -

1nner core 'in . this model) sh0w1ng that the- free osc111ation theory 1s : ‘;.\

nsuff1c1ent for mode111ng the short. per1od reSponse of. the Earth.

W1th1n the solid regions of the Earth the eldstic forces :
|

i completeTy dominate any. rotat1ona1 effects and hence very 11tt}e var1at1on" K
of the solutions with respect to the per1od of the dr1v1ng potent1a1 1s ‘

. expeoted This is borne out by the stabi]1ty of the ca]culated solut1ons .

~

A .The-constra1nts 1mposed by the boundary-condltlons et the geocentre,

G




& INNER CORE-CORE BOUNDARY
.+ 4. CORE-MANTLE. BOUNDARY _ L |
- 'PROPAGATION' LEVEL = 3 .. ST

¥
- >
et .
. . -
-
- e 1
. . o o e : . N
.
t L
"5.— -
- N
“e T —

"~ e b .

Fig. 14 -Displacements. at period .('Jf.l .hou;‘; .norma]ized: :

'_.‘to an’ inducing. potential of 108 merst at 10?‘m._- "

v . - o o T
S T e g R 2 L P e PR S e s . N



v
“w _
S - .-
-~ -2..
]
O - 5
[
- .
- ’
+
. .
4
2 . u
- 2
-
- B o .
N R c . , .
- . LI
.

~

-

.to an

pesens 2 EEPLNOAS

t ; Fig. 15, '51§p1écements_at period of 5-hours; normalized =~

!

.7~ &__INNER CORE-CORE BOUNDARY
"© .. A CORE-MANTLE BOUNDARY.

- . 'PROPAGATION* LEVEL ='3

.j_ =

&

:

DR

indgting‘potential of 108~m?/§2 at 1@7 m.

. D
.. s

- s
.
PN o
- K Py R
LTI e e Do b B S AL AT TV 47
M . RN E

N

P



N
N

"
- eIt -

S " & INNER CORE-CORE BOUNDARY
s ' g " & CORE-MANTLE BOUNDARY .
T - 'PROPAGATION® LEVEL = 4-
‘.j. - T ':: )
~,3— o _._. o ".,: B -Fig. 16. . D'is_pl'a;caqelit:é at pem‘q‘d‘ of 7 ‘hours;-normalized tdnan 3 :
P .. inducing potenti&f of 108 mz‘/sz'at 107wy T
- N i




Fig. 17, -

e L
| 2 g
AR A }
' Tee L, . ) :“K\A
I o |

R 'S TNNER CORE- CORE_ BOUNDARY
{} CORE-MANTLE. BOUNDARY

A :l'i o N B _'-; ‘PROPAGATIBN' LEVEL = 4

Dlsp1acements at period of 11 hours normahzed

t.o,.an 1nduc1;ng pot‘en_t‘ial of 10_ m /s at 107-'m. ", '

.

P

1
P VR

- o e



- <+ >z
- e
¥ . - i
- = ' ;
- vy e L, .
. N A [
3.| ’ _‘5'

6 INNER com:. CORE BOUNDARY. ,
? cons MANTLE BOUNDARY 7
'PROPAGATION' LEVEL - __‘_.
e .’ o ’ -
o

Lt

Fig._18 Shear stresses at per1od of 1)hour~ norma11zed

to. an 1nducing potentiaT3of'108 2 52 at 107

Y]

e







-

. ‘{5 '¥NNERut6RE~CURE BOUNDARY _ -
.- CORE-MANTLE BOUNDARY .
" “'PROPAGATION'-LEVEL = 4~

Em—

~ Fig. 20:

¥ .

N to an 1nducjng-pofenfia1;bf‘108 mZ/_s2 a;1107'm.

LR

e e TR G AN e RS

L : .78
Shear stresses at’period of 7 hours’ normalized

80 de kel

K
E:
y
3.
3




1o my

EERY T
B
e

b

5= — —
"' .INNER CORE-CORE BOUNDARY
.. . 4 .CORE-MANTLE BOUNDARY -
" 'PROPABATION'- LEVEL = 4
) S . o \_:
v | L

Shear stresses at periq@ of 11 Hours; normalized

e _

¥ e—tananugng

. to an inducing pdtential _o%"lo8 m2/§2 at 10/ m. -

<
T




jl;!i‘?_ |

- . ' B = . IR
Do R 5
:. . = N . ' .
. & TNNER ‘CORE BOUNDARY ‘ .
':1_{? CORE-MANTLE BOUNDARY ;' ] L NS |
PROPAGATION" LEVEL = Sy N

’

“Flux {ldm/s?)

.

' Figl 2.

, -

’T.*, norma11zed to an 1nduc1ng potent1a1 of 108 /S at 10 m.

Potent1a‘ls and gravxtahonal flux at perwd f 1 haur; -

7







e JEeA e
Im.""‘lqh i
AL

. .- - -+ -
- Lt = L . oo
e z ; - . A !

.
o
1 -

o
o

S

%k,

Wy

7% 13,

_s,c‘yﬂ 62
AN

1, A7

el

!

7
[
s

era

| l‘nzl.s?f)-: .

r

.y
- - N
L. L - ‘ = .- -
. . N, -

— :

. N .

¢ Ex . . - - L]
s -

8

D

+Potentials (10

o

ﬁ INNER coaa-com—: BOUNDARY. ST s = e L T

. A CORE-MANTLE gowwoaRy - .\ L
"f'PROPAGATIO §VEL R A o

IR F1g ZF Potentia]s and grav1tationa1 ﬂux at period of 7 hours ;

normahzed to an mducmg poten‘ha’l of 108 2/s at 1.07 m..

~ b i
A .. . : .

* .Q."

g .
(24
B
- .
i
N
. -
. B
v
.. R
I
N o
. K
oo

- R R
+
.

'

. .
s . 5

.

T 9

tt - 3w
A [}




N - e L LI - S - . N .
P R e ' e i i i o SV ¥ TR S & amias s retm e Sl
- - Y . 3 .. e L LI - : . ) ’

6 INNER CORE co?zE BOUNDARY . T o e
? CORE-MANTLE BOUNDARY T )
'PROPAGATION' CEVEL'=4 . . oo R o

N 2‘ * :."“.
N .
: R
o |
‘ f
. .
k! S —
-2 R .
~r’ v . N -
. N : : . -
.. w B 2 . .
- K l'; ca_ P P /—.‘ )
-2 5 = o : : -
- e . - . -
. TR . - o '
o - _g ’2 . - .
: - T . ‘/, ] - . B -
S - ~ . SR :

- .'.',-3"'. L e .' Fig. 25. Potent1a1s an_grawtatmna] ﬂux at period of 11 hours;_ ‘

~ e I C - oo normahzed to-an 1nduc1ng potenhal of 10 _m~/s -'*at_lo7 m.'_"

B Y0 U U U U UU U P U SPUU oy o e e et

~ e remte et s 4




YA d

¢
PR

AP

are used in the fluid core (Appendix G)

'different. These are compared in Table 2

, ‘tabu]ated (Table 3) and are p1otted (F1gure 26) .

‘-123-. T "

<

- the free surface “and the solid- f1u1d 1nterfaces effectluely contro1 the -

solutions w1th1n the mantle and the inner core. The: response at the

B surface (except at periods very near an undertone period) is not cr1t1ca11y
',affected by the 1ncrea51ng 1naccuracy of thelso1ut1on throughout the f]uid

core as ]onger periods are cons1dered even when 1arge propagation steps ; C

. be more, re11ab1e Fhan would be 1nd1cated by the behav1our of the so]ut1ons

~

The Surface response of the Earth to. a t1da1 potent1a1 1s

usua]ly represented by Love numbers and the stab111ty of the solut1on in

-'the mantle 1mp11es that the Love numbers obta1ned from a calculation may

.’fwith1n the f1ufd region The Love numbers were ca}cu1ated w1th both

propagat1on truncat1on' 1evels dnd the resulting Love numbers agree to

better than 0 1% up to a per1od of 12 hours although the sO1utions for the '
.radial stress w1th1n the f]uid reg1on at this per1od are drastica11y i

1 have accepted this evidence as Just1f1cat1on ~

'-,;'hour to 15 hours These so1utions conta1n the sphero1da1 responses of

oY

degrees 2 and 4 and the torsrona1 responses of degrees 3 and 5 (all

responses,be1ng of order 2 so that the degree 0 spheroidal and ‘the degree

' T 1 tors1ona1 solut1ons are 1dentica]1y zero) These Love numbers are -

[N 5-

" The resu]ts :\bw ev1dence of- the fundamental spheroida] osc111a— o .

t1on and of undertones, the 'b]ips' 1n the varlatlon of the Love numbers

oy

A s
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. TABLE 2° |

r | COMPARISON OF-THE LOVE NUMBERS OBTAINED WITH 'PROPAGATION. .° . - «
o o  TRUNCATION' LEVELS OF 3 AND 4 o T

period - - .  LEVEL =3. . Level -

(héurs? ': T h 7 k._,\;hkg‘ Ch i. )

1.00 2.4260 1.1573 . .1229 ?54260,. 1.1573  .1229 T

R e gAY

DAY

. 3.00 6572 .3221 .0853 ' .6572 3221 .03 .- - L4

5.00 6286 .3067 '.6§43 - .e246 - .3067 0843 .
7.00 - .6192°" . .3035 0839 i, - 6192 | .3035  .0839 e :
" 9.00 . .6lad .3018 . .0840 .6144 3018 ,.;@840 o | i

10 od . 6120 3012 0847 C.B121 | 3012 coed2 - - . F
11, 00 o 5139 .3014 -'.0839,:‘ 4,6139' l,.3oi4 L0839 v

e, . . . i

' B ' . .. . N : - ’ Lt N ' < ’ ‘- A\
i L oo 12,00 _ 6132 .3011 - .0840 . ~.6130  .3011 0840~ o

3 ' . o . PR v

N ' L ' Pr

}

‘ ;‘ ‘E]ijihatibn’tﬁﬂnéatfoh' 1(3.\/«51‘:= 14 for both cases above. = . s e

e T, Lo . . . .
P T N o vkt TS i e S R s el e R e

10 ol g 8
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IR _ TABLE 3

"'VARIATION OF THE LOVE NUMBERS (n =2, m ZJ'NITH PERIOD *
. ’ 0

l (" Propagat1on truncatxon’ leve1

Il-

3'ahd . v
14) '

1

"Elimination truncation' Tevel

&
o

PERIOD LOVE NUMBERS _
momine . R -k Bl

4. s 1

3_‘.

i

7 - :
00 60 . 2.4260 - 1.1573 .1229 .
20 80 .,  1.0064  .4268 1229 .
40 "io0  .8163 < .3974 .0904 .

00120 . .7362  -.3595 .0879 .
20 140 .. -.6958 ~ .3404 - .0866

40 -160 - L6722 ..3292° °.0858

‘o0 180  © .6572 . .3221  .0853
‘20 200 .. .6470  .3172  .0850

- 40 2207 . .6397 3138 .. .0848 -

00 . 240 6343 3113 .0846

20 260 - - °..6303.° .3094. . 0845
40, 280 - .6271  ,3079 0844

/00" 300 © - ..6246 - .3067 . .0843

20 °°320 . .° .6226  .3058 .0843

.. 40 380 .6208  .3050 ..0842' -

@O ~NNYU O T OO U D DWW W RN N e e

00 360 . .6192 ° .3043-:.0842
20 . 380 16175 \3037".".0843"
'40." 800" .5083 - .302Y = .0851°
00 420 6192~ .3035" - .0839
‘ bo . 440 " .6180. . ;3031° .0839 N

40 460 ' 6166  .3027 .0840
000480 - . - .6159 . ..3025 = .0B40
200 500. © ' .6154  .3023 ,0840
40 520° ' ', .6148  .3020- '.0840

P i g,“ ri -
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P R T o " TABLE 3, -qbntinued

PERIOD . s . LOVENUMBERS, . . . ]
h .mm' min: .~ h 7k 3" N

a M . 1

9 00 540, 6144 °.3018 - .0840 . T -
© 9 20 se0 “ .6180, .3017 ..0840 ' .
.9 40 580 ;L6134 .3015 0841 :
10 00, 600 -+.6120 © .3012  .0842
D .. 100 20 20 : - .6182 - .3023 .0836 ..
[ o0 100,40 640 - - .6145 . ..3015 . .0838
©c ... - 11 00 660 -7 6139 .- .3014. .0839
S T 2d eso ©.6136 . -3013 .0839 . L
©c 11 40 700 . .6132 . .30012  .0839 - i ..
.+ 7,12 00 720 . . ..6132. .3011. .0840- | '
“ P 12 20 7400 . L6129 . C.3010° .0840° < . .
12. 40 760 - - .6123 V.3009 - .0840 - - %
13 00 780  .6143  .3013 .0839. © - . . iyun o
13 _fzo‘ 1800 -, - 6125 -.3009°. .084Q " .. - . L0
© 1340 .820 - .6126 .3008 .0840. - T
| w00 g0 .6125° '[.3008 ' .0840 ...
L 14 20 “860 . . . .6116 © -.3006 j 0841 BRI R
: . 14 50 '880 . . ..6121 -..3007 ' .0840° - . < .o
(.15 00, 900  © :6117 ° .3006 .0841 - IR
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5,'study by the - absence of a so]1d 1nner core.

”'.d1fterence between hlS resu1ts (1) obtafned hy neg1ect1nf rotationa]

' by examining the determ1nant obta1ned when .the boundary cond1t1ons at ‘the
_‘surfaCe are app]ted the f1rst two undertones are found to have per1ods =
of 643" 51 and 10 14710 (or 4o3m51 and 614 10).- |
i the resu]ts of Peker1s & Accad (1972)

in" the fo]]ow1ng table

.-.and has been used by’Smy]1e and by‘Cross]ey in the determinat1ons tab]ed

above

AL U PN et 4 et o et 4 ttperin eyt . . RN

R {4123 . e T
By ca]cu1ating the Lové numbers at a finer period spacing and

I

These are compared wrth

Smy11e (1974) and CrossTey (1975b)

i \ , '\ .
‘ o : TABLE 4
{ : - ————

UNDERTONE PERIDDS FOR SUB ADIABATIC FLUID CORES (HR)

|

undertone

) lSt undertqne : Zhdgundertone, .Srd
; ‘Pekerfs_&'A;caa 715 iiL.G??b e d;e,o;sff
Csmlie (1 74526 < 124716 ¢ . 17.5474
“snylie. (2) 67598 ... 10.5285. - 13.8070
Crossey G593 . . 9.8 12.35
‘Pedérsen ‘5J7252 ,f1012350- R

2

The Earth model used in.- this study was tabu]ated by Smy11e (h974)v

e s D i,

Pekeris & Accad had 1ntrodUcéH the use of the sub- ad1abat1c f1u1d i,j;}:
cond1t1on for the core but the1r mode] d1ffers from that used in th1s

Smy11e (1974) attr1butes the '

effects, and the results of Peker1s & Accad as; presunmb]y because of the

“presence of the 5011d inner core in the EaJth mode1 used in th1s study'

nf-The second of Smy11e s ca1cu1at10ns does ta&e 1nto accuunt the Cor1o]is P
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se]f coup1ing term and Cross1ey 3 determ1nat10ns a1so 1nc,ude the. tor51onal
- motions, (y7) and the- tors1ona1 shear stress (ys) The! Jnclusion of the 1.; ‘,!' :

tors1ona] mode in the solut1on is equ1va1ent to,carry1ng a propagation ’ 5

’ <

. truncat1on' 1eve1 of 2 (and an’ e11m1nat1on truncation' Tevel of 2 as well)

[
throughout the Earth. My results have been obtafned with the retent10n of

a ﬁnropegation frunCation' Tevel of-3 and an 'etimination truncation' level .
of 14 throughout the Earth I have a]so ret;dned the re1at1Ve1y minor
‘:. . mod1f1cation of the centr1fuga] couplings 1n the ful] rotational efFects
'(Appendfx G) - | ' . "
The varwation of the Love’ numbers for n=12,m=2 thh_neried '

oo

" near the undertone per1ods 1s shown 1n Figure 27. :“”'f.

_ The only foTced t1de with a ;eriod s1gn1ficant1y 1ess dhan 12 '

L hours for whlch observat1onai data is dvailable is the terdiurnal tide. e
'w‘th a per10d~of 8.279‘hour§'(Me1ch1qr:& Venedrkoy,-lgﬁa). The-grjv1ng : A

EpotentieI for thie éarth tide is ot degreé and drder 3 (n = 3 m1= 5) 'i -":

have calcuiated the response at th1slperiod for two Earth models, one with

. .a sub-adiabatic f1u1d core (Smy]ie, 1974) and for an ad1abat1c, Adams - ;""
- N1111amson f1u1d core (Nang, 1971, except.for a sma]] mod1f1cat10n for the SR K
"'-Earth S crust) The resu)tIng stresses. d1sp1acements and potent1a15 are '
o '”shown 1n Figures 28"and 29: - e - _"., o (, T
For this t1de T obtain the f011ow1ng Love numbers -Z'* Sy i
1 ' "j.ll: ‘ '.':.suhéadiehatic g .adiebéticx S S . -
. hg. - .0.29%2 0 Cooeer . e
; " . . . T . - | . : _ " 1
Key 0.0933. - °  0.0935° "
' eyt U o043 T 0.0156
..- ’ ) a
»f‘.: |
Ty «‘h“‘-«m.cfﬁmt:“nw};’_,:‘,’: R T fﬁ""f' 515"* by s A
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Love numbers have been prev1ous]y obtaxned W1th theoret1ta1

(1962)

In the. theoretica]]y derived Love numbers obta1ned fdr the

TABLE 5

LOVE NUMBERS FOR -THE TERDIURNAL TIDE

. ;_f

- calculations by Molodensk11 & Kramer (1961), Takeuchi et a1
‘!dhtongman (1963 1966) and’Bodri (1974).. ' '

!

h kb

Molodenskii & Khaﬁér" 294 . .096 " .013
Takeuchi et al. s .083. . .010 .

~ Longman' 7_, L -.290° ?9§3 014

- " Bodrei (By) - - . .299 097 .015

© o Bodri (B,) L. - 298 .097  .0I5

'-.;Pedersen'(a =0 . ﬂ.ggzg':“_.o§4-§‘ lols

‘L' 1Pedefsen (81? -b.Z} 293 ‘

=

..-093

oo

01 -

-fterdxurnal t1de (tab]ed below) the other authors have used a stat1c, not
Takeuch1 et al -have mode11ed the f1u1d core as
); homogeneous whereas the other authors have adopted an ad1abat1c Adams--

N1111amson dens1ty d1str1but10n{ The two resu]ts quoted for Bodri are i

for two mode]s of the mant]e, B1 and BZ’ derived by Bullen & Haddon (1967).

' Me]chior & Venedikov (1968) report the observat1onal1y de{ermlned

means (both a sxmple arithmetic méan rnd a we1ghted mean) for theSe Love

numbers as .vi
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\ Weighted Mean Arithmetic .Mean' R ,
o hy 2280 £ .0376 2708 . e
, S ky J0572 + .0261 . :0964
L Mélchibr & Venedikov sqate that the arithmetic mean may be ‘the more :
”Wg" ' re11ab1e of the two means quoted above as- the we1ght1ng scheme{used did
4 : - K
- ,not take 1hto‘éccount the possib1e systemat1c errors of each 1nstrument,
: ‘ hqwever 1t_1s clear that more observationa] data must be qbtaxned for a:
;;”hore precise determinﬁtfun of'these Ldve nﬁmbers, Cn '
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CHAPTER g - |
. DISCUSSION: AND CONCLUSIONS L0
C . ’ | o . { ) N ’ .

The major advance of th1s study over the resupts of preV1o%s

stud1es is the full 1nc1us1on of the d1rect effects of rotatlon. The

".1nd1rLct effect the e111pt1city of the Earth has not been considered

here but has ‘been theoret1ca11y 1nvest1gated by Smith (1974). Retention

. of the rotatlon in the deve1opment of the Earth's response leads to the

excitation of spheroida1 nmdes other than that correspond1ng to the
degree of the harmonic forcing potentia]. Hhen the dens1ty d1str1but10n
in the f1u1d core 15 sub ad1abat1c undertones a1so exxst and the under-'

tone per1ods are mod1f1ed great1y because of the Earth's’ rotat1on SmyI1e

. (1974) has : shown/that retention of on1y the Cor1o1is self- loup11ng w111

" lower a11 undertone per1ods for the. degree 2, order 2 respbnse be1ow 36

'hours and qross1ey (1975b) has found 1ndicat1ons that reta1n1ng/ﬁ11

Corio]is couplings in the f1u1d will. reduce a11 undertone perxods be1ow K

‘12 hours Th1s is- substantiated by the results -of th1s thesis through

N the grow1ng deter1orat1oﬁ of the so]ut1ons obta1ned as the per1od approaches '

. the sem1d1urna1 in contrast to the agreement between the so]ut1ons obtained

-

o here and those of Peker1s & Accad (1972) at low periods. : ' Except, for the5

-

tidal per1ods very near an undertone. the Love, numbers are for all
\practtca1 purposes essent1a11y 1nsens1t1ve lo core strat1ficat1on and the
_associated coup11ng The var1at1ons in the Love numbers with per1od

predicted 1n this thes1s are be]ow the present detect1on 1eve1 (Lambeck

etal., 1974). - .t P o

-t e e ke }
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' The Love numbers - obtained f?r the terdiurna] tide are in agreement

"»w1th the results of prev1ous ca]cu1ations and with the adm1tted1y poor. -

,observationaI data As my results take the rotat1onal effects into account,

.they are an 1mprovement over the prev1ous ca1cJTat1ons However the Love

’ numbers.ariﬂbot very sens1t1ve 'to the core model.

The f1na1 contr1but1on of th1s study has been the 1nd1cat1on of

two undertone per1ods wh1ch will Fx1st for an. Earth w1th a f1u1d core

where the dens1ty d1ptr1bu;1on is sub-ad1abat1c wwth the stab111ty factor o

g l.“

cons1dered 1n th1s study A]though it 1s not known whether or- not the

f1u1d core is sub- adiabat1c (throughout or’ 1n part) further study . wou]d

" de11neatefthe spectra of undertone per1ods that could be expected for

v‘different sub ad1abat1c fTudd cores \ Smylie is 1n1t1at1ng at present an .

accurate representat1on of the structure of the f]uld core

y

-experimental search for these undertone per1ods and/in: the event that they
5' are observed they will prov1de a s1gn1f1cant constraint upon future Earth X

'mode1s F1rst the ex1stence of undertones wou1d prove that at, 1east a

port1on of the f1u1d core ‘was sub- adidbatic and furthermore, 51nce the
1ocat1on of: the undertone per1ods is highly modeI dependent - would. al]ow -

t1ghter constra1nts to be put upon the density prof11e in order to

0

un1que1y detérmine the density. d1stribut1on 1t would be - ‘necessary to know

'xa11 the uddertone periods but even a part1a1 know]edge ‘would a]]ow a more ’

e
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APPENDIX A }
EXTRACTION OF. THE COMPONENT EQUATIONS FOR THE SOLID REGIONS S L '
1. Derwatwn of the Stress Force ' _ !
' In a curvﬂmear‘ orthogona1 coordinat-e system g q , and 9‘)
w1th scale factors h, . h'l .and h'i‘ the phys1ca1 components of the strain"'.
_ tensor are- - '
IR ! Bus_\__q. +u ak
55 T 35 Wf "f »
: , : U
S [ hgd e O
€ T = Cue . = [4—( 3-\--4-—- AN-X
R ha 2q \ W h.’ 28
with cyclic. 1nterchanges g1v1ng the other' s1x coefﬁments (Spam.. 1960, - "igg
) ) For' a- spher1ca'l1y symmetmc geometry the obv1ous chmce is- i
spherica‘l polar coordinates r, 6 and 95 w1th sca]e factor‘s 1, r and rs1n9' . o ?%
; _The strain tensor componeng:s are Spec1f1c,a11y (Love,.» 1909) ' Tos I§
. " | . \ o o aue ‘k '?,1’
;. = - | = u 4
Cre. B %&g ‘ 5 eoo ‘.ag +, v _ '}
‘ ey = '—;-—~— -f % me U.r e coxe U.g-k o
- . ¢4 Y‘sw\e o :
o - a'gr Ay o u .
| - ,era = eer 2 [ ar el ;
Seg =Sgr = Z lrsind 29 " 3¢ Y I |
f . 6 DU Tl Qug 4 O _coT9u¢] . ;
L Gopmego = o\ S 3, 8 L
. s : %
S T - - o 7 e T'L’"w7 -
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‘The’ Ltre‘s's_' and strain tensors for a Hookean body 7’ré related by ~ B ,

..z_‘=?lAA.+‘2\.L'é" ) -
. . . . N .- 3
- ' - '3 ~ N “’

The physica] components of the body force equ1va1entj f’ = ¥.T R

.'-,n orthogonal curvihnear coordmates are therefore g1ven by '
= -— \\

A {aﬁw«»m LR m ,

&. o _ h’ a&u, 1.1 14’] k¢l.m 5. k‘z#ljf -‘:, |

(w'i'th Cych intek'chang’e‘é producing the oth‘er two _components.) . For

p .
i

spherica'l polar coordmates this is . L ' ;
S 20 =av(v”r~e.w '-A;:‘ieml o
i Ll (e i Creh)

'r%\wB .

,_ 3 :F : rlbr()\Aw N r
fYEes -z,{we |
§¢ = .\'—-.{ma 5?5(?‘5\ /.+ v-smeg[ 2}&%%‘]

. .;; = a\—\:v”t* A f\-sw' 2‘«?_ { mm\:.eeﬂ
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v . In terms of the spher1ca] harmonic expansion chbsen.to represent
thedlsplacement field; . ' IR o : .'|. :

¥ S
o 29
L}GB = .:fE' Eﬂ§ -5\v\55 €%§5

. “"P.‘I;\&é?"‘-"*ae.

o .'.. " ur )

l

" and with the consideration of spherical Symetry (k 7\(“\,\* \"("\) the

) radlal c0mponent of the stress force 1s .

‘:%AX r’drglf“vm%-&g
'\‘\-’-[Y\**%E :(SXV’IS ’

.fljlr .‘. ‘.. _ :2‘;. ‘: 2411 SS Jb :fg 2ﬁsil

Y(xu\q i 2_4\ v\(m\j{x 3

Sl o
z _z\\; T ,2..;3; - ?-;J 2 -<“;‘3 ;_}S

(s \‘, A .» _ S'-._‘
“edp | koS

Similarly 1:.he méri?ic’)?a]' componént simplifies to .

f
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2. Extractwn of\the Spherijcal Harmonic Components of the D1sp1acement
' E étmn . ] L IR |
JEL____/ o _ .. |
/ The full- vector dwsplacement equatﬂon is, Wr1tten an page 52 and .

! -y
the angular veloc1ty vector Q_ is put into. sphemca’l polar form as

- \)\
—ﬁ Q{cos.ev —s\we e]

.*“.r. - . -
Hence C .‘ - L L L. ' .
j s N i .

I

/ Q{ 330:&6?&33 :.‘-\- '9?\"60&6 VS A j‘{\u9§¢ .‘

=

/ o "

- .- ‘ L | ..‘— ._l . .‘;).:.‘ :
~{a By ¢ & iy, SwE 2S LA

A 2.0

‘ . . . j\\" . . ’ .." . .‘ " N - . e _‘
and \, '

\1 (“*f\ = -Q"\- Y_sm"‘e v )-k- smB CoiB e}

!

.

fromwhich L \ “‘ o : -
--'\'ZD.*(S‘LH\ e

N A

-n \—( j\m 'S+ j-s%\ua\ose % *\\hc@ge as"l

Due to the a55umpt1on of spherfcﬂ symnetr-y and to Po1sson s

- equat1on for the grav1tat1ona1 field

. HGI o_- = ‘"{S\Eﬂ“g }{ﬂ qg
= = [3055_&' (%cr?-g,\ﬂ?ﬁ 3\3573
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Using the above expansmns and forming the sca]ar product of the.

displacement equatmn with I“S where . —Sg(o ¢)

_.’ .
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AppHcatmn of the deffmtwns and relationshrps"prekus]y o

skaﬁed reduces the RHS of this to S Ty
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'Integrat1ng over the ent1re sol1d angle and using’ the orthogona11ty of the"'

rawgdly e .

spherica] harmonics then g1ves (1.20) where coup]ing coeff1c1ents Al’ A2 '

A3 and A4]have been 1ntroduced and are def1ned as

AV TN Sl 2 M

N E:‘- aﬁ..‘. m gm s'“st Swo doah
] . ) ‘ ) L. ) 'L_' :

Ao _”A""}_ el n“‘ gsmeaaez's 's.K SmB ma;&

:‘; In Appendix C I have shown the degrees n wh1ch wi]] coup]e to a

E prescr1ded degree k and calculated the nume71ca1 valuerof theSe coeff1c1ents
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) ' Returmng to the d1sp1acement equation’ and formmg the scalar‘

b E

product with the vector PVS S .‘ A
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The groduct of sphermdal and torswnal vectors vanish when ,. {
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mtegrated over- the entire solid ang‘le, ,"e_, L .- A
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: Ialso obtama ‘

Y

gvg 'v‘s AR k&w\ 9 2 L/ N
by use of the divergence theorem and for . §Ce> ¢\

Svg vs‘. SmB Aea¢ -i-‘fﬁ g fg$’ s'\_v\e. 46 474.]
, S A
. Fmaﬂy the 1ntegra'l S C ' )

Scose V%’ -H-QS sw\B Aeé.g!

e I R
reduces-to, . AU ; .
—im.gss S\n-elae-d¢-. R ST
’Incorporatmg! these resu]ts pr-oduces‘ (1 Zi)

t' . -'r T ,
~ . , The additiona1 coupHng coefficients 1ntroduced here are defined '
- as. . ¢ . : ' ‘

'-th.

5\\‘ | 5' %ﬁ‘.(—l} v fc«.e VS VS s‘ne 16 495

M

. B:" A' : _2__\3'%_\_ ('\) YS\\\O usé 3 ;S S\“lg .\6 J.ﬁ

and- the selgction i“uTes “and nu'mer'ica1 \'/a1ué's' 5re' deri‘\}e&‘in Appendix ¢ '
o F na]Iy the torsional component of the disp]acement equation 15
_ extracted by forming the scalar product wi th the \re\ctor \"l'-qS
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Again the orthogonath of the sphermda] and tors1ona1 vectors

~ cause "soiné coeff1c1ents to van1sh and the tors1ona1 component 1s reduced .' ", SR i
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The’ co'uph'ng coefficient intro&uced here is defined as ~
D *'" m . ’ M . N " : .
B, = Lq,'{\-'-' -1 jSluB S 8. qwb JGJSA . i
‘ -In e]astxc free oscﬂ]atmn theory the’ periods are sufﬁcxentj'ly_ o 4
K . e ) * :S -
: "short and the Earth s rotat1on ‘can be. neglected for all but the most ' 3
.precise ca]cu]ations Then ‘the 1nterdependence of the spheroida] and the ' 1
’ 'tOrsional modes vanish. Hence a spheroi{da] (e. g t1da1) exc1tat1on wou1d ' y
) S exc1te a purely spherovdal response _ However . the more comp]ete treatment
i o ' derwed here shows that’ the torsional motions are 1ndeed excited through
- ’ the agency of rotation even when the drwmg mechanism 1s pure]y spherofdaﬂ
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, APPENDIX B ‘
EXTRACTION oF ’I‘HE COMPONENT EQUATIONS FOR THE FLUID: REGION

2
. khthm ‘the fluid the disp]acement equat1on is g1ven by (1 25)
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o “and .i'i;.éxrbianded“by use of the spher"lc':a].harmomc rep'}esentatfon to -
.!! "} “'!y ..g“.;. javas \ﬁriﬁs
| | +2<.D.x [ )"rS & yavVS \y1 "‘3/]
{z ¥ +y=. 3-&] vg g
- [E+ys *Yﬁ %oﬂ“
: +¢;Q {ry‘ me % - rﬁ\\ueme §§ S “'jq.@;e a-&]

'I
_\_._g_ggb\-s Pl @m\-{

L }
- ' . .‘ .
. v 14
! « J T
{ . ! .- ]
4 v
. .
-
' 1
e s S
-

b ey ey v

6\“ +§w9cmeek3 . '

et mm rmmten m




- R e
o e et

 with rs ‘gwes -.:' I o ' o

B

© - 156 -

In a manner simﬂar' to that used to extract the cemponents of - the

correspondmg equatwn -in the e]ashc sohd regwns, the sca]ar product

A .
$S’ . 291_,‘2_%9 *‘2‘“)'7““9223

.-= _‘\;[Z'-\-jr ""75. -303“& cgl -+ “‘i r:.m% Gi‘i
e e )y
+%§PE SS "@—-7‘5 sw-‘e ss :

Integratmg over thta ent1re soHd ang'lte.
5' . K- . \uL N
DA '2wv\§n.j3 -\-'2\9. P\; j-,
| \u\ ‘
KZ +js + y.\ 30 } +Q A, a&‘-‘(r\j‘) o
-»D." A,_ —(\'j ) "MQ? —-;_(“'h) \ ;

| -\-&eg ‘—Q | |

Caae

: _,.whu:h s1mp1if1es to (1 28) The coupHng coeff1c1ents used here hﬂve ‘been -

”defined 1n Appendix A . _ _' ','\ '
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. Secondly, the'product of,. the displag_:ement equation w1th-' P A
© obtains - - L ', '[ “ ‘ )
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,The orthogonahty of the spherica] harmonics then reduces this to (1 29)
' Th1s and the foHowing constrain‘t on the torsiona] motmn are E_
- both ana]ytic - not d1ffe'rentm} - condftwns . The torsioneﬂ component of

' the mot1on is recOVered by usmg r‘xVS ‘ o
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_ Ysing the ana]ytic cond1t1ons on: the transverse mot1ons w1th1n
the f1u1d 1 solve for each of the y3 and’ the y7 (numerica]]y) and then

e11m1nate these var1ab1es from the different1a1 equations wh1ch determine

the other . var1ab1es. Due to the retentlon of the centr1fuga1 acce]erat1on;“

I also “have 1n the radial camponent smal] terms 1nv01v1ng the der1vat1ves

of these dwspTacements In ‘order to be able to e11m1nate these from that

equat1on as we]] I employ the curl of the, dlsplacement equat1on (1.26).
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L'fj'"”?b\ [3 mcﬁm] o
As the hydrostatic cond1t1on led to ' E

’ f
. e,

A\ 3\ Six (m*\

and further to R : '- o o | . 'f
th1s can be rephrased as - S,

3*[ i 2ﬁw.] S

=l 3[‘52@] [% -'{'u cﬁnﬂ

fii ;' Again rep]acing the var1ab1es by their. spher1ca1 harmon1c

representatlons obtains T
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; i The rad1a1 component of th15 equatwn 1s simp]y a re- statement of .}"“
. the torsional component of the origma] d1sp1acement equatwn _I,'extra?.t .
‘ f . the’ component using FVS to get R Ty ' o :
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‘ ;the orthogona11ty of the spherical harmon1cs 1eads to (1 31b)
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A f1na1 app11cat1on of the orthogona11ty of the spher1ca1 harmon1cs gives
'(1 31a)’ where ‘ ' 4
oL pm = 2k
L -3‘,_ ' 4\\'

(.n'“ Ss\ 6 3.V 5o s Aqﬂ

v

As stated 1n the mam text (Ch 1, sect1on 6), th*ls; pair ofj

S equations deﬂning the derivatwes of the tfransver'se motmns. tOQether with

‘the paJr of equations defining the components of ‘the transverse motions,

N are USed to so1ve for these motions 'm terms of. the rema'ining variab1es
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’and‘yg

These solutions are subst1tuted back‘into the

N

d1fferent1a1 equat1ons, and- the 1atter are truncated consistently\with

ﬂ.the truncation cho1ce 1n the elastic: sol1d reg1ons, 1eav1ng a set Q

;“_'d1fferent1a1 equatlons 1n the var1ab1es yl, Z y5. y6 and yg
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e . S et APPENDIX c roo o
oL . i i »
© : CALCULATION OF THE SELECTION RWLES GOVERNING '(
‘ - .
70 The COUPLING COEFFICIENTS . [ ,{ / :
. ' R
2 . . " In der1y1ng the sets of differential equatxons whwch govern the .
reSponsﬁ of the Earfh“to an externa1 potent1a1 field (Appe dxces A and B) -

I have defwned certa1n coeff1c1ents descr1b1ng the rotatl Ca] coup]ing of

! different modes . The coup]ing,terms have coefficients sub'gct to

harmonics'.
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a

These COeffic1ents then show that 1n the differential equations

'for the components of the stress force there are contributions from other

‘ modes than that under considerat1on Inspection of these terms 1nd1cate ,gi‘

) hat a-Coriolis coupl1ng wiT] cause exc1tat10n of a spheroida1 motion by

E . '. Lo ‘4 N o l

o ﬂtorsiona1 motions of ne1ghbour1ng degrees and v1ce vérsa. Centr1fuga1

"

coup11ng causes excitation of sphero1da1 terms by sphero1da1 mot1ons

.

"e1ther two degrees higher or- 1ower. | Due: ‘to the axial symmetry’ of - the Earth

o 5'"mode1 cons1dered and to the nature of. the rotlt1ona1 coup]ings all modes
\ 4 ’ [N : T 'i
Lo excited have the same order (azimutha1 number m) as the mode’ which is

¢

-t1da11y exc1ted These couplfngs have.been 1ndicated schemat1ca11y in .

Figure 1 for the degree 2 excitation.

. In Appendix F, I show that neg]ect of the torsiona] modes 1s 2

o y ,v1o]atJon of the conservation bf angular momentum. .
. , 1

[ ’ R ) . . )
e ~—7 . Wy g
- . R . . .
[T . . y . :
PP A . . .




. ,required to fully determine the system -The technique developed by sdme .'
- sufficient at some fimte radius and integrate outwards from this vaiue

.'_direct integration frem the origin I carr_y the second deriVative '.

reguiar near the oxigin and specify the number of arbitrary constants

.‘authors for the core mtegration has been to take either a’ power series

~or'an ana]ytic soiution appropriate to’ a static homogeneous soiid as.

. v‘the origin, the: evaiuation of the second derivatives at the origin must

“n
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APPENDIX D "
BOUNDARY CONDITIONS AT THE QENTRE o THE EARTH AND
‘ INITIALIZATION OF THE NUMERICAL SOLUTION

o

»

In this Appendix T derive the form of the soiutions which are .

To improve numericai accuracy, and because of the cJuplings between modes :

that I must consider, I incorporate a change of variabie ti‘}at permits a

throughout the inner core. and because the first derwat1 ves vani sh at

be done in a somewhat different fashion than that used elsewhere

N

R perfbrm these operations in- two stages First I e)famine tﬁe ' -

power series so]utions in the decoupied (stati‘c, non rotating) casé to .
(

- determine the number of unknown toefficients requ1 re[i to determine the (g:;g
. \l ' :-.

' so]ution dnd specify the ]eading terms for each variable._ This suggests \2

'the definition of new variab‘les by removing the dominant power 1aw
behaviour and 1eaving a function which is more siowly var_ying Second]y, .
these new variabies are inVestigated for the fui‘l Earth modei (dynamic,

rotating) and the conditions necessary .to 1mt1ate the integration are o

formulated R R (
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In both sectmns I assume that the hear centra] reg1 n: of the

Earth 1s locany homogeneous. Th1s assumpt1on 15 physically acceptab1e

and is used only to lmtiate the so1ut10n. l . . '(%\_
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\ B The Stat1c, Non Rotating Earth o ,
L . Jn.a static, non- rotatmg Earth the set of equatwns gOVerning
b e - the dlsp'lacements stresses. potentlals and the grav1tat'iona1 ﬂux in each .
. degree of the spherical harmonic expansio is completely decoup'led from '
/ o every other degree. : . oL o :
‘ I deve'lop the power series expansmn for each mode and mpose
o the conch tions of regularity and conservation of Hnear momentum. : ’. ) ! L
; . T
| sha11 first ‘deal’ with t‘ne pure]y spherical expansion described I
by the degree zZero harmomc. For this’ mode I have !? ’ C _' g "
r O C e e el
o | . y _.74, Y = Y= A > ‘ }
- (A+20) 4y “hy i . —
P .;% = ;2;. y‘.; y ’
\ ' . » : L ! 5 ¢ -
d¥a —4- )‘+ -

v . édif ): /-‘= j + AWGCG jl I ; u
K L ' . ) ,
e ay R : ,
‘ /’ e . L S
Thé"so'l ution for the. gravitaﬂona] ﬂux term. 1s = R ’ -
’ e o “ ¥




and regu'lar'lty as r - 0 1ndicates that _y6 vam shes (as ﬂ: does throughout
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-. the ent1 re Earth)

I now choose to express the rad1a1 d1sp1acement in & power

"'..i«;- N

then ,..-1‘. o ] o o } ’ L) i . . l’%’

series: % .. ~ ST SRR
1, j E “ —\' rr - "-‘ ' ' .'4 K ' . n' ;

U

".-= (5\4- \2 «.\r" a-z)‘Z}u-\r?" L
PR £ 2t* P P ? |

ey "

and the d1fferent1a1 equatmn for y2 becomes

-

Ny (9\-\-2‘;3 Z (Y-h({h-‘)) u'-\ r? .:1,.-_-_. _46\'\ ﬁ-“rﬂ.? . d

R

’ *

x
- :
..
=
(1]
~'1fr¢~<—-*'-“f‘ I T T

‘.  ST P= L4 3.0—} m@-‘—) Lo

- . . '--’ ST r*a . ,'A‘ I,
-.‘\‘_,_‘l . . . 4 . . . - :

_ ThUS “c is arb-ltrar_y and ju‘ mist. vanish, and\sdbse‘quer‘nt‘ terms 2{
gere given by the recursion reTation IR h;.‘.-' e i
' e ‘i A

" ' 0( —&"4 -—P——'— 24 LT
S p~| AP
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LT Yy = A .3\"'[ﬂu_9_‘_‘. 2% 2 AUVl P S
i - o ' wh1ch contams on]_y two arb1trary ct stants. — o ‘ ' .o :

] ' | " For the other spherical ha vonjc modes 1 choose the, induced
potent1a1 and the sphermda'l displac nt components (the tors1ona1 are
e . comp’lete]y decoup]ed 1n the non- rotating case) as 'w- , u .
r . ) - T . . - ' ;

B o .j Jq . E 'b' !'P .' =

;- B S ‘} : o] - . J

.' ".! “~‘ R P — -k .o ’ .‘ ., ’ 0""'.' ‘ L
X PR O Wt Cw . T T

* - - . The other variables are then given by. the power series expansions
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[' ' Usmg the d1fferent1a1 equations for these var'lables and equating

the coeffiments of 1nd1v1dual powers of rs I btam
4"
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B ‘ Thus know]edge of ‘the coeff1cients | 01‘.-\ and 4P'\ 1“
o . .prmcip]e determmes 0‘1»\. s ‘;rﬂl and 'fr Ty and Sequentiaﬂy} _
K generates the entire power series expansion for each of the variables.

/
Specificaﬂy, the coefﬁcients are determined by the equation A

<y

I U?-bl ' ; ur-

A ‘;P-v! . == B[
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prov{ding that A is non-singu]alr det A f 0 The a]ternativa statement ls

S e .

By, dak e

A, o

equaﬂy 1mportant The leading terms “An the ‘power series expansion must o ‘;:

: .be obtamable frqm the conditmn that A is s1ngu1ar. ) I expand the T

f

. -determmant to find
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Ve ey

:', and the 1dentity ) R T 4 P |
6=0. T o ST

. I |
. - l 3 . '
As p and k> are non- negatwe 1ntegers. the cond1t1on that A.is singular 15

P k:‘bl S o |

‘ '- Takmg f'lrst the 1n1t1a1 terms in the power series ‘For the .

d1sp‘|acements (p—k 1). the set of equatioﬁs reduces to A-_,, TR _
(k.u\[(k-ﬂ(')wlr)‘ k\*][“n"' k' 4\J =o v .. o

[(kﬂmzm (k-D }*][‘tx"k Axlo=o. o

\ . ‘ ST ‘.\:‘ ' 4. - :':",' L.
-The ,d‘egene.racy is obvious'and has the solution ‘

;‘F : :k,'

' For p-k+1 the third equation in thd set shows that '/ is ‘

LI
B

'.'indeterminate and reinf"Orces the above condition The other two equations
o ' {.

'both s1mp‘|ifyto : S , .

\'.(k».%)(mn‘t).@m\r_] M«-:. _ _J_ 60"" B { S Dr
o . v
+(k*o[(kn)rt -\<(‘>\*7\§\{Kﬂ ; & e‘,w, 3 e
' /"Which 1ndicates that one of the - °¢mz ‘or: 4;“-,_ 1s arb1 trary Iv -thei;efo're '
o | 3 B . R
) ,‘choose the set of arbitrary variabTes hx . ’fn . and F.(? “m T
wh1 ch wﬂ] then completely determine the solutmn 1n a homogeneous soHd
- corei ! [ - A ’lf - i N ' - "“‘" . ! '
_ —:l'he' leading terms for. these,éo'lu‘t‘lo_ns ‘For-the dégree. k r'e:_spohs_e_ Com L
. ‘l; _\- .". . . §
g . l: ! ’ ' : 2 %
| Sl . SRR A
BTN, L@’“’&}'ﬁ*’ﬁ RS ez A ;.f“e'“;" R o ‘jréis:f" NP 3 < AR )



-
3
»
'
>
-
L4

i

g

'

q)-

- 177 =

Thésa are governed by. the pa-w of. equﬂiIOns L

<! ) ?75'..'.
Te = Gedle-Npw - Bp L
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Y Agaan‘a we assume a régular power,'é_eries‘, solution |

. . S : _
o *f:gsm,ﬂ,, S T LT

The® decoup'led tors1 onal modes present a much s1mp'ler‘ p ,_oblem
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z . which then 1eads to the condition . " .‘ v a4 )

o ?_‘ Pk)(P-\»kTDvrr j wlO -

bl

PR "theréforé‘ , L e S L B -

" The 0n1y arbttrary term (and the only non-van1sh1ng term) 1s

* then v“ The torsiona1 quantttigs are then gliven very simp'ly by ‘
w : "

Tt
o ' j a= \J.Ck \\\’t k“-. . ".‘.: ; ‘

These resultS/fOr a stat1c. non-r tating, homogeneous, solid

Earth core are those that will” app]y as r + 0 in the Earth model uylder

. considerat1on and are in: agreement w1th Cross1e,y (1975a) JI shaH now
{nclude the dynam'lc and rotationa] effects 1n order to propeﬂy ‘
1n1t1aHze the somtions., _,f oL " o ' . .
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© 2. The Dynam'ic Rotating Earth - _ . ‘
S / 1 now rewrite the full equations and include the dynamic and the L
rotat'lonal effects in terms of the set of vaHables xi as described 1n ‘ K
_Chapter 2 (eq 2.5). Agdis I'shall assume that at or near the centre of -

- 3 . o (\tfre Earth the 1nner core s 10ca'l'l_y homogeneous e(O) ) ‘l-‘-(°)‘°t
X ' where the dot‘%c’anotes differentiation wi th- respect to radius (no possibﬂiJ
of confusion ex*lsts as the time derivatWe aat has been repIaced by N’

under the. assumption of S'Inusoida'l time var'lation)

v —

S o ' For the degree zero modelnovtve L S I '

('A -'o-'l‘.-.') [f’ A [:r.; 7- (37\ -\-'l‘DxA

)\q- \‘

| '.' .. '. | = ..-4[e°3° &ﬁ.‘ x_. " A:F" N . N R
B “ , .I'A-e,,q"\'x —1@1;5;1‘. A‘\ x., e e. zvg\ K) ~' -;,.,_ |

” E““'[@ ]xl -'." ec\n’\"céh"*lk"] xs-'

RGNS (3%-\-2@ 23 (8) -
‘ and therefore -

® Lo\ = i:(o)' - i;(d) =..‘9,-

.
i SRt

et SR ‘{Jt,'q‘; \mw‘;g;.j‘f@k
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. Un'der the ’assUTpff:tph g_f.toca‘l h‘emogeneity, I,:differentiete.these- re1at1'.#ms

- to find , , - :

- (sa *5}&3 $%0) = y‘:.'(o)'. L

BN B '"°(o’) = 3‘7::?(0\ Ty

where S N
o z\m [3&__‘3 ; e T

".l

' . ' )
BJ' using the relationships betvjeen X (0) deVeloped 1n the-
preceding section, 1 also obtain R IR IV
‘ %0 = -4‘”: lo‘) - @o (4\"'1-«'"3 x"(o\ '
w' ) ) , ‘. ’ . 'L
O ,Q.’g (o)-(’ll\‘ P?‘)x (O\X
R zc,u-m\, :r..,(cﬂ
i ...' The second degree spheroidal mode , because it 7OUples n,tp 3
' the degree zero mode must be treated feparately '. '
I shaH f1rst Hst the d1ffer‘ential equations that govern th1s %
m'ode.. '—11 - ‘ - 1] ;
j (’\*‘2}’3 7‘- = —( x,. +6‘>w-, - (Sk«-lpx’:]
4 l' .
R S =1 o
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PR Reguiarity at the origin produces ‘the same reiations between the
o variabies that wera obtained in the previous section. e o '
-]' ' [} .
o . I‘Co\ - lv, u"‘{o\ ‘, xa(o\ - -):\ (O\
. :qto\ & i‘“‘l (o\ T
: o x‘, (o\ = 'J.xs(o\ T %T‘ x.(o\
A By returning these conditions to the above equa‘tions I find .
o f \_,O ) BRI
By proceeding in the same manner s previously apphed to the degree zero - e )

case. differentiating the above set ,of equations and then taking the iimit

as. T 0 I find (after some rearranging)
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o -”,from that used for the rema1n1ng modest

' jl-and give. eagh of the second derivat1ves “at the origin 1n terms of the - TR SURE ¢

- chosen set of arbftrary constants These ar+

b mim@i'f‘%f‘*ﬁ*‘f"

‘.“ O R M N ) . e .. N

. ) - “ -

PR 6%} (o\ ~ chco\ -lF\'\ xgco\ -=o . L
yote that there are on1y s1x equat1ons produced here from the v ' :

der'lved equations s simpTy confirmaﬂon that one of the x (0) is arbitrar,y,

separately as they coup‘le to the degree zero mode and’ the degree zero mode

_' had beern. reduced from the. vari‘ames yi to the x1 1n a distinct fashion ' - |

_‘the set of equations can be dealt with systematicany “4n’ the above \manner "7 ;
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--’zcous co\ —’le;xq(o\ *De?t.[u“ku

+ eoq‘?( 2|0 2.0\ ’x‘ (cw

4 "‘Co\ -‘."’(03 -'%\"sr.‘(o\ = Os

seven fﬂrst-order different1a1 equat1ons; The degeneracy of two of the

as} ‘in ;he previous section, nd aga1n Kchoosﬁg/ S
"‘ (c) R L
. I
These condtttons on the degnee t:wo mode have had to be treated

For an other degree responseﬁ,
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For the torsiona'l components. the differentiah equa.ti ons for the

)

degree one reSponse are,, - .
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RegulaH ty again leads to xB(O) =0 and hence . )
AT PR :r..‘(o\ . x,(o\ =.Q . |

‘ L It follows that ]

. L Zt). x; (o\ scg (0\ O .
A sr.-:c,wo) = --e.,«"lu.‘(o\ m@,&uﬂo\
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For the higher order torsiona* “modes the second derﬂraﬁves are

given 1n terms of the arb'lfrary co?tants by the re'lat'lons
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- ';4 Generaﬂy the set of the Hrst derivati ves of the x1 are used

'/1n the propagation through the 1nner core- 1n the manner described 1n '

' .V Chapter 2 however for the f'lrst 1teralt10n ‘of the procedure certa1n ot

the coefficients (proportional to —-) are not regu]ar sol that it has been

. o ‘necessary to. show that the first der1vat1ves of a‘H quantiﬂes vanish at f .
. the origin and .hence to, calculate the second-derivatives-direct'ly., g .
ll. ‘ ’ -, ’ . ., o s .
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- T APPENDIXE.', | :
' ANLYTIC SOLUTIONS FOR L. EARTH OF. UNIFORM DENSITY v

-
.-

I propose 1n this sect.ion certain s*lmplif'lcations which wﬂl

anow the formu1ation of an aha]ytic so'lut10n with which I can compare

: ] the numericéﬂ solution. I shaH approximate the 1nner core of. the Earth
- as a hom%geneous solid (Le.zﬂ'- 1) consider only the: spheroidal _ I
components of the motion and neg1ect all cen%Hfuga‘l coupHngs. | ' E

- A\

) Eliminat‘lng the quan{:mes jz, y4 and y5 1eaves three second- -

' " order differentw] equat’ions in yl. y3 ahd y5 y' + yg. . ' _ ' : _
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".'.',-which 1s tbe cur] of the spheroidaf‘ component of the motion: (or moro
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L generany {s. \‘.he tors*lonal component of the curT of the.mot1on). these can | .

"be rewr'lttenas oo ? l
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since the 1nner core 1s presumed homogeneous
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o By d1fferent1at1ng (E 6) and - (E 8) and éHminating ys a pair of ‘

coup'led secnnd-of‘der differentia? equations\in x, and A aire - obtained
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Definition of the second-order differentia'l operator '
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L |
anows these to be’ s1mp11fied to " R
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where the coefficients . . .
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and (E 7)
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where { oL T
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The eigenfuncti?ns of these operators are spher1ca1 Bessel and

. modified spherica] Bessel functwns of . degreée k (Arfken. 1970, p. 521)
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g Regularityo at the orimn resthcts the soTution “to
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E differential equat1ons
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’ These can be manipu1ated to produce two deCOgPIed Second oQLer '
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" The solutions of these are -
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. wh1ch again ‘shows that three arb1trary constants are required to specify

the soiut1on.'

. .

S1nce the shear stress must vanish at the top of'the 1nner core,

one of the coefficients can be solved for 1eav1ng two coefffcients undeter- o

- mined v

Ly , o . :
Consider1ng the mode1 w1th a homogeneous f1u1d outer che

L OVer1y1ng the 1nner core and in the absence oF any rotat1ona1 effects other
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- . R fﬂf‘ -‘than the Cor10115 se1f—coup11ng, an ana1yt1ca1 so1ut10n may be obtained 1f
EEN SR the fluid dens1ty is’ 1dentﬁca1 to the 1nner core density (fJ'th1s case
o 1 Hne#r, S

.. ] @ ' ' . e
A = i ﬁgﬁ&“a B
X '51 L ~ and the stab111ty factor is , e ' ""'- E e

. The set of equations reduces to
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‘ & . -:.J' . From these it is possib]e to derive the re1at10nsh1p
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(or this. can be obtained d1rect1y as-the tors1ona1 component of- the cur1 of

s 7

the displacement equation, Append1x B)
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E11mrnat10n of’ the var1ab1es y5 and y6 leads. to
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For real k, the eigenfunctions are mod1fied spherica] Besse]

'funct1ons and as y5 satisfies ' ‘/‘ . f. R AR {

t

’

Two of these are constrained by

.q

i
Four qoeff161ents remaln and these are

a “total of 6 coeff1c1ents are allowed

* the analytic cond1tion (E. 13).

determlned by the continulty of yl. yz. y5 and_.y6 at the 1nterfade between.

: the so]1d 1nner core and: the’ f1u1d outer core. : ‘ . ‘? o o

. of - the same density as the Earth's core 1t 1s poss1b1e to soIVe the'setzof

' different1a1 equations analytical1y in this regime as well. Since the -
different1a1 equations are 1dentica1 to those re1evant 1n the sol1d 1nner;
core the eigenfunctlons are again BESSel funttions with argumeht Elr-and
modif1ed Bessel functions w1th argument S r-where ﬁ and E are defined by
(E 11) Itis possible to take values for the seismic VeTocities-whuch "‘

'repreSent mant]e averages. h0wever the restrict1on on the density (i e o

gravity be1ng a- 11near function of radius) cannot—be«re]axed L ;T-f)"
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Fy also 3550m1ﬂg that the mant1e of "the Earth {s homogeneous and"’:';' ’
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' ‘ . The full 'solution for - the d11atat1on w111 be a 11near combination‘
o 'ef these Four Besse1 functions and "the other variables can then/be derived |
from th1s ’ o | . |
e ) | A', L i - - The beundary cond1t1ons 1mposed on this set of solutions wi]l

uniquely{determ1ne these ‘six coeff1c1ents and the two free coeff1c1ents

ﬁntroduced #or the so]uttons 1n the inner core These cond1t10ns are the
: coﬁtinuity of yl, yz, y4. y5 ahd y6 at the mant]e f]uid 1nterface (the

condition that the shear stress vanishes is y4 = 0), the. vanishing of ‘the .

L ¢
SR o rad1a1 and shear stress at the surface of the Earth and the’ requ1renent LT
t - . ‘\ * ~ ) * A .
that the 1nduced potenjia1 become hannOnic at the surface. As the variable -
y5 in th1s section in¢ludes the 1nduc1hg potential, the 1ast cond1t1on is
, . . J ) : - ) .
: stated as s S o -’ L
. . - . . ST
~D", = +1
o R ye (e\ + (km yguz‘w L:k wcz} R
(eq’ 1.33 1n the main text) and to retain the same norma11zat&pn -as ‘the - A
o0 ,» main text | : ..\5& L
BT oo For a mode1 Ear h with parameters e 2 : ; g
~ = 5.52 kg/n®" =
<.1.1 x 10" m/ls o
, S 4. p.- in'the inrer core
. ur = 4.84 x 107 m/s [ B
T B ‘:QJ-f_J o R vV =9.0 x 100 ms i the-thid:cdre .
. . o e | . " ) ' . 4 | .’, Ny } . L .’."‘ ‘ Ve ' r'. }
. P J v. = 1.0 x 10" n/s - ‘ . o R |
« AT R DU L O in the mantle- ' : o
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o - "this gives a critical frequency' 0;'3 1.339'x:1b'3/s'or Te %.thBTZZ tor'.

10 2 degree 2, order 0 induting.potentiai (A critical period of'53m7

‘ .corresponds to a fiuid!région with a uniform.den51ty of 11 71 gm/cm )

' T For frequencies greater than this crit1ca1 frequency the . "_;_-'
‘parameters ﬁ? in the fiuid and Ez in the so]id reg1ons become negative ‘-bvl

and the nature of the soiutions changes. ~'.'" **“

va . . ’
r!"

LT For these frequencies 1t‘15 more convenient to deal with a real’ ~ L

' parameter ¢c. (or c2) than an 1maginary-parameter k (or 52) - In the' inner‘ K

- core* ahd the mantle this can be gffected by the substitutions N

|j Glha) = jeCead)
kg (“(ﬂ‘} —ip f\\g((l")
ko .-c,

;ff' . Aj Within the f]uid the soiutions are obtained by using the f ‘

T
1

' substitutions - | .
R | cK(fu‘} —’Jn(cﬂ A |
.7 . | , | o o k‘ (&‘.3 ot V\“ (C!!'\ ' B

o o xr“ ) ‘? . ’ IR :'c.".,: 3
For responses of . other than the order m= 0 the‘crit1Ca1 cohdition S

[ L = 0 becomes a quartlc equation|on 0’2 rather than a quadratic which

then a]]o%s two frequency regions where the parameters Lz and ﬂz are .

hegative and two frequency intervals where they are positive. .

' . ' | For a representative period of six hours and a‘ﬂegree 24 order 0 g >
o f‘ exciting potent1a1 I have ca]cu]ated the ana]ytic soiutions and for L

purposes of testing my numericai programming I have alsp used the standard "
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numericakprocedure of chapter 2 (after e11m1nat1ng a'H rotat1ona1 coupHng)

for' the mode'l under d1scuss1on in th1s chaptev. , The resu1t1ng values for'

1

,Mthough this pzodel 1s not rea'ﬁstic in respect to the const1tu-

,tion adopted for the Earth mode'l and in the neg'lect of ‘the rc:tationﬂ~ .
jcoup'Hngs (espec1a'l'ly within the f'luid region at 1ow frequencies). it does o

aHovfa test of the computat1on scheme deve1oped 1n the main dext!
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~'CORE MANTLE BOUNDARY'
.COMPUTED “SQLUTION
ANALYTIC ‘SOLUTION

INNER CORE CORE BOUNDARY t o

iR ~'F1g E. 1"Compar1son of the analyt1ca1 and computed solut1ons for the :

f- : ," rad1a1 stress in.an Earth of un1€erm dens1ty, norma11zed to

an 1nduc1ng notent1a] of 10 m /s at 107 m.




' “v1olat10n of the conservat1on of angular momentum. This can be shown by

'  inftially at r to be displaced to r+u (this is cons1stent to order u ),

! o 200-:- ;‘ '.. L ; - N : | . L 1”‘.
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. CONSERVATION OF ANGULAR MOMENTUM RND THE TORSIONAL MODE

o
~

In Chapter 1 1t was pointed out that omissfon of the tors1onal . ”

mode in the dynamic case 1s a physical 1ncons1stency as 1t produces a

-

, 'cons1dering a th1n spherical she11 of radius R with 1n1t1a1 angilar .- ; :'o

velocity Cl which ‘then suffers a deformation A11ow1ng the point

} the initial angu]ar momentum of the she11 15 ’ j» 3 . -
é3 ' .- C
and the 1nstantanebds angu]ar momentum of the deformed shell is. . .
Sdm G’m)%{‘m G’*"\ + uf\
. * ' 'o
- L Sc\m r'«(‘h.%"\ 3
. gé\m M(m") gawvvv.. ST
.- + OL‘L?) | | - . '
. ’.‘ N '.4 . , ) .. § e ) “ . ' ) . , " ' P .
". Thus the change n the angular momentum due to the displacements s \\, §
AL = Simﬂlﬂ.m"\ —v(uﬁ.\ A
- ’ix ‘ o 2 S
5 o - ; Cod
N ' _ o |
‘ Q? va ) c ‘ "ll.("-“) + r'ﬁ\*:s I
to order. u. B 1 i

R

Py ey
LLv fz ’! P
5 fﬂwﬁﬁmf“» %




P ' T —= = : -
. ' . ) P T 2 ' ' ,
ca . . . ’ I . A . 7 .
.. -t Tt T . L. - LN o . . A \
-, .. a E . . S . F i 3
B = ... . , . oL, . . - - to L o ;
PR . ’ ‘ RN wred . } " ()
. - .. [ . .
C ) . A .. . .
; . . . - - A ’
P a
. \ . .
. .. ; . . A.l
201 -0 N DR
. - . . . - , .
! a oy . : ‘ ‘
-
+

UtiH&ing the Spher-ical h‘armonic ekpanswn used "befqre:
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Previous exper'lence has shown that the d1fferent orders of
sphemca1 harmomcs are decoupled fr-om each other, hence I take the '
1mp1est for this ﬂlustratﬂon m= 0 In th1s case the change 1n ‘the

o angular mognentumjts'simp"y
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‘:'s: i-. . : . Substitut1ng the va]ues of the coup]ing coé?ficiénts 1nto the S
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-the condit‘lon ‘_ w -

2 above statement and requ{ring that angu]ar momentum be.conserved 1eads to " L

o

T .,j" {Zﬁ | ,ff' .‘f%)’s}ﬁ,‘ S T
. S ' .which is 1dentica1 to the cond1t1on on the tors1ona1 mot1on stated 1n '

o, - eqn. (1 30) Nith1n the so11d reg1ons of- the Earth there 1s a. departure ’
‘ from the above condition s%@ce the shqar stresses are ab1e to distribute
. ‘the anguTar momentmm change to gtve a net of zero. ‘o x ¢ . - "‘ 'fi .

oy h I : ;;' . 0bv1OUS1y. neg1ect of the torsiuna1 motion is 1nconswstent w1th -

T .

. .the conservation of angu1ar momentum.»w
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SYST wmc REMOVAL oF ROTATIONAL EFFECTS . ’
"’.'77 . , ! '.,., ’ . - l‘ ¢
= E ;;' < In this appendix.1 reduce the complexity of the program used n f

’ the ma1n fext to ca]cu]ate. using these simp]ified versions of my program. ‘

L] . s

_“ - ' results which have been obtained previous]y ' f
| My epproach is an improVement over these previous ca]cuﬁations . - .
because of the- more complete treatment of the rotationaﬂ effects By " -
O (systematica]]y elim1nah1ng the coupl1ng coefflcients I can simplify my ’ '
o ;approach to dup]icaté the calcu1ations performed by Smy11e (1974) and . e

e ' Crossleyl(1975bL As Pekeris & Accad (1972) on]y did a comp]ete invest1ga-

Ll
. . 7
“

f]Oh of mode]s without a 5011d inner core,'an attempt tolconfirm their g-' "1;.L'

) o
results wouId necess1tate a complete revomp1ng of’ the procedure used at the o

Lt T e o : [ TP
geocentre. Co - . .;¢= R - T ot . e

- . .
4 .l

The.steps 1 take in this. procedure are"'-\ ‘.

LA ) . sl : -

S ;fllﬁ removal of al] centr1fuga1 terms for the standard case :*J ‘ B

~

('propagation truncation 1eve1 of 3 and e]imination truncation level of

. L e ,‘ ‘ ' % ' b 3
~ 2) further removal of the Coriolis coupling terms’ wh1Ch'exc1te

’

N oo the fOUTfh degree spheroida] and thelfifth degree torsionll response S

( propagat1on truncat1on‘ 1eve1 of g.and e]1m1natldn Eruncation’ 1eve1 of

"--' ..‘ . : DR . ‘
’ Lo CTT N e Mt SCEERL Y
. o \-_‘ "y g

-,

Lo }}1 ' 3) further remova1 of the higher-degree response 1n the elimina- ,.
tion procedure w1th1n the f1uﬂd region (the elimination truncatlon' Ievel

15 reduced to 2 Crossley § investigatfbn), ,__f-l ) ~7*,

== s —— —r—
TGRS  Be B T Ay
if % #3 T T

l'“ i G
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4) further remova1 of the tors1ona1 (degree 3) mode (Smy11e s

~

(2) 1nvestigat10n), and -

-

5) remova1 of the Corfolis self-coupling term (Smy11e s (1)

. solutions and similar to those of Peker1s & Accad except for the modeT).‘

To 111ustrate the varfation 1n the so]ut1ons<§§b&to the

E retent1on of the varjous 1 tationa1 terms, I d1sp1ay Tab1es of the Love-

©+ numbers obtained for each of these s1mp11f1cat1ons (Tables G(1 to 6(5)}).
-f\\fx\\\\\\ The ‘undertone periods for each of the above simp11f1cat1ons are

-given in Table G(6). These’ are\systemat;cal]y h1gher than the per1oda

< q
y

.0

1

reported for the undertones by Smylie and by Crossley, where an identical

mode1 1s cons1dered}and the extent of e rotat1ona1 coupling cons1dered

1§ 1dpnt1ca1 to that ‘of cases (3)," and (5), I shall return to th1s

point after a d1scussion of the ef ct of the size of “the propagatton steo

upon the so]ut1on
*

" For al the previous]y d1scussed work, 1n the main text and in

¢

this append1x the 1ntegrat1onJ have been carr1ed out using a standdrd set.

l

E . of propagat1on step s1zes; namely 80 1terattons‘through the inner core

\. - ‘.

(approx1mate1y 15 km each) '2270 steps through the'fluid auter.core
(approximately 1 km each) and 1270 steps of about 2 km through the mant]e

. and crust) As a conf1rmat10n of the accuracy of the obta1ned so1ut10ns

the Love numbers have also been cabculated by reducing the number of
1terat10ns in the’ inner core and “the mant]e to 20, and 284 respect1ve1y,

whi]e retaining the. above step s1ze 1n the fluid region‘(Table G(7)) and

. ,
1 [ . &
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I G . . - TABLE G(1)
- o © LOVE NUMBERS: CASE 1
S PSSR S PE—

‘Per"iog'(.m'in). TR '}k ‘ N RO PR

S ©0 T 60 - 2.4083 - 1,1487 1219
B . 80 . 1.0032 4952 .0957 -
L o100 ¢ .8143 .. . -.3964  .0901 . - .
b o120 7346 387 0877 . %y
b e a0+ Leoma o ".3396-  .0864 |
- . 160 .. .6709 ,  .3285  .0856
180 - ;6559 .3214 . .0852
- 2000 L6457 .3166 |-0848
S22 .. .6385  ..3132 .0846
240 - . gy, L6311 .3106  .0844 -
260 - .6201 - .3087 - 0843 .
280 - .6259.  .3073 . .0842.
30 .0 L6234 .3061 L0841
320 ©T 6214 3052 - ;0841
340 . T .6197  .3084  .0841 . .
L0 elel | 3038 0840 e
o !f. 380 0 .ele4 | L3032 L0841 - . o)
ey Teg0 . 0 6053 .3014. . .0851 ;\\v/ L

a3 . C.e1790 L3028 . 0837 l
440 . ..6164 . .3024 - 0838 '
- Sy 460, . . C.6154  © .3021  .0838° e
- t':"- .'-’ PR T N L5143_I; 3018 ..0838 o S
L . . 500 : .6142 .,3016 ., .. .0838 o
o S 0. 50 .. 6137 ..3014, .0838 "47j'
Poe o0 sa0 c 6133 3012 0838
S Y 1 ©.6l29 .30M o833 L
. ©os 0 . L lellg 0 L3000 o83y . Ll - T
S 600" - .0 ..6105 | ..3006 . 0841 . O .
B | o

fon bopr s
e




TABLE G(1), continued P
" i !l ) ‘ ' ! . ot - 4'.'
-Perjod (min) -~ h- ':, _ k,"'f’ 7 - "

620 . .6151.  .3011  ..0836,
640 .6131 - .3008 0837/
660 .6125 '~ .3007 | .0838
"680. - .6124 . .3007 . .0838
. - 700 .6121  .3006  .0838 °
R 720. . .6121 - .3005°  .0838-
| C -0 6116 L3008 0838
760 . .6115 | )3004 - 0838
780 - - | .6121  '.3004 . .0838
. 800 - .6l13°  .3003 . 0838
N B 6116 .3003 0838
840 - . . . .6112 .3003  ..0838
860 ... .- - '
o 880, .-  .6111 .3002 ~ .0838 -
N, o900 - . .6126- . .3008 L0837 .+

" ve

-
-
E s

. Case 1: f.:, ST ':“: f"'-
A11:centr1fugad couplings have beén heg1ectédﬂ> . o
- AN quio]is'codp1ings have been.retained. '

3.

Ay .. ‘'Propagation truncation' level

1 .-
i v . . . . s
S 'Eliminatjon. truncation' level = 14, = - |
. | : .
b !
r 0 s ! .' !
. oty 4‘
& -
-
s 4 o
]
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© TABLE_ G(2):

LOVE NOMBERS: CASE 2

Period (min)

"

Sk 1

.60
80
100
120
140
160
180
- 200
220"
240 .
1260
280
© 300,
320
340
" 360

. 380 -
400

420

* 440

460°

- 480

500"
1’520
. 540 ©

560 .
- "580
' 600. -

. 2.4083

1.0232
8143

.:7346 -

.6944
.6709
6559
.6457
.6385

L6311

R

6201

6259 -

6234

7.7.6214'

.6197

.6181-
6163 -

.6057

6180 "
6163 -
6154 -

6147

6142

: .6137°

.6133
".6128
,.6121

6084

1.1487 . 1219

. 4952 .0957 - .~

3964 | 0901
. 3887 ° .0877
-3396  .0B64
.3285 ,;bejé;
.38 o852
o ..3166 . .0848
3132 .0846°
, 3106 .0844
.3087 . .0843 -

.3073 ~ ..0B4Z2- -

.3061°. - 0841 -
.3052 L0841
.3044 "~ - .0841-
©.3038. -.0840 .
13032 .0841
_.3018, 0851

.3024  .0838

.3018" " - .0838

- 03016 . .0838
.3014 . .0838" .

-0U3012 0 .0839
31 . 0839
©.3000 - 0839 |
L3003 . .0843

©.3028 - .0837 .

.3020 -.0838 ..

N P sy’ LK
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SO T TR 6(2), continaed . o L |

- Period (min) . Wk . T,

/.

620 .- ' .6141 30100 - .0837.
640  ©  ..6130- ~ ',3008  .0838 -
660 . -. - 6126 - - .3007 . .0838
680 . U UB123  U.3006 - .0838
700 - .6121 - .3006  .0838 .
c.7200 ¢ ¢ . .6119 . © .3005  .0838 - [
740 .. _ .6116 . ..3004° - .0838 I .-l -7
760, - 6544 . .3088 - .0783".
7807 . L6119 . .3004 . .0838 - -
800 ;6116 . .3003 - .0B3B . . . - .
e TB200 CypIMc L3003 - 0838 f o
. 840 - - -.B112 ..3002 ..~ .0838. R
860 ..  ..6101 - .3000 - -.0839 - -
(.- 880 - . . .6118 . , .3003- ..08%8 -
900 - .6L14 - (30027 FB8.

T

Ca:selz: :

' " | 'A‘H 'centrifuéal coﬁbﬁngs :have been .n‘eg'lected. -
| 60?‘11'0.1.145 co'u;;H-ngi»'s for th‘e; 'eHmihatf_o‘n"' - i L/ - - _“

3 .proé'éd.ure reta1néd for '.de'.gif‘ees < 27; for.the . S S
: ."Propaga\"cuibn,’,' pv:o'c%dur_'e r"c'a'{:'a‘i'ryed'.fo'r fdelgrees‘. | . o . R O

2and, 3. R SR L

‘ .
S Lo |
. ¢ '\‘ & .. o .
'-.'. . . N " ) ‘
-.'
rd
!
o
‘.’l A
]
: i
.
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| K ‘)C? ; ) . : e

e e

- LoJE'NUHBERs:"pAsé 3 37__ .

. Period (min),'-]' he k 1 S i

80 -7 2.4083 - .1.1487

80

T PR
o120 -

- 140

S €

o200
L0
240 -

. 260

- 280

. 300

‘ 30
]
360
380

400

40

DR

- 540

560

580

160,

460 .
480"
500 -
520

600

.8143 "
..1346-°

6944
©.6700

6559

« .6457

" .6385
6331
6291 .
.6259
6234
6214 -

S 6197 -

6181

L6184, -

.6071
.6181
. .6163

.6154

ﬁ.6;47

6142

L .3014

3012
3011
.3009 -
.3005

.6137

6133 -

6128

S 6122 .
' 6096 - .

.4952.

. .396P
.~ .3587

3396

- .3285

C . ,3214

. ..3166

3132

L3106

.3087

13073

;3016

.3028
- .3024.

' .3020

3018

- .3016

/ .
1219
.0957

. .0001 .
.0877

.0864
.0856
08582

| .88

~.0846

. .0844
.0843 "

.0842

.3061." . - .0841
;.gbsef” [0841

- .3044
. .3038
3032

| .0841

.0840. -

;0841 -

0889
©.0837. . .

,-.0838

. .08
0838
0838
0838
0833
0839

~ loaal




*: Only the degree*2 and 3
C ',Cdr1o1v1s:c‘¢)'up'1ing'f)ét\

- retainéd,

. A Y

S

i TABLE'G(B), contiﬁued

L 4%

Period (mif) |- ~h . kT T

k20 . 61437 . .3011 1 oot
640 . * ..6130  ".3008' - .083

660 ~ °  .6126) . . 3007  .0838.

" 680 . .6123. - .3006.° . .0838

o700 . 6121 - - (3006 .0838 -

720 . . .6119,  ".3005 . .0838

740, - . L6117 - . 3003 -.0838

780 L6107 L3003  .0839
7807 . 7 .6120°  .3004  '.0838
‘800 L6117 | .3004 : 1.0838

820 ' ' .6115 ' . .3003 - .0838
-840 .I6113 .0 . 3003 <0838
860" ., 6110 ..3002 “{w.bsaé.' 1

880~ . . .6137- ° .3006 | 0836 '

- 900 - -.6]16. . 3003 © ".083 - -

= - T

Cdﬁe-3£~' -

sponsés; with~

#" these, have been

L. \ ¢"i,

o -
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o . TABLE G(4) .
' ' LOVE NUMBERS: - CASE' 4 .
" ) | '

v Period (min) - *h.o koo T

60 .2.4078 - 1.1484 © 0.1219. . o

‘80 | w022 aes2 09 T
Jloet 0 .8143 .3964 .0901 S o
120 7386 .. +.3587  .0877

L1840 . .6944 3396  .0864

y ;160 . .6709  ".3285 ' .0856 o
180 . .essd.a2e Co.0es2 . - oSS

cor .. 2000 - - L6457 .3166 ' ..0848 .
e ... 220, . . ..6385 3132 .0846
' L 240 . 6311 . .3106 . -.0844 -
S '260 .62l 3087 . .0843 .
S .vot..eso - L6260 © .3073 0842
o T 300 .. .6235 w3061 0841
B R TR 320 L6218 . .3052 - .0841. T
Cle e 3400 6197 a4 084l L
L e '3501 .. .18  .3038. . 0840 - - - . T
o4 - o380 . 6167, . L3032 0841 - -
: E ' 400 - .6143.  .3026  .0842 .
S azo - .eeisy 3033 7 L0830
G a4 0 6168 . .3024 . L0837 . . 0 L
' 460 © “lels6 . .3021°  .0838 .0 . -
o - - 4837 ., - .el49. 3018 0838 ¢ S
oo 7 500 ) L6188 " 3016 .0838 - - .- -
S s207. - . L6138 - .3014 083 . . |
Moot UBagTe U 613 . . .3013 . L0836 - -
.. ¢ . B60 .. L6130 - 3011, .- .0838 - . . C
... 7.880 . - .6l28 - .3010 | .0839 -
. 600 .- L6183 - .3009°| 7 .0839

Ll P

s
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' TABLE G(4), continued .

!

v S perfod (min) | ch .k 1

620 . - L6116 .3007  .0839 - l‘
_ Jo - 640 ©.6092  ° .3003 - ,0842° ‘
Ul g60- . - L6146 .3010 0836
-« B .6130-  .3007  .0837 o -
SRR . 700 . - 6125 - (3006 . .0838 . . ¢ &
' - 720 7 - C.el2z - 3005 . .0838 '
740 - 6120 © .3005. .0838 . -
760 - L6118 .3004  .0838 .|
U780 LU 6117 3004, . .0838 ..
800 6115 . ,3003 0838
820 ° - 6114 . .3003 - .0838
B0 . 6111 \.3003 L0888
860 6091 . 03000 . .0841
880. . . .6118  .3003 < .0838
900" - L6115 C..3002 - .0838

i

S . - Case 4:
S ‘ ' nly the degree 2 res.pbnse,xwith the ..CoNo].is

o _Sg]f'-coupljng term, has been rjeta'in;e'd .

Y S ' . !
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TMBLE G(5) - - ..
LOVE . NUMBERS: CASE 5 -

‘. Perdod (min) © W I ST

S B0 3.0827  1.4729 1499
080 - U1.0984 . L5322 g0 L
7000 . . .8511° L4147 ¢ L0935 | '
o0 om0 L7592 L3710 0902
JE O .3l - L3490 0884
T 160. .- .6861 . . .3361 . -.0873 .
-180 T .6688 :3278.  .0866
© o200 - 0 .6569  .3222. 0860
o0 Tesa 3181 L0857
280 - .62l - L3151 . L0854
C o260 . .. 6372 3128 C.0852
280 - . 6334 . L3110 L0850 | .- .
L300 .6304 - . .3006  .0849

g

Cto30ck - 0 6279 3084 L0848

S SRR T/ B UPON - BIR: 7/ R - A A
o “f“%§§§j. /O .- L6281 . - 3066 0847 - R
S T ©380. . . C.6226. - . .3060 © .0846 . e
‘ Lo a0 L. 212 T - L3084 0 cloese o L
| oo a0 L 6197 L3088 . L0846 . o
480 - 61740 .3042 0847 - 7
LT e a0 . L6382 3061 .Y~ 0828 c
e g0 ees 30 sl o
‘ i . .6190° 3037 .- .0842 ) ’
SC 820, 6181 - .3034 - 0842
s e T sy 675 L3032 - .0882 0
C560 . 6169 0 .3029 0882 .0
| e Bgove. . L6165 . .3028 - 0882 . . Ui
€00 . . 6161 -.3026 .0@42 L

. e o .
¢ . . . L7 . 5

, -

e

R W A
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" TABLE  G(5),: continued’

.o : <, u

Lo periad(min) . b k1

;T
H

- 620, ¢ L6157, L3024 codk2 - . S . -
“UL 640 o ‘.§15317,|' ;3023‘, .02 | l SR
| 660 - ..6150 |- .3023-  ..0842 -
*. . 680 . L6147 - 3020 |, .0882
B L6143 7 L3019 . L0842
720 © . L L6139 L3018 - .0842
‘oo 740 - 6132 - .3016°  .0843
o A0 LT a9 30130 08t
G 0 780 . . .6191 . .3023 - .0836
; ' : (800- . .6154 .~ .3018  .0840
80 o 6147 L3016 L0840
L ‘840 - . .6143 . .3015 L0840
S 80 .. .6M1 L.3018 0860 -
L 880 T .. :6139 7. (3014 . .0840
90 ¢ L6137, - .3014 . .0841
' !

I . Case5; | _
- All_rotational effects are neglected. ~ . .o .07

—_— N SRR b a .

L] . . “.l ' - .
N T
’ . \ '

— } . 1' ) - ]

{ ' '

1
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v TBLEGlE)
"~ UNDERIONE PERIODS (HOURS)

s

e Deécription . 1st Undertone ©  2nd Undertone... 3rd Undertone

0 e7es o T
1), 6.714 10,145 . - o

B N AT: L 10,05 12664
3, . 6723 1040 | 12749

4). T - 6.896 °  10.808 141390

!

5y . 7.1 . 12863 . 5L o

Descnption
) '0) Resu]ts obtained b_y retaming propagatwn truncatwn' .
- ;1eve1 of 3, 'ehmmaﬁon troncaﬁon"'leve'l of 14 and fuﬂl
: rotation effects _ o |
1) _Remova] of!aﬂ centrifugal coup]ings S -
a _2')' Reduct1on for. the propagatwn procedure to on]y degree 2
'and 3 responses ‘ '
K '3) Further reductlon to on1y degL‘Qe 2 and 3 responses for
| "‘ehmination procedere

4) Reduction to only degree 2 response '

5),' Further remova] of aH r‘otatmna] (Cor1oHs sé‘lf—coup]ing) s

o

ey from degree 2 response S . . e

¥

M T

by “Psrt\ziq FINELTE
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T : TABLE G(7)
| | VARIATION OF THE LOVE’ NUMBERS AITH PERIOD:

.~ STEP SIZE 1IN FLUID IDENTICAL T0 THAT OF . MAIN TEXT
' LARGER STEP SIZES IN: THE SOLId REGIONS

i \
. . : A
‘Perfod (mip) . h - ,}é'\\_\' S
60 23071 1.4 CemEz -
.80 . 10215 - .4900  .0959 .

| 100 - 8132 . L3956 - .0903 ’ ]
E L1200 T L7338 3580 . L0878 ) }
PR R 140 . .6936 - .33 7 .0865 . .

S L o100 67020 L3219 L0857
T L. 1800 T L6553 < .3208 0852 R T
ool a0 . .645T. 3160 . .0B49" T . T o

o S 6379.__ L3126 . .0847 > o

) 240 . .6326 . .3101  .0845 o R

260 . e28s. waee. | .os4e o 4

280 © - . .6254 .3068 . .0B43 o F

. L WOt 6229, L3086 0842 | 3
S0 Um0t 6208 - CL3047. 0882 i

ARt om0 - clelol 30w 0 .osel: -
. BT 30 ¢ . ...6175 [ 0841
.. ... 380 . i -.6158 . .302%  .0842 .

B 400" © ' .6067 °° 3010  .0850
o _ . 40 .. 6175, .3023 0838 .
cos Tt M0 - T 163 ¢ 3019 . .0838. |
ST T a0 e149 306 7 L0839 FL

T« RO 7. SN 1) < BN ' - SUNRMES S
So... L. s00 - - 6136  .3011 0839 L

2.

o :..L.,.«:N,-‘,if_rﬁ,a&?»;i Yoo Delpendn L ARSEAT Y L A

-
AR

. 520.. 0 i6132 3009 .0839 ! o IR
- B0 T 6127 3007 C.0839 e d

< e e ik
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o . TABLE 6(7), continued - o o

s

L ocPerfod (min) - hl. -kl 1

60 6123 L3006 L0839 o
S .- se0 . . 017 0 304t om0t o -
S 0L - 6104 0 L3001 0 osdl SR
_— L 620 . .6164 gtz . L0835, L A
L o680 . . .6128 . .3004 .o . - . .
L. ,U.oeb0 v..el22. . 03003 089 . T
- 6119/ .3002 - .6839 ' S
o . .0 116 3001 g8 . . S
Ve .o U100 Twe11s - L3000 . 0839 e L o L -

Vi

5

: om0 L oe112 T L3000 Loss9 S o . 5
| L ome. oo w07 L2088 gewe oo g
P £ 1§ 'S\'..Glt.’;S“‘: <3002 o8 BV :
, P /6108, - 2098 - L0839 - o
S I 8207, L 6106 . i2998.  .0840 S :
Lol T Tes0 . 6108 J2998. 0839 R
_ 2 860 - 6099 . .2995 © .oedo
R o880, . 6108 -, -.2097 L0839 o
, CooL T e o gl00 - L2995 osfo o o
o ) - b R N ‘




L _ -,by then reduc1ng the number of steps in the f1u1d to. 1135 while cont1nu1ng
:with the 1arger step size in the so11d reg1ons (Tab1e G(B))

By 1ncreae{ng the:'propagatron truncat1on'.leve1 to 4,and
',repeating'tne'first of these ca1cu1attons for periods of 5,'7,'9, 10, 17
a'; . | 'and 12 hours the only Lave number that showed any change was the Loveh
'2»159 C .number h at a per1od of 12 hours Wh1ch decreased from 6115 to F113

: Th1s agd/n 1nd1cates that the soyut1on is numerﬁca11y stab]e w1th regard '

o "?Jf s to the propagat1on ‘truncation! Jt a 1eve1 Of 3.

By compar1ng these resu]ts with those presented in -Table 3 of

‘the ma1n text it 1s seen that the effect of - the 1arger step size 1n the ‘
'y

. so]1d reg1ons resuT

‘ 1n an (almost constant) reduct1on in a]l of the Love
'.?" - numbers at any g1 en- frequency A]so the 1ncrease of the step s1de through

the f1U1d reg1on as“11tt1e effect at short per1ods but does cause a
IR .

' 3 ’ {:9
I dlvergence of the Love numbers at 1onger per1ods
at N .t ’
T fif’ R B . AS I have prev1ousJy noted the undertone per1ods obta1ned in
Cglese. . ‘
’};?f;“' o th1s thes1s4for theé simpl1f1ed cases ("non rotat1ng“; se1f Cor1o]1s and

' accounting for the first torswonal mode) are systemat1ca11y greater than L

: those obta1ned by Smylle and by Crossley

-

S - Smylie, Crossley and I qre a11 usxng the same Earth model in our
' iinvest1gat1ons, thef/gde] def1ned and tabu1ated by. Smylie (1974) and g1ven
. . 1ﬁ the ma1n text as T?ble 1 However a\d1fference in computat10na1 '

. procedure does exist. From the tabu]ated data Smylie and Crossley

Voo - f_ d1rect1y use.a Tinear 1nterpo1at1on between these data pointsltO\obta1n
the dens1ty, grav1ty and se1sm1c veloc1t1es used in each propagat1on step

My procedure has been to f1rst app]y a cub1c 1nterpolat10n formu]a to
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| . ~ TABLE G(B) R A
Do VARIATION OF THE LOVE NUMBERS NIT&_FERIOD: . '

o | 'LARGE STEP SIZES THROUGHOUT T a
Period (min) Ch . kT A _ o
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Period (min)
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generate a tabﬂe with daJa specified at spac1ngs of approx1mate1y 10 km

, -5
throughout each region of the Earth and then a l1near 1nterpolation 1s |
3 used between these data | po1nts. '.
. As. the rad1a1 der1vat1ve ‘of. the dens1ty is monotonic decreasing, o
the dens1ty va1uqs gbtained from a cub1c 1nterp01at1on techn1que wi]l be |
] systamatiea]ly 1arger than those calculated by a l1near 1nterpo1at1on and
‘ " will be c]oser to the prescr1bed po1ytrop1c d1str1but1on. T
3;;:;l L ‘.. ‘ r,have invest1gated the effect th1s difference has on the period
o . calculated for the f1rst undertone of the "non rotating“ case. One ser1es
| of calculations has been done with the standard (for th1s -thesis) cubic
, 1nterp01at1on of the data throughout the flu1d region and a second ser1es'
w):.:' of ca]cu1at1ons has been done w1th a simp1e linear 1nterpo1ation w1th1n
” the f1u1d In aI] other aspects the two programmes were 1dent1ca] In
both,the cub1c 1nterpo1at1on waT used w1th1n ‘the sol1d reg1ons, 80 )

f-1terat10ns were used in the 1hner core, 2270 in the f1u1d and 284 in the/

! ‘i' c nantle. The var1at1on of the Lové numbers near the f1rst undertone Period

"is shown in Table G(9). . L }, |
The use of the cub1c 1nterpo1at1on y1e1ds a Tonger period for

b " ." ) 'H ‘the’ first undertOne than the” 11near 1nterpo}a€\on, and as. the cubic

P ”_ ‘," R 1nterpo1at1on 1s more se1f-cén51stent w1th the assumpt1on of a polytrop1c

,g. Co o dens1ty dlstribution the perio btained is: expected to be more re]iab1e

5 ':' . than that generated with the - 11near 1nterpolation

;?% Cia RV The actua] sh1ft fn" the undertone per1od 1s approx1mate1y 6

L minutes or 0 1 hours. a re]ative shift of about 1% thch 1s of the order '

of the~d1fference'between my resu]ts and those of)Smylie and Crossley.- A




COMPARISON OF THE .LOVE NUMBERS (NEAR THE FIRST UNDERTONE)

Ca223 -

TABLE 6(9)

. WHICH ARE_'0BTAINED USING DIFFERENT INTERPOLATION ’

METHODS WITHIN THE FLUID CORE

1

I
|-

. Period (min).

440

- 445° 450

K3

* 2455 460

CUBIC

" LINEAR

- -.B157
3031

.0846

L6139

3028
" 0848

.6100.

6143 6166
: i
.3029 L3024
.0847  .0850

5688 -
(30220 <2965
L0852 ',0893'1

(5950 .6322 |

3033 - .3050
- .0866  .0828

6304  .6233

.3049  .3039
P ST

0830 '.0837 .7




‘a

(S

‘increase in this departure by ~ 1%, co : B S S

5 » i ; . t
< . ©, . ' .. ”
[
. L
e
' »
{ »

- 20 - | [  ;

u

The mai1mum d1fference between the densities generated by the

two . 1nterp01at1on techn1ques is on]y 0.009 gm/cm (near ﬂhe core-mantle .
'_boundary) and as the two methods must agree at the rad1i tab]ed in Tab]e 1,

'wihe average density difference between the two methods 1s of the oﬁﬁ’? of

003 gm/cm For’ compar1son the d1fference between the ad1abat1c prof11e’

and‘the sub adxabat1c density prof11e is of the order of or 1ess than.

4 gm/cm3 The difference in the 1nterpo]at1ons_then amounts to an
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ol ‘ APPENDIXH P S RS S PR I
L e EFFECT OF HOBBLE - St

Tt o ~:, o 'A - . Dr'. Rochester has pointed out \that the model'used in this

. reSearch is’ incomplete when wobble is present (é.9. the d1urna1 tides)

4

and that the wobb]e can be taken into account b_y reta1n1ng the acce'lera-

' . . tion term a *“ . Denoting the amthude of the ‘wobble by OL and |

B the c1rcu1ar frequ\ency' by_w » the angu'lar acceleration can be written o

= w’e:‘«s_».'(?'J A#)[siy;e‘,'#wose’3-‘-_\4‘\_%}50.
| ey

nd the acce]eratmn term becomes -l

—-

T

3*? vﬂwue‘("“t n2d [ 8+ tme QA

/=-vﬂ.w« e“"t [2' 'é"*?fs.".]. .

. — R . .
. e vess o . . -~

S ._'. . . The aFd1t1ona't inertial force: accl)mpany*lng wobb'le wﬂ] then L
I cause the RHS of (1.22) to’ be supp1emented by the term F

! ~

SR a.re...w:;s:; .

and the RHS o’r‘ (1 30) by

S "- rﬁwocs_‘ S | » |

wen W= 6. - e T ' |
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