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ABSTRACT

One of the two conventional approaches to formulate a theory to describe the
Earth's wobble/nutations is to regard these as among the set of free oscillations of a
rotating oblate Earth model. This theory, now standard. predicts the eigenperiods of
the Chandler wobble and free core nutation (FCN). Very-long-baseline interferome-
try and superconducting gravimetry data indicate a significant discrepancy between
the inferred and theoretically-predicted values of FCN period. The widely-accepted
explanation for this discrepancy is that the core-mantle boundary’s ellipticity departs
from its hydrostatic equilibrium value. However the standard theory for a hydrostatic
Earth model has two mathematical shortcomings, which should be removed before
abandoning hydrostatic equilibrium as the reference state. These shortcomings are:
(1) the treatment of the governing equations in interior regions is not consistent with
the treatment of the boundary conditions at surfaces of discontinuity in material prop-
erties; (2) formulation of the boundary conditions does not treat material properties
properly. To remove these shortcomings, in this thesis spherical polar coordinates
are replaced by a non-orthogonal coordinate system (rg, 6, ®), named after Clairaut.
A set of new variables in Clairaut coordinates is introduced, generalizing the con-
ventional notation for a spherical-layered Earth model. The governing equations and
boundary conditions, written in these new variables, give a consistent description of
free wobble/nutation accurate to first order in ellipticity. A program to compute
wobble/nutation eigenperiods has been written, and preliminary numerical results

obtained, but either the program still contains errors or truncation is too severe.
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The original ideas for this research were contributed by Dr. Rochester. In earlier
unpublished notes (1993, 1995) he carried out the transformations in Section 2.2,
and first derived the new independent field variables from the boundary conditions as
described in section 3.1-3.2. The derivation of the gravity field in an oblate rotating
hydrostatic Earth in Section 4.1 and ellipticity calculation in section 5.3 were also
done earlier by Dr. Rochester. I checked all this work independently at the start
of my research program. Getting started understanding the issues and doing this
checking took about 15% of my total research time.

The derivation of the governing equations using the new dependent variables in
Section 4.2, 4.3, 4.4 and the starting solutions at the geocentre in Section 5.2 was
done entirely independently by me and Dr. Rochester at the same time, so that by

comparing our results at the end we could find errors in the other’s work to ensure
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that these very complicated expressions were as free of mistakes as possible. This
work took about 45% of my research time, and (with sections 3.3 and 5.1) represents
the primary contribution of this thesis.

The remaining 40% of my research time was spent doing independent work not yet

checked by Dr. Rochester, and reported in the following sections:

3.3 done after Dr. Rochester (unpublished notes, 1997) suggested to me that Smith

must not have correctly transformed the normal stress boundary conditions;

5.1 which gives the coefficients of the governing ordinary differential equations (ODEs)

using scaled variables;

5.4 which outlines the FORTRAN 77 program [ created for integrating the set of 10
coupled ODEs in 10 dependent variables across the inner core and mantle (or
4 ODEs and 3 algebraic equations across the outer core), and for determining
eigenperiods using the surface boundary conditions. This program modified
and greatly extended a program written ealier by Dr. Rochester for computing
eigenperiods of spheroidal oscillations of a non-rotating spherical Earth model,
i.e. involving only 6 ODEs and 6 dependent variables in the solid parts of the

Earth, with far simpler coefficients;

5.5 summarizing and discussing the numerical results so far.
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Chapter 1

Introduction

The Earth’s rotation is affected by the Earth’s interactions with other astronomical
bodies and by its internal movements. Irregularities of the Earth’s rotation have been
observed as changes both in the length of the day (LOD) and in the orientation of
the Earth’s rotation axis. Changes in the orientation of the Earth’s rotation axis in
the celestial reference frame (i.e. in space) include precession and nutation. Steady
precession, caused by the attraction of the Moon and Sun on the Earth’s equatorial
bulge, is the slow periodic motion of the rotation axis in space, in which that axis
describes a cone with apex angle 47° about the pole of the ecliptic in 26,000 years.
The rotation axis also carries out shorter-period oscillatory motions in space, about
its mean position (located on the cone of steady precession). During these small (at
most 9.3 seconds of arc) amplitude oscillations the rotation axis moves toward and
away from the ecliptic pole. Viewed from space this is a “nodding” motion of the
rotation axis, and is called nutation. If observed relative to the terrestrial frame,
changes in the orientation of the Earth’s rotation axis are changes in its geographical

location, and are called polar motion. Periodic polar motion is called wobble — in

1



wobble the rotation axis traces out a cone in the Earth around the figure axis (i.e. the
axis of symmetry) in periodic fashion. The law of angular momentum conservation
requires that each wobble is accompanied by a nutation, and vice versa. However,
the amplitudes corresponding to the two features are quite different. Whether the
motion of the rotation axis should be called *‘wobble’ or ‘nutation’ depends on which
of the two features has the larger amplitude (and is therefore in principle more easily

detectable).

The terms free and forced wobble/nutation are introduced to describe the motions
of the Earth’s rotation axis driven by different factors. Forced nutation/wobble is
caused by the periodic fluctuations in the lunar and solar gravitational torques on
the Earth’s equatorial bulge, whereas free wobble/nutation does not need any torque
from external bodies, and results if the rotation axis of an oblate Earth is disturbed
from alignment with the axis of figure. The first study of the forced nutation goes
back to Bradley’s (1726) discovery of the principal forced nutation, with 18.6 year
period. There are also smaller forced nutations with shorter periods, e.g. 9.3 years, a
year, half a year etc. Euler (1765) first predicted that a rigid Earth with a symmet-
ric equatorial bulge would exhibit a prograde free wobble with a period of about 10
months. However this wobble was not detected until 1891, when its period was found
to be 435 days rather than the 306 days predicted by Euler. It is named the Chandler
wobble after its discoverer. Newcomb (1892) correctly attributed the lengthening of
the Chandler wobble period from 306 days to 435 days to the real Earth’s departure

from rigidity, which causes a gyroscopic restoring torque weaker than that for a rigid
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Earth. In an attempt to explain the lengthening of the Chandler period, Hough (1895)
extended Hopkins’ (1839) work and found that an inviscid homogeneous incompress-
ible liquid contained inside a rigid ellipsoidal shell would shorten the Euler period
rather than lengthen it. Of course the existence and size of the Earth’s liquid core
were first unambiguously demonstrated by Jeffreys (1926). Other studies (Larmor
1909, Love 1909, Dahlen 1976) showed that the oceans lengthen the period by about
33 days, but the bulk of the lengthening is due to elasticity of the mantle (Jeffreys &

Vicente 1957, Molodenskii 1961).

Hough's work also showed (but he did not realize) that the liquid core would give
rise to another free wobble mode, which is retrograde with period slightly shorter
than a sidereal day, by a small amount proportional to the ellipticity of the core-
mantle boundary (CMB). Hough’s Earth model (with a rigid mantle, homogeneous
incompressible liquid core) predicted that the period of this nearly diurnal free wobble
(NDFW) is 555 shorter than a day. So, the accompanying nutation of this NDFW
has a period of 350 days in space. Jeffreys & Vicente (1957), Molodenskii (1961)
and Smith (1977) found that this period in space is lengthened to about 460 days by
mantle elasticity. Based on Poinsot’s theorem which implies that the amplitudes of
wobble and its accompanying nutation are in the same ratio as their periods, Toomre
(1974) and Rochester et al. (1974) recognized that the nutation accompanying the
NDFW has 460 times bigger amplitude than the wobble itself, so Toomre (1974)

argued that free core nutation (FCN) is a better name for this NDFW.

One approach to describe the eigenperiods of the free wobble/nutation spectrum
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is to use the integral equations of angular momentum conservation for a deformable
Earth model. The governing equations involving angular momentum of one part of
the Earth and torques exerted on one part of the Earth by the others are represented
by integrals over the volume occupied by the mantle, inner core and liquid outer core.
The eigenperiods are then given by the roots of a determinant derived from the set
of integral equations. Following Hough (1895), many researchers have made efforts
along this line and improved the Earth model to make it much more realistic. Jeffreys
& Vincente (1957b) considered an Earth model with radially-stratified elastic mantle,
a homogeneous incompressible liquid outer core and a point inner core. Molodenskii
(1961) included core compressibility in his Earth model but ignored the inner core.
Shen & Mansinha (1976) extended the theory of Molodenskii to include the possibility
of non-adiabatic stratification in the outer core. Sasao et al. (1980) reconstructed the
theory of Molodenskii on a much simpler basis and included dissipative core-mantle
coupling. Mathews et al. (1991), de Vries & Wahr (1991) and Dehant et al. (1993)
separated the solid inner core as an independent dynamic system when solving the
dynamics of the liquid outer core, and found eigenperiods for the free inner core
nutation (FICN) and inner core wobble (ICW). However, it is still a challenge to
adequately represent the integrated effects of gravitational and pressure torques on

any part of the Earth, especially for a realistic Earth model (Xu & Szeto 1996).

Another approach, first developed by Smith (1974), is to treat the wobble/nutation
modes of a realistic Earth model as a subset of the free oscillations of the Earth

because wobble/nutation involves only small periodic departures from its reference
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state of steady rotation about the figure axis. Smith derived the elastic-gravitational
normal mode theory for a rotating, slightly oblate, hydrostatically prestressed and
oceanless Earth model in the form of an infinite set of coupled ordinary differential
equations (ODEs) with dependent variables representing displacement, stress and
gravitational potential and flux. with radius as independent variable. The eigenperiod
spectrum will be given by numerically integrating these ODEs across interfaces of
discontinuity in material properties and satisfying the boundary conditions at the
surface of the Earth. This approach is suitable for realistic Earth models because
of the high accuracy of its numerical calculation. Smith (1977) used this theory
to explore numerically a portion of the elastic-gravitational normal mode spectrum.
Smith’s work (1974, 1977) has come to be regarded as the definitive analysis by most
subsequent workers. Wahr's (1981a, b) calculations based on this theory were adopted
by the International Astronomical Union (IAU) as the reference model for the Earth’s

forced and free nutations.

Each of these two approaches has advantages and disadvantages. The first (i.e.
semi-analytical) approach, which is based on the torque-angular momentum equa-
tions, still requires certain approximations to be made regarding the flow in the outer
core and the elastic deformation of the inner core and mantle, so as to model the
gravitational and pressure torques acting on the mantle. These approximations are
unnecessary when following Smith’s approach. On the other hand, Smith’s approach
does not easily produce good approximations for such a long-period mode as the [CW,

whose eigenfunction probably cannot be well represented by a heavily truncated series
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such as has been necessary (up to now anyway) for computing eigenperiods.
In the standard theory of free oscillations in a non-rotating, spherically-layered
Earth, the displacement field u and the gravitational perturbation V can be repre-

sented by a single spherical harmonic

u = S7 or T (1.1)
w = onYyr" (1.2)
with
Sy = (unt+ropV)Y" (1.3)
Ty = -tiex Vy" (1.4)
Y™ = Pre™ (1.5)

where u’, v, t7' and P are functions of r only, and P is the associated Legendre
function (see equations (3.4)-(3.53)). ST and T™ represent purely spheroidal and
toroidal displacement field respectively. For the free oscillations most studied by
seismologists (periods less than one hour), the effects of the Earth’s rotation can be
considered as small perturbations to the solutions for a non-rotating Earth model
(e.g. Dahlen & Sailor 1979). However for modes with periods longer than one hour
(core undertones, Slichter modes and wobble/nutation) the effects of the Coriolis
and centrifugal forces can no longer be treated as small perturbations. Rotation
and ellipticity make the displacement vector become an infinitely long coupled chain:
either

U = Sjm| + Timp1 + Sjmpsz + Timps + - (1.6)
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or

u = Tio + Sipper + Timpgez + Simppa + - (1.7)

These infinite chains must be truncated for numerical calculations. Smith (1977) used
a three term truncated series.

TT + ST + T7 (1.8)

to represent the wobble/nutation displacement field (Jm| = 1), and claimed that
this truncation was sufficient for the Chandler wobble and FCN. However he did not
extend his computation to a less severe truncation than in (1.8), so his conclusion
needs to be tested.

Smith (1974) took into account the ellipticity of the Earth by a mapping from
the spheroidal Earth domain Vg to an equivalent spherical domain (ESD). But, the
coordinate transformations he used for regions near and away from boundaries seem
to be inconsistent (Rochester 1993, unpublished notes). A detailed description of
Smith’s mapping is given in chapter 2.

Following Jeffreys & Vicente (1957), many researchers searched for evidence of the
FCN in observations of Earth orientation. In contrast to the Chandler wobble, the
amplitude of the nutation is too small to be detected directly by astronomical obeser-
vations. Claimed discoveries of FCN involved estimations of the amplitude much
higher than the possible upper limits (Rochester et al. 1974). However, its resonance
effects show up in very long baseline interferometry (VLBI) data on the much larger
forced nutations of the Earth’s rotation axis, and in long-period superconducting

gravimetry records of the solid Earth tides. Several studies of VLBI observations
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(Herring et al. 1986, Gwinn et al. 1986, Jiang & Smylie 1995) showed that the FCN
period is about 30 days shorter than its 460-day theoretical value (i.e. Smith 1977,
Wahr 1981b). Other studies of stacked data from tidal superconducting gravimetry
measurements (Neuberg et al. 1987, Richter & Zurn 1988. Merriam 1994) gave the
same result. The consistency between the results of two different data sets suggests
there exists a significant discrepancy between the observation and the conventional
theory of the FCN period.

In search for the possible reasons for this discrepancy, Wahr & Sasao (1981) and
Wahr & Bergen (1986) estimated the contributions from ocean tides and effects of
mantle anelasticity respectively, and found them to be much smaller than this dis-
crepancy. Gwinn et al. (1986) suggested that an extra flattening of the core mantle
boundary relative to its hydrostatic equilibrium configuration could remove this dis-
crepancy. Mathews et al. (1991), allowing for the rotational dynamics of the inner
core, obtained an additional prograde nearly diurnal free wobble (also called free in-
ner core nutation FICN) and a new free wobble of the inner core (ICW) with much
longer period. Dehant et al. (1993) showed that the resonance from the FICN is
almost negligible and cannot explain the FCN discrepancy. The explanation of a

non-hydrostatic core-mantle boundary has become widely accepted.

However, before abandoning hydrostatic theory, we should be sure any shortcom-
ings in its formulation (Smith 1974) have been removed. There appear to be three

such problems.

1. The dynamical equations in interior regions were derived by coordinate trans-
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formations inconsistent with those used for boundary conditions at an interface

of discontinuity in material properties.

2. Material properties were treated improperly in formulating the boundary con-

ditions for the normal stress components.

3. The displacement field chain was severely truncated i.e. to the three terms
in equation (1.8) and the convergence of numerical results was not tested by

extending the chain.

These problems may have unintentionally reduced the accuracy, and even prevented
the appearance of a more complicated spectrum , of wobble/nutation resonances.

Problems 1 and 2 were brought about by incorrect coordinate transformations when
rotation and oblateness of the Earth are considered. This thesis aims to remove them
by a thorough reformulation of the hydrostatic Earth theory in a new coordinate
system. Problem 3 should be dealt with by extending the chain (1.8) to TP or TP
(Im] =1).

Motivated by a suggestion by Jeffreys (1942), Rochester (unpublished notes 1993)
proposed a non-orthogonal coordinate system (rg,8, @), where rg is the mean radius
of the equipotential surface through (r,f,¢). He later realized that Kopal (1980)
used this coordinate system to describe the free oscillation of a star (i.e. a fluid) and
named it after Clairaut. We will continue to call it a Clairaut coordinate system.
Rochester (unpublished notes) also proposed a new set of field variables dependent
on the Clairaut coordinate ro. These variables are modified from those suitable for

a spherical Earth model (first defined by Alterman et al. (1959) and called AJP
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variables) so as to be continuous across ellipsoidal interfaces and include no derivatives
of the material properties.

This thesis is divided into two parts, i.e. theoretical derivation and numerical appli-
cation. The first part (chapters 2-4) covers the derivation of a set of governing ODEs
and boundary conditions (BCs) for wobble/nutation modes of a rotating, spheroidal
hydrostatic Earth model in the Clairaut coordinate rp and the new set of dependent
variables. These ODEs and BCs should provide a precise consistent description for
the free oscillation modes of a rotating oblate hydrostatic Earth model to first order in
the ellipticity. These derivations form the major part of this thesis, with my original
contributions being detailed in the Acknowledgements.

The second, and shorter. part of my thesis (chapter 5) describes the implementation
of numerical calculations to search for wobble/nutation eigenperiods for the Prelimi-
nary Reference Earth Model (PREM), created by Dziewonski & Anderson (1981) to
give a best overall fit to seismological data. The objective of these calculations is to
check whether the results are closer to or farther away from the value inferred from

observations than those based on Smith’s (1974) theory.
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Chapter 2

Clairaut Coordinate System

2.1 Smith’s Mapping

A model of the Earth in hydrostatic equilibrium has its material properties constant
on the equipotentials of its gravity field. The conventional theory of free oscillations
(Alterman et al. 1959) disregards the rotation of the Earth and takes the surfaces of
constant material properties as spherical. The surfaces of constant material properties
in a rotating oblate hydrostatic Earth will be ellipsoidal, to first order in the ellipticity.

To compute the wobble/nutation modes of a rotating, oblate Earth model, the
effects of Earth’s ellipticity and rotation must be incorporated in the governing equa-
tions and boundary conditions. However the data for material properties of the Earth
are tabulated in a spherical Earth model e.g. PREM. We need to properly adapt the
latter Earth model to the former. In this chapter, we will analyse Smith’s (1974)
mapping and set up a new coordinate system , so as to establish a consistent trans-
formation from spherical coordinates.

If a rotating, ellipsoidally-layered Earth model is in hydrostatic equilibrium and the

point with location vector r(r, 8, ¢) is on an equipotential of the equilibrium gravity
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field. then to the first order of ellipticity, the equation of this ellipsoidal equipotential
is
2
r=ro[l — §f(ro)Pz(cos 6)] (2.1)
where ry is the mean radius of the equipotential, f(rg) is its ellipticity, P, is the

second-degree Legendre polynomial and 8 is the colatitude of vector r. So, the mean

radius ro can be expressed by the spherical polar coordinates of point r:
2
ro=r[l + -§f(r)P2(c059)] (2.2)

Chandrasekhar & Roberts (1963) regarded the ellipsoidal Earth model as generated
by modifying the spherical Earth model. They wrote the the material properties in

an ellipsoidal Earth model, e.g. density po(r) at a point r(r, 8, @) , as:
2 d
po(r) = po(r) + 3T F(r) = Pa(cos 6) (2.3)

where po(r) is the density at r in the corresponding spherical Earth model.
Based on the assumption that this ellipsoidal Earth is in hydrostatic equilibrium,
which ensures that material properties in this Earth model are constant over equipo-

tentials, this equation for density is:

po(r) = pa(ro) (2.4)

consistent with (2.3} and (2.2). There are similar relations for rigidity u(r) and Lamé
parameter A(r).

To deal with the elliptical configuration of the Earth, Smith (1974) used the fol-
lowing mapping from a point P (r,8,4) in the ellipsoidal Earth Vg to a point P’

12



(ro,8.0) in the corresponding spherical volume called the “equivalent spherical do-
main” (ESD). Note we write Smith’s mapping in the notation adapted in this thesis

— his p, r correspond to our r,rq respectively.

1. If P is on an ellipsoidal internal or external boundary (i.e. an equipotential
where any material property is not continuous) the location of P’ is given by
(2.2) i.e. a boundary with mean radius rp in Vg becomes a sphere of radius ro

in the ESD.

2. If P is not at internal or external boundaries the location of P’ is taken to be
identical to that of P, i.e.

ro=r (2.5)

When discussing material properties explicitly, Smith regarded such quantities, e.g.

po(r), at point r in Vg as formed in terms of those in the ESD by (2.3), i.e.
pole) = polr) + 57f(r) 2 Py(cos) (26)
At a boundary, using (2.1)-(2.2), (2.6) reduces to
po(r) = po(ro) (2.7)
in agreement with (2.4). However, at an interior point, the effect of using (2.5) is that
polE) = po(ro) + 3o (ro) L2 Pa(cos ) (28)

In (2.7)-(2.8) po(ro) is prescribed as a function of radius o in a spherical Earth model.
Similar relations hold for other properties A(r) and pu(r).

13



Clearly, this mapping treated regions (i) in the interior between. and (ii) in the
vicinity of. boundaries of the Earth in an inconsistent way. leading to an error of the
first order in ellipticity in the vicinity of boundaries (Smith 1974). The existence of

this error is shown by the discrepancy between (2.8) and (2.7).

This discrepancy will affect numerical calculations carried out using the foregoing
mapping. The governing equations, based on the basic physical laws, are first writ-
ten as a set of partial differential equations (PDEs). The orthogonality properties
of spherical harmonics are applied to these PDEs to remove latitude and longitude
dependences. Then a set of ODEs with radius ry as independent variable is formed,
which will be numerically integrated between successive elliptical surfaces ro = con-
stant (2.2). As the integration approaches one side of an internal boundary, (2.8)
has been used with density derivative appropriate to that side. The boundary con-
ditions must be satisfied using (2.7). Then integration away from the other side of
that boundary uses (2.8) with density derivative appropriate to that side. Smith
describes this sequence of steps as requiring that material properties be continued
smoothly across interfaces at which they are actually discontinuous. But this seems
not to fully describe the consequences of using (2.8) rather than (2.7). Smith argues
that the effects of this inconsistency should be small, but the contribution of this
assumption is unknown before more precise computation is carried out. To avoid the
above inconsistency, Rochester (1993 unpublished notes) proposed using (2.1)-(2.2)
everywhere in Vg, not just at boundaries. Based on this idea, another coordinate
system is introduced in the next section.
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2.2 Clairaut Coordinates

Based on some work by Jeffreys (1942) on the description of tides, Rochester proposed
to replace Smith’s mapping of Vg into the ESD by simply making a coordinate trans-
formation while remaining in Vg, 1.e. replacing the orthogonal coordinates (r.8.o)
of r by the non-orthogonal (ro,8,®). Kopal (1980) used this set of coordinates to
formulate the free oscillations of a star, but gave no numerical results. He named this
coordinate system (ro, 8. @) after Clairaut, and we use that name in this thesis. The
differences between Smith’s mapping and Rochester’s coordinate transformation are
described in Fig. 2.1.

The transformation of coordinates (2.1)-(2.2) leaves the ellipsoidal Earth volume
Vg unchanged, but with ro, 8, ¢ (instead of r, 0, ¢) as the coordinates of the point at
the tip of vector r. Comparing this transformation with the mapping used by Smith
we see that points r in Vg which are (are not) on surfaces of discontinuity in material
properties coincide (do not coincide) with points r in ESD. This is why we make a
distinction between Smith’s mapping and the transformation to Clairaut coordinates
in Fig. 2.1, and why we prefer not to use the term “ESD” to describe the result of
transforming to Clairaut coordinates.

Consistent with (2.4) and (2.7), the material properties at any point r(r,6, ¢) in
Vg will be equated to the values on the equipotential surface with radius rg in ESD,

which are only functions of ro, e.g.,
p(r) = po(ro) (2.9)

with similar relations for A and u.
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Any field variable S in the ellipsoidal Earth Vg will be transformed by
2 as
S(r.0.9) = S(ro,8,¢) — =rof(ro) = Pa(cos §) (2.10)
3 a"'o

(to the first order of ellipticity).
To form the governing ODEs from their PDEs, the partial derivatives in spherical

polar coordinates need to be related to those in Clairaut coordinates. To the first

order of ellipticity,
i} 2 ' a
5 = L+3(rof) Pz]a—,ro (2.11)
a a4 2 , 0
% - %‘*‘ §Tofpza—ro' (2.12)

where () = ﬁ.

In chapters 3 and 4, we will transform all material properties, field variables. gov-
erning equations and boundary conditions, so as to generate a description of wob-
ble/nutation modes for a rotating, ellipsoidally-stratified Earth model in Clairaut

coordinate system which is internally consistent to first order of ellipticity.
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Figure 2.1: Smith’s Mapping vs Clairaut Coordinate Transformation. (2.1) indicates
application of equation (2.1).
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Chapter 3

Boundary Conditions for an
Ellipsoidally-Layered Earth with
New Variables

3.1 Boundary Conditions in Clairaut Coordinates

The first application of Clairaut coordinates in this thesis is to write the boundary
conditions for a rotating, ellipsoidally-layered Earth model. Since the equation of the

equipotential through point r(r,8, ¢)
2
r=ro[l — gf(ro)P2(COS 8)] (3.1)
its outward unit normal i is
. .2
@d=r+ 5f(r)——0 (3.2)

where # and 8 are the unit vectors in r and 8 directions.
For an Earth model in hydrostatic equilibrium, the boundary conditions at an in-

ternal or external equipotential surface of discontinuity in material properties require:

1. a. continuity in normal displacement component i - u (at all internal bound-
aries); or,
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b. continuity in displacement u (at internal boundaries between solid and solid);
2. continuity in Eulerian perturbations to gravitational potential Vi;
3. continuity in gravitational flux - (VV| — 47Gppu);
4. continuity in components of normal stress fi - T:

To express the boundary conditions in Clairaut coordinates we will expand the con-
tinuous quantities using spherical harmonics and transform the expansions to Clairaut
coordinates by equation (2.10). Then we will simplify the resulting expressions by
using the orthogonality of spherical harmonics to remove the 8- and ¢- dependence

and arrive at boundary conditions involving rq as the only independent variable.

3.1.1 Expansions of Continuous Quantities by Spherical Har-
monics

In this section, each continuous quantity will be expanded by the spherical harmonics

Y. where
Y™ = P™(cosf)e™?, (3.3)
m _ (—l)m _ 22ym/2 " 2 n
Pl (cos8) = Sl (1-2z% —d:r'“*'"(z -1)"n>m20 (3.4)
-m _ m(n—m) _
P ™(cosf) = (-1) T m)!P" (cos 8) (3.5)

(z = cos®) and P is the associated Legendre function of degree n and azimuthal
order m.

First of all, the expansion of displacement vector u is:

u= Y Y [ul(r)E+ro]V —rilE x V]V (3.6)

m=-00 n={mj

19



where u]y'. v and t'. which are functions of ronly, are respectively radial. transverse

spheroidal and toroidal displacement components. Using (3.2)

fi-u = f-u+§f(r)P;é-u
— my m 2 1 ma},nm mimy:'lm
- Z Z [‘U } +§fP2(vn EY) tn sin 8 )] (3.7)

m=~20 n=|m|

is continuous across an ellipsoidal boundary.
Using (3.6), the continuity of displacement u at a solid/solid boundary reduces to

the continuity of
a - 2 1 ~ n A 2 La - - -
u—(a-u)h = —§fP2(0‘u)r+ (-u-— §fP2r -n)8 + (o-u)e (3.8)

which is the tangential displacement vector (us,). This continuity requires the sep-
arate continuities of its components in the #, § and ¢ directions. As we can see from
(3.7), the continuity of # component follows from the continuity of the § component,
hence only the continuities of § and ¢ components need to be considered. Further-
more, the continuities in the § and $ components of the tangential displacement u;,,
are equivalent to the continuities of its transverse spheroidal part (Uen)er and toroidal

part (Wgn)eo, which are:

o0

(ke = 3 > CLEED [T MG 0 Zppte o) 2T

m=—00 nefom| 4rn(n +1)

—(&- u)lmy-m]sm 6déde (3.9)
== m(2n+1) 2% 2 e imY, ™™
(utan)to = ; Zml 41!'71 71. + 1 / / [ -ua— 3szl' ll) sin @
—(o- u)—%‘;—"l] sin 8dOd¢ (3.10)

(Smylie 1965).
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However, (Wian)er and (Uegn)io are continuous only at solid/solid boundaries.

The expansions of the perturbation gravitational potential V| and gravitational flux

7 in spherical harmonics are:

W= ) ) ennyr

m=—o0 n={m|

v = (VW —47Gpou)
= (f'+ gf(r)Plé)(VV] —41'I‘Gpoﬁ'U.)
= Z 2 {(——47erou"')Y"'

m=—co n-lml

+§fP21[(-rL — 4rGpoulT)

oy imY™"

o6 — 4nGpoty sin @ I}

where ®7(r) is function of r only.

The normal stress vector

=
a1

2 .
= (F+ zf(r)P8)-7
3
2 . 2 -
= (o + §f(T)Pngr0)r+ (Tro + §f(T)P§Toa)9

2 -
1o+ 3 (1) Pi00)8

(3.11)

(3.12)

(3.13)

where 7., Trg, Tre, 766, Top are stress components. The continuity of i - ¥ requires that

three components at t, § and @ directions separately be continuous across boundaries.

According to the Hooke’s law relationship between stress and displacement, we can

write the expansions of the stress components in spherical harmonics as:

m

Ter = Z Z[’\(TO Jar

m=-00 n=|m|
) S mY ™
Tr6 = [.l(ro) Z Z (‘I,n aa E::nzm -

m==00 n=|m|

)

sin 8
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re = u(ro)mimgl(w:‘:’;ﬁ—e,?a;/;"') (3.6
T = mzm lel{[x(rom'wz#(ro)—]r"
+2g(ro)[7m%§;+i t:';) simg (3.17)
= w0 33 imtE g
m 2 m ~m
e T
where
A" = d;z;,:‘ + ul ~ n(rn+1)v,'," (3.19)
I = d;’f' _ :":' (3.20)
o= d;f tf'_" (3.21)

are functions of r only.
So, the continuous radial component of normal stress @i - 7 , written as (fi - 7).qe4,

can be expanded in spherical harmonics as:

(B Fhaa = (e + 2 f(71PiT0)

S 3 {Aro)AT +2u(ro) -—]ym

m==00 n=|m|

sz‘#

6Y"‘ imY;"

The continuities of § and @ components of normal stress # - 7 are equivalent to the
continuities of its transverse spheroidal part (- 7)., and toroidal part (i - 7)., which

are (Smylie 1965)

@ = 55 G e SR

41rn n+1
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—(Tre + f(r)Pngd,) ]sm9d9d¢b (3.23)
. . I (- 1)"‘(2n+1) . . sz"
(l‘l-T)to == m“z.-oon_zlf:nl 411'11(12-{-1) / / [ ( r0+ f(r)P go)

(et f(r)P roe) on Y 90" | sin 6d8do (3.24)

3.1.2 Continuous Quantities in Clairaut Coordinates

After expanding the continuous quaatities in spherical harmonics, we will transform

all field variables in the above expansions in r into those in rg according to (2.10), i.e.

dX(ro)
dro

X(r) = X(ro) - -Tof(To)Pz (3.25)

, d—}?— etc. Putting this transformation

where X(r) can be any variable in r, e.g. u
into (3.7), (3.9), (3.10), (3.11), (3.12), (3.22), (3.23), (3.24), we obtain expressions in

Clairaut coordinates for eight quantities continuous across the ellipsoidal boundaries.

Each expression has the form

X(r0101¢) = i i -an (3.26)

m==50 n=|m|
where X(ro, 8, ¢) represents respectively normal displacement, tangential displace-
ment components , perturbation gravitational potential, gravitational flux and normal

stress components. Their X,,, are respectively:

(R W)mn = ulY"

mOYo imY™

+3floro g P + Piop i 4 tn T (3:27)
_ (= 1) (2n + 1) m
{(utan)lr}mn = 21’1 n T 1) ;{ (Il)ln + Imt (I2)ln
-Z f[ro d”‘ ~(13)in + zmro—(I4)zn + u(I5)]} (3.28)
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(=1)™(2n +1)

{(umn)to}mn 2n(n ¥ 1) z{:{tr(ll)ln - lmv,"'([2),,,
2 flmimro Sl (143 + oG I3 — i (T6)al} (320
0
(Vma = @™ — —fropzfﬂlym (3.30)
dopT i
(‘7)mn = d o "]Y"
2 f(pro(- L2 T2 +anGpo oty

ay;" ym
+P;[(—r:——4erpov:.") e —41erot"'"”m 21} (3.31)

. du™ 2 dA™ dy™
{(f-F)radlmn = (AA:+2y%)x.M+—f[Pzro(-x n_9,L Un ym

dro dTg ) n
m YT ) Y’"
+PIU(UT A + 67 —n —=)] (3.32)

- - - (_1)m(2n+1) m - m
{(B-F)erkmn = on(n ¥ 1) Zl:{u[\ln (I1)in + im&(12)1n)]

2 m u”'
=3 1=AAP(I8)in + 1 < =25 (I3)n — 25 (1)
d\I!,

—ith(IS)‘,, + 70— (13)1,. + tmrodgm

dro

(14)in >]} (3-33)

—32;- f[—3im,\A7'(110),,. +u< —Gimr—(IIO)ln + 2im”—r'—(111),,,
Q 0

g _dur dem
- o (112)(" —imrg dro (14)ln + rg dr (I3)in >]} (334)

where all variables X[ or X have been transformed into functions of r¢ and (/1) —
(112) are about to be defined. To simplify the above expressions, we use the identities

for associated Legendre functions,

PY™ = ATY™,+ BTY™ +CTYM, (3.35)
P} a};o = 2(n +1)A™Y™, + 3B Y™ - 2nCPY, (3.36)

PlYm™

m— = _3(Gm -1 + Hm +l) (3.37)
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where for brevity we define

to obtain

(Il)ln

(12)in

(I3)in

(14)ln

(I59)n

(I6)1n

3(n+m)n+m—1)

A = 3 (2n +1)(2n = 1)
g n(n + 1) — 3m?
" T (2n+3)(2n-1)
cr = 3(n+2-m)(n+1-m)
nT 2 (2n+3)(2n+1)
m n+m
Gn = 2n +1
m _ nt+tl—m
HT = 2n+1
dP, P-"' —m

/ [ s oP, P-™]sin6d6
2(~1

nin+1)—— 2( +)1 Otn

1 ondP™  dP"

/o perwi Ll g [n " sin8df

0

dP™ dP-m o
/OP,[ = +sm oP, P=™]sin §d8
2(~

o + {n( + 3)An+261 n+2 + [‘n(‘n +1)-— 3]3’"61 n

+(n = 2)(n + 1)C; 28102}

T P2 —my .
/0 smada(P' P-™)sin 6d6

2(-1)™
2(n 1 3G 10t ns1 + Hio 1 81,01]

/"r pipm 2" i gag

dé
2(—-1)™
2(n ) [2rAD 281n+2 — 3B é1n — 2(n + 1)C 3 81,n-2]

1
/ P P™ P ™ sinf0df
4]

sinf
2(=1)"
2n +1

3[Gr+[61,n+l + H;n—lé‘l'"—ll
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(3.39)

(3.40)
(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)



PP dPr™  m? d BT
— 1 I Z I I
(ITha = /(; By dor  dé +sin0d9(sin0

)P, ™]sin 8dé

= 22(n 1)"' {2 (Tl + 3)2 4::4_26‘ nt+2 + 3[n(n + 1) — 3]Bm¢$ln
—2(n +1)(n — 2)’C7 y81n-2} (3.49)

d P™ dP™
(I8 = /oP 25 e e
1 d°P™ cos8@dP™ m?

- -m] sin 040
tnd' a8 " sng a8 T anrgll )Enlsind

2(—1)™ )
= A+ 1) = BGT b + HE i (3.50)
- dPrdPrm | m?
(I = [ cos6[SIT2" 1 Tl pom)sin bds
2(-1)™ ]
- 2(n +)1 [n(n +2)G7.'+151...+1 +(n—1)n + DHR 6ina]  (3:31)
(110, = /rcosﬂP,"'Pn‘"‘ sin §d6
o
2(—1)™ )
= 2(n +)1 (Grt10tner + Ho- Stn-1] (3.52)
0 il e P & i dP""
(I11), = / [d02 o+ plag) g1 sinbdf
2(—1)™ )
= 2( ! 3[( n +4)Gpy 0nsr — (n — 3)HTL 18101 ] (3.53)
¢pP, cos § dP™ m? __ dP;™
(12 = /P g~ Snoas +sin20P' ) =26
,Pr™d  Pm
+2m’ 2 sinf df sm0)]
= 22(,, D fon(n + 3)(n +4) AT 2812 + 9(n = 1)(n + 2) BPS;
~2(n — 3)(n = 2)(n + 1)CrLy81n—2] (3.54)

For brevity, we also introduce the following operator symbols:

K. X" = AT oX™,+BrX™ +Cr,XT, (3.55)

L.X™

2(n + 3)AT, XM, + 3BT X™ - 2(n - 2)C™, X",  (3.56)
M,X™ = (n+2)(n+3)AT,X", +n(n+1)BTXT"
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+(n - 1)(n —2)C, X, (3.57)
QX7 = 3G Xow + HL XL (3.38)
N X™ = 2n(n+3)%A70, X7, +3n(n+1) =3B XD
—2(n +1)(n = 2)’CoL, X, (3.59)
R X7 = =3[(n+4)G, X0y — (n = 3)HL X (3.60)
O Xy = 2n(n+3)(n+4)A7,X0, +9(n—1)(n + 2)Br X
=2(n —3)(n — 2)(n + 1), X1, (3.61)
where X" is an arbitrary variable. By appealing to the linear independence of the

spherical harmonics ¥*, the boundary conditions reduce to the continuity of the

following quantities at an ellipsoidal boundary with mean radius ro:

ap = ulr+ f[ —roK, (ZL+L vy + 1imQnty] (3.62)
o f om dur
o= o+ 3nn 1+ 1)[(L,, 6Rn)uy — ro(M, — L) dro

+imQ,r dt (3.63)

dT‘o
- m. 2 f ] - dv? diy
ty = tr+ 3n(n T 1)[zmQ,.un imQnro Ire (My — Lp)r dro (3.64)
= 2 , dor
Qn = - :—;'fToI\" dT‘o (365)
m 2 m

T = ey _ 4xGpouly + —f[Ln(g- — 4rGpouy)

drg 3 o

m d m

~roK, (‘F‘I’ —47er0;‘—") — 47 GpoimQnt™)| (3.66)
Dm m d - ‘F"T
R = M+ d 2An7‘o-dTg—)

—z\K,,rodA + uimQa€) (3.67)

dTo

- 2 f _ um
LY o= pUr — —c————{(L, - 6K,)(AAT +2u—
n s, 3n(n+1){( JAAT +2p—-)
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avy o™ . tm

+p((M, — L, )ro — 2N, — (n(n+1) - 6)im@,~*
To ro T'o

—imQ,,roFT%]} (3.68)

m _ 2 f
n B& 3+ 1)

+u[(M, — L, )ro Em tn ‘I’"m _2imanT:'_]} (3.69)
0

0

(imQa(AAT +2u-™)

where all variables X' are functions of ro. Note that (3.63) and (3.64) are continuous

only at a solid/solid boundary.

3.2 Boundary Conditions Expressed by a Set of
New Variables

In order to simplify the boundary conditions, Rochester (unpublished notes 1995)
proposed using #7'(ro), 5 (7o), £m(ro), €7 (ro), [ (ro). RT(ro), T7(ro) and #7(ro),
whose definitions are in (3.62)-(3.69), as the dependent variables in Clairaut coordi-
nates.

With this set of variables the boundary conditions are written in a much simpler

-~

form, i.e. to require that every new variable, i.e. a7, o7, t7, ¢i>:‘, f‘ f?. s i . Tots
be continuous at an ellipsoidal boundary, e.g. at rg,
ig(rg) = in(rg) (3-70)
on(rg) = o(rg) (3.71)
th(rg) = &(rg) (3.72)
O7(ry) = BT (rd) (3.73)
Fr(rg) = IR(3) (3.74)
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R™(ry) = R™(r) (3.75)

(rs) = ER(rd) (3.76)
m(rg) = (rg) (3.77)

where of course (3.71) and (3.72) are invoked only at a solid/solid boundary.
In the next two sections we specify the continuity conditions at special boundaries.
One is at the boundary between solid and liquid because rigidity u is zero in liquid.

Another is at the surface of the Earth where there is no stress at all.

3.2.1 Boundary Conditions at an Ellipsoidal Solid /Liquid
Boundary

At a boundary between liquid and solid, only the normal displacement component
fi - u is continuous and the components of tangential displacement 5™ and ™ are
not continuous. With 4 = 0, the transverse spheroidal and toroidal components of
normal stress i:," and 77 on the liquid side will be dependent on its radial part R™.

So, the boundary conditions will be,

U stia = u.'r:'liquid (3.78)
(p'nm solid — ‘I;'r:' liquid (3.79)
I‘;r:‘aolid = F;r:laolid (3.80)
RE:" solid = If:." liquid
m 2 . dAZ .

- {/\An e §fAAnr0 dTo }l:qun:l (3.81)
TP tia = 2~:.quuid

S | (Ln — 6 Ko ) { B bigui (3.82)

T 3n(n+1)" n )18 Jliquid :
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-

m — m
Tn solid = Tn liquid

2 f . -
—in—(n—;—l—)me..{R',I‘}uqm'd (3.83)

which have been reduced to six from eight for a solid/solid boundary.
3.2.2 Boundary Conditions at the Earth’s Free Surface

At the surface of the Earth, the stress components vanish i.e. R™. ™ ™ are all zero

at rg = R, where R is the mean radius of the Earth.

RM =" =7m=0 (3.84)

Since there is no restriction on the movement of the Earth’s surface, the displace-
ment components i™, 5™ and ™ are not continuous at ro = R.

The boundary conditions related to the gravitational potential require the conti-
nuity of <i>,':' and [ ™ across the Earth’s surface. Beyond the surface of the Earth, the
Poisson equation is:

V2V, =0 (3.85)

From the expansion of V] in spherical harmonics, we find that to satisfy (3.85) requires

1

7' (ro) o< =77 (3.86)
To

for o > R. Using (3.65)-(3.66), and eliminating fields outside the Earth by (3.86),
the continuity of ™ and I'™ together reduce to the following condition at the Earth’s

surface:

n+1
R

30

n+1

B 7 ) p+ (3.87)

(rm + 3™y = (Pm+




2 - -
“5%[(" +3)An, 00, + (n = 2)B @)

+(n = 3)C™ ,&™ ,|p- (3.88)

n—2

where R* and R~ respectively represent just outside and inside the Earth’s surface.
This is the generalization of the BC at r = R for a non-rotating spherical Earth

model, namely

dor ™ n+l1__
(5= = 4nGpou) + =87 = 0 (3.89)

3.3 Discrepancy Between Smith’s Work and This
Thesis, re Boundary Conditions

Since the mapping (2.1)-(2.2) used at boundaries by Smith (1974) is the same as
the transformation (2.10) used everywhere in the Earth in this thesis, the boundary
conditions (3.62)-(3.69) should be identical with Smith’s. However, some differences
are found between the boundary conditions involving the normal stress components
(Rochester unpublished notes 1997).

When Smith (1974) transformed the normal stress [Smith’s (2.22)] from the el-
liptical domain Vg into the ESD, he also made the transformations on the material
properties. So, Smith’s expressions of continuous normal stress components [Smith’s
(5.43), (5.44), (5.45)] include extra terms involving the derivatives of material prop-

erties of A and u. The extra terms are

dA dy du™

2 ¢ —A™ __n
3f Anro[d‘r‘oAn +2d‘f‘o dro

du .
2 — - m_
£f droro[(M,. L)P" —imQa€T]

d .
3f grorol(Ma — L)ET + imQu 7] (3.90)
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in equations (3.64), (3.65) and (3.66) respectively. The reason for the extra terms
is because, when transforming normal stress. Smith did not properly adapt the ma-
terial properties listed in a spherical Earth model to an oblate Earth. In effect he

transformed the elastic moduli by

Ar) = '\("o)—éf"oai’\—Pz (3.91)
To
2 7]

u(r) = #(To)—afrobTuopz (3.92)

which are not correct because the material properties in the elliptical domain Vg as
functions of rg should not be changed when being transformed into the ESD. The

correct transformations are:

A(r) = A(ro) (3.93)

u(r) = p(ro) (3.94)

consistent with (2.7), i.e. the material properties at any point r in Vg are the same
as the tabulated ones at radius ro in the ESD, where ry is the mean radius of the
equipotential (3.1).

With incorrect mapping of the material properties, Smith (1974) arrived at incor-
rect boundary conditions for the normal stress components. The consequence of these

errors for his numerical results (Smith 1977) are still unknown.
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Chapter 4

Governing Equations with New
Variables

In the previous chapter, we got the boundary conditions for a rotating, ellipsoidally-
layered Earth in Clairaut coordinates. Based on the appearance of boundary condi-
tions, a set of new field variables was introduced to automatically satisfy continuity
conditions at surfaces where any material property is discontinuous. In this chapter,
we will establish the governing equations for wobble/nutation modes for this Earth
model in Clairaut coordinates and then reduce them to a set of coupled ODEs with
the Clairaut coordinate ro as independent variable and the new field variables as
dependent.

The free oscillations of the Earth are governed by four basic physical laws: con-
servation of mass, linear momentum, entropy and gravitational flux. On the basis of
these laws, we find free oscillations to be governed by the momentum conservation

equation (MCE) and the Poisson equation:

V-7 = —powu+ 2ipewftk x u — pgVV; — poV(u-go) + pogoV -u (4.1)
VV, = 47GV - (pou) (4.2)
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where k is the unit vector of the Earth's figure axis, w and ) are respectively the
angular frequency of free oscillation and the steady angular frequency of rotation of
the reference frame about k (Wu & Rochester 1990).

In this chapter, to establish the governing equations from (4.1) and (4.2) we first
write (4.1) in its radial, transverse spheroidal and toroidal components and expand
the partial differential equations resulting from (4.1) and (4.2) in spherical harmonics
Y. The expansions obtained from the above procedures will be in the elliptical
domain Vg as functions of (r, 8, ¢). The next step is to transform functions of r into

those in r¢ by the mapping introduced in chapter 2. Using the recurrence relations

and linear independence of Y ", we finally obtain a set of ODEs in rq.

4.1 Gravity in a Rotating, Ellipsoidally-Layered
Hydrostatic Earth Model

Before entering into the next section to derive governing equations, we take this
section to express the gravity for a rotating, ellipsoidal-layered Earth model.

Gravity go(r) for a non-rotating Earth model is governed by the Poisson equation,
V - (Rgo(r)) = 4w Gpo(r) (4.3)

where go(r) is a function of r because of the purely radial distribution of density
po(r). Gravity for a rotating, oblate Earth model needs to be modified from the
above situation because rotation and ellipticity will make gravity go(r) dependent on
both r and 6.

To derive the expression of gravity properly, we need to make it satisfy both the
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Poisson equation and the requirement that the gravity equipotentials be surfaces of
constant density. First of all, we assume the gravity go(r), a downward vector, has
this form.

—go(r) = [go(r) — %Q’r]f + VU (4.4)

where go(r) is the gravitational field for a spherical Earth, ( is the angular frequency
of rotation of the reference frame, and ¥ is to be determined. When we put this

expression into the Poisson equation,
V - go(r) = —47wGpo(r) — 202 (4.5)
we find that

V20 = 4rGpo(r) — po(r)]

= ——T —P2 (4.6)

using (2.6). Obviously, ¥ is the same order as the ellipticity f.
To make sure that the gravitational equipotential is a surface of constant density

we require

Vpo(r) X go(r) =0 (4.7)

Substituting (4.4) into (4.7), we obtain

v 2 P.
o8 = 2 friaotr) ~ 2 22 (49)
SO
T = grf[go(r) - %er]Pz (4.9)
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Substitute (4.9) into (4.6). and use the relationship between spherical-Earth gravity

go(r) and average densitv o inside a sphere of radius r,

4
G = ~3-7rGﬁor (4.10)
. 3 (r 2
= — 4.11
Po r;,/; po(z)z dr ( )
then we have this equation:
ﬂ+6df[ o, _6fpo—ro =P (4.12)

dr?  rdripp—o r?'pgy—o

where ¢ = % In fact this is the Clairaut equation, for if we replace (pp — o) and

(Po = o) by po and po respectively, then (4.12) reduces to

d*f 6dfpo  6f po

L 22,2 11=0 4.13

drz-*-rdrﬁo-*-r2 Po 1 (4.13)
This substitution has very small effects on the ellipticity f because <2< 725

Therefore, we have the expression for gravity in a rotating, ellipsoidally-layered

Earth model as,

~go(e) = [aolr) — 30rlE + 2V[rf(golr) = 20°) P (414
= #(oo(r) ~ 30°) + 22 [rflgo(r) — 0| Pr}

+0(3r fgo(r) = 20%r) B}] (415)

This derivation is a slight improvement on that given by Seyed-Mahmoud (1994).
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4.2 Ordinary Differential Equations from the
Momentum Conservation Equation, in Clairaut
Coordinates

In this section, we will derive the ordinary differential equations from the MCE (4.1)
in Clairaut coordinates by the steps we described above. The first step is to form the
r, 8 and ¢ components of MCE (4.1). To write the LHS of (4.1) we need Hooke's law

for the relationship between the stress 7 and strain &:
F = AAL + 2ué (4.16)

where 1 is the unit dyadic, A = V- u, and )\ and u are the Lamé parameters. So, the

left hand side (LHS) of the MCE is:
V-7F=AVA+VAA +2uV - +2Vpu ¢ (4.17)

where A and u are functions of ro only. Taking the inner product with unit vectors
£, § and ¢, we have r, 8 and ¢ components of V - 7,

oA dAa
= AE;-}- EVTQ rA

+2u(V -8 -+ 25—V1‘o g-
0

A OA dA

T ‘f Py g8

+2u(V - &) -6 +2-

A OA
rsiné 345

.-

Ly 1]
]

(4.18)

m

L <Y
<
N
Il

G5 d (4.19)
dro

+2u(V -§) - ¢+2;—i—ovro -@ (4.20)

o
q
N
i

Here

- 2 d 2 ~
Vry = 1‘[1 + ER(Tof)Pz] + §fP2l0 (421)
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Err_A

(V-8)-8 = V-(6-8)+

& — A (4.22)

= V. (Pep + Oers + 0€ro) +

- 5 _ Oeqg 36  10eq 1 Oey coth

(V-8-0 = ar r + r 08 + rsind d¢ (co0 — cos)  (4:23)
o 2 O€re 360 106, 1 Oepe 2coth

(V-€)-¢ = 5t T 736 T s 6¢+ —¢as (4.24)

where ¢;; (¢, = r, 8, ¢) are strain components in spherical polar coordinates.
The &, 4, ¢ components of the RHS of the MCE can be written by inner products

with these unit vectors. Its i component is:

R ) ) - oV 2d _
po{=w?*(F-u) — 2iwQsinb(o-u)— # ~ [do + ga:(rfgo)Pz]A
D < gt 2L (g Pa > (7 u) + 2f (- )P} (4.25)
+ o go 3dr Go)P> > (F-u 3go u)bP, .
Its 6 component is:
- . - 19vy 2 ._
po{—w?(8-u) — 2iwQcosb(¢-u)— ;—371 - -3-fgoP2'A

2d 2 5
+ .’1:.(%[< go+ 37 rfd)Pr > (#-u) + §fP2‘g‘o(0 -u)]}(4.26)

Its ¢ component is:

— 2 Al Y -. 1 h. hnad 1 aVl
po{—w’(d-u) + 2iwQ(coshf-u+sinbf-u) reind 99
+ i[<’+gi(f')P > u+gf'P15-u]}(427)
rsinfop P T 3gr /2T 3/ 902 ‘
where
_ 2 .
go = (go — 39 ro) (4.28)

Therefore, the r, § and ¢ components of the MCE, written as (M CE),qa4, (MCE)g
and (MCE),, obtained from the above expressions are,
(MCE)rqa: (4.25)—(4.18) =0 (4.29)
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(MCE)o: (4.26) —(4.19) =0 (4.30)

(MCE)s: (4.27) — (4.20) =0 (4.31)

The next step is to expand all variables appearing in (M CE), o, (MCE)g and
(MCE), using spherical harmonics. The expansions of displacement and some strain

components are,

4= ,,,_z_:mn_zlml[m Y. +0(v,, a6 +in "siné a¢>)
Al __— 1 a},nm ma}’nm
€r = E E (4.33)
m=-20 n=|m|
1 & & may’ mY"
w15 Sl iem -
e = 3 _Z Z "mz::no ~& ) (4.35)
where
¥r(r) = Do ot (4.36)
dr r
dgm g
&) = = - (4.37)
A™(r) = dul +2un —n(n + 1)v] (4.38)
dr r

The expansions of other strain components can be formed from these equations,

_ (Brm) 18(8-u)
_ 19 1 9(6-u)

6o = r(aﬂ cot )(@ u)-{’-rsmﬁ d¢ (4.40)
_ (f-u) (8-u) 1 9(¢-u)

€pp = - + ” cot 8 + Tond 09 (4.41)



By substituting all above expansions into equation (4.29). (4.30) and (4.31), we

will obtain the expansions of the MCE in spherical harmonics in the form

(MCE)roa(r,0,0) = i i (MCE)ad|™ (4.42)
m=-00 n=|m|

(MCE)y(r,8,0) = i i (MCE)T (4.43)
m=-00 n=|m}

(MCE)u(r0,6) = Y 3 (MCE)I (4.44)

m=—00 n=|m]|

Instead of working with the {(MCE)g}7 and {(MCE)s}y. we will use the equiv-
alent transverse spheroidal and toroidal components (written as {(MCE),.}r and

{(MCE)}7).

™(2n +1 a} —m
ey = LR [T ey
—{( MCE)¢,};";i——Y‘"‘] sin 6dddo (4.45)
. _ (CU2t D) iy
(MCE)}y = 4rn(n + 1) Z/ /[ {(MCE)G}’ sin 6 Y
—{(MCE)¢}, ] sin 0d8d ¢ (4.46)

The expansions {( MCE);aa}™, {(MCE);.}T and {(MCE),}T, however, are in
spherical polar coordinates. We will transform all involved variables into Clairaut
coordinates by (2.10).

The resulting expressions from above derivations include lots of Legendre function
P7* and trigonometric functions, which will be simplified with the following identities

for P, (besides those in Chapter 2)

d? d m?
- ——|P™ = 4.47
[d02 + cotedo +n(n+1) sinz0]1’,, 0 (4.47)
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e od. . dPP omP o (—l)m1 i
z’:x, /0 cos 0] 5 (sin 8= -) = S PP PP = 5 2QnMaX]
. L dP" 2(—1)™
m 2 { m . . m
> [, i’ 0P = S [—(n 420G X,
+(n — 1)HZ X030,
m . dp" —-m 2(-1)'" - m
zl:x, /0 sin? 0L PP = S Ko[—(n 4 2)CT X
+(n — l)H:ln—l‘Y:ln—l]
m [" m -m 12 _1)m - Ym
ZI:X, /0 sinfcos 6P/ P,Pmd8 = = 2(n+1Q,.R,,X,,

® dP™ dP-™ m?2
; m . 0 0 1l n m p—m 0 —
El X; /(; sin @ cos §| TR + sinngl P, ™\d

2(-1)™
2n+1

[n(n +2)G:‘+1X:nn+l +(n—-1)n+ I)GI."_.X,T.J

" 2gpmdPiT
S X [ sin? 0P —2—df =

{

2(-1)™
2n+1

[nGo Xnty — (n + DGR XL,
As we did in Chapter 3, we also introduce more operator symbols:

QUXT = (n+2)Gm Xm — (n— H XD,

KE.QUXT = (n+ AT G X s +(n + 2) BTG, — (n+ 1) AT HY |

(4.48)

(4.49)

(4.54)

~m
An-f-l

+ [pCRLGon, — (n - B H JX ) — (n = 3)CL H 3 X0 5 (4.55)

Q¥X™ = n(n+2)Gp X7 +(n=1)(n+)HP X7,

qua)x;" = —nG':HX:;_l +(n+ I)H;n—lx:l"—l
W, = _.31.Q,,M,. — QW - 3K, QW

2
V, = %QnKn—an+KnQ9)

(4.58)

(4.59)

After applying the above identities, operator symbols and linear independence of the

spherical harmonics Y, we obtain ODEs from the radial, transverse spheroidal and
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toroidal components of the MCE. The ODEs from the radial cornponent of the MCE

are:
d m d o 2;1 duy’ . nn+l) _ doy
o (AA; e AT) — 7‘0 p¥r + po( dre drGpou,')

nin+1) + 2wQpom]v™ + 2w QpeQ Vit ™
To

4 2 2
+(pow® + ngo - -3-9 po)uT — [po(go — -Q’ro)
dam du™ 2;1 du™ 1 du? dAm™  Am

2 I n n il n _ _ -
3f {,.()I\"[dT'()(A dro H drg )+ 3( dTO To dro ) ( dTo o ) >]
du m m d\Il"' m c[’@'"
“d_r;(L"‘I’n + lmQ"En ) - #Mn( dro d 2
du™ dv®
+p Un (mK,=— + K, Q(” )+ po(go — 'Q ro) -
dTo d
. dA™  dPu™ m . dul  2ul d dt"'
[Bn < rof dro dro)_.A +H+ ro
290 2 d m . m
—(4nGpg — — — —Q )Pol K TOF — LoD — imQat? ]}
o
2 (rof) m dy dul?
+3 { dTo (d A + 2d1‘0 dTo
df w dum | 2um .
+r0;0-po(go - §Q To)[Kn(An - dTo + dTo ) - ann - lantn ]}
= 0 (4.60)
The ODEs from the transverse spheroidal component of the MCE are:
d my - S Al 2,u m m
n(n+1){a(pllln)+ - + A o ;g[un—<n(n+1)-—1 > vl
ém 200 .
+polwT + 7;‘— ~ (90 - 5927‘0)—"— A rD <M e + QT >])
dA”‘ AT d d4¥m du dae™ gm
2 m n _ Zn
+3f {( d (# dT'o ) dr ‘P -3 ( dTo To )]
2 dul?
+=£< ( (
To
. m dp 2uT dp
+(6K, — L,.)[ A dro ] + 2d1.0 -
- tm
+imQ., Em )+ < 3‘15"' 36 _ (ot =2 m _ =)
dro To To To

_Eg;n] + [n(n +1)— Glmz’an;}
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—%fpo

+
KN

duv? dtm der  or
2 _ n
{"“y ro[(A[,, Ln) Qnd ]+ Ln) dTo
du™ dv® dit?
do (dT'o dTo) +Wdo]
+(47Gpp — iﬂ - —Q2)(6K — La)uy
[0}
D) m
—(go = 3Vro)[n(n + 1)K, dury + (6K, — 2M, + L,.)-u—"—
3 dTo ro
- <6M, —Lan(n+1)+n(n+1)L, > 9;"— —n(n + l)imQ,.?;"-]}
[4] 0
d d ) 2 .
d_‘:;{TOd_:;[(Aln - Ln)q’r - "nQnEnm] - Po(go - §Q2ro)n(n + 1)Rnu
0

The ODEs from the toroidal component of the MCE are:

d m
(4 G u?) + W= <+ 1) =2 > 2]

+pow’ty —

—(_1—17
+Ef (imQul-ME - S5y - (Pap 4 L) M (T8,
+(n(n+1) = 1) ‘2'7’;; - —y(rod;ff +3dj_§' —3‘1;5 )
HOM = L)t + 1) - 2)( G — 22 - (r, O +3§f: -

[me? +i(QPuy — QPv7)]}

dp .. dom d . 2v™
+—#—[1an(‘1’"' —To— )+ (M, — La)(ER — 1o & ) +im “n
To To
dv dt™ de™ o™
-2 Un - —n) 4, n __n
2f pof{w? ro[zmQ,, dre + (M, - L,) dro] + tmQ.[( T To )
+(— - —Qz) < Jul (n + 1)v > (47ero _ %0 _ Qz)u,':‘]
To
d m m m
+2wro [Vt i + Wat d —(m+3mK,
To
df du .
2 9 - m
+3 dTo dTQ To[(Mn Lﬂ )61? + 1an\I’n]
= 0

n}

(4.61)

—]}

(4.62)

In (4.60)-(4.62), all field variables u7, v*, t7, &™ A™ U™, £7 are functions of ro

n7 n?
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only.
Note that these ODEs are coupled in degree but not in azimuthal order m. Any
normal mode. in an Earth model which is rotation-symmetric about k. is characterized

by a single m.

4.3 Ordinary Differential Equations from the
Poisson Equation, in Clairaut Coordinates

In this section, we derive the ODEs from the Poisson equation (4.2) in Clairaut
coordinates.

The Poisson equation (4.2),
V*V, = 41G(poV -u + Vo - u) (4.63)

In contrast to the sequence adopted for the MCE, we can transform the Poisson
equation in Vg into Clairaut coordinates directly because of the simple scalar form of

the Poisson equation.

2
Vle(r) = Vle(ro) - §rofP25?_—0V2V.
2
= 47G{po[V -u - —rongi(V - u)]

d 2
£ 22000, (u—Zrg sz—)} (4.64)
+ 3

where the expansion of V?V] in spherical harmonics is:

d"I’"‘ 2de7 n(n+ 1)
VEVi(ro) = Z Z [ dr? r dro

m=—00 n={m|

gm|ym™ (4.65)

"o

where P is now a function of rq¢ only.



As we stated earlier in this thesis, we will keep only terms of first order of ellipticity
f. Because 1t appears multiplied by ellipticity the term %VZVI can be replaced by

its zero-order approximation.

BC: ViV, ~ 4#G5§;(pov ‘u+ Vpo - u) (4.66)
0

4rG Z Z -—(p AM + ”° Sur )Y (4.67)

m==c0 n=m| 4

12

By combining equations (4.63)-(4.67) and using the recurrence relations for Legen-
dre function listed in Chapter 3 and the linear independence of the spherical harmonics

Y. we obtain the ODEs from the Poisson equation:

1  d&?@¢™ 2 do™ _n(n+1) dpo
—_— n — Qm m ZFO . m
41rG[ dro + To dro re [= (poAT + dro un)

d d , .
-2 [—(rof ”°)A’,. m oy fore ”°<roK..A,": + Lov™ + imQut™)]

= 0 (4.68)
Again these ODEs are coupled in degree but decoupled in azimuthal order m.
4.4 Governing Equations in the New Variables

In this section, we substitute the new dependent variables introduced in Chapter 3

-

am, o™, fm ™ '™ R™ $m and 7™ into the ODEs (4.60), (4.61), (4.62) and (4.68).
The above ODEs involve variables u, v™, t™, &™ &™' A™ U™ and £, which

nt ‘ns

will be replaced by the new variables, &7, 37, ---, ¥™. Then from those dynamic
equations, we will form ODEs for the first derivatives of f",:‘, ., EZ‘ and 7. Since
I'm, fi",}‘, £m and 7 depend on the first derivatives of 5:‘, #™, ™ and t™, other ODEs
for the first derivatives of &7, @™, o and £ will be obtained from the definitions of
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new variables.

4.4.1 Ordinary Differential Equations from the Definitions of
New Variables

The definitions of the new variables are listed in equation (3.62)-(3.69). Here, as an

example we derive the first derivative of 77 from (3.63):

dir  dop 2 f

n

= e tyunT l){(L,. — 6R)uy — ro[(Mn — La)ug +imQntr |}
2 f » m7 m’ - m’
+3 i 7Ty (bn = BKa)ul” = (Mo = LaJo + imQut?]
—ro[(Ma — La)ol" + imQatr"]} (4.69)

At the same time, from equation (4.36), (3.68), (3.63) and (3.62), we have,

dv? m , Vn —Up
el v+ o
Sm 2 f A um n
_ n < _ . —_ m 2-—"— Mn - Ln n
; +3n(n+1){(L" 51\,,)(#A,l +22) + Jrofvy
pm’ L, mi m _ ,m m tn
Sln Tl e T o2 imin(n+ 1) - 6)Qn
ro To To o
. ot
—mQnro(ty, — o + %)}
w2 f A= i
n _ = —6K,)2 —[(M, — L,)v™ "tr
o 3n(n+ 1){(L" 65-) To s o imQntl
U 200 Vm .o tn
_oEm 2w i pgm 4.70
To + 3f[L To +im@Q To R | )

Within the terms with ellipticity £, the variables without tilde are the same as those
with tilde, i.e. u® ~ 47 and so on, because we keep only terms of first order in
ellipticity. Combining (4.69) and (4.70), we have the first derivative of )" expressed
in new variables. After similar derivations are applied to %’E‘-, %‘3— and %, we have
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the first order ODEs:

di™

1

dro

di™
dro

dit™
d‘l’o

(=2 = 3rof Ka) = 3 < 6AKn — (A + 20) Lo S]]

X + 2

2 d(TOf) - m
-3 dro KAR;
%{n(n F A+ 2rof (M Ln — Ma) +2uLa] + 5 (A + B)La}iE
2 Sm
SfLaEr
25O +2m) + 3 L0+ wlm@uity

To
gmer.?r"‘} (4.71)
2 Tofl . 2 f . -m

"'[ 3n(n+ 1)(M“ ~6ha) - 3n(n + 1)(L ~ 6Kn)liy
12 f s
;gm(lm —6K,)RY

1 2 rof’ 2 2
2 l‘an( +1)(M"‘L">+§f[L"‘

Tof)' om

1 sim
;z_(;-}-—l)r;(grof + 4_f)anlt"

2 1 ’ -~m
gm(rof) mQnit, (4.72)

1 4, 2 .
—m(grof +§f)anun

21 f pm
§;n(n + l)mQ"R
1 1

To m(
21 (rof)
3yn(n + 1)
1 1
o T amDs

1 2 1 , .
;[1 - Em(rof) (M. — L))y (4.73)

meESRG

370 Qn + fR,.)m
mQnZy

[rof (Mo — La) + fOa] ity
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do™

dr: = 47TGP0[1—‘(Tof
2f; gm
h 31‘0L @
+ L= 2(of VKAl
where f' = L (rof) = Z-(rof).

Kajuy

4.4.2 Other Ordinary Differential Equations in New

Variables

When we substitute the definitions of new variables into the ODEs (4.60),

(4.61),

(4.62) and (4.68), we need to apply the following identities for the operator symbols

to simply the algebra:

QY ———(M, — L,)

1
n(n + l)Q"
Q.QY

QY K.

n(n +1)
o

(M, — L)

1
n(n + 1)

(3)
D%

Q¥ ———(L, - 6K,)
QYQn

QL.

Q(3)
Q(2)

Q"n(n + 1)

Qn

n(n +1)

m2

—n(n +1)
1

n(n+l)
~L,

Qn + K.Q

(Mn, - L)+ K,
4 o 2 - A 1 HE)

_(anI\n - EQ" + A'lQn + Qn )

V.

2
Qn(+1) -V

L _ n+2V, - Q¥
m n(n+1)Q +2 Q.

L, -6K,

W + m*Q.)

1

n(n + 1)
1

n(n+1)

2[QY -
_(Mn - Ln) + Kn

(M, — L) 3K, —1
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(4.76)

(4.77)

(4.78)
(4.79)
(4.80)
(4.81)
(4.82)
(4.83)

(4.84)



1

nin+1)Q¥———Q, = (M,-L,)—n(n+1)(3K, +1) (4.85)
n(n +1)
(2)___ _ _ 2
Qn myS— 1)(M,. L,) = Wa+ " Qn (4.86)
1
M, — () _— 2n __+ g7
(Mo — L) e +1)Q W+mQ,. m—up (4.87)

We obtain the first-order ODEs for R™, m #m and [,

dRm™
dT‘o

= {mpoll — 200 Eal = 902204 = 2f(8Ko = Lu)]

2
+§POQZ[1 + 2r0f,I{n - Ef(SKn - Ln)]

4p3X +2p
2 A+ 2u
— 1 [4 (l—grf’K)—gf,\(L — 6K,)|R™
ro(h + 2p) s T gl Bel =3 A Ee n /1 5n

2 2 2
+ {Powzgf[m + Po?[n(n +1) + 3r0f Ln + §f(2Ln + M,))

(L= 2rof'Kn — 5 (10K, — Lo)|}a

2 2 2
3,o.,Q’[n(n +1) + §-rof'L,. + gf(zL,. + M,))

2;; 3A+2u 2 2
>t on n(n+1)—31'0f1\/I,.+3fL,.>
A 3A—-2u
N, -
+= f< +,\ 5 Lan(n +1) /\+2#M,,>]

+2pomw 1 — g(rof) K,|}oy

1 2 4 3\ +4u
+ a0+ 1) + 3rof (Ln = Ma) + 3f oot

LEm
+ Zppop gm
3 To
2 ! - 1Pm
~ poll = 5(rof Y KulE
2 90,2 4 2 2 ., 4
2° Nz I - _z 2= =
+ {pos fmQu + poZ(Grof' + 3 /imQn — 2@ (5rof + 3)mQn

2000 ~QW + 2(rof Y Kn QW]
2. n(n+1)z\+2(n +n—4)u

n}it
4 3A +4u 7
1.2 . 4.88
+ [ of ,\ +ou ImQn:, (4.88)
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2 f
3n(n+1)

+pog.- 1- ‘2- rOf (L 6Kn) + '2— f (NIn + 2Ln - 181\—n)l

Powz( L, — 6A,)

ro n(n +1) 3 (n+1)
2 ., 2 "of' f
: 2 f
m—[(stu)u——rofA )+3 T

<(A+2u)(Nno— Lan(n +1)) —6(17X + 14u) K, + 2(13X + 12u)L,

—(3A=2u)M, >| + ;21_;(1:;_1'7-2*-&)_3[1 - ;rof'[\',. - ;f(l + 3A,)|}am
. S .2., T
ro(A + 2u) 1 of Kn + n(n+1)
2[ _ 2 (T'of)'

{—po®1 3 +1)(M - L,)]
2 f

z g _2 _
30+ 0 3“’°Q )M, — Lan(n + 1)]
2p
TR+ 2m)

2_rof’
3n(n +1)
2_f
3n(n +1)

—(31A + 2p) M, + (A + 2p) L, >]

2pomwi 2 . 2 " em
n—("Tl_)[l = 370f (1 +3K,) — 2f(1 + 3K + Ln)}or

2 rof’ 2 _3A+4u
(0l - 2=, — L+ A L - 2,

< Man(n+1)—Lyn(n+1) = N, >]}E™

[<2n(n+1)-1>A+2<n(n+1)—-1>pu

+n(n+1)
Po 2 rof = m
r_(,[l 3n(n +1)(M La)l®y

2 -
= ————po(Ln — 6K,)[']
3n(n+1)po(L 6 )Fn

2 (rof) 2 my
3n(n+1)" mQn + ran(n + 1)
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< An(n + 1)M, + (A + 2u)(Ma — Lo)(n(n + 1) = 1) —

N.) >

< 2(A+p)n(n + 1)M, + 2XA(Op + 2Lan(n + 1)) + (A + 6u)N,



S~ m
dit,

d To

[%rof' <(n(n+1) —6)Qn + Qn(n(n +1) —2) > +§f <n(n+1)

B 200wt 5y .2.r W — ZHW, m it
16> Qul+ oy 1)[Q,,z 370f W — 3 f(Wa + m*Qu)]}it;
m ’ 2 At
ro—n(—n:l—){Qrof Qn + §f[< 2n(n +1)3 + 2p ti>
~Qn <n(n+1) — 2 >|}i77
Pogo 2 p_8
{"in(n + l)powzmQ" m(3 of T gmen
2 po2?
“3an+ 1)(5 rof’ = —f)an
5 8
g2

2f A
n(n + 1)ro A +2u

rof)’ 2 f 9o
= §n(n+1) W'mQn + 32 n+1)" (——'Qz)mQ“"("“)

anRT

————ron;"ﬂ) Srof' < Ba— Qu(n(n+1) + Qn >
+27 < 6B+ (n(n +1) = 2)@n + 7o s @enln +1) >]

200w} 2 m
+WIQ‘2’ — grof Wa = -f(3W - 2Q"’ - m*Qn)]}5;

{2rof Qn — = f[z(Q,.n(n +1) = Ra) = n(n + 1)Qu[}ST

g;l(Tf_*_'l—)Poan‘I’T

gn(ni i mQnL7

(—pult = 5=, — L)

il +1) -2+ §n(;°f_'l) < On = (Mo — La)(n(n+1) - 2) >
+§7_@f+—1) <30, + (n(n + 1) = 2)(My — L) >]
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2ppmw 2 . 2 . -m
+n(_n+_ﬁ[1 = 5rof'(1+3R.) = (1 + 9K, ~ La)l}it,
1 21‘0f’ 2 f
- g{3 - m(ﬂfn —L,) - §m[0n +n(n+ 1)(M, — L,)
—(M,, = La)n(n + D)}ir,, (4.90)
df‘: 471’Gpo

[n(n +1)+—rof(L 1\/[,,)+2an o
dTo 3

1 2 2 =
+ r—z[n(n + 1) -_ §r0f’(Ln - A'[n) + ‘é’f(o’"ln + Ln)]‘p':
4]

2 ~
- l{z - 3ro f'Ra = 3flLa — Mo + n(n + 1)KL]}T
47I’Gpo

[(— rof’ -+ —f)an]zt (4.91)

The ODEs (4.71)-(4.74) and (4.88)-(4.91) are valid in the mantle & solid inner
core. The important feature of these new governing equations is that they contain
no derivatives of material properties. This is a consequence of having used the new

dependent variables.

4.4.3 Governing Equations in the Liquid Outer Core

In the liquid outer core, the governing equations will be reduced because y = 0 there.
Setting u = 0, the ODEs for the first order derivatives of o™ and ™, i.e. equations

(4.72) and (4.73), become

om _?..___f__ - R™

o= 3nn 1) (L, —6K,)R}, (4.92)
~m z f >
R Inm 1)mQ,.R;," (4.93)

which means two variables £™ and 7™ become dependent on the R™. With this

dependent property, the ODEs for £™ and 7™ are reduced to algebraic equations for
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up, t7 involving variables a?, R, &7, I'm:

9 T'of' ) 2 f -
= Ut = gy (B~ OKn) + 5oy (Mo — 2L + 6K )
2 2 2 rOf’ 2 f -
TPl U TS g (e e T OR)
2pomwQ 2 ’r- 2 - ~m
+m-+—1)-[1 - Erof R, — '3‘f(1 + 3Rn)]}un
1 2 f m
et anmrn M - L&
_ 2 _g ( Of) -
ol = S e
2pomwi 2 2
+;‘(’;’l_'";1_)[1 ~ 370f(1+3Ka) — 2 f(1 + 9K, )[}o7
Po 2 rof’ xm
_70. — En( n 1)(1‘{" - Ln)](pn
+{2p°mwQ[Q(2)-—g-r f'W —?‘f< 17,78 +m2Q -{-(L —6A )Q(l) >]
(n+1)"7" 3° "3 " " " e
- wzg———ng°f1)mq,.}ifr (4.54)
_ 2 Tof’
0 = Gyt = 57man
_ 2pou.Q (3) " f 3V. Q(3) ]}-m
m[@n +§1‘of n+§ (3Va — @n)l}un
2 f' pDm
—an(n T l)mQ,.R,l
2 Tof’
Hognm e men
2pow) 2 5
2008 10— Zrayw + 250208 — sy
2 f zm
—gn(n—_*_ﬁpoan‘I’n
2 (rof) 2pomu}
+{—powl - 3 (n +1)(M ")]+n(n+1)
[1- §rof'(1 +3Ka) + §f(Ln — 9K, — 1+ @@}y (4.95)
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The existing ODEs in the liquid outer core are those for the first derivatives of a7,

dro

dém
dro

_L[ 2~ Srof ) = 2 f(6Ka ~ L)l

1 2d(r0f)

X[l 3 dro

L an 4 1) + Zrof'(La — M) + fL,.] m
To 3

2oL R RD

Lz_f[msjm
[ —f + ]mQ,,zt"'
——me,.zT"'} (4.96)
{~pou{L — 2(rof)'Kal = po2la - %f(SKn — L)
+§p,,m[1 — 2rof 'K — -f(51\’,. ~ L,)}arm
{pow? -fL + Po [n(n +1)+ —rof'L + f(2L + M,)]
—§p092[n(n +1) + §r(,f L.+ §f(2L,, + M,)]
~2pemull — 2(rof) Kal}57
2 Po xm
-3'fr_0LﬂQn
poll = S(rof Y EulET
’ 2 2 2 /] 4
po{w? —men (—rof -f)an — 3Q(Grof’ + 3/)mQn
+20[-Q + -(rof) E.QM ity (4.97)

4mGpo[l — —(rof) K,lay
2 f

3 To

[t- §(rof)’K,.]1°“r (4.98)
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df'm 47I'Gpo

n

[rln +1) = 3rof (Mo — L) + 5 FLali7

dTQ

+ lz[n(n +1)— -rof (M,—-L,)+ gf(M,. +L,)ém
r§ 3 3

2 -~
_ 1{2 - ir,,f'x,, ~ 3f[La = Ma +n(n + DEL}ET
47I'Gpo

[(- rof' + -f)anllt"' (4.99)

As we see, these ODEs involve variables a7, R™, i, {™, ™ and ['™.
Therefore. the governing equations in the liquid outer core include a coupled set of

ODE:s (4.96)-(4.99) and algebraic equations (4.94)-(4.95).
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Chapter 5

Computing the Earth’s Free
Wobble/Nutation Modes

Having obtained the governing equations (in Chapter 4) and boundary conditions
(in Chapter 3) for the free wobble/nutation modes of a rotating, ellipsoidally-layered
Earth model . we now establish the numerical approach to computing eigenperiods.
For the Earth’s free wobble/nutation, as we stated in Chapter 1, the displacement is

an infinite chain of odd-degree toroidal and even-degree spheroidal fields:
T +S7+T7 +--- (5.1)

with [m| = 1. If we set m = +1 then prograde modes will have frequency w < 0
and retrograde modes w > 0. When carrying out the numerical solutions, we need to
truncate this chain appropriately to include only a finite number of members. In this
thesis, we adopt Smith’s (1977) truncation at degree n = 3 to write our governing

equations and boundary conditions.
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5.1 Governing Equations and Boundary Conditions
with Truncation at n = 3

The displacement chain for the free wobble/nutation modes truncated at degree n = 3
is:

™ + ST 4+ TT (5.2)

We introduce a set of generalized AJP variables y;, (¢ = 1, 10) to represent the new
variables u3’, ft’;", oy, sm <i>'2", re, 7, #™ ™ and 7 respectively. We use y, ya,
Y3, Y4. Ys. Ys to represent the degree 2 spheroidal field, y;, ys to represent degree 1
toroidal field. yg. y10 to represent degree 3 toroidal field.

To increase the precision of calculations, we will use the dimensionless variables

Ui, (2 = 1.10) in the governing equations and boundary conditions. In the solid inner

core and liquid outer core, we take the inner core boundary as scaling reference,

Yy = ay.{5u + 5;3 + 6:7 + 619 + gO(a [PO(a+)(612 + 6:4 + 5:8 + 6:[0 + 6:5 + ]}

(i = 1.10) (5.3)

where 4;; is the conventional delta symbol. In the mantle, we take the core-mantle

boundary as scaling reference,

di
vi = bG8+ 8+ 87+ Fio + golb)po(b-)(Fiz + dia + Gis + bino) + 8 + 1}

(i = 1,10) (5.4)

Here a, and b_ denote locations in the outer core just above the inner-core boundary
and just below the core-mantle boundary.
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For convenience, we henceforth drop the tilde “and use y; to replace the dimension-

less variable ;. At the same time, the radius ry and derivative of ellipticity f’ need

to be scaled;
Iz = fo
R
. _ df  _df ..
fo = dr Rdro (3.5)

Upon substituting these dimensionless AJP notations into the governing equations

(4.61), (4.62), (4.63) and (4.68), we have the ODEs for yy,y2, - -, Y10

dy; 2 ..

= A(, .

T §-=1: (3, 7)y;

(i = 1,10) (5.6)

The coeflicients A(z, ) for the inner core of the Earth are,

1 4 f

AL1) = -2(1-2RA)Z + 3f(1-2RA)B] +22(1 - 4RA)B}

z
A(1,2) = DIAD[1 - g(z FY By

AQ1,3) = 6(1 - 2RA)% —2(1 —4RA)f' By +4£(1 — RA)By
A(1,4) = DIAD[2fBP]

A(1,5) = A(1,6) =0

AQ,T) = [-2f - 45(1 — RA)jmH™

A(1,8) = -DIAD]2fmH™|

A(1,9) = A(1,7)%

A(1,10) = A(1,8)% (5.7)
A1) = BA[-1+3(zf)Bf)+ BBlz +(3/'= — 5 )Bf+ BCl-2 + =L By

38



A(2.2)

A(2.3)

A(2,4)
A(2,5)
A(2,6)

A(2.7)

A(2,8)

A(2,9)

A(2,10)
A(3,1)
A(3,2)
A(3,3)
A(3,4)
A(3,5)
A(3,7)

A(3,8)

Tf 2f

+BD[4(3 —4R 4)][— - (35 +37)B7]
_4RAX 4 [-25 1 —2RA) + S f RAIBT
T I 3
BA[2fB7'] + BB[—4 — —lﬁf + if’a:)B;“] + BC[§ + ( si + 2f") BT
BD[12(3 — 4R 4)(—— + gﬂB'") -4 f -BJ| + BE[1 - -(.r. f)' B
6
=+ [4-;(3 — 2RA) - 2f'| By
ROR[2£B;“]
ROA[-1+ %(x fY'BY
[BA(-2f) + BB(3f + 3/') + BC-6(~3L 2 )

+BD(3 — 4RA)4£]mH{" + BED[H™ + 5(: fY(2CrG™ — BrH™)]

5(3 — 2RA)]|

~-mHP2f +4
[BA(-2f) + BB( f+ f )+ BC - 6(——— - —f’)
+BD(3 — 4RA) ;]mG{," + BED[-4GT + §(a: FY(4BPGT — 3ATHD)]

A(2,8)%—

—DIBD%fB;"
1 1.pm
z 3/

DIBD[1 - %(a,- fYBY]
A(3,6)=0

1
G f +2Lymay
3 T

—DIBD%(:: fymHT

(5.8)



4(3.9)
A4(3.10)

A(4.1)

A(4,2)

A(4,3)

A(4,4)
A(4,5)
A(4,6)

A(4,7)

A(4,8)

A(4,9)

A(4,10)
A(5,1)

A(5,2)

AB.T) g
4(3,8)%

~BalBy) - BB + SepyBy) + BOG - (L - Ly
BD{(3 - 4RA)(——I27 + ;-élB;") + (17 — 28RA)-§-{2—B;"]
BE[z ~ 5(zf' +3f)Bf - o]

~(1-2RA)z - (7' + LBy

BA[-1+ %(.1: fYBP + BB[—i;- FBY] + BC[2£B;"]

2 - 4f . 40 f __
BDI[(11 — 12RA)? — (7 - 12R‘4)§;Bz + —3—'1_—2'32 ]

BE{% - -3[3(zf +zf)By + (z )1}
_3 + (4£RA + f’)B;"
T T
11,
ROR[—-; + §f By
ROA|~3fB]]

1 , ~ 2 f
[BA§(1- f) — BD(7 - 12RA)§I—2]mH{"

BED[L — £(2Y(~4CyGT + 5B HY' + HY') + 3 fm*HY]
514 -3rA) + fimiy

1, 10f 2f
{BAS(af)' — BD[5= + S5(7 - 12RA)|}mGT

+BED(5GY ~ 5(eY(QLATHY — 4GT) + 5 fm"GY
[25(1 —~2RA) + f'lmG3
ETAIC- ROA[L — ;(z FYBr

A(5,3) = A(5,4) =0
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2f

—_— ___:;,_B2

R 2 o
;[l—g(xf)le

A(5,8) = A(5.9) = A(5.10) =0

A(6,2) =0
—ETAIC - 2ROR[-§ + (g - f)B7']
0
6 3f f'\om
F15 + 255 — 7B

2 f 4
-z L+ Z2f\B™
x+(2r+3f) 2

ETAIC- 2ROR(2}£ + fymH™
G3
A(6, 7)'51;
A(6,10) = 0
f ‘
(= +2f)mGy
DIBD - fmGo®
~ol + pymey
_DIBD(zf)mG?
A(7,6) = 0
1 f
; + —3—31
DIBD[1 + %(z £YB™
W0Ff 4

__(_._ +

2en am
35 T 343

= —DIBDg( fry AT
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A(8.1)

A(8.2)

4(8.3)

A(8.4)
A(8,5)
A(8.6)
A(8.7)
A(8.8)
A(8.9)
A(8,10)
A(9,1)
4(9,2)
A(9,3)
A(9,4)
A(9,5)
A(9,7)
A(9,8)

A(9,9)

[BA(f) + BB;-(—_f + f'z) + BC(~f' +4f) — BD(3 — 4RA) —]mG‘"

G". 1 (4 m m m
BED[-;— +3Qf + fNBIGY + 647 Hy' - 2G7) — §sz |

-35(1 — 2RA)MGY

[BA(fz) + BB(4f) — BC(6£) +BD(11 - 12R.—l)6—l'f—2]mG;"
BED[;G;" + %(z F 4 3F)BBRCT — 1247 H +3GT) + £(2 — mY)GT]
3f'mGy

ROR(f')mGy

ROA - fmGp

~BA[L + 5(+fYBT] + BEl3 — (2f +2f)B} = 5(zf)'
-2 rBy

z
(BAZ(fz) + BD@0L)AT — BEL((f + 32f)47]

AT f' (5.14)
Hm
6GT
Hm
6Gp
= f mH?

GG"'
A(9,6) = 0

2
-§f Cy
—DIBDg-( fzycr

LRCE YV
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A(9.10)

4(10,1)

4(10,2)

A(10,3)

A(10,4)
A(10,5)
A(10,6)
A(10,7)
A(10,8)

A(10,10)

where

DIBD[1 - l( fz) BT

2f 1

[BA(f +BB( —f+zf) + BC(5= = &f) = BD(T - 6RA) ——]mH"‘

+BED[—§H5" + E(3f + f'Y(C"Gy + 6By HY — 2HT) + §fH;"]

—l-f:(l - 2RAYmHY
5fF m H"

[34 (fz) + BBZ 3f - BCf+BD(23 36124)3—f-—303

(5.15)

BED[EH;" + I§(3 f+zf)3CmGT — 12BMHP — 2H™) + -1-8- £(16 — 3m?) HP"]

1
§f' mH;
ROR% FmHT

ROAlme’"‘

BAZ(zfy + BDR L

20
(gi+ mer

I pm 10 f m
BA[-1+ §(fx) By] + BD(—; + 2055 BY)

Dyep - BE'——[(llf +3zf)C™

BE(; - w<(f2) — 5(2f +2f)BF)
3 10 f

~2 2L+ s
R4 = L_, ETAIC = 4rGapo(a)
A+2p 9o(a)
DIAD = &M, DIBD = po(at)go(a)R
A+ 2u L
ROR = Po , ROA —_ Po E
po(a4) po(as) a
_Po__ w’R po PR
BA = , BB=
Po(a+)go( ) po(a4) go(a)
Po Ggo J1;
BC = 2.,  BD=—"—o
po(a+) go(a) p(a+)g0(a)R
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BE = —”2——R—2wnm, gep = BE (5.17)
po(a+) go(a) m

In the mantle, these ODEs will be modified by changing the scaling parameters from
those in (5.3) to those in (5.4). The coefficients A(i, j) will be modified by changing

the parameters in (5.17) into:

H“ 47l’Gbpo(b_)
RA = : ETAIC = —/— =
A+2u go(b)
prap = PU-Je®R 55 po(b-)ge(b)R
A+ 2u P
Po po R
ROR = , ROA = =
po(b-) po(b-) b
2 2
Po w R Po R
BA = ————, BB=———0
po(b-) go(b) po(b-) go(b)
Po 9o 7]
BC = ———~,  BD=—_——"—
pa(b-) go(b) p(b-)go(b)R
po__R BE _
BE = —————20m, BED = == 18
po(b-) go(b) m (5.18)

In the liquid outer core, the governing equations include four ODEs (for the first
derivative of yi, y2, ys, ys) and three algebraic equations. They have the forms:

dy; 9 ..
L= AL )y

dz =1
(i = 1,2,5,6);(=1,2,3,56,7,9) (5.19)

9

=1

(i = 4,8,10);(j=1,2,3,5,6,7,9) (5.20)

In the above equations, the variables y4, ys and y;4 have been expressed by y, accord-

ing to the following relations (see chapter 4)

f pm
Ya = §Bzyz
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ys = -fmG;"yz

1 -
Yo = —gme;"yg (5.21)

The coefficients A(i. ;) and 4'(i. ) are:

A(L1)
A(1,2)
A(1,3)
A(1,5)

A(LT)

A(2,5)

A(2,6)

A(2,7)

A(2,9)

A(5,1)

2 4 f

—;+(§f +2-)B;

:
DOAD[L — g(x £y B

Ji(-2f 4 4%)3;"

A(1,6)=0

(~2f' - aLjmy

AL, 7)%:; (5.22)
BA(-1+ 2(af)By1+ BBz + (3f'z - 2By + BCl-2 + 2L By

0

BA[2fB}']| + BB[-4 - (?f + %f’x)B{"] + BC[% + (8£ + 2f")B7']
+BE[L - 2(zf)Bf]

ROR[2£B;"]

ROA[-1+ 5(f) By

(BA(~2f) + BB(S +3'2) + BC-6(~ 2L — 2 f)|mH

+BED[H}" + >(af)(203 GY ~ BY Hy')]

8 4, 2f 1,
[BA(-2f) + BB(§f+ -3-f z)+ BC - 6(—55 - §f )ImG3
+BED(-4GT + 5(z (4B} G} — AT HY)] (5.23)
ETAIC - ROA[L — g(z Y B
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A'(4,2)
A'(4,3)
A4'(4,5)
A'(4,6)

A'(4,7)

A'(4,9)

A(5.3)=0

_?B;n

R 2, ipm

‘;[1 - E(If) Bz ]

A(5.9) =0 (5.24)

A(6.2) =0

—ETAIC- 2ROR[§ + (gf - f)B7

6 3 !
7o+ 2(;{,— - é)Bi"]

f

2 4
_z Ly -MmBm
I+(2£+3f) 2

ETAIC - 2ROR(2£ + f'YmH

A(6, 7)—;5:‘ (3.25)
1
2 9 1 1 2
_BB[§ + §(1:f'+2f)B£"] + BC[;+(§fI+ 5"5)35“]

1 1
BE[= —
+ E'[6

9
1 1, .
R

(e +3)By - 5]

BA[-1+ 3(ef)BY) + BE{g ~ 533/ + 2/)Bf + (zf)]}
ROR[—% + %f’B;"]
0

1 ! ‘FII'.'l 1 [ m m m
(BAZ(2fYmH + BED{=- ~ 5(e)(~4CFGT + SBY P + HY)
+3f(m* ~ BY)HT)
BA3(2f)mGT + BEDIGY — 5(=f} (2147 B — 4GF)

+§f(m2 +4B7)G7] (5.26)
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4'(8,1)

4'(8,2)

A4'(8.3)

A'(8,5)
A'(8,6)
A'(8,7)
A'(8,9)

A'(10,1)

A'(10,2)

A'(10,3)

A'(10,5)
A'(10,6)
A'(10,7)

A'(10,9)

[BB§- f'z + BC(—f)|mGy + BED[%"'?—

+303f + f2)(BYGY +6AT HY ~ 2G7) — 2 GY]
f'mGy

BA(fz)'mGy + BED[%G;"

1
+§(:z:f' +3f)(3BTGY — 12AT HT +3G7') + 2fG7']

ROR(f" YmGy

0

~BA[L+ 3(=f)BY] + BE[3 — (2 +2f)BT = 3(zf)' + fGT HY]
BA%( fr)AT - BE%-[(f + 3z f')AT + 12fG7 G| (5.27)

[BB%;:: - BC% FlmHP + BED[—%H;"

1 2
+(3f +2FNCTCF + 6B HY — 2H7) + 2 fHF
. m
gf mH.l

1

BAZ(fzYmH} + BED[ZHj

1
+35(3f +2)(3CPGY — 12BF HY — 26} + gme;"]
ROR% f'mHT
0
BA%(::: frer - BE-I% (11f + 32f)C™ — 3f HI H™]

l . iom 1l 1 . 1 n pm

BA[-1+ L(fa)BY] + BE[; — 1o(f2) — 5(2f +2f) B3

2rmpery @29
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where

DOAD = &M, ETAIC:M
A go(a)
ROR = -2,  Roa=-f_R
po(a+) polay) a
BA = Po sz’ _ _po QR
po(a4) go(a) pola+) go(a)
Po Qo po R
BC - ’ BE:
po(a+) go(a) po(a+) go(a)
BED = BE (5.29)
m

The boundary conditions in Chapter 3 can also be written in dimensionless AJP
notations as:
At the solid/solid interfaces, all variables y,, ya2, - -, y10 are continuous;

At the solid/fluid interfaces, y1, ¥2, ¥s, ys are continuous, and

(Ya)sotia = (Yaltiquid = §B§“ (y2)tiquid
(y8)satia = (y8)liquia = — fmGY (Y2 liquid
(y10)s0tid = (Y10)tiquid = —gmH;" (Y2 )tiquid (5.30)

At the Earth'’s surface,

Y2, Y4 Ys, Yo = 0

y5+£ys =0 (5.31)
5.2 Starting Solutions at the Geocentre

The above set of coupled ODEs need to be integrated from the Earth’s centre to

surface using the boundary conditions at the Earth'’s internal and external boundaries.
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In this section, we will derive the starting solutions at the Earth’s centre, a singular
point of the ODE system, by generalizing the method of Crossley (1975).

First of all we need to know the number of regular starting solutions at the geo-
centre. i.e. which can be represented by power series expansions. Suppose there are
Y independent solutions at the geocentre. When integrating the ODEs across the
Earth. .V free constants will be reduced to IV — 3 at the inner-core boundary because
of three BCs there. At the core-mantle coundary, they will be increased to IV again
because no BCs constrain ys, y7, yo there. At the Earth’s surface, N free constants
need to satisfy five BCs, then, a unique solution is N = 5. Therefore, in the vicinity

of r = 0, we expand the solutions y;, (i = 1,10) by power series as,

i = z Ci,l: Iv+l=
k=0
(i = 1,10) (5.32)

To decide the coefficients C;x and v, we substitute this expansion into 10 ODEs in
solid inner core (5.7-5.16) and group the terms with same power of variable z from

the lowest order. Then we obtain their forms as,

n = Az+ AT +--- (5.33)
y = B+B'z*+.-. (5.34)
y3 = Cz+C'z%+--- (5.35)
y4 = D+Dz*+--. (5.36)
ys = Ex?+ E'z* +--. (5.37)
v¢ = Fz+F'z°+--- (5.38)
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ys = H+Hz*+--- (5.40)
yo = Iz3+4--. (5.41)
yo = Jzt+--- (5.42)

where there are only five independent constants ., which are chosen as A. F, D', G, I.
Each non-zero constant will be associated with a set of starting solutions. The solution

with 4 =1 is written as y(!),

A =1

#(0)
po(ai)go(a)R
La—3spmya
2( 3772
_ o w0 4o,
= m(ange@r’ T34

pO(O)R 3 m
QNGm(l - EfBz )A (5.43)

(1+ 2/B7)A

O QO w
I

E

where u(0) and po(0) are elastic parameters at the Earth’s centre. All other constants,
F.D...-. G,I,J are zero.

When F = 1, we have a set of solutions written as y(?) with coefficients,

F =1
1R, 5 ___
E = ;—(1-3fBJ)F (5.44)

All other constants, A, D',---,G, I, J are zero.
When D’ = 1, we have a set of solutions written as y® with coefficients,
D =1
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, _ polar)go(a)R3(RA-2), 1 .8(RA)?+10RA-3
A= T sra=e L3 B Graco kA )P
, _ 3(RA-2) _144(RA)? — 317TRA + 156,
B = sgao C1+3fE: (8RA - 9)(RA - 2) b
) po(as+)go(a)R 5RA —3 2 44(RA)* — 5TRA + 36
¢ = [1-=fB; ]
u(0)  2(8RA-9)" 3 (8RA = 9)(5RA —3)
po= _Pan@R4mGrOR 3 o l6RA-LL
1(0) 3go(a) 2(8RA -9) 2 8R4 9
, _ _pola+)go(a)a 4rGpo(0)R 3RA 4RA - ,
o= 1(0) 3go(a) 8RA — 9[ f32 8RA -9 ]D

where R4 = i@%@. All other constants, 4, F,G,---,I,J, are zero.

When G = 1, we have a set of solutions written as y*) with coefficients,

G =1
H =0
0 go(G)Po(a+ go(a) po(as)

[~5+3F(1+6BP)}G

All other constants, A, F,D',---,1I,J, are zero.

When I =1, we have a set of solutions written as y(®) with coefficients,

I =1

_ 2u(0) m
T = anam@r T3B!

All other constants, A, F, D',---,G, are zero.

Therefore, the starting solution at the Earth’s center is:

DI

1D’

(5.45)

(5.46)

(5.47)

(5.48)

We do not need to consider the terms with higher power of variable r than that ap-

pearing in (5.30)-(5.39) because their coefficients will be dependent on A4, F, D', G, I.
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5.3 Earth Model

In this thesis, we adopt the Preliminary Reference Earth Model (PREM) (Dziewonski
& Anderson 1981) with effects of dispersion included, and the upper mantle treated
as isotropic. As explained in Chapter 1, we apply the material properties of this
spherically-layered Earth model to represent those of a rotating, oblate Earth model
as functions of mean radius ro. We use the polynomial expressions of Dziewonski &
Anderson (1981, Table I and footnote thereto) for the density po, the P-wave and

S-wave velocities a and J3:

polz) = c1+ caz + c3z® + ¢y2°
a(r) = a)+ a;z + a3z + ¢4
B(z) = by + bz + byz? + byt (5.49)

where coefficients a,,by, 1, - - ,@n, bn, ¢, are listed in Table 5.1 and 5.2. Only the top
layer of PREM, i.e. an oceanic layer, is modified to be a solid outer layer as Rochester
& Peng (1993) did. They adjusted V, and V, velocities to preserve both the P-wave
travel time to 15 km depth and the ratio %’}.’- for depths between 3 and 15 km, and
modified the density to keep the same mass and moment of inertia as PREM. Due to

the effects of dispersion, a and 3 need to be modified to ag and Sy,

a = a(z){l- LT (L-E) + E]} (5.50)
w 9k Qu
InT -
B = B(z)[1- —1rq,,] (5.51)
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where gx, g, are dispersive parameters for PREM (listed in Table 5.3) and E =

%(ﬂ’—"l)z. The Lamé parameters A and u can be formed from o and 3:

a(rx)
A = po(a® -28%) (5.52)
p o= po¥® (5.53)

Another quantity i.e. the gravitational field for a non-rotating Earth model go(r).
can be produced by the mass inside the equipotential level through this point, i.e. by
knowing the density distribution.

However, the ellipticity for this oblate Earth was not given in Dziewonski & An-
derson (1981). We calculate the ellipticity data based on the material properties in

the next section.

5.3.1 Ellipticity of the Preliminary Reference Earth Model
(PREM)

The Clairaut equation gives the ellipticity of the equipotential surfaces of a hydro-

statically prestressed Earth as,

&f  Spdf

6 pPo -
== —-1]f=0 5.54
dr(z, To ﬁo dTQ + 7‘3 [ﬁo ]f ( ° )

where fis the ellipticity of the equipotential with mean radius ro (Jeffreys 1970).

As discussed in Chapter 4, we modify this equation to (4.12),

d* 6 -0, d 6 - _
’: + Sypozdf | 2= _q)f =0 (5.55)
dr§ 1o po—o'dro T4 po—0

where po and pg are replaced by po — o and jo — o respectively.
When integrating this second-order ODE from the Earth’s centre to surface by

Runge-Kutta integration method, the initial values of f and % need to be chosen to
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Table 5.1: The coefficients for density (PREM) (gm/cm?)

r(km) | ¢ 2 c C4
0 13.0885 0 -8.8381 0
1221.5 | 12.5815 -1.2638 -3.6426 -5.5281
3480 | 7.9565 -6.4761 5.5283 -3.0807
5701 5.3197 -1.4836 0 0
5771 | 11.2494 -8.0298 O 0
5971 | 7.1089 -3.8045 0 0
6151 |2.6910 0.6924 0 0
il 6346.6 | 2.900 0 0 0
6362.2 { 1.853 0 0 0

Table 5.2: The coefficients for P- and S- wave velocities (PREM) (km/s)

r(km) ap as as ay b1 b'z b3 b4
0 11.2622 0 -6.3640 0 3.6678 0 -4.4475 0
1221.5 || 11.0487 -4.0362 4.8023 -13.5732 |0 0 0 0
3480 15.3891 -5.3181 5.5242 -2.5514 |6.9254 1.4672 -2.0834 0.9783
3630 || 24.9520 -40.4673 51.4832 -26.6419 | 11.1671 -13.7818 17.4575 -9.2777
5600 29.2766 -23.6027 5.5242 -2.5514 | 22.3459 -17.2473 -2.0834 0.9783
5701 19.0957 -9.8672 O 0 99839 49324 0 0
o771 39.7027 -32.6166 O 0 22,3512 -18.3856 0 0
5971 20.3926 -12.2569 O 0 8.9496 -4.4597 0 0
6151 4.1875  3.9382 0 0 2.1519 2.3481 0 0
6346.6 {| 6.800 0 0 0 3.900 0 0 0
6362.2 | 2.728 0 0 0 1505 0 0 0

Table 5.3: The dispersive constants (PREM)

" r(km) | g« Qu
0 1327.7 84.6
1221.5 | 57823.0 0o
3480 57823.0 | 312.0
5701 57823.0 | 143.0
6151 57823.0 | 80.0
6291 57823.0 600
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Table 5.4: Ellipticity and its second-order derivative for PREM

r(km) f f”
0.00 0.2408278E-02 | 0.5580976E-03
100.00 0.2408347E-02 | 0.5583393E-03
200.00 0.2408554E-02 | 0.5590651E-03
300.00 0.2408808E-02 | 0.5602765E-03
400.00 0.2409380E-02 | 0.5619769E-03
500.00 0.2410000E-02 | 0.5641707E-03
600.00 0.2410760E-02 | 0.5668633E-03
700.00 0.2411659E-02 | 0.5700617E-03
800.00 0.2412699E-02 | 0.5737743E-03
900.00 0.2413880E-02 | 0.5780106E-03
1000.00 0.2415203E-02 | 0.5827819E-03
1100.00 0.2416670E-02 | 0.5881007E-03
1200.00 0.2418282E-02 | 0.5939812E-03
1221.50 0.2418648E-02 | 0.5953204E-03
1221.50 0.2418648E-02 | 0.1905970E-01
1300.00 0.2421170E-02 | 0.9695567E-02
1400.00 0.2426472E-02 | 0.3575184E-02
1500.00 0.2432721E-02 0.7523793E-03
1600.00 0.2439187E-02 -0.4774150E-03
1700.00 0.2445551E-02 | -0.9336708E-03
1800.00 0.2451603E-02 | -0.1018499E-02
1900.00 0.2457587TE-02 | -0.9317544E-03
2000.00 0.2463253E-02 -0.7730724E-03
2100.00 0.2468729E-02 | -0.5915888E-03
9200.00 0.2474059E-02 | -0.4107302E-03
9300.00 0.2479287E-02 | -0.2408042E-03
2400.00 0.2484457E-02 | -0.8548192E-04
2500.00 0.2480604E-02 | 0.5483607E-04
2600.00 0.2494765E-02 | 0.1812705E-03
9700.00 0.2499970E-02 | 0.2955611E-03
9800.00 0.2505248E-02 | 0.3996126E-03
2900.00 0.2510625E-02 | 0.4952768E-03
3000.00 0.2516123E-02 | 0.5842594E-03
3100.00 0.2521765E-02 | 0.6680907E-03
3200.00 0.2527571E-02 | 0.7481288E-03
3300.00 0.2533562E-02 | 0.8255769E-03
3400.00 0.2539756E-02 | 0.9015067E-03
3480.00 0.2544870E-02 | 0.9618089E-03
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r(km) K o
3430.00 0.2544870E-02 | 0.2208054E-01
3530.00 0.2548799E-02 | 0.2092536E-01
3580.00 0.2554018E-02 | 0.1902547E-01
3630.00 0.2560400E-02 | 0.1726979E-01
3630.00 0.2560409E-02 | 0.1726979E-01
3700.00 0.2571122E-02 | 0.1503465E-01
3800.00 0.2589518E-02 | 0.1224648E-01
3900.00 0.2610940E-02 | 0.9875546E-02
4000.00 0.2634803E-02 | 0.7864417E-02
4100.00 0.2660609E-02 | 0.6163397E-02
4200.00 0.2687940E-02 | 0.4729445E-02
4300.00 0.2716440E-02 | 0.3525281E-02
4400.00 0.2745813E-02 | 0.2518624E-02
4500.00 0.2775809E-02 | 0.1681542E-02
4600.00 0.2806223E-02 | 0.9898841E-03
4700.00 0.2836884E-02 | 0.4227921E-03
4800.00 0.2867650E-02 | -0.3772735E-04
4900.00 0.2898410E-02 | -0.4071769E-03
5000.00 0.2929070E-02 | -0.6988957E-03
5100.00 0.2959560E-02 | -0.9243445E-03
5200.00 0.2989824E-02 | -0.1093356E-02
5300.00 0.3019818E-02 | -0.1214351E-02
5400.00 0.3049515E-02 | -0.1294531E-02
5500.00 0.3078893E-02 | -0.1340039E-02
5600.00 0.3107942E-02 | -0.1356106E-02
5600.00 0.3107942E-02 | -0.1356106E-02
5630.00 0.3116592E-02 | -0.1355869E-02
5670.00 0.3128078E-02 | -0.1352244E-02
5701.00 0.3136943E-02 | -0.1346973E-02
5701.00 0.3136943E-02 | 0.8641343E-03
5725.00 0.3143799E-02 | 0.7582977E-03
5750.00 0.3150953E-02 | 0.6519260E-03
5771.00 0.3156970E-02 | 0.5655448E-03
5771.00 0.3156970E-02 | 0.5655462E-03
5840.00 0.3176787E-02 | 0.6887283E-03
5900.00 || 0.3194084E-02 | 0.7956095E-03
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r(km) f fr

2971.00 0.3214644E-02 0.9220681E-03
5971.00 0.3214644E-02 0.1945158E-02
6030.00 0.3231855E-02 0.1782235E-02
6090.00 0.3249515E-02 0.1631454E-02
6151.00 0.3267618E-02 0.1492472E-02
6151.00 0.3267618E-02 0.1927945E-02
6190.00 0.3279271E-02 0.1677669E-02
6250.00 0.3297320E-02 0.1312538E-02
6291.00 0.3309721E-02 0.1076416E-02
6291.00 { 0.3309721E-02 0.1076416E-02
6310.00 0.3315484E-02 0.9705633E-03
6330.00 0.3321560E-02 0.8615311E-03
6346.60 0.3326609E-02 0.7728700E-03
6346.60 0.3326609E-02 0.3533490E-02
6350.00 0.3327644E-02 0.3510797E-02
6355.00 0.3329168E-02 0.3477551E-02
6362.20 0.3331367E-02 0.3429941E-02
6362.20 0.3331367E-02 0.9454379E-02
6365.00 0.3332224E-02 0.9430146E-02
6368.00 0.3333144E-02 0.9404226E-02
6371.00 0.3334066E-02 0.9378352E-02

ensure that the solution is regular at the geocentre, which is a regular singular point
of Clairaut’s equation. % at the geocentre is zero because f is a continuous function
there. If f at the geocentre is assumed to be 1, the computed results need to be

scaled by the ellipticity at the Earth’s outer surface, which is the first integral of the

Clairaut equation (Darwin 1899).

This computation produces a set of pointwise numerical data for ellipticity and its
second-order derivative, listed in Table 5.4. We can interpolate this set of data by
the method of cubic splines to give the ellipticity and its derivative at any position

z. Discrepancies between the values of ellipticity from (5.55) and from (5.54) are no

more than the order of o, i.e. 1 in 300.
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5.4 Programming Flow Scheme

I have designed a numerical approach to solve the governing ODEs (whose coeffi-
cients are derived in Section 5.1) with boundary conditions as set out at the end of
Section 5.1. using starting conditions derived in Section 3.2. I built the program on
a much simpler program created by Dr. Rochester in 1991 to find the eigenperiods
of spheroidal free oscillations of a non-rotating spherical Earth model. That program
involved integrating only 6 coupled ODEs with 6 dependent variables in the solid
parts of the Earth, and 4 ODEs plus 1 algebraic equation (AE) in the outer core.
The truncation scheme adopted in this thesis requires that differential system to be

extended in two ways:

1. 10 coupled ODEs with 10 dependent variables are needed in the inner core and

mantle, and 4 ODEs plus 3 AEs in the outer core;

2. The presence of ellipticity and rotation makes the coefficients of this 10 x 10

system far more complicated.

The linear combination of 5 fundamental solutions integrated across the mantle must
satisfy the BCs at the Earth’s surface. This requires a 5 x5 determinant of appropriate
coeflicients to vanish. An oscillation period for which this happens is an eigenperiod.

The programming flow scheme is in Fig. 5.1.
5.5 Numerical Results and Discussion

Our plan was to compute the eigenperiods, for PREM, of the free core nutation
(m=+1 for positive eigenfrequency) and Chandler wobble (m=-1 for positive eigen-
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Assume eigenfrequency value

Form 5 starting solutions
at the Earth’s centre

At each step of integration, we

I"‘ef‘c";b'okonssg‘ thelC | _| needtocalculate the ellipticity f
to 7B by Runge-Rutia and its derivative £, and A(i.j)
of ODEs.
Form 2 starting solutions
from BCs at ICB

- At each step of integration, we
Integrate 4 ODEs in the OC . — | needto calculate f, f°, A(i,j), and
to CMB by Runge-Kutta to solve y3, y7, y9 from three

L_algebraic equations.

Form 5 starting solutions
from BCs at CMB

Integrate 10 ODEs to the At each step of integration, we
— — —{ need to calculate f, f°, and A(i,j)
surface by Runge-Kutta of ODEs.

Are the
surface BCs satisfied?

Yes

Output the eigenperiod

End

Figure 5.1: Programming Flow Chart
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frequency, =+1 for negative eigenfrequency), as a test of this new description. As
explained in Section 5.4, the eigenfrequency is identified by the vanishing of the 5 x 5
determinant formed from the BCs at the Earth’s surface. The program to search for
zero crossings of that determinant. based on the flow chart in Fig. 5.1, works but

does not yet give satisfactory numerical results.

As observed from the terrestrial frame there is another retrograde mode, the so-
called "tiltover mode” (TOM), corresponding to steady rotation of the Earth about
an axis fixed in space but slightly displaced from the figure axis. Thus the TOM
has eigenfrequency w = —{ relative to the terrestrial frame. The TOM is of no
physical interest, but its presence is a test of the computations. The search for zero
values of the determinant from the surface BCs (Section 5.4), carried out by changing
the (positive) input frequency w for the case m = +1, should reveal both the TOM
(period exactly one sidereal day = 23.93447 hr) and the FCN (period just over 3

minutes shorter than the sidereal day, i.e. close to 23.882 hr).

While two zero crossings are found near 1 sidereal day (Fig. 5.2[b]), they are not

at the correct locations. Instead they are at 23.94401 hr, 23.93275 hr.

Fig. 5.2[a] is even more worrying. These is no evidence of the Chandler period in

the vicinity of 400 sidereal days (viewed from the terrestrial frame).

Since great care was taken to check the mathematical derivations for this new
description of wobble/nutation, it seems unlikely (though not impossible) that the
cause of the numerical difficulty is an error or errors in the theory, and more likely that

there remain so far undetected mistakes in programming. While I have found several
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such mistakes already, removing them has not solved the problem. The program
would benefit from an independent check.

There is one other, perhaps more remote, possibility. The numerical convergence
obtained by Smith (1977), for the heavily truncated representation of the displacement
eigenfunction given by (5.2), might be due to the errors in his formulation. Perhaps
the formulation in this thesis, which is more rigorous mathematically, requires that
the coupling chain be extended to degree n = 5.

Further work on this subject should therefore:

1. make an independent check on the program for the truncation at degree n = 3,

as in this thesis;

2. provide an independent check of the mathematical derivations;

3. continue the search for eigenperiods by extending the coupling chain to degree

n=23.

Project 3 would mean integrating 18 coupled ODEs in the solid parts of the Earth
(6 each for the spheroidal displacement fields of degree n = 2 and 4, and 2 each for
the toroidal displacement fields of degree n = 1,3 and 5). This will not only test
convergence but may also reveal extra normal modes which have been hidden by the
deficiencies of conventional theory and heavy truncation. Only then will we have a
firm conclusion as to the applicability of the theory based on a hydrostatic reference

state.
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Figure 5.2: Computed determinant of the square matrix from the surface boundary
conditions, as a function of period. Zero crossings denote eigenperiods.
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5.6 Conclusions

The primary aim of the research program reported in this thesis was the derivation
of the governing system of ODEs and BCs using Clairaut coordinates. This was
successfully done (chapter 4). This description of the theory of free wobble/nutation
in a hydrostatic Earth model is free of two shortcomings which mar the conventional
formulation of the theory (Smith 1974), and ought to replace the latter.

A secondary objective of my research program was to obtain numerical values of
eigenperiods for the FCN and Chandler wobble, in order to see the effects of this
reformulation. En route to programming, I successfully obtained (Section 3.1) the
coeflicients of the scaled versions of the ODEs and AEs derived in Chapter 4, and also
(Section 5.2) the conditions at the geocentre required to start numerical integration
of the ODEs.

Finally, I built a program for computing eigenperiods. It does not yet give satis-

factory numerical results. This may reflect (in decreasing order of likelihood):

e programming errors which I have not yet been able to detect;

¢ an error in the mathematical derivations which neither Dr. Rochester nor I

have not been able to detect;

e too severe a truncation of the governing system of ODEs.
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