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Abstract

Modern reservoir engineering relies heavily on simulation models to provide a

reliable prediction of the sut system. An ideal reservoir simulation

model is one that represents the main features and behavior of a real system, but is

simple enough to perform calculations in an efficient manner.

Using compressibility and transmissibility concepts, multiple reservoir tanks and
flowing wellbores can be coupled to provide wellbore influx and inter-tank fluid
transfer. This creates a series of ordinary differential equations that, when solved,
can be used to describe the system’s pressure and fluid movement pattern. This work
uses these ordinary differential equations are efficiently solved using the Fourth-

Order Runge-Kutta technique.

A flexible system of equations was created to represent ‘n’ number of
communicating reservoir tanks which were then solved using ordinary differential

equations for the first time.

This work d the i ion of aquifers, reservoir tanks, well

inflow, and wellbore modeling into an integrated system that can quickly be used as
a tool for investigating petroleum systems. This work can form a fundamental
module enabling the calculation of coupled wellbore and reservoir models with

advanced completion technologies.
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1.0 Introduction

Subsurface petroleum  engincering is a complex field involving many

D ies between geology, phase behaviour, and

multiphase flow.

In 1953, Uren defined a petroleum reservoir as follows:

«_..a body of porous and permeable rock containing oil and gas through which fluids
may move toward recovery openings under the pressure existing or that may be
applied. All communicating pore space within the productive formation is properly a
part of the rock, which may include several or many individual rock strata and may
encompass bodies of impermeable and barren shale. The lateral expanse of such a
reservoir is contingent only upon the continuity of pore space and the ability of the

fluids to move through the rock pores under the pressure available.” (Uren, 1953)

Modem reservoir engincering relies heavily on simulation models to provide a

reliable iction of the system. An ideal reservoir simulation

model is one that represents the main features and behavior of a real system, but is

simple enough to perform calculations in an efficient manner.

Reservoir simulations may be cither analytical or numerical. Analytical simulators
are those whose equations are solved using algebraic or differential methods.
Numerical simulators are those whose equations are so complex that they can only

be solved by resolving to an acceptable, approximate solution using a numerical



algorithm. Both have and di ges and have been used

successfully to approximate the behaviour of petroleum reservoirs.

Numerical simulation is data and computationally intensive and requires

simplification of the natural system into imati Numerical si ion can,
therefore, only provide a quasi-unique solution. It is often advantageous to use a

more analytical, material balance approach to reservoir simulation.

The material balance approach is based fundamentally on analytical conservation for
a zero dimensional system, meaning that no spatial variation within a lumped system
is considered. The resulting balance, in the absence of transient effects can then be

represented by an algebraic equation (Schilthuis, 1935 and Dake, 1978).

The material balance approach can provide insight on how reservoirs will behave at

various stages, based primarily on fluid movement into or out of the system.

The material balance approach is particularly applicable in moderate to high

transmissib; reservoirs where pressure transients within the lumped system are

small.

‘The material balance approach does not have time directly within the equation, but
time can be used in secondary calculations. An estimated production or injection
forecast is imposed on the system to build a time component into the material
balance, As such, the behaviour of the system can then influence the production

forecast or a production forecast could influence the system behaviour.



As drilling technology has improved, and in an effort to improve the recovery
efficiency of the available resource, the petroleum industry is trending toward more
complicated well trajectories (i.e. horizontal, multilateral, geo-steered) with more

complicated well completions (i.c. gravel pack, inflow/outflow control devices,

). These imp; in drilling have moved faster than the

P in the si ion, resulting in results that do not have
sufficient accuracy for advanced well designs. This has made traditional reservoir
simulator partially obsolete because they are unable to represent the new complex

wells accurately.

The widespread utilization of measure while drilling (MWD) for formation
evaluation allows downhole data to be available real-time to the petroleum engineer.
This provides the opportunity to use this data immediately, while still drilling the
well. If we could take this date and perform reservoir and wellbore simulation in near

real-time tremendous benefits could be realized in optimizing well design.

To simulate in near real-time, development of new models is required that are fast,
accurate, and easy to use. This thesis is one possible approach to bridge this

technology gap.

Standard modeling packages are cumbersome and difficult to adapt because they use
complicated input files that are difficult to change because of a rigid simulation grid.
They are misrepresent the near wellbore by modeling the trajectory parallel to the

grid regardless of the real trajectory and utilize relatively simple inflow models.



This thesis is a step forward in near real-time simulation as the proposed method is

easy to implement and is capable of creating fast and accurate simulation models.

11 Scope of Research

It is important that complex reservoirs, wellbores, and completion technologies
become unified into a single model that allows for future performance prediction and
sensitivity assessments in an efficient and reliable manner, even while a well is being
drilled. As such, a group of researchers at Memorial University of Newfoundland,
Canada has been striving to develop the next generation of software, capable of

meeting the challenge of today and tomorrow’s oilfield development strategies.

One of the investigated approaches is to unify an advanced wellbore and near well
reservoir model with analytical inflow relationships, to a dynamic material balance
tank reservoir model. As proposed by Johansen, 2008, this work focuses on the
dynamic material balance tank reservoir modeling and provides a solution to allow

for efficient calculation of a flexible, multi-tank reservoir model.

The question that we investigated is can conventional material balance calculations
be used to provide realistic long-term depletion forecasts in an efficient method that
solves complex, multi-tank communicating, reservoir systems? Can these systems be
integrated with advanced wellbore modeling techniques to increase the reliability of

our predictions?



This research evaluates the integration of aquifer models, tank reservoirs, inter-tank
transmissibility, well transmissibility, and wellbore performance into an integrated
model that can be used to predict future well performance and conduct optimization
evaluations. This work builds upon industry standard correlations and methods, but
solves the integrated system using the Fourth-Order Runge-Kutta numerical method

that has been shown to provide efficient and reliable results.

This work the i ion of aquifers, reservoir tanks, well

inflow, and wellbore modeling into an integrated system that can quickly be used as
a tool for investigating the petroleum systems. This work can form a fundamental
module enabling the calculation of coupled wellbore and reservoir models needed for

advanced completion technologies.

1.2 Thesis Outline

This body of work will present an overview of compressibility and transmissibility
and a review of the traditional analytical aquifer modeling approach. A brief
discussion of wellbore flow modeling is presented before building the general tank

material balance approach. A series of demonstration cases is then presented before

on and limitations of the described approach.



1.3 Literature Review

Schilthuis derived the general analytical material balance technique commonly used
in today’s oil and gas industry. Schilthuis described the inter relationship between
reservoir pressure and production by using “active oil”, “active free gas”, aquifer
influx, and the laboratory measured fluid properties. This provided a framework to

conduct performance analysis of oil and gas reservoir from measured pressure and

duction data to ine the effecti of natural water drive and provide
predictions of reservoir pressure under various operating conditions including water

drive and gas re-injection (Schilthuis, 1935).

Van Everdingen and Hurst used Laplace transformations to develop solution to the
unsteady state flow equation for the constant terminal pressure and the constant
terminal rate cases. This built on previous work by Hurst showing that when the
pressure history of a reservoir in know, that information can be used to calculate the
water influx into the reservoir. There results can also be applied to well inflow when

the diffusivity equation is obeyed (Van Everdingen and Hurst, 1949).

Carter and Tracy modified the work of Hurst and identified a method for calculating
water influx behavior without using superposition. This was accomplished by
assuming constant water influx rates are assumed, versus Hurst’s constant oil

duction. This led to inil ilthuis’ material balance technique and

allowing for an explicit step-wise calculation of pressure history. This resulted in a

reduction in calculation time with acceptable results (Carter and Tracy, 1960).




Havlena and Oden used a straight line method to analyze the solution of the material
balance equation. This method requires the plotting of one variable group against
another where the resulting general shape of the plot is important. This method can

be used to evaluate the drive i ics of the reservoir, and

the resultant sensitivity (Havlena and Odeh, 1963).

‘ Fetkovich provided a simplification of previous aquifer influx methods that removed

the need for ition. He i this by ing the water influx

problem into a rate equation and a material balance equation making the concepts
and calculation simple and easier to apply. This is now a very common method and

has been demonstrated useful for long term predictions (Fetkivich, 1969).

Dake summarizes the zero dimensional material balance approach very well in his

work where net underground withdrawal is a result of the expansion of oil and
originally dissolved gases, expansion of gas cap gas, and a reduction in hydrocarbon ‘
pore volume due to the expansion of connate water and pore volume reduction. This

generalized form includes effects from connate water expansion, rock expansion,

free gas ion, liberated gas ion, oil fon, aquifer influx, and fluid
withdrawal. The general material balance equation is a “sophisticated version of the

definition” where production is equal to the expansion of reservoir

fluids (Dake, 1978).

Vogt and Wang added to the body of knowledge by presenting accurate formulas to

calculate the material balance and water influx equation using the superposition

]



formula. They presented a generalized linear pressure formula with led to advantages

for reservoirs with a variety of drive mechanisms (Vogt and Wang, 1987).

Butcher and Wanner provided a retrospective look at Runke-Kutta method with a
focus on practical implementation of implicit methods, the use of liner and nonlinear
stability analysis, and the theory and application of the methods (Butcher and

Wanner, 1996).

Marques, Trevisan, and Suslick presented a comparative study of the classical
method of influx calculation. This work showed the basic theory of four aquifer
models and provided a comparison of total influx or water by the aquifer
performance as a function of time with the van Everdingen and Hurst model used as

comparison (Marques, Trevisan, and Suslick, 2007).

Petroleum Experts Ltd. has successfully implemented analytical material balance
techniques in their Integrated Production Modeling software package to provide the
classical reservoir engineer tool to analyze reservoir fluid dynamics using analytical
techniques. Their methodology includes the ability to integrate multiple, zero-
dimensional tanks by the use of the transmissibility concept (Petroleum Experts Ltd.,

2009).

Penmatcha and Aziz presented a reservoir/well model for i wells
(Penmatcha, 1999). The reservoir model consists of a transient, three-dimensional,

uniform flux model, which, along with the principle of superposition in space and



time, is used to describe three-dimensional reservoir flow. The authors employed
infinite and finite-conductivity well models, but the reservoir model is the uniform
flux model of Babu and Odeh (Babu, 1989). This reservoir model has a no-flow

boundary assumption and the well is represented as a line source.

Halliburton distributes the NETool program, which utilizes a steady-state numerical
simulator for modeling of multiphase fluid flow inside the wellbore and the near
wellbore region. The major drawback of this approach is the reservoir steady-state
assumption, where time dependant changes in the far-field reservoir conditions are
not incorporated into the system, thus allowing for only short-term applicability for

the modeling results (Halliburton, 2010).

Recently, a new approach to combine transient well flow and reservoir flow
modeling with a focus on advanced well completions has been developed. This
model represents the first fully transient advanced well/reservoir flow model for
three phase flow where co-current, countercurrent and cross flow may occur in
different parts of the completion and reservoir simultancously (Khoriakov et al,

2010).

21



2.0 Background

2.1 Reservoir Units

Individual reservoir tanks and aquifers will be referenced as ‘reservoir units’ (RU) in
this thesis. Each unit consists of a zero-dimensional system of a known initial
volume, a known initial pressure, and a known total compressibility. Each reservoir
unit (RU) will connect to other RUs in the model or to the wellbore through the

means of a transmissibility, J, in the form:

Q=J(P-P) @n

The concept of reservoir units, through communicating tanks, is a very useful

concept that has many icati of potential icati include;

faulted reservoirs with icating or icating faults, reservoirs with
a connected aquifer, multiple reservoirs communicating through a common aquifer, a
multi-layered reservoir of variable reservoir quality, a wellbore draining multiple

reservoirs, or any system where an appreciable pressure gradient could exist.

22 Compressibility
Petroleum  reservoirs are comprised of eclements of variable degrees of

compressibility. The sand grain ibility is idered small in

with the pore ibility in most reservoirs (Ahmed, 2006).



Typical values of the formation or rock (cp), oil (c,), water (c,), and gas (cg)

compressibilities are shown as follows::
e Rock, ¢r=~12x 107 vol/vol/kPa
o Oil, ¢, =~40 x 107 vol/vol/kPa
o Water, ¢, = ~4 x 107 vol/vol/kPa
o Gas, c,=~700 x 107 vol/vol/kPa

One assumption is that compressibility is constant over the range of pressures being

This is a ion for oil, rock, and water but is not valid

for gas. It is further assumed that one term, a total compressibility, c,, is used in all

calculations. Total compressibility is defined as the volume weighted average
compressibility within a unit volume where S, S,,, and S; are the oil, water and gas

saturation within the pore space and calculated in Equation 2-2.

,Co+8,€, + 8¢, +Cp 2-2)

Using the typical ibilities listed above, Table 2-1Fable-2-1 ill the

order of magnitude of total compressibilities for various reservoir types.



Table 2-1: Typical Reservoir Compressibility

Reservoir 0il Water Gas Total

Type i i i C

Aquifer 0% 100% 0% ~10x10”
g:‘ld“sa'“m‘“’ 80% 20% 0% ~17x10”
Gas 0% 20% 80% S150x10°

It is further assumed that the system will operate under isothermal conditions.

By definition, Equation 2-3 represents the formula describing the total

compressibility of the system.

4
¢ ===—
v op|,

23)

Equation 2-3 shows the relationship between the total compressibility, ¢, initial
volume, ¥, isothermal change of volume, 3V, and the isothermal change in pressure,
oP.

In our application, the initial volume, V, represents the in-situ volume of fluid that is
actively contributing to the system. The BV/BI", term is the partial change in

volume with respect to pressure under isothermal conditions. The total

compressibility allows for the ination of the i i ip between fluid



|

moving into or out of the system and the pressure of that system. A negative sign is

imposed as a common convention so that the compressibility is a positive quantity.

2.3 Transmissibility

Flow in porous media is a very complex phenomenon that cannot be described
explicitly, as flow through pipes or conduits can (Ahmed, 2006). This is a result of
the vast number of potential flow paths, the dimensions of which are very difficult to
measure and provide no clear-cut flow path. Understanding of the flow through

porous medium has been learned through experimentation and analysis to establish

laws (such as Darcy’s law) and correlations.

Transmissibility is a term describing the ease by which fluids are able to move

through the system. Ti issibility is to ivity in electric circuits.

The concept of issibility in reservoir engineering is a very useful concept. This

concept can be applied to many areas of reservoir engineering, including movement
of fluid from an aquifer to a reservoir, fluid movement within the reservoir, fluid
movement between fault blocks, and fluid movement from the reservoir into or out

of wellbores.

Transmissibility forms a fundamental building block in the modeling approach taken

in this work, as will be explained in the Sections 2.3.12:3-} to 2.3.32:3:3 below.

25



The unit of transmissibility is volume per pressure difference per time.

2.3.1  Aquifer Transmissibility
Aquifer transmissibility refers to the ability for fluid to flow between the
aquifer and the reservoir. Several authors have published analytical

techniques to approximate reservoir inflow including Schilthuis (Schilthuis,

1933), van dingen (van di et al., 1949), Fetkovich (F¢ ich,
1969), Carter-Tracy (Carter and Tracy., 1960), Hurst (Hurst, 1958), Vogt and

Wang (Vogt and Wang, 1987), and Odeh (Odeh et al., 1965).

The fundamental building blocks of transmissibility are geometry (aquifer

shape and volume), fluid mobility (permeability and viscosity), and

ity area). Aquifer issibility is for single-ph:

water flow.

Transmissibility equations exist for radial, linear, and bottom water drives
under infinite acting, pseudo-steady-state, and steady-state flow regimes. The
equations for several aquifer models and reservoir configurations are

presented in Section 2.4.32:4:3.



232 Well Inflow Transmissibility

Well transmissibility refers to the ability for a fluid to flow between the

wellbore and the reservoir.

A simplified approach has been taken for this work. This approach was to

assign a single-ph: constant issibility. This is a simplified

assumption, and ignores relative permeability effects as well as transient flow

periods.
The fund: | basis for the is based on the Darcy’s law,
where:
Kh( AP AP
O=—|—|=J| — 2-4)
u\ Ax Ax
where

K = Absolute permeability

= viscosity

h = net pay

AP = Pressure change

Ax = Flow distance

and where J is the reservoir transmissibility, i.e.



25

Many authors have published methods to calculate well inflow
transmissibility under various reservoir situations, including Babu & Odeh,
1989, Standing, 1971, Vogel, 1968, Joshi, 1998, Furui, 2002, Peaceman,
1993, Peaceman 1995, and others. Any of these analytical models could be

used to calculate the transmissibility for use in this model.

Inter-block Transmissi

T issibility between icating reservoir units is defined using the

product of the average values of relative permeability, &, of phase /, absolute
permeability K of each grid block at the interface between blocks, and cross-
section area A, of each grid block at the interface between blocks, divided by
the production of the viscosity x of phase / and the formation volume factor
By of phase / in each reservoir unit, divided by the representative distance

(Fanchi, 2006). This is also show in Equation 2-7.

The flow between blocks is graphically depicted in Figure 1Figure-+ in which

the i issibility is ined by ing the ies of
the block which are exchanging fluid as well as the difference in pressure

between the blocks.



Block #2

(ki Ky AGy Ly By b1)

Block #

Block #1 oo
(AP)

Figure 1: Interblock Flow

While different averaging techniques can be applied, we prefer a harmonic
averaging technique for our scenario as show in Equation 2-6.

— [ﬁ+&] (2-6)

1
K Ax, +Av, | K, K,

Once the averaged properties are generated the inter-block transmissibility is

given by Equation 2-7.

_ K, )K)A)
)(B,)E,)

J

@7

where:
J = Transmissibility
ky = relative phase permeability
K = absolute rock permeability

B, = formation volume factor



= viscosity
A, = area of contact between blocks

L = representative distance between blocks

24 Aquifers
The petroleum industry’s definition of an aquifer is a subterranean porous and
permeable rock formation which may or may not be connected to the target

hydrocarbon accumulation.

Aquifers can be used to provide source water for injection into a target reservoir, or

as a disposal formation to inject brackish water.

‘When connected to a hydrocarbon formation, an aquifer will provide some degree of
pressure support by movement of water into the hydrocarbon zone once a pressure
differential exists. The result can have a positive or a negative impact on recovery
dependant on the configuration of the system. An example is how a bottom-drive
aquifer can often provide positive incremental recovery from an oil reservoir, but the
same situation in a gas reservoir may reduce ultimate gas recovery due to trapped gas

saturation in the water invaded zone or contribute to undesirable water coning.

I to

Reliable characterization of an aquifer is
operations wherever aquifers play an appreciable role. However, extensive

delineation of the aquifer is rarely done in practice, and characterization usually




involves seismic interpretation and material balance interpretation of measured
reservoir pressures. As such, the impact of aquifers is often uncertain and can be a

large source of error in forecasting future performance.

At its basic level, the aquifer is characterized by storage and by transmissibility. The
storage of the reservoir is the connected pore volume. The transmissibility is the
ability of the fluid contained in the aquifer to move, and is related to the connected
shape, the aquifer permeability, saturation, the potential presence of a tar mat at the
oil water contact, and the size of the aquifer. Transmissibility can be used to describe
flow within the aquifer or flow from the aquifer to the hydrocarbon reservoir. We

will focus on transmissibility between the aquifer and the hydrocarbon reservoir.

In a reservoir with a strong natural drive, a drop in the reservoir pressure, due to the
production of fluids, causes the aquifer water to expand and flow into the reservoir or
Water Influx = Aquifer Compressibility x Initial Volume of Water x Pressure Drop

(Dake, 1978)

or
W, =(c, +c, AP (2-8)
where

W, = Cumulative Water Influx




¢, = water compressibility

¢ = formation compressibility
W, = Initial water volume
AP = Pressure drop

Equation 2-8 assumes that change in pressure is transmitted instantaneously through
the aquifer, which would only be valid in relatively small aquifers where the total
water influx would be small anyways. In large aquifers the cumulative water influx
would have a larger impact on reservoir performance, a time dependant water influx
predictor is required as the pressure drop will not be immediately transmitted
through the entire pore volume of the aquifer. This time dependant water influx

predictor (i.e. a model) will be described in detail further in this section.

Using the technique of Havlena and Odeh (Havlena and Odeh, 1963 and 1964), the
material balance under a simplified case (i.e. no gas cap) can be written in the form

of

29

where

F = Net reservoir production, at downhole conditions



E, = Ol expansion

N = Original oil in place, at surface conditions

W.=Net aquifer influx assuming B, = 1.0

The above equation is represented graphically in Figure 2Figure-2 where the aquifer

model can be ined to be appropriate

Wo-TooSmas Wo. Comoct

F/E,
!
i

W, /E,

Figure 2: Straightline Method to Determine Aquifer Model (Havlena and Odeh)
‘The remainder of this section will describe in detail the methodology to apply aquifer

models as well as the types available from current literature.



241  Aquifer Models

In general, equations for water influx can be written as a product of an
aquifer constant and a pressure function. The aquifer constant is typically
related to the shape and size of the aquifer, while the pressure function is
typically related to the transmissibility between the aquifer and the reservoir

(Van Everdingen et al, 1949).

We=UeS(P,1) (2-10)

where:

We = cumulative aquifer influx

U= aquifer constant

S(P,1) = aquifer pressure function

There are numerous aquifer models and aquifer modeling techniques
including small pot, radial, Schilthuis Steady State (Schilthuis, 1936), Hurst
Steady State (Hurst 1958), Vogt-Wang (Vogt and Wang, 1987), Fetkovich
Semi-Steady State (Fetkovich, 1969), Fetkovich Steady State (Fetkovich,
1969), and Carter-Tracy (Carter and Tracy, 1960). The most common

methods, and those discussed in this paper, are the van-Everdingen and Hurst
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(Van Everdingen et al, 1949), Fetkovich (Fetkovich, 1969), and Carter-Tracy

aquifer modeling techniques (Carter and Tracy, 1960).

Aquifer Geometries

The physical size and shape of the aquifer is a principle unknown in
petroleum engineering. Generally, the data collection on an aquifer is
minimal and may only include an approximate bulk volume based on seismic
interpretation. In addition to the geometry, the internal water pore volume

and water mobility are also usually unknown.

During pre-production activities, the aquifer geometry and transmissibility is
varied to perform a sensitivity analysis on the impact of the aquifer on the

hydrocarbon recovery.

Then, during production activities the aquifer geometry and transmissibility

is often used as a tuning parameter to match actual reservoir performance.

Irrespective of the stage of production, the subsurface engineers will make an
assumption of the physical geometry of the connected aquifer. This shape
influences the method by which the transmissibility and the resulting water

influx are calculated.



Three commonly used geometries are shown in Figure 3Figure-3, Figure

4Figure4, and Figure SFigure-5.

Figure 3: Radial Aquifer



Figure 4: Linear Aquifer



Figure 5: Bottom Water Drive

Aquifer Mathematical Models

Several authors have provided mathematical approximations to represent the
effect of aquifers on reservoir performance. Three of the common models
used today are the van Everdingen and Hurst, Fetkovich, and Carter-Tracy

models. These will be reviewed in Sections 5.3.1 through Section 5.3.4.

The general approach to mathematical analysis of aquifers is to discritize the
continuous inflow from the aquifer into steps to simplify the solution. These

steps can be time- or pressure-based and will usually involve an average



Rate or Pressure ——»

pressure or flow rate during each calculation step. Some mathematical

models use superposition while others simplify further and utilize the

estimated current aquifer properties to calculate the next step.

The general approach is shown schematically in Figure 6Figure-6.

Exact Solution

Approximate Solution

Figure 6: Schematic of Aquifer Inflow Models

As a general statement, the actual water influx from an aquifer has a large
degree of uncertainty, particularly in the early production life of an oil or gas

field. As such, the induced errors from simplification are likely to be within
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the range of uncertainty around the properties of the aquifer themselves

because the magnitude of water influx will be relatively small at early times.

2.4.3.1 van Everdingen and Hurst Aquifer Model

The authors (van Everdingen and Hurst, 1949) provided models for inflow
from radial and linear aquifers acting as infinite, pseudo-steady state, and

steady-state conditions.
This is performed by applying the Laplace transform to the diffusivity

equation and with help from the superposition principle. The discretization of

the continuous pressure curve allows for an approximate solution with:

e

W) =UD AR ~11,) @1
=

where:

AP, =P,~P,, is the change in average reservoir pressure during the j"
timestep, Wp is the accumulated dimensionless influx for a constant pressure
drop at the aquifer boundary, W,(p,) is the cumulative dimensionless flow at
the reservoir-aquifer boundary, and U is the influx constant of water into the

aquifer.



The van Everdingen and Hurst model is based on the superposition principle
resulting in additional computations are required because calculation results
from previous steps are redone at each new time-step. This is because the
value of We must be evaluated for the time and regime of the aquifer at the
moment of interest. Simplifications have been proposed by Fetkovich and

Carter-Tracy to streamline the computational effort.

There have been several variations to the original work of van Everdingen
and Hurst by using slightly different pressure averaging techniques or

for ining fluid ies at cach step, such as those

presented by Odeh et. al. (Odeh, 1964) and Vogt (Vogt and Wang, 1987).

2.4.3.2 Fetkovich Aquifer Model
Fetkovich described a simplified method to calculate aquifer influx under a
defined geometry and transmissibility (Fetkovich, 1971). This is an
approximate model, but is useful as it does not require the application of the
superposition principle as in the van Everdingen and Hurst model decreasing
computational time (Marques, 2007). Fetkovich’s original work addressed
pseudo-steady state flow regimes for water flow from the aquifer to the

Teservoir.



The basic equations for the Fetkovich model stem from the generalized rate

equation (assuming Darcy Law), Equation 2-12, and the aquifer material

balance for constant compressibility, Equation 2-13.

9. =J,(P-P,) @-12)
where g, is the average water influx rate, J, is the aquifer to reservoir
transmissibility, P is the average initial aquifer pressure, and P,y is the
average pressure at the aquifer / reservoir interface.

F:—[WL;]WQ +P, (2-13)
Fetkovich proposed a step-wise solution to the calculation, where the flow of
fluid from the aquifer to the reservoir is a function of time and the pressure

drop at the boundary. This yields the following general form.

W, (= -
AW, == (P~ P )‘1 7e[ (2-14)
where the average aquifer pressure at time = n is
7 L4
P = _[WV”)W, +P, (2-15)

and the average pressure at the aquifer boundary at time = n is
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- P,

+Pyw (2-16)

Pup = Jot00

The flow rate from the aquifer to the reservoir was determined when
Fetkovich applied the transmissibility concept where the aquifer productivity
index, Jj,, is a function of the rock and fluid properties of the system, the

contact area, and the aquifer shape.

2.433 Fetkovich Aquifer Model Rate Equations
Using the concept of transmissibility, we next present several formulas that
can be used to determine the rate of water influx. This is important,
particularly for large aquifers, where the pressure drop due to production is

not instantly transmitted through the entire aquifer.

‘The pseudo-steady state radial model:
W, =7(C, +C,)A.r} (R: ~1)hP, /(360.0*5.615) @17

0.007084,k,1

36004, (log, (R,)-0.75) @18

where:

A. = Encroachment angle, degrees
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R, = Reservoir radius, ft

h = Reservoir thickness, ft

R4= Outer/inner radius ratio

Py = Initial aquifer pressure, psia

J = Transmissibility

¢/= Formation compressibility, 1/psi
¢, = Water compressibility, 1/psi

¢ = Aquifer porosity

The pseudosteady-state linear model:

where:

10°0,
W,h¢

W, =10°(C, +C, )V, B, /5615

000127 i,
wulL,

¥, = Aquifer volume, sq ft
W, = reservoir width, ft
h = reservoir thickness, ft

k. = aquifer permeability, mD

(2-19)

(2-20)

(221



The pseudosteady-state bottom drive model:

.
=% (2-22)
i
W, =10(C, +C,V,B,/5.615 223
.
_ 000127k, oo

L,
where:
V= aquifer volume, ft*
R,, = reservoir radius, ft

k, = aquifer permeability, mD

For the steady-state aquifer inflow models, W is the same as the
pseudosteady-state inflow models except that the transmissibility is

calculated differently.

The steady-state radial model:

| 0007084k, 5
36004, (log, R,)

The steady-state linear model:



~ 0.0038k i,

o 2-26)
wul, el
The steady-state bottom drive model:
>
000381k, T

mulL,

2.4.3.4 Carter-Tracy Aquifer Model
The Carter-Tracy Aquifer model is similar to Fetkovich in that is does not
require the application of the superposition principle (Carter, 1960). The
model covers any flow geometry, as long as the solution for the

dimensionless pressure as a function of time is known. This is a popular

model due to its ease for it ication and general as

it applies dimensionless variables.

This model is an extension of the Hurst model that presented an approach to
the aquifer model that eliminated superposition calculations (Hurst, 1958).

The elimination of it ion was achieved by adopting the

assumption of constant water influx rates for finite time periods. This allows
for simplification of the entire influx history into a “fictitious™ constant rate

thereby climinating the need for the it ions and provides a

reasonable approximation that can be used with the Schilthuis form of the

material balance equation.



The Carter-Tracy model approximates the cumulative aquifer influx 17, by

W{r(fn,)=Wu(tn,‘)+ %;(—P (tn‘ -1, ) (2-28)

where:
U= the aquifer influx constant
AP(tp) = Pi — P(tp) = the pressure drop at the boundary
Iy - a(ti-ty)

Pp(tp) = the dimensionless pressure in the producing boundary of an

aquifer producing under constant flow

The Carter-Tracy aquifer model only assumes radial inflow, so the following

equations are applied.

2.309%,
a=—— e - (2-29)
365.25¢u,(C, +C, )2
L1194,84(C, +C, )}
U:M (2-30)
360.0
where:

k, = Aquifer permeability, mD

R, = reservoir radius, ft



A, = encroachment angle, degrees

h = reservoir thickness, ft

2.5 Wellbore Flow Modeling
Reservoir fluids are transported to surface by means of a wellbore. Wellbores used in
the petroleum industry have many variants, but are most commonly circular. This
allows the wellbore to be modeled as flow in pipes, where there are many potential
arrangements possible. For this body of work, steady-state single-phase flow has
been assumed. Future studies could expand this work to include multi-phase flow

where required.

Figure 7Figure7 depicts a typical flowing well arrangement for a horizontal well

completed with a production liner.

a8
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Figure 7: Typical Horizontal Wellbore Diagram

For a fixed segment of pipe, a control volume can be determined and is shown

graphically in Figure 8Figure 8.

Figure 8: Control Volume for Pipe Flow



Applying the principle of conservation of mass, momentum, and energy it is possible

to calculate pressure and temperature changes with distance for this system.

Applying the conservation of mass steady-state flow in a fixed segment of pipe

means that the mass in minus the mass out, equals mass accumulation or

ap , apv)
P, -0 2-31
a oL @30
where:
p = pressure
v=volume

L = length of pipe segment
1= time
With our assumption of steady-state flow where mass accumulation does not oceur,

Equation 2-31 can be reduced to

a(pv)
8P _g 2-32
oL (2-32)

It we apply conservation of momentum (Newton’s first law) to wellbores it would

require that the sum of all forces on the fluids would equate to the rate of momentum



out, minus the rate of momentum in, plus the rate of momentum accumulation in a

fixed segment of pipe. The conservation of momentum is depicted as

op md . apv)  Apv?)

,,,,, 6=—""L 2-33

oL g pesin 5 o (2-33)
where:

g = gravitational constant, m/s/s
7= shear stress, pa
d = pipe diameter, m
A= pipe flow area, m’
Equation 2-32 and Equation 2-33 can be combined under the steady-state flow
assumption and solved for the pressure gradient within the fluid resulting in the

following equation.

L BB

Lid 2-34
dL dL 22

Equation 2-34 shows that the steady-state pressure gradient within a flowing well is

made up of three components, and in general

1 G IR N
AL ) \AL) ficion N AL i \ L) eccteraon
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The dominant term in Equation 2-35 is the hydrostatic head, or pressure gradient
caused by elevation change and can often represent more than 80% of the total
pressure gradient and is more dominant with more liquid. The secondary term is the
frictional component which becomes more significant with higher flowing velocity.
The minor term is the acceleration (or kinetic energy) component which is usually
negligible but can be significant in low pressure systems with a compressible fluid,

such as low pressure gas wells.

251 Frictional Pressure Drop

A pressure drop can be caused by frictional forces between the fluid and the

wall as well as between fluid and fluid moving at different velocities.

The Darcy-Weisbach equation expresses the pressure loss in a piping system.

(Darcy, 1858 and Weisbach, 1872).

P )ae) e

where:

/= apparent friction factor
L = length, m

D = diameter, m



p = density, kg/m3

AP = pressure drop, kPa

g = acceleration of gravity, m/s”

¥ = velocity, m/s
The friction factor, in general, is a function of the pipe Reynolds number and
the relative roughness (Benedict, 1980). Flow in pipes can cither be laminar
(Re <2000), turbulent (Re > 2100), or in the transition zone between laminar

and turbulent (Benedict, 1980).

2.5.1.1 Laminar Flow in Smooth Pipes
In the years 1839 and 1846, Hagen and Poiseuille, working independently,
showed that the Darcy-Weisbach generalized pressure drop equation
provided an expression for the laminar friction factor (/) when equated with

their results:

fi== (237

2.5.1.2 Turbulent Flow in Smooth Pipes
Blasius plotted friction factor against Reynolds number for smooth circular

pipes at pipe Reynolds numbers up to 10° and obtained an empirical



relationship shown in Equation 2-38 which was later shown to be

independent of the fluid type and compressibility (Blasius, 1911).

Fotae = 031648, (2-38)

Rp = Reynold’s Pipe Number, dimensionless

Prandtl built upon this work to generalize the friction factor into terms of a

full cross-sectional area pipe flow shown in Equation 2-39 (Prandtl, 1933).

" 210g(R,/7;)-08 (2-39)

25.1.3 Turbulent Flow in Fully Rough Pipes
Friction factor is independent of wall roughness in laminar flow, but

roughness is of fundamental importance in turbulent pipe flow.

Nikuraduse, buiding upon Darcy’s earlier work, performed a series of

on y pipes and generated a relative

roughness scale. Von Karman analyzed this data and generated Equation 2-40

for friction in a fully rough pipe in turbulent flow (Benedict, 1980).

Zlug[£]+ 1.74 (2-40)
ey

where:



R = radius of uncoated pipe, m

e, = diameter of uncoated Gottingen sand, m

fi = firiction factor for rough pipes

2.5.1.4 Transition between Smooth and Rough Pipes
The empirical equations for friction factor in both smooth and in rough pipes
break down in the transition zone between laminar and turbulent flow

regimes.

Colebrook developed a mathematical function which gave a transitional
curve between the smooth and rough pipes equations by combining the two
expressions for friction factor into a single equation which he confirmed
through experimentation. The equation is presented in Equation 2-41

(Colebrook, 1938).

e 187
74-2log| 25+ 2-41
og[ D ] (2-41)

Ro\1;

The Haaland equation can used to solve directly for friction factor in a full-

flowing circular piped. This equation is an approximation of the Colebrook



equation but provides an explicit formula for rough pipes. The equation is

show in Equation 2-42 (Haaland, 1983).

= (2-42)

2.5.1.5 Moody Plot

Moody provided a convenient to use composition plot which included all
flow regimes of interest. This includes the straight line laminar friction factor
curve, the smooth pipe turbulent friction factor curve, the fully rough
turbulent friction factor curves, and the transition fraction factors and is a

good tool for implicit determination of Darcy friction factor (Moody, 1944).
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2.5.1.6 Chen Correlation
Chen’s correlation is being used to evaluate the friction factor for this work
and is show in Equation 2-43. This correlation has an explicit form and gives

similar accuracy as the Moody plot (Chen, 1979).

e soas2 (& (7.140)""
= —4xlog| = Io + @43)
37065 Ny 28257 \ Ny

e=08/d

& = absolute roughness of the pipe wall, ft

d = pipe diameter, ft

252 Hydrostatic Pressure Drop
Hydrostatic pressure drop is a function of gravitation pull, height, and

density. For our control volume shown in Figure 8Figure-8 this equates to

AP = pgcosOL (2-44)
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254

Kinematic Pressure Drop

Kinematic (or acceleration) pressure drop is caused by changes in velocity of
the fluid, particularly in highly compressible fluids. This is of particular
concern with gas wells near surface, flow across chokes, and where there are
changes in production tubing size. For our scenario, the Bernouilli equation
can represent the kinematic pressure drop.

2
AP = % (2-45)

Total Pressure Drop

Where the assumption of single phase pressure drop in isothermal conditions
is made, Equation 2-46 is being used which corresponds to the simplified
flow schematic presented in Figure 10Figure-+0 which is used to calculate the
bottomhole flowing pressure as a function of depth along the wellbore. The
bottomhole flowing pressure is used to determine the amount of inflow from

the corresponding reservoir unit.

If we integrate Equation 2-35 for the length of the production tubing
requiring evaluation, the following pressure drop equation results and can be

used directly in calculations:



2 2
Al’:l"szngcosHL+p%+% (2-46)

where:

= Darcy friction factor

Figure 10: Wellbore Pressure Drop Path with Multiple Inflows
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3.0 Mathematical Development of Analytical Tank Modeling

The fundamental building block of the analytical tank approach is the reservoir unit
(RU). Each unit could represent any section of the petroleum reservoir system that is
desired to be modeled. The RU could represent the entire reservoir including the
aquifer, the entire reservoir excluding the aquifer, a portion of the reservoir, a fault
block, a specific stratigraphic layer, or a section of a stratigraphic layer such as a
reservoir simulator grid block. The only requirement is that the reservoir statics and

t d for use in

flow ies can be
This will likely limit this approach to the modeling of large, defined sections of the

reservoir, such as fault blocks, or to the modeling of the reservoir as a whole.

As discussed in Sections 2.22:2 and 2.32:3, the performance of a RU is controlled by
two concepts, the compressibility and the inter-tank transmissibility. The two

equations are restated below:

Pw(

Figure 11: Schematic of Single Tank
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1.dv

@3-

Vi dp

4, =J(EO=P,,0) (3-2)
Through substitution and combination, Equation 3-1 and Equation 3-2 yields the

following system of equations of the form:

i 0)] (3-3)

dav
=T EO-R,0) (3-4)

Equation 3-3 and Equation 3-4 can be integrated using an exact solution or by using
a numerical method such as the 4" Order Runge-Kutta method to determine the
pressure and cumulative production at any time, 7. This method is formulated in

Appendix A.

3.1 Exact Solution of Single Tank Modeling

As the single tank modeling solution is relatively simple, it is straight forward to
determine an exact solution using Equation 3-3 and Equation 3-4. This is

accomplished by integration using an initial boundary condition as described below.
‘The initial boundary conditions can be applied, namely:

Att=0;P=P;andatr=1,P=P(t)
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The steps of integration are as follows:

o dp J
A SN N 3-5
[y o &L

i1 o

P(t)-P,

ol .- o
n( P,—Pw/ (t-0) (3-6)
RO-P,\_

{ L ) o

Therefore,
o,
P(1)= Py +(P,=Py)e (3-8)

where P,(1) is the average reservoir pressure at any time, 7.

The other important and related equation is to evaluate the change in volume as a

function of time. In this case, the following boundary conditions are applied

At1 =0, P = P;and ¥, =0 where V= cumulative oil produced at time, t.

Att=1,P=P@)and V, =V (1)



v .
jdV =J [(P —P,)dt (3-9)
b h

From Equation 3-9:

V@O)=J(P-P,)[e i (3-10)
H

Vy=J(P-P, ){-”’—Iy'e

(3-11)
-
V(1)=€V,(”-"»r)([—t’ ] G-12)
Equation 3-12 the ive fluid ion at time t from the reservoir

unit. These two equations (Equation 3-8 and Equation 3-12) are very useful for
modeling reservoir units and form the basis for all types of reservoir simulations.
They describe, within a defined reservoir volume, the relationship between total
system compressibility and pressure. They also describe the drive mechanism and

volume of fluid movement between defined volumes as a function of time.

These two equations can be expanded to encompass many reservoir units, with
multiple inter-related communication pathways and multiple production pathways. If
representative  reservoir  volumes, total ~compressibility, and inter-tank
transmissibility can be reasonably defined, these two equations can form the basis of
a full-field reservoir model system that can be practically used to evaluate many real-

life reservoir development situations.



The following sections outline this concept will be illustrated and defined starting

from the simplest system and ending with a generalized system.

32 Single Tank with Aquifer

A single RU can be linked with an aquifer by the use of interblock transmissibility.

iL

Figure 12: Schematic of Singe Tank with Aquifer

This will yield the following system of equations where the subscript a relates to the
aquifer, r relates to the reservoir, and w relates to the wellbore as depicted in Figure

12.




1arv

=Ty ap (3-13)

4, =J ()= P, (1) (3-14)
1 dw

Ch ——Wlﬁ (3-15)

9a-r =S (P (D= P(1)) (3-16)

Where the subscript a-r relates to flow between the aquifer and the reservoir unit. By

combination of Equation 3-13 through Equation 3-16:

dar._ J, _ e B ¢

&t oW, [CAGRRAG) CV’(R(/) Py 0) (3-17)
dav

a =T EO-F,0) (3-18)
¥, =J (P, ()= F.(1) (3-19)
dt

Equation 3-17 through Equation 3-19 can be integrated to determine the reservoir
pressure and cumulative aquifer influx and reservoir production at any time 7. Again,
this is an initial value problem, but the determination of the exact solution becomes
more difficult to calculate and a numerical integration method becomes a more

useful approach.



3.3 Multiple Tanks with Multiple Aquifers

The fundamental building blocks and the associated equations allow for any number

of RUs can be connected. This system of tanks can be interconnected in any manner

desired, and simply requires a i issibility and the associated tank

reservoir properties.

Figure 13 is an example of three RUs connected to two aquifers with a variety of
connections. This demonstrates some of the functionality of the proposed
methodology by allowing for flow from one tank into more than one other tank. This

could represent one aquifer communicating to multiple reservoirs.

This also the ibility for local where necessary, such as

near the production well to provide more accuracy for well inflow modeling.
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Figure 13: Schematic of Multiple Tanks with Aquifer

This will yield the following system of equations
Reservoir Unit #1:

1 dv
="y ap
n

G =S (Fa(O=Pp ()

Reservoir Unit #2:

(3-20)

(3-21)



1 av

Cor2 = ‘Kﬁ (3-22)
G2 =J 2 (P ()= P, (1) (3-23)
Reservoir Unit #3
Chy = L (3-24)
Vo dP
Gy =y (PO =P,y (0) (3-25)
923 = s (P () = Pa (1) (3-26)
Aquifer Unit #1
S, :’Lﬂ (3-27)
‘W, dP
(R0 = B, (1) (3-28)
Gara = a2 (P (1) = P (1)) (3-29)

Through combination of Equations 3-20 through 3-29 the pressure and flow

behaviour of the system can be solved simultaneously by the following equations:



‘,«

4B _ it (pon_p e (pene y
= c,_w,("“"’ P,0) cA.W,(I:'(I) P,0) (3-30)
dp,
Za s (B, -P,,0) (3-31)
ar,, i
- P,(0)-P,(0)- P,(0)-P, = P,(0)-P,

a o O RO P 0= R0)- (1,0 P 0)
(3-32)
dr,, e Tipea

”: u _ P - 3-33,
= ,,,V,,\(P"(') Py (1) . (B0 =P, 1) (3-33)

Equations 3-30 through 3-33 are the set of equations that can be integrated to
determine the reservoir pressure and cumulative aquifer influx and reservoir
production at any time ¢. Again, this is an initial value problem, but the determination
of the exact solution becomes impossible to calculate and a numerical integration

method must be used.

34 Generalized Formulas

Any number of RUs can be connected to any number of perforated sections by using
the fundamental building blocks and the associated equations. This system of tanks
can be interconnected in any manner desired and simply requires a connection

transmissibility and the associated tank reservoir properties.



This is important as the set of ordinary differential equations can be expanded to
meet the requirements of the desired model, providing flexibility in the construction

of the model to match the complexity of the situation.

In a general sense, the following equations can be used to describe any system with

any combination, as shown in Figure 14Figure-14.

Figure 14: Schematic of Generalized Situation

The generalized flow equations are shown in Equation 3-34 through Equation 3-35.



SIRdY 334
Vi dP B9,

o =

ken i=n

iy = Z[Jm (P, 0= P, )] (3-35)

The generalized flow equation between the reservoir units and the perforations is

shown in Equation 3-36.

) [J (Pu, -1, o) (3-36)

=

where i is the specified flow from the reservoir unit, J is the specified well
perforation, and Jwy is the transmissibility between the specific RU and the

specific well perforation.
The generalized reservoir unit pressure is shown in Equation 3-37.

b,
dt

. :Z;.ZT.{ M(P”'/(’ )-P, (’))}ZZ[’*(”RU o (1))} (3-37)

where Jgx is the specific transmissibility between RU i and k. cy is the
specific compressibility of RU i, and Vi is the specific volume of RU 7, and

Jwy the specific

between RU i and well segment /.

The generalized reservoir unit production rate is shown in Equation 3-38.



dl‘ =Z [_‘Im'(ku., )]*2 [ Bzu(’ ](338)

=] Jol

where Jguy is the specific transmissibility between RU & and i, Prex is the
pressure of RU &, Py is the pressure of RU &, and Jwj is the transmissibility
between well segment j and RU i, P,; is the wellbore pressure at wellbore

segment j.

3.5  Assumptions

In developing this work, several simplifying assumptions have been made including

constant ibility, i itions, and single phase flow.

Constant compressibility was assumed as the focus was on oil reservoirs and

aquifers. This assumption means that, in the pressure range calculated, a single value

is able to represent the ibility. This ion could be i valid
for rock, water, and under saturated oil reservoir across moderate pressure variation.

This assumption can be removed by redefining compressibility from Equation 3-39.



pV = ZnRT (3-39)

where:

n = number of moles

p = pressure, kPa

T'= temperature, K

¥ = volume, m’

Z = compressibility factor

Equation 3-40, the real gas law, can be re-arranged to:

v=2RT _ ki (3-40)
P P
Then
zZ
43)
dv o
& _agrEL 3-41
ar =" "ap Ge2h)
V _ gl _z L (3-42)
dap par P
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= LA (3-43)
dp P Zdp 2 P
By re-arranging and substitution with the real gas law:
(3-44)
or in terms of compressibility:
o a1 (a2 o
var p z{dp),
Another assumption in this these are i: diti This. ion is valid

for the large majority of operating reservoirs and is considered valid except in certain
situations. To remove this assumption, an energy balance model could be added for

cach tank. In this scenario, the temperature calculations would be executed after the

fluid motion ion making the i from the
mass transfer. Ci ion and ion could be i along with fluid
mixing models. ion of i | ditions is beyond the scope of

this thesis but would be relatively simple to add at a later date.

Single phase flow was assumed in this thesis. This simplification was made as multi-

phase flow was not necessary to demonstrate the usefulness of a coupled tank-well



modeling. The reason this assumption was made was because the structure of all
reservoir models use a similar approach. The fundamental flow equation in all

models is:

0=J(AP) (3-46)

To handle multiple phases the concept of relative permeability is applied. Relative
permeability is an extension of Darcy’s Law where the effective permeability of one
phase is impacted by the saturation of a second phase such that the relative

permeability of one phase is equal to or less than the total effective permeability.

0, =Jk,,(AP)+ Jk, (AP) + Jk, (AP) (347)

In the simulation world, two relative permeability curves are typically used; the gas-
liquid relative permeability and the oil-water relative permeability. The models will
determine the amount of gas flow from one block to the other using the gas-liquid
relative permeability and the gas and liquid saturation. Independently the models will
determine the oil and water saturations and the resultant oil and water relative
permeability to determine the relative volumes of oil and water flowing. Together,

the gas, oil, and water flow rates are calculated.



3.6 Other Scenarios

Fundamentally, any number of aquifers, reservoir units, wellbore connections, and

inter-tank transmissibilities can be evaluated. The limitation is only limited to the

time and the engineeri) I of the ity of the

This provides the ability to model a variety of situations such as faulted reservoirs

with icating or icating faults, reservoirs with a connected

aquifer, multiple reservoirs communicating through a common aquifer, a multi-
layered reservoir of variable reservoir quality, a wellbore draining multiple

reservoirs, or any system where an appreciable pressure gradient could exist.

3.7 Limits of Methodology Discussion

No lis

it to the applicability of this approach has been encountered by this author.
However, demonstration of this was not possible as the implementation and

execution of the computer code was conducted in Microsoft Excel with has limited

to conduct this investigation. The two scenarios that were going to be

were to ine the i number of tanks that could be calculate

and the maximum number of tanks connected to the wellbore.
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Maximum Number of Tanks

The generalized set of equations described above could be used to evaluate
the maximum number of tank that could be evaluated simultaneously. As
mentioned above, this could not be completed due to limitations imposed by

Excel.

However, there is reason to believe that the number of tanks could be
substantial. This is because systems of ordinary differential equations are
very well behaved because all variable change smoothly and the variation in
communication between tanks is handle through the index with each tank

being homogenous.

It is also known that numerical solutions to systems of ordinary differential
equations generally do not experience stability problems when generalized.
Therefore, numerical difficulties are not expected to be significant. If
increase accuracy is desired, a multi-step method could be implemented.

(Atkinson, Han, 2004).

Maximum Number of Wellbore to Tank Connections

The generalized set of equations described above could be used to evaluate
the maximum number of tank that could be calculated to the wellbore. This
would have allowed for evaluation of the length of the well. As mentioned

above, this could not be completed due to limitations imposed by Excel.



The length of a production well is important because it allows for capital
efficient exploitation of additional reservoir volume. However, pressure drop
along the well will eventually limit this exploitation as the minimum
predicted well bore pressure approached the reservoir pressure; as friction

along the length of the well will limit the drawdown.

The present model can play an important role in determining the optimal well
length. It could also be used to evaluate technologically complex wellbore
designs such as wells equipped with inflow control devises, outflow control

devises, selective perforations, and downhole isolation packers.

3.8  Numerical Approach

The 4™ Order Runge-Kutta (RK) Method was chosen to solve the series of ordinary
differential equations generated by the system of units being evaluated in the
modeling. The 4" Order is the most common of the RK methods because of the ease
of use and high numerical order. This method also provides a high degree of

accuracy in an efficient manner.

The numerical approach is described in detail in the Appendix.
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4.0  Results of Demonstration Cases

A series of demonstration cases are investigated below to evaluate the flexibility and
usefulness of the 4 Order Runge-Kutta method to a system of first-order differential
equations. The cases were designed to show increasing levels of complexity and

inter-tank dependence.

All of the cases evaluated consist of a single wellbore producing from one or more
tanks where some or all of the tanks are connected to an aquifer. This allows for the
investigation of how fluids and pressures interact between the reservoir units and the
wellbore to show the impact of transmissibility, connected pore volume, and aquifer

pressure support.

The demonstration cases start with the simplest system of only one drawdown point,
one tank, and no aquifer. The most complicated case involve three partially

communicating tanks with partial aquifer support.

The cases all assume that production is controlled by a target initial rate, then use a

minimum flowing tubing head pressure for control.

An input sheet is presented for each scenario along with the output plus a discussion

of the results. A comparison of the results is also provided.




41 Single Tank, No Aquifer

This case represents a production well draining a single tank without support of an

aquifer. In this case, the pressure of the tank is only a function of the production rate.

The input assumptions are presented in Figure 15 Error! Reference source not

found.with the output presented in Figure 16Figure-16 through Figure 19Figure19.

Scenario Schematic:

VA 4
(]

Figure 15: Single Tank with No Aquifer Output

Viscosity 0.5 mPas

Density 980 kg/m"
ion Volume Fa
Relative Phase Permeabi

1 rm"sm®
0.7 Relative to Air

Forma

Reservoir Unit Properti

Tank /1 Tank 72 Tank 73 Tank 74 (Aquifer)
Initial Pressurc] 30,000 30,000 30,000 30,000 kPa
nitial Bulk Volume} 5.0E+07 406407 6.0E+07 1.SE+08 rm3
Initial Fluid Saturation| 100% 100% 100% 100%
Initial Porosity) 20% 20% 20% 20%
Initial Pore Volume| 10,000,000 8,000,000 12,000,000 30,000,000 rm’
“ 1.25E-06 1.00E-06 1.20E-06 /kPa
4.00E-07 4.00E-07 4.00E-07 /kPa
Total Compressibility| 1.65E-06 1.40E-06 1.60E-06 /kPa
Permeability | 10 10 1 _mD




Intertank Properties:

Flow Area (m’)  Tank #1 Tank #2 Tank #3___ Tank #4 (Aquifer)
Tank #1 B - - -
Tank #2 - - - -
Tank #3 - - -
Tank #4 - - - -

Distance (m) __ Tank #1 Tank #2 Tank #3 Tank #4
Tank #1 - 800 800 800
Tank #2 800 - 800 800
Tank #3 800 800 - 800
Tank #4 800 800 800 -

Transmissibility (rm’/d/kPa) Tk #1 Tank #2 Tank #3 Tank #4
Tank #1 - - = -
Tank #2 - - - .
Tank #3 - - - =
Tank #4 - - = -

Wellbore Properties:
Tubing ID 0219 m
Pipe Roughness __0.046 mm

| Transmissibility (m*/d/kPa) Tank #1 Tank#2 Tank «3'

Jw__ 020 =
Tank #1__Tank #2__Tank #3
[ Depth m3) 1,000 1,025 1,050 | |

Minimum THP 4000 kPa
Minimum Rate 200 m'/d
Target Rate 6000 m’/d
Max Time Step 15 days
Max Pressure Drop per Step 50 kPa
Minimum Time Step 5 days
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—— Production Rate from RU #3
250 —— Combined Flow Rate
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Figure 16: Wellbore Production Rate for a Single Tank with No Aquifer Output
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Figure 17: RU Flow Rate for a Single Tank with No Aquifer Output
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Figure 18: RU Pressure for a Single Tank with No Aquifer Output
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Figure 19: Pressure Depletion Rate for a Single Tank with No Aquifer Output

4.1.1 Discussion of Results

This case represents a straight depletion of the reservoir unit. The depletion of the
reservoir unit occurs very quickly as would be the case for a small, slightly
compressible reservoir. This scenario could represent a small, highly under saturated

oil reservoir or a limited volume water source well.

Figure 16Figure 16 demonstrates that with the assumed productivity, the target
production rate of 6000 m¥d is not achieved and the drawdown rate is dictated by

the minimum allowable tubing head pressure.



Figure 16Figure—+6 and Figure 17Figure—47 have identical flow rates, which is
exactly as expected as all of the fluid entering the well is being produced from the

single tank.

42 Single Tank, With Aquifer

This case represents a production well draining a single tank with the support of an
aquifer with 3 times the initial bulk volume. In this case, the pressure of the tank is a

function of the production rate as well as the net influx from the aquifer.

The input assumptions are presented in Error! Reference source not found.Figure

20 with the output presented in Figure 21 Figure-2+ through Figure 24Figure24.

Figure 20: Single Tank with Aquifer Output



Fluid Properti

Viscosity 0.5 mPas
Density 980 kg/m’
Formation Volume Factor 1 rmsm’
Relative Phase Permeability 0.7 Relative to Air

Reservoir Unit Properties:

Tank #1 “Tank #2 Tank #3 Tank #4 (Aquifer)
Initial Pressure] 30,000 30,000 30,000 30,000 kPa
Initial Bulk Volume 5.0E+07 4.0E+07 6.0E+07 1.5E+08 m3
nitial Fluid i 100% 100% 100% 100%
Initial Porosity 20% 20% 20% 20%
Initial Pore Volume] 10,000,000 8,000,000 30,000,000 rm’
Rock Compressibility 1.25E-06 1.20E-06 /kPa
Fluid Compressibility| 4.00E-07 4.00E-07 /kPa
‘Total Compressibility| 1.65E-06 1.60E-06 /kPa
Permeability 10 1_mD
Intertank Properti

Flow Area (m’) Tank #1 Tank #2 Tank #3 Tank #4 (Aquifer)
Tank A1 - - - 800

Tank #2 - - . -

Tank #3 - - - -

Tank #4 800 - - -

Distance (m) __Tank #1 “Tank #2 Tank 13 “Tank #4

Tank #1 - 800 800 800
Tank #2 800 - 800 800
Tank #3 800 800 - 800

Tank #4 800 800 800 -

Transmissibility (m"/d’kPa)  Tank #1 Tank #2 Tank #3 Tank #4

Tank 711 - - - 022

Tank #2 - - - -

Tank #3 - - - -

Tank #4 022 - - -




Wellbore Properties:

TubingID 0219 m
Pipe Roughness 0046 mm

Jw 0.20 -

I Transmissibility (m*/d/kPa) Tank #1 Tank #2 Tank#}l

Tank #1  Tank #2  Tank

| Depth (m3) 1,000 1,025

1,050 |

Control Conditions:

Minimum THP 4000 kPa
Minimum Rate 200 m'/d
Target Rate 6000 m’/d

Max Time Step 15 days
Max Pressure Drop per Step 50 kPa
Minimum Time Step 5 days




3500
3,000 == Production Rate from RU #1
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Figure 21: Wellbore Production for a Single Tank with Aquifer Output
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Figure 22: RU Production for a Single Tank with Aquifer Output
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Figure 23: RU Pressure for a Single Tank with Aquifer Output
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Figure 24: Pressure Depletion for a Single Tank with Aquifer Output



4.2.1 Discussion of Results

This case represents a depletion of the reservoir unit #1 plus the influx from reservoir
unit #4 (aquifer). With the volume and the compressibility assumed, the depletion of
the reservoir unit occurs slower than without the aquifer, and the cumulative

production volume is larger.

Figure 21Figure-2+ confirms the expectation that with aquifer influx, the overall
decline will be reduced while the initial productivity is still not improved enough to

meet the production target of 6000 m*/d.

Figure 26Figure26 and Figure 28Figure284 demonstrate the interplay between

wellbore issibility and aquifer issibility. These figures show that the
production rate into the well is greater than the aquifer influx causing the pressure to
continue to deplete in RU#1 until the well is shut-in due to hitting the minimum

production rate of 200 m*/d.

4.3 Two Non-Communicating Tanks, With Common Aquifer

This case represents a production well draining two non-communicating reservoir
units, both supported by a common aquifer with three times the initial bulk volume
of reservoir unit #1. In this case, the pressures of both tanks are functions of the

cumulative production volume as well as the net influx from the aquifer.



The input assumptions are presented in Figure 25Error! Reference source not

found. with the output presented in Figure 26Figure-26 through Figure 20Figure-29.

Figure 25: Two Non-Communicating Tanks with Common Aquifer Input

Fluid Proj

Viscosity
Density

Formation Volume Factor
Relative Phase Permeability

0.5 mPas
980 kg/m*
5 s
1 rm’/sm

0.7 Relative to Air

Reservoir Unit Properties:

Tnitial Pressur]
Tnitial Bulk Volume]
Initial Fluid Saturation|
Initial Porosity|

Initial Pore Volume|
Rock Compressibility|
Fluid Compressibility|
Total Compressibility}
Permeability

Tank #1 Tank #2
30,000 30,000
5.0E+07 4.0E+07
100% 100%
20% 20%
10,000,000 8,000,000
1.20E-06 1.25E-06
4.00E-07 4.00E-07
1.60E-06 1.65E-06
10 10

Tank #3

30,000
6.0E+07
100%
20%

12,000,000
1.00E-06
4.00E-07
1.40E-06

10

Tank #4 (Aquifer)
30,000 kPa
1.5E+08 rm3

100%

20%
30,000,000 rm’
1.20E-06 /kPa
4.00E-07 /kPa
1.60E-06 /kPa
1 _mD




Intertank Properties:

Flow Area (m') Tank #1 Tank #2 Tank #3 Tk #4 (Aquifer)
Tank #1 - - - 800
Tank #2 - - - 500
Tank #3 - - - -
Tank #4 800 500 - -
Distance (m) Tank #1 Tank #2 Tank #3 Tank #4
Tank #1 - 800 800 800
Tank #2 800 - 800 800
Tank #3 800 800 - 800
Tank #4 800 800 800 -
Transmissibility (m'/d/kPa)  Tank #1 ‘Tank #2 Tank #3 Tank #4
Tank #1 - - B 022
Tank #2 - - - 0.14
Tank #3 - - - -
Tank #4 022 0.14 - -
Wellbore Properti
Tubing ID 0219 m
Pipe Roughness _0.046 mm

0.20 0.30

Transmissibility (m’/d/kPa) Tank #1 Tank #2 Tank #3 |

| .

Tank #1  Tank #2

nk #3

| Depth (m3)

1,000 1,025

1,050 |

Minimum THP 4000 kPa

Minimum Rate 200 m'/d

Target Rate 6000 m'/d

Max Time Step 15 days

Max Pressure Drop per Step 50 kPa
Minimum Time Step 5 days
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Figure 26: Wellbore Production Rate for Two Non-Communicating Tanks with
a Common Aquifer Output
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Figure 27: RU Production for Two Non-Communicating Tanks with a Common
Aquifer Output
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Figure 28: RU Pressure for Two Non-Communicating Tanks with a Common

Aquifer Output



0
-50
-100
3
£
2 -150
=
=
% -200
™
250 —apaRu 12
~———dP/dtRU #3
~——dP/dt RU #4 (Aquifer)
-300 + +
- 0.5 1.0 15 20 25
Years
Figure 29: Pressure Depletion for Two Non-Ci icating Tanks with a
Common Aquifer Output

4.3.1 Discussion of Results

This case demonstrates that the solving routine can solve for the depletion of both
tanks connected to a common aquifer. The results show the relative contribution
from each tank is a function of the well transmissibility, the aquifer to reservoir unit
transmissibility, the depth of the perforations, the compressibility and initial pore

volume differences between the two reservoir units.

The maximum production target of 6000 m*/d is achieved in this scenario for a short

period of time, as shown in Figure 26Figure26. Initially, the production rate from



RU# is greater than RU#1 due to higher transmissibility and reservoir pressure. This

is only temporary as greater pressure depletion in RU#2, shown in Figure 28Figure
28 and Figure 29Figure—29, results in the production from RU#I be the main

contributor.

The aquifer contributes to both RU#1 and RU#2, but greater pressure support is
provided to RU#I, shown in Figure 28Figure-28. This aligns with the greater

transmissibility between the aquifer and RU#1.

44  Two Communicating Tanks, With Common Aquifer

This case represents a production well draining two communicating reservoir units,
both supported by a common aquifer with 3 times the initial bulk volume of reservoir
unit #1. In this case, the pressures of both tanks are functions of the relative
production rate into the wellbore, as well as the net influx of fluid from the common
aquifer. So, at each calculated time step the pressure of the individual reservoir units
changes depending on how much support is being provided by the aquifer as well as

how much production is entering the well.

The total production target from the well has been doubled to account for more

production capacity from the two tanks.

The input assumptions are presented in Figure 30Error! Reference source not

found. with the output presented in Figure 31Figure 34 through Figure 34Figure 34.




Figure 30: Two Communicating Tanks with Common Aquifer Input

Fluid Properti

Relative Phase Permeability

Viscosity, 0.5 mPas
Density 980 kg/m®
Formation Volume Factor 1 rm’/sm’

0.7 Relative to Air

Reservoir Unit Properti

Tank #1 Tank #2 Tank #3____ Tank #4 (Aquifer)
Initial Pressure] 30,000 30,000 30,000 30,000 kPa
Initial Bulk Volume} 5.0E+07 4.0E+07 6.0E+07 1.5E+08 rm3
Initial Fluid Saturation| 100% 100% 100% 100%
Initial Porosity| 20% 20% 20% 20%
Initial Pore Volume| 10,000,000 8,000,000 12,000,000 30,000,000 rm’
Rock Compressibility| 1.20E-06 1.25E-06 1.00E-06 1.20E-06 /kPa
Fluid Compressibility 4.00E-07 4.00E-07 4.00E-07 4.00E-07 /kPa
Total Compressibility| 1.60E-06 1.65E-06 1.40E-06 1.60E-06 /kPa
Permenbxlxlyh 10 10 10 1_mD
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Intertank Properties:

Flow Area (m’)  Tank #1 Tank #2 Tank #3 Tank #4 (Aquifer)
Tank #1 - 150 - -
Tank #2 150 = = s
Tank #3 - - - -
Tank #4 - < - -
Distance (m) __Tank #1 Tank #2 Tank #3 Tank #4
Tank #1 - 800 800 800
Tank #2 800 - 800 800
Tank #3 800 800 - 800
Tank #4 800 800 800 -
‘Transmissibility (rm'/d/kPa)  Tank #1 Tank #2 Tank #3 Tank #4
Tank #1 0.23 - =
Tank #2 023 - - -
Tank #3 - - - -
Tank #4 - - - -
Wellbore Properties:
TubingID 0219 m
Pipe Roughness  0.046 mm

Transmissibility (rm”/d/kPa) Tank #1 Tank #2 Tank #3
Jw_ 020 030 .
k71 Tank 72 Tank 7
| Depthm3) 1,000 1,025 1,050 ]

Control Con

ion:

Minimum THP 4000 kPa

Minimum Rate 200 m'/d

Target Rate 6000 m’/d

Max Time Step 15 days

Max Pressure Drop per Step 50 kPa
Minimum Time Step 5 days
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Figure 31: Wellbore P ion for Two Ci icating Tanks with a
Common Aquifer Output
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Figure 32: RU P ion for Two Ci icating Tanks with a Common
Aquifer Output
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Figure 33: RU Pressure for Two Communicating Tanks with a Common
Aquifer Output
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Figure 34: Pressure Depletion for Two Communicating Tanks with a Common
Aquifer Output

4.4.1 Discussion of Results

This case demonstrates that the solving routine can solve for the depletion of both
tanks connected to a common aquifer. The results show the relative contribution
from each tank is a function of the well transmissibility, the aquifer to reservoir unit
transmissibility, the inter-tank transmissibility, the depth of the perforations, the

compressibility and initial pore volume differences between the two reservoir units.

The results show that the difference in pressure in reservoir unit #1 and reservoir unit

#2 is reduced relative to the previous scenario as shown in Figure 33¥igure33. This
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is a result of fluids being able to move between the RUs. In a real-world scenario,

this may allow for assessment of fault transmissibility.

4.5 Three Non-Communicating Tanks, Without Aquifer

This case represents a production well draining three non-communicating reservoir
units, not supported by a common aquifer. In this case, the pressure of the three tanks
is a function of the relative production rate as well as initial pore volume and

compressibility only.

The input assumptions are presented in Figure 35Error! Reference source not

found. with the output presented in Figure 36Figure-36 through Figure 39Figure-39.
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Figure 35: Three Non-Communicating Tanks without Aquifer Input

Fluid Propertis

Viscosity
Density

Formation Volume Factor
Relative Phase Permeability

0.5 mPas
980 kg/m’
1 rm'/sm’
0.7 Relative to Air

Reservoir Unit Properties:

Tank #1 Tank #2 Tank #3 Tank #4 (Aquifer)
Tnitial Pressure] 30,000 30,000 30000 kPa
5.0E+07 6.0E+07 1.5E+08 rm3
Initial Fluid Saturation| 100% 100% 100%
Initial Porosity| 20% 20%
Initial Pore Volume| 10,000,000 12,000,000
Rock Compressibility 1.00E-06
Fluid Compressibil 4.00
Total Compressil 1.401
Permeal




Intertank Propert

Flow Area (m’)

Tank #1
Tank #2
Tank #3
Tank #4

Tank #1

Tank #2

Tank #3

“Tank #4 (Aquifer)

Distance (m)
Tank #1
Tank #2
Tank #3
Tank #4

Tank #1

Tank #2

Tank #3 Tank #4

- 800
800 -

800 800
800 800

800
800

800

800
800
800

‘Transmissibility (rm/d/kPa)

Tank #1

Tank #2

Tank #3 Tank #4

Tank #1
Tank #2
Tank #3
Tank #4

Wellbore Properties:

Tubing ID
Pipe Roughness

0219 m
0.046 mm

|

Transmissibility (rm’/d/kPa)
Jw

Tank #1  Tank #2
0.20 0.30

Tank #3
0.40

Tank #1  Tank #2

Tank #3

[ Depth (m3)

1,000 1,025

1,050 |

Control Conditions:

Minimum THP 4000 kPa

Minimum Rate 200 m'/d

Target Rate 6000 m'/d

Max Time Step 15 days

Max Pressure Drop per Step 50 kPa
Minimum Time Step 5 days
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Figure 36: Wellbore Production for Three Non-Communicating Tanks
without Aquifer Output
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Figure 37: RU Production for Three Non-Communicating Tanks without
Aquifer Output
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Figure 38: RU Pressure for Three Non-Communicating Tanks without Aquifer

Output
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Figure 39: Pressure Depletion for Three Non-Communicating Tanks without
Aquifer Output

4.5.1 Discussion of Results

This case demonstrates that the solving routine can solve for the depletion of
multiple tanks. The results show the relative contribution from each tank is a
function of the well transmissibility, the depth of the perforations, the

compressibility and initial pore volume differences between the three reservoir units.

Figure 36Figure-36 demonstrates varying wellbore production rates over the life of

the project, which is determined by reservoir pressure, wellbore transmissibility, and
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downhole producing pressure. This provides the opportunity for interwell crossflow

during any shut-in periods.

4.6 Three Partially-Communicating Tanks, With Partial Aquifer

This case represents a production well draining three reservoir units of which two are
connected and partially supported by a common aquifer connected to two of the

TEServoir units.

The input assumptions are presented in Figure 40 Error! Reference source not

found. with the output presented in Figure 41Figure 4} through Figure 44Figure 44.

Figure 40: Three Partially-Communicating Tanks with Partial-Aquifer Input

s



Fluid Properti

Viscosity
Density
Formation Volume Factor

Permeability

Reservoir Unit Properties:

Tank #1 Tank #2 Tank #3 Tank #4 (Aquifer)
Initial Pressure] 30,000 30,000 30,000 30,000 kPa
Initial Bulk Volume] 5.0E+07 4.0E407 6.0E+07 1.5E+08 rm3
Initial Fluid Saturation) 100% 100% 100% 100%
Initial Porosity| 20% 20% 20% 20%
Initial Pore Volume]| 10,000,000 8,000,000 12,000,000 30,000,000 rm’

Rock C 1O0E-06 1.20E-06 /kPa
Fluid Compress 4.00E-07 4.00E-07 /kPa
Total Compressibi 1.65E-06 1.40E-06 1.60E-06 /kPa
Permeabi 10 10 1 mD
Intertank Propei

Flow Area (m’) Tank #1 Tank #2 Tank #3 _ Tank #4 (Aquifer)
Tank 71 - - - 800
Tank #2 - - 150 500

Tank #3 - 150 - -

Tank #4 - 500 = g

Distance (m) __Tank #1 “Tank 12 Tank /3 “Tank /4

Tank #1 - 800 800 800
Tank #2 800 - 800 800
Tank #3 800 800 - 800

Tank #4 800 800 800 -

“Transmissibility (rm"/d/kPa)  Tank #1 Tank #2 Tank #3 Tank #4

Tank #1 - - - 022
Tank #2 - - 023 014

Tank #3 - 023 . -

Tank #4 022 014 - -
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Wellbore Properties:

TubingID 0219 m
Pipe 0.046 mm

Transmissibility (nnxld/k[’a) Tank #1  Tank #2  Tank #3
Jw 0.20 0.30 0.40

Tank #1  Tank #: Tank #3
[ Depth(m3) 1,000 1,025 1,050 |

Minimum THP 4000 kPa

Minimum Rate 200 m”/d

TargetRate 6000 m”/d

Max Time Step 15 days

Max Pressure Drop per Step 50 kPa
Minimum Time Step 5 days
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~—— Production Rate from RU #3
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Figure 41: Wellbore Production for Three Partially-Communicating Tanks

with Partial-Aquifer Output
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Figure 42: RU Production for Three Partially-Communicating Tanks with
Partial-Aquifer Output
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Figure 44: Pressure Depletion for Three Partially-Communicating Tanks with
Partial-Aquifer Output

4.6.1 Discussion of Results

This case demonstrates that the solving routine can solve for the depletion of

multiple tanks with varying degrees of communication. The results show the relative

contribution from each tank is a function of the well transmissibility, the depth of the

perforations, the compressibility and initial pore volume differences between the

three reservoir units plus the intertank communication pathway.
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One important observation from this scenario is the change in relative wellbore
production from the connected RU and how it changes through time dependant of the

transmissibilities and tank pressure, refer to Figure 41Figure-41.

4.7 Comparison of Scenarios

Figure 45Figure-45 shows the total production rate of the wellbore under the various
scenarios presented. From this, some general observations can be made about both

the physical situation being modeled as well as the modeling procedure.

The first observation relates to the general productivity. It is clear from Figure

Figure-45 that the greater the connection to the reservoir results in greater initial

productivity as demonstrated by looking at the one tank, two tank, and three tank
scenarios. In the one tank scenario, the 6000 m’/d production target cannot be
achieved while the three tank scenario is able to achieve this target and sustain the

rate for at least 3 months. When scenarios, a

engineer could utilize this model to evaluate the benefit of achieving an extended

production profile versus the cost of drilling additional well length.

The second observation relates to the decline. Figure 45Figure-45 again shows that
scenarios with aquifers how a slower decline, and hence a greater ultimate recovery.
A petroleum engineer would be able to perform pre-development sensitivity

scenarios on aquifer size and strength and the resultant impact on the wells
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productive life. Post-production, history matching would also be possible to better

the size and issibility of the aquifer.

A third observation relates to the two tank scenarios where the transmissibility
between the tanks does not impact the combined production rate, even though the

relative contribution is substantially impacted, refer to Figure 26Figure—26 and

Figure 31Figure3+. This is in reality in the situation where a horizontal
production crosses a fault. From the total production from the well it is very unlikely
that the transmissibility across that fault can be determined in the near wellbore
region without additional downhole information such as pressure transient analysis

and or production logging information.

123



Flow Rate (rm3/d)

7000

5000

4000

3000

2000

1000

T T T
——One Tank with No Aquifer
——One Tankwith Aquifer

——Two Non-Communicating Tanks with Aquifer
——Two Communicating Tanks with Partial Aquifer

——Three Non-Communicating Tanks with No Aquifer =
\ \ ~—Three Partially Communicating Tanks with Partial Aquifer

INAN

05 10 15 20 25 3.0 35
Years

Figure 45: Total Production Rate Comparison
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5.0  General Discussion of Results

Overall, the predicted model results agree with generally expected reservoir
behavior, implying that the method described in this thesis has the ability to provide
a usable platform for reservoir simulation. Potential uses of the method of simulation
could include applications with faulted reservoirs with communicating or non-
communicating faults, reservoirs with a connected aquifer, multiple reservoirs
communicating through a common aquifer, a multi-layered reservoir of variable
reservoir quality, a wellbore draining multiple reservoirs, or any system where an

appreciable pressure gradient could exist.

This type of model can be used to quickly diagnose and history match production
performance from new fields to identify reservoir properties involving effective
reservoir volume, the presence of faults or baffles, the transmissibility and strength

of connected aquifers.

Tanks modeling can also be used to quickly investigate pre-drill scenarios involving

well length to well cost, sensitivities on deliverability for short and long-

term depletion scenarios.
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5.1 Novelty of Research

The genesis of this body work grew from the need for more efficient modeling of
complex and compartmentalized reservoirs, as is typical in the highly faulted

hydrocarbon producing basins of the coast of Newfoundland.

This is the first time the concept of multiple reservoir unis and aquifers treated as
individual tanks were solved as a system of ordinary differential equations, to the

authors knowledge.

Furthermore, this work also discussed the future potential for combining this tank

modeling concept with an advanced well hydraulics models with connectivity wells

for Teservoir unit

Finally, this work discussed how these novel methods can be improved to increase

accuracy and icability without ificing the CPU ges these methods

have over the use of conventional reservoir simulators.

5.2  Limitations

There are several limitations in this work, however all of these can be overcome with

dditional study and i ion. These limitations stem from the assumptions

used to simplify the modeling process at this stage in the work, to allow for focus on

the multiple reservoir units integration.
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One of the and limiting ions is the ion of single phase

constant compressibility. Moving past these simplifications could be relatively easy.
This includes the inclusion of a black-oil material balance model as described by R.
J. Schilthuis (Schilthuis, 1935). In this widely used black-oil model, the components
of the reservoir system (rock, oil, water, gas) and their compressibility and net
cumulative withdrawals can be used to predict pressure, or if pressure is known, a
prediction of the original fluid volumes is possible. In this model, single phase
behavior is not assumed which has proven to be a very powerful and popular

reservoir engineering tool. Schilthuis’ model is often shown in the form in Equation

51
. N,[8,+(R,~R)B,]-07,~W,+W)B,-GB,
8, B,)+ Ry~ BB, +mb| 2B LB Nuomys e, e, )
d B 1-s,
o &
-1
where:

B, = Gas formation volume factor at current pressure, m*/m’
B, = Oil formation volume factor at current pressure, m*/m’
B, = Original oil formation volume factor, m*/m’

B, = Water formation volume factor at current pressure, m*/m’
¢, = water compressibility at current pressure, kPa™

¢, = rock compressibility at current pressure, kPa™
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G, = Original gas in place, sm*

Np-Cumulative oil production, sm*

N = Original oil in place, sm®

m = ratio of original gas in place to original oil in place
Pr;= Initial reservoir pressure, kPa

P = Current reservoir pressure, kPa

R, = Produced gas oil ratio, m*/m*

R, = Solution gas oil ratio at current pressure, m*/m’

Ry = Original solution gas oil ratio, m*/m*

S, = Water saturation as a fraction of the effective pore space
W, = Cumulative water influx, sm’

W, = Cumulative water injected, sm’®

W, = Cumulative water production, sm’

Another limitation is single-phase flow, both in the wellbore model and in the
reservoir units. The concepts of relative permeability and the resultant fractional
flow could be implemented for the reservoir units. This will allow for different tanks
to have different fluid fractions as well as for different portion of the wellbore to
have difference fluid production splits (i.e. watercut or gas-oil-ratio). This would
then extend to allow for multi-phase flow correlations to be used for the wellbore

modeling. For example, the Hagedorn and Brown method (Hagedom and Brown,



1965) could be implemented for vertical flow while the Beggs and Brill method
could be implemented for slightly inclined and horizontal wells (Beggs and Brill,

1973) or any other method desired.
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6.0 Conclusions

The question that we were investigating was: Can conventional material balance
calculations be used to provide realistic long-term depletion forecasts in an efficient
method that solves complex, multi-tank communicating, reservoir systems? Can
these systems be integrated with advanced wellbore modeling techniques to increase

the reliability of our predictions?

This work the i ion of aquifers models, tank

reservoirs,  inter-tank issibili well issibili and  wellbore

performance into an integrated model that was used to predict future well
performance. The underlying themes were that a characteristic relationship between

flow rate and pressure di is linked by issibility and that there is a

between total ibility and pressure in combination with the fact
the reservoirs and wellbores can be modeled with the same thematic relationships.

Where the following equations apply

=ah
di

0= _s-r) @

©2)
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This work di d the i ion of aquifers, reservoir tanks, well

inflow, and wellbore modeling into an integrated system that can quickly be used as
a tool for investigating the petroleum systems. Scenarios involving a single reservoir
tank, multiple communicating reservoir tanks, multiple tanks with variable
communication to supporting aquifers, and wellbores with multiple inflow regions

were all successfully demonstrated.

This work is directly applicable to many real-world reservoirs including faulted

reservoirs with icating or icating faults, reservoirs with a
connected aquifer, multiple reservoirs communicating through a common aquifer, a
multi-layered reservoir of variable reservoir quality, a wellbore draining multiple

reservoirs, or any system where an appreciable pressure gradient could exist

This work can form a fundamental module enabling the calculation of coupled

wellbore and reservoir models with advanced completion technologies.



7.0 Recommendations
Once the limitations of single-phase flow and constant compressibility are overcome,
more complex flow could be incorporated within the reservoir unit concept. This

could include i i i i as well as the

implementation of water/oil or gas/oil coning within the reservoir units, such as the

work completed by Chaperon (Chaperon, 1986).

The well inflow model could be expanded to include time-dependant
transmissibility, such as during different flow conditions or deteriorating
productivity. The inflow model can also be expanded to include typical industry

models such as Babu & Odeh, Joshi, or others.

A simplistic approach was made to wellbore modeling in this work to prove the
concept, but is not suitable for a wide range of typical oilfield operating conditions.

Future i igations should include i flow where more than one phase is

present and the phase fraction changes as a function of pressure and temperature.
This way the applicability could be encompassed to include both oil and gas wells
under a variety of fluid states and conditions. This could involve future
investigations into multiphase pressure drop correlations, such as those by
Hagendorn and Brown, Beggs and Brill, and others. In addition, this would be a
valuable addition when coupled with a multiphase reservoir or black oil modeling

techniques were investigated.
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Appendix

A. Numerical Method Approach
The system of units creates a system of ordinary differential equations (ODES) of the
initial boundary type. That is, the initial volume and pressure is known at each time

step.

As the number of reservoir units increases, the system of ODEs increases as well,
dictated by the number of reservoir units and the number of connections between
tanks. This makes the representation of these systems into a closed form impossible,
and it becomes convenient to seek an approximate solution by means of numerical

methods.
The reservoir units form a series of first-order differential equations of the form:

D feoriears) m

For the real-valued function of y of the real variable x, where y’ = dy/dx and f'is a

given real-valued function of two real variables.

The differential equation will be considered in tandem with an initial condition so,

that given two real numbers x, and y,, we can seek a solution for x > x, such that

Nx)=, @

These two equations together represent an initial value problem.
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The 4" Order Runge-Kutta (RK) Method was chosen to solve the series of ordinary
differential equations generated by the system of units being evaluated in the
modeling. The 4" Order is the most common of the RK methods because of the case
of use and high numerical order. This method also provide a high degree of accuracy

in an efficient manner.

The RK method for solving a system of ordinary differential equations works under

the following principle.

Yia =¥ @k +ak, +ak +ak)h ©)

If we know the value of y = y;at x;, we can find the value of y = y;.; at x;.;, and & =

Xiel = Xie

Equation 88 can be equated to the first five terms of the Taylor series expansion.

dy 1d’ 1d'
T e v~ IR A R N,
L X o o @
*A!dx—]v (e =x,)

Knowing that

&,
Iy=./(x‘y)
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and

we get

. 1 1 1
Y=Y +./(X,~J’,)h+5/'(x,vy,)h’ +5f”(x,’y. )h“E/”'(X,.y,)h' ®)

Based on equating Equation 4 and Equation 5, one of the more popular solutions

used is
Y=V +%(k, +2k, + 2k, +k )h 6)
With
K=/, p)h @
ky =[G +3hy, +ikh) ®
k= +3hy, 3R ©)
k=1 +hy, +kh) (10)
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Sometimes a system is described by several differential equations, as is the case in
Section 3.03:0. The Runge-Kutta formulas can be used to solve systems of

simultaneous differential equations.

For a system with independent variable x, N dependant variables y; and N differential

equations

d)
= 1y yy) )

the relationships are:

Ky = FiX Y Yo 12)
ky = fi(x, +lh +lk h, +lk h. +lk h) (13)
u=Jilxty Vi PR V2 2k s VN 2w

ky, = fi(x, +lh +lk . +lk h. +lk h) (14)
w=Jix sy W 2 32 2 yenes YN 7w

Ky = 1O+ Ry, gy +khoyy 4o h) s

and
1
i = v+l 2k, + 2k, k) (16)

In our case, x denotes time and y denotes pressure in each reservoir unit. Hence, with
N reservoir units, there will be N systems of equations that require solving for each

time x.
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Excel Main Calculation Sheet (Part B)

dvw1/dt

dvw2/dt

dvw3/dt

Pbh1
(kPa)

13,618

Pbh2
(kPa)

26,096
25,425
24,761
24,101
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Pbh3
(kPa)

26,336
25,666

14,099

Pthp
(kPa)

16,242
15,502
14,837
14,178
13521

dvwt/dt

30,000,000
30,000,000
30,000,000
30,000,000
30,000,000

vr1
(rm3)

10,000,000

9,764,193
9,757,829

vr2
(rm3)
8,000,000

7,989,524
7979378

7,791,780

vr3
(rm3)
12,000,000
12,000,000
12,000,000
12,000,000
12,000,000
12,000,000
12,000,000
12,000,000
12,000,000

12,000,000
12,000,000



C. Flowing Wellbore and Reservoir Solver

Sub SolveFlowing()
'Solver for Flowing Wellbore and Reservoir System
‘Brandon Thomas

'Memorial University of Newfoundland

TARGET = Sheets("Main").Range("AB7").Value
MinTHP = Sheets("Main").Range("AB5").Value
MAXDP = Sheets("Main").Range("AB9").Value
MaxT$ = Sheets("Main").Range("AB8").Value
MinTS = Sheets("Main").Range("AB10").Value
MINRATE = Sheets("Main").Range("AB6").Value

Sheets("MAIN").Select

Range("K23:AP1820"). Select

Selection.ClearContents

Range("Al20").Select

ActiveCell.GoalSeek Goal:=TARGET, ChangingCell:=ActiveCell. Offset(0,

ActiveCell. Offset(0, -23).Range("A1:AN1").Select
Selection.Copy

ActiveCell.Offset(0, 0).Range("A1").Select
ActiveSheet.Paste

ActiveCell.Offset(0, 23).Select
Range("Al21").Select



ActiveCell.GoalSeek Goal:=TARGET, ChangingCell:=ActiveCell.Offset(0,

Do
Cut=1

ActiveCell.Offset(0, -1).Value = ActiveCell.Offset(-1, -1).Value 'Shift to
active line

Do

If MaxTS / Cut > MinTS Then ActiveCell.Offset(0, -24).Value =
ActiveCell. Offset(-1, -24).Value + MaxTS / Cut

If MaxTS / Cut <= MinTS Then ActiveCell.Offset(0, -24).Value =
ActiveCell.Offset(-1, -24).Value + MinTS

ActiveCell.GoalSeek Goal:=TARGET, ChangingCell:=ActiveCell.Offset(0,
-1) 'Goal seek to match THP

THP = ActiveCell. Offset(0, -1).Value
If THP < MinTHP Then
ActiveCell.Offset(0, -1).Value = MinTHP 'Do not violate min THP
End If
ActiveCell.Offset(0, -23).Range("A1:AN1").Select 'Select Current Row
Selection.Copy 'Copy current row
ActiveCell.Offset(0, 0).Range("A1").Select 'Select current row

ActiveSheet.Paste 'Paste to current row to ensure RUNGE calculates
fully

ActiveCell. Offset(0, 23).Select 'Select active cell
DP = Abs((ActiveCell.Offset(-1, -4).Value + ActiveCell. Offset(-1, -3).Value
+ ActiveCell.Offset(-1, -2).Value) / 3 - (ActiveCell.Offset(0, -4).Value +
ActiveCell. Offset(0, -3).Value + ActiveCell. Offset(0, -2).Value) / 3)

Convergence = ActiveCell.Value - ActiveCell. Offset(-1, 0).Value
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If ActiveCell.Offset(0, -24).Value - ActiveCell.Offset(-1, -24).Value =
MinTS Then Exit Do

Cut=Cut*2

Loop Until DP < MAXDP And Convergence <= 0

ActiveCell.Offset(1, -24).Value = ActiveCell.Offset(0, -24) + MaxTS

If ActiveCell.Offset(0, -1).Value < MIinTHP Then ActiveCell. Offset(0, -
1).Value = MinTHP 'Do not violate min THP

If ActiveCell.Offset(0, 0).Value < MINRATE Then Exit Do 'If flow rate lower
than minimum finish calculation

ActiveCell.Offset(1, -23).Range("A1:AN1").Select 'Select next row
Selection.Copy 'Copy next row

ActiveCell.Offset(1, 0).Range("A1").Select 'Select target row
ActiveSheet.Paste 'Copy to target row

ActiveCell.Offset(-2, 23).Range("A1").Select 'Select active cell
ActiveCell.Offset(1, 0).Select 'Select next target cell

Counter = Counter + 1 'Progress counter

If Counter > 2000 Then Exit Do 'Limit total calculations to N+1

Loop

If Counter > 5 Then 'Do not delete first rows to maintain formulas in sheet
ActiveCell Offset(0, -23).Range("A1:AM3").Select

Selection.ClearContents

End If
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End Sub

'Single Phase Pressure Drop Calculation
‘Brandon Thomas

'Memorial University of Newfoundland

Function UpstreamPressure(Dens, Visc, ID, Hup, Hdown, Lup, Ldown, E,
Pds, Rate) As Single

Dim Velocity As Single
Dim dL As Single
Dim dz As Single

‘ Dim Re As Single

| Dim f As Single

'Rate = Flow rate, m3/d [dV/dt]
'Pin kPa

'Elevation change, m

dz = Hup - Hdown

‘Length, m
dL = Lup - Ldown
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'Flow velocity, m/s
Rate = Rate /24 /60 /60
Velocity = Abs(Rate / 0.25 / 3.141592 /1D * 2)

'Reynolds Number, Re
Re = ID * Velocity * Dens / (Visc / 1000)

'Fanning Friction Factor, f

If Rate > 0 Then f = (1/ (-4 * Log10((E / 3.7065) - (5.0452 / Re) * Log10((E *
1.1098 / 2.8257) + (7.149 / Re) * 0.8981)))) * 2

'Gravity Pressure Drop

dPg = (9.81/1) * Dens * dz/ 1000

‘Kinetic Pressure Drop

dPk =0

‘Friction Pressure Drop

dPf=2"*f" Dens * Velocity * 2 * dL /(1 * D) / 1000

dPt = Pds + dPg + dPk + dPf

UpstreamPressure = dPt

End Function
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