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INTRODUCTION- : , . - 2
. ~ : - |

g (
The coficepts. of Semi-S¥mplic: Complexes first, cane frum the’ works
of §:;Eilenbergand . Maclane who used then. ?arfucl in their work op’ -

s

Homology and Cohomology theortes. A paper by Eilenberg and Zilber [2]
. ’ .

then gave a presentation of the basic definitions and some methods for

their use. An impoftant construction - the Geometric Realization - 'was

v 0. introduced by Milnor [15). The Geometric Realization associates to each

semi-simplicial complex’i‘n the ‘category of sets a topological space

which has. the same hamology as the homology: of the sem»slmphcml

& o g complex. . The purpose of this paper is to unify thé ‘1anguage and con-

/- cepts related to semi:si "éxal on'a rical basis:

Chapter T presents the -basic categorical lnnguage ve shall be | usmg

and gives a definition of semi-simplicial complexes ‘in terns of funcmrs

1 “and natural. tr ions. - This définition enables us to use a

.« construction mtrodnced by Godement [4] to present & r:lutlonshxp between

. adjoint functors and seleiupideal couplases.

G

- Chapters IT and I1I i ¢ the ies of CH-compl and K-'

-spaces . (Toj opy) where the former is a subcategory Of ‘the latter. These

cutegones are shuun by Steenrud [18] to be "convement" which is t’o say,’

P r.hey admit a large vauecy of nonstmcnons without having to mnke very

The basic concepts are m:roduced 5

many assumptions  in the hypothesi

from a Fnteggrical,s:nnapoint‘ A Ch<complex' is'defined to be a colimit-of a

convenient diagram in- Top. . Both CH-complexes and K-paces, have’ the

'+'. final topolbgy With respect to certain inclusions. ' . ° #




A f\:m\étni‘ Kiis deﬁned gmm _E\to Topys wmch 15 left adj’omt‘ :

to the- im:lu\sxcn functor‘ We iise K to dofine products in 'g 1€

their prdduct in "Top,. is defined to

Aand B i objects of Topy, -

the functor ‘applied .to the - cartesian produc: in, J

1at1ve laws. of products in Top. a %\‘

. AS mentmned Lefcre the: Geometric! Reﬂxzaxmn is an Jmportant tool
in Humology and Hmlotopy 'nwm-yf

Here we give a-description of the
B xzatmn which shows _that it is a Cw ~Complex and thus a K-space The*
tapology on the praduc\t of the muzamns of two Semi- smpucm .

compléxes defined by thg functor K wilkcoincide with that defined when
we take it'as & product of cH- Cwnplexes, In particular, if\X. and"Y
are two sent- -simplicial ccmplexas and |x| and- |Y|' ‘denote their.
gecmetru: realizations r:hex\ x(|x| YD s hnmeomoxphic to Ix}: Y|,

In the Abpendix we wxll\show that the Gemutrxc Rnlxz;non can be

used: to define v sémi- smpnc 1 complexss.




semi-Simplicial Cor (5.5 G

“lour basic category.will be the category. 4 : ¢
/ oG )

{ Bk
4 . 3 2 ')
S e @ omgests 4 =0
{ ;0. tor i dnclusive, £
K ; 41

r} [ (i1)  Morphisms:

..m} = the set of intagers from

nnoll, e

(A .A ) = the set of nu mcnoton;c ﬁmcuuns

| Coat ALy in other vords, ‘a(i) <a(j)

i ’_ < for o<1<5<'

|

b o i ’ A Let' 1P be the opposiy category to Iﬁ%/ E T o
a sell -simplictal 0_!2
© T in R isan objec: of the Ewmor category . SCR) =

Definition:,

Ty category &,

sorphism £ € SC(R)(F,K) will be called a semi

§ “from F to K. g : :

s : : i i : i

L 5 . Certain relations' um be cvident inthe category. & and
i . will be carried: over by ¥ io'the cltegory R

.
First ve define:- oL 5% s

u‘ Ay b 0<i<n+1)

with o011 )K, 01, ..., 1,

i R pn(:l)" FRaest I R TR &

We ‘also define "
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T oF et

R0, 3,1, 4415
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0,1,
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@ s‘o‘((o

11,1415

" (1‘1.‘4) n_mgsiun. Every, -mwwnzc ﬁmcqwn “rom

6';. u;

cﬁosed of norphisms of‘ the £m




‘I'hm hy the 1nducumgn‘gulent -8 is co-posed of -m-pm

1004 =
" the type o’ 18", ) . :

Define €, “to.be the “funiction obtained h;{ncteasmg by 1 :Ie
i

" subseript of esch ol s 6L in gl and ‘composing ‘them in

ok Gl L R ./the same order, Then £ A +A -

. it i ' it 3 el e e S
N Nand e B ﬁ & s g
o ) ¥ | fe(0,1..,n,n1}) = (sn'sl"“-‘ LJE(me1)) b
a y . ®
% v L incrming the suhsr.rrpts by 1 means that *£(n+l) € A &
.l .
5 L4503
S By deﬁm!ion of the ‘o and &, f(met) = an since :
kg 0<)<n¢l and 0.2j < = =
T2 - ~ L % 12 St St 3
g ¥ 1€ snu R | then’ 1 = a)‘ D
. 7 - el 3
1 . U2 m T
. 5 “
: “This coﬁcludus the proaf of the prnrpuitinn. // B Ll
There arp ot)lsr equivalent daﬁnhim of an ss- com'plex, :
% of vhich;we shall g,w hpre.
i Py . 5
. p
: : : i
s . & an 1




(1.1:5) * Definition: An'$.S.complex F_in a‘¢ategory’ K. 'is a,sequence

"&fqb]ects FooFpFpiant ST R, togeth

maps:

with . the foilowing

Hor

the'i-th face operator df =
the j-th degenerdcy’ operator 53

sibject’ to the identitigs:

[¢3] G<d) :

2 @ US| . ) f
. ® ¢ e g5 ol B0 Y e

% : NORE! d; s, %1 b
" ¥ ) ds i, 2 :
- : s a8 ) 455 = 554, G+1<i)
: ol

JIf F ‘and K. are s.s. complexes, an s.s.map £ : is a

21" degeneracy operators.

. Sy L K
e {1E1.6) ,Dcfinijion: An s.s. complex: F " in the category

in the catego;

sequende of objects FO,FI,FZ

with maps ot ': F, - Ey associated with each

%
>0, —2

b, »%“ such,that if 8y

(0 o) =af - a3, ‘and (id)* = id

R 4 . An's.s.map F i F %K is then characterized Jf the condition .

Lt f

£+ o* for all monotonics a.

v~ d..7). Theorem [13] ] :
. - X i The ffce. détinitions 6f an s.s.. complex glvjn in (1. 1),

(1.1.5) and (1. 1.6 are equmuentj

0,1,.0v,q4L1 5 q > 0

AT oL g




o associated to each monotonic .-

Proof: (1.1. n Loansy
construct an s.s.

- F ) By = F (o) Fy = Ry,

e
: +F, 40,1,
FlaQ) 1 Py Pl 475 0,1
i 6
: +F s , i=o0,1,
Flsq) + Fg + Foly ;

These are the - fac

+ conditions making the sequence an s.s. complex.

(115)-> (1.1.6) -

Given a functor S

and degeneracy operators of (1.1

and the maps’-__

<

We axe given: an 's.s.: compléx with Face and degeneracy

to each

We must. now

Catmapa* : E *F
EPE 3
012 ... ¢t

" Then put ot

= LA
a‘1.:

Obvicusly if AP —1--—‘>A‘1 =2,

1 g
1=6}+ ol then

Since > = a‘.l‘ .

(1.1.6) = (1.1.1),

We ‘are given:a sequence’ Fy,Fy, .-
Define a functor . F. 1 a%PP o R

as follows'
| (g € 1a°PP)) F@ag) * Fy-

e A_(AP,Aq))’ F(f) = f'_a Fq * Fpe

for some t

By .(1.1.4) we can write

4,4, :F
iy T a

then (ap = ap)* =

SMan
i

. and a map a*-:

and r.

> F,
P

F,

q

complex cnnsxsting of ‘the sequprice Of nhjects

¥
S

.\—

.5) d

' bedause of the identities in (1.1.3)they satisfy the Te

o Ay B

5
~P




F(f< g

and ! F) =1,

so mc F is indeed a functor from 2P

a.18y Deinition:. Anss. 5. “complex . L’

Lans.s. complex Fiff for g = o I,

L(Aq); F(Aq) s

and ‘L(o}) = Feo) | Lo,

L(sh) = Fesh T Ly

§2 Functors and Natural

(.2.1)

Lemma: If 9 :F+G and ¢ :

of the functors  F,G,

category R', then ¢+ 6:i'F +H "is a natural transfornation,

T def)ned by (¢ % B)X

sl

(vx Y € IR(). (VEE RK; v))

F(z) * F(f')

, AOpp i

0,1,7.,,m,

to R //

is 2 sub-complex of

Pi= 0,0, e

G.» H ' ate natural transformations

and H from the category R into' the

FX + GX fm- eath X'€ (n|

H(f)

diagram ; :
; o Ty,
X Fx—X—yex—=%
e 11:(5)' EG)
¢ F Y g ]

Theé smaller.squarés are comuzagiva@y-ce "9 and ¢ ave’naturs

Therefore the larger square is also commutative

“deinivion of ¢

consider ‘the following .

Thus the. .- 3

o give a natural transformation from F: to -
et 3
He bl %




‘e have vl

Lema:. Let F,G ; R+ R'; U

fuiictors on’ the categories K, R', R', Tf 4.

(T

* . hatural ‘transformation defined by 8y ¢ FX+ 6X’ then

‘(veu')'y - BU'Y 1 FU'Y % GU'Y,

R+ R, and UL ;

.2 F>Goisa

(VX € [R])"and, " (4Y € Ig"l?~ :
(i) U8 : UF »UG. is a natural transformation defined by ,
., (UB)y = U(8,) ¢, UFX + UGK"
Cand
-

(i1) | 0U' : FU' > G0 is &’ naturdl transformation defined by

Proof: " The proofs are similarto (1.2.1)." The commutative:.

diagram for (1.2,2) is the following: *(¥X,Z € IRl, ¥fe g(i;z))

5

S A
) lf F(£)
&

(VXY € '], ‘Mo €R'(XY) we have

: ) o o

x U R X——aerX

o U'(u]‘l' L) | ),

; Tk ey .
oy FU—LY Gty

. : i

N S AR ST
—X ;
66 * lum) UG (£)
F2———)6Z e

The 'cqmbtntive.diagt‘sm for (1.2.3) is the following:

Given finctors | F,6,H': R!» R, Vi /RN + MY, V! : R" 5 M

M''> M'., U' M"+ R and natural transformations




(1.kz.l4)'

Tazs)

(1.2.6)

8y d U)oy o Bl U(ve,) ~.° 4
: Xsex | @y e uim—X5u0e)
ul le S@ | WVF@ | OVCE)] UG uveE)
i 4 B, = V)e. 5 o v
YoonId T R —L e - v —Su(veh
LBy (12.2), TS VIRl = O - VI8 = U0
bl T Uy
d =0l - g
(ii) (VXY € |k"| ) Vo égv'(x.yj) we have® the cbm}ﬁeive v
dlngrams i " s )
o 2 4 o g
‘r‘X UVX F(U'VX)\—)G(U'VX) | FU'(VX)—%GU'O/X}]
ﬂl uv@| Faven| . . ey ST
- - o ] <ol i)
Cuw L rewn—"eww) - vn—eur v
By (:2:3) UM = iy = &yi gy
v \ = BU'i/x
; o i
i BENC L ;
By ¢ - [(euk’)v]x

) U Ve = U(Ve) B2
Y @y = UV :
1) (VTB)UT = VY (eut) .
g '
Gv). V(6" U5 (19"U") - (VieU')
- where - i3 composition of functorsi
Proof: (i)

dingﬂm ‘,

(¥X,Y € |R! |, Ya s RI(X,Y)): we have the commutative.




-

By (1:2.1), (192.2) and" (1.2.3)

nntu‘nl Oansfomtions ¢ $,

T Vi : . k
oy, u-v)——-—)v'cww) ; oy
By (1.2i2) and .58, (o, - (v_"e)u,x

5o

@) (VKY€ IM'{ 2¥a.€ M (X,Y)) -

g

3 ’
U'(u) ol -
. iy

Y Uy V’FU'Y—)V'GU"{—)V'HU‘Y

i Ve’ - e')u.x

vty s au.,a e
RRACHTRIERA
= v' Ut Vel

G ) Gty g
oy (V'e'U')x g W'aU')x‘:_
=.[vre'ur) - (v'su'n a

g

Lemn " Given funciors *B,6 RV M, with'

Fagiand v USY) then

(&G) - = 0 (w) by

; gy

FX 3 UFX—%VFX
yx uey Ve
ke gl
oX UKy o




53

v '(1.3.1)'

> D=f;m: >

R ORRUDI N BO) -+ Wy
R IO
V0, by GErom dugrnm)
Lol e etemy
ORI NS
.

Cor lexes :

“In this vsec:ion we_show that if we have a cotriple (called

a cumunnd in Maclarte [12]) on 8. catopry: R then for each:

object in R ve can obtain a s.5. complex in

ment has its roots in Codement [4] and Kleisr [9]

Definitiun, A cutnple b= (c, .p) on the category R

cnnsuts of a functor C :'R > 5 ‘and .twd ‘natural trans

k.C-'l‘n and . pC ¥ 2

- “This develop--

-

e sé(_) be' the clteglrry of s.s. eomplexes of R
R SC(_) as fnllws'

\
(vx elnl) s-(x) A% R vhere S

c“‘l © )

d“ = C kc""‘




f

L)

- Henge, . T (RETCT

Proposition: ")5’ is_'a_functor. ;

e '& needs uhly to‘\:e 9)|o

camplex for each x, "since the
wul -‘J!SF“’" d« and s
“ 15y X

@ To' “show d"‘l jr;“l =

'

Ci(c - kcﬂl)cn— Zrel

at. F'(x) 15 an:sis.

S ‘are. obkus .

oth=r condn‘.

suisfy the relntiom givan in

iy




i<j, welet j=is+r for r >
) .:(csupcn-i-r') i
ég;n};cn-x-r'

)

=




]

‘(A)->kc..p- -p=l

A e Yoc - p)c"" - c (Ck s p](.'“ i =c i et

{pcnx i

e )t showthar a7t oW1 =S d Grnen”

'j‘ll B C’pC" j) 2 (c“’kc‘"“2

is2

" Eies (c‘kc"‘ s «

= cjmr'oz nl Cn-j L cj(pcr mk)cn'-,-r
- cj(c”zk)c"'"" cj(pc“")c"'-"" -’ 5
8 ; - C](pC T c’(c"‘k)c‘" :
T ‘ci'“zuc“-i-r Wit e 1'"*1@-*'

55 M]ointnass and cntrigles

a cotriple and.every cotriple is induced by & pair (rot. .
. nanessnruy unique) uf- adjoint functors. These rasuus are . '

: assentinlly a du-lultxon of the’ work ‘done ‘on t*nphs in, [s]

e ld.ll now show thlt every set of ldjoint f\m:turs deﬁncs 2t

e e AR




iven by Kleisii! [10] in’1965.

N LT 7 " wstandard .construction',  Eilenberg-Moore (1965) did the same

ik (1.4.1) - Definition: Let F R +RU-be funétors. F -is.

: 1eft adjoint £0 ‘G

'} itten .F.—1G). iff 1ﬁeie\ is a natoral
: PR R :

,‘] isomnrphlsn

the uni

) (;),

1) 65+ e6 =

ny g€ R' (A, G'BJ, bec;nsu niis natural we' have

the fou:ming cumutauve d:ngﬂm

R (PGB B)——-—'l——)k'(GB cn)
s k(rm R )







. the adj\mcemn, so (x) cﬂ'-' < Fe =1 nnd ('ix)/ Gd a3 :G = 1

o ‘v_We\nou,‘,defﬁa/cotnple (Ckp) . .
Sbt:=-¥k* R S T T Ty

of ‘the'adjunction

(A) and, (b'of’(l’,.s'_b

o11bwing ‘diagran




{2 R(e6F'+ €)G ='F(GFe + '€)G and thus by (1.2.1)+

|, where X €.[R|

b (SRR P R S
; r .

ey 1 X, ¥ GFX, then this diagram‘becomés. R
2 48 . St

T Xm————=—)CFX . sl B 5 “

i GF(ey) " F A B s 4

5 LY
GFX = EGFX_)F.GFX

But " eqpy = ¢GFyi ‘Thus' cGF : ¢ = GFe e

‘Applying. F on the left-and -G on' the rightiwe get "\ -

F(cGF)G + FeG = F(GFe)G + FeG 5 that is to say,
(FeG) (FG) - F(cG). = (FGJ(FeG) 1 F(6) whichiis the required ||
identity) +//. L ) / oo Wi 4

. Hor By Y 3
- Given agcotriple ul= (C,K,p) on the category R, we will ' N
- mpw’construct a paix of adjoint functors which induce b .

Let “R" be the category whose objects aré pairs |(¥%;¢).

such. that- ky 1y candot ‘” i
1

. % - \’
£€RK,Y) sich.

and ¢ € R(X,CX)
; 1

Py 4= Ch )

A morphish £ :(X,4) * (Y;4) is-a morphism

. that




\ ; ‘ - efine F : YR as' follows: |

(Ve 4+ Flx, m peg
R, (690 m)

(Vf

We define:rnexc G R R by G(X) = (CX,px) ‘on objects;.

“notice tthat * ¥ X € |R| " since

LX) ds }Q@ an object of R"’

% |
- As ‘for the morphisms of n for-every £ R(X, y)

C to '.C s

commutes.

‘Lemma: Given functors  F.: D, G +D+ C ‘and natural trans-
i

‘fc‘mmns e i e and 8 F6#1 such that

(i) 6F- Fe = 1

‘and " 7 Tt

Lt . : (m G5+ G =

»ﬂmr for every £ € nm B . ne®) < 6 A 6B

‘
F+G s\u:l\tﬁlt 3 uul & are, -

: defmes an ndjunction n:
s 2 tl\e nmc and ‘counit of tha udJlmctiun, in’pther. wnrds

J(¥ne el ,vne |nh n DA, B)> COA,GH) s a nntutal

. equivalem:e. cai

=C(f).i CX » CY' here, since p is a natu-ral transfomntion




" Proof: First, the naturality of n, We must show that

e

= -j,\

Vae LA, vaﬁg(i,pl) ‘and V£ € D(FA,B)
35 A 3 .
D(FA, B)——"=3 C(A,GB)

pCFa,8) 7T w8
“("1-'1)—":( .cu"l) commutes, where'

/ and 066,68) (8) = ca cgeal forg Q_ ka8

ri;_(s' CE. Fa)"= 66 £ Fa)- A b‘y deﬂﬂxndﬁvn‘f Wit
e GE Gl e G g e MU

=68 - G(f) LR ] slncc € isnaulrll

=68 n(E + a by d.fmum of m.

We must now show that 'n :)s - xmrphis.
23 Dcfi.qe n.: C(A,GB) *l'l(FA,l) bY

nu)-l"F(z) FA—»V

for all ‘gg C(AGB).
* Now ¥Ee D(FAB) , nn(t’) = a - Fln(£)] :
5« FGE~ e

= s - FGf - Fey

=f. Gn' FcA si.m:e 5 is utur-l
wE g B, L
= £ (6F Be),

T Ty ) abovy
I e

Thus fin = 1. O e




J£ gt A GB, then

s GG®) - ey

=Gy +FCe)) - gy -0 i g S g E
+ GFg + g, A 2
©’ e A 2
N tegp.’ B since. ¢ ‘is matural : “__
L .

by (14) above ) i

L

n' is therefore dlso a bijection. '// Vi

""; R and G R+ R““ as’ described nbovu, b,

-(1.4.6)" Theorem: " Given F

theri F—i¢ ond, P and G. dofine the wtriplelﬂl

& Proof: To -show that F —-lG we ﬂrst £ind the unit and counlt Vel

“of -the adjunction.

For each object X :of R, "FGX= CX;. thus, define 'sx -
h 5 2 N

to be. Kge .-On the ‘other hand, | GF(X;4) = (CX,Py).. Hence

(k,q) st be a momhism of the object (1,6 into thé ob;uact

. v o ©X,pp); - ,this yuean: that X, 0) JX 4 CX is -such that
Pl
; WAt )] i
. “ . LIS :
) '"—)i: .
f%,4)

’w‘muns‘, Ra:allu\g that for' every «, g) € |R |

.- cé « 0, we set

f,0) T i T




"o shéek thise & and' i ave 1ndeerl ‘the, unit ‘and co\lmt

. of 'the nd;uncm_ we mlst slmw that

§F.» Fe

)
R i

ke
,""(x,ul
F(:

Ty P "

-’f‘ch,o) S

[

As i'or the second equnt;ty, fot evety X e [RI

"o - sG]x [COMES (EG)X .
= G“X) & EGX

G("X’ : ‘(cx le

-‘,m‘x‘, P

=“1cx. by: [1‘3.1)‘:’ ®

7 (CX,px)

Sy. by definieion.




and”’ '[_s(sc)']x F(eG)y =

-/, Wehave seen that givena’set of adjoint functors wé ean,
dofirie & -cotriple which in tiri defines.an 5.5, complex. 'w;
Vi1 now také sone categories and adjoint functors.which.can be .
Used 0 constiuct s.s: complexss: ) k

Our first example will pmmle a rather trivial s.s. com: - 2 U

plex. ¢ , !

(1.51) Ex mle ke the category Ab oé abelian groups and group

/hemomorphlsm fand the category !M of dbelian semi- ~groups wid

semi-group honwmrphisms a ¥ :
* Lot the functor G : Ab'> 4Ab be the forgetfull functor.
Define ‘the functor 'F : gAb > Ab“ on objécts b‘y:

s G.eRe b)) Py = Gr(A) = Ax A/ vhere - is an equwm;.ce .

selition defmed as_follows: tRl e v

/(\ ) (Va,bcdeA) (a,b)'u(cd) <=>‘Oa“€4\) su:hthnt o HA
[ = %+ dfus b gt &B) be'the equwulence class .t <)
F)

defined.by & " 6r(A) together with the homomorphism

L iAW, ith @) @), is called the Grothendiek
Group of K+ *(&;5) has. inverse . (B;3). - - X

As for the morphisms,- we recall first the Universal Propert;

(1.5.2)". of the Grothendick Group." Given ‘any abelian group B,




.
| there is d unique w

N vdugx'a.m‘comutsnv

6r (A)

= mono_ and b 2 epi.’,

o)




‘BEIAbl.

Tdab e B) ) W@ = v

v Then by (11) ‘a

o e e )
~ Lemma; | l?..—.c‘v“ K

pmé! We have £ shiow that’ For dll: A e Igﬁ,l ‘an

“For. every £ (A, s) we. hnve ’

A—)FA 5 Gr(A)——)GB s
Bt o S EEL

1Bt £ £ Ab(FALB)

(a) ,- IB(u) =.a

@) w[(a, L@ml o

i w[(a o) - (55001 : :
ok v (.0)

e te

(1ii) " Let w(n_in =0

0. Thnt)s xuh

. (a, a) = (n,o) = (a,b] = g o)

J=ys

iono and. epi- - .
s, i

Cesap et

isgmorpmsm uz{h hverse i //

thate exists a natural isoorphisa

* (FA,B)-» LAb @, 4GB).. /v e

- sudh that ‘n()




he zeTo homomorphism

). 018 epi

Let g '€ !sAb (A} GB), by the

“;;B...(f,.;’-
"_-Gs'n(f)-y



&) the cnnmt of the ud]unccx.on. and “p = F(sG)
that (¥B € |Ab|) by identifying GB =

LGB X3y furthe Rre by e D

Notice
nd by (1.5.4), -
T

R G)p'“cs F(num))

= F(l

Fep " igp).t F(IGB] 3
Ayl urulng =B % - Flg).

on - other hand, from the commutative dx.g‘mm i

GB——)'FG(B) ———~) F(FG(B))

. the Unive'tsnl Property n:\d (1:5. 3)" ve ‘obtal F(icx)'= Loop

and so pB = dpgp s an 1smnorphxsm for every B € |abl.

For. evexy Be€ ]i\bl, gy =R (lGB) =

1. ) and ‘this" -

hence &y 1;’

isan isomph;sm

Using these fn:ts (nd 6B 2) we can oW, construct m s.s.
commex. B,

£or each B€ |Ab| ‘with

Cuimhec ‘*m ” ’ g
o i ckr:“‘M -Erl(u) = isomorphisn, "

W o et
)

Example 2: “In th'

exmpu e considei‘ the cate,nry' ab ml

“the category My (respectively ) oi right mdules
. (z-espechvuy left mcdulas) over'a: :mmmlmhve mg LA and

A-homnorpl\isns‘ .




v

Let B 'be a flxed ob)ect of., ﬁ Define

SP= @B My 5 Ab as the functor- which l:aku any AE My \

;e Cinto A @ B eTEiA S is right A-moduh homonorphis
o) R = F(f)~AQ\a»A-®Anmgs 2@ mtof(a)@b '

- .- .;On the other’hand;:defind G . Ab L4 LJ_A as the fum:taz uhxch -

g takes any i €|ab] " into Hme[B H) (with'the Tight .- 4 Yo
- ’ ST module structure given'by | (4) (b) = VOb) - for every - o
N henveB and the addxuon defined by ordinary. addition of .

“abelian group hcmmoxphisms), if R

GG, GhY i deﬁmd 3

i 4
N Tk by composition with, b i if E£iBG u.en G(h)f - n .

\Q

q B -——JG - Ho!lz(B H).

¢ LT e

'Prmf: -Forevery “A £ [M I and every H e ]Ab] we:show that

thére exists a nntuu

Ta Homz(A @ B,1) »nnn (A, Hom (B, Y. Y

=quxvuence ol

(¥a'e Niwb e E & tony(a @A B,H)) ;dstine
'l(f)(l)(h) = fla ® b). vt e R

© “We first show that ‘-vnm' is a right ‘A-homomorphism:,
LW e ,.‘),)(‘f’)“,?‘(bl Y TR
LT s le @ b)) ;

S f@ )
= O E o)

- Honz(a H) i e |
) (-) (b) 0. ‘s i.nplia 3

e Bl R e T e f:A@An»H with n(f)‘-'n

"Then ' £or a1l eA s bes




e Defining f : A@ B> H 4by_‘f'(<f; )= h weget
B e g
n()'='¢ so that.n is also. an\epimorphism. o
o show that 'n is natural we ‘must show : 5
(vue HouAtA'A) v e Hun (H H'): a.nd Vf eﬂomz(A@A B, H))
that = 72 o v
6 H@Y e e -
"Bu:for/auael\ _and. bes" SEL o -
s £ Pu)(a)(h) < nE - @ i@ b))
: A B a1 6B
e G o .
fG_s('f(u(a)Qby))\ R Cal i

6B n(f)(a(u))di -
(68 . e) . nJ(n)(b) Ay

6= Hamz(l,-) - dufu\e “a mnpu € k.p) !A. with

) c.ra-namz(s,)g x,k-c lnd pxp(:(;)

(vnel__nl)k =c =n (1GH) 'nvus

tiqmz(l,ﬂ))'
.“(kH)= lllom (B“) ¥ gy . e . : i ’(..'

s (v;a HowB,H), ¥biE b -.(k,,) (x)(bJ - lm,,,, e (s)(b) i

Sass - k,,(x@ B)E l,m L @)
. R /

Alsoby (1‘ 3)
ig®1 .
‘m‘cxﬂ)@‘




il

g (V(Y,y )ngTnp[) st=Y Ast = Y xSUY v - where

‘Using these ficts and ¢f.3.2) we can now constriuct 2 senmi- |

simplicial complex T,

. for'each H e |Ab| . Thus

Ty 8 PP kb with T (03 < <oy = to (8,° () @) B:
e ke @y L™yl - 0,1,
i i, el #2 o ¥ .

n n-i
sy =0

ORI 4

Example 3: - Consider the -category Blop 'whose objects are: " *

" toplogoical spaces with base point and _ morphisms are base

preserving mdps. . The\gnit sphere s' .can be viewed as the
Set of complex numbers: €”, 0 < 6 < 2m. The base posnt here
is e s q“’ 1. 'nwhat follows we wily Tsave cut the tase

point whex-e there is no confusion.

Define a functor 2 ‘:‘Blop = Blop . which acts on a space

(X,x)'¢ |BTopl by RCX,x) = (Blop(s'.X),£,). where

'This wpology is gwe'n by- tukxng as 2 base.for thé open-sets all-

finite intersectnms‘ of sets Mx,u = {(£]£(X)eU} for K-compact,’
U = open.  If £ :X'>'Y “then .Q(f) is given by composition,
ie D@ =E ; w e

Desing functor S: Blop > Biop as follows: -

Yw§ =Y xe llyn x8'. Yv St .becomes the base point. “The:

topology is that induced from 'Y and  S', If
g My) > (.2 then . 1 Sy £
(a1 (%, o201 = g ALy, (e 1) = g6,

Iy, &% 15 the equivarence class of -(v,el%):

where [

£ (e’“) = x, foran e . 8 45 given.the compact-open topology.'




(1.5.9) *:Lema <8 r0i”

“Proof: He have to show that fof a1l 'X,Y € |BTop|. there exists

. anatural cquivalence . : ﬁqgcsv;’x)'+ n(\r,‘nx) Forovery . o %
f'é Top (5Y; %) define n(£) Y+ oK s (5' xl by r ' :

& . - Y
n{f)(y)(c S =y, . “r Ceehgg v WY

(5. 10) Lerma' ,(H:ltnn—wiley 1613

* Given, funtuens g A Vx

2(2) (). = £(x .) t:hen g = ‘continuous > g ‘is continuous. -|*

lf ‘B i Gomsichons lnd\ X 18 Hausdor£€ and locally compact,

:hm g is 'cont!nuaus‘

-Let- g be continpous: .To ‘show that . g: iscontinious

‘v take an élement 2 g‘"l'mk W and show that ‘thére exists’aL.

neuhbunrhoad of a contamed in Since: .

. - nig (MKU) g(a)(x)cd 'nms fo”u xevl(,

@) ()= g (x,5) € U, smca g is wntmuuus, PRI i i

upen. Thus® there' exist’ opem sets N(x) and N (n) atmmd X

2 and. x‘espe:‘tivelysuch that g(N(x)

+""." open cu"varing,_‘gm(x)/x € K}-.of K, since K'_zs compact we w4

N, @ gu. Fom the

r can Belect: ;ﬁnn‘e subcovering N(xl),

, N(xk) nnd Tet :

N(l)={')N ). “Then - g(KxN(n)]‘dU sothat’ S 2 % 5

N N(a)_ Sx (qu) and g 1s thus connnumns. 2 C

Cunversely, suppése ‘;s continuous md X 1s locully

. compact ‘and Hausdorff. Let v open in' ¥ aﬁd g(x.n)e u.

L T e g(a) € Y u wntinudus. gm m) s npeh"




-E(B) (V) €y, i

t‘npolngy. Thus n(f) is continuous <=> £ is continuous

B e g(x.x'). £ € BTo{(SY,X) and shoy that

) & g(n) 1wy so 3 a_compact neighbourhood V(x) ‘with

LB X €U Then E@e Mgy

© 56 that, by continuity of g there is a neighbourhood U(a)

of. a such that E(u(n))cvuv('x)' ¢ But then’ . : g

V() X U(a))c u md g’ is continuous. //
N Smce Y x S‘—‘-—QY x S‘/YvS‘ = SY_—)X and
05 en a0 () 5 (6 0et) dnd

et hap . SY & Shagret "ausdorff “the’ 1emma mrphes

" that n(f)is conr.inuous’ <= fheon is cmmnuous. But £ m

is‘continuous iff £ is cont;nuuus as SY has the quotient

Let ﬂ[fl] = n[fz) : fl > f EBTop (SY,X). +Then

LN GIE) n(fz)(y)(e’%r every yey an e¥€s.
JThus by detinition of . n, £ (Iy,e!® = £,(ly,e®®), s

- and n is moro.
Let g Blop (Y,QX);. define £ -fv»x by -
“£(ly,e ‘31) = g(y)(e % Lewsa (1.5:10) implxes that £ is

contimious. = Also (8 () o™ ) = £(ly,® 1a|) 2 gm ) s

n(f)=gland n uanepworphum

To show :hn: n .is nncn-ml we take “a E P.(Y' ),

v 5 n(Be g v Su)-ns-n(g)-u‘ o

¥




e

Cilet & :'sa - * 1 be the counit of the ldjunctinn,

'nmn fnr eve:

 But by definition of n we have n(sy)(.)(a %) = 6,z

C=5q, ki= 8, 'and p= S(et). Thus

9 6. :}usu)(ly.ei"-l) :
=g g (Jayse™®)
BEl

= ns(n(]éy.=“]))
‘= aen@ @) (ei’) 3y
e - (TG - @ ). //'

_ The unit of the adjunction T given by r.Y = "usy) for *
every Y.e [BTop| . Then ey0)(61%) = nllgy) () (e**) = [y e

o

V‘Iml “

: : ey = “nv’ and so
* n(&p =nn (1 Y) = loy:

So n(ly)(l)(ﬁ )-z(e % for: g €.

s 6y (lee®D 2 g -

_ . The cotiiple defined by’ 0 .and S is, (C,b,p) where

Ky (e 62°]) = g1 and
py(lee™®]) = semy (e.e™®h) )
ey i 1 ,)('Im D)
= (epy@e® |)
SR PR A

semi-sinplicial functor T, ivpiim:eﬂ by (C;k,p)\for each
S

deﬂnad as fonn

b TY(A),-c by - ™
X Blop (', ()" 0N)-A ST

.
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CHAPTER II

CH-COMPLEXES ~ " STEy e L
o " Phost of the material in this'section has been developed
extensively in [16]; which will be the major reference for
this chapter. . . i. . - G 5

) A
§1. Colimits.

(z.l.x')‘ Let' FiXa > A b a given ‘dingrum’(l' covlrian‘t éunctm- from
oy a: s\nll ‘catégory * X) “ and let 1(A,F) ve. m categoty defined.
a fouows~
the objects of I(A,F) are the sets of nz;rphisms .
x5 vhere. X variesin: X and A €Al

4. is Fixed for each set, such that £ € X(X,X')

B . IXOFEY =400, - \

: S lnrpth e rx 28 ) o e ALK, 40 of g
I(A,F) . is given by a -nrphm u € A(AA") ‘such
that (WX & lx[)uu(x) = i)

. (2i1.2) _pefinttion: e define a’colimit of F- in A" (denoted colti -F) -
to be an initial object of I(A,F). Provided they éxist; colimits.
are unique up to isomorphisn. v s
(2.1.3)  Given'a set (Aj)' of objects of . A we form the _discrete
1k 0 €J g

category X' with objects "A;, § €3, aid defiiethe diagran

‘vary JeJ. Then

e ) x*A which takes A “to A £o
AC: T h.s a colimit, we say. that the-set (Aj lpu 8~

- coproduct and vrite colin We denote the




R ' s
\ )I
) 0 ¥, T. e i . * g
S 3 coproduct ‘of the 'sét {A.} by A P
A X j o 5e jed J
'\ (2.1.4) Lemma: “Lét X 'be a spall category and let . - e
i P R e
e ——J §
be giv&ﬂ functors with. S —— T. ' If colim F 'exists, then
4 S(colim F) ¥ colim(SF).
T proo: 18 (R0, 2% A} iis an initial objecto
o then e have. to.show that " (3F (0 Do ()Y <y an, initial
: ! ’ | object f  I@SH). .o L
vii el L stee U ——-n-, there exists a nutu‘ml isomorphisn

o : B(SA,B) —»A(A,TB) for each Q€ |AI B |B]: Given an

arbitrary object (sp00. 18y 1) of 18R, *since SF(X) €8]

C .7 i can forn the object . (F(X) -w—'»;-rn) of T(AF).
» o

(E(X) XY, 4y is an initial object of JIA,F)p there exists

> - a unique morphlsm i . : =

i Ca A T(R)

R T W R TR DR

Csuchitnat ¥R e Xy

: X o T OI(XN :
: e e f
% | commutés, : By u’ntur‘alityv,‘ i
: < B(SF(X),B) — SAFX),T()) -
: "_°vsi:(x) ! S ey N roi(x)
3 : : W e .

B(SA), a)—v—g——um,n)




e

R R e

conmotes, and so .
6300 = aim’s sle”lasi(0].

-
-~ “Thus for every X € |x| .. since ' is‘an isovplds- t

; )
" SiQy) sm f .
a JAR3 SF(X) i) «
Jo0 ¥

commytes -nd 671 (@) .15 the only morphisn miking the diagram
i :' S comutnivn. (s € T PB4 gty
Cuumits in | Top| Sy ;

‘o, Lae 3 bea set of (apologicll sp-ces.’ Let . b

thaut and, fornch uEJ,\ let' . B _' o
g5 3 X:i+X
. s o 47 & H
be a given function. We define in X the following three -~
topologies: 9
S =0 . %+ for every topological space 2: and function:g: X ¥Z,

-+ g is continuous  <=> (Vu,eJ)g'-l : X, +2° is continuous;

%z : the finest cupemy for wtdch all £ 's are wntimwns,

(open)in x. - 553 f s

" Theoren: . The mpclogus ‘1’12‘ nnd 1: are, cqﬁivilént.‘ 4

»_Proof:‘ xe X! hlstha topoloxy rl all E's are continuolls.

- since the uhnuty function of X(‘ll unto itself is contim

¥y xc X -is closed fopen) “s=> . (Yae nE” oy s _cxpser




So 1, s finer than' t,: _bmve'rs:}\u " is any" topology

. s
- on X for which all functions fa are ‘continuous,  form the

commitative diagram s o Yy

BUNE X .-

continuous and 1 = continuoud.

Thus 7, is finer than < So 11 ‘and 1, coincide:

By definition of contimuity, "1, is finer than 1. e

Conversely, given 'K CX(xy): ‘clased; - (Wa @)E L0 s

closed in X, Then K is closed in X(rp):and 30, 1y i

finer. than 11 "

N

‘mny of the equivalent’ topologles defined Bhove is.called

the, final topology of X w1th respect to the sét
’ | o€ -

b

2:2:2) Thessen" [a]- ‘Given a diagran "F€ |Top¥| , a spase A

e defmed by colim F = (FQ) AQ5 o) has the final, topology

i nh respec: to. the set i) | xe.|x|1.

P

v'mf: Let g : A;»Z, 1 |Topl, - be a function such'that . .. . ..’
e o L .
(¥xe|xg* i(X) is.a msp:. We show that g, is.a'map.
170 B2 235 an bject of '1(top, - B ie
oy 207 since Gotin F 'is an initial object of .
T(Top,F) ‘ﬂfe»r_er eyxxsts a ul‘\xque map. b Ag 2 such ﬂwtv

(WX exDns 1)= g i) .
» L Taz's ”




" As ‘functionsuof sets g and ‘h

3. Adjunction Spaces and CW-Complexes
T ' Recall from general topology that

nefiiik:xo'm A ‘topological “space 15 ¢ Em <=> " each open cover .
hls a finite subcover,’

K 'finiﬂdn' o' topolégi&l ce - x is a Hnusdorff space <=3

s

:
]

>-”in" Iﬁl is‘-

satisfying the condition: . for_every Q€ In _ogl and for all
e e Top0,), and ‘a1i g e_og(lq) such St e,

42, "




(2.3.4)° Theorem: Let

inclusion map. Then, i,

e ANA is (1-1'), .open’.v.

b
. 5. o i / \

S LT prooft: Consider the coproduct B ALX: and et E “bethe‘equivalende
2 g S ‘relf:::iogs(eflned by- the. Telation \
: y XRb <> x=b of ¥ =i(a). and f(n) ok ‘apso" BeAl

MG et F.: B X % BULK/E (de:{otedmn 2L, X3 be the uogngy 6

'ajm;ccio‘n and give to B L. X ‘the final topology mh Yespect

to F. 'Let I(B)'rB+BLX and -i(x) : x-vsu.x be the

| mclusions.

A TR For any Q 3 I__gl and ior any. '£' € Top(X,Q) . ‘and

ST e Top(B,Q)" such ‘that £ ¥ = g0 v £ we constrict:

;X + Q to be:the' function éafin_ed as f'u‘uny

'(Rh':'e Xh@E) = t"(x) and (¥b & BRG) = g'(b) where . .

Jand ' 5 ave the equivalence élasses of “x. ‘and b in' B, Jlf A

-\f\x L3 b then theu.exxszs an_a €A such thnt f(-) = b |nd




i(a) & x., Therefore h(5) <'g' () ='g! + £(a) =.£1 5 ia). = "

£100 2 HG): This B is well defined. B X has the Einal:
tvpology with Tespect ‘to. p dnd BALX has the Final topology

2y Therefore, since

Wlth respect to -i(X)y lnd i(B) by ‘(2‘

jnuous(an_d‘ he Foe i(B)=g' is. .

B FLi) = E s

tself is-cor h 'i;@e viously unique,

i connnuws, h-
B Ay i npuslmuc implles :rm P2 Bnr\x and 'b;
'menufymg Bnrx Huh P iz (e 1) “and ?|/X\A U |

(l l)

'_u open Frist P

xg_ ,w< n is clnsed und :(w)'
losed in B and E (v) =5 (n) 15 cifsed in A dnd hence | ;

is. the space ubtnned I_:x the ;d]\mctinn b

< /The ‘map £ s called an nttachmg Sy
SH S

jinere thume‘-phiQn'is e 071 closaddups and o

discrete spncq. Assume that




45,

Let £ bea given.set and. to each ) ¢ A, we associate
i asphere SI71 and d map 's"“ : s""; K1, These maps' now ’
-'ks'-»x“‘ g gt I
» n-1 T 2 . = .
~ Bt 'sTL 45 :a closed subspace. of th cone o oy
- ;s;'-l =_(.S;‘~1x,1)/(s;‘-l-‘,‘( 0) where. '1'= unit interval ['0,1]/7
4, G 2 1

v Theqjﬁ;‘jL isa cxiased subspace’of 4 G

| define a map !

\
" Me,dsfine KM 'to Ge the space obtained' by ‘the ad;unction o;
: ’J*C“T.:o K“‘vu 1,55 we have

e the follquing disgram - "

: i ; s 27 Csn-l w1 x“"n'fv\:l‘*‘ cs™ /, - K Ll .
s i : s sah oy y i T B = /s
' 2 : n-1- n-1 d .
s % J{-sx Tx

" ‘where according to (2.3.2)" 1. 1) iclosed.; G b

f‘nef’m:ion: A'”cw» complex with n-skeleton K, n = 0,1,.:., -is

‘a space K—umque up to hnneumnrphlsm - defined by o collmitof a |

dxym of the, type (z‘ 3.5). If/there is'an integzr ny 2 0 such
[Cat no)K K°, we say that| K. is of Einite dinension’ -

g I K is finite dinensional and all the Sets Ay used din

‘the .construction of (2.3.3) are finite, then X' is a finite CH-"" . 2

“(2.3:7). : Theoren: * Any"cw-domlilgxr is a nornal space. [16,1:3.6.].

(2.3,8). " Teorer: - Every point of a CN-complﬁ is closed, ‘[16,1.3.71.""

G any Ci-complex 1 a HausdoreE spac,




st BUL P i g
Then B ey N 7 -
L @.3.4) and B ‘(rs"'

u" is an open subset of K" by

" K; +as a compact suhsplce of a Hausdorff space. We call s';

r.losed n-cuu of K.

(2.3.10) Deﬂmtion. Let A = U A" and X = U X be cw-cmplexes

in Top. A u.suh-cu-coyux of X o 13 0) A" ks

- closed ,u‘nsat of X and. X"M.A = A". (Notice ¥hat the colimit'

Of (2.3:6) coincides with.the union with the weak topology). .
(2:3.11) “Rémark:1: Let X" be the n-skeléton of X, Wé regard X"

_a C-complex by taking it as a colimit of the diagram’

: % R TR RS 5t ¥

clearly X" is a sub:CH-complex of X.

colin (colim F) ¥ colim (colim-F)..: [16].
R Yo X

et A iples

o .‘nirmic mmber's, ‘Tespectively: ‘SinceH- i

T e wld cnnsidnr unly mlnpx#ucinns on '.ha right,

Define an equivalence Telstion ~ on o \ () as.
- fol!ovs. 3 "

a

(2.3.9) - Let K bea CH-complex given by @ colinit of the diagram (2.3.5).

is closed in K" ‘and hence in

Let X and Y be given Ch-complexes.” Then X4 Y

, X and ‘Y. are sub-Ch-compléxes of ~XLY. J :

O Let K = *R C or H be the' field of u.l,.compm o quater-




: : 47,
i (V,,,q,'e K"“\(o))zw <o (31&:\(0))1 Azt
thus if Z= (ze'.--.,zn) and then
250 -ﬂn)_'\' (255 4\= Azls 0,.\.,,::. 5
\

(2.4.1)  Definition: The projective n-space, P_(K),:|is the quotient
1), [Definition n h
“space K™IN {0}/ ~ ([19] p.67). Tt is thys the space: of all

K‘“l s

o+ " K-lines'through 0 in since ‘the equivalence relation.

P - fon B $
sends ‘all points on the same K-line:to one point n P (K),

Let q-:

EHLq0) s B (x) be the qudtient \mp dofined by "

q‘(zo.....z ) = [z 5002 ]€ v () and givd'to' PL() i

induced: quotient. topology £rom T \io |

To show, that By (X): is a Cif-complex we shoir ‘that B (K) can’

be obtuincd from P 1(l(), foi‘ each- .n, by adjunction of m-cells.

et k= ame be the dimensibn of x as'd vector. space.over

i Deﬂnc & map fesloe w by
e Byanioly 1 [zo:..'., n—11' o z €k | £ 45 just the
o o ré;zriéziar& of _qand defines P, (K)®-as'a quotient space =
S™1 by daentification of antipodl Points. € . 3 f

LTl greskl are such that By = Biy'), |then xt £ 4y

= ¥ e fuxsume AGK\{O) But . [x'| = [y'l-l- x1='1 nnd‘ﬂms
T A R ,xss Thus the inverse mageby £ of & ppint 1n P lm»_ !

is hnmomnrphic to_the sphere K71, - E
[

The! inclisions . K¢ K €Xc . cx?"'.lgx“
snduce mlugons/ P, (0, < P (6 &

TR e et Deine - gn-cs""'

+ P (K) by

. ety




nk-1"

then E(z‘ Zyiy).

'If (252 ""n”l)es e,

P 1r.1t we show tl

v (x) \r 1(m is Basonminhic 16 cs i "“' . “Feialll

Hex., rlenot.a by

its conjugate. Def{ e

i
i(K) g csnk -1 \ Snk-l

by




|
. o
’ -
Thus since’ -z .# 0, |g, : : \
= k-1 \ gnk-1 & i e >
" gilzgseeesz 1 e_cs s e ¥ 525 i A
“The: factor serves to insure’that, g.. is one to one. .
K : § o I R
x - By * gp(Zgeens v
H A i & .




2
EXTOREN

LA,

" R 2

J RREA
i%0

; e % R 5
Fos 8 L L
Sy ! Thus ‘eachtern in the £inal expression has the same factor, = -
: e , -and’ therefore,
R T | FRIE ' : '
% 3 ¥ a2 z z; . ¥ : -
ke 8, . Mlize * k
J 2 By Bylzgri g 2o0zgseen,z), that s & ‘say’
L 2
il A N




(2.4.2)

are compact spaces and, P-(K) .is Hausdorff, so h is an.ogen

SRR - i

: Thus we have indeed shown that P (K)\P_,(K) “is 1
isomorphic g0 s 1\ ™1 This implies that h is

o ' nk-1
O

a continuous bijection, But' P (K) and P

map. We therefore have a CW-complex, P (K), with one k-cell in

each dimension n. P

) < .
Notice that for K= € or [H., P (K) is simply-comected

since it has no 1-cell. ; S
‘Example 2: S" 5 a Ch-complex for n =-0,T,... . - 08

Starting from the zero-sphere S°, we construct the following
I . 3 R .
diagram: g L J v A

gz 0 I :
PR T G T K. B S | 4

where S “is constructed from #5""' as a pushout of the following 3

diagran: ;
‘sl et ‘

i ; i . Lk

n-1 -1 n-1 - %

e e rod s Lo N R

" By (2.3.4) 'we get AR 2

o™ aresmt = sl (et ey
23 ) I r I g T
: 1 J-Ls“;l g ¥ sl 5 . 3

Define maps. g’l',‘ ‘g;' ;s e g s f£ollows:

1 (g Xy - eoX q) > [E IS PR W ’ )y xi)A : i )



" his’ gives us a nap g = gluLg) cs""\cs" o
14Lez .

which makes the followmg diagran’ comutative.

“iis just the attaching of the north and south hemispheres to the

)= (‘e"‘l"‘"

“Theie exists'a wnigue fap K mkmg the triangles conmu:mve.
Bt - g" s Tl es™iNs "_u.s"' is a bijectioi. Thus h |
is 'thzcuve. Bt S" is compact end Hausdorff. Thus ‘h is a

homeonorghism. Geometrically speaking, " A, ("' ALes™Y)

“lequator "s""1. "By (2:3.11) 's" is a CH-comlex. for ¢ach n.




‘(3.L1)

N

‘Gi13)

SR ERE)

K=SPACES

51. Definitions 'and Examples . 7 } .

PR ¢ & )}

. CHAPTER III

o Definition: A Hausdorff space X isa k-space or a compactly
. generated‘space iff it has the final topology with Tespect to the \

sgt of all inclusions, “(iy @ K+ X | K= compact subspace of X}.

Lenma: let X be'a k-space. .AC X .is closed <=> A MK is

closed for every compact K & X.

Proof: 'This statement is equivalént to saying that “A is closed <=>

*for ‘all compact K'C X, i) (A) is closed in K. This'it jsone of -
; A ;

“the equivalent definitions of the £inal topology.- see (2,/2.1) - and

- is implied by the definition of a k-space,  (/

Definition: A point x is a jimit point' of a subset A of a..
space X ‘<=> (WU = neighbouthoods of x) (U\{x},NA'# ). e

Remazk: . _A.subset A ‘of a topological space X is closed <=>
it contains the set. of all its limit points.
We will henceforth demote by Topy the category -of k-spaces and

7 Recall that all k-spaces .

" the. continuous functions:between t!

are Hausdorff.

Lerma,

linit point “x ‘of ‘M, there exists'a compact set K in. X -

such that' x - is-a 1imit point of M.NK', 'then' X.€ |Topy..




3.1.6)

. show that g ' is continuous. Thus,

* this ‘a k-space.

Proof: ‘let: z € |'rop[ “and g i X'z be any map, such that
g+ iy is contimuous £or every compact -k L X, We ‘have to

let A'Cz .be closed, Then
. !

«lw s Closed in K. Lot $Fe a linit point of

g7 (A 'rhen x s a limit point- of g twnki = :Kf(g (A)) !

for.sone conpact k' C X, “Since. ‘x' etm ) is closed, . .

x€ig @) =g W NK . This implics tht “x ¢ £} A),

That is, g L(A) ‘is closed, -since it contains all its limit

points.” Thus' g is continvous-and X.€.|To Ex' //

The following examples and counterexamples were developed in

[18]-by Steanrod as a result of Kelly's work in [8].

Lenma: The category ' |Top, |’ includes all locally compact spaces

~and all spaces ‘satisfying the first axiom of countability.

Proof: (i)  Let X be a locally compact space and--M any subset ~, . ‘.

_of X. Let x €X be a limit point of M. By local compactness,

x has a neighbourhood, |N, "whose closure, is compact. Also ..’ .

xeN, so x isa limit pointof N and of M,  and thus of

RAM also. X thus satisfies the conditions.of (3.1.5) and is

(ii) Again let X bemrsr_ cnuntable with. x 4 limit point ¥

‘of M CX, Thereis thén'a sequence in M \ {x} which converges

to %.. ([8], p. 73). -Let K" be the set’ cqnslsting of x-and
this sequence,  Then any' sequence.in ‘K' “Tia§ & limit point and
this K1 1s countable’ conpact ‘Kell);‘, Chapter 5, Problem E]. K'
is c‘ountnble ‘then impli;s that it is compact, Thus x. is.a

linit point of K' and'of M. ‘Again ‘x isa limit point of

A




.

MOK and XE [Top|s /- N

6.1 los: Lot q'’ b the sot. of all ordinals less than'or
| equl to the First wcountable ordinal p, and let X be
Q' \'{g}. Since X  satisfies’ the fit;[ axiom of cmmtxbiléty
it is a k-space.’ o il b

Lét Y be the subspace of @' - obtained by deléting all

1imit ordinals ex’cept. Q. Since Y. is Hausdorff, the compact
Subsets must b closed, £ BCY is infinite, it fust contain
a sequence converging to one of the deleted ordinals.. Thus ‘B ,/
does not contain ail its linit points and is not compact. Sinds
the only compact subsets of' Y are the finite Sets, the! st
E hY \ {p} meets each compact set in a closed set. But Y \ !9)
7. ds ot closed’in Y because it has q as & Linit point. Thus
(3.1.2). is not satisfied and so Y & |Top,|: }
" “Yhe shove shows that these sre soms open subsets of .k-spaces

‘which are not themselves k-spaces.. However, we: have the. following:

(3.1.8) - Lema: . If".X € |Top|, then every closed subset of - X. is in

Topg . ;T ; Ty X

Proof: - Let ‘A CX. be closed. s E .
Let z e|1‘op[ and g : A+ g besuch that ;g e iy is :ontimmus :
 for all. compact K CA: .
LIE K "is any compact subset of X then A f\x' is compact in . A.
Giyen MC'z- Elosed, then” "
@ A,\K,)' ™) = x"(M) n(A nx') ) n K' is closed’

in-A,”




S N TR

L S

v(s.lz.z)

A= closed => g“(u) AR is closed'in X
(3.1.2) = g 7200 ‘is closed in X’
' =5 g7 ) is closed in A
=> g = continuous. B

= A€ [Topyl. 7/

The functor K

 Define a functur’l Top » Topy s f:/ﬂlows. Fae

Vv € |Tophky s, che spm mh the same. poms as y and
with the compactly genentad toyo)ogy. o
(Vf L Top(¥,X))K(£). = £ as a set theoretical

Lemma: Kf is cwntim_mus.

‘Proof: For this it is enough to show thet Y ‘and KY have the

* same compact subspaces. In fact, a compact suhsp-ce of Y. will be

compact.in KY. by the i of the comps : top-

ology.

Since the closed sets of Y are closed in KY the identity
i " , .
function oy : KY Y s continuous, This implies that if
ACKY is compact, oy(A) = A ‘is a compact subset_ of Y.
Let -C: be a compact set in” KY. Then 'C . is compact in v

as _lbnva‘ Since “£''1s continuous. £(C). is ccmpact in X -nd

" henée in’ KX. We have the !uumdng ‘comnutative diagrlm.

KO g
ic I . RECH
¢ R At SEY ) 3




“KE+ 4 is ‘thus continyous 'for a1l compact [ in KY.

. Therefors Kf is continiious.

(3.2.4) " Rema:

Let i,

Topy,Top " be- the inclusion functor and lot

F X Topy bé a gmn diagran. Take | #

" colin l-' - m(x) oo A) in 'l'op with .
A= Hnusderff
S A 5 R b
. i Forn'the set. {KiR(X)

rm —L-)-—ol((A)} since P e

colim ‘iF is dn initial object of  I(Tep,iF),’ there exists'a’.

wnique nap u i A > 1K), _5uch :ha:’ e

ipkx)ﬂ_, TR BB B T e

'u(_e('x) 4‘""'

AR ey L
comutes.. " By’ wiqueness 15 A KW continious. Hence, p
: AK); that is A€ 2: ey e B B

" countability and thus by (3.1.6) are cmpuctly generated spaces. &

'nmg;-m.ns of the type (2.3.5). are “thus n Elx- CH-complexes are
" colimits of those diagrems and are Hausdorff, By (3.2.4) they’

are thus in Topy. ', . - T

‘Theorem:. i ._—( K

. Proos: . have €6 Show um‘ :hare mscs a ratural uomoryhlsm )
4 ;rg_(i(A) B) ¥ Topy(A,KB) for all' A € |K opy | -and - B E| I .
For.all’ £ € TopCiam): ws hnve the foll 'uing diagran; <







(Z;.Z.!]

s ]

CixgYivis'in g,‘,gpudsm say; " XxY Xxg Y.

" Proo:

A 'md ‘henice “that A contains all it's limit points and isthus

. N X {y )- cunpact = A n (N x (y }) closed)

;,Letv ¢ be any co-pncc set in Y.‘ B

Defis tion: Tf X and Y are'in Topy, . their product ” X-x ¥’

“in Toj g* % defmed to be K(Xx v) uhere %, . denotes

X Jthe producc in _2 with ‘thé ‘osia]” caftesian’ tnpolegy

Notice that X x.Y.in Top satisiles the ususl comutative

nnd associauve lnus sml:e these., ne satisfxed in’ “Top.

" ,The next. tWo results are given in Staenth [‘18].

Theoremi:/ T€ - X+ is' 1o ally compac: a.nd Ye ] g{|

e \ull use - (3.1.2). . Suppose that, ‘A € X x; Y . meets éach. .

mpucc set i { a'closed set and 1ot (xo.y ) ‘bs'a point in .

X!

o YA Wewil) snnw cmz Grgsyg) “is hot ‘2" Linit point of :

:losed. “

Kois 1muy ‘ompact => x".has a mieighbourhood whose closire "N

()

is compact.

" must ex)st a nexghbeu:huod u of Xgs ‘D N such thnt
An ICERCAORSE ]
Le: B be the nm]ccdun nf A (\ (U}




!

0= compact = U . C.= ‘comact. Thus AN (D% C) “is closed by
assumption and thus compact, Since. B /) = “the projection of

ANDx . C). on Y, . is a compact’ sibspace of a Hausdorff space,

"it is closed;. B thus intersects each compact subset of Y ‘ina’’

 closed seti Sinice. Y € II!’&:L B. isiclosed in Y. This implies

a neighbourhood of ‘(xj,¥), not méeting A, .Thus (x,,y,) is

Thus B.x_C 'is a compact subs'et of KX X KY,

that Y \.B is opénin Y, 'Since y € YN'B, Ux, (\B) s

“not.a limit point of ‘A. ‘That is’ A" is closed and

xxovelmpdo gl e

" Lemma: "If XY are HavisdorEE spms, ‘then the o tcpolog:.es

(KX) % (KY) and K(X e Y) -on the pmduct ‘space, ,cuimide\

PR X, Oy -+ = gi=oy- Y
Oxvxx X, 1KY+ Y are continuous > g oy X By,

is.contintous, -Thus each compact subset of. (m x (1) is

compact in X x_Y.. . l

o '
L o . . L
Lot “AC X XY be compaét, Let P XY > X:and:

Ry X KXY e the rojections. - Then B = pl(A) and

C =ip,(A) - ste compact in X and Y, and hence in X and,




SEY €|l+£l =X “/c LHM_'S,I =4 :-is"vclnsed i, Xixg Y

B ; i o A
ANC B x_ C='compact, ' so A is:compagt in’ ‘(KK). x (KY).
B o G )50 A s W0 xe,
S0 x_ (N “and (X X, V). have the séhs comact sets,
pologies, by Definition (3.1.13;




Let: A™ 1 pe the'(n + 1);dinénsional eiclidean space.

“ L Given 1r.s orthagonil basis,” . {A; =(o,. ERUN TS B S

|t.>n.

{ ti=, 1. We then define Tn ¢

IE d'e A(An.A b) dafme 1,[ v . Vq by

He chen.dmun \

|«|cz m '1 t,,(,,

7 lual=lal Ial i
“hiso (RS cH)-[

:rl\!-s ) 1)

The above iﬁq)lias%ﬁnt'

st sueh

" be™ the; :quzvnlmce relnt}on RZon’k  induced by,

et



, for x € x s tEV, and ;a' e‘_A(An,Aq] .
(u"x,t)R(X.I 10,
a8 @* = X@) o e

'(471.1)' Definition: The g&nmstr)c realization of < X € |ssc|, . denoted

by |X|, is given by |X| = /a. - o BE

5 F A © :
W w . * This definition is. dué to Milmor [15].

s . Let'w = X |X| be the quotient map given by

wlnt) 4 [x.t|. Giving to each X, . thé discrete topology. and

o cach 7. the topology induced from m"‘l 1| becomes £ .

topological sp;ce with the quotienc tapology, i,et the final -

topology. with respecz ‘to- . T s i P SR

g c " Given anis.s map £: XY et %+ ¥ beshe map ‘.‘3
defined by B(x,8) “((x), 1), This induces a function - s

3 [£] + |X| »+[¥] - on the quotients such that ||+ = #E. " Since
‘nE, is continuous and. |X| has gthe anotimt topology, €] is

contifiuous. We have. showr.

. (41.2)  Lemma: |_| : SSC+ Top -is a covariamt functor. -

Each-simplex: x\.ex“ defines

haracteristic hap . .

) < 1
B X 3y 7 |X], - where, x (8).= |x,t] . ¢ Lok
1 Lo 4 . Lo o ,
< CL L3 - Lema: (Y € 5(8,,80)(¥x € .‘1)_ the following diagram commutes:
s, 2




« “which all the x - are continuous, '

- , J
Proof: (¥tev )x, - la] &) = xUalt) = [, [alt]. - 5 o8
. $ . % 4 I % . : .
5 “on the otifer } x,t] - !
! = But (a*x,t) v (5 = la*x,t]"= |x,]a|t] ‘
! \ =% el = @ . ¢
ey 4T ) det 1, ‘be the. topology already defined on |X| and 1, ;
s any. other’ topology fm- which all the .y, are continuous. - Let B
: e o vc |x| be an open sét \mdet: Ty Then "x (V) is oph in v
S " for each 'x € X. We have, the following maps :- the projection Y

S TRy Xy X, s v, the dnclusion’ £ X x U 4 X = AKX %),

) e " and'the quoftent-map u': X »:|X|. We want’to show that

»7'(V) is open in.X: Since each X, has the discrete topology

, %7 3¢ 25 encugh’ to-show, uugt"};n(i,‘l‘(-“(v))) s 5o in v, for

P P 3 each n. ) S

i i 2 )‘ Let s = (xeX | (Frev) |xt| cv. :Q :

K ) o T tERQD te (vn), then |x,t] € V' for sose x.€X. ;

% N Thus x:s and xmev. Therefore tGUx W I i

E o 2 S5

2 AN If 'te U & (v). ﬂm :ev - and lx.d-ev for some.

- - e L, o
b Thus " epy (i pv (V)),)- . ) 4

N .
o s Wt & G5 )
Thus® ?n(i,:‘(x ‘v(vm F YKo 0y

m -'oflan for a;ni:l\v xe S.n = U x;lﬂll_ f'u‘paq"

LA . "'->v A o




(4.1:4) .

* point u = g: . with we v and (t;'} ={t;/t; # 0L

(4:1.5)

(4.1.6)

Lemsa:. (¥te 7,) (9 < mM(Ju € In 7)(Ja: 4"

65,

a = injective and monotone) t = |alu. s

< i
Proof: Let t= igozi/«i and B={i |t #0)
Let q = cardinality of B minus I.

ny labeling the non-zero t;!s from 0 to q we get a®

q

Define o : o+ 4 as the combination of olts which

out in the image those -j € Ay for which cJ ='0."
Cmen o= el d e - B
2

i :
Ty, where t =ft;! if 1€B s
=0 2

0 if idB
n . . %
. = iZn‘i‘i C i SO

-

Definition: x € ) B degmaud <> (3 norhpisa g en(%,n ),
d<n,pfid)(Iyex) x=8

Lemma: Every x€X, can belwritten uniquely as x = g. with
B = surjective and y = non-degenerate, y € X;, q <n.

Proof: .If x = non-degenerate then x = 1% and we are finished.

. So -ssune x = degenerate. This implies that x has at least

one factorization x.= B2 for some B.€ A(A .A ), z€ )(q

ll\d q <.n, Let q' be the sllllllut such q and s'y the

corresponding -uun; of x. smo 8 € 80, w8l B s a

‘l:ombi.nntion of c 's, “each of which is surjective, and thus g
\

" is itself surjective.




Clais; y = non-degemerate and. 8* = unique;

- iIf -y = degenerate, then-by d_efinition y = t*r for some

* »xexp with p < q'. Then|we Have

X By s B S (BT with

r €x, mﬁp <q'. ’l'lus cuntrldicts the assumption that q' .

is a mininun. Thus y = non-degenerate.

Se? ¢ * - Suppose that we can write x. in two ways;  as x = T*s and y '

HEG x’= 8%, We know that both .t and. B are'surjective. This
v implies that there exist maps,K T' and B' such that 8. B' =1
e Y

e cand Te T R,

Since x = T*s = B*y  we have "y ) H

S B = (BB = (B BNy = 1ty sy i

and similarly

L) : g s,
(x')*6*y =5
e ;

H ’ Since. s .and y are non-degenerate
(B')*t* = (v')*6* =1 and thus s =y.

" Suppose for some k X, T A em. - //

TThen (1')*B*(K) £ (+')T(K). Thus k £ (r')*B*(K), contra-

dicting (t')*8* = 1. Théreé&ra = p T ) :

(8.1,7)  Definition: Given x& X, let .Inx =- (xel € I temy,).

(4.1.8) Definition: M clement (x,t) € R is said to be regular i€f '

i S x is nqn-deggnante and celnv . for swe N

@19 - Mun 1 xelssely S, = x, ‘where. % “funs:évek:all

m.demann si.plens of X.i: . ) &




RS

Ce O(x,t) = (x,:) = g\. i(lx t|~

Proof: To shaw the theorem, it is enough tovanstruct a

¢ X% such thnt'

.(x) ek, @(th) = régular’ .
(2) if' (x,t) = Tegular, 4(x,t) = (%)

@) D €N BED & D i
(R R .

@ I (0 0,9 then 6060 = 4055,

Given such a' ¢, we show that [X| =lInx for x

= non~

degenerate by showing that for all' C'e |Top| and for every

€amily of maps (£ .: In x > C}, there: is a.unique map

g': |XI » C- making commutative the diagram A

In }—iylxl

wheré ' £, s, given. Lt ;

. o
- Let g(lx t[) £(|y,s|) where . (¥ s)=¢(x,t),

regular, mm-degenernte and s'= interior. .

t c-l then (x,t) ~ (x‘,t') " and

1 Ix el

A8 T 6T by (. T B(xEl) = aClxne)

g is well defined. let' ACC .be open,

By definitich of PR RO Uf'!(A). "y’ = non-

npen and g = continucus. g chy G

$0x,t) =

and so, . .

degenerate:

since each fy is cm\tinuous.v Uf'l(A) is ; open, "Thus ' g” (A) =

(le e !n x) x is mn-degenernte = (1) = Tegular

d g(lx.tl)_,fqu,gn




110

£ 40 J

= g 1- f for euh x -non—de;nmu,

Let ‘h lx]*c ﬁth h- i=f  foreach x= non-
lde;montv.l : v i
¥lx;tl e |x]) .(yx tl] = fyﬂy,_s|) where (¥,5) = 4.(x,t)

= h--i(lyss)) ¢
= nlysh
';ix(lx.:l) since " (x,) ;~ux,:) SR

Thus .-h and g s unique. - //

(Construction of - ¢:

Given () € %, by (4.1.8) it lalu for some ue

" interior. By (41.5) there exists a mn-d.mn-te point y and

‘a unique surjection B such that a*x = B*y, - Let

#(x,1) = (v, 18l).  We- now show thit ¢ satisfies’ t.he four

- conditions givgl above.

i $(,8) = o181, -y is m—t:iegmeﬂte.‘—:.ﬁ is

surjective => |B|u is interior since u  is interior.

_'"ms $0,t) 15 regular.

. (2)." (x,t) = regular upues by daﬁn\nm that - ¢(x,t) = (x.t)

".since’ tis interior and -x ,is non-degcnnlta.

“® (v(x.e)ei)(x.t)=(

). v (a%x,u)
\ =y (ﬂ'v, ) .l8lw’ ;
s (X.f.)"'f(x,z). S i T

Givm (X.t) v 058) thnlL 0(!.1) v 0(7.5) by (3)-

@

.uz 9(: t) =, Lalt-) and 8(y,s) = (7' [8]st) vm

e and -t',s' = interior.  Then




\ : B B
', |al1). % (¥',]B[s'):=> X' = ¥*y! . for some’ Y 'and

Jels® = |v] |a]t's But. x'" non:degencrate =5 v

X' = y'.,. Furthermore,  g*Y* = g* implies, by uniqueness of

8. that g Since ¢ “is an epimorphism, Y =1. //’

52, Structure of || .,

i (4.2.1) Given #n sis. complex X with ‘X = X@,), let X% be the
4 “sub-s.s, complex generated by X Ji - that is to say,: P
‘- 5 g G W . ' -
. ™ xp:xp i psn
(_g = X % 1i P, where u’ is mé set union -..
.. " isnsub-complexof X.und pcx® cx-c...cx S
% - with' X =icolim X, o U LA .
¢ . .
§ . R i g i
4 (4.2i2) _Define'a covariant functor I : Top » SSC as follows:
A Copde Given 'Y € Top, ' B(Y), = Top (v,,Y). .
Y = S Given. fe '_rgg ,2), 58 -2 ):(v) -+ t(z) is ‘defined by
. : : : .
3 t(f) @) = £+ g for every g €M i . ~

"(4:2,3)" - ,Theoren _l—c N 5 et B v g

Proof: We must show that thére exists a’matiral isomorphism .
o

& h -8 Top (IXI,1)> ss:(x I0)) for all X elsscl and. Y€ |_2]
ey w5 Given £ : lxl -y aeme e s:wphcll g a(f) ~# as
/ " follows: . 5% N
. * V‘xex)NtEV)f‘(x)(:) f(lxc|)
2} el o * Given a:: uq + A e have the fououmg dxagrm. il s

R




: £!
45 :
LT, |
5 2 ',z”)“ v .

ot = E(Y)(n)=u‘

- X ————)I(Y)

where -.av'(i)'= i for ail A1V Y.

Wetiave .t 8" €1 () (8) = 100 (la l®)

= f(lx,lultl)
= f(ln‘x £

= f' (a"x) (t)

=>w-fl=f'-n‘1
q.

Becnuse the diagrau comutcs, ~£' - is'an’s.s. map.

@ If 5 € Top (IX],¥) “are such that, 6(£) = 6(g)
o theh o each n and (¥x'€ X)Wt € 6“)

EASIORN HOIOIS
> £, th) = glxely

SEEg . . 3

=8 sl

1) Let gz X+ I(Y) bea semi-simplic al map. .

C(¥xe x“)(ve‘v;‘) define ‘£ 1 |X|.+ ¥ by £(lx;t])=

_'rhun S(f) =g ‘md thus' 8 s epinorphism.

I.,esic_(xy,x),/ se__z(vw) md "
that i " %

To show thxt 8 s natunl we must shml for all

dxliy -




(4.2.9)

i Proof: By (4.241) "X = cormit X%, Si.ncs I.-I iR 8

- Lemma (2.1.4) = colimit: |X"| = |colim X = |x].

- “complex” X is a CH-complex:.

’.e(a'l~ lal Y= x(8) ~ (@) *

:Mforeldﬂn-ndv-xex vtev‘

.- 8B + g

=8+ g (al(lxe))

=87 g (Jaxit])

T et
=w, + Aaxt)
RO o(ma(xmm :

R CRERICORS ul(x)(t) 2
)-E(B)-a(x)-o 7

->\a(s- g

m-‘.‘: |x| 2 U]x"l with the veak. topology.

‘But the disgran X X € X¥C ... of Top has for cotimit

the union U X" vith the veak topology. NG

Theorem: The geometric. realization lxl of a sﬂi-siq)licnl

“Proof:- We give the Following sequence:

|x[—~|x|—)lx|_‘a i

aha show e at lxl“ s obtlmed from flxl“‘l

j yushmlt dilzrm as in(2.3.2).

-First we define le" tha n-:kalezan of Ixl, to ve:

lal, )7 =8 + g+ falClx,th by deginition’

by means of a ' :

This set of n-pens will -c:uguy be. (1 x} for x€ X




nnd x = non-degeneute, with the discrete topolagy. We'alsol..
oy e . defme [x["'

“to be. T llr "e 'nstruct IXI“ as fonaus.

oS For each non- egenerste x€ g‘ iet o = Iv . “Given" .

a point te¥

since t 15 ot mtenor, there cxxsts 2l
QN Pt e eV :
map i, Ay wnd & pqin; te ‘vn_l such” tRat

t |q‘|:- Thus . 5

o(:) €l

ot = Iu'x.t'l 1 e S

_since o*x € x""‘ ‘o ) € x™?)

. ting © each’
Vi of ¥ “and fom'ifng‘.ﬂ:‘x o>, the Following d

n

for each xj = hon-degenerate:

|Xnv-1l

T BT e e inclusion; i, J,!.Vx" .9.\7 ‘angi form’ the-pushout’
dxugtam of 1y ¢ n Top. " y :

when u md V- are ns defined in (2. .2) We. ohtuxn a sp- e B
ns0, 1
X |% Vi

: The. cclhnit af k

s gnen a cn-conpxe

“ since .




we must.show that ~[X[™ ¥ |X"| - for al1” n.

YLl 15 the inclusion e, form the map

EIRRE |x“| el 3] e|) < x,eh “atse

for's” J{xx -g.vx 9 '. Then wé have the following diagran: :
H mv;) By i ’ g
. o A,
i W T e g ]
. 3 gy ‘x‘ir——r——”"” e b

By the defmmun of /4", 'this diagran conmites and this

hors exlsta a ke ML * making the smaller |

. s "7 triangles commutative.: The" topology on le" is the' ﬂnal
topology with réspect to u .and v ~and thins * g "Ls cont dnuous;

By (2.3. 2)' \;-‘xu 1 and v = F' iz where
. X, |yl ) RS -1 ox o
ALvX [.u.u*v : md— £y ¢ XTI g IV.LL(.Q-V“)‘

iy

i re the. inclusions ‘and . L% i o gt
i, R “"IJLT.}V‘)- Ix "Iﬂ. (4.‘7’ ey
Vel antagaia quonent . 7Y oy (.g,LV") = Ix ‘I\u.u,g.vx)/s r

\ihel"e B is the ‘equivllence defined by the re_lation: : .
Ukt e Ix“'1| ¥s e,y.v’) Ixtl Rs <= i ’ ‘
Clatl = 8@ u@ 1,(0) for sime Au*v e e

vClxim: i lu;]al:t:.vu and open.

. He £rst show that - Ix® |\]x “i e \‘*v

Sosnits



‘ Let’ ]x €] e [ N |x“‘1§

9). Ther |x t]

nnrl ux,t) (y,lslu) as

“ give |y,|n)u] Cwith .y € X

ir3 n. By defini!ion ot ) i X €K with. Q> ‘then

ke U sihog Thi %15 dogenerate 1. 4. SarramisT AN

yex, [sluem vyv. Define’a function B !x"l \-)x“‘ll

- .u.vx \Jtl.v Soby. h(lx c]

“Iﬂluﬁ In 5 whers 6,

and y u'e as defmed nbwe‘ o

Iy,lalul sme :

(-\}: €In v-: 5 xia “non- sganeme)

hv J.Lxx(t) =n(lnt))

2 =t slnce

x = non-dexenernta. %
S ST ="he .}x
\ Since »h is nn_isnmrp}nsm, g

. that gis op:'n./,

. R . i
“Recall that % | ¥




Thes g(V) < |x | 15 open <> X' (§(N)) 15 open for a1l

S s ¥ € X

It is‘enough to show that X (2(V)) 5" open for s'u non-

'degenerne‘ xe€ X", since 1 x.*is degenemta then therre lests b
.

ye k" .. non—degemerate .and.a- unique’ surjec!ion 8 with

ks gty. Thus'ie. x.€xt ,yex :
o i :

commutes. -

xtem),

180 we assime x nun~de¢e’ngrl!e. “TaRYy

R ti\a fuuowmg wmutauva diugr

vuhere the. inner 5qun'e isa o

tha mq}usmn.




Now '
¥ Xy
X = nor)-deganernte in x ; Xx (s(V}) is open. -,

% .
Take ' x '€ X! o non degene:rate and p‘# . By deﬂmtmn of

5 p <R We lmve tha tollawmg nnmutn:xve dugum.

~ '%—'lxﬂl—blx "l——‘IXI“

Thus Xy Lgo =

'Exmle. We deﬂne 2 semi-stmplicial compleb A ‘as fouaw i

Can} : uherp, B A

g A[“](Ap] = A(Ap;nn)

5 i, ke
B A dnd for @ AN
yos o § ;
STnleg) - ), o .up‘ A T
a i, A - 2
R BUS AP TN and fnriﬂl. Bpmby ;
3 { O ICVIO R GRE A e
! ¥ si 8§ 7 A . t
) PR : :
Lesna: . [atm| LR S
Proof: First we'note fhat tl\eru is.only one n egenetne
fasclol

implex and ‘that i35 J: e, uhtnin |A[n]|“
¥ ;

'. v;.-__—a—-vlbln e v“élArnJl“ih[nn“ b

@ = (u') vy < open 4n v". Thus ok ‘a1l
e ——

, £rom the followin pushout /augnm. e A ) A

¢




Lot a,s| € ]A{n]""ll‘ with ‘a A(Ap,n ),s e T B < n, T
v * since ’
i : . * . -
. PR % 5 B
; ) :
. ¥
: Y '

commutes, we, have  q,'=

o L Being hf atag" 1I*V“

the ‘small trimg!e commute. * g is a, homeomorphism since

1 v'i S s a“homeomo‘rphism. .

Sim:e there are o non-rlegenern 3 q-sn-pnces for 71 >,

|A[n}q| 3V Thus lA[n]l‘- o

B S ooan

3

:ﬁn theix gcomettxc rellxzntiens. |x1 and: |v| 2 -re' c-

- cvnp].nxes. I!m:uver the, cartesian prnduct\of :wo cw-.complexes

* may ot hg\ a Ch-complex. . We give '|X| x:|Y| .a ‘CH-stricture

1 o,




5y B by letting'[X| x |Y| = 'U oxlx Y™

k with the weak topology, i.e. . FC u (%] % Y™ 15 closed
N = e OF NCY| x YT s cTosed i (|X] x |v[)".
. §
2 (TR ]x}l’ and ' |Y|"P (p < %) sre glven by thie" pushom‘.s 3
- T w T p_f_____, P
A 1] -
! il . 3 -
R 5
! WP ——— XY ‘. R
% XX £" et » X ¥ i
: Y Tat 0 and : o
nvﬂ—%lyln_}, ) : ) /
) ‘ ‘v- % , - i : i . 1 i . ’ o % i G
. . . e ;
e ) ' _wnnv_g_,’y . i i

‘then (|x| = U P x |\r|"‘1J is given by.@v pushuut e
T :

J-l-(f x g)

; n P n-p
A é(‘%l;vx',)-%(%vxx%_

U x|P |y|“l’ 3 H g
\(11* b

e

%(fxgufxg) i
Py T (IXI x IYI)"‘

as_in [;6], p..33.

: X oL b \

’ (4.3.2)  Theorem: |x| ¥l is mmnox-pmmo kqx[ c[v})/\{ds]

S cm x IYI)—'IXI ——»{xl

Y (mx |v|)———>m —vm,




efine two ms
‘ g
LIRS
RS

“Because of the Universal Prcperty of the product, the idem:ity

’
— ‘ function 1%: |x] Y]+ k(x| =g |YD s c«_mtn-x_qaus. e

now show that .1 is’a closed map; we'prove this by showirg . Kl

that every compdct subspace of k(|X| x_ |¥|) is'a compact ' ', . |

subspace of |X} x |¥|. Let C bé'a compact subspace of

k(x| 5 (Y1) sinee k(lx| x [¥]) 1s Hausrlorff C s
_#* closed there and'hence,. € is a closed subset of || % || .
b hy the continuity of ‘1, ‘Take the tompact spces " i
) 2 \ Q) x| and c, =pr7(C)C|Y|

* are the closed n—cells of |‘Lx| and -|Y|, since a con'pact sub-

space ofa CH-complex meets only a fmlte number of cells of the §

N .  CH-complex; w may assune that c c U A

207 and therefore, :\‘cl xCyC Jayx iy But ! € xC, isa
compact subspace of |x| x [Y|. " ¢C s closed implies that C . ol
.- isalsoa cowp:ct subspnce of |x[ ]Y| A :

b : g 2
simplicial complexes X md Y, let p  and

~Given two semi-

¢ pr, defined by ;;“": XX Y, %Yo and pEiX X Yw Y be

‘the projection maps.” Then [p| : |Xx Y| »[X]: and

Ip'] +'|X x Y| +-|Y|. Define n >='[‘p| x |p].: X ;_zv'| + X x|

. “.ﬂ N i 2 . 8
, gn},s.‘z)‘ Theorem i 'n :_|x,x Y}-» |3(|~):k lY) is a homeomorphism. -

- % i
" Proof: ¢ Fitst we shou that n: is an isomrp)\i

m .-Ixxy,jel)(xvl x:x.er,teInv




L . . s B
! - L G N .

o : © with (% y,t) = regular, We'know that’ ‘x = a*x', y = Biy'
" for some unique a,B = sui-jective and” x! gx,.y' € Ys 5 TS <m.
Thus ’ ‘ i

@) = el xly,el’

=or,xt el x Joyr,e]

< e, Jaled x Iyt lelel . ,

1 \ Now let ‘|x,t| € [x], |y,s] € [¥] “with x€X, teln vy Y

seIn¥, with t = (‘o'fl"""tr) ynd 5= (s

. ¥ N 4 ‘weV .
/ | hssuming t_ <'s, define ‘weV | by &

P, ! Pytl
. e : N -
Bl izt = (to,:l....,tpo, 's - Z %

‘.sz,,.‘..,s‘)l "

i=0

where p°'< Py P4 S e 5P Py PG <..en

oo J e

i+l B,

R IR

i=

+1 . .
") s; ¢ 0 forieach j = even,
e B o 345

p+l

y i1 e : i
! ss iéoti<0 for ‘e.::r.__h j =‘ odvd. .

S U0 dearly, J a8 suchthet t= [alv ‘md s = |8lw.

Define d : X|'x [¥]+ X £¥]

- by

5 o ; i .
Aclxstl x ly,sh= Jetx < sy,w 1.

i

b

b 28




¥ow  Mcle,elx ly,shy= nlasg x Beyu]

= larx,ulx |ety,e]

==, lelel x Iy, [8]a]
2latlx lys| - 4
= 0 = 'lex_llYI
Mso n(lx x ytl) = Aelx, el x ly,tl) 3
st falel x by l8lel
¢ = l\u'x' x Bty e
B it Ixx y,tl

2N =, llexlv|

it®i5 continuous on the n-cells. - Thus we have-to_show that.the

" function

rh:vl’ v“'P - vn-'

Next we show that 7' is cwntinunus. It is enough to show that

defined by h(t > x s) =u as 'iven in the dcﬁnitxon of T,

u:cmuumu.
Let Ocgh . beopen and o €0 be a point such

“w=h(txs). Then t=|a|v and s=p|w and if

t= (t? ) :then

1 '"‘P)', 5= (’o"l" . "’n—p

W= (‘tu"l""

that

" s




We can repre:ent by Grgoppenesi)

Let 1€ > 0 be d real number such that ¢ < (min {wg 1)/m.

"“.We form an open neighbuurheod around W _um\ radius ¢,

denoted by NGW), Let u€ N(w) be denoted by (ug,u

Tl?en ug Ewg ¢ c‘i fo{ some real n\m:lber €59 for all
Bins fus Be T
u ='l=> Jw o+ Je =1 !
EEUL IR R

‘gt Yyl *
o o

8,
%' 320 im0t

. ”
For .j =0,2,8,...,. define § recursively as <
3 ‘ s e 3 !.jd » 5

i :.} ; e
* éol-vyi AVt ot .

n

i.

s - Lt "’z"')

eesu ).




¥
X f N 83,
: i [y . ;
' "
“~ < :
L g S
kS S ol
" .. . e
“Now for i=0,1
4 TR t o=t s ) o
A O 5 N
i ‘, ) “and for i=0,1;.,n-p define
BTy % S
o 2 RS T :
o 5 Then '|alu= (Eort]s oot =t 5 3
i . Joand [Blus (shsls e sy P nal e SR g
! ; Thus for allw e NGy ) = |=|u X lllu V
© b W05, . andbance. n"‘(ﬁ(.;y = (o] % le)(n(w)),
2 2 B y 7 &
Y T . since |e| and 8] ueop'en'upx, w ) is.open
i e TUY g0 l}) () 3 = some indexing set, - (o)
% 15 the wnlot S8, opes motarand 13 therefore open. .
’ . Thus h uconzhnous "
. d R : ‘
o O
f \ ; :
’ L3 » g ) ¥
. A : . , it




~C

S To’ evary object Y'e |__g| tlmre is now a semi«simpuchl

In Chapter: IV:ve ‘showed that’ |_|—4Z where

:’zY‘_; = Top(%;,¥) The adjunction o : 'rfg(‘!‘xl,\r_) +'88C. (X, o)

was, given by -

0(6) () = £(|x,¢]) for £ |X] 2 Y.

» ; A ik
Thé cotriple defined by || and I is now ‘(C,k,p) where:

o], k=& the ‘counit of the adjunction’and py = |e“|,‘

where e 'i$ the unit of the adjunction.

Thus, let g € Y. and t.€v, for Y€ |Top| ol
W las . -1
Since L ) “then n(ky) =nn""(Ig) =1 o
ky =0 gy Y R {2 A
But v\(ky)(l)(t) Ky(lest]). Thus Gt

. kytlg.t[) % 1ﬁ(u)m s

°“IXI’ ROTCI

Also,'s:u:c'e &= Gy ns » :x(xj(_q
E : by Elx.tl)

R Y s ; "

‘ 1>\((hz-t|)”“lﬂwl(lz.tl)*= legy @ t) ‘\‘ . -

funcm defmed by 'ry(n Y c'“ m whre’. c = |;;_| W Thus

et o




el s i RN NPT A
°=c°§c°‘:choyc21{ BN e o, RN 2 FRw

53 (Is.tl) = Fy(lg-tl) Ixgtl:

c"kéy s cHrscre
ey
aeim;th) = hee) =

.

gl

cllxc;:czv-» A etk :
Vc(_kvﬂ)»l(ﬁ;{)[‘ et 2 el m S
lm‘,) 1. ¢ln, tl) ID(Y(h) :l g

T~
h‘y'htl i,

“his) = kY(lgs,r Iy ig,r)  for s eV,

g
Ajtn,eD

- P“y “Pey = Py

EshaD) = pyggpinely = Ixgel

R : czvy'— iy
= apy = I3l
's}(lh;.c’I) =12y 1 Cne:
Ye |2(PY)(lﬁ il
Ipy *h, i . e

e % Py(Jgs-r,'),f ngs,. Al




(3

et g A it g0 = ghrls 0
; ; Ll .

ST TN N
BT O with gl ¢ ENE

. TR . .‘ " s
Now als cokeZi el 'y
y GO G R .
= k-
3, CZY'

s B N
. __df,(Ig ‘tI)_— kczr(lz .@I)‘=

1785, foass, g
al Sacy 1y

= Oy = |5y |

ajeely - | el

= iik{“|(g )t

Sy iklm s .tl

: uhats le’Y| ¥ g t

s B F.E:‘ )
d;-czkc -c’y‘ 2Y
B TRE
,dzqg £ < ¢ k,,(l‘ﬁtl)-
‘-'1Ek, gl ; ot
|ck,- ¢ .cl = Hm:,,l(z 2l
e S
Sl o et ln‘v"e"'t' i
£ ) : oy, Fgdiirg I
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