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IIIt.rudm:l.iulI

III Illi~ 1"" ..1. \\',. willlH' illl'·1"",t, ..1 ;11 ,·x;llllinill.c,II,,· Iml.c,u.·li,· illt"I"iU"li'~ls l,(·tw,~·n tit<·

t1i,,,,-,,\,,,!',,,II',I':\l;l\\'-I':11<'1I \\·":lwIC·hin.c.-\\"1 C'hn;u I!J:-li.[lj III 111l""'1l11'"nuds ufilll!·r,,,,I.

III<' .1·ltrilll'l i"I1.~ will III' ... ·Idm·'·,lwillt I Ill' ran' ,,:,rll1 l\tilllWI'S iOlls fl'OlIl IIll' li1l1tltilliidl'

SI·ri.". wl,id, 1I1il.\' It,· (,"uul in IIIf' I",ri"di,' lill,I,·IIl·jl,illlliu.l\ witll ... ·rillitl (("'J lIll,l "IHI;n!!.

wilh ,l'1t.·rl,illlli (YI,j. IIlII'n'!'l ill 11t,·,'l' '·"llIP"llllll.~ is "l'r,l' hi.c,1t. lIut silllpl.\· diU' tu tl",

"'I1........ mdlldill.l\ I,rul",rli,'s "f Ilw lIwll·r;als. 1'111111..." 1,,"';111.""" ur IIII' n"I"I,1 mils;n"li<'

l,r"I"'rl i,.,.: 11",,1' 1"lSl'I""-~. TIll' ",,,'xisl,''''''' ..f ... IlI"'Tf·IIl1dll'" i\'il,\' .11,,1 1ll"J!,11I'1 i<' \lr,I<'rill,!!,

"",I.,. 11"",,· "'1111]""II"ls "\'''11 111""' intriJ:uiTl1. ilJ< II....\" IIr., i,I"ill ".\·,,1"111" (ur till' sillily "r
I] ... illto'rl'la~' 1...1\\"~'1I 1oIII','r'·"I1.III. tidl,l' .1I1t1 Il11t,!!,IIl'I;STII;lI 1",\'"rt~1 S,\'Sh'T1~~.

In II.;, illlll"h..-l;un W.· 1\·illl,H.k ill SUIlI,' "f Ih,' "XIH'riTT1I'IIt .. l wllrk wllidl hils l~~'ll

'l'II... ""1ll.II'.\·"f11 ... r.l ...·'·;lrlll'·.,1II1.. 1I11lOls. 11l1"1Irlirlllilrw,'willl"uk'll nc'ulronsc'lI11c'r-

ill): .11111 "'I",,·ili.· h"'11 '·;(I,,'r;IIII'III"'. J<iTw,'lllt"'c' ,'xpc'rilll"lIlli yil'lrl illr"rlllilliul' nmrc'fII;np;

I... ,Iillil'ldt ill"l ",,,"wt i1l1l':' il1l'utWlllJ<il'l'. TIll'n.f..r.' dllit11li 11111111' ill "xjJl'ril1ll'tllill Illllll'ts

11111",1 ;,IW;l.I·S Ill' I tl'all'" nll'dull.\·. I1S "Ill' will s,~' ill t Ill' r..llllwil1~ disr'I.~"iOll. From LIU'slt

,·sl,,·rill"'"1"'. 11"1' will ,1"\',,1"1' 11 pkl tin' uf t h.· projJl'I'l i,'''' 1I'11iel! 11 SIIl'I"'Slirlil ttllll]'-1 ur LIll'''1'

n"IlI'''III11b 11I1,~1 ""1'11111,1<"" ('It'lpll'r:! ,1;""'llss'''' tIl" rlll1.l .. llIl·nllll 111I'tJry 11I,lli11l1 ~1<'Jllh'

('arl" Silllllt"ti"l1li. III 1'1':1pl,'r:1 w,· will ,lis"lIli.~ ollr itllpl"11WlItlllioll and lillldy or ollr



ellil/II<'I' /, lJllroduftiOIl

mlllklllsillP; ~[uttll' ('al'lu siUllllllliollS. ('hilpl,'r ,1 will l'rt's"111 lilt' l't'snl!s "f ullr itl\·,'sli·

p;llliotl mill a disfllSsiotl of lit,' Sltt'('(',~S "lid al'l'li .."hilil,1" "f "lIr 111,,,11'1. In dlilpl,";' \\'1'

will Slltlll11il1'isl' 1Ill' l't'!ll1h.s uf ou1' n1tllp1l1,'r Sillt111ill ions. illid ,Iisnlss fllrllll'r lI'ork whi"!1

1.1 Experimentnl Survey

Thl' firsl llf 1.111' Iti!!,h 1t'm[ll'rill,1trt' ,~1I1ll'n'Ulldlll'lors was I.il,~_,,[lil~( 'lIOI"lis"lI\','n,,1 10.1" [\,

Alt,:,; ~hilh'r 1Im[ <;''t,rll.'· 1l",ln"r;,; ill 1!1~(>. i\1;1\\"[\\I"l1 Wit iIlll[ {'llillJ,i,-\\'1l ('!I" l.""'illl "S'

p,'rinll'nt,ill~wit.lll.1ll'suhslil.lllilltl "ftlll' li\lI\.ltallltll1 ions ill Li'I_ ... llil,,C'1I0'1 wil.lt Lilt' 1'111"<'

inl!; l.riltlsi\.iotl tc'ttl[ll'till,lln' 1IIoUI'" 77 l\"h·ill. till' 1"lllp,'rill Ill"<' "r [i'IUid l1il.I'IIIl."ll. Illilkitlj.t

tlillklll1, tullillHII.. Hu,1 "xp"tlsil'" li'llli,111O'IilI1111l11111',','ssilry I." iwlli,'\'"l.lll'Sllllt'rnlll,llwl·

in~ h'lIlp,'rilt.lu'C'. Tit., ,·IIl'minll "Ut1lp..,~;liull "r till' l'l'sltlt.illj.t ""ltIp,,,nttl II'W; dd,'rll1ill,'d

by Ilullt'l'L M. I1mwu ,., til. ill. 1.11(' (;""pltysi"ill Lill,,,rill.or.\" lIf I.IIl' ('illt11'j.ti,' [usl,ilnLi"l1 "f

\\'i\shill1!,tOll. ['11 TIlt' r1"'lllirill f,'mlll!a or I.llis Ill'\\' S'II"'1"<"IIII,lll1'l"r is Vllill(:1I:\(l7_~' illl,1

fi,l!,llrt' 1.1 sltUIl'S I,ltl' posiljull.~ of 111l' l'ilrj,,"S iOllS.

It is t.h()It~ltt llla1. Lit(' I'xisl(·lIt:I' or tlll'st· piMa':'! is ,'sst'n\.jlt! LIl llll' sUI,,'ro·ondlll'tivil.y of

tlu':'!I'fult1polluds. lu LI ... ntw,'lIrtlt s1l111au.i ... ·, "II(' linds thiLt till' il lll"ll, lalli,'" v",·I."rs.

hutll jlllTilllt'llu lllt' ruPPI'1'-llxYII;I'tI [11;l1l1's, l'ro' ilppruxilw,tdy ('q1till ;'11.1 ilhOIl\. l!ln'l' lilll"s

small,·1' tlwtl t.11l' r lallkl' Vl,,'tOl', Typkal1y "II(',~ linrls a Hnrll, 1,,, Ill' 1I1'l'rllxiltlill,l'ly '1 1\

m,,[ r "'llla1 to ab.,ut l:t A. Thlls "'11' willllilv,~ iLli HtlisoLrupi" sys1."IU 1111<[, ill l",r1i,·"I;I",
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oxygen t1dirit'llry. ti. i~ n t'1'i1.kallwrilllll'll'r in Ildt'r111itlin~ tl1l' <"I"S~lallilrllrilln' ,m,] Ilu'

lillpnrondurting I'nllll'rlil'li, 'I'll<' fully uxy~,'n,\t,(',1 n'l1ll'tllltlll. ,I = U. ili H lilll",rnI111111dtlr

allli fmllls ,III url.lllll"om),ir pllalit·. Ali {i illt"l"t'i1lil'S I.Ilt'rt· is '1 t,r,lIl"itiUIi frulnlllt' "l1p,'r·

rondur,ting, ortliortllHbir phaliC' to illl'l,ril~lIl1ill. St'II1~ ,'on,hU'1.inA ph,\s,.. '1'" illn"ll'illt' 11"<'

indlld(' 1111 ilpl'roxillW1.,· Ilhali<' diagl'Htn uf Ylln·lCll"O._,. in li~lIt't' I,:!. \\,,- 111'(' 1101 ,1:,"11-

crally interested in lIlt' variatiul1 uf tilt' I:rysll,l jll'tljler1.it'!i dw' l" "xYW'u I'lilll,c-Ill. ;Il 111ili

point, but later ill this lI'urk IVI~ will ,wlkc~ llSC~ of lids illffJrlllil1.i"II, [II 1111 ";L~('S w,~ will

ht' referring lo tIlt' fully ur twar fllily tJxYW~1Ia.1.I:,1 1:01111'''111101 ("(Jlllllt"llld~ wl!"p' Il ~ Il)



(:!Jilp','r I, I"trm/u,:/.iu/l

Ilnll'Ss ,,1.llO'rwiSl' s!.all,rI,

III 111l'S!. k110\\l11 "OIIVI'llliCJIIIlI Sllpl:rr·Ullllll(:1.0ts i, sillall pI'rt·tm1.llgl' of 11IIlgnntk i1l1

I,"rair's \\Iill l'il1l1'r dl'slroy till' slIl'pn:olllllidivily or slll'prl'Ss '/~, till) snpl'rwlIdlldillg

1.r;lllsi1.ioll 1,I'IIII','rallirt'. TIlt' "Wll!lOlH1I[ YB,11CU:iO, hilS II sllp('r('(Jlldll~til1g transition

1,"llIlwn,I.ILI'I' of 1,1,,,111. !HI I\.[;;J \VIII'Ii lilt' yI.Lrill111 is lllphllTd hy n~rtflil1 1l1i1gnl~li~ rIl.rc

11"1. ,·hllll).!," sij!,tlili.. lLlI1.[y frulIl !IIJ 1\. TIlt' 1')(n~p1.i()tls arl~ Cf~, Pr, Pm, 'lInl Th, whir.h tll~

sl.rllY tilt' SIIIH'l't'tlllrhl<'lillj!, slat!' ,Il suflil'il'lIl nlllt'elltra1.iolls.[IiI III l'l'rlain I'Oll1pOllntls,

wllt'n' \\II' IHlVI' filII sllh.~litlltioll of tl1t' yl1.ritlfll, lILI'I'I! is abo fl transilion, ill low lemper

i1lll)"!', to II phllst, \\Ihl~rl' 1.111' 1'II1't~ I'arlh iUlls 11]'(' llrtll~rl'd, Thus for some rare earth iOlls

Ollt' hHs " IIH1).!,lll'tir'ldly 111'111'1'1"[ phiL~I' t'Ilf'xisling lI'ilh tl1t' SllPI~I't'olldllCtillg statt~. This is

sill1ilar ll' 1I11' lfl'havil111r fUllnl[ ill thl~ rllrt' parth ll'nlary ('OI11lloll11ds such liS (flf~)R.h'l f),I,

tJn!<'rillj!, in lilt' l'''"II'Olilids wlwn' yUrilllll ha~ 111'<.'11 tl'pillfl'd willi lhc l\ralJlf~r~ ions,

Nd'~, ,.,'1/1:1+, (,',f!+, IJ.I/'+, 8,':'+.

'1'11l' lirsL nt'lll,rllll sl·nll.!'rinp; l'xlll~riml'nls rHrril'd 0111. 011 REH;\2CII.10'_6 compollnds

\\'I'I'l' ,1,,111' (Ill Erllll·lCIl:,(),_~. Thl'n' hi1~ hl'l'li cOlllrm't'I'sy flml c.olllradidion ill the 1111<11-

,\'~i~ of !.lit' 1'l'Sults ('WI' shit'". Tilt' illilial wurk of Slldt.Oll rI III. [7J, and Lynn 1'1. Ill. [81

,'sl,ilhlislwd Iohll! tlll'l"l' is il trl1llSitioll frum a Illllgnl'l.irilily disol'llere,[ lo i1 magncticill1y

"nll'l'I'I[ sin!", nl"OIIIlI[ U.Ii I\dl"in. At thi~ Iorll1lSitioll, hoth Shdtoll rI- nt. and Lynll ct

'II. f"l1l1d 111111. til<' 11I1\~1lL'1,it- 11lul11f'lIls of lilt' rllw 1'<\l"th ions Il1'r0111t' ordered within l'lICh

(If l.111' 1,111I1l'S dl'l,I'rl1lilll'd 1..1-' 111l' II l1ud 11 IIlu.irl' vI'I:lors, (lhl' <1.-11 pl<l.lIc), Within lhe

;,,1. 1,11111<' tilt' Spill~ Hl'l' ilrrangl'cl ilS ill Iigllrc~ l.:lfl (fl'rromaglH'tir.'llly onler<.'l1 in tllC b

dil"l'dil1u, lind ;llll.i-fl'rrolll1lll;lwl,il'lIlly ol't!L'I'l'd ill till' 11 tlilwlion) with lhc spins oricll

lHh',! Sll <IS til Ii" ahml!; 1.111' h axis, WI' will rc-fl'r lo this as AF onll'ring, Uolh Shelton

d 11/. alill L.I-'II1l dill, fllnlld lHl tJl"lh'ring ill tIll' r I[in'lotion, Wl.ill' their results showing
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[\\,o-llin\p!lsioIl1l1Iw!w\'iolir 1\'('1"1' Ilul. l'ulHpll'll'ly IIIll'XIll'rtl'eI 11111' III I Ill' lil.wrl',lll;llur,' "f

t,!II'Sl' r01l1IJOIIIII[S, l.lu· l()n~ rilll~l' Iwl.llrl' of 1111' dipe,1,' illl,l'r;ldj'lIl. 111l"1.~111 I" I,,· illll",r

talll. ill t,his h'mpl'rlll'Irl' rml1!;1', 1IH';11l1. thl' 1"I'sIl1l, was 1101 ,,),\,iulis. IIc'nl11s,' " <'::::' ;1" ;11,,1

,,::::::11, li,t' I[illtllllr in\.l'rad,ion 1"·1\\....'11 [a.n·rs willi", I\Hwh Slll<111"r th<lll wililill II liI.I','r.

Both Lynll d III. awl S11l'11\ltl dill. dc'sni11l',1 1-111' Erllil~( '11"0._.,',,, rare' "MIll sIII..SYS1!·lIl

i'lS two-Clillll'lIsiotial.

1'"~t~t~

1'"~t~t~

1'"~t~t~

1'"~t~t~

1'"~t~t~

1'"~t~t~

(a)

1'-1-1'"-1-1'-1
-1-1'"~t-1-t

1'-1-1'"-1-1'-1
~1'"-1-1'"-1-t

1'-1-1'"-1-1'"-1
~1'"~1'"~t

(b)

LlIter work was ,[011(1 by ]1.'11'1';. 1'11111 dill. Ill)lJlI iI l"Ollipusil.c· nysl.;ol '·"lllpOS,·,1 "f

Paul rI al. round thl: slum: lriLllsiliull tl~l1l1)l'rallln' ;mel ".], p11l1ll' Ilr,l':rjll~ <IS LYlin f'I.



'ml"riIlA, I,ut f"III1<11.II .. I, til" urd..rilll!; II'<iS tlln',' d;llwllsiullill ill lliltUrc'. slilrlillp; fro1l11111'

lrl'llsit.i"l1 1,"llI)",riltufl' l,lI,l fw' ,oil 100\','r t"Il1)wrillllTl'S. ~'Id\. [';1111 1'1 nl, suggesl,'d that

1,,'rlP'l"s l1w 1",w,I"1" SllIIll'll's liS"" by LYlin dill, allli Slldlull d ai, h1ll1 f:<lIISI'd their datil

1.0 shull' Iw,,·,lillll'lIsi"md dnlflwtn, III illlotlwr st.u,l)' Chatlo)lildhyay rI 11/, [l0llls,'d a

""lIIposill' "rysl,lIl, f"I"IIIt',1 "f two sillAI" f"tysu,ls. Chlll1.o)lmlll}'lly rI, 111. :i1.11tl)d that tln,y

hllll d"llrly ,'sl.al,lisll<'d 1I1l' transition liS I,hl"'" ditlwlIsiollul from .'j00 1ll1, ,[own, They

tll1'l1 s1... t" that Uti' 1."IIII"'til1.un' vllriil1.iull of tit,· sllhlal1.ke tltilgltctis<ltioll show,~ "lypkal

1.w,,.,litlt,·usiolt1ll 1)('lIlIviollr." notl1 Md\, 1'1Iul 1111<1 ChilLlop,ldhyay rI ul, lIml diflklllty

,'St1lI,lisllitiA till' ,'x,lI"l 1I111.1lrl' uf til<' "nll'rillg ill 1.1\l' r diredioll, itltd fC'ilSotwd lhat Ule

"r<I'·l"illj.\ WilS ,1"IIl'It,I"lll IIf1Ull tIl,' "Xy/!,"ll nmknt of II nysLlll. TilliS with I.hC'il" flJlIl]Jusitt·

n,\'slld, it WilS I'"ssihl,' t.111l1. tlII'Y h,,,ltll'o ,liffl'f('ltl tYllc's of 01"11"1" I!lll' tu two rrystals wilh

,lilr"I,,'1I1. "X.I'AI'II "uul"IIt.s, 1"l1rl.1l<'r work hy Lynn rI ai, (II] fOlllll1 that at a tl'mp,'riltnTl'

of I,W Inl\ "nl' "0111,1 d,'II,,·t l'otHplil'lItt'llllll"l~'dillwtlsiutllllonll'rillg. implyillg il rrOSS()\'(,r

froln L\\"o- 1,t1lltl"l'l,-,lilt\l'us;utlil! unll'r .'itJtl1l'wltt'f(' helow .')(10 mK,

III Im~!l Lyttll dill, [12J ptlhlisl\l'd rtlrl,lt('r ,'xilerinwtlts 011 II single', Itigh Illwlity cry~tal

"f 1';l'ltll{'ll:\()~_~ \\'('iglltinp; :11t1l1;. Lynn rll", l't'purlt.!(lthal, ngnin, tlwy fo\tltll that at

'I;, "" lil)o;m/l l.Iu'f(' was urcl,'rillp;, whirh l1w,\-' dl'snilH'd ilS having t\\'u·ditllt'llsional cllar

netl'risl-irs 11110\'1' 'J~, wi I,ll .. !'111m,.\\, to 1.ltr("l~ IlillWIlSiutlul dmnlcl,'r at lower It,tll]wraturcs,

Till'.\' \\'<'1'1' 1I11,lhh, lu ,1.'tNmil)(' wltl'l1tt'r lilt' orth~ring in thl' c' Ilirt'r1.iOll was ft'rrotllaglldic

"1' alll,j·f"lTllmll/.\llC'l,it". By twu·clillll'llsitlll1l1 I.ynn rI nl, af(~ rdc'rring 1.0 11 lllck of d('pen.

1!I'Ill'l'tlll II, ill !.Ill' Itl'utwn s"lll1.t'ring inl",ltsity just <LhoVl' '1;" Tltl~ ol"lkr Ililratl1ctl~r

was fil 11'1,111,,\' to 1.111' s"11l1i,,n of Ill,' lll'o-ditllt'nsiollill, S=l!'l Ising 1ll011,,1. This result

is sltp!,l1!"II'11 h,l" 1IIlnll'I'UltS rl'llorls nn 1,1)(' spermr Itc'i1t of ErnlI2C1l30~_~al low tCl1lpcra

I tin's, 11:11l1.llIIJlllllij hul Utll' 11l1ls1 III' l'lIrt'fltllH'("IlIl~(' tl1"r" is still llislIgr<'ClIll'nllll'lwl.'t'll

"XIII'rillll'ul,s.

In illl "f 1111' ,lhlJn'I'i1I11'r~ nllI"l,tlling llll' sl'erifie Ill'ilt of ErBil2ClIJO;_6, it iSl"Olltltllll'd
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dillWlI:<iouallsilig ~IUlII'1. FtI1tlll'r. Ilw IIlul1ll" l'Ulwl'Y ;11 !iI\ is Illn(:!). fh;lfHI'll'ri .• lir of il

Ilollhkt. grmllill statl'. ills1.l'ad uf 11 lIl-fuld ,!t-/!."Jl(·rar,1" iI.' ",in'lI h.1" lI11uors nil,·.pil Must

likrly tl1l' n·t!llltioll in 1!".!!;I'Ill'f'l'·y is 1111' l"I'snl1 Ilf crysl.illlim· "II'l"lri,' 1i,·I,ls (l '.1':.1"\.[11;]

Erlli\ZCll~O,_b OlPPf'ilfS l.uon!l·r iu il 1I11111111'r l'il1ll'ad,'risti .. or ,I lwo·dillll'lI:<iu",r1,'<;-.o I /:!

sysl"Ill. similar 1.1, tIl(' Isin.!!; ~[(l,]PI. with il tnlliSilitlll 11'1111H'r,l! lin' "r Ii I,~ ml\, (1:1111.1]11.'",1

NI'lltrotl sraunillg l'xpl'finll'll1.s un 1>,vllazCll:,O,_h I,,\' <;uldlllilll d ,1I.11~1 fUIIIl,1 H

tratlsitiun (rom till' disordt'l"l·,1 t" unh'Il,,1 sl.Hk ill. 1.0 I": ± rUI.'", I":, (;"l,Il>lilTl .1 "I. rt'l'"I'1<'o[

tllI1'1' IlinwlIsiollillol"{lpring whidl W,lS arlt.i·r,'rrullla~llI'tk ill "11th ... ·,, Ilillil'I' ,lin'l·ti"IIS,

FUfLlwr, (;oldlllilil rl nl, 1\'1'1"{' ill,l .. Lo .1l'1.t'rmilll' tltHI, till' 11l"Ill"1l1. "11 till' f).I' i"us WiI.'

orirn1.l'd tu [loint ..lung llll' I' rl'yslal ilxis. Tilis spill arr;llI).:"lIl('ll1. is ..hown ill li,l!,lll"<'

1.:11J .Hld is rdprn'fllu 'IS (1\1\) onll'fillg. (;ulrhllilll d ,,1. Ilid tlut sl'''''1I1111.,· I'U 11'111'1,11<'1'

(,he l(,11111(,fI\1.1l1"~ d"IJI'nd'~lI"I~ !If lil" milp;n.·t.i,' OI',II'!" 1l;'l"ilI111'1.'·f Wil.~ ,·!rllri,I·I,"l'isl.i,· ,,r "i·

tlwr two· IIr 1IIr",··,lin1l'l1si'11Iall",llill,julir. '1'111' 1'1'lilll1.~ uf <:1,1,1111;,11 .1 "I. wl'n' 1',onlil'l1ll',1

by Fisdll'r 1'1 (If. (WI, wilh a l'u1"I','rliuli tu 1.11., Nt',,·1 L"lIll"'I·;l1..I ... ·. FisrllI'l' r"llI"l I.llJll

t"fiug ,lata r.l1~nrly sllowl·,llhn,,' 11inwusi,lltilllln!,'rillg, Fisdll'r II .d. di,1 1,1,1. ~1"·'·lllilt,·

on wlletll,'r templ'rallln' tI"pl'Ud"ll"" or lll., Ilrol"r Ilill'illll!'!.• 'r was dIJ,rad"I·isl.i,' Ilr tll'I" "I'

1,1rf(·,'·dil1wlIsifJllillllr,l.~rin/!;, Sp"l:ifi,'III'HI. dillil ~h"w"tllI1" I.I·HIISil,i"lls (ruill disIJrrl"f",1 1",

onlr'rcd lLt. !lOU 1ll1":, hill. till' data IiL 1.lll' I.wo·,lilllt'lI,.i'llI;r! S=I/'l. I...illg t"slllt '1"l'y 11',,11.

Tlu~ maiM ('lIl.fOpy at () I": is IUIl(~) iml'lyillA llml. till' lIi·r,,111 d,,).:,'rr:-filt'y uf till' lJy ion

is must likely Ihl(~ Lu C,I';.F,II:I][I."IJ I\Ailin, wurk duw' llSillV, 11 sillv,ll' nysl...1 loy C:lillt"l1

and LYllll [:WJ sholl',,,l thal tlll'w is sri,tl..'rilll; wllidl "1']lI'l,rS III I", I.wr,..Jirll"lI~i"n,,1 in



ill L111' a-I, pia II" WILS (/\A), nlllsi.~to·lIlll'itll a dil'olM itl1.l'l·artioll if lIlI' SIIills ll!'i' forrpd,

I,y I'irlllt' "rC:.E.F., tn,di,!!,11 Iwrl't'lidirlllill' to tIll' phllll".

1"Hlsi,I'·I',,',I,· ,'xl",ri'II"llta! work. IH,1.11 1ll'IILmil SCHu",.il'l;ill"! spt"'ili!" IIPitL I11I'IlSllrt·-

11"'111~ ill·,· ;'I·;,i'i1',l.' f"I· (;,111111(:'I:I()7~'. 'I'll<' <:,1 ,.."rnp"llll,b un' ,liff"I't'II1., 1>''I'a'ls(' :,r·

,·"nlilr~ to Illllrol's nll,'I, = n, Bud 1.I1I'[('f"..".1 "" .<" ""~. Thi.~ llll'itllS 1hal1o IUlI·,.,;l unl"r

1.I11' "lll'rX)' 1,·\·.. ls al,,1 d",!!,C!ll'rirl"y of <:d ar· .. tlut "fr""II',II,y C'.E.F. :'lIlllh., Arul1l1d ,,1.:1/,'

will rl"1ai" 'II!' f,dl '!../ + I "" II f"td tI'·l\'·Ul'''ill'y.[17] Thi~ i.~ I"llllfirnll'd I,)" 1111~ H!lI(~) villlll'

fur 1.11,' IIl"lar "111.""1')" at (; 1\. [Ifi][:!I J[2'!.] (:dBil1Cll:l<h_~ hilS ;Ilnlll"il.ioll I,Plllp<'wlm.' of

:!.:!:I 1\, 11101'<·l!lilli twir,· tll,,1 lOf 1':dlili'Il:107_~ 1I11d 1).I'llil:lCIl:,07_~. N,'lIl.nJ11 s"ill.1.t'1"in~

"llll\I·..tl t1"'lJl'd,'riIIAL"I", lhn,,'dil1ll'IISillll ..llwiLI, 110 illiliill sfilll.'rill.l;lJflwo-'[illll'lIsinlll1!

,·l,an,d.· ... This unl.·tinA was <Inl.if,·rrunlliglldk ill ,,1111'1"<'" I"ttin· ,Iirl'l'li'"ls. WillI 1111'

"'Olllt'II1." iIlip;Il"d :,rOIlP; 1.111' f "xis.l'!.:l] This is HOI. I,h,' ,lI,l"Ullilll slat.., uf it ]IUrl'dip"lilr

S.\·SI.'·1I1 [2·1] [2rl] ",,,IUll' l...·k lIr si~lIilil'illlt rr.l'~Ii11 li,'ld~ ,1"1'S lIot idlll\\' UIIl' [,,, ill.tl'ihlll1'

1.11<' ,'si~t"rl<','"f 1111 l'iI~.r <lxi.~ ill"ll~ tlu'" ;.:,,;is III Ill(' "m,.t .,f (~.E.F.. \\", II·ill (lis"llss this

i\Jp"s"n'lIll'lIts "r tilt' '·r-ilir;,1 (':-\11011l'1I1 fl, fur (:,IB;l1(~'1.107_~ ,l;ivp fl = O.IIi± 0.0 I [2ul

1111.1 ri = CI.I:I['!.:IJ fur~' ::::::: U ,lilt! (J =O.II['!.!i) (01· ti > U.!'"•• TIl<' crilirnl l':,,;pOIIl'II1. fJ is

d"lillt'd ill l"rll1s or till' 1."l1'1"'rill.l1l"<' ,kpt'lId"Il"" uf lIlt' slIhl"llin' 11l1lAIll'1.islltiull. 1\1, as

'I' IIl'l'ro;1I"11I-:I·/:. f .."ml",lo\\': [27)

,\/ ..... C'~,~ T)" ill t,lll' limit ('1'- ·/~) -+ 0- (1.1)

I""" II", ,\\·,)·diIlWllsitillill I"ill~ 111011.,1 If = 11.12!), wllil" ill I.llrn' .lil1l"l1Hi'JII~ f~ ~ ~ for boll,

,l,,·lsill.e; Hlld 11,'i",'ullt'r.e; Ilhul,'ls. <lltlmll.e;ll il i~ \\'1,11 kllO\\'ll that /I i.~ nol a ml.ioual',ulIllll'r

awl hilS a dilrl'l"l'1I1 \·,tllll' ill IIII' l.\\'o IIlnt!t'ls. Thus till' h'1l1111'ratllf(' ,ll'pt'lull'ul"t! of ~hl'



III

a t.hTt~, llill1l'll~iulllll s.r~ll'll1. As wl,ll. "llhtHl,c,li lilt' (:.1 j"11 I"plaia,; it s :.; f"ld .1"):"11'>1';'1"

!\r\>'lrlllsti11j·.anili\·I'r"1II1';11·i~llIurllw'·XI"Till11'IlI;11 "1',,'ili,·lwall"111l'Iw, ... lillll'IISi"llal.

S=I/'1billp; II1(1d\'[ itl"(I"ho\\'SIW.\' .l!,ulIci 01,1:,1'1"'1111'111. ['1:\1

Studi,'", (Julin' ul,lwr l'I"'l!IlI'l"); j"lI,; ill'" flut 1'I'1I1I1r"III'II"il"> "I' ill "<>IIIl'nIS"" u,,1 a\""il

IIhh,. SIlI,,-j fit- h,';,t. "Llllli,,,, yi.·J,[ il 11'1IIlsi1i"11 11'1I11"Tilluw "f II.;,:!I' f, 'I' N,lIl;l~t '11;,0, _.'

;1l1t1 U.fill\ for 5mB,11('II"O .._•. ['1!lJ In 1.,,1 11 "01111"'"11<1" III<' "I""ili,- 11..;01 lllil~' Ill' iii I"

11 l.\\'tHlillWllsj"11111 lsill!\ 1110,1\·1 if a slnoll!!.I,\' ;1l1is(Jll"\'llir"x,'IIHIlJ!,(' is ;ISSlIllll',I. N"llln'l1

If II'!' lil11il UllrS(']\'I'li lu II ,Ii"nl""iull (If '>111.1' Ih,' 1·:1' 111111 1).\' n'nll",nll'!s. w,' ran /!,i1in

Illore' ill~i~h1. r"III'C'r'l1ill!\ t,l", illl,'rill'1.i,,"~ il1\'"h'I,oI1,." I""kill/!, HI 11u- rdillo'd '·"lIIp'"II1'!s.

ErUil~('II.I()>I allli IlyIl1l2(:'I'l()X' Tl1"~'1'I'1111"'l!lllls 1,011,,.1111' SilIlIl' l'ilsir l,tlil,lill!\ 1,I''''h

ilS tI", II.EBil~('Il'107_~ l'lIlllPOIlIlIls hili wit.h illl "xLra ""I'I"'I',uX,IW'11 lilYI'r alltl l'ill'll SIl'

n'ssil'l' la,\','r' ,lislllan'oI a llilH );lll.in' 11-11.1:1,11 i11ulI)I, 1.1 ... J, Itxis, TIlliS ill II""", ...,rllp""Il,ls

L1,p raW\'ilr1.lIiullsilfl'sc'pilnl1.",Jh,v il Ilir/;t'l' ,'Iilui ... , IW1<1I' I.llitllin1.II<'I'2:1 ""IIII''''lll<ls,

'I'1"'I'I'lI'illl11'ullll'1' ,lHf,'r"ll('I",llI'l.w''l'1I 1II<'s,'nl1lllj'''ln'ls 11111. 1I"'lliliv'.[.I',lisl"'wlfllt,lll'S!'

,lilrt'''''II''I's for IIUI\', Ilutll "UI'll'ClILII,b sh"w 1"'1111'1111 S"i11I,'rirl~ r,osllll.s wl,i,,[,. 11<'111' II", "I"

1\ Hnd fl,!) K fur 1':1' IIlldDy 1'<"'llI'd,i\,,'ly,[:IO] [II Erlial(:lI"()>I "'ll' tillds that as "lII'I'''SS''~

11In'I1/:1I tI,t' lrilllsit.ioll tlln'l' oIillll'llSiUllill ..nl,'rill/!, lH'gilis I" ,I'·I,,.I"J'. III l)yllil~(:U'I(Jx

f,rrt.lll'rsiglli[in,n,·t' islltat. t.llt,N,',t,1 j('IIII"'rat."ro' {"I' I':f is 1"1\'1'1' ill II", :.Hx'·'OIIII'UlIIl.I1.I,;,"

it is ill till' 11:I"OIllIHJlIII1I, implyillg tlll'rt·,11Wliull"fS<J1I1,·i'llr·rl'lil1lHriu1.r'l'ill'tiulI,I,,,·lu

Ill(' il1l'1'I'1lst'd (' lilttin' l't'{'1.Uf. '1'1 ... N,'~'II,(,lIlp"ril1.II""'~ fur till' lly "t>lIIJJ<lIII"Is ilfO' ir[,'llli·

rill, This lias h(~'11 i1l'l'''lI11I,(''! fur ill t,'nllS ,.f 11 W~JI'll'trio' "i1rl<'I,lIi,l,i"1I lOr till' illl.<'1'p[auilr

illl.l'radiolls <ill(' to tIll' sylIHllI'lry ililrotlllf't·t1 hy 1.11<' di.'plIW'·lllt'lil. "f ~HI",,·.~siv'· li',yt'rs

illo11A tIll' I, axis, [:UJ] In rill'!. l)ylla:J(:lI_IO~ is rr,r"rr<',1 I." by "III' l:11l1l1' "r "xl"'rilll,'uti,lisl,



ItS IIII' 1",s1. "XI'IIII,I" ,,( a l.\I",,·r1irll('II~i"'li,1 111~p,lIl'l.i,· ~rSll'rll f"1I11f1 ill nillllfl-,[:lfI]

1\11 Sill!lI'II'~ whirh ha\"!' II1~'1I n.(I'rTl'd I." ill till' sll1,lil':; idsll'!' ;m', "f ("\lUThi', lhrw

,lilllt'usil,r'ill,hl,villjiill"rlJl;tlr,\\'illth,illlll lu'ip,I,I.. )("p,ilr,II('ss "rhow \I"'ak tiL,' iUl"I'I,llllIl'r

illl.l'r;,,'1.i'ul is, liS I"II/i ill'; 11",t!, is .'Mll" i,llnplillwT i1l1.'·!"ilrliulI, 111(' sySI."1l1 Il'ill 01',1,'1'

r,'"d,,'., its llll,xilll'"n 1'"I,ll' l,I"II).!, n,,·ilonll'.,llaUirl' nltls, i'lsl"i,,1 or ;11 rl'ri Ilnlnll 1,,1.lin'

< ,...~,·(n},""~'(ll >, 1, Iwill).!, t.illl", <lwl r Iwillp" 1.111' ,lispl....c,II1,·II! frulll SOI1I1' "rhitrM)' origill,

vi'1Iislit's if till' ~ ("(111111"'1('111 "f r diffl'ls ~I'orn 1."1'0, hulh <lbu\'(' "lId Ill'lul\" t,1r,' lr;l11sil.illll

1.1'llllll'riltlH"', III IU'lIlr"lI SClIHt'rill).!, 1111' diff"Il'lIl.iill rru,s s('diu1l is 1',,11110',1 to tlll' F'ollril'r

1.I'II"sli,rrl1 "ftll(' UIl'!'ilil' ,·urIl,latiu1IfutW1.iolihy

,I'" "{' ",,0'''1 1 j'" 1 (. " ""( I .,,( ) ('K I)~"~ (""/1--"-1 -:;- If,'xp-lI"d}l.J<"oO,"r I >I'XI' , 'r ,
,II" ",I \ _7l" -". r

( l.~)

1I,IwIl'II <11,,1 rl ,1"l1ult'I""l'I"lrll'nts (If K. whirlr is t.1,,·,lirf,'n'lIl'p ill tIll' iliroilling 1II'11lrUl1S

\"I,\"(' ,"",'tllT k ;11 III rill' S.'illh'I~'d \\'<11',' \'('r1.(1T k' (K = k - k'l, In" I.wo·IlillU'lJsiullal

S.\"SI"111 1.111' s'·IIt.l.l"rill~ '"!'os-' :;{'d,iull will lll'illlh'pt'lId;lnl o( 1.hl' ~ (,Oll1pOll(",lltuf K anti

ill a sI'II1.t,'rillV- j':~'1l1'ril1lt'lIl UII" will F,,,I, l1\n~illlHllI "rillt('rillg ;I!01L~ 1l1cls illsl!'lId of al.

[>oilll.' as 'Ill" II"Ullltl fur tIm" ,lillH'lI~iolliLl mdl'rillp;, I( Olll' II'pn' ttl ,'1'''11 1.11(' ~ritttt'l'ilig

illll'lIsil,\" II!OI1V, tIll' (l.o.t) lirll' ill 1111' n'eil,wl'al lattin' jll~l aho\'(' '/~ OTW \l'ol1ld f111t1

al (1.11,0). {LIt,1 ) ,,!t', SlI]lI'I'iuIIIOl'p,1 (III Ill(' 1\\'(l·di11ll'llsioual rri1.ieill ~,'"tll~rillg. It is thl'

1wtI·t1iUlt'lIsiuII111 .... ili"111 s";llll'riI1A whirh is 1IS1~11.(J r1l'1i1lP" l\\'o·(lilT1l'lIsiulla.1 SpLC'Ill, Fur

it lIlon' tlt'l"il"d tlis"lLssi"lI IIIIl' i:< n,r"rrt"d lu llll ('XI"'I\"1I1. .IiSl'ILSSiOllllr "ritinllll{"1l1rorl



('/I<1/"f'[ I. /rllrm/urrj""

('rilil'!l1 /'1>, lI111n, 11011 ,~lill'<1 hy lJumb IIlld (:r"'11 [;11 [ ;11111 ;, ~h"1"1 ,li~"lI~~iuli sp""ili,' 1"

1111'S(' SlIl't'l"("lIlIoIlICl ill!!, "1I1l11H1lln,[s 1o~' Zhan.l\ <I III. 1:\111

\\",'han·lll~'n ili.1rilllltill~I1IO'S=I/'!.lIalllr,,"f all 1Ill' 1\1";lIIWrS ill"S. willlllw"sn'l'lilill

"f (:11, lu 1Ill' <'.E.F. ,\ dO'1i1il"d "alfldllliulllif 111l' I'r.I".Sl;lllill'· ,,11"'lrir li,,[,b in 11",1"-

"'>111IH,'m,l" is lI'-.·.·.s~,lr,l· 1" ,,,,';II,li,,h Ih,· ,-:<isl"n"" i11111 II", 1I11I~11"lir d';lra<"l"r "r III"

1.2 Exchnl1ge interact.iollS

All irnl,ol"l."ut ~()al "r Illj~ 11H'.';~ i:< 1" ,'sti"lal,' II", r.,I;,lil·'· :<11"'1l~111:< "f II,,· v;'fiuliS i"I,"

iwl-inlls whic'h mip,htl11' n·.'<l"lIIsil>l.· rur III<' "h""fn'c! ufrl"rillA;,1 1"11" 11-11I1".,.a1.nn', \Vhil,'

11 l11aj(ll' "'>11j,~"tlll'" u[ Ihi~ 1>;11)1'r is 1.l1i,1 Illl' .lip,,],-·,I;I'(lI,' i'II"I'i1r1io"l is II Si.l!,llilinlll1. iliin

typO's (If PXI'lIMIJ;" illl"fill·tillll. all ,,[ whidl ;It!' l.Iu· n'~lIh, "f ,,1""I,nJlli,' dim!!,,' d.. ,lsil,\"

(>Vt'rlllp. Till' 'listilll'lioll 1"'1.1\'(.'11 til<' r1ilf'-l"I·lI1.I.I'l""''< II[ "XdliltlJ.\'· iIlL,-nldi"ll is 111'- IWIlI'

)1<'1' iUII'hid, tltis ,>wrllll' .",nlrs "1'111111' t.l", illl",.".·t;"11 is Ilw,li,,"·,I. 111 ,Iir""l,'x"ll;'''!!,''

two ll1a~llt'tit' i'Hls inll'rlld. J.p,'iIlIS.' tlll'ir dl;II'!!.'- ,lisl.ril,"li"'ls <11'<'1"1111'. III s"I",r"xdIHII!!,"

11Iilgll<'Iil' iOIl. TilliS a SIIIH'rl'xdulIIA'- irrll'l"iu·tiull is 1I1l~1i111..·r1 lIy ;, II<JU·llIaJ!.lldi,' illlr. III

illdin'fll'xd11lu,l!;I' tlll'n'is 11<1 ,lin'l't <Jvl'I'lalJ uftlll'dlllrg",lisl.rilull.i'lIIS"fi"l1s, Iolll ill.,<t";111

l!l"l"l-jSilll 1':<"IHlIlj:!;P ill1.c'ral'liulIlllt'dillh'r1 lIy tll<' ,·"",hld,i,," pl'·I'l.r""s.

1.3 Synopsis

'I'll(' i1l11I(w!.al1ll'X)l.'riuwlI1.l11 n'slllt.s Ilia)' IJ<' smlllllinisl'rI as f"lI"ws. TIll' d"g'-III'n,,'y "f

tl1\' grl)lllld Slllll' in ,~rliilll1l an,1 r1Y.'<1'11Jsiulll n'llIp<JIII1'js 11...,< 11I~'l1 ",-rlun'" to II rloll],ld,

IlU>sllikely ,!Ill' t,} C,!':.F. A S=I/'J. 1Il,,,I,'1 sl\<>u\,1 I", ;'I'l"·"l'ri"l'·. sil"'" il 1>l'I,vi,I.·" il".



1'1'''I'''f d"l,!."lI"j';wy flf IIll' ~nmuol Sl;,ll', F"r j.!,<HI"lin;lllll 11 S==7/'2 lllOlI,·1 would 1)(' Illlll'!'

;II"'I'I'I'"i;ll", III til" <'Tili"I,II"'!!';"ll llll' 1II'1I11'ou s,'al.ll'l'ill!!, lias Sl,ill f1,Wl.lllllioIIS wl,irl,

,.]"'rad'·I'is(' 111I'.~yst"IIiS i,S 'I\'lHlilll"lIsiulI;d" TIll' slll,,'itir 111'111 iUllll,~ysh'l~lS lllil)' lit'

iii n';ls"lIal,r,v),y 1.1 ... S:::I/:!.. '1I'IJ·,lilll,'usiollill [Sill/!, 1110ll.·1. Tlll'II'IIIISilioli t.ell1!,I'l'i1llll"·S

l"'no1ul'" j"""p-,'ll,,' ,lil,,,lar i"I'·r>I<'t.i"lllI'iIll,,· Sip,llili"lllil. '1'11<' nlls,'n'"d ,ml"r,',l s1;11,';;

111'1' 4'lliISis"'III, with I,ll<' Ilri"II'lIlioli of ,Ill' I'i,n' iUII's spill 111101 II ,Iill<llar iUI"I'Hl"l,ioll, wit.h

II", ,'s""1'11ol1 uf (;,1. TIll' dipolar "lllll'lilll; l",llln'll IIIY"rs IIIlS 11l"'1I SlllllI'l1 l" Ill' \'('ry

w"llk, I'<JlI'I.aro,1! hI 1.11t'iut.n,),llIu,'r in'I'rlll'lil')1 ilillris ,'ll1SSufn>1lllllJlllltls.[:!..I] Till" slIlwr

n'IIII'WliuJ.!. Sll1l,' is 1101 il!f,,(,t.,~1 h,l' 1,111' Sl1hslil.lltiull of tIll' IlHll;II1'lic rMl' "Hills fttr thl'

11"II'I'la!!,II<'t.i,' yll,rillill. As w,.fl, "XIH'I'iulI'lits "II buill t.11l' slIllf'rCHu,lllrt.ill~, urt.I,.,rul11hir

1'",'1 ,'xd'ill1p,,' iUI"l'1l<'1i"u \\,i11IIl' \\'<'lIk, TIl<' l"nlliSl'd Ul1'"tl' uf 1I1l' ,If slrl'll ill tllI'r;m'

";'1'11, i"l1 I"al",;; 11 ,lin"'1 ,'xd"llIl;" llnlik"I~'. 'I'IWI'!-fofP if thl't!, is 1111 iulpnlrliol' IlI'shll's

II", ,Iipllllir i' willi", lllusl likl,I,\' lit' 11 slll,,'rt'xdl1lll~(' iJlle·r;,I'1,ioli.

w"nl,II", a ~,,,,01 dloi,'" ;l~ all illi'iallll'Hkl rur In:Bi\~(·IlJ07_~.wlre·r,·tll<' IfE is mil' "f

,11<' l\rl\lI1"l'S i"IIS, \\'I.il" w,' ,I" 11"t "X]W<'l 111a1. 1\ siml.I" nUIII"I, sllrh liS II'" 1,1'" pfuposillg,

\\'illlu'sutli"i"111 'I! ,'xl,lailll,11 til<' IllilAIWIi<' ]11'l'I1lIIlH'lla ,'slrihil.l'lll.y lllPs!' rompol11l1ls, it

is illll",rl;"l' I" h"n' ;, sial" ill~ Iluini frll11l 1\'llirh III dC'\'l'lup f1 hilSk "llll,'rslilUdil1p; of tl1C'

1,lu'IU'III"1111, In,J.'c',I. ir,lu'l'l' an' f";,III1'l'Suft.llt' c'xll1'rinwHls whirh 1l1'l' Ho\. well ('xllJailwd

ill h'rlns lOr 1his l,n'p"sl',1 mud,'!. 1111'11 Ih,· '"<l1l1pllr1S011 prod,!!'s Ill1ic1allrt' iUllelf'fmiliing

a 1I'''1'l'I'''I,[isli" IIU><\l,1. 111 dlal'h'r:1 WI'will C]jSl'lISS tllC' i111plt'I111'1l11lliolillfol1r llIudf'l:



"



Ch:tptcr 2

Mnnt.e Carlo Simulat.ions

:.!.I Int.J·lllhu:tioll

Sin... · I!ludl "f 111" d1111! l,n'>'l'u1l'd ill IIII'I Iw,_is is ,1,·r';I·,·d fl'um ~Itlllh' <:"r1o simlll~litll\s,

il is ill'l'''I'lil!lt tu "Ir,'r lilt' 1't'1,,1,'r a ""si,' 1111.1,'r,.;laudillj\ "f til,' ttll'o""" Iwlrilld sudl sim·

ul;lIi,,"S, II is ills" illll'"rl,HlIllu disl'lIst< tilt' ,wl,lIal illllll"IlWllt;11iult or Slldl it SimllI1\t.ioll,

111 ,1"ill.L!.s"\\"'1,n· ,,1,1"1., Sllllll' till' I'U\\'"I'. wrsillilil.y.ftlill fllurlllllll'tltlllsilllll]iritrufl.ll"

2.2 'l'h(~(Iry ur Munte Carlo Silll1llntiolls

'1'11,' ~1"lll,· ('ad., 1111'111,,,1 illl'l,II'.", 1Ilt, US,' .,f a m1l1plllN Sillllililtiun t.u !;,'IH'l'llh' iI t'U]]{'r··

li'>II.,r slal,'S r"l' ;] ru,,,I.'l .sysl"Hl. III ''(lllilil,rilllllstll,li,'S t]I.'sl'sl,!l,'s milY Ilt' g,'n.'rill.f'<!

wilh;o 1'1't>1,abilil,\' I'r"l'tll'li""i11 1" 11ll'ir Illt'rllllld,I'lIi1Hlir I'l'uI11lhili1.y. lind f,'omlliis <'01·

til" ~1"IlI,' (';11'1" 111.'11i.,,1 lu slu,I,\" rt'llIxilti"lIur tr/llispurt plll'lI,ml"llil, 1;151 Tlw liSt'S of

1Ill' ~I,,"l., l'arl" 111t'IIr"d an' 100 1'lIlm'rolLs 111 1I1t'11ti,m all of llll'111 Iwn', hilt t.he illll'r

"31 ...1n""I,'r tIl;I,\" n,rl'r I" IltMJk .\fill/If ('1I1'{1I II/dllOl/ ill joIla/islin" IJhlJ,~irs I))' I';. IIinnN

1:1:",1 f"I' III"n' ;Uf"'·lll.. tioll, W., will liSt' Ill\' :\lul1l(' ("HIIi I1wl.h<HI to pvalm!1.p ('Cjuilihriul11

Iii



C/Ull'/cr 2. ,\/ontc ('ilr/o Si"IIII'lfilJll.~

J,I{.'lA(I"})"XI'[~1

(A({"})I= f"{.'l"'I'I~1 .

IIi

Tlu~ sd {;r} is i1. sl'lor vilrillh\I'S dl'l\nihinp, a l'unlip,lIl'aLiull or il s)'sh'lI1 "l' i1.s pilsilillil ill

1'(HlS(' Slmn'i!.TI(I 'H is llll' II,lIl1i]Lunian orllH' Sysl,l'll1. /\11 I'X;llIIpll' or ;I sillll'l'·I.rlllli~'I(

II(' the posilions ,m,11110nl<'lllii of il 1I111111,,-r or ,-II'I'tl'l,ns illl.,·rildinp, \'i;1 (""II"III]' 1',rn's.

Thl'lie illlq~r1l1s an' 1.ypindly Ol'<'l" a VUllll1H' ill " V('I")' I<lrR(' dil1l"IISi""id I'h;lS," Spil<·". II. is

2.1 ,1lId 2.2 IlW convl'fh',] to SlIlmUllli,,"s O\'I'I" tilt' t1i.~('f('1.1' pll;H;" span'.

As all ,~x;llllple 1,'lll.~ luok al1.1u' i,It'al ,l!;a:! of N I'artkks wit,hullt IIsiul!, lilly simplili,·;o.

1.iulls dlW lo SYllll11dry. In tllis mUlI"l "({.I:} lis ;IIiN .... mqHl1l<'ut v,·c1.,)),; lhn'" nll"I'UIH·11C.S

for "1Irll mUllwntlllll illId tllt,·(, rulll]lOlll'lIts ror ('adl IJI'siti"11 or till' N IHlrticl,·s. '1'I11·ro·rlJl"!·

is applil'llhle lo systl'llls with il hll"J?;1' 1I111n!"'!" IIf l,arl.id,'S, W" \\'IIlIld 11IIV(' ,'II illl'·l!.ral,iuli

in it p!J;lSI' Spill'.,' or lal"ge dillll~nsiollllliLy. III th,' '·iI.S" ur 1.1l/' I"'tr,·,·t AilS it is JlII.'i,~ild,' t,u

do tlH'sl' illtq!;rations iUlidytically. 111 must. rt~Hlistic ,'ilSl'S, wlwrr' 1I1"fl' is S"llIl' inlt'r;Il"

Liull hdwel'lI particles, it i~ nol possilll,' til du lll,'s,' IIlL",!.\I'HLiUIiS Illlalytil·ally. W" II111sL

sOlHehuw apPl'uxil1lilL,~ tlll~ illl"p;ratiolls, .~vell t1l1l1l,'ril"illly, ir 1I.·.·1'S.~al'y,

Tn illlq!;fille 1I111ll,~rklll1y OWl' Sllt'h " lilrAI~ dillH'lIsiuwd Spill"" w"uld I,,· V"l'y l.illl"

CUtlslll1lilig if WI~ wel"l~ I,ll "ll'~lIIpL slid I lUI "vallialiOll ill till' IIlll'lliitl 1I11,nll'"l". Ily lIunlllll

manlwr, I am r,-,f(~rrillp; lo il I!mn'ss wlwr,' w.' \\'ulIl,1 ,livid.. till' I'l.ww Spl"'" illt" sllIi,lI

lllulti-dimellsiollal ClIllI's (liyp(~rclJl .. ~s) uf VOIIlIlIl' {A;r.)""', N 1.. :iIlA till' 111111I1"'1" ,,r ,1,,/.\r.·,'S



ill!.t'j.!,l'illJd ill L111~ n'lItl'r or tlll'SI' slll1dl 1:IIIH~S 1I1l111,iplil'c[ by 11ll' VOIIlIlJ(' or a hypercuhe,

Till' 1;11'1;1' ,lillll'lIsiOllillity or (,1(1' I'hll,~I' SPll(,'~ Illilkes this 1111 ill1prilrticnl tlll'l,hod, SillC'~

till' 1I1111l1ll'r or slwdlllllllti·diHll~lIsi{)lIi\lI:1Jhl'S would IIc' l'xtn'llwly large. A wid('ly llsL"I:1

lIlt'tl1, .. II." il1ll'flIVI' till" ..rrid"lwy ur tIl(" 1I111IlI,ri,'al illkgraliol1 is tu I"<lIlllol1\ly .hoos(, a sl~l

"r I'"illl,,;, Ilf},,], wll1'r" I' lal,,'ls ,'adl dll'sl'll ,~d (If vnrilll,k'S, \Vl' stil111ivide phllse IIp<l(l'

illl" SII(l11i 1i,\'I'I'rnllll'S, Iml, WI' dOl IIU1. inr!llIl,' nil hype'I'cHbl's ill tilL' slim approximating

lll,' illl"l;r;,I, 1II,~lc';ld, WI' ;lldllr!I' "Illy SOII1l' ,~lIlall perrl'1l1.n,!l;!, uf thl' h,\'pl'rcuh~or poillts

in 1,lwsl' Slwn' ill "ur I'Vll\lliltill1) l,f til!' illt"l!;ral. Thl' points ill phasp- ,span' that \\'(, indlille

iln' .-I1I>S1'1I fiulIlullIly, This 1'I1ndom dllJin~ or poillts is in rild 1\ rOI'1ll of tll!' nlontl' Carlo

1Ill'1.llwl. lout lIut 11 \lIT,\' dlkh'ul. Oln'. Thl' main ]J1"Obll,tt1 with choosing ralldom points in

I'lIils,' Sl'i(l'", in 0111' aU"ll1pt to tllllHl'firill1y 1'\'illllaL,' i1l1l'grals of thl' fOl'm 2,1 I1IHI 2,2, is

l,lia(, 1,1ll' ill!."I;l"ilild ur (,ll('sc~ illtl'~I'HtS willllllVl' \lilriations of 1l11l1ly ordnrs of tlIilgnit11(le ill

!.Ill' l"I'p,ions or p,l"l';ILpst illll'1'I'St. ilL tC'lI1pl'l'll1.urI'S 1I1'ar ('H) ~ N~'R'J', Sf) II'C w0I1I,1 splmd a

p,w,IL '!c'ld "r ,UII' HllH' 11I111illl!: illsignirirallt rOlltrillllliulls 1.0 l1w integrlltion, Therdon~ lI'e

lI'itll(, to dl1,o:-I' til" point:- fW1l1 11111' lIlulti·dinll'nsiollill phaSl~ spare ill S0111e Hppropriate

fasllion, SUfI! t.Il;ll til(' "important." rq;iolls Iln' l"epn'Sllllted lllOr(' often ill our choicc or

I,uin!.s 1,0 iul'llld,' ill til!' 111ll1H'rirlrl illtq~ratiotl, By imporl.itnt II'C meall thOSl~ regiolls or

l,lI"s,' sp,ln' tll,lL will C"OlIt.l'ihnt" signifkantly to 1.h(~ illll'grlltioll, To givc a lrivial cxallll>lc,

ifwo'wish I."nl],-ul"t"

(2.")

which i:- till' illt,'p;r,d "r il squl\l"I' pillsI' as slluwn in figllrt' :ol.I. If WI' \\'l'rC to selecL x (he1'l'

1,1ll' pll,IS" spiln' is tlnl' diult'llsiolllll) fillldo1111y from -100 lo +100 then the majority of

till' 1illlt, w,' \\"ollllllu' ilr!dilll; ;',l'1'U t,,, OUI' Wr!11!' of A. If ins1.l'iid we s0111chow kllew that the

illll'"r,ml! poiu!:, an' 1.11us<, 1I"11t'I',')( is lwl,\\'('('l1 -10 and +10 imd diose rllndOtll POillh

<llll,\' 11,'1\\""'11 -Ill and + Ill, OIur ('\'all1illioll ur tilt' inli-gral would 1)(' milch more {'fJil-ient,



(.'!J,1Jl'cr:!. MOIIII' ('ilr/(I SiWUI,.,illlls

Fip,llTl' ~,I: Sqnllrt' plll~..

\VIIIlI. Wf' Im.\'l~ dl~l'rilJl'll nlllJVI' is it simp]l' (",lSI' or till' ("1111""pl, "r ~illlpl>rl.illl'"" Slllll'

ability I'({:r.},,), tllen We> lllay l"e>wtikl'llllltLiUll 'l.'l liS

M h~illg tltl' 11l1111l>cr or poinLs Wl~ 1mVI' sampl,',l in 11]IIISI' SIHIl'l', By "(forl"lw,' lr1l'H11

the proh.. hility of dlosillg {:t},. liS a I'IJlIl1,;nratiurl to irwlndl' ill flnr ,'valuation uf till'

partition rUlIl:tioll. If we an~ able tu r.lll's!' I'(l~: I,,) ill 1111 !'tdi~hl.l'llt'd milUlIl'r, WI' sll"ulll

sill1lple LI1l' "i111pottllllt" rq~iuns 1I1OW fl'l~lln"tll1y an,l 1l(~11'"1' ,~ltllilid hiW'~ Il IIIlWII III'm'

='1f.\WI'({x},) = I',,(!x},) ~, " .
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l'arlil,joll flllldiOI1, Il1lll 11l'11l"(' is !lot llfill:tical. \VI' rail, l'Ol\'('VN, COIlSlnl(l 11 random

(2.7)

'I'll" Jlrul'ililility 1'( {t:}i. {J:} I,l) ill 1'lpml.iOlI 1.7 i.~ till' Ilrohllhilily of lilillilig tIll' system

ill stilt..· {,"IJ IIft.,·," t .~I.('p.~ ill till' flllll](J1l1 walk, slat1.illg ill initial slalt~ {.r.};. H t is lill'/;l'

"II"up,h 1.11,,1 ("IUBliuli 2.7 is valilltlll'lI we llIay liSt' tIll' I1nal stiltt~ of lL lal'gl~ 1l1llllbcr of

1'111111ul!1 Iwilks a.~ 1I11f l'llSl'l1Ihll~ to I'Villuatt' I'qllillioll 2.r1. In this r;IS(~ we wOlild ILssodalc

t.II,· JII in "IIu:;ti"n ::!.li willi lilt' ll111n]H'f uf walh in om (~lls(·mhll~. \Vc llUtl~ at this point

1.11111. illslpillluf til!' lillid stOlL,' or il 11l1"gl' IlIll11h(~r or ram]ulll walks, Olll' may I'qllivalclltly

Ill'll' ;11l "IISI'ItlI,!l' !'Ull1IIUSI·d of /1 Silililbly rho.~ell sllhs('t of till' final staLl'S of it single

l·mllluill walk. if tilt' mlh·{"tioll uf Stiltl'!; ill Lhl1 raud011l walks is ergodic. Therdore we

will I"l·qllin' tll;l!. 11IIr IlIl·t!Jml"f Ijl'fwmting the random walks yield all ergodic. collection

"f wlllks. What is IIll';lIIl by "sllit"hly rhost'll" will be discussed hclow.

'I'lli' random \wdks IlTC' ,11'fi1ll'd in tl'l"11IS of a Markov procCliS, which ill turn is defined

in tl'rlllS uf;1 1,I'lI11sitilll1l'ruhi.hilily fl'lJ111 oue state to anoLller or from one point in pha~c

Spill"!' III allotll('r. WI' Il1l111t' this trausition prohability a.~ W({:t)" ..... {x}".), which

is lilt' I'mh;lllilily of 1lJlJ\'illl;, ill phasl' SJlilt"l~, frulJ1 the poinL {x}" to the point {:t:}"•.

III utlll'r words. it is till' prohahility of rhalll;ing fr01ll a configmatioll specified by the

\·ilriahks l.rI" lou a ('uuliJ;llfillioll spl'cifktl hy thl1 vilriablcs {x}.." To iusure equation 2.7

is s;llisli"11. i1 is sllflil'il'1l1 In Ill'lllilnd I,hill II' satisfy tilt" l"Ollditioll of dl'tililcd balance,



('/Ul/ll('( 2, MOIII,' (';Irlu Sillltll;lIimJ,~

TIll' ronditioJJ of d('lilih"lllillilJIc'l' slal.t's t.hat llw prohl,l,ilit,1' "f I h'·li~·SI.'·111 IIl'ill,l', ill sIal,'

{.r}" and 1.111'1l nlll\'ill~ to lit.at!' {."},., is t.h,' lilllll" as IIl'iliA ill sll\k {,r\", lllld lllilkilig

it tr,illsitiull Lostall' {.r},.. Tosho\\" I.h<ll. dl'll,i1,'d I,lllmin., "'llln!illll :!.S. isslllli,·j"lIt,ICl

l'IlSllrl' tll;lt ''iluatjOll 2,7 is sIlLisH"d. II'" will n'I,Ii,'nl." 1( simple' 1111,1 pll.\'si..all.1' illl.llili\'"

a"1;1l1tl1'1I1 of 1li1lC1,·r.[;\r.1 W" first ill(;lJ!;ill" I,hill, \1'" IWI'" iI IllrA" nolh'l"l,iull "f 1\1;lrk(l\

professl's, ,~() lVI' i11'1' 1'lOkinp; lit lllil"y sysL"nl.~ I'llI'll ill, ,~tlnl" I,uil", ill 1,11111'" Silill"'. ~III'I"'St'

that 11'" have' tV, syst('tllS at puillt {,d, l111d N" 1'.\'1'1,1'1111' ill. poill!. {.r). lit SlllllP pilrl,i"1Illll'

till11', allll 11'1' know lIl1lt 'H({,r},) < 'H({,r}~}, TIlt' pr"hilhility or lIl(lvin,L!. frolll sial I'

{,t:}, tll stlll-l' {,rl~ if WI' 1I1'(~ lllUVilll1, ill H (·"lIlpll't,-I.~' rltlnluill fllshi,," is simpl.\' I ,,\'''1' 1.1\1'

\'oluJlH'of philse SIl1l('I', Ikl(nt.illp; this prohahiliLy by IV.. , 11'1' kilO\\' tllilt sill"1' "\"'rythilll1, is

r1l1l110l11 IV" = IV.. , or ...mrSI' till'S" prul.llhiliti,'s ,I" not sillisf,v "'lIlat.iun ~.S. lillI, hill'iliA

dl'Oncd IV" l11l1l lV.•" W(' fall ('asHy fiud a ,~t'l "f IV! {.I'I, -, 1,1' I~) illul IV( l.l'}~ --. l.r I,)

whirli dOl'S satisfy cfjllatioll 2.X, III piH,ti,,"lm' W" IlaVl'

W({:t}, ..... {;r.}.) W"('XP~,

=H/"('Xll~,

Wllx}, _ {x},) =11'" =11'".

(:l.!J)

(2.111)

Thi.~ set of transitioJl PI~lbHhilitil's dt/('ll satisfy l~tllali,," :l.X alld iL is t.his Sl'l W" wUldd

US(~ ill a silllnlalioll.



N.IV".

(~.II)

(1.12)

(2.1:1)

(1.14)

W,· s,'p frul1I "'IIIII(,iuII ~.I:l tll<lt if N.IN, is II'Ss than \'xpf;W 1I11'tl 6N,_. > 0 illl\l N.IN,

inn",lsl'S, "II Oil' ,,1.lll'r 11'111I1, if N.IN. is lar,I:;o'r 1.111111 "Xpr,¥,I 111('11 fiN,_. < U a1ll1 N.IN,

,I<'c·r"ilsl·.~. As w,· 1110\'1' fllrl.!wr alull~ our Mllrkoll proCl'HS(·.~ i\ sl\'ady .~lllt~ is r,~acll,'([

wlwl"l' N.IN, = \'xpl"ii"", wllk!l is I'fl'c.b,·ly (·(III1l1.ioli 1.7. Fillill1y illSkill1 of looking ill

lHall.\" hlilrk\lv dlilillS, w" IIlny "~fluidly "ollsi'[,'r till' parts of a single long chain, 1llld Ol1f

<11'1-\1111\<'111. lind 1'",mlt, will h,· lIw .~all1<'. It i.~ im]lol'tlllll to noll: thai dclai[,·([ balluH;e docs

nut l"l's1.ril't uur ,-!10k,' uf lI'({.r)" --+ (.r),.,) 1.0 11. sing[" function, bill rather it limits

;"""'1'1,,1,11, fllllO'l.iolls. '['wo WfY wickly IlSI"I! elwin's for W({;d~' --+ (;r)~) arc

,'xpfiW
lI'({.r}", --+ {,r}.. ) '= I +expfiW , (2.[5)

mltl

: I ir61i < o. (2.10)

[ll alll<illlillatitllli'l ill l11is t111':<ii'l w,' lw\'\' 1I1ml!' USI' of "'luiltiull 2.lu, liS it cquilibratl'5 it

S.\·s1l'1I1 \w.\·dli.·i,·nl,ly.[:lfl] [:lli]



Clia/llrr'l. MUIl'r('ar/"Si/llI//.,riulIli

2.3 A Simulation

Lt,t Ill' Illogin lu ,II,\·t'!ulllJllr und"(1l1<111,lillJ; "f a I\lulll,' ('ilrl,. :<i111111111;1I1I l.y I.."killl!. l11 111'1\'

it s;mllll1tioll might l'fUf't'l'f1 rur 11 g"lIerlll "~(;llllpl,'. I.I'l us ;':<:<111111'. ftlr t1,i:< .li:<"Ils.~i ..l1.

tllllt WI' lm\"'lI spill lIlo111'l, wllt'n' 11'(' hll\'" N spills whil'll lIIay llSS11l11l' ..itlll'r ur 11\'" Sll11o'S,

oS' = I or .t,' =-I, Till' Ili'lIlill.l>llillll rur llll' ,~,I'stl'm will 1"'11 flllll'lilill llf lilt' 1'1111,' "r ('lIrh

is illlglllrul''fl hy till" nuw d,art ill li,r,urt, :!.:!.

To h(ogill a sillmlatillil SIlN'ify a It'mp,,'ralurl', 11I1)' l'arilllll'll'O< ill LIlt, 1I1l111ih,,"iall, an,1

all ;lIiliallllalt' (5.'}o, Wf' lhl'lI hl'F,illa Mark.IV 1'IlKI'!<.'l lUIIIIII',' t"r,,"~h phi'S(' l'l'iU"'. '1'"

usilll'; ~(tllilliull 1, If;, \V., lllt'li A"lwral" II rll1llloll1 lI11ll,l ...r Z, 0 < X -:.: I. Tllis III'I' "r

ralldoll1ll11tll!wr:< is ll1l' rt'IIS1111 rut,l1ll' 11I11l1l', MCl11l(' Carlusilllillill,iuli. \V" tl1l'1I nl1l1l'i1n' Z

WI' 110 not rIlilllgc' .'oj)" III IlIIlll n,S\'!( WI' ]mvI' it 11I'1'.' fUl1liA"ratillll (it llI<1y I... tl,.. S<lI1W ll:<

lll(' pwvious rOllliguraliulI, hilt WI' lIIlIsl f'tlllsi,r,'r il 11 In'w t'tmIiAIII'aliulI). This I'r"n'!<.'l

cullstilllh", Olll' MOille Carl.. sll'p lUlll w.' oIl,lilll' lillll' ill l,'m~'l "r MUlik I :.. rl" slt'llS I,,'r

dl'grt"C of fn'("(lom. For ('xal1llll(" ill II spill syslt't11 willi N S"l'ills, IIIII' MUlllI' C;,rl" lilll"

unil is ('(llIivIIII'1l11.o N Monll' Cllr[u st"llS. Fur 1l1l1S11'1IfI"N"S llll'T!' is II" r.,t:,li,," l...lWl~'lI

Monle GArio linw allil rt'lI.l Lilllt'. TIll' illlrt"ludiulI uf II MUlIll'I:;lrl" titll" is W'III'I'i,lIy f"r

cOllceptllal pllrp()s~s and it (!d;III"S I'lIsilioli IIlWIA II Markuv ('haill.

Nole lhnl 1'0'(' have ollly dlH!lp,I~,1 lIW' ,Iq;rc'l' lIr rn'l:,lulll ·1.111' vari.d,lr· Sk' i,",1 t.lwrd01'"

this cOIdiguralilJll all,l 111l~ illiLill1 l:fJllfil';lWltiuli art~ lIiAllly IlIrrdlltl~1. 'I'll" sysl""1 JllilY
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<'(IH.'dill!!; .Iatn I\"l' 1I111.~1 1I1<,k(· ~llr<' I It'll W" 11,(\"., all"II,...1111l' ~,\"~1t'1H t" n',wl1 Illt'nlh"I.I'

lli1lllil" ,'qllilihrillll1 imd that (Ulr ,'!lui,'" of all illiti,d "utlli~lIr,lli,," i~ nul inllu"IIO'il1!!. "nr

!\IUl1l." (:arlu il\'l'rilAl's: tl1i~ i~ 1l,~stll"l'II if "'111011 illll :!./ is '·'lli,l. Ttl ,hI tl.i~ ".(' Illll:<1 i~II'ln"

in our dillil '1lIi\Iysi~. S"IlI,' initiill ni111l1,,'r "f I'l>llli~lIrali,,"s nllT'·Sl''''lllill.c, to. lin X .\"

i\'!Olllt' ('arlo :<h'p:< ur /Ill HIIll' sl"l's, TIlt, "XiiI"! 111111111,,1' "f ""l1li~lll'al_i"lIs I"" lI(lIsi i.a:.IlIll"t·

1",111 \1'(' ,kt."rmilll' if Iii""!' ..Iimillat,',l il Sllfli!"i('lIt 1l111lllu'f "f '·lIuli!!.lImliolis. Tu ,kll'I'lIlill!'

I"lH'I'ill'tl'ristir of 1,1i.. IIPllruadl 10 "IlllilihrilllH. If WI' aSS1I11l,' t.11iIt. t,Ii,' lilr~,'sl. l'!'\;lX'I1.i"lI

till1\' is til,' oTlI,'r PilfilllW1.,'1' rdilXil1.iull tim", TI~'I', 1111'11 1.111' ,',,"ditiull fill' "<1 l ...r"lIl1'S

I'U » T,~"'. Till' 1.,'1tIlwl'ill.\1tl' dilfl'l'l'III"", i::."I' = T - "/", is I.IIl' ,lilf..rt'II'·(' 11l'I\\"t~'1I 1,111'

till' tl'lllp('r;.tUrt' of tlU' ~il1lI1111t.iulI, '1', alill t.lll' 1"1l1Iwriltlln' ddirlO·d by till' illil.i,,1 nl1lli~

1l1"i1liUIl '/". lIy tl1l' l."l1llll'rillur,' uf 1,111' illiti,d nllllil-\lIra1.i,," IV" 111";\11 th"I, 1,,·tIlp....al'II'1'

for which tIl(' nlllliAllfiltiun is ill) l'fplilihrilllll ,'ulIliv,uI'Hliuli. For l'Xllllll,II', if till' init.ild

~ysll'll\ is 1I1f' grullnd slill,,' l,lwll it~ lI'1l11,,'ril1.1l1't' wUlIld I... '1" = n. A 1I100I-1"lllilil,rilllll

rdaxal.iull thill' for II Llll'1'1Ilo,IY1l1111lil· vilrillhll' 1\ is d..rillf',1 ill ll'rlll~ uf tlU' 111(,1'1-\1',,1 of till'

1I0l1·f~(lnilihriIl111 n'II1Xil1.iull fllnctioll ";~T(l). W" fl"filll'

1~.17)

iwd l.llf~ rclaxil1ioll 1inlf'

f~.IHJ

'I'll(' t in ('(Inatiolls 1.17 alld 1.1M is 1I1I'I\.~11l·l'd ill tl'1"lllS "f MUll1f~ Cildu t.ill'" IIl1i1s. \VI'

llav,~ introduced till' tillw dqll'l1delltlms"I1IIJI(~aVI'raJ!,'~ < 11(l) >'/'. /l,iwn by

< Ail) >T~ L:: 1'({");,{"lJ,ljAI("Ilj,
1"!,,{"1J

(:.I..l!')



(:/W/",'(;t. ,\/,,111,' '.'.,r!o ,'jillllll."j!J/!.~

wllt'n' UII~ ~llItl owr {,rI, is "I','r thuS(' st ... ll'l' wllirll ilTC' 1''111ilibrilllll ,·ollfiglll"... t.itJn~ at

t."lII]H'r;llll"(' '1', "1Il1 til(' ~1I11\ 0\'('1' j.r II i~ CI\'C~1" ... 11 st ...1.,'s.

I'"r il vi~II;,1 "XI'!;lIlil1.ioli til" r";td,'" i~ r,{,'rro',l to li~lIro~ ~,:I. III this gr... pll \\'" shllw 1I1l'

lilli" vHri;d.i,," "f 11 lidilillll,~ ol.~"rvilbl,' < AIJ(I) >. 1~;lf'h point r"IJrt'SI'nts ., ,'haIlKC';1I

'Ilily 0111' .I"':" ..... of froT,lom fn':'1 1,1H' pn'vio,,~ puillt. 'I'll(' rrgion w,' \\'i~llto l'xrllltle frolll

f"r 1 < r,~;r UIt' ~.\'~lt·11I i~ ~till vl'ry lillII'll d"lWIIlII'IIt. tilt tllIr illitial dwie,' of rontiglll"Htion

alld 11iI~ 11"1. n'al'il<'d "'luilihriul11. Tu illSlIrt' W,' 11,,\,1' <'x,.)ttdl,t! tlli~ I"l'gillil II',' ~kip all

"'llIfi).!,lll·"li"lI~ (rulil 1,=0 up IIn1.ill =-= lin.

()lln' W,' 1',1'1" l'l'i1dH',I"'luilil,rilllrl w" IlHl'y r .. !flllal<' lit" IITop,'rli,'S of this I'qllilihrillm

nUlli).!,llr"1.i"'I. IliI\'ill).!, ,1"'11' tlli~ \\',' 1]]IISt g"'INil1." .,tlll'r 1"(lliliIJriulll f"lmfigllratiOlls. \VI'

nudll ,tisl'll,,1 ilrt' pl"t'\'ilJlI~ r-.larku\' prlJf'I'S,~, illld from MIIIlI' 1I1'IV ;lIiti,,1 rUllfil;lIl"iltiull h"gill

Hj!,ilill 1.11 ("I"ilill1·ill.t' tll;S ttl'\I' ~y~t.I'l1l. This i.~ \',~ry iudlki"lIt! A tl1urc' l'flki('llt l111'tho.l

1."kl':'! ;III\'''III,IIj!,I' or 1111' c'Q!,odk pmpl'rl.)' of tIl,' ramlom w"lk, hl:i!.t'lld of dloosing a. nl'w

illil,iill "tJlrli~lIrill,;"1I 1'"rrllol1Ll}'. 1\'1' will II~,' til(' rim,1 configuratioll uf OHf first rllullum

\I';rlk a~ l.11O' illili;t1 "'Illfi,c;uratioll of Ollr llex1. random \\'"lk, Tllf'll \\'t' 110 1I0t ha\'c to worry

"hollt. 1.111' ~r~tl'rn lll'in,c; IIcar I'llllilihri11l1l, \Vc' Illllst hOWI'vt'l" ,~lill Ill' earC'fll] hl:call~t'

WI' will 1101\"1' ~lll"fI'~~i\',' n)llligllratiOIl~ wllirh lire' highly roTTc,lall'(!. \Ve lIllist I1l1ow till!

rurr<,la1.illll~ t.tI I,lll' illiUal ~pll'l(' III df,'rlil"dy go lo Zl'ro. To il{"rornplish this, \\'(~ will

illdll,!l- "I'('I'y (II x tV)I" s,I'sl,"1Il ill (Jllr ~1ll11lIJal.iol1s, whc'r(' II is ittl inkgf'r whidl is large

"IIt1I1).!,h 1.11,,1. 1,1", ,·tlrrt'ln1.i,," ],t'!.I\'I'1'1I till' {,"'}~ rOllligurlltioll all,l {,c.'}~+,,~N configuration

;~ ~lIl~dl "lIoll).!,h t.lw1. 1.lu' 1111c1,wll.i"ll of 1I1l}' lllt'rJJ1OfIYllillllk tlhSNW\bl,~ of il11.~n"St, frOlll

'1'1](' ('!Join' of all appwpriat.I' II is ,c;l'lwfally nol fl IlI'iol'i knowledg{', hul again after

il sirnuhllil1l1 is flllllpl.'I.I,(1 it. b 11tJ~,~illl(' to t,'11 if Wl' IllIve dlOSl'1I II sufliciclltly large, The

n>l1dil;1I11 for a ~lllli .. i"1l11,\" lar/l,t' II i~ n'lilll'lllo ll((' lint'ar rdaxatioll time, TAA, where A
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is a llll'l"Il1",I,vlliltlli,' "I,sl'rval.k wln,sl' 1';111ll' \\'!' wisll 10 ...11,'11];,(1'. TIll' li,wilr l'l,I;,XlIlinn

Lillll' is 11<'lilll',1 ill t<'rllIs "rllw li'll'ilrn'laXIII,ioll rlllldioll 0.:>,'<,>,1(/) I\'hirh is.ll'filll',IIIS

as ill 1"IIl"li"lIs :.!,I; ;1\1'1 1.11'1. Tllis is hl'CilllSI' llll' l'llsl'lllhlt' IIVI'rap,I'S in l'(fl",tions 2.:W

alill

< '\(lI>~ L: 1,({.,·};.{rlJ,I)A({r},I.
{Ff,·/d,

(1.11)

< ..\(0)11(1»= l.: 1'({,I'},,(,rlJ,I}II({d;}I1({:r}j), (1,1:1)
{Fl,,/r/J

wlll'n' Illf' Slllll.~ U\'I'l' {.r Ii allli jJ' If iln' ,,\'l'r all slall',~. Noll' to insllr\' tllllt \\'f' :11'(' g('tting

;111 lI11l.i;I,~l',II'St.il1l1l1t, for < A > ;lInl its lllH'tliatiuns it mllst Ill' lll(' (,liS!' thal 1) » T,I,1

utllt'l"lI"iSl' \\"(' will 11,,1'(' ;1 sitll'ltion wlll'Tl' < ..t > lI1il)' 1)(' (luminal!'!! by a fl'l\' lilrgl'

I1l1dlla1.i,,"s, wllidl lin' 1.11(' l"l'Sult uf tIlt, rort"l,l<llinn lH'lwl'(.m SlIIT('ssivl~ configurations,

T" St'I' !l.rilpl.i.'ally what. is I\II'alll. I,y tIll' aIHJI'(' di.~(,llssioll tile rl'adcr is ;,gaill referred to

li,C,lIl'!' :.!.:I, In 1.11is graph WI'shol\' till' tilll(' \'arialioll of a fktitiolls obS!'rvahlc < AB(l) >.

E;wll puint n'I'Tl's!'nls a .-Ililngl' ill unly urll' dl'gn'(.· of fnwlo1t1 from the previolls point.

TIU' rr',C,illll of I,ll\' Ar,l!,ll llIilTkl'd hy I ;lIld :1 <llld ]Joinl('d to hy an arrow shol\'s that

111l'Tt, is il \"t'r,\' 1;1Tgl' J1ufl.UHtinli rWlll tilt· 11('1.11<11 HI't'rag!' ~IIOWIl hy the horizoutalline,

This Ihwl,llill.il1l1 is lilli, pun'l,\' sl'iltis1.irlll, hilt i~ dill' to Lll{' high rorr('lntioll hctw('!'ll

111(' SIIITl'ssiw ('()uIiAlIrHl inus, lr \\'1' inrlmll' ,Ill ('ollligurilLiollS ill our ('\,1I11latioll of <



CIJilpicr 2, MOl/II' Carb .'iillllll;lIi"II,~

:lfJ>111l'111Iiislllrp,I'Il,u'11111IiUlI, \\'illskl'll·llllrllll'iISlIl'I't1H'lll.siIWI·II"l'\\'lllinclll,II'1llilll.I'

llWilSlll"t'11l1'11Is iUlliis rt'll.illll. /\n,llilprol,riillp du,in'llfn isslnl\\'n illli.c,lll"O':!.:I.

[11 hoth situat.ions Ill'sl'til.l'dilhul"l', il.sl'l'lllsllwl WI'l1l1ls1 kllllll'i1I,,1 111'''111 1II,'sysl"llI

11"\' 11t<' silllllla1.ill)l; lH'fnn' w,' l';1lI m·l.lI11II.I· slilrl iI silllillat.iun, II itll app"ill'S wr.\" ud I"tt',

and in n'nlity Utis is lilt' ,'i1SI', (;"lIl'rill1~' 11",' hill'" 11 l"t'asollahl" Ill1d,'rsla1ltlill~ of lilt'

magnil.lul,' of II illl,lllu lunllllt'li 11',' '-r.\" 10 PIT "nIl... si,ll' "f "f Silfdy alttl uI','r,'sth\1al,'

both vil1JlI'S. It. is nurmally lilli\(, I'IIS.I' ttl Spl' if 1\'" lIill'" faih',1 I" du ..... · l'itlU'r I'alllt·

]ll'Opl'r1,r, siun' 1\'.· mil)' nJlll[law d"tn nsinp; dilfl'l'l'lIl, \'"llll's of .'illwl" II " •. "II, \\'llI'll 1001.11

~tl' 11ltg" 1'llonp,11 \\'1' will Sl'l' 110 dlilnp," in 1,1ll'l"llItIlI,I·IIi1rui.. 1I\'I'ril,C,I'S,

2,4 Finite Size Effects

[n tlilt j\·lllllt" Cilrlosimll];ltiollS, 11'1' i1t!' d,';dill!!. willi fillitt's,\'st"IlIS, lillI, II'" ill'I' illl."I·

I"sli'd ill [ll'o[lt'ttks of illfillitl'SySI."ltIs, sinn' 1\'1' wisll tu e'lJlIll'''rl' IIur I"(,SIIIt,s I,,, 1,11C' hnlk

ptll]JI'I'I,il's ur l'xlwrillwulal sy.slt'llls, The'l'lofor,', \1'" lHllS1. h,' ,,1,11' tu ol,1.lIin rl';!s""IlI,I"

C'stilllaLt,s or till' vllhll'~ of 1,11l,trlIOdyllIl1l1i1' t/l,:wrval,I"s in t.Il1' tlll'I"lIICIlIYllitllli,' lilldl. f"l"

tlur si1tlldal.ioll~ ttl Ill' llsefili. This tY[l1' or lHlldysi~ is knowl\ as linit" ~izl' Hllillysis. If WI'

halll! it sysLI'lll with" t11,rilll~1 syst."11l SiZI~ dlanwl.• 'risl'd I,y S"IlI" vari,lI,!l' L, 1.1ll' IIHfi"ti"ll

of IHOIICtLil'S with L ran Ill' slll1lil'll and WI' I'illl l'xtr;tl",I"I.1' to till' limit. "f t, -. 00. III

urd,!r to do such ,111 ;ul1llysis we' HlIlSl klltlWlI 11lC' loitsir d"IH'IlIII'IWI' of 1,111' "IoS"fll"I,II' 1111

L, <Iud \\I(! I1lU.~t also knuw tlll' l'ilnW' uf v;lhll's for L wlie'!"!' 1,lIis IHlSil' 11"111'11,11'111"" 1>11 L

is Villi.!. [:J!}] For I~Xit1l1P1P ill I.lll' S = 1/'1., I.wu·dilllt'llsillllill Isilll!, 1110111·1 wilh I"'rilltli,'

houndary ronditiolls, ll:e l'"ri1.irall'·lIlpl~rallll"l· ill it fillill' sysLI'lll is ("('lill,,·rI LI> tI", laUi,'"

~iZI~ I}, illlIl thc critic-ill ll'llllll'nILIlt!~ "f till' inliuil.l' SYSI,I~1I1 I,y til" 1"ltliltillll,

('1..'1.1)



(.'/",,.','r'1. ,\/"",.' (.'nrl" 8'11I11/111;111I... 2'
wi,..,.. II = J ill Illi!> 1111,,1,·1. 111111 /, is litr~", Ir II'" "\'nlllal" OA 1.) rur "ario!l.s L, tllC'll II

Il,rill'll "f O~f I.) \'s I. -I willllll\'c' 111I y-illh'm'plllr 0,(00), III tllis lllaUlII'r, rrom simulillioll!l

"" lillito, sysl<·ltlS WI' "Im "I,tili .. Or ill till' 11"'fm,,,lpUllllir lilllil. Similar n-iAliolls IlIAy bc'

r""1111 r"r"ll,..rLlwru""I)'lIlltlli,'"IISI'n'lll.h'S.llllllsirlliIArallnl)'s;smil)' 1,,·o!ullc.127]



Chapter 3

The Model

3.1 Description or Model

l"l"nctioIiS lIsing MUll1.r eMIl) sinllll<11ioli. With l'lll"h IluiliL uti /'11 illlillitl' Ll\'lI·,lillll'lIsiulial

tcrms Uw lIallliltonian CHII 1)(' writkn aN

1i =?iJ +'H,ro (:1.1)

willI 'H.J containing !.t'rtlL~ illvu1viuJ!; L1w ,lillolM int.'Tal,tiol! :111<1 ?itr hnvill'; l,1I tl'TlllS

concerning the sllpcT'f'xdlilng".

\Ve Ivill rcstrirt the ('xcl.auFP intNacli"" ttl inv"lv,' '1I'1iT!'SL Ill'i"hhutlTN ""Iy llll'l Lllllll

p.l)

where < 1111 > lIiglliri,"'I II lIU1l1l1111tiulI "vl'r 1111 IlI'aTl'S~ 1I1'i,;MK'llr", ;,ml .':j(l'.J is till' "l'in

at if.,.. For ollr mod,'1 .5(//") will h,~ unillxial lUll]

whcn: 0: = I, ::!,:I spc'cines tlw 1'lINy nxb, ", :::; ±I IIIirilll'S tlll~ lJri""llltilJII "f till' .~!,ill ill

il, and Serr is tllc lllngtliluI!c' "f Uw spillS, w(~ l"1~\\'riLI' l'Il'lIILillll :1.:.1 lIS,

:IU



witl, ./ ~iv"11 by

(3.6)

11"n·.lfJ is till' J,illl,\l; II; ['lc1,,1'. [;,] [17] [:17] [:18] TII(~ pllr<ll1l('lt'r.J is knowll1l.~ til(' coupling

",,"sl,lIllt ur PXl"iHlIIW' llnr1l11l1'l.J'1' alld 11Wy fL~Sllmt! nlly posi1ive or negativc vallie, A

III,si1.iw williI' [Ul' .J wonl,] favour spills which an' orienllllt'd lIIl1i-fl'l'rOllHlgnc1ically, whilc

it t1 p ,c,i1tiv,'.1 wUlII,1 fav"lIr SpiltS uril'lll,1I1.1!,1 f(,lToma~llcticlilly. Olle l11a)' l10tc that we have

not ["lIlIl'Il'd th" IISllal t:lInvt'lltillll ill eqllation ;t~, which wUlll11 have -.J wht'r" wc have

positiv,''/' Our rc'ilSlJlI fur not fullowing WlIvt'utinn is hecause we arc morc interested in

till' 11l1ti·fl'l'l"llllWp;II,'tif: rl',c,inll' lind it IVIIS more l1<1tllral tu hav(' this nluug tIl(' !lOsitive .J

n:ds or 11111' "IHls,' dia~rlllll.

'I'll<' i~"trul,i,' l'xc1llltl,l1,(! lIamiltonian ;1\ f!qu/ltiolJ a.:lll('cli stllllicd cXlensivl'ly ( SI'I'

f"r t'xillnpl,' [:l7j, [:W], lind [4Uj 1111t1 n-rcn~nc<':< then·ill) flild the ilPlllication of periodic

Ioolllltiliry I"tJ1ldil,jolls i.~ ~l'lIId<l1'l1. By applying periodic houndary conditions i~ is possible

III mimi,. 1111 infinitl' ~_l'stl'l1I with 11 finite 1I1l111hl'T of lattict, poinls. This wi11llllow liS 10

liS" :<1"llll!ar,1 1i1lil,'·:<i~I'SCillillg It',·hll;'I1J(~.

TIle' dipolar inl.t'1"1wlitlll i:..; ,I long-raug!.' illtcrilction, which lllak~ the application of

1,,'ri'III;I' bUllll\lil1'Y l'ollllitiollS \loss st.raightforward than with the short-range exchange

intN'lctiull. 1l. lIIi~ht. ,ll first Sl'l!nl as if ,I long rangt' intl'l'1lction might be inappropriate

r"r a ~lllnl,' elldu liilllnlatioll, whirll by III'n'ssity is restricted to j\ fillite·sizcrl sy~lc11l,

This 1'1",,[,1"111 WilS \':-;<lIII;nl,\1 hy 1\1't,t.~chnl('r 1Illd Binder [~l} ill work COllccfning three-

,Iilll\'ll~iunni ,lip"lilr s.\·sl"ll1:<. 1\s well, inn general discussion of long rilllge inlt!radiolls ill

~ltllll,I' ('arlo ~ill1nla1.iollsof had partid('s iutl'l'ac1ing via r01l1ombic forces,.I. r. VallNlll

1':-;1l111illl'11 ~il11illlr Ill"tJllh'111S Hnl! 1"I'lIdtt'\1 sil11ililr ml1dllS10l1S to Krl'lsrhmer i1lltl Bitld!.'r.



GIUlpIN.1 Tlte Modd

!,,2] I\retschlllcr lind Binder t'Xil1l1ilU'tll.llt' "1'IIiIH'lIl, inrtmllmlihilit.\· (';lll,>;t',] II)' tillik S,I'S·

ll~m ~i;(c iln,1 long I'aug\' illl,'rnt·t;ol1, '1'111' \';\~il'sl 1IH\II11l'r or ,h'Hlill~ \\';tll lilt' lUll!!, rHIIJ!,1'

nnlnrc of tile <Iipolt, intl'1'artillll 011 " !init" s)'st."111 wUlll,] hI' lu inllWill,' till' illt"Hll't il'"

alilt some Iinik di,~t1l1ll''' r. Blit this is "'III;\"il],'nt ttl C!"'ill.ill.l!, it surfil"l' "111"1"'111, at I·"dius

1', which acts eoulltl'1' 1.0 11111 lIlill-;lll'Lisntiullllf 1.1Il' hlllk systt·lll. III illl "'furt t .. ,·lllll1l.t'ritt'l

Ull' t'lf"clsof till' trnllf"iltiOIl, 1H1tIl.\' nUl'mllts C,u indlld.,.>;tl!lll' nUIlI'('l1satill,L!, li"l,ll1ill·"

l>ecn madc. Son1\' ('xi1Inplt's dt.t'd h.l· ]\rt'tsrh11l.'r iltl,l Himl,'r indll,II' II d"lIlilJ!,I1l'l,isill,L!,

Iit'ld giVPH by 1/ = (i - iJ)tII, or 1/' = (LII - hill,), \1'1,,'1'1' j, is till' ,It'l1l;Ij!,II''loisillj!,

ftlctor of tlll~ total rell, iJ is till' d"lllilgtll~t.is;lli!. fm·t.or uf 1,1ll' I.rlllll·al.iuu vlIlulill', ~-I is till'

lllagllrtisaliotl or t]11' to1.1111'1'11, illl'[ AIr is 1.111' I1H1A1H'li.~Htiull uf till' tinit., n,]I. [lull. t.1l,'S!'

CXill1lpk't! O\·'~I·('t';lilllllt.t'cl t,11t' ordl,rilll; ill t.1In',· ,lillU'llsitlllal Sillllllilt.i'IlI.~. 1\I't'lst'lIIIItT alill

Billtll~r tllso discllss"tI t.1I,~ llS!' or all Ons'I1!,!'r n"l<·t.iuli lil'ld

/I, = [(:l7~~\:~)r~f (:1.7)

E.S.l\L, which WI' will disf.llSS Ilt'luw. As II l'Ollll'llrlSl!l1 t.. I,llt' E.S,M. \\I,' ;llsu ,Iu .~""If'

~im1jlatiol1s nsing tl.., minimlllrl ima1!," t.,~r1ll1i'IIl!' (M,l.T.). 'I'll" M.I.T. WilS '·'I1I1I';U·.·,lt"

till.' E.S.M, hy l\rt'lschnwr mill Hind!'I' fur tllr,~~ rlillll'lIsi'lIIal ,1'1',,1;11' sy.~t'·llIS 1I1I,t II Silllillir

comparisol1 f"r two .!iI1ll'llsioual sysl"1I1s will IJ!' ,lis"uss,'d ill lI,is wurk. Tli<' M.I.T. is

II lmncaLioll or tilt, long ranpp illl!'rill:tion at. tIl" IJll!l1ll1ari,~s "f (,Ill' sysl,"111 IlII,I"r St.I1']Y,

i\. giVt'n spin interacC,s is II VUllllll" inlhl't:t! ,Iinwnsilliis ur 1111 alva ill tWI! dillll'usi"ns "'ll1i.l

to lhe \"olulllt' or area or lhl! syskm 111111,'rsll1.ly iHl,I,·t'nl'~r.,,1 '>II till' ~iv"l1 spill.

In urd,~r to i111pl(~lt1enltlll~E.S.J\l Otl it tlll~ITI,t.i':itllyirdillit,'lw" dillwlIsiuw,] syst."ru \\I,'



1I1l1St wstrid til<' ..l1uwl~1 "uIlliJ;llriltiullll tu th<1.';C whir-h lll\tisfy l\ strir..t periodic ool1lulllry

l"lm,litiull, TIia~ is, Wf' will n~llIin' lhaL allY 1I1fllllCIlt 17.. SIIlillfy

JI-' = Ji..... wtlClI r-,= r.. +(:, ('-')

wlll'n' r.. rd,'rs tu lIw 1"~iti\H1 of till' "fll lallire silA' allli G IS Any Iiluif.c vcclor, The

lallin' w,,·tur, f;, j,~ d,'lim,,1 iL~

WI' h,IV" lr"tim'r! th" Inu.k,' spl\dll~ 111 lie 1\, I\nd llw size of Ole syslem to bc ((1)( 1.)2,

,~" 1'1,' hay!' H SYSLI'IIl or 1;1 SpillS. Thl~ p,~riodidty or thc nllowc(1 configurations wilt he

,tl'll'rmill"d Ily I., Wl1 !lnvl1 l,ssocilltL,,1 tlll\ plallc of the systcm with the nnit Yectors c',

illid /1' t\1I spillS whkh Ml' lIut il1l111r finile sysll'1l1 nrc rdcrrcll10 lUI images or thc spill

III whidl 1111')' ar,' rl'h,l.,,1 I,y '''jIl1l.1i,," :I.I~, Thc rl'slrie.tiOIl all llll' allow(',l roufiguraliol1!l

will 1,11..1'1 lIS 1.. slK... ify lIl" l<lat" or all infini1e llyslcm ill ll'rll1.~ or l\w finile 1.2 l<llins of

uur l",si,' lIuit n,ll. As wl'lI i1 will allow tIll' Il!le or EWllhl SU1IIS 10 rewrit.c 1hl~ ,Iilllliar

1I"l1IiI1""i;\II in It'TI1I11 "r 111ill finitl' Illl1llb('r of spins IIml th"ll will Allmv Ill' 10 aMain

"",ulL" f"r all illlillilA, syst"l11 IIsill'; lllauclard finite size Sl"alinr; 1cdlllill1lNi., An cxamplc

"f 1IIIIIIIuWI"J nlllfi.c:llr.1liull iSl;i\'I"1l ill figure :1.1,

'1'111' lIalllilltlniau of II SYMll'11I or ions illlf'racling yiA the 1l1agllctir. dipolAr ink.'Taclian

(3.10)

11'111'11' f\ ,Illd Ii Illll1'l\,hl' "Ol11lll1ll1'nls or till' Itlilglll'lic moment, ,7 allil R,Iln is the displace-

11I1'1l1, uf 1I1111111'lIt 1I1'I,taLi\"!' to 11101l1l'ul 111,

If 11"1' asSIIIII" II 1lllinx;nl 1I11lglll,tk 111011\('nt II'C may mny write the lI1agnetic. 111011lCnt

ill i;"ils

(:1.11)



't x t S! 1I;'!II"" lI;l;' Will :'!S'I~11 'II IIl!AI 'Un!ll1JfI~!Jlln:.l [,;J.\\f1l1lt ll\~ JO aIUUlI!X::l "V : ,'r. :lJll~!~1

1'1'1'1' 1'1'1'1' 1'1'1'1'
-I,1'~-I, -I,1'~~ ~1'-I,~

-I,~1'1' -1,-1,1'1' ~~1'1'

1'1'~-I, 1'1'~~ 1'1'~~

1'1'1'1' 1'1'1'1' 1'1'1'1'
-I,1'~-I, -1,1' ~1'~~
-I,~1' II " l' -I,~1'1'

1'~~ 1'1'~~
"

1'1'1'1' 1'1'1'1' 1'1'1'1'
-I,1'~-I, -I,1'~~ ~1'~~

-I,-J,1'1' -I,-J,1'1' ~~1'1'

1'1'~-I, 1'1'~~ 1'1'~~

N: /.l/XJl\f;JIIJ. ·1:JOJ/fflllfO



wl"'r<' tt = 1,2,:1 r1di,ti,,; till' ,·ltsy axis, (1.. = ±I SlK'f:ilir.s till' oricntation of UIC spin at

11.. , all,1 I'd' is lll<' lIIil1;lIi~Il.I., uf 1hcl 1110111(':111. Thcl \'L'f"lor R",.. llIay he written in terms

"f 1I11' 1'1 ..111"",] Vl'l:llltr..... Wlll'fl'

(3.12)

1111.1 W,' dlIlSI' r: .~lldl [hat I",;"" H,'S withill our lillit.) SYlitc~lIl. For a visual example one

IW~y rt·f,'r tu lil;llril :1.1. EflllllLi(Jlls :I.J:J. aud :UI allow us to rewrite lh<l Ihnniltoniall 1\.~ 1\

SlIl1luVl't 1I1l' spillS ill IIl1r 'illitl' Sylltl'tll allllllVI't alllaUicr. v('dor.; G, so the Hamiltonian

I....·"nll':'<

11" = ~ NI'~~r [<: +L:t(1..O"...lilll~~--I ], (:J.1:1)
l I~ i: II.... ;-oflr" fir.. W..... +G - i1

wl...r.. (' il'l tIll' !iI,lf "llI'rA,Y uT th.' spillS aile! is givc'lI hy

(.' =,,:·L lim (;!-)' __I__-. (:J.I")
M,(~l"-o iJ.r... I';' +G-;'1

,,·l;lkillp, liS<' liT !o:WI1Ir1liumllinLillll t"chni'lllt'll Wl~ Ml' IIhlc 10 rewrite' t1u~ Hamiltoniall

WI' I'llll t1ll'rt{ute' .l..Iille' 111. I'Irc'{'li\'t~ li ..ld ill a [1I11icc' Imint 11 as

II~= £W""(~)tT,,"
,,,:1 1/

(3.16)

(:J.Ji)
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gPIlPral ror1l1 uf 11](' 1I11111illuI1iHil than \\'t'll~t' ill t.lii~ s1.Hdr, \\'lIt'lI I,lli' spins <11'(' uri"111:,1o'd

1l10ng tilt' h axis ,i has oilly il )' ,-oIH1Hlllt'1l1., W" (',111 Ihis til(' ill·llhill" 111"d,'l, ,111<1 (II

eqlliltion :I.17 \1'(' ha\'(' 0 =; # = 2, \VII"II tbt' spjll~ nn' uri,'n1.al,'tl ;tloll/!, Un'" axis /; has

only ,I Z C01l1P0I1C'tll. This is n,ll,',1 tilt' tlllt-or-pll\lI(' 11\"tl"l, ntld II'" 1111\"'·" = II = :1.

'Th'l ollly ,lirrklllty I,'ft is to ("nit-Hiatt' W""(~) alllltllt' \"alll(' "r (:, Tllt'~(, '1'la1ltiti,',.

spins, This tilsk is IC'rt to tht~ 1,11l' l11"lIll'matir"lllllllliplllntitlll pfll/!,ril11l i\IATIIEi\INI'1(:A,

with wllirh w" llllVl' rnlnr!at,'l! tilt' n'qllirt~d y:dlll'.~ rill" s,\'.~I."lI1s rnllJ.\illl!. ill si~,t, rrul11 L =
-1 lip to L = 64, T!r., Unit' f('(lllil't~d to "aklllllt" iI. W""(~) fur:1 1.=,1 s,\'.St.('1I1 is It's,s

that t~1I l1\illllks, whik L=lH takl'S LlU' lwl1.('1' Ililrl, of 1.111"'t' ,I,lys ur "t1111jllll.t'r tilll1' 'UI

a DEC St"lioll 2100, 11. is illl]101"tillit Lu poillL 1I1lt th:,l iI. is nuL IU't"t'ssllry to nl1,,"lal.,'

all /;1 h~f111S ill W''''(ti::''), sillf(' tll,'1'I' is ,'(JlIsi,l!'w),l(, syllllllt'lry ill lilt' s.y,~t"llI, It. is "lily

ller('sSHry to ralr1l1all' W''''(~), sill("('lIU'l"l' will III' illll,'ppill/!, r"r alll!l1l1'r 1,('rrll.~,

3,2 Computcl' COllsiderations

In tltis sectioll we Y('('f away frolll physics ftJl, II short di,Sl'lIssioli or S<JlIU' pr,,/!,rHmnlill~

considerations. C0l11111lter simulatiuns illvtllvill,!!; lUll,!!; fiUIA" illl.t'filt"l,iwIS OIrt' vI'ry r1illi'·!I11.

to perform fwr.allse of tIll! r_olllplll,'r tillw inYolv"'l. [1. i~ th"!'t'f,,rt, IIt"·"S,~iIrY t(j I'rugralll

emr.ientl)', ir we wish tu s;mlllal,~ ,~ysl('l1ls uf suflid"lI1. ,~i~I'. To "IISIlr!' iL rl,~I, I'ro/!,rillil WI'

wish lo avoid nsing illIytllillg utlwr thall Otl(~ dillll'II,~itJlI<,1 i1!"riIYS silll'" tlU' "UII'I'lltl'r ,f"ids

with OlIC tlimclIsitlniLlarrays 1Jl1ll:h 11l,m~ d[jd(~lItly tllal. lIij.tlll'l' ,lillU'IiSjull lUTlLyS, Wl~ al.~"

would like ttl kc()1' cOllditiollal slalt~"1tll1ts, ill FOl'lritl1 IF St'It.I~lllt'"LN, l'l iI lllilli Illilin 1I111l'SS

likc to do 11.11)' r.ompllllLtiolls we "all IIsing I,it IlIllnil,ulati"lIs silll"<' llll' '·"!lIlt'lt",· du''!! L1lis



V('I'Y 'lllil'kly, lIy hit Imllli)lIl];ltilJlI~ I am rl~f(~rrillg to tlw mill. or, 111111 hit ~hift illtrinsir

1IIWI'H.tillll~, SOlllml1l' whu is falllilial" wilh c(JIllIlIl1.c~1' prugralllllJilig might fl'l.!1 111l~se self

illl!,osl'd rI's1.ridilJlls iI.I'I' 1I11l11'I'I's~ary givl~1I lIte' ,~pl,'d ()f rt\ullt'rll day romplll('rs, hnL1.he

lilll!' n"llIin~,1 fut II SilllulilliOlI or ,Iillolos iIlCrCil.'l('s like /,4 ill two clilllCllSiou~(~O ill a-D),

s," ,'vI'ry NIJlloIl hIlJ,rlJVI'IIll'n1. ili illlplJrtillli. Tu Hid ill 0111' ,liNr.lIssiun wo illdilll" n. r.opy of

lllf' pl'fll\rlfltL ill ilpl'l'rulix B.

'I'll" III"SI. loinif' 1'001.~lIlllill1; )lifl'l "f till' Nilllillatioll is llu~ Ilpda1.illg of Llll' dfecti\'c ~e1d

fI~ ill. ,'II("!J laltin' poinl fullowillg lL ml' of a NJlill. TIU' IIIHI"till£ proc:ctlnfc- il'~olves

I'l,ir-,dillilll\ till' dlllll,l!,I' ill If;,' lIS S", --+ -S,,,, This rhallgl' is givlm hy

AU;: =' -'lH",W(tt,m), (:I.I!))

Tit" spill, ,'.;"" 11{I'rs l,u till' s1.al.l' "f tIll' spin hdnr" WI' r!lange its statl', alld \\'I~ have

siml'lilipll1.]ll' Ilrglll11l!llts flf W ill til<' uhviolls malltler, OUl' prohl(!111 with tile form of

''(l'lati"lI:I.]!! isthill. WI'tI" 1101. sturc'lI.lllJflhl~ W(u,m) huLonly slol1~W(O,IlI) == W(kw).

W1' 11111'1' tl' III"]' lh(' W(II,lll) 011 io W(km). This mappillg is lIol trivial mId kw is a

fUllI"l.i"lI (If hoth till' ]aUin' point 11'1' an' fonsidl~rillgi~nd tho po~ition of thc! ~pill nipped.

TIll' Ilpd;,l.iu,l!; of II;,' is IlulIl' ill tllt'SlLhl'OnLilll' UlJdatefichU and it includes the llla]lping

frulll (lI,m) t.tI b". By tl'S1.rict.illg the sysLc'1ll Sil.l'to those whew f, =' 2n, whete II is a

inLI'p;.'r, WI' an' 111>11' t.1l l'xprl'SS till' lIlitPflill~ ill ll'rms of ~\'l' bit operations, and obtain

lUi ill"l"(',HI' ill nmlpllt.lltiolllll S])l~~1.

\\'11<'11 \\'1' illC'hllk till' SUpl'I'C'xr1mngc' illtcradioll WI' nllisl Ileal with the bOllIHlilTy

"f '"II' S,I'Nll'III 1'i\l1'flllly, sinn' tIl<' 1I{'1I1'I'St lll'igl,hullTS of SpillS along the boundary arc

1111111111'11 in I' dilfl'l1'lIl. mlllllll'l' ftom tllOsl' of spillS not 011 the houndary. Ir II spin is not

lIll I hI' In'Ulldilf,I', ils four III'1\n'st Ill'ighlHlurs an' staTed ill ollr OIW dillH.'llsiollalllrray in

1'lI'alitJlI~i- I,it I. it!. .11111 i- L. wlu're i is the anaylocatioll for the spin iLsclf.

Fur il spin 11111111' ttlP hUlLlldllry, for c'xil.lIlplc" its uppl'r Iwarcsl tll'ighhonT is actually
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stl!n~d illl.llP boulIJII row, nil,) vir'r~ Vt'rSll for ~"ins ill 1.1)(' l!utl.om row, Sllills 011 tllP left

l",lIIldilty IIIl,V,· Iroft Ill'nfl'st Ilt~iAlcI!Ollr~ n!l tlit~ right bOllltllary, Th,!n~for(1 we 'nwst know

ira sl,ill i~ till 1.11<' \.UII11,laty of tlll~ ~ysl'~I11~! lilat WI' Illay liml its fouT nearest neighhollrs

pmp'Tly, \V" 01" lI"t WilliL to IIlIVI! lu dll!rk if tIll' ~I,ill WI! ilre 11lldatil1g i5 on t.lle 101' or

l,,,I.1."111 1'1111', 'II' IlllJlI~ '1111' uf 1.111' ",IAI!S sinft·tl1iH wuuld illvul\'(~ a multiple ullluber of v~ry

sl"w ""llllil.io!li,1 sln1."lllt'liLs "x,~:utl'fl ('v,'ry tillW 11'1' tr'y tu lIpdaLr' il spin, I11Htciul what

WI' .1.. is "Illh"ll unT I.. x I, syslr'l1l il' It I, +2 X I, + 2 SySll'11l <HIll store the bOlllHlary

si1l'.~ t.wit'I·. 'I'1r.'lH!tloln 1!l!lllltlHI')' "f ollr I, x I~ syslr'll1 is s1.ot!:·d twin:, olu,(·in its normal

IH,sitioll illill (Jill'(' in tilt' l.up ruw ufolll' 1,+'1. x 1.. +'1. sysl"I1l, Similarly the lop boundary

IIr ullr I, x I. :.;ysLt·llI it' stUf('" hi its 1I0r111al positiull as wdl as alung the hotloll1 of our

f, +:! x 1,+ 2 ,<;y.~lr'It', \\Ie'rlu tIle' e'qlJiVilll'lI~ with Lll(~ ldt hOllndary and right. houndary

"f lilli' I, x I. sysle'm: stun' th"ltl huLh ill lheir IlOflmd posiLion ami in til" right ,'olnllm

Hllrll(·n. ('011111111 illlllll' 1,+'1. X I. +2 sysl.,·1t1, T11{' 1ll'II"flt ofstodllg Lhp. bOllllllary in two

s<'[lllra1.,· IUl'1,1.illlls is 1.1I'1lII1I1\' Hit spillS ill O1U' L x I, sysle'lIl will f11l(l their fnul' lI(~ilrest

11I'ip,1lhunrH ill 1.111' sall1t' 111111111"1'; it r10('sll't maUl'! ir tlwy are aloug a bounrl.....y or not.

OL11l'1' I""wlits c,u Llris l1\l'lhod ;If(' <til ('asi"T t.ransfl:r to l\ paralld algorithm, as well as



Chapter 4

Results and Discussion

4.1 S0l11e basics and error checking

111 this sC'di()1I WC' will Jlf(':wnL lilt' rP.<ulls of UHr ]\'Iuntl' (~arlll sitl1ulaliutls. W" will IIM,k

at SUtl1P c.\wrks wllirh I'Ipl"l'llul1l' t.o "IISlll"l' tllut '1111' rUlIlp"tI'T l"u,II' W'I~ \\"'rkilill. pr"IH'rl""

This is illllmrlltlll, as all fUlIlJHll"r rode. wit,1I lll!' l·x ·J1LIUti uf llll' rnllolum Ililtullt'r

gelll'Tlltor, \1'IIS wl'iu(~11 for this Pl'ojl~'l by till' ll,ut.llUr. 11 1110 Silllil'll' (hv, ... lilllt'm:i,,"al)

slllClil'S coul,l he..' fmUll1 fur fl'1l11liuisutl. As a. tirst. dl"l'k, W,' l'ullll,nn' tIll" c'lwrp.,v of llll'

grolllld sl.alNl fOT hoth th(\ il1-I)lal1l' (/\I') lind thp 1I1l1-uf-I'IHIIC' (AJ\) modl'ls, with c'l1l'rgl"s

caklilalC'd hy D("'Bdl and Whilelwn,I.[21J] The a,u;T"l'I1ll'lll is l"ITc'III'1I1 wilh dilf"n'II""s!lf

less the..'11 2% '~I'(:ll fur tIle..' Ilrnall,·sl. uf 1;ltlir,· si1.l·s fIJI' llulll ill til(' irl-I,lam' 1I11,llllll.(,f-I,lmll'

1ll111lds.

points, dlll~ to llle..' IOllg rall!?l· Uil,t.un' or i.Iw Ilipolar illl.l'ral'ti"l1. B.1ltlwr l,h1l11 r",·"I,'ul'lll·

the 1,lrecl.ivl· field vin C(Pllllioll :1.1; lI[ll'" "<lrh spin nil', w" l1Iay, silll'(' "nly Ulil' I."...n in

N,lI)

11,,(1) =1f,,(01 + t;; MI,,(;j. ('.))

\Vt~ llltve th'filll~d N/{I) a.." thl' lotalllilmlll~ro[ Hil's lip to 1.11111' 1. TIIl'f(' is 1Ll11J!1(~ "1'1",rlll

nily for errors to' I\'TIl1l111];lll'IIS NJ{lllllay IU:<'olll" \'I~ry larll.l:. '1'" dll'l'k 1.1i;ll _';!J"ijil'lllli

('rrUTH ,IX(' lIot afTlIl11l1latill~ IISiliA ('qllation ~_I. WI' haw: f'it!r:ulil!'"r1 II" .~1. Sfllll'~ t.illlt'1.

111
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wl)!'T" NJI/) > !fKllJOO, I'oth wlll'1l \\'1' IlaVI~ 111~('1l 1';lkulaLins If" via ('llllation '1.1, and

IlSillJ!, I'cpl1l1iolt :1.l7. Despik till' slImnl1ltiun of p;n~llll'r than IflfJOOO tl~flm \\'~ nnd that

nil si/!,lIifinHit I:rror Ita.s IH~~II ill1.mdun'd. (;eul'rally tIl" USt' of I'ClllalicJ1I ~.l, instead or
PIllla1.iun :1.17 I!,iws ('rrurs in Ul(~ 12Lh or 1:11h lkcilllnl plac\'.

It is rlllll.~jl,k to C'III111ll'rllk lIw .staLl's uf it /I x ~ :iysll'l11, to gel eXilcL val lies for

1I1"t'1lI",lyullIlli" \'iIrial>ll's, silch ,IS iIV{'I'iIW' l'lll'l'gy, Spt\<:ifir 11I'a1., orcll~r pllrllmder. 111111

IIlilJ!,lIt·l.i,· slIsn·p1.il.ilil.y. W(' ha\fl~ 1l1i'1l.slIrl',1 t1lf~S{' Ijllil11titips hy Monle Carlo simlllatjfJll

r"r I'HriuliS siy.l' sysll'ms illdwlillp; ~ x4 sysLe·IllS. The .~mall syslt'l1l .size will dimillate these

s)'.~lC·llls fru!tl uur lillit.~ si;(l! lilialysis, hut tlH!Y <10 olf,'r <I. further cllC'ck 10 the' arclIl'acy

MUll!." (:ilrlu rl'/Hills aI"!' \'n)" B("'unltl', wllill' al low Il'l11!>l'rillllt"s tlll~ small sysll'lll size'

IIlullJ.\ wilh tilt' prullh'lII of dOlll,lill wall fmllwtions j)r('V('llts an ilcrllrntl' r."lonll! C<lrlu

!'slilll;il" IIf till' 01'11"1" IHlr1l1l11'll'I' iIll,1 I,ll(' 1IIi1~tl('tir slls('t'ptihiHly. 111 the simulations of

lill' ill,pl,lIll' sYS\.t·lIls, a sUHlII shulIllll'T ill till' sp('ririe IIl',d, whirh <It first \Vas thuught (0

Ill' a 1'l'sllltllf I'''UI' MUll!.1' (',11'1" data al Imv kIl11lt'ratllT(', WilS in fact a fcatlltl.' of lIll'

"xn.... solutiull, TIll' fOl'l1101tiull of dumaill willis. pnTlirulal"ly in tile iu-planc silnulations,

TIlt'sullitiulI I... IIII' ['whit-ill of small syslt'l11 size' is nhviollsly to list' larger systems,

\\'111'11 ,J,',rlillJ.\ with "l1ly sllurt Tallgl' inll'l'adiuliS 01U' i.~ gl~rl('rally lillIe to choose systems

\\'11<'l't, SH\;,l1 sizl' "trl·,,!.s an' Hut llil\llifirillll. Thili ili hl'CallSl' till' 1illll' required fOT $urh

n .<il1l1l!"li"n ,I!,"ows HlIl'i1r1,l' wilh syslt'l1l S;;(l', N, Fur 100Ig THHgl' il1tl~ract.inI1S till' time

fur a Sil1llilnlioll ~rn\l"-" willi tl1l' s.\'s1t'1ll sizl' rnis(,<I tol1l1' (Iinu'usioll of the sy~lel1l, For

11 1\\"(l-,IiIlIl'Il~iollal -",I'stc'lll "r sizt, tV = I.. x I" tilt' liml' will inlTl'<lsl' HS 1..4, l,/rcclivdy

Hmil ill,l:; lIlt' siztO (If Ill,· S....s!l·lll Wt' mil,\' silllull1k, 'I'll(' fUllstraint of T('i1sollahle computing

1illH', hils limil.,", Ihis slll,I,I' III systr·ms wlll'fl"1 < I.. < (H. wlwf(' til\' f. = ij,l ~imillatiolls



I:.!

1"f'qllirt"lll Ililrallt'll'l'rsillll or till' prol1;rillll, run 011 a Ii prm','s~ur Silk\ll\ {:ri1I'hil's 1ri:<,[.I-I]

4,2 Typical simulation

A typical ~imlilaliun will r'ollsist. or approximatl'ly WOlin illi1.iali~llt.iull i\lolllt, (';,r1" st"'I'~

(MCS) ]I!'r ~pil1,!iI) WI' Iw\'!' Sl't I/o = IOUUO, 11'111'1"<' I'll is ddilll'd ill ('III1I'I1-1':.!. W" l,h"11

hllve typically IOn to Ill'! MCS pl'r spin, wlll'rl' w" inr1ll1l""I·I'1'.1' 1"lIlh sl,,1' in '"11' ,Ialil

LlIking, mranillg w\' have !iI'l" = HI, WhI'T" /I is t1dilll'd ill rhapl,'r:.!, In 11 sill1ll1atiw, II'"

rhoosl~ the inil,iillrolllll;llraLioll ill \Ill" ur HinT WOIrS, As 11 lirsl, "pl.iull w,' 11li/!;hL <'1\110S"

ollr initial l'(>1lfil;llrat.ioll rilndulllly, i\Jlusl. "fl,l'li (I lillal I"\mfill;lIl'nl.i"n rr"lll n I'ro'\'i,,"~

~illl1l11lti()11 dOlll' al a 101\·,'r t"IIlIll'ralil n' II'H~ 1I.~,',1. This, or n'lIr~,', ill~lIl"1'.1 thal wlr !lli !.ial

fOllllgllriltioll wns 1l,'llr I''lililihrilltll, \VI' did 11111. lIS1' l"IlIlri,l:;II'il1.i,,"~ r1"ll111 Ill"<'vi"lIs nl1lS

at. higlll'r t"lll!Wrallll'(' h('{'allsr WI' rWIII,1 that. domaill wall rUrlllaliUliS whkh w,'.·,' 1011)1,

livI,t1 at higl1 tClIl]lI'ratllfl'li wlllll ~rrl'('i':l' ill ft liS w,' IU\\'('1'I'11 I.llI' 1.I'II1IH'ra1.lIl'1' pn'v"lll,illl\

liS fl'Olll ~~in~ Lh,~ lrlle ('(lllilihriulI1ll1'IHlViullr or llw SyS1.I'III, This ,""111,11,,, S""l1 ill I,lli'

hy~ll~tt'Sis or till' ortll'r IJaHtml'tI'r liS il rllllt'liull 'lr 11'1I111"!"illlll"';ls WI' .~i'lnlbll.l'll II sys1."11l

first Iml'l'rinp; till' t"l1ll"'1"iltllrl1 tlll'lI raisill':; il illlll lilHll1y lowlTill"" tIll' 1."I1IIH'l"alllrt' a,..,aill,

Similllr pl'lJhlt'llls WI'n' ('lIrllllll1.,'n~1 ill simllllllilllls Ilr I.hn'(' dillH'llsi"III,1 sysli'lIls.[1.''i] As

It flUid option, (JilrliCillarly wllI'll sinmbililll!, sys1.c'IlI,~ 11.1. Iuw l"l1lp"I'illlll'l', it. \\,;lS mlln'

cllidlmllo initialise till' syst.C\lJ1 lutl\(' KrtllIlltl ,~l.al.,' ;11111 allow II1llrt' inil.inl sll'I's lo alil/w

llll~ system to n'lIfh (,tpliHbrilllll, This dillin' ;dsu Ilvoj,II,,1 llll' I'I'IIhll'llI "f r101l111i1l 11'1111

rlJl'Illaliu!I.

Ollr n'lilllts lin' divilll'd lll~l.w,~'n tI,"S1' 11'1)('1"1' WI' llaw' II pUrl' dip"lilr llaHlilloliiall,

(.1 = 0), and n',~IlIt.s wl\l'lI W,~ 111\\'" Iwth It llil'ulllr ;11111 slIl"'n'xdllllIW' nmtril>llt.illll 1.0

tile lIilllliltollinll, (.1 # UJ. 1\ 11lrW' lJ\'rnmlaw~ or 11111' lirrll' WIIS sJ"'lll ill tryill/!, til HllrI"r·
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III t11i~ ~l'di(JlI \\'1' will t1(~al wiLli ~y.~l.('nls wl1l're thf~ 1I1l1niltoliiali is giV(~n hy l,.'(llll\tian

:U ;,. Sil1llllal,ilJlls w,'r'l~ ,lurl<' fur ~)'sl"l1ls r'l1Igillg [rllm L ::~, to I, :: fH, [lIr lJath systcrns

willi ~l'ills ml..rIL.,d ;dIHlJ!, tI ... 10 i1xis (in-pl'l-IlI') allll for .~ysll·ll1~ with spirls along tlill C

axis (l,rlt-"[-I,lillll')_

<I,a.1 Ellcrgy lind Spccific heat

111 ri~III"'S <1.1 "wi '1.:2 WI'I,l"t tIll' vilri"tiun of l,lre IIvl1rngc f'rlf'r,e;y, < I~ >, wilh tellllwrl'llul'c

rur laL1.i.·"s of I'ariulls si~.('s, TIll' .'rwrgj' hilS h"I'1l adjnstf'(l so that thl' gronnd :;tatl1 l'lIcrgy

r"l' "ad. flll,tic,' siz,' j:- lWW. TIlt' IIv"ra,t;t' f'llt'l'ID' IS clllc.ulall'(l according to l,.,([llltt.ioll :1.18.

Tilt, 1ll;1~IlI'I,il' sl't'I-;li,' 1I"ilt may Ill' found frolll thl' llirrNf'nt.iatiall of til(' average energy

II'Ith rt'Spl'l·t til h'lllpl'1'lllll1'I' at nmstllntlidd, hill tlris is 1101. the must ace.urate mdllod

<lwlil"I,lf' ill 1\101111' Carlu s;rnul;i1,iulls, Il is a well kllown thr-1'111odynamic rela.tiOll that

1111' "'pl,,.i1i1- IWi11.IH'" "'pin is

('.2)

\Y1I",." <> ,]1'lllJII"~ all l'lISI'Ill!>lf' i1\'('ragt', 0 is r"dl1l"{:d lClll]lt'ralurc, ilnd /} is the !lumber

"f "'pill~, It. i", l.1ri~ n'llltitln~h;Jllhal WI' IISt'II to falrulatlllire 111i1gnclk spCfi~f: I,Cilt We

plllt ill liJ!,II1"l'~ ,1.:1 11lId ,1..1 till' llIil~lll'l,i,: ~Jl,'dfic IIl'ill as cil!r.111al('(1 [rom cquatiou ~,2 for

'1'111' 1"'llk u[ Illl' lllnRH('t.ic slweiDe lll'itt may Ill' llsl'd oS 1111 <'SLimaLe of the Nrc!

II'HlIl<'ral urI' rur mil' diloull1r s,\':<ll'rn,~. As disfus.~l·d in 2A, Uw Nl,.\cl temperaturc slrould

sr"l., In'('tlrdill~ III [:27]

IJ"(I.)-O,,(oo),,, f,~, (el)
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Figure 4.1: Avt'l'itge !'I1I~rgy for Olll-lJf·phIIW syslC'1l1, wit]1 till' ,L:,l"llllllli st,ll., 1'lll'I',!!,)' ,j,'lil)l"j

as zero.

A graph IlrO~(/,) versll.~ J. 7 should Ill~ lillc';<I" willi it y.illl,·rl'l'I'1. "f 1J,,(oo). TIll'l"> ;In'1.I1l"('1'

uukuOWlls in ('<platillll 4.:J, v, 0,,(00), and 1I1l~ impl!"it <'ClIIsLant.uf prlJpul'Lilitlillity. Vddl,·

it is possihh~ to do it regl"('s.~i()11 1UHlly:;is lu lit illl I.llf('(~ lltilmoWIl pal"1l111<'l,-1's in '-'Illatiun

'1,a, the qUillity of our data is not sllf!ic.i'~llt fur Slld, 11 IiI. tu 11t~ rll<'illlillgrill. [usl,!';,,1 w,' will

modd. illa[ will check thl1 nJlIsist"lll'y "f this lISSl1lIlpt.iuli 11'1)('11 ,1,oll'l"Ir1illiIiA IJllll'r n:tind

C:<pU111~11tS. In figllrc.s 4.5 allll '1.li w,~ ,l!,rapll 0,,( I,) Vi"'SIIS 1/1.. '1'111' i'slilnak of (i,,( I,) r',I'
L = 4, which is llll.: puilll fal'lllC~sl righl, is lI\Jl illrlwk,1 illlJlIl' a1llllysis. It isohvilJlls froll!

lhis analysis tllld furtlwr analysis lwlow tllilt I, = '1 is uot ill till' sl:ldil11o\ r"J~i"lI wlll'r,'

equation 4.:1 is va.lid. 1\ Icasl S'IUilrt'.'l fit t'-'itill1lltt~ fUI" O..(oc.), ~ivl's O,,(oc,) =2.:17 ± 0.1);,

for ont-of_plane Ord\lrillg mill 0,,(00) = :\.% ± 0.1 fIJI" ill.plHlI(~ "r,I,·rill~. To dlllt'k fur

consislcllCy we lakl~ \Jur cslilllall~ fOI" 0,,(00) fur IJI,I,II spill uril·uliltioll.s l,S "lwd llllll lit
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lh(' \'ilhl(' uf II, For hoth Cil~t'.~ il II'it~l SljllllWS lil p,iws /I = 1.11 ± 11,1. lid"... · lillY ildilliti'

df'tl'rl11iIlIlLioli of till' IIl1iv(~l"slility rim,s may hI' oIUIIl', it will III' IU'C'i"~Silry t" ul.l.aill Ilip,Ilt'1'

(Iliality data 1,0 yerify t1laL 0111' ;lSSlI1t1plioll of /1 is yalii!. I !l11,il SIH'h LillI!' WI' 1I111.~1. lc'mpl'l"

all rlairns with the rae.1. tl11lt WI' h,l'Il'llSSIHrll'illi V"IIII' fur /1,

4.3.2 Order parameter and Susceptibility

[II figllrf'S ,1.7 alld ~,8 Wt' 1mVI' p;1'al)lll~oI tlll~ 01',1"1" 1'1I1",Ulll'ti'r fur tl", ull1..uf-I,li1IU' illIilllU'

ill'I)lal1C~ SyStl'lllS ""Srwdivl'ly fol' variolls la1.l.ict' siz('.~. '1'111' r,U"tl.hlll. I.IIl' "nll'r fl111'''lll!'l,''

dues lIul go to ~ero ,~hitr]lly ill 0111' M(Jlltl~ Cilrlu Sil1llll,d,ioll is " n'~llll fir til!' litlitr, ~iZi' uf

OUl'sysl('llls, One fllll SOIl that with illfn'I~~itlp; I;111.kl~ sizc·tlll' tail ill I.!I!' 1l1',11'1' IHtr'I/Il..l,I'l'

hl'COllH.'!' ,~lIlaller, Froll1 tll('s,' p;r,lphs it WOll[l[ aplll'111' that 1.111' I, "" ~,'" sysL"lIls fill' ill

planc onlc~ritlg and t1li~ 1.1 = ~ sysll~1II for IJllt.of·pliltll~ lml"rill~ slllf('1' oIu,' 1." small sysl.l'Jr1

sizto at low lCl11P(·l'illtln~. Th(~ lilck (If Slltlj,)lIIlWSS ill till' ill r.hlll(~ ,jl,lil will I.. , oIi~':ll~sl~,1
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Fi1!,1l1"l' ·U'",; 0" il~ 11 flllwtiull or * fur olil-nr-plalll' 111odd. The illlcrCl~pL yields
11,,(oo):=1.:li±1I.11.'i.
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where f = ~, 11"1' havc' 1Iu1- IlHuh· II~'· uf 1l1l·.~,- ~'lIHlh'r s,r~t"Il1~, w,- lind. lI~ill,l!,

"'pwlion 'l.a, 1-hal. ~ =0.12 ± lUll (ur till' ollt.-uf (lh1l1l' ~y~1-"ll1s and ~ = n.l:! ± lI,n:l f"1"

lhe in·plillll' sy.~ll'ms hy doing II 1"IIsl. ~CIiI1~rl'~ lit.. I.u 1"pHllil1ll -I.;', whidl 11"> 11;11'" .~hll\l·11

ill fi,ll;lI1"e 1.!l. TIll' "xlIr1- \'llluI' ur ~ fOf lhl' S= II'!. l,wu·dillll'lIsiollal I~ill,l!, 111,,,1.,1 is II,I:!.'""

'"L
Figllrt, 1.11: J."i\~t S(IIIi,rt'S fit of tllC' lo,!!; or llll' "nil'l" l'i1r1l1tll'!."1" i.l {}" i'~ II fu,wtillil "f till'
log of L.

W" 11Iily (·illcllla1.l· till' 1Il11,l;III't.il' sll~n'p1-il,ilily frulll

(H)

III rigul"I'~ ,I,IU lind 1.11 11'(' ",rilpli t!1l' 1Il;IAII(·til· slI~n>l'til.iliLy il~ a fUII'tillll IIf Ll'llllwn,llln'

for holll Spill "ri(~lIlill ions,
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\V(' may Chilfl\("t"ri~,' 111<' ('fili,',lI lwhill'illHr uf III!' Sll:<"'·plihilil.1" h,l' lll";lsnrin.c; lh,·

c.riticill (')\polll'IlI,., wliidl is ,ll'Iilll'd as

- il'lt'(I- n,
.... 13(1=11),

11.7)

(.1.S)

A I("l.~t Sllllart'S lit to buill till' ill,plall" 1111(1 ulit-uf.pl<llll' ,tnto! IIsill,l!; l"luali"" ,1.S, shm\'11

ill lip,HrI' '1.11, yid,1 ; = l.i ± 0,,1 O!lId ;; "" I,!J ± n,·1 fur till' 0111. ur 1111.1 ill-plll1l(' s.\"~t<'IIlS

1"l'~Il('rlil'l'ly, 111 Uw tW'Hlillll'nsiu1I1I1, spill l!'lI.~illp, lHud,·' ~ =' I.i!',

\\'hi1l~ tlwH' i1' .~0I1H' "ITOI' ill (Jill' l'slillllI1.1',~ ur t.1ll' nil.i,·,d <'Xl'UIll'lIl.s ,11lt' ttl till' slllHlI

~i;w or 0111' syst"IllS, 'Jill' rt'Slllls art' fllllsistl'1I1 with t.1l,'S(' S)'St."l1lS 11l'1"".c;ill,l!; tit I,llt' Sll1l1l

11l1ivI'rsl1Iity f1itSS ilS till' slalldar,1 twu·dillH'tlsiunal Isill,!!, 1Ilt"I,·I. ,11"~l'il,' !I\l' 1"1Ip, fittl.c;"

lHIl.llrl' or 1111' dipolar illtl'nu'tioll, \Vllilt· it hilS pn'vi"1IsI,\' lH~-1I l,rul",s,'<1 I,hal ll", 1'111"0

dipolar syst"1ll 1ll'1()1lp,~ to tIl(' Sillll(' l1Ui\"('f.~"lity dllSS 1IS 1,IIt' 1,11·,,·,lillll-IISi"II;II, :<l'ill I/:!I/'!.

Ising modd, t1li.~ is. to ,Jill' klluwl"dp,,', 1.11(' lirst ,'"mpal'is,," ,,( '·rit.i'·HI "XI"'II"l1ts "Illl'II!JII.,',j

4.4 Data Collapse

Dm'ing l'rl'pill'tioll or this 11H1l1llsl:ript, w" !I';,nl('d "r 11 simililr stlldy ['1Ii1 wlti"'l WilS sl.ill

ill its initiill stag"s. TIlt' pllfllllS"Or tllis 1Il~1V stlllly WilS t"e'vitlll;II.!· tIll' nit,inll ,'xl>un"u1.s

or a twu·"irn'~lIsir)n ..1 S=I!'2 Ilipolllr 11lu(h'll1~iIlK a lillit" sizl' ~nllillp, flll"lil for < I~~ /,

one to graph data from sillllllllti(Jn.~ 011 III.1.1.in·s IJr "'1I1'i,ms siZt,~ in Slid I 11 IlHlIlIll'r lliat ;111

s('lllillg flJrl1l statl~S t.llal,[:li][:\;'ij[17j ['1xj

('1.!J)
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Fi~lIn' .1. I:!: Ll'asl sll"illl'S iii tu lu,e;(r)llt 0" I'S log(f.,) for lllt' ulll-of'l'limc all(1 in-plane
s.,·sll'tIls. TIlt' tllll.uf-plalll' llits "t't'll sl'1llt,(1 II.\' 1l fador uf 10 to make \'it~willg (~asier.



Chapter 'J. R('.~ult.. rlll<l Di:WlIS.• iul1

wllt'n' .r,!1 al'l' crit;nlll'xpulI,'nls, N is lilt' 11\1111],('1' of spins, I is tilt' l"I'dllrl,1! tl'mlll'riltlll'l'

7:"- fmel f(lN~) is suml' 1111knlJ\\'1I flltlCl;'lll. To lit 1.111'('" p<ll'l1l1ll'1"rs (.r,y,II,,) is ,lillj,-llli

wlll'1I OUI' do~ lint klllJlI' till' fUl'lIlof t.lll' flllll'l,iu11 f(tN~). WI' h,I\'", i11s1t',,,1. lri,',lto!it

l'arh of tIll' paran1l'lt'rs illlh'III't1,]I'nl.ly. \V" uillniu a \',,!lll' fur II" fWIII 10111' sl"'I'ilk 11I'ill

f(O) is 1\11itl'. E'IIUlt.iul1 'l.!l tl1l'l1 1'<"III""s t.1l

< \~~ >= N r f(ll) (·1.111)

A log-lop; graph I)f < IjI'l > at IN~ "" U 1'I'rSIlS N sllonl,1 Iw\'(' slolll' .1'. "1'0 l'sl illl,l!,I' 1/, 11'"

luuk al f{/N~) IlI'ar I.N~ = n. A Tilylor ")I;I);I11Sio11 ;11 LIlt' filiI 1'"ri"I,I,' IN~. 1IS.~tllllill).!, 1,11,11.

I'(I,NI') lII'lIr I.NII "" () is 1V1'IIIl('hal",~I.~i\'t'S

(1.11)

Suhstitll1.i11g this l'l'Sull i111.0 I'qlliltioll ~.!J, :<i1l11'Iifyill).!, ,m,] takin).!, III!' 1,,).!,nl·il.llIlI "r It,,tll

[
< \jI~ >1 - < '"~ >0] ,111 1 ::::: (.1' +H) III(N) +IIl(f (U)). (·l.l:!l

A I";lsl, 1«I'Hlrl'1< fit uf In [~I'I,'r'IS lu(N) will h"\'I'sl"III' {.r +if). 11"1'1' -:: \I'~ /1

I'pfl'rs to < 111'1 > (,'1ahlatl',] at 1. 0111' liUiu,l!; p;h-'I's :1' "" I.!l ± 0.1 alltl .1' +N "" :!.'I J n.:!, ftll

tlH~ ollt-or-pla1lt~ data ,111(1 :r. "" 2.lJ±II.2 1111,] :r +!f "" 2.1; ± 0.'1, for till' in·I'I'llll' d"la, 1,,,1.11

of which illdlldl~ wit.bin lll(' <~rl"ur bilr~ lhl' lI\'IHlil1ll'lI~i"llal r~ill).:, '1;,h",s of .,. ;::; r.k;;' ;11,,1

;r. +y "" 2.:J!j. TIlt, critical ('XPOIll'lltS .r. all,] Y ilre' ,,·lab',1 tu LIl,· ..ImllllfJuly IlsI,d nitj",d

expOllents 0-, Ii, all,1 ')'.[17J[4K] TII<~ Tl'lilli'I1I~lIi]ls ;ort·,

/1.1-1)



\V"!I"V" ~rl'I'II,~1 tim n'sliits ,,r t!lis ,I;,ta ,'"llill'sf' ill fi,l!;lln~S <I,I:l ;Ind ,1,[,1 ill th,~ ~talldaf{1

111111111<'1' ro" til" fUll."f.plalll' at,,1 ill'l'lll1H' 1ll,,,I,,!s l"l~sp,·("ti\"f'ly. \V" grilph till' !u,I!;arith11l

"f < if'~ > N-" W'I"SIIS II,N~I. If lIll' s"aliu$; form is ('urn'f:t lUlfll1w "XpOIlCII1s ,r and.'J aI',!

""1"1"<""1. ll"'11 till' ,h'll' sllf>1lI'1 fllll Ull l' IIl1ivl'rSIlI ("!lrv,' I"'ganll,'ss uf syst"lIl shw. TllIl two

is valid.

'I'hi.~ sllf'l'"rl.s ""l" f'1;lil1l 11l1ll 0111' mod,·1 is fl'prodllrillg thf~ static rritinll Iwhavionr

flf till' tw,,.,lillwlIsiowd lsi II,!!; 111011"1, pl;1l'illg 0111" 11lmll'! in tht· sal11t· lluivt'rsali1y rlass liS

1.1.1 COlll\ectiolls to Experiment

\\',. ilia)' II,kl'ullr losLill1l1t,'s fur I,lli' '"I"i1.i"111 tf~lllllCratllr('S from our sp"rifi(' Iwa111Jlta 111\1]

"unl'NI, LlwSl' tu ,'sl,iIlWll's for 1I1l' t'ritit'al1t'1l11)(,f1ltIlH' for pllrtirlllar RE '~U1JlPO\llltls, Dur

r...,ln('l~1 1.'·11IIwr;,l.llfl· sCldl' (H) is proPllfliull111 to T in l\,'!vin, TIll' ")(lIc1 relation is

(<I,IG)

w]Il'1"t'/'rlr is 1111' I'If,·rt.i\'1' 11111,l!;1I1'I,k II1U111"lIt, aud 11. is 1111' latticI' spacing. W(' agllill igllOrt~

UIt' ,~11I1l11 ,lilf"I"I'II('<' 1I"t.l\'t"'1I t]1(' II 11111] Ii ]111.linl \'('clors and asslll1W a sqllart~ syslem. To

('(11111'1'rt· 11111' nos"I!s I,ll ":o\I)('rillll'llt 1\"'l;rlll'h ill fig"fl'S 1.IG and 'I,lu the {1xp~ril11eI11al

N,'~'I h"l1p"l'all1l'"S in IInils Hr '!.,,:l~'Hll't for 11,0St' rllr(' l'arlh ('Ul1lllUlI1HIs for which 1'<If,

'J;, and >'pill lll"i,'ulliliull 111'1' knllwl1, 1'111' lransition tt'1l1P"l"lltllrcs in KC'lvills. ('ff('c.tivc!

1lIl111lt'1I1,>,. lln,1 spill uri,·ntal.iunlln· Ills" S],IlWI1 ill t.all],' ,1.1. \\'t' 11180 grllph tIll' i\IOllW

(',11,1" l'l'ilic'a! 1I'IHI"'1"11111l"l' ill' l' fll1l1'tiun "r 11~l!flJr till' two spin Clril'utalious, showu as

a hruk"ll lilll' ill buIll 1iP;lIfl'll, \\'" liml lhal 1.l1l' i\]ou1.!· Cnrlo lostil1Wll' is 1'01lsistt'ntly



U5 r--,_--.----r-....--,~-r_-,_-.,

-115

..._ _.. .,. ..-

...... l l ~:~·~ .
. c

-U.:'i U U..~
Lng(X)

-l.:'i

.21- , " " " , .

-25 '-_.L-_---'-_----'-_-'-_------'__'-_.L-_---'
·2

Figllr~' ,1.1:1: Dalu rlJlh~pS(' fur vilri(JII.~ ~i7.t',1 tJlIl-of-I,1i1l1l' ~y.~I,'·IIl.~. X = ItN'YI awl
}' =< lfo'l > N-r. TIll' rritirl1[ t~Xpullt'III. .r = I.!l ± n.'l 111111 .r;'!1 =VI ± 11.'.'-.



!'i7

....................................

:· ........ 16..·~·

'0 +
2118

: .......l2· ..}(.·
40 /:),

Il..'i

......~....

*&

Ll.lg(X)
-(15

····xi:>\"ci-~····
...~.-IQ ..~.~.·..~ i ... ·.. DX...~...Q

.O.~ ....~ ..~.

x
·····················,·········X··

0"" :
····tr~· ..·

.. ¥
;r!I

.......; ; , ·········:oI.'X·

.............. , ; , L ~X

U.2

.n.2

.4).4

.tll.

~

.11.11

j'

·1.2

·1.4

.1.(,

.Ut

.,

1\~1l1'1' ,1.1·1: Di,lil COlli'I'SI' fill" I'ad"'ls silwd itl-1J11111(~ syslt~ll1s. X ILJ\,l'l illll!

r =< ~I,~ > :\'-". TIU' 'Tin",,1 t'XI~>lI('l1l.r = ~,O ± o.~ aud x + y -= 2.6 ± 0.'1.



41111 ,---,--r---,--,--,-----,"',-,

350

3UO

2sn

""
15U

""1"
.,
",I.,"-----:'':-II-----:,L"----:,L.. -,---',,'-,----',,'-,----',,,,--~711

II.

Figure 4.15: Comparisoll of cxpnil1ll'lILal alit! ~'IUlllt' Carlo (I.rokt·1I lirl!~) t·sl.inlHl(~s of I.lll'
Nce1lempcralllrc for variulls ulil-of-llhlll(~ l"iln~ (~iIrths. + N,lIlll l Cll:'()7, 0 Srlllla'jCu:I()7
ifolll-of-pl;uw,.6. DyBa~CIl:t07' x IJY11J1I1(.'U~()I';' 0 C:,llla1(:lla()7.



I2fJ ,---,----.,---.,---,----,

/
/

,,/
'" lJJ 1\

Fir-Ill'<' ·l.lIi: ('umll;lrisClllllr (':"III,tiltlC'utill ~mll\lCllll.c' ('.HllI (hmkl'll Ii lit') l'Slillialtos of
11ll' NI''1'] h'1Il1H.'ralul'<' fur \'ilrillll~ ill-llllllll' ran' l,.nths, 0 SllIBaZ{'1l:10; if ill-plallC" a
1~'I',)/"l'It~OI';, +ErlllLzCu:,Oj.



COll1pound

NdHa1('1l.10,

5mBil1CII.10, ifill-pl<lllt'
SrnlJa1CU:IO, ifnill-ur-plnil"

GIIB1l1(:11:10,
IlyBa1C:II:10,
l;:rRn1(:1l.1{),

DyBa'lCll,IOX
l;:rBa1CU,1()X

I.I·III~

O_~.I."':!JI"

O_~·I":!II~

; .!J; /I~

;.:!±II.Iill~

.I.S11~

."i.:l±II,:I/II,
:tSli±lI.lr'JI~

IJ..",.'",I±II,W,\'
Jl.!il:!±II.llr,1\
JJ.(iI1±IUI.",1\

:!,:!·II'
lUll],
I).IiJ,'l1\
lI.nr,1\
1I.·ml\

11.111 (ill,

U,OI'I~1\

o.nll~HI\

(l_i~;I,

O.IH:!I'
1l.·lisl\
1l.:n'l1\
11.:II)jll\

'1'111,14' '1.1; l'ru]J"I·l.i,,,, "r \'llri"l1s [":tn' 1';\1'111 nlllll"'Unols

lIul, snll1ri"lll1.u IIn'Wllll, ror 1111' "I'SN\'I',llr;lllsitjuli 1"llllll'r;ll,l1l'<'I'. II \\'illl", 11,'n's.~i'IY

l\[lIlltl' C'ndo Siltlullll.iOlII'_



Gl

-t.a .I" II

Sill'"" W,' \\'f·,...· 1I11i,II]., I" lWNlllfll fut tIll' ,'xIM'rillll'ulill N';'I lc~llIlll·rIl.11J""'S wilh II pun

,lip"l"r /l;ulIill"niilll. \\'.. will illlll"lun' a slIIM'n'xdlllIlW' illlc'tar,iOIl as ill ('1111/111011 1.'1.

\VIIiI"ll1l'TO'has 1H'('IISunIf>SI'I'("uh,liulln.r",,·rnill.r;1IIMOSsilll,','xd'<lIl.r;t·1111,·rartillll.(r.J[>1!l]

1101 lu.·dll,uistll "f tlw ,'xdlllll~t· IllIs IW('II 1'Sl.ill.lishi'fl. \\j. "XIM'f"llhill. J!.in·lI till' lily,·n..1

willI,,· .~i.c.t1ili""tllly ,Iilf"n'ut (ru1I1 1111)' illlt'tl,lilllO'T illl,"T1H'liUll.

Wt' 11111'1' lirllil,t't! UU1'Sl'h"'lI l.u 11... (,i1~" "f I. = 1Ii. sitle!' , his si;':l' or latlin' hilS IWI'II

1.1:i,\ Gl"nlllld StOlte Coufigutnt.iolls

1\1'" = II w,- ;oro' 1,1,1,- I" ...,kllllll<' 'lsill~ Ewahl slim!' tIll' '·Ilt'TI;..r for pi'tlil'lIlllT ,'ollli,;

Ilr.. lj"ns ill''' flllwli"n ..f tli,- ":'I:dlill1~O' p"r;mlt'Il't./, As.~llIllillg that (JI1I" ur ollr fhos"l1

",,"liJ:llrati<lus is LI ... ~r'l1l1lll st .. l<', wc' iln' .. 1.1c' to ,1c'll'rlllim' tllC' 1'11:111&1' froltl OIlC' p;wlIl1Il

:<ll,h' I .. 111Iutlwr, TIll' "uliliAliratiull:< w"lla\',' fllll:<i,ll'n,1 arc,lmsl..1OIl tIll' ('arlil'r lillllill~~

uf ,1111'" ,lillll'llsiull,,1 slll.li..>! 1'1111.",111 as l...c,ll"s I,y Ilin"'\ UIISt'r\'illiulI uf tIll' luI\' 1"I11I1.'r

;.IIIrt' sillllliatiulls loy IIIl' alllllllr 111111 his l'ullahurIlLIlr'S. It is \'c'ry IMlssihl1' thai WI'IlIW"

,'s<'lIllI, .. 1. frulI1 utlr slll,ly, 11 ""l1li~lIratiulI Ihllt fllr SUIlM' \71II11'lIf./ is tIl(' ):,rollllil slall',

'1'1,,' IOIlA rimA" 1l;11un' \If 111l' Ilil'"II'"lil,ul,' il1\c'r/l"liUII, o'lJlllbiru..1 \\'ith tilt' shurt-rang"

"Sdll'II~" ill1t'r;... tiullllll,k..s il \"I'r,\' ,lillirlllt, Itl Im..li ... tl11' J!,rUlll111 slall' rur a syslc'm willi

1",,11 illl"l"lwti,ms, 'nit' ftllllip,llrllliullS WC' h,I\'I' "Utlsill"I't',1 itl .. lu,!l'1Iu' 11l1lift'I'l'UI11i1g11l'til'

,'liS" (AA), Ill<' r,'ntlllll'Foltdil' "Il~' (FF),lll1' IW<I '"l11<l'S wlll'rt, 11"1' lril\'1' i1l1!,if,'rrul11ilJ;lIl'li..

"nl<'rill~ ill (J11l' ,lin"'1 i'lll ill,,1 r.'rnl11l"~lLl'li," ur,I,'rill~ inllll' St'{'U1I.I. (AF) IItlel (FI\).as \1"1'11

i,S SUlH" I:I"wrl .. l p1til~'l'. TIlI'St' ];I,\"C'I'o',1 plI1lSt'S c'unsist, uf II 1l1ltlllll'r ur rllll'S or rollll1ltlS uf



r'-I-I"'IIHI~Il(-li.. il'llw 1I,lin-rtj,'II hill ;,II,'-"II;II,'s illlh,- iI ,Iin'('li"n with jll"I(',.llltnll~ in II ...

-l--l-tt-J,-J,
",-J,tt-J,-J,
-l--l-tt-J,-J,
-l--J,tt-J,-J,

l",l\I'I~-1l llil' tWlJ iTlll'r;ll'ti"lIs_ As.l is IUII'Pfl',1 II',. [';'ss illtu lI ... n-~i'lif "r 1.1 ... pllils,-

ll,,- r,'rrollll,!!,n..tir St;l!l-, Th,-rl' is "uw ;, n!llllil'l lwl\I-'~'1I tl ... lwu inl.o't1ll'l.ill!ls, Tl"'I'" is

;1 lrllusili"l1 lit .I = -U_~')'l_ wlll'rt- llll' luw'osl '-t"'r'U' Sli't.,- is ll", {AFl "f (FA) st;,t,- _

SilllT lhissllllo' tllillilllis'-s I!", rruslr;,ti"l1 "rl.lwlll'"illl,·t;",l.i"IIS,;-':"t"lI,;,lsill<,,·tl"'il



;llIri/\!"iI Wi' will 1,1' ilTlplyill~ bolh IIll' /\1" ;l1Id FA ur IIll' /\1"# ;\Ill! 1"1\# stat,'s, This is

"nlylrlwrurtlU'lJllt-of-pl<l1Il'I"iISl',;IS tlll'ill-plillll's)'strlllc1{/('Sllllt lial'l'thissymllwtr)',

TIll' AF st;II," rUlitilllll'l' 10 I". till' j:,nJlllid Sl;lll' utili I ./ = -Vi:! wh"11 \\'l~ trIun~ ill to

WOlln,1 slall'ililillrl'has",li"Piralll i,ulll'oftlll'SIII,t11,ti''llufl''IlK r<lllK,'ll1l.!'rltrtiolls, that

,I,ws 111'1. II<lvl'l., 1,1' "ulIsi,!I'n'd 11'111'11 ulIl)' shllrt·r;uIg,' inlt'r;wliulls ilTl'llfl'1i"lIl. \\',~ lim'"

'lilly ";lklll'1tl~1 th'·"lll'rl!..I' uf 1111' la)','rl'dslall'._ wliid,IIOl\'l'iI pl'riud l'Olllllll'I!Stlral!'\\,itll

Lll"l"Ui,',', Silll"'\\'I'<\r"llisl'IISsillj:,iI iii x II; ];i1tin'\\','olllydl'ltl wilh it lilj'Nl'rlstatt'S

willi 1','ri",1 L'l. 'Iwll( Tlll'll' is iI Ir;,"sitiull fro111 1111' AI" I.u UIl' AF:! ill ./ = -:U',:!,

[I'um II ... All:! lu till' /\1-'·1 Ht J = -'I.". ;11111 fmlll till' AF4 lo tIll' AFiI at.J = -i.O!i,

\\'I1l'1I J = -i,X!lli till' r"I'r"IIl;Ij:,t1dic C'Xdlilll~.' illtl'rilrtioll '!umillat(-;; u\'('r tIll' llipolar

illl<'rarlioll ,Hid 1,lw gr"\Il1fl stall' hl~'Ollll'l' III<' FF ._tall'.

11I'"lr I(ix llis,I'SI"11I1wl\\'I"lltlll' AF'lllll1.IIl'FFllhaSl'lI'l·shl/\\·onlyftlllrdilr.'rc'lIt

1,llils,,,,, III 1.111' illlilli!.' S,l'Sklll 11'1' mip,lIl, I'XIH'I'I tu Sl" ;tllln""tl'd IlhilSl"~' il'. th,' AF:I,

Allr, .... 111 till' lillil.l' S.I'SII'1l\ \\'I'lnilY lillll rl'giuns 1I'IIl'[I' till' I,,\\'(-:;t 1'lIl'rgr still,' nmsist.s uf

1,III'l'Ilalill).!,ln.\','l'S with iI pc'ri",llI'hil'l1 is lI"t C·VllllllI'lisurah' wilh till' I"Uin'. with alll'.~lril

clulililill w;dlt<'1,11uwr"rlllC'p,'ri"dirloutIl1l1ar)'l'''1IIIitiulI. Thism;,kl'sil Iwy,liflirllltltl

sl"II'l'. 1111'11 ,-alrillah' till' "ll<'rg,I' ofsl:lll'lllullr'!I'rrllilll'lll1' I.rllC',I!;mlllld stall'. II is I'pry

IUos.-il,I,'llIilt\\'l'II1I\·I·l'Xl'hlCl,'dfrulilrulIshlniltiIlI1SUlIlI'stllll'stlllltfurfl'rlaill\'Hlu,'Sur

.Jiln'lIlC'lul\·I'Stl'lll'r!tl"slilll'S,

TIll' ~,,'nJ ll'I1lI'I'T;!llltl' purtion "fIll(' l,haSt' clinj!;ralll fut ill·plalll' spins, shuwll illligllTl'

1,1!l, lll'lll'Hr~ silllpli,'r Ih;11l 1111' its "llt.of-lllall" l'Illlllh'Tllart. Till' ,lip"lar itlti'Tilrliuli is

Ilul S,I'IIlIll"lrir fur ill·l'lalll' ~pillS. I1l'1ll'l' il i~ Illl lUlIl:l'r I'ali,l III nJlIsi.!,'r lll1' :\F 11iUl
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Fi~lIn' ,1.18: TIll' grUlllid slnl,' plI,'rR" "f l'ariUl'~ 1,1'!IS1'S [ur 11i,·,,'11 "f 1,lal1<' ,·""lig"r;,li"I'.
wl"'r" ;:,'I"U i~ ,J,'lill,·,1 as LIIl" "I!l'r~' ill U'" ;,1'~PlIn' "r all illl"T;".li"lIs.

trall~itif>1l at.l :;:: :1.1, l,t \\'hirh puil\l 1.\11' ~rII'"1l1 ~I.1,t" is tI", dil'"l"r gr"llwl ~1;,lI', AI-'.

\\'111'11 ,j:;:: -0.:10 il aPI"'ilrs 1.1I,\t till' f"Tromaglldi,. ,'x..hall~'· i"I.,·rMLi'lil d"rllillal.,'S IIwl

tlll' gnllll1,1 sliltl' is 1110' (1"1') stid,'. Alll!!' 11l1111"IH.\· Iwtw"'11 till' f,'rr"'lIilglldk pl,;,s-'

m"llllt' 1\10' 1,lIa.<;(', w" lIa\"'iI I·,'r)" illt,wstingN,·t "f,·irn'II1NII'II'·'·N. TI ... I;')""r1·oIl'lu,s-·N,

1.1", f"rrolwlglll'tir philSI', ,11111 LIII' AF plI:ISI' "l1l",v"ll'l' SillIII' '·I"'I'I!S. If WI' ""',,1111,,'

l'Il,'r~' l'I'ry H"lIT II... I\TClIlI1I1 ~1.;11,.. TIll's!' slal."N lI'ili ;,II,,\\' f"r II ... f"I'II1HLi"ll "f ,I,,",;,ill



(i;i

lllilkili/!, 1111 a'Tlll';ll,' "<Iklllilli"ll ,llJlt'Hnln 1'1Irlllll,~ll'r1111,11.11(' sll.~n'ptil)ilil.y \·,'ry ,Iiflinll!.

" ,--,--,-,-----,-....,.--...."·A:AAr.-=.---..----,
'AF ---
·FA·· .. •
'FF' .

'AF2' _._.
-:AI'4-·_ ....~-_.
'AFX' .

Fi).:III·" 'I.I!/; TII(·).:r<>ItlHJ sl.illf' ..1tt'r~,I' of \'ar;IIIIS I'hll.~,'S fur tlll' in plllllf' ..onfi~ll"i)tiun,
11'11""" z",·" is dl'lilll',lllS lin' "lI,'r~\, ill i1!lsl'III'I'!lf all iIl11'rl,.-tiulls,

In lij!,lll"l' .1.:!1I 1\'" 11I','s"1I1 Ih" phas,' ,li1lg1'11111 fOT 1.111' unt of 1'1111\" 1t1U111'!. slmwill~ LI1('

I'arions phllSl'S ill !.lit' ll'mp"ratl1n""s...hllll~" pllTl11l1l'l,'r plllll". TIll' up!"'r purtioll of til{'

,lillg1'1l1ll sh"ws Iii,' dis"rd,'rl'd plllls,'. whifh is sl'parnl.,'d fmlll 1111' onl,'r",1 ]lllas!'s by a

lill" 'If SI'!'lIIl,1 'll',h'l" 111111s,' IT'lIlSililJIIS. TIll' \'1I11I''!'l of 0" fill' \'ariO\lS 1'1,11ll'S of .J wl'r..

111l'1l'1l1l,,'rallln-\I'lIs \·llri,',1. 011(' 111i,;hl llu!.l'tllal \\,,' 1i1ll'l'lnmsitilllls from tl1(',!isof(II'rPII

~lilil' lu II r,'rrUl1I11j!,Ill'til'1t1I.\· unll'n'd .~Iiltl'. S,), std"I,I,\" SIWi1kiu}l;, \1",' slllJlIld fl,r"T to llw

l1'1lIlSili,," 1'-IIl!"'rllllll"'" ilS ('Hl'i,' 1"ll1pl'rll1llH'S ills1"I,,1 ur ~,''('I tI'mp"l"illur,'s, \VI' will



nol mak,· ill1utilliuual dislill,'li,ltI all,l \\'ill rd.-I" 1"l11,IIII.I"I"'" "r'Tilir,lll"11Ipn:lI11n's

as 0". TIlt' ,·trut ill 1.11i~ lin" is apPfoxil1lai<'l.\· ±O.:!. On lIlt' far It'ft im,1 fill" rij:,ll! "f

this lin" IIll" lli1s a lilll'al" f1'lalilJll I>dw, ... ·11 1/" all,l ./. 111 tIll"'" n'j:,itlll~ 11", sh"rl'l""llj:,"

(,X"hall,!!," ilI1,'rlH'liotl d"mill,I!'''' 111., ,1il'lJIHt itl!,'rlwti.lIl illllll.fi/;;1 is ""I1S111111 ,.ud "'Illill

!o l.ll<' appl"tJpriHI., IW.HlillWllSiul1ill. spill 1/:!. h<illj:, \',.11"" (:"iuJ.\ fnllil ri.c,lil I" I,of! \\',.
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lU').!,iltiv,' dlan).!,,'s l.l,;1 AI" ),II;I,~I', As.J is lowI'rI',1 rlll"llll'r 1.111' Slrolln<l slall' lJ('nmws IJIlI'

"r till' I"Y"I"d st;lll',~, 'I'll<' IJrtll'r-dis.. r,II'r lriHlsitiuli I'hllM' 11lIuIJrlilty is II'Ss th;lll sllIullLh

ill I.Ili,~ n').!,i,," wl,idl is 1l1llIl'rs1.alll!a},h' sill,'" 1\'" 1I;r\'I' lirnil"II1.1r1' philSl'S \1'" d"iil with to

tilt"'" whi,",l ;'w "UIIIIIU'IISllrl,k with tlw SySI,I'llIS dilll"II~iIlIlS, Ollll'r phIIS"~ wit.h Ilt'riutls

lI"t, n,lllllu'US'II'J1tl'witJl 1,11"'~YS1.t'111 will alr,'I'I, 0111' p'sults.

'I'll<' Iwl,klll litil'S wllidl ,,)(1<'1101 frum T=(l to 1.I1l' un1l'r-disurd"r l,rilllsil,iu1t lilll' IIrt'

,II';I\\"III1II\\';,nl fl'"mtll<,TdJtrallsi1.jull pUillls, Silllllilltiulls \I"'l'l'dll1l\'i,l, lixI't1h'1l1p,'ril

LIII',' wit,h \'miahll' ,J, t.. s,~' if UlI!' n,"ld dt'l,"l'll1itl" till' trallsitiou fWIll Olll' 1lI"II"1"(,<I pilillll'

1", :l1I"tl,,'I'. I,'"r tlli~ 1111lll"1 it is ,liflinllt tu ,It't,'nllill" tl,.. 1nlllsitiull poi lit "Xllrlly i1S

tlu' tr;'l,siti,ms Ill'" fir,st lml,'r i'I,,1 tlll'l'" is Si~llifkal,l, h~'sl"I'('sis ill lIlt' SiUlllli,ti"I1S, '1'11<'

l't'SlIlls or Lilt'S" Silltlllatioll~ art' iIIl'Jwl,'d ill 1,1,.. philS" <lillp,nl1l1. ilntl WI' 'plot I' III/ "I'mI'

Ilan, lIll th"s,' ,'sl.illlah's 1"'("IUlSl' w.. 11;\\',' Ill) n'lI! ,'sl,illlil!t' uf I.Ill'ir ilf'rllrl\l',\',

')'In' ill'lllallt' 1lllilS" IliiLJ.!,fillll is siml,I,'r 1111111 till' Ullt-ur-l'lilll(' ,liil~l'i'ln ~illl,,'lll" Iily,'rp,l

I'llilSO'S M" lIu1. 1'l'l'S"IlL hi lil\lIl"<' ·1.~1 1\',' fill,1 II lill" ur ~"('tlllli tll'(I,'r ph;ls,' l.rllllsitiuliS

,st'l'lIr;ll.ill~ llrl' t!isul',!t'r,'d IIhil~1' rrulll tI,.. onIN,'d pllils,'~, This liJIl' WilS d"l"I'Hlilwfl frum

silunlatiollS ill. li)(,~l ./. wit.h IIll' 1t'llll>pfi,1 urI' \"aril'l! I." ,l,'l<'rlllim' til" p";lk of tIl<' sp" ..ilit-

pUrt' 1I11Iir"l'rulllil':'l,..tir' stilll'. At./ = :1.2. tIlt' p,1"01Inll stall' swil.f'lH's to tlr,' AF phllS",

IIl1tl ilt .I ::0 -lI,:~ thl' r"l'I'UlIIllj(IIl'1i .. slat,' is till' 100\"l'sl "JI,'rgy sl.al,'. Om' may 11lJI.l' llml

;1 slll,,11 fl'rr<lIlli1.c.lll'li,' t'Xdlilllp,f' illll'l'iwlioll « -0,:1) is slllll,'il'lIlto l'alIS,' 11 rhallg<.' fru111

lllt"lil",I;lrl!.l"tlllllllstllt"lullll,r,'rmlllitp,lIl'lirl\rOlllUIslat,',

\\'" luUSt 10,' nort,flll at till' Ir;llIsitillll 111'1.\\"','11 tilt' 1\1" alit! FF pll1ls,'s silln' till' I'lwrgi,'s

"f ,III tIll' tllYI'n'tlI'IHl~I'S, Ih.. rl'rmmap,ul'l,;". /llltl tilt' AI" phasl' "II lIiI\'" 1,1,.. samt' t'llI'rp,y.

W" r,'llr<'I!l1rat this IW"!tI11l1Ik,, tIll' r1t'lt'l"lllilialillll \lr llll' ]lh;l~I' hUlllIdary Iw1.w,'<'ullrl'

:\1" lind IIF 1'1111sI' ,Iillic'llh lIt luw 1I'1l\1l"l'lIlll1't'. hilt this apl'l'<lrS Illlt 1,0 1\1' , Ill' {'ilSl', 111



l;~

silllutalium< ,luUt· wilh T lixl~1 .11101 .J \"ilr.'·iull,. till' Ir;msiti"n I,<'lw,~'u 11,..:\,," ;111.1 FF

l)haSl'l' is vC'ry,·\'iel"lIi ill till' ,·Ill·r,.,\' as .. hllwti,," "r.l. A sharp "hall~" in tl", sl"I'"

ur 11l1' "\'l'ra,,;" ,'I1,'r,.,\· is S"'I1;(1 .J = -II.:' inl1w sinmlali"lls '[Ullp al T", 1.11. :!,tI. :1.11.

IIIllI·I.I1. This "1'1"'11"" as iI lli:<t'tllliintlily in til<' sl....·ilk llt'''1 ilS it rlllldinn lOr .1 as \\",11,

TIll' pha",' 1..>nllOhIfY 1.....\\·.,·111111' AF. ;uul Flo' I.hm,..", is \·,·rl;,'al. as sl'''""11 in li~tlf" 1.:!1.

S;mililrly 111I'1,II1's,' hllllll.I;'I},I ...lw,"·lllllt· AA alul AF I'llas.· is ;,1"", \"'rli"al all. I is r"'lll,1

lll.J=:I,:!.
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4,5,3 CUllllectiollS 1.0 Experiment

\\'illl lhl' ill1'lllSiol, uf a sl'fII'fI'xdl1llll!,l' inll'r<wliull 1\, lIllr Ilall1ih""ian II'" 11.,\-" n,[,I,"[

i1 111'11' llilt"an\l'1.l'r II, ullr Im)lll'l. tllal IoI'ill,1!, l1u·I'x,·I,a1l,l.:I'I);I1";Il1\d,'1' ./. 'I'hl"'" is "",111'

rt'slrktioll 10 1Ill' \'"Iil!'S uf O. II'liid, 11·1·1HiI.\· IIhl"liu, 1o.\" IlIljllslill)!.llw 1',oIll1' <If.l. '1'1,..

11l1\·,'S1. pnssihh'lrnllsiliull lp1l11U'n'1.I1l'I'islodl\·I'I'1I0.:! nlioilU. fur 1111' "1l!·"r·I,I"ll1' lII"d,·1

111111 ;l.fiU ,Iud '1.110 ill I Ill' ill-phl1h' 11\0011'1: HII !t'II1IIl'I'"lnrl's an' ill IIl1i1.s uf f,f~;;. TIHT"

is il s('I'un,1 l"l'1llrl,·1.iullull.1 wll1'lI nll1lllarill,l!, 11'I'xl"'rim"lIls. As./ is \'ari,',llh"J,:r"lIll'[

Ilallll'f than simply IISill,l!,.1 liS H lil.1iul-\ pi1nlllH'lt'r it wOlll,1 hI' 111<11'1' nllls1.l'lI"lh',' if

II"I'follllll1lak"illl im!t'!H'lull'ull'st.illwtl'"f ,1,11,,11.111'11 nllI1P;U-"111l' I'l'Slilliu,l!, tnilisilillll

1"1111I('rallln~ fur tI", l'al'iollS 1''1Il1I'UlIlIlls to thu"" fUI11l'1 ('Xlwrilllt'IlI.,dly. 11,\' as.sllIliing,

lllal..J ill l'qUIlI,ioli :I.li is II nlllsl,;lI'1. fUT all 1,11l' ran' l'ilrl.hs.[:ll!r,[ WI' 11I11.\' l'1ll,i'IlIIl,I' I,lli'

I'Xr1I;lIl,l!,I' p'll"I!111'I."f.f fill' allY fUl1ll'Ullll<l ,l!,il"'I1,{ 1'",' 0111' I·UlllIHJlUUI. If II'" til. .1 s<' i1S til

[:11, is lh,' ,'xllI'rinll'1I1111 Systl'ltI 1I10.s1. similar I... 1111I' IlHull·1 sysl,"III. As IVI,II III 1.111' n'J,:irHI

Ill' illll'r,'sl. \!II 1.111' ollt-lIf-l'!;lIll' pll1l.sl' ,Iiuv,rillll, wllidl is ;,ppr-IIpri"k 1'''1' IJ.\', w,· lilUI 1I1at

til(' ("fiLil'1ll I.I'l1I]Jl'nl1.lIl'1' h,~<; " .~ill'I'II' Iilll'ar d"I)('III1"IIl'" Itli '/.

Al'lllyil1,1!, t1l,' 1I1"m'l'ron·dlll'l', ,/(/J!!) "" n.,jl, /llld .J(f~',.) = ~.I(IJ!I) '" II.~:I, illllllil.s

uf (~). llsiu,I1; lilis \·ahu,.,f.l I" I's1.illHIII' til" .... iti,·HII..rl1l1'·I'iII.Ur-'· rur 1,:,.B"1Cll:,(h,
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).\iw'!i '/;,( 1':1') =0.:'711' ± (1.17/\, wlridr a/!,nT,~, within "Xlll~l'il1l1'lItal ('rrot, \\'ilh tIll' exper

it!l!'lIl;,! vallI!' lUi I ~/\, ,lIl'! ,li:r"l's rnull the l'xlwril1\ClllHI vallll' hy 10%, Till' larg('sl eHor

ill '"I!' I'st;t11111r' is lIrt.wdly I,h,~ :::::: 11l% "ITO]' ill dl'l"flllining 1'.11 (·xpt'rilllclll.'ll1y. Other

llllfl'rtilin1.i,,", ;tr',. ill ,Id"r'lilillill,ll, till' Inlll-\lIitll,l,. ur l.lll~ lank,' I'l'dor a, ami tIll' error ill

"'lr''i'<I,illlilh' "r fJ" (rllm til" SillllllllliulIS, I!ml'r,VI'I' tll(')' rio not f"lmtrilmtc siglli~cllntly to

l.lll' "IT"", (Jill' .'stimal.r' rur .I in ErlliltCll:I07 yit-I,ls, ill our MontH CHlo Silll1llaliolls, a

/.:,1'''111111 sl,al,- II'h;"h ;~ L1w .~i11l1" ill< 111111 rOllm[ ",qwrillwlIlil!ly.

\VIIii<' II'" ,I" Ilut "Xlll"-1, lIlir IIll!!11'1 10 IJI' villid rol' C:dBiI~Cll:\07, mainly lIu<' to till'

x-filid. d"I\"IIO'r;Il,l' 1!.I1Jllllrl s(all', il is 1I.'v"tllll'l,'s"~ inLt'n'slill/!; 1.0 ,'x(,'llll till' pn~violls

<ll'l\lIl1l<'lIls, Wi til till' ~il!l1C il~~Il111pliuIiS ;,s ilhuv!' \\",' rilllllllill .J({M) = ,U(Dy} = 2"0<1,

Hillis is n rC';ls"II"],]I' I'S1.iUlll(" of lin' ,')«('!tIlIlI!." illll'!"lW1,ioll, 1,11C'11 w,' Ht' ahlc' ltl IWC"lmut

Fur.l = :!JH lllC' .c.rulllld SI;l(I' I'Ill'tl!.Y of till' 1\1' p]I"SI' is -fl.Uf/S, witH" tlJ(' grtJllml slall'

l'lll'fK,l" "fllll' 1\/\ p]ws,' is -1l ....1·1,1, WIIl'l"I' hoth "IIl'T/!;il'"~ 111"1' ill ulliLs of~, 1I11l11l'11l'l"l'wI'

llill"" ,I,'lillt'dtlll' ZI'TlJ 'If 'lilT 1'lI"l'RY s"al,' as 1.111' l'lIl'rgy of tilt' systelll illlllt~ ahs"lIf1' of allY

iull'l"al"l"iuIlS, rf Wt' nlli\,I,ly C"Unlilllll' lIlir "l1illysis, w,' c~stinllll,' lIw rritk1l1 tC'll1pCralllTI'

fut (;,llia'I('II,,(), III Ill' '/;, = I,7,'i 1\' ± U.:IH, \\'Ilkh Ililfc'I's by ~2% whell c'01I1pllrt'd to llll'

1')(I','rillll'III,d 1"i111l" uf 2,2,11\" ± lUll. E\,('l1 though ollr c'slil1llltf' of '/~ dol'S lIot "grl'c',

wilhin '·XI"'fill1t'ul. ..1"ITlJr, with lin' l'xIWrim"lItally .Il'l<,rmilll',]l.rilll,;ilion l"llIllI'Tiltllrc,

I blot 1\'" hill'" "\"'11 a n',\s"lIi1hl,' v"lue' wI "'11 w,' apply Olll" I11ml,'lt" GdBiltCn"O, is qllito

""lIllll'kill,I",

4.1i E.S.M. vel'SIlS M.LT.

,\';,1 "'>llllmrislJlI I" I Ill' 1':wl1l,[ Sll1l111Utliull mdlt"d W,']IIII',' Si11l1lIat.',[ S'UIl" 01ll-uf-plllll",

1.=1li syslt'lIIs IlSill~ 111" lI1illimlll1l iUlap,t' 1t~'ll11i(ll1t" TI1<' gruullcl ~t<ll(' t!lI~'rgy dilfcn;



hy approxilllald)' I!l% wht'll rOlllll;lrt'tl ltl lilt' \'ahll' or D,,'IItol! ;llJel Whilt'llI"a,1.[:?I) W,·

~faJlh lht, ('fIC'rgy, ~pt'("ilic' IWill, tlnlc'T parill)Jot'lt'r. iln,1 ~llStTl'lihilily fIJI' s.\·slt'n~~ with ..

IlUrt' c1il)()larillll'rarlion using lJolh ll1l'lhlKlsill ligllfl'll.I.:tl:. '1.2:1, '1.:?·l,lIn,I·I.:!!'. \\"I'lillel

11.1' ~hal till' M.I.T. c"Slillllllc'lll\ '/~ \\"hidl is smallt'T lhllllllC" KS.~1. 1'.\';11%. Th,' /1.1.1.'1'.

\'alllC'lwing T. = 1.6K±1I.1 allli tllC' ~:.S.~I.ITlinsilitlll tl'lIll','r;lllln' hl·ill" '/~ == :!.·I·I±u.tl!",

for a 161Jy 16 S)'~lc'lll. III llll' limilllf I. _ 00 IMlth ltlt'llll"ll' 111111111.1 ~i\1'llw S;'lll" f''lillll11

I, = Ill. lwlll'{'I'll till' f1'lllllls ur 1111' E.S."'·1. ;1lI11 Uw ~1.I.T. impli,'s 1,1t;1!. t.11I' rillito, lliz,'

dft'cts ill'\' slill wry l;ll·;t,. We' ,'xIH'I'I tlH1L till' liniLI' .~il\l' I'rrt'd..~ ill till' KS.I\1. Itl'l' lillH,II....

Llmll ill lIn' M.1.T. Silln' sy~Lt·m siz(' is lilllilo-d b.y rUllllllltill).\ lillll' t·"lI~I,,·;lill1.~,UII' "st,1'11
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Chapter 5

Conclusion

TIll" r'''''II,s, I'n""'"l,~l ill II.ts 11.. 'Sil<. '·'IlIl'..rnillJ; til!' 11\"" ,lilIIl'IISiullilllsillJ; mUlI.,1 wil" il

I"m'w"! '·"" ... ·t"l"~ dip,,!;,r .~.\·S"·lIIS, Hlltl ,III'il" <"rili.·,,1 pWI','r'i"l< 1,1 Iu\\' 't'mlll'tlllllr."

I'III'li;,II.I· imSIl",'!'s s"III" "r ,111' lIlan.\· 'pwsliuliS ""IW"I'lIill,!!, ,!I,' llIitp,lIl'1i,' Ol"tit'rill~ III 1"11"

1'·IIIIWI'HIllTl'.Ulllllt'rarc',';,rlli slll,IHI,in'illtl"'SI"·IInllltllll1lls.

"'" Ill'\'" 1"~'11 l,l,I,' III SIl',\I', Ilsin~ :\\"111" ('''1'1" tlll'llu"ls Ihill 11 111'0 ,Jillll'lISilHllll.

l'th·tlll'liull, 11111"';Ir.l II> Iodun/!, til 1111' !<allM' 11lIi\'!'I'l'1IHt.r 1'1..1'.'; l'S IIIl' t\\'(Hlilllt'IISiOlllll

S= II'! Isin/!, 1110,,1<'1 with 11 IIt'n... '!'1 Ilt'i,e,hl"",rl'xdlllll',,I' illl,t'rltcliull, T111'ctitin] l'Xpolll'nls

f"t 1",111 sl'illslIripll'lllil>IIs MI',;: = U,I'!±IUlI fut lilt, ill-pillm' lIltHI..1lIntl ~ =U,I:!±U,U:I

lIllll '"II-ur-l'liull' 1l1l"lt,ls, llllll;: = l.i±ll.'1 f·,r Illl'ullt.of'lllallt" allll; = 1.9±O,<l rOt lhe

in'l'llUW 11",,11'1. '1'1... ..,itinll rt~lltn..1 "'IIIIK'tilIIlO' fut lilt' transitiull rrum tile diwnlt,rctl

III .,nll'n.. l sIal., is O. = ~.;Ij ± u.lm wlll'11 till' Spilili ilN' n'!'olricl(..llu uril'llt T"'I'IK.'Il(.Iiclllllr

1.,1111' I,hml' ..rtlll' sysktll,lIl1t1 O. = :I.!),"j ±O,I wl1l'lI tilt' SpillS an' rolllillc<lloOllC or lhc

ill-I liar... 1IXIOS. Our dllillls 111'1', "r rllllrsl', based UpOll tht, assumplion lhat II = I, which

is I·"nsislt'nl willi nil uur Ilalll, hill. is slillllll a..;sumpl,ioll.

Wt' l'lll'<' nlw dt'lt'nlliul'II 1,111' pllllsl' tliap:T1l1ll rur two possihl~ spin oriellln~ions, when

1.1"'1'" is ;111 ,'x,.]lall~" inll'rill'Liull liS 1\,(,11 as tIll' tlipolnt inlernction. \Vc have slutlit.'(l

S,I"s1c'II1S willi 1.111' lIlullWllb t'urtliul'Illu IJOhlll11ollg 1I11' b axis lI11d nlol1g till' c lIxis. Tilt'



l'llltllllt'xily tlf lilt' 11111l~" diil,I1,I'Hll\ ,1t'I)t'lltl~ "n CIll' ~],ill 'll'i,'lll;ol i"II, l'ul II'" ;11"- "1,1,-1,, ~11I'1\'

t II<' l't'Ai"lI~ I,f 1,11<1.,c' ~pa,'c' wh,'re' lIlI" lin,b 1111' 1'111 i·f"rr"I'III,C.llI'l i,', lin' 11'1"I"'lll;'.I1,II"C i,', lilt'

M" "<llnll:.lc'd fur a IIi x lli ~,\·~I"II1. 1"11 W,' "XI""'I liial il 'illalil;,! \\'0'1,1' llli1l1i,'~ •II.' pl'as<'

diil,l!,1'11111 uf 111<' inlillilc' .'y~klt1.

ch'll 1111' 11111,c,llC'li,' 111"llu'lIl~ i1n' Ilniaxi.,1 "ncl llw ~y~lt'111S iln' CIUilSi·II\·" .lillWI'~i,I1I;II,

;1 pur<' ,lipular illtt'rafti,," b 1101 Slilfidc'lll III a'Tulllll fell' lilt' 111ill1,llI'li(' ol'.lc'l'il1l1, till tIll'

Tilrt' earlh ~1I1011lI.lil'l' ill 1.luO:;I' '·"l1Iptl1ll1ds. 0111' ,'~1imatc· fol' '1'" loasl,,1 "II a 1'111'" .lil',,101l

illtC'fHd.iC!lI f111b nlllsi~t,I'lltly luwn lll111l 1.I1C' px]lt'rinll'1I1ill 1'111111', With till' ill"llIsi',n "r

al>ll' 1.0 lil lile' l'xpC'rillll'lIllll 1'ldliC'S ur '1;,_ mid slilllil.dlltilin llH' IIrtJIH'r I'xlJt'rillll'lll"lly

dC'l.t'1'I11irwcl. il1-I,llllll', grwlI1ll Slllil', \Vitb;1 flll'tllt'r as.'llllll'1.ioll C"tJll1'l'rnillA 1.111' ~1.n'IlJ!,1.1i "f

till" C'XC"lI<lll/-lt' inlt'rlll'litJll, "ppliC',I1.u lht, 1.wu "OllIIHJlllI,ls f"r whidl 1.111' ""l' HI"d,'! i., InlJ~l

valid tdlow::I Wi III prt'dkltlw l,rilll~il,ioll l.c'lllppra1.lIn' fur 1';r1Ii1~C'I:,07 within lU'X, loa,_I,.1

soldy 011 0111' SiltlllllllitJlls ll11t1 c'>qJC'rilll1'lIllll t'~lIll~ fur nylJil~Cll:l()7' If w,' ,'xl"lId I,hi~

allaly~i~ to illdlillf' Gdl~;11Cll:I07, rot whidl L1Il' Vldi,lil,y or ""l' modl'l ill V"l'y Ilrwt'l'taill,

Wl' ;ll'(~ alJle esliumte tim e:titit:lllt"llIt"'t1Itlll'l~t.o within :nIX, or l.lll~ t~Xpl'rillH'lItal vahlt',

[n lhis work we havc, olll or n(~I:I~si1.y, rtHl.II~ SOl1U~ mi~lIl11pli(JIIS t:t>nt:f'fIlitl.l!, t,lw .,Jr"I:liv"

dilllcllsionlllily of the system, and tht) c~lr,-divl~ IlillWlISiOludi1.y clf lhl' rllilAllt'tir rlll!lllt~llt..

Thc SC'(01111 philsc or tlJis wUl'k will c~x;t1llirll~ lllc~ t:lJIISI"lllI~lll:t'~ ur llll~l~ lL~SIlIIlI't.irJIIS,

In partir.lllar experimenlal work sllllllOrls 1.111' 1J11l1iositilJll llllll ill Errlll~(~IJ:I(h UIl'r'{'



,!!

wdl ll,,' IW" .1illl<'lIsi"II~,1 n'slridi"l1 ill "III' 1II."kl will han' 10 IIC' l"'Ullw,"1. \\'l1ih'l.l1<'

dip"lar itl1t'ra<'l.iull in till' " ,lin'l"Iiul1 hils 1""'11 sh"wlI I" 11(' r"ur "nl"rs ur mil.c,lIillld,'

Sl'H,!I,·1' l",tw""11 111t'I,1;'IIt'S III;'!! ill IIl,' J.lillll·S, Ill! such linlil;lli,," ,'all I", J)111 UII all

illl,'qJI~,";,r ,'",dIMI).!," illl" ..;...lj"lI. I\S;' rlll"lllt'l" "",l"IISiulI,llll' illl"ll1SilJlI ur ;111 illl,'rplnll;I1'

,·,~,.f';II').!," illl''I";...li''ll willI,,' "XI'!"I'I"I.



Appcndix A

DCl·ivn1.ioll or Dipolal' I-Iainilt.olliall

Thl'llisl'l;u'l'Illl'1I1 "f l.lll' ",II, spin n,llllin' lu Ill!' /III. ,'I,ill is v,il'l,t1 1,,\' ii",,,.
\\'p lililil U<l1' l'lll"~'li'!Il or 111lll1ll'llls tl' Ih"s,' wlll'n' th,' n'l:fiv,llrllli'ul sHlbtil'S 1IIl'

Ill'riwlkn'lldiliuli.

0'(,11 alld l'l'plk11S "r this ulIil, n,II, as ill HAlll'I' :1.1, \\1•. willllsSUIIU' tJlill. utll' 1",\'1"1"111 l'''llsisls

Orfl 1';ISic' lIuit, ('(,II with N = 1;1 SpillS, 1111 II sqlllll"·!I:1.Li,.". This S'I'IIIl'l·III1.li"l' is ll"SCTil",,1

hy;1 PITP(~lIdi<:lllilr basis (Idllrd~), \\1" l'illl "ouv!'r!. till' SllIllll\'l'r i1llll1l1.in' I",illl.', I." II

Silill OV(~r all l'"illl:< ill il I, X I, I'itsir nuit ....\1, alld H.'11111 OWl' "II lilltil'" vPl'!,lJI'S. '1'111'

lIamiltollillll lIIay lIWll Ill' r,'wl'ilkll as

wllcn~ the prime' 011 till' ,'III11S l'l'sll'ids II awl III liJ th"Sll o;il.lOS ill IJ1lr I.lIsj,: \luil l:dl. Till-

s('cond t,'rlll will hi' it f:otlsll,"l rnr allY fFL as it is iudl'pl'II,I;,ul, of llll~ r"lIliAlIrll1.i"u.

'"



"
'l'IIi., 1"1'1'1 ""111;lilIS i'lr',rlllilli"l1 '>II III<' illt,'rmti,m IH-I\\'{~'II;1 "pin illHI ,-m'll "r il" illlilll,I'

W'·II"I\·r1,·lill,·;ondr""lil"·illl,-r;lI'li,,nW.

illllll',-\\'rit,'llwllillllil1'llIiilll;'"

11'11<'1'1'

1'-;'"", +1(:- r1 =' -J:L""p,-li'"..+(;-i'/~·"

SUlIlIllill).!.ol'"r lill.1in' 1',','1,"1'" (: yi,-Id".

(I\.ti)

1'\·7)

(A.H)

(AolJ)

(A.II)

NU'I', silln' \11' lHI\'" i\ S(Jllilr<- !;\ttin- with lattin' fOHHtant ;~ iHld L ~itl~ 011 an t:dgc, we

(A.12)

Tlll'n·r,)I'l' slIf,,,lit.uLillP; "'!"ill,inll A.12 ill to clluatioll A.ll ILlid rescaling i': ==; Xft:



WI' ,liri,I,'IIII' in..~nl ililu 1\1'" I>1lTI~: ,"'" '1'li.-l.l,I' ",m"T,!:","1 iln,l "llO' "1,,wIS n'"I',T,,,,l1l,

\\'t. n'\Hilt· 1111' al.u\"l' ilS:

I .,

~~. ;,,)" +ill

wilh

A = j·''''If-~(1.._-1)'rrLr-'~11_,'~~~I'''''1 (,\.lli)
" ,r_,<

If "1' tak,' lill' Jilmhi Thl'hI rllurliut,

ill1ulh(' ImilgilluyTr.mJ\rUflll

(A.IJ(J

Rndlcl

. , t-f r. 1
"'(X,.,!. ,;x",(;X, Xl (IU!I)



w" lIIay writ" B ~,~

(A.:W)

(A.:!:!)

(A.1;;)

III thi~ f"rlll B will n>!l\"'I"p,t' '1'Iit·k\~·. Tlwl'l' il' it 1'IIHlll prohh'lIl wilh llll' "II = 0 It'r1ll,

1'111, 1\'" 1Il1l.\· 1'11011' 1,IMl iJ.. iJ,j of tllil' 1"1"111 il' Z,'W, Tll!'rl'ful"l' if 1\'1' I,'lllll' /Iii =U It'rlll

I,,, n'llItJ1"'d frulil Ill!' .~1I11l illl.1 nof"ITI'.1 tu ill' D, \\"1' 111il)' rc'II'rill' B Ill' Ill'luw, wl11'1"1' lIlt'

B = 4D+"'l"'rl"n~:>-1~~,,~_~2,,~pl (A.2G)
- ~ II"~

4D+.C'fIPtc-1W~-"'(;1p7, (A.2i)
, n

1I'III'n' II'" 11111'" 111'1'.1 llll' Jl;"II,'rill .Idinitioll of a laUil'C veclor, givcll in ('(Iuation A.12,

Nuw ir 1\'., lll'lk.' 111'1' LIl.' Ildinitiull ur lIw cllll1plenWl1lllry l'rror fllllClioll, liS in equation

I\.:!i\, WI' lIlay l'illlpliry OU1" .'xpr"l'l'iun fur B in ('qlliltioll A,17 cvcn mort',

(A.28)



I = ;01(;11'

s = '1';1.

l\UI\' B may 1", wrillt'll a~:

(:\.:.!!I)

(:\.:10)

A = J,"'tI,,, _~(;""'_.i'lJg~.,_ ..,p",.!.!l;"~ f ....'1

,fi E,·r'·("I~+II;111

T ~ I""'P + 1((11 .
Nvll' ir \\'1' slIhslil,lI1.(' 1'111l~ 1\.;1:1111111 1\.:11 illl,., "'111 ,\,1;, \1'1' 1.;1\'1'

I

]r",,,+r:-il

W",,(~) =

i) i)

"'ih:' fliJ.r."

(/\.:I:!)



MA'I'IIEMATIGA. Ir~ilJ~ W a~~i\"l'n il1l'qn ;\,:17 II'" filii}' IVritt· llll' Ilmlliltoni1tll 'Illite

II~r N [ :1 ' 0 '1' II]'H. = :j""""i-"l Gil +LIJ.. W (,r",,,) 11", •
-" , K,'.

W,· III;'." nlklllal,'tll<' "IIl"rJ!,r IU'r Nit,· fur 1111 L hy L laUi,,', E{I.) liN

"1I;"='~IWOIl(r,,,,,)I1f.,

(A.;~)

(AAI)



Appendix B

The Progralll

Program ewald

IMPLICIT none

Integer n, 1, ld, lint. ldml, l2s

Integer numme, nUlllint, numruns, time

! starting temperature

! final temperature

! number of Me steps between data taking

! number of ini tal Monte Carlo steps

parameter( n " 6

parameter( tfrom "2.38 )

parameter( tto =2.42 )

parameter( tstep " 0.01 )

parameter( numme • 5 )

parameter( numint .. 2500 )

Character*80 wf, gf ,outfile, spinin,spinout

Real*8 tfrom, tto, tstep, temp

! What size lattice 2"n

parameter( numruns .. 4000) ! number of runs of "nummc;." Me nteps

Real*8 ising, Jex

parameter( Jex " 0.0)

parameter(wf='W64 .dat')

parameter(gf'" energy')

parameter( outfile " '64x64.dat.3' )

parameter( spin in .. '64x64.spins' )

parameter( spinout =' 64x64. spins .3'



ApP<'lldix H. TIle Program

paraJIeter( 1 .. 2'''n )

paraJIeter( Id .. I-I )

para.eter( 12, .. (1-+2j"2 )

paraaeter( t.l • 1-1 )

par_eter( Idal .. Id - 1 )

Real_S held) ,w4(ld), w2(ld) ,w(ld). HaJJI

Integer spin(12s). inner(ld), place

Real RANDOM

Integer Iseed, i, j

Integer init , site,run

Integer flip

Real_a energy, order, toto, tote,tote2,toto2 , deltae , del tao

Real_S gsener, zero

REAL_a ChangeO

Integer group

paraaeter ( group .. 16 )

Character_t line(O:l)

CALL Getlnner( inner, 1. ld

CALL GetSeed( Iseed )

CALL RCARGO( beed )

Write(6,_) 'The Random Seed Was', beed

C." INITIALIZE THE SYSTEM - ..

CALL Initialize( inner, spinin, lIpin. Id,12s, n, group)



A/'f"'wlix H. T/Jf~ f'ru~r;HH

CALL SetBorder( spin, 12s, 1 )

CALL Draw( spin, 125, 1, line)

c· ...........•..•........•..........•• ..•........••
C."* READ IN TIlE W FILE

Dpan( 17, file = Wf, status = "OLD" )

DO i .. 1, Id

Read(17,.)w(i)

w2(i) " 2.0 • ..,(i)

w4(ld +l-i) = 4.0"w(i)

ENDOD

C······ ..·...."'··· ..·..·••..·..···"'···..·....•..**"'* ....·"'· ..
C""" READ IN THE GROUNDSTATE ENERGY FILE

Dpen( 17, file" gf, status = "OLD" )

DO i = 1, n-l

Read(l7, ")zero, gsener

ENDDO

C··· ..•.."'· • "'· .. ·."'· "'· ..•• •..••·•..** *..• * ..
DO temp = tfrom,tto,tstep

Call CalculateR( inner, h, spin, w2, Id,12s,lml, n )

C···....••••••....•··•.......·....•..*......•
C"** EQUILIBRA.TE THE SYSTEM ....



Appendix H. Tho:! I'mgrMIl

00 init = 1, numint

00 j .. 1,ld

site.. INT( RANDDMO * Id ) + 1

place .. inner( site)

i sing"2. OO*spin(phce) *Jex'" (spin (plllce+1+2) +spin (plllce-l- 2) +

spin(place+O +spin(pla<:.o-l»

Ham .. 2.00*spin(place)*h(site) - ising

IF« Ham.le. 0.0 ).or.(RANDDMO.lt.dexp( -Ham/temp))THEN

spine place) = -l*spin(place)

CALL UpDateField(h ,w4,site,spin(place) ,n, 1 ,ld ,lm1)

ENDIF

ENDDD

CALL SetBorder( spin, 12s, 1 )

ENDDD ! End of the initialization

c*"" START REAL HONTE CARLO *..

toto = 0.0

tote .. 0.0

toto2" 0.0

tote2" 0.0

deltae" 0.0

deltao'" 0.0

flip It a

CALL Collect_Data(inner, spin,h,Jex ,1 ,ld ,128 ,energy ,order ,zero ,n)

DO run .. 1, numruns



DO time - 1, nummc

DO j - l,ld

si te - INT( RANOOMO • Id ) + 1

HO

place'" inner( site)

is ing-2 .•spin(place)"Jex" (llpin(ple.ce+1+2) +spin(place-I-2) +

spin(place+l) +spin(placa-1»

Ham" 2.00.spin(place)"h(site) - ising

IF« Ham .1e.0. 0) .or. (RAND!'l110 .1e.dexp(-Ham/temp» )THEN

flip'" flip + 1

spine place) '" -l.spin(place)

deltae - deltae + Ham

deltao .. deltao + ChangeDC site, spinCplace), n )

CALL UpDateField(h , ....4,site, spinCplace) ,n ,1, Id,lml)

CALL SetBorder( spin, 12s, 1 )

EUDIF

ENODD

ENDOO ! End of the time loop

order '" order + deltao

energy .. energy + deltae

tote .. tote + energy

c toto + ASS( ordQr )

tota2 .. tote2 + (anergy)*",2

toto2 '" toto2 + (order) *"'2

deltae '" 0.0

deltao .. 0.0

ENDDa ! End of the number of runs



Appendix B, 'flw Plll.ll'rillll

CALL DutputData{outfile ,I, Id, temp, Jex, tote. toto, tote2,

toto2 ,flip ,nulllruns)

CALL Write_Spins{inner, spin. group , Id,12s .spinout. temp)

ENDDO ! End of the number of temperatures

STOP "Hey man I'm finished"

END

Subroutine CalculateH{order ,h, spin,w2, ld, l2s .lml.n)

Integer ld, 1111.1, n, spin(l2s )

Integer order(ld)

Real*8 h(ld), w2{ ld )

Integer i. j, ai, sj, kw

c*** CALCULATE THE H MATRIX "'**

C$DDACROSS LOCAL( j, i. si , sj, k1/ ) , SHARE{ h, spin, 1/2 )

DO j ,. 1,1d

si = iand(j-l.1ml )-1

aj .. rshift(j-l,n)

h(j) '" 0.0

DO i-t,ld

kw=iand(si+i .lrn1)+lshift(iand(sj+rshift(i-l ,n) ,1ml) ,n)+l

k;l ,. order{kw)

h(j) "'h(j )+spin (kw) *1012 (i)

ENDDD

ENDOO

RETURN



EIID

Function ChangeOC site. lSpin,n )

Integer site. spin. n

Real-a ChangeD

ChangeD • 2.00 .. «-1.0)"'(site»*spin

Return

E"d

Function ChangeE( srin, h)

Real*S h. ChangeE

Integer spin

ChangeE .. 2.00 .. spin-t( h )

return

End

Subrout ine Collect_Dllta(inner. spin ,h. Jex ,l,ld ,125. energy,

order, zero. n)

c·································.···················......•..............
c This routine takes II spin configuration and the t"8lIepctive fields and

c. calculates the energy and the order parameter. It then corrects the

energy so that the groundstate energy is zero

( therefore the vllrible zero has as its value

e the groundstate energy for II lattice of that size

with no self interaction included)

Integer 1, ld, n,128

Integer spinC12s)

Integer inner(ld), kv



:\pl'l'lIdix ll. Tit., flnl~,·IltJl

Real",a held)

Real"'S energy, order, zero, ising, lex

energy'" 0.0

order" 0.0

00 i =- 1, 1d

kll - inner(i)

ising-Jex* (spin{kll+ I-t2) -tspin (kll-1-2) +spin(k\l+ 1) +spin (kll-l)

energy" energy - spin(kll)*( h(i)/2.0 - ising/2.0 )

order" order + «-1.0)n(i»).spin(kll)

ENDDD

energY" energy - zero*float(ld)

Return

END

Subroutine Getlnner( order, 1, 1d )

Get the location of all interior sites

IMPLICIT NONE

Integer l,ld

Integer order{ Id)

Integer j, count , ij , 1

count .. a

DO i " 1, 1

DO j ., 2, 1+1

ij" i. (1-t2) +j

count = c;ount -t 1

order{ count) .. ij

ENDDD



ENOOO

RETURN

END

SUBROUTINE GetSeed( ix )

integer ll(

Real x

x .. SECNOS( 0.00 )

b; " INT ( x )

]X .. and( ix, 8191 )

DO WHILE( ix .It. 10000000 )

1X " ix '" 7

ENDDD

ix "or( i:!t:, 1 )

Return

Eod

SubroutIne Ini tialize(inner ,spinin ,spin ,ld ,128 ,n,group)

Integer 1d, n, 12s

Integer spin( 12$ ), inner(ld)

Character'SO spinin

Integer kw, group

Integer i, number, j

IF (spinin .eq. "grounds tate" ) THEN

DO i "1, Id

kw .. inner( i )

spin{kv) ... (-1)"(i)

E!lDDD



ELSEIF (spinin .eq. "random" ) THEN

00 i "'1, 1d

kw II inner(i)

spin(kw) = (-1)**(2* INT( RAN00I10+.5 »

ENDDD

ELSE

Open( 14, file'" spinin, status "'''OLD'' )

DO i .. 0, 1d/group

READ( 14,300)nulllber

DO j"'1,group

IF( j+i*group .1e. 1d ) THEN

kw = inner( j + i+group )

spine kw) .. (2*ibits( number, j, 1 )-1)

ENDIF

ENDDD

EMODO

300 formate Z10.2 )

CLOSE( 14 )

ENOIF

Return

END

Subroutine OutputOata(out ,1 ,1d, temp, Jex, tote, toto,

totp.2,toto2,flip,number)

c In this routine 1018 calculate the specific heat (spht) and

c susceptibility (sucp) ll1ld write them out to the output file,

c appropriatly named "out". We also output the average energy (avee)

!l.-,



c and the average of the absolute value of the order parameter (aveo).

c This sub'routine also IIrites out the temp of the run,

c the size of the lattice (1), and the number of data points used

c to create the averages (number). We also print out the nUllIber

c of spin flips that have taken place.

Integer I, ld, number,flip

Real.8 temp, tote, toto, tote2, toto2, Jex

fl.eal.S spht, susp, avee, aveo

Character.30 out

Open( 10, file"' Clut, status-"Unknown", access-"append" )

spht= (1 . O/ld). (tote2/float (number) - (tote/float (nullIber» "'*2) /temp .... 2

susp= (1 .O/ld). (toto2/float (number) - (toto/float (number» .*2) /tenlp••2

avee = tote/float(number"'ld)

aveo = toto/float(number*ld)

Write( 10,100)tellp, lex

Write( 10,101) l,number

Write( 10,102) avee, avec

Write( 10,103) spht, susp

Write( 10,104)flip

Writ.~(IO,.)' ,

Write(10,.) ,----------------------------------------,

100 format(5x,'Temperature .. ',f6.2,7x,'lex_ ',f9.5)

101 format(5x,'L= ',i3,7x ,'Number of data .. ',il0)

102 format (9x, I Average Energy. ' ,f20. 9 ,5x I' Average Order P. ' ,f20. 9)

103 format(9x, 'Specific Heat. I ,f20.7 ,5x, 'Susceptibility .. I ,f20. 7)

104 format(9x, 'number of spin flips', i8 )



CLOSE(10)

Return

END

Subroutine SetBordere 1atl, Id. 1 )

c This is a cool subroutine that caused a lot of proble.,. It takes tho

c botto. ro'ol of the lattice 'ole want and lI.oves it in to the top row of the

c lattice IHt have. It does silllilar things to the top, left. and right, row

c or column.

Integer Id,l

Integer latH 1d )

Integer i, count, ij, j , site, one

data one/ 1/

DO i"'O,l

count .. (1·0.( 1+2)-1 + 1 + i*(1+2)

DO j '" 1,1

site - count + j

ij - i.(l-tl)*(1+2)+ j + 1

latH ij ) - latH site)

ENDDD

ENDDO

DO i" 0,1+1

count .. i.(l-t2) + 2

00 j -0,1

site .. count + j-(l-l)

ij " i.(1+2) + l+(1-j).(1+I)

latl( ij ) .. latl( site)



ENDDO

ENOOO

RETURN

END

Subroutine UpDateField(h,w4 ,si te, spin,n.1, 1d, 1m1)

c This is probably the routine that takes up the most time

c during a run. It updates the fields at each lattice point,

c h(D, given that 'the spin at lattice point "site" has flipped

c such that it is now in the state "spin". The varible " ....4

c contains "4.0 * w" in an inverted order. We calculate the

c varible .. k...." in order to

c update the fields in the proper order relative to "site" and w4(1).

lnteger n,l, Id, 1m1, site

Real*8 h(ld) , w4(ld)

Integer spin

Integer si, sj, kw ,i

si = iand(site-l,lm1 )

sj '" il>its(site-l,n,n)+1

C$DOACROSS LOCAL( i, kw), SHARE( si, sj, SSt h, w4)

00 i= 1, Id

kw .. iand(si+i.lml)+l*(i"-lld(sj+ibits(i-l,n,n). lmt)+l

h(kw)=h(kw)+spin.....4(i)

ENODO

RETURN

END

Sub rout ine Wri te_Spi ns (order, spin ,group ,ld .lp2, spinout, telllp)



:\/'I"'/If/ix Il. TIll' I'rll~I'''11Jl

c In this routine we take "group" spins and create a binary

c nUlllber from them. If say spinO) is -1 we make bit 1

c in our binary number 0, if spin(10) is 1 then \o1e

c make bit 10 in our binary number 1. We then write out this

binary number in he;c:adecimal form in ordor to ,save space in

c the file. This way ve may write 16 states as 5 alpha-nulllerics.

Integer Id, group, 12$

Integer spin(lp2), orderCld)

Character. SO spinout

Integer i, j

Real.S temp

Open( 19, file'" spinout, status="Unknovn', access"'append' )

Write(19 ,.) 'Temp', temp

DO i " 0, INT( Id/group )

number" 0

DO j=1,group

IF( j+i.group .le. Id ) THEN

kw '" order( j+i"group)

number = number + «spin( k\l )+t)/2).2**(j)

ENDIF

ENDDD

Write(19,3DD)number

300 format ( ZiD. 2 )

ENDDO

CLOSE(19)

RETURN

!I\I



END

100
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C011ljll'ting sllllrt rim!l" ;rud tlipliliu' illlt'l'lIl'1.iulI~. 7.. l'IIU,<ik II .. :'14;;1',:, :1W.!, I !17!I,

Htl ,I. p, \/111\('<\11. TIll' prolilt'llI uf nlltlumlJit' futl'l'S ill l"tllll[llllt'r sinndld,iulI, I'n"'I~"'

i"g.~ No. !), NilliOlllllllPsollrn' fllr ('I1I1I!lll1.al.iutl ill ('lwlllis1. ...\,. 1.;lt\·"I"t'IIIT r'I'rk,'I,'.\·

IAllllltlllOl'Y, llniv('l'sily of (:"lifurnia,

[4:11 This lll<'tllO,[ uf df'<llill,l\ with jll'dudi,. h"ullIlilTY nJlldi1.ic!1l~ \\'IIS 1'l'!;I"'d I" tIll' Iwlll"r

hy Nllc"'ll! .11111, \\Iho iillrihn1.",[ 1.11(' uri,l\ill1l1 i,I";1 I" 1>, Slalllfl'r,

I,H] TIll' ililthors would likl'to 1.llltllk till' On'IIII,,!\rilphy ).!,ruup ilt, ~h'llI"ril,[ lI11i\'t'r~it,\'

of N('wfolllullllll(l for llw usc' tlf tlll'ir Si1i"oll <:mpl.ic·s II'lIl'ksl.<Itiuu. ("'1,,1,,/.

f~i"il P. N, VClI'Olllsuv-Vc'lymninov ilUt! J, A, Fnvol'skii. I'hll~c'ltilll,;ilitJlI ill til<' Isill,L!, luu,II,1

witli il pUI'I' clipolC' illlt'rl\('l.illll. Sill!. /'IIy>,. Sn/iJ Sial,., t5:1!l:n 1!111. 1!17-1.

i~6] 1I~llnp;-,li<1I1 XII, !WI'SlIllill t'Ollltllllllirlll,iml.

I'lil IJIll1uj;°,lian Xu, Bil'Al'1' I~t'l'p;t·tsl'rr, ilrrt! hllll,llli Illit,;-., 1\1<1111.1' (~Ilr1cI ,;illllrJllti"Hs "II

Isillg c1ipolt,.~:~rritC' si~~' .~ndiHl\ llllt! IlIP;11tithulic- I·ofl'l'di"ns. J. 1'11.'1"': ('0,,,1,,1.<.

,\tuf/a, 4:203~..:lUtI:l, 1!I!l:!,

['!Il]llllilllg-.Ji;UI XII, BirW'1' ll('rs.~l'rsl'rr, F, Nit,.lc,rtllilyl'r, IHIlI '/" B;; ..r,. Or-It'rill).!, or i.•illl'.

Ilipult':'\. ./, J'IIy.<.: C'mll/I'/I"'" M,TlIt.,., 3:~!l!J!) :,1l12, ! l!!ll.

I~!l] A. 1', Il.illllin'r" L. F, Sdllll'('lIlt!}"I'I', 1I11I1 ,I. V. Wm;;-.n:llk, SIH"'ili,' 11<';,llll','" Til itl

(PI', Nil, Sill, (:11, !llltl Dy) Bil/:U:I07; Evil[/'Ilft' ful' SllilH'Xt'lli1l1l\t,-tl "i\'I'\\ 'jl"fll'l'illj!,.

Phy.•. /ir". IJ, 36:7H!i, J!IH7.



lIi/,/j',.w;t/,l,y 10:-

1~,111 I{. I\W1M'111\~-r HII,1 1\. llill,!t-r. S"l'f;,,',- ,-jf,-rls nil 1,I'Hs,' lr<lll:<ilill11S ill f,'W';'-t, '~'lrirs

"IH] ,lil,,,Ii,r lII"Allf'l.S, I'},y_",. /(fl', /1.,20:10/;;' Jn7fi. l!Ji!!.
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