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@ In i ve ftudy.som o the ri
uanng,uaBm hlpue and ugTopoogi

~ ate propernu of nmuble structure on  C(X).

In Chnpter 0, we develup the necessary prereqnmta,
pletely regular spaces'are the right Kind of bopologwal spaces. for suc
The ideals and filters in the fing C(X) xre studied in Chapter 1, at

* one correspon’dence is established begween maximal ‘ideals ‘in ~—C
o ulttafilters on' X. “These are then employed to constryct ‘the _cl
" Cech Compachﬂcltlon X and Hewntt’s ;ealcemputlﬁcnuon X
to the consideration of how to %recover” the underlying space X fi
C(X), generating some “Banach: Slone" type theorems 0g
uons of <fx and‘ vx are Illrn\shed T

Taking- X' to be
-space C(¥) ynder the uniform norm,and describe its- dull space via the Riesz *

h 'Representalmn Theorem. The necessary: and sufficient conditions foran arbitrary
 Banach space B, 1o be C(X) for sorhé X, are then obtsined. Ksersion

compact Hausdorﬂ' ‘space, we thep stndy the Bnnnch

3 Bapach-Stone theorem is proved, , the Banach spaces C(X)~.@d.-C(Y)
+ "%, are isometric if and only if X and Y are homeomarphlc Thie class of spaces

sy /C(X), for X comput and d spmmly the

. clags of * Hahn-Banach spuu % (xe they en;oy the thn-Banuh ufensmn

" .- properfy). . wa liee

s N -

¥ .7 The ﬂna’chnyur is devoted to the study:of C(X) as a v.opolomcnl vector

Y spu:e. when equipped with the compaﬂ-opeh topology. “The*conditions on X

necessary. and sufficient for C(X) to b izable, barreled, and b: I
+

» ", respectively, are then {IVGII It hlms 0\“ that C(X) is bornolopcal when and
F only when X urulcomplct 5 s

. > O
=" .. throughout this work,"is to.relate the topo!ogml properhu o x wnh ;ppropn- e
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v, In thxs[chapter W develop the

0.1 Introduction

« 2 Ias u's'ra-l R will denote, zhe set of real numbers with the usual topology.,
)f Let (X, 1) bea (nonempl.y) w{)olcg'ncal space, and C(X; R) (ur briefly, C(X))A

/ . denote the set of Ml rcontmuous real-valued ‘functions deﬁned on X Clear s
L | w .
C(X) contam,s all constant l'uncllons, and for each r E R he boldface r

W denotes the constant l‘unctlon f snch that f(x) = n for all x€ X. For fg€

C(}], il we deﬁne (l’+g)(x) = f(x) g(x). and (f - g)(x) = l(x)g{x) (x E X),.. -
/hen C(Xy becnmu a commutative nng with umty, the l\lnchons o, l, defined v

i k A
* s by 0(x) ﬁ& 0, nnd 1x) = l, (I‘or every x € X), - are the zern and umly in
. -
! v .
i . " | G o . L, g -
- SRR P IR et .




_ 0ol S \{
* ‘C(X). We shall denoté the function T j(wl,:_enever it exlsts)‘ by 1" Note tht *;

the set (x EX: f(x) E A) w1ll be denolgd by 1~ ]A] C(X) is also-a commuta-
tive nlgebrs oyer | R. , and since.for any‘ re R. and I € C(X), we’can define. -rf

o=r-f C(X) becomes an R-vector §pace The rel&uon > deﬁned by f > g

it and only'if f(x) > g(x) for 4ll xia/ X,.is o partial order-on C(X), which is =

Zranslutmn mvumnt Aie., f > g it an only if

C(X)). nnﬂ’furzher, it is true that f, g > 0 implies’

CX) isa pnrlldlly ordzred ing. The qu lmlue fum: ion | I,, deﬁned

|(x) If(X)l. forall x € )6, clearly elong! to h()() whenever f‘belongs to*

C(X).. For l.gEC(X), deﬁne (rv s)(x) max{f(x),g(x)}, and (f'A g

g4hforall e O
- . .

mm{f(x)g(x)), x. € 'X) ls emly seen that sV > g‘. = ?

gl (f+g+ “ g” E C(X). Th\ls, C(X) becomﬁ a Ialhc/ordered ring. Note P ] \

uml/\g —( fv-g)
- %

"

“IMAisa nonempty subset of C(X). A*js bounded.above, if there exlsts l‘E

- cg(), aid g% 1, for every g €A Similaly, A is bounded below, if thre
’mm h € C(X), nnd h<'g for every g € A. learly, if forany f € C(X),
thé‘sey froe N) is bounded above, then < 0 Therefgre C(X), is 3

lallu:e nr:himedmn ardmd g e S B e B e e TR R

- Thesubring-of C(X) consisting of all bounded functions will be denoted by
. p ; ; .
C"(le In'general, C(X) is distinct.ffoms C°(X). When' X is compact, they are
g : i
C'X).

identical, -We say thnl,A‘X is gsemia‘wmpncl i-l'kan only if 0(5() :




Every couutably compact space is pseudocompact For, ll l’€ C(X), let U,
(x € X | f(x) | < n}. Then, {U ),,EN is a countable open covmf/X and the
fact thst it reduces to a finite subcwer shows Ih:t fis bounded. An exnmple of

;’ a pseudocompu% that i 1.s !100. compact (not fa‘ven ccunlaBlevcbmpnc.t) is fur-

" hished*bélow, /
. LD

tp E A} U ( 9. ) is refernd to as the counlabla pamcular paml

Ia]mlayyon X Smce there are no two  proper disjolnt open sets m X, |¢ is clear

“lypd W maZlu
© bo/u’ed

b2y be an enumernhon ol' members of X, wnh x

In the presence of lity and T ‘separati 0 / reducts

to More; lly, in-& weakly normal space (l)m. is, a

able, have disjoint nei; is eq L to

e compaq}.néss, A[M, p232]. .

ntmuous real-valugg functions on X are constnnu, and hence,

) “ottier words, CX) = C'(X), i.e.,‘ X . is pseudocompact. Lot

completely fegular. space in whlch two dls,omt closed sets, one.of whxch ds countu

Define -




‘0.2 Squm Boou !n'ntl ‘ldzmp‘oﬁl'lu in C(X) I

e numher of !quv

’ necled_neu of t!\_spgce X, as-the followmg t}heore'm rzvells‘

’ Even n this elementlry stage, we are nble to relate-the ring- ~theoretical pro- *
perties of C(X) with the wpology of the underlylng sp:ce X. Wegive a [ew
llhntnuons A member EECKX) is snd tobea cyun root of a member f E
C(X)".f and only/lf gE(=g) =" Cleuly,\ t>0, dd. for > 0. we

;lwnys Inve two sqglre rooh, namdy + \/', with the nbvmus mumng The

nature of con-

roots for th: function. 1 ‘epends henvily on

i
“ !'l » * .

ponents,-and the value -1 on the re‘[nl.iping. "Since‘ there'are “m <¢omponents,

“there are 2™ ways of choosing such’a function. 0. )

i1

has :aeI; twp square roots in" C(X). i 3 o i

Recall that an idempotent’ (in.the ring C(X)) is & member r Quéh(ihal (f
: K P

1 afe iaempp,tentu lt is easy to see that X is connected

Clenr,l.y 0>

and only if 0 and 1 vA're the only i&gmpotentq. ) B ‘ }\ -
i : . s
. [ J %

. 4 7 ’
F 4 . » - g
A i )
. - H
> : 3




at'a ﬁmte numbs: of pomls The numbeb of ﬁn subséu of a céuntnble‘. set’is

- AR., Hence -we co?ude thpt lhere are\nly Rn pusslble square ruols D T g

c:, we .n‘)btuip
ote'the subipuccs

nbérs; respecuvely.

0 (,«rf
< Nﬂ, there ézv /«nclwnvm C;R}, C(N} und

vl

that lm(x);éo for x E U (l-

1) nnd 0 elsewhe




L C . ’ . ,' . FE
- : -0 7 ) S e
N has exactly 2™ square roots, since any fe%'(n), such that f(x) = % f,(x) on

any of thé intervals (i-; 1,); (i = 1, 2,..., m) and idéntjcal with f, elsewhere, 7

is obviously a square root of g. Thereare 2™ choices for.such a function.

Repeating t_he above confruction§ with single points “{i} instead of open ot

intervals (i - 1, 1), (i='1,2, ..., m), we obtain the desired function in (N), "

nctua]ly in_ C*(N). Wuh the addnmnal resmcuon that 11m fm(x) = 0, we can

i
. obtmn the: correspondmg funcnoxbwhmh wnll work for C(N') : =

£, B _Leq fy, Iy bé two distinct square roots of g é_C(Q). Choqse an irrdtional '3 v
and ‘define’f- by setting - e
5 5 el G

0, reqr<e
fer) —\{rn(r), rEQr>¢

Now since fe is sep‘imtely contmnnus on two dls)omt open sets whose union is

." B -Q, it I'ollows thnt fe€ C(Q’, nnd fE & .Thus, for each irrational €, we
; obtain nsq\m;e root f¢ of g D -
Corollnry 0.2.8 - G(R) ‘has, ;ual two tdempa(enll, CMN*) has e:a:%
v iy 1d¢mpolenlq, and C(Q) and C{N) Ime“" idempotents,
i K

Proof - Trivial, from Corollary 0.2.2 and Theorem 0.2.4. O




0.3 Zero-sets and Cozero-sets

For { €C(X), the zero-set of is defined to be the subset. Zyff) = {x €
< X f(x) = 0} = [~[0] of X. ‘When the context is clear; we just write Z(!‘). A
cozero-set is the co_mplement in X of any zero-et. A zero-set is a_!;v-nys :losn“l,
buL‘not every closed subset of X is a 2gg0-set, (s‘ee Example 0.3.1 below). How- -
ei_'er, in any metric space (X, d), since the distance function™d 'is/cont‘im‘l'ous,
& every closed set “A is 8 ;er‘o—ut‘, being the set of all points a distance 0 from
‘ A. Also, m:}t”thlt C(X) and C’(X) have the same hn‘lily of zerO-se.u' ;ilice we
; can associate with eich f.€ C(X),. the fanction | f] /\ 1€ C'(X), and - Z(I’) =
k z(1tla 1) Thus, lhe two I‘xmnhq‘ {z(n: re C(X)) and (Z(I) fE}(X)) are
f 3 " identical, and we shll i ‘ denote this coll " by ‘2.

T Itis rudily seen that- Z(l’) U Zig) =Z(fg) and Z(NNZE)=2Z(*+ g:)'

Hence, zero-sets are closeﬂ under finite umolu and ﬁmte intersections. As in the ’

/ cue of closed se'.s, th ist les of closed, ! unions of zero-sets < G

that are not zero-sets [19, problem BP.5]. - However, they are closed under count-

able infersections. For, given of zeposets (Z,) = (Z(L)}, set, g ="
¥ (Inlaz™). By uniform coni?érge‘rlce on X, g € ) C(X) and 2Z(g) =
. nEN. : . n | ‘e S
0, 20 e ¢ gt s o
v , I bow?

‘But, an nrbimr\y intersection of zero-sets ‘need not-be closed, as shown by

Example 0.3.1 below. ‘We first observe that every zero-set is a Ggset, since Z(f)



able. O

i . ¥ ot T
= nN {x EX:|1(x)] < %} Conversely, .in any-normal space, every gloséd
. n€l . . - Ppaems K

Ggset is a zero-set, and the result is not true if the space-is not normal, [19,
problem 3K.6]. -~ ) - X o« o
) L4
Exnmple 03.1- °

“Let X bean uncountable set, a.nd pEX be ﬂxed Deﬁne a topology on

X as !o]low' very point except p is isolated, and an open nelghborhood of p

consms o! :ny subset. ol‘ X containing p, whose complament is at most, count-

rly, (p) is a closed Set Ir x ;é P since (x) and x~ (x) are

both closed and bpen we can find a member f, € C(X), such that, the zero-set

zu )=X ~ (x} Consequently, (p) al Z(!,) Waclmm thnt lp)
x€X~ {p)

~is not a zero-set. It snﬂ':u to show tha& (p) is not a G.-set In ordar for” (p)'
to be a Ggset, we must be able to exprus X ~ {p} as a countable uffion of e

complc_ments ol neighborhoods of  {p}, which is impossible, since X is un.cclmt-: ¢

The following zero-sets are ouen useful. i .

(x:r(x)go) z(f/\o) Z(r-lll) N

{xif(x) <0} = Z(fVO0) = Z(f+]|fl)

The corresponding cozero-sets are {x: f(x) > 0} and ' {x: f(x) ‘<--0).~ 5




B ordered pa(r (A, B) IS 3 me’ ber te

" A zeroset that is %a s" neighborhood s called a zerg-set neighborhood,

¢ Also, recall that.a ne{g‘hb‘orﬁand of a'set A is any set whose interior contains A.

0.4 Completely Separated Sets

Let A and B be dls]omt subse!s u! X An Uryaohn Junc(um I'or the

(X),such that 0 <% L T[A]—{O)

demaad . the exlstence of a l'uuchon g ‘e C(X) such that g(x] <o el"/\ nnd

glx) > l on B. since (0 v g) A\L is.clearly nn rysohn !nncuon for (A, B),

Also, we can replace Oand 1 by an real(numbeu r and s, wnh r<s.

“ The clussv.‘nl Urysoh® \Lemma, 26; pllSI, asueits Uhh 6 inormal topo-

Iﬁgncal Sp: 3 any two disjoint closed subsets a}e complemly separated
. ¢ The !ollowmg theorem chnractenzcs completely suparated sets in terms of
. zero-sets. B T TR

oy

.." e . ' 7



_ joint zerqzsel neighborhoods. .

Pioof - Let(A and B be compialy ssparaied7and ‘[ be an Urysolin "

funcucn for 1A B). Then, clearly, - the sets. o i ';'

i

A—{x < L } z,,..{x f(x)>—.} ared‘

S

nonzero .for all x € X and TﬂJIJTET is nn Urysohn function- for the palr

i
d sets are
w3

in ~dis oint

Prqof For completely sepamted ‘Sets A nnd B, let” Zp, Zg bp as

e
Then the- sets' C




h rmtm'wrph

momorphism:ia :;‘u




t e tollowmg pleasant result : X has pro-A'

ty ®). Connectg;dne:s and compactness .

» Vg A n'E C(X), f

Y

<Clearly, the rgsmct\on of B to C(S)is 1.

clear that every’(

C embeddeﬂ An example ol'a C"-embedded sub: that i is not C bedded

s Iurmshed in Chnpter 1( see Exnmple 1.2.1

Note that the s\lbspnce’s Q and”

~ (0) nre noQ C*-embedded, and therefore,;not C-embedded in Rt

The following' theorem, usually referred to as Urysohn’s Exten;ipn Theorem
. v B




b .4 Theorein 0553, (Urywhn s Emnulun Theore’ ). A subspace S C X'
1 x PR l»

; vm “-embedded in X ‘if nnd anly uj anyl 0, campletely uparal:d acra n- S,,are

camplelely.upuralzd in X ts %! ‘, ) =T ¥

~ P |

klx 8 " :‘.an.»
xes: k) < - n} and B, (xes f0x) >

are completely ‘separated.in S und heuce by. I:ypnthuu, gomplelely sepnmlcd in -

3 ),( So, we cdn find an’ Ury,sq[m function * for (Aq, By); in ’l‘e:ct x_sv:fungubn Bn 3n .
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hypotheii;, ~Br, SN0 <=1, and gi=-

Tis

WS falx). < 3ry - and gy

Ty < BalX) < T

@ o .
.~ ing corollary. N o
% N ' B
v : . Corollary 0.5 4 -1 S‘C X and wery zem-ul m S’ is a zero-set in
' " then Sis C'-zmbedded in X >

embedd_ed is furni;he;i by the following theorem.

Slmllarly, lf
I x EA UB,; 'heﬂv -~y < f,.(x) < T

In all' three cases, we have, |f“+|(1_()|< o

): g“(x), «By ‘qliilorm convergence ‘and condition (B), g
¥ o . >

+g,.H5 = (=) + (- )£y i
1 Smce r,,‘-do 1'. fol{ows that r,.,,(s)-.o l‘or eaeh s.€

{agrée on ;S_, and there_foreé g is'an zxteng

f[h‘e_ above theorem, along with Theorem 0.4.1,\.yields the_following interest-

. A necessary and sufficient condition for a C"-embedded ‘subspace to be G- -

p
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g Theorem 0.5.5 - A C-embedd: 'aub;pa:e is C-embedded if and only if it

V% &
. i3 completely separaled from every zero set disjoint from il.

& T .
& <
v Proof - Let, S be a_C'-embedded subspace of X for the entire proof. In -

addnpn, assume that' S is C-embedded and disjoint !mm a zero-set Z(g).

Since g is nonzgm on S, the function [ definefl by f(s) = m, (s € S] is -
. |
- - £ WPy .
3 inuous, so'it ‘has-a r' extension h { “all of X. Clearly, g'h is an
= ¥ ! L T !
' ler R

©

e The-set 7= (x € xlg(x)i 2} ise zeros:t " disjoint. from s.--B/ =

hypothesis, lhere exists an mehn hmcuon h for (2, S) The function g~h {
agrees’ w‘l(bu;ctan o) oﬁ Che and i kgh)(xl < - ror all WEX. Now,

2 (‘S‘ano(gll‘)) is the desired extension of Ltoallof. X. O 3

£ v & SRR -

Theorem 0.5.8 - The following siatements are’
.JpauX:.- " ) r‘\‘

% (a) X l'lvllbr.ﬂlli' *

in any 1




. ‘-'_ e . Ry

Proof - (s) ifplies (b) by Urysdfi's lemma. Assume (b). If A, and/B

are completely separated in. S, by Theorem 0.4.1, they are contained in 7sjoim.

z:)ets in & Since c)'osed sets in S-are closed in X, 11 follows that 7 and B

omplelely separated in X We invoke Theorem 0 5.3 to concl|17¢ that S is
R

C*-embedded. Hence (b) implies (d).

Always, (c) implies (d). N

(d) implies (a): Let A and B be“disjoint closed seéts i X. Then, S =
AU B is 4 closed subspace of X, and by (26, 53, corollary 10}y the l‘uq&idh
f; which assumes the value 0 on A and 1 on. "B belongs to C*(S). By
hypothesis, it has an extension g € C*(X), .such that, glA] =0 and gB = 1,
which easly implies ormality of X. \' - :
Finally, to ‘complete the chaii,, we show that (a) implies (c). If F is a
- closed set in X, by (d) it is O-embedded in X. If Z is a zerc-set disjoint
from F, by (b)it is completely sepnmted from F, and the result follows l'rom

Theorem 05.5. O

The above théorem immedvi(ately gives the fact, ﬁ{at in any metric ;ﬁice, in .-
purtic_ular in R, every 'c]o;ed setis C, as v;ell 2s'C*-embedded. The follovy‘in‘g

corollary is useful.

w




= e

Proof - If Z is a zero-set disjoint from S, by Theorem 0.4}, S and .Z

are completely separated. O

Compl " lar (H: lSﬁnc;u .
| : SN

. b our study of C}(X),QA it’ is desirable ghaﬁ the underlying topological space
X is not too restrictivé, and :.;z the sn‘hie time, will guarantee a rich supply of
continuous hmctions In pamculnr, we Wonld hke C(X) to v:cmtmn more than

“the const;Tfunchons For this to hsppen, complete régulanty is an adequnte

setting, Recall from [19] that.a completely regular apau ls a H:msdorﬂ‘ space I
in whlch for every closed set” F xnd point x ¢ F, " there exuts an Uryml\n
funcuon for the pmr (F (x)) Iu this secnon we. brmg out a chnmctenzauon ¥

nnd several useful properties of completely regular spacu, whnch’ure relevnnt to,

. our stndy of'C(X) We 4lso point out thnt there is 10 gam in. genemhty hy con= _, -

sidering- spaces more genernl than completelylregulnr spaces. : -

(real-valued) funeti The followi theorem AE Iha.t in
~fegular space, the converse is also true: it's topology is determmed by,

of all contiriuous (real-valued) .

Theorem 0.6.1 - Av.Haua'darﬁf apace X is completely regular ([vand n’nlv‘i}/w

-the family of zerosefs in X form.a'base for closed sets. (Equivalenly, th family . -

-17- S v

2
—



v g - : -18 - . (
of cozero-sets form a base for open sels.) w .
) Proof-Let F bea clqsed subset of a complelely regular space X. If x E
F, there exlsts fe C(X) such -that f(x) =1 and f[F] ={6}. Clearly, the PR

. zero—seb Z(f) con(mns F but misses the ;}mt %, and hence F can be

obtnmed as the interséc nvof all such zero-sets. ¢ ' )

c}..

Conversely, assime tHat. Z[X] isa base.for closed sets in X. iet F be

* closed and x ¢ F. ’Phere ists EETX); such’ that F C C Zg) and glx) =r

71 0. N"ow the function, r= gr isan Urysohn funmon for (F {x}). O

.‘l‘he M‘Ie of zero-set nelghborhonds in *s»comp.stily Tregular space is |Ilus-

trated in the following corollary.

Corollnry 068.2-Ina cnrnplzlely regular apac: X, the [allawmg are trae:

- o
(i) Every tloud u( F is lhz i tion of zero-set neighborhoods of F;

(ii) Euery nayhbnrllaod of a point umlama a m-a-ul mnyhbarhaod of that paml

We are now in a position to give a result-for completely regular spaces simi- ~~ /

- lartothat given in part (c) ar"rheommoso G s
q v .

Theorem 0.6.3 - Every campul subset S in a completely Yegular space X

. v Coembedded, and hence, G-embedded. . N




- a c BoE 2 . J
Proof - First, weShow tlilt if A and B are disjoint tloﬁd subsets of. X,

" and A |s compact,. Qhey are COmple!ely sepuated in X. Fur eub x E—A

choose dls]omt zero-sets Z, \Vx, with Z -a nenghborhood of x and BC :

W, The t{en cover  {Z.: * ¢ A), redncu o o ﬁmu submver

Z,_}‘ Clurly, A uid B are mpecuvely conumed m the du-

The weak lapaloyy on X mduced (or generated) by a I’lm“ G of real-

valued !lmcmms on X is r.he weakst lopolo;y on X whlch renders uzh func-

tion in ‘G continuous.
N . ’ L =
Theorem 0.8.4-A ‘Ha_\udar][l space X, whose topolagy is the weak topol!
3 - ~ ’ .
ogy induced by a family G of real-valued functions,’is complelely regular.

L

. "’ °
Proot - Clearly, G C C(X), sothat the weakopology induced by G o . - -

X s coarser than the weak topology Tduced ‘by the family C(X). But, the

lattar lopolosy s always coarser ﬂun the giren topology*on X Hence G and

» C(X) conmde “Since closed rays form a subbase fox closed scts in JR,” Fheir

- preimages.under members of C(X), namely sets of the form {x € X: f(x) 2}

- B k
- . | - )

i e

e

Af

“
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= Z((f -r)AO0),rER and € C(X), which are ol;v.imlsly zemvsels, form a
- subbnse for closed sets in X. Also, each zero-set :mses this way, since Z(f) =
(x €EX:- l fl(x) > 0}. Therefore,. Z[X] forms a base for closed sets in X, and

Thcorem 0.8.1 completes the prucl’ [s]

From ihg details of the above proof, it- follows that if X is given the weak
topology induced by C(X) (or, C*(X)), then Z[X| becomes a base for the
_closea seté in X. .Combining Elis with Theorem 0.6.1, we summarize thészs~

< resulis’in the following theorem. . .

- X .., + Theorem 6.0.5 - Fora topolagical space X, the weak topology induced-by ™ "

L. C(X) cny:ncx'dea ;ﬂifh'[)lt tapology x'ndiuzd:by C'(X), andif X is Hausdorff, this

F. topolagy coincides with the given topology on™X if and only if X is completely
% - regular. ’ : S

idering algebraic: properties of -

. ”
‘The next theorem a that when

"C(X) we may always assume (without loss of generality) that X is completely

fo regular.

“Theorem 0.8.8 - I "X is an’arbitrary topological space, there ezists a

. cémp!elcly rcgular spuce'Y aucll‘ that ‘C(X)'is iaav;nrphic to C(Y)..- = ;

! Pmol‘ The relation’ "~ deﬁned on X by setting a ~ b if and only if

T v
f(n) ={(b) for all !e C(X), is an, equivalence relation. Let Y denote the set




homomorphism is a map which preserves
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of all equivalence classes under ~, and, 7 be the map which associates ench' X

€X with its equivalence class [¢] € Y. \Eor m), défine g3Y — R by
gllx]) = l'(x), ie; T =gor Let ‘G denote txl’nmlly of all such functions g,.
and endow Y ‘with the weak topology determmed by G. Thus, G .C C[Y).

\Ve claim that 7 is continuous. ‘A subbasic closed set F C Y is of the form

v
‘Is Al = (go (AL s’
closed i in X since gqre C(X): A]so, Y is Hausdorﬂ‘ slnce if [x] %] [y] then

"[A], where A is tosed in R Also; 17[F]

there cxxsts (4] G such that g(x) # g(y) Hence by Theorem 0.8. 4 Y iscom-

pletely gular R

Fmally, if hE C(Y), the _' QT E C[X),* whlch |mpl|cs that h 6.‘ ‘Thcre-

fore,,G= C(Y)

“and c]early, the passnge g - go r |s an, 1somorphlsm [s}]

Remark - It is ;VO}QiJ poi’nt'mg’ out that the mr;p‘ 7..in Llie above proof is
not necessanly a quohent map, since the topo]ogy on. Y 'may not be the lnrgcsl o
thz\t mnkes T cuntmuous For example, let X be R with 4|scr_cte topology,- *
Y be the set’ R, and 7, the ldenmy 'mnp on R. “Then G reducesv to ll'\‘lt’
is emly seen that Y, _becomes mdnscme, wherens the -quotient topology-on Y .

induced by 7 is the dlscrete Lopology

The Bomorphlsm wblch we obtamcd in the above theorem is, in fact, a lm.-

tice 1somorph|sm, and rurther, carries. C'(Y)  onto C*(X). We first: show thnt

Sl w g
every ring homomorphism is-also a Tattic omomorplnsm Recnfhhnt a Inmc; :

‘elnmca operahons v nnd I\




R shnll alwuys assume lhat

e 2
.22
Y R
Theorem 0.8.7 - .Every (ring) hamumarphum ¢ from C(Y) (or C(Y))

into C{X) is a latticé homamnrplmm‘

N

Prool‘ Since ((Vg)+(fVeg) =" +e+ | £-gl, it suffices to show that

¢ preserves nbsolute valués. Noté that ¢ is order-preserving. For, if f >0,
then ' f =h? for some h € C(X), so that ¢(f) = $(h%) = (4(h))* > 0." Next, if
f is arbitrary, (A 1)? = #(117) = $(t%) = (4(1)% and s(nd o1l 20, e

have ¢(|1]) = | ¢(f)|. Similarly, we can prove that ¢ ‘p‘m‘lerves A0

. The next result shows that boundedness of a'function is also determined hy
N

lhe ring stm} ture of C(X).

‘Theorzm o_.n.s < ¢ s a (ring) homomorphism of C(Y) into C(X)

whose image tantan‘na\ C'(X), 'thcﬁ,a%‘ carries C(Y) onto .C(X)
. ~ § & R

) Proof - Let k € C(Y) be- such um ¢[k)— 1. Now, 1= ¢(k) = ¢(k - 1)
2 6lk) - o(1) = " (1), whence -g(n) = m, for, n € N. Let g € C'(Y) be such
i shqwmg that ¢(g)ec‘()q

that lgl < n. So, | ¢(g) =¢Gs|)< é{n) =
Also, if r'e’C'(X), with: It < 'n, choose he C(Y), such that ¢(b) =

'J),uﬁne g =(~nVh)7An: Clearly, gEC'{Y) and olg) =170 i

< In hght of the above resnlca, when conudenng the l'uuctlon space C(X), we
. o
the underlylng topola;leal space X Is completely regular.
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In this chnpter,' we study \the"l'deals in the ring C(X) and filters on X. The

u;rrespondence between 1mmﬂmz\l idealsyin  C(X) "and certnln ﬂltem on X (called

4 . ltels) is estabhshed By su\tably topologmng the family of all maxlmu‘ ideals
’ \ i C(X), we construct the classical Stpne-Cech Computlﬁcnhon X and the

realcompactification” vX of the space X. As a conssquence of these constrie’

tions, we are .able to ‘characterize the maximal ide'lls in C(X) hs well as in
G*(X), and obtam certain "Bnnach Stone type theurems, as well as give a solu-
tion to the pmblem of how to recover the topological spm/x from the nngs

- C(X) and c'(x) " We shall also mdwate how the above constructions could be

Y cnrried ot usmg various other. methods.

: “ll.l'l'denla' and x-Filters

Ax'ideal, in C(X) is a subring I of C(X) which has the property that

wli'hn!yer €T and € C(X). Trivially, C(X) itself is an ideal,

v

‘which will be referred. to as @he_ improper iﬂzal, while all other-ideals will be called




-~

c'(N)',‘v where '3(..')= Tl{ (#€'N), and 2(j) ='0. However, J isnot a

’Z 3] -24-
2N ’

proper.: Fhe intersection ol .:ny 'ilmily of ideals is again an ideal. The ideal gen-

-

ecgled by a subset A €(X) is the smlllsl ideal that mntuns A, namely N

(- l |s an ltfnl in %(X)‘lnd 12 A}, nld is degoted by < A > Note thnt

sumecimzs, “this cu;- be lmpmpen It is easy to show that & A > =

(93

“finite

neAKECX) -

- ) '.

All the above concepts lpply equally to C‘(X), and if I-.is :m ldenl in

rmmmnl ideal. Zorn's lemml gunrwte&n’ lhac any proper ldul is contnined iha *:

’
mkx\lmll ideal. A.proﬂer ldga) 1is prime,

or g €L Asin classical ring theory, it can easily be showii that every maximal £

ideal is a prime-ideal. An example of a prime ideal in C(X) that is not maximal

is given later. \. -

For. us, the vm!g ideal, unmodified, will always mean a proper ideal. Clearly,, )

,such an ideal nnnot contain any function [ for which the inverse —:- ex.isu--

"

Such functions are called umll in C(X), and aré characterized hy the pmpe(ty‘

that their zero-spts are empty. Note that l!lmlllr chnncterlzntmn do

t hold
in C*(X), For example, the identity function ,l in C(N) \hus an lqve§] i‘n; 3

if whenever fg €1,” we hnvg l § l %




:

cm), sinée 1 éc'(N).

~

R IR © (Bourbatn} ﬁluroxr il X s nonempty fami

thnt saclsfy the l‘ollowmg

(@) 0.¢\F;/')

(i) Ay BEF implies that AN B_€F;

pace, every set is 8 zero-set, so the two notions colnclde ln lny spnce, the_

tion of a lilter wnh Z[X] is 0bvlonsly a Lﬁﬁlter If B is any fnmlly of: zerc-sets '

contamed in a xfilter, and the smallest s\lch z—ﬂlber F is smd to be gznerated :

by ‘B. In addmon, |{ B 1tse]l is closed under ﬁmte mtersectlons, then B ig.

. " said to be a bagfor F.. A 2z ullraﬁller is'a- maxlmal z-ﬁl!er Usmg Zorns *

-ultraﬁller L

Iemma,‘ it cnn be shown thn every e-!ilter is contamed ln

deﬁne a mappmg Z7on the ramuly of all xdesls in- »C(X) as [ollows for ]

v -each |dea| I in C(X), Z|I)

{200 £€ l) The lollowmg thco[_m nstnb]mhcs

: & fhnt the map Z is a natural correspondence’ between ideals and z»-ﬂlter;




(a} l/ l s an .ml in c(x;, um. z/l/ isa =filteron X;

p ;.;um o X u.. set z-[r] e ox: zme F} isan

(dulm C{X) v " 5 - S = "
. ¥ Proof - (‘) We shlu venly thevthroe condllmns Sméev'l i‘:onl.aiis no
Bry @ P | zm € zm. and we zm.

Notz that z[z—[r]] F,. nml Z"[Z(l]l 2 lx ln ‘other words, the, mappmg,'

Z is nlways onuy Here’ is E qmck exlmple to show thaz it need nol be om-to-'»"

. ‘Exaimple 112- ok 1T - (t € CR): 1) & xf;"(x'; for some g & cui))

_— . In ful. l can be mognued as the prmclpll ldel-l ;enerited by the identity

ﬂmchon I and "0 € Z({) for uch feEL [An ldnl is ulled pnrmpnl if it is

,generated by a slngle element] The lduLM = Z"[Z{ll] eonsuts of all memBen

g
do of C(R) whwh vnnuh at 0, so the function 13 'EM I =gi, for some g

o 0y Sl
Tix#£0), s0o g ¢ c(n). Thi.s implies that if: is

"e C{R), then g(x) -

. < s 3 . " : )




'Z[J] buoks z-ﬁ]ter

. v =2 > . @ Y

notin L. O

. \;le~poinl out thli‘ part (l) of Theorem 1.1.1 is not valid for ('7‘()().‘ Let J

* 'be the ideal n C'M) consisting of all sequences thit converge to,,0. The func-

tlon j deﬁned earlier (namely, j(n) —;. n€ N;\ls in J, but Z(j) 9, so

A

‘A property of maximal ideals

used in_ tlns clnpter, is given in lﬂe lollowmg theonm

Theorem 1.1.4 - . . §

(a} Lei M be a ma:nmal :deul )/ Z{/) —" uch member of Z[MI, then /e

Mo .

e (&) Let F .bg a Zultrafilter on X. I/ a zero-sel 7' meets eury'mt{zr of FT

&



A L em o

" then Z€F.

3 e~ Proof - (a) _and(b) are equivalent by Theorem 113. We shall prove (b)

Nu‘tﬂhnt F U (2} gehgrates a z-lilter, which containd F. The maximality of
sa

i F showsthst ZEF o 4 s s

- i Itis, worth ‘pointing out that the propertles (x} anf (b): al;oVe; ar_é’,‘charac- -

3 l}maxlmal ideals and zultrxﬁlters respecuvély . A‘.

nonempty subsez LR C X, the f mlly Q iunction ix;‘ d(X) ;hat' vanish BI; S
constitutes a zideal. It nurns out thal i\ (N], every .ideal is.a zideal. For, lf
zln e Z|l], 1eT2(f) = Z(g) for some 5&1 Deﬁne h on N by setting h(n)
=0 on Z(g), nnd h(n) —L otherwue Smce N is dlscrele, he C(N),

and hg= le L. -

a tTriirinlly, every maximal ideal i®a zideal in view of Th_e::rem 1.1.3. The-

¥

following example shows that a zideal'need not be a maximal ideal.

Exlml;le 1.1.6 - Let 1 -denote the idesl in C(R) consisting of all func-

tions that vnmsh st 0 as well as l Clenrly, I is a a-ldeal end is pmperly con-

: tamed in the ldeal conmhng of nll l’unctmna.uvumsh at 0 only Hence, ftis !

. mota mmxlmal ideal. .




_ * denote the identity function in C(R). The pfbdncl i@ -,l):E I, yet’ I¢l and |

This example also shows that a-Fideal i not necessarily prime. Lot 1

(i-1)¢L DO - g

wg now provide a prime ideal

* To plet .!he chai‘n_ of

that is not a :vfgeul, -and hence not a maximal ideal.

o s s ey © '
Example 1.1.8 - Choose a function [ in C(R) with the propertics that

]
2 X

0 and.

. P TR 4

, " ] _m_-. Ix1 <1 FELI

T a0 (204120 000 o
M(x) - :

=, 5] 21

meets tne reqmrements Observc thnt for: nny n, IS G < P> Otherwm, lhcrc

exishs g € C(R) such that xg(x] m(x) _ﬁ_:r nll X So, fdr X 0, glx)” _=

m
r—g)-. which is unbounded near ongm, and hence g is not cyunuous Using

Zorn 's lemma, we can construgt an ideal P, maxlmsl fQ_:\lh},p Operty that* P’ 2

< 1>, and is disjoint from {f"=n € N}. We clalm that P is prime. Let 'h 'k

¢ P By the mnx:mamy pmperty of P tlﬂare exist ‘m;'n € N such that

me< PH‘J { I ) > and PE<PU {k Ky ‘Hence there exlst elemenu I G-.,‘

C(R), PEP (i=1, z) such that. rm—(x h+p,) and = (Ik +pgf, s0 - - i

— o0 as x — 0, for each n € N. For example, the
o ;

»



¥ lnry

> v,ﬂlhr is md to be ﬁudl

=80~
S

“that (b + py) - (igk  pg) = [™*" ¢ P. Expanding, we-see that_ lLbk ¢ P,

and therefore bk ¢ P.. Hence P is prime.
However, P isnot a xideal, !or‘ zm=_zu) € Z[P], but e P. O

ln conduslon, we define lhe notion of I prime =filter. A aﬁlter. Fis snd

to be prime,-if whenever  Z, U Z, € F, cithier Z, €F or Z€ F. As an
N

Proof - Let. F-be '.munmm 3l LULER IM2,¢F and Z,¢

F, then there txm F,. F; E F such tlnt z‘n Fi=0i= l 2: . Thus, 2y UZy

mlsiu F;NFy, and hence ennnot be in- E a a2 R

d to be ﬁzed |f

_ts members ls nonemply Othsr-

wm. it is nlled fru Hem:e, in-. C(X), an 1dn 1 1: Bxed (free) |[ and only ll

lmmedme consequence of pm (b) of. Thmrem L. l\d, we get ‘the’ followmg corol- .

ol zm;so oeherw.s lnsfr}e_A Q.\
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/.M . C*(X), it view of the remark following Example 1.1.2. For any topological space .
- X and p €X, the ideal M = {f € C(X): f(p) =0} is ﬂl@nys a fixed ideal,

- sincé” p € Z(f) ~for each IG M,. A quick example of a I’ree |dea| is the ldenl 1
in C(N) consisting of all functions which vanish at all but a finite number of

- .. pointsin N. We now use this free ldeal l to construct an cxample(pmmlscd in

section 0.5) oI a'space that is C'-emredded but not c- embedded

nelgh&orhnod o,[,.t...conslsts ol sets of- the form U u {L}, where U é U

open, since gach ol’ its pomu ‘are molaled There!are if t € A, then A is clo?ed. %

We lirsl show that E 138 normnl Let C. and D. E:e du;oml tlosea sets in E

" We shnllshow that N is C -ernbedded in .

NS Let A And B be complelely separated in N. So, there exist disjoint zero-

T sets ZA and ZB ily' closed) i in" N, ining A and B, respectively.

Thls, 7, =FNN and 25 =GN, for closed sets F and G in . By

o Sy Theorem 057 if F nd G are'disjoint, they are completely sepnmted in I,

i ' “a nd so are A and. B. The oily nthfr possibility is that t € F ﬁ G, in whlch

R

‘Clearly, N ls deﬂse in I Observa&nt for A C'E, ir z¢ A, then A is o



nectedness of X is in general not determined by C*(X).

-32-

casé t isin the closure of F and G, s6 UNZ,#05#UnZp forevery U
€ U. Therefore, N ~ Z, and.N ~ Zg are finite, which is a contradiction to
Z4 aad Zg being dijiot. We theg invoke Theorem 0.5.3 to cinclude that N

is C* ~embedded in I.

- Note that {t} is a zeroset; in fact;’ {t} = Z(f) where [ € C(E) is -

defined by, f(n) = —, n €N, and rm— e N is oo clased; it canaot,

Note that there exist spacés in which every. ideal is fixed. 4f X.is ,l.:émpl‘.:t,
2[l] is s family of closed sets with F-LP. Therefore, évery ideal 1.in C(X)
(equivalently in C°(X)) is fixedw e T

. 9 : w

The following theorem yields a cilarncttizntion of all fixed maximal ideals in

C(X) and C'(X). o u T
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= € CX): (o) == 0} (v € X), “and-are distine! for distinet p.

Nd\ o .
Proof - The function GP b(X] R deﬁnéd by ¢,(f) —{(p) is clcnrly a )

ring homomorphlsm for p € X which i is ontn, since each real nuther T is the P

* image of the constant function r By the l'und?enfal théorem of ring

. ‘homgmorphisms, %}z— - %& R, whlchuaﬁeld osnai, My is
P

L . amaxxmal ideal, whlch is mvml]y ﬁxed Conve' ely. if Misa ﬁxed

“ea,

Zideal,

/n\imnl
Sbr all f,

hlch lmphes that M'C M,, and by mmumalny, we hnve M=M,

,:aere exists & P in X such that pE n Z(t) ‘i, fip) =

To show that Mp is dlsunct l’or dlshnct p, we recall that X is comPletely N
: regulnr, so for 'q E X, q# P there exists f € C(X), f(q) 7% 0 f(p) <= 0. Then, f J
5 I

. = 1€ MP, blfi— ¢ Mq, 50 M, #M,.0 - X ? J

Itis ‘ot hard to see that Theorem 1.2.2 holds in C*(X) as well,

We now prove a lemma which describes the compactness of a‘zero-set in-

~terms of free zfilters.

==
AN % . .

Lemma 1.2.3 - A zero-set champad-v-and only if it does not belon) to.
. e
e " any free z-filter. ' :

» r oW . .

Prnof Let- 2 be a compact zero-set. If Z isa mernber of a free >filter

F; then the mtemcnon or members of F* wn’li Zisa lamlly of closed subsets
5 et e B . -
% : i




e . T
of Z with F.LP, and with empty intetsection.
Let B be a family of closed subsets-of Z with F.LP.,’ and note that Lhe
members of B are closed in X. Let F be the zfiter in X conslstmg of all
-' zero-séts in X that contain finite inlersections of members of B. Clearly, Z;E
. F. Since the zero-set} form a base for closed s'ets\,- AB=(F0, by assu;;lp-

tion, so. Z is comipact. O - "k

The above theorem iinl';lies that even if a single zérOyséL of a zfilter is com-

pact, it cannot be free. However, it is not the case that if every n}erﬁbef of a z

oY
on-compaot then the “=flter i ls l'ree

filter (even a<zultrafilter)
. il i

Example 1.2.4 - Recall Exal‘-np]g 0.3.1. The z-ultra’ﬁlter Z[Mp] is fixed,
yet we will show that no member of this famil); is'compact. Since p € Z(f), for

each € Mv‘ (s‘il}ce every zero-se'.‘ is a Gy), there exist {0, : n € N}, a family

- . T o -7 i
"+ of .open sets Tﬁntaining p, .such that Z(f) = nl 0,. Therefore Z(f) is
g e )

+ . m’ K .
uncountable, since X ~ Z(f) = ,UI (X~ 0,) is countable since each member
S =

. ol this union is countable (being ;lei‘ghborhoods of p)4 For i=1,2,3,., pick

dlsnnct elements x, € Z((j ~'{p}. Then {x;:i'€& N}, mgether with Z(f) ~

U (x) is an open cover of Z(r) with no finite subcover. O

A

The following !heorém not only characterizes the maximal ideals:in C(X),

where. the iopological space X is .cgmpact (Haus‘dorﬂ). but_even shows this _

v




free‘; a contradiction.. O

. structure space to be compact Hausdorfl. .

.\
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characterization to be unique to such spaces.
Theorem 1.2,5 - The following are equivalent for a topological space X:
(1) X is compact.

(2) Evzry ideal (respectively, z—j‘i)l:r) in C(X) is fized;

3) Euery ideal in_ C'(X) is fized;

(4} EBvery mnzxmal nieal (respzehvely, z-ultrafilter) in C{‘{}

(5) Every maz:maltdcal in CYX) is fized. .

. E’Proo‘f- Since X' is in every z—ﬁltrnﬁller, it folléws {rqm: L;mma 1.2.3 that
(1) and (2)'arg _eqvuival;ant. Also, (1) implies (3) since CX) = é'(X) Whel; X
is compact. ‘ ‘ -

7(3) implies (2): Let I be a free ideal in C(X). ;l‘ht;n In .C'(X) is a free
ideal in’ C*(X), a contradiction: Finally, (2) <IQ=> (4) .and (3) => (5)I since

if-Tisa {fee ideal, then I C M, for some maxnmal |deal M, and M must be

i v ;W

3 i POl

1.3 \Structu'rq Space of &’ Coxﬁmﬁtntlve_ Ring with Un(lty‘.‘

collection of n ximal ideals, The r'e;u_lling space is called the structure space of

NN . R 3
the ring. In this section, we obtain 'a necessary ai

.~ %y Q b

.

Fsufficient condition for the - 7



y
This set is closed since n. is precuely k({< r >}) Conversely, /it A &M,

é g6
.

Let (R, +, ) bea commutnhve ring with unity. We denote the collection
of all its maximal ldesls by MlRD, or sxmply M, if no confusion arises. For any
subcollection A C M, we define the kermel of A to be M A; for an ideal I

cof R, the hull of T istheset (MEM:ICM}. Further, foreach A C M,

define k(A) = (M €M rrA C M}." Note that k(A) is well-defined, since the '

{ntmséction of a'family of ideals is ‘again an ideal. It is-easily verified that the
operator k is a Kuratowski closure operator on the subsets -of l_“, and ‘hence

defines a ui‘ﬂique‘_ topology on M such that k(A) is equal to the closure of " A.

Since the closuie k(A) of any subset is obtained by taking the hull of the kernel

of the set ‘this topology is called the Hull Kernel {apnlogy We rgfer to M,

endowed wnh this topology as tbe almcturc space ol‘ the ring R “For each t €

R; let M(r) denole the set of all, ma.xnmal ideals containing the member /I/
5

" then the closure of A= n {M(r) : r.€ N A}. Therefore the collection (r): r

€ R) is a base for closed set3 for the Hull-Kernel tnpology.

%f a commutative

°

Theorem 1.3.1 - The structure :pa‘ce 9 %;ing R ia%nw a compact
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) . _ .

such that m ¢ N. Then M ~ M(m) is_a neighborhood of N nol containing

M, showmg that lhe spaceis T,.
To prove compactness, let F = = {M(a) : a- €A for ACR, bea rnmily
of (basic) closed sets with F.LP., and Iet I denote the ideal generated by theset

(a:a€ A) We frst show that 1 is not “all” of R. Assuinéstiic commy

i l'or LER, 3 €EA. This means that no ma; 'mnl_@_et\l @mlld -

then 1 = Er

contain the collection {g; i = 1, ‘2', 3, ,n). and. ﬂ]M(ah i co}.umimng:_

the F.ILP. So, there exnsts a maxuml ideal J contmnmg 1 Then .] € M(n [or '

every a€EA and» F -has nonempﬂ.y xhleysecuon. Thcrelor_e, M is compnct, o

ngs with exnctly one mnxnmal ideal are called lacal rmya (e g. fields), ‘and '

semnlncnl 1! they have only a finite nnmbcr of maxxmal ldenls o

Corollnr)' 132\- The structure space of a semi-local’ ring is always

" discrele. .

Proof - This follows easily: since all finite Ty-spaces are discrete. O

From Corollary 1:3.2, it is clear tl\‘nt all fields and finite rings have discrete

structure spaces. i .. v ; 2

int out that the Hull-Kernel topology ixeed not, in general, be Haus-

dorff. ;I‘he next. tlieorer;l gives a necéssary and sufficient condition on the ring R, vy *
B \ i %
’ 5
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7 ~dor the structure space to be Hausdorfl.

Theorem 1.3.3 - The atructure space M of the ring R is a Hausdorfl

of distinct members of M, there

‘space if.and only if for each pair .M nndw
: FE
exist Ylemenfs m @ M and n¢ N such that” mn€ N M.
o .

Proof\_ Assume that M_.is Hausdorfl. . Then for distinct maximakideals M
nnd N the e exist n ¢ N.”and " g M, such that M ~ M(m) and M ~
M(n) are d ‘olnt 1bnslc) open-- nelghborhoods of M and N, respechvely

: “Therefore M ~ (M(m) U M(n)) = @, and smce'/mmngl ideals, are pnme, !

M(m) U M(n) M(m n), so thnt mn €N M.

v

Convcrsely, it M _und N,. are distinct maximal ideals with ' m ¢ M and n

¢ N, then, M ~ M(m) and-M ~ M(n). aré neighborhoods of M and N,
respeciively. Also, (M ~ M(m) N (M ~ M(n)) = M ~ M(m).

tion, mn i in every maximal ideal, and the the fact that M(mn) = M forces

By assump-

"these neighb'cnrhwils to be disjoint? In other words, M is Hnu_sdorﬂ._D‘

We now ohserve that t.be structure space o! the ring Z of integers is not
Hausdorfl. For any pnme numher P, the set” pZ ={pz:z€ Z) is a maximal

ideal in Z, and we chonse two such maxlmnl ideals pZ,-qZ, for distinct primes

P, q. Let x/ epz and .y ng By the- dan | theorem of 2

there exists. a prime s such that xy'¢ sz and therefore Xy, cannot be in

every maximal ideal in Z.
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1.4 The Stone-Cech Compactification ' ’ -

In the preceding section, we studied the striicture space of an arbitrary :o;i\-
. - : o X
mutative ring with unity. Here, we specialize this notion to the ring C(X), and

prove that the structure space of ‘C(X) is precisely the familiar Stone-Cech

C ificatic 'ﬁx of the logical space X. ’l“‘I h this sectk{n, the
syn{bol ‘M wjll denote the smlclure. space of C(X), ngﬁely the colléction of all
its 4n‘mximal ideals endowed v;ith the Hull-Kernel topolo;y. ‘Recnll that for each
 €.C(X), M(f) denotes the collection of meybers of M which contain f, and
the family  {M(f): t € C(X)}- forms :}I;ng '

for closed sets in the Hull-Kernel

topology. N "_
Theorem lA;l - The space M isa compact Hausdorff apa.c:,

Proof - In view of Theorem 1.3.1, it suffices to verify the Hausdorfl condf-

. tion. Let M and N be distinct maximal ideals is M. By part (a)'of‘Tl'leorcm
1.14, they co'nu,in members with dis‘jqint zero-sets Zy and Zy, respectively,
which in turn, (by Corollary 0.4.3) are contained ia disjoint cozero-sets, c ;n§
D, respectively. Thus, there exist £ € C(X), with Z()= X ~C, and Z(g)
=X~D. ('}lenly. [¢M and g¢N, bul. g I}elonp to every mmmml
ideal, since ‘Z(f) V] 11(;) = X, 5o, g = he Asun now l‘ollows I'ro

Theorem1.3.3. O ¥ ' !

.
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Next, we show that X'is homeomoryhlc toa dense subspace of M, thus

redlizing M as a Hansdorl compuhﬁnnon of X.
¢ s

- . : S, o

Theorem 1.4.2 - M. is a Hausdorff compactification of X.
3 - L

Pmdf— W‘e claim that the map te: X — M defined by e(x) K {feC(X):

f(x) = 0}, (x E X), is an embeddmg o! X into a dense subspne of M. By’ ;.//

/
Thv.-orem 12 2, e is-well defined. Il x 7.y, then there exists [ € CX) };h 5
that f(x) = 0, f(y) 7 0, so that f€ e(x), but ¢ e(y), xmplymg tln/e(x) #

e(y) nnd there!ore e is ont-to-one E

To show thn e isa humwmorphism ‘into a sibspace of ‘M, wé show that

‘e carries bnsu; closed l(u\m X to basic closed sets in the uubspace epq Let

2Z(f) beany zero-set [i.e., a basic closed sat) in X Iteis easily cheeked from
’ N, *
deﬁnm ns thnt e[zg)] M({)ne[X] " .

To conclude the proof, we need to shuw that e(X] is dense in. M To see

¥

thu, we lpply the closure opeuwr k (deﬁned in sectnn 13) tn e[X], ie,

MeM: n e(x) C M} =M, _since 0 ulneveryldnl o Lt
. . - 4
An lmmedlate conseqll,en;; of, thm theorem, is that when X .is compw. g :
(Hausdorff), AX is homeomorphlc to M Thu yields a chlrnctermuon Jof the .
maximal ideals iu C(X), since in this case epq M s0 every mulmal ldnl in ) "

C(X). is of the form e(x) = {f € C(X): f(x) = 0}, where x€X Np!.o that all
such mn:fim-l idenls‘ nre'ﬂxed. Since C*(X) and (.:J(X] are identical for
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.compact - X, this characterization applies to C*(X) as well.

~

\
We now identify M. with the Stone-Cech compactification fX of X. To:

slmphl‘y nomtlon, we assume X w bea (dense) subspace of X, instead of sim-
ply homeomorphic to sucha sgbspac& Of the several characterizations for the
Sloné—/Cec)h, ct;mpactiﬂcnbioll‘, we shall use the lollowing’,v [43,-p10J:

Any Hausl;arﬁ_' ;nmpncli/ieall'on of ‘X is a continuous image of the Sln‘ne- » -

Cech compaclification under a mapping vyln'ch leaves the points of X fized. v

We use the notation clTA to denote the tlosure of a subset A in the, topo-
. logical space’ T The suhscnpt T will be dropped when no confusion can  arise.

Since X is comp]etely re;nla:, BX, always exnsts, and we obtmn ‘the I’ollow- .

lng theorem
. Theorem 1.4.3 - M is homeomorphic to pX.

Proof - Let h be the continious map from AX onto M @uch that,if x

€X, then h(x).= e(x)’ (ie, h leaves the points of X fixed). Since:, X is " -

bon:pséz’and <M is Hausdorff, b is a closed n;sp“ l‘;iga"lly, to show that h isa
‘homeomurphisn"x, _v;e need only show. it is one-to-one.. ="’ )

If p, q- are distinc'.‘vp.rinu of pX; since"ﬂx is“completely regular, there
exists [ € C(AX) such that Hp)=0, fla)=1 2nd 0 <f<1. Define 7=

{xeX: I(x) < ~) and Z; = (x ex: I(x) > -’), Clearly, these are two dis-



o

- 42-

¥
joint zero-sets of X We first show that p € clgle Assume the contrary
Then there exists a neighborhood N of p in AX thal is dls;omt fmm Z, By
*
— for x € NI Now, NN Nl isa nelghborhoad of p dlsjolnt from X, n«wn-
'trndlcuon, since X .is dense in ﬂX Slmllarly, we can show that g€ cl,xz,

* " The contmulty of "h implies that h(p) € clyh[Z,] and” h(q) € clyh(Z,]

The proof is completed by showing' tlmt cth[Z|] and cIMh[ZZI are dls

" Observe that clyh(Z,] cth[Zz] clMe[ZI] n cIMelzz] (M € M 5

e(x) c M) N{MeM: n e(x) C M}. If a maximal ideal M is in‘this o

mlersecuon, then M will contain conflnuous functions 1 and k Such that Z(l)
= Zl, and Z(k) = Z,." This is a contradiction, since 12+ K2 Jsaumit. O

y o AR yoo-
Thus, we lmve identified the stmcture space M of C(X) as the

Stone=! Cech ificatior ﬂx of X C the l'ollowing' extension
- 2 Vi

property (due to,Stofze) :lmlds, and in fact, is unique to' AX.

kY

map //rom X intoa eom-

" Stone Propéity -~ Any.c

pacl Hnuudnrﬁ'upnc: K has uumque ezl:nulnn f from BX mla K

Tlns leadx to the fcllowmg chnncumahon of ﬁX which relates to the rmg

’ contmmty ol f, we obtam asl nelghﬁorhood Ny of p in ﬂx such that f(x) < |

W




Hausdorft 'spa”ce, and the fesuli'{ollows.

Theorem .1.4.4 - ﬂX is the Hauadorﬂ :umpumﬁcahun of X in which X

is C*-embedded.

Proof - We show that lhe statement is equivalent to the Stone extension

property. Clearly if ‘AX has @{S/

aston- property, and [ is any

member of C*(X), then the closure R) of vthe'range of f is a compact

Conver:ély, asiume thst 'X’ is

mbedded i in pX, ‘and m j be a cong

.nhuous map from-X" mto a compact Hausdorff space K _For ench g€ C*(K),

gol) € C'(X), and’by. assumption has a coniinuous éxténsion..(gof)? to all of

. BX. Since K is Tychon‘on, we invoke the embedding Iemms, m ‘P11 to

obtain the embeddmg P K =T, where T = 11 I‘, nnd p is dcfned by
. BECTK) .

AK)(E) = 5] (k € K), where 1} I denotes a closwndeﬂ interval coniaining

.the range of g. The map}‘: ﬂX =. I Ly where Jfor each’ p € ﬂX, h(p)(g)

£ECTK)
(g o f)(p), is conlmuaus, since Pgoh = (gnf)ﬂ is continuous-for each g€

C(K], where Py is the g"‘-projecnon map onto I [26, p9l, Theorem 3]

©Next, it x €X, bix)(g) = (gofc) = g(ic), and ()} = glfix), showing

‘that ‘hly =t Finally, bAX] = blelpX) € ély bIX] = clp.[X] C clyplK]-=

-
PIK], showib.that h[GX] C p[K]; Since X is-devse ifi fX, b -is unique. O
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Corollary 1.4.6.- C'(X) is isomorphic to- C*(5X).
The isomorphism associates to each function f in C*(X), it's (unique)

extension 4. toall of AX. O . w

Note - Since AX is compact, C(fX) = C*(fX), so, trivially, we hive that

C*(X) .is isomorphic to C(AX).

oI X and_ Y are homeomorphlc spaces lt s tnvml that the ritigs C(X)

und” O(Y) (respectively o) and C" (v)) are lsomcrphlc The converse direc-

'_ tion is not always true For example, if X is'not compact C‘(X} is |somorph|c

to G(6X);” whereus X js not homeomnrphlc to AKX, Results which give condic

tions nnder which the converse is “true, are kpown as Banach-Stone type

theorems. One such result is obtained in the next corollary.

A\

/

o

Corollary 1.4.8 - For conipact spaces X and_Y;| X is homeomorphic to

I)’ if and only if C(X)- :'u.r'aa_marphfc to C'('Y)

s -

Prool‘-( Slnce C'(X) Bnd C'(YD have homeomorphic structure sp ces, it

This shows uhat C'(X) distinguishes Among.eompict spaces. However, if 4

X is nol cempncﬂx is not homeomorphic to ax, yez C'(X) 15 is‘émorphm to

4 '_ o

-




-45- “

We now characterize the maximal ideals in C'(X) when X is not neces-
~. sarily ‘;omplct. Since the clogure (in R) of the range of any function, [ €
. C'(X), is a compact Hausdorfl space, by the-Stone Exténsion Property, f has a

unique extension [# to all of AX:

. ‘;‘heorem 147 - The mazimel ideals in CX) are precisely the e b
€C'(X) /(p) 0}, wllere pE BX and f it the etension of f la BX,

ami are distinet for dulnlcl P -

.o . Proof™- This is immediate smce C'(X) is uomorph\c to. C(ﬁX). nnd maxi-
mal ideals in. C(fX) have this form.~m view. of ’I‘I\eurem 122 and pnrt (4) of

Theorem 1.2.5. That M, is distinct _lor distinct p, follows I'mm Theorem

1220 s AR /
3 : y oo

\Ve saw in Theorern 125 um when X is compact, all the m:mmnl ideals
in O(X) are fixed. For X non-compact, there are also free maximal ideals.
More precisely, if p\E X, then My is fixed and if p € X~ X, then M; isag

free

. ln Theorem 143 we provcd that the slructure space of C(X) is

hnmeomorphlc to AX, andi in Theorem L4T we showed that there is a bijection

_ - between thu mnxnmn |de;ls in C (X) and the pomls of ‘AX. A natural question
then, is wllether or not the structnre space of C*(X)is in fact homwmorplnc to

ﬁ)_(.-ﬂ'he next theorem provides an hnswer to this question.
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Note-- We use M‘ .to denote the structure sp-eq of the ring C'(X), ie,

the collection of all the mulmd ideals in C*(X), endwed wnh Lhe Hull-Kernel

topoloq = x

! B &

.

Theorem 1.4.8 - M* ia#¥ncomorphic lo fX.
A |
i |

Proof - Since fX is completély regular it follows frgm Theorem 0.6.1, and

corollary. 1.4.5. that (Z((’,)_ : I € C'(X)} forms a basé for clé&ed sets for the

lopolugy on ﬁX If we define M*(f) = {M € M* : [ €M}, ther lo‘llection

(M'( ):T € C'(X)} is a base lor closed sets for the Hull- ernel’bogy *on M“
. Fop.any p{ﬂx. and any fec'(x).pe Z() <=> rﬁ(p) =0 <> I€ M;,‘
i‘herefore the bijection which sends p € ﬂX to My € M', also sends basic
closed sets in AX to basic closed sels in_M", and & therefore a homeomor-
phism. O ’ S
The above theorem and Theorem 1.4.3 gives us a parlti:l solution ‘Lo the
problem' —br' how to recover the -.wpologim space X {mre pmisely, a
homeomorphxe copy of X) from™ the nnp C(X) and CT( )d We reler t& this

" problem as the recovery pfnblem For both rings, constmcung the structnrg

space nllows us to recover’ AX. ’l‘herelon, only if X is wmppc! will we be able -

to recover it from it's function rings, C(X) and C*(X). *
N k .

“Next, we characterize the maximal ideals in C(X). We need the following

Lemma.



-, separated in AX. T
v

sl . .

3 .

Lemma 14.9 - If 7, and Z, are zerosels on X, then clyxZ, N elycZy

=”Clpx(Zx nz) .

-

Proof - It suffices to show that cl,le' NelgxZs C clgx(Z,N Zy). If p €

clng| n clgxlz. then for any zero-set nelghhorhood F of p in X, p 3
e

clgx(F n Zy), and p € clgx(F N Zz) Therefore, these two sets'are.nonempty.

k ps

]
Now, X is C'-embedded in" HX. and dlsqomt zero-sets are comdlotely"

' separated.- If F N Z;" and ‘F N.Z, were disjoint, they would be completely.

< I
would imply, that. they were contained in dns)omt zero-

sets, showing: that their closures (m PX) are dlsjomt - a contradiction. "l‘hus (F

N Zy) meets (F N Zy). and hence p € clpdZ, NZy). O 5

o

. '
Theorem 1.4.10 - (Gelfand and Kolmo;oroﬂ') The mazimal ideals in

© C(X) are in one-To-one correspondence with (hz pamlo a/ ﬁ\’ and are given by
L

lh: sets M =-{[€ CX): PGc]FxZ{[)), for, p€ ﬁX .

Prool: - We first show that Z[M;’,] is a zultrafilter on X. Clearly, # can*
not ‘be a member of Z[My]. If Z;, isa zero-set contammg Z € Z[M,|, then
clgxZy 2 clng 50 p € clgxZ; and hence Z,e Z[Mp] Next, if Z;, Z, € Z[Mp],

then by lemma 1.4.9, p € clgx(Z; N Zy), showing that 2, N Z, € Z[MP] There-

fore, Z[M,] is s #filter. To show it js maximal, Iet a zero-set 2, (of X) meet
every member of 2[M,}, and suppose p ¢ clp?. Then there exists a fero-set

nelghbmhood F of p in AX, which misses Z. Now, F n X € Z[M,), since

3
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lor' ’

any neighborhood N of p in SX, NNF is‘lnei;hborhood of p, soit must
A -

meet “X. This is a contradiction, since’ F N X' misses Z. Consequently, M, is*

a maximal ideal.
Next we show that'every maximal ideal, M is of the form M,, for some p
€ fX. By Lemma 1.4.9, disjoint zero-sets in X have disjoint closures in AX.

Thcrél’ore, she collection {clgxZ : Z€ Z[M}} is a family of closed sets in.the_

complet spnce X with F.LP., and thus has a nonempty mtelsecuon To com-

plete the. proof, we show thn this intersection |s preelsely a smgleto}ﬁ Suppose‘_

’P. q E n (cl,xZ 3 Z € ZMJ}.- Then there exist disjoint zero-set nelghborhoods 4

Z Z' of p,q nspemvely, in” AX. Consequently, Z,NX, 2z, nx are dis-

joint. zero-seu in X, 1& meet avery ‘member of the ultrafilter Z[M], a contrnd-
lchon Hence p == q, and thus M =M. O ) : =
" >

For.nny P g%(. and Z, azeroseton X, p € clxZ <> p € Z. .There

foreif p'€X, then M, is fixed and if p.€ AX 4 X,. then M is free. -

“ By :.;on!bining Theorem 1.4.3 and Theorem 1.4.9, we obtain the following

Corollary 1.4.11 - M is homeomorphi¢ to M* ¢
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Y
Note - For both spaces M and “.. X is homeomorphlc to the subspace

of fixed maﬁmal ideals in the respective structure spaces.

v

We point out that even for simplé*paces, the Stone-Cech compactification

can be “large” and often pathological. We give a few illustrations.

<

Example 1.4.12 - Consider f(0,1]. ‘The function f(x) = sinL- is continu-
! x

‘ous from (0,1] to [-1,1], and therefore has a i ion' F to all of
B(0,1]. ‘For each t € [-1,1], thereis ase(i\nenc.e"(x,,) in (0,1] converging to 0
such th?{f(x,,)) = {t}. There is a cluster point u of {x,} in f(0,1] ~ (0,1

such that F(u) = t. Therefore, A(0,1] ~ (0,1] has at lsast one distinct meniber

for each point in [-1,]]

A fewsproperties of AN, ﬁQ,ﬂR are, mentioned bclow Details can be
found in [43 Chapter 3] and [19, Clmpter 6].

The bopologlcal spnces ﬁN AQ, and' fR afe all equipotent, und have car- .
_ dinality 2N is ‘open in- AN, R is open in ‘AR, but Q. is not oper{l in
bQ. Both AQ and SR are con!‘;nuous images ot'ﬁl‘fa,l. and also AN -and ﬂli
~are continuous-images of Q. However, neither AN -no} AQ, is n‘cqmi!mo?x;—‘__

image of SR. While .fR is‘conn\ected,' both ﬂQ and AN. are totally discon:

*nected, ai;d hence zero-dimensional.
AN~ N contains. a copy of pN, fQ~Q is dense in AQ, and

PR ~R is the union of two diéjoint homeoniqrphic connected sets. Evcry'
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countable subset of AN is C'-embedded. Q ~ Q is noi C*-embedded in
Q. @ o
‘The properties of —8X developed in this section can be summarized in the

following theorem. -While many of the implications mentioned below are avail-

. able in our discussions so far, we refer to [43, section 1.46] for the remaining.

! ,'.l};_orem 1.4.13 (Coimpactification Theorem) « Every completely regu- -, -

" lar space ' X has- a unique compactification PX whl'cll‘haa%e Jollowing

equivalent properties:
(1) »(‘Swne Exteision Pro;)erty): Eu:ery continuous map of X into a com-
pact anada»rf apace can be extended uniquely to BX;
(2) (Stone-Cech): X is G'embedded in: fX; '
(8) Every point of BX is the limit of a unique z-ultrafilter on X;
"(4) (Cech): Disjoint zero-sets in X have disjoint closures in BX;

(5) For any two Zerosets ﬂ" 2, on -4 g o
clox ZiNelpx 2 = clpx (71N )
..(6) Completely separated sets in X have disjoint closures in. fX; °
i Y oy
(7) BX is mazimal in the pnrlially;ard‘zred sel of Hausdorf] compuctifications of
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1.6 The Realcompactification & -

Every f € C(X), .can be viewed as a function from X to R' = R'U {00},

the»onepoint compactification of R. Since R is locally compact and Hausdorfl, " '

- R*}is a compact Hausdorﬂ‘/space, and hence, adl'nits. a continuous extension
? to all of fX. For p € fX, #(p) is either oo, “or a real number. In the
latter case, [# (restricted to X U {p}) can be viewed as a continuous extension
of f to X U {p}. Therefore, if. f’(]_)) €R for every I',‘e C(X), .then X is C-

. embedded“in XU {p}. For epch f € C(X); a real point,of . is defined to be Y
member of the set - u{X) = (p EFX: r"'(p) = oco}. In other words, Ienl
pomts of f are pomts of AX where 7 is'finite. The subspace of AX conslst—
ing of points which are real pomts of each member of C(X) is called the
_real:ampnc’h'ﬁcah‘ﬂn of X, and is demoted by vX. Th‘u‘s, X =
N{uX: € C(X)}. Since X C vX C ﬂ)_(, X is dense in vX, and it follows
from the deﬁnition, that uX is the largest subspace of ﬂX in which X is C‘-‘

embedded. This means that C(X) is isomorphic to C(uX), under the map. ‘

which associates with each [ € C(X), the ‘function f € C(uX), where ¥ = °

" '|uX. We say that X 'is realcompaci if X = vX!

vlearly, every compuc'?apace is renlcomput However,the converse is not
true. As we shall see in Example 1.5. 8, the non-com]mct spaces R, Q and N .
E /
are tealcgmppct. Sl ool s
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Next, we describe vX in terms of certain maximal ideals in C(X). We
recall that\ all maximal ideals % C(X) are of the form M, =
{(fe¢X):pe clgxZ(f)}, for.p € AX. We say that a maximal ideal M, is

real if the coﬁuponding point p € uX. 4

. Theorem l.‘S.l - The et of real mazimal ideals in . C(X), endowed with the

Hull-Kernel topology, is isomorphic to oX, -

Proof - The- homeomorp!usm betweeq the strueturs space M of C(X)

b (restricted to the real maximal xdeah) and AX (gwen m f.heorem 1. 43) is' the'
‘.’l%leslred homeomorphism. O

' We saw in section. 1.4, that ﬂX can always be recovered from the function

ring C(X). . The abovevmem thes, gives us a betier soluuon to this recovery

pmblem, ‘since we can alwxys‘recover vX (s space “smaller" than- AX) from

C(X): Therefore, the togologicnl space' X i'.sell, can be :Lecovered il X is real-

compnct o & of S .
R i @ )

Our descnpuou of a real maximal ideal doés not lend |tself to an appllcanon

to C*X). Theréfore, Jwe‘ refer to [19, chapter §], for a more "algehrm
definition of a real mnx|mnl xdea! which wnll apply to C*(X)..We ask then, if
vX can be recovered from C*(X). How_ever, in general:this is no': possible, sinc;

every maximal ideal in C*(X) is real, [19, Theorem 5.8(s)].

In order to describe the real maximal ideals in C(X), we first establish the

.

.
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following useful lemma.

. s ’
Lemma 1.5.2 - The zero-sets of BX are countable intersections of closures

(in BX) of zero-sets of X.

** "Proof - Let Z € Z|fX]: Then Z = Z(#), for some f € C'(X). Note that

20 = ;. {p € AX: IP(p) < %). Since X' is dese in AX, and 1 is con- -
L L, T 5

‘tinuous, it follows that Z(ff) = ﬁlcl,x(x w1 <Ly, Since each st
¢ e i Pt b
{xeX:| x| < %) is a zero-set of; X, the result follows.. O. A
Siw g i B Eh . ¢ og ¥

i

’A maximal ideal of - C(X) is sald to pousus the Caunlablz Inl:ruclum Pro-

\pedy {abbreviated, C.LP), it every countable subfamily. of zero-sels of i s

members has nonempty m!erseclmn - .

Theorem 1.5.3 - The real mazimal ideals in C(X) are precisely those with
cip. ~

Proof - If p € fX ~ vX, then M, is not a real maximal ideal and we
show that it .cnnnot have C.LP. We can find an € C(X), > 0, l’(p) = 0.
Define g = '!' so. g € C[X), and p € Z(¢#) C AX ~ vX. By lemma 1.5.2,

.

. ® : 3 '
2(gf) = nlelﬁxlm where each Z; is a zero-set on X. Since this intersection
Lo AT G O f C e

is contained in AX ~ vX, N Z, =9, and M, does not have C.LP.
el " ? 4
G - ! 2 i
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.

Conversely, if the maximal ideal M, does not have C.LP, then there exists
. o o
asequence {f,), in Mj, such that N Z(f,) = 0." Since p € N clgxZ(f,), it
4 =l =1
follows that'p € ;‘Z(m. Let _;lz (ff) = Z(h), where h € C(fX). Since
e Al
Zhlg) =0, g= (%Hx €.C(X), and its continuous extension g” is such that,

g?(p) = oo, proving that p € fX ~ vX. O

Theorem 1.6.4 - The topological spice ' X ia realcompact if and only if
"Euery“r:a] mazimal ideal {a fized. s
B g 5w e
y 5T

froqf Legt; X = vX. Then all !eal maximal idell:'lre of the form 4

" M, ={1€CX): p € clpx ZN}, for pEX. Nowlor & €2[X], p € clc Z if

and only if p € Z. This follows, sinn; if p €clgxZ ~ Z, then there exists‘a

- neighborbood, N (in fX), such that N N X is a neighborhood (in X) of p

disjoint-from Z (by regularity of X). This con‘tndicu the [lcl.lhll pEclyZ.
Therefore, My= { f € C(X).: p € Z(f) }; and 'r& Z(f) 7 0. Conversely, assume
N e o )

“ali real maxﬁu ideals are fixed. Let' p € vX, so M, is a real maximal ideal

« andso NZM#0. If q€EN 2[M,[. and q 3 p, then there exists a zero-set

ncighbarilood Z of 'p in AX not containing q. But, p € clg(Z NX) = clgyZ

- NelgxX =12, so ZNX:€Z M), = contradiction.  Therefore, {p} =N Z[M,],

cX, so'pex,-nl;d X= ‘X, i, X is realcompact. 0.
= PR | 5



-55-

Theorem 1.5.5 - Every Lindelof topological space X is real

Proof - Since every family of closed sets with C.LP., has nonempty inter-

section, the proof follows from Theorems 1.5.3, and 1.5.4.

ov Example 1.5.6 - R, Q, and N are realcompact.

Al thess spaces are Lindelof. O / /

. The ngxt result is a Banach-Stone theor':rn for. realcompact spnx j
N e 5 8 ay ) 50

Theorem 1.6.7 -If the lnpalag-cnl apm:h Xunnd Y are renlcnmpacl lllen

Xis homeomorphic to" Y if'and only if o) is isomorphic to q{y

W
. PLol‘ Since being a real maximal ‘ideal is an nlgebmc invgriant, (19,

Chaptar 5], if wewcm is isomorphic to cm, we obtain that X

1: homéemorphnc to uY, and the result follows, since X and Y are ren.lﬁom-'

|

Comparing the above theorem to Corollary 1.4, it is clear that, jus‘l as

C*(X) distinguishes among comp‘lct spaces, C(X) distinguishes among realcpm-
pact spaces. &
A

Finally, it is worth pointing out a purely topologicuif connection between

compu.;tness and realcompactness. Recall, that if ' C*(X) = C(X), then X is

R

pseudocompact.
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: 2
Theorem 1.5.8 - A topological space is compact if and only if it is realcom-

pact and pseudocompact.

Proof - One direction is clear. Assume that X is realcompact and pseu--
docompact. Then, every point 'n-Nﬂx is real, since there are no unbounded func-
tions in C(X). Therefore, every maxlmal xdenl in C(X) is real, and By Theorem

L5, 4 is fixed. The result then follows from Theorem 125 0

ln the next section; we outline an embedding for realcompact spaces that‘

guarantees 4 rich supply of such spaces. The following is an example of a non-
: f
s

realcompact space.

Example 1.5.9 - Let 0’ be the first uncountable ordinal, and consider the
R s i
ordinal space [0, Q). Since it is not closed in the Hausdorff space [0, 2], it is

not compict. In view of the above theorem, it cannot be realcompact if'it is

pseudocompact In section D 1, we snw !lmt all countably compact spncés are .

pseudocompm, 50 it suffices to show that [0, ) is countably compact .
1 (x,,) is a sequence in [0 n) “we can rearrange it to be i mcreasmg, and "

thererore Imve it's supremum, x as a limit, Clearly, x is a cluster point ol the

ongmnl sequence, {xa}. That o, Q) is countubly compnct now follows from

the fact that every sequence has a cluster pomt o’
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1.8 Alternative Descriptions of fX and vX

" In this se¢tion we outline some alternate methods for the construction of AX
and X

(f) Via s— ultraflters on X-

In section 1.4, AX was co"l;st‘ructed using the maximal ideals .in C(X). 1
. the light-of Theorem 1.1.3, we would expect that a similar construction could be
’cahfriefvl out’ using the z- ﬁltrsﬁltem on X ‘In fact, ;7X can be defined as the
;Eollection of all 2= ultrafilters on" X, with a topology” defined by the basic open
sets B= {(F €pX:Z¢F):Z€ZX]}). To embed X into a dense subspace
of ﬂX, each pomt x € X is associated ‘with the zultraliter e(x) =

(ZeZX:xel}

Similar to the.definition of real maximal ideal given in sectfom\5, we define

a z-ultrafilter F € X to be real if it has C.LP.

L
., every c('ﬂ%::@fﬂm“y of

“zerosets in F has nonempty intersection. Clearly, then, by Theorem 15.3,

Z"|F]'|s a-réal maximal ideal. We then define “wX to be the subspace of AX

consisting of all the real z- ultraﬁuers on X.

1 This is the;approach adopted in "0},

%

(b) lVIl‘emb‘ed’dhxg in produ"eﬁre’ll lines - ».

Hlswrlcally, the Sgone—Cech compucuﬁcauon of X was first, construcled by_'

embeddmg X into.a ?roduct of a s\ntnble n\lmber of copies of the space [0 l] 4

o We éonclude immediately, lhat X is compnct if. nnd bnly ifit is homcomor




/\'\\l&;l\/\‘? ’ N e

k -58-
. . o x e
to a closed subspace of a product of a number of copies of the unit interval -[0,1].]
We now extend this idea, and show that ©X can be constructed from an analo-
ous embedding. 3
B g -~ \\/

Consider the set RC™), -cndowed with the prodiict topology and .a map
0u:X — RO, defined as follows : for each x € X, o,(x)(f) = f(x), for every
f € C(X). In an analogous manner, let R be given the product Lo;‘mlogy
and define a fnup LED RCM, where for each x € Xa&(x)(f) = f(x) for "

cvery g E C(X) It tums out that o, (respecnvely v) is a homeomiorphism of

'x ini uCTX) (respecuvely RC(’“)J and . 0,[X] (respectively ofX]) is C*-

bedded. | ively C-embedded) i RC™ (respectively ROX). We then

- define AX to be clo,[X] and X tobe clofX], where in esch case, the closure

examples of realcompact spaces we ha}g available tous.  #.

s t:ken with respect to the appropriate product topology, We refer the reader to

[19 chapter ll] for details.

Ei' thls constmcnon of vX, it follows that X is realcompact if and only

if itis . homeomor hic to a closed subspace ol' product of a number of copies of o
: =

the lenl line. As a closed.. i i ?qd productg of ”*

spacés are This then, greatly increaSes thie number of
-

(e) Via Uniformities -

Since X is completely regular, the topology on X coincid’\;ﬂ‘lh the topéi- 4

ogy generned by C'(X) (Theorem 0.8:5). Therefore, this topology can be

mdnced by the weak uniformity generated by C*(X), which_we refer to as U,



space (X,U"), [45, section 11.5, example 1].
v . A

“m(E,), wh'e‘i;evey {E,} is a finite collection of disjoint subSets of A. In a simi-

* ‘_l}r ruhion'_g_. is countablyadditive il m(UE,) = ¥ m(E,), whenever {E,} is. .

.50

[45 section 11.4]. To seq how such a uniformity- is !armed we ﬁlsh]ook at the

following subset of X X X. For .F €C'(X), and € >0, let U, = ((x y) E X
. b .

"X X:I(x) =y} < €}. The family, {Up,: [ € C*(X), ¢ > 0} is asubbase for &

U*. This means that all finite interections of members of this family form a

base for .U*, and so U*" consists of all those subsets of X X X which contain

“a“member of this bas:z. We now define SX. to be the completion of the uniform

Singe the topology an X also coincides with the wéak topology generated
by C(X), (Theorem 0.6.5), it can be induced by’the wenk . uniformity genemted
by C(X), which we refer to as U Then, vX is defined to be the complctmn of

-
the uniform space (X, U). This enables us to conclude that the topological space

X is compact (respectively, realcompact) if and only. if the uniform space

(x,U°), (xupec:ivexy, (X, U)) is complete. 7
.
(d) Vh measure theory - ,

- We close th]s sectlon wnh'l final construction involving measure theory.
Define A to be the algebra of sets generated by lhe family of zero-sets, Z_ﬁ

and m to be a measure defined on A, for whlch the following regularity condi-

" tign holds : for each A € A, m(A) = sup{m(2) : Z € Z[X], Z C A}. Note that

m, is determined by its values on Z[X]." I therrange of m is {0,1} then it is

called & 0-1 measure, We say that m is_finitely additive it m(UE,) =¥




.. y
\
a countable collection of pairwise disjoint subsets of A whose union is in A.
We use the symbol M, to denote the collection of all finitely additive 0-1 fneas-
ures on A, which have Qhe';;bove me_ngioned regularity &ondition.
A Topology ean be s‘;)eciﬁed for' My, called the vague topology. %K bypieai
subbasic neiéh‘burhood of my € M, is ;iven b}" sets ;f the form
{m € My:1f fdm - [ £ dmy| < €}, where 1€ C'(X), and € > 0. .
Fofeach x €X, the 0-1 n:ehure, my, concentratéd.at 'z, is deﬁned‘wz :

m‘(z) =1~ x€Z, andmy(Z)=0, if x ¢Z,(2€ A). Clearly, for each %

€ X, m, is countably additive, and belongs to My, If M, is given. the vague

topology, then the map ¥ : X — My, defined by y(x) =

is a homeomorphism of X into M, . F
‘The Stone-Cech compachﬁcauge of X, isthen defined to be the space ‘M,,,

under the Vag\le' topology, and the reslcompactification of: X is defined as the

- subspace of M,, isting of all the additive of M, We
. . R e )

refer.the reader to (7, section 1.7], for further details.

=

-

my, foreach x €X, |
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N »
* ' ) The Banach Space C(X)
7 .

'Tlus chapter deals with the Banach space’ “structure of C(X). We take a

compact Hausdorﬂ’ space X and équip the linear space C(X) with the uniform

. nbx-m ~Several interesting pmpemes of this Banach space are then stndled

Some’ lheorems which re]nt‘ the Banach space structure of C(X) with the topol-

ogy pl X are gwen. For example, . C(X) is separable if and only if X is

metrizable We prdve the Riesz Representation Theorem, which éhnrnctérizm the

dual of ﬂns Banach space. The qnesuan of when a given Bannch space |s
E isometri¢ to the Banach space C(X), I‘or some compact Hausdorff spncc X, is }
then answered. We obtain a version of the Banach-! Stone Theorem which asseits
thnt‘athe‘%nuh spaces C(XJ and C(Y_) are |s’ometnc when and only when the

spaces X ahd Y are hon_leomorpiiic. Fimll‘y} for a compact Hausdorfi

space X, C(X) chnracterizes}hev class of
N .

Banach spaces which enjoy the Hahn-Banach extension property. N




\ " eg- 1 & R

2.1 The Banach Space C(X)

Throughout this chapter, we assume that X is a compact H:usdorll’ topo-

logical space. The ring C(X), which is also an R-vector space, becomes a real

normed lineas space under the norm | - |, defined by | f | = sup{lf(x} : x

€ X} for [ € C(X). This norm is refered to as the uniform norm, or supremun -

norm. It is easy to see that C(X) is complete under this norm. For the

remainder of this chapter, C(X) will.refer to this Banach space.

Note - If..c € R, and {&C(X), the functién ef will usually be written,

simply as_cf. . . . .
'

For I,g € C(X)_ the set [fig] = {ef (1 - :);,. 0<c< 1} s called the

line scgment joining  and g We recall umnubm A of C(X) is canvu, if
wheneve* I,'g € A, [f;g] C A. The conver n-u of asubset B of CX) ‘wm.

ten conv(B), is l\he smallest convex set containing. B, "and consists of all fnite
linear combinations z; f G EB, > N S o=l

=
- ) .

Ax’ezireme point of the convex subset A is an element f € C(X)jthat is

ot an internal poiat of any line segment whose endpoints belong to. A; in ather
words, f s an extreme.poiat of A and oly if_whenever = o5+ (1 <l

forg hEA and 0<c<1, wehave l—|=h‘ 1t suffices to take ¢=%

in the above definition." For,if f=cg+ (1-%)h, with 0 <c< % then f=

1

1,1 : i iy e 1 g
FHAFOI-) and U-BEA YO §<e<y thoal FatF(r-g)




%, Example 2.LI.

- 63- ®

and 2f-g€A. -

In R? with the Euclidean topology, the region consisting of the boundary
and interior of a trfingle is a convex se hose ouly extreme points are the-three
Vitlcs,, Tnoouteast; (v elbsed AN NN SR, 96y poingon the circumfer-
ence s an extreme point: It is easy to sce that an open convex set has ;o
extiainie poiits. Sgwaver, iiot-avery oMisd boynded convex set need posses an *

 extreme point; & the following exan'\pl[e illustrates. )

As usual, ¢ denotes the Banach space (under the

supremum nprmi)-of all ‘real sequences which converge to 0. Let A be the
closed unit sphere in ‘c. If x = {%,} € A, we first consider the case where
7 R . i T

there exists, T € N such that x; =0 for n > 1. Set ”

~

%éxn. (<), >1)

w (1<), (w >

b A

Then, x.= ’;", Whishe @ (i) ; B5{B,), With: & PR b,.aud
Thus, x is not an‘extreme point of - A. On the other hand, if o such r exists,

then choose k such that | x,| < % for o> k. Define
- x - v

a4 = xy (0 < K), 2% (neven, 0> K) 0 odd n> k)
bu=x (0 SK 0 (n even, n 3k} 7 2x (0 odd;n >k)

a+b
2

- 2 o At T . e
Here again, x = , where a'= {a,} and b= {b,} a 3%.b, a,b € Ay 50
. * L 5 )
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x is not an extreme poiut of A. Thus, A has no extreme points. O

. .

Let E be a linear space, and K, a convex subset of E. Then, a
nonempty subset A of K, is nl@cg of K, if "it is convex, and each line seg-
ment contained in K that.has an internal point in A is contained in A, i.e., if
x,y €K and u+(1-c)yéA. for a scalar ¢, such that 0 < ¢ < 1, then
%, ¥ €A. We recall the following elementary facts about faces of & convex set in
a linear i spice [27, section 15].

ar A 15" fate of a convex.set B, ‘and B is a face of a corivex et C,
then, A is a-face of C..Extreme points.of a convex et are precisely those faces
which ‘are singleton sets-<If f is a lmen map between vector spaces; cargying a
convex set K into a convex set M, -nd if L\ is a face of M, then H(L)Q K
.is either empty or a_ face of K. Alsp, the set of points at whmh a continuous
linear functional assumes a maximum on a convex set K is a face of K, and
Batics:couitafis a extrem:’poink ’ )

., -
The classical theorem o the existence of extreme points for a compact con-

Jvex set is the follovnn:. (38, Theorem 26, page 179].

Theorem 2.1.2 (Krein-Millman) - Every compacl, convez sub-
set of a Banach space is the closed convez hull of the set-of all'its eztreme points.
s 3 v E

The set B =.(t'€ C(X): |.0 ] <1} is-the {idbed unit sphere in C(X).

Note that B is always coivex. The following theorem characterizes all the
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extreme points of B,

Theorem 2.1.3 - The extreme points of the closed unit sphere B in C(X)

are precisely the functions € C(X) such that | f(z)| =1 for all z € X.
5 ' ~
Proof - I 1 satisfies the'condition, then [ is'an extreme point of B. For,

if f= _g -+ —h where g and h arein B, th/lg(x) + h(x) = 2, fqr every

x €X. This s possible only if ‘g(x) “and h(x) ate simultaneously +1 or -1 at
» & < > g <

each point x; and hence f

'On the other hand, if € B and x, € X is such that |f{xo) < 1, we may
¢ : ;

4 .
- write f = % 1+ % b, ‘where [h(x} < 1-for evéty x €X. Clearly, h € B and

1(xo) 5% h(xp), 'so f is not an extremie point. O

This result tells us that the extreme points on‘the closed unit sphere of
C(X), are precisely the square roots or 1. Observing that a corl\p:m space can
have, at most, a finite number of components, Theorem 0.2.1, leads to the rullnw-
ing interesting res;lll‘t, VV

/‘ Theorem 2. 1.‘4 ‘For m < Ry, lhc ‘compuct space .\' Iun m campanenla
if and only i the closed unit sphere in C{A} has ¢raclly 2 ertreme pointa.

s . '
As a consequence, X is connected: if and .only if the closed unil sphere B

in C(X) has exactly two extreme points; namely the functions 1 and - 1. We
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also point out that if X is connected, then B canmot be compact. For, if x,y
€X, x5y, by complete regularity of X, there exists an Urysohn function f
for ({x}, {y}), and ] €] < 1 Itis easy to check that I does not belong to
the closure of conv({-1, 1}). So by the Krein-Millman theorem, B cannot be

compact. : X

¢ Next, we provide another result which relates the Bangch space structure of
C(X) with the topology of X. Explicitly, we give conditions on X under which
;.’c(xi is o separable Banach space. We need a few preliminary results tro o
| eral topology. T Bl
Lemma 2.1.6 - Jf F. s o compact subset of X, and z € X NgF, then
there ezist disjoint open sets U, V, containing ‘uud F, respectively.
.

Lemma 2.1.8 - For cvery open set U of X and z€ U, z has a compact
o e

neighborhood contained in U.

Lemma 2.1.7 (Urysohn's lemma for compact spaces ) - For K C U

where, K is compact and U open, there ezists [€ C'(X), 0 < [ < 1, such

that JIK] = (1) and [ vanishes outside a dompact subset of U. &

-._We refer to [18, Propositions 4.23 and 4.30, and Lemma 4.32] for the

straightforward proofs of Lemmas 2.1.5, 2.1.6, and 2.1.7.

For [ € C(X), we dofine the support of f, written supp(f) to be the



N
fl ~1, it follows that

.87 -- . B

closure of the subset {x'€ X : f(x) 7 0} of X. Since X is compact, supp(f) is
always a compact set, For an open subset U of X and 'f € G(X), we say that
{ is subordinate to U, if 0 < f <1, and supp(f) C U. In this terminology,

the function [ in Lemma 2.1.7 is subordinate to the open set U.

Lemma 2.1.8 - If {U}, (j = 1,2 ..., n) 'is a finite open cover of a compact

subset K af X, then there ezists b€ OLX), (G = 1, 2 ..., n) such that h; is’

subordinate t6 Uy and )3;:-—1 on K.

l : ”
Y T

- Proof - By lemma 2.1.6, each x € K- has l_.compnt neighborhood N,

such that N C Uj for some h(<Ljig ). If ly.( x) ~denotes the interior of

N, then {int(N,)}; ‘as x rangés over K, %5 /an open cover of K, and so

reduces to afinite subcover, say, {int(N,)}, k = 12, . Define * Fj =

Yy Ney: Note that Fy is eompm. By Lemma 2.1.7, for each j =1, 2, ..., n,
,‘_ R 3

.
there exist g € C(X), ‘such that g = 1 son Fj, and supp(g) C'Uj. There— i

tare, g‘gk 21 on K, and so again by lemma 2.7, there exists' { € C(X)
% ka1 R

with MK} 1 and supp() C (X €X: $I6x) >0 ). Refining gpyy =
5 : K=t Bt

n+l g; .
8 > 0 everywhere it X. Let by = 7,

i s k=1
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]
Note : This collection {h;} is called a partition of unity on K subordinate

to'the collection {Uj). ’ . ]

A family A of functions in C(X) is said to be separating if for x,y € X,

x 7y, there exists €A such that f(x) 5 f(y).

Theorem 2 1.9 - The Banagh spacé C(X) is upamble if and anly if X is

metrizable.

Proof. - Let X (X, 7) be such that C(X) is :p:n.hle and let D be 2
countable dense subset of C(X] Ir 7 denoles the wnkst Iapelogy on X
which makes each function in D continuous, then 7 —C-, e Clearly, 7 is sem-

_ imetrizable, since D is countable and .R is metrizable. To show that 7 is

: r;mtriz’nble, we need only check that" D is separating. _If .x,y € X and _.'l(x)v=
f(y) for every ’l' €D, ‘then f(x) = f{y) for every f &C(X) 'since D is dense in
C(X). Howevex, X is eompletr]y regular, so x = y. This proves that D i
sepunung Fmally, since’ 7 is comput, and 7 is HAusdorﬂ (since " D s

“separatipg), the identity map frpm “(X, 7) to (X, 7). isa homeomorphmn

. Thenfore, r=7, andso X is metrizable. G ) s

Assume X is metrizable with metric d. Let [ € C(X), and € >0 bé

‘ given.’ Smu X is compnt, f is uniformly contmuons nnd there(oxe there
zxutl, n'€ N such that for every Xy €X wnh d(x.y) < 1 A l'(x) f(Y)l <e

§ Sinca' the collection {U,} o( open sghem of diameter -:T is an open ‘covering of
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X, there exists a finite subcollection (U}, (i = 1 to m), éovcring X. By "
Lemma 2.1.8, we can always find a finite collection ‘of n\embpm of C(X); (f‘,,l).

i=1,2,..,m, with range contained in [0,1], such that Tn, is"subomnlc to U,

and i fo,=1. Foreach i=1,2,.., m, choose Xp, € Uy Clearly,
=t E & " i

6(x) - f(x,) < € for x E,Um- and for each i. Therefore,

RICE! f(x:,)~rn.(x)l=l‘?:f(x)<rn,(x)—'>”:r(xn.)-rn_(xu o g
‘ <2\r(x) - ‘i‘(x) '

i n‘ W el <fEf,,(X)—€,

5. - where the last inequality follows since I,, is snbordmnte to Uy, so f, >0 and
3 .

L) =0 lor x ¢ U, Since {'is ar‘hitrar)",' L‘he set of ﬁnite lin'enr combinations
(wnh real coeﬂ'lcleni.q) of the [unctlons {f} n, € N, is dense in C(X). How-

ever, singe’ ﬂ:e utmnals are dense in R; the (countable) collecuon of finite linear -

cfmbmahons -of; these functlons w\t.h rational coetﬁclents is dunse m C(X).

Therefole, C(X) is separable CI \ el . . -‘

“2.2 "The Rlﬁl{ép/reuent-ftlon Theorem’

S N

In this’ sechan, we descnbe the conhnuons Imenr I'unctmn-ls on the Bnth

e spaze C(X). This normed linear spsce is called the dual of C(X) and we.use

tlxe symbol [C(X)]‘ to rapraent it. *Wee start by giving some prelxrmnnrlus from '
F A i
g.
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. .
measure theory. We shall'use [18] for our reference.”
) \ W e sor
A o-algebra on X is a nonempty rgmily of .supseis of X qmt is closed

under unions and le The Borel sets in X are the

members of the smallest o-algebra which “contains :;ll the open ’(equivxlently,
closed) subsets of X. A measure deﬁn-;.d on ‘the a-algebrg By of Borel sets is
called.a Borel measure. 1t ‘4 is s Borel measure and E eBx,’zhen u s outer
regular on E if B(E) = inf {p(U): U 2 E U open }, and fnner regularon E-
it p(E) = sup { u(K) : K C E, K is compact'}. A Radan meagure is a Borel
. ‘measire thut |s finite on lll compact ‘sets, outer regular on all Borel sets and
“inner regular on all open sets. "Note that the word “compaet" can be;eplaced
hy “closed" in the above definitions, since X is compact ‘and |/usdorﬂ‘
A linear. ‘lanchonal I on CX) is sald to be pnuhu: it I(f) >0, whenever
f > 0. Clearly this implies that if f > g,4f and only if I(f) > I{g). It is worth
po}n}ing out that the p(;sitivity il;lplies “a rather strong continuity plﬂty,
namely, for each compact K C'X, there exists a constant My such thal [I(f)|
- .

<M [f 17 for f€C(X) with supp(f) C K, (18, Proposition7.1]

“Let 1 be a fixed positive linear functional on C(X). For each open set U
of X;" define mU) = sup {n:re C(X), Tis subordinntc to (U }.. Clearly, 0
nl'suhordmu(e to each open set, so the set function g is well- deﬁned Il \

{U;i€N} isa sequence of open subsets ol X whose union is U, then,

“
my) < E u (U() To see thls, let f€ C(X) f subordirate'to U If supp(f)



N R

=K, by compactness, a finite union Uv cévers K. By Lemma 2.13, there ¥
i

exist gy, g ' ,g“, ‘such that for each i= 1\2 /_,n, & ls subordmnle to U;

and Ygi=1 on'K. Then, .f = Er g nnd t-g is sibordinate to Uy
il

Now, f)2= 3 Ifg) < 3 w(U) €  u(Uy). It now follows that u(U) <
] -] . =]

Eu(U)”',_' 3 7 ) >

For an nrbltrary subset E of X, we deﬁne In (E)— inf {“(U)b UDE,U
open) Note thahl U and V are open subsetx of X suchthait UC V then
u(U} < u(V), nnd it follows thnt ‘)l and w comclde on open sets. From the

previous paragraph it is-clear lhat for nny EC X -

. o8’ % RS s & =
WE) = inr{z‘ #0) U open, EC G, . s

Theorem 2.2.1- The set function p° defines an outér measure on X.
’ k » "

Proof - Smce 0 is subordmate to the empty set @, itis stra\ghtlorwnrd to

see that p'(9) =-0. By (¥) above, if E C F, p (E' < #°(F). To complete lhe s ,
prog, let E = _u E; bean ubim‘ry subset of X. Given ¢ > 0, for each i,
there exuu .8 sequence {Uix} (k 1, 2, ..) of open sets such that

© o
EIC U ka ﬂnd by (‘), ): F(U.k) <p (E)+ ?‘ Since E.C U U Ui,

and sinc‘e E Ew(U &) < Eu'(E;i +¢. we have p'(E) < i H(E) + ¢ :
-l ol =l H 5 i-_l X

. . . Y
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. v
However ¢ is arbitrary, so u*(E) < ivl"(ﬁ)- o’
i C o i1 .

Theorem 2.2.2 - Every open subset of X is p*-measurable.

Proof - Let U be an open subset of X. We must show that for.cach E C

X, W(EL2 #ENU) + p*E~U). We assume thaf H'(E) & oo} otherwise

the result is trMal We consider the rollowmgtwa cases. w o, £ .
Let E beiopep in X. Since ENU is open, for a given ¢ > 0, there
exists € C(X) such that I is subordinate to EN U and I(f) >uENU) -

Also, V=E~ (supp(f)) is'open and lherel’orn»there exists g € C(X) subordi-

#'(E) = p(E) 2 (1) + I(gW> p(ENU) + p(V)- 2¢ > p*(ENU) + p*(E ~ V)
~ 2 . . - . e
» ; &
Now, if E is arbitrary, then, for € > 0, there exists an openset W D E
1
such um\ks) +&> p(W). Therefore p'(E) + ¢ > p (U NW) 4 p*(W ~ U)
>u(EnU)+p(E~U) &

In both cases, since ¢ is arbitrary, we have u°(E) > p'(E N l‘Jf+ ;;'(E ~

~

U). o

The” outer measure s »restricted to the Borel séts is clearly a Borel meas-

-
ure, and will be denoted by 7. By the very definition, it is outer regular on all

p*-measurable sets, hence on all Borel sets We wll] show that it~is"also inner .
reg\llur on all open sets. .

-~ . »
nate to .V ‘such that I(g) > p(V).-'e. However, f'+¢g is subordinate to E, 50
~ . .
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kS
Reca‘ll that the characteristic function, x, of a subset A C X, is the func-

tion that assumes the value 1 on A ‘and 0 outside A.

Lemma 2.2.3 - For zaﬂzh compactsubset K of X, .

) = inf {10: € AN, 12 xx) ' e

Proof - Let f € C(X), > xx. For € > 0, defige the open set U=

{x€X:flx) 3> 1-¢), and choose g subordipate to U. Og U, M) > 1-¢

so gx) <1< lﬂi); Outside U, g = 0, and sinee' £ is never negative, it

. fgllows that g < l—f{ This implies that 1(g) < Tl'gj? Therefore, F(K)'<
AU) < lﬁ% Since € is arbitrary, F(K) < I(f). For any open st Vi C K,
there exists { € C(X) such that f is subordinate to V, and [ > xg (Lemma

"2.1.7). Therefore, .)l(f) < A(V), and since @A(K) is the—infimum of p(V) for

“such V, the result !allow}sJD

Theorem 2.2.4 - The Borel measure Ji_is inner reqular on all open sets. ,
p o ,

Proof Let U be an open Subseb of X Note that #(U) = p(U) =

sup{I(f): { is subordinate to U}. If K= :upp(l’) and g G C(X), 82 xx» H\en

> f, and so Ig) = If). By (), it follows that  7(K) Zl(l). Hence,

F(U) = sup {7(K) : K C U, & compact). © 5T

In order to establish that & is a Radon measure, we need only show that it




.every [€ C(X).
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is finite for all compact sets. Thi;}ollows from (*), since 1 2‘ Xxx for any com-
pact set K, so (1) > u(K). -
£ 3 . 2

-’fheoremKZ.ﬂ.E - For every* posilive linear functional I on C(X), there

corresponda a unique Rator measure Ji.on X such that I(f) = [[df, for

1 .
Proof - We have slready scen that we can associate a. Radon messure 7

(constmcted-from the set function p defined enrlier), with thergiven‘poéitive

linear functioal I, on €(X). It suffices.to check the™) relahon I(I') = f[du for: _

Lhose luncuons f whose range is a,subset of [0, 1). “For, i the ra

" ) S

/
r ]

Fotn€N, and 1< j<n, define Kj= (x € X fix) > __)’ K,‘,-'~=”.

supp(n, ‘and = mm(max(f(x) J—— o), -), (x €9 Note that r,e(t(X)
"

%

XK,..

) g XK, 5 .
for'j =12 ..,n We _g_lnim that T’ Shs—i= ‘l,_2, -, 0. Sinee

f :
K; € Kjy, we consider ‘the three possible. cases. lf x E K“ 1 then fix) =0
sinéeTx) < J;—’ dt x e Ky~ Ky then 1L < fg < Lol

Finally,: rl‘ x e K;, then f(x).> J— > —-, 50 I’(x) =1 lntegmting the ine-
;. o Inte ;

qnallty in the above claim, we obtaln . L. -
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P SR I . s
HlIK;) < Jta < K)o .

=

L ] e \ K \
— . .

If U is any open set conlmnmg K, then nf is subordinate td U, and

At

/j - S0 l(fi) < ; AU). s Also, since . nf;> xg, by (+) it follows that
" ,
"( i) <l(l') ,
= . S R n - A 5 i
i . We next show that f(x) = ):’1 fi(x), (x €X). If x ¢Ko then f; (x) =0
v . r Y o . ® -
L #“v R ‘ - . “Fi, . -
o o for j=1,2 .0 Next,if x €Ky ~K; then f(&) € [J;nl- , Jn_}' whence 2
0. for i >, f(x)= is for i < j, and "h{x) = f(x) A;—‘. TUxeK,,
-
« fi(x) g forj=1,2r°..n
) . i .
By the above result, and the two previous inequalities, we obtain
. . .
- Loa K)<ftdr<l'iu(K} : (1 '
i : L] = <
and TR N -~
%i (K)<l(n<—):pu<) N
- =)
9 % L
% g From (1) and (2), it follows that #
g -
\ SN - 5 1= .
i~ fram| <% L [mco - mxca]- < Lo e
ok " g = s B % - .
A ® - .
bt 2 g
g S ¢ i
’ e ’
' @



every fe C(X) We show that for any open subset U of X, YU)=

T agree'on épe;\ sets, they agree-on Bprel sets by outer regulgrity. a
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Singe # is finite on compnct sets, and n is arbitrary, we have 'I(f) = frdﬁ. ¥

To prove uniqueness, Iel v be a Radon measure such that (= frdv, for

sup(l({j : f € C(X), fvsubofdinqle to U}. For f€C(X), I subordinate to U, [

< xuy s0 I(f) = [dv £ [xydv =1{U). If K. is'a compact subset of X; by

Lemma 2.1.7, there "exim {E C(X], g subordinnte to U'an‘d' “( < 54" There-

" fore, v(K) = fodu< _{gdu_l(g) Bylmner reg\llanty of v m: open sets,

“HU) = sap{I(f) : I‘E C(X} t suhordmate to Uh However, since # and v

A . 2 \ [ & TR

. N S g B . :
The above result characteriza positive’ linear functions on C(X). We now

" extend the result to all bounded (equi , -conti linear functionals on '
C(X). \Ve recnl] the following result (38, p255 Proposmon ”23] -which gxpnssas

) cvery baundv.-d Imenr functional orp C(X) as the difference of two posmve linear

Tuncl.lonnls

Lgmlﬂl 226 - For éach bounded linear functional F on C(X), there

. - exisl positive linear functionals F,, and F., such that F = F,, = F, and‘,

AFU=RmEEm.

\The(;rem ‘3.2.7 '(Theleﬁn Representation 'Thuorem)' =" For zac:h

Oaunded linéar /undumal F on C(X), there uuh a ‘Unigue alynzd Radon meas-

. ure A on XFeh that FUy={ fiu, for every s G(X). Marenver,, Co

.




VFL=lalg o F

Proof - Let F'= F,-F. Then by theorem 2.2.5 , there exist Radoh

measures py, and . jiz; sych that F, = [ dp, and F.= J 0 dpa. If we set -

B= y‘l - t,° then p is a signed Radon measure, and  F(f) = [ fdp, for every
recx. - ~ B e T

. To show uniqueness of g, assume that g, v are both signed Radon meas-

ures such that [ fdu'=="F(f) = [ fdv ‘for evéry € C(X). Then thesighed

. = o o
Radoh measure 5 = p - v has the property that fqu =0, for every [ €

‘C(X). It 4= n* -y is the Jordan ition of 4, theri in

ion with

respect'to ‘gt or 7, will yield the same positive lingar functionat. However, by
uniqueness of such measures’(Theorem 2.2.5), this implies that y* = 5~. There-
fore, n =0, ie, u =u T

Finally, it || = p* + u~ denotes the total variation of s, then, for any
Sy :

recX),IFM|=Ifupl < [ltldpl < 10 11al). This implies that

PRI <Tmi). However, | 01X < y(X) + plX) = [idpy + [1dp;= . .

Uy +F@) = F 1. Ths | F | =lul® o

Corollary 2.2.8 - The dual [C(X)|* of the Banach space C(X) is isomelrix
c:;lly isomorphic to the space M of signed Radon. measutes on X' with norm

givenby | w | =|alX) for u €M. g
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2.3 Arenn-Keliej Characterization of the Banach Splcé C(X)
> C g
In_this section, we dddress the following question : under what conditions s

a given Banach space E° isometric to C(X) I‘or a sulzable topolugmal spnce X

lt is well kpown that every Banach space E is isometric to a (clused) s\lbspac‘e of

X
© C(X) for some compact Hnusdorﬂ‘ space X _Inyfact, the space X: is.the closed

unit sphere of the dual’ E*, ‘of E (chdowed with the relativised: weak* topol-
ogy).. We now provide necessary and sufficient conditions under which E is*"

isometric to “all” of C(X). Asa preliminary, we describe the extreme points on,

Lhe closed\unlt sphere of the dual spuce [C(X)] of C(X) We denote the closed
*unit sphere of [C(X)]’ by the symbol B*.

For each x € X the Dirac measuse, 6,, [concentrated at x] is a Radon
measure such éhnt for every Borel set E, §(E) =1, if x €E, and §(E)=0 if
x ¢ E. For X €X, we deﬂne ‘the linear fnncuanal F, G [C{‘()] by .F(f) =

t‘(x), for every [ € C

Forany y €X, {y} and X~ {y} are Borel sets in’
X, and (X ~ {y}) 0, sofor I € CX), f(x).= l{yl(y) almost everywhere
v&nh respect to" 4. There[ore,‘ffﬁ = tly) [Xgd8y =t =R By

Theun:m 2.2.7, for each 'x € X there is a one-to-one correspundence between 6,

and F,. We say that the linear functional F, corresponds to the Dirac measure

b

L3

Theorem 2.3.1 - The set of extreme points on the closed unit :ﬁhere' B* of

 the dual space [C(X)|* (equivalently, the space M of Corollary 2.2.8) consists
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precisely of the linear functionals F,, and -F,, (equivalently, the Dirac measures

6; -6,), as z ranges over the points of X.

| . Proof - Let, X, € X be given. We show that F,"is an extieme point of

B'. Assume the contrary, then there exist Fy P2 €D FsFy and F, =

' %VF, + él“r By the Riesz replesenlnuon Theurem, there “exist two unique

Radon measures piy iy suéh that lor f-€ C), K= [ fx)du, and .
LRl =06 = 1, 2). Thpre exists ai (open) neighborhocd U of 1
such that || (U) < 1, (i =‘ 1, 2). By complete _rc’;lll‘laritybof X, there exists
1€CX), [ 1] =1 fx) =1 fx} =0, for x ¢u. Therefore, Fy(f) =

1% dy < Ie(U) < 1, (i = 1,2). However, Fo(f) =1, which contradicts.the )

fact that FXD=—;-F| +% Fy. Hence, F, is an extreme point of B*. Simi-
larly, - Fy, is an extreme point of B". '
To Erﬁve the 'cc;nve;se, lett F be an extreme p(;int of B Thcmrrire, ‘
I'F | =1, and there exists a Radon measure p L;ssociated with F. We must a
i now show—that there exists x € X such that F(f)\‘ 1(x) lor every [€ C(X), or
F(f) = -f(x) for every f € C(X). Assume the contrary. Since .X is compact,
we can find two dl!jollll open scts, U Uy, such that 0 < |MI(U,) <\ (i=

1,2): Deﬁne o € [c(xn by G(l')=|u](l{|)l{.l(xrﬂ$|[l|(Ug) [ 1(x) d;l, ! (Y

where [ € C(X) and x € We now show that F + G belongs to "B*. Let f
Cec), 111 < 1. mﬁ,

.




o o-s0-
‘\‘
p—_ v
P . (F+G)(r]—[{du +|m(u,) jrd,‘-|u|(uﬁ) ffdp
Do o fame (IO ;’rdu+u—|u|(uz»'f"f&p
S~ (X~U)~U L
Therefore,

v

Hr+cut3 s] ! CHE|#1F !;II(Ux)Iffdu

| < f o1d |+(l+|ﬂl(Un)JfdeM|+(l—|ul(U=”J'fd|ul
X0ty

Therefore, | F+G | 1 and F 4 G E B*, implying also\lhat F GeB'..

o . ) i

Define X' = {F,:x €X}, and -X"= {-F,:x €X}. Since X is com-
pletely reg\!lar, there is a bijection between' X and X'. and between X and
=X*. I [C(X)]* is given the weak™topology, it follows that the above buectmns

"’ become hbmeomorphisms. where X*,"and -X'. are given subspace topologies.
‘lTo see t.his ‘levt ‘(xn) ‘be.a net in X, cof:verging to x. Then-by deﬂni‘t'p—n of the
weak*-topology, F,, converges to F,jo.i the other hand, if the net _“"n) con-

verges to F, in X', ‘it follows that  f(x

) converges to f(x) for every f €

o, 5, {53} converges to x_in the vl Fology generated by C(X). How-
‘evcr X=is complelely mglllar, so this topology coincides with the given topology

v lon X (see Theorem 0.0.5): < N
A maximal (proper) liear subspace ' M of o is called.a ‘hyperspace,
and for any F € [C(X))*, the set ‘M +Fi={G+ F.: GEM}, iscalled a

+ (1=l plwy) kjrdy :

<1- II‘HUn)-I#l(Uz)+‘l+[#|(U1)) lﬂlleJ+(l~|ﬂl(Un)) |/'|(U)— 1
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hyperplane. ft_ is clear, by definition of the weak® lopclégy, that any closed
hyperplane, H in/ [C(X)]' ‘is of the form_{F € [C(X)]* : F() = ¢}, where { €

C(X) and ¢ € R. 'Furthermore, we say that a-hyperplane H supports.a con-

vex set A C [CX)]" if HN A 0, and A is contained’in the set {F €

(O : F())'g ¢}, of A Is contained in the st {F € CRI|* £F(D) > .

For any g € C(X) sugh that | g | =1, consider the hYperpln;\_e H=

{F € [C(X))* : F(g) = 1). Since there exists xo € X Such that glig) = 1, F,, €

H N B, and clearly' H supports B" ’i‘herefore, any hypérpln;e sup;;:oz!;ing

, can be written in this form. This dis;ussioﬁ and Theorem 2.3.1 leads to the

following thedrem.

Theorem 2.3.2 - The spaces- X', and. -X"*(both with the relativized

weak® topology) consisting of the estreme pointa of the closed unit sphere of

[Ci&r (under the norm topology) are both homeomorphic to the lopological space

X. Furthermore, X, and -X' have no common Iimit points.
A y

Proof - We" need only prove the last ‘statement. Since X° ]iés on the
. h)‘p.‘erplnne {F €[C(X))* +F(1) = 1}, and "-X"* lies on the hype;plaqe
{F é e« i"(li) = -i), and thfée hyperplanes do not intersect, the. result fol-
lows. O ’ _"‘A\
As a consequence of this theorem, we‘prove the following version of the‘

Banach-Stone theorem for the Banach space C(X). 5



F ‘ : % g 5 o o -
‘Theorem 2.3.3 (Banach-Stone) - The compact Hausdor] spaces X and,
L Y are homeomorphic .if and only if the Banach spaces C(X) and C(Y) are . -

. LR
isomelric. -, 5

TER ) Proof The if pnrt is clear. Assume C(X). nnd C(Y) are lsometm under,

amap 4. Then the “adjoint g $ [C(Y)]‘ [CX)", -defined ¢(F)(f)

F(4(1), for every .F € [C(Y)I ~and. every f € C(X), is an lsnmetry nnd in par- ® B
5 o
ucular, [C(Y))* and [C(X)]’ ‘are wiak homeomorphlc In addition, ¢ carries

. U-Y* ontoX*U-X"., . L

Deﬁne #'(Y") n X =X, and 3'(Y')N —X‘ =X lf 6(!“,) = F,y for j

! % any Fy €Y", then g' (F) = -Fy. Therefore we can defirie u‘buemon, - t e

a:X{UX, =X, as follows : if F € X, then a(F] = F and il FeXp,

.., . then afF)=-F. By ’l‘heol’em 232, X‘ nud -X* have o limit pomts in com-

/ mzn, so the subspaté Xl u X, consists of two companents, nnmely X; and X2

Since for l 1,2 t\m‘mnp a. restricted to X; is connnuous and closed, a LA
itself is cuntmuons nnd ‘closed. Therefore Y* is homeomorphic to X', and byl
Theorem 2. 3 2 we co;\luds that Y |s homeomorphic to. X. O
Before giving the main t.heorelu of this sectxon, which characlenza the con-,
/", ditions under which a given Banach space is lsometnc to c(X) for some smtnm'
compact Hausdorﬂ‘ space X we prove the following lemm- ° ,
Lemma 2.3.4 - Let Y bea denu subset oj a fnpalngunl space X, and E

"a complete linear mbapa‘ee of C(X). If for every pgnr a/ subsets. K and L of

)




- from L (snd both are clos:d) s

Kt 2 Kpa D vy 80 Liggy € Lz lorl<p<
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. Y, whose closures are disjoint, there exists JEE, suchthat 0< f(z) < 1, for

al .z€ X, and.l{z} =1 for 2€ K, f(z) = 0, Jor z€ L then E = C(Y).

i me Since E is complele its. closed and therefore, the pmof follows |I
it can be shown zhn. E is denseiin C(x) If g € C(X), then for arbltnry 13 >

0 tbere exists” a E R and n€ P{, suchthat a < g(x) < ne +a, forall x €

' 4
o

X Foresch. m V< m %0} we define L = (x € X: gle) < (m-l)e +"),;/

nd Ky = (x €X : gf¥) > me +.a). Therefore, for each ‘m Ky is disjoint

‘and tm(x)—-l ror X eK,,| “and f,,,(x)—o lor X

Clnrly, fEE and for uny x € X

vthere is an m,* such that " a" + (m-1)e < g(x) <& + me. Su'xce‘

{x) =1, nnd

for p 2 m+l, rdx) = 0 Therefore f(x) =a + ((m—l) T e, lx) implying lhnt

2t (ms 1)( <fx)<a+ me. Thns |g(xl {(x] <¢ E is d:nse in C(X).

3

-8 " 3 . - B ,""'

For any element x of a linear space E, we refer to the ‘element -x la‘.t'h',e

antipodal point to_x.

%‘heorem 2.3.6 (Arens, Kzlley ["I) A Bandch upan E is unme!m lo

C’(X) (undee the usual oup nnfm}, /ar some "compact Hauldarﬂ space X if and" .
" only if the closed unit sphere B*. of the dual space E* und:r lh_z weak® Iapalogy‘

_is a8 follows : (1) there are two supporting hyperplanes of B which logether
’ - :

L] 2
e P g |

b hypothesu, there exlsl.s fr€EE such that




contain_all the eztreme points of B, and (2) any’ul of ezlreme points of B*

" whose closure ¢ontains no antipodal points, lies entirely in some hyperplane sup-
B X c .

2 E '
. S

porting B,

Proof - Assume E is isometric to. C(X). In Theorem 1.3.? and the discus-

sion followiuvg it, “we showed that ‘all the extreme~points of . B* lie in ip‘\d"two
D ot

) xupportmg byperplanes (F € [CIXI : F(1) = =1}, and_{F € [C(X)] F1) =
-1} Thus, condmon (1). of the Lheorem is met. To establish condmon (2), let

' ¢ be a,set of extreme points of B, whose, closure contains no pairs o[ antipodal
points. Then ¢ = (b*' U &7, ‘where &% hes in the hyperp]ane .
{Fe [C(X)] F(1) =1}, and & lies in the llyperplane {F E [C(X)] F{f)=

.-1}. By fl‘heorem 232“‘1’+ .and &7 can be mapped-onto l.wo subséts A and

t
B. of X, respectwely, whose closures are disjoint. By normality of X, ‘there

exists ‘g € C(X), "such that 0 < gx) < L, forall x€X, “and gx)=1 forx€ .

A‘/ nd g(x) = 0 for' x E B. By deﬂnmon of & the hyperplnne {_F €CEX):

E(g) = l) contains d> andsince | g | =1, it suppons B'

L To prove the converse, let E be an arbitrary Banach space satis(ying condir

tions (1) and (2). Consider B the closed unit sphere of the dual space E'.

By condition (1) there is s set of extreme points X' of B* lying in one of the.

i lwn hyperplsnes of suppon of "B, -and this set of extréme gomts has no limit.,

pamts in. common with the remmnmg extreme pomts of B' lymgql the, other

hyperp]line snppcrung B"..Let X be the closure (m the wenk' topology) ol X'

Clcnrly. X is. compaet Hnusdcrﬂ‘ since .*B* compnc‘l Hau_sdorﬂ (Aljmglu

2
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- z
Theorem)' We can consider each element f€E to be a continuous nal-vulned
function over. X' by mlgmn; to each Fe X, the real number F(M);-ie. f(F) -

- F(ﬁ Note that conlunnl.y is cleu from the dr.-ﬁmtlon ul’ weak* convergence.

To show_that E - is.normed as a function space over X, we rec;ll the Krein-

Millman theorem. Since - B is thé closed convex bl ‘of' its extreme  points,

sup{lf(F) : F € BY) = snp(lf(ﬂ Fe XY = =10 L To cnmple'.e the proof, we
have to show that E is isometric to “all” ol C(X) Recnll Lemma 2.3.4. Let K-
and L be subsets ol X' (whlch is obvu,ously dense in X). wnlh dlsjmnt lcsuru
Then, ,K and -L = (—F F € L) have no unhpodnl limit polMs so condition
(2) can be applied. Let {F G B F(g) l) be the hyperplnne conmmng K

4 g U—L and supporting B'. Therefore gEE, -1 <gF) <1, for all FEX and

'g(F)—Lfor,FEK md ®F) =-1 for F €L. S«nu.: el =

s " Lemmw234, E is isometric to C(X). 0"/

2.4 Cm un Hahn-Banach Spue .
£ " Altopological space X is calléd” extremally disconneeted if the ¥losure o_r'
: ) every open set is open, For uuﬁple( every discrete toi;ologicnl space i; clearly,
i * extremally disconnected m.d the Sgnnquchwompn.Eti.ﬁcntion of such iplcuv is v
extre;nally disconnect u well, [43,. Proposll.mn 10.47). Extremally discon:

nected splg have i ing properties, as is i d by the followlng results, .-

Every‘open‘(or dense) Qubs;‘mce of an extremally discohnected space s, ¢

embedded [19, Prbblaﬁ\.lH‘ﬂ] A‘nfl [43, Proposition 10.47]. I 'Y .is dense jn X,

where X ‘is ext lly di d, then every i mnb from Y intoa
1 .v ’ '
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compact space, extends continuously to all of X [43, Exercise 2J.4]. It turns out

that for X extremnlly disconnected, compnt and Hausdorfl, C(X) character-
izesa elm of Banach spaces, | . ¢ b "_
T ~

A normed linear space E_is alled a Hahn-Banach space, if for every con-

* tinuous linear m;p I :K = E, where K is a subspace of 2 normed linear

'space H, there exuulmlp r H = E, such um PIK_r :nd IF| =

s | f ] The mlp F is said to bea norm-preurumy eztension of f. The nmm_

_owell mouvnted since the cluslenl thn-Bsnnch Thecrem merts that, 'R and C

‘are Hahn—Bnnnch spnees _ e e
y

Since any contmuo\ls Tlinear mnp between normed linear spaces has &~ umque

norm-preserving extension defined between thc complehon: of these spaces, we
may “assume, without loss of generality, that the sp-cé H mentioned” Zabov; is
complete ln ldrhl.lon, i E isa Hn.hn-Buackspue then it must necessarily, be

a Ban:mh spue Let i : E.= E, be the ldenmy map on the Hahn-Bmuh

) splce E, and i, its extewon to E, the complet'mn of E." Sinee i_ and i -

agree on the densesubspace E, i -is the identity on E. Clearly, this means that °

" '
E=E, so E is complete.

‘We m‘y ask, il ever)" Banach space is a Hahn-Banach space. This was shown
by Banach, and Mazur (5] (and many others ), to be not true. i

Prob'lj’l H Hew cnn we chnrncterlze the class of thn-Bnnach spnces’r

If B isa cdllulit;n of sets, we say that it has binary intersection property
A

-
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(abbreviated B.LP.), if for every subcollection A, such that any two memhom
of A intersect, N A ;é @: Using thxs notion L Nachbin [30] obtained the fol-
lowing condition for a Banach space to be a Hahn-Banach space.

¢ ..
Theorem 2.4.1 (Nathbm (30/} v A (real) normed linear space E is a

Hahn-Banach space if |lc closed aphcrc.! have B LP. iy

/Praof- Let the collecnon of ‘pheres in E-have B.LP and f: l\ —E bea
/zontinuolfs linear m%p, ‘where K{is a suhqu‘ce o{ a fmrmed linear sﬁace H. By
an ezlension of (f, K), .we shall Lean_n pair (g, '_"l'), wh.e“re T is a linear sub-
space of H such that, K C T, ¢ : T E is continuous linear, g agrees with
f on K and |gi =1 l"l . We partial order the family of all extensions of
(f, K), by setting (g,, Ty) 2 (g Ty) if and only it T, C Ty and g, ‘agrees
with g, on T, By Zorn"s lemma, we obtain a maximal extension, say (¢, B).
We cloim that B = H. If ln,\m 2 € H ~ B. For every h €¢(B), define
p(h) = [f) inf{Ix-z],x€¢(h)}. If Sy is the sphere centered at h,/
with radlus pﬁ:), then it is ‘easy to verify thnt the l‘bmxly (S,, h € ¢(B)} has -

B.LP. Therefore, let 66(‘] Sp ie, I¢(x)7‘€I < Ifllx-z], for

every X € B. Let M be the vector space spnnned by B and z lLe,if xEM,
then x=Db + Az, where beB nnd NER. Next for ench such x € M
dgﬂpe a map vIJ‘: M — E by ¢(x) =¢(b) + \¢. Clenrly (w, M_) is an exten-
sion of (f, K), and since (4, M) > (¢, B)," we get a contradiction to the maxi-

mality of y#, B).- So B =H, and the proof }s complete, O



5 gt

e & . a

Next, we show that C(X), for X compact Hausdorfl and extremally

5 disconnutéd, is a Hahn-Banach space, by verifying ‘that its closed spheres have

B I P.
‘A %
“lis clear lrom section 0.1, that C(X) 'is an anAlmcllqn ordered uzclnr lal-I

lice, under the partial order <. We usé this lattice structure on- C(X) to

deseribe it's closed spheres.

For I'g € C(X), the set {f, g] (h €ECX):f<h<g} called an order

interval. Consider the closed sphere cent®red at 'f, of radius ‘g, namely S(f,e)-
. ¥ »
=(s€CX);: | -] S =1{g€CX):g-cXI<gfe)=

[f-6f+¢. Thgr;fore, all closed spheres in C(X) can l;e-regarded as. order
intervals. i :
e

We say that C(X) is order ‘nmpl;lz il every nonempty subset of C(X)

whiclris bounded above has a m; equivalently, that every nonempty sub- *

_set of C(X) which is bonnded bélow has an mﬂmum
~ ’ '
Theorem 2.4@ - For Ih;(campabl Hausdorff) eziremally disconnected lo"m-

. logical space X, (X) under the partial order ‘<, is order complete.

Proof - Lef ‘A= {f, - @ €A} be a nonempty subset oI' C(X), which is -

bounded below by g. Theu[ore, A- g = (f tgiaE A} ns bounded below by

~

0, .and it A= g has an lrﬂmum h, then A will huve an mﬂm}m g+h1 So, |

without loss of geneuhty, we assume that all th! elements in A are poslhve.

.- . i
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Let Ga: = (€ X5 GN<a whre a€h e o Thv.- e

show that. lE C(X), let .0 < a < b, and consider the y:t 5 '((a b))
"~ T, '

“Sinee r'((ob))_ 9, cIG‘, and ‘([O,ﬂl)—:

\WEconunnous i . ) _ ‘ T \' . )'v,_ ¢
- B e ; w # .

" We now show that_ 1 is a lower bound for A. For x € X,

then’ smce nll Qhe membels of A are posmve, I(x) ¢ (x). for evcry a, E A

’ exlsts €> 0, such’ thav. 0.<e < l(x) Clenrly X f'cIG,,

each a € A.” Therefore ‘fa(x) 2 1(x), and I 1s a lower bmmd fcr Ax \

. * Let k be any lower bound for A. it x € G, the.\ there exists’ r,, ?A,v

¥

fo(x) < (, S0 k(x) < € Therefore by conhnulty of k, lf x € ¢lG,, then Ux)

L (, e k(x) |s a lower. bound for the set {e > 0:x€cG ) As I(xFﬁ lhe

infimum of this set, k(x) < Mx), so k < { R smce X = U C Q‘ﬁcrurorp, f

w b £ : o
C(X) is crder complete. 0. . ¥, . i -

5 Combmmg the previous two theoremp, we obtmn Themlm 2.4.

Theorem 2.4.3 - For-the (¢omipact Hauadofﬂ) eztremdllg dmhnnectgd tnpn- i

L€ _'lug:cal apau X C(X) uaHaIln-Eanach lpau %, ! N 2

|
o A
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. where ‘X' is compact

foles from Theorem 2.4.1if we show that the fam;ly o( all order |Z rvnls in
v

s
CiX) has B. l P Let C [l‘,,,g,,} a G A} bea mutunlly mtersectm fmmly of

order intervals. Then, g 21p ror any.},;iEA Therefore, ([é a €A} is
bounded above, and {gs: BEA} is bonnded below By the qompleu-ness of
~C(X), thcm exists = snp{r a €A}, and g —_~mr(g,. {JGA}. Since f 8

g, {[,g] xs a nonempty order mtervnl,r and [f g C r\ C. Therelbre, u.e fnw

order mterv}]s in C(X) hna BIR " ; ' e

1y ' |~ c
Independently, Nachbin [30] and Goodner {2[] characterized those Hahn-~
Bannch spacm whose unit sphere contnms an exereme polnt as those C(X) l’or ;

whlch X m a. smtable

compact spucc Lntcr,

l\elley [25[ Showed that ihe nssumpuun "of the extieme pomt was. not necessary. -

The next theorem charutenzes all Hahn-Banach spacm as |some|.nc to C(X},

x w *F 2 ¥ 5
* . Theorem 2.44 (Kelley {25]) - A\ real Bunach space E is-a Hahn:Banach .,=‘.

épatp :j and an[y if it-is isometric to d<(), where X ig a :ampa:f Haundarﬂ

zzlrcmally disconne cleﬂnpalagual space.

Proor One way is clear from Theorem 24.3.

" Given'a Hahn-Bmsch space E, let P denote the weak# losure of the ot ;' E




ey

wé obtain an open set W‘ of P, mulmll for tite property t!‘nt W)nw= l
Then, it is n\Fhud to see lh!ﬁ (- W’] UW js dense in “P. We clalmlh{l. w,

X P
the we:k'-closure of W, m P is the requlred cmdldlte X in the stnemenl ol‘

the lheorem 5 . e = ” '\_

“We. make scveml observations. In; what follows,-the topology referred to wnII

 always mean the weal t-topology\rdnlmzed from P, ln\h‘e adjoint oS mapf

; 5 e a \
wnll be dena'.ed by . o " TG A

lI' u and V are du;o)nt open subsets of P ~fuch that ~(U'U V) "and \)\\

(U u V) are dlsjomt, And thelr union is dense in i’ we shall cnll the Ppair .

TL(UV) e tearmg of - P.-For such n tenrmgylet T =({0} x 0) LA(&} x V), so

that T cousuzs‘of “disjnmt copies” of U and V.- We topologlze T by tak>-
lng as an open bm, sets of the‘form {0} X G and {1}’ X H where é}'u open
in [ asd H-i opemin V! Non!ha\ o) X XU md W xV are disjoint,

clopen. (i<, both open and closed) sub\'.:o\l'l' and are rupecl.lvely

. homeomarphlc to the eomptm sets U and V. Hence, it Ilo that T is &m—

Pact and Hlusdorﬂ' ™ & - g °

R
Natt, define amap H: E — C(T) by H(x)(0,u) = n(x) and- H(x)(l v).—‘

v(x), for x € E weU and ve V. The fact that H(x) € C(T), Iollows from Q-
Wenk:-converxence St o . = : ) "\
We ﬁlsl. claim that, H is.a Imear 1som=try Cle:rly, TuVCB, s z‘lm

|H(x)] < Ix]. To'see tha rev,me mequnhty, !or each X EE, let x" €E™-
[

" be defined by hz) = 2(x) tor z EE‘ By thn~B;nnch theorem, for' ench X




Y

/ sprhere of [C(T)] areﬁprecl‘sely thg linear functionals :F,,~F, t € T, w

\' 6‘-4'

E E, ehekexm.s 2€ E' such that |z|

1 and z[x) |x|— Clesrly, by

hnemly of z, x" maps the ‘unit: sphexe B* onto ‘the closél interval

[—lxl Ix1) Now, the set-of val\ues in E* at Whlch k“ assumes |x| is zy

’ = weaks-closed. f 0( B', SOW k ,,7 ,nnd hence by lhc Krein- Mlllmnn
>

Theorem, contams an extreme pomt t,‘WIuch 1s also an extrome point ol’ B

“Therelore zé\P, so either t. or —t is’in UUV.’ Assummg t'e TuV,
¢ N
‘ IH(X)|>|t(X)|—|X|-

| e We have already seen (Theorem 2 3 1) that the extreme pomts on, the umt ’

Fy(f) = i(t) ‘Tor f € C(T).- Consider the adjoint msp H\.C("[‘)' ~E* Now
“for u € U HE(Fo,()) = FloHi(x) = H(x)(o u) = u(x) for oach % '€ By 0"
that H" (F(n W) = u. Slmﬂm-ly, for veV} T H' (F(, a=ve >

Let u be.en extreme pomt of B e U and’S* - the closed unit sphers it
[C(T)]*. ‘The set. H"‘(uj N8 is a (compact) facé of ‘S* -and therefore cbnlains

" an extreme pomt of Sy Sife w e V ihe only extreme pbmt H* ‘maps onto

. .‘ must“ F(n“) “Therefore H"'(u)nS' (PQ.“)) Slmllnrly, for 'an extreme

.point v in B*, vEV, ‘we lmve Hv) NS = {Fi1)-

_ ‘Since E is 8 thn-Bnnsch space, for the linear isometry H: E'— CtT), H’

.
is'a linear lsometry from" H[E] to- E 50 has an- exJenslon G from ClT) onto g

E of norm L, such that GoH is the ldenuty on' E. Then G carries B!

i mto $%.-and (GoH)f H'oG' is_the identity on E\ This means that for

extreme - points .u; v P B,u€eU and v €V, G'(u)=F(,,v“,\ and

v
.



S F. LGT) Such pom(g u. and v are dense in UV and (- UUV)

U(UUV) is. dense in P, so G' carries a dense suhset of P onto a'dense sub- 5

set of T*‘ u T‘ Thérefore, since P .and T* U T “are compacl it follows that
Sy < R

g

- G* carries Pi-onto. THUT- . — i 3
Next; l‘g;)‘ext.reme\péinu‘ u,'v'of B u € U and v €V,
" i 5 . A}
% 5, T G eH(Fy) =G F(,,,,,, and G'oH'(F‘,V,) =a" (v) = P50 Cplf

is zhe ldenmy on'a: dense subset of TtU T' Thus * s n homeomorphmmw .

‘on P, nnd H* is'an inverse of tlns homeomorphlsm on Tt U 'I" ( oo,

\
. F’or the tearmg (U, V), we have ‘the !olluwmg proparnes: A

: - S ¢ ;
Pmper»yrUnV=a o ey § BLE ww

Pmpenyz—(UuV)n{UuV)_a B 4
) Smce G* s a homeomorphwm on P Propeny 1 is trivigl. . Since H' _ _

. maps. T* onto UUV Property)z follows since T'nT‘—D \

- s

8 - By the above arguments, every extreme pomt of S bEl(\ngs to G'(B‘)

Pl 'nnd since G‘(B‘)' is comvnct and convex, h, follov.g. om . the Krem Millman

» - theorem thn@ §* C-G*(B*). - However 'G* hns morm 1, 50" G*(B) > T4
Finally, H'oG* is the identity on E* and since  G* msﬁ B* onto [C(T)]",
it I‘ollows that ‘H' is one-to-one. We use thu fact. to- show thu! H_is onto. I’

H[EI isa proper (clwed) suhspace ol‘ C(T), then here gxxsts ainonzero linear

i Iunctxonal F on C(T) which vnnwhu on— H[E] T erefore; va(F)(x) F(H(x))




/ *g”u

»_ =0 fordll x-€E, and consequently, H'(F) is zero g E*, contradicting the "

fact that H* is one-to-one.. 2 5‘ : - % M
O ¥ E . B B »

To complete the proof, we take the tearing (W, 6) of P. Therefgre, T is
i & homeomorphic to. W, and we take W to be our candidate l‘gr X i the state-
ment of wheorem Clenrl)"}\/is compaét Hl@ﬂ and" E is |sometm ‘to

- C(X). We need .only prove that X is extremnlly ‘m By Property 2,7 .

.;,, X n ~X = 0 50" X~is both npen and closed in P. Let U bé an open subset “of

X and V= X~ U. Then (U, V) is a teanng ol‘ P, ‘and by Property 1, s
e
TN V=4, so:T. is open proving that*X ‘is extremally dlsconnected.ﬂ\ .
- : i ™ " TN v
. 8 g
v 3 ¥ B Lo D
L . P
‘ , o @
. i e
‘ e ’ 5
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~ ik P
gk = i \
y ‘
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X/ 5
: ‘When endowed wn.h the compncb-open topology, . C(X) becomes a (real)

locally convex Huusdorﬂ‘ topologlcn‘ectcr spue In genernl this topo[ngy is not

. melnzable In the ﬁm secl:xon, we’ gwe condmons on X necessary nnd

suﬂicnent ronb()() to be} otri ble, under the ! pact-op: tapology In the
o P

whichimalke C(X) - barreled, e

pectlvely a bohologmnl s]uce

subsequenz two sections, ‘we sl‘ the necessary and sufficient condmons on X,

i

N

The Topological Vector S}acé"f‘(}‘(X) - A

— P p L

51 C(X) ulLuclllyConvex Hau do ‘T »“ _. éal ctor Spa:

For ench subset” K of the ctympletely regular topolog:cal space X, and

:" ench npen subset U of R, we deﬁne K,U] = (l’ E G|X

KT U @i

a nonempty lsmlly of subsets of I. then the. cnllectmn C = ([K U] : K €U
ARSI N opety m R) isa suhhue for a f,opology on. C(X) ’l‘hls topology is known as the

I i ; <lkupen layaloy% nnd u uxd to be yenemted by C. The famdy ‘b is usually

U0 taked to be tne lamlly of all compnct subsets of X .and in thls cnse, the result-

_'mg d’_-open tnpo%ymn‘ C(X), .is called:the wmplul-open vlo;u;logy. A net {f;},
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) N of éembem of c\(), cnnvgrges ol EC(X) with respdet to the cgmpnct-open-v"‘ ’

topology, 1r md.only if" (r,) convergu to f nmfurmly-on euch’éompncf’suhset

uI X it is ﬁ:r thw reastk thanthe compacbopen topology is often cullcd the

apaln Y. a/ uniform’ cnnu:rgenu on.co act cela
! o

/
~Itis enslly seen that the compnct-upen topology on C(X) is compatible wnh—N .
the vector dPace structure 9n iC(X),, thus rendenng |t a (real) topological vector

space. i 2

e U s useful to des‘crib& thé ct;mpuc o‘pex; topology on (X) hy ~l.he use of V ‘

& nelghlghopd o! l € Q(X) wnll be of the form, I+N a‘{l’ + g g E N

. where N C C(X), and N contalns a membér of B lt is-worth notmg thnt the . |
~
compnct-open tcpelog;y on - C(X) mnkes each sem‘mo\‘m p (K a compncl suh-

-all'such seminorms

\




lopologrcal vectc space

. A ) i
VA&II use the ubbrevratrons T.V. S (L.C.H.T.VAS.) respechvely, for topo-
4

Ioglcal veEtor space/l;}ully convex Hausdorf topologmal vector spnce)
Note : Unlua otherwise slnlcd 67X) wnll :arrgﬂhe :ampacl—npen topology.

Clenrly. rI X is compact (Ha sdorﬂ), ‘the compacb—open topology comcrdes

“with the lstmhsr uml‘orm norm topology. :Therefore, ubder ‘the strong coudm

of compnﬂnus of X, C(X) is metnzlble (ln fact, normable). We now "ask ifa -

o[ ,C(X)r The next

wenker "'J on X wrll the
.' < :

theorem answers thrs quesuon
)

~ ’ T
A?pologrcﬁ space: X ﬁ called hemwumpacl if there exrsts a countxble

fnmrly (K, n' € N) of, compsct subsets of X, such that, X = U K,,, and

in some K. The'coll

cneh compnet suhset of X is
{Ky:n E N}, is referred to as a fundamental ayal:m af campact subsets of X
. For example, since {[- n,n] nEN} isa [undamental system ol' compact subséts

of R, e eonolude thnt R nshemrcompnct

: - " .
It'is- well known, that a (Hausdorff) TW.S. is metrizable if and only if it has

. rcountuble bn;ue for the neighi:q;huod'w at 0 “[23, corollary l4(b), p134]

We.use thrs fact to denve a mamzanon theorem for C(X)

Y
Thtorem '3.1 1 C(X} is metrizable if and anly if X is hemicompact.




tom & = {K \ (reN). of compact subsets’ of X Let.T! b3t ¢

,‘topology Inwﬂ'
T (Kb

T denstes’ the o

ion,.

N}.

K, cormmct subset of

B . l’or T. Smce X -is hemlcompact there-exists K €& K, DK, so [K;(—z‘,z)]
- e . o
3 I&Jﬁ‘)h lmplymz that (T S \‘ S -
5 ‘.,‘ To proge the converse. let C(X) be metrizable. Therefore, C(X) is first .
7 | a k 5 = ¢

setsiof X such that, for a count: ble. collection {U,

: hoo“iilsﬁo.f 0 in'H, (K,

T in (“C(x). Let K bean jarbitrary coTpact subsét of X, and 0 <'¢ < 1. Then .

£ %
thfre exists some [K,,U,|

d (6 amd K.CK,

N plete regularity of X, guarantees the exiﬁtence of f€ ClXi, 1K,

f(x) & (-e,e), which yi

p | topol\

cmmlgbl;, so there exist:

it

Proof - \ANIIIEX ’lghemlcompnct Then l.here gxlsm a hlndnmentnl 3ys-

ogy: on C(X). Smc[e ench \f E:C(X) is bonnded on each K, E Q T‘u a vegtor .

T’ is izable since the ¢

fo‘rms a bﬁ for the nexghbﬁrhood system at 0. \I‘ T

on - C{X), then T 2 T Therefore, the

:metmnbxhty of T w:h k‘:llow if we can show tlmt T' 2 T. Since bath T nnd

T T"are vector top&loyes,]we need only cons)der thelr nelghborhooda.of 0. ‘For

-and E>

a countable collection {K, : n € N} of compact sub-

“ne N)‘?)l’ open neighbor-

€ N} is’a countable base of nelghborhoods of 0

H such that [K",U] C K (¢, c)] Fhis implies that Uy

since if not, there would exist x € K ~ K,: The com-

ds:a contmdlchon, smce this would mean thnt re.

lKn,Unl. butf(élK(e.c)l i \ -

T

pen topol- -

 [Ki(=¢, e)] isa ba.uc nenghborhqod of 0°

(0), ‘and”




above -argument 'can be :pplled to thuet [{x},(~€. t]}, where £ > 0. Thu tells

us that there exists a K, sich that x €K, Theréfors, X is hemicgmpact. o
. * R w
% = . |

: vl s -~
3.2 The Barreledness of C(X) *~

> e I b = E
Bourbaki [Espaces vectoriels tapologiaues, Hepinann, Paris, (1953, 1955)

mtmduccd the notion of barreled s}uc Nachbin [31] and Shiroth [40] indepen-
dently obtained necessyy and suﬂ'lclent condmons for C(X), to be bBarreled.

Rec:ﬂl thn a fnmlly F' ol linear mnps flom T V S, E toa TV S His

X called :anhmmu II and only if, for every nelghborhood v ol zero in . H,
: there exists nelghbo:hood U of z Zero | in E snch that - flU]'C V, forevery f€.
F. If for every X E E (l(x) feF}" % bf-u_nded in H, Ahep F issaid to be
" point-wise bounded. . . . v 7
Thf 'imponnnee. of the nol’ioil'of barreled spaces, is seen from the fact that
they form’ the‘most.genengl class of T.V.S. for which the uniform boun.de.cln )
principle holds, namely if E is b-ureled; then any nonempty family of point-wjse
bounded °°,“iﬁ“°“ linear maps fmm ‘E ‘to l locally conve: logical vector

- space H, is equicontinuous (27, p104, Theorem 12.3].

I"lpally‘we show chn X—' U K,. Let xeX Smce (x) lscompnct “the ]

o/

We. recall the following definitions_from: th e_theory._of_topological -vector - S

spaces. -

A nonempty subm A ot a (rpnl) topolopc:l vector space E, is nhurbent

if fnr any x €E, there exists € > 0, sueh that x E bA for ] > € The set.
. Co2 ) z

nrai



4

w A Y
R
10 Y o & S "
\ i e / L
A is balanced it C A whenever I'< 1. It A is both convex and bal-
) anced then A is absolutely convez. A closed absolutely cdnvex nbsorbent subset
is. called s barrel. Tn ary locally convex tapologmsl vector spnce, Ihﬂ’t\/
ex)sts a I)ase for the neighborhoods ul thie zero element couslstlng entirely of bnr»
rels.” For exsmple, in’ v.Q(X],_ﬁ_Web can define sets of the following: form :

\ o = (l‘eC(X) pK( <, l), yhere K is a compnct ‘subiset of ° X. and ns

before, pK(ll’ sup(lflx)] x/€ K}. Finite intersections of ‘these ‘sets -are. cor-

i tamly ﬁ&x‘r‘els and can be employed (as'a bu'l to generate all nexghborhoods of
o > . o, [42, p107J However in general; nohvery batrel i isa nelghborhood of the zero

element, (see exsmple 32.2). Al locally convex topologlcal vector space is lmrrzlcd
[

|f every barrel is a nej éhborhood of the zero elemenz

5 ) s 3 & ‘g

= A %’eéall, tht, subset’ A _6l a tl’:polo:gical space Y’ is nowhere denac if the
. lnterior l)l its clusure s empty, and is of first category (in‘ Y) ifitis the ullion of '
a countnble collection of nowhere ‘dense subseu of Y.-If A is no! of first
E cntegory n Y, it is of second category in Y Fmally, the topologlul space Y
is call 1/

a Baire space if every nonempty open subset of Y is of second category

“in ¥. We know from Baire's Category Theorem that every. complete métrizable

pallzgical space (e.g., every Banach spnl:e),_ is'a Baire'space.

4 .o s
N Lemma 3.2.1- Ellel'y L.CH.T.V.S. E, which is alsoa Bairclapacv, is B‘lm

reled.




e T - S .
' A~ t . B . 4
- Propf Lgt B be a barrel m E Then E‘— 'e 1B, ;andvsince' E
- ° ’
ere, there- exlsts m € N such that mBy has. art interior pomt Therefore B L

nself has an miemr point,. b. ‘But -b EB 500 is the zefo element q(' E,

o N !hen 0= —b + —(-h) is an interior polnt of B, 50, B isa ne)ghbnrhood of 6.

e, feoa .Therel'me,? s barreled. o n a L

it i’ s 5

" . T Thus every Banacﬁ space is: haneled' s0'if. we are to’ ﬁnd a non-barreled
3 B o~

lwrmed space we: will: have.to loak for' them in the c]ass of mcomplete uormed

{f, } 13 a sequence of* functmns in B‘jonvergmg to I‘ Tlus menns that

f II' (x) - r(x)| dx- convergesto 0. Therelore, Y subsequence of {\‘ 3 w11| ;con- B

x

Ql\ verge (point-wise) w t; nlmost everywhere By contmmty of f, sup(lf(x)l XE -
% & P
¢ 5" o 1]} <1, so [€B; provxng~that B is closed. | '. ' d ": d 2
L A A 8 o v
However, B cannot be a ne\ghbarhcod ol 0, .since it. cmmot. contain‘ any, (
i sphere S(o,z) {f. ec([o 1) : j If(x)lux < s,}, where €> 0. This is, ev1dent
) s
since we can.always pruduce g€ Ci[o,l])‘, ‘suclg that j lgx)l dx <'¢ yet : /
ol v e s s : N




3

Baar, sup{ |g(x)l =€ [o,l]) S ’lfhererore (zuo,ll),, under this ngrm,_is not barfel
" : . “ & s S )

Betore proceedlr{g to the main theorém ol thu sectlon. we need some p({lun- .. : .
> ~ - -

.

nlwnys exsts i £ g e T ." '.
e . - ® o / S g
1
> the dual of E is the seh:l alt
-
= e ¥ conunuons'lmen funmonals deﬁned on-E. S'nﬁllnly, the lnlnl of E is (E’Y .

_Bl . . 9 e F ‘,

%e re:all'lh;t it E ls.TVS then E!,

CA useful tool vlm denmgﬁch the dusl ‘spacesGx-the. nbtion_of a polaf. '.",

e For V.CE- the polarol 'V, written: w is the set V° h’eE’,suPﬂx'(s:],

5”-_x evi< 1), nnd for AC E, the polarof A the set A° . €E

. e A, S !“P(l"'(x)' X € A) 1) Some useful <lerhentary properhes ol‘ pchrs can-be :

v Y roTnd i jae, sectior oa] Thi Bipolir, Theorem asserts that, oo 'is the (weak)

closure of the absolutelx convex hull of V [32, ucnon»o..'!].- Thergfore, if V.C
. A 4 3 Lt




b S [ P -
- ! | ..
E and V is absolnte]y convex and closed then Vo=V,

o i3 S is any subset of X, we de(ine, Psm = sup(l r(x)l X€ S}V, ={fe
g C(X) ps(f) & 1), ,,—(recm ps(f) < 1}, where f€ C(X). Nute»thétv, it
S ls‘ not compact,_ ps(f) _mu.y be mmme. ' ; o 4
- . s
Theorem 3.24 (Nachbm [91}, Shirota [4{}]) Thz lapoh;gvml veclor space
‘.' - < 6[.«\) i3 “barreled if and only if for each’ cloazd nofi- compacl .mlsct S.of X,
.o o, _: - there i u. wmi jur'uhtm U{X}, and [,w unbagmde? on 5. - .

Proof Assume that there exnsts a closed nan-compnct subset S of X,

P nnd no member of C(X) lsunbounded.on S Then V .

(te b :\lp(ll(x)r: X €S) £ 1) is absorbent, arid since it is already-closed -
nnd’absql‘,utely convex; it is therefore a barrel. Consequently, we show that C(X)

s not barreled, by proving"thnt W‘l, “ismot a neighhorhood of 0.

v »
‘/\\ o & R " Vm is a nelghborhood of 0, O,hen there exists a compact set K CX

"‘".'nnd €>0, such thnt_(Vp c V Tlus lmphes thaf. S CK: for otherwise

thert exists x € S ~ K. ‘Then by complet_e regulanty of X, there exists f €.

O(X) and. f(x) =2, sad- fK]'= (o). This implies that [ € eV, but L
. 'whicHis a contradiction. However, if § C K:ﬁ is’com‘put, which isNagain -2
A -con‘z_l‘rndicﬁon. Therefore, Vy, cannot be n'neighborhaod of 0, and so G(X)

‘:'cnqnot bé barreled. . . : 5 .

" To prove the converse, let, V be an arbizrary'li:inel in C(X).
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Under the uniform norm; | - |, (X) is a Banach- space, “and hence is :
/
* barreled. For any K.C X, K compact,_ FeCX: 11 <13CV,n .
C'(X).‘ Therefore, this norm'topology on C'(X) 'is finer that the subspnge topol- oy

ogy (inherented from C(X)), so V N C(X) is closed in C*(X), and u}em{m.

clearly a barrel in C*(X).. Then, there exists d > 0, such that dV,,'C V.0~

CH V. . g . =

We now prove the following technical result. For any S C X, ifall the cle- '

ments o[ C(X} that vanish' on S, belong to V then aV, s C V, for somé a

, > 0. We assume the hypothems,(’and prove the rcsull where a = % I I'm: tmy —
l'G C(X), fe 7V then pgf) £ % Define g = max(f,T) + mm[f-—) /\ et

A
Smce 2g vanishes on' S, by hypothésis 2g € V. Also,, px("(r-g)) < d, so 2([—

g E V. Finally, by convexity or v, r —(Zg) + —(2[!‘ g)EV. In Ilgm of this -

. -
techmcnl result, the prool' will be eomplete if we can produce a compnct set K C

X, with fhe property that “each element of C(X) wmi&vnpns‘hes on K, hqﬁg’s\a
to V. ) : ' !_

Slnce V. is absolutely convex and closed v ’— e Thercl‘ore iffreyv,
then f€ V°° 50 sup(|F(f)l FEW L1 Thercfore, for ftobea member of
‘v, itssuffces that F(f) =0 for every F € Vo, This mcans, it f yanishes on
. . ¥ ' Supp(F), then, IEXV Our choice for K}then, is clx( Supp(F))

~\, S
We m{w show that K is conipsct..‘

el T "‘ L Ta ;
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_ Our nppmac‘will be lo assume that \K is not compact, and get a contrad-

vhich

iction to the fact that V is nbsorbent We will ﬁnd a functmn fe C(X &
V cannot absorb, by showing that there can be o a\ > 0 such that f € aV =
s (:V“P. This means, that therg‘vxlsts no a >0, such tl?at, S;IPJF“)I Fe V°)
< a. This will be acc&mplishn;d b{ c_;:xistruccing a sequence (Fp, : m € N},
where for each m € N, F,,; C WV and Fp(f) =m. » T v
"At this point, we use the hypd;hesls Since K is closed but notlcompac*t
there exlsts g € C(X), and g is unbounded on K Therefore. (U,| ‘a EN}=

/((|d)"(n oo) nE N} is a decreasing sequence of oped sets, such that U, N K

ﬂ for every n. Let's choose F, € V7, such that U, nsupp(F )#0 Smce"' h

"( is completely regular there exist funcnons in C(X) Whlch vanish ori . X ~ Un, ’
and we claim that for a% least one of lhese, say 1, Fy(f,) 74 0. ll‘_ thls_ was ot
the case, then X ~ U would'be aclosed ;u‘zset of X w‘ithvthe prope'r.ty that,
for each function h in C(X). whlch vamshes onit, Fn(h) =0 However U,
n supp(F,‘) # 9, so X ~ Uj;~does not contam supp(Fn), whmh isa conlradlc-

o)

tion Lo Lemma 3.2.3. -Without loss o[ generahzy, we assume that F,,( h

b For mp m, there e fm € C(X),. such that, 10X ~ cl(Uy)] '=‘(o}\

where the closure is in X. Since {c(Up) :m € N} is. decreasing,
{X ~ cl(Uy): m € N} is increasing, so X ~ ¢l(Up) D X ~cl(U,), -for m > n

. (h fixed): Therefore, f,,[X ~ cl(Uy)] = {0}, for m > n; so for any sequence

{cq ¥ n*€ N}, of real u\lm‘bers,‘ E ¢y, reduces to a finite sum on each X ~ -
nEN i -
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“elUg), it each T, s, construct _as sbove, Since N clU) = o,
A : s Ol = o,

u X~ cl(Un)) =X Therefore, E. el € C(X).

For every m € N (m ﬁxed), since snpp(f‘ ) is comp:\tl and nNcltU")‘
ne i
ICI(U,,)nsu‘pp(Fm) i o€ N_) cannot have F.LP. “Therefore
*+ cl(Uy) N supp(F,.) = 9, for all but-a finite.number of n's, since {elU, : n € N}

is * decreasing: Bj going .to .{ suhseqﬁence Aif Knecesswy, we ‘may assume

cI(U,,) nsupp(Fm] 0, fdr n > ‘m (m. ﬁxed), so for n > my X~ (U, ) D ¢

supp(F,,,), and since t andhes on X~ A, it

nms)}, on' ‘upp(F,),

for a>m Thls lmphes thal Fm(l’)

Recall thyt for every m € N . wé obtained F E V° such that Fm(rm) =

T, Therefore, for each m € N real number _c,

o+ z;e Fif, )= m. Clearly, r— el
nEN

p
€

may be: choscn such lInt'

F( E XAl
neN

is the; desired member of c(x) which cannot be absorhed by V.,
Therefq;e."K is cqmpaéi and %VPK CV, s0Vis a-neighborhood of 0,
and .C(X) is _b.ﬁeled_.jj

3.3 Tl?e Bornological ¢ aplcc C(X) ' °

y The ideaof a b logical space was ﬁrs! uceqd by Mackey (28] in llMG
U was an attempt to obtain -a- cIAss of spaces for which & bduniﬂd linear map

S~ "
. ‘between'these spaces was neceuanly 4om.muous In 1954, both Nachbm [31] and




K T,

\ . ‘ F ) s
Shirota [40] gav; necessary -nd sufficient c-?ndipipns on X, for C(X) to be bor-
* nologieal. We devote this final séction 1 prove this elegant characterization.

A subset B of a'l. v's E is bounded, if for each neighborhood U, of zero
in E, there exists ¢ > o, :u?h"that B CaU, whieh] > ¢ Aset VCE
nullcd a bornivore, |f for any bounded set B C E, there exists. € > 0, such

u...z _for any scalar a, where | > ¢ B G V. Obvlously_; such a set V,

absorba all bounded sels in' E. » "\ -

A LCTVS E is bamoloyvcal if for any L.C.T.V.S. H, :and lmear mnp

.F E- H, |l' F' mnps bmmdeds s|n¥ to hounded sets in H then F is

\

convex 'bor-

«if each

nivore’is a neighborhood of th; zero element in' B [32, section !3.2]A

WA Ime-r (uncuon:l F deﬁned on C(X) is mulhpllulwz, it F(l‘ g) =
F(I)F(g] I‘w’-ny l.g € O(X) For the result to Iollow C(X), under the
compa:t—opcn topology, is considered to be a locally- convex Hausdorff commuta-
5 e, 5 i g

tive topological algebra. | a3 : -
. . e T % ?

.I,e;nm. 8:8.‘1 ;Eugry'nonnm o ltiplicative linear [ on
0(,\;), is of the Iurm, Foll) = f(2), 1 € CIX), where ek
We refer to [23 paw Coyollary Ml for a prool
Recnll from secnons 14 and 15 that - the symbols X nnd uX st‘n;:d ro(
i lhe Stone-Cech lnd I¢ ificati _vl' X, "respectively. )

"t S T e By L

AP E N
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i ‘whbmom in X of p} ‘whose l'nlzrucb'on m-‘a\m X

3 -~
The straighttorward prool can be {onnd in [7, pz‘z,(TI\eorcm 1. 5~l]

Recall from secuon 2: 1. thnt for fig E CtX), the set [I,g] = {he C(\)

Lemma 3.3.2 - A poinf p ¢ vX _if and only if there ezists a sequence of

A

mY gh is'an order interval. If K is any comvnct sibbet of X, lhuU

max{pK(r),pK(g)) = > 0 and pK(h) <¢ forany h e lf,gl Therefore, [f,g]

C ‘aV, . for nn’ scalar: here [al ) e Thls shows ‘that nll order m(.erv'nls

[

are bouudad

y :tself is a snpport ;et of V

al} lhe support sets of V ls called the auppart of V, wrm‘.en suppr)

2 A

Lemm) 3.3. 3 Far an dbaalulely zanunaubael V of C(X) which absorbs.

the deﬁmtmn is not vacuous. Intersection of




A TP "

] "Proof’ Assume X is not‘renlcon‘lpnci “Then there exists p € vX ~ X.

Smce rﬂ(p) is ﬁnlte, for every € C(X). we.can deﬂue a lmear !uncnona] F,
l1C(X) as follows : l‘or every {€ C(X) F),(f) f”(p) By Lemma 33 1, F is

not continuous,

) Let B, a bounded subset of C(X), contain the sequence {f,:n € N},

and :assume that F maps this sequence into an unbnnnded set in R. For each

neN; deﬁne U ={q€pX: Ir’(qx > Itfp) - 13- Each U, is a neighbor-"

’ hood (ln ﬁX) of P, and by Lemmn 3.3.2,'since p € uX, the intersection of

N th-e nelghborhoo(ds wn,ll meet X Therefore, there ex.\sts Xo ‘e n U, nX;

whneh means thnt (f,,(g,,) m € N} is unbounded since werassumed that
(I"(p) neE N) s unbounded; However, this is a contradlchon to the bounded-
ness of  B. Therefnre, the dlscontmuous functional Fp maps bounded sats to

bounded sets, so C(X) is not bornological.

-To prove the converse, we assume that X .is realcompacz ana\show that_

every absolutely convex set V-C C(X), which .b;orbs et Grder Hiterval, 5
: v "

neignborhood of 0. Since all order intervals are bonnde&,_ this will prove that

C(X) is bornological.. We first prove that supp(V) C X." Let p € fX ~.X. By

realcompactness of X, ‘p ¢ X, so by Lemma 3.3.2,, there exists a decreasing

sequenée {W,} of closed neighborhoods (in’. AX) of p,” and .QN w,nX=
p ¢ g nE

[3 F‘or‘ cach n €N, if X ~ int(W“) is not a support set for V, then there

exists f, € C(X), such that [F[BX ~ int(W,)] = {0}, and.f, ¢ V, where



For mE N, (m fixed), ‘lf h > am, then X~ Wy C ﬂ‘( ~ th,l, so [y

vanishes on X ~ W, cand f max(lf,l At ,mh‘ I), on \( ~ W, There- B

!ore, for"each m EN, I is cuntmuous op ol ;._ ; ,' oo

s X fe o). Since v' nbs’orhs the ordw: fterval - i “there exists a posi-
:

. uve scala: a, such that [—H'] C av. By defmmon of . f, far cuch n €N, nf €

ive scalar a, L

3 5 - B T
then’ dV,,gi In the proof of ¢

T eorem 2 4, _we nh;e,a,dy showed that tor any._ set S C X, if a]l the elemenls of

L(X]\that vanish on S, belcng to” ,V’ then %V C V By Lemma 33-’9

" supp(V) has this propexm md smce it is a closed subse -of  BX, and contmned

in X, it is cnmpnct m X Therel‘ure, VP-,.M C-V, and V is a neighbor-

hood of 0, provmg that C(X) 1s bornolqglcal D J
S L - :
We conclude with"the remnrk thanhe‘ ghnrncterizatio‘n Theorem 3.2.4 and
Theoreni 3.3.4 bogeth.er, yield, pmvi‘d_e an affirmative solution to a qu"estion posed

by Dieudoniie whether there exist b’uijrele’d s'pn.«:e;jthqt"aremi bornological, and



,borﬁologicn_l‘ spaces that are not barreled.

L)

-
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