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Deﬁnitien 1.145 ~A metric spa:e x 15 uid to be co-p.cr xf every. open.

.cavunng of x has a fmiu suhwver‘

- Defnunon 1. 1 6, jeE 'r\ae am iﬁ; of d'set X intoitself. A point " - . .

Rl s ullﬂ(fl fixed pm..: n£ o

T b A ¥ o :
“‘we'say that T -is nondecreasing on -J if “T(x) < T(y) whenever:

An extended Feal-valued fum:tlo;l é is calleduppgr ey

& (uhere Tin f(x) o inE s £(x))-
XY 850 D:Tx- Ice




et (£,)7 be'a sequerce of ml—‘vAued Eunctions

cmverges .poinnds¥ to°the function

5 m
oom'a set E. We'say that [fn)'— =
s % n=

: ¥ % %
- forall X€E. :

.~ be ‘a ‘sequence of real-valued functions

ona set E. -We Say zm (f 1- - converges uniforaly to the ff\mcmn

£lon. E.if given i€ > 0 there Siied positive intager N such that .

If,f(xJ - (ﬂL <& .far alln>




spice

X ifto ies;lf

d(x X ] < d(x y

n’ ml

S d(xn”,xmz)




JE

o two. fnxed‘pomts ge 'r, vtz

o

Thus (x;}:is ‘8 Cauchy »sequénce,g:nd

si[icb

to:a yuin: z

16 see :hn

Then d(y,z) - d(Ty ‘rz) & ka(y.z) s

and this, divxdxﬂg,hob

-‘/»Thus 'I'rl'}asau"’

2 (05 -) [0 1) “suc] that ﬂur each

"< u(d{x

sives, the Eolluwxng

[y mapping T

AT Ty) < 46,y -for nll ‘x,y;.x,

fhep Cyort s

¢ X
)dtx.y)

‘theore;

' R

xf‘

Xie ¥ is called” cont ctive 1f




L1ke con:ractwm, cuntract:ve magpmgs are contmu s Compu:

S
ness uf thc space, however, is l\ot enmlgh to ensure the exxstence of'a

f_;xed pomt.‘ Edelstem [11] has shown that campactness ef X widl’

W Theorem 1/1 e Tbe a cnl\tractlve sexf-mapp‘ing on a metric spice:

Ty il x e X such "that the sequence of iteratés - (T'%)} "has a"sub- *»
(d :

17 1) which’ convergq_w a pomt z € X Then,

is the '

T‘hasaun ue'

Xy cnntra:nve,

X X i§‘sbid, to be’nonexpansive i

Lo

. d(‘r 'Fy) ) d(x yi for al

&
over .fo. ‘thy rmnexpzns)ve case. T)|= exlstence of a’ f:xcd pmnt does not."* -




for eachs x, € X, the sequence (x) < ('r“x) hgs 'a_cluster point.: -

The previous defxmlinns involve only the term d(x,y) on- n.e "

¥ vugl\t.‘ xmun [zn] studud the Eullnmng mapping whu:h mvolves the

_terns d(x Tx) and - d(y1y) :

S T" - such tlut _{or e:ch, x,y€ X _

a0 ™ < -fd(x Tx) * d(y.ml

hnnnn [zD] shuwed :hut i T .is‘a sulfmnypmx of a cowlete motnc

e ,spa::e 3 sans

’mg nefmmon-l 2.5} ‘then: 'r nns P unittun ﬁxod point -

“For’ ennlx.yEX, !xﬁy

Reich m] nside '_ the Enllmdng

\_' e of d(x.y), d(x ) aid d(y,w), .




7 . Definition 1.2.8 ° There exist" ive numbers . a,,d;,a; , satisying

3
" Yl a; 1 such that Eor each: xX;y € x

d(’l‘x,Ty) < a,d(x TX) + ¢ adlyiTy) + a,d}\,,y)

]

This® definition can.be further generahz\d by repucmg the constantsw. . .

by nonnegatwe functions oy

WX

Definition. 1.2.9 ' .There exist' monotonically decreasing functions

5 . o . R X .
\ L apdpas from (0,9) to [0,1) satisfying _21 a;(8) < 1 such that for
Y e R :

each ',yéX,‘x#y

Cd(TxTy) < uld(x Tx) + uzd(y,Ty) + u,d(x y)

where ay.= a d(x y))

ach x,yex XEy & e WA N

L g d'ng,Ty] <max (d[x.Tx) d(y,T 3,4 (x50,
The tems »‘d(x,Ty) a1 d(y;TH). are introduced in the!folloving”

definitions which have.been Studied by Chatterjea [7.].-

2:11 - ‘There éxist'a nunbér ‘a,. 0 <-a < %

Definition 1. stich: that "for

each xyeX




< replacing d(6,Tx) ‘and d(y,Ty) by d(x,Ty) and d(y,TX).. -
] Rk ] "

Hardy and Rogérs [12] have given a

definition using all ‘Five of

A5y, 4T, AT, dGGTY) dnd iy, T,
: o

= i

2:13 . “There exist nomnegative constants “a; satisfying |

Ciric [10] has generahud this def)nxtlon hy replac)ng t)\e cunst ants

by functions ‘a;.

- n‘efimcion 1.2.14 There exxst monotohxcauy decreasmg functlons

"x R0 D, 1) satistys e [ i (:) i1 such um 'fer énch PR DI

t
Further genera]uatmns of the defmmnns pf Semon 1.2-can ‘be:

obtained By corisidering funmons T with the propert.y nm some iterate

of‘T

sansﬁes one of the precedmg deim)tan Fot exdnple, -the | -

fbllowmg 15 o general{zation of Deflm

(o102, 17 (éontraction)i

L' There exists, d posnwe

befinition 1.3

Log ke such that for en:h Xyex
¥ 1 L




Chu and Diaz [9] Have given-the following generalization of the -~

Banach contraction principle. . E . ¥y :
Theorn 1.3.1 IF T isa uppmg of 2 cu-pma metric space. X intn 3;
= .3
> §
y
i
3
3
i.:. ™ Tx = Ty “Thus - 'l'xo is'a Fixed pnm of 'r" i 4
outd ™ nique Therafore ™ s
Thus‘ is a. uniqu f xed' PO tof 'r. It :s umqu ,smce nny fixed T A

‘e % 'cunii'ai:twn an\'l is degmed on a,coqple e metric rpn‘u‘ A11- that is l\eedad

in obtaining the conclusion of the theorem is that T" - wete unigt

i 4k fmdpom ¢ g, el

- The fnllmﬂng :xlq)le musn-aus the theorem. 3 v
Let TiR*R: be def:ned hy 1';. [1 4 ;f x is L ional;

0 if x . is irr:timul

Then T2X= 1 forall. x./Thug T2 isa contraction yai and hsate. T2 -

D i

has a_unique fixed point @y D and this T has a unique’fixed

g )nt.v

n. follunmg e ganm_,

which'vas consx\dnud by singh (341

fatide : Definition:1.3.2 . There ens!snpos:txve integar n lndamnher |,

1 »




X ex and’a nunber k1" such that ,‘\‘

g i ey
d(r"x,T“y) '<‘ard‘(x,r"x) + d(y,r“m

It may nappen thét ‘the. pafticular 1terate of T dépends on ‘the: puxnt

in the'space, “which ulll give furthex- generaluatmns of the dzfmxtiuns

in Section 1.2. 'The folloving genctalization. ‘Of. Definition 1.2

(contraction): has been considered by’ Sehgal [31]1
E . [ 5 | 4 oy
ion 1:3.3. ‘There =xxst a pns1t1vu nteger n= n(x) rur ench

be'a cnmplete metr'c spﬂce and TR X

The nerate of T may depel\d on bath X and Vi gmng mo.re general

sﬁch ‘that




1:4°. Pairsof ma@mgs

1don Dyer i

cnnsldered the questxon of when mn maps have a common fixed pmnt
. :o_mdereq £ [u 1 (o x]

Were continuous.

They

and g [01]»[0 1]
"'lf‘ ).~ gf(x),

o £ ‘dnd g hagea comon £ixed ‘:{oint""
fora decade. :

whar; #hand g
“rhe ques:xo 3

For a1l x €’ o 1],

whs a’Soutce of. Jnspu‘at)on

Houcver, Thé Eotifectire- that hey aid have a fixed pomt

There, exists'a numbér . .a, 0 < a<:3, . such that, for | .

1
1954, Allen S)uelds m 1955 nnd Lester ﬂublns in 1956,




be- any’ elemcnt nf X, et xj.

)< md(x,.‘l‘x,) + d(xz,ﬁx;]]

2 a[d(X;.x' *d(xz»xa)] T

“similarly, » d(x3%) <

‘elellen( z
We now shuw

CICRSRCCRET

(1,035




ufﬁmeﬂcly u;ge even ‘Values of in,

\eog ;,x),ad(x“ ‘,x)

i {is‘arbitrary.

3 t can be ‘shown -that z % Tzi

d(:.y) d(‘l'zSy) N i & i K
a[d(z,Tz) d(y.Sy)] i P L Ar

-rhmfore =




: ; . ) ) 8
n @ slmﬂét vein - Siivastava and Gpta [40]; tiave considered pairs:

of ‘mappings - and IE whlch sat)sfy ‘the fullnwulg definiti

Definition 1. re st pcs)tlve numhers a

" such mL for cach ; Ky e 2y

=

are l

(Srmslzaw and’ Guptn [40]) If 8 and T\ are two -
mappings of a cmupxetei retric: spsl:e Jinto 1tself satisying Defimtmn

4 22, then s ~and 1‘5 have d umque and cummén fxxed pulnt.

c 5. Wong [41] ha cons:dered 2 deﬁmnon fo two. maps’which .

e alues Hardy and icgers [12) Dofm:ltlon L 2.5 ¥ \

satx

/ Deﬂnition 1.4.3 '(here exist nunneganw cvmsmts a
| I

T cminte




"Let'.S and T be mappmgs of a mmplete memc space .

®d) into itself satisfying Definition 1.4. 3, then. §. ahd T+ have ooy

3
a' con\l\&"uﬂ)que fixed pomt. . w -1 .

|Nong [41] has generahzed thi3 further by folloking the same tine 25 R

- . i
Ciric's Definition 1.2.14. . d ¥ N

Thers exist decreasing functions a, *: (0,e)  [0,1)

(@)

O

At

agat T
: mn (nz'u!) <1 aml lim [q]*uu’)‘l B

such Lhat for each

\ wher= ai = oy [d[x,y))

S
Hong [(411) " et S and'T b FaniiEng o 4 Aoty

- Theorem

& = cémple:e me’n—i‘c sp‘ace %, sstxsfy)ng Deﬂnitim\ 1.4:4 4 Then nt least

o e B one of ,S “and + T hasamed point,. If- both 'S and 1' have med

points, then éach of s, p) has a umque fixed: ‘point ‘and these o fixed

;points coincide. be

s Maggmgs of.a dxffe*ent nature and tis0d Eo:mt

v ; e it s
‘M.$. "Khan (pnvne communinninn) hss consxdereﬂ mappings, of ‘the

fnllonmg tyye.

Definition 1.5.1 “There exists a nuber k' 0'< k<, stich that for

eachxyy €%, "




“/, Definition 1.5.1.

) (x; TX] d(x.Tx) dly, Tx)d(z ’I‘z ; g 5
AT <k [ T+ ;(y'm 5 , deampater 40

We give some Tesults for fixed-points of mappings satisfying

1 Let X - be a complete metric space.and let, T-: X =+

Theorem 1:5.

Definftion1.5.1. Then''T . has a unique fixed point. ‘

Let <bé an”arbitrary. point:of X. Construct a éé\que.nce X, sethiay

X1 T T’fn We show that» &) is a Caiehy sequence;

since. T satisfies Definition 1.5.1;. we havé "

: -d.(x}ixb' d(Txd.Tn)

ety ,Tx )d(x ST+ T )d(x,,Tx,)] L
d(x -rx,) VA0, T :

(ESENEICH ) ¢ d(x).xx)d(xp‘xz)_]
aQ, ,xz) BCICTERY) v 51 8

Tty xz)]: o SRy
X -d—(x.xv_ R -

-kd(x xidi, o o

slmxmy, d(xz.xg] < ka(xl,m < k’d(x ,xl). dlxsxi) < kid(x .xl) and-
so on." a :

LN
S0
g eneu‘l, g d('x x «13 <K d(

w

‘Gosider” at, x) where ,..>

(l) Ne have

| Since K<L d0nyxg).




.Thus * s} is a Cauchy séquehce, and since. X is complete “fx )}
. |- converges to a.point 'y € X.° <
[ k " t - W s v B e

: We 'show th’at‘ y is‘a fixed poim of T. UsilWg the triangle - "". | =~ .
L mequamy and Defmu;mn 1.5.1; we have, )

: AT < d(m"“y) + 4™ T 5 5
o : a(y.’_r,.. by, oy [T A% 1) + a ™ 0a,m)| -
- = R e A Ty) ¢ AT,

A3 n-i,.’wehnve - 74 i

< d(y.y) ik

i e, R R IE B e T .
© . hen- Az,y) = d(TzTy) 2k ["(‘t 2 “E;zy;: :‘y 19407 ):l‘
SR r I 20 Lz, SZoDEE R

N - ¥ ; %

2 Therefqte

A corresponding deﬁnitxon to Definition 1.5. 1’ can be given fur a.
. . pa)rofmaps B f.l» 'v e,

beinizion 1502 There exists an'integer k; ‘o’i k‘ﬁ [

'each X, yEX

ar rd(x SdGeTy) + dlyisaly w)—l
oy b : d(Sx 'D') 5 K T, Ty) v d(y,sx g

e g;ve the fonowmg theorem. W T ¥ g v s 0 -




£ Theorem 1 &

unique  common flxed Point. .

Proof: - Let x_ be an'arbitrary point of X.

%o = T, x3'= Sx ‘and 0 on.

Then dlxy,xg)" = d(sx,) T

0 [d(x:fk 24 (x, Txl) + d(x,‘,sx jd[x].Txl)]
5 K oo ,-rx,) TIES

S)mlarly d(xz,x,) < kd(x;,xz)

d(xpxa) < kzd(x X))

. in genara], d(x k) K d(x 5X1)3
5 I NS L

v'l‘herefore d(x x ) £ d(xn’xn'l) + d(x

not

R

: / :
Sines’ 0<)<<1. d(x“,x“‘)*(o -as, ,/.4.‘4

Thus (x ) is'a Cauchy ssauence; and since 'X7is comp]er.e' (x U

: verges‘ toa pmnt yeX:
S 4

“We!show'thiat y.is a Fixed poinp of

‘i Let nbe even. Using the triangle inequality we have,: g




G5 < 40X A0, O £ L¥a 2 wf
B ST e e e hab T R
v have, A ; \

Sy d(y;Sy)d(y, Tx l ¥ d(x .Sy)d[; »T )—l
I/‘d(y‘sy)’ du,x)‘k[ : d(YTxnk)’d(xnl n-1 n1 :

(rax ) + d(TX 2

- Using Definition’

V157 e

kd(y.éy)d(y,x )
AR d(x l.sy)

pSAlx %
)+ dlx 15

kd(
<l )t g

a'( I_H,Sy) we h;ve,. =
SN

2 d()' % )cl(xn psﬂ
{) J

R Sy]d(x

Tn-1tT n=1!

u(y.x )1’ + d(y.x )d(x“ l.sn kG l.snd(x .x,,) BT

“dly, sy) £

S RG]

Sy.
+ g Sinila?ly, .

«* To_see that isa uique comson ﬂxed pouu of S"-and T, let z.

be nnother ca-on fixed pom. i
Then d(éy) =d(Sz m, e . SRR S s

A (zTy)od(ySZ) el

- Therefore <z = y.




2, 7
s h Definition 1.5.3 T : X+ X isa napping snisfying
dexd(: ) + 40 iT0dly,T iy o
a(Tx.1y) < ATy 0T ¢ g
forall. x,y€X, x#y. e . .
. We give the following theorem: N gz

Theorem 1.5:3" (Let X be a metric. space and’ T : X+ X 'be a continuous

mapping smsfym, Definition 1.5.5.

Let-.x, €X be such zh-: the sequence of xtcnus (1x,). has'a’con-

vergen[ u ! (T x)

i the umque ‘fixed pam .

s c‘o.w rges to 2 g: X ‘-hd‘

to Tz lnd

L ., .‘ o x ) cnnverges Cons der :he !oqllonco
L - of non-negative real m-bers, " Since T satisﬁ!s Definitfon 1. s 1. we’ 3
e have, alxixg) =A@k AR) Spis R St
3 5 3y Trd(x,Txa) d(x,.rx YaEETR) - - s s ’
. d(x T 7 a(x,,n ¥z e b8
: k " 2 ;
F oo T R T A )at5Xa) (x,‘,xl)d(xhxz) -
Tivact d R (CE Y X (W) ) 4 3
2 ',-q('g(ofx,)._ N

" sinilarly, |d(xzxs) < dixp,x)i.

Therefore d(xz;x3) < CICHEIPIE

1n general, _'d(_x“.x o

3 "-}’l‘hus (d(T"x ,T'I lx )) is a sequ nce of real mmber,s. lnnntune duc‘r!lsing- Soa

- 2 hg\mded below by 0. -and hellce )t )u a’ hli!. sly a.




sog
".~.
#

; yﬂz..Thel

. :d@,z).fo.”. :entrn}]icudn ! fore  y =iz, . ' :

‘ Corollary 1.5. 1 1 X-is:a o-pact_

- 22.
Now, d(z,T) = lin e . % R ) N :
j . ® G i

=a® ) L g e

mn, n. < . . *

= 1in o a(r LT P : i
4 i ) .0 o ) :
- mz;ﬂi).‘ =% 3 s .

aG, Tz]d(z T22) 4 d(Tz T2)d(Tz, 1-2:) PR

T2 4Tz, then d(n TZL) < ,T‘x) ~ e
- d(z Tz) »
nms d(z T2) < d(z n), o capbradiction. . L Cwe La, (AT 3
Thenfm'e 2e T Nk . 7 ,
.

o sn that” z -is'unique, Tét™ y_ bé another fixed point of T,

d()’ 1)

then. T “E5 5 inique fixed poin




CHAPTER'IT o .

. Extension of Contraction vPx‘:i\m:i[:].f: and Fixed Poirt Theorems .

In the first séction of this chapter we \ook.at fensksrivavions of
o the fanach contraction principlé involving ‘the introduction of @ non< .,
© decreasing function ¢ ¢ K + R’ This type of‘condition has been.
stidiod by Rakotch'(25], brouder { 61, andBoyd and Wong [ S 1. In

section two,his’ idea has been extended to pairs of mappings and at. the

endya Tesult of Husain :md Sehgsl [15] has beeh improved., n section

thme,we “Taok at f:xed pcmts for mapp)ngs w:>th a commutmg cond).t1/on

At the ond’of 1hxs section,a result of Jungc'k 191 has been- imp: uved

2:1 - Non-linear" and “Fiked points g

e Bam;cll action-prificiple by.Teplac- "

 ‘RaKateh- [25]

: _1ng the ‘Lipschitz constart k1 by some real-valued ful\cr.mn wRose values

are 1655 .than one, At £ st only one’ constant vas Jnvnlved but as new -

- tems d(xTx), 40, Ty)s d(x,Ty) -and Ay, Tx), were ‘introducsd;’ new :
definitions mvolvlng canstants’ multlplxsd by these, tems . could ve, !

genetalxzed using 'the ;den of. replacmg the cm\stant hy ‘some rea\»valusd

function with- apprnpr)ate properhes.

In a similar vem, Browder (e] mid Boyd and Wang [ 5] cﬂnslder con~ "

- traction type mapplngs gwen hy the fonnuxng_deflnxdon. L e

Defin:

e

¢ ‘satisfying (1) <.t >for:" t>0" suchﬂfn-far a1l x,y € X

0 (4T, ) um.m ;" Tt g )

on 2.1% 1.‘ rhens‘ exists a r'ig){:-mﬁnnnnus, nan-de‘c‘feasing function” .




+* " of X, 4T a mapping
. :
decreasing ‘function

such that "6 (8) < t

element .z of " X,

Q(d)"ﬂ as

" ’d‘(-‘r—x,Ty);p(d(x,y)).

in:oné and only.one wny toa ',

N

i.Then for each
ndependent of ' x;

fs the dianeter ‘of M 4T e

n—*f-‘,

Theorem 2:1.1.-"Let: X be a completé metric space,

of M intos
§(t) - for t1 0,

forall t >0,

24,

M a bounded subset

‘while for all X,y €M,

x_ inoM, T
) %

th

e .n"" ‘iterate of: ¢ and,

- N

7 Corolfary 2,11 Under the hypotheses of Theorem 2, 1.1, T can be' o exténdel

mappmg rsf

. 3 ) 4 5 = 5
\ﬁgom ‘X" into itserf such that d(Tx,Ty) <. ¢(d(x;y)) where - ¢, P> [0,

B 3 is upper-sem;con:muous from' the ngm on P (R .isthe closui-‘e of

SN I CTe RO I & x,y e X and snnsﬁes uz) <t

Then T has a uniquie

X X7

Proof. Give’n -

Then °n decrease

Sl so ‘that

s i : which is a contradicti

€ X,

fixed point’ X,

-and * Tx‘x

define ‘o
o n

d(

to..07 “Fori; smce

Lo lin s ) < 4
et - s .

'rxT“ %),

for all

Jas i e

e/ Tavas s
drdind

with Q curynt)nuous .on’ the rlght

converges tosan

and “d(Mxg2) % o"(d) where

" tended ‘mapplng.

ze?—(o))

fur ea:h

d(Tx ), < O(d(X.y)), cn Uis|

Rut if'c’5 0;

Tl =

¢(c}

Suppose: that: there en;ts a monocone

|

Mln X.




) Now, e sbow that for each x & X, [} is d Cauchy sequence; - i

This nll complete the proof, since the Jiimit of this sequence is a

fixed point of T ‘which xs_cxem_y unifue:  Suppose that {T"x} is not

a Cauchy sequencé. Then thére is an ¢ > 0 m\d sequencas of integqrs

Lm0, (00, with m(o > n() >k and such that

= d(T‘x.t"x) 2 fa! k= 1,2,3, s . [ed)
We Iay also assume that a™ xT"x) SEE s ETEE . @ N
by chonsmg n(k) to be the: smailést. nunber exc«dm. \n(k).“for which
) holds. g

Mcé‘dl*z' as e Fm

e R TR T
n G AT e T £ &

&, d(1"x ™ . au-’"" T““ x) + a(T" lx 'r"x)

. < Zc + Md(T"' ™) <Lt 3

= lck + o(dk) Fg

e (,‘v)‘.

© 7' Thusas ‘k~=- in (4) we obtain-£ < (c) . which is a contradiction for

i i S eneo)

Remark loyd and ‘Wong [s] have nlso showm thac 1 X:is -ecﬂcnuy 5

+ convex (that. is., Xy Az fnr each’ x,y € X, d(x,y) = d(x i) ¥ d(x.y))

" then the uppor-semconmuaus ‘condition can be dropped mm :

e abovg




is rlel:reqsing and ‘a(t). <1 for i

1600 then we have Theorem 1:2:2 dla fo Rakotch. {25]
/ 1
The folléwing exsmple ade’to Meir and keeler {213, shows that ‘the

R -ycor_ld;tmn “MA(Tx;Ty)-< ¢(d(xiy)). where 4 ‘s defined on the clusure

of the Tange of 'd and (t) <t for.all. t'> 0% can-be satisfied m'

1
|
i
i

.a complete metric space without T hzving a fixed pom:“

% ) n v £ %
3 ; . 3! 5 1o F il st
Bxample 2:1.1. let ., kzl .+ and det. X (sn). ‘Ehen X is

complete. 2 T(sn) = ‘s;m for all " n.-
b
o k)

‘Then d[Tx.Ty) “d'(xv;y))’ with ,0( =

Hnwever. T hasino fixed pmnt,

d A.Tx), rl(y.Sy) and “for Five' ..

and d(y,TX)

>. Let

(X,d). be'a | complete metfi

Gy [aye X Cand P Qxg kgl




5 ) - ¢(=,A;,a ).
:‘ll "2y *

Definition 2.2.3" The function é will'be called. symetric iff

06,5005 é(t_m.c) for all (a,b,c) € P Y e g

Definition 2.2.4 The mappings’ T, (i'= 1,%) - satisty a. (I1,I2;4.K).°
- ﬁmctmual 1nequahty if and only if for each’ =12 “there is a-
»nnppxng l. : 1' X (posmve mte,ns) iuch that if

@ -

1‘(T1.x) and  m(x) -Iz(Tz,x) then

7 heoren .21 CERAK G =10 satisty

. (15,1,,0 ©) functional mequality for some [k < 1. If -

b M) $b,3) <max fa h), (A,h,a)f ?, ‘then there existsa 'z € X such

‘et 2 o121 16 6D 6(0,0,0) 3 for eich a€ Q-

.- %
X +%X'(4;=1,2)  satisfy either

‘ Corollary 2.2.1: Lt the mappings

oF the Following ‘conditions:

i m du,"[” "(y)y)<k o {d(x, r,“‘x’x) d(y f")y). d(x,y)) /

fnr ome, 'k < 1

:(1 i

fu sone nunnegntive raals x-;,z,z) sutxsfying nl ¢ az * n; < 1

n.e.. “there exists a LA 2 €% such that

x"(:)l-'Tz-_(l)z'L S £SO : o et

S h then .z - is unique. : - 3 < i X

a
|




Theorem 2.2.2 Let for some positive integers ‘m .and n, 'the mappings i

X+ X (=12 - satisty fof allxy € X

* d(T, x.Tz y) < ke Wd(x,Ty"™), 4, T, ¥),- dix, y))

where 'k < 1 and the function $': P R’ i?‘;)-ucm and right .

1£ ") and (1) of n-eou;. 2.2.1,

T =1, 2) - bave - unique comn.fmd pom: rex

B orullnzz 2.2:2° et “gor some pqsxnve mtegers m:and ‘m,  the mappings
B % )

XX sutisfy me coriditiol

for. ki<l an ]9 lll x,yt X Then T (i-l 2) have

 Fixed point xn

Comuag 2.3:5 1 for some posl.nve mtegers - aid: n, me ‘mappings

T Xew X Gis y o3 z) smsfy the inequality £ >
d(’n " Ty < .,d(;,-r, "x) ¢ azck(y.Tz Yyye l;d(x y)

for some m'n-neg“ive mls a,.ai.u; with -l + ap 483 < l, then,
&

"ri (i=-1,2) “have a uniqng comnon ﬁx_ed point in  X..
A = - ; .

Remark 1: - 1% me=m=1 md 1',='rz-r inCorclllryZZ.

Ilefl!ntmn l 2. 8 consxdex‘ed hy Ruch [25]

" Rema: g : lf ay= o in. Corou-ry 2:2! 3, we get'a resnlt of Snv tava

md Guptﬂ [40] (mur‘ 1.4, 3]




Let (X,;d) be'a complete metric space indlet ¢ demoten fanuly'

-, . of nappings such. that each bEVe s ®" ) o and /¢ " is ccntmuous .
and treasing in éach coordi variable.
i s g Theorem 2.2.3 . (Husaip dnd Sehgil). Let. S,T be self'mappings of - X.

* “Suppose there exists a. ¢ €.V su'ch that for.all xye X

) d(Sx.Ty) s b(ﬂ(x SX). d()’ Ty),-d(x, Ty) d(Y.Sx] d(x, y))

where . ¢ sansﬁes the condum forany t >0, . s Do

SRR Y £ \Deﬂneasequence (x) in x us fellous‘

yef/xéx,x‘-Sx,xz

Ty, and mducme:y, far each n el

: Lot d = d(x ,xml)

(1) of cha Theoren that» for ganh ne x

; d(szn,TXZn

- Sinilarly’it Follows nm Ay ey for each. n €1,

I|ence d Zn 1 onel S

Consequently’ (dp) is'a nomncreasmg sequence in u ayﬂ Tence there i
and ence. 2

Clearlx r

i R shen dhae 4 forva;hemise' by (),

r g by Zr,r) < r,

Thus e

A




. i /
T We show that ) a Cauchy sequence in x In vie% of (4) it

'/ Suppose that -

suffices to show that the sequeice (x,,} 15 Cauchy,
Gx)) " is ot @ cmhy scque'nce.‘ Then :n&:fg is an ‘/s’ >0 such that
for cach-even integer 2k, k € I', there exist integers 2n(k)f and

am(k) with 2k < Zn(k) < zm(k) such that iy he ¥ !
5 : : f \

dixy 5)

(k) "zm(k))

| satisfying (5); that

nand 40 gy Fangig) T
KET B

)2 A, )4d

it e <l "‘.z‘m(k) () xz fk) -2 zm(kj-z‘
+, d. é
2m(k) - 1. )

Therefore by (4) and (6) we obtain

|
'd(x' 'a_s\k-w-{ : Al

ne; k)" €

ol

: 1: now follows mmedlatciy from the tnav"ngular )nequahty that
|
il

;P )‘znm' ‘zm(k i "["zn(k)' me(k))l < '1zm(k) 1A

_and v“

l"["Zn(k)ol’ zmk] 1) i "("zn[r]' ‘zm(k)l

;’ and hence by (6) a k 4-, - 1L 5

R BT e
Zm(k) 1] e, q(xz,]‘(k)vl‘ Xonwky-D) E

d("zn(k)'

/ @

i
|
ki

Let for each "2k, k €711, '2m(k) b the least/integer exceeding . 2n(k]

RO




.
T a0t Xaag)”

S = 400000 Y-t

Let (2

t(2) ="d(x,

20 (k) +1* *2m(k)-17"
Then. since r(Zk) <ids

2nch) * G0 Mame-1)
it follows by (1) that 5 . .

1

-,»- r(2k) < dmm + “dh(k)’ d, h(k) 1 TR, t(Zk). 5(2k)).-
and hence, it:follows by (2), (7) and (8) that

; <800, D,t;s.c) R AH

. contﬂdxcmng ‘the existenice nf

SRS o PR

ansequ_zntl)’, {x } s a Cauchy sequence and. hence, hy :uupl eriess,

:hén-is' aie x sueh that x> 2o

We shw that

td(sx, xh)<0(dft s:) i

Therefore as’ n»= in :he above hxequauzy. e’ obtnn

d(Sz z) < ¢(d(z, Sl), 0,0, d( S‘l), 0 -,

d(z,xznl, d(xm_l, sz), d(xzn_l.z))

nnd hence, by the mndecrusmg p‘roperty of ¢, 11: follws that .Sz

' A similar argunent applied to - d(x

(@). Toprove (b) suppose, there iy forwhich Ty = y.

Let''r £ d(z,y) > 0 .Then

; \d(sz,Ty)l < .(o o, <,

coﬁtnaiczin;‘- >0 'rpus, yo= 2t i si-lllr argument. shows  that

the unique fixed point of 'S ‘also. ’This proves (5)..

z..u-"'" yields Tz = 2. This proves




: The condition that ¢ should be continuous can be. Teplaced by a
semicontinuity condition. - Moreover, a different proof cam be given,

the last part of which requires no continuity or semicontimuity con-

. dition vhatsoever. e - : - -
- tet. ¥ demoté a family of mappings such that each .
e vev;i: @ +r ana 4 is wpper scn!contimus and nondecreg,smg

.in each co-ordinate virtabie, Msolet y(0) = o(t t) a,c a,t,t) where

v isa function -y : A > R" whete s vom 3

lemma 2.2.1"  For every t 50,

ROREE m‘ Lin f(£)
‘ e ol

5 Proof: - (Necessity) Since o is uppcr semiccntm us, th:‘n 'v

s'emicnntmuqns. Ass\me lin " (t) =a" wlme Af l'l. Then' " - 5%

e Py <y s YD (g) =Y A, : 3 contradiction.
bl : ) od

\ \

7 Thexefore A = 0.

(Sufficiency). Since ¢ is nondecreasing, then Y is_ nondecTeasing.

Given lim y'(t) = 0, ‘assume

Y(t) >t for some t>0. .

SN E U T, iiem, W) 5t for some. .50 o 123, )
i Thus in Y"(0) —,{-4 o a contradiction. i TE T g
Ua 0. & istios ;

“Abso, if 'v © ; ‘" for somet> 0, then: u“

vnll t> g, v(t) <‘

0 Theoren.2.4let: (X,d) be a complete metric spac .nd"m S and T be

i &, B2 self-pplngs of X! suppose there eus's ey suc)l that ot all:

{ Y-T(Y))




20

i . . 6w omy P a8

wherd 4 satisfies the condition: forany t> 0, T ‘.
B y L@

$(t,t,at,ant, £) <t where ay +a,

Then there exists.a \z{ €X such that z is a unique common’ fixed point

, of § and.T. . :
i oy . : : S g
. Proof: Since Y(t) = $(t,f,t,2t,t) <t, thén by Lemma221, 1in¥(t) =
. e .

i % 5 - oy o o Noo - ;

Now let x € X'be any point.’ Then define a sequence of iterates (x}'

. T + 3 E % - b
P ' e

.+ in the following way:

@ ) / »
3 X172 80x5)s X = T(x), X3 =8 (%)
i " Clain d(x;,kz‘rﬁd(xo,;,) £t 5 '
 Assime -k xp) ¢ dxixg). Ther using the triangufic neduslity
LAz« zdm,m" T S L ST :
e Let T ='dx1; %), Then ! 3
1 L * B0V i) 0 R); SR G J o Cror 2w, 1)

By (z). Mr,r,r,Zr,r) 't and thus, < T, & contradiction,( Therefore,

075) £ dCxg) g0 d(x,,xz) <hc

) AGgix) 0, 2 Crgo)

S A, x\])<V(€lx ,xJ,))

: Slmxlarly, d(xz.x,) < v(d(x,,x'n A *(d(xg,%)) and in general,’

ag,

't mx] < 0 for t >0, ,tl'mer_gfore_

1 order to show x;) is céﬁ:’hy. : T, is suffxcient to show (x

; Caunhy Uslng ‘the sdine: prm:edure a3, in Theoren 2.2.3, we assune’ that

i (_xZ“ :s not Cu\lchy and derxve a contradxctmn. Itig not necessar)’ lo T et

“take ¢ cnntmuws, instegd ‘the upper semcumnuicy cond1tion on’ ¢ R




Therefore (x) i

is a Cauchy sequence and hence by completeness,:

o there 15 4 z€ X such that X, > 2. We shoy that 2z s a common Fixed
5 point ‘of 'S, Gand T ’ b

o V. Smco (x) converges to T therefon “2n ‘{my (xZn*l) bo:h
i F L converge to .z.. Let d(s:.z) <0 Thos:ve have for > Ny

S Aty 52‘4’—“)- and. (e,

Therefore using the trisngle inequality,

2n0!) <

2% 3%

€ -x(e)
3

gmx"" A




"Therefore, z = S(z). Similarly z = T(2):

It remains to show that 2z isa unique common fixed gaine. by

L%\z\f y be-two common hxed pomts of s and T:

d(S(z) T)) < a(d{z,y) a(z, S(z)). d(z ST, d(y.S(Z)).

e : HOATO),
NG e ey, 0
X evaEyy B
L - o d@y). . - -y ¥ Y B

' Therefore z =.y.'and ns.and W’.E"-“ﬂiqﬂ! oo Hixad

©fyhich :‘a.._ufes?m h.'g.

e h‘(g(X)) z(h(X)

‘such eRi¢ h(x) =2 and h(g,[x]) g()\(x)) “for. af1 xe\x. ;We can’’




e E (0 l) ue )\ave fnr Ill in\

Wel can do-this since  £(X) € g(X). -

(Necessity) There exists some a € X such that g(a) = a.

Define . ‘:

:X+X by h(x) =3 forall xe€xX: S %
Then h(g(x)) = a a’nd g(h(x)) = g(a).= a. .Therefore E
L h(g).= gh()) for all x€ X and h comuteswith gr - g

Jangek [18] gives® the following theorem and‘coroliary which has the

Banach i inciple'as a s
£ 3
. Lt . {
Theorem 2:3.1- Let g be a continuous mapping of a complete metric space 3
(x,d). xyself. W Bl 4 5 U ie el e 1
; i i
“Then; g “Has a fixed pomt m x if nnd unly if there ex:sts' u e (0 1)

and a

¥ np-ping ¥ x 2 X, w?nch comutes vdth g and sutlskas

m): 0. and dm M ud(gx,gy) “for all xy €X. Tndeed g and

ot h:vel\mique common: Fixed poinc: T o ST

prust. (Necassity) 1t Sl o g some . '€ X, then there exists a’ .

.c'ovfstant map £(8) =a which commtes.with g. ‘Moreover, '
N . o8 N 1 -

f(x) a=g(a) forall x€X s that £(X).C g(x). Finally, for,any
. S b R T ey G E

v d(fx fy) = da, a0z ud(gx,gy) : )

(sufficiency)’ - Suppose there is a mapping f e X _intd itself which
commutes with ‘g and for which fX)c z(X) and
daEx, £9) < ad(gxigy) for nll x,y € x.

To :how that - g and. f nm a umque common ﬂxed pom let % € x . et

in generpx,.choose_, xn 5o that “:g(x.)




since d(gx,, i8x) = d(Fxfx ) fud(g'xn,‘éxn_l), then ({gx} is

a Cauchy\sequence. Completéness of X implies that there exists
tE€X such that gx, -t _:"_l’han fx o+ t. ”

Now since § is continuous, d(fx,fy) < ad(gx,gy) implies that £

13 Eoneiiitos. Hings £lex) S E(E) and gEx) »g(0): But g, and
£ ' compute 'so that »f(gxn)‘= g(fx)) for all n. Thus g(t) = £(c) and
consequent‘lyv ‘glgt) = g(ft) = f(gt) = £(ft). '

Therefore, )

d[fr f[ft)) < nd(gt.g(ft]) = nd(ft f(ft)) = .

Hence, d(ft FEI0 - @'e 0. Singsa'e ©,1;,: ve get

E) = £(£2). We now have, f(t] LE(ED) g (e S dien

fixed boint of g - andp .A:

" To see nm g and £ hnve oniy one. ommol\ fFixed pomt, suppuse

fx and’ y = gy = £y, Then .

s, ny<od(gx.gv) Sy L e

Cddel G,y ~Ta) < 0. sinés @ € 1 x

Corollary ‘2.3.1 Lt g and’ £ be commutmg mappings of a r.omplete metric
= ;

*,d): into )tself Suppose that (B ch(xnuuus snd

£(X).Cg(X). . If there exists '« € (0,1) and a- pos:(tlve mteger k such-

that’ d(f“x.‘f“y) <ad(gx, 2 - for aii oy €% then g and” E.have a

unique,common fixed pomt ; P B,

'mof' Clearly fk col\muges with g and f [X)C f(X) c B(X

Using

L Theorem 231, cheu is a _unique “a c x such that” a = ga Y

g(faj = f(ga), de. E(a)

,Smce g and £ commute, e can wnte -fa's

eness of 'a . implies




Remark: We obtain the Banach’ ion principle as a of !
Corollary 2.3.1 if we set k= 1 and let .g be the identity map. of
st
Jungek [19] also gives a. (heurem and curnllary which, has Edelste\n‘sl ,1

theoren for conthtxve maps as a consequence. L, f

¥ i

Theorem 2.3.2 Le: 8 be a’ continuous mappmg uf a cmlrpacl: metric space !

N (X,d) tinto x(self o M 5 iy . ]

5 |
Then g 'Has a fixed point if ‘and.only if there is’s mapping FXvgm)

¥hich’ commutes wuh g ‘and satisties:

d(fx fy) 5 d(gx,w > ‘gx o8y

Chtollarz 2.3, z If g is a continuous mapping.of a_compact mqtric

X;d) mto 1tse1f such that d(gzx gzy) < d(gx,gy), gx‘f gy, ‘then’

,‘_ : Jus a umque ﬁ.xed po;nt A5 gl

£ s concmcme, ile: «d(gx,gy) < d(x,y‘) then g 'smsfies“

‘d(EZX,gzy) < dlex, @y ThereEure we Mave. Edelstem‘s ‘theore

. consequence of the’ ‘corbl Iary

o theorem, Jungck [191 has g1v=h the’ followmg example

Eample Ldt X' [0,1]and" Let: b - the absolute value metric:

Define g : X=X by . ) LI e

)

“Thus  [gx < ogy],> 0% |g2x

wheny




39.

xy € [0.%] and d(gdgy) $-d0ny) iA xy € [1.1]~
Theorém 2.3.2 can be proven \mder considenbly weaker conditions. =

Jung-:k Tequired cunnnmzy of the -appmg and-compactness of the space

which are not req\nred in the fuliwmg dmoré-. Also ‘the metric required
+ by Jungck can bé replaced by a function F : X x X > R~ such that
F(x,y) = 0 iff x =y. We give the following. &

Theorem 2:3.3 Let g be a¢ _mpmg of a space X into dtsélf such that

" F(gx.g?x) hasa mininus | value ot ‘somé’ ae X where‘ F -is a‘function

Xx)(-vR suclll'.h

F(X.y]

cofiutes with - g and sltisfx s

% F(fx fy) < F(nx,gy). s(x) # 8

Pm (Hec:ssny) [f g(b) = b for® some - b.€ X, then there exists

. * a constant. Iap £(x) =b vtuehw-utes with g u;r_uver.
e veed

‘j SV Finally, g(xi #80) implies’ Fe00,80) > 0:
F(f(x) £(y)) = F(b, b) =0 x-phzs F(e(x).:(y)) > F(f(x) f(y)) so zhn

b= g(b) forall x €X: o :}xm f(x) < gx.

r(g(‘x)."g*_(xn ‘has

(Surf_icency) By hypothesis,_

aex,

i

e




2 » 40;
\ . Bt £(X) c g(X) by hypothesis; hencé'there, exists ¢ & X such that ‘
J ()5 £(@), Then: (1) implies F(g(e)ig?(c)) «F(gla),g2(a)) uhich |
contradicts (), il it TR ; 4
s . L \ 4
Corollary 2,33 lat g be a mapping of a space X 'ip.m itgelf et ;
that F(EG, 25 has Y 'mllum Garbatioine sidin, AP aeﬁne}i £ ﬁ
as in _theorem}. f F(zz(XJ, gz(y)) < F(g(x). g(y)) g(x) Fe) @ l
Cthen g has.a unique fixed ot 5
S wil¥ »

':ubstj'cuce b . S 4 (m the statement uf the thecren. Sim_:e'

Je by r,ﬁe theorem ‘ra See- :hat ¢ is’ umque,

1F- ¢ by jen vg(c)‘ £ gy zm :

e b
g/be cununuuus m X" conpact. Then {6 F. is 1ower! semi

cont)mious. F(g(x], Z(x)). has & minimum. value at.'some ; a: €X' ‘and the RO |

_thenrem holds:

, d(g(x], g (11)

ollmns as a cnrollnry

Nés 5" mam v:lue st some. /3 € X, ey m result uf

X, d)" is c'umpuc'c'.

g is col\t;nuvus and saumes d(gz(x]. ¥ %m)\-; é(;(x),g(y)).

Edelstexn's




-

To see that continuity of g :is not required and compactness of

s " X_is not required, consider the following example:

Let- X=R.and let F_be the absolute value metric. =

Iy

g(x) = 0,: x g rationals ,

‘1, x¢ irrationals.

=0, x € R}’ 0 that “ F(a(x),#00) = |g)| =[u.'_x € rationals -

€ irrationals,

.(x) = ax- x; where 0 <'a q, defined on ‘R has l'unxq\le ﬁxed o

'-_pogn:. since " d(g2(x), g200) = a2’z Zy["and - d(.m. ;(y)) |x vl
zi{é._{ 0.<a'< 1 dmpligs”

x<ylicalx -yl Thérefore- :ondmun (21

atisfied (where. F is the

lute vnue -etx'ic), Tgn see’ tlllt

S e,
; ﬂf’:’(x).

z(x)) 20 " and fur




Sequences of Mappings and Fixéd Points

:
CHAPTER 111

and nces of fixed points- |

gt T several

‘mapping.

. the convergence of a sequence of conu—'ncti‘an ‘mappings to a mnpping

where Tdsa. mapplng frum X

have i igated the




G it o L

Thus, T isa mapping with ion constant k, and as -,

such has a unique fixed point.

Ni - o 5

“The following modified version of Theorem 3.1.1 is.due-to Singh [35].
Theorem 3:1.2 Let X be'a complete metric space and 1ét_

Sery s G2, 5 be 3 sequenceof contraction mappings with the same

Llpschltz constult ke 1, and with_

Suppose thnt hn 1' x.= Tx ‘for every, . ke x,

; ,f:'-'gm ®* lnnltself. 'n.en,

where "k is thé contraction constant, Now for 2N, -
Seux e AR - . : -
de) AN 3 _As o ima il
'<am=.ru)«wu,ru) Pt

.;’ :<(|.k)sokd(u,u) i &y ety

i
3
<

F e m‘us (1\. k)d(uu)s @ -k): 2

<1, e hlve d(un)< <

ion mippings




frum the reals into t'he_ reals whlch co‘nvergeé umfcmly to the. zero )

mapp)ng but whose Lipschita constdnts tend toone.

A modification of Theorem 3.1.1 ias been given by Singh [37] where
the restriction that all contracnuns have the same prschltz constam

has'been relaxed in the fulluw‘nlg way.

'I'heorem 3,1.3 Let (X d) be a complet: metric space and. let

Tn X e X be a contract)un mappmg with Lipschitz constant ky and

% Furthermore, if

. with fiked poxnt u, foreach n = 1, z

Tx for every XE )(, wherc

A SR for 0 and 1in

T is'a mpppmg OETX Y

1tself Then ST has'a umque Fixed pomt

and sequence (u d

el Pioof' Since - T, isia ontraction wnh Ll‘psc}\ltz ccnstaﬂt k

i l.v_d[TxT)'] kd(x,y) fora!

P, L s, oy "«’ A T
TN oy 1im rl(TxTy)<hm kd(xy)
.

L . T e

Since < k

ks

Tx

‘lim Tx

2 constant for au fr"(n = 1,2, S

The the’dre% ay be ums:ra'ped by ‘takingt

; ‘ B
% #0 EamplesSiliL et T o
, é FY S Forall xé€ [o 1], ;,2‘,‘ S e el
. OBvicusiy ,'r“. isa cohtx‘actldn mapping of [o 1. ‘:mtn 1t§elf, e il e
L As ve

: Gk e
schxn‘cﬂpstant G T fur_each = i,g,




ke,

.45,

1 will serve the purpose of SR

Lipschitz,constant ‘for all the mappings. The unique fixed point for

observe. 7k ) < k < 1 for each mn, k;

T is u =—0+ foreach n=1,2, ..., The limiting function T
n | ; ]

is given by i ¥

Té = lim Tx <1 for every x.€[0,1].
new oL *
Now hm 5 r T ¢ 1, where I s the unique fixed

pan for T

If the L pschxtz constants are’ such that kn*l 1 k for‘tach n,

To ;usnfy this, che fonnwmg

" the thentem is; -im general. false

example has been ngeﬂ by Rusgell [30] e ; 2Pt gkt BT
N\ - o -
5 S :

Ex’nmgl’g"ﬁ.llt Lt T;| 1 El +»s‘ “bodefinad by iy e e

o n
(ks TR, O

for:all % € EY; "uhe'r

© we see that “T'\ is'a eontracuoh mppmg, with prscmzz constan

(n+0p for each’ n 21,2, v

n
e v

and'vith Fixed pum u

Now Txr 1lim Tﬂk:péx for every xSE‘
Vi e

Thus under the mapping T, - every poxnt ‘6. El:'has been’ translatéd by
a distance "p’ ‘anditherefore.:, T hds no flxed pmnt Mareover, £ i

11m uy hm (n+1)p=-¢51

Remark: The'orém 3

3 has been further nudxfxea by Smgh [37] by o e




/d(Tix,Tx] < €(1 - o). for.all X€X, where

“Therefore, for 'i'2 N, (- u)d(u ,u) <eiia,|

 sequence’ {a )

.Theorem SA 1.4 Let

funcu:m thh at least .one f).xcd pmnt ug. for gach i =1,2, ... ,

and m TiX*X béa cnntractmn mapping wit f)xzd point u.

If the sequence (Ti)“’ converges uniformly t then the sequence
is1 : .

(uj)_ " of fixed points converges to u.
i=1

Proof: Since (73" ' converges umfomly |1, N erefore for ¢ >0,
i=1

implics v

<1 l\is.a'Lipschitz _

hnre is a positive imzeger N such that- i >

‘constant for . T.

+a (Tu;, Tu)

< d{T u.,Tu Y ud(u-,u),

u)d(uA,u) < d(T uj Ty )‘

u) < € 'since. 0 < a

This proves that (u).} ‘converges -to  u.

‘Theorem . Let (X..d) bk lecal!y chmpact. met ric space; let

$X X bela contracncn mapping with Fixed point : a. m- ‘each

=y 2; .. and 166 A i X > X'be a contraction apping with. flxed

point a_.° If the sequence ( A, th_en ‘the




The following theorem was given by Nadler [23]. -

Theorem 5.1.6 lLet (X,d) be a compact metric space and T : X »X

be a sequence of contractive mappings of X into itself.. Suppose the

. sequence (T} con yto T, a ion mapping. of
X into itself. Then the sequence (-i“)" *has unique fixed points
- n=1

(un)- and the sequenée ({u )™ .converges to u, a unique fixed
n=1 ~ e = - = '
point of T. ° < & . a0

} . Singh [36] Ius given the fullonug t)\ecrel for a luclny compact. -, ©

-etrh: space.

e b
fet (Xd). bea lacally :m:pm space; and'let . i
. for eun' '

lndlet T' xugf'

‘pom‘ u. CIE thn seque e :onverges poinwise m T

(9" - of szd points:converges to
n=1

Resuns of th e type hav: "Heen gnlen for u_ps ocher tlun con-

tnctxnns or contncnve lups. For,ex\nple, Ray *[26] . ims given :he

Following thcoras for. maps which satisfy a ummm similar to that

considered by mn.n [zo] (Deﬂnltmn 1.2.5).

Theorei 3.1.8 Let (X d) be a mmd‘. splce llld let T =X X bea R

and Jet {1) converge:
oﬂ].

Y map wnh fixed point y.' . for m=10,1,2,

_umf_orwgly‘_:q Tort 1E d[T X7 ) a[d(x T x). 4.0 where  a- ,is

X X hau\up

‘ot R




1 . rr“) canvcrges pﬂxnlwlse to'a map T :ha_; maps X into.itself .

then (u“) conv&rges,\:ov:u‘ o
o~ T o) o

v, () ba a-metric space :and T X% hé a map.

with ﬁxed point uy such that d(T XTy) < a[d(x Tix).+ Al T y)].

+i where ‘0-<a <1 and = 1, 23, " if {’X‘ ) converges. polntw)se o

Ty _that maps- X mtn J'tself and if w18 the limit’ point of t fu},.

then. uo is a Exxed pmnt of T :

e ,a sequence of mappxngs “of a campi&e me:nc
space‘ X linto'itself. \Let” us be a: ﬁxed point. of T (= 1,2,

o

ion (-). thien (3} converges gé‘ hé‘f _xe‘dp_ ntu

Theoren 3‘1.12 slet A0

’ppmy nff A‘“ 1‘ then ua

cg_nve,r,ges' i forrity €0 T+ T, 'rj satisfies the .




N 5 oo g, s
where ¢ : (R)® = R' and 9 is Donnnuous and nondeueasmg i each . 4

s -ordina:e;vur‘iaﬁle. Alsp,’ 4 satlsﬁes RIS az.v o < w8 a8 o
I\ Y ot s

i where e 2; X
m b vbea Fixed point: of the mapping L ‘1f T is the'Himit

mappmg of the sel]uem:e {T }, can one conclude that the:i exists a o2

$ fiked point for. T from subsequent:\al convgrgence nf (u | 24 4

This questmn\vas cnns:dered by Ng_[24]. and. he Eivesa pm-mx answer o

this questmn in the fcllwmg thee‘rem.‘ i

Let H_‘be
p: L

5 omily’ _of a1l func'ti‘ons (0,=) > [0, 1] such that:

S ats .’..'nn'c;émmuyxde;rg’ias'ing. Hillan [.13] ‘proved (he folluwmg L
i * ‘theorer , : gl .0 Gl nh AL wile (T 3

“leti/T: X+ X bea sequence’of




Diaz ‘dnd v‘"cv'“' [zzi ‘hlv;e_ considered functions nhere ,

4(Tx,F(¥)) < d(6F (M), where s F(T) i the fixed point sef of the . K

“ function “T. Hillam nz] has: shown: that i (1) in Thesren.3. 14 s - o ¢
replaced by d(Tx, F(’r)) <.a(d(x,F(T))d(x,F(T)) :then the sequence of
fixed points mgh: not cunvn;e butthe subsequenthl limit polnts are

. fixed points.. L | O 2

Ray [27) has red a sequence of functiond [T, )" that map .

i e 3 e i 2% By ¥
a complete ‘metric’ space - (X,d) - into itself and satisfy. tpg following

definition:

drr x,F(T )) s n(d(x F(T MG, F(T )) + B(d(x-,F(T )))d[x T x) Sl
where u(d(x F(T ))) * "l(d(x E(T ))) 1L

P
lefm-e snung the theuru we nge the fnllovﬁng defxmnon.

": Defi i-m;siz Lét (x 4y’ bea-etnc space ind_for n=1,2d,:

slet’ K €X beia sequence of none-pty sets. We define LK) - to
be: the set of all possible subsequent:al hmt pomts of all possxhl: -

sequem:es ) vnere ke K,

R L Tt S e
e fullowing Eheorem i die to Ray {27] v :

X+ x be'a sequence of

sltisﬂes

3

,T »1' umfomly. then L((F(’l‘ ))' is lwneq)ty._ Furthenore,




LUF(T))) = #(T,) and F(T) = lim {F(T ).
For the special case that for every integer n, Fﬂni - 2} and
a8 are defined to be a(t) =.k,. and: g(t) = k, such that®

Ky + 2 < 1, Ty need not e contimous. This is pven in ‘the follow-
ing theorem due to.Ray [27]. N

Theorén 3.1.16 For a = 1,2, ..., let’ T : XX be 2 sequence of

" funcions su:hSm BT (. % w3

Suppose lhere st m-u:uy pnsitive kl lnd k,

such that! for all’ x

o iThen if 1 AL X ra fu»mon snch that! T+ T.- “uniformly; then

i FT, ) is nonenply. ; Fotar AR =
A The fallmdng moren dne to Rzy [27] llves omdltnms t)ut ensure

“‘that rcr is compact.

) B

< Moo 51517 Fok- 5= 1,2,3

1 X~+X bea sequence Of

+ functions such that (T, )" ‘is romezsty and Sipact. “Suppose "r

satisfies Definition 3.1.1. Let T,' X + X be. l:nntim.ums function:

‘and suppose that T '+ 'ru_unieo'x-_.'.iyA Then r('r ) is ‘nonempty and"

Ray [27] has -ua ‘given a. theox'm in’ wmh the Timit nnppxng isia},n

suhsequencz nf er points cnnvqrgus

: :ontractive map




and if a whsequznce (u ) of (u } converges to a point

zE X, :nen LRSI

Pivof: Let. '€ > 0. There is a positive integer N- such that - >N

implies d(u, ;2) < 5 - Therefore, e

1) = d(u .T Un ) + d(Tu ','l’oz)_

-m 2 ,-ru') .d(-ru ,'roz).,

contucuve, ‘we have

'nlus m ) The ‘uniqueness of

EEhy ﬁxed pont

3.2 Cuuvéqence of sequence of nappings S S Ttk

7 We now. ccnslder a uquence of | -aps (T ) such thit T, “satisfies

< Definxtmn i.s: 1. | First ve glvg. zng fouwxn; 1gm_-. i S e




Proof: Since K <1 ,is the same.for all n}

d(Tx,Ty) = lin d(T x,T:y) -
) Noe L

d(x T x)d(x,T y) + d(T X5 de(y.T Y) g T

lim k *
e d(x T y] TR

" ginee th sequence ot Happings ¢ cenverges .
an N such that n.'N unpl)es ’
K (K EY

‘a'givene's o,‘
W) <1

d(f’ ‘

Now for 'n > N, we have,:
; 4¥ o

dme T

.dt )
g S Sd(Ty, Tu) 4 d

deu, T 0d (T ) 4 ‘(u". nu)d(un Tnu“J-|
: d(uTu)‘d(u"l‘u)




d(u T u)d(u,u Vo ‘*
¢k a(u“u Y *‘d(u T

e g 5 ] . d(u'ru)d(u,.u) R

-Pmu% 2

znsts a pos

d('l' X,Tx] -




5 gre
. d(n ,u) < d(’l' un,'l\.l ) Mk[ -

Thus

T, T+ dCu, Ty /Ty
T, T T AT

du ,u) < d(T Ty )

R T )T,
: d(u“ Ta) :

< a(-r L Tu )
4 d(.Tpun,’I\x'?) & kd(un,.Tp;‘)\.‘

= d(Tu, T ) K (T T

X, d) be a cmnplete metnc space and et T
with, conslant B3 .and fxxed oint
i1
Mere T 1s’d mpping;e
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