SOME ANALYTIC PROPERTIES OF SEMIGROUPS OF
POSITIVE MATRICES, TRANSITION MATRICES,
P-FUNCTIONS AND SEMi-P-FUNCTIONS

GORDON JOSEPH EZEKIEL












CANADIAN THESES ON MICROFICHE ' 3
Lo e = 1SBN. %
heses CANADIENNES SUR MICROFICHE B .
v 5 o . | g
] .
.* de’mnydm E mmmm
Directi des collections
)c-mm-u'rmsum § Service des mw.em a5 i
Microfiche Servics' - oo srmicrofiche” . ¥ g
Ottaw, Carsda B

K1A ON4,

S Nomoe

 The quality of. this “microfiche s heavily dependent
pon' the quality of the original thesis submitted for

micrfilming. Every effort has been, made to ensure
* the ighast quaity of npmdumun possbl

I pogés are-raising, contici the unmm, which ~.

_ granted the dapn:

Some pages may have indistinct print _especially
if the original pages-were typed with a poor typewriter
ribbon o if the university sent us a poor photocopy.

5 nviously ccpyngm:d materials. (journal articles;
¢ 1%, published tests; elclarenmmmed

Reproduction in full or.in part of this mm'n gov:

“ emed by the: Canadian Copyright- Act, RS.C: 1970, -,

C-30. Please read-the csioriation forhs whic
. mump-nythlsmws, 2

oo THIS DIS‘SERTATION‘ s
" AS BEEN MICROFILMED.
+/ EXACTLY.AS RECEIVED

formules d'autorisation qui accompagngnt cette thése.

u qu.lmé q: cstte microﬁche d!pend gmldumlnt de
~la"qualité de la thése soumisz au microfilmage. Nous

¢ supérieure
de, unroducmn

‘sl piges Iveiles ¢ mmmnu-v
avec Funiversié qui a mnhre le grade.

La qualité d'impression. de certaines pages peut
laisser & désirer, surtout si-les pages.originales ont été "
dactylographiées 3 I'aide d’un ruban Lisé ou &i J'univer-
sité-nous a fait parvenir une photocopie de mauvaise:
qualim', .

< Les documents qui font déjé I'objet d'un droit
dauteur ariictes de fovue, examens publiés, etc) ne
7sont pas, microfilmés.

L' reproduction, méme partielle, de ce mictofim : e

est soumise & la Loi canadiennessur le droit-d‘auteur,
SRC 1970, c. C-30. Veuillez prendre connaissance des

. .
: LA THESE AETE = W -
MICROFILMEE TELLE QUE
NOUS L'AVONS RECUE

e vCahad>a'. :




¢ S
Wy . e 3
SOME_ ANALYTIC PROPERTIES OF ° : - ,
) " SEMIGROUPS OF POSITIVE MATRICES, = - )
i 5 ) TRANSITION MATRICES, P-FUNCTIONS : 9y ok
il R - AND SEMI-P-FUNCTIONS .
° i’.’Y ”
. o R w0
< 3 . S e
S M 1 @ Gérdon J.. Ezekiel (B.A., Hons., B.Ed.)
o s ; wha e

' A thesis submitted in partial
fulfillment of the requiremerits for
the degree of Master of Science

B
e B e . ‘!
—i
; T Lo, e L !
" Department of Mathematics and Statistics Y ey
= . Memorial Univérsity of Wewfoundland -, i
: st. .John's, Néwfcundland i B 8 L
. £ i ¢ » ‘
e, A , - February 1983




i
sl

i :
: .- ABSTRACT . S AN o
i e '+ . n this dissertation we deal with four related Lnd R

mathematlcal entl.t 1 H crﬂns.ltion matrioes and Cheit S

genezahzatmn (sanu.grnups of pos;.tlve matrices), P unctmns
(which can arise from:the dlagonal elemel‘lts of a transxtmn
matii) and their qen rahzation ,(séhi-p—functmns). m

I ";:hapte: 0 we define these enticies. In Chapter 2 we dlscuss e

ity under the assumpti of |

most authors assume standardnesﬁ anyway. Chapter 3 deals vuth

continuity, ‘Ehapcex 4 with differentiabillty at t=

» and

“Chapter 5/with dxffereqtl_abxllty at £>0% " Cotinter. examples *

- e

are given for outstanding cases.
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7 phenomenﬁ : .
(i) “hastil senu.g)mups to iohsts id ones,
e ultimately Jconside: a nation: of. the/ )_ ractions
SN (u.) embodied.in’ seni-p- fum:uons. ‘We. shall show -

3 :that: there A.s)a cunsxderahle degree Tof, common behaviout
Clin’ m). p 4 3 =

* of Markov chaxns between 1930 and 1960 by Chung, 'E‘eller:

INTRODUCTION - i 0 o
- T 3 - T
. .2 1. The purpose of 'th‘is exposition is to explere’ g

| . .

e Of ‘the analytic properties of Markov transition &

A

“rupitions'and to' see” to what extent thése propezues
hold:when ye make qeneralizatians from . . ¥

[£8) ‘the Markoy sitdation to general régenerative’

between the eJ\titxes in (1) and (x‘@markably) betveen those

R o :

| Roiighly speakmg, “theé progress made in e ‘study

Dnehlin, Donh ROlngDtOV and othezs is set out in Chung s Dog
book.[21+.. Work. on ‘semi of tive, mateides dates :
back to’ J\u‘kaL £91:ana has been fuither extended by Cornish- w0

{31 ' The more’ recent! theory of reqensrative p‘henomena o ® S0 B

' dgveloped in’ th

ea:).y 1960 5-and i.s due largely ‘to Kinqman

T1s1. K:.nqman nas alsw been responsible for’ ‘the theory off e

funcuéns [16] with addxtxonal resuus by Cornish- t43. .

Nane of the rgsults presented here are ougznal

‘although many {of ‘the proofs are spelt out in greater detail” )

ana should be dasier to follow that those of the original

authors’.




CHAPTER 'L - -

In this chaptex we def).ne the four ent;txeS'

) !
t:ans:.txon matrices and ‘their generallzatxons (semgzoups

af pcs:.tlve matn.ues) 3 p—functiond and their generahzat ons~

(semi-p functmns)

in partxculaz, we 1ntrcduce'f_he concept
i t

of a continuous tmme

ing ‘a d 'gana). element )

standazd Markov cham ‘l‘hxs establ:.shes

‘& dngonal member P
.\_t_g be a p-funcnon.

In add1

on to ‘the baJ:Lc dafxnxtion .o

(\:) rof & ézansnr.ion mntnx turns out.

a t genera-

ftive phenomenon, ‘we qive seéveral equxvalent characterlzations

@ due to Klngman [131,

¥ Lnequauties fDr (semx)—p—funcuons.

‘heeded in later chaptérs, i %

[15] along with the 1mportant thgman

Thése :esults ‘are”




1.1 gome ‘Definitions

In vhat: Zollows T stand: t‘or the ncarval [o; -),

.7 1° stands de {0,%) and 1 sta.wds for a aenimerable; st of -

.fnd§_<:=s. an" unspecx.ned sum over t:he indices s over all I. ;

“A u-xg:oup of pos:l.tive natrtces [9] is-a ﬂnito

‘eé . ‘array of functions P(t) = (pu(t)),

o actined on 10 anid satisfying: the follwinq two eanﬂiuons.‘~ 5

: *io: evuy e JtI, s, tsnﬂ.

°‘sz‘”‘ i N N
- 3 b SRR 3
Pﬁ(sot) Ipik(s) pkjlt). s {20755
¢ K-senigroup of pos ive ices is called
) 3 i i e e b

it satisfies the conmtinuity. condition .

L B, o(€)
0 iy




; et .
} B i roriany o o<t1<...<t

i y(x(e) ”ln'-

Pl prinli “"n B LA

state" asI and’ suppose ‘that X(0) = as
<

“+ 1 where the funmons (pai ), area transitlo matrlx.
" ipy, ie1l is-called; the’ inir_ial disczibution

’ Markov chams 271 15 toa 1arge extent the study o:
TR G theu transition matrxces. T
- o I T RAe:at).ve phenumena and their.

Let (X(t)t'> 0) be a continuous time standatd

Markcv chaln [2] .on the: (countable) sbate space I.

and any _states io’

| The set:”

| The-study of : \ i

operties L

~functions

Fix

Consider the progess -




This discussion above shows that (1) isa reqeneraté/

L l
stuchastic prucess (z(e) =>n) taking values 0. und e ip s
N

to be & xegenegative phenomenon [151 if
fum:tien p.on 1° [cnlleﬂ the P functien

whenever: " “ .. .

o=t, <tl<...<: R S0 B £y s

we have.

RLZ(t) =‘z'(t’,) -_..._= z(t, ) =1} = et

phem%on with' p-functicm Paa( )_. Sim:erthe underlying ' 3

Mukov chaxn 1. ltundard, e “hi




<
same adjective applies to the regenerative phenmenm\. For = °
the saké of simplicity we extend the Gomain of a standard
p—functl.on from ™ to T by setting p(0)=1.

The following proposition (13) gives an eq'\u.valmt

‘ization of a

# N\

Prope Slcinn'

4 45-a rageneratwe shenamgnon i given . ..

<tn‘: then »

.lf(z(cl)-z(tz)-:.a=z(t)=1)— . ’ i >

B{z(t)) ="1IP{z(t,-t)) = = a(t, -tl) = 1}. (5)
Proof: : '

¢ 3 &
Suppose Z is.a regenerativé phenomen. Putting ©
n=l in (3) we havé for any €,50, B{z(t})=1} = p(t;). ‘So (3)
; : g

oy be'written = L

P{zlt)) = ... = 2() = - 1) = P(Htl) ="2) r(z(tz-tla =1}...

plz €76 9 = 1}.

i o 8 9z .

A : i s ]

# ) RN - . S - .
. Azt )=1TR (2 k)=t ) =24 (t3-ty) = T-Z(-tn—tl)=l) s

= B2 (£ =11R(2 (€, )= 1R (2] (b=t) i=(E,=t) T<1}... :

£ PIZI(E*E]) = (&, _qtg)] = 1} .

=p{z(t)) = 1}p {z(tz-tﬂ = 1}...P{(% "’n'tnjl) = {) N




e o= 1=
e
= M. p(t -t __;) . ‘ %
rmi B2 2V

& ° 47
= Blz(ty) = 2(ty)) = ... = 2(ty) =1}

Conversely, consider a process {Z(t); t>0} taking values in

= 0,1} such that, given .
O=tpty mmecty . o §
we have » . Ty Tt e
7 ) P(Z(t;)»=z(t2)= a_%(ch‘)=1]=p(z(t‘1~ =1}P{z(ty=ty)= K
' so N : : 3 o T -
(2 (ty7t1) = =2 (£ -6, ) =1}=P {2 (£, 6, )=11PL2[ (55t ) = (£,=t)) 1=
2llegmep)-(eymey) J=e ST () (et ] = 1) Cge R
“ . = Plz(t,=t)) =1}P{alty=t,) =2 t,~t,) (R
' Inductively we’ have TR
P{Z(ty)=E(ty)=. =2 (£ )=1}=P{Z (£1)=1TR{Z (t)~t) =1} ..
g - Plz(t -t ;) = 1}. P . (6) R
: ., Define p:(0,@) + [0,®) by XN )
% B(t) = pla(t)=1): ) 2 .
Then (6) becomes '
Tl e n -
< P(z(t1)=z(t2)=...=z(cn)= Je nl Plt~t 1) H (8)
=

Hence Z is a regenerative phenomenon. - ' .

1.3 Kingman's inequalities and semi-p-functions.

P Since a regenerative phenomenon only takes values




£
4

-8~ e . .

‘0 and 1, the defining relat}_.ch (1+2.3) may be rewritten

n g
E (EEI(Z(".:)) - l'l p(tr-tr- = 1)

For any values Of t),...,ty7 Gy,...,ayé{0,1) consider the

i w (u1ySTHL 2
random variable ¥, = (-1)"FTH(z(t)) + o - 1).

Ifz(t) = = 1, then T WA

if 2(ty)

'y = 0, then A };_or

if x(tr) =L, than'Y: = 0. %

. S0 Y takes values 0 and 1. Therefore we have

ae

X (N = (v =0
E(MY)=(1)P{NyY =1} + (0)'P( ;T ¥ =0
r=1 T r=1 % Vi1 % ¢

= B{Y, = 1; l<ren),

In other words "

¥ -
Bz (t)=a_; lcreN) = a(rll(—l)“'*l(ucr) +a -1). (20

The product on the"right of (2) may be expanded to give a. -
linear combination of values of 7, whose expectations are
given by (1). Thus the finite-dimensional distributions of

the pxbc%ss Z are expressible id terms of p by equations of

the form

P(Z(t

o 1<zen) = 0,(t .tz,-.,,tn,nl....,uu.x:) ‘(:)

where for given . ¢ is a polypomial in the numbers Bl -t

(0<s<xr<N).

4 Y




-t

Fix a number T and let

mo . ¢ & ,
f= T 2(t) , g= 0 a(u)
ey ® s=1 °

where -

0 = £ <ty<...<t <Tey <. .<u .

Then, by (1) we have .

m o, n .
E(£f2(T)g)=( Hlp(t!-tr_l))p('l'-tm)p(ul—'x') nzp(us-us_l)
A = 5=

= -

s-1

EN

RS 5
o = B(£2(£)Yp(uy=T) T p {(u =T)-(u,
5 S gy

i = E(fz(T)) E(g")
n
where g'= I (ug=T). ¢
s=1 .

. t -> -
We note that (4) holds if f and g are’ combinations of products

of the above form. We have shown in particular that
~
P{z(t =a_ (Lirem) ,2(T)=1, Z(u,)=B (1<s<m)}

i

=‘.P(z(tr)=ur(1irim):Z(T):]) P{z(u -T)=B  (1<s<n)}, (5)
a,.¢B, {0,1). '

It follows from the Kolmogorov exte}.san u:e?:em' o .

that if A is any member of the smallest o-field with respect

to which Z(t) -is measurable for all <f, and if B belongs .

%o e Shaliest v-field with respect to which Z(£) is

measurable for all t>T, then

]




R So-10 -
p{an{z(T)=1}nB} = P{An{z(T}=1}}P{B'} (6)
where B'. is optained from B by the shift usu-T. Taking A

to be the space on which 2 is defined, (6). takes the form

%({Z(TXI)AB) = p{z(T)=1}p{B'}.. )
We have established the follbwing theorem.

- Theorem 1: U - o

z is a reqenetatlve phenomenon iff for any T >0

Wwith P(z(T)=0), the progessés’ {z(1); >0} ‘and {z('msIZ('r)

t>0)} have the samé’ dlstrlbut}nns. The, pxobab).lxt).es (3) are
of course non-negative, so that any p-function must Satisty
the inequalities .

BEys tys wee s tgr Gyhees oy P) > 0L (8)
By varyxng choices of the a we get 2V giffierent inequalities -
for each'N. So (8) gives rise to an infinitefamily of

inequlaities. But in view of (5) if o =1 for some k=N, then

@__(tl,tz,.--,t“:nl,uzi--..aﬁ;p L

o (t.

Byroen g tB) K Bty otin e b B SHE oD

In‘these cases we see that the inequality S A -
Bty eee tyity eeaioyi P) > 0

is implied by the inequalities
o(tl,,... k"”‘l""‘“k""’lo and

@ (t,

k41 By 0

e 't‘N-tk)u"Khl" s




. Define Fy = F(t.t,,

. nxpanamg (9) exphcltly we have'

where this sum

.Butting G [T

-11 -

In view of this (8) only gives new information if oj=a

g = 0.

. ,
t“:p)-qftl,---,t“;o.oy,-n‘rl: P).
For any glven £100naty e haye

IPlE(e) = oy 1<:<N) N ©

is over all pbssxble combinauons of the'a_:

= 0 -
+ B(Z(t)) = 0, Z(t)) =1

+ (2 (E )=

N
7
]
"L
)
e
?

+ P(Z(tl)_=

in other words,

N
n£l Fob (et ot

‘we have from (10)-




using’ @) e nm ‘éxilicit, :xpresliana for the polynollials

P

r.,,; P s p(xﬂ) & z p‘(ti)p(t“—ti)‘

At £ (—1)3"1

PP, t

anﬂeys pmpexty (13) but not neceanrlly prope:ty (14)
(13) ‘and. (14) merely

When N-].,

- '_0_<_p(t)_<_1- ]

- " The inequalities with N=2 are ie.au
_obtain e i




B (<1) (24t =Dz () |
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{ CHAPTER 2

3
Measurubili:x and” Continuity_
\' ‘The. point of this chapter is to h1ghlxght ‘the

startling fact that ifany of the four entiti les thaﬁ‘ we

are consxderinq enjoys. the property of Lebesgue, measur=

- ah.ll:.ty then, roughly speaking, it has to have contxnui.t

Thgbrem 2. ). is due to Db b [6] but the proof v

given here: 1§ an. impmvs,d version due Ch\mq [2]» Both

Theorem 2. 2 anﬂ 2, 3 are due. to cornxsh: [3]: £a]. Theorem_'

W reveals that” xf .we dxspcse of (:hqyproperty of

stochas&icity then Theorem 2.1 st111 holds, ﬂlthough He

have ‘o use’ the i\iea of approximate continuity to pmve i




L

Pidogs 1{
; o | :

g Let (py j) be a semigroup of positive maftices. If
each pyy is a (Lébesque) measurable function in (0,®) then
the matrix is said to be measurable.

\‘ X . 1
Teorem 2.1 1
1£7(p; ;) is a measurablé transition matrix, then each

element pis a dontinuous function ‘in (0,) -

&

For D<s¢ and Elxed h)O we' have‘

{lp1 mm = plg ()] = IlEpm(sm)pk](t—s) - Zplk(S)Pk](t-s)l
= I|E(P£k(5+h) * Plk(S))pkj ey}
< Zilpik(sﬂ,, = Pik“" kaj (t-5)

= I[px‘k(sm 4 pik(s)lzpkj (COR Co

| i
: | : .
U = E'pl_\k(s*h) - pik(s)} S )

Since the matrix is’ measurable, apon integratlng over 10,41,

0<5<t we obtain 1 Ao

'% L)leij (e gy lag < %L‘E‘Ip{k(sm) = pypfe las

whence, by Hoxmtone convergence, o

Elpijgg+h) - P J(t)l < I J' By (s+h) = pik(s)lds -




Now, for 0<h<é % : :

I:|p;k(mm ~'py(s)|as < J:(p;_k(a«&h) *’?ik'(s”a{ R
‘ = J:;“‘(sﬂl)ds + I:bu(s) dse
g © f8+h . 6.
. i o Ih. v?u{")d"_'& f'osﬂ‘('.) as. .
H ' o ) S A e e, Lot 2

s LT e Ib pu(..:.) as .+ J’s ,pi'k(l)dud;fopu‘(s)dg., ,
<
5

isds ., AN
Hence the second serids in (2) is dominated by

3 e Ju -
2, Py (s) ds
k o ik

which coi-mzqea. Consequently ;\he series
‘?)Z‘ [ Ipik(um - plk(s)lds ) o

converges uniformly i.n hé[u 8]. But by a wen-known theotem 6

(see. e.g. Txrcnwmsn [1- . 377]), e have for each k, G,

P. (s+h) - (a)|ds =0 .
h*of l ik ik

From.(2) we have, for 38, 7 ) s VL




5 0 < lim ,(e4h): = p L
B o ;m*s\ép‘fjbh( ) _Pi;.f )| )
: n 1t . § i
‘ < 1h *sgp a x5 Io |pik(s+h)' - Dy (s)| as
g
5.3F kllil\'l;[o |pvik(.s+h)‘- Py ()| ds . + ;

umfom convergence.: We conclude that |

Itplkmh) = pka |

}tends €0 zero unxfomly in £e[8;%] as b ténds. to zero. Am S

‘mngaiate consequence is that .each pik is unifomly :Dntinucus : B

in te[8,=]. " Thus the theozem is p:oved

~Let P be & sen\xqroug ei posu:ive macnces bem}ts

by F the set of states i fcx‘ wh].ch either P. (t) 0 for all’j
i

" or P30 for: all’j .+ iThe following’ genezanzauon of theorem’ ..¢ FE
: ’2lxsduetocoxmsh{31. g 4 ke =

¢ ’I‘heoreln

Let P be a senu.group of pos).t:we mat ices.. If P

unless ‘both

i, sz.

. Proof:

is “niot. identically zefs and, that ggr._ men,pﬂ.(té) >

function ig




continuous- almost every.maré ‘(see”e.g: ‘HoBsON 1 . 2870,
50, given t>0 we c!l’l find a positive nulber i < to such mt

all the pu's are appnmtely continuous ‘at t, and t4t.

Ptul tha u-xqronp pmperty

-when L] Lu cholen so, that p (t‘) > ;/u > 0. onm» (4) we -

,.have, £oz uu gssx,

o < pmlg) ‘e pm(:,-m o
Both S and:S; have .’

(tef B = G <ty 85 miGaE (Estt) .
Ual.n the mﬂl! :e th vxetlc 1dent&ty

; mem.c danucy g at o.

085 =m(sn + m(s )7

m(s»n‘s,) +m(§|




(t,#t) P d= Pjn("»l)

Puts=s;n5n==€+l>

where m is. Lebtsqui neasure) thén"n(éﬂ’ the, 3/2 81) 5 /48,

roxns[l,s.kulec‘ v

b > /46~ %8 = k8 ]
Now, “for i € {hb, 401/ 8 ¢ (a8, 3/28), 0




s

MSp

5 2Pyp (t1+E)
k &d

<

o1 2p (E5+E) r/zs

ks 55 -

Ipyy (H8) I (s+h) = pyyds) Ig(s) |as,

" where Iy is the indicator finction of §. But

3/7¢ 5 -
: L;c‘ |py) (s+h) Ig (s+h) —;‘,’p"ik(slrls(s)ld‘s ®

f yag © ¢ e = s/28 .
< iy (s+h) Ig(s+h) ds +J by (s)1g(syas
< Jys Pik sl BT g Paxs

3/2h+8 - e C K
< th Pikle)Tg(s) a‘ﬁ + Lsa ?ik(s) 15(s) as
t 28" N L o N i * B
222 L\"ik(s) Ig(s) as i .

s 2[ 2o
“lsa 16,261Pix(s) ds-

Hence the series on the right in (10) is dominated by

8a “Jsnqo,281

S e
= E*Isﬂolulpim(t»,+:+u) dau

4 « 2 °s (3
sgq - 28 <@, N

gy tesm) - py (0] < L;{ Iﬁh Ipyy s+ - Py (s) |ij(t's)ds

Js [Py (s+h) = pyy(s) |as.
i ]
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H 3
m consequently converges uniformly in he[-%§, %6]. But for
each k,
372 s
me |p;y (s+h) I (s+h) - p.. (s)I.(s)|ds = o,
,n»a s ik s |7 Pix(®)s
o ik il ke convergence in "(10), T

_PROOF:

Ipu(uh) - pn(u] +0as h + 0.

> ” -
The result, if i / F, follaﬁs at once by considering the

" transpose of P.

Cornish [3] gives an example of%function Bij
i, jeF, which .is not continuous for all t>0) s

For p-f\mcti.ons and semi-p-functions we have the

lellowing_ 2nalogué of theorems 1 and 2, due to Cornish [4].

THEOREM 2.3: .
A measurable (semi)-p-function is either continuous

or zero ‘almost everywhere. 5 .

Suppose p is a measurable semi-p-function and let
s.= {t>0;p(t)>0) have positive measure. Given x>0 we shan'
show that:p is continuous at x. Writing ty=s, t,=stt,
t,-a+t+u, ‘the first three Kingman F-. 1neq1:a11nes behome

p(s) 2 0, R (11)

plstt) > p(s) p(6) . (12m

3 . .
p(s+t+u). + p(s) p(t) P(u) > p(s) p(t+u) + p(s+t) p(u) = (13)
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Now if s, t € S then (12) implies that s +'t € S. Hence S is

a semi-module in the sense of Hille and Phillips (see e.g. HILLE

and PHILLIPS [1; p. 237]). Furthermore (12) implies that

Aapte) T Einits ans itive on S. By of

Hille'and Phillips [7; theorems 7:3.2, 7.4.2] there exists
a e (x,%) such that (a,=) ¢ S and p is bounded on all closed
subintervals of (2a,%). Given >0, define for n=l, 2, 3, ...,

- ;a1 ona. _ply) p2y-x)
s, = {ye(3a,42) : PE <€ 7 py-m < ee™* o () < ee™)

. ; i e

For y ¢ (3a, 4a) put ply-x) = a; B(2y-x) = 87 ply) = v-
We can.find integers n,; n, and ™ such that 3

T Lloema Yoo
Letting n = max (i, na, n3) we have yeS,. This and (14) -imply
that )

n‘ilsn = (3a, 4a) , ”

50 there exists a positive integer N such that m(Sy) >0. Now
define o .

pite) = eMp(e) , &> 0.

An cisy calculation shows that p, (t) is a semi- p-funcu.en.
Also, if y e sN, we have from (14) that ®




gy

by SNa - p:(y) 1 (2y-x)
S <, R CfHGm e - %)
)
Let h ¢ (-x,x) and y ¢ Sy. From (12) we have
p1(y+h) > pi(x+h) p1ly-%)

whence i .

P1 (x+h) = p1(x) < ‘;(—f;’(f% - pilx)

(y+h) ) }
L Ny e (1e)
! : 2

# ek - _P1ly)
5 Prty=y [PLlyth) - py (M) fm(x—x) %

\ i

Applying (13) with s=u=y-x, t=x+h we obtain p; (2y-x-h) +

- y
+ pi{y=x) p1(x+h) > pi(y-x) p1(y+h) + pi(y+h) p1(y-x)
whence ) .
e _ L 2p1(y+h)  _ py(2y=x-h) _ _°
. Bilx+h) = pr(x) 3 ZBRXCH Lpﬁﬁ,— P . a7
- Butpi(y} = prly-x+x) > p, (y=x). p1(x). which mgﬁ-es
Pily) oy A “%
By 2 P10 -
So (17) becomes

Prlem) = il 2 sho tediyen) - pew) T g

B G P x)1 — BalZ '
FTTE=RT (2 (2ymxeh) = py(2y=x)) - BHBER
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Using the algebraic result that a < x < b+ [x| < |a] # |b]| we
obtain from (15), (16) and (18) that for all h e (-x,x) and

allyesy
[p(xsh) = )| € 3e™2 gy (yem) = pan)| + 7R o
|p1 (2y-x+h) = pa(2y=x) [+ 2c.

Integrating (19) over Sy with respect to y we ‘obtain

* . 5N3 . g
3e2M8 [ .
(x+h) = pi(x) | < f p1(y+h) = pi(y)| dy
iy ke B LY ghooply Bl = neuil

—f [B1 (2y=x+h) = py (20| + 2¢
sy - ) W

£ e

Ip, (y+h) - p} (v)|ay--
- i
}\ | JMNa (Ba-x
# _W f |By (y+h)- = p,(y)ldy + 2

" hmna
:ms—yf Ip, (y+h) - B, (y) | ‘ay

jol0Nd 82 T
ot ms—rf [y (7+h) = py(y)| ay '+ 2¢
* golONa (8a i g
& = gy [35_'?[ (y+h) - Py | dy + 26 (20)




‘=g

But x<a implies tha€ (3a-x, 8a+x) <'(2a,®). Thus p, is <

bolinded on (3a-x, 8a+x) and consequently integrable. Then i ;

. 8a .
lim J [Py (y+h) - py(y)| @y = o. i
h+0 ’3a

From (20) we obtain *

0'< 1lim sup Jp, (x+h) = py (%) | . '
hiwg =,
.

S o s Na

M ; < um sup -W)‘"J |p,(y+h) - p,(}'ll dy.+ 2¢

gty

Slnce E>0 15 arbxtrary, it follows that Pis and hence P, ds 3 vd

Pt continuous fm: x>0.

7 NOTE: Kingman' [14] first proved the result for p-functions
only. His proof used the powerful representatlon theorem
for p-functions (see e.g, KINGMAN s ; Chapte.n My These g

s ideas ‘take us outside the scope of -this thesis and ms

original proof will not be presented here: .

»




 that standardness

CHAPTER

Standardness and Continuity

. : This chapter surveys the sitdation for "stapdatd"
entitiés. Most authors aré concerned’only with such entities,
and Chung 2], in.the. casé of transition. functions,, gives
a formal justification, based on prehahillstic grounds, fc:
imposing suc.h a continuity condluon at ‘t20. Althouqh :Lt

ey

chapter| is repetitive, u: tuzns out’

jppe,ar, that this

tronqer property- tha me‘asuzah;.lxty

In, the astic case; s 1mp1!.es uniform' contin-

ulty on LD,~) In: Theoxem 3 1 we give the obvious sunpl:.f'

ation of Thcorem 241 and‘ set ‘out - the ceriespondiﬂg proof for. ., #

.p—funcuons int Théozen 3.3, 1. In'the honstochastl.c case: "

standardness mpnes continuity without exception. Theorem

3 2.1.is due to J\ltkat [9] and, Theorem 3 4.1 1s due tc

Kingman [16].

#
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— 3.1 Standard Transition Functions . : t

€1 .- Theorem 3.1 : v 5 :

If P(t) is a standard. transition matrix then the e

functions. p () are unifornly continuous for te[0,=) jes.

Proof:

- Foxr 5205 £>0,

Byj (48) = pyi(E1=] (o) By

: ] (eygle)
STk 211

55 (01 = |£ By (8) = By (00) B ()] ) ' E

" legg ey - gy
5)2( 1By (5) - Ryy (O] pyy (8 -

3 C & g 1){( fbyy (s —'pik(ml ‘

i SO g N T I‘p;itsp £+ 1 lpgte) _'Pik:(‘)! 2
: AT SRR by Pa i

S fedteppgmrte s a L @yt

{777 - since'® is a transition matrix. But p;;(t) is. standara, so




£
o 1y

Y-
™ 5 o 5 :
(1) implies.that RN .
s & g S, " S h
Lim py, (us) =B\, i ’ (2)
s+0 L ® .

i pyy(e) s con:;}iuo'ﬁs' from the right for all t>0.

. it follows that -

‘where 6, is the Kronecker symbol. ,

In (1) let s=ty-t, O<t<ko, So that &+t = to. 'Then, from (1)

© eyt _0) - puml ‘ zu-p11 =
whence " " o
S 2 : £i e o o !
dm Cpy () B ) T T s ‘g
»hl;to i3 WLy & 2 g

Both(2) ‘and (3) togéther imply. that py; (t) is continuous for
all’el. Purthernore, inview of (1), we have that py; () is.

unifornly coptinuous on [0,%) ahd for jes.

" 3.2 semigroups of Positive Matrices i :

Let P(t) be a semigroup of positive matrices such
that . = .
Lim B(E) =1 ; i.e. limp.(t) = 6 . : o)
e ) o H R 3

Lemnaz py; (€] > 0, for all £ >0, Vics. L PR

Proof:, Y ¢ 3% ' oM

. From the aeni.q);oup pzope:ty we have
55 (5H) 3 pu(s) pum § St gl L@
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Repeated use of (2) implies
$
Byi(8) 2 oy @7, ¥e2le L

/ Since py;(t) + 1 as £ + 0, 3T such that pyi(8) > & for all

t <T. For t > 0, choose n large enough so that t/n < 7.  Then

(8 28, B> @t >0 L
Furthermore, “
" lim infpy, (s) > lim inf p., (™5 0.
e S e

Thegrem 3.7,1 . .

r . AL pys(e) dre continuous for t > 0.

" Proof:

< For x > 0 define

6'= lim"inf pyjlxts) 8'= lim sup. By (xre) . (3)
8 40 S

.Thexa exist positive sequences {sp}, {tp} converging to zero

- w‘ith D < ";n- s sfxch that

a‘- '1:: FU (x+s;) . e = ii,: Byy (whtn) 4)
Now, GO .
by pu(xﬂn).- Py (8p=tytt +x)
' 2 Py Bty Byjlegtn (5)

whence, uuigl? (1) and (4)




S
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a= :_.1: (x+sp) > :1:: Py ls-t) Pi5 (x+t ) (6)

=8 .
We infer that the limits B;;(x+) exist (Possibly infinite)
yx20. A similar arqgument shows that for x > 0, Pyj(x-) exists.
For x > 0, we have, by the semigroup property
Pij (x+s) > Py (s) Py (x)

whence . . . g A

Pyj (x4 2 pyy (0 e 4 (1.
Also, for x > 0, 0'< t < x, we have

ps(x) = Bgy (x+t=t)
> p“(t) pxj (x-t) .

Letting t » 8 we obtain

P4 (x-) < Pyy (x) < v- - (8)
For x>0, 0<t<s, s fixed, ve have e

By (xts) =py (xeg-tit)

2 By (s-6) By (ke

Letting t % 0, we have e " 4

Pygbers) 2 By (eT) byt FoE
since Dy4() > 1as £ + 03650 such tha‘t,pii(t) ».% for all
0 <t<&§., Then '
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Bygle) =i gy, (6) >

Together with (9) this implies

pij(x-f) oy, . ) (10)

Altogether we have from (7), (8), and (10)

0 5pyy ) Spy =0 LRy ce T L an

v

Cfor %2 0'as. e .as'these quantlt' s are Aefinéd. Sugha’ . . S

functlon has it most a. comtable set Oi‘ dlscont!.nult].es

(see e.q,_. sm(s‘ [1; P. 2611) Let D be tbe set where some |

pi:‘i_has a aiscontinu'if_‘y. Then' B Ls ‘countablel

" Given any t >-0. there ex:Lsts an’s such that 5

0<s<tands,€D. 1fs<';<sthen

pij(t-s)‘ =Py (t-s+s-¢)

= ,z‘ By lE=s) pyjls=e) . . Fry g O i

/
Hence by Fatou's lemma,
g .

Tim inf P, (t=c): > 3. lim inf p,. (t-s) B (5=¢)
0 MU TR T g i A

- = ]2< Py (£78). Py (8)

= pij(t) i

.i.e.'.ﬁij(é-) 2 Byyle) .
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+In vxeu “of (8) we have’ for au £> 0, that the p. "s are
. left ecntinuoua at t. . Coe A .

Mi\ma Dis mm-mcy. then the.re exists a £y € Dl

.

such that . ¢ '-0_

Pi:l(t +) > Pij ), - -

I:hen tor s> 0,

i um pij €,

UmE P;k(s) ? (l: 46)

e um pu(s; pij(t Yot u.m I pn(t Hlpm(s) 4

2 Py (8) iRy ey H) .+ un inf Epik(s) px](t *6)-- -
> pyyls) Pij (?9_*’ + kgx?ﬂ‘"‘s) ,lé“ﬁ-‘sf By; (€48

Pyy @ Py (e * T piple) By (g0 03y L

Bt Both B (8)

(13) we obtaln
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Proofs T, >

For s, t ¥ 0,. we hbf by Kingman's second -
inequality ¥ :

S - L .

p(s) P(t) < p(s+t) < pis) p(t) + 1 = p(s). -3

Subtracting plt) we get - .

P(s) P(£) - P(t) < p(s+t) - p(e) < p(s) pR) + L - p(s)-p(t),

whence :
W Tiep(e) f1mp(s)} <. p(stt) - p(E) < (1-p(s)) (L-p(t)). (&)
Since 0 < p(t) < 1,7(4) implies’

|p(s+ty - p(8)] < 1-p(s). - .J' ()

For'ty, t; e [0,=) witht, < t, put t = t,, 5§ = t,~t,. Then

45) becomes \

+ Ipte) - ple)] <1 - ple,-ty) . , R

Letting t,+t, and noting that p is standard we have that p is

uniformly ‘continuous. 7 -

3.4 Continuity of ami—p—fuﬁctions
Let p(t) ‘be a standard semi-p-function; i.e.
1mp(e) Wt S : ‘ (1)

Lemma 1: for t'> 0, p(t) > 0. ..




~. [
\
\ . ?
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Proof: .
- From Kingman's second inequality we have ) N t
p(s+t) > p(s) p(t) . ]
This implies that, for any n > 1,
t tn g .
@ p(t) =pm 32 >pE@" . 3 \
Since’p(t) » 1 as t + 0 we must have p(t) > 0 for all t < t,,
for some t, > 0. If we take n ’tE » we-have p(t) > 0.
J o' n
i
Lemma 2: » " .
plttusv) =p(t) p(utv) - plt+u) p(v) + p(t)p)p(v) > 0 (2)
T for all t, u, v 2 0. w e
Proof: ¥
From the Kingman F-inequalities established in
Chapter 1 we have; for N=3, I
Plts) = B(t1)p(Es=trl - p(t2)p(ts=ts) + P(E1)p(ta)p(E)) > 0 .
Putting’ ti=t, ta=t+4u, ts=t+u+v we have the lemma. e B8 W
Theorem: . ’ g qea , i
N A standard semi-p-function is continuous on 10,2):" e
Proof: . - iy o i S 1
. For t > 0 define A %
@ = lim inf p(t+s) , B = 1im sup p(E+w) ., . ke
* 540 sl wve0




{
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By properties of lim inf and lim sup ere ist positive

sequences {Sp)} and {u,} converging td zer ith 0 < uy < S

i n
i
such that
o = lim p(t+s) , B = Lim p(e+u ). (4)
iy e
By Kingman's second F-inequality we have
D(t+8,) = p(tHs -u +up)
; 2 plttug) plsgu) .
S1his implies, using (1) and:(4), that .
@ = lim p(t+s ) 3 Lim p(t+a ) p(s_-u )- - -
. e 2 e n) P(8p7ip) " 0 ,

“(5)

Hence p(t+) = lim p(t+s) ‘exists, and similarly so does p(t-) =
. 540 ’ . d :
. : = lim p(t-s), 0 < s < t.
s+0 . $

From p(t+s) > p(t) p(s), letting § » 0 we have immediately that

(6) "9 o

p(t+) > p(t).

Furthermgre, for t > 0, 0 < s < t we have
(4 :

p(t)

> p(t - s) p(s) . ¥




-37 -
Letting s + 0 we have .
I3 r
p(t=) < p(t) g = . o n
Altogether we have .
. 5

¥ P(t-) < P(E) < p(EH) 4 £> 0 . (8)

Notice that p(0+) = p(0).= 1.by (1).
Since p has left- and righthand limits everywhere,

its discontinuity set : . B

D= {tiplt) <p®)} . 4. . 5

- is at most countable (see SAKS {I; p. 261]). Considér now

Kingman's 3@ F-inequality -

Bt+ury) = p(t+u)p(v) + p(E)p(WIP(V), > P(E)P(uty) .

Letting v + 0 we have
plt+u+) - p(t+u) + p(t)p(u) > plt)plut) ,

which can be rewritten as

p(t+u+) - p(t+u) > p(t) {p(u+) - p(w)} . 9

Since D is countable we may choose t sueh that t + u ¢ D.

'i‘hen (9) becomes . .
0 > p(t) {plu+y - p} .

By lemma (1) p(t) > .0, so

o

plut) =p(u) < = .




i -
Now write s = 4 + v; fix s and let v + 0. Then (2) andr (10)
give. : )

plt+s) - p(t)p(s) - p(t+s=) > p(t)p(s-) ,
which can be ’rewxicr,'en as

p(t+s) - p(t+s-) > p(t) {p(s) - ps-)}
By arguments similar to those above we must have
) pls) = p(s-) (11)
Combining (10 ana (11), we have the theorem.
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CHAPTER 4

ifferentiability at t - )
This ‘chapch examines the question of (right- .

hand) differentiability at the special point t=0. 1In all

(standard) cases it is shown that these derivatives do

exist even though they !‘nay possibly be infinite. The

diagonal case (including p-functions and semi-p-functions)

hinges upon a result [4.1 Theorem 1] of Hille and Phillips [7] ° .
| in subaddifive function theory. _This. case is dealt with in

Theorem 4.2.1 and Theorem 4.3.1: The (denumerable) off--

alagonal situation defied the efforts of probabilists for

a couple of decades.  For a stochastic matrix, Mbeblin [51

proved the. result in the finite-dimensional case. Doob [4]

extended this result to the (denumerably) infinite-dimensional .

‘case, under the hypothesis that P, '(0+) was finite: Finally

Kolm 1173 the le but technical

proof given in Theorem 4.2.2.




defined on (0,=) !atlsfyxng

=40 -

.
= 4
4.1 A property of subadditive functions
Defini'tion: -
A furiction £ defined on a set T is called subadditive

if £(t1+ta) < £(t1) + £(t2), Vty, ta, titty € T.

Theorem

- If f(t) is’ l finite-valued iubmidl.tive fum:tlon

umf(c)-é ; et gl e LAy
£40 C 4. A 3

and if B = sup (t)

o

then 2
Tim —
€40 J_L it 2
Proof: -2 s s ]
Clearly B > == - 2 -
If B < = there exists an s and'c > 0 such that £ls) 5 B-c.

For each t write s=nt+é where n is 3 positive integex ad

0 <38 <t. .Then s ; . .
., Al
_. o E(8) | £(nt+8) s
Bog sy A T ?

- DE(t) +£(8)
A |
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as €+ 0, 2o 1and £(8) ~ 0 by (1). z .

Hence £ P

osy t £(t) £(8) *
B-¢ < lim inf (BE LB , L(0),
“tvoe- t 8 8

Clim
~ 0

If B.= =, for any large M there exists.an s s,t.M <.
: T 7 : .

ilar argument to the above will show

Mi‘lim inf “:) < lim sup f—(t—t)-= m
t v o t+0

Letting M £énd to infinity we find
PTG
40 .

- Hefice, the theorem is established.
s a ‘

4.2 Transition matrices. '

Theorem 1}

‘I£ P(t) is a standard: transition matrix,.then for




. S0

& ip =

each-i, the limit

. i Puale"? ”
Py (04) = :-:r; t—/

exists, but may be infinite.

(1)

Proof: i .
We know from theorem' 3.2.1 that p“(t) > 0 for all t.
S . .
¥(E) = -logpi(8) .50, @

From the Chapman - Koliogorov equation we have
Py (t4s) > py3 (s) pyylt) . >
From this we conclude the subadditive property of y:
Vis+t) < V(s) + y(t) . ; 8 3)

Put 'q; = sup LUEL. then applying theorem 4.1,
€0

q =1M. o : ).
1k

We notice 0 < q; < .

Now Taylor's. theorem g'iye's

=2

log (1-x) = -x. - 5 (—1—}— . ﬁhege E is between 0 and x.

B T ot 2t s B

“log(1-(i-py; () 1epy; (£) R )2 A5




tas =
1-£ between 1 and p,, (&) .

We have

-log py;(t)  1-py, (£). 1-p,, (t)
i o ZE0 L 5 BB
t t 2

Letting t + 0 and noting £ + 0 we have

1im _ 209 Py (B) o lim MRg(8)
LEH0 " 2 e

Hence, the limits' (1) ekxist in [-=,0].

Theorem 2: - -

If P(t) is a standard transition matrix, then for
each izj, pij' (0+) exists and 0. < pu‘(o-r) < @,
Proof:

The Chapman-Filmogorov equation can be written in

matrix form as

P(stt) = B(s) P(t)~ C)

Repeated use of (6) gives . _

Pms) = B(s)® e o
therefore
p'.ij(n_ﬁ) =: 1I=. ...En_l p‘ik*(s) Piyx, (8) o0 Py 3(8)  (f)

" Group these terms according to the f£irst occurrence of 3.

-n




-
P,’ = pij(s),
Bw kzj Piy () By ()
P =

1
o, B RS PR

Then (8) becomes.

&

R i
P4 (ng) = mg‘;:?"“gjjf(n-.m)sl .

From (8) we have

piims) = [ .o §opy (e

cee By (8) -
X Koy ke,

Let .Q be the set of terms of above sum in which j does not occur.

Then - X s . . " ! .
A noi P
py; (ms) = Q-+ 1 Pvpjij (m-v)s] . . 3 (B)
var g
Fur . fxg,m’ the definition of ?, and g ve have
m 2 Ot Pyg (s E )

Given €>0,3 T such that Py (t) > l-e, P.s(t) > 1-e, Yte[0,T]..
33

Hence, since £ pik(t) 1, for k*i we have
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Pyylt) =1 - le Py (8)
$A = p“(t)
<e VE < T, Vkei.
similarly, we have
?jx“"’ < eVt < T, Vkej.

" Ni.w, conuidex-_hny s > o vit.h ns < T.

H : n
From (A), p. j(ns) 3 (1-:) ‘2 By = (1-e) B, sy, here

P= ):
o ;. pyylns) S
which -nnpues P2l — <
f 1-e 3

Using (B) / we have (for m < n),

St o sl 4,
By (ms) <0 +ew{=1 2y .

o
2 e T

=.:1[% @=1,2;.../n-1).

)




.

o

consmer any t (f;xeﬂ for naw) in [0 TL anﬂ pu\‘: = nB > (7, -
where 0 < 10i<

: . Then. ":

pyj(8) piji(.n‘s + c)»

'p,u(u) p (nS) L

iz_r-:) Py (s); e : N

.5(1—_»:) n ¢

= nu 3e4sen) pij (s) '(: -

Th s 1mpl).es that




Gl N e Ty 7 TR S
So iim? 31" exists.and is finite:. -
. 40 B o

. This establishies the.theorer,

* “gemigroups’of positivé matricest,




exists, but may be infinite.

Proof:
We know that p 4 (t) > 0,¥t, and tHe semi-group

property tells us that!
(Mt) 2 By (8) p“(t) s

Pij

Using the transformation y(t)

<" ‘Additive property of . The proof of the existence’ of the
limits (2)- follows as in theorem 4.2.1. °

Theorem 2: . ' 7 - ke

Let’ Pm be b in-EHeoren T; Then for l.x‘? the

derivatives pi ' (04) exists in [0;%).

Proof:
An examination of theorem 4 reveals that the Markovian

property of P(t) was wised in equation (9 only to establish
Pylt) < & - .
v " In this more general case, fix ixj. Given 0 < ¢ < k,
we tan determine § > 0 (because P(t) is standard), stuch that
Py () 2 17, Py (e) > 1-e, Py (€) '€ and’py (k) < . The

. - proof of thesrerf'2 is now exactly similar o the proof of the

corresponding thedrem for transition matrices:

_pix(t)' 3) beQDmes the sub- W e




s TR -y
Tet p(t) be a standard (semi)“p-function. Then * '
p' (0+) exists in [-=,0]. l

s i
Proof: N

From lemma 1, section 3.4 we know that p(t) > 0,

. for t > 0. Kingman's 2nd-brder ‘F-inéquality implies .

“p(stt) > pls) plE) . - [EI0

Using the’transformation ° -

V) = -p(e) : L@
we' get the subadditive property

Blste) < uls) 4 Ulmy | :
Hence theorem 4.1.1 and the techniques of-theorem 4.2.1 may

be used to establish the theorem. -
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CHAPTER 5

Differentiability at t > 0
This chapter is concerned with the compliex
Py

question of the existence of derivatives for t > 0. In
the Markov case, several proofs of the existence of a
continuous pij'(t) were given (Austin [1]<,vchung 21,
Yu’ceqic [2_3])‘ under the hyp’ggheﬂs ?f»a finlte‘ pii' (0+) .
Ornstein’ [19] first proved the-résult for transition

matrices withoyt any restrictions.: To gurkat [10] is

due. the | rémakible obseryation that, the assumpticn af !

stochastlclty is not needed. ' We set out in _detail this -

tour de fozce of. Jurkat ip Theorem5.1.1. - we include
als a number of inferesting corollaries of Jurkat's
results. - A beautiful example of Yuskevic [231;. [18] is
given which dispels the possibility that second derivatives
necessarily exist even in the Markov case. &

Paragraph 2 sp‘élls‘but Kingman's'work on_the

corresponding situation for p-functions. Tt shows that

.p'(t) exists except possibly on a null set. ~An example,

Kingman [15], of a p-function which is not everywhere-

differentiable is'includéd)’ = o

That \jemi-p-functions.are also differentiable

almost everywhere tirns on an astonishing result of Kingman

'[161 which we detail in Theorem 5.3.1. -It is'shown that.
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over any finite interval [0,T] a ‘standard semi-p-function

can be expressed as the product of an exponential and a

standard p-function.




2 ey

o
i

of positive matrice

Theorem:
4l.et P(t) be a i of i satisfying -
Lim B(t) = I.= P(0): i.e. Lin-p; 5(E0=5 5 v1 3 8. [$3)
‘€20 4

Then for each i, 30y j(:y ‘has'a continuous derivative at

edch t > 0. : & % . -

Proof: - o 7 " ~
Step 1. 8 . =
By (1) we may choose small >0 (to be fixed later)

and T;>0 such that ot LS

loe < pj;(t) < Me , 0 <t m. - ‘ )

‘Fix iando > 0and define -

£, = DR T Phl},z(al--.ghﬂ_lila)l w1 (3 :
il ;

Note that'f; is -just py; (a).,

Write P for p;;(na).. Then it follows from the semi-group

property and (1) above that .

n E .
Bo=ly Pim mzz Prim fm,. (n21) . ) o (4),

p L A
*

I d n o
Also define g, =1, g, = 1] £ (n20),
1




3
5

¢

SR

Note that the g,'s are non-decreasing but may assume negative

values. Then we have g -g ;= -f . Substituting into (4)

we get
XE‘

B W (9"9n-1) Pp-g

n Ly -1 Faem

or .
n-1

Ly Fam I "L L Pty

(since gg=1)1 (6)
m= m=0. )

' This means .that the sum (6) does.not depend gn' the value of

B e .
nl Since.g p, = 1 wé have theréfore - S

)

n

B ¥ e e

n " 4 nen m
N

* Now consider suffices m, n, ..., ranging up fo at most

N; with Ne<T;. From (7) we have

n+l - n
Bnyg * m,zl Pntlom On) T Bn * m£1 Poem In) = 0
or

n
Ppay T Bp) * 9pyg ¥ mzl ®rt1om * Ppim) Im = 0.,

K CoN-1
Define V- = ngo [Py = Pyl+ - Then from (8)




I£9, > 0, so is g,

i

N-1 . N-1 n
vE nzo logal + nzu nzl IPis1m = Pocnl boal

N N-1 N-1 P
= L delw Todsal (5 lenyig - #apl

i

. ' ) ,
< Zl lggl @+ v (9 -

y N .l
Now we estimate | g
e s, e

13,0 for'm <'n; then from '(7) and (2) we
‘get” -
n . Yoy
D ormn it
which implies
- i

e>2"'J P __g

= p=1 ACmOm

’ )
> (i-e) I
- m=1 "

*so . / .

n
3 5 ¢
o ST A e 20 . e (10)
. N e . LI " ¥ . r . )
1f g, < 0, take n, < n so that'gy > 0 if 'S n; and g < O for'.

m>ng. By (10)




7 3
3 255 -
i g
5 % gy < €/1-c. . C (11)
im=1
Furthermore, since from (7) '\ :
no n o
SR LS JLees
then o

P ~9m) = Ppolok ); Pn-m gm

: e 2
Sermegfade

b 3 '
B _n(mgg) > (1-e) =gy - \
m=n+1 * T o) 2 mengl . .

"This implies

i
2¢ P

Fnibl (~gp). < [ToeyT - 12)
o 5 Y >

Combining (10) and (12) we get

fotsal =% wr 1
g = 9 gk (~g) 3 *(13)
™ m=L ™ menbl : X
< 3e-¢?
=t -n:—rr e 0, say.
Now fix. e = 1/5, then 0 = 7/8.- We note, from (9), that if
: & <
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N :
% I lg.] <8 <1, then V < 8/1-6. 1In our case we have
=1 .

= 7/8 which implies

N-1
v= ia Ipg; (n+l)a - pyy (na)| < 7 provided Na < T, where

- 4/5 < py;(€) < 6/5 on [0,T;]. Since py, (t) is continuous, .

we m.ay conclude thnt

e B ar] p“_ R 4/5 < pii(t) < /5 on fo,yle - Jaet b T
[o.r a

Step 2 .
: _Let j#i and try to estimate var Pyy- ) 'peiine

- Pin (@ By p (@) .. Phgys@) (@31 (15)
= ""En-l"‘ ihy by Phn-13 =

taking ‘a; to be pﬁ(uﬁ. Then; as before,

: n . :
' . ; p;jlna) = IZI py; (W) a. (16)

A

Assuming we -uy in (0,741, (16) implies

n
1 By (ae)/lme. (17)
2 pyy

1 =i *m

Also 2 e

i & n#l - . ah 2 s d
pij-(nTI @) = pyylna)= w21 p;; (AFI-W a) g, - mzi By (nm a) ay

&

: n o gl £
=an t m£1 {py; (BFIM @) - pjj (R @)} ay.
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Defining V as in Step 1 we arrive at

w1
= 1 Ipyy (—fa)—pij(m)l< {a(1+v). (18)
n=0
Setting € = 1/5, using (17) and the bound V < 7 from (14), we
have - :
var’ p“ 210 by (6) for G ey, Vi (29)

10, €] . . )

[Note; (19) also holds for j=I since-10 By > 4/5 (10577,

" Now the transposed matrix P* also is a lamiqxoup of posltxve

matrices, so we can 'deduce

py; < 10 p”(‘c)’fozoiti'ri. vi. (19"

. var

Lo,t]
We may extend (19) and (19') to any interval [z, r+t] of length
t <7, as follows: ’

Py (x4d) = E By (®) Py (@)

(54571 @) - pyj(rna) = 'z"(pm(m @) = Py o) ey (=)

N-1 "y N-1 L i
Zo ]p1j (r+n+1 a). - pj_j(t+nﬂ)| < nZD ]{‘ 'Pik(“” @) - p“{(na;)]p’k.j () b
F N i 4

° N-1' 7 .
- E nzo [Byj OFT o= pyy (no) | By (x)

< ]/ var iy pyg () i
/k [0,t] . ‘ i




= gg=
<10 Py (E)Pyy (®)

= 10 Pij (r+t) » -

taking Na=t as before. = bt

Hence, we have

var pi.< 10 pyilitt) € Ty N (20)

(£rie) B 13° B i_ 3 p

L vaEp 610 pa(rre) 5ok €T 5 W (20")
tr,ree) - 35U T3 o B Ry .

Step 3:.

- Fix i, j,andlet't='r“-min ('ti.!‘).

Considax the Lnterval [0,S] where S = q‘l‘, q an ince:qer 2 : o

'uns interval can be written as

9-1 i
10,51 = v -[xT, TFIT] .
r=0 =

Applying (20) and (20') to each subinterval [rT, T+I T] we

get
var .p., < 10 Piy(sT) , for all k s e
10781 X .szl i - x s 2
and
var - By < 10_‘5 Prs (8'D) , for all k.. ‘(22)
f kj-.a,,l 5 afgEEbEL . Y




“—which implies’

' Both (25) and (26) hﬂPly, since t was an zurhitx:azy e —

s " H
i
* 89 = 3 - i
So
) ' cjaed [ oegen
var p "+ var p <] (10 ] p,(sTI(10]  pi(s'm i
kro,s1 K qo,s1 M Tk eny ik RN ’y
9 q . ¥
= (s s
100 .51 SLI )Z( Py (sT) Py (s'T)
& 4 g o :
i 1oo 1 L1 pys (S¥8T T)= C<w, - (23)
s=1s'=1 S - b
vhgxacdepands omi,. 3,uuss. R T $ Setdg
Now, for t < (0,51, ve have
[:ul pikz ]pu(t) - p“‘((l)l e X )]

But p“(o) = 8ji from (1). 'If izk. (m becanes .umply .

Py k) < var p < . it 25y
Pik s ik . -
‘If itk, we have

varP > Py (8). = 1
Fyratetd ik

ol i34

Py (t) < 14 var. p,. - 3 - ey
e R UCH 3% -

S ~

of !D,B]' that =

sup P(t)(ﬂ 4ovar puy .- A B A
tef0,s) ik Deo; s) ik 3 - 3




80" it follbus' from .(19), (23), and

sup. py, () + ‘vai py
b 7555, Pik Ciires M

. i(d.+vax‘p)varpA
E" to,s1 to,51 %3

,m[a,]

[Qm(x-v-h) - Dm(x)

1
- ‘for- almost’ all X e [a,b].
7 prBof:
.. .. since .J..var

m [a;b

[o,s].
s T var g var pi. and hence,. by (28)
o k kj - s 4
= “ [o.s] i B
- ) 5 "y .
Z{ var . Q Pps <
K (os) x ‘k’
W . We now need: the- follow;ng 1emma
V-Lemmal. S ¥
i 5 :
~f £ { var. Qm <. hu!.ds then foie

(27) that

‘k © sup: pikaml Q)= ck pkj(x)- We.l'?'av.e; i




* variation for each m.-zm it isvell M (sée, fnr exnpl,e,
'rncmnsn [1: p. 355]) that Q‘ cuqba vru:ten as .
omm s Qmm =B (x) oy G :

This"inplies that-both [P, (¥) and [N, (x) ¢onverge for all
= m * ot -

xcla,b]. “Furthernore both 2 (x) and N, (k) aré bounded no

decreasing’ fu'mump_ of 'x. ~Putting B (x) = 1P, ()
st i Ei3d - L m

N(x) = ZIE(x) we luve, by




-

.62 =

In other words

. : (S (X = Gy 00),
m h s

Q)| +0 as h=+o.

7
Thus the lemma is proven.

From (29) we see that

Q (x) = .aup P. ‘(s) Py (%)
k se[0;5] 1K k3

_satisfies the hypocheus ‘of the 1emn\a.

We' may coriclude thaf there, Ls a nuu set N(i j.ql such’that,

for x¢ N(i,j,q), x e [0, S], all ij ' (x) (k varying, j fixed)

exist, and
P (x+h) = py s (x) i .
7 . sup pik(u) l—ki——l‘i—- ' ()[40 as nvo. (30)
K se(0, 8]
. <
In particular, EC

(x+h) = Py ()

Zp (s )[—"J—r]—— Pyy (0170 as hio 5

. for each se[0,S]. - 3 . (31)

gl
Also, we have

Geth) = py s ()
[Epik(s) {—*3——&—— B (i}

. p (x+h)—p @ 5 B B, W
< )Z‘ Pk (s)] —kj—TkJ— S ey ] (33)"




and uniformly in s, by (30), for each se[0,S]. Finally, for
5¢[0,51, we have.
; d Ipi (s#x+h) - pyj(s+x)

p %
z . = - ){‘ pikfs) Py (x)|

: Epik(s_) Py () - ]I‘pik(s) Py (x)

= o épik(s)pkj(x)l
' By (e =y (6 .
= [Qpik(s) {—“3————31‘—— pj Wi R

. Py (x#h) = py )
s P ) I—"j————"j By’ ()| ‘
which tends f_o ‘0 as Ino;

L X that is 3

= p*(s+x) exists and equals | By (s) By (),

x N J .
‘where n" is the upper Dini derivate. But by (32) the series ¢

Z pu(s) Py ;' (x) corverges uniformly in s¢[0,5]; hence it:is

- continuous. - By a-theorem of ‘Dini (see e.g. SAKS [x, o 20a1)

(s+x) exllts. 'We have, thetefore, for se[0,S], x £°N{i,3,q)

e ot

- 12 pij'(sm =] pyyler Bl - ; BNEE)

, " We may now enlarge the exceptional set, to I .3
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N= u N,
130 W

We have therefore proved the following: there is a null set

N such that, fox t > '0, and for all Pyjr pij' (t) exists for
t & N. Foranys20 and £ § N, pyy'(stt) exists and equals

E iy (s) Byy' (t). This latter series, for fixed t ¢ N,

convergés absolutely and unifomly for s on any finite
interval [0,8]. To complete ‘the pzcof We need only shcw N

is aﬁpty'. To do’ this) we check that the differential equation
yAE) 'y (ste) = E.pik(s) 3 (t'). g

\, x =, =
"knéwn to exist for s > 0, t ¢ N, holds for s>0 and all -£>0.

For $>0, t>0, choose t'<t, t'¢N.. Then

pijis.ﬂ:) Pyj ‘(EW-.T" #ul) )

é"ik‘s*t“ ) pkj'(F') sl 5 - )
= Z(Fp“(a) By (et By Y

2 Pu(s) (2 P,_k(t-t') By (E1)
='Zl'pi,__(s) Pi3' It—-ucfﬂ:') g

7 'E Piy(S) Py

(£

where the: interchange of summation is justified by the absolute

convergence of ‘thé serids:”: Since.t >.0 was, arbitrary, N is.
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empty. By-(32) we have that pyj'(t) is continuous. End of
»px:eof_. L (

-
= Corollary 1:

The generalized Kolmogorov equations hold.

ie.

p'ij'(ut) - E Py (8) P'yy(8), 820, E50. ' (34)
adis s v v L, .
y ‘p"\‘m'(ﬁ*’” - E B4 (s) By (£) a>6, t20. (35)
“Proof: \'

" .
We have already established (34). Applying the 3 3

theorem.to the transposed matrix gives (35).

Corollary 2: .

If P(t) = pi}(t):is a transition matrix, than for '
€20, py5'(t) exists and is éontinuuus. Note: Although we have
shown only that the p;4's have bounded variation, the continuity

"of the derivatives imply that the pyy's are absolutely, i

(See i.e. TII p 368).. - >

Corollary:3: = .
B

. Woa
5 Py 4 (t), is absolutely continuous @
* interval [a,bl, a0, b>0.
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TR

Proof:
I£ a>0 then ;' (t) exists and is finite for all
s :
te(d,b]. Since pij' (t) is.continuoug throughout [a,b] it is
bounded there. Hence (see e.g. TITCHMARSH [1; B. 368]) By (8)
is absolutely continuous. '

If a=0, p;;'(04) may be infinite. We note that

’p”,(c) has bounded variation on [0,s] for any §>0. ‘Then

P;;"(t) is equivalent in [a,b] to a summable function (see

e-g. KESTELWAN [1; p. 188]). ‘But Byj(t) 15 continvous -

" throughout [0,S] and pj’ (t) exists and is finite everywhere.

-except possibly. at £=0. From. this we may conclude (see'e.g.
KESTELMAN[1; -p. '183]) that i

s . “
IU Pyj'(t) dt = Pyy(8) - p35(0), (36)

which of course means that Pij‘(t) is absolutely continuous

on [0,8]. i .
By a knows theorem (see e.g. HOBSON [1, p. 6051)
it follows that %

3 = ]‘o Ipj5" ) ]ae < =. ‘o a7

var p,
O<tcs ©

Now, for-t'>0 -

t 8’ ‘ .
[ it fﬂjpm (s)las - Iny © A

U . -
B var (s). « Ippyt(e)] at
o3 o pmtn < Tray' @1 0




s =67 <

,

] e :
= p (s) f Ip_.'(t) at s
5 0<s: <a' E o ™
= var p,_(s) var p . (t) < @
¢ E\ 0<scs! M osteer ™

‘where the interchange of the integral and summation signs is
allowed by the monotone convergence theorem and the finiteness

of the last series follows from (23). We have, thexe_fura
t t .
f. q [ By’ (8 _,!da . Ip ng(€)) at < . G

But the integrand is poutive 50 it must be finite for almost

all £0; i.e. for all i, j, s'>0, and for alimost all t>0 we
have '

s
qu [Pipn ') |as Ippy" (81] < =, 4 (39)
m

and hence

Pyy'(s'4t) - pystie) = .Il Pin(s!) pos'(8) - ;' (8)

=£ (Pin(s") = Py (0)) p!nj'(t)

ge -
i " -E] J’O Pin(s) ds - Pj (t) =

'-f Zp '(8) Byitie) ds (40)

where the last inta:c.hanqs is allowed by.Lebesque's Dominated’
Convergence Theoren (the dyminating Function is g(s) =

E 1Bsn" () | Ipys* (6] vhich'1d h;tfgxable by G,




- for'all i) and Q gives rise to a minimal process [1] P(t). =

LByl <1 satisfyigqa'

P
8
i N = =
i 68
14 “
t
Vo Hence, from: (40) we have
-
i Pyy"(s'4t) = Z Pip'(s') Py (t) (almost all pairs s "0
p and the series is' absolutely convergent for those pairs. We
have proved that there is a /full set N such that pyy" (x)
exists for r>0, réN.
i The following example (due to Yaskevitch [14]
shows that the eéxceptionai.set N'need not. be empty. e
¥ Example: * o
| There exists-a Markov.chain with transition matfix
1 e 0
P suchi-that p;y (t} does not have a finite second dérivative
'3 - ~ [ e ]
1 ¢ for some t>0. ¢
i Index the states of a countable state space ‘as
N \
£ follows:
; 0,1; and (n,k), (kel,...,n); (n=1,2,...). Define"
. a matrix Q = (g, ) as follows: : &
; .
i g = -1 d \ :
3 row ‘ ST
i *, > 4 =al, »
7 Qo(d, 1) n n£1
E . B
. R E P SIS 23 )
i g , ;=m-1,
n,n) .2
7 tnrm) ‘ :
o Uk (w - TN e .
all other g ;'s are'zero. All states all stable (ile. gj {5




Consider P! (t)\='Qp(t). Taking Laplacé transforms of both . - i

“sides we get .

£>0; i.e. I is an abosrbing state. Let i = (n,1),-j=1.

13 -
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P'(t) = QP(t) = P(t)Q, t>0.

Consider the Laplace transform [18] * i

RN = J M pre) at, w0,
0 %

"'It is easy to shqw that

R(N > 0; AR(N « I <1, :
and

RED = RO + (A-w R(A) R(W) = 0.

R -T=or(. & .

2 S v *
From this equation we can get expressions for'r,y ). For

N t
example, let i=1, j=I. Then 3

AE 00 =1 s 12( Gy Eiy )+

But qu=0 for all k. .So . : b
AL ) - 1=T0

from which' we imply r;1(A) = 1/)-and this implies pii(t) =1,

Lm0

0,130
On, 10, 0,07 m,0,1 N F9m, 2w,z AN
22 ) :

: ? pemteellmg i e gy, 1 () }
or ~ y 4 - T4
; 1

3

Gnml) T 5y a0 = (LR gy 3 ().




e R

§ o

= F0)

Similarly we can .sclve for r(ﬂlk"):l(“ (1<k<n) to get

4ns1  n-1 _ ¢
GT . Tmua® =Tumy, 1.
But ki . !

k(n,nhm = E 9(n,n) ,x Tk,1 M)

9@, e T, 1M 9q,n,1F
) = smDzg o (0 #* (am1)/A
Finally we obtain 4
g (-1)?
r M) .= 5 .
@1, Tivemapn-

i )
Taking inverse Laplace'transforms we get

o -1® (% ~(n-1)s_n-1
Pn,1),1% = @D Ioe s

whish is I(n, 1/n-1). {We now show that py)(t) has an infinite

. second dérivative for t=1.

L | -
Plop (8 = [ Py (0= 19, pp 3,1 (8) = oy (®) -
g ? n
. - )
So . S e :

Poy ' (E#8)=pg; ' (£) = (py; (£#8)=p(s))
s s

s ”
t+s
L (n-n? - (n-1)p, n-1
laystenT |, - © L
n ] i & &
Taking lim inf and using Fatou's lemma we get:
8+ 0 co " kL
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Pol' (t*s)-pu-‘ (t)
s

(a-1)"

lim inf “Ppy'(t) + ) a 1
s+ 0 = Fol g n (-7

i st r“ - Dige Y 4, &
t

¢
=-p,,'(t) +] a
01 £ % !

We conclude by showing that- for t=1 the -series deverges to o.

" Rewriting we get

: yn=ly- (n=1)
" (n-1) ‘¢ 2, =l 1-t n-1_
8 iy S it

Now tel™t increases from G to'l as t increases from 0 o'l and
decreases to'0 as to increases from 1 to =. Using Stirling's

formula we see that fn(l) +®asn+o, fn(t) +0asn~+=,

t = 1. There exists a sequence {m) + = such that £, (1) >'2K

(k=1,2,...). Define
~k
e
if n=n
We have [ a_ = 1but p,"(1) > | 1=e.
= n 01 el

5.2 Differentiability of p-functions

Theorem 5.2:1 = .
o Let p(£) be a standard p-function (Ehen p is of

bounded variation in evex:y finn;e interval, and is thus

ai; able almost ywh in >0,

n-1? _-(n-1)¢n-1

eigash e
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Proof:
We carry out the proof in two stages.

1: Let {u) be any renewal sequence and consider the

n

generating function u(z) - 2 u z”. Then it is well knm-m
n=0

[12], that for |z| <1

u(z) = 1 +.u{z) F(z)

where . ¢
E(z) = E fn z", £ 10, 3(1‘) <3y

Fix X in 0 < X <.1 and writs, for any power series

Alz) = %’ * Az ayetir

1all = [ lagIA™ i which may be .
n=0

Then clearly, for any: two power series A and B, we have
1A +BIL < 1Al & HiBIL.

ana
1A =8l < [[a[f]l8]]"

where AB is the usual Cauchy produdt of series.’ Rence

(writing §_j=0).

\ -
i ‘}20 V“n'“.n—ll"
= H(l—z)u(er‘

=145 “"’ Il (grom (1) "+

-

@y

(3)

(4)
7




= 73

= [ld- ﬂzr’—.‘—’)"u. -
Now, if A = (1-B)”%, -then
= 1428 and so, from (3) and (1

[all < vHallT]8]]

Loer "
IIAIIU-IIBH) <1
* In the event that’ |]‘EH<1, then
i 11
||BH =ITRIT
: nence, s0 lang Ao s “ C
ms 1|f'(21-1|] € 1L,
we 'mu‘sc Have N R
vevamw, g ! J oy
: =2 . L o
Now write £, = 1-F(1) =1~ ] £
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in (5) we have "
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= y(e) , say.

" since 0.p(t) < 1'for’all t we have
. . - 1

By =g L, pw) e®ae . L Tag

" Furthermote, 'since lim p(£) = 1, for given €50, theré exists
; ) R : ot A g ZE §

6>0 such that p(t) > 1= for 0 <'t < §, This implies that,

L] -. for e>0. ¥ K _ "’. .

Cm =6 r “pee) 0
" o -

\

. g Ew ool
2o pw ey
o .

ot

(6 W San
_>_e-f (1-¢) % at
0%y L h

. = (1-e) (1-e7%), ol

Heénce: . . B e

“Lim 4nf $(t) > 1-
T s
el

v L
was: arbitxaty, .we get’




su: (10) i-pua- that ¢ : )

lm sup y(t) < IP .(13)

-and from (12) and (13) we fxnally deduce bhat R
0t

_lj.merp(t)e [ B EERRO ¢ 1 3

Nw fix 6 such that \l'(ﬁ) 2, 3/4. .Since 11.m ‘JI(B h) = \ll(s),:

we ‘can find uome poni!:lve‘ b such thut w(e h) 5 2/3 for all o
~h <b then (S) ‘shows thut, for ‘a certain value of 8> 0,
_andall 0 <h.<b,~

L leam < EGET w] e R NN = "ag)
250 2 :

Now 18t a be any zositive number . ‘ Then, from (15) 1t

: follws that, for all N > n/b

|g P(n%la)[g—g:g'_(_z, RN - 7 7

n=0

for n.< N:

i SB, from (_19) ‘we obtz;in
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(unifofmly) continuous in (0,a), it follows that p is of ..

bounded variation in (0,a).  Since a was arbitrary, the proof ‘-

We complete this section by qwing an example nf a
p—function which xs not diffe entiable everywhere.

conaxdex mdependent random vauables xl, gy we

d:.stx::.bu;:!s ‘as follow

P(Xn:x) = A(x) 1f n'is ‘odd, .

= B(x) 1f nis even. "

‘Putsg=0 S-Xx+...+x,(n>l‘)

negine-% process. (z(t); t > 0) by

T(E) =1

(B ® £ Sanagl *

/ fote) =0 152n+1 S Spnen) o

(for n=0 1 2y

Stch a process, which takes Values 1 and 0 auernacely ‘on

Lntervals of randen\ length is calied an alt_e_znat:.ng renewal

s process and is m genera;l, Ot “a regenerative phenomenon. :

£ e write p(b) < P(2(8 =1 then

p(t) = I P(8,, <.t <8
L heg . 2

zn+1) BN e mp BF° T

@ i
"Zn'(v(s_:2 « t) L n+1
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qunntitieu are positiva) by manotone convergence.
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i r ptye % tat =

2 L (7520 - p(eS2ntl)). (20)
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then

© E(e™52n) = E(e™(XL * X2 ¥ vt Xop))

.

(by independence)
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rp(t) e gy w1 { ln(e) &0 o)L 8™
0

-1 G-y o, .
B =) 1)

. since the se:ies in (22) is geometric. "

" New let A be the neqative axponential distribntion.

A = 1", (x20, ‘@>0), ; (23)

. and. suppose that, for some T>0, zm = 1 analst y bs uze

x.nteqex Syp € T < s'mu‘ )
-

PlSyep; — T 2 t‘]:m =, 1)—17(x2mx > T +.t-5, |in=ﬁf Son) -
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In other wora$, Sy - T has the same negative exponential

distribution, and so the process Z(T+t, £>0) has the.same . X
structure as ‘z(t). By theorem 1.3.1, Z is.a regeherative 8, ]
phefomenon with p-function p.: « L B
‘ since p(t) = Bz =
e R Z p(s “““Szm—l’
2 R(s, cEs ) g 8 ] |

g _ W,
By 20 ;

which implies lim p(t) > I; that is, p(t) is a standard p~ .
t40 - ‘

fuhction. So p.is continucus and hence uniquely determined

by its Laplace transform.. From (20) we have~

a(8) = a(a+)

50, with A(x) the negative exponential given in (23), (22)

takes the fum

b ot gl (Lo P i Rt e, o Bl 3
I P‘”e f“ TRy § o e Rl oY B

="e 1 (afare)Thy s ; :
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{ frmn ‘dlagonal elements uf a standard Matkov chain.

.
- g2 -
¢

Expanding the right hand side of (24) in a series we get

as(e)"”
020 (a+6) 7L

which is the Laplace transform of

t o
bl = { fu i, {a(:—y)) a B, ()

whare B, is’the n—fold Stleltjes convoiut.inn of B’ wlth & self

and - N . o

~x .0
SO T
l'["(x) = T s

From (25) we see that by varying B we may construct, many p-

functions. For our purpose let us consider the case where

B is degenerate, at the'point b, say. That is, take

Bx) =0, x<b . : 26) i
(x) x\.t 2 ) : : ,( ) )
=1,x>b . LR Ty !

Then an easy calculatmn shaws that (25) becmnes

\[t¢bl %, S E Y %Y
p(t; = “ﬁ (a(t—. nb)}. _. 3 v (27)
At th! point é b, the funétion has :iqht: and left. dm:waeives -

-ab" -ab'

-'D+p(h)——ae: b, F('b)—-ae e 'v,(za)

5 we noted in Chnpte; 1 that many p-functlons arise”

B\x the
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the function (37) from being of the form P, (t) for any chain.

5.8  Semi-p-functions R . {

Theoxem 5.3.1

E . 1f p is a standard semi-p-: function, and 0 < ti< @, . H
.thep *there exists a nimber A and ‘a'p-function §'such that

5 (0ctsm. Py 8 ) ATyt 4

KIS 140)
proof: K - e .
Consider the set E = [t20; Tp(t) = (t-T)p(2m}.
Since p is continuous, E is closed. E is noh-empty ‘'since
zamz. Purthequ'e, sincé p(t) > .0, then t¢E implies.!
(t—T)p—ZT 57 0; 'i.e. £ > 7. Henge E'c (Py»). Lef S denote 4

3 .. the qreatgst lowerbound of E..- ﬁe have, since E is closed,

SeE. Also, since T¢E but 2T¢E, then'T < § < 2r.

i

Consider the continuous funution

% SE(t).= T p(t) —-(e=T) p(ZT).

since §'=-g-1-b'E thén £ is non~zero"on [0,51, But f.is’
non-zero on [o,7]. It follaws fx'um the Intemedlnte Vulue

Theoren. of Calcul\xs that e K e

T p(t) = (t-1) p(ZT) S Jost <..s[.“

‘sin‘ce fp(sY < (s4m) p(ZT) >0 we Have

p(£) . " (E-T) £ R e
= T : S2)
Cons.:.der the function. P ; 2 ’




4 is continuous on [0,S] so it is bounded above on [0,T].
Also, if T < t < S, then :

Jlim sup_uq = ui s'né log p(s) - log p(t)
g _Ls___‘E_E_ _-

Hence, from (3) and (4) we oxmm. o 8 5
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Aso l/arge that p
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» nh; p) (L< n <N)

(n>N)
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; £y
¢ . i
. i
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: £i0¢ 1.t 2 4 . ) RHE
wbiEes B Ny d .
n> N. Hence -] .f,'< 1 and u-is a renewal sequerce.
. L.eox=l > e -

It is well known (see'e.g. KINGMAN {15; P. :34])
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' almost everywhere. . - .

le(c) = 1| < z:. vcxro 81, YN ‘f

This means that the tamlly fp“) is equcontinuous at t=i

It has béen shown [11] that the Set P of ~standard p-functions
fom a meuisable spaca in which' the relatively cd:pact sets

are pmciuly r.he sets. of imctmn. aih, h are eq'luoonﬁnuolu

at- t=0. Th s {p") Ls a’ relqtivaly o(.pau:t uequam:e in P.

so (p“) hal a ume point, p(t), 1n . so; a subsequence _

(p“i) of (p“} such that pN (t) * _c‘) fm: nll 288

“We cogclude that p(t) e ="F(e) on'it,s1.
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