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ABSTRACT

Let us consider the following symmetric monoidal closed categories:

(i) 5, the category of sets under the action of a commutative
monoid M; in short, a category of M-sets;

(i1) g, the category of G-sets, where G is an abelian group;

=

(iii) My, the category of moduloids over a commutative semiring
(a moduloid is basically a monoid acted on by a semiring);
(iv) Mody,thecategory of modules over a commutative ring K;

(V) Wp.the category of vector spaces over a field F.

Let ¢ be an arbitrary closed category. We are concerned with the
following question:

What conditions have to be imposed on € to ensure that it can be
embedded (in some canonical way) into one or more of the above categories?

The basic category theory needed in this thesis is provided in
chapters I and II. In chapter I we have provided the details of how, in a
category with biproducts, the set hom(A,B) can be given the structure of
a commutative monoid (under addition). Chapter II gives a summary of the
standard definitions and results leading up to the concept of a symmetric
monoidal closed category.

Since the properties of categories (i) and (iii) are not so well known,
these categories are discussed in some detail in chapters III and IV. It
is shown that each of the categories is in fact a symmetric monoidal closed
category.

In chapter V we answer our original question by establishing five

embedding theorems.
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Each of these theorems gives sufficient conditions for a closed category
to be embeddable in one of the above categories. Fairly elementary
examples are given to illustrate each of the theorems.

In the appendix a detailed example is given to show that these embeddings

are not, in general, full embeddings.
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CHAPTER ONE

CATEGORIES AND BIPRODUCTS

It is well known that in an Abelian category the set hom(A,B) of
morphisms from A to B can be enriched with an Abelian group structure.
In this chapter we will provide some basic category theory and show, by
a fairly standard argument, that in a category with biproducts, the set

hom(A,B) can be given the structure of a commutative monoid.

1. (Categories
Definition 1.1
A category C consists of
(i) a class of objects A,B,C ... ;
(ii) for each pair (A,B) of objects a set hom(A,B) the elements of which
are called morphisms from A to B of (, with domain A and codomain
B. (We write x:A—>»B or A—X3B for each x € hom(A,B)
(iii) for each triple (A,B,C) of objects a function
hom(A,B) x hom(B,C)—>hom(A,C)
called composition of morphisms;
these data being subject to the two axioms
(1) If xe hom(A,B), y € hom(B,C), 2z € hom(C,D) then
zo(y o x) = (z o y)ox
(2) For each object A there exists an element lAehom(A,A)
called an identity morphism such that if x& hom(A,B) then

xol,=x; 1

A pO X=X



ark: The morphism 1, whose existence is required by (2) is uniquely
defined; because if 1j is a second morphism with the same

property then 13o 1,= 11 =1

A A

During the course of this thesis we will frequently refer to the
following categories:

8, the category of all sets;

S,, the categery of pointed sets;

S", the category of sets under the action of a commutative
monoid M;

Sg» the category of sets under the action of an Abelian group G;

Mody, the category of modules over a commutative ring K;

M,  the of moduloids over a ive semiring K
(the terms moduloid and semiring will be defined in chapter 4);
ap

VF’ the category of vector spaces over a field F.

Because the above categories have objects with underlying sets, that
is there is a faithful functor C—>5, they are more specifically referred
to as concrete categories. However, it can be easily shown that every

is a .

A category C' is a subcategory of C under the following conditions
(1) ob c&C Ob C
(2) homg, (A,B) € hom,(A,B) for all (A,B) € C' x C'
(3) the composition of any two morphisms in (' is the same as
their composition in C

(4) 1, is the same in (' as in ¢ for all AEC

If furthermore hom,(A,B) = hom,(A,B) for all (A,B)€ C' xC' we



say that C' is a full subcategory of C. For example, the category of

Abelian groups is a full subcategory of the category of all groups.

Definition 1.2
For every category C we define the dual category C* as follows:
(i) Obec*= {A* | A€ODbC}
(ii) Mor ¢* = {x* | x€Mor C} where x* oy*= (yo x)*
That is the objects of C* are the same as the objects of C and a

morphism A—3B in C* is a morphism B—>A in C.

Definition 1.3

For each pair of categories C,C', there exists a product category
C x C'. Anobject of this product is an ordered pair (A,A') of objects
of C and C' respectively; a morphism (A,A')—>(B,B') with the
indicated domain and codomain is an ordered pair (f,f') of morphisms
£:A— B, £':A'—>B'. The composite of morphisms is defined term-wise;
Thus (f,f') as above and a second such ordered pair (g,g'): (B,B')—(D,D')

have the composite (g,g') o (£,£') = (go £, g' o £'): (A,A')—>(D,D').

Definition 1.4

A morphism x:A—B is invertible (is an isomorphism) in C iff

there is a morphism x':B—3A in C with both X' o x=1, and xo x' =

A familiar argument shows that if such a morphism exists, it is unique;

hence it is usually written x' = x"L. Two objects A and B are equivalent

(i.e. isomorphic) in € if there is an invertible morphism x:A—>B.



2. Functors
Definition 1.5
A covariant functor (or simply functor) from a category 4 to a
category B is a function F:A—>B which assigns to every object A
of A an object F(A) of B and to every morphism x:A—3A, in 4

a morphism F(x) : F(A))—3F(A,)) in B such that
M Fay = 1pq

(2) F(xoy) =F(x) o F(y)
Remark: If condition (2) is replaced by
(2') F(xoy) =F(y) o F(x)

we speak of a contravariant functor F:A—> B which assigns to

every morphism x:Ay—3A; in 4 a morphism F(x) : F(A;) —>F(A;) in £

Examples (The Standard hom Functors)

Let S5 be the category of sets, 4 an arbitrary category and A an
object in 4.

(1) The functor hom(A,-) :A—>S defined as follows: For BE€ 4
hom(A,-) (B) = hom(A,B). For x:B,—3B, € 4, hom(A,-)(x) is the function
hom(A,By) BOMAX) 5 hom(A,B,) defined by hom(A,x)(y) = x© y where
y:A—>B; ; is covariant.

(2) The functor hom(-,A) : A—> S defined as follows: For B€A4
hom(-,A) (B) = hom(B,A). For x:B;—>B,€A  hom(-,A)(x) is the function
hom (By, A)REBOUAYS (g, A)  defined by hom(x,A)(y) = y © x  where

y:By—A; is contravariant.



tion 1.6

Given.a functor F:A—3B between two categories ‘4 and B, we
write Fppt hom(A,B)—> hom(PA,FB) for the associated functions on the
sets of morphisms. The functor F is called faithful if each PAB is
injective.

That is if F is a faithful functor, then the morphism f:A—3B is
completely determined by Ff:PA—3FB since f£,g:A—3B with

Pf=Fg : PA—>FB implies that £ = g.

Lemma 1.1

If F:A—3B is faithful, then a diagram of morphisms in 4 commutes

iff F of it commutes in B..

Proof  (Easy)

Definition 1.7
A functor 6: A x B——> C on a product category A x B to another

category C is called a bifunctoron 4 and B to C.

For example, the functor hom:A* x A—35 , called the usual hom functor

to sets,is a bifunctor.

Definition 1.8
Let F:C—S be a functor (covariant) from a category C to the

category of sets S. A universal element for F is a pair (u,R) consisting

of an object R of C and an element u & F(R) with the following property.

To every object A of C and every element s € F(A) there is exactly

one morphism f:R—>A with F(f)(u) =s.



Remark: A universal element (V,R) for a contravariant functor K:C—3§
consists of an object R of C and an ¢lement v € X(R), such
that for each element a € K(A) there is exactly one morphism
£:A— R with K(£)(v) = a. Since X is contravariamt, X(f)

is a function K(f) : K(R)— K(A).

3. Natural Transformations
Definition 1.9

If F,H:A—B are functors, a natural transformation 6:F—#
from F to H is a function which assigns to each object A of 4
a morphism  6,: F(A)—H(A) of B in such a way that every morphism

f:A—> A' of A4 yields a commutative diagram

L
F(A) HQA)
F(£) H(f)
PAY) — SEH@A)
BA,

A natural transformation 8:F—3H is also called a "morphism of functors".

Definition 1.10

1f each BA is an isomorphism in category B, we call 8:F—#

a natural isomorphism or a natural equivalence.

Remark: A generalization of the notion of a natural transformation has
been given by Eilenberg and Kelly [6]. Rather than presenting
a detailed account of this generalization, we will give the
particular details for each situation in which this generalized

notion is used.

N



4._ Zero Objects
Definition 1.11
An object 0 is called a zero object in a category C if for each

object A in C, hom(A,0) and hom(0,A) contain exactly one element.

Proposition 1.1

Any two zero objects are isomorphic.

Proof: Assume that 0 and 0' are distinct zero objects in (. Since 0
is a zero object we have hom(0',0) and hom(0,0') each containing
exactly one element. Thus, 0> o0t implies that

y© x=1y,. Similarly, xoy =1, and consequently 0 and 0'

are isomorphic.
Definition 1.12

If C has a zero object then the map A—25B is called zero if it

factors through the zero object.

Proposition 1.2
hom(A,B) contains exactly one zero map.

Consider A—->0 9B where a=vo u Since 0 is a zero

object for C, uand v are unique. Therefore a = vo u is unique.

Write a = 0.

Proposition 1.3

x00=00x=0



Proof: Consider C > A 23053

0ox=(vouox=vo(uox) =0 since C—»B factors

through 0. Similarly x o 0 =

5. Products and Sums

Defi n 1.13

Given a pair of objects A,B of a category C, we say that the object
P is a product of A and B if there exist morphisms P—FL3A  and
P—E23B such that for every pair of morphisms X—3)A and X—>B there is

a unique X—P such that

b S >p commutes .

It can be easily shown that P, the product of A and B, is unique up to

isomorphism. P is written as A x B.

S AR

If

AZ- - —---)A,xAz
£ PZ

Ay

1
We define the diagonal map A:A=—A x A by A= [l] > i.e.

A____/__V:ATPR
tr

2



Definition 1.14

Given a pair of objects A and.B, -we say that an object S is a
sum (or coproduct) of A and B if there exist morphisms i,:A—S and
i,:B—>S such that for every pair of morphisms A—X and B—X

there is a unique morphism S—3X such that

A

§ = o e g commutes .
B

It can be easily shown that S, the sum of A and B is unique up

to isomorphism. S is written A + B

if
A
£
4
A A K we write £= [f, £,]
] / = 8y, f,]
i
2
A &
We define the folding map or codiagonal map V:A + A—> A by

= [1,1], di.e.

lll\

A+ A= ="— - —

T/
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s f!l’ f!z
Maps A, + A,—B; x B, can be written as matrices

f21 f22
where £ = P fig

Remark

a8 =1,2

This can be seen by considering the following diagrams

13
CeE= lpe
g

S Pif = [PfL, Pfip]

In a similar way P,f = [P fi), P,fi,]

This result is invariant in the sense that

By rplfiz-]

£= Uy, #,]= (g, |, ,_sziz-]
[Py fiy, Pyfi]
= e, fi,, P,fi)]

P, f|
— " 1 _
To show this invariance we use Py [Pzg = Paf where

a=1or 2
and

[£fiy, f.iz]is = fis where 8= 1 or 2.

[Py£i , Pyfi,]
Take h= ip g, p,fi,] =

P, £] X
Phi = (P, |p e | 1g " @0,

P, f



P, fi P, £,
1+ 12
Take k = ( 3 9 = |s,, 8
Lszll Pyfi, [ 15 iy
Pkig = P ([£i), £,]i,) = P_(fi5)

Therefore PuhiE = Pakiﬁ for a,8€ {1,2}
Thus h = k.

6. Biproducts
Definition 1.15

If C is a category with a zero object then a biproduct of A, and A

A A,

’\ / '
A i

A2 A2

is a diagram

such that
@) Gy, i,) is a swm
(ii) (Py, P,) is a product
@ii) Pyiy = 1A1; P, = IAZ; Pyi, = 05 Ppiy = 0

We write A = A @A,

Let C be a category with a zero object such that any two objects have

a biproduct.

n _1.16
If x,y& hom(A,B) we define
X+ Yy i A—sB by Al a v Azl g

¥ [5:2] v
RY ©A—B by A—2L5B + B——B ‘

and x +




Proposition 1.4

Proof: 0 + Lx is by definition the composite

AL ya a0

By the definition of sum [0,x]i

L =0 and [0,x]i, =
xP,i; = x.0 =

0 and xPyi, = x.1=x. Therefore, xP, = [0,x]

X. But

So [0,x]A = xP,A = x1 = x.

The other results may be obtained similarly and by duality.

Proposition 1.5

(i) Given morphisms AT‘;B B2sc

then ux +, uy
Gi)

=ukx+ )
If z:C—3A is a morphism, then xz + pyz = (x + p )z

Proof: (i) By definition u(x + [ y) is the composite

AL, a4+

B—2sc
That is
5
/T 11\
A+ A DY) 3B ®

\\"z)\l/{i/



By definition ux +  wy is

A
/1”“\,
A A Aepmewl e
1 sz”i/

A

Thus it is sufficient to prove that u[x,y] = [ux,uy]. If u[x,y]
replaces [ux,uy] in the second diagram, the triangles on the right
side of this diagram will still commute. Thus by the uniqueness
property

ulx,y] = [ux,uy]

The other result is obtained in a similar way.

Proposition 1.6
(i) + and +; are the same (written +).

ii) <hom(A,B), +>  is a commutative monoid.

Proof: (i) Consider the four morphisms

& X,¥,Z,W B
Alsaea——>s0B- 58
0= W,X|
Y2



Remember that [;:;] = %;::;]J =[m D]]
10 - 61« [
@ < D

A H

= Wy v g 2)

Therefore, 64
and ves) = v
¥

In a similar way
(W) = [w,x]a +y  [y,z]a
S W) w (g 2)

Therefore (W +p y) + (x *+p z) = (W +; X) +p (¥ +; 2)

@) Put x=y=0

Then W+ z =w+p z and we write + for *R and L
(ii) Put y =0. Then w +(x+2) = (w+X) + 2
Put w=2=0. Then y+ x=x+y

Thus  <hom(A,B), +> is a commutative monoid.

Proposition 1.7

Given a biproduct of A, and A,
1 @ Ay

in C, then

1)P) + i,P, =

Proof: Consider the following diagram



. LCIA -

/‘/' \
oo, e

A, @Az

Since i), i, is a sum, there exists a unique morphism
x:A ® A—>A ©A, such that
xiy =i; and xi, =i,
Clearly x = 1“1@*2 is such a morphism.
But (i,P; + i,P,)i, = i)Pyi; + i,Ppi;
=i, +0
=i
and (1117l + izl’z):l.2 o !.ll":l2 + 12P212'
=0+ 12
=i,
Therefore by the uniqueness property

O T
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CHAPTER TWO

CLOSED CATEGORIES
1. Closed Categories with Faithful Basic Functor

Definition 2.1
A closed category C = (C_,F,H,K,r,0,L) consists of the following
seven data
(i) a category C_;
(ii) a functor F:iC;—5;
(iii) a functor H:C; x 6‘0—) Cs
(iv) an object Kof C_;
(v) 2 natural isomorphism w = m\:A—H(K,A) in C_;
(vi) a natural transformation 6 = 8,:K—3H(A,A) in C 3
(vii) a natural transformation
L = Ly tH(B,C) — HEH(A,B), H(A,)) .
These data are to satisfy the following six axioms:

CCO. The following diagram of functors commutes:

H
- —
L‘o x CD c

CCl. The following diagram colnmutes-

HEB) — L HE@,B), HALB)

A



17.

CC2. The following diagram commutes:

A
HAC) L S H(H(A,A), H(A,C))

l H(8,1)
L]

H(K, H(A,C))

CC3. The following diagrap commutes :

H(C,D) —L——) H(H(B,C), H(B,D))
A
15
l Ha,th
H(H(A,C), H(A,D))
LHEAB) HUI(B,0), HOH(A,B), HUA,D)))
Het,1)

H(H(H(A,B), H(A,C)), H(H(A,B), H(A,D)))

CC4. The following dlufra commutes *
H(B,C) — L S H@(K,B), H(X,C))

l H(7,1)
H(1,m)

H(B, H(K,C))

€CS. The map
Frg(a,a) AN — FHEHAR)
which by CCO may also be written
Py, hom(A,A) —— hom(K,H(A,A)) ,
sends 1, € hom(A,A) to 9, € hom(K,H(A,A))
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Remark (i) For a closed category C,C, is called the underlying category,
F:(;—>S the basic functor and H the internal Hom-functor. To =
simplify notation C will be used for both a closed category and its
underlying category
(ii) The word natural is used in condition (vi) of a closed
category in a generalized sense. Eilenberg and Kelly [6] have
given a detailed account of this generalized notion of a natural
transformation, which requires that the following diagram commutes:

H(-,B)
hom(A,B) —— 2" 3 hom(H(B,B), H(A,B))
H(A,-) hom(®,1)
hom(H(A,A), H(A, B))m) hom(K,H(A,B))

Evaluating this diagram at £ € hom(A,B), the requirement is
that the following diagram commutes:

A
K ————————— H@AA)

H(A,
[ @A, 9)

H(B,B) _W) H(A,B)

Note that by CCO FH(A,B) = hom(A,B)
and FH(f,g) = hom(f,g) .

Proposition 2.1
In the presence of CCO and CCS, the axiom CCl is equivalent to any
of the following:

(@) Fl-:c (£) = HQ,£) € hom(H(A,B), H(A,C)) for f € hom(B,C)
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A
©)  (Flgg) Up) = 1y 5y

() FLh = H(A,-) : hom(B,C) —>hom(H(A,B), H(A,C))
Proof: (See [5] page 430).

Proposition 2.2
If the basic functor F is faithful, the axioms CC2, CC3 and CC4

are consequences of CCO, CCl and CCS.
Proof: (See [5] page 432).

Also with the simplification that the basic functor F is faithful,
it is not necessary to assume that LQC: H(B,C) —> H(H(A,B), H(A,C))
is natural in B and C. This will be shown to be a consequence of the

faithfulness of F.

Lemma 2.3
i £ £ g g8 g i
Given A"—5A' £ ,A ana BB, £, in any closed
category C with faithful basic functor F. Then
H(f o £',g" 0 g) : H(A,B) —H(A",B") is equal to H(f',g') o H(f,g).

Proof: FH(f o £',g' o g) = hom(f o £',g' o g)
= hom(£',g") o hom(f,g)
= FH(f',g') o FH(f,g)
= F(H(£',g") o H(£,g))

Since F is faithful,

H(f o £',g' 0 g) = H(f',g")o H(£,g) ‘
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Proposition 2.4

L, is a natural transformation in B and C.

A
Proof:  Consider the following diagran
FL
FH(B,C) ___ "BC . FH(H(A,B), H(A,C))
FH(p,q) FH(H(1,p), H(1,q))
Frip

FH(M,N)  ———————5 FH(H(A,M), H(A,N)
where p:M—3B and q:C—IN.
If fe FH(B,C), then by Proposition 2.1 (part (a))
FL:C (£) = H1,£). Therefore the above diagram commutes if
H(l,q9 o f o p) = H1,q) o HQ,f) o H(1,p).
This equality follows immediately from Lemma 2.3. Since F is

faithful, the naturality of L® is assured by Lemma 1.1.

Proposition 2.5
For any £:H(K,K)—>X in ¢, the composite
K—= H(K,K) —p—) X is the image of 1€ hom(K,K) under the
composite map
hom(K,K) —57—> FX—57— hom(K,X) .

Proof:  Evaluate at 1€ hom(K,K) the diagram
hom(K,K) —E£ s FX
T RS Fry,

hom(K,H(K,K)}) —————5 hom(K,X)
hom(1,£)
which commutes by the naturality of 7. Note that



F'H(K,K) = FH(1,7) = hom(1,w). Therefore

hon(1, ) (hom(1,7) (1)) = £ o x

Corollary 1
The following diagram commutes for each f & hom(K,K)
w
K— 5 H(,K)

" ‘[H(l,ﬂ

HK, Q) ————— H(K,K)

HQ,H
Proof: In proposition 3.6 replace £ by H(1,f) and X by H(K,K) .
Then H(L,£) o 7 = Fr(FH(1,£) (1)), vhere 1€ hom(K,K)
=Fr(folol)
= Fr(£)
and H(£,1) o w = Fr(FH(£,1) (1))
=Fr(lolo £
= Fr(£)
That is, H(1,£) o 7 = H(£,1) o 7 .
Corollary 2

For f € hom(K,K)

H(1,£) = H(£,1) : H(K,K)— H(K,K)

Proof: The result follows because m is an isomorphism.
Corollary 3.
The monoid hom(K,K) of i of K is ive.




Proof:  Applying F to corollary 2 gives
- hom(1,£) = hom(£,1) : hom(K,K)—— hom(K,K) .

Evaluating at g e hom(K,K) now gives fo g=g o £

2. Monoidal Categories
Definition 2.2
A monoidal category C = (C @K,r,2,a) comsists of the following
six data:
@) a category C, ;
(i) a functor @Co x ca——>co (written between its
arguments and called the tensor product of ();
(iii) an object K of Co
(iv) a natural isomorphism T =T, : A@ K——A;
(v) a natural isomorphism £ =Ly K@®@A—A;
(vi) a natural isomorphism a = pc ¢ A@B)R®C—AR (BRC),
These data are to satisfy the following five axioms:
MCl. The following diagram commutes:
KON ®B —————3 K@ A®B)

L& ,/‘
A®B

MC2, The following diagram commutes:

A®K @B ———a—)A@(K@B)

r@\‘ ./gt
A®B



MC3.

23,

The following diagram commutes:

(A®BOOBD 23 AP CON —25>A® B® com

a@1 1®a

AOBOMNO) ——————2 5 AQ(B®C) @D

_MC4. The following diagram commutes:

A®@B) @k —2—p® BEK)

N S

MCS. £ =T i K@K—IK.

Remark :

(1) The above axioms are not independent. It has been shown
(Kelly [1§) that MCl, MC4 and MC5 are consequences of MC2 and
MC3.

(2) Natural isomorphisms such as a,r,£ are said to be coherent
if, Toughly speaking, all diagrams made by their use alone (with
their inverses, 1 and ®) such as the diagrams of MC1 - MC5, commute.
It has been shown (MacLane [15), that MCl - MC5 imply that the
isomorphisms a,r,£ are coherent.

(3) In the terminology of Bénabou [1], a monoidal category is a

category avec multiplication.
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3. Monoidal Closed Categories
Definition 2.3
A monoidal closed category (or equally closed monoidal category)
¢ = (™,0,%) consists of the following three data:
(i) a monoidal category 'C = €, @K, 4,);
(ii) a closed category = (CO,F,H,K,-n,e,L) with the same Co

oy

and K as in
@ii) a natural isomorphism P = p,p. : H(A® B,C) —> H(AH(B,0)),
These data ate to satisfy the following four axioms:
MCCl. The following diagram commutes:

H(K ®A,B) ———9“(1( H(A,B))

N, A

H(A,B)

MCC2, The following diagram commutes:
H((A® B) ® C,D) —2— H(A® B, H(C,D)) —2—> H(A, H(B,H(C,D)))

H(a,1) H(1,p)

HA®B) ®C,0) ———————> HA, HE®C,D)
MCC3. The following cgngram commutes :

H(C,D) —E 5 HEA® B,0), HA® B,D))
lx.
H(H(B,C), H(B,D)) H(1,0)
A

L
i
H(H(A,H(B,C)), H(A,H(B,D))) —(—°)—) H(H(A®B,C), H(AH(B,D)))
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MCC4. The following diagram commutes:

Rémark (i)

HA®KB) — 2 3 H@, HK,B))

H(:\ /u‘.w)

H(A,B)

We shall denote the monoidal category "C and the closed
category °C by the same symbol C as the monoidal closed
category, except when it is necessary to distinguish between
the three structures.

Both the data and the axioms for a monoidal closed category

contain es. The have been shown by

Eilenberg and Kelly [5] pp. 477-489. These interconnections
lead to an economical way of giving a monoidal closed category.
Consider the so called "basic situation" ([5] pp. 477) in which
we are given a category Cu‘ functors @L‘o x C—> Co and
H:C; x Co—) CD, a natural isomorphism

P= PABC ; hom(A @ B,C) —> hom(A,H(B,C)), and a functor
F:ig—>5 satisfying CCO.

Since P is a natural isomorphism, the Yoneda representation

theorem [5] shows that the commutativity of the diagram



hm(A@K B) — P 3 hom(AH(X,B)

(2.1
hom(r,1) hom(1,w)

hom(A,B)

sets up a bijection between natural isomorphisms TIA®K—3A
and natural isomorphisms  w:A—3H(K,A). Putting B = A and
evaluating at 1 gives Pr = m.

In the same way commutativity of the diagram

hon((A ©B) ®C,D) —E— hom(A x B,H(C,D) —E—>hom(A,H(B,H(C,D)))

2.2) hom(a,1) hom(1,p)

hom(A ® (B ©C),D) - > hom(AH(B® C,D))

sets up a bijection between natural isomorphisms
a:(A®@B)®C —3 AO BOC)
and natural isomorphisms p:H(B ® C,D) — H(B,H(C,D)) .

Proposition 2.6
Given (i) a category C, ,
(1) a functor @, x C—C, ,
(iii) a functor H:C;' x CCy »
(iv) a functor F:Cq—)S such that FH = hom,
(v) an object Kof C ,
(vi) a natural isomorphism
™= A HK,A) .
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and (vii) a natural isomorphism

. p-= pppc * HA® B,C)—)H(A,H(B,0)).-

Then these data can be completed to give a monoidal closed category
if and only if the r and a defined by diagrams 2.1 and 2.2, where
P = Fp, satisfy MCC4 and MCC2. Moreover,if F is faithful,the

satisfaction of MCC4 and MCC2 is automatic.
Proof: ([5] p. 495)

The examples considered in this paper will be such that the basic
functor F is faithful. In this case it is sufficient to establish
the existence of the seven pieces of data of Proposition 2.6 to show
that a category is closed monoidal. This is so, since the faithfulness
of F automatically gives us the "basic situation", which in turn
gives from diagrams 2.1 and 2.2 the natural isomorphisms r and a;

these automatically satisfying MCC4 and MCC2.

4. Symmetric Monoidal Closed Categories

Definition 2.4

A symmetry for a monoidal category C consists of a natural
isomorphism C = CAB :A®B—¥B®A in ¢ satisfying the following
two axioms:

MC6. CBACAB-I:AQE—)B@A.

MC7. The following diagram commutes:



A®B®C —25 A®BE —Ss BOOGA
C@l a

B®A®C S BOU®) —— B (CEA)
1®c

A monoidal closed c with a sy y C for "¢

is called a symmetric monoidal closed category.

Remark: A monoidal category, even a closed one, may admit several
distinct symmetries. For example,Eilenberg and Kelly [5]
have shown that the closed monoidal category GK of graded
K-modules admits one symmetry for every k€ K with k2 = 1.
However, it has also been shown (Eilemberg and Kelly [5]) that
if the basic functor F is faithful, then the monoidal closed

category C admits at most one symmetry.

To show that a category C with faithful basic functor is a symmetric
monoidal closed category, we shall have to establish the seven data of
Proposition 2.6 plus the existence of a natural isomorphism
C=Cp : AQB—B®A in C, satisfying MC6 and MC7.




CHAPTER THREE

M-SETS

In this chapter we will give a fairly detailed account of the category
of sets under the action of a commutative monoid M, in short, a category of
M-sets. The objective is to show that any category of M-sets is a symmetric

monoidal closed category.

1. Definitions and Examples
Definition 3.1

A monoid M acts on a set X when there is a given function
M x X—X written (m,x)}—p» mx and called the "action" of mg M
on x €&X, such that for all x&€ X and me M

1x = x and (ml mz)x =m ("‘zx)

Any pair (X, M x X—X) consisting of a set X together with an
""action" of M on X is called an M-set. If M = G, a group, then the

pair (X, G x X—X) is the well known G-set.

(i) Every set X is an M-set where M = {1} is the trivial
monoid; the action being defined by 1x = x for all X€ X.

(ii) Every pointed set X, is an M-set where M = {0,1}; the action
being defined by 1x = x und 0x = » for all xe X.

(iii) A monoid M is an M-set with the obvious action.

(iv) If T is a transformation group comsisting of permutations
t of X, the assignment (t,x)——>t(x) defines an action

of T onX.



(v) More generally, any representation h:G—T of a group G
gives by ~(g,x)p==®»h(g)(x) an action of G on X.
Consider for a particular monoid M any two M-sets X and Y.
Definition 3.2

A morphism of M-sets consists of a function £:X==)Y such that
f(mx) = mf(x) for all xe€ X, m&M.

A morphism £:X——Y from the M-set X to the M-set Y is said
to be a monomorphism iff it is injective; f is said to be an
epimorphism iff it is surjective. A bijective morphism of M-sets is
called an isomorphism. Clearly composition of morphisms of M-set~ is
a morphism of M-sets. Also, the identity function is obviously a
morphism of M-sets.

We now restrict our discussion to M-sets where M is a commutative
monoid and more gemerally to categories of M-sets, denoted S, for
each fixed monoid M. An alternate formulation of Definition 3.2 is that
a morphism of M-sets X and Y is a function £:X—Y such that the

following diagram commutes:
Mx X —m————— X’
1% € £
WY a5 ¥

Note that the category S of sets is the category of {1} -sets, whereas
the category S, of pointed sets is a full subcategory of the category
of {0,1} -sets. The latter statement is easily verified since the
objects of S, are pairs (X, M x X—)X) where, as indicated in example

(ii) above, the action M x X—3X is fixed for each pointed set X,.
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2. Quotient M-Sets.

Let X be-an arbitrary M-set and let E be an equivalence relation
on X such that x E x' implies mx E mx' for all meM; that is,
the equivalence relation is compatible with the action on X. Two
obvious examples of such a compatible equivalence relation are the trivial
relation X x X (all elements of X are related) and the equality
relation IX (two elements are related if and only if they are the same).

Consider the quotient set X. We define a function on this set as
follows

Mx

)<

—d
(m, [x]) ——> [mx]
This function is well-defined since for all m& M, [x] = [x'] implies
that [mx] = [mx'] by the compatibility of E with the action on X.
Clearly this function is a actionon %, and G, MxE— B

is an M-set called a quotient M-set of X.

3. M-Sets of Morphisms
If X and Y are two M-sets, define for all fe€ hom(X,Y) me M
M x hom(X,Y) ——>hom(X,Y)
m, f)—Inf
such that (mf)(x) = £(mx) for all x& X.
Since M is commutative,it can be readily shown that mf is a
morphism of M-sets; therefore,the above function is well defined. Also

for all xe X, m), ;e M and f € hom(X,Y)
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(@ m,)f) (x) = £((m; m,)x)
< = £((m; m,)x)
= f(nz(ll x))
= mf(m, x)
=m(m, £)(x)
and (1£) (x) = £(1x) = £(x)

Therefore the set hom(X,Y) together with the above function
M x hom(X,Y)—) hom(X,Y) is an M-set and is written homy(X,Y).

Now let f£:X'—X and g:Y—>5Y' denote arbitrarily given
morphisms of M-sets and consider the M-sets hom,(X,Y) and hom, (X*,Y").
Define a function

4 :hom, (X,Y) ——> hm“(x';Y‘)
by taking ¢(h) = goho f for every he hom(X,Y). Itisa
rToutine exercise to show that ¢ is a morphism of M-sets. Denote ¢

by homy(f,g).

Proposition 3.1
For any set X acted on by a commutative monoid M
T = my:X—> hom, (M,X) defined by w(x) = £, such that

£,(m) =mx for all xe X, meM is a natural isomorphism.

Proof: w is well-defined since for n,me M
fx[nm) = (nmm)x = n(mx) = nfx[mj
Also T is a morphism of M-sets since for all n,m& M

xeX
T(nx) @) = £, (@) = m(nx)
= (m)x

= (nm)x



33.

= n(mx)_
= nm(x) (m)'
To show that = is a monomorphism of M-sets, consider x;, x,€ X
such that x, # x,.
For leM, fxl(l) =x #x, = £, )5 e £, # fx2
To show that m is an epimorphism of M-sets, consider
£ € homy(M,X). For all meM
£(m) = £(ml) = mf(1) = mx' where x' = £(1)
Therefore m(x!') = £.

A routine check shows that the above isomorphism is natural in X.

4. M-Bimorphisms

Let X and Y denote arbitrarily given M-sets where M is a
commutative monoid and consider the Cartesian product of the sets X and Y.
A function g:X x Y——2Z from X x Y to an M-set Z is called an
M-bimorphism iff
gmx,y) = g(x,my) = mg(x,y) for all xe X, ye Y, me M.

Let Bimorph (X,Y:Z) denote the set of all M-bimorphisms h:X x Y—> Z.
If t:Z— W is a morphism of M-sets, the composite t o h:X x Y—3 W
is an M-bimorphism. For fixed M-sets, X and Y, the formulae
F(z) = Bimorph(X,Y;Z), F(t)(h) =t o h, he F(Z)
define a functor F from the category Sy of sets acted on by a
commutative monoid M to the category S of sets.

A universal element ho for this functor F is called a "universal
M-bimorphism" on X x Y. That is h :X x Y——>Z is a universal
M-bimorphism iff for every M-bimorphism h:X x Y—>W there exists

a unique morphism of M-sets t:Z—>W such that the following diagram



commutes :
h, 5 5
XxY —— 5z
{
t
h H
i
v
W
4. Tensor Product of M-sets

For any two M-sets X and Y acted on by a commutative monoid M
we shall construct a universal M-bimorphism on X x Y. That is we
construct a new M-set, X x Y and an M-bimorphism X x ¥Y—3X ® Y which
is universal among M-bimorphisms from X x Y to an arbitrary M-set.

To define the tensor product of M-sets X and Y we must take the

"biggest possible" quotient M-set XXY 5o that x x y— XXY

is an M-bimorphism. To do this let R be the following relation on
X xY:

(mx,y) R (x,my) for all xe X, ye Y, me M.

We will now construct the "finest" equivalence relation Eon X x Y

which contains R. That is we construct an equivalence relation ED R

such that any other equivalence relation E'S> R must have EC E'.
Putting m = 1 clearly shows that R is reflexive. Let

T =RURL Then T is both reflexive and symmetric, and furthermore

has the following property: i

Lemma 3.2

If (x,y) T (x',y'), then (i) (mc,my) T (mx',my') ,

(i) (@x,y) T (x,my) T (x',my*) ,

and (iii) (mx,y) T (mx',y') T (x',my')



for all me M.
Proof:  (x,y) T (x',y') implies that (x,y) R (x',y') or (x',y') R (x,y)
If (x,y) R (x',y') then for some ne M
x =nx' and y' =ny
For all me M mx = m(nx') = (mn)x' = (nm)x' = n(mx')
and my' = m(ny) = (mn)y = (nm)y = n(my)
Using these equations and the definition of R, we have
(mx,my) R (mx*,my')
(mx,y) R (x,my) R (x',my')
(mx,y) R (mx',y') R (x',my').
Since RC T these above statements give (i) (ii) and (iii).
If (x',y') R (x,y), then a similar argument completes the proof.

We are now able to define the required relation E.

For (x,y), (x',y') in XxY
(x,y) E (x',y') iff there exists a finite sequence

GOY) T (x5yy)s {xY) T (,5,)5 «oe s Oy T (X"
for GyEX, ¥, € Y, 1i=1,2,3, ... , 0.

Proposition 3.3
The relation E defined above is the finest equivalence relation on
X x Y containing R.
Proof: The reflexivity and symmetry of T ensures that E is reflexive
and symmetric. If (x,y) E (x',y') and (x',y') E (x",y") then

juxtaposition of the two implied finite sequences gives another
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finite sequence which implies that (x,y) E (x",y"). Thus E

is also transitive and is therefore an equivalence relation on

X x Y.

Clearly RCE. To show that E is the finest such equivalence

relation, suppose that F is any other equivalence relation

with RCF. Since T is essentially R with symmetry,
RC TCF.

If (x,y) E (x',y'), then there exists a finite sequence

CoY) T (xpuy)s (Y1) T 055¥,) 5 e s Oey)) T (XY

which gives the following sequence

Gy) Fo(xpyy)s (xyy) F (Xp5yp) 5 wee s (yp) F (XYY

By the transitivity of F we have (x,y) F (x',y').

Therefore ECF.

We shall now show that the quotient set

XXX can be given the
structure of an M-set, which we shall call the tensor product of the
M-sets X and Y.

Define M x

XxY X x ¥
3 > % by
@D > [mx,y)] = [xm)]

where [(mx,y)] = [(x,my)] since RCE.

Proposition 3.4

is well defined.

IxY XxY
M x E

=

If (x,y) E (x',y'), then there exists a finite sequence

CLY) T (xuy)s (xsy) T (Xpu¥a)s o s Ga¥p) T x',y")
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By Lemma 3.2

= (mx,y) T (mx;,y;), (mxp,yy) T (0Xp,¥,) 5 --n 5 @x,y) T (x',y')
for all meM.
Therefore [(x,y)] = [(x ,y')] implies that

[(mx,y)] = [(mx',y')] for all m €M. That is, the above function
is well defined.

It follows easily that the set XXY yith the above action is

an M-set.

Definition 3.4

The tensor product X @Y of the M-sets X and Y is the M-set XX

Note that writing [(x,y)] as x@®@y we have
nx®y) = x) @y = x® (my) for all mE M.
The function ®:X x Y—3 XXY s evidently an M-bimorphism. We shall
now show that this function is universal among M-bimorphisms from

X X Y to any M-set.

Proposition 3.5 (Universal Bimorphism Property)
To each M-bimorphism h:X x Y—Z there is exactly one morphism

of M-sets t:X® Y—— Z such that t(x®y) = h(x,y).

Proof: In the following diagram we are given the solid arrows

Xxy —— XY x@y

Nt

To show that t is well defined, consider (x,y) E (x',y')

N
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Then there exists a finite sequence
V3 T Gy )s Bquy) T Ggayp)s oo s Gy T (xfy")
for x;€ X Y;€Y and neN

But (x,y) T (x,7,) dimplies (x,y) R (x;,y;) or (x3.y1) R (x,y)

Thus x = ax, and y, = ay for some ag M.
or x; =bx and y = by, for some be& M.

That is h(x,y) = h(axl.y) or h(x,y) = h(x,by;)

= ah(x;,y) = bh(x,y;)
= h(x,,ay) = h(bx,y,)
= hix;,y;) = h(x,yy)

Since a similar result obviously holds for each of the remaining

terms of the above sequence, we have

h(x,y) = h(x},y)) = h(x,¥,) = «o0 = hix,y,) = h(x',y')
Therefore (x,y) E (x',y') implies that t(x@®y) = t(x' @y')
For all xe€ X, ye Y, me M

tmx®y)) = tx®y) = h(mx,y)
= mh(x,y) = mt(xQ®@y)

Hence t is a morphism of M-sets which is obviously unique for

each M-bimorphism h.

For M-sets X,Y and Z consider the set Bimorph (X,Y;Z) of all
M-bimorphisms X x Y—>Z.
Define M x Bimorph (X,Y;Z) ———> Bimorph (X,Y;Z)
by (», fHr——————————>af
such that (mf)(x,y) = m.£(x,y) for all x€ X, ye Y, me M, and
£ &€ Bimorph (X,Y;Z). To show that the above function is well defined

we have to show that mf is an M-bimorphism from X x Y to Z. For all



ne M.
- (mf) (x,y) = mf(nx,y) = m(nf(x,y))
= (m)f(x,y)
= (mm)£(x,y)
= n(m£(x,y))
= n(mf) (xy)
Similarly (mf)(x,ny) = n(mf)(x,y) and the above function is well defined.
It follows readily that Bimorph (X,Y;Z) with the above action is an
M-set.
We now show that
Bimorph (X,Y;Z) = hom, (X,hom,(Y,Z))
To do this, consider an M-bimorphism £:X x Y—Z.
Write £(x,y) = F (y). Therefore F :Y—>Z is a "partial function" for
£ Since f£ is an M-bimorphism, it follows easily that F_ is a morphism
of M-sets.
Define a function F:X—phom,(Y,Z) by the assignment xp——sF .

Since for all x&e X, ye Y, meM

F(mx) ) = Fpu )
= £(mx,y)
= mf(x,y)
=mF @)
=mFX) ,
F is a morphism of M-sets.

Proposition 3.6
@ =Ry Bimorph (X,Y;2)— homy, (X, hom (Y,2))

f pomeey F

is a natural isomorphism of M-sets.
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First we show that the assignment GjeetF is a-bijection by
constructing an inverse. Given any F:X—)hom,(X,hom(Y,2))
define £ by £(x,y) = F,(y); then since F is a morphism of
M-sets

£(mx,y) = F (y) = nF (¥) = nf(x,y)
also since F_:Y—>Z is a morphism of M-sets

£(x,my) = F, (my) = mF, (y) = mf(x,y) .
Therefore f is an M-bimorphism, and Ffe=yf is the desired
inverse.
The assignment fhwedF is a morphism of M-sets (and hence an
isomorphism) because the "actions' on both f and F are defined
pointwise.
Naturality follows by considering a configuration of three squares;

one for each of X,Y,Z varying.

Proposition 3.7
For M-sets X,Y,Z

P = pxyz? honu(XQY,z)-—-)houM(X,hnnh(Y,Z))

defined by  p(£)(x)(y) = £(x®y) is a natural isomorphism.

Proof:

The universality of the tensor product states that every M-bimorphism
h:X x Y—Z has the form h(x,y) = £(x ®y) for a unique
morphism of M-sets £:X®Y—>Z. That is F£—ph is a bijection.
Therefore consider

a: hom, (X ® Y,2) —>Bimorph (X,Y32)

defined by a(f) = h. For all x€X, ye Y, m& M
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a(nf) (x,y) = @f) (x®y)
C A fx@®y) $
= m.h(x,y)
= ma(f) (x,y)
Hence o is an isomorphism of M-sets. Again by considering a configuration
of three squares; one for each of X,Y and Z vu'yinnge can show that a
is natural.
This isomorphism followed by that of Proposition 3.6 is the desired

isomorphism .

Proposition 3.8

For M-sets X and Y

X@YE Y®X

Proof: Consider the following diagram

where the function £:X x Y—3Y x X is defined by £(x,y) = (y,x)
and t), t, are the previously described universal M-bimorphisms,
5 y) = x@y and t,(y,2) = y@®x.
Clearly f is a bijective function and therefore has an inverse
£ such that £71(7,0) = (x,y). The compositions € o £
and t, o f are easily verified to be an M-bimorphisms. Therefore
by the universality of t! there exists a unique morphism of
M-sets Cyy X @ Y—Y®X such that

SyE@®@y) = (o £)(x,y) = t,(y,x) = y®x

Similarly there exists a unique morphism of M-sets
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Cyy : Y@®X——> X®Y. such that
OO @0 = & o £HEX) =t ®y) = x@y

“Therefore C = Cyy:X ® Y—3Y®X is an isomorphism which can be shown

to be natural in X and Y by a routine method.

4. The Category S, of M-sets

We are now in a position to show that for a fixed commutative monoid M,
the category S, of M-sets is a symmetric monoidal closed category.
To do this we first of all show that Sy is a closed monoidal category
by showing that the seven data of Proposition 2.6 are provided .
@) ¢, =5y
(ii) The tensor product defined in section 3 is clearly a functor
@: Sy x Sy=——5,
.a*
(i) H = homg:5] x S—> 5,
(iv) Take P:SM—VS to be the 'forgetful functor'. Clearly F
is faithful.
(v) K =M, the commutative monoid.
(vi) Proposition 3.1 provides the natural isomorphism
= 7y :X— hom, (M,X)
(vii) The natural isomorphism
P = 0yyyt homy (X ®Y,2)——>hom, (X, hom (¥,2))
is provided by Proposition 3.7.
Since the basic functor F is faithful, it follows from Proposition 2.6

that 5, is a monoidal closed category.

M
Note that for S, data (vi) and (vii) of Definition 2.1 are
8, :M—3 hom, (X,X) defined by &, = m  (lx) and
x Pl %7 Thon(X 0
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L = Ly hom, (Y, 2) ————5 hom,(X,X) , hom, (X,2))
defined by " L(£)(g) = £o0 g where £:Y—>Z, g:X—>Y.

Since the basic functor F is faithful, the natural isomorphism
Cyy:X® Y—>Y®X defined in Proposition 3.8 is a unique symmetry
for SM if it satisfies MC6 and MC7. Clearly MC6 is satisfied. It is
a routine exercise to show that if f:X—X' and g:Y—Y' are morphisms
of M-sets, then £@®g:X@Y—X'@Y', defined by (@ x®y) = X Pl
is a morphism of M-sets. With this definition the commutativity of the
diagram in MC7 follows trivially for the category 5. Therefore 5, is
a symmetric monoidal closed category with a unique symmetry.
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CHAPTER FOUR

MODULOIDS

Many books on modern algebra provide detailed accounts of algebraic
structures.called modules. In this chapter definitions and basic results
will be given for slightly more gemeral structures, which we shall call

moduloids.

1. Definitions and Examples

For the purposes of this thesis we formulate the following modified

definition of a semiring.

Definition 4.1
A system <Rj+,'» is called a semiring if
@A) <R,*>  is a commutative monoid;
(1) <R, is a monoid such that k0 = Ok = 0 for all k€ R, where
0 is the identity element for <R,+>;

(iii) » is distributive (on both sides) over +.

Note that in terms of the usual definition of a semiring the above
structure is a semiring with a multiplicative identity 1 and an additive
identity 0, which is an absorbent element. The set of nonnegative
integers is an obvious example of such a structure. Also every ring is
clearly a semiring of the type defined above if the definition of a ring
is, as given by MacLane and Birkoff [17], a "ring with identity".

A commutative semiring K is one in which the multiplication is
commutative.

Let &R;

be any semiring,
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Definition 4.2
An R-moduloid A comsists of
(i) a commutative monoid A ;
(ii) a function R x A—3 A such that
(<,3) fb——yxa
(a) x(a+b) = xa+ xb forall a,be A, x&R;
®) (<+Xa= xa+ Aa forall a€A, k, A&R ;
() (xA\)a =«k(ra) for all a€ A, k, A€ R ;
@ la=a forall acA; 1€R;

(&) 0a=0 forall a€c A; Q€ A, 0ER.

Remark: (i) The term moduloid has been used with a different meaning by
some authors (e.g. Rosenfeld [21])
(ii) Note that because there are no additive inverses in the above
structures it is necessary to assume that 0 € R is an absorbent
for the semiring R and to axiomatize a similar condition for

R-moduloids. (axiom (e)).

Lemma 4.1

®0 = 0 for ali Kk&R; Q€ A

Proof: «0 = x(0a) axiom (e)
= (k0)a axiom (c)
= 0a Definition of semiring

=0 axiom (e)



Examples
(1) .Take R be the semiring- Z* of all nonnegative integers. Any

@)

3

[©)]

)

commutative monoid A can be considered as a Z'-moduloid. Also

every Z'-moduloid is a commutative monoid.
Every R-module, where R is a ring, is clearly an R-moduloid.

Given a semiring R and a positive integer n ;the set R" is an

R-moduloid under the termwise operations defined by

(rl,rz, v 3 rn) + (51,825 +ee sn) = (1) + 5,7 + Sy, «ooy B sn)

and  k(ry,Tp, cee s Tp) = KTKT,, eee KT

By a subsemiring of the semiring X we mean a nomempty subset R of X

which is itself a semiring under the binary operations defined in
Any semirting X with a subsemiring RC X is an R-moduloid. The
operations are the addition in X, and a restriction of the
multiplication in X; namely the function
(x,8) ——«a

which takes the product of an element « in the subsemiring with
any a in the whole semiring X. The case X = R gives the
moduloid R' = R. Thus it is a special case of examples three and
four that every semiring is a moduloid over itself.
Example number three may be generalized in the following way. If
is any set, the function moduloid AX is the set of all functions
£:X—A from the set X to the R-moduloid A with the usual
"pointwise" moduloid operations.

(F+g)(x) = £(x) + g(x)

x6) (x) = k£(x) for all xe& X K€ R

The moduloid axioms for these operations follow at once.

X.

X
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(6) A Z-moduloid is an abelian group.
(Define -a = (-1)a) G

m In a similar way for a given ring R, an R-moduloid is an R-module.
In particular, if R = F, a field, then the R-moduloid is a vector

space over F.

More explicitly the moduloids defined and described above are left
moduloids. Right moduloids can be defined in a similar way. If R =K,
a commutative semiring, then it follows that right and left moduloids

are essentially the same.

2. Submoduloids

Let X be an arbitrary R-moduloid. By a submoduloid of X we mean
a nonempty subset A of X which is itself a moduloid over R relative
to addition and scalar multiplication of the moduloid X.

Among the submoduloids of X are X itself and the set {0}
consisting of the zero element alone. Any submoduloid of X different
from these two is said to be a proper submoduloid. Clearly every submodule
is a submoduloid.

Let S be an arbitrary nonempty subset of an R-moduloid X. Then
S is contained in at least one submoduloid of X, namely X itself. It

can be easily shown that the i i A of all ids of X

containing S is a submoduloid of X. In fact A is the smallest
submoduloid of X that contains the given subset S. This submoduloid of
X is called the submoduloid generated by S. In case A =X, we say that
S is a set of generators of X and that S is gemerated by S.

An element a of an R-moduloid X is said to be a linear combination

of elements in a subset S of X iff there exists a finite number of elements

~
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XpaXgs ee s € S such that a = Z A.xi holds with coefficients

Arsdzs -ee 4 Ay dn R - ; . . :

3. Congruences and Quotient Moduloids

As already indicated in the chapter on M-sets, a relation "~ on
an R-moduloid A is said to be compatible with the action on A if
a~b (a,bin A) implies that Aa~ Ab for every A in R. Similarly,
a relation "~ on an R-moduloid A is said to be compatible with the
addition on A if a~ b (a,b in A) implies that a+ x * b + x for
all x in A.

Note that if the relation "~ on A is an equivalence relation, then
the above condition for compatibility with addition is equivalent to the
following condition:

anvb and cnd (ab,c,din A) imply that a+cvh+d

Definition 4.3

By a E on an R-moduloid A we mean an equivalence relation

which is compatible with both scalar multiplication and addition. That is
aEb (a,b in A) implies that Aa + Ac E Ab + Ac for all c in A and all

A in R.

Examples

(1) The equivalence relations A x A and IA = {(a,a) | a€ A} are
congruences on any R-moduloid A.

(@ I1f E is a congruence on an R-moduloid A and X is a submoduloid
of A, then the restriction of E to X is a congruence on X.

Since a congruence is simply a special kind of equivalence relation,

it is meaningful to say that one congruence is finer than another. Recall
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that E is finer than E' iff aE b implies that a E' b, that is
. ECE'. Clearly I,, the equality relation, is the finest congruence on

any R-moduloid A.

Definition 4.4

The ordered set S is called a lattice if every nonempty finite subset

of S has asup and an inf. S is called a complete lattice if every
subset of S has a sup and an inf.
Note that a complete lattice must have a least clement 0 = sup g= inf S

and a greatest element 1 = inf g= sup S.

Proposition 4.2
Let X be any set, and S any set of subsets of X which contains
X itself and is "closed under intersection" - that is, for all nomempty

TC S we have nT YE S. Then S, ordered by L , is a complete lattice.

Proof:  For any nonempty TGS we have inf 7 = ()} Y. On the other hand,
let T* be the set of upper bounds of T in § - that is, the
set of Y*€ S such that YC Y* for all YET. Then T* #¢

since X€ 7* and Ny, Y* = swp.T.

Such an S is called an I-lattice on X ([21]). The subgroups of a
group, the subrings of a ring and the subspaces of a vector space are

nontrivial examples of I-lattices.

Proposition 4.3
The set CA of all congruences on an R-moduloid A, ordered by inclusion,

N

is a complete lattice with least element IA and greatest element A x A.
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We need only show that any intersection of congruences on the
R-moduloid A is a congruence. Comsider T a monempty set of
congruences on A. We will show that (1 E €c,. Itisa
standard result that (, E is an equivalence relation.

For (a,b)E ﬁr E we have (a,b)E Eg, where E_ is the finest
congruence on A such that Ec€ 7; clearly 1,C E,. Therefore,

(@a+x,b+x)€E,LC N, E forall x in A

which shows that () E is compatible with addition on A.
sitalarly M, E is compatible with scalar multiplication and hence

is a congruence for the R-moduloid A.

Proposition 4.4
Let E be a congruence on the R-moduloid A. Then the E-class

containing 0 is a submoduloid of A which we shall call a normal submoduloid

of A.

Proof:

Let E = {a | (a,0)€ E} where ESAXA.
E, is closed under addition since
a,b€ E, = (a,0), (b,00€ E
= (a+b, 0)EE
= a+bEE
Also E is closed under scalar multiplication from R since
a€E = (a,00€ E
= (Aa,00E E for all AER

€ R
=> Aa€ Ej for all A

The moduloid axioms are immediate.
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Remark: Clearly the A x A-class containing 0 is the R-moduloid A itself,

and the IA-cllss containing 0-is the trivial submoduloid of A.

Using this concept of congruence we will now construct a quotient moduloid
of the R-moduloid A. Given a congruence E on the R-moduloid A, we first
show that A/E with an appropriate binary operation is a commutative monoid.

For a€A, [a] = {x | (x,a)€ E} is an element of A/E' We define
[a]® [b] = [a + b]. The operation (® is well defined since if [a] = [a']
and [b] = [b'], then (a,a')€ E and (b,b')€ E imply that
(a+b, a' +b')g E; that is [a + b] = [a' + b'].

It follows easily that <A/E,Q> is a commutative monoid.

Define R x Afy ——3Af by

@,[a]) p— [2a]
This scalar multiplication is well defined since if [a] = [a'], then
a Ea', which implies that Aa E Aa' for all A€ R. That is [ra] = [ra']
A routine check shows that <A/E: @, -> is an R-moduloid which we shall

call a quotient moduloid of A.

4. Morphism of Moduloids
Given two R-moduloids X and Y, a morphism of R-moduloids is a function
f:X—>Y such that
f(a + b) = f(a) + £(b)
and, £(a) = A £(a)
a,b in X and all A inR

Note that condition (e) of Definition 4.2, combined with the second part

of R-moduloid

of the above definition ensures that a



additive identities.

It can be.easily shown that the composite of two morphisms of R-moduloids,
when defined, is a morphism of R-moduloids.

A morphism of R-moduloids f:X—Y is said to be a monomorphism iff
it is injective; f is said to be an epimorphism iff it is surjective. A
bijective morphism of R-moduloids is called an isomorphism.

Define the projection p:A—3Af from any R-moduloid A to a quotient
moduloid of A by p(a) = [a]. It follows readily from the definitions of
addition and scalar multiplication on A/E that p is a morphism of

R-moduloids.

Proposition 4.5 (The universal property of P)
on the R-moduloid A. To each ism of

Let E be a
R-moduloids t:A—3B such that a,,a,& A with (a),a,)€ E implies
t(ll) L2 t(lz) there is a unique morphism of R-moduloids

s:Afp—>B with sop=t

A _;)IA/E
:S
'
H

Define S:A/E—)B by s([al) = t(a). s is well defined since if

Proof:
(a,a') € E, then t(a) = t(a'). Because

[a] = [a'], that is
¢t is a morphism of R-moduloids, it follows that s is a morphism
of R-moduloids. This morphism s has the required property since

(s o p)(a) = s(p@) = s([a]) = t(a) forall ainA.
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s is uni i For suppose s':Af—B

is such that s' op =t, then -

s(fal) = t(a) = (s' o p)(a) = s'([a]) for all [a] in Aj.

5. Free Moduloids

Let S be an arbitrarily given set. By a free moduloid over R on
the set S we mean a moduloid F over R together with a function f:S ——F
such that for every function g:S—>X from the set S into a moduloid X
over R, there is a unique morphism of moduloids h:F —>X such that the

commutativity relation h o £= g holds in the following diagram

s— % 5 F

Wes -

The following two theorems can be easily proved in the usual way.

Theorem 4.6
If an R-moduloid F together with a function f:S——F is a free

R-moduloid on the set S ,then f is injective and its image £(S) generates

Theorem 4.7 (Uniqueness Theorem)
If (F,f) and (F',f') are free R-moduloids on the same set S, then

there exists a unique isomorphism j:F—F' such that j o f= £

We now establish the following theorem.

Theorem 4.8 (Existence Theorem)

For any set S, there always exists a free R-moduloid on S.
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Let R denote the given semiring and consider the set of all functions
. f:S—)VR satisfying f£(x) = 0 for all except at most a finite
number of elements x& S. This set is closed under pointwise

addition and scalar ication. It is a id of the

function moduloid R® and is denoted by R(S).
Next let us define a function E:5S—R®) by assigning to each

element x€ S the function

E:S—R defined by E () = 1 if x=y
0 if xfy x,yes

1f £ R®) then £ has nonzero values for at most n elements
of S, say {x ,x, ..., xn} . Then f is determined by its n
values f(xi) and indeed

£

121 %

That is the submoduloid R‘®) is spanned by all the elements .
Let h:S—> A be an arbitrary function from the set S to an
R-moduloid A. We now show that there is exactly one morphism of
moduloids t:R)—35A with t o E=h as in the diagram .

s —Z 5 ®
i

i
1

|
v
A

Now t o E = h states that t(E'x) = h(x) for all x; so any such

morphism t must have 2
t(f) = iZI £(x;)h(x;)

for each £€ RS). This shows that t is wnique if it exists;

conversely one may verify that the function t:R()—3 A defined by

‘
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this formula is indeed a morphism of R-moduloids.
Thus every set S of elements determines an essentially unique free

R duloid. Since the fu i

£:5—3rS)
is injective, we may identify S with its image E(S) in RC). This
having been done, the set S becomes a subset of R(S) which generates
R®). This Rmoduloid R®) will be referred to as the free R-moduloid

generated by the given set S.

6. Biproducts
Consider the Cartesian product A x B of the R-moduloids A and B.

Under the usual pair addition A x B is clearly a commutative monoid since

A and B are commutative monoids. Define scalar multiplication by

A(a,b) = (Aa, Ab) for all A& R, a& A, be& B. It follows readily that

the set A x B is an R-moduloid under the above operations.

We now define the following functions
P1 P2
A ‘i:.A xB ‘1=)B
1 2
by p (a,b) = a; Pp,(ap) = b; i,(a) = (3,0 and i, () = (0,b) for all
a&A, be B. Clearly p,, P, i, and i, are morphisms of R-moduloids,

and the following lemma can be established in exactly the same way as for

modules.

Lemma 4.9

Ppi, = 1g; Priz =03

ipy + i =1y



the R-moduloids A and B.
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The moduloid A x B will now be shown to be both the product and sum of

Theorem 4.10
If C is any R-moduloid and f:C—A, g:iC—>B are two morphisms

of moduloids, there is a unique morphism of moduloids

i

| t:C—>Ax B

i

such that p, ot =f and p, ot = g. That is, Ax B is a produttiobject.

Proof: We must show that the following diagram

[+
I
A(& A x B ——) B
st Py
can be filled in with a wnique morphism t so as to be commutative.
Now this commutativity pjt = £ and p,t = g implies
iyf + g = 4)pyt + 1Pt = (4p) + ipy)t =t
Hence t, if it exists,must be t = i,f+ i,g. Conversely, this
sum ilf + izg is a morphism of R-moduloids C—>A x B such that
P1(iyf + ipg) = pyi £+ pig= £+ 0g=£
and Py f+ igg) = pyi £+ poisg =0f+ g=g

Hence t

£+ i,g is the morphism required.

Theorem 4.11
If C is any R-moduloid and f:A——C, g:B—>C are two morphisms
of R-moduloids, there is a unique morphism s:A x B—— C of moduloids such

that s oi =f and s oi,=g Thatis, AxB is asum (or coproduct)

object. ‘
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Proof: (Similar to the proof of Theorem 4.10).

"Since A x B is both a sum and a product, we write it A@B. AQ@B

will therefore be called the biproduct of the R-moduloids A and B.

7. Moduloids of Morphisms

If A and B are moduloids over the commutative semiring K, the set
hom(A,B) of morphisms from A to B, under the usual pointwise addition of
morphisms will be associative, have an identity, viz the zero morphisms and
will be commutative since B is commutative. However, in general, there
will be no inverse elements under pointwise addition in hom(A,B) since B
is a monoid. Thus hom(A,B) can be given the structure of a commutative
monoid under pointwise addition.

Next for any xe K and any f& hom(A,B), consider the function
«f:A——>B defined by (x£)(a) = k(£(a)) for every a€ A. Since K is
a commutative semiring, it can be easily verified that «f is a morphism
of the moduloid A into the moduloid B. The assignment (k,f)l—) kf
defines a scalar multiplication in hom(A,B) and gives hom(A,B) the
structure of a K-moduloid called the moduloid of all morphisms of the moduloid

A into the moduloid B. When given this extra structure hom(A,B) is

written as Hom(A,B).

Now let f£:A'— A and g:B—pB' denote arbitrarily given morphisms

of K-moduloids and consider the moduloids Hom(A,B) and Hom(A',B').

Define a function
4 :Hom(A,B) ——> Hom(A',B')

by taking
¢(h) =goho £

for every h in Hom(A,B). Clearly ¢ is a morphism of K-moduloids.

Denote ¢ by Hom(f,g)-
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ion 4.12
For any modulgid A .over a commutative semiring K i 5
™= my : A———>Hom(K,A) defined by w(a) = £, such that

fa(k) =ka for all ae A, ke K, is a natural isomorphism of K-moduloids.

Proof: m is well defined since
fa(kl + kz) = (kx + “z)‘ =kja+ kza = fu(kx) + fa(kz)
fa(xk) = (Ak)a = A(ka) = Afa(kJ
To prove that = is a morphism of moduloids consider for all k& K
w(a;, + a) (k) = f’l » ‘lfk) =k(a +a)
= ka, + ka,
= f‘,l &) + faz(k)
= (f'l + flz) x)
= (r(a) + 7(s,)) )
Thus w(a, + a,) = 7fa)) +7(s,) forall a,a in A
For all k, €K
x(xa) (k) = f)“(k) = k(ra)
= (k\)a
= (k)a
= Atka)
= lf!(k)

= Anfa) (k)

Thus w(Aa) = An(a) for all a&€ A, A€ K
To prove that ¥ is an isomorphism we first show that = isa

monomorphism. Consider a;,a, & A such that 2 # a3



T = £, K =k
and .. n(az)(k)-iﬁ(k)=kaz for all ke K
Since £, (1) =a #a, = £,W, £, ff,
To show that = is an epimorphism of K-moduloids, consider
f & Hom(K,A). For all ke K
£() = £(k.1) = k£(1) = ka'  where a' = £(1)
Therefore w(a') = £.

To see that the above isomorphism is natural in A, consider

the following diagram
A
A— A 5 Hom(k,A)

g Hom(1,g)

B ﬁ—) Hom(K,B)

For a€A, k€K
Hom(1,g) m,(a) (k) = Hom(1,g) (£, (k))
= g(£,()
= g(ka)
and

TpE@) ) = £, ()

= kg(a)
Since g(ka) = kg(a) for all ain A, k inK, the diagram

commutes.

8. Bilinear Functions

Let A and B denote arbitrarily given moduloids over a commutative

semiring

K and consider the cartesian product A x B of the sets A and B.

N
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A function g:A x B—3X from Ax B to a K-moduloid X is said to

be bilinear (or K-bilinear) iff

g(@;3) + a,3,,b) = a,g(a),b) + a,g(az,b)
8(a,8,b; + 8,b,) = Byg(a,by) + B,g(a,by)
holds for all elements a,,a,, a in A; by,b,, b in B and

a;,0,,8;,8, in K.

Let Bilin (A,B;X) denote the set of all bilinear functions h:A x B—>X.
Then if t:X—Y is a morphism of K-moduloids (i.e. is linear), the composite
t o h:A x B—3Y is bilinear. For fixed K-moduloids A and B the
formulas

F(X) = Bilin (A,B;X) F(t)h) =toh, he&FX)

define a functor F from K-moduloids to sets. A universal element h,
for this functor F is called a "universal bilinear function" on A x B.
That is, hD:A x B—>X is . universal if and only if for every bilinear
function h:A x B—>Y there exists a unique morphism of K-moduloids

t:X—Y such that the following diagram commutes:

hy
AxB — X
'
it
h '
-
Y

9. Tensor Product of K-Moduloids

For any two moduloids A and B over a commutative semiring K we shall
construct a universal K-bilinear function on A x B. That is, we simultaneously
construct a new K-moduloid A@B and a K-bilinear map A x B——A @B

which is universal among bilinear functions from Ax B toa K-moduloid.

-
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Consider the K-moduloid F = K X B) g theoren 4.8 this moduloid
is free on the set A x BCF of free generators (a,b). This means thar
the inclusion i:A x B—3F is wniversal among functions from the set
AXx B to aK-moduloid, however, i is by no means bilinear; for example,
if b A0 the element (a;,b) + (3,,b) in F is never the element
(a; + a,,b) of F.

What we now do is to take the "biggest possible" quotient moduloid
F/E so that the composite

AXxB——F——3Ff will be bilinear.

To do this, let E be the finest congruence relation on the K-moduloid

F for which the following relation R on F is contained in E.
(3 +2,a,b)R 1 (a),b) +1,(a,,b) and
("“lhl + uzbz)k [ (a,hl) + “z(""z) for all

a,,3,,a in A, bl ,bz,b in B and LR TN Y in K.

This p is i since the set Cp of all
on F is a lete lattice with least element IF and
greatest element F x F. The i of all satisfying
the above conditions would be the required E. In the 1l

of Clifford and Preston [3], E is the congruence on F generated by the
relation R.

As was the case with M-sets, it is useful to describe more fully what
is meant by the "finest" congruence on F containing. This is done by
giving a fairly general construction similar to that used by Clifford and
Preston [3] for determining the congruence on a semigroup gemerated by a

given relation.
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Let T=RURL By putting A, =1 and A, =0, wveseethat R
is reflexive. - Therefore "T 1is clearly reflexive and symmetric.
For x,y in F (To simplify notation we use single letters to denote
elements of F), define
Xpy to mean that

x=2z+Ac, y=2z+Ad and cTd for some c¢,d,z in F and A in K.

Progesition 4.13
The relation p on F is compatible with the operations of addition

and scalar multiplication.

Proof: Comsider x,y in F such that xpy. Then X =2z + XAc, y =2z +2Ad
and cTd for some z,c,d in F and A in K. For all s€F
x+s=(z+Ac)+s, y+s=(z+Ad) +s. By the comutativity
and associativity of F

x+s=(z+s)+Ac and y+s=(z+5s)+2d
Therefore (x ¢ s)p{y ¢s) for all s inF and p is compatible
with addition on F. Also for all k& K
kx = k(z + Ac) and ky = k(z + Ad).
That is kx = kz + (k\)c and ky = kz + (kA)d.

Therefore p is compatible with scalar multiplication on F.

We are now able to establish the required congruence E.

Definition 4.6
For X,y in F
XEy iff there exists a finite sequence ¢€),Cp, -+ » O in F such

that xpc;, €1pCpy, CpPCgs -+ » Py



Proposition 4.14

The relation E defined above is the finest congruence on F containing

Proof: Clearly RC TC p CE. The argument already given in the proof of
Proposition 3.3 establishes that E is the finest equivalence
relation containing R. Also since p is compatible with addition
we have

XEy #wcl, €PCps «oe 5 Cpo¥
> (x+skle; +5),0 + Pl + 9 oon Lo * b+ 3.
for all s inF.
Therefore (x + S)E(y + s) for all s in F whenever xEy.
Similarly the compatibility of p with scalar multiplication implies
that E is compatible with scalar multiplication. Thus E is a

congruence containing R.

on 4.7
The tensor product A@®B of the K-moduloids A and B is the quotient

moduloid F/E.

For each a€ A, b& B, the element [i(a,b)] of A® B will be denoted
by a@®b and called the tensor product of the glements a and b. Every element
t of A@B can be written in the form t = izl Ai(aini) where a; € A,
b.€ B and A, € K for every i =1,2,3, ... n. As usual these expressions of
i i
the elements of A(®B are by no means unique.

= b) and

In fact (ra + Azaz)@b = Al(alé}b) 2@, )

2@ (ub, + ugby) = Wy (@®by) + u,(a@b,). In particular, one can easily

deduce that
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(Aa)®b = A(a@®b) = a@® (W) for all A inK ag&A, be B.

It follows that every element t of A@®B can be written in the form

t=g gl (ai®bi) where aie A bie B.

We now show that this function A x B—3>A®B is universal among

K-bilinear functions from A x B to a K-moduloid.

Theorem 4.15
To each K-bilinear functio h:A x B——C there is exactly one

morphism of K-moduloids f:A@B—C such that f(a@b) = h(a,b).

Proof: We are given the solid arrows in the diagram
i
AxB Feg@xBL_B Fp=A®B
1 -
-
h 's - O f
! -
v -
-

c

Since F is free on A x B the function h determines a unique

morphism of K-moduloids s:F——3C with s o i =h. That is s

is a wnique morphism which sends each gemerator (a,b) into

h(a,b) € C.
We now show that for x,y in F with XEy we have s(x) =s(y).
If xBy then x= (3 +A,3.,b) and y =A;(a;,b) + A, (ay,b)
for some a,,2, inA, BEB Aph; ink,

x = (2,k;bp + biz) and y = Kl(a,bl) + Kz(a,bz) for some

In either case the bilinearity of

or
a €A, byub, in B, Kk, in K.
imply that s(x) = s(¥).

h and the fact that s oi=h



65.

- -1
Since T =RUR™, xIy implies s(x) = s(y). If XEy
th aad £ -
en there exists a finite sequence X,, Xp, ... , x, in F such

that
XOXys X1PXy, XpPXgs wu , X 0¥

But xox; implies that x=wu+Ac, x, =u+Ad and cTd
for some u,c,d inF, A in K.
S(x) = su+ Ac) = s(u) + As(c)

s(x)) =s(u+2d) = s(u) + As(d)

However ¢Td ' implies s(c) = s(d).
Therefore s(x) = s(x,).
Similarly s(x)) =505) =5(x) = ... = s(x)) = 5(¥)
Thus s(x) = s(y) whenever XEY  and by the universal property
of the projection p:F—3F/  there exists a wique morphism of
K-moduloids

£:Ff —C with fop=s

Consequently, (£0 pJoi =so i =h.
But (po i)(a,b) = a@b -
Therefore , f(a@®b) = h(a,b).

For K-moduloids A,B and C consider the set Bilin (A,B;C) of all
K-bilinear functions A x B~ C. The pointwise sum f + g of two such
bilinear functions is bilinear. Also since K is commutative, the
pointwise scalar multiple xf of a bilinear map by a scalar is also bilinear.
It follows readily that the set Bilin (A,B;C) is a K-moduloid under these
pointwise operations. Our immediate aim is to show that

Bilin (A,B;C) ® Hom(A,Hom(B,C))
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The details of setting up this i ism are almost
parallel to the details of the corresponding result for modules. First
we write the values of any bilinear function h:A x B—C as
h(a,b) = Fa(b) so that Fl:B——)C is a "partial function" for h.
Since h is bilinear, it follows that l-'a is a morphism of K-modules.
That is
F (kiby + kpby) = h(a,q by + kpby) = kjh(a,by) + xph(a,b))
= k) Fa(b ) + Ky F (b))
for all by,b, in B, Kk, in K.
Therefore Faé Hom(B,C)
Define a function F:A—3Hom(B,C) by the assignment BD—)F‘.
We now show that F is a morphism of K-moduloids.
F(Aj3; + A,3,)(b) = F, ®)
1% * A58, Aay + AE,

= h(,a, + A,3,,b)

= Ah(a ,b) + Ah(a,,b)

= \F, ®) + leaz(b)
(lll"1 ® XZF.Z)G’)

= (\F(3;) + 121-'(:2))01)
for all b in B; a,,3, in A and A;,}, in K.

Therefore F& Hom(A,Hom(B,C))

Theorem 4.16
For K-moduloids A,B and C there is an isomorphism
Bilin (A,B;C) 2 Hom(A,Hom(B,C))

of K-moduloids given by assigning to each K-bilinear finction hiA x B—>C

the morphism of K-moduloids F:A— Hom(B,C).

N
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Proof: The proof is parallel to that given for modules [17} p. 330.
Theorem 4.17
For K-moduloids A,B and C there is a natural isomorphism
P = Pppc  Hom(A @B,C) £ Hom(A,Hom(B,C))

where £ b— o(9)

such that o(f)(a)(®) = f(a@b) for all a€A, be B.

The universality of the tensor product states that every

K-bilinear function h:A x B=—>C has the form h(a,b) =

f(a®b)

for a unique morphism of K-moduloids f:A@ B—>C. That is,

fl——>h is a bijection

Let o:Hom(A® B,C)—>. Bilin'(A,B;C) be defined by a(f) = h.
Consider f,g€ Hom(A@® B,C) such that f—»h; gk—k

For all (a,b) in Ax B; A,ué€ K
a(Af + ug) (a,b) = (Af + ug) (a®b)

= () (a@b) + (1g) (a@ D)

= A(£(a@®D)) + u(g(@®b))

= A(h(a,b) +u(k(a,b))

= A(a(£) (a,b)) + u(a(g)(a,b))

= Qa(f) + ua(g))(a,b)
Therefore a(f + ug) = Aa(f) + ua(g) and o is an
isomorphism of K-moduloids. This isomorphism followed by
of Theorem 4.16 is the desired isomorphism p

Proposition 4.18
For K-moduloids A and B, A@BEB®A

that
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Proof: (Similar to the proof of Proposition 3.8)

10. The Category M, of K-Moduloids

As was the case with M-sets, our main objective is to show that for

a fixed ive semiring K, the gory M, is a symmetric

monoidal closed category.
To do this we first of all show that "K is a closed monoidal
category by showing that the seven data of Proposition 2.6 are provided.
@) = My
(ii) The temsor product defined in section 9 is clearly
a functor @My x M—dMy.

(iii) H= Ho-:”i x "K_*"K'

F;ux—o." is "the forgetful functor". Clearly F

av)
is faithful.
(v) K is the commutative semiring
(vi) Proposition 4.12 provides the natural isomorphism

™ = my:A —>Hom(K,A)
(vii) The natural isomorphism
:Hom(A ® B,C) —> Hom(A,Hom(8,C))

P = Papc
is provided by Theorem 4.17

Since the basic functor F is faithful, it follows from Proposition 2.6

that My is a monoidal closed category.
Note that data (vi) and (vii) of Definition 2.1, that is
0 K— Hom(A,A) and

L= L :Hon(8,C)—> Hom(Hom(A,B), Hom(A,C)) 3

are defined by



8 and

=nqQ
S (ﬁf A)

L(f)(g) = £6 g where £:B—>C, g:A—»B.

The natural isomorphism C,;:A@ B—>B@ A, defined in Proposition
4.18, can be shown to be a unique symmetry in the same way as already
indicated for M-sets. Hence "K is a synmen;ic monoidal closed category.

In particular, we have shown that the category Mod, of modules over
a commutative ring and the category Ab of abelian groups are symmetric

monoidal closed categories.
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CHAPTER FIVE

EMBEDDING THEOREMS ’ o f
In this chapter we consider again closed categories. It will be
shown that any such category satisfying certain conditions can be

embedded into one or more of the following five symmetric monoidal closed

categories:
(i)the category 5, of M-sets, where M is a
commutative monoid;
(ii)the category 5; of G-sets, where G is an
abelian group;
(iii)the category M, of moduloids over a commutative
semiring K;
(iv)the category lhdk of modules over a commutative
ring K;
(v)the category VF of vector spaces over a field F.
c . five i , which form the focal point of

this thesis, are established.

1. Embedding Theorems for M-Sets and G-Sets.

Let C be any closed category with a faithful basic functor F. We
will now show that the natural isomorphism A= H(K,A) provides a means
Of defining, for each A€ ObCl, a function FK x FA—>FA. The inherent
properties of such a function will be the basis for putting extra
structure on the set FA.

Since FAZ hom(K,A), Fm(a):K—>A and F(F7(a)):FKk—>FA for all

a€ FA.
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on 5.1
The function FK x FA——FA written (x,a) ——yxia is defined by

x-a = F(Fr(a)) (k) for all a€ FA and all ke FK

Proposition
If fe FH(B,C), then w of = H(1,f) omy

Proof: Axiom CC4 and the fact that F is a functor imply that the

following diagram commutes :

mk
FH(B,C) —————————> FH(H(K,B),H(K,C))
FH(rg,1)
FH(1,7 ()
FH(B,H(K,C))

FH(WB,I)(FLK(f)) = FH(rg,1) (1, )
= H(1,8) o my
and FH(Lm)(® =g o0 f

Therefore H(1,f) o mg = ;o0

Corollary:
Fu(x-a) = Fu(a) o Fr(x) for all ain FA and all « in FK.

Proof: since F is a functor, it follows from

H(1,£) o my = 7 o £ that

FH(1,£) o Fry = Fr, o FE:FB——>FH(K,0) ‘

Put B=K, C=A and £ = Fr(a) where a& FA. Then for
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all ain FA and all x in FK
Fr(x-a) = Fr(F(Fr(a)) (x))

= (Fm o Ff) ()

= (FH(1,£) o Fm)(x)

= FH(1,£) (Fr(x))

= £ o Fr(x)

= Fr(a) o Fr(x).

Considering the natural isomorphism =:K—>H(K,K), we obtain the

bijective function Fm:FK—3 hom(K,K).

Definition 5.2
Define 1€FK to be Fr '(1,); that is Fx(1) = 1

Proposition 5.2
For all a in FA and all A, p in FK the function FK x FA=FA
satisfies the following properties:
E) As(u+a) = (A-p)-a

(i) lva=a

Proof: (i) Ae(u+a) = F(Fr(u-3)) A)

= F(Fr(@) o Fr(1) ) {Corollety'to

Proposition 5.1)

= F(Fr(a)) (F(Fr (1)) 1))
= F(Fr(a)) (*¥)
= (vu)ra
(i) PFr(l-a) = Fr(a) o Fr(1) (Cossillagt €6
= Fr(a) o 1y Proposition 5.1)

= Fr(a)
Hence 1-a = a for all a in FA. '

But Fr is a bijection.



Corollary

The set FK together with the binary operation FK x FK—=—sFK

is a commutative monoid.

Proof: Put A=K in Proposition 5.2. Associativity and the existence
of a left identity are immediate. For all A, u in FK
Fr@-u) = Fr() o Fr ()
=Fr(\) o Fr(u) (Corollary 3 of Proposition 2.5)
= Fr(us)

But Fr is a bijection. Hence A+u = per for all A, u in FK.

Corollary 2
For each A€ ObC the pair (FA, FK x FA——FA) is an FK-set

where ¢FK,d is a commutative monoid.
We now establish the first of the five embedding theorems indicated

at the beginning of this chapter.

Theorem 5.3 (Embedding Theorem 1)
Let ¢ be any closed category with a faithful basic functor.

Then

there is a canonical faithful functor
G:C =35
from ¢ to the category Spx of sets under the action of the commutative

monoid FK,->» = end (K) Furthermore, if F:Sy—> 5 is the underlying

set functor, then FG:C— 5 is the basic functor for (; that is F¢ = F.

Proof: Define g@:C—> Spx such that for each A€ Ob C, G(A) is the

FK-set (FA,FK x FA=—=»FA) and for each morphism f:A—3B in C,

N
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G(f) = FE£:FA——3FB is a morphism of FK-sets.
G(IA) = FlA = lFA = lG(A) for each A€ ObC and if fo g
is defined, then
G(fog) =F(fog) =Ffo Fg= G(f) o G(g)
Hence the above assignments do define a functor.
Actually G is such that the following diagram commutes:
G
—_—
c SFK

F

where F, the forgetful functor, is the basic functor for Sex
In other words, G is a lifting of the basic functor F for C
over the basic functor F for Spys

We now show that the functor G is faithfulj that is, it is an
embedding of C into Sp.

Then G(£), G(g):FA—FB are
then FG(£) = FG(g);

Consider f£,g:A—>B in C.

morphisms of FK-sets. If G(f) = G(g),

that is F(f) = F{g). But F is faithful implies that f = g.

Hence ¢ is faithful.

Proposition 5.4
If in a closed category C with faithful basic functor every

morphism X € hom(K,K) is invertible, then <FK,+> is an abelian group.

Proof: Each R hom(K,K) being invertible gives rise to the following

bijection:
FK = hom(K,K) —— hom(K,K) = FK.

o 1

% h
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where x"le FK is defined by x! - gl

Tt has already been shown that (FK, -» is a commutative monoid.
For each xe FK.

Friexl) = precl) o Enge

=%lox

Therefore =rlog-1em

Theorem 5.5 (Embedding Theorem 2)
If for a closed category C with faithful basic functor every

morphism in hom(K,K) is invertible, then there is a canonical faithful
functor F:C—-SFK from C to the category SFK of sets under the

action of the abelian group FK, *)» .
Furthermore, if U:Szz—>5 is the wnderlying set functor, then

UF:C —35 is the basic functor for C; that is UF = F.

Proof: The proof is immediate from Proposition 5.3 and 5.4.

2. Embedding Theorems for Moduloids, Modules and Vector Spaces

Consider again any closed category C with faithful basic functor

but with the extra assumption that C has biproducts.

Proposition 5.6
If A€ 0b C, then FA can be given the structure of a commutative

monoid (under +)

By Proposition 1.8 it was shown that whenever A and B are objects

Proof:
hom(A,B) has the structure of a

of a category with biproducts,

N
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commutative monoid under +.
For x,y in FA define
x+y =l + Frey)
where Fr:FA——3 hom(K,A)
Clearly x + ye FA.
Define 0€FA by 0=F "1(0)
It follows easily that <FA, +} is a commutative monoid.

Proposition 5.7

Let C be any closed category with faithful basic functor and
biproducts. The function FK x FA—=3FA defined by A.a = F(Fr(a))(A)
satisfies the following properties for all a,b in FA and all A,u in FK:

() A<(@a+b) = r-a+Ar-b
(i) (A + uw)ea = 2r-a+ A-a

(iii) 0.a= 0 where 0O€ FK and 0€FA

(i) Fr(As(a+b) =Fr(a+b) o Fr(d)
=(Fr(a) + Fr(b)) o Fr(A)
= Fr(a) o Fr(A) + Fr(b) o Fr(})

= Fr(A+a) + Fr(A+b)
= Fr(Ara + A*b)
But Fr is a bijection. Therefore A-(a + b) = A-a + A<b for
all a,b in FA and all A in FK.
(i) Fr(( '+ w)ea) = Fr(a) o Fr(A + w)
= Fr(a) o (Fr(\) + Fr(u))
= Fr(a) o Fa(A) + Fr(a) o Fr(u)
= Fr(A+a) + Fr(u-a)

= Fr(Ava + p-a)
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Hence (A + p):a=2r-a+ u+a for all a in FA and all A,u in FK.
- (iii) Fr(0-a) = Fr(a) o Fr(0)

=Fn(a) o O where 0:K—3A
o

Therefore 0+a = Fr (@) = 0 & FA.

Corollary 1:
FK: +,+>  is a commutative semiring.
Proof: The proof is immediate from Corollary 2 of Proposition 5.2,

Proposition 5.6 and Proposition 5.7

Corollary 2:

For each A€ Ob C, {FA; +,+)> 1is a moduloid over the commutative

semiring FK.

Proof: The proof is immediate from Proposition 5.6, Proposition 5.2

and Proposition 5.7.

We are now able to present the third embedding theorem indicated at

the beginning of this chapter.

Theorem 5.8 (Embedding Theorem 3)
If C is any closed category with a' faithful basic functor and

biproducts, then there is a canonical faithful functor
@il —al

from C to the category My of moduloids over the commutative semiring

FK. Furthermore, if U:mMg—>5 is the underlying set functor, then ‘
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Ua is the basic functor for C; that is Ua = F.

. .

This follows from Theorem 5.3 and Corollary 2 of Proposition 5.7

Since the ies that are repl for C in the above

theorem have zero objects and biproducts, it is of some interest to

investigate how the embedding a affects this special structure.

Lemma 5.9

The image o(0) of the zero object of € is the trivial FK-moduloid

Proof: By definition of a, a(0) = FO where FO is a FK-moduloid. All
that reamins is to show that FO is the trivial moduloid. Since
FOZ hom(K,0) and hom(K,0) consists of a single element, the
zero morphism 0:K—> 0, FO is a singleton set.
Specifically FO = {0} where 0 = Frl(0). Clearly when the

set is given the previously indicated moduloid structure, it is

(up to i ism) the trivial FK- id, which is the zero

object of the category ”FK'

Before considering how o affects biproducts, we require the

following definition.

Definition 5.4
Let C and C' be two categories with biproducts and F:i ——C'

a functor. F is said to be additive if for any pair of morphisms

f,ge homL.(A,B), we have
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Flf+g) = F(f) + F(g).
Proposition 5.10
The embedding a:C—3 M, of theorem 5.8 preserves biproduct

1£f it is an additive functor. In other words, u(A)‘;‘%lT’ ) B)&(u_’,')—u(s)

is a biproduct in Mgy whenever A—'AQ B—.B is a biproduct in

C iff a is an additive functor.

Proof: (=)
since A,;_AQ ni—,s is a biproduct in €,
pi=1, @ =1,
qi=0 pj=0
Therefore afpi) = a(1,)
That is a(Pla(d) = 1,y
Similarly o(q)a(j) = lu(B)
Also a(qa(i) = a(0) =and a(Pla() = a(0)
Since a sends the zero object of C to the zero object of
"FK (Lemma 5.9), «(0) is a zero morphism in ”FK; that is
a(0) = 0.
Therefore a(q)a(i) =0 and a(pla(@) = 0.
since A@B is abiproduct in C, Proposition 1.9 states that
ip+ja= gy
Consequently o (ip + jq) = n(lAe B) =1 Y (A® B)
But since o is an additive functor, this gives
afip) + 2(Ga) = L, a@B)
a(ida(@ + 2(Gx@ =L nags

N
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All that remains is to show that @), oq)) is a product in
Mgy and  @@), «(j)) is a sum in Mpy. This follows in
exactly the same way as the arguments already given for loduloid-s
in chapter IV.

(&) 7o show that o is an additive functor, consider

£,8€ hom,(A,B), A

f+g is :ms AOA

\\1/

Since o preserves biproducts, the object a(A®A) in the

following diagram is the biproduct nf a(A) and a(A).

a(A) 5

aA) 34O A) Wn\(n)
a(@)
la(d) a(A) a(g)
Therefore a[f,g] = [a(®), a(@)]

That is a(f+g) = a(f) + alg)s

It has been shown that for any closed category ¢ with faithful
basic functor and biproducts the set FA can be given the structure of

a FK-moduloid for each A€ Ob (C. Considering that a module is

essentially a moduloid with additive inverses, the following question
naturally arises: What extra property must the closed category C possess
in order that FA can be given the structure of a FK-module for each
A€ 0b (,, where FK is a commutative ring?

The following proposition answers the above question by providing

the details of how FA is enriched with an abelian group structure.

N



Proposition 5.11
If a closed category (¢ is such that
(i) the basic functor F is faithful,
(ii) ¢ has biproducts,
and (iii) there exists a morphism u:K—3K such that the
following diagram commutes:

—A— k@«

K
| 0
o

OK' then FA <can be given,in a canonical way for

that is T + 1 =

each A€ Ob ¢, the structure of an abelian group (under +).

Proof: Since it has already been shown that conditions (i) and (ii)
ensure that FA can be given the structure of a commutative
monoid, all that remains is to show that additive inverses exist.
We have FAZ hom(K,A). For each x& FA define -x& FA by
% =Fr}(-®) where X=Fr(x) and -X =Xo0 G That is
FAZ= hom(K,A) —— hom(K,A) = FA

XX p——— F— -x

is equal to zero.
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That is

is equal to zero.
By definition of +
X+ Xe®=0
But X o0 U= -X, therefore X + (-X) =0
For all x€ FA
X+ (-x) = Bl (Fr(x) + Fr(-x))

= RIE ()

R ©)

=0EFA

Two obvious consequences of the above proposition are:
Corollary 1 {FK; +, > is a commutative ring.
Corollary 2.  CFA; +, *) is a module over FK.

We are now able to present the fourth embedding theorem indicated

at the beginning of this chapter.

Theorem 5.12 (Embedding Theorem 4)
If C is any closed category such that
(i) the basic functor F is faithful ,
(ii) € has biproducts ,
(iii) there exists a morphism UW:K——K such that 1y + = Og»
a canonical faithful functor
¥:c —Modgy

then there is



from C to the category MoclFK of modules over the commutative ring FK.
_ Furthermore, if U:Mod—35 is the underlying set functor, then
U ¥:C —3S is the basic functor for C; that is U¥ = F. °

Proof: The proof follows from Proposition 5.11 (Corollaries 1 and 2)

and Theorem 5. 3.

Considering the possibility of obtaining a field structure on FK
and eonseq;!e‘ntly giving FA the structure of a vector space for each

A€ Ob ¢ brings us to the fifth embedding theorem.

Theorem 5.13 (Embedding Theorem 5)
If C is any closed category such that
(i) the basic functor F is faithful,
(ii) C has biproducts,
(iii) there exists a morphism W:K—3K such that 1. + T =0y,
(iv) every nongero morphism K—K is invertible, then there
is a canonical faithful functor
0: —3V g
of vector spaces over the

from C to the category V,"

field FK. Furthemmore, if FiVgg—5 is the underlying

set functor, then Fe:C —3 S is the basic functor for C;
that is Fo = F.
We have to prove that the commutative ring FK is a field; the

result then follows from 5.12. It follows from condition Gav)
n of the proof of Proposition 5.4 that ‘

Proof:

and a slight modificatiol

each nonzero element of FK has a "pultiplicative" inverse. Hence



<FK; +,*>  is a field and the proof is complete.

3. Examples:
In chapter III it was shown that any category 5M of sets under

the action of a commutative monoid M is a symmetric monoidal closed

category. In particular, any category SG' where G is an abelian group,

is a c idal closed . Since 5.3 and 5.5

involve the embedding of closed categories into these two categories, it
is of interest to investigate what these embeddings are in the case of

S, 5, S" and S(;' Note that if categories of more structured algebraic
objects are considered, these i will be less since in

many cases the basic structure is not preserved. For example, if
C= ModK in Theorem 5.3, the embedding obviously does not preserve the
abelian group structure.
(1) The category 5 of sets admits, through the following data,
the structure of a symmetric monoidal closed category:
(a) F=1: S—35 (F is clearly faithful);
(®) HEX,Y) = hom(X,Y) ; X,Ye 0b 5;
(c) K= {s}, a singleton set;
@ ﬁx:X'Ehol((s), X) such that T (x)(s) = x for all xeX;
(&) X@Y=XxY;
(£) Pyyzihom(X x Y,2) = hom(X,hom(Y,2)) such that
p(£) (x)(y) = £(x,y) where £f:X x Y—>2Z.
Under the operation e (Definition 5.1 with A = K) the set

FK = 1K = K has the following monoidal structure:

<[]




It was stated in chapter III that any set could be regarded as an

M-set where M = {1} is the trivial monoid. Clearly the above structure

{FK,*> is (isomorphic to) the trivial monoid M.

If in Theorem 5.3 we put C = S, the embedding is simply a confirm-
ation of the above ion that the 34 of sets is

the category of {1l}-sets.

by putting C = S.

(2) The category 5, of pointed sets admits the structure of a

symmetric monoidal closed category through the following data:

(a)
®)

©
@

(O]

(£

Under the operation <

F: S35 such that F(X,») = X;
H(X. Ya) = hom, (X,,Y,), the set of base point preserving

functions;

This result is also obtained from Theorem 5.5

ic to)

K = {#,1}, a set with two points, one of them distinguished;

wx:x.E hom, (K,X,J such that 7(x)(x) = » and
T(x)(1) = x;

X, @Y, = XKY,, the "smash" product, consisting of the
@Y,

cartesian product X x Y with Xx{*} (VRS
single point;

pm:ha.,(x,@y,, 2,)2 hom, (X, ,hom, (¥, , Z,) such that
PO = £x@Y), * Oy =yD =~

(Definition 5.1) the set K = {1,*} has

the following structure:

} x Y shrunk to a

Y
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Clearly <FK, ') is a commutative monoid, but not an abelian group.
The -awedding of Theorem 5.3 shows that the category S, of pointed

sets may be as a full subcategory of the category of M-sets,’

where M2# FK and the action is defined as follows:
For all xe& X Ix = x
0x = * where * € X.
Note that the tensor product of M-sets, as defined in section 5 of
Chapter III, does turn out to be the smash product in the special case of
0,1}-sets with the above action.

(3) In general, any category SM of M-sets has a faithful basic
functor of underlying-set functor. If we put

functor, namely the
may be as an "i ont.

C= Sy in Theorem 5.3, the

Details will be given in example 5 to show that the given commutative monoid
M, +>  is essentially the same as the commutative momoid <{FK,®) . Note

that if S, is the category of all M-sets, then the embedding is actually

the identity functor.

(4) If we consider S5;, a category of sets acted on by an abelian

group G, then K = G. The set hom(G,G) of morphisms of the G-set G
has the property that each morphism is invertible. This is easily seen by
observing that each merphism G —>G is uniquely determined by the image
of the identity 1€ G. That is, if £(1) = a, then £1a) = a”l. Hence
FG can be given the structure of an abelian group (under » ). By putting

€= §; in Theorem 5.5 we again have an "inclusion'.

(5) 1If in Theorem 5.10 we put C = My, a category of moduloids over

the commutative semiring K, then



CH MK—, Mey
is an embedding of M, into the category of all moduloids over the
commutative semiring FK. ’

We now show that the addition and scalar multiplication defined for the
moduloid FA over FK are the same as the addition and scalar multiplication
of the moduloid A over K. To distinguish the operations in My from those
in "FK we use the following notation

A= K5+, D m- {5;0,0>

where A denotes the underlying set, that is A is FA without the added

structure. Obviously both structures have the same underlying set.
The operations (® and ® have been defined as follows$
k©x = F(T(x)) (k) for all x€ A and k€ K
and x®y = FrlEr(x) + Fr(y)) forall x,yin K.

In Proposition 4.12 the natural isomorphism
m:A ———> Hom(K,A) was defined by w(x) = fx such that
£,k) =ke+ x for all x€ K, k€ K. Therefore Fi(x):K—>A and
F(Fr(x)):K—>XK  such that F(Fr(x))(k) = k-x for all xe®, keX.
That is k®x = k-x forall x& A, ke¥
Consider also X + y&€ A.

Fr(x + y):K —> A such that for all k€K,

Fr(x + y) () = ke(x +)

= kex + ky
= Fr(x) (k) + Fr(y) (k)

= (Fr(0) + FRO K

Therefore Fru(x +y) = Fr(x) + Fr(y).
That is x + y = Fr L(Fa(x) + Fx()) = @Y
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In particular if A = K, the above discussion shows that the commutative
semiring 7FK_ is the commutative semiring K. Therefore o is the "inclusion"

of a category of K-moduloids into the of all moduloids over the same

commutative semiring K.

That is

NK = u(MK)CMPK

If ”K is the category of all moduloids over K, then a = l:HK'—)MK.

(6) In the category Mody of all modules over a commutative ring
condition (iii) of Theorem 5.12 is satisfied since

u:K——3K defined by u(k) = -k for all k€ K is a

morphism of modules which has the desired property 1, + u= Oy~ Therefore

if ¢ = Mod.K in Theorem 5.12, then ¥ is the identity functor.

(7) Consider a category . Vp of vector spaces over a field F. The
set hom(F,F) of all linear transformations of F has the property that
each nonzero linear transformation is invertible. Since K =F for Ve
condition (iv) of Theorem 5.13 is satisfied.

Putting C = VF in Theorem 5.13 we see that ¢ = IVF
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Appendix

An obvious question pertaining to each of the five embedding theorems
is the following: "Is the embedding full?" The aim of this appendix ls
to provide an example involving topological modules which shows that, in
general, the "module embedding" is not full. Similar arguments using
topological M-sets, topological G-sets, topological moduloids and topological
vector spaces prove that the other embeddings are not full.

The word topological used above is used in the sense of k-space [22]

(also called pactly d" Hausdorff space). ing that all

spaces ave , the 1 t es of k-sp: are as follows:

(a) kiTop———3Top is a functor;
®) If X is aspace, X is a k-space means that kX = X;
(c) If Y is any space, KkY = KY; so kY is a k-space;
@ If X and Y are k-spaces, then their "product" in the category

of k-spaces is X x ¥ = k(X x ¥) . [X x Y denotes the cartesian
product of X and Y]

This invol the inuity of the projections

Xka——-)x, (x,y) —3x
Xxkv——‘Y, Y )—3y
and the fact that if A is a k-space, fiA —>X and giA—Y

are maps (continuous functions) then

(£,8):A—3X x Y, a b— (£(a),g(a)) is amap;

(e) If X,Y,Zz are k-spaces
(X)[I‘Y)x.kz=)()(k (Yx.kz)

(£) If X and Y are k-spaces then ¥X will denote the space of maps

X—>Y topologized as kC(X,Y), where C(X,Y) is the same
inderlying set with the compact open topologys

(g) If A is a subset of the k-space X, then we make A into a
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k-subspace of X by topologizing it as k(A'), where A' = {A

with the usual pace topology} . k-sp have the following
universal property: If Y is any k—s‘pace and f:Y—>3X is a 7
map such that £(Y)C the set A, then g:Y—> A, where A
has the k-subspace topology, defined by g(y) = £(y), ye Y is
continuous ;

(h) Expomential Law. If X,Y,Z are k-spaces then there is a bijective
correspondence between: (1) the set of maps £:X x Y —>2 and
(ii) the set of maps g:X—>2' defined by g(x)(¥) = £(x,y);

xeX, ye Y.

Remark: Whenever we mention space, topological space, topology, etc.

below these terms should be understood in the k-space sense.

on A.1
By a topological ring K = R, Tp, +, D we mean that <R; +, D
is a commutative ring with idemtity, <R, 7p>is s topological space and

+:R x R—> R, «:R x R—R are continuous.

Definition A.2
An R-module X = <A, 7,, +, wiR x A—>A) consists of an

<R, +,+> -module €A, +, ) and atopology T,om A such that

+ and u are continuous.

Definition A.3

- o 2
Let % and ¥ be R-modules. A morphism £:K—B is a continuous
function £:A—>B that preserves both scalar multiplication and addition.



The category of’i-nod 11 i
lules, denoted by Va, is clearly a well defined

category. We now make Vo into a closed category. We define

@) !'° as above;
(1) the functor F:7 —5 by F() =A and F(o) = £
- 1 -
(iii) the functor hom:7} x V=V, by &F) —>non(k), where
. 1
hom(®,B) consists of the usual hom(a,B) module, topologized
as a k-subspace of BA;
. o B
(iv) the object R = <R, T .) to be the "ground object" in V.3
(v) the natural isomorphism
"X —— hn®%)
by a b— £, where
fa:R——)A is defined by fa(x) = A AER;
. -
G g R ———hom®R) by 0,0) = f:A—3A, £ @ = Aa,
ael
b 4 -
(vii) L = iggshon(¥,E) —— hom(om(X,5), hon(X,%))

Remark: (i) It is a standard result for R-modules that Ly

by fb— @E+——fo g

is a bijective

linear transformation. We now show that mg is continuous. The

function A x R—> A, (a,\)k—>a is continuous; hence by the
exponential law a:A——>A%, al—3 £, is continuous. Now

f‘e hom(R,A) for all ae A; hence we can define the continuous

function -x:A-—-»hom(i,‘K) defined by wg(a) = of), ae®

Let n denote the inverse of my; we prove that n is continuous «

as follows:
The composite hom(R,A) —— hom(R,A)C AR is continuous; hence

the corresponding function »:hom(R,A) x R——>A is also continuous.

Consider the composite




(i)

(iii)
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hom(R,A) —— hom(R,A) x R —E—4
£ — )

This composite is the required p and is clearly continuous.

8, 1is continuous because it cors under the ial law
to
Rx A—3A; (Ma)l—> a, A €R, a€A.
The continuity of L follows from the following argument: The

inclusion hom(B,€) —> c® is continuous; hence so is the

"evaluation function"

e :hom(B,¥) x B——> C, (£,b) —> £(b).

P

I%E is continuous iff the function

hon(8,T) —> ho.(x,?;‘)'“’"(xj)
f b——— @F——fd g)
is continuous; this function is continwous iff the function
hon(®,8) x, hon(®,B) —> honR.T)
(£, 8 +—————> fog i
is continuous; this function is continuous iff the function
Mon(8,8) x, hon®B)x A —— T :
(£, g 8) —————> fg(a) ]
is continuous; because X is associative the above function is
continuous iff the function
hon(8,T) X hon(R,B) xk'x) —T
(£, g, a) > fg(a)

is continuous.
The last function is the composite

hon(ED) x, BonlB) 5, %) 752 honD) % BT |
5

Hence it is continuous and consequently 'lgg is continuous.
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Proposition A.1

V=(V,, F, hom, %, v, 6, L) is a closed category.

Proof: The difficult parts have been established above; the rest is routine.

The closed category Vo has biproducts; viz. the usual biproduct of
moduloids with the cartesian product topology and the obvious actions. The
details are routine.

Applying the "Module Embedding Theorem" to V we obtain an embedding
a:V,——3Mody; this is simply the underlying module functor.

We will now give an example to show that a is not, in genmeral, a
full embedding.

tee K= <A, +, 1, 7,>, R = A+, u, 73D be Remodules such
that TA=¢ 7§ (two R-modules with the same underlying set, the same
+, the same u, but different topologies). For example, take R = R
with the usual topology, A = ®, + and u as the usual addition and
multiplication, TA as the discrete topology, and TA as the usual
topology.

Then the identity 19K — X' is not a morphism of R-modules, but
a(l) : af®) —>» a(R'), that is the identity on A, is a morphism of
R-modules. Hence

hom(&,K1) — hon@@®, a®&")

is not surjective, and therefore o is not a full embedding.
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