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(iii)

ABSTRACf

'Let us conside~ the fo llowing sYJlllletric monoida l closed c~tegOries:

(i) 8M' t he category of sets alder the action of a commutative

monoid M; in s hort , a ca t ego ry of M-sets;

(il) SG, the category of u-sets , where G is an abelian group;

(iii) MK,the ca tegory of moduloi ds over a commutative semiring K

(a moduloid is basically a monoi d ac ted on by a semiring);

(i v) ModK,t h ecategory of modules over a commutative ring K;

(v) " F , t he ca tegory of vector spaces over a fie ld F .

Let C be an arbitrary c los ed category. We are concerned wi t h the

fo llowi ng question:

What conditions have to be itllposed on (J to ensure that i t can be

embedded (in some canonical way) i nto one or more of t he above categories?

The b as i c category theory need ed i n t hi s the s i s is provided in

chapters I and II . In chapter I we h ave provided the detailS o f how, in II

category with bd'products , th e set h om(A, B) can be given the s tructure of

a coll\Jllutative monoid (un der ad di tion) . Chapter II gives a sUllllllary of the

standard de f i n itions an d res ul ts l e ading up to t he concept of a symmetric

monoidal closed category.

Si nce t he properties of categories (i) and (iii) are not so well known ,

these categor ies are discussed in some detail in chapters III and IV. I t

is s hOWn that each of the ca tegories is i n fact a symmetric monoidal closed

category.

In chapter V we answer our original question by establishing five

embedding theorems .



(i v )

Ea ch of these t he orems gives s u f f i ci ent conditions fo r a c lo sed cat egory

t o be embeddabl ~ in ~~e of the ebcve cate gories. F:rl;ly eleme"Rtary

examp les are given to illustrate each of the theorems .

In the appendix a detailed example i s given t o show that t hese embeddin gs

ar e no t . in gen er al . ful l embe ddi ngs .
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1.

OiAPTER ONE

CATEGORIES AND BIPRODOC'TS

It is well known that i n an Abelian category 'th e s et hoa(A..B) of

aorphis as frolll A to B can be enriched wi th an Abelian group s tructure .

I n th is chapt er we wil l provi de 50_ basi c ca tegory theory and show , by

a fairly s t an da rd argUlllt!n t . that in a category wi th bfprcductis , the s et

homeA. B) can be given th e s t r uc t ure of a co .....ut ati ve ec nctd.

1 . Categor i e s

DefI nI tion 1. 1

A ca tegory C cons ists o f

(1) a c lass o f object s A, B.C •• •

(ii) f or each pai r (A,B) of objects a set h OOl (", 8 ) t h e e l ements of which

are ca lle d IIIOrphisas froa A t o B o f C. wi t il dolllain A and codomain

B. (We write x :A-. B o r A2.t S for each. x £ hoa(A,B)

(Ui) fo r eadl. t rip l e (A,B, C) of objects a fUlet ioD

ho a ( A, B) x hoa (B. C)-+ hOll(A, C)

call ed co~i tioD o f .arp hislllS ;

thes e dat a bei Da: s \tl j e et to the t wo axiolll5

(1) I f x ~ ho m( A. B) . y £ hOIl(B, C). % Eoh Oll (C. D) t hen

:to (r 0 x) • (z 0 ylox

(2 ) For each obj e ct A t he r e e xists an e lement lA~ hom (A , ;.)

c a lled an i de ntity IIIOrphism s uch th at if x co: hom( A,B ) th en



2.

ROllIark : The .arp hb. l A whos e existen ce i s required by (2) is lD11quely

defined; b ecause i f . 1" is a second IIlOrphis. ,wi th the same

property then 1,\ 0 lA- 11 " l A

During the course of t his t hesis we wil l frequentl y r e f er to th e

f o llowing ca tegorie s:

S . t he category of al l set s ;

S.. the c ategory o f po i nt ed s e ts ;

SM' t h e ca t e gory o f s e ts under the act i on of a colQlJlutativc

monoid H;

SGO the category of sets und er the ac t ion of an Abelian group G;

ModIC' t he ca tegory o f modules over a collllDutative ring K.

"\::. the c ategory of .aduloids over a co..utative seairlng K

(the tens llOduloi d and s ellliring w111 b e :1efined in chapter 4);

Vp " t he category of vector s p a ces ove r a field F.

Because the abo ve ca tegories h ave ob jects with underlying sets . th at

i s t he re is a f ait hful functor C-+S. t h ey ar e mor e s peci fically r eferred

t o as conc rete ca tegories. Howev er. i t can b e easi ly s hown that eve ry

co ncrete category is a cate go ry.

A ca t e gory C' is a subcat eg ory of C Wide r t h e fo llowi ng co nditions

(1 ) Ob D!C Ob C

(2) h omCl (A, B) C homC(A ,B) for all (A, B) E: Cl x C'

(3) the co mpos i tion o f an y tw o morphisDlS i n C' is the s ame as

t heir colllpOsition i n C

(4) IA is the same i n C' as in C for a ll A e C'

If furthermore he Il.C,(A,B ) • h caC (A, B) f or all (A, B) c C' x C' ~



3.

say that C' is a full s ubcategory of C. For examp l e . t he cauiOO' of

.Abe lian gro ups is a full s u,csteg ory o f the ca t ego ry of -a ll groups.

De f i n iti on 1. 2

For every category C we define the dual catego ry e- as fo llows :

(i ) Db C* =

(ii) Mor C* ..

{A* I A e:Db C}

{x * I x E:. Mer C} where x * 0 y * • (y 0 x) ·

That i s t he objects of C· are the same as the objects of C and a

ao rphi s_ A ---f B in C* is a .orp hi s lI 8~ A. in C.

Definition 1. 3

For each pair of categorie s C. C·. there ex ists a product cat egory

ex C' . An ob ject o f t h is product i s an ordered pai r (A,A') of objects

of C and C' respectively; a morphism (A .A') ~(B.B ') wi t h t he

indi cated domain and codomain is an o r der ed pair (f ,f') o f morphisms

£ :A ---"S. i t : A' --4 S' . The compos it e o f IIlOrphisms is define d t erm- wi s e ;

Thus ( f,f' ) as above and a s e cond s uch ordered pair (g.g ') : ("B. B ·) ~(D.D·)

have the collpOsite (g,g') 0 (f,f') .. (g 0 f , " 0 i') : (A.A·) ...... (D. O· ) .

Def i niti on 1 . 4

A morph is.. x : A_B is i nverti b le (is an isOllO rphi slI) in C iff

t h er e is a JDOrphisl'l x · :B_A in C wi th both x ' 0 x .. l A and x 0 x ' t "e -

A famili a r argwnent shows that if s uch a morphism ex is ts, it i s unique;

hence it is us ua lly written x' . x- I . Two objects A and B are e qui va l ent

(Le . isomorphic) in C if t here is an invertib l e morphism x :A~B.
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