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ABSTRACT

Tlil' TI·illfllrn,d runerd,' sla\, systt'lII is an {'{"onomkal allll popular structural slah

sysh'lJI in hllil(lill~ aUt] IIlrst/orl' rOllslrurri<JIl. :\ major cOllc('rn of this system is 1",.,11

i~.,'(llJlltwhjllg SIII'iH failllrC' al. tIl!' slah-rohll11n illl('rfll("t'. Punching shear failuTt, O((llrS

wlWJl !hl' '"'Jl11lJlll ~pll11rhf'S" through tilt· slab. This type of failllre is llnpt('lliclablf"

and Unl'll ~lIrl.I{'f1 wSllltill~ ill n.tbaslruphk f.,ilufc of tilt' stab system.

Cllrrtmt :\'orlh Anlf'rkan design ('odes deal with punching shear in an t'lllpirical

"llIlillion basl'd mainly 011 l('st H'sults. This approach is )imi!('() to conere!(' with a

nJln"u'~sj\'l' slft'llglh gt-'l',:,rally It'ss 1hM ·10 ~lPa. Th(' strul-and-tit· method considers

1.111' flo\\' of fOrft,s ill a f('infurred con(Tete clement 10 consist of II series of rnll1pn'!'sin'

~lrllt,~ <Iud H'n~ioll lies joiuC'd at lIodel;" The strut-fllld-tie 'lIl'lhoo is a rational ap

pWll<:h lo slrur(ural (oncrl'l(' {lrsigll which reslllt~ in a uniform and cOllsistent design

1Ihilll~ul'hy"

..\ slrlll-ll11d-lie Illotl{'1 has bl'('ll dl'wlo)lC'd 10 l11odt'1 tll(, punrhing shear IJ('lliI\-il)11r

of a '"<lllnete !'lab. This mOllel provides iI {luick <lnd simpll' approadl to pUllching

"~llI';tf IlI'haviour. It is applicahlt' for both normal and high strength concrele under

sYlllJllrlric alld lIollsYllll11elric 10<lding with and without shear reinforcement.

Tile strut-ami-tie model for sym:netric punching consists of a "boull' r.haped"

comlJrt'ssivc zone in the upper sectioll of the slab depth leading to a "parallel stress"

C011lllt('ssivc zonc in tIn' lower section depth. Inclined shear cracking develops in the

!lilIth, shapt'd zone prior to failure ir, the lower zone. Cracking in the bottle shaped

lune ;~ related to lhe diagonal tensile s~renl~th of the concrete. Ultimate punching

faihtrt, occurs in the parallel stress 200(' by a high radial compressive stress failure.

Au ,"'quation based fi'lilur(~ criteria for lhe strut-and-lie m~thod is used to model the

behaviour ill the lower compressive stress zOlle. The results of the strut-and-tie model

iii



fOf ~ynnl1{'lfi(" Plillfhiug Slit'llf Il('haviollf 1,'I'r,' l'lIlnpan-,1 I" ,·xl,,·rillwlIl ..1 Io-si ro·~lI1ts

petfotmM il.lltl 11Ill.li~hl"d hy oth('fl;. TIlt' r~lIlls of thl' slrlll-.m.I"li., m",I,,1 SII"\\"I~1

t"ltcellC'flt il6f'('('TnCnl with thei\(.' h_~t r<'Sllh~.

r\ strut·and-tie model wa... also ,1('\"{'lolK'tlto ratiuually ll104l.'lu'IlIS.\"lIllltO'lri'"l'llu,·h

iug sheilf ['ehilYioltr ,Iut' to lluhala1\(Nll1lotrl,'Ul lr:llIsfcr ;tn,1 sYllll1l1'lrl"l'llnrllill~ 1",

haviour of concrrlc slabs 11'1111 slll'ar rt·Il1fofCt'l1Iclll. TIt"St, m,,,I,·ls "III1It',·,1 ,·x ... ·I\'·1I1

agtl>t-'mcnt with tl.'St restllts pC'norm('t\ illl(lllUhlishC'<1 hy utllt'rs.

The slrut-and·tic m{'lhorf p~'nls a Illlirlf'd, C"ollsisll'lI1. tillj"1Ii111...h"vj"l1r m, .. I,·1

for structural concrete c1C1l1('uts indurlillg lh"l'llllChil1jl; "Iwar pl1"I1"I11"1I1I "f <1l1lO"f.·.. '

~1a.bs.
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Chapter 1

Introduction

TIl(' rL,juforrnl COlUT{'tc slab system is all ('(:onomkal and popular structural system in

lmilding awl ()rr~horl' construction. :\ major concern of this ~ystclll is localized punch

iug sbcar failuTe at the slab·(oluTllfl location. The catastrophic nature of punching

stwar [aihlTP has hl'<'l1 a major concern for ('ugiuccrs for many yt·ars.

Cum'lIt Nurth At1Lt'rirall codes (A(,J :H8 [.,)2J and CSA (':\;'-;3-:\'2:1.:l (.j3]) deal

with l'llf1chillg Sllt'llf Ilsing an ('rnpirical eqllation base<! mainly on test results from

~Io(' [1\. This approach does not rationally moclc] the actual slab-column behaviour

allrl b limitl·,j In slabs of rdatively lo\\' flllllllTl'Ssi\'c strength. 1-1-40 ~Ipa. H('nrc.

il is 1I('{"('s~ary to develop Il rational mOllel to predict the behaviour and ultimale

~liear ri\lJacity of concrete slabs of varying comprc-ssive strengths. The strut-and-tie

l1Iodel, considers thl! flow offorn~s within a structural element to consist of a series of

rurl1pres~h'c strut~ and tension ties joined at nodes. is proposed to rationally model

thissilllatioll.

1.1 Scope

A strut-and-lie model, based on an elastic theory and on the classical Kinnunen and

Nylander plate theory model [13), was developed to model the behaviour and ultimate

pUll ching shrar capacity of both normal strength and high strength concrete slabs for



symmt'tric and nonsynlllwiric puru·hing sll\'i1r. Slal,~ wi! II ~lwar rc·ill("r...·II...nl w,'r,'

also considered under synunetrir loafling. TIll' strut-and-tit' lllofids \\·f·r.' f'''lI1pan~1

to experimental tcst results relJorled in Pil.'lt lih'nll.ur., ;111.1 f'mr('nl (';lI11"li;\1I nul.'

requirements. ,-\ computer spreadsh('('t program called ""lINCH" I\'a~ f[t'\,I·I"I",d III

assist ill the cakulatiOlIS in\·o!l·...d with motlf,lIing tIll'll(' flllllt"hill~ sht'llr sitlla,i"Il~, S<.~'

Appendix A.

1.2 Objectives

The main objeclives or this t!l('ll;is arc:

I. To examine the structural hdliWiour or punching sll,'ar ill I·UIlI·ft,t,' slal,~.

2. To examine the application or strut,and-lit' mOIII,ls in strHl'lllral ""ll"rl'!,' 1,1,,·

ments,

3. To develop a rational strut-and-tic morlel to pn'dirt thl' J,dHtviullr ;llI,llIltilll;IIr'

punching shear or normal and high strength concrete shahs, Tilt, mUfl.,1 illdllrl,.,.

symmetric and nonsymmetric loading and punching slll'ar r<'illrur... ~nf'llt.

1.3 Thesis Outline

Chapter 2 reviews past literature conducted on punching sllf'ar IIf mll':rctc' sial,s

including empirical and rational sludi('s and rrt'scnt North 1\lllericali .1.'si~1I •·..'I,'!l

requirements.

Chapter 3 reviews the conccpt or the strut-and-tic modcl. It .Icills with its hlt.~ir

components, general design procedures, and some examples or 1f.IJplic1f.ti'JIls.



- =1-

Chaptc:r 'I .ICNCril.ot.'S tlie proposed compOlll'lltN of a strut-anrl-lie model to describ('

plIllchiu,; sllt~ar IJc1lilviour in concrete slllb syslt:ms.

Chapler ·S cOlllpart.'S the punching shear behaviour of a slab using the strut-and

til' IIlf'lhooi t<, published experimental tesl results and the current Canadian ('oncrele

1:0"1'.

Chapll'r 6 dt'5ni~ the conclusions I'f'llchni in this invcstigalion.



rll~illJy tu diagolJall<,usioli ill tllC' ('ollcrC'te. 1!l:'IlCC. II should be proportion,,1 10 tIll'

COllrT('te Lellsilc strclIgth. Jr. This {'quat ion contradicts experimental findings lince

ill! the rciurorcelJleut ratio inueases the predicted punching shear decreases.

Graf [41 reported the results of all experimental study on slabs subjected to ron·

ccnLratcllloads in 19:18. Thil was followed by the work of Forsell and Holemlmg {5]

in 1!146. 'fllf'ir formnlation was similar to that o( Talhot's exrept for the location

of the critical sf'diol1. According to Graf [41, the critical seetion was at the column

IlI'riplwry. whil(' FOf'('11 al1l11lo1cmbNg located the critical section at a distancr h/2

frurn the column face. In till' latter case. the s!l<'ar stress distribution is assumed to

bl' paraholic oyer IIII' slah thickness;

(:!.2)

\'
1'= .J(ct}Jh" (2.3)

lIr>gnrslall 16). in 19.'j3. was the first to propose a design <'quat ion in which the

illl1lll'I\Cl' uf flexural strength on the ultimate shC'ar ~tr('ss was taken into at"Count.

Arter a re·evaluatioll of Richart's [i] tests on column rootings, llognestad [6J showed

tha~ thetlrsign methods of the time (based on Equation 2.1) did not give a consistent

(ador of safl'ly ..... ith respcclto shearing (ailures. It was suggested that the ultimate

pUllching shear is mainly dependent upon the following variables:

l. PropcrtiC'S of the materials used in the slab:

(a) concrete cylinder strength. f;;

(b) amount, type, and grade of tension and compression reinforcement.

2. Size and shape o( the loaded area in relation to the slab thickness.

3. Span, support condition, and edge restraints of the slab.



lIogn<"5tad (61 C'ondudNI that the ultimatr sht'arillg ~t"'S.... tlf a \'l\ri.'ly lIf ,.11,1~

could bt expmscd by the \'mpirical £'qualion:

C"" (0,035 + O~i) f.~ + 1:10

,'{here' 4ln is 11lr rMio of the ultimate shrarillg rapacity ur III\' slah t.. till' lIhilll;\lt'

IlrxurAI capi'lcit~, of the ~ll\b if it 11l1l1 not fllill'll in ~b('nr, Tht' nlliulillt' ll.·xlIr,,1 "al'''''ily

of the slab was computL'I:l using ~'ield lint' theory IIml WilS dl'pl'IlIIl'111 on lilt' l'n'IIt'rli,'ll

of the slab and th(' size And position of tht, lOAdrl! art'lI, lIo~/1l'st;1I1 (,u'u",tll'd 11,;,1

Equation 2.4 might not IJ(' valid for slahs with dil1ll'lIsiull<l1 T;llius Ill' r'llIfl"t't,'sl fl'll~lhs

outsi(le the ungcs of thoSt, of Richart's sli\hs.

Ebtner ami Hogtlt'Stlld [8J rrporto... l in I!l.'i'! sllt'ar 110:<111 of a fnrl1ll'r 1,1 !'flails,

F..qualiOll 2,4 WIS revjel'lM in tIle' light ofl1les(' h'Sts 1111cl lli.I!it, rl'porh-I! hy FurSl'lI lIllll

Holembl'rg 15) and Rirhart and I\luge (91, Satisfactory agn't'llIt'nLs Iwl\\'I'<'1I "losl'n'I,1

and prediC'ted shearing failure 1000ds w(Orr foullt] to e'xist.

Addittonal trsts WCT(' JIl'rformrd ill oNC'r to l'Xll'lId l!1l' rolll,l;I'S or 1I1l' ,,1;11. \,.. ril'IoI,'S

of prt'Vious lest progrJ.mmcs. Elstner and HogM'Stad [101, ill 1!156, T1'I)<.rtl'll tllllt

Equation 2.4 gave unsaft!: e.stimatt."S of the ultimatc punching S!le'iU ~tn'IlKtll ..f slal~

of high-strength concrete, The rollowing tqualKlll was fOllnd to ht, illl)(~llf'ragrl'4'llll'llL

with the test resulh.

V"" O~:6/; + 3:13 psi (',Ui)

It was also reported that neither a. concentration of tensiun rcinforct'lIlt'lll IliTl~,tly

beneath the loaded area nor the presence of compression reinforcemellt Inul allY IIp'

preciable effecl on the ultimate punching shearing strcuglhs of the COUtwtf' ~Ial,~

tested,

r..loe 11 J conducted an experimental investigation consisting of live dilrl'r('111 NCril'~

of test slab and studying the effecl of:
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_, ('''III','ni.ra'hl~ tilt' 1,I'll~il(' rt'illfurc"{'lllt'lit O\'l'e the colunln,

:1, Illdllrlinp'spl'cial typl'sufsh"lH reillforc(,ll11'nt.

,I. Extrl'lIl1' fohllnn ...ill'.

ii, EI'fl'lItric (1llunln lfJ~ll.~ or t rilusfer of mOllll'llt.

~I,,~'. loasr'd Ull hi~ exp<'rillll'lltalllrogram. den'loped 11 ~(,l11i·ell1llirical typ(' <'tlIHl

li,," III "aklll"tl' till' Ill!iruah' plllldring SIr('iH stn'ngth:

I)" ]5(1 - ~[ii
"~ = -;:;j = J + r,.l:'~-iJif

r""

(:!,fi)

~hl(' slatl',l t!l'llllw ..ritit'al sPftioll of a slab, subj('ct('(! to" conn'lltrated load, was

,,' tlu' .",)lllllll perilll('tf'r alllllh~1 tht· shl'"r ~trt'llgrh was In snnlP (':-;telll dl'lJl'lH!ent

1l1'''"lllt'lll'XIlTillstr''lIglh,

111 tIll" Tt'purt of A(,I-ASCI:: ('olllllliu('(' ,1:!6lJ2] of 1962. the rccom01('ndaliolls of

III<' ,-,xist iug fonndl! Luililing cm:!I' wert' Tl'\'icwcd in th<, lighl of lhe research carried

,,"l at dial lillll'. It was sllggl'liled thaI Moc's e1luation (Equation 2.6) was tilt'

IU'st "~lllalioll (0 .lall' for th,' prl'diction of th(' puncbing failure load of slabs tested

1IIlfll'T lahnratory conditions. For practical design. 'Po was climinall'l.\ from ~1oe's

"fIliation uy a.~SUl11illg tllal il was t'qual to unity. Following ~lot"s suggestion Illat lhe

plllldling ~hearillgstrength is a function of the square root orllte COllCTel(' compressive

.,trl'ngl1l, Iltt' ('olllmitt,'l' rl'commended that the following classical design C<juation

fur til(' call"1l1atioll~ of thl' ultimate shear load:

v = IJbd (2,i)



wlwr(' I' S ,I.O!Jj - (psi) alld b i~ Ill!' It'ugth of till' "1'~"IllI.. nitil"i,1 :>,'rtioll,- t;II;"11

as the peril1lt'l('r at a ,Ii~talle{' of til'! frolll Ih,- 1,,'ril,lll-r~' uf Ill<' IlI,lIlt',1 ;,n';" TIL"

posi'ion of the afi~umed critical section was dlU~"1I ~lJ Ihal Ellllalillll '!,i ill('"rJl"r;ll"~

allowance for the c/d ralio.

2.1.3 Rational Studies

I\innunc"!l ilnd Xylander [i:Jj, basell on ohsl'C\'at;oIlS of il Illlmlll'r of t,':>I" "f ,'ir<'lllllr

slabs with central colunms, conCl,i\'('r! an illNllizel1111ud('lufil sl;,I, atll\llldlitl~ faillll"l',

It wa5 a5sulIll,d tllal the slab portion ('llISid,' th,- slwlIr rra,'k, wllirll l~ 1o,,\ul,),',II,,\'

this crack, by radial cracks. alld by tIl(' rirClll11f('rl'III',' .)f I Ill' Slill,_ ""II hi' n'/!;an[",lll~

a rigid body which is rolal".1 uIlller tIll' "'"' itJll of tIlt' load annllHI " 1"1'11' n' "f ro ,t;,li'lil

located at tire root of thl' shear crack, TIll' mudd is ilhl:<lrale.! ill Fi~'lrt,:< '!,I illlll

2,2,

The critl'riol1 of failure iUllle 1IlI'c1lanic<lI'I1,Jrlt'1 \\'iL~ Il""'ull"I,s,',,f lil" ""Ilj,-"I ~I,,'II

which occurr,;,>d when the tangential strai'l ull Lilt' surran' uf 111t' ~[;,], ill tIll' vi,'illil.y

of /11(,' root of she<lr crack readied an ,'mpirical o:rit;ral \'alm'. TIll' d.ar'Il'I,'risli,'

tangential strain at failure was delermined frum tests on slabs witlr ring Willrurn'IIl"lLl

only, The punching load was calculated by assumillg a (!illlcnsioll or till' nmjr<tl sll,·11

and then following a convergent iterative proc('ss,

Kinnunen and Kylander found that their theory ga..... values for th(~ pUndlill$; l"ad

which were in satisfactory agreement with f('sults of their OWII tests as w('11 ;~., tlloS"

of Elstner and Hognestad POI, Th~y allrihuted low calculate!1 values. ill tIll' ,',LM'

of t\':o-way reinforcement, to dowel and m..mbranc e/Teets, and slJ~('stt.'fl tI.at tlll~y

should be taken into account by multiplying the calculated ultimatl' If/ad by 1,1,

Kinnunen 114J later published a paper in which he r.n'senl(.'d a llrimarily (Illillita

tive study of dowel and membranr ",ction in slalls with two-way winforn'IIlClll alill
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Figure 2.1: Punching shear model by Kinnunen and Nylander.
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Figure 2.2: Punchi~8 model adopled by Kinnunen and Nylander.
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r(mrlu,JI~{1 that the punching load j~ illrr('a~ing by about 20 per cenl by dowel <lnd

1Il1'mhranl' cfrl'r.l~.

TIm n;llIllllll~1l and Nylander model II'as later crhiciu'l:l by Long [Hi] and Reimann

[161. TllCir major common nbjectioll wa~ tllat the as~ull1plion that thl' compressi\"{.'

slrl~lIglh in tht, conkal shell was iIlJproximatdy constant throughout and wa.~ made

in 111~glf'ct uf prolJablt' shl'aring strt'sses on the shell sllrfilce.

This tritkisl11 implies that th{' existel1ce of thr assumed conicAl shell should have

11<'1'11 proven. Rather than verifying its existence, Kinnunen and Nylander havejusti

lil',l its IISI', alollg with that of tlll'ir criterion of failurt'. by showing consistent satis

fa.-tory agrc<'lIlent hetween rakolall',l <Iud lest punching loaus.

Ihl.<;<>d all the t~t obst'rv<llions of Kinnunen <Ina .\"ylander {l3J. Rt'imann [161

pr0l'o.~cd a silllplt' idl'aliscd modd of still, at punching failure from which the pllllching

load ran 1Jl' ralcula.tt'd directly. Tht' throtetical model is made up of a punched cant'

l,r COIWrI'tc, Itll outer annular siaL and a joint. which was idealized as 11. hinge bridgt'd

l.y <1 sl'rilig. ht'tl\'(,(,ll tlJ(' inner amI outer regions at the Ilcriphcry or the column.

The Mngc was assuffil'll to coincillt· with the centre of rOlation of the annular ~Iab.

The model is illustrated in Figurt' 2.3. Reimann applied his method of analysis 10

rt'Sull~ of lests by Kinnunen and Nylander and others. He found reasonable agreement

hctwct'll calculated and test failure loads although the average valuC5 of the ratio of

llie actual failure load to his calculated failure loads w('re usually greater than unity.

Heimann ignored any dowel and tensile mt'mbrane effects which could account for hi~

somewhat low calculated values.

In 1967, Long 115! and Long and Bond 117] reported a theoretical method for the

ralculation of the punching shear load of a slab with two-way reinforcement. Assum

ing a linear distribution of stl't'ss, the stresses in the sbear-compre3!ion zone were

calculatt'd using thin plate theury. An octahedral shear stress criterion of failure was
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Figure 2.3: The Mechanical model proposed by Reimann.
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TIll' Illlcurn'clerl load w1l..~ then adj1J~ted to give the punching load by applying com'c

ti"ll~ fl'T SIlH<lUndillJ; ~lall all'] support conditions and for dowcl and lCllsilc membrane

LOllI; lind Bund sl10wccllllllt tlwir tlwory gave punching loads in good agr('('lnent

with t£~1. rf',sults of, among otllf'rs. IHchart. Elstl1ct and Hoglll'Slad. ~toe. and Kin

1I1I11('n and Nylalld£'r.

In tilt' discussion which fol1o\\'c,.j Ihis wock. the rele"ance of the equations of elas-

ti,-il)' I" ~1;1I)s lIear faihm' lind till' sllggcSI£'d nl('chllnisl11 of punching failure was

lJIW~li<lIlI"1. Thl' ilsslIllI]Jtiotl of Long alltl Bond that thl' load sllpportC'f1 hy a failrd

slaloal'prol(il1lal('sthrdT('clofdoll'l'1an£1 tCllsileIllcmbrancaclionon the failurc h'lad

i~ ;,Iso qlll'StionahJe.

.\lilsl('rson and Long {181 proposed a simplified finite c1l'ml'nl model for local slab

c"lll!ilions alullimak failure. Th('ir idC'alized reprcscntalion of the slab-column con

nt'dillll was 1'£llli\'al~'1l1 10 till' tll£'vry vf oI~'H'luIII11Clll of 10('111 pl<lsticity at tl](' co]urnu

JWfiph,'ry. Hy r(·latillg lhe applil·d load Lo lh.. internlll momenlal failure and by mak·

ing all appropriale allowance for dowel and meOlhrane effl.'Cls. the punching strength

\\'ilS filum] 10 be well-predicted for the majorit~,of chosen realistic slab-column spec·

inll'ns l<'Sted by some reseauhers.

Long [l9111'1ter formulated a two-phase design procedure in which the punching

strellJ;lh wa., predicted as thl.' lesser of either a flexure or shear criterion of failure,

This approach has certain limitations, a.~ it could not handle slabs with high.strength

('(l1lnelc and slabs with low Il.'vcls of reinforcement.

III I!lSi, Long [201 extended his work by using a more rational treatment of the

!It'xural mode of punching failure. Long used an analYlically based linear interpolation

1lIurnent factor to relate lhe ultimate tlexural capacity to the yield moment. This
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factor dep<'nr!co on Ih(' ~lah d'lctility whit'll was (',msi'[l'rt,,j \" ftl11trull11O' ,l",~r,'l' "f

yielding in the slab at ("ilm.,. TIll' ultima!" sllt'at {'apl\1";ty \\'i\S l,asl,d 011 illl ('ml'iri"al

rdatiollship fot ""ftkal :«lWiIT 51 [('55 on a criliral ~1'..-ti\ll1 dOSt' ttl till' ... ,llIlllll 1"'TilllO'l,'r.

III 19iO. Gesuml amI Dikshit (21) 111<t'tl ri,·leI lilll' Ih,>tJry tlf .lu],alls,'u (1%2110

analyze punching (ili!IIr('S in slabs. Tl\('ir work \\';L~ ba~('(1 un lilt' r.-:;I'ilfCll ,",uri",l

Ollt by G('suncl I\l1d 1\<Iushik [:!2] \1'110 nlll<:lml,'d tllill tht· filIi" l'fl~r/I'f!"1 fur II1Ii

alleged punching ShCilf failures avcrag.,d 1.015 wilh a stmulllnl ,[,'\,;al;\l1I tlf ll.:!·l:-i.

They assumed a yidd lil1(, fan mcdHlnisl1I around til(' ('010111111, ;IS SItIlWIl in F;~lIrl' :.!..l.

The ultimate load calculi\tcd for that t1lt't'halli~m \\'fl$ l'Onsid,'r"tl I" Ill' III" Ilhimal"

punching load for the' ca~e of an interior circular culllllm. Tllis llll'lhod o\'('rt'still\;lll's

the punching strength 1l1ltt's~ thr flexural 1110(/(' of failurl' is till' tlolllimllll tllIl',

Another applicatioll of plastic theory to t'stimat(· till' VUII"hing r.'.~istalln' of ax

isymmt'tric cOllcrt'te slabs without sh(Oar rciliforrt'IlI('lIt W;IS pfl'SI'IllI'f1 1,,\' ~il'ISt,tl,

Brat'strup ('\ ill. P:11 ill 19;8. Tllis tl1('Ory is in nmlrast with (:\'Sll11'["S 11ll'lhwl. ,IS

the punching lI11'dJallislll adol'l!'d ill Figurl' :?..'i is ttllillly ill,J"P"II,I,'UI "f till' fl,'xlI"al

properti<'S of the slab. The lIIt'challlslll is one of the punching \If;1 sulitl "f TI'\'"lllli"lI

attachc<l to tht' column, whDt.' llIL' rcst of th ... sIaL remains rigill, IlsiliK millillliz;lti,,"

of work, together with the modifieu Coulomb criterion, .'ICC FiguTI' '.!.6. tlu' lIlillillllllll

uppt'r bound solution for the ultimate punching \oau was ohtiline'l. This lhl'ury ,'llIl'

lradicts experimental findings as il neglects lhe effect of thr nt'xllral Tl'ilifurn'lIu'nl

on the ultimate punching capacity of the slab,

In 1982, Andra (241 presented a theoretical model for the Jltllidlill~ Slll':lr IJf a

circular slab wilh ring reinforcement. A finite element analysis wa.~ 11.'11,,1 to J,:riw lIu:

proposed model. As done by Kinnunen and Nylander, tile mOlld CU/lSi'!l:rs till: ri~id

body rotation of radial segments around a center of rotalion localell al till.' fat:f~ of llll'

column and the neutral axis, as shown in Figure 2,7, Each segment is aHlIly~,·,l Ilsiul;
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Figure 2.5: Failure mechanism of Nielsen tI at.
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Figure 2.6: Failure criterion and yield line locm for concrete.



a tfUSS modrl (Figufe 2.7) bcyon,lthl' slll'ar cral·k. willi ·15· 1l'll~illll ;11111 "'lIl1llr,'~~i"l1

dl'lIlents rrpresl'lIting thl' beha\';our uf lin' l111l'rarkt'd \\'I'h. SlllIl'Til1ll"l~,',1 "II lhi~

lattirc th"fe aTe additional coml'r('ssioll~ r!uliatinp; fr.,m tilt' C"llllllll fn,·,· I...h,w till'

crack.

Figure 2.7 shows tht, failure philosophy a~~'llll(',1 by Alldrii. II" ,I"l'nil",s tl1l'

failUfe of tIll' COIlCfetl'strut ncaT til(' column fac,' as ol,ing a r,·sl.rit't",! 'Tu.~llill!\ "f

concrete, while, in the part of the strut far frolll tlw coll1l11n fa,'", its dl<lTal't"r i~

of an unrestricted splitting. It is this modd which is doses!. ill philosuphy to llw

slrut·and·tie mOllel to be devdopt~llater in thi~ pllblicatioll,

Shchata 12.5), in 1985, followed by Shehata and Rl'gall 1:!61 in 1!IS!I. pn-s"l1lt·,1 a

Illodclwhich they claimed to be au impro\'('I1lI'nt o\'('r that of 1\;111111111'11 <lu,ll':yf'1l1d,·r.

In that modd, the effect of dowel and Ilwmhrarll' wa.~ dir('cl1y 1';lkulat"d fru11\ tllO'

modd and the failuTe criterion was 11l0difi,',l,

In 1987, Alexander ami SirnmorH.b [2;1 pn'M'lIkd a trllS~ IIU,,!t·1. 'I'll!' 1ll",j,'1 pr,,·

posed consisled of a tlr~ (lilllCllsioual SI'i1C1' 1rul's ,·,tlUpus,',] ,,f rou'Tt'I,· "'llrll>T!'~~i"lr

struts and steel tension ties. The reinforcing sh_'d ami conOTell' nlllll'fl'Ssiun Ii"hls

were broken down into inr:lividual baN;lrut ullits (Figure 2.8).

The truss model includes two types of compression struts: (I) llrl!SI~ Il;\fidlt·f t"

the plane of slab (anchoring struts) and (2) thos" at soml' arrglo;> ft to till' plarre uf tlll'

slab (shear struts). The model predicts only two possihle failure IlItl,les for II shc'ar

strut; either the steel yields and the angle of shcar strut Q ft'ilrht,s son", crili""l valuc',

or the concrete fails in compression prior to yielding of sh,d. This implies llrat tll1~

traditional concepts of shear and "exure docs not apply, and tile two po.'lsibl,~ l1lo,I,:s

of slab failure should be classified as local connection railllteS a.s uPl'lIs!.,,1 tu (IvNali

slab collapse.

Alexander and Simmonds stated that the e\'almllion of the angle (( rrce,],'d furtbcr
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Figure 2,8: The truss model as propo!le<! by Alexander and Simmonds.
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2.1.4 North American Codes Requirements - Symmetric Punch

jug

:",,,rl1, :\lIwri"lIl1 n,.I•.,. ;,n' IJlI~,~1 mainly on the work Qf ~Ioe III. Th('}" ar... eml,iri.

,·.,lly 1",w,j ('IIII;,'i"IIS .lo:n:h'pt'rll1laillly from tt'St r('su]ts using ~labs of rc111\i\'('ly low

n'I'IIJn·s.~i\'o' sl n·IIAtll~.

TIl" ('1IIIa<liall rOlh'. f':\:"':I·:\:!:I.:I·~IS·1 [.":1). trt.'alsllllnching shear ill all"11lpiriral

"'II,ari'JlI ("un,1 in ('Ia'rst' 11.10.:.!.

I:!.S)

1'111 11<,1 gn'al"r ,IHln

11.811)

.1. = r;,Ti" of Icmg sidt' lu slJlJrl sitl,' uf lill" COIlC('lllrill,>flload ilrca.
f~ = I'I'rilllf>!l'r of 1Ill' nitw,,] S('("t;Oll (Sf"(" Figurl" 2.9)
.>,. = Tt'1'isl'UJr... f"ctor fur rOI)f""u'le = 0.6
..\ = farhlr 10 ,KCOIIIl' for IYIK' of ('onere-Ie

1.0 for lIonn,,1 density eonfrcl('

O. j!) for low t1(,l1sily rOllerele

Th,' Cllm'lIt ..\t\lrrican code. :\('1 318-89152] has a very similar empirically ba.5C'd

I'fillati"n a.~ the ('anafli1l.l\ rod ... f.'xrcpl it is based 011 str("55 in imperial units and has

a ,lilf, 'n'lll ora,'tor. :\('1 c111\lS"ll.I:!,:!..t stllies

(:!.9)

hilI 11\11 gr('al('t than .fo/J: where

0=0.85



2.1.5 North American Codes Requirements - Nousymtllctric

PUllching

The ('lIlliHlil'll\ coll<'rrll' (·Udll. (,A:-;:J·A~:I.:I-~'S·I (!i:l] all,1 :\('1 :IIS.~I!1 1:111, II",· lilt,

1'lIlpiricnlly ba~etllil1l'll.f slll'ar .~tTl'l''' distrilHlIiuli fCJr 1lw d,'"i~ll ...\1 till' nili"al ",·,'t iun

~ from t ht' filce of tlH' colul1In of stu-at "I n"'''. I'J. ,I,ll' ,,, ,I fa,·\<,rt'd "IlI':,r f"f... • \ Jall,l

il facIOrc..u bl'lIcling II1UlIlI'IIl. ,\IJ' i" ('xprc"'-~I .. I Ity:

(:!.1lI1

FCJr the 5(I"arC' rolumn of the 1c.'Sls (i.e.. Cl = Cl = 1").

b", .1(1"+")
tI df,.. 'liw·,IC'plh

fHU

~
J1 ~+~

.-\CCOrclillg to Iltl.' Callauiall cooe. no sl,ear rdnfHrrt111t'II1 is Tl'fI"irl ..1if I'J :::: 1I,·kJ, If
(assuming 0.5 r, $; ("1 ~ 2c,). SlIt'aT rcillforcc.·llwul is rt.'fI"in ..1 if I', > n...o, Jt. III

the Illtier rase. the following rcqlliK'mC'lIt5 h;\\'I' III 1,(' 111<'1:

wher<'

,"d

"~I =" II~+ ".

(= shear resistance of cullcrt.'lel

v. = ;:~;~41~
(= resistance of shear rciufurr.t'lncnt)

(:!·1I1

I:!.l:!l
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TIlf' ..\('1 ,,",visions <ltc similar 10 those abo\'c, except that the fl-'5isll'lIl(C (actou

lire: ,Wfcrl'nl. ACc"Ording to I\CI, no sheaf rcinforccl1lt'ut is rrquin.·d if /', :5 O.:J:jo.J1;..
If 1'/ > O.:I:Jr,,!J;, sllcar rc;nfOr«-'IIIt'IIt i:; rC(juirt'd so that

1'/ :5 o(t'~ + ,',I (6 = O,8.5}

wi,,·,,· ". = 0." fJ:.
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Figure 2.9; Critical section for punchi hng s ear ~ per North American wdt.'ll.



Chapter 3

Strut-and-Tie Models

3.1 Introduction

Traditj"nflr llll'thod~ in tlu~ .lrsigll of ~truclural concrelc members for axial load.

mum"IIL shear, and tor~ion h,we hC'C.'n well d"cuml.'l1lcd. Tile methoas arc based

UI1 till' dasskal Ill-Tool/IIi bCi!.rll tllrory. TilerI"' are. lJowl'\'("T. imporlalll regions in

nmn,·!c slructntt'S ..... hC'TC the strcr.scs cannot be determincd by these approaches.

Tlrl,.~· tl"giUllS an'lt'rmed disturbed regions or D-regions. Examples of SO/ll(' a-regions

in f"onTn-l.' slrurlUT('S lITC showlI in FigUTl" 3.1.

lJ·rrgilllls. if ullrrllCk<'l1. fall Ill' Ik'Signetl hy Iin('ar ('last it' 51 rrss t1ll'thods. hO\\"t'\"t'r.

ir,ht·y arccracket.l. acct'ptrtl design approaches do not exist. Rult'Sof thumb. detailing

an,1 Jlas!l'xperic-lIcc h8\'(" been methods used in dealing with D-rl"&ions. Inelastic finite

dt'IIWlll models are capable or predicting thecomplex stress flows in disturbed regions.

howl'\'cr, they are time ccnsuming and costly ror use in every-day design practices,

COl1siderabl(' insight into the Bow or rorees can be gained by the use or strut-and·

til'models. Cri\cked concrtlc carries loads through sels or compressive fields which

an' distributed and iuterconnectcd by tension ties, Tile tension ties are reinrorcing

hars, prestrcuing tcndon~ or concrete tensile stress fields. After significant crack

ing has occurred. tile principal compressive stress trajectories tend towards straight

("olllprl'Ssh'e struts. The complex inlernal flow or rorces in disturbed regions can be

llIoddk-d using ccnnete ("ompressive struts, tension ties, and nodal zon~ which rep-
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Cc) Anchor buttress for
post-tensioned tank

~diSlu.rbed

~

3r2~
end on wall corbel

Cb) Ledger beam supporting
double tees

Cd, Simply supported single
tee with opening

CeJ Large pretensioned
bridge girder post
tensioned after erection

Figure 3.1: Examples of disturbed D-regions.
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w~"1I11111' n'gilJlI~ of nmett'h- wlu'w tile ~ttllts and lil$ tlll'!'!. \'ariou~ applir'lriolls of

strllt·;IIIt!-li.- l1Iodels are ~liowli ill Fi~lIrl's :1.1 alld :1.:1-

Till' liS(' llf uuiaxial strl'$sl',l truss 1llt'111bcts to model I he Slrl'SS flow in crackell n'-

illfl,tn',1 COIH'f(,tC fla\.(-s hack to thl' turn of the CClItllTY when Rilter [2S] and ),Iorschc

[:!~I) illlro,lu("cd till' trus~ analogy. .\Imt· r('reut advances have bN'll marie in the

ar'·a ..f strllt-alld·tie 1l1001l'1s ill Europp and ill Xorth AIl1<.'Tica. Schlaich. SchaffN.

and JI·rrtle\\'I·ill /:10) sysll'matir<l))y t':-;pfllldt'fl sl:o:-h modl,ls to includl' all parts of till.'

slrurlurt· ill 1111' htlpt"' of attainillg a Ilnified. cOlisislf'nt design approach for tt,inforcro

;lItd I'tI'slrt'~spd nmrTl'tl' strllrtntl·s. Tlwir stat('-of-lhe-art report, enlded MToward

11 ('umistellt Design of Structural ('oncTe\e," was prcsenlC'd to till.' ('omite Ellro In

It'TlI1ltiul1l1t Illl 131'1011 (CER) in cOll1wrti"n with the rcvision of the .\lod('l Codt' in

Europe 1,),1\, 1'h... Canadian code (':\:\:1 :\2:1.3 .\1-84 I.lol) includes as part of its gcnf>ral

IIl1'lhtHl uf .~llI'ar dl'Sigll, ('Iall."" Il.l. a simlllt· rlcsign approach fur ,Ii~tllrb"d regions

l,as(·,lolI till' ~trlll·alld-li... Illo<lt·l.

3.2 Components of the Strut-and-Tie Method

3.2.1 Bernoulli B and Disturbed D Regions

Ih,illrOf((,<1 ('OllCfl'le structures may be divide-d into separate design regions base<! on

1,l;lstit" straiu .listriblltion alld load paths as discussed by Schlaich and Weischedc [:HJ.

Th,- Tl'giuns of a structure in which the strain distribution are linear (plane S<'ctiolls

n-rm.in plallc) arc referrl.'<l to as IJ-rcgions where B stands for beam or Bernoulli.

For 1l1lcracked B-regions. str('Sses may be calculated from the bending and torsional

moml'uts, ~h('ars, and axial faters using section propertiel. For cracked B-regions,

,/,'sign methods based on the ttU~s Illodelmay be uS<'d,

D'Tl-giol1s arc regions having geometrical or statical discontinuities, In these re-
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Figure 3.2: Examples of strut·and-tic model {aoJ.
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Figure 3.3: Examples of strut·and-tit model for beam/sla.b-column con
nections {30].
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gions. 111(' strain .listriblltioll is nOlllin,·ar. Exallllll,,,, IIf /J·r'"!1:itllls an' T<1:iOlm, 11"ilr

5upporu. opening. dll!.ng<'5 in &<'Ullll.'try. or ("un("(·nlrah..1 1...,,11" "'1" shuwll ill Fi~llrt·

:lA. Bast>d 011 S1. \'enl\nt's principal. Schlairll and \\'.·i~·I.... tl· [:l1J sIlM.",t Ihal a

D.n'gion may he as.~lIlTK"d to extend apPTOxilllaldy 11111' ,I"plh, II, away frullI ""11110'1

rical or statical discontinuities. l;ncrarkt"/ D-rf'giolts lIIa.\· 10(' allal.\·"I....1 llsiu): lilwar

t'lastie finite c!rowut InAlysis..·\fl,·r CTilrkilig. /J·n·gillil 1o.·!Ja\,itlllr b slid. 111"1 IIII'

traditional design prucedun.'s an' typically rrnp;rir,.lly ,1l·riw..1 11"1",..1,,11 \(ost r"sllhs

(corbels, dCI'P beams). Th<'Sc reqllifl'llIl'nls usually gi\'e ~lIiclalln' 1I111.\' rull ...·mill!!; 1,111'

provision of reinfortenwlIl. and 110 fllt"mlll is matll'l" 'l,wllLiry sln·s.~'·s ill 1111' nl1l

crete. As a result. tIle load.carrying ll\l'chllnisru is 11l1kllllWll til tilt' ,ll'siglll'r. :\ 1I1l1n'

consish'Ht uf'!;igll of reinforced conTret(' "lrllrluT<'s is pvssil,I., if slrlll·;011d·li.·II .... I,·ls

arc used to design these and all r<-giolls of tit.· (.'Utir,· slrurlUrt·.

3,2.2 Tension Ties

In a stmt·and-ti(' 1lI0del. a tie forct· tl'ptt':«'lIl~ Ill(' 11I11I1 furn' as... tlll ....llu I... ill·till~ itl

l\ given location. Typically. reinfoTC('nwlIt i5 pro\'ill('l!lu rl",i"llh..' h·usilt· stfl_':t. 'Ul.l

Ihis rpillforct'm('nt is positioned 1I1lch that its c~lIlroi.1 is lvllilwar with till' a.'iSlIlll...1

tension tic. sec' Figure 3.5. GeJICrally, the r('inforCl'llll'lll i~ asslIlI\('I"l to III' ralllllll,.

of providing a force equal to A,f,. III addition to provi,ling till' T<.'(juin'll IUlillUllt ur

reinforcement at the proper location, it is 1IIsa nec('SSary to l'IlSllf(! that assUIll('(1 rurr.l~

can he developeC in the reinforcement whcli rl·llllirl'li. For nalllplc. tlte t"lls;on lit· ill

Figure 3.5 (a) provides a reaction to one face of the nodal zonr 1I.Ild th'l rdllrlJrC'~l1ll:11l

must h1lve sufficient anchorage behind the nodal zone to Ill'\'dllP this (Clrrc Il.' SIIOWIi

ill figure .1.5 (11).

If the tC'osion tie represents the total force carril-d by all uncrackl~ tcnsiull slr,·ss

field, then the tic is located al the centroid of the stress field. Schlair.1I l·t.1. 130]
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Figure 3..4: Typicil D-rrgions 148\.
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~ll~.~t~ ,llxl Illltil rurth('r tNeXf<:1J i~ availahll'.lIu.' t('II~i1e slre'llgth or tllC' c:onCll'll'

sh"lIl!l emly he IIsp!l tet maililailll.''I,lililiriHIll when' no Ilrogrcsshe railure is pxp("(led.

TIIl'Y SlIg.g'",1 ~illlplc' H~'onllllClldation~ COfJc('rJling :stft'''S fl'distribution Mill t hI' ~ill'

.,r tIl" fT;H'h~1 railllff' 1.011(.' rdative to the area or the sUffollruling COIlCTe!r.

3,2.3 Compressive Stress Fields

III l, ~tnlt·llllil·lir modrl. comprcssi\'r stress fields are u~ed to model the way in which

IIJI' fVlllrHC,.~~i\'p .qtrc~M'!> arc> carri("r] in th(' ronrr""le. The thtl't." basic compr~lil'l'

~I n",s lie'l,b arl' till' ~lrut or paralll.·! strt'll!> field. Figure:l.6 (a I. th" bottle ~tf('SS fiele!,

Figurc' :l.'i [a).nlld Ihera-n. Figurrs :l.S-:I.II.

3.2,3,1 Struts or Paral1el Stress Field

"I'll!' ~1"'lt, ilS ~!'C'1l iu Figure 3.6 (a). represents a region or ('oller"le of width. U', and

I !ti,·ktl.,s,... I a.'lSHfl1l'!llll or !itrl'S~ed llnill~iil.lJy loa 5t re~~ equal In lh{' t'fT('('tj\"(' rOUCH'le

strc,tl~th. Ie/max or I",. The maximum compressive prillcipal Sltt"ss, ttl is asslIlIIl'(l

ttl hl'equal to fcr' and tile minimum rompressi\'(' prindpal stresstT, is assumeJ to Lp

"-t'ro, If tIll' ~trut i~ ~lr('Ssed to I.. and Cit ;s the romprC'Ssive force per ullit th;ckll~s.

tlll'll tilt.' willLh of thl'strut is II'~ = C/ftfcc)' This slrl.':!ls field is largely hypothetical

l\;U(l' in thl' actual structure, the stresses will geuera][r spread out creating lransl'erse

tt'llsilc st.n'SM'S. Il is, however, simple to apply as shown in Figure 3.6 (b).

This figllrl' shows a possible strut·and-tie model of a deep beam subjected to a

('otl{l'nlrntrtlload. This model is a simple truss with the struts carrying the compres

sive forel' CI and the tie providing the tension T. The shear, P12, is carried by the

vl'rtiml t:umponcnt of the compr(."ssiolJ strut. The stress of the struts is assumed to

he J..•. Earh strut must hav(' a vertical component T. The reaction P12, strut force
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Figure 3.6; Strulor parallel slress fields and application [<\81.
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Figure 3.8: Centered ran (48).
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Figure 3.11: Parabolic decentered fau and application [48J.



C. and lie force T rtlU~l In' ("OIlCllrrClll I'll till' nudl'..I.

For equilibrium. tilt' lIodal ZOllt' al .. \ 1ll11~1 havr principal Stl'l'SSt'S tTl = tT! = I,.,.
:\odal zones arc sOlllt'time<; referred to as ·llydro.~latk' uorlal ZU11t·§ altllllll~h this

would imply that (11 = (12 = (13 = I,c. aud ill 11I0st prohk·Il1§. plaut' sln'ss ,'ollllitillllS

are l\S51l111M ((13 = 0).

3.2.3.2 Bottle-Shaped Streu Fields

The bOllle-shalleu stress field in Figurr :1.1 (a) atlrmpts 10 aC('Olllll for II", Iransl"l'rs,'

tensile .,tress which develops wltt'n a load sprt'a".~ IJlItwarri frolll a withll WI III H

width U'2. The stress field has thickness I ami length P. The lUild is asstllllt',llo 1,,'

applied uniformly over the area WI x t. TIlt' length (llll'itSllTl'S lIlt' Il'ugt]] 01','1" whit'll

the compressive stress lrajN:tories spread out c\llll then hecomes para!!t·1 it~aill. Tlw

length (is gem'rally related to W2' This tYPl' of hdlavill1Jr ("an lor 111U<!t'llt'll willi till'

simplr strut-and-tie moul'l shown sllperimpost'd orr IIIl' sl.ress fir·ld.

Schlf\ich et a1. [30] give values for thl' 1",\1] which call1Jl' safl'l .... carri''IllJy llris sl fl'SS

field for uncracked plain concrete and for reinforced concrete. For plain cUlU'r.·tr" tilt'

values are based on an clastic analysis C"Ol1sirll'ring limils on cracking (a, < I"/I.~)

and on crushing of the concrete. For reinforced concrete regions, the limitill~ V1l.llll·S

are based on yielding of the transverse reinforcement ill th~ tie T. an,1 011 crnslrinp;

of the concrete in the neck region. This analysis was accompli.~hed using tIll) da.~si.·

bottle-shaped strut-and-tie model shown in Figure :1.7 (a).

Figure 3.7 (b) shows an application of this slrut-and-tie-modcl rCIllCgl1utillP; tlll~

spread of prestressing force P, when applied to a reinforced concrele end IJlor.k and

lite resulting transverse tensile stresses. Typically, reinrorcemcnt is necessary ltl r.arry

the 'bursting' stresses in this region.
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3.2.3.3 Centered Fans

:\ !"PlIl,'r(',] fan slress field is SIIOWII ill Figure ;'l.8 (h). The sllrfacp AB and DE haw

rUrislanl radii of eurvall'r<' rl) and r, rcspeelivdy. The principal slress along AB is

1;"0, dirl'rtl~11 radially outwards. Equilibrium ofa wedge-shaped segment dO along any

,,r till' radial fan lines r{'(lllires lhal the principal stress along DE be given by:

(3.1)

'1'111' principal str{'s.~ Ilerpendirular to a rallial fan line is sel C(llIal to zero. This stress

fit·ld was Ilcvelope(j to dl'scrihl' tIll' Iransverse Il'nsile strl'sr,{'s whieh develop clu{' 10

tIll' sptl'll(lillg of forres (Thllrlimann I't 11.1..1:12]).

:\ Illodcl which illllslr1ltI'S a c<,utctl'd fan is shown ill Figure' ;'l,9. The force Ho is

slIrh that the stress ill tlll' strut below :l B is Ie< and the nOllal zone A B is stressN!

Iliaxially to In' The strC'Ss along DE is gi\'en by Equation 3.1 as

n,:!)

Th" nodal zone DE is stressed biaxially to u. The force T represents the transverse

If'l1sion tl'quirt'd as the force ~ spreads from width WI to width U?

The magnitude of force T may be determined from geometry and equilibrium, If

Ihl' spreading angle is 00 , th~lJ

w,
ro =2sin(Jo

and the height iiI) of the node AB is gi\'l"n by

ho =ro(1 - cos(Jo) = 2s~~(Jo (I - cos 00 )

From horizontal equilibrium along a vertical section through the centerline,

T = hlu = holler

(3.3)

(3.4)

(3.')



If ho is su~titllted from Equalion 3..1, I!tMl

T =' WI'!", (I - c"O!IOol
2 siuDo

and finally,

T:::::~lall~

j:l.lil

p.i)

Th~ sam(' result may be obtl\ined u~ing thl' :4lrut-I\Il.I-li,' 111U'!.'1 ~lllJwn in Figllr.' :1.111.

The resull suggests that rcinforcemf'nl capahll' of TlosiSlillg 7' gi\'l'll hy l~lllatillll :1.7

should be provided for spreading force ~itllatiolls ~llrh M! this.

Thurlimanll, et 11.1. [321 Tl'C'ommclldcd Lhat f....r most appli"l,l,itlils llll' spn'illlill~

angle 00 may be taken to be 45°. Thus, 00{'1 ::::: 22.5· and T =0.'11 /lo. If tIll' slrul

allll-li(' model shown with till' bottle-shllped 'Ire5' firld in FigllT(' :1.7 is us,.d a similnr

result is obtained. T ::::: O.2.5Ho. Schlaich, et 11.1. 130! rc..'ColllmC'lltl that lll<' sl'n'arlill~

angle b(' taken as 2:1.

Thurlimann. et 11.1. (321 recommend further thl\t till' n'<lllirt...1 rdllfuU'I'lIll'ut I",

distributed Itt·l. ill the first half of tIle spwllding 7.0Ut· all</ 'ltU. ill till' h'l' IllIlf. Fllr

bottle-shaped stress fields. it is frolmmellded that the rl'infur«ll1cul he dislri],uli..l

o~r the lower O.8l in Figure 3.7 (a).

3.2.3.4 Decentered Fans

If the radius of curvature of the nodal surface varies, the fan is c:al1t...1 a dCf'Cutctllll

fan. Thurlimann. et al.. (521. In Figure 3.11 (a), line AD rcprl'stmts the luclls of till'

radii to points aloug the nodal surface AB and along the top surface Of.:, h ralllw

8hown that if the principal stresses, O'l and 0'1. along DE arc constant,lhen tim rarlii

must vary in such a way that DE and AB arc parabolu. If the principal strc~:«:~

in the nodal zone are equal (0'1 ::::: 0'1). then the fan lines will he pcrpenJir.ular til

the surface AB. As in the case of the centered fan, 0'1 will vary along each fll.ll Ii lie
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