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s of what is today called detailing

“The concept also incorporates the major elen

a rational d

and replaces empirical procedures. rules of thumb and guess work by g0
method. Strut-and-tie models could lead 1o a clearer understanding of the behavionr
of structural concrete and codes based on such an approach would lead 1o improved

structures.”

- Schlaich.

To Michacl. who blessed us with his arrival somctime in Chapler 2.



ABSTRACT

The reinforced concrete slab system is an economical and popular structural slab
system in building and offshore construction. A major concern of this system is local-
ized punehing shear failure at the slab-column interface. Punching shear failure occurs
when the column “punches” Urrongh the slab. This type of failure is unpredictable
and often sudden resulting in cathastrophic failure of the slab system.

Current North American design codes deal with punching shear in an empirical
cquation based mainly on test results. This approach is limited to concrete with a

compressive strength generally less than 10 MPa. The strut-and-tie method considers

the flow of forces in a reinforced concrete element to consist of a series of compressive
strits and tension ties joined at nodes, The strut-and-tie method is a rational ap-
proach to structural concrete design which results in a uniform and consistent design
philosophy.

A strut-and-tie inodel has been developed to madel the punching shear beliaviour
of a concrete slab, This model provides a quick and simple approach to punching
shear behaviour, It is applicable for both normal and high strength concrete under
symmietric and nonsymmetric loading with and without shear reinforcement.

The strut-and-tie model for symmetric punching consists of a “bottle shaped”
compressive zone in the upper section of the slab depth leading to 2 “parallel stress”
compressive zone in the lower section depth. Inclined shear cracking develops in the
bottle shaped zone prior to failure ir the lower zone. Cracking in the bottle shaped
zone is related to the diagonal tensile strenyth of the concrete. Ultimate punching
failure occurs in the parallel stress zone by a high radial compressive stress failure.
An equation based failure criteria for the strut-and-tie method is used to model the

behaviour in the lower compressive stress zone. The results of the strut-and-tie model



for symmetric punching shear b were pared to experimental test results
performed and published by others. The results of the strut-and-tic model showed
excellent agreement with these test results.

A strut-and-tie model was also developed to rationally model nonsymmetric punch-
ing shear behaviour due to unbalanced moment transfer and symmetric punching he-

et

showed ex

haviour of concrete slabs with shear reinforcement. These models

agreement with test results periormed and published by othes

onr moded

The strut-and-tie method presents a nnified, consistent. rational heh;

na of conerete

for structural concrete elements including the punching shear phenor

slabs.
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Chapter 1

Introduction

The reinforced cancrete slab system is an economical and popular structural system in
building and offshore construction. A major concern of this system is localized punch-
ing shear failure at the slab-column location. The catastrophic nature of punching
shear failure hias been a major concern for cngincers for many years.

Current North American codes (ACI 318 [52] and CSA CAN3-A23.3 [53]) deal
with puuching shear using an empirical equation based mainly on test results from
Mo [1]. This approach does not rationally mode! the actual slab-column behaviour

¢ low compressive strength, 14-40 Mpa, Hence,

and s limited to slabs of relati
it is necessary to develop a rational model to predict the behaviour and ultimate
shear capacity of concrete slabs of varying compressive strengths. The strut-and-tie
model, considers the flow of forces within a structural element to consist of a series of
compressive struts and tension ties joined at nodes, is proposed to rationally model

this situation.

1.1 Scope

A strut-and-tie model, based on an elastic theory and on the classical Kinnunen and
Nylander plate theory model [13], was developed to model the behaviour and ultimate

punching shear capacity of both normal strength and high strength concrete slabs for



symmetric and nonsymmetric punching shear. Slabs with shear reinforcement were

also considered under symmetric loading. The strut-and-tie models were compared

to experimental test results reported in past literature and current Canadian code

A dsheet program called “PUNCI"™ was developed to
assist in the calculations involved with modlling these punching shear situations. see

Appendix A.

1.2 Objectives

The main objectives of this thesis are:
1. To examine the structural behaviour of punching shear in conerete slabs,

2. To examine the application of strut-and-tie models in structural conerete ele-

ments,

3. To develop a rational strut-and-tic model to predict the hehaviour and ultimate
punching shear of normal and high strength concrete slabs. The model includes

symmetric and nonsymmetric loading and punching shear reinforcement.

1.3 Thesis Outline

Chapter 2 reviews past literature conducted on punching shear of concrete slabs
including empirical and rational studies and present North Amcrican design codes
requirements.

Chapter 3 reviews the concept of the strut-and-tie model. [t deals with its basic

components, general design procedures, and some examples of applications.



Chapter 4 describes the proposed components of a strut-and-tie model to describe
punching shear hehaviour in concrete slab systems.

Chapter 5 compares the punching shear behaviour of a slab using the strut-and-
tie method te published experimental test results and the current Canadian concrete

code.

Chapter 6 describes the lusions reached in this i igation.




miainly to diagoual tension in the concrete, Hence, v should be proportional to the
concrete tensile strength, fi. This equation contradicts experimental findings since
as the reinforcemnent ratio increases the predicted punching shear decreases.

Graf [4] reported the results of an experimental study on slabs subjected to con-
centrated loads in 1938. This was followed by the work of Forsell and Holemberg (5]
in 1946. Their formulation was similar to that of Talbot’s except for the location
of the critical section. According to Graf (4], the critical section was at the column
periphery, while Forsell and llolemberg located the critical section at a distance /2
from the column face. In the latter case. the shear stress distribution is assumed to
be parabolic over the slab thickness;

T

v
= m
Hognestad {6]. in 1953, was the first to propose a design equation in which the

v

(2.3)

v

influence of flexural strength on the ultimate shear stress was taken into account.
After a re-evaluation of Richart’s [7] tests on column footings, Hognestad [6] showed
that the design methods of the time (based on Equation 2.1) did not give a consistent,
factor of safety with respect to shearing failures. It was suggested that the ultimate

punching shear is mainly dependent upon the following variables:
1. Properties of the materials used in the slab:

(a) concrete cylinder strength, f7;

(b) amount, type, and grade of tension and compression reinforcement.
2. Sizeand shape of the loaded area in relation to the slab thickness.

3. Span, support condition, and edge restraints of the slab.



Hognestad [6] concluded that the ultimate shearing stress of a variety of slabs

could be 1 by the empirical

v= 0017+°°’
(o0w+57)

fi4130 psi (24

where &, is the ratio of the ultimate shearing capacity of the slab to the ultimate

flexural capacity of theslab if it had not failed in shear. The nltimate flexural cap:

of the slab was computed using yield line theory and was dependent on the properties
of the slab and the size and position of the loaded arca. Hognestad conceded that
Equation 2.4 might not be valid for slabs with dimensional ratios or conerete strengths
outside the ranges of those of Richart’s slabs.

Elstner and Hognestad [8] reported in 1952 shear tests of a further 21 slabs,
Equation 2.4 was reviewed in the light of these tests and those reported by Forsell amd

Holemberg [5]and Richart and Kluge [9]. Satisfactory agreements between observed

and predicted shearing failure loads were found to exist.
Additional tests were performed in order to extend the ranges of the slab variables

of previous test p Elstner and H; 4 [10), in 1956, reported that

Equation 2.4 gave unsale estimates of the ultimate punching shear strength of slabs
of high-strength concrete. The following equation was found to be in better agreement
with the test results.

v

0096, 333 psi (25)
0

It was also reported that neither a c jon of tension reinforcement direetly
beneath the loaded area nor the presence of compression reinforcement had any ap-
preciable effect on the ultimate punching shearing strengths of the concrete slabs

tested.

Moe [1] conds d an i ] investigati isting of five different. series

of test slab and studying the effect of:



. Casting holes in the slab in the column vicinity
2. Concenirating the tensile reinforeement over the column,
3. Including special types of shear reinforcement.

. Extreme column size.

5. Eecentric column loads or transfer of moment.

Moc. based on his experimental program. developed a semi-empirical type equa-

tion to caleulate the ultimate punching shear strength:

p o 15(1 =428 [
o b B (26)

" e '.,z;.:.li}x{li
Moe stated that the critical section of a slab. subjected to a concentrated load. was
at the column perimeter and that the shear strength was to some extent dependent
upon the flexural strength,
In the report of ACI-ASCE Committee 326 [12] of 1962. the recommendations of

the existing concrete building code were reviewed in the light of the research carried

out at that time. It was suggested that Moc's equation (Equation 2.6) was the
best equation to date for the prediction of the punching failure load of slabs tested
under laboratory conditions. For practical design, ®o was climinated from Moe's
equation by assuming that it was equal to unity. Following Moe's suggestion that the
punching shearing strength is a function of the square root of the concrete compressive
strength, the Committee recommended that the following classical design equation

for the calculations of the ultimate shear load:

V = vbd




where © < 4.0\/77 = (psi) and bis the length of the “psendo critical section,” taken

as the perimeter at a distance of d/2 from the periphery of the loaded area. The

position of the assumed critical section was chosen so that Equation 2.7 incorporates

allowance for the ¢/d ratio.
2.1.3 Rational Studies

Kinnunen and Nylander [13], based on observations of a number of tests of cirenlar
slabs with central columns, conceived an idealized model of a slab at punching failure.
It was assumed that the slab portion ontside the shear erack. which s hounded by
this crack. by radial cracks. and by the circumference of the slab, can be regarded as
a rigid body which is rotated under the action of the load around a centre of rotation
located at the root of the shear crack. The model is illustrated in Figures 2.1 and

2:

The criterion of failure in the mechanical model was the collapse of the conical shell
which occurred when the tangential strain on the surface of the slab in the vicinity
of the root of shear crack reached an empirical critical value. The characteristic
tangential strain at failure was determined from tests on slabs with ring reinforeement
only. The punching load was calculated by assuming a dimension of the conical shell
and then following a convergent iterative process.

Kinnunen and Nylander found that their theory gave values for the punching load

which were in satisfactory agreement with results of their own tests as well as those

of Elstner and Hognestad [10]. They attributed low calculated values, in the «

of two-way reinforcement, to dowel and membrane effects, and suggested that. they
should be taken into account by multiplying the calculated ultimate load by 1.1.
Kinnunen (14] later published a paper in which he presented a primarily qualita-

tive study of dowel and membrane action in slabs with two-way reinforcement and



|
L ==

%

Figure 2.1: Punching shear model by Kinnunen and Nylander.
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Figure 2.2: Punching model adopted by Kinnunen and Nylander.



~iT4s

concluded that the punching load is increasing by about 20 per cent by dowel and
membrane effects.

The Kinnunen and Nylander model was later criticized by Long [15] and Reimann
(16]. Their major common objection was that the assumption that the compressive
strength in the conical shell was approximately constant throughout and was made

in neglect of probable shearing stresses on the shell surface.

This criticism implies that the existence of the assumed conical shell should have
been proven. Rather than verifying its existence, Kinnunen and Nylander have justi-
fied its nse, along with that of their criterion of failure. by showing consistent satis-
factory agreement between calculated and test punching loads.

Based on the test observations of Kinnunen and Nylander (13]. Reimann [16]
proposed a simple idealised model of slal at punching failure from which the punching
load can be calculated directly. The theoretical model is made up of a punched cone
of concrete, an outer annular slab and a joint, which was idealized as a hinge bridged
by a spring, between the inner and outer regions at the periphery of the column.
The hinge was assumed to coincide with the centre of rotation of the annular slab.
The model is illustrated in Figure 2.3. Reimann applied his method of analysis to
results of tests by Kinnunen and Nylander and others. He found reasonable agreement
between calculated and test failure loads although the average values of the ratio of
the actual failure load to his calculated failure loads were usually greater than unity.
Reimann ignored any dowel and tensile membrane effects which could account for his
somewhat low calculated values.

In 1967, Long [15] and Long and Bond [17] reported a theoretical method for the
calculation of the punching shear load of a slab with two-way reinforcement. Assum-
ing a linear distribution of stress, the stresses in the shear-compression zone were

calculated using thin plate theory. An octahedral shear stress criterion of failure was
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sastic one

! v 7 gential
/
N, el

Figure 2.3: The Mechanical model proposed by Reimann.
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nsed to find the stresses at failure and from that an uncorrected load was caleulated.
The uncorrected load was then adjusted to give the punching load by applying correc-
tions for surrounding slah and support conditions and for dowel and tensile membrane
clfects.

Long and Bond showed that their theory gave punching loads in good agreement
with test results of, among others. Richart. Elstner and Hognestad, Moe. and Kin-
wimen and Nylander.

In the discussion which followed this work. the relevance of the equations of elas-
tirity to slabs near failure and the suggested mechanism of punching failure was
questioned, The assnmption of Long and Bond that the load supported by a failed
slab approximates the eflect of dowel and tensile membrane action on the failure load
i also questionable.

Masterson and Long (18] proposed a simplified finite element model for local slab
conditions at ultimate failure, Their idealized representation of the slab-column con-
neetion was equivalent to the theory of development of local plasticity at the column
periphery. By relating the applied load to the internal moment at failure and by mak-
ing an appropriate allowance for dowel and membrane effects, the punching strength
was found to be well-predicted for the majority of chosen realistic slab-column spec-
imens tested by some researchers.
lated a t hase design p dure in which the punching

p

Long [19] later f

strength was predicted as the lesser of either a flexure or shear criterion of failure.
This approach has certain limitations, as it could not handle slabs with high-strength
concrete and slabs with low levels of reinforcement.

In 1987, Long [20] extended his work by using a more rational treatment of the
flexural mode of punching failure. Long used an analytically based linear interpolation

moment factor to relate the ultimate flexural capacity to the yield moment. This



8

factor depended on the slab ductility which was considered to control the dogroe of
vielding in the slab at failure. The ultimate shear capacity was based on an empirical

relationship for vertical shear stress on a critical section close to the column perimeter,

In 1970, Gesund and Dikshit [21] used yield line theory of Johansen (1962) to
analyze punching failures in slabs. Their work was based on the rescarch carried
out by Gesund and Kaushik [22] who concluded that the ratio Pier/Prea for 106

alleged punching shear failures averaged 1.015 with a standard deviation of 0.218.

They assumed a yield line fan mechanism around the colamn, as shown in Figure 2.1,
The ultimate load calculated for that mechanism was considered to be the ultinate
punching load for the case of an interior circular column. This method vverestimates
the punching strength unless the flexural mode of failure is the dominant one.

ance of ax-

Another application of plastic theory to estimate the punching

isymmetric concrete slabs without shear reinforcement was presented by Nielsen,

Braestrup et al. [23] in 1978, This theory is in contrast with Gesund's method, as

the punching mechanism adopted in Figure 2 totally independent of the fexural

properties of the slab. The mechanism is one of the punching of a solid of revolution

ng minimization

attached to the column, while the rest of the slab remains rigid. U.
of work, together with the modified Coulomb criterion, see Figure 2.6, the minimum
upper bound solution for the ultimate punching load was obtained. This theory con-
tradicts experimental findings as it neglects the effect of the flexural reinforcement
on the ultimate punching capacity of the slab.

In 1982, Andri (24] presented a theoretical model for the punching shear of a
circular slab with ring reinforcement. A finite element analysis was used to derive the
proposed model. As done by Kinnunen and Nylander, the model considers the rigid
body rotation of radial segments around a center of rotation located at the face of the

column and the neutral axis, as shown in Figure 2.7. Each segment is analyzed nsing



Figure 2.4: Yield line mechanism used by Gesund et al.



Figure 2.5: Failure mechanism of Nielsen et al.
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1) Nodified Coulomb failure criterion

™ (k.-

b) Yield locus ia plane strain

Figure 2.6: Failure criterion and yield line locus for concrete.



18

a truss model (Figure 2.7) beyond the shear crack, with 45° tension and compression

elements representing the bebaviour of the uncracked web. Superimposed on this
lattice there are additional compressions radiating from the column face below the
crack.

Figure 2.

shows the failure philosophy assumed by Andrii. e deseribes the
failure of the concrete strut near the cohimn face as being a restrictod crushing of
concrete, while, in the part of the strut far from the column face, its character is

of an unrestricted splitting. It is this model which is closest

in philosophy to the
strut-and-tic model to be developed fater in this publication.

Shehata [25], in 1985, followed by Shehata and Regan [26] in 1989, presented o

model which they claimed to be an improvement over that of Kinnunen and Nylander,
In that model, the effect of dowel and membrane was directly caleulated from the
model and the failure criterion was modified.

In 1987, Alexander and Simmonds [27] presented a truss model. The model pro-
posed consisted of a three dimensional space truss composed of conerete compression
struts and steel tension ties. The reinforcing steel and conerete compression ficlds
were broken down into individual bar-strut units (Figure 2.8).

The truss model includes two types of compression struts: (1) those parallel to
the plane of slab (anchoring struts) and (2) those at some angle a to the plane of the
slab (shear struts). The model predicts only two possible failure modes for a shear

strut; either the steel yields and the angle of shear strut & reaches some critical value,

or the concrete fails in compression prior to yielding of steel. This implics that the
traditional concepts of shear and flexure does not apply, and the two possible modes
of slab failure should be classified as local connection failures as opposed to overall
slab collapse.

Alexander and Simmonds stated that the evaluation of the angle e needed further
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Figure 2.7: Andra’s truss model.



Figure 2.8: The truss model as proposed by Alexander and Simmonds.
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jun. as it was based on an empirical equation obtained from the test results.

2.1.4 North American Codes Requirements — Symmetric Punch-
ing

North American codes are based mainly on the work of Moe [I]. They are empiri-
cally based equations developed mainly from test results using slabs of relatively low

compressive strengths.

The Canadian code, €A 3-M81 [33]. treats punching shear in an empirical

cquation found in Clause 11.10.2,
5
Ve= (14 S102000/Td (2.8)

It not greater than
0.400,/Jibud (23q)

where

ratio of long side 10 short side of the concentrated load area.
perimeter of the eritical section (see Figure 2.9)

resistance factor for concrete = 0.6

factor 1o acconnt for type of concrete

= 1.0 for normal density concrete

= 0.75 for low density concrete

The current American code. AC1 318-89 [52] has a very similar empirically based

equation as the Canadian code except it is based on stress in imperial units and has

a different o factor. ACI clause 11.12.2.4 states
4
ve=o(2+ W (29)
3
but not greater than -wﬁ where

0=085



2.1.5 North American Codes Requirements - Nonsymmetric
Punching

The Canadian concrete code, CAN:

M8 (53]

empirically based linear shear stress distribution for the design. At the eritical s

and ACH 31809 [52)

jon

4 from the face of the column of shear stress. vy, due to a factored shear foree 1y and

a factored bending moment. My, is expressed

v
VM .
R (210)

For the square column of the tests (i.e.. ¢y = ¢; = r).

by = Ae+d)

d = cffective depth
0.10

o = o +4)

=T
Ji & 4-,-11 +4'0“H

According to the Canadian code. no shear reinforcement is required if ry < 0
(assuming 0.5 ¢ < 3 < 2c). Shear reinforcement is required if vy > 0.4,/

the latter case. the following requirements have 1o he met:

=t (211)
where
ve=020./f (2.12)
(= shear resistance of concrete)
and

o= MBS
* T e +d

(= resistance of shear reinforcement)

(2.13)
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The ACI provisions are similar to those above, except that the resistance factors
are different. According to ACI, no shear reinforcement is required if 1y < 0.336,/77%.
oy > OJiflra\//—,', shear reinforcement is required so that

vy L ofr.+ ) (S=085)

where v, = 0.17,/%.
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(b) Assumed critical section

Figure 2.9: Critical section for punching shear as per North American codes.



Chapter 3

Strut-and-Tie Models
3.1 Introduction

“Traditional methods in the design of structural concrete members for axial load.
moment. shear, and torsion have been well documented. The methods are based
on the classical Bernoulli beam theory. There are. however. important regions in
conerete structures where the stresses cannot be determined by these approaches.
These regions are termed disturbed regions or D-regions. Examples of some D-regions
in concrete structures are shown in Figure 3.1.

D-regions, if uncracked. can be designed by linear elastic stress methods. however.
if they are cracked. accepted design approaches do not exist. Rules of thumb, detailing
and past experience have been methods used in dealing with D-regions. Inelastic finite
clement models are capable of predicting the complex stress flows in disturbed regions.
however, they are time consuming and costly for use in every-day design practices.

Considerable insight into the flow of forces can be gained by the use of strut-and-
tie models. Cracked concrete carries loads through sets of compressive fields which
are distributed and interconnected by tension ties. The tension ties are reinforcing
bars, prestressing tendons or concrete tensile stress fields. After significant crack-
ing has occurred, the principal compressive stress trajectories tend towards straight
compressive struts. The complex internal flow of forces in disturbed regions can be

modelled using concrete compressive struts, tension ties, and nodal zones which rep-
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(a) Doubie tee with dapped E 2

end on wall corbel
(b) Ledger beam supporting

~disturbed double tees
/ region

(c) Anchor buttress for
post-tensioned tank

(dj Simply supported single (e) Large pretensioned

tee with opening bridge girder post-
tensioned after erection

Figure 3.1: Examples of disturbed D-regions.



resent the regions of concrete where the struts and ties meet. Various applications of
strut-and-tie models are shown in Figures 3.2 and 3.3.

The use of uniaxial stressed truss members to model the stress flow in cracked re-
inforced conerete dates back to the turn of the century when Ritter [28] and Morsche
[29] introduced the truss analogy. More recent advances have been made in the
area of strut-and-tic models in Enrope and in North America. Schlaich. Schaffer.
and Jennewein [30] systematically expanded sueh models to include all parts of the
structure in the hope of attaining a unified. consistent design approach for reinforced
and prestressed conerete structures. Their state-of-the-art report. enti‘led “Toward

a Cons

istent. Design of Structural Concrete,” was presented to the Comite Euro In-

ternational Du Beton (CEB) in connection with the revision of the Model Code in

Enrope [54]. The Canadian code CAN3 A23.3 M-84 [53] includes as part of its general
wethod of shear design, Clause 114, a simple design approach for listurbed regions

based on the strut-and-tie model.
3.2 Components of the Strut-and-Tie Method
3.2.1 Bernoulli B and Disturbed D Regions

Reinforced concrete structures may be divided into separate design regions based on

clastic strain distribution and load paths as discussed by Schlaich and Weischede [31].

The regions of a structure in which the strain distribution are linear (plane sections
remain plane) are referred to as B-regions where B stands for beam or Bernoulli.
For uncracked B-regions, stresses may be calculated from the bending and torsional
moments, shears, and axial forces using section properties. For cracked B-regions,

design methods based on the truss model may be used.

D-regions are regions having ical or statical di inuities. In these re-
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Figure 3.2: Examples of strut-and-tic model (30].
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gions. the strain distribution is nonlincar. Examples of D-regions are regions near

supports. opening, changes in geometry. or concentrated luads as shown in Figure
3.4. Based on St. Venant's principal. Schlaich and Weischede [31] suggest that a
D-region may be assumed to extend approximately one depth. b, away from geomet-

rical or statical discontinuities. Uncracked D-regions may he anal; g linear

elastic finite element analysis. After cracking. D-region behaviour is such that the

traditional design procedures are typically empirically derived based on test resnlts
(corbels, deep beams). These requirements nsually give guidance only concerning the
provision of reinforcement, and no attempt is made to quantify stresses in the con-
crete. As a result. the load-carrying mechanism is nnknown to the designer, A more

consistent design of reinforced concrete structures is pussible if strat-and-tie mod,

are used to design these and all regions of the entire stricture.
3.2.2 Tension Ties

In a strut-and-tie model, a tie force represents the total foree assumed 10 e acting at
agiven location. Typically. reinforcement is provided to resist the tensile stresses, and
|

tension tie. see Figure 3.5. Generally, the reinforcement is assumed to be capable

this reinforcement is positioned such that its centroid is collinear with the ass

of providing a force equal to A, f,. In addition to providing the required amount of
reinforcement at the proper location, it is also necessary to ensure that assumed forces
can be developed in the reinforcement when required. For example, the tension tie in
Figure 3.5 (a) provides a reaction to one face of the nodal zone and the reinforcement
must have sufficient anchorage behind the nodal zone to develop this force as shown
in Figure 3.5 (b).

If the tension tie represents the total force carried by an uncracked tension stress

field, then the tie is located at the centroid of the stress field. Schlaich et al. [30]
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Figure 3.4: Typical D-regions [48].



Strut Force

/ .//c.

Strut Force Cp
(a)

o
— V= Agity

()

Figure 3.5 Tension tie and reinforcement [48].
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suggests that until further research is available, the tensile strength of the concrete
shold only be used to maintain cquilibrinm where no progressive failure is expected.
They suggest simple recommendations concerning stress redistribution and the size

of the cracked failure zone relative to the area of the surrounding concrete.
3.2.3 Compressive Stress Fields

In astrut-and-tie madel, compressive stress fields are used to model the way in which

the compre stresses are carried in the concrete. The three basic compressive
stress licldsare the strut or parallel stress field, Figure 3.6 (a). the bottle stress field,

Figure 3.7 (1), and the fan, Figures 3.8-3.11,

3.2.3.1 Struts or Parallel Stress Field

The strut, as seen in Figure 3.6 (a). represents a region of concrete of width. w, and
thickness, fassumed to be stressed uniasially toa stress equal tothe effective concrete
strength, famax or fe. The maximum compressive principal stress, oy is assumed
1o be equal o fe., and the minimum compressive principal stress o, is assumed to be
zero. If the strut isstressed to fe and C/¢ is the compressive force per unit thickness.
then the width of the strut is w, = C/(tf..). This stress field is largely hypothetical
since in the actual structure, the stresses will generally spread out creating transverse

tensile stresses. It is, however, simple to apply as shown in Figure 3.6 (b).

This figure shows a possible strut-and-tic model of a deep beam subjected to a
concentrated load. This model is a simple truss with the struts carrying the compres-
sive force () and the tie providing the tension T'. The shear, P/2, is carried by the
vertical component of the compression strut. The stress of the struts is assumed to

be [ Eachstrut must have a vertical component T. The reaction P/2, strut force
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Figure 3.6: Strut or parallel stress fields and application [18].
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Figure 3.7: Bottle-shaped stress field and application [48].
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Figure 3.9: Application of centered fan stress field to spreading of a force [48].



Figure 3.10: Strut-and-tie model for centered fan stress field [48].
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Figure 3.11: Parabolic decentered fan and application [48].
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C'. and tie force T must be conenrrent at the node A.

For cquilibrium, the nodal zone at A must have principal stresses oy = a0, = f,.
Nodal zones are sometimes referred to as *hydrostatic' nodal zones althongh this
would imply that oy = 03 = 05 = fee. and in most problems. plane stress conditions

are assumed (a3 = 0).
3.2.3.2 Bottle-Shaped Stress Fields

The bottle-shaped stress field in Figure 3.7 (a) attempts to account for the transverse
tensile stress which develops when a load spreads outward from a width wy to a
width w,. The stress field has thickness ¢ and length P. The load is assumed 1o he
applicd uniformly over the area w; x t. The length ¢ measures the length over which
the compressive stress trajectories spread out and then becomes parallel again. The
length € is generally related to wy. This type of behaviour can he modelled with the
simple strut-and-tie model shown superimposed on the stress field.

Schlaich et al. [30] give values for the 1oad which can be safely carried by this stress
field for uncracked plain concrete and for reinforced concrete. For plain concrete, the
values are based on an elastic analysis considering limits on cracking (o, < f../15)
and on crushing of the concrete. For reinforced concrete regions, the limiting values
are based on yielding of the transverse reinforcement in the tie 7', and on crushing
of the concrete in the neck region. This analysis was accomplished using the classic
bottle-shaped strut-and-tie model shown in Figure 3.7 (a).

Figure 3.7 (b) shows an application of this strut-and-tie-model representing the
spread of prestressing force P, when applied to a reinforced concrete end block and
the resulting transverse tensile stresses. Typically, reinforcement is necessary to carry

the ‘bursting’ stresses in this region.



=iz

3.2.3.3 Centered Fans

A centered fan stress field is shown in Figure 3.8 (b). The surface AB and DE have
constant radii of cutvature rp and r, respectively. The principal stress along AB is
a6, directed radially outwards. Equilibrium of a wedge-shaped segment d0 along any

of the radial fan lines requires that the principal stress along DE be given by:
%
o= -rﬂao (3.1)

The principal stress perpendicular to a radial fan line is set equal to zero. This stress
field was developed to describe the transverse tensile stresses which develop due to
Uhe spreading of forces (Thurlimann et al.. [32]).

A model which illustrates a centered fan is shown in Figure 3.9, The force Ry is
sch that the stress in the strut below AB is f.. and the nodal zone AB is stressed

biaxially to fue. The stress along DE is given by Equation 3.1 as

The nodal zone DE is stressed biaxially to o, The force T represents the transverse
tension required as the force Ry spreads from width wy to width w,.
The magnitude of force T may be determined from geometry and equilibrium. If

the spreading angle is 0o, then
wy

"% 5o, (33)
and the height /o of the node AB is given by
wy
ho = ro(l = cosfp) = =—2—(1 ~ cosfp) (34)

2sinfp

From horizontal equilibrium along a vertical section through the centerline,

T = hto = hotfee (3.5)



If hg is substituted from Equation 3.1, then

P o 1l (1 = coso)
2 sinfp

and finally,
Ro Oy
= 3 tan -

The same result may be obtained using the strut-and-tie model shown in Figure

The result suggests that reinforcement capable of resisting T given by Equation 3.7
should be provided for spreading force situations such as this.

Thurlimann, et al. [32] recommended that for most applications the spreading
21 Ko, If the strut-
and-tie model shown with the bottle-shaped stress field in Figure 3.

angle 0, may be taken to be 45°, Thus, 0o/2 = 22.5° and T =

is used a similar

result is obtained, T = 0.25H,. Schlaich, et al. [30] recommend that the spreading
angle be taken as 2:1.
Thurlimann, et al. [32] recommend further that the required reinforcement he

distributed 1/34, in the first half of the spreading zone and 2/3

in the top hall, For

bottle-shaped stress fields, it is ded that the reinfc be distributed
over the lower 0.8( in Figure 3.7 (a).

3.2.3.4 Decentered Fans

If the radius of curvature of the nodal surface varies, the fan is called a decentered
fan, Thurlimann, et al., [52]. In Figure 3.11 (a), line AO represents the locus of the
radii to points along the nodal surface AB and along the top surface DE. It can be
shown that if the principal stresses, o; and o3, along D£ are constant, then the radii
must vary in such a way that DE and AB are parabolas. If the principal stresses
in the nodal zone are equal (o; = 3), then the fan lines will be perpendicular to

the surface AB. As in the case of the centered fan, o will vary along each fan line
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