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+ electromagnetic field quantities with the aid of Heaviside step c e

ol : : o

In this thesis the so-called "mixed-path" propagation problem

is tackled by modelling the Physical geometry and the varidus’ ‘

functions in the minner of Walsh (29). 'oyem:an on the regional
field quantities with the usual vectnt diffe:em:xal Dpe!awxs

produces the 1_-‘ ical: boundary condd of : tism

that are normally mppuea in the 1 The'

type !q'uations obtained" for:the reg‘wnal f£iéla q’uan\:in.!s age _ ® .

convolved with the pmper Green functions and then Fourier :ranszomia;-(
An algebraic uqvation in.the t!!n!f@m dnmun for the surface field
o the right of the media interfage is thus obtaingd 10 order

that this _equation may e solvea, variois uppmximauuns are made .

"in ordet that' wiencr-Hopf methnd may be succssfuxy applied. . 'The

final answer, which is in’ the’ fom of an wﬂ/

Puurier thversion integral, is of-the wrong order in field strength -

fall-off when compared with’ ‘other authoss’ results and empirical
ev}dgngu. Discussicm is qiven as tn the sulbabuity and linutatlons

of the Wieper-Hopf'method for- applicltianrtn thé -problen..
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Unit vector In z-direction. for example

Comp'ex ulmc!lvl lndox, *\lor mmﬂlo‘ nl niudlllm 1.

N

-" y Fourler transform vnrlubls‘ ¥

& Fourllr lr-n:larm vlrllbl

Dlpala current. : ‘. T
lnnnlmnmg dipole length -

. s

Other.* symbolu are- defined %as and vmon they occur and must b

lmerpreua within the context ov |h. sltuation.




.--the”) "Qld strength *ori lhs anﬂh s, aur'uu- Ihova medmm 2.

CHAPIER 1: INTRODUCTION : . . . 4
General = : oy Yo E

, We shall be concerned with the so-called' ‘mixed-path’ problem -of
ela‘c:rom‘ignano pmpugauov'-.'v)hlen may bo concisaly described as follows. .
We_assume the earth to.be flat. and conslsxlng of two lslaclrk:allyl dit=_

. forent Iin isotroplc, ‘and humogontuun media, ‘as shown In Dlaqum

T separaled by a vmlc.l xmmc- @iven a (runsnhmng source” sllual-d
- o

in the . fassumed] vacuum -bnv- medium 1 we wish'-to ‘determine” " -
Thll‘ls eas;&y “séen 0 bo a gamrallntlon al Sommqr!elds cﬁsslenl
homuganonuu fat eunn prop-ganon problem, Tn. mlxea-p:m problent

i enjoyed & cansldaruble amounl of: unemlan In"the ten_or 5o Jears_after the o

_ second World War_[see Ghapter 21: omng «o the compjexity. of the prob-

consldlr trle- case . of transmitting
and mcalvlng polnts Gn the earfi's surfdce. . R .

.~ 'The eolullon of the mlxed path -problem ls lmponnm from - -an elee'rlcnl

fom. . most lmnugmn-mrn forced

ongln-'rlng vlwpolm, Bolh the ‘ami -nu the_phase ! of

" the surface " fietd Have ‘bean Inund n

Mllllnglon l15|) to changn vlh.n

cmnlng Iho boundary ‘Indeed. the 80’clll‘p\j.co~0ry~o".c" describes:

‘the’ sudden_increase, Iq, fleld_strength, as ‘campared with that of the

corresponding Romggensous earth result. when making the transition from
earth 10-seawater, for exgmple, (again, see Millington [1511.-

b
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~ mental ebsawnlam. we shnuld h.rmy by

Scope of this Thesis

v e ¥ .
.the regionai flelds. As with other. .classical, studies we nqqleel the flelds.

' below the earth’s ‘surface. Thus: the convolution. equ tions Invq)vo oniy.

% elttior abové or below 1

“the  Wiener-Hopf_ techniqud. * Tms nqulru m-t we 'decompusn ccnqln o

I view of the close‘agreemant batween the- existing analytical modals

! . -~
for P as “in chapter 2. with the ‘experi~

ina 'pogmun to expect, ahy star;

glng new. Yesuits by our. " approach. Humnr, It s the aim* of this thesis to

show that an “acceptable’ th

Fetical solution can be obtained throigh an
x - DA k

entiraly different Anulynls i eal Bl BN

!aWBl are written; for slch of lhe three dlsllncl msdlu. with- ‘the' lld al

»l.lnll step IHanvlsld-l luncﬂuns. [’ Applh:nilun of the Vlvlnu‘l lclllr Ind vecs

tor ﬂmnrnmlal anrqlor 10 thasc quanmln pruvlmm u- " with thre

ype- v |er sh- three ‘Vogmn.l foids.’ log.!hlr

with“aboundary. equation. - Cor - three

with:‘the *

appropridie’ “Gréen_ function®. we arrive’ at three convolution equiions for

functions .of the.'surface , ﬂ-\m To.

iminate the, eenveluuum. we. lpply at

*iwo' dime slonal-x-y Foumr tmmorm. < The boundlry -qulllun uluh us. .

msu\,smmvnr somé ‘ot the surfice “flld quantias; in farms of otners. By -+

g the i on vulous fixed :horizontal pu'

laﬂh's sur!ucn, we, a rlv. at a transiorm .dumlln

equation leaMl\g the sur'l e fleld 'o the right of the v.rﬂcll lnlwﬂacl‘

To obtain .the. spnﬂll domain 'olnllon o the' luﬂl e flald” wl rl ﬂ]:l Iﬂ




T e

In terms of 1uucllnnl whlah are’ unllytlb Iy either. the 'upper ‘or kzw.( com=

plex, huu—pl. ’ Applying the u.u.l WI-nnr—Hop' aq,qomposmun larmulu. .

we arrive, at for the first. ! g m,mnona

but- whasu

'mm .nmn.r analytic :

‘much mum easily. - ‘This allows us to pmnﬁﬂ la E] irunalorm domlln lqu

Trale’ -qulunn tor the 'uh-u flold. -

su.u.m uymplulle mnmodl ‘are .mpluy-u 16 éaloum:’ -lim 'iwo-

lmlm.: N mcluslonl are drnwn Abom |h. ll)lllblllly
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CHAPTER :2: ' PREVIOUS WORK * » 5 i
- ) i 7 : i
: N s 4 1
’. Outline i
Feinberg .[7] ‘seems o have first ‘considered a general method for C
¢ - g o s zu i

L treating the problem of mlug—_pglh attenuation over a fiat earth. Employ— -

ing a p *approach 051 obtained the au-x:aueu

*geometric mban® formula for calculallng mixed: path- fleld . strerigths. I
In 1953 Clommow '(41 nmok-a the flat-earth mixad-path problgim with

the ald of n@prma—nv- h This method

) s lppilbnblc to.a wide ranige of eleotrdmagnetic radiation” und ‘scatiering

prohlem o und with it Clemmow. obtained nsuhs that supppnod Mllllqglon a"
s : ‘work: Dllll lm.grul equallonl lfl .lnbllsh.d for_ the pmbl.m. lnd Clem- - i {

i " mow’ employs a.uchnlqut Akln 1o |ho wun.r-nop(» method. .as used In this ¢

.thuln, for. lhql{ wlnllcn. " For. lhls reason we tmll_‘dlaeun Clemmow’s -
work In a c.ﬂlrn Bml:llnl ot detall.

)\wu successtul -in applylng the _rationale. of

23] to the . fiat nrm mlxnd-puth probl-m. His

4, Vs dlfterent from Clemmow's ‘In m-‘ his ‘starting point was & -
¢ tegral |h.onm forthe situation.
kS : mle 'OPMIIII can _D. derived from his: own work
PR prount an oulllno bl Brommcra work: horn
Later, Wait 1241 showed ' haw Monteath’s (161 nompcnutlun muorm
4 .gnul_d be nppllnd to lho mmd-plth flat -earth .Integral ;formula. Indlcating
! also how the results ‘could ba modified to treat the mnro/s
) & g . . e < PR
LI . S . . e &
% ‘ ;
| e N ; & .
1 b3 . L -
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model. FuruIsu ([91 V& ['IDI) and Wait' (126] & [27) have pllﬂ turther

“This, luncuoh Is ‘known. lsed. e.g. snrmn rean ‘o nu-ly the, namogon,-

spherical earth mixed-path propagation. ' Wait$went on to .derive. with

125). A o for the s_pharlcnl earth

!
i
i

lnllyllou! m.mlon io the problempof pmpagaxlnn over a. spherical eafth in

‘ qma path cas.s & 2 " .

Brommier's Woik a

. srnmmors wcrk Initfally ' plrlll.lq that ol Huﬂord l‘lS] ln thll his basic . B T

|nllgral .q(m\len 9! dlrlv.ﬂ by

applloailon”of Green‘s Inlvgrtl theorem.

The mnuam-nm quastity is the vertical uampan-m o the Honzf vector. I .

ous' wave equation avérywhore In‘a: mlum v enmneung of ‘the suml-q-"nlle-

spice above’ the -iflatl ..n wllh the cepilon

i 'a small jsphere sur= ' - o

rounding.’ lh-‘lrumhmlnor T. anu, small homlsphwn surroundlng the .

recelvar. or o'Snmuon point. - P. on the earth's surface: The stirtace S

of the volumo v Is ‘shownn. dotied lines in augmm 2. 1.~alnng with the
.
Basic -geomietry” of the problnm 88 ‘

Bremm#P assumes the iransmitiing' source” to'be’an lementary -

dipole. 'so_that the Hertz potentlai atthe source'’T takes the torm ™
"k TP N
o, =e /7P the-.

r :nbwrlpl refers to m prlmury anmunuuom and




wherein Q I8 a point on the surface S of V. LéNing the surface S tend to
'

Infinity, .and assuming that Il and its normal derlvative vanish -along with it.

equation (2. 1) .aliows us 1o wrlte.: formally, for the ‘tunction T at the Ppoint

P: ) 3
- T ' , T fmngp - .
. 0P = e + 52/, # Q) 5555~ - 7%z L eo. ‘

whoreln ihe rangs. of mlugnllan corresponds 1o the surtace -of |n6 urih

. point on the surfabe:

i’ " Bince.Q ‘v.nq Ifixed) P are both on the éarth's surface.[z=0l, ihe ‘par- .

tial derivative with respept to z:dauses the: first.term In' the Inhgr-l‘ibcv-
to: vnnlsh To deal. wmvs the ucond ‘term In m- Infegral In (2,2), Brem- . ‘. '
mer’ mlkts the well estabiishod" agsimiption thq« the 'ratio ‘of 1/3z to. at :

the earth’s surface dﬂpenﬂl only on the Aoll nnndlllana.

the rulln Is
independent of the plmeuluv wuvo mm:llnn o we consider the primary

[transmitter] ﬂolﬂ to'be a” supu(posltlon of pllno ‘waves.

o previous

asuumpu'n corresponds - m mo pny_lcnl situation. whel cunipouto \

"'plane waves of the’ prlmncy source have the same :direction “of pmp-g-uon ¥

upon reflgotion Into-the carth.. This I aiso. known ‘as‘a 'L.omovlcn bnun-'

./ _dary condition® lsu {811, . That uommon ¢|r.e«lon ov proplglllon‘ 3 nu b B

. same as mut wmcn would al It the plimary sourc- waves glanced the .

nnh at pruz!ng Incidence. 80 that we have, . '

' -lk'[! ‘lzl ooz e,
e S ; ;|




whereln k Is the wave number within the earth and n> Is the refractive

index of the earth as given by . .
=5 @.a.
. .

_the continulty of %%'nnn k?n is, implied by the classical

Additionally,
‘boundalty conditions of electromagneilsm. as applied to the Hertz vector of

L  an elementary vertical- dipole ‘[see e.g. [22] or [21]l." Hence. equation

W (2.3)" may be rewrltten 5" E g 5
. am ., (=) [ .2 5 o
) ol y o. [T][ ; ;El'n“ (z=0,) 2.5,
K oy qQuantity
o o R - . sz . ;
[ 1]]
A,[_1._ } . 12.8).
a= Lt :
¥ . K - /
By considering the classical So formula for over a

homogeneous flat earth. viz.

2

2.7,

B
‘D’/ﬁ»z‘gmc

%-ytp)=1+ﬁ
-

wherein D is known, as the “numerical distance* bgtween the point source

and the observation point (separated by an .actua y.nco. say. © and is
defined by )

} I . " "

: © D= [—;{\ - —‘5}]1 o2,
’, ' n n ! &

“we ses that our quantlly. 4% Is ‘equivalent to. the ratio of the numerical to

|
4




the actual distances In’ classical flat earth theory. Finally Ih':. the boun-

dary condition (2.5) may be_rewritten

3 =
3z = A (z=0p . 2.9,

‘By assuming “that A -is a function of the position on the. earth’s sur-

face. determined only. by fhe soil conditions. equation (2,2) becomes

approximately ) . :
fv ;- . " . .
" kTP k72 ~ 1k QP R I i
C . pg O o o 9 R
neey =2 4 ——(fas |2 mmac@m@) 2,10,
4 § a2 N L

wherain the Iftégration. region now cansists Gf the entire surface of the
&) earth Inciuding ‘the vicinlty of P. - i : LN
Bremmer_now _assumes that -both the transmiting and the recelving
points. T and P, lle on the earth's surface. The mmuunjm) Is
decompased Into the product of the fleld existing In the case of ' infinitely
oon}-dut:tlna soll. l.e. mw, and an attenuation factor W(Q) so that
ey wrin

N

IkuQT

N mq) = ?._QT-"'“'“” . 2.1

Making ‘this substitution In the Integral In equation (2.10) allows us to
convert o elliptical coordindtes ‘with the following changes of variable
- . :

V202 0T . camnan. * PO gy n _(/‘

wharaupon the Integral In_aquation (2.10) becom

g e Ik PToosh w) : 2 " B -
QI"J‘“ . Alw.V WY L a2y,
- -



1t is seen tnat the integrand in- oquafion (2.12)_has a um. point ‘at

u=0. The elliptical ooomln-m used in the Integral In .qu.ﬂon 22

are shown in diagram 2.2.

Assuming that the non-exponential factors In (2.12) are siowly varying
at the. saddle point. they\may be -ppmlmmd by their value at the saddle

point. Tn. onmq- of varlable, say. - . ,
3 o xe ¥

. coshu) =1+ 72

“thus reducy s equation’ (3. 2. eventually. to the -lnnln lnl.gul
R I ) iy .
2[Z) e dyAm,v)W(ﬂ.y). : RCREN
["o l ! 5 e onme

" which _runs along the line ‘segmient loining T and P In'the u-v'plane-(see

*. diagram 2.2). Br'mmor then Introduces the distance ¢ of the Integration

polot from T-on the line segment PT..and defines the distance PT 3 x
lagain. .see diagram 2.21. so that
cosv) =1 -2 o PR | S

-0 i
Tho Integral In (2.13) then becomes i
-
[u ] Id(-iﬂ-"—(‘- REECRUE
* {u.-v : | ¥
Substiiiing fesult” (2.14) for the nnugm in .qu-nnn 2.10) and
.

KX

" TP
dhrldlng nnm sides by 2- "_ /TF (=20 /xl we Arrlvl ll

wm EAR EI# AL W)
e




"Integration - iimits we

“point.P .

as an Integral equation for the attenuation factor W. expressing its depen-

dence on the distance x from the transmiter T. - By defining the Iintermedi-

ate quantity
; o S22 1 m‘"" L c2ae,
e & & er :
equation- (2.15) may be writien i
e -._’_ §ab duu)—’i"— _ 2n,
oo . Oy

Equation (2.17) Is a vamm-ryp. Intogral equatlon. ‘Fr'om the*

that'ine Implication Is. that propagation up to the

at X1 is entirely independent of m. A function_[i.e. the soll

conditions] myonap % . e K .

The case| i no’oﬂnlmr.d _where lﬁt earth uonll.h of M lelectri-
cally)’ diff

nt but homog.moue mlom separated by/hn lmorhu at a
dlncnec‘ d from l”l. transmitter . Il shown in diagram 2.3. " In M of
m preceeding paragraph. the function ¥ i the: first medium Is “indepen-
d.ﬂi & the second mnlum. and therefore must .qull the classical Som-
merfeld homogeneous flat ‘earth ‘solution as given In equation (2.7). That
Is to say, bearing. In mind equations (2.6). (2.8), & (2.18).
oo Q'L"’" for x<d, ' 2.18).
To obtain the cor onding n;n‘ullon in the n.-luo‘mi m‘hl}n Bremmer
employs the ul)l_ndlm"opuralltml

loulus’

Van der Pol & Bremmer.
: -~




function 1(x) as *

" ‘transfgfm  of

i =T =

19501 With this technique one dfines the ‘operational transform* of a

. .
o Fprwr p [axe™ 100 . 2,19
. r~
_ ; s
or. ‘symbolically e q
’ Fip) = 1) @20,

.Incldentally, - from ' -equation that nu operational

suitably “well !nl\-v-d fanation fCx); amounits to taking l.he
Mo-lldud Lapiace tranﬂorm of the u.rlvntlvn of '(x). Bmmm.r nlglocll

detalled consider

tion of thstrip, ot cqmmg-nn- ‘In the p-pllnl of the

opnranmm lrnmlurm defined. -non T E T

Anninnuusly to “the. Laplace and Fuumr transforms. *convolution

!h.nr.m axlll.l for the op'r Hnnli tllnl'orm ‘Indeed. 1t is readily verified

_ that

A T, 5
AT Id!fllc)fz,(x—é)

@)~ r"(l) 221 .

wherein the, lymbul o dmoh' lono-dlm

sionall convolution.

Equation (2.17) may now, be broun dcvm into its two coﬂlllhu!m'

équations: 1. e. one lcr ason’ ot the o ditterent miodla.  These:two equa=
tions ‘may be. céncls f "jolned? by £ ’

hix) ) =

00+ vzm =

hix-b
1= Jaeia AR r ten 2.22),
i .

w

b




| i . . -2 - R
wherein S
) . 0<x<d, y
wm= g otherwise (2:220);;
s vy
yoo — 91 0 s
W= otherwise £2;,280).
. ) ] i g ,
] and h(x) Is.the [Heavisidel unit step function as. defined by <
: : i B {1 x50 .
Jrgwre Qe esel, .
5 Taking the -operationa) transform, of equaton (2.22) results in
{ ‘g D Lia s
Lo A . 7+ ﬁ."‘FA"‘ + szz)xﬁ ; 2.23),

: wherein use has . been made ofy the operational tranaform convolution -

" theorem .as glven In equation €2.20: ¥ u\p_d’r_!:(p) denote the

=TT 7777 operational transforms, 1 oly. of ¥, and ¥,. Equation (2.25) may ' 4
be solved for. ¥, to give : i
’ o b - 18 >
fa ey R - L . (22w,
. R 3 % - [Z A o
which) [in order’to faciiitate the subsequent anaiysis. may be written as
. . 2 N % .
' ! W 18, -8 m !
: 8, ¢ xe 28,

v -
2 s, N

“Now, consider- the-function




1
[l "\ Ay
3 ! " o ' ‘
| :
| . e
LA gy
. ®

Applying an operational transform (to this function and using equation

€2.7). we Tind. aer an Integration by paris’ that

(2,268

2 7o ;
LBX) by o — '(Re (p) >0)
R T | . M)

-1
|

Additiondlly, In view of -'qu-“nun (2.22a) and our previous. discussions

\

about.the- solutionafin lh-"ﬂrsl“m.plum. we may write
= Ly g
(p) =P () =

1 Pig 2

. e o 2

nsform of the third term on the' right-hand side

The inverse operational t

of equation. (2,257 Is readlly obtained. In'view of ‘equations (2.21) and
2,26). ok EER" S o

: | . - .
: romthe preceeding paragraph then we see that the Inverse -opera~

tional transform of equation (2,35 Is”
. : 5

yeaZo o oylalo e ;
0 s—E oo h Gohta, <00 : 2.28.
T _
b yea2o Y-8
4785 2 e

42— hCph(d,

‘- ' ‘{;-._‘E

e

ish for x<d_ . The heavisl ions ensure. this if x <0 However. the

implication of this conditionin the | reglon 0<x<d Is that *

y—nmn d, -0’ - S c2.8m.




i
L % i
i
822> -y (a2 # (820, y82 G- £ o :
r(A‘al) y(ATx) _“Az 8)) ‘.’:(A‘vﬂ ¥ =& S - 3
13 13 e - e 4
: £ o i
"*y Bremmer observes that equation (2.29) aiso, follows by taking the :
\ ‘ . Iwerse operational transform of the algebraic Identity . N £
N
"p. W i -ap, 3 . i
F-IA w-ia, - .’ b-a, B-ia, e )
Wx>d, . then oqulilon (2.28)  redisogs to = %
i s 1100 "‘ s
* 75 '_ = )
/ . : F’ 13 Az
o ; . ) d 22000 . b
. . 1 -a)% yalo yaia- ¥ 4 )
- P = [ et L M
¥ 3 =€ ;
N E :
s : .
g Since x ls equivalent to the distance p'= d, + d_ between the source and
observation po}{(lu diagram 2.3], equation (2.30) becomes N
: \ d 2 2
g - J -o .
A 2 = ya2p) R i ‘r“xule) P 231,
1..\ m 2 - . bt ‘
=3 Suppose now that the two media were- |uxiagosed. That ls.. the
. medium nurul to the transmitter extends over a distance: d_ with ull .

“conditions dictated by 4,. and “the medium near the upnrv-non point- ~ |
B (parameter 4)) over a distance d. in’ this event instead of .equation
(2.31) we should arkive at ki

y 2
A -A s y(A & y(A (p o1
n_ - 2

Zr— = yASP) '+ Ef 5
- i 2Myr LK F =3
: " ‘ . .

2 o . 3

* {
. S\ 0




ag =

which becomes,_after changing the varlable of integration.

E Vv 2 2 g
1ata) ya28 yias -1
vl e —2 J.:ja; i3 SRS
pr w

[

'FM difference bstween nquadnm (2.3 and (2.32) s- zaro, In view

2

ot thekrsmie displayed in oquation (2.29). However. this is oo, other

~
than the confirmition of the recipracity principle. which states that the

fleld 'snr'm"qgn should remain unchanged after the exchange of transmitier
with_receiver.

'From»oqvmll/on (2.18) wa ses that the lefi-hand “side of squations
12.31) and (2.32) s equivalent. to the -'ﬁnuutlo‘n\ functioh "W ‘describad
 previuously:  Bremmar..attaches a physical significance 1o, say. squation

(2.31) In the (ollowlnn manner. WI\VI regard to dlugnm 2.3 it s seen

that the field In the nd madlum Js. composed of a contribution which
represents pmpagauon [from the source to the cbservation point over a
homogeneous earth w!lh the electrical properties of medium. 2. together

with a 1bul of "weighted” wave

with point In
the first medium..

In order tb-develop asymptotic expansions for the- field In the secand

medium. Brermer lnitlly geturms tothe Sperational transform dorain and,

obtains an’ expression for ¥, by substituting for ¥, as oblained through

equation (2.27), In equation (2.24). . Omiting the analytical a-ulla‘tmu‘

rasult s

e _ 2 n-y(aan»dp
2f [ awe™ - ‘d_* g 2

(2.39),

1,0p) =

Fl
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Bremmer then goes on 1o develop asymplotic series for the fieids both
far beyond-and near to the boundary at x =d,. The Jeading terms GF the
former series. are

-
i, o
18, -5, 1-ya24 )
2% =1 + :‘AA” r2a% . (2.342);
=7 -
Tos EJ-A P l 7 2 » .
2 lnd,_of the latter ur./ ; ) (2. 340).

' . »
2 7-5
](A (28 H(A A h—kymt ) fp-d lA,y_(A‘ldx)(p-d 3

in which the '_n,ow-c iflect” is readily. seen Irom " thd second tlerm. ¢

Clemmow has ¢ the T -path " pn;bl-m
through the mathod of oxpanding the ni-vu\:\ electromagnetio field- com-
ponent in terms of & ‘spectrum of plane. waves™.. This. method s closely °
‘associated with classical Fourler .n.nyucn xmu«

As an Initial L first the pmbl;m of

over 3 " y surtace. . The physical: goomatry

deploted I~ diagram’ 24, " The n-lhp-c- y>0 Is ‘a- vacuwm and the '

< hait-space y <0 onn-uu of & ho medium .with “elactrid pmp-r—

s as shown. AL the Interfa

2 pcmnny ennﬂnmlnn
3 navm-l o mo p.g. A. Clem-~




3 573
into the

most practidal cases radiation

earth. so that the ‘large scale® results of the model chosen should not

differ significantly from a more. accurate model. -
3 " Clemmow's mmuuoiy can be outiined as follows. n b easy to
. demosirat, that an arbitrary -Imcmlgnnlc pim. wave vmou directidn - of *
may be con-ldnr-d as the. aupcr*

" propagation lles. ‘say. In- the “xy-pla

ponllfo(f'bi wo ‘basic® plane waves travelling in the same  direction [with
the geometry of diagram 2.41:
tdencted as an. *H-polarised fleld"]-and one wiose E vector Is parallel -to
the 'E-pounm'n-nq-l: ‘the ,E and H Vectdrs’ of

the. z-axis (denoted

these wo basic plane waves, respectively. will thergfore be orthogonal to

ot po

the z-axis. - Further, the say. the

. & given arbitrary plane wave, are readlly deduced from the corresponding
g Spond

fleid, for
[

H-polarised fl6id via the Maxwell equations. Therefors. the behaviour of
%

any arbitrary. plane wave may be completely determined from™an under—

standing of its H-polarised component.

: how the fields

B & wide Variely.of dNerent soiross may be iwitien a5 1 general
-u;‘sgr‘po-mon of ‘a [possibly Infinitel’ number of plane waves travelling in
differént girections.  Thus. knowing the @act “cambinaton” of plane Viaves

be

that need lo be superposed to simulal

the effects .of a given Sourc

con-lﬁarlng what happens to a géheral ‘component” /plane wave and then
. combining  the results In the correct manner to form the behaviour of the

one whose H vector I parallel to the. z-axis -

N

’ 3




wherein B

' costa).= ncoa('v) . (2.40),

= . (2.42)

The Incident

Is the square- af the Pl lnll\lﬁ lndnx oft lhn m.dlum learth]. |

radiation’ Js auumm to mm an mnlnllary cqmnong

t ,uf the form ¢+,

in, audluon 9 the flelds

" L
H3E = £45F<coa’l) o

nnn carr.spomlngly P S . % B

8 S gl s P,
the Mlxwull oquanan. uy. vx)( = Ius E lslnsn Kn - u € ”'u The

o L.! s conlldlr what the cnole. m- lnngrulldn aomwf C\lmpilu nn

terms 'ol lho lup-rpo.ltlon ol plnn v«vu,ln ,m- ﬂqt-grund. The ponlon
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given source field. .

i Feom dlagram 2.4 |t Is clear that'we shall first. consider the effect of *

an H-polarised fleld ; P

g B .‘ Ik rcos (0-a) . . =
. ) Hine 2 gu o<asy (2.38

ingident from y>0. The solution for a (infinite] lime source will then be

. I .
derived by a suitably vmghlod integration over the varlable a. More will

L0 7 be sald about this later.”_In’ oquation (2.36) kg again denotes tha free-

i .. space wave numb-r. 5
i i

X ] lh. pertectly conducting sheet were absent. the Incident - fleld- as

given..In equation (2,36)" would give rise, to both ‘a refiocted ‘and a,

| 4. transinitted wave (see diagram 2.51. ' The’ refiected wave s givén by .
X ’ e e K reos (B4 @ o .
s : 5 HP! pye® e .30 c

P © .7 . Iny>0. and the transmiitied wave by | : .
v o e @ ~ |
i olkreos o= - 2387,

I y <0, whorein k-ls. the wa number, in the médium fearthl. ‘In equations

“c23n, and. (2, as) ~fespectively. the refiection cafclent 2, -nu the,

Ty are by " ! m- usual

biﬂmoiry itions* of classioal ’ I8, ulty of the

_ph-u and of lho mngnmm components at the lnlo ace.” The results are . *

sinta) - alll(‘nln

4 ) d L PH" ginCa) +.8in (7n L el E
;i h '\(‘2.401" i

: g
i e . H-= SinCa -+ nain(¥y
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Inc !
"’lz' Ll A for y20

H, =
‘o Wy

(2.48).

The remaining boundary conditions that Clemmow invokes are:

() H, is continuous at y=0. x<O since there Is no other surface
current apart from that on the perfectly conducting sheet.

an g, mest vanish at y=0. x>0: this merely expresses the boundary

dondition on the tangentlal camponent of E at a perfect conductor.

However. It Is alsc known. that at y=0, the following lm'ly
'%l'nc s E;" .’E‘t’una‘ H'I"c e Nlnna ' There-
fore. in"light of equation (2.48). the above boundary conditions ()

and (i) become

n;’ Is continuous at y=0, x<0 2.49)
S E° = £/ gt y=0. x>0 i 2.50.

From equations (2.43) and (2.46) the boundary condition W

in (2.49) becomes. upon making the change of variable ,

X = coss 4 .51,

=0 forx<0 C 2.8

"' Similarly. from the representation (2.44) or (2.45)." together with.equation

N
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or what

on the real 8-axis lying between 0 and 7 corresponds to norm
Clemmow calls *homogeneous’. plane waves travelling In the.direction B.

The parts of the Integration coritour lylng off the Real axis correspond to

what Clemmow calls *inhomogenedus plane. waves™: . o plane waves that
decay txpnntmlany away from tho planeé y =0. Trme are dlso knovm as
“evanescent" or uurlqca waves®. " .
The term P(°?53)- known as the 'apoclmm function®. specifies [in
terms of amplitude and phasel’ the ‘weight” to' be nmched to .each plane
" wave in the -specirum.” s stated pm’vlpuuny. Clnrémw has shown, by
llndlnq m- dppropriate Ap-mrum function P that the' radiatod flelds from
mnsl commun lllc(romugn-lle ucumn ean be de crlbnd with the use- of

Jnllgula of'the form of (2 43) and (2, 44). o

The. -qunnons_‘(e.m and *(2.44) have their- counterparts In the-

reglon y <0. .Clemmow Invokes the. boundary - condition. that ﬂ" must be

continuous across y,=o. and gccounts for this continuity by -writing
; !\ : el

xaosﬁ "'!"" a

€° =z £dﬁslnﬂ F(casB)l y<o 2.4,
- and lsince. 9xH = [weBl | .. ! % .
i i
“IK xc0s 4 " P
SHC s —nguﬁ% Plooaf) e Slkrsind’ o (2.4, 5
wherain’ t '
. . T -
. cosd = n cosA". ¢ . 24n.




ul one form -of the llmorlulion

v A\
wherein L()) Is -a -function which Is analytic and non-zero In m@war
complex A half-plane. Clemmow argues effectively that the path of
Integration In equation (2.53) should be Andented above the real pole at
A= - é

Eliminating' P () between equations (2.55) and (2.56) .gives

e hZ2 L KOG
h

2llln U(X)Ll-k ) \+A

(2.5

wherein K(x ) Is the constant as given by the expression inside the large

brackets ( ) .In equation (2.569. Note that. for example. 1/“\) ll Alw

anaiytlc and rion-zero. in the lower .complex A half-plana ‘by- d-nnman

In equation (2.57) the factorisation of the term. {1=A% Into sither ine
product or quotient of a. U and a L function Is trivial. . However. the

second terin on the left-hand side presents’ difficulties. Formially. we may

write, for examplo.

2,2

1
=
5 U, IL )
o 2/"2 LR 1

. (2.58),

cl-mmcw notes that since U (=] l)L -a) = U (HL ), from oqu{

flon (2, SB)A and since Ul(~l) must be. analytic ‘and non-zero ‘in the’

lower complex A half-planb. then U, (@) ‘must be a constant multiple of _'

£, 0 similarly, 'L, () must be ‘& constant milipte of U, (M. It Is

v




]
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(2.38). we get the. equivalent form of the boundary condition (2.50)

1\/"
lu _2_ YV ov v lkxl
n
- \/n ‘
2

1~y t— :

lePl.l)n

for x>0 (2.53),
~
wherein we've written

A o = o8 (@ : (2.5,
-
‘Equations (2.52) and, (2.53) are ‘dual, Intogral. equatians Which st
b solved for (%) Clammow adopts a method -of solition that Is- sinilla¢

10 the Wiener-Fopt technique which we' shall employ

By closing the contour In the, upper half-piane. In- (2.52) we see that

the squation would be satlsfied It
] 202 .
—_— -
PO = UM (2.85),
] J1 2%

whereln U () Is a functian \analytic and non-zerd In the. upper -complex X

;

half-plane. ' g LN -

By closing the Integration Gontour In the lower half-plane in (2.53)

we ‘g6e that a solution of the equation Is offered by

e | »

oy w2 - (2,569,

Ll k )(X+X )
7 n
e . II X/ll




"try.8,). The spegtrim function. Garrespondin

- 25 -

1k orcos (8 —a) Ik rcos (8 +a) ,
® +e for 0KO<T-a

9.
2 = | kyrooso-  ikyrooscoray tor m-acesn 209
Pl

and

H = 1 cos (a/2) 48 cos (8/2) s

~ik rcos (8 ~8)
° (2.8
z 7 WL Geos @ g /L (Gos Aricos B ¥ cosal

The Integration contoir in equation (2.64) has been deformed to the'

steepest descent path S(6), as shown In dlagram 2.7. -passing through
the saddle point at & = 7 - 6. -

Clemmow no\g' considers the case ‘of a line source situated at
g-to a line source, is. found
to be * '
in/4 -k r co8 (0, -a)

L

Therefore. the solution for a line source

(2.65)

found by multiplying the’ result
in equation (2.62) by the spectrum function in (2.65) and then Integrating

over a contour G In the complex a-plane exactly &s shown iIn dlagram 2.8

. for the 4 varlable case. As can be seen from the.form of (2.65), the a

Integration will involve a saddle point In the a-plane at the point a = 7-
6,. The Integration 'coritour C may be deformed to the_ steepest descent

path S(On) which passes through the saddle point. The steepest descent

- path S¢8.) In the u—pl\n'\ turns, out to be the same as the path‘S(@) In (

the A-plane’ l.lc‘lpl lnr/ he precise location of the saddle pointl, as Indi-

cated In dlagram 2,7.7 Again. without golng Into detalls. the. resuiflor a

.-

SR
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\ < .
convenient 16 choose the constant of proportionality as un Then. atter

some 'manipulation 'we may solve for P(\) to find

1
Py agt——— — L (2.5,
2m Ll. n)L’(L)Xan )
or. alternately, :
i ! - » | cos (a/2) cos (8/2) .
Pleos) = 5 [ Toos ail,(cos A  cosa + cosh L8100
Substituting from_equation (2.80) Into equation (2.43) we arrive at an
for the scatt fleld. as v by. the currents. in the per-
fectly I plane. our ‘attention now exclusively o

the half-space #>0 we thus find the total fleld 10,68 given by (see equa-

tidn (2.48)1 .
Ik reds (8-a) Ik rcos (8+&)
By 8 + e 2.6m.
1 cos(as2) cos (8/2) Xtk £cos (8- 8)

7L, (cos @1 AT TGos Mlcos & + cosal

As mentloned previously. the soiution for a line source may now be -

.nb!nli\nd by muitiplying equation (2.8)) by a [knownl- spectrum function
and then. Integrating over a sultable path in the complex a-plane. To this

end Clemmow ‘shows that it Is desira

to express H, as given in
equation. (2,81) a8 the superposition of a *geometrical optics .and a “dif-

fraction® fleld.  Without elaborating on the detalls the resuit Is
d
H, = HE 4 M (2.62),

wherein

e
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- ally obtain the function Ll‘ ). Rather. he Is-able to exploit certain pro-

perties of the function that appear when both the source and - observation
points lie on the earths surface. Thesa properties arise because the
variables @ and 4 have a certain physical significance.

" . Clemmow derives an ssympiotio expensidn, for tie Integrals odourring
In oquation (2.68), which Is valld for the case kyr > 1. kjry » 1.
8, * ™. and 0= 0. Wo shall again ot elaborato <n the doige. which

are 'manitest. Wao shall quolo the rasult for m- lp-ulll cdse when 6 = 0,

6,=m RA=§= p. and [k p7%/In1 » 1 As with Bremmer. It Is con- ) s

‘venient to work In terms of the factor by which the undisturbed. soufce fleld

.mull be multiplied In order to obtain the actual ﬂ;ﬂ. We find that llc;nr

in this case to be approximately

&

(2:69).

o B
mt P

wherein A is the quantlty as defined In’ equation (2.6). The ‘recovery

effect” is apparent in the second th(rh of this last result.
e .

Walsh's Work

Walsh (30) has independently applled an analysis Idertical to that
employed. In this thesis -to arrive at an Integral equation like that in
(3.135)' For the solution of the integral equation Walsh uses a Neumann

serles operator expansion In the transform domaln, which he then Ihverts

. and sums to om’un approximation to, the’ physical domain solutlon.

! / : .




i
line source turns out to be
)= H .
Hy, H::/H;' 2.68)
wherein - .
i Y
= -im/4 , (2) 2) ‘.
 Nw72e 2 Ry +H P 821 for 0<ocT-6,
) . T yimra 1k Scos (¥+a) Q
[P “’”H:z) kR’ [ dapye® :
& . @ s LT e
for 1-8 <0< (2.67,
and -

J-' g 003 (a/2) cos (4/2Y
sto) Lvtu@ a)}Llr(coaﬁ)[cun + coul}

-:knuuwt'n-.a) + rcos (8- 5)1 L
xe ; . . (2.68) .
[ . . =
"In equations (2.87) the' terms A. 8. and ¥ Wa.qoomwl;:al quéntities
dependent on lhl location of the s;:urco. as shown In diagram 2.8. -The

quantites H(z)( ) denote the well known zerqth Grder Hankel function

of the second kind. ¢ .
Muoh of Clemmow's_ analysis. Is spent on’ réwriting the. integral In "
équation (2.68) In & tractable form. Difficulties arise due to. the p;)lqlblo >
existence. of -poles in the' |ntegrand lying close. 1o the  steepssi descent
path. -as well & the multivalued- behaviour of the L{{ ) funotions. as can—

be lun _trom lquallan (2.58), for wmplc

it should be stated l)(pllel“y at-this point that Clemmow does not actu-



Now.’ depending on whether . A;_ (p - xg)l €1 or le (p - x )1 31,

we ‘can empioy either the pro serles or

-

for the ry, orror function appear-
ing In oquation ¢2.74). This corresponds to the cases. respectively: when
the observation polnt Is vary close to o very far beyond the Intertace. In
both cases. if we assume-that the Interface Is sunlql-n: tar away trom

the source to ensure that Ic, (x )1 > 1. we may make use of the aymp-—

~

totic .of the o un)'ar tunctions 3

inkierent in the F, functions [see equation (2.71)]. ¥
~

For ﬂlmpl‘. for the surface. fleld far from the interface we obtain «

IR

AN
m" 0———4Al - Al” (2.75)..

gt o g
2 " e,

12 g
— t mpy

P

s
-
k4
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Walsh arrives at the result e
? 1 2 _-ikp i
. C gt Lo K, - f
& smiwe, P [Fx(‘” + E‘Ax a b

' . R F (p=p"F, (p) :
. . x Tap'—‘——— s 2.70).
W

for the z-component of the surface electric fleld to the right of the' inter~
o ,
face. whereln. for example.

Fi) =1 - @7,
. 2 . .
o, = -kt . -~ 2.72), )
« % 2 A . :
& 2 -
Coal =1
a2 e 2 . 2.7, "
n? . 7.

and x, s the distance of the Interface from the. dipole. - which Ia assymed
10 be of length dl and carry currentl. Note that this result is equivaient

to Bremmer's [c.!. equatian (2.32), sayl. LA

13
Integrating by parts .and retalning only the most significant terms =
¢ aliows us to approximate equation (2.70) by . ‘\
2 -kp : J
gt o LaiK

z = Zmiue, p ‘[Fx“”

1 [FLxg) -e, (p=x,
— °
| R

2.74).
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CHAPTER 3: FORMULATION OF THE PROBLEM

Physical Geometry of the Problem

We shall consider. the problem of propagation over a fiat earth con-

sisting “of two different :

ut homogeneous. linear. and ||olrcpll: moﬂll as

shown in diagram '3.1. separated by a vertical Interface . at

\ v ;
réglon above the ‘earth Is’ assumed to. ha a vacuum. The three _elec—
tromdgnetic scalar quadtities . d..e /urn shown In the dlngrnm for each

medium. as well as the coordi syslem used.

In' the manner of Waish- (291 the physical gecinetry -may be congisaly
described with the ald of to “step* functions as defined by

: [o itz <o -
hgtzyom 1o s B )

and s C s o /

g - [u x <0 »
LR TR S 3.2)
"
Using these step functions we may ."decompose’, the elggirical proper-
ties of the entiré space Into the “sum* of thelr ‘components to the lsft of
the Interface and balow the ‘surface. to the right of the Interface agd

below the surface. and above (h‘ earth’s surface follows:

' u\=(1-h)(1-h)u +Q s hpho, |
\< e=eh + O —‘Anl)n - "a"x A =6 b e,

wherein we've Uropped the expliclt argument labelling of h, “:and h,

given_In equations (3.1) and (3.2, respectivaly.




) ’
s
N -3 -
. . -
5 ( : We shall be solving the point-form Maxwell equations
. SR z a.5. b
N = v XH = iuD + J T ae.
& - B B
5§ 2
v-B=0 e . an.
and . i a
S vD=p & - (3.8,
.- A comparison of .qu.non. (3.5 and (3.8) with thelr_gonera) forms
; . i d
i . 9xE = -3 y *ﬁ (a o,
. and ’ A .
i % 3 3 vxn-ﬂo.l - : (slo)

respectively. shows _that we have llsum-d an o \ time a.ma-nu- for
|

the alectromagnatic " fleld vector.  Meeroactwly, wo may Iitorpret sasillons:

(3.5) and (3.6) as nolng the "Fou “versions of
(3.9 and (3.10). rhmm :

shog it meuamal-beoropy of 1505 KOGM, W, e !ollowlng G =~

i stitutive relations linking the, loclmmlgn.ll’u fleld vectors s g
. T - B=uH forall { — _ L it 3 <
f D="¢ E ‘for z>0 . ~ N e
. o5 . o o -
. D= e,E for z€0, x&x, % T ) :
for £€0, x>x; . T 5 1 I
¢ 9 = for-z>0 - A : & s
. J =0 E. for 260, x<x : .
5 o A 9 . L
O X J°S = 0,E for z<0. x>x, i ) e . . . .
H s .
i ; . : -
F s - 5, 5 ot
H \ s B -l i
i 5 g




The equations in (3.11) may be summbrised in terms of the step functions
in equations (3.1) and (3.2) as follows:

D = lt.lll + tlﬂ - h:, (.1 - hl) + :2(1 - hl)hzlt. .12
9y = €101 = hy) +0h )0 - A ET 3.13)
£ 4 ¥ "
B=puH for all z ) e,
. A S R :
"Bastt’ Eloctric. Fleld Equation : .
i Taking the curl ‘of squation (3. s> ymnn D 5o
‘ T S
'Y UxuXE = ~jwexs - - : ViR
. = -:uuﬂv:iu S P N X €3.18).

Hence.~ substituting from equation (3.6) for VXH gives

The current v.m!nf_.l may be divided Into the sum of two components

f“"l"‘c 3 e 0

wherein: .

(@) J_ I8 a "source current’. We restriot Jy
fle-in the uppér halt-space z > 0.. 8 Ty
i ;

represents the "conduction current". : Y

Using. this* decomposition’ we inny 4r-wrn. n'q‘unllun (.18

e
- VXIXE = “""“..“. Lo woy R
 We shall maks use of the vector- |¢-mny
. : i’ - % N
: T Twen AW

TXVXE = —iwpg(d + TwD) ) 38,




» ; .
g
5 R
k 1 UXVXE = w(veD - v\‘& . % ) ;
.. " which holds in cm.mn coordinate’ systbms. m; last oquation. along .
@ g W with equations ‘@ 12).and (3. 19): allows us to rewrlte quation (3. 17) as i
% v(vaave=—n.m[.l r{la(lnli-ohl(l—h)} s T .
g E 2 '\‘” o ‘ Y \n . " ) B
) g
.
- ‘{”; +EL (-p ) O-h)) ¢ e,,u—nl)né}s.
. i b
5
: .
L




v = Bhi
1 . — 2 " 1 o
" viErw “n‘u{“ ) [[m,n]“’x“ h) +ah)
» .
+ e, (=h) + ¢”n’)] oh‘}E 3.19).

From equations (3.12) and (3.13) we may equate

d, + /wD = -{(.l—h‘)(alu—h’) + 0h,)

+lutegh, + 1‘(1-hl)h-n=) + Fz“_”x”‘i)}s' ’

Thus, "
e ([6401
Jg + IwD = lu{(]—hl) [ o AR vl "’]
+ [‘.": +€,0-hD0-h) + szn—nl)hal}a

So. If we define

(3.20,

we may write

fi-no [l 3 RN ].. e

Ih"this last equation we can an together _terms with the same x-

and x-m- dupports to obtaln, - . v
g s [.: Y ‘o, ]
D, = {(l-hx) Q=h, )u "1_"" *hy &, Om) + :n('l]E

8y defining the complox
. 5 i

e A el b i



-8 =

we have then

o, = [u-nl) [n-nlum ’";‘zc] + 'n"x}?’

3,20,

(3.22).

Equation (3.22) may be “inverted” to give E in terms of Dc' The result

Q=hp h 1
E.{n_,, ,[..__,,__ ,_.]p
1 € c
. €10 20

The Maxwell equation (3.8) ‘may be rearranged as. follows:

VXH = WD + 3
=160 + 3+,

[0+ 22}
=iw|0+ 5[+,

and so. from equation (3.20).
Y

VXH = 3y vlec. 2

Taking the divergence of both sides of this equation ylelds

|-
| Ve (UXH) = V-J. + IW‘DC.
\ Al
but. since
. V(UXH) =0,
we're left with L 5

(3.23),
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’ =3 0
/ v-Dcl I—:'V'J. (3.29).

/
R-call mm the support of J,

In the upper halt-space z>0.

Thus. from oqu-nnn (3.24) we see that

’ ¢
v, = 0
in a neighbourhood of the surface.z =0,

We. are able to rewrlte equation (3.23), which gave us. E In terms of

D,. in two ways. On the one hand we have

3 .

-y A} -h) h gind® B :

[ M , ._=” ¢ [ E] ,‘_%_]]on (3.25@).
b/ €10 €2c €10 2c1) % .

but, alternatively,

(lhn )

E= [(1 h)[
€10

which gives

Qa-h)
E= {(l—nl)l ~ +

1c

(3.25p). |

it is seen Immediately that both equation (3.25a) and (3.25b) contain the

term

Each of equatio) (3.25a) and (3. 25&) may be lnurprolod In two dif-

ferent. bul ways,” on the W of |Ml last”
3 -

expre

on. Specifically. we may write elther

Q-h) LN

—_2 i Q=h I.—‘- - .—'-] +
1c ,EZG 1c ic
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or

.ll.‘} ic
Using these last two expressions. equations (3.25a) may be rewritten” as

elther
1 T 1

E=[n [—-n—n)[——— -

1 ED a Elc ‘O .!10

: 1 1 1 i
+0=h) |=—— - =—] + =—|D,. (3.20),
2 [0 - .A':c_] €l ¢ [
or as T . &
. )
: i <,
e 2B

1 1 1 \
th |— -7 tIP, \
’[‘zc €iel Gl C

Simllarly. wo may rewrlte equation (3.25b> as elther

1 ) 1
E= {(1—")[(]-‘h )[———— +———_]’
% 2 ‘lﬂ ‘IC .ZC .D
or as T ”
o v 1 -
E-{(’l—n)[n [—-— PR ]f—}D s,
e fie €ic S €1 °
By making the doWnition 5 .
A )
- = e
"-U ‘20 11c

. a
we may, rewrite equations (3.28) through (3.29) as




1 sty 1 -
E= [".1 ['—n_ u-":).xln - ;—] + “-'II)‘HO + }D (3,31,

e !Iﬂ e
N H
E- {n [-‘-'n e -L] She o ]oc (s.32),
1|5, T "2 e T “ R )
1 1 1
E= {n-n )[n—n e +—-—] o-—-]o (3.39);
1 2" "12c 20 iu '0 c - . )
and <
e- [0  prams v -2 v s {
) 1 a "f’ €e o . ) B LA v
By further making \l}u definitions - =
oo T fi (3.35),,
and
! "L“u : . 3.3, :
. ¥ 8 o . )
t. \
equations (3.31) through (3.34) become .
- .
E= [nl [€as0 = ”"':"un] +O-h e, + ‘—"}Dn @3,
i il {"1 [€010 * h2€120] ~Pa®1a0 * e_}Dc , 4
- . . el 4 .
€= [a- - = SRF )
. E {(1 nl)[n LRT N “a],o ‘__n}nn ) .(3.39),
o . » i . 2
2 and -
HH [ 5 Lo . ’
E= {(1 LN cm?] i/ 'u}°° : v(a.un. I
From equaiions (3.37) through (3.40) we  shall proceed o obtain -
U b ) ’
~ ! .
. .
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expr

sions for the divergence of E. Taking the divergence of equation

(3.37) ylelds
. Fk ,
N3 °
Vg = euznv'ml. c}" lxzcv Ml“ h’)Dc)

+e, vmhmn—vn S,

Care must be taken when.we carry out the dlﬂ rentlation In \hlll

oxprassfins. Lot us considér. the phyl?l/wlnlrlo.lgnl_n {see - diagram
3.21. ‘The véctor normal to the ‘surfae’z = 0 In the direction of Increas-
.ing z Is &, The vector normal to m'. surface x =0, z ¢ 0. Is given by
. Bnrlng diagram 3.2 In ‘mifd. we may oxpand aquation (3.41) as

follows: . P
. .
2 . +
VE =¢ {nanc +a,-D 0(2) }

azc z

5 .
+ ;
‘lal:{“—hz) ~D=ﬂ({) - h,a ~Dl;6()r) + hx“ h;)v~0c}

. -a Dk hovep. b+ =v- :
+ ‘u‘c{ 8, D500 + (1=h )V Du] + 59D, (3.42),
. . . fae T
wheraln we've used 7P
s 2 - E "
o) = umo, and . of = im B, . K 3,49,

z-0" .- - X0

Recail equation (3.24). which gave us

and also r-m-mw that ‘the .uppon of the’ soyree-current d, lles in he

halt-space z > 0. Thlulam : Y "




{
\&J -4 -
: - &
-1
PR AL - (3.44).

Hence. equation £3:42) becomes

-
V-E= (‘"c[—v.l bR O DB(I)}

! { & . a-h) ]
€50 |00 8, 0] - hlyncam e e

;.__ l"{ ’.D‘-w;—%a} %Q‘a

it _we combine

8 _ expression. we arrive at

-l +
V;E = €20 [,—uﬂ'.l" + B(x)ll'Dc.}

A ) 1
+ ;uc[-n-n‘:a(n.l-nc - n-nlwu)ﬂm‘;} o -

Recall from equation (3.36) that

* *s0 that our previous equation becomes

B2 E TV'J + ‘u!a‘.l D 8(z))

-op (3.45).

uﬂl-(l-nl)ngx)gx-n‘c' LI

With the ald of dlagram 3.3 we can define .the varlous uompunlnhro'l

o, In ferma of thelr surface supports. In other words

rms )ru}n the second-and third brackets () In this” last
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o +° +
D, ="1-h )0, + h D,

< (3.46)

D’”””’"”‘O .

so that equation (3.45) may be rewritten

+ +.
V-E= m g t €, .0 Da, 4(1—{)2)0"_ +_nch!/

-t Gliu{ =C1=h )b(x)..'ﬂ & s Il )0(2)a,-D, }

Flnnlly, Gombining terms wm- like \surface supports wa ‘obtaln
. VE= EE"V g+ €,,,0(0h 8,0}

a

3.47).

PR 5 ¥ e
ulcdtl“‘l hy )l D €300 0 hl."t D

/
Equation (3.47) was derived from equation (3. 37), By répeating the

analysis for equations (3.38). (3,39). and (3.40) we obtaln. respec-
tively. ) v
_y il & ) . i
VBT ety * 6,0 (1= ), 0] oo
§ - cpaefl
G + €g1o0t200 8D} - € . 60 (i-n a0 (.40,
v-E= W" g + €g00CDh, A, D). -
~ L
1B A=h )80 = €, B 1=k Da,:0f (34D
. and : ¢
v ﬂ ' N
En wTe" Uy ¥ €430 o ,

e

23 "'n\uu‘"”-":).z'no HOB(X)(I-QI)&-P: {S.?O).




i
Equations (3.25a) and (3.25b) give us .wo expressions for the elec-

tric fleld vector E In terms of D,. Taking the divergence of bath sides of

~ equation ‘(3. 25a) gives us
V-E = —9:h Dcl ?;bmln-n’»mc) —v "'1":00’ §
19 ‘
0—-V~l(|-h )D) + —%-n_D, -
. 'ia a2 l; ‘IC R - Ol )
Expanding the divergence of the brackets [ ) and using equations (3.24)

and (3.4) gives us,

L ) e
1 + b FE5CS 2 *
vE= Tu[“‘"x'nc -1 ,} ;
P a-h) -
Q-h)o(2a,- D -h b(-)ﬂ( n““ —v Jg i
€10 . o
| . of 1 ) ,
- o= |h, 028, D] + h dtxa D] IV,
20" 2 i :
3 -h) )
§ -omg‘-o —dy . i
1c
ocra -of - 229 } : . »
e T e el \

Therelore

+ -+,
~1(1=h )0 + h_ D] N

=1 5 1
VS Ty t g0

1 3 ot
- ‘_[”,-hiw“).!'np hl‘ﬂ(l)”'_l):;] )

o 1

= ":[n, o(2)a, D) fl'n‘mu‘-nf]
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! A
—ot.)a{nf;} + —E-;[um- oc] z

1c

Combining terms with the same coefficlent of € gives

= Lo sy % —-am-

Tue,

——

+ +.
((l—hz)naxf nch)

_.—..{u h,) 68, Df + C1=h)> B8, D) } E
1

1 # _ o
- ‘—"{hzuuuz-nc + Q-h 20 a, oc} ;
which may finally be written as

M i+
VeE = v Jyteg M”“-"z_).z'oc

lut
3 % .o .
+e, oeon a0 = —01-h)0exa, D5 / .
03¢ 2% % T €] 1 %0 - /
L ] L
L ‘—"('l Il‘)ﬂ'll)nk'Dc » (3.50).

-~ Taking the divergence of equation (3.25b) gives -

1 1
VE= TV'[(]-hl)(l-h‘)Dc) + .—V'K(I-hl)hz Dn)
~S1e 2c
€ , o
- 2¥(O-h AD + VD)
L] B o
Expanding the divbrgence of the brackets [ ] and using equations (3.24).
and (3.44),. we obtan N '
' LI (T . £ <1
v-E= ’n[ Q-hNpa, O, - 1 '{x”""’&"’c n}

B(x)- 'D A ATl )D(n)lxd): 0]




N

Note that'in deriving thia last equation we have used the fact that

,(l—hx)v'ds-.ﬂ. i
, |
since the support of J_ lles enfirely in the' hali-space z > 0. |

lon for -E may be further reduced.

before. to

oo | \
s "—n[“-"z”’(”'{!’b -0y, n’é}

. i \

e—.l-ﬂ(l)l “th D+ (1~ h )D].

ERcd .
which finally yields -
) _
VE= -W‘J, + (nm(a(z)('l-h-:)., Dl: t € uch(l)h l D

1 T DI Y. .o
7 Tm"""—"""z“\r"’e 'Toomu LRLY 1{; (3.52).

It we cormpare equations (3.51) and (3.52) and poalula}e the unique-

ness of V'E. we see that i “
g
(1n).xn-(1hnn |’

3.5%).,

|
-D-hID |

and -

Equation (3.58) -1s none other 'm.n the classical boundary condition of.

llnoltomluntkllm. which usually hy to be supplie vlz’ “The normal .

l
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support of J‘ lles entirely above the Iﬂllr'lo.’l See Ideman (141]. Note
result of

that Ihl’zbuun;!lvy condition falls out of the analysis naturally as

o
modelling the physical systém In terms of the step funclions given In equa—

tions (3.1) and (3.2). .
Similarly. from a comparison of. say. equations (3.47) dnd a4
the uniqueness of V-E tells us that
) BN n‘-un)&n’s\ 3.5
that ?. iu normal ocmpon-nl of D, h continuous across the lmndu:c
Tx=0. z<0. A .

Let us reconsider equation (3.22):

—— .
= - - S
g Dc [l'l, LRI h:“lc + Ilz Iul ol ‘ll"l E

By decomposing the lefi-hand side In terms of Its support components In

~

the varlous regions. we may see that . &y

-h D] = &, (Q=h,)E i g

LA D e b E

3 . 1c'a 3 .
i o+ +

. D] = €F 3.55).

n-nlm‘;-n-nln“"e" .
n-.n‘)d:-n-n‘)--”af' fis,

slast resuits, VX may rt"lﬂlll‘.qllmlonl_ €3.47) through

Using  the:

(3.52) as. respectively.

"
TvE- _—v Yy + € € 82N 8 E

e 4

€3.56) .
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&

i

) . [(./(,cl-' _
. 5 . )

=1
‘II/‘IG 1

-['../',._] - ) ;

€and so . . . . ‘

i U ot et

) £
H
4 N
-
! ° € .
- LS i ok
01 o %
Now. we may write  * i
162357 € [+ i ¢ 3
RN O 2 . \ . i
SR REVIN N B g
2N e/ €10 & i ) .
o I s .

W s Ve ge - 3 Y -

RO SR ¢ S i




|

. . § 7
g~ . ]
" " 3
+ ‘
+ ('l.xnﬂ(t)('l-ha)lx-E‘ C’cll'cﬂu)(l-n‘)-‘-é
. 5
V-E= -—V J + I.l‘.’cﬂtx): 3.57.
. . 2 ¥ )
: * RS R X DR RIE 5 w.ucamn-né).‘-sn )
o ;
V-E = _W"‘ o ':'n:ca""'a'z'E' < . (3.5@)‘
», & :
‘ ) B =
. l‘ﬂomvn hy)
S 3 = A
LV-E= -—v g * €, €45,60000N 8, ) 3.59).
o & .
0 €, .“a(zi(i h YA E - €20€2200) (170 )8,

+

;. T )
* € €, BID-h )8 E

§ N irl,
.J." “‘IIDE(‘)h‘vZ5 o bic

X3 = 2y e : 0
. MRSl ;",olw!-nluu)&-i‘ (3.60.
and \ . gl . i z
. r A
s
v-E= 'W' 3, + ¢“.“ 8 (1-h ur-s ’cma“cog 2h 8 E
) . 4
< 4 « .
' fﬂl:)(l-hx)q‘- + ou)n-n‘u_-s“ S @len.
through 3.81). To begi i, @
€ € - AQ Y
/ LRCE 5
- . p
’V 2 ;
% .y
i e s

AT ipiarl i st




+ r
ikl
.
5 .
Therefore. since - . -
€30 _ 6ac/%’ _ Toa
K . e 1'% n’

01
we readlly see from above that

v 4 .
(3.65).
Similarly. '
: s : "tx T "fx j
26120 2 250,
s o1 .
: °
“Finally. \
. ; s -
1 1
‘ .t € . =g |=——=—|ap .-T
% ) 2c€0ic .:a[ln 1"}. 02
d ~
and . L - (3.67.
: - . o 2l
i €16%1c ¥ To1 T 4

Using the consiants defined In equations (3.82). through (3.67) we
can take the gradient of equations’ (3.56) through (8.6 10 obtain
IR (0 . o
VoD = vy +. [ v{omn,-'-s }
o ez 1. .

2 .-}

]V{B(l)ﬂ-naj

. 2 - A L T
| "}v‘[h_))n'—nl)ﬁ'-s"} i
i —~ i P e

1o .

\.




R

""""v n(zm;ax-e" “ o 4
- ] [ }‘\)-.

.2 o . g
tag, =V o
+ 5 v{ulz)n-nz)-z-i (3.89).

1
Y-8 '“'u .Is) + [

S (R T
02 ~ "oy -
- [ = _]v{au)n IRTY E"]
\

2 s o
v(v-. B - WV(V J) Ak (n -I)V[D(Hllzlx‘E }

B L 2 oot z
+ (n“-uv[lx)n-h:).,f } ) : (3.70).
2
NZda. ~ "ea
< [—,‘,—-——} [a(nu ENLY E"]
02

vw- B = -I;v(v 9+ (nz —’nv{b(zmz

2 -1
+ zn“-uv{amn_-nz).,.E } 3.7,

. n2 - a2 S
; - [_g_],{,m(

e

5 =1 o 5
VB = -W(V'J‘) + 7 V{ﬂél)llzli E }

"lll

@2 -n) - e
. v{n(nn-ha)-is }
Moy s o




sor T

< 80
-
. -v{emu—nlxﬂ‘é] + v[omu-h:)'.x-en} . 3.7
and - &
?(V'B - -'I%:V(V-J') * (nfl‘"v[BrIO\(T\-III)"’~E-}

+ 2, -hv[n(nnanr-s'} 3

= V{ﬂ(x)“—hx;&'é] + V{B(l’)l'l-hx)l‘-EH] 3.79).

, 1
Equations (3.58) and (3. 547, whioh- gave s thie continulty of the D
fleld normal components across the various boundaries. may be writieh I

~
terms of the E field from equation (3.22) as follows:

" :
B € (|-IA,)I‘ E = ‘.\c“-n:).

‘B"I.I'E = (":hjl' E .

and
e -‘ € 01-h, ).l-E"

Hence. lrom equations (3. 63). (3. “). and (3.65). we may Wr“.

C=h_ da - E' - (1-» )E 1” n,)Er .
+ b =
ha-E = hE = n.'h’E, . .74,

2
Q-hpa g w 1-npEk -‘:‘i;id-n‘)sf
o1



| =&
Note In equation (3.74) that & aubscript on the letter E denotes that com-

ponent of-the electric field vector E along that axis.
Recall equation (3.19). which was our original equation containing
V-E:

VOB + Taud = i \ )

L 3
2 2 =z s
v E«uu'c.[u ""["ﬂ‘ [u -h) tdih’]

e . E ¥ Ic”u-nL) f't,zhall + nl}t.
{ =
g This may be rewritten . \

o el b gl &
wy-B Wu ‘quulJ.-tVE |
=
'u“u < {u A )[‘“ o, (1-h ) '+ o h)

“ . .t

¥ le (4p) + e,:h’)] + .‘ll}E

o8 and hence as |

2, . i
v(vB-Fl.ovF - s - @

+ pﬁ{n-n‘) m-—(u a-n, N+o

v * < |
\ l|h)0| h).#h\ e aE
ra"a {3 o

‘whereln we-ve ised the quantity A%~ as definbd by

e, .




B8 -

5 2._.2
) K= o e ) L (3.70.

We shall now rewrite thie quantity in brackets ( ) in equation (3.75) In
a form that allows us to relate this equation with equations (3.68) through

3.72).
2 y
g " {('Ih)[’u.(ﬂ('lll)idh)?(l ('Ih)fsrlh:)]'hl}'
le, + 01wl le, + o/t X
= {"-"l){“_ha)_;—h' =T] A

a Hence. from equations (3.21). (3.63). and (3.64). we have

2

l( + o /Iw) Te_ ¢ uzllwl
e TR,

{”-".l) [(7 h b
€ € :
lc et -}
- [U—hx)[ﬂ-ﬁ:)‘n O'I, <, + hl}

2
- [n-nl)[n‘"n-n:) +a2, ’] +n ] .

Thus. equation (8. 75) becomes

2 2,
wv-B. -‘Iul dg + V€

x2 [(1-»-])0- Q-n +a2 n 1+ } @.7n.

This exprassion for V(v-E) may be substituted Into. say. eqvation (3.88)
to obtain - :

BPYEPY .. 2 .
e+ n’{n-hxm“n-:n‘) +.n3 000 *.h‘}E

s




‘!
i o e ¢ - 53 -
lnfa-lr . PO -'
Es—lle' )+ k )J + T Vla(llh:Ezl
02
2 g 2 2 g 5
el =1 n -
01 + o2~ "oy N
v = |ve@ 0-n e - [—T—]wumn URY-
"o g o2
-~ .
That is to say
7 .
[y, -0
02 +
7% + %€ -~-r'E(.u + {-—rlvru(x)n_:Ez)
\‘ . N "ll: "
. 2
R oo
i -] -
: 2 O 1-h DED  (3.78).
- . "o )
T . wherein we've used the quantiles deflned by -
2 Z. 9 F 2 .
¥ - lF{'n:nx)m"n-n,) +nn 4 n‘} (s.79).
and :
2 ¥ L
mﬁ—mv- REE SRR
The operator dafined in equation (3.80) will be known as the Electrical
Source Operator”. ’ . 4
Equation (3.78) was arrived at by substluting for (7-E) frém equa=
. tlon (3. 77> arbivarlly Into’ equation 368). It Is seen, bacnun of the

rolationships glven In equation (3.74), that had we substituled from equa-




tion (3.77) Into any of equations (3.69) through (3.73). we should arrive
at an equation Identical to (3.78).
Eoctrio Fleld Decdmposition

We now decompose the electric fleld vector as

E-hlEvn-nl)l(“hz) fn’lE . (3.81);

we - shall proceed;to derlve an.expression for E + -ny to use ‘in equation
'(3.78). From equation (3:81) we may Immediately write

- (3.82),

e = P B +9RU1-h 2 (1-h 28 + 1= 3N

NE N 1 2 Ty
. " and shall deal with each of the ierms appearing -on’ the right-hand side

separataly. - We understand V2E to mear that vector quantity obtained from

the action.of.the scalar operator 92 on the Individual components of E.

" Thus % .

P, © = v E na, ?!ﬁl_g qlvzlhlE,llq, s,
Considering the first term on the right-hand o of spetcn 02,

#e 300 that the coefficient of a,.is > w

P £ = v-ih £ .
Ii_uni
. i 1> o
| VE) = h, U+ GDER, T (3.6
whereln. analogousiy 1o equation (3.43) . we have
g L £l = lim £, & E try) ; (3.85).
’ ezt A * i

|
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Similarly.
+
v‘"lEY, = h‘vEy & IB(HEYI.I
and
; a >
+
v(hl’ez) = thE. + lD(I)F‘)’z
Therefore ’

¥
" +
- V'N(hlfl)l = V'MlVE‘{ s 4 _V'ﬂﬂ(x)E‘III
and ;
o . g
v, V62 = 'n, 9K, '+ Bm)ay (VDY)

wherein we've used the quantity defined by ol

v N
* X
g " = nm'(vg) - "Ex”"'y,’
. z-0

Substituting from (3.89) Into' (3.88) gives

v-h £ = P g

(3.86).

: £3.87).
(3.88).
(‘S.'B;) . »

(3.90). H

- = - (Y 4 . et 1a
n‘vesl + 0C2)(a,- (VE)T) + v-(O(2IE Ja) (s.ou.'

Similarly. 1

\
V-9, 1w PPen E )

+ S
= 0,97, + B, (VENY ¢+ V-(O(IE)1m) (3.92).

and

: % . .
VO ET VP )

+, + ¥ 5%
=n,9E, + o, (VEY") + V-i0CIE 1) (2,090,




.The combination of equations (3.91). (3.92). and (3.93) results in the

single vector equation

+ ol +
P © =n 9%+ 0 [t-z-(vE,) Tay+ la, (96, e,

o+ x-i(vg‘)').z] + [v- ’[Iolz)E:)-zl ]5 \ a
3 + [ . [lums;u‘”w + Nmms}l;;”u, e
which may be writen . ! e :

o = ";_sz + o [2E)* + .[v-:{upu)s:)az}]x

= + +
e oW [v~ {mfnsy)-z”i& + {v- {(umsll-,}]-x 3.04);
wherein {:—5]' denotes- the normal derivative of E Immediately above the
surface 2 =-0. Specifically, 3 ¢y

[%—f-]' - '[-1:- lvst)'}‘ + '{f,~'(.vsy-)']‘ﬂr + [&-(v.n’ .09,

We shall new consider the second term on the right-hand side of
equation” (3.82) .
vﬂm-n‘:\-nl)s - {Vz(l'l—h‘)ﬂ—hz)E.)]ﬂ

I + {vzltl.—n,)('l—h_z)E‘y!]y |

+ [Vel“-hl)(l-h,)Exl}lt (3.90).




an ) : e

~ The coefficient of a, In equation (8.98) is

N
_ P-h ) A-hE) = V- [vm-nl)n-nz)sll} ”
P N and
J T )E) = o )
’ + 1000 (1=h ELIM, + (1=h ) (1=h_IVE, .
. 80 that :
; ; . §
a nl.)(]-n=)v5‘}
— o+ [x-um(\-n‘)s_ux} i
+ v [l~u(nn-n-‘)£:1’] (3.97.
-
- Now :
- . » s
) s (n-nl)n-n:)vs‘} = -8 -h )V, .
e - 8@ (1-n) [a, vg,07]
: } ) 0 i
20 1=h) [a-wvEE] (3.99).
wherein s L LR
% .
. ' (L = um (9E) = vE) Ly D - (3.99).
- ) (Ve = v,
! x=0 : ‘
+ : .
H v
-t :

A S e

daalabae.
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Substituting from eqbation, (3,983 Inio (3.97) thus yieids -
"2[“'":’”'":"5,] = Q=h)-h v, - 8 (1=h a9,

- 6t C1=h e, (vEDY

+ {(—o(nn-nr)e)‘)-‘} . .

+ V.

-amu-nl)sﬁlﬂ} (3.100.
Simllarly. we have

v2{¢1-nl;(1~n=)€y} = a-a, z)v"’gy - 8 (1=h ) la,(VE) ]

LY

= 8x) ”-h‘x”.x. (VEy)L!'

ol

.‘O(z)(l'rh,)Eyll'} i

-
= -n ) =h )V, - 8 (1=, )1,

- : = 8L (1=h -(vsl)": . @

1

+ v {l—ﬂ(x)(l-h’)Ex .l} ‘o

PE—

G T e
V. {I-ﬂ(x)()-h‘)gy'lﬁk . (8.0 -

Y




- A ) 3 -
- 60 - . i
—_— ' i ot . L . o =
= "
5 . 3
A2 {l-au)n-nxpsi)-,.} (3.102). .
$ g @ . 3
Equations (3.100), (3.101). and (3.102) may be combined Into a -
single veotor equation: . 4 X
N - 1
vz[ﬂ-h Y(1-n 15} 2 \' -
1 2 4 A
- (1:»L)(1-n=)vzel - AR

. % A i
- s -n [[.‘.(vg‘) 18, t 8, (VE) Ta, + (a,: (VE,) ul], . A

- a(-m_-n;) {lytvé)ﬁgt +iae [ys,)‘u, + h‘-(VE‘)‘Tlll

- [v. {w(nt{-n,)s;y.‘]‘, v-".{mu-)n-nl)s_"‘)-‘”& ‘. e k /

i - [ -{mnn-q IE Ia, } + v {@mn ny )E"l- I]q, ) ' ¢

z

5 s g %
& = [v' {lﬂ(l)l‘-h )E, ll 1 + V. [[B(')('l -h )ELI&}]_ -

s \ . ) s . §
Hence, as In equation (S.M). we may write. E i . [$

. .
v(('l‘hl)('l—hz.)B' 7 .

i
BERIIETN )vxE ‘omn -h )[ - B sk )["—!]" -

- [w [mu‘)n-

IE llelﬂ(x)(\ n )E"!ﬂr}]g‘ yiGg e 4 e o




‘ s o T ; B A
‘ - [v- {:o(z)‘n-nz')sy}-xy :u({x)('!-h“e‘}:l-y}]»
S D m 1 T N
| ["{”"‘”_‘f"@’E,z"x + 100 (1=h ) ?nx} a, (3,109,
| Lo + . . e
. Towe oo irom.. uqunmi (3.82) mm there 18 _the..remaining lorr;\

021{1 h 208 o, evaluatp. Dcn-ld-rluuu of ‘the stops “leading. from

i * equlllnn (S 96) to (3. 109) Illuwn us € mlltlll‘ muundlu ) to write down
5\

GRS

th”“,- v:) 2

g




- »
P . .
0 L. T
Wherein, from ‘squation (3.79)..
‘x'.“-, A‘z{(l-h)me(lh)on h)th}.

From equatlor

(3,105 Is

. -
tions .

and . . s
' ” s 5
4 e e THERNG 1o,
DTSy T 2 R Y
o AP L A‘['.r e

We are aiso Jefi with the rather formidable boundary equation

8tz ’.%%]’.-’I(.[-n:)qm 350 - r-au‘z)'[%%]-f L

€3.108) .

| (3.109).
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e

‘.Q?" g

il x-,nw gl
[ [[(D(z)(l-l: DEL) + 10(D)h_E, 1]-

. ((u(nu-nl)é) - (umn—hl):-f:]'&}]ﬂ,_\

. ¢ =
- [v- {[mx)u-n YE).+ BCDh, &"1]-Z

C+ o -n rE‘) - wum h )E")].&”q/ g

[ {[xo(nu-n IE + 1A E 1].z

o+ [wmn ER YE") - umn-n ))5?1]5‘”-, L
e

g 3 (nﬁ'l\-n 2 A
- -% v;umnae:)§ e '“’.‘v"“"',"z,’_ L

702

Lo

2 » ¥

a .
(1 3= .

: —é-—]v(omn IRT

QT i .
vmlnh may be ﬂmpllll‘ld wmnm as

°“’[[ =) - ) } + - )u.){[:f]ﬁ [aE]L]
[ {wuus e e 180 -y >(E" E‘n..}]& A

N o e ~

R




and -

1 . \
. g

-8s- .
1002 (E) - €A, + BU)(1=h )(EN - E])a, ”.y

i

( - &
- AL I)h E ¥ V(B(z)(l-'h’ )E]l .
nz 3 -
’ ‘

[ {
. [ {(ouus - )i+ B -h, HE" E"“'x”
[

3. 10,
Reduction 1 an integral Equation’ - » : 2
A e ,
We shall need the radiation—condition “tempered” solutions given by
. s o ¢
7 < Kog Xy 'T-F'v‘ v N o
.""n.a’ e

Nl e .1,

K"_(x‘.?.n -
whersin 72 and 73, are as given in (3.109).

R I
- Ll TG X

R e Chgen

‘The functions Koo+ Koy+ and K" :utlliy the foliowing equations: - . ;
\\ !
A i - N\
\ '

\ N
\ {

- \ .

. \ * |
L - R ] A !



& » e
gk .
- -
2
Py + KK, = —5(!)6‘1)5(:) 3.112).
# 2 — .
) vzx" + 2 Ky, = -0 B0 3.113).,
. w a
and
v e
R K, r 2K, = somomew @.ne
Additionally. we make_use of ‘the following relations. provided that the
convolutions exlst: . .

g % h,©K,, = h BTk ) SRR
ok . i-n ) O-p 8%, = ltl-hl)(1-{4=)a‘vzxul @.ne,
: . and

. -hn DK, = €-h DA BPK e
wherein "% denotes the spatial three-dimensional convolution operator. for
’ .~ the tima being. E

Consider equation (3.115). _Using equation (3.94) the fef-hand

hand side may be written

) 2E1 4,
Pin @K, = ¢ POk, + o [E] xR,

+ {[v;‘mtns:u;].. + [V-lld(x)_E;lll']ql
RN : + [v-l(o(z)E:)-‘)].:] * Ky, ERITN

"The right-hand side of ‘equation (3.115) may be rewritien. with the ald of
e S o :
)\ equation (3.112). as’

o A ik st




-85 -
1
o, = mlp-{-uuw(y)om - k% ">
- E-Knm an(v - R
1 1250 i
and ~hence. from equations (3.118) and 09.119). equation (3.118  *
becomes :
£ ; : .
> hE+ {nl:v’;.u an o 2 8
-{uu) [%%]'J-x" - [ [v:([u(:)s;lq]-. @ W
Pec? Ve : s
+ [v-aece 19]5 + [v -UO(2)E! )-1] } 3.120)
This. last equation e ve umpnm somewhat. Gonsider the sxpression-
{[v as(nE, 1.1]5 + (v-noms h}]» SR
; ’
+ [v-aoen lq‘)]lt} a8 -. BEREEREITH
i :
an.ydpq‘!dunhemhmlnmllmumm()u
: v-asiEa) = ZorE]) 3122,
- w )
" . v-numsqu = oE] S ez,
'ﬂq‘ i v o :
(} 9 . Cv-aoinE]m) « -ﬁwmz 1 Cos2e,

Hence., the axpression In equation (3. 721) becomes




; S .
! P . i
| |
- 86 - 3
8021 €} 0c2)E} i, + ZiocIE]1a, % o
Lo —-( (2)E} q’ + # z g/ z oy ) %
g * which may be written conclbly ax * 4
H . !
i ' 8 ey et / 1
C ) L‘x‘“”“}"‘uo v i
Equation (3.120)_now becomes .
\ ot eatal . .
hEw {h;(vzs + szl}'K“ e )
; # 3E)+ 8.1
. PR {om 28] + ?,(oms ey @2, :
; Substituting. Into. equation (3.128) from ‘equation (3.108) for the .
{ it i
; o weeagon 19 + K°E1. ‘wa ses that ‘squation (3. 108} wiil bc e st
e u@. & » S TP :
g T e R nE=a E(J 21K {om 5 * + %‘D(X)E*{}.Kun (3.120). "
‘ . w0 ahw tTE J
| . . s
1 Procesding . with similar analysés appiod ‘to squations (3.118) and !
£ N (3.117) we find thal equations (3.107) and (3.108) ‘will bo satsfed it T
A-n 0= hE g LA
- {m(nn -h )[ £+ 00 -, )[—ﬂ")
e 5‘3;5_151(1-n=)e'1'v %{n(x\n—nlré‘l]-x“ T @
3 RN . E o g
and i ‘
' : \ G v 4 =
: -h ) E
1M )
P i F : ¢ e
. . Vo -
. . ; .




~-er- - e

- {to(nn‘: ) - (a(x:(1:nl) &)

~ - &

3 o S = o .
+ 3o, E1 - e h‘)k)}-x" 3.128).

respectively.
Furthermore. In" view of the analyses In equationd (3.122) . through

(3.124).” the boundary equation (3.110) may be expressed, more -concjsely

as
J # . Tme
| aeye _ [2€)- 2E(A _ [2E)L
; em{[ﬁj. - (&) } '.z_l—h‘)om[[;] - (&) }
.+ Zroeny 8t - ED1 + Zocna-n N - €
s a2 S1UB 1=hIET 4.2 - 1UBCIn £ .
5 L 2% a2, LEY a7z
83 cn .-
- ‘]vdmn-nixsf) ~ 3.120),
o _.
(nf‘ -1 > s . 7 .
= = [vowa-nrep 3.130).
% Moy N 3 .

X P o

2 ;

- [tag =1 .

03 +. -

4 [T]"‘“')”:Ex) : ( LB GE R
LEIN

In golng from aquation (8.130) to” (3.120), use has been made of the
_relationships between E' and E". E* and E7. as ‘ghen in equations

.74, -
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— - :
- 1
- 3
Consider equation (3.126) again: ;
b E =T (00K - {o(n[ﬁ’] + 2o eyex 3
1 3£ 99?7 "Ky 2 3 o0 i
Using 2 well known property of the convolution opdrator, we can “shift® the 3
differentiation In the last term to obtain i A
' ; L[BE1*, B d ;
. \ nEZE - 0 [$E) N, - 0oEDSK @,
~ . - .
whereln we've used the torm E, as. definied by -
: . = (T, E(J ))"K * €3.132) %
$s s and Known as the “source fleld". s : i
i T : sn-ﬁnnny.-}qd-uona (3.127) and (3.128) give us’ ]
; |
“=h )=k IE = (B =h, x[ Ky @AT=h )[a‘(L /‘
i . @@ )Eua—,x"
H
! o 25 =
.3
> & - €8s
U rema nl)g";)-sx" . €3:138).
and . E : e
g % 3], A S | [2E)A -
-h n € {amn, E] 2Ky, = 0 A-h 5 [3E]) =k
+ (6(2)h, 7 :-—'«u g
| = Gewocizn )E"l«ax" ol 330, ‘
L We shalt " now a : n. by making the
= : 7 e i L
Ireasonable] - assumption that the surface. flelds’ below the ‘surface “( |e.




'
those surface fleids existing on the vertical Interface ) are negligible. This

assumption. which was made by both Clemmow and Bremmer, Is physically
acceptable on the grounds that at the frequencies of Interest mi_mtn-
tion depth Into the earth Is quite small for normal® media such as damp
earth or seawaler. As a result. our equations (3.126) throught. (3.128)
bgcome

f'-'r‘—." g —W{«uz) [?—.f}'kf-g;mr}ér]‘xn; ~ ey

& 2E) 5,
Q=h)(T=h )€ = {lpmn ) (2]

+ oo (1-n €T (3.138).
“a-apnE = [lu(x)h 215 3 Lo E-l]‘K T @i,
1 2G5z ks 2 02 i .

and the' boundary equations (3.129) and (3.130)- simpllfy to

3E)+ _ [3E)-| ., 3 4 _ e
2 om{ = %) } + S E - EN
A
¥ - e
= (a2 =DWBD) (1-h )DE') + (a2 D% E) €3.138)
; 01 2z u. 2z = =
\ v .
or . L p -
-

+
Ex) €3.139) .

2
tng =1 . e
- "2 V(ﬂ(t)(‘—hllE‘I +

01

; I
Equation (3. 139), may be rewiitten . ¥

5 EY-) , 2 S o e
0w [F]) + gHowe ) . .




e S

. e@a-ny [E ] L] f—l(oum h ET

~ 70 -

. 2
B, =
= 0w [3E]h + Loneh - |—H—|vow -n ey
oz YRy
01 7
. [ ""’ v h E ) (3. 140).
nu 4

Furthermore, this' equation may be broken down into Its ‘support’ equa-

tiona®: one ‘with support (1=h_>_ and the other with support h . The

————Tesults are

. n s [2E1Y 4 Biscircion 3 Eh
@@ a-n) [ZE]H + Lsara h?)El

w2 -1 Lot e
= V{E(l)(1-_= Ezl (3.140),

Mox
and

3E|-, . 3 -
wn, [35]7 + Zaocon €)

<

2 & “'i:—" +
= (b(l)h’ ﬁ] + ﬂa(!)hlg = "2 V(u[‘)hlEl) (3.142),
. 02

D' nquallonu . ’Nl) and (3 142)

w. e that the .left-hand si

.appe: rtlplolhll'y. In uqun!lanl €3, 130) lnd . 137) Hence. subati-

lutlng lor the lnn-r from the 'orm.r gm-




v T -7 -
‘ % . .
—~
- . %
N (e 1} o
01 g Set
i [ U—|veowia-nyE Ky, (31,
‘\ LR Y
ana 4 ‘ %
! -k 0 E = [mu)n ["E VS —-mz)n eh gl
. -
w?, - o,
. ! .
. £ 21— |ocorh €tk (3. 1400
bt ‘ "oz’ .

A . . s
We' shall now réstrict our’ attention’ to the z-component of the - eleclric -

fleld. " In the case of 'a .vertical dipole source. ‘It'ls this component Which— i

I8 least In terrestial rtion; and hence Is -of most impor=,

_ tance. Consldering the then, (3.135), (3. 149,
™ . P " i

and (3.144) bécome, .. -

[ LAV 1_] o
h‘El = E.r = |otz) Bz, fa—z(d(x)Ezl ‘Kuu 5 (8. 145),“ -,

. 3E,
(1-'l‘)(‘—h=)f' = |(6Cz) (1= h ) ])' -—sz(l)('l h )El ® Fig

s, = ) =
s - [—ﬁ—]—rcomn hIESI K, (8L 140,
‘ "oy . 5 b B
and ¢ N .
! o, Q=h 0, = (BCo,
i
- . s




. - ’ *
: w2 -n :
' g Z= [—:5—]%;0(1)«#'.,)5:) Ko s.un. f
. g

respectively. i

Tidylng up equations (3.148) and (3.147) giies

-ts1mmmmn‘-= :
e | "T""'"i"’-)s.‘: =0 C1rh

: .
~ . ® Vi

i ety O 5 : ?Ez] ,
- .(l-th‘T—h,)Ez = Iﬂ(l)ﬂ-ha) 3z ' .




; o / % i .
o - s e
E | . |
) . - 78 - p .
& i [ <5
“« % . . ~
aeqt ’ R "
8 5 - 1 S s
A=n)n.E, = B, [—af) 2Ky A ZOWhEFK,, (.18
J o2

: . - )
. respectively. .| @ ‘ﬁw\‘ - .

. 4 7 et . g
3 : z o ) 4
_“"'1”';51 =y a‘] m_(u + ijs -sz“ ;. feise): B

ave’ not wrmun ‘e

(3 152y nnd (K ‘58) “we

i
explicit _funotional ‘deppndengs - of the’ terms - ke - K ;
" should now of coursy’ be functions of z since ihey h.vq b R
vl ithecd. | For exsmple &5 S ] e : L
: % & u S 2 . P ‘u : L A
2 S, 154) .- s
,‘, = - S;KIII(.""’ B CS.'lS‘)t g & )
" ey L
| The [ “forward® } tw is qurler
o “1tx.y) may be defined:as i f ) '
> r(t—r,_y, : _[dyj'd{u""‘ “"r.(x i e Wl
N . with |u uorrq-pondlnp lmnru lr.nucrm
- I
i i
5 2 e S «




._J 0 35 ) “.' Il‘mng the '.. nensione Fourler trani of ¢
k : h 153) glht ' %

P
5 :

(3156

€3,152) and’
. T

s ,
u-n l!H AIE] = 1z, )] St 7
2 R
P 1 =
.+—(u h.);xx}-'«-" (3.157)
- Per KA * N
< Ak F;f] W ;T""A AR, L .88
"$1h\x":¢-"nz, 0z T IE 2 237 02 ¢
et oz . o
. mmnnly. vm-r-m 9.. axplicit--funotio o of the
qucnllllu on the transform varlables. (€. 7 nu not been written..
B No\' luo Apnndu\q
V. (S
4 R, = &
‘- B n
- .

"E‘u\lu

‘i“' 1 ;hor'-lnfwc.':'.yulu'?d 1}|- qninﬂlh- u‘ and'v, u_ﬂ-l!nod by
v z . : s i

Vg l‘ " Il ll

. A TR - %

$ iy )

: s S 4 4 . o
| N 13 ™ 3y 4 Py, @
s : n 5 -
= 5 o .




tlvnluud .qulrrrool fu 7““ um has a Eotmvo re ~cgmponent. _This Is

uqulvllqm 10 lpoclfylng PP . | ‘ % bl e 08 @
7, 7.2 2'v| E R g g R S 3
; R - = Ik ny ) (3.189);
‘6_ " 01’01 "’1'/“' L, 9N : i
and llmll.fly for. -qulllon 31621, .. B A L .2
N
9 -qunlonn (8.159) lnd 3:160), e equations (3.157) . and"
(um become . d "' .

Y S . -
- n}.)m = m h ) azi = Y CR
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\

. -78 -

Vs 76
2ty Vit
ae ae b, et

8z 2u a!'z‘ll 12u
and. similarly . .
to=lzle

e

gl ) ) .
Thersfore. I the .case of a fixed horizontal plane z =z, > 0.

(3.164), and, (3.185) "bacome *

~o -@[Ez_x]

and ¢ %

and

)

Note that both equations (3. 108) .and (3.169);
N, ¥ -.equations’(3:164) and’(3.185) by consiMring & .
N, - : .

S

o

/
N
. ’ ..
o, )
3 (a.180).
i/ d A 3 0
(3.167).
equations m
.
)EZ., % .
. )
~
h N
: Lt ’
1(8.188). L
R—e
3,180, -~
‘which were derivgd’ from
i d \ .
¥ \ .
o S8 My >

|
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squation as

& PP

 Independent of z. ot
. "
‘We shail rewrlts our remaining field squation (3.145). for the fisld
above the surface. as 3 : Y
- ,
hE, = E, - 0@ [ ] K, = ?hms'lf;-‘f(“

Pulormlng the Convolution with respect In z lllm us to write this last
.

AE, .
th -E. -‘[T]).K (lyl)—lE)‘}-?(.uuyz) ¥

which m-y be ¥y #oumr tfansiormed o yieid ) <

hlg_; .-€t = ‘[TE_t

Once qun. in ‘equation (3.170) and its predecessor. the symbol *** s

" now- od to mean d x-y
Vm:u‘-‘ipmauu' ey v e
K ) % . _""u -
& R_u‘q = ———_— 3.7,
- 2ug y Ve Z
wmroln we've~used  the quunlm :’ as d-llnod by
R
& ]
RGN

F-E[ﬁ} ) (8.1705.
L~

|

-

s 5 bt Al Rl e




e

"I~ Of course we must realize_In. fiture’ that E,

This last equation n,.y be rewritten

Now, fixing a plane z = z,

plane z = z < 0.
% a
a,)" 3,
P | = . 11- L8}
. substituting
@79 nlull.l in -
A\l 0
P I U
. % n

o1 u

%, = T
: + ““-hz.)_Et_] + lh

" .

-78 -

<0. we find that

— “z2u 3E, by =
= 7] IR
et T‘[a_z].’[zu_,] %

“must-be evaluated.at the fixed

b3

:Since we may evidently write
. ~

]o . as]f
lfll:I N

1.
i P

from both equations. _(3.168) hd
\_M A

»

Il
‘0
+
lzszlv
-#
) ooy g )El
ll
.‘. >4

(3.189)"

_— e
-TT(('I -h, )E’ y—im Eh

)

y

80 that. for a fixed plane z.='z, '¢:0, equation (3.170) becomes

i My
(3.179).

(3.174).
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i -~ o X
| wis ¢ Joo o <2|m e (3.175)
-1 ; Ll 2 e i ~ 2
! i » N » 03 > .
50 e Since we may decpmpose .- b
: ‘ 1 ¥ =o o =
: . R RGN
equation (3.175) may'be rewritten as ’ *
(3.178)
S
.
r
(EREZ TN
» .
.

€3,179), "

)
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14 /‘ | we see from ;qliml.en (q‘.170) that 4 b s

. -80 -
&

equation (3.177) becomes. formally.

(‘{1 80).

T e B
E, + W ET=D

R

Applying_an' Inverse two-dimensional Fourler transform tb -'qu-noﬁ’(\.;. 180)

shows that 2

N + SR T e '
E + ﬂ_lna_E‘l'W(X.vy)i DW.y) .

] 2o i . s
which may further be decomposed into the two surface-support equations .
Bl guns o 3 P g
Q20067 + (J=h YW EZ1 W Cy)) = (120 0D Gy
and ' * R -

.

¥ & . SRR 3 -
B Ep + h (I EJVW L)) = b DY) (s.181):

: LS
We shall, now o’o‘mn\t on »Mng'm "aE;' Equation (3.181)

may be rewritten as R
2 + = = +
hE] + @ E 1 Wx.y)) = b DUy + Q-h)an E Wy .
‘which may - be Fourler transformed to give P B
g - 2 3
0+ WEyIEN = B DTLYI) +101-h ) (M EL1W Gx.y))) - (3.182).
s : X
By defining - . ; " R
, T o
ooy =1+ Wix,yd ( % (3,189

§ - 3 o Uy
- : b g '

(8.184).,
<

.%’;IL- e el
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\

%0 that squation (3. 182) becomes

- s,
. Ve - arm.—x. 7+ =A@ W, y)Jl(S.II.'» .

whersin V(x.y) n(x.y) and VI(x.yl are as nnm‘{’ oqu-uon- (3.184),
-(s.wm. and (3.17). respectively. Note that D(xy) Is.not to be con-

fused with the olnmmonm vector qumﬂy D .apmlnp previousiy. |

The nm ahupm' ll em\eomn with a uolu\lun of equation (3. IBB) for

the umaco ﬂ-lu hy E ;¥ : w *
. A .
v . \
o "
- o . 1
o 2 Wit
' . . 0
. N
: -

e
B \‘.!.
2]
ook
.
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Rationale

\ .

Equation (3. um must now be " salved for the quantity , JEian

Inverse “Fourler nunmrm will lh-n provide us with h E : e, m-, surface
eleatric. field cnmponlnl to the right of the vlrdnal Interface.

Mlny techniques exist, In theory. for nolvlng equations of the 1urm ol

aquation (3.185). It Is difficult. ab iniflo, to oct *any ‘one. momnd

which will hopefully lead straight to a solution. -In choosing a particular

it s g what-has pired so tar

.' The pronndlno analysis hu been. compared with clhor electromag~

—~ .
netic’ methods, umlnmtorwurﬁ lnd rather elegant. w. hmu avoldod m.'

. use of Inl-rmodlau Hertz nmn\llll which are -usually lmployld Ir m-

classioal analyse: Mermor. "the "beundary conditions have fallen nully

into our lap as a r ult of mod-lllng the physicai geometry o' the problem
with lpl. ald of step functions. e

Thus. from an

thetic point of view. equation (3.185) of. the
procesding. chapter should. be solved In a. manner befitting the hitherto
steps. 'Inaﬁﬂ. it we could paraphrase Dirac’s (6] now famous remark, *it

more lmpermu to have beauty In one’s cqu-mm- than to hm them it

-lmy' we nhuuld p-rhu 8 choose .as our nuidrny prh\nl;\ar "It is

to lolv- tno dulud cqua lon, a-oluu of lh r!llllv. wmplnlq nl 1




functions Involved. the  Wiener-Hop! method Is fraught with pitfalis and

deadends: In'the end we shall be forced lo make some (seemingly fea- -

i A . sonabl pproxlml(lom'h-lor.- headway can be. made with the problem. . ° ¢ .-

¢ . . Outtine " of the Wiener-Hopf Procedurs

i In"order o ‘stfect a Wienar-Hopt splution of equation (3.185), viz
= Ty E'l = G060 + m-na)mztszu.ym D oam.
we must - study the lnuyﬂe pfopomn in the complex ¢-plane. of the * i
i i
l-rm- In"this equation. 5 i
« ; . ’

conud.r the-term [h_| E l. and 'uppou mm we could Imorn Fuur‘r

. . mn.umn this quantity from' the z-plnn- baak Into ‘the x-domaln ' The

lllnu tunction
b Y . o L

" /&x + e o :
RCATE ) -—-j'uu th €} - “.2,

i (whersin we've explicitly written the functional dependence of the. left hand

sl clearly zer6 for all x-< 0. In other words, . oA
B _ -y
. Sile prm— W .
s . P (0p oty o . = .
P ) o .'L“' hEN =0 x <0 4.30
. . % ey i A s §
o However, “in order to actually evaluate the Integral ooourring.in equations

(4.3) or (_4..21 in the case x' ¢ 0, we can olose the 'nomm_n" in the lower -~

. Cauchy num-_n Thtoum then tlls_us tHat

ungplu‘é -plane,

g ; m,e;;hmummmmwauma-um ;
H v : 5"
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We shall denofe this ‘property of the funation’ fhE; * 1 by attaching & sub~

saript *=* to denote

llyllcliy in the Io-l' mmpiox G-plbnl Thus

gyl =g S s,
Simllar analyses reveal that ; )
.
B0y » B DG . L e,
and 7 3 ’

== = = 4 -
l(i-ha)llﬂIEzl’W(l.y))l‘! {U-NI)(M:E!P‘V,(K.I)I)’ 4. 1).
\vhuuln the lunurlpt "+ obviously denotes cnllyllully in lh- *'upper half

complex - g-plaie, Equation . may m.w be w;m.n ) !

V“"u.y:m,s;)_’- m——n, w.p0L + m-h'x)masjs-m'x.ym* (4.8,

Now. suppose that we anuld 'd-cnmpnn' Wx.y into the quoll-nt of

two lunotlonl as

X.y.

. T 4w
& - v ' )
wherein, again. the, denote

ioty, bt treedom
of zeros as-well, In the ro-pmln aomplu hait (-pllnn (seo Noehludl

m_n. In mu vent,squation (4,8) mamu -

v (e)mazzx_ -v’mm, wpL. | .
o




|
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’ } A, (DI -h D ENW ey, 4.0, 1,

! TM pr:;ducl of two "+ ol two ‘hmcllon. ;

3 . obvioysly yidids. respectively. a “+% or a-*-" subscripted function. The a

“product.of a *+* with a *-* subsoripted function Is. not. In general, analytic i

< in’sither complex hall- £=plane. , Howsver. Il we could make:the further {

s additive u-u?mpa.m&.‘ ' ?

: BRI RN T B Y 4.1, i
then equation (Q.,, 10 a«;mu = “

\

—— . e s
Y_COhELI < 1O = 1,00 +v OO -h) W, ELIW (x.y)11,4.12)

1 The iefi-hand 'side of equation (%.12) represdnts a function which ‘Is. ana—
Iytic In’ the lower complex. € half-plane. and the right-hand side a function

analytic”in the upparcomplex ¢ halplane. By definion of the Fourler

|
|
|

transform. equation (4. 120 must hoid on the real ¢-axis. Thus. both the
. vight- and left-hand sides are representations of an entire function of €:
the left=hand side Is a faithiul represeniation of this entira function tn’the

lower complyx & if-plane. and the rigl ide Is a faithful. represen-

tation of this' entire function in the upper complex & half-plane. - Both,

right=+ and " left-hand’ sides falthtillly represent this entire flnotion. on. the, .
D ) !

N o real ¢-axis. This ¢ equivalent to iqylnn that the left~hand side- of {qul- 3

i s tion (4, TZ)I‘IQ the analytio evnﬁnu-lion“ol the right=hand  side "Into -the : .
8y s N & ™ - i
¥’ ¢ halt-plane,. and vice-versa. [ o

b § \

.




" en, 80" that"we -hdve; ‘foh mmpln e

” That .qulllogau 12) hoids only on the real §-axis MI- us that the S
entire’ !unmlon In qunnon muﬂ bq ldomlcc"y zero hglln e Nochlmt 3

whilch may finally be inverse Fﬂm-f transformed to ol\n

1o
+ idx ¥ 1 5
y I',E Id' j'd(- "o ; LT

z
Thus we have. in-theory. formally .dke nw-n’s}

Our -first hurdle comes n'r'-on we uy to effect the decompositicn in

equation (4.9). Recall from equation (3. \_IQ) thnl the lnpu‘ﬂonv Vo) is
- B : .

given by e
: . = -
.
T4,
-y .
wherein u,. u,. and u, are determined - from _ equations  (3.172).

€3.161), .and (3.162). respectively. as being

IS e yrare e ) L) e

“
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-
|
i
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¥ oo g ‘
in order to make the decomposition of 7Tx.y) ot more traot=7 -

N ublo we .nuu mM the mm lurhoo lmp.duu«' boundary oondllﬂn
% -pprnldmcllon, vmloh l. well mﬂ in m. lmumn lu- W-l( 28l lnr Y

l .-,,,k"u
l(iﬂﬁ x‘




will' be- car=

ried_out In the complex- ¢-pline we ‘shall,_for the tims being. consider 7

Al

B as being h-ldv_eo_n'sa:;'l‘ “Thus. by defigingy® <
. =

; =
) ’ .21 s
B g i
; -
H ! -5
Faefey A i
L &
K 2 . . '-pprol mnuly. o Is; this lu! luncncn Vl ,yi wmnn we must d-onmpau . ;
] &% - ln the maniner of equation " (4.9Y . sbove. It'ts wmmn cumbersome to i
b J npw the wumr-rﬂf ummpuman ‘formulas to the function’ v‘(x_ry as'i,
T stands. " It ll simpler 1o rq-mn v"ﬁ—f.y as m- pmduu ol ‘two ‘othier fune= ¢
4 tions: say T i e . X . {
e T E TG = Awisw ]
o 5 "% - W i -
p wherein : _— TE . @ ‘
o ~ 9 . : g . -
5 . , d .
: = . Ee v\uﬂ +v * L]
2 sieesT T RCE) = : . 420 -
- . '~ s . £ = .
e A e I 621 a® &= -
AR > . - (4.28).
bt i w

s oo .- } e



, ; ; .
- i " 48 i . : * B
}v l ) =
.
§ p 3 e ) .
It : G i 5
vl 5 2 . -
| The exact form of A(E) and S() appars arbltrary. .but In fact must
| H - = . . .
Lo} -‘undymmmm«nucf-nfmmumymm'-m
|
= § mmwmwwmm-ux-g.m(m or Car-
- N
{ 4 . orler, Kmot & Pearson (3. . 5
i/ 3 .
| Titwe mlu make The decompositions it 7
~d b : % : N
i N
| | Wil e 4 B 2
B : and . @ By g i ;
PN . 43
| o
L : v A0 o
uk trom’ gu.unnl (4.9 and (4.29), We could Identfy
L R s <o % r il % e
% i = ) R TRCIR) : e
| and 4 : ?
g 1 g C D 2 B
i e RC TR TR © . wien
Furthermore, we. note that. there Is a ceftain symmetry” between A(£) and
SCg) a8 given In squations (4.24) and (4.25), ‘Specificaily ey
X 3 1 E i
s = {_} 4.2, |
; RO yau : {
g 3 - L
; * Consider. ‘for example. 7, w Since_ this function s analytic and non~
: ” “vanishing I the" upper oompu £ :half-plane, 0 is-the  function 17r, (£). 5
| ' . Applying a similar srgument 15-r_ (&) we may write |
5 h S i e T . 5
Wi o B 3 ‘r_lﬂ_ A 3
: g Tt . "t ; o : W v
o B AN
e : < i & e
e ’ S & 4




! : —s0- B
i g
! 0 that .
{ ‘ i = -
N g . a_(&) 0| s
= StE) = —— = - 7 . 4.20)]
i "3 [ 3 ] .
. § "+ O [y lyan or

i ] ’ N :
- The “bottom line". of this dhw'ulon Is that we need only work to find r_

. . i
: &) and £ (&), for S(§ Is readlly decomposed according to equation
v ew. . ) &

ll.lncllcn- R(l) lnd S8 requires a d.llliqd llnwltdﬂl ol the b‘hlvluur

of the “constants* ‘appearing In eqaations (4.24) and (4.28). A descrip-

I tion of ifie properties of the function A (€) has been givar In Abpendix B.
3 Applying the results of Appendix B to -the stany lener-Hop!
‘décomposition formulas (see ©.g. Noble 18], or Carrier. Krook. and
Pearson (31] tells s that the functions In the decomposition ©
. - i
) . > (RO} ¢
RCE = ——r 4.30
Y N f’(() .
- T\ are given by
: i log (RO
Ioglr_(eN 211‘!“ B i 4.3,
- W and i .
[, . . 5 ¥ . "
/( 4 X loglr, (£ 3 Eav,lff“mt 2% ) 4.32):
/ : ¢ 4 A 2
s " “The Integration contours In equailans (4.31) ‘and (4.32) are shown In
B ’ diagram 4.13. where we-have also Included Information .about the analytio
i N Y. %
4 . -
H
% SN Vg

B —

x .
. < Application o the- standard* WieneF-Hap! dlcnmpnllllaﬂ formulas to the
¥y



e

" distinction. will be clear ‘in proo

N ‘.vll-m"’ov

structure of ACE). . 3
Purely-for the author's] convenlerice we ‘'shall rewrite aquation (4.31)

as follows

loglr_(a1 =

;Jd(w 5 L 4w,

v i
wherain x is a point. b\ciw the eomour T, as shown ln diagram (4. 1),

Noto that & In the integral above s :merely an lrmnullon vaia

hinc. must NOT be ‘confused with lh. x Fourl nularm varll

lnq wn: from

oxt. swumuung \

from .quullnn (4,24) for an nlpllal( Mpr.l.nhﬂun of R(E

,.-we find that

loglr_(0T = %J?'L_‘Tlog
" R

ET

Sfmlllﬂy oqunﬂon (4.32) bmmnu

ok fo tap ko | cae8.
logtr, (M)} o ((A”Iog | «4.8

whersin ) 1s ‘now taker to " be any, point above the cantoiir T',"as shown In

diagram (£. 7). - o 5 3 ' f
Carrier, " Krook, & ‘Pli-uo'n‘.hnvl considered ‘the- decomposition” of a ;

function’ akin to.  but ‘somewhat Simpler than our ‘tunction A (E) -Isee car- :

rior, Krook, & Pearson. [3]. pp. '382-384). The Integrals ocourring..in

equations (4.34). and (4.35) are. 10, the "best of this author's knowisdge.

intractable. '~ Some . progress can be' mada It we ' first ‘diffafentiate with

T s . e



respect to X in each equation. which is usually done m\m Wiener-Hopf

m-modf‘lq«, latively complicated functions ([again. sge e.g.. Carrler.

Krook, & Pearson. 131 or Noble (181l. We obtain

&

__.(,.,u oD = J‘ 4.38).
£ € -n
and 2 217
: e %2 o
+ +tv
a -1 Pl ;
Ao, 0 = 5 [—IEiog 4.
. Ol hl‘{(‘ =T e .

£ +a’ - <

The rtgm-i.m' side of equation (4.36) may be Integrated by parts as

Ti"“"’ “"’ - (c =37io9

14
S | =
v (l-l!d‘

Thooonbwl' Il..'ﬂﬁlnltl

unp o' nnlmielty of the lummon n(p

. Moreover. - our cholce ol branch_of mo mumvlluoﬂ nqw.—rool function

ensures that loglA(£)] = 0 as” ¢ = = within .the I|l|v M, analyticity.

. Hence, the first t.mn coming from the right-hand ] M‘munﬂon (4; 38)

unlchl? and we are left with

logll (2%} 1] 'FJ(G V) g('“'“;T}




J—
{
A
1

st
[

- , " ‘
el g v 7 3 l;
8w - ?‘Tae"’““‘f” ¥ "} Loop -
1 > 3 - . -
wh high may be. simpilied (0 gie fiatly T O S -

= _. &1
Sdogir_ B2l GG e oy

lrg = azv -

oquullon,becomn ¥ g " ¥ ey

—(lovlr (xw- azﬁ-ﬁ LB R cey

whlch may be llmpllllod‘sommhal 1o yjnld

Laogir_02p = J¢€+~T J——_‘————ﬁ—
k‘ e -2ni 13 A) 2md (¢ A “2 + 72);
. i

r/J ..__€_.._L___." L g _'(5‘40)..

& -0 K
. «€? + 1 (0ra? " =

Thc,s‘u'm..aurym t mwu’:a mutandis ) ol -&ugrlon (4.95) tolls-us”

that *

d . s S & Ve ag 2.
ZLaaglr, (VY -_—~lj'4¢.—L.._ —r . J 1€ £
dn + 2nl A (‘( A) (Y‘EV & azi Ell. z(f x) “.2 % 72)

R




o[ dg & ca.4n

al‘f [EEY) Bl

- 2 RTCIN ) ) )
: It must be remembered that equations (4.40) and (4.41) diffar in two

Important respects: the Integration contour Is different In each ‘equation

and the rull—plurw in which A I|n is different In each’ oqu-ilnn.
The_Integralis .in both oqui cn: (4.40) and - (4. 40 muy be -v-humi |
1o yield Ises Appcn’lx a PR . ]

vatm/2”

: i
. ﬁ(loder(llD-zu_,m f\?——’ RN ~ o
Comads BN 4
iy o . Mg & i
LQm2t Wi | i i
ARZ WD) (4.42) k
i LS o) , .
and N "
: : i !
a : 1
axdoe U, NI = gy <
¢ Q2 -wn ; a2, S
T = o+ S | .
.+ wherein ¥.and ¢ are. defined Ihrough squations. (C. 21) .nd (c.32),
mp-cuuly, as teing- _ o3 Fgll s
¢ . " siny= 7/a 444, . .
’ and %
s N
. A § . +aing = /- T 4490 00
: .
] It is " readlly verified . that_the . expr slons. In.-equations. (4. 42) and 4,49
{ are analytic: in _thelr respective ‘halt-planes.’ ‘For example. the lppl'ﬂ“ 2 \
H @ : A B A B g i
3 . : |
P b N 2

" " SRy
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i’
Dl o
e
{

% - 95 -

bout the_point

multivdluedness of the right-hand side of  equation (4. 42).
A = /a vanishes on noting: that ’ 1

gm-9 (4.48)

* as we turn about the point ™= /a. Mordover, from equations (4.42) ahd

(4.43) we find that

- o -
4 . g ey ;
axdoalr_(n - dioglr, oy - .

EEY g ;
3 = +t 4.47).
&5 'rdz 22y r? i

o

Since. from . aqunllon w, . - : e

i loglA (V)] = /W(ll + ¢E * vl o ("IIEHW(R t o ) .

we have mul

Iaa (ﬂ (\)l)

- rh +a4’vllx +a® ““”.

This last ‘squation may be' simplified to give

d 2 X I S
2lggtR Y = R
e O A b
p VrT e +r"’)‘x P

ES
——(Iagm(x))l = loylr ‘oop - —i(lcarr"mu S

g0 that ndeed the' equilon ’ . z 5

" coming from™ equation (4,30, Is - satisfied by "equations (4.42) and -

-

Jllnnl (4.42)'and (4.43) - may be formally Integrated 1o give “Ises
ey o0 LA E




s S B R

Appondix 0} . & 7 ; D e

: foglr_(2) = -(1/!)‘”{! -, Iﬂ) + log(x = lf)
: i ¢-!|og [P;:] - n/anlx +a® -
& ‘ ':,
‘Az + '2 v . .
| T

B o 2 : Alx +a+v) 77
b . s 3
. . |€2 +al ey &
i |°' (4.48).
5 lﬂz + o = S g
and 9
Q/2ogth + 1@ - log A+ 1T AR e !
. l\ & X : 5
4 Ziog [: A Ie =)+ D 1ogthZ + o - w1 )
= . ~- "y :
e S o
” 3 TR TN
' r p.’mmry. - )
: foos - \ ) ! g
<10 s seon that at I lons (4. 48 and i
; o 49) " loads “us back to nqLuonn 78 Am and '(4.43), r'lplnllvlly. as )
) }py should. = Moreover., lfom the.- -equations .above we. find that -
i 2 §




it

“tion : = ¥ I

- ) 2
loglr_() - qu!l,ﬂr g2 +.a? + ogaZ e D
- Agn'!lxzn o - .
which is. equivalent to i ¥ 2 &

: logtr_(\3) - loglr*(x)) laqll\ +a® 4 vl -, nglx +a?

Comparing this last expression with, equation (4.24)" wa see that the equa-

onlﬁ(x)l = lmr ) - logll (m L

indeed satisfled by I)l. qmtiti:l g,lv!n in equations. (4. LE) lnd (4 ‘9)

Much“affort has been spent In trying to evaluae the Integral i.s.
Irivarse e’.m-nvu'oec_umng in -bolhd.quqllonl (4.48) and (4.49). to no ’
avall. It might seam that. since the “safje’ lerm wil appear In“both r_
() and r, () In equation (4.30). we might cancel this term from both
oxprossions. However. this is not the case.. An Inspection of gither
equation (4.48) o (4,49) shows that the last Integral Is required to' make

the relevant function .nnlytin n ns'p-iucuw half-pighe. wmoul“n]h trait

- the terms r_(1) and r, (A lose their nlqnlllnlm I equation. (4.305 as a .

valid munu-mp' dacomposition.

Appmd.wnm of the. Function 1o ‘be D.eompouﬂ

To clrcumvnm this lppl’lnl Impasse we shall uuon In the momad of

approximatirig e 1unouun 1o Bs decomposed in the Wiener-Hopt ‘manner.

This,practice exiss lo. Some xient ' iy Mtoraiuro  and has boen Irivokod
2 . 3s

2




. shall make the following spproximations . v

for the solution of ‘certain homogeneous problems when |ﬁ. aoeompumon Py

has proved 10 be impossible le.g. see Noblel18): pp. uo-ma or Cars
rier. Krook,'& Pearsonisl: pp. 393 fr.). We shall be approximating the

function at Hand by another which repiicates its primary features. such as

singularities In'the x-domain. ‘area. and llrl( few moments. As such. we

w 4 .

2

Lok 2.2 . -
é lg rat v 2 24 .8
) : SEXTE AT ) (50,

AUEY, =
¢24a® * m’c *-un»'.

whersin &b, and. & wil ‘be chisen so_ tHat. boih  thé ‘ihverse. Fourier-
vnmlorm,el both ﬁ (l) lnd ALE) lhll. the same singularity, area. Iﬂﬂ
'QWM moment - [no - first momtnh -IM This’ leaves one plnmnhr
“*tree* [ see c-rrnr-. Krook, & Pearson (3]: pp. 397 ) 10 ensure that no .

zeros or poles il near the real g-axis. - Enforcing these restrictions leads

A = v e ; -
S P 2, 2.2 .2
AD =———— ~ A (O --‘-‘5%’—%%’- 4.51).

us [see Appendix E] 10 the approximation ) . -

“2'.2 s G~ + a) " v 00
wherein (see Appendix E. equation (E.12) & (E.1DN
-1 T b 2d? ¢ . 45D,
and ST e !

\

We shall aiso be approximating. S(£). which Is given In equation (4,25).

by §;¢E). We.have specifically (see Appendix E]

-

I3

of = 2ata - W) . 3 4.59)



i s

\ PR A\ - :

¢
v -9 -
£2+a® ) 2 #
&2+ Pyl .
s = ~'s, L & 450,
Ezmzﬂ‘ (&7 + oD)(E" + b7 v
" wherein co

< = 2¢(a’— w e (4.58,

* and b2 N

as glvln in' equation (44,52)

tlons, (450" and (4,501, o
V(x-ay_) = nte)sw - \7‘_(. 7 -—‘—‘1"—“5’—"2 ia.soi,:;

"’V‘ +c?

Our anulyals in App-nalx E Allovm«m to d-co_mm. v, & y) as.
‘ 2 I'T) (g - Id)
(§ = 1o)(E - Ic)

—_—

CE:+ JO)CE ¢ fe)
I

Vl(x .y) -——ﬁi—,

Obtaining..an Appraximate Soluton . - &
Thé “approximated® varsioh of equation (4.10) would. réad ‘as
4

v, (O E = v, OB DT .  ase,

+vl o1~ 2@ E'I'W(x,y)}l‘,

2 (§) -and vy (E) as glvln In .quaﬂun (4 0.

the additive 'dlno;nponlllon_ of v (E)m 51 H l? .ﬂlv_!n,' In _equation:




°

O L AL S

.. 2 5 B
- - ) . F
3 : b = e 5 B T
(4.10).  As such. an lmulgmlnn of E 5! o " Is in order. From the

convolution, theoreny lot _Fourler transforms.. (see Papoulis IM we muy write

(4\59).

» 5 ;
it follows from the results

Fourler

. ¥
to the " one’

. transforma of & Sonstant-snd of_a stdp function. (agaln, - 3ee Papoulig (1911
that Puk, g H 7 S
5 ¥ s N .
N ol o By = omaeny (rou) +

me oqulllnn (S 170) ‘we hm

\
G

. el S nﬁu_n- K s
5 8 e, s .~ .
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Fdurter “wanafornling equation 4.6T) tells us. that. approximately fagain.

y condition as

gliven’ equations (4,“6). (4. |l) &G 17)." and u‘lng the fact Ihll
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% unmmnmly the tonvolution In eqlation (4.88) cannot be evaluated

v

* . : ¢ s

exacty: I fact! we are. forced to consider an aysmptotic expansion for

?ODHWI‘NGH Inwr-l which is valid for l > 1 and in the, limit as
S0 1

@, ' the: source. Is. a. large distance from the interface and its

n-lgm above umunﬂ .d- to Zero. . Additionally, - we assume that

Inl “l lll- App-ndll B] Ilhluh c.ﬂl!Mi Holdl true 1or. say. t'lwl r

or oll of average uondu_cnvlw, W
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-Henceforth we shall tacitly assume that 2D G.y71_ has been approxi~
mated In the limit as the scurce hdight h tends 1o Zero. and drop any
~explicit “Jimit referehce.  As mentioned after equaflon (4.58). we. must

offect the addltive‘decomposition as ‘given In equation €4.11 L in our
case-equation (4,11) reduces to ! 4 LY
DGy + :
: e,
'_ aguidl ¢ o/a)(gqm T % b
= (G? r(tﬁld) a((-lu) ]
bl > 0~
S NI RT3 i (4.88),
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_8a can be sean from equations (4. S7), and (4.67). Tne additive spilt in
" this last squation Is relatvely trivial because of the polynomial behaviour of
the left hang. side. We find’ that
v, (©BDT -.yi‘l_ £ 3 . (4.69)
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wherein, from equations (4.21),

(8.10). (B.9). (4.59). and (4.55) we
have ’
. I
oo o =a® - 2 '
h #wa? -2 .72
’ 2 . 20ta = v

‘@ = 2ata - w
rE_thuor; (4.‘71) ‘must now be lnbjnnm 10 a two dlm.nllonél Inverse
This has been atlempted In Appendix H.
undet- .wnul assumptions.’- It has baen assumed. consistent with, the
working so far, that the quantities Iui and I¥! are both small compared

with unity. ‘Moreover, as was assumed In Appendix a. the distance of the

saurce from the Intertace. x,. was 1o be large with

unity. - With these nnumpllcnl'm arrive ‘at the most -significant terms in

. the asymptotic expansion of the Inverse two dimensional Fourler transform

as .bejng:. . . n % o
~ikp i
+ o Krde
hE] =

2muey P

n+2w/k) i
X ;0 -_5’
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.J:;_V’tc - : (4.73).
oK E

In equation (4.73) we have-used the quantities defined by [c.f. equations ”

(H.89), (H,40), & (H.4D), “respectivelyl
e, =10 + 2ui/k) . 4.79),

1
2@ uf )

&0+ 2u/k)

4.76),

and . b
b,_;% R ) “m. .
Aﬂﬂluenull‘y. the varlable p and the constant X, are the distances,  respec-
tivaly. . of the observation point ‘and the Interface from the source. as
shown “In augr;m 4.2, : . ! '

The term outside the brackets ( ) In equation (4.73) npmunu‘ the
froe space fleld. of the slementary electric dipoje’ of iength dl. _carrying
current | [ses Appendix Fl. It is Immediately seen that the asymptotic
expansion In_equation’ (4.73) s of the wrong “order” In the mbgng terms
in p. as oomp-mljl;h lny'vof mo'mllyuo» presented in- Chapter 2.
Indesd. since the leading terms Is ‘of order 1/{p. this would seemingly
indicate 6 far field of ;a line source (of, the leading torm in the asymp-
totlo lon of the Hankel funclisn HZ (kp)l. Same - disagreemant Y
In the - “constants* between ours and the other. -n-lyu- Is perhaps to be '

xox
expected In view of the approximations Introduced In our Wiener-Hopt
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procedure. . The presence of the term E/F: ‘guarantess that we have

some mblinqo of a “recovery effect’. aithough not in the same explicit

. form as, lof’ifmmpl.. in Bremmer’s work. _- %

The “and " for “possible. are dis-
cussed in the next chapter.

\I' LS
. ) . f
# . o
{ A
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* CHAPTER 5: SUMMARY AND CONCLUSIONS

Summary

The analysls carrled out In chapter 3. which was later verified \

i

Independently by Waish [30] Is representative of.a new approach to e

tromagnetic boundary-value problems.  By* describing the  physical
geometry; the electrical, properties of the media. and the -l-ecramagnnnc
-flelds themseives in urml of the step ! lunctlom Inlrnduc-d in equation
(3.1). we have bypuu.q the use of the Indiract Hertz potential norm.lly.

Qused :In e oclassical .n.tyu'u Cnmmrlng the ‘Maxwell ' equations .in_ a

'gtn.rlllnd-fnnallonll unu. we oporlnd on m', varlous “decomposed” . 4

The. rasult was (h.l the.‘boundary. Goriditions normally suppliéd

In the classical apf e ‘presented to us as a by-p " ét. of the
.nnlyau. o
The ditferential lqunlonu obtained for the electric flelds In the ‘three
reglons ware convolved with. the appropriate’ *Green’ functions® (see equa-
non'&, (8.111) to obtain three gonvolntlon.iquurnqh- for the . varlous.
rogional elsotric fields (equations (3.126) through. (3.128)). In this work-

ing convenlent use.was made of the property of the convolution -operator

that permits; differentiaiion to be shifted from ‘alttier of the- convolved quan-

rnm the

ll(llu to the other. - The three .ql*l‘onl so nbllln.d

" reglonal electric -flelds -as convolutions' of the appropriate em\.@aauona

with Innnllo\w of lh' surface 'flelds “present on the -boundaries :’h the

uglon. together ‘with -any, sources that may exist. This I

equivalent .to’ * v

" Invoking ‘Green‘s theorem in- the classical analyses.
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A considerable simplification was made by neglecting the surfage flelds

on the veriical sides of the Interface™. For-media such as earth- and s

water, with sufficient oM s’ reason-
able on the grounds tht the penetration depth Is very small/at, the fre~

quencles of Interest.

The boundary equation was broken down Into lts varlous “support”

equations, ‘and from these we substifuted for teripein the  reglonal sieciric

=
field. equations so that the functions of the surface. flelds In the resulting'

equations’ had their support ‘only on the upper side, of the- horizontal Inter

face.  Additionally, we {ocussed our. attention on the z-component of the

electric. tleld since this .Is the in” the

case of ‘a vartical slemantary ‘dipole’ source.
-A two dimenslorial -y Fourler transform of the three reglonal siaotiic .

field lqu.“onl was taken.  From a consideration of .the form ‘of the result-

ing equations on various' fixed horizntal planes. eliher above or below the

Interface. we were able to efiminate the “total

ctric fleld terms entiraly
‘and obtaln an equation (see ‘equation (3.175)} lr}vo‘!vlnp only the Fourler
transforms, of both the source term and the z-components of the surface
eleatric flelds on either side of the. vertical intertace. This equation was

manipulated 1o~ give, “finally. an equation

oquation’ (3.185)) In the

transtorm domaln ‘for ,mu[:-compomm of'the surface - electric fisld to the

“ right of the vertical Interface.

We were thus faced with the solution. of anintegral equation for the

_r-lwnnl' surface welectric fleld component. Having .hrjlv-d at ‘the same
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point Indepandently. Waish 1301 electad to solve the equation using'iffst the
technique of operator expansion’ by-Neumann series, followed by an Inverse
Fourler- transform. wllhil was able to sum the terms In his serles. and
obtained a result “(ses equation (2.703) which s equivalent to thaf  of
_Brommer (ses equaons (2.91) or (2.82)). As such. the operaior

expansion approach’ would seem to have been better sulted to-the problem

* than the one chosen here for the soiution of the Integral equation.

The discontinulty of the ‘media In the x-direction. along with the.ensu-
Ing use of the multiplier. functions h, and (1-h_) (see equation (3.2)).
sugested the Wiener-Hop! method of solution In the ¢ domain (wherein €

,Is the x Fourler transform varlable). . In.order to use this mathod we' had

two Wiener—Hop! decompositions to effect. The first was the decomposition
of-the function VTx.y) Into the quotient of the two functions v_(¢) and
v,(&) (se0 ‘equation (4.9)). wheraln the !uu.cnp\f == and *+* denoted
analyticlty and freedom of zeros. respectively. in the -lower and upper
‘complex ¢ halt-planes. The next step was the decomposition of the func-

ton v (OB DGLYI_ Into the sum of two functions’ 1, (&) +1_C&).

This having. been accomplished. we should have arrived at'an algebraic’

s equation for the Fourler transform of the z-component of the surface elec-

tric fleld o the right of the vertical interface. This equation colid then
* have, been subjected to an Inverse Fourler transform to obtaln the' relevant

fleld comp\onlm (see equation (4.13)).

spatial domain surf

In- order to simplity the furiction VTX.yY somewhat we made the "sur-
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ce andary el arw il auiehiinhed
in the classical terature (see Wait (28] for ‘a more complets discussion).
This allowed us 1o repiace-the' l.rml'u,/nf’ and u /a2, In equation
(4.14) (and as defined In equations (4.15)) by thalr values when
P

through equations (4.19) and (4.18). V(x.y). was thus approximated by

. the expression (4.20). % . e

The Wiener-Hop! decompbsitions, ‘as was stated. ‘ware to be carrled
|
out In the {-plane so that during ‘the decomposition procedure the y

Fourler transform’ varleble. 7. was|to be considered as arbitrary but fixed.

The form "ot UTr.yT .10 be decomposed was thus as ghven In equation
(4.22).  This' form was ‘then brokén down Into the, product of the two
functions R(E) and S(E). as given In equations (4.24) and (4.25). and
the oh’- “Inverse symmetry" between these functions was noted. Thus.
wa - congent on the deco “of the function R(£) Into the qui-
tlent of two functions r_(¢) and r,(£) as given In equation (4.30), since

the decomposition of §(¢) could then be writien down by Inspection.

Taking the logarlthm of equation (4.30), we were able to_utiize the
standard Wiener-Hop! Cauchy Integral formulas. for the addltive decompo-
sition of a function, “to oblllnllmtuul‘ relations for the functions /oglr_(£)]

and log(r, (&)1 (as given In equations (4.31) and (4.32), mp-ullnl}).
+ o

in order to evaluate th

Integrals weé Tedoridd to the usual trick of dif-

Aerentiating under the Integral. sign. to obtain Integral expressions for

dlogll"tt)l/dt and d)ﬂﬂll'_(KydE. The resulting Integrals turned out to

: le. by the quantities ¥ and u respectively. & defined
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.
be tractable. aithough a cgrtain amount of caution had 1o be exercised in
their evaluation (see Appendix [Cl.. This left us with the expressions as
given In equations (4.42) and. (4.43) for the quantities” d foglr_(&)1/d¢
_and dlog(.r'(()l/dl. At this stage we were able to verlty that the ditfer-
ence of thess two expressions did Indeed give us d logiR(§)V/dE. thus

providing a useful check.

,."m tull Integr of (4.4 and (4.4
proved fo be Impossible. and we were lsft wilf-equations. (448) and
(4.49). giving us, respectively. expressions for logr_ ()] and. loglr (&)
that involved the’ “same® Intractable Integral. However. at this siage we
were sgain. sbis 1o verlty that the difference of the twoexprassions - for
10g(r_(6)1_and loglr, (&)1 agreed with TogACE)]. thus agaln ensuring that

we hadn’t erred so far. )

it was at this apharent impasse mal:“moma to the method of
approdmating the function R(£) to be decomposed by another function
R, (5 whose Inverse Fou}i‘u transiorm possessed the same large scale
’ the same singularity at the origin
In" the x-domain. same area under the x—axis. and same second moment.

analytical features as that of R(§) (.e

.but whose .Wiener-Hop! decomposition could be effected much more

readlly. This approximation fechnique has been -used successfully In cef-

: )
tain\ homogeneous Wiener-Hopt problems (see Carrler, Krook. and Pearson

31.. or Noble [18]). The result was .an approximation of the function

7Ty by the function 7, (x.y7. whase decompasition Into the quotient of

the two functions v

) and v, (&) was accomplished by inspection. and
- ; .
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given by equation (4.57).. -

_—The Wiener-Hopf'‘ equation for the' Fourier transform of the z-

component of thé surface electric ﬂ.ld,\h‘ the right of the vertical intérface
4 -
**thus becanie  as given In equation. (4.58). As mentioned above. the next

stage of znﬁ:{ soluion Involvad the additive decomposition of the term

v, (O _Dx.y>l. into the 'sum of two functions f (&) and f_C&. It
L - ) e T

PR—— 0
first  required to determine: fi D (x.y)1_ ‘exactly. Explolting: various

properties of the Fourler transform, we: were able to dbtain an_ expression

for. this quantity that Included a conyolutidn Intsgral containing, the- function
2 Lw :

Dx.y). (see Cqullﬂ(fn (4:59)). P This ftunction. defined In equatiort
(461, contains the Fourlar transform of the z-gomponent of the source:
field.

‘In order to -approximately evaiuate the convolution Integral In the

expression for i D(x.y)l_. several assumptions were ‘made. - It was

umed that the. source. an

emontary electric dipole. was located’ on

the earth’s surface In medium .1 at a large distance x from the vertical

]
Intorface. and aiso that the quantity |ul Is very small (corresponding to

the assumption that thé magnitude of ‘the

ractive Index In medium 1 Is

largel, The:

assumptions allowed us to take the first term of the: asymp-

totic of.an 6t " part’ of the convolution " Integral b -

In question (see Appendix (G]). This feft us with the .approximation for the

convolution Integral as given In equation (4.87).




' Bocause of the of the of
" ‘(em';i(‘x.y'u_. its "additive decomposition nto the sum of the func-
+ 5

Nons (&) and f_(8) was

traighttorward (se¢, equation (4.60)). We

were thus left with an approimate expression for [h_ET]_.(see- equation ~

(4, 71)]. This expression cunllul.ﬂ of quotients of products of monomials

in the tllr\slnvm vlrllhll E. with vurloul lunoﬂonl of the tr

sform variabl

bl
7 appearing. a: .::onmnu .

x-y. Fourler.

The final stage 61 the solution Invoived applying an Invers

. transform to the expression for. m,szl_. The lnwﬂmlou witn respect to ¢
was_trivial. In view~of the simpiicity of the Intogrand ‘when considered as .
function of €. However, " the resulting Integration with respect to the wari- .
able 7 was exceedingly complicated. since most of the jreonstants* appear- . .
ing In the Integrand were in fact multvalued tunctions ot 7:

1A JORST % OBtaln an .épn_mmmon for " the. resulting Integrals. - we:

were forced 10 make some In the' Agsiiming that

the quantities 1ul aid 1v1 were bolh large. we neglected O (4> and

0(v?) terms In the Integrands. = Addiionally, we observed hat. In" the

approximation of VGi.y) by 7, (x.y), ocertain spurious: poles ‘and z6r08

‘(the location of ‘which was a funotion ‘of the fransform varlable 7). had crept

In, 80 we negléoted thelr contribution In the light. of some. order-of-,
mlnnlmdo calculations based on n-- assumption that %, was |:Fg&.

The' lmllnlnﬂ two Integr:

mro a

able to solution by the dlassical i |

= s ) : o
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! ¢
m-p-n—anc-m method.  Changing -to polar coordinates In both the x-y

splllul and £-7 transform domains we deformed the common Inhgrutlon'

contour in both Integrals so that it lay, on the steepest descent pum We-
obsrved that. provided the spatisl polar cdordinate 6 was not close. lo
/2. no potes ,of the xmqunu should be crossed by ‘such ‘a contour
deformation, nor should they llé close to ‘the steepest descent path. Fix-

ing ©. to’ be zero (st

diagram (4.2)). we. applled the usual asymptotic

Ion methods to the

expar

ulnlng Integral

We'thus_arcived, at eque

_ (478, ghing us, the most signifioant tarms”Ifaf espension for L

i K} E oY

s
it may be’ cunclud.d lhll the method “of modolllng electromagnetic

and in the. manner - of IMI ‘work gonsti-

tutes a definite simplHication Wwe

fLompared to the classical techniqu
i

hevo worked  alrostly it ,m- id " quantities themselves and: thus

0pped’ the s -9t ate, Hertz ! on the'

nto the sums of thelr

field {quantities. 'whan they had: basn dcoumpnud‘

vario} ; tuppen reglon 1|Ild!. we obtainéd ‘the standard bounﬂlry conditions

n that are normally tupp'lod In the classical anaiyses.

'rn. -mm—pmn- prop-gmun problem tackied here nrolw down n.n{‘ fr< -

et




> rme

& 3
{
[ i .. .. ( solution of the Untegrall equation (o oblain a spatial domeln empression
1
]
|
i

S

for Ih- relevant fllld q\llnll%[ O.e. .qulllon 4.79). N

Having obtained Nmm .. 1‘51 we ehnu the Wiener-Hop! method of

solution.  This mllﬁod WW Iblll boo.uu of its [formall elegance. In

addition to the- discontinuity ‘of the media In the x direction ‘and the :
. Inherent_'use . of the sfep 'function multpliars £, and C15p.0. which

* corresponded to ‘analytiolty In aither the lower. or upper complex half-planes

(L . ot 'the x' lrnmlorm urllnln. €. The lnlulng Mwn lomwh

o Involvod.‘ uni thé il of the solution obiained (1. a. ‘Squailon '(4.78)) . Y

olassioal results Indicates that ml- prople]

cated lor oanvomlonll Mm-hnnpl lnllylll . That

. independently o obtaln a “sucossstul” solution of '.uon (3185 using -

an ‘eniirely. different approach convinces us “that _our analysis up fo that .
S & il - 3y

i ,-~polmmoorroct i . .

hmmmmmmmmmnpmm “impotency" of the

. Wiener-+opt method lay inour Immury using the oom-mumnmuy to

eompm-ty nooompou lu function VG.y . and: m. unuqmm -ppnm—

mlmm\oi ml- “acourate” mmnn by the function V x. y). .However..

ey " seems somewhat doubttul, In view of .the Felative oomplo!lly al -quanon- R
2 : (4.4!) and (4.49), that we -could have m-v-lnnd \h- unnnd luﬂdlﬂnl "

J dwompu-luon ul m- lmwﬂon v (ni-ﬁ Sixy$§ even i we' dl!mdvih.




o ) 'aomuon ithough - lhls may have been ‘enoigh 1o guarantee a closor
resemblance with olassical ruulu . §
n App-mm @ we obtained an approximation . for the function N

M
*ﬂi DTr.y)l, donslsting. of- two terms
from the csnirlbutian”from a pole: of the lnm};n‘na of the convolution
. mugul.

<
The first term was “sxact", ' coming

The u.cond was ‘obtained as.the mu-l significan term from’ the

'nl Srané

|magu| W are’ lhul mmmbly

ﬁ 3(1 y) . and:

convinced -of _ the

vm‘m' an’infin=, b

lﬂllbuhhl. o \h.

7 -bm‘. plmcullr .n-nnan be

_‘udundlnl' variable i the hro«li




v

- - ¥

As a further suggestion. the “surface impedance® boundary condition
approximations that .aliowed us lo_-vm the function Vix.y) as given In.

for example, equation 4.20). needn’t have been' mads. W might Just

g . —
as well have prqond-d with the .approximation of V(x.y). as given more

% accurately In equation” (4.14). for example. ‘and left any impiications of
the nature of the refractive Indices of the madia for the final solution.
’ o cik
s ’
5 2 1 - i
. L
. o .
. F 4 y
s : i
A \
' i o '
¢ % o)
i o I R




= 118~

BIBLIOGRAPHY
P
Abramowitz. A.. & Stegun. |.. Handbook' of Mathematical Func-

a
tions. New York: Dover Publications. 1985.

Bremmer. H.. *The extension of Sommerfeld’s formula for the propa-

]
gation of radic waves overs a flat earth, %“dlﬂergn' conductivities of
the soll*. Physica’s Grav. 20, 441, 1954. 5 )
18) Carrler, G.F.. Krook. M., & Pearson, C.E.. Functions of a Complex
' Variable.“New York: MoGraw-Hill Book Gompany. 1988, . ' o s
“i Clgfinow, P.C.. “Radio propagation over a flat Earth across a boun- <
; _ dary separated by two difierent media’, Trans. Roy. Soc. (Londomy. *
248, 1,.1958 '
v 5 (51 Clemmow. P.C.." The Plane wave Spectrum. Representation of. Elec-
tromagnetic Flelds. Oxlord: Pergamon Press. 1966.
(6] Dirac. P.A.M.. “The Evolution of the Physicist's Plcture .of Nature®.
\ Sclentific American, " May. 1963,
7] Felnberg. E..:"On the propagation of radio waves along an Imperfact &
guriace’. J. Phys. Mosoow, 10, 410-440, 1946..
" % @ Fook. V.A., n and Problems.
Oxford: Pergamon 'le'm 1965, s s ’ s B .
19) Furuteu. K.. “Thé oaloulation of fleld strength' over mixed paths on a
) spherical earth®. J. Radio Aes. Labs. (Japan), S. 391-407. 1956.
;
1
)
. : .




= 3~
1101 Furutsu. K.. "A systematic theory of wave propagation over Irregular
. terrain. Radio Sclence, Vol. 17. 1037-1050. 1982. :
(111 Gradshteyn. 1.S.. & Ryzhik. |.W.. Tables of Integrals, i‘”." and

3
Products. New York. Academic Press, 1965 i

112) Hoohstadt. H.. /ntegral Equations. New York: John Wiley & Sons.

Inc., 1973. ~
A
1131 Hufford. G.A.. “An Integral equation approach to the problem of wave
propagation over Irregular surfaces®. Quart. Appl. ‘Math. 9. 391.
- : .
1952,

4] Idemen, M.. "The Maxwelks Equations in the Sense of Distributions’

IEEE ‘Trans. Ant. & Prop., September, 1973.

1151 Millington. G.. *Ground wave over . an
smooth sarth. Pt. I. Proc. Instn. Elect. Engrs., 96, 53. 1949,

[76] Monteath. G. D.. "Application of the compensation theorem to certain
radiation and propagation problems®. Proc. I.nsm.' Elect. Engrs., 98,
Pt 4, 23-30, 1851,

(171 Morse. P.M.. &\Feschbach, M.. Methods of Theoretical Physics, Vol.
7. New York: McGraw-Hill Book Company. 1953.

0181 Noble. B..' Msthods based on the Wiener-Hopt T:c‘l;n!-wo. New
York: Pergamon.Press. Ino.. 1968.

109 Papoulls. A.. The: Fourler Integral and Its Applications. New York:

McQraw-Hill. 1962.

S



- 120 -
!

£ N

)
[20] Roos, B.W.. -Analytic Functlons and Distributions in Physics and p

Engineering. New York: John Wiley & Sons Inc.. 1969.

(211 Sommerfeld. A.. Partlal Ditferential Evu.llona In Physics. New York:
Academic Press. 1949. - -
[22] Stratton. J.A.. Electromagnatic Theory. New York: McGraw-Hill Book

Company, 1941.

(23] van der Pol, B.. & Bremmer. H.. Ope.

tional Calculus. Cambridg:
Cambridge University Press. 1950. '
[24] Wait. J.R.. *Mixed path ground wave propagailon. 1. Short dis-

tances. J. Aes. nat.: Bur. ‘Stand. A7.-1-15. 1956

1251 Walt. J.R.. & Householder. J.. *Mixed- path. ground wave propagtion.
2. Larger distances.: J. Res. nat. Bur. Stand. 59. 16-26, 1957. . :

Advances In Radlo

[26] Wait, J.R.. ‘Electromagnetic Surface Wave
‘Research, Vol. i. New.York: Academic Press, 1964.,

1271 Walt. J.R.. Wave Propagation :rnury'. New York: Pergamon Préss.
1081, v X

(281 Wait." J.R.. *Bacent ‘analytical Investigations of slactromagnetic ground ¢

wave propagailon over Inhomogeneous

rth models®. IEEE Proc,, 62,
No. 8. 10811072, 1974. !

(29] Walsh, J.. On .the. theory of ll.lalram-gnollc propagation -across a

]
rough surtace and' calculation In the VHF réglon. Technical Report -
Prgpared. for the Detance Research. Estapghment Atiantic (DREA), :
1980. * : ’ ’

i@
e




-121 -

(30) Walsh, J.. Electromagnetic Propagation and Scatte! for Mixed Paths
with Multiple and Finite Discontinyities and Appiication to Remots Sens—
ing of Sea-ice with HF Radars. Technical Report to be published.

June. 1983. t

e ke



. +Bessel ‘function of order zaro. The. remaining (radlall Integral. with
; 5

A: of (3.158). (3.180). & (3.171) |
We shall focus our attention on the derivation of equation (3.171).°
since the—giher two equations can be derived by anaiogy.

it is possible to obtain equation (3.171). giving us an expression for

" ke .
Kn"(l.ytll‘ bl —

The procedure ls' clear: the x and y Integtation variables as well as the

two transform varlables are converted to pairs of plane polar coordinates.
; plane

Of the two Ihtegr

the one with ‘respect 1o the angular Variable yields a

Integration ‘limits 0 and =, can be found from a table of integrals (for

example. Gradshteyn & Ryzhik (1111, . i .
However. we shall Indicaie how the same result can- be derived via a

sémevwhat more subtie method. From equation (3.112). we know-that the

function K, (x.y.2) satisfles the ‘equation

PRy, + Ky, = RV IE [T
whereln ‘s o0 D
. W ke
K."(l,’.l) -T"— . (A.Q)..
- - Taking a three gimedsicnal Fourler- transform of equation (A. ). results
n
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wherein £.7. & ¢ correspond. respectively. to the x. y. & z Fourler

transform varlables. as defined partlally In equation (3.155). It we
v

denote, say

(A4,

then applying an Inverse Fourler transform from the ¢ to the z domaln

results in

— . - ez . .
o 1 o :
Kocen =5 [de (A.5).
a0 2’; ‘2 f,ll?. . .

o

ume that 42 >0 ttien’ the Intégral .In_dquation (4. 5) Is

lluu!ld. fz>0we cloll the |nugluﬂon contour ln the llpptr

if we

readily

half-plane nnd capture the pole at ¢ = fu : If 2:<'0 we close the comnur
In the lower half-plane and capture the pole at ¢ = ~lu: . . Hence.. we
find that

~lzly,

" u"; < D the situation .8 far more complicated, and many of -the '

questians connected with ‘the -solutions of the partial differental equation
(A1) are manitested.

To begin with. In the absencs of any boundary conditions, It is clear

~lkr

that both @ " /(4wr) Illd O”/!"I)

re- solutions . of -qnlﬂ:m (A1) : the

gethe

I'iolnnon will  thus aon.l!l of a linear solution - of these two

\

Rogte.aan = % i >0 . .6, .
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functions. Therefore. our expression (A.5) for the Fourler transform of

Koo Wil contain ‘information® not only on e '*'/(4mr).’ but aiso on

"™ /(air) as well. since we have no a priorl grounds for exciuding the
latter function.

Since uf < 0 it is clear that the Integrand In (A.5) will. have poles

" on the real axis. In order .o evaluate the Integral using the residue

theorem in this case. the usual method Is to:consider the resuit vﬂm\ B-
poles lie off the real axis. and then take the Iimit ds the poles fend'to the

real axis: l.e. the limit as the Imaginary parts of the poles tend to. zero.

This method allows the real axis Integration contour to be Indentad-

about the § pole.

The two dimensional  Fourler transform formally] defined for the

transform variables €. 7 real. The limiting process described in _the

can be by allowing the wave number k
1o have either a small positive or negalive Imaginary part. and leiting this
part tend to zero. Howaver. y

If we. say. choose k to have a small nega-
tive Imaginary part u.-n\g\tn the remainder of the text to ;aelllyn the
Wierer-Hop! decomposition procsssl. this is equivalent 1o applying a so-
call “radiation-condition” boundary condition 1o the solutions of (A.1) I

Jkr —lkr

the sense that 6'"/r will grow exponentially as r ~ = whereas o 'X"/r wil

decayy

Additionally, our choloe of branch of the multivalued square root func-

.tion, for & given chosfl) time dependence. Is Intimately connected with the

*choice" of ﬁlullan of (A.1): elther l-’"/(JW) or ll"/(Jlr). This will

Y
3

- ~

U
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effect the value of the function , . which Is In general multivalued In view
of equation (A.4). and hence ffect in turn the_nature of the poles of the
Integrand In equation (A.5). L

Without going Into the manifest anaiytical detalis>ye qu‘mn the result
again L@ o .

~lzly
e °

K'.(!.Vl.!) L 2u. (A.®)

i s At S
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APPENDIX B: Properties of the Function A (§) .

-

[
From equation (4.24) we find that ¥ 3

PR
R ’ 2+a® + v .

4 AD) = 3.1
i .
wherein, from equation (4.21). V& \

=g - . B2
and. from equation (4.19), .
z
-2 .
A v = 6.9
02

R {- %)

To .obtain “order of magnitude® estimates on the size of these vurloua
constants. we shall assume that medium 2 cnlgls!a of seawater, whose

conductivity o, Is, approximately 4 (mhos

and that the source frequency Is

18 MegaHeriz. For seawater we find that . 'Is about 80. Therefore, N
' i 01 %
+ from (B.4), we find = 1
2, =80 - x5 . 80 - 4000/ (8.5 ’
c2m x(1.8¢107)x ’ 7
X - e
for seawate

That 1s 10 say. the magnitude-of the Imaginary part of n’

. ln much greater than .that of the ‘real pan. Thus." In the cnmplox plane,

Teaebiys
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¢

nZ, lies in the fourth quadrant close to the negative Imaginary axis. Our

convention In choosing square roots tells us then that n,. lies In the '
fourth quadrant at approximately m/4 radians (actually. siightly less than
this] 1o the real axis. ’Th}: situation may be deplcted. alihdugh not t:
scale. by diagram B.1. - A ’ - S

Now. in order 1o facilitate most of the subsequent analysis. we shall
assumo that k has a smail negative Imaginary part. it the final result we
shall consider the limit as this Imaginary pafi of k.tands to zero: 'Consid- .
ering' .qumlon- (3.111), ‘we ses that this assumption carrupcnds to the
assumption that the Green functions K ;, . Koy- and Ky, “dle out” it/ever
80 slightly] as r = =,

Since, by definition. G : .
. 2my2 . = :
S :
we seo that. for 18 MHz waves. "

» k' 0.4 - Il

Since 7' Is the y Fourler transform variable, we know thiat it varles

Uormallyl along the feal axis from e to =. ‘Hence. 72 lles along ‘the real  *

axis between the origin and +e.

In view of the and
2

tells us What a® lies In the upper complex half-plane, off

m}cuop. a lles.In the Tirst quadrant, off the real axis. These resylts ai

depioted In diagram B.2, aithough not to scale. - N
.

s TN . -
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" equation (B.3) as

\
*
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It s worthwhile to consider the effect of our assumptiori that K has a -
fsmalll negative lm.gl'nury part.” Had we_nat made this ssumption. then
@ wouid lle entirely on ‘tho real axs »bnmin " and s and oo A
would gary along part of m- positive Imaginary and ail of the positive réal

axes. Our assumption has thuu pushbd a off the '.na. 80 "lll t ll”

definitely within the first quadrant for all_values of 7. ‘We shall see |”l
this will facliitate our Wluﬂ.r-ﬂnp' decomposition.

Since. for geawater. 2 , has a v.my large mngnnuu-, we may wrm

8o that

From diagram B.1 and our choice of branch ‘3’ ‘the square root function,
P 2

wa find that

. - . ~ "ul
2 E
combined to give diagram

Information from dlagram: 1 and B.2 may

'B.3 (again, not.to sc
“THrIpast 0¢10)1

phase of 3m/4.” Moreover, since nyy I relatively la
to'the

and k s about 0.4 at 18 MHz. we find.that v Is disturbingly clot

= - BeY.

thoughl, revealing that v .has an_ apiircximate -




recail that ‘we have’ chosen ‘that branch of |

function such that legma e s’ £ 4= on the: real -axls.” This Is
-

oquivalent to saying. that we are on that sheet of n\o Rlemann survaca of

5 the preceeding plrngrlph we realise that we may write

. This information Is most ussful in the asymptotic analysis .of

origin.

resuits !0 come.
We are now in a position to discuss the analytic properties of A ().

From (8.1 ‘It Is evident that R(A&,ﬁ\u branch-point - singularities at the

pointsa& = *ia: The zeros of A( however. are “mare - elusive. 'We

muitivalued square root

brénch - cuu as shown In- dl.urlm (s 4. From diagram

(8. 8) wn see ihﬂ -y will lie |l| (hc lour!ll quadrﬂn(. wllh q phasl nrlgla
of -between -7/4 [pnrhct conduc}od lnb-ﬂ/? (perfoot lnsululorL me;’

The Isqglhs and phuaa angles of.‘the “vectdrs*® (enmpl-x numbeml E * la”
and ¢ - /a “are shown 'In- dlagram (B:4). -along with the apprnxlmal.




o B9y ‘wil be ¥ roasonable upprwmuon

posttions-of v and -v. although not to scale: From the diagram we real-
180 ‘that. providbd @ 0. then A(E) will have twd zeros on “our” sheet of
the Riemann surface." at the points

case, sub-':"

feast for the physical yodm-uy to"-which we. shali’ restrict uumm- : Thus.

our analytic cuuh- will be ;uuuan a_poateriori.

From equaiion (4. 17 we _sée that [t the magnitude of n2, ‘ls suffi-
clently large. we may make the approximation 35 i

Vo %, vl med
: g Moy P
anaicgous, 1oequation (.8): For_example. It medium 1 s ‘chosen 1o be,

earth, MMMM' of the " refractive Index: will be large muwh s0 um .

- iy o B .

Ceear i ®.7.

\

LA HC (sig)



e = 18] =

D C: of 14.42) & (4.49)

Equation (4.40)*tells us that

» 1 ¢
et 2mJ"‘<e-n“ v T’Jﬁ‘_”(g?n—)
A3
i + E—-J-(J-;y il €. n.-
: ; G le ta?
whersin' T " Is the contour s’ shown in ulaq‘mm 4.1, and A Isa’ point
fing tetow-the contour,  Equation (C:1 may be written )
. ﬂaop(, i - s ety e ©.2;
VT 2 g wherein S 3 :
¢ (= [ae —— ©.9),
: 2 2 % rrl € @+ ad
i R ty = [dtertny ——s ..
. ) , 2 J‘ -0 GF, .5
- . .
Y and ! .
e B
g : o .5
LR ,f—iru A
5 T & +af
H
4 i uation 5c.5 may !u turther decomposed as
) o RSV TR | .8,
: 3 = ey : T
.0 . wherein \ T 8 N
i - )

€7




™ -2 -

d 1
’ gy = J“—ﬁ—ﬁ— .0,
H

Furthermore, we have the decompositions

1 2
Jy =y, t L) .10,

wherein
) . CHE ..
* ‘{“ Y &2
. g ) szfdz
. K = O Do g .19,
o ' = - .
- ‘I le m"’

The Integration Gontour T, Is shown in dlagram Crl. We may evaluate

(Cc.12),

(C.14.

each of the Inte¥rals given In (C.3). (C.4), and (C.11) through (C.14)
by closing the Integiation contour :In the upper hali-plane. In _thls event,
the pole at &=/T may be captured.

*The. contribution to

ch of the'precesding Integrais fram the semicir-

cular ponlon 01 the Integration .contour hndl to.zero as the radius of the 4
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’

is the only Integral among those given In i

semicircle tends to Infinty. /L
equations (C.11)_through (C.14) which captures the pole at §=/7. Con-
N

sidering equation (C.14) and dlagram C.1 we see that
» ! ,,

\\/ ;chlz_'z} .(.c.m. "“

In writing equation (C.15). we of course recognise that the phase of

[+ changes as we swing about the branch point g=/a. From equa-
tion (4.39) we may simplity the expression for Lz as- given In equation

(C.15) somaewhat to show that

- e . s
< Cl S N ;
L, = _% z);z‘J_m c.18); R

that is to say .
2m .
o= oo, «€.n.

wherein_ . .

g I 4

oM, 1;1—‘7—‘1 — SN

& Ay * ,2."2 -~ )

To evaluate_ the Integral 'M: we make the cﬁnnn- of varlable .
t. & = iasine ©.9,
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_ whereupon equation (C.18) becomes

AR (T I S
ﬂz-ﬂallnal
Therefore we have that

.ll/I

2 .
de
M= .E ,';2 e - SinF Y (C.20.
wherein N
sinp = 7a ! (c.21.

The Integration contour . In’ lquluon (C.20) Is shown In ul.gr.m c.2.

Now. M, maymr-mun

N ) ™2, fo
M, "z f

m{~[:;::11 T e

; ,[«- o37] " - el

mlog-ie”'?) .

z a2 s [BE ‘i:...[’:,?- ] b



avd ot el ’
log n“ [T!] l = loy (v]) .
e 1}!] o=ms2 -
so that \
et ” AP L S
ain 1;_!] © = togt-ie”'?) ) . .29

n/2

To amm-im the -correct branch of the log function In equation (C.25) we

consider ly-c speciat case when #=0.. In this event

Lz
"‘ )
mg [Iw(nl o/2) }””"' s
lln
We find that
[109 (oot a2 |772+/= ='10g [}57] + tog D> - -

that Is:
[10g oot 0720 |72+ w 1og 1™y = LE
Thus. In equation. (C.25) we know -that
Min liog ¢-1677] = L
0
which - wmon to fix the correct bunoh of the ]onlrlmm In  equation

(C.25).. We hl\l. then that

(c.28).

—

R sl



n
* - 13 - % U5
A
w/2+i=
)
- oo [T!] H oo
sin 4
- (=&,
BRI ZEE) c.2n.
30 that equation (C.24) becomes : / . .
S Yz XX ") ] el
. My = SV ) (c.2o.
" and hence. from equation (C.17).
iy = w_'a . . -

wherein” ¥ Is as given In equation (C.21).
The ‘evaluation of L, as ‘given In équation (C.21) paralleis ‘the above
analysis. Closing the contour In“the.upper haif-plane. we do not caplure

any pole. Hence. analogously to .quulov'- (C.18) we find
L= '2,"_(5 L ,—

Mlklng the same changes of variable as In equations (C. lD) and (C.21)

we obtain .
; v(zfl; B e : .
@ ; Lvl T Sy W6t ey ‘ .u?.s_n.),;
which’may hence be written ’ .t . .
. 'L‘ w2y lvnjﬂ- e ) X

72 ':;-T‘,-!]::T[—';!—]
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On noting that *
G ‘
s cos [—2-!] 20in [21¥) cos [25¥]
’ =
our ‘expression for L, becames
. /24w
[sm i}'l] .
b= ae' s, [ z] . .
LY iy .
; “ .
the e on the rig side of this last equation gives
“ "+ us. analogously to equation (C.25) .
B i 5
\\ ) (N m' ogue™'¥y .

As before (o.1. staps. leading from equation (C.25) to .(C.27)] we can
determine the correct branch of the log: function occurring In this last

expression. Our result is

- . 22 - 9 .
- Ly aCos¥ .3,

whereln ¥ Is as given In equation (C.21).

as given in equation (C.6), we

y 88 given In equation- (C. |'l) Again,

closing the contour In the upper hali-piane captures no pole and we find
that . E




_(C.30). with ¢ replacing ¥. Hence, from (C.31) and this! last ré¢
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Making the substitution as gjven In (C.19) leads.us to
Kyms é’”i’f Sine- x/la&\)
w72
so that by defining .
sing = Iva . (C.32)
we should obtain . ‘

\
FRST g T
Ve

nya Sn@¥sing

This " Integral expression for K, ' may' be evaluated like that In . equation

obtain

- —el /2 - ¢1 .
Ky L | s

wherein ¢ is .as given In equation "C. 3.

The results displayed In. equations (C.20), (C.S1). and (C.33) may
be gmployed In squations. (C.8) and (C.10) 1o ghve .

3 {-zmr/z-g 2Illr/2—ﬂ}

g, % “2m/2-9) | 2w | 2llw/2+91
£s acos v acosy

Thus. our for I, from equation (C.8) becomes

. sinim/2-9 l
2 7 %472 acoss




~ %
~ 1 -
RRLY &
- e O N (C.34).
2472 acosy  acosp(rZ+72)

Ye may solve for cosy and cos¢ from equations (C.21) and (C.32),
respectively. to: rewrite equation (¢ i

m o __2Nm{2-¢)

g
3 'V!i""
. 02472 B2 4 2 4
s 2Om2ewn

. Fy 02472 fa?-12

which. with the aid of equation (4.39). becomes
___2mw2-9

. T ol 2

_uowmerwin I
voa2er?) <y o~

.85

We have Tatt the Integrals for the terma /, and /, as given. respec-
tively. In-equations (C.3) and (C.4).” Since \ Is a point below the con-
tour T  we shall evaluate both integrals by closing the contour In the
upper haif-plane as shown in diagram (C.3).

From equations (C.3) and (C.4) we may thus write '

. SR
o I, = aey (C.38).
and g
" m %
. . W 2 = T o G O IN

q § ; : o .
Gathering the results arrayed In ‘equations: (C.35). (C.36), and (C.37)

we. miy solve for the left-hand side of Qquilhn (C.2) to yleld

.
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a

ﬁ{lanv_(l))l

[T M—
T 20a-xy T 2x=in

21N (m/2-¢) 2(\m/2+91T)

v [_m
. y
7 |POR-T1) ; B ,
I PR e T

This last equation may be simplified somewhat to produce

d .1 1 ) :
ﬁ“’""—“”} e-w f o= .

L nwe-@. Qw2
: QBT
1278 (B g2 T

hence equation (4.42). -

(C.39),
Now we shall consider (4.41). which told us that

o)

¢
4+

L (c.30,

wherein l'z is the Integration contour as shown in dlagram (4.1). and

now \ is a point Iying above the contour. The Integras In (C.39) may

be’ evaluated. for example. by closing the contour |J the lower half-~plane.

The analysis parallels that—af 3 preceeding pages. and the fingl result is

‘q O R N |
H"""f‘m} OHT@ C XAIT

3l fodl o S8
2»/)‘:5 =N g2
. 2



- - /
; / v
. ~ /
o i
Y WAm/249) , Qw2-pin g
5 3
a2 (Zr 2 T s =

wherein again ¢ and ¥ are as given in equations (C.32) and (C.21)..
respectively. This gives us equation (4.43) as desired.
‘

" ‘_\ \i‘
N
: |
/ & -
. \
b3 ‘ > .
g8
. 2w
1.
¥ -
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D: of (4.48) & (4.?)

qulntlcs (4.42) tolls us that o

g -
n[loq[r_().)l} =
v L v\we-¢ Gz

2. R
"‘XE*"E’ x2 + wWT+TT)

This equation may be broken down to give
“ . .
2 [rogtr (x01] = = gl b
x|/o9l- = Tm-Te PO

I . - ﬁ‘L
202+ | BOSTH L EO-TT

T —_—d P

L._/ . = 2472 l).2 +a% .
which may be formally integrated as
loglr_C2)) = =(1/2) log(A=1a) + Iag(x—lr)

Tlog(lzﬂ' )+ —"—nag [“""’]

z(F OP)( oy

wherein - A

) s BN I T v
w Taarin by w4017 [

_._\M...L eyt o SR

TR
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N i
Py - j‘-———"—-——— . %7,
@& -inlerd
y RS ;
¥ sand ) e ¢ e
T . -~

; . b - }-,t_u_

L vl *r’z)legm’ Y

™
The uymbol L] Is_defined mmugh -quqllon [{-} 82) ,u e

v A S o lln' -{ e
Y B
; o\ TM Integrands in - the npr-u&onl for P wul P .ar
i B ¥ { mp-cllvoly o umu 1n pquluon- (c. l!) and (c 14) dnnnlng L
l ¥ Lz"
+  gives
.
3 i
'
and e
Sy &g Ty T e & ) =z
i s .gu-u‘on (é_;z|). H-nn- from Apundll C.we realise nue iy e G
bk ) sin —F! g , K
® e Lif [ { 1 ]” s {
S % ; t P
~ 5




g

R

-From equations  (D.9) and (D.10). n_ap-cm-w. we. find that

< i :
v " ‘lﬂ'ﬂjxv_-lleav.azA .

i We shall now consider ‘equation (D.4) for P,.

. of variable as in' equition’ {D.7) ‘we obtain"’

“wherein' -and ¥ “al

t laas e
v 2 ;
Using standard lrlgon‘ommrlcal relations w._'m..y rewrlte this ‘last expression

: 5w Tl
5 4 cos (049

£y =Imm['"{1+a¢a18 w” '

which .becomes. upon evaluating the fimit

1 - cosfic +- sinQal K
#,0m w{w—ﬁ:—.mr%}\j y s, EFIEG

' cosn =

(D1

cosy = ~% v (D14,

20 that equation ‘(0. 12) becomas,

la’zfxrvlvl\ +a?

.15

m’ & (e,
again_ given, fupml'nw. by oquluom (D. 9) and

" @

0. 1\;; Once mln. honMppondlx C v llnd that

[—,!]" ]




which may be written as
’ ‘o=n
el 1+ cos(8+yp :
P2 = ~Zacow ["’9{1 = cos(6-1 4
or in an expanded form as
) . 0=n
p. == gt [iogf{1 2 cos6cosy - singsinm
a2 =~ Zacos¥ R R
Evaluating this expression .at the fimif, with the ald of equations (D.9).

(D.10). (D!13), ahd (D.14).. telis us that
4 102 = a7 - 19 B v a? A
P, =gtiog : ;
2 B9 B .
L R R s
) ; .

. "Hence. from equations”(D. 15) and (D.17). we find that
i 1 sarlinlhs
Py Py R — =]
1a + AT v ta’)
: Y 102 —ar = ivhE ¥ a®
. e iar 4 llez +qu

2 " oG, K
This .last expression may be simplified in stages to give

OZra? B - By P .

— v
f 4 P s olog 3
3 & ER 1 2 ; .
02+a?4D + 2o f\E va?) .
and finally 4 . ) :
: i . & N ’
s "

(D.17). » 2 f
g
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hera-,
Py

which may be. alternately written

P, + P, = Soga%er? + %loy“lz +a® - v]

1
FI.  j P: ;loﬂ

‘s
xp.\la) »
bty

(D.19) s

Using this expression for P, + P, In equation (D.2) ylelds

loqll m] = -(1/2)“(}-[!) + log(A=iT)

o

* 2‘;”' [‘(lkﬂ’"?,] = Ulmmlx + a* _

Lot us consider equation..(D.5). which gave us that

fd € 3 lln Ugza)

[ N e

On noting that
d a W0\ _;'
§ ) ,w—..—€__
% €24a®- 5 « w‘)l

and therefore that

g ’(,u;,.o.[,ﬁ’]
B L lg_.:f..

tg/a) oot |
) klvuﬂ ' le‘e'd! l(gfld’ S

(.20,

(.21,

2
.1 (D.22),

¥




-

hence equation (4. a.

af, o S s |
ﬁ[’"l"v“”} IOt T O
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v
our expression for P, becomes T
-1 XE L Hz tv
an” e !
i ) &

Jx tde—v]
a¢ (-/52+a.+ }\
'°97"’==i=—"_

Z1a? € +a" - v

(D.23).

We may thusly rewrite quation (D.20):

loglr_(MT = S(1/2)logtA-1a. + log(A+/7)

v [
¥ ﬁ."’“[(x—m

= (u2)l0g “xz’y:t" z v’], 2,

4 2 i v
N "“-"”V"’[mn h2 4 a? -y P _2_ b d¢ 4. [ Vv al e
Fia : 7 oo A
’ { ‘xg‘o ity ‘ 24a? et

V
We_ shall now m\'} bir adiariton oW an litprlnlwr\ ver loglr, (Wi

From ‘equation (4. 43) we have

d . LI
ax ’W'Q“”} = TOHT® | R
A2 4 ) o 2}

- )
124r% ey ¢E Lraderh

This equation may be broksn down to give
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\

+
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4(“”)] +a® 4(A—I7)JA + a? >

V\! .
.
a7 JAE +a? o A

which may be formally Integrated to give : 3

+

logli, (W] = (1/2) logtA+1@) = log(h +17)
'logu +7d + Z&Iog Atz

+ ;wl t f‘;’ + 2p; . . (D.25),

wherein Py Py and P, are defined. respectively. In equations (D.8)

" through D.5). By uubelumlng from equation (D.19) and (D.29). for the

qu'nllll.s F +.P, ‘and P . respectively, we obtain e ¥

toglr, M) = 1 mg(nm - logOA+17)
s 7 -
+ %log{h—_,— + (uznog“\ +a? v] 0.26),

le2¢a;’ -

T e
s LA 2
] M2+ o -
o™ /e b de
T } i lewr
o 52m2 B - v
hence equation (4.49) . ¥ B v L g
g S L
v i
+ "r N .
" 7,
3 ; ¢
A . X
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- on- of (4.51) and (4.54) .

From equation (4:50) we have the approximation to be made as given

by

wh e s D@2 ) .
JG 'fl 2ra2ce? ¥ &% .

wherain a. b. and c shall 'be chosen’ 50 lh-l lh. Inverse Irlnuqun of both

‘ED.

RCE) and R (&) shlrc the same slngullr h-havlnur a' the origin. area.

and 'second ‘moment, ) s

The a

and first two moments'of the inverse ‘transform of A (&) are
proportional to. respectively, R'(0), R'(0). and R"(0). whereln the prime
* denotes differentlation .with respect to £ (see Papoulls (19]l. From equa-

tion (E.1) We find that

asry’

ma)\-—»‘f e SE2
A =0 . e
’ L s s .
and v \
. - .
(0 = ; (E.4.
. Pl
Similarly. 1t is_easily:shown that
g o= : LR o
q )
Ao = e (E.5.
1 ‘asc® X ?
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.
i © A =0 -~ (el
i
and”
-
S LmE 2t T3
L ase®  ase® . a%dc®
22 . o )
52 <y
S 5 e J (E.D
ﬂlaﬂ ﬂﬂ“ . '

, ’
Requiring that the Inverse transforms of- A (&) add R, (¢) have the ‘same

. area demands. ‘from ‘equations (E.2) and (E.5). that - ~
4 7é°2 > P . ™
: N 0%, (E.®),
¥ - -t @
\ % i & & T
Bearing in_mind that we are irying to ‘approximate A (£). by a function
*A, (&) which has a relatively simple Wiener-Hop! decomposition. we shall
choose I & 5 -
a=a ~ o ES.
50 that. with the aid of equation (4.39). equation (E.8) becomes
ot :
cz (a-»)
- that is . b5 ¥
v A ¥
ai 2 g
2 ca .
Ll = €0,

Equality ‘of the second moments of the Inverae iransforms of A(E) and

Rl“’ allows us to write. from ‘equations (E.4) and. (E.5). with the ald

of equations (E\9). (E.10). and (4,89); -

8 i R B
’ . v_-:_v y 2¢ qv.)

e . i =
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_ tatw) _ 2atw)
o ac®
“This last equation Is readlly solved for c2 to yleld
% \

2 = 2ata-w) (B,

@ and so. from equation (E.10)."

5% = 24% . (B

Our approyimation to A(£) as given in equation (E.1) this becomes
ltaoq"’ tv .
LIGR -

ra? - ¥ N

- A -‘ 2+ B+ b?) (E.1®)
Ry ] 7, 2 et
€2 + a2 4 o)

wherein 5% and c? are as given In equations (E.11) and (E.12).

respeciively.  This.gives us squation (4.51). . A

It must now be l’!m that the Inverse Fourler l'l‘lll'm of both
RCE) and A (&) share the same singular behaviour [at the originl In the
x-domain. ‘From (E.1) and (E.13) we have that -

/

£ - o R v, ’
F"{nw} -}‘;Tu."‘[i: (B,
R . - [

; - PIRE W R )
F-‘["i“’} - fu ""d% (E-18),
Lt A he? 40%) e
2 a~

3
i
£
H




ss2 - “ L
whereln the symbol *F~'* Is taken to mean the Inverss- Fourler transform
operator for the x~¢ varlable pair. ’

We observe that the slngulur)ﬁ@uvluur of both the F~11A(£)] and B
(R;K()l functlons as x approaches zero Is determined by the Integrand
behaviour for large 1€ In squation (E.14) and (€.15). raspectivaly fsee.
for example. "(su‘ Both iniggrands approach unlty for large values of
1€1. 50 that FTIRCO)1 and F7'(R, ()] do Indeed share the same singu-
lar behaviour at the origin in the x—dmr;aln.‘ B ’
From equation (4.25). .
e

¢=+a’
s =

‘ . leeoaz‘ tu
We see that the expressions for -S(&) and A(E) are quite similar. In ,/

fact. from equation (4.28) we. have

neLe = —n(e)]y‘.,» - 3
Thus. from the preceeding analysis 'we ’:'m the approximation -
2eat i .
SO =t 1

v S .
: L 8% “Bleam. @ ni S 3
wg (ppuif FaIE +d) ;o . (E.18),
) '

L+ af)(e"’ + 6%
P

wherein a2 I given by
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& = 2ata - w €D,

and o is defined by equation (F.10). The function S, (&) has been
chosen 30 that both its Inverse tranform along with that of S(£) share the

same singular behaviour at the-origin. area. and second moment. Equa-

tlon (4.54) has thus been derived,
In order 'D effect the Wiener—Hop! decomposiiion of the plodlml of
R ¢£) and S (u {which will be the approximation to equation (4 23 )

ave to Investigate the analytic structure of (e, torms
€2+ 6% = e? + 2aa-v) (E.10).
&%+ a® = &2+ 2ata-w) 19,
appearing In equations (E.13) and (E.16). respectively. It is clear that

the term (€2 + b%) will vanish from the product of A& with 5 (D).

Factoring ‘equations (E. 18) and (E.19) leads to

€246 '= i - o (E.200.
5 : 3 A
_ ﬂz" ) = €+ id)ICE = id) (E.21).
whersin
¢ = {Zata-w E.22).
and S .
d = {Eata=m (.20,

; it Hp
and also wherein we've employed our usual convention for the chaice- of
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the branch of the multivalued square, root function. Now. a llgs #in the
first quadrant In the complex plane. relatively close to the real axis.
From the Appendix B. we know that (a-v) wil lle either in the first or
fourth quadrant, _don 1o the real axis. Hence. from our choice “of
N!hc'h M.Iﬁ.”ovl function. we see that c wil lle .either in the first or
fourth quadrant. and o ic and -ic will be entirely In. the upper or lower _
complex hali-planes, respectively. A: similar -argument holds for Id and ¢

-id. These ! may be a [approxi-
3 ‘ i

mately] as shown In diagram E. 1:' » .
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F: be

From equation (3.132) we have

(4.62) and (4.84) »

‘E‘,= { sE(“a)] (F. 1),
wherein. from equations (3.80) and (3.111)

2 T.E IE‘—N(V- )+ k | . (F.2).

(F9,

respectively. For our current- sgurce -J, we shall take an elémentary

ﬂﬂ'lﬂlmll!‘llll dipdle located at a height h above the ground lnﬂ\"ll a dis-

tance x, to the left of the vertical InteHace at x'=0. For this IIFOHIVID we
- 5 .

may write . ? 3
Jy =1 dl Blx+x,)0¢y) Otz =h)a, 3 (F.4).
Hence * 3 =
Vedy = 1dl Blx+x ) B(y)0 (z=h) . W
and so
2

Y(V-J’) = Jdl {B'(xflo)ﬂly)ﬂ'(!-ll)ﬂl + 0(1'!.10t(y)5'£l-h)5 >

< % f‘?(:fxn)ﬂ(y)P':(z-h}f,] .

S
Using this last result In equations (F.2) and (F.1) ?_wnl- that

e Al b
E, i “,J', [D(l'ln)bly)ﬂ (z h.)

b "

~
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| ; !
H B . :
T ., i
+ kzﬂlexn)B(yXB&-lll*}"l(u' . (F.5). i
i "G . !
Shifting the’ and the In this Idst.equa- 1 ¥
) tion allows us to write i
" {_a_z_.-lkr' o .-Ihr’}< S 2
: s, " Toe, | o2 T ko i
i & i
wherein - . . :
o BN 7 '
. Py {(ann)",&yz + u—n)"’} v (ELD. .
§ ‘ Carrying out the differentlation resuits In’ = { i
P = p N #
. sa-m? amez-m? ] i
Lo - L PR i
" ' 2 .-
- o/ . (F.®).
it wo now assumé that\ . . v ! I 1 .
: -r':u—na,)(" 30 TR
. - . 5 bl LS -1
= lLe. the “far-fleld" appraximation.. then equation’ (F.8) becomes. el ’
" i B ]
. . ) e 7 4
= 3 3 LAl
\ Ry (F.20),
. . = N -
i ' hence equation <4.81). *
s ,Taking a (L | -Fourler 4 of
. * allows us fo write approximately .
Lo . - . ~
Ll _ < g
\
. ’
b 3 Y
; . B ) ) 7 e =




i 7;7'
. Ml SN
e A
'!I..l:ﬂn-,lln
thus' tha -pprexlmmly, SO

‘Honce. appiying “an

T wm m MLAPFIMI! A!

inverse ¢

is as dcmud n .mmlon (3.172).
i &

'_‘“ +I€xn

5 = T‘, o
n Is the youn.r\un:’orm variable. and

,g_::/.

xa-l 711

.

Equation I

a-{

.0 r
2 ;
) v “asra L
e 3 X i
W. kﬂ” from . .qu.‘loﬂ A
equation grig e
y VQ{'T!], W2 ] = =ATOLx +x)0())BLz=h)
<* % ¥ ’ “ . 4 * E i ] )
Taking’ a three Fourier

of equation (F.12). gives

LI tells s Y

FRID, 4
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From oqu.uon u 86) \n hm

. 0P %
IﬁzDZ’x.yii -‘9“" T 7‘7%-57_7 @M.

@.2

Taking the’ limit- as . the ml-nn- height h lppmleh.t zoro. In . oqu-uom
(@1 ang (G.2) impiles that
i 5 TE ey
Vo ——— ug l'die
lim i DGx.y)1 = - &

W gL AR 0 . 2(1(?_«-3;[‘)

tx

- : LR
. " a deI 5 § l(x 3
% E ‘3
lg” u‘ ta
We shall’define the gowwon appearing In oquum G 32 follows
; ey - : o
M) = 1= : ;

T e

NP

s wadninik

e




1
o
4

N
referring 1o diagram ‘G.1 we find that .
Mp +‘[ + [ = omxresidue @ rmic ¢ @.5
branch .
g cut g —~

The residue of the ‘Integrand at A ='/o Is glven by

. .
e I,
' o (lxg + a®-ul

~ lim (A=io) o . 3
Ao €. - 002D

which 18 -equal to ~
b -ox,
Mo
& =Tag " L
80 nm -qu.uon 1G.5) becomes "

G.8)r

h

vy E k A
M+ |+ = _L"_' \

A ; MI T =700\
" out

\
“In lqulllnn’(B . oon-mr \

I it

mmlmnummmrr.nnnhmmpdme. b-nrlnglnmlndm-

orlentation of the traverse of the contour. we find that

ey Jo -
ax o %
@.p.
iy =m . ;
® 2 ' !lliod! va 37 e .-
Equullan . 6) momu Do . ;f L e e
m,o) '(TLIT @.8)
. T B
.
- - 5
g . -
- . 4 .
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N ns ¢

, To evaluate the Integral around the branch cut we realise that
~

. Ix, i ey

f = :" e SRR LR
brénon i fF |

the right-hand side of which may be simplitied to show that. say.

. )
e STREE

EvaPu?

By making the change of variable .

A =lasine S
equation (G.9) Eo_porﬁu o %
w2gle .
)| =2 f de 2
B R L]
) wﬁ-uln 5 ' °
and : . o e
. 82 = 42a?
Making the change'of variabie - © - )
NG C me-m2
. forces us to rewrite equation (G, 11, .
e ) ~ax cosy 0 la
' - I 48 - B Ve i@ s.
(cos¥=A) (ainy-82) .
; ! e o
i |
Lk
i R

Q.9.

@ m..

@.12),
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The further change of varlable (
z=y 4G.18)

whareln z Is NOT to be confused with our Carteslan spatial vatiable. yields

- o X cOShz i
I = ;"{u e e “@. 1.
e (goshz = A)(sinh’z + B%) ,

§ . i
We shall now approximately evaluate this Integral expression for | by
the method of stegpest descenis. The saddle-point of the Integrand.

which Is_given by ution of

]

found to be the point z = 0. whereat the exponent takes on the value

apest-descent path s that curve on which’ it
Im [—qo-m} = CONSTANT . .

wherein_the constant Is deYermined by the value of the function within the

brackets at the saddie point z = 0. Therefore. we find.that the equation

of ‘the steepest descent path is given by : 5

. m [-'-’ eog:u} = im. {—-.] (@.18).

3 ; ! b

Since x, Is real. the stespest descent path Is auiny Inflyenced by. the

.value of fcomplex] a.. A careful analysis reveals that the correct steepest.

¢+ descent .paths’ for varlous a values .are .ppl_'qlnil’hd by the curw lhov;n
- < . e o \.

FROTRIN
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in diagfam G.2. It IS to be remembared that a lies entirely in the oy H
qulduo, in the complex plane (ses Appendix 8). .

! . By closing the Integration path. as given In equation (G.17). as s

: shown In diagram G.3 we see that the dontribution from the vertical por- ¢

“tion of the contour will vanish in the limit. = Note that S.D.P. stands for

“stespest descent path”.

The Integral In equation (€. 17) /becomes

Xy I—rt ﬂnolhx)
llnh ze

| 1=
et - 8, JP. Ccosh'z = Ammn 2 + 8°)

@19,

The ‘quantity in brackets_ ( ) In the exponent is seen to be real and non-

b negative on the stoepest descent p:m.' We ‘shall now ‘make the assump- .
b o R * w

! b . S At i /
b It { 7 sinhZz + B2 = sinn®z @.20. *
: . . s

In_ view of ‘equation (G.13) and Appendix B this Is a reasonable assump-". ~ ¢

tion. especially since we shall only be considered -with the first order term .

. In’ the*asymptotic expsnsion Gf the. Integral In. equation (G.19). Note' that |
. = . ¢ U P e B
this 2 is o4 of B D&.pI_ for a

v

di when medium 1 is highly conducting. Equation  (G.19) thus
: o ) 3

" becomes approximately - - .
: ~x, [-a+dcoshz] : i
i dz S 5 |

Rt i

M-ldnu the charige of vm-blo R R . " 1
|
|

. &'+ dcoshz = 3 Sy (@.2n
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we obtain o .

\

x,
) actie ®
afZac1-A)
ald

Expanding the Itfml" In brackets in the Integrand and retaining -O(s) ‘rma‘

(@.22).

[t a e amte)

only,we find that %
TV e :
\—{ﬂp . [1+<:a1~--} (@.29).
afzZati-A> O
. Y
‘wherein the constant C is given by, s
a c--/L“'_“!y\_ G.24).
Integration of. -qunﬂon (a: 29) gives.
» 4 e k
1 LT attle ¢ou”2
- u{rn-m

‘and. assuming lhlt the Interta I. some dlnhnon away from )the ndrc-
d.e. lx,l;nnm.y-ln.nnmm. i

C@eet o .
Loe! -mﬁ, =1 @29
sumlnmng lrom equation. (G. 12) tells us that 5
o r Xy n- 2 ’ i
¥ (G.26).
. i
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Equation (G.8) Is thus approximated by

-ox, Igx
Mg = 22T L _me

+

L) x
o(E - 10)
2P ru. Fnal!

and In turn equation’ (G.3) by .

N -ox
—_—  uwid o
o | 2mpe . _
lln:)ﬁizﬁ_ z’“'")'-" 2w |oCE — 1o

B

‘hence equation ¢4.87). .,

2. v, Vi

SRS
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APPENDIX H: Derivation of equation (4.78)

From equations (4.71) and (4.72) we have

-ox,
ic)(ote)
TTI(E - 1d) (a+1) (6+d)

@
(& - i€ - le)tato)(ate)

. . (H. D,
- w4 [P, G-l@eE - I - @) atnatd) {@
and
y aan? -
gt : of = a® - 42
Raal -t - (H.2),.

c® = 2ata - .

respectively. Applying-.a two diménsional - Inverse Fourier transform to

equ-ﬂon (H, 1) results In o

;Oﬂ
L 2mueldl 2
+ 1l ex & - leriot
LI f"”-["“ T lv)(g = la)(un?aw)

- (2m?

N .T ]_-jd“,w'm_
i, =

o "t& -10)1(& - i6) (ata) (ate) !
=@ (¢ - ITE - 1dtar ard){a i

7" By virtue. of thie left-hand side of:this equdtion. we're Interested 'in

: > @ =2ata-w . ) /\

AL i AR i




- 166 -

H

evaluating the Integrals for values of x >0. Each integration with respect
1o the transform varlable € may be effected by closing the Integration con-

tour In the upper half complex ¢~ plane. In the first Integral we capture

the poles at /T and at /d: In the second Intagral we enclose the poles at

ia. I7. and id. We thus npruln) .

< iy -
o . amiun, um-dn % (grc) j, (r-¢) L e ®w@-0r] i
2z (2m?2 (o+1)(a14) U (r=dy (d-7)
iy -ax, ) :
2mip ol dl = (] 4
~ e (ata)ate) rba i

%
em? B (atT) ard) {a@ & . i

in_view: of the quantities defined: In oquation (H.2), the equation -
now In a position

CH.4) giving us Er s somewhat horréndous,  We !
when' judicious care must be taken If approximations are ‘o be ‘mnda with
the ultimate”aim of obtgning physically muunlnglul results.

We recall from the discussion preceeding gqu-m:n (4,51 that Gpproc
nd S C€). whonL

Imations were to be made: of the :functions R(£™
b

inverse transforms _retained the same. - singularity, area, .and 'second
momaent _as -the . original ‘functions.. We-'did.not want ‘spurlous zeros or .,

singularities to creep Into the approximations, “espdclally those _lying .near

the real g-axis’ that would gain an equal foofiig With or even overshadow

the acceptable. physical results. : ” »
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In our approdmation of TTEY by 7, TE) In‘equation (4.56) we admit-
.

ted new ‘poles and zeros Into the with the
2

respectively. of the tefms (£2 + c2) and (2 3. In view of oyr
declared Intentions In the®prac .alng plrlgrlph It would seem careless to
attach too much)slgnmnanc. to the effect of these terms In the final solu-
tion. . . 4

Indeed. consider the term e %% ocourring In both .of: the. integrals In
.

equation (H.4). . Subsequent analysis will bear out the fact that the signi-
ficant ‘confribution In ‘both integrals comes from that portion ofthé Integra=

tion contour near 7 = 0. l.e.

d In a_power serles, from equation (H.2), tells us’that 0 first order In 4/

o G_L'."l
;. TPy

If we now assume that Iul. € 1, we. find that

o P
'd‘"

" and so it x Is even. say. 10' metres’ away from the Interface ‘we should be

Justified in the ot'e ™ n .with & ™ or
—ox ¥ s - e 3 w/ 2
& . . In any event, for fixed x.we teadily see that the term.'e . an!y

slronqth-ns our neglect as x. Increases trecall that # has a negative. real -

paj n '. 'hus "‘.0".“. to Ipp’cllm.“ .ql’.“ﬁﬂ (H 4) by i
il rnag w“Tdn .’"' T (orerira)

. Totnitotdi(r-d)
2 »Z (2')2 i N (o+7) U.'?d s L ) .

@ = k'=.0(1) (se0 Appendix Bl. Expanding’

b




i 7 ~e8- - > '!

'lny—nn

| 2mip il dl 2
: — CH.5) .

4 " em

x [ommil2av-a®y | rx @rorarerr-orcreo)
2 2 @@t d> (- 7=y
Vzau-a® ;

i
- |
Once again. bearing In mind equation (H.2). the -terms i the 3
. Intagrals In" squation (H. 5 are still, excoadingly complicated. We-shall now o

locus our attention ‘on ahulnlng the most glgnlﬂcnnl terms ln an asymptotic

g expansion for ";Er To ‘thi

end e ‘shail mlko the ﬁmhw appmxlmqnonc
S " ’ . . a? a2

o ¢ -rzngz

%

SH.O -

" which ‘are conslstent with those o m “deriving - nquaﬂan 4 67) lso@

I . Appendix @l. Note that the physical diflarances betwesn the two' lowor

. ) medials still retalned in the terms c and d. for ‘example.. These last

are . to ou?® and 00 terms. =

Equation (H.5) thus becomes approximately -

g amup e Iy —atotegd ey gt . .
nggt '—ef"" o o ii!x.;'fek T 4
i i ¥ (am ateap - a%). .
.
| 2'lu uldl l'r:y-n(::: D oy .= o . ¢

fazan - ag)

as In equation (H.5). use. has been made of the relations In’

B : ool J
equation (H.2): _ This last ‘equation Is ‘equivalent to




wherein

T c2pn? o

2 iy
¢ o - A ’ .\
Tl e -’ (V
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