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Ly . #BSTRACT . !

. ; .

The' 'steady drift of ses ice in the Arctic Basin has
‘been calculated by using the: Finite Element Method, assuming
that the ice‘ is a viscous material. The Arctic, Basin is
discretized into 9 x 13 square elements Of size 250 km by 250 km.
The constitutive. relations proposed by Glen (1970) have been :
used in the modeling. The’ momexgtum and continuity equations °
are solved for the dce velocity due to wind stress ocean current
and ocean tilt. The drift has béen calculated for four seasons
in a span of two years by using proper Viscosities in summer

| 20d winter. The vector addition of ice velocities due to wind,

ocean current and’ tilt are plotted as combined velocities for
11 four seasons Summer 1, Winter 1, Summer 2 ang Winter 2.

N , . B awinE

The results of the Finite Element Method of gnalysis X g

are compared with that of the Fourier Transform Method (Hibler,
1976) and it is found that the refults obtained by both methods -
agree with each other in the middle'of' the Basin. . A ‘comparison e

between slip and no slip boundnry condition. is -also presented.
Boundary elements are used and an iterative procedure is
1lowed to incorporate the nonlinear boundary conditions.

_cirrents 'have been calculated by the Finite Element Method

formulation. It is obsérved that the pack ice velocities

are; harmionic as are the water velocities but with a time lag

which depends upon viscosity parameters of ice.
2 » :

Various velocity ‘tiélds have been plotted and A1L; .

patterns:af, calculated velocities are observed to be renli\st,ic.. X
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'young ide. Tbe other types: are pe.ncake e

. shores and padk ice. ‘The Arétic pack ice tovers.djrge aréas:

. L ol o
hundreds of meters across, and chb patches of Leads.. Eeads\eré’

_is not geuerally noticeable ta a person smmdiug on :.t ev,en 4

.w.‘cnd, currénts am the 1ntensxty of ccoling “There

are dlfferent types of ice 1h sea’ Water. Fresh needleleke

crystal‘s closing together form a unﬂorm sheet called

: tn;s

of the Arctic ocenn., The t!uckgess ot ice urles from zer:o -

to few meters., The pack icee sheets nte observed. dn

open .water or thin sheets ofr: ice 1n hhe Arctlc regxoﬂ Pack ice

Sea, the Cnnudinn Archipslngo, Davis Stmit a_nd

the t G!'esn].and Coast.’ : . L

Pnck ice mo\fes on 'the Slﬂ‘faee Df sea wB.tEx' due o, wind,
i ;
ocean currJnts, ‘body ‘forces ‘and interi ct;\on or -neighhoring .

"ce', As it moves, it may heap \Ip, lend 109 hno m’essure

ridges snd hummocks in the fox‘m Df rubble. .Thé drift. ot 1ce~ f
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“The drift of Jdce in the Arctic Easin has been discusSer
Nusen (1902) and Sverdrup- (1028) and it has been an dmpor-

th\nt reséarch tleld in recent years due to the recent discovery

Antarctic 1ce

QSr hydroc\arbon deposits in the Beaufort sod.
ritt was\ studied by Bremnecke (1921) and the deviation angle
3 hetween drift of ‘ice and W@d dxrection was found to be 34

o the left.

difection is 30° to the right. Nansen explained 'this devia-
[

] ticn‘ was due to the Coriolis force.

'+ % 2on the ‘suggestion of »ransen, \Ekman (1905) found that

thie e‘i:%gct}uf wind woild be up’toisome Qepth in sea water.
He observed that’the velocities of different 1a’yers would'
deviate " moré and more as we go deeper and_deeper in the
water but the magnnudes of velocity of different layers .-
;em;u exponentially with gspu_:. :‘ W,

‘Thére are permanent r.lrift :racks in’the Aretic Bastn
" which have been ohserveq}'{n recent‘ years fore closely thu.n
-ever before (Figure 1.1). . There is sufficient data available
‘to acquire a rather accurate picture of th/'evlong _term mean
‘drifi‘, The important drift tricks of ice in the Arctic Basin
-are a gyre in thé Behufort Sea and a transpol‘ar drift stream. '
The. drift pattern is very much wind driven. The’sinall diver-'

'_-gence and the 'difference 1n thevimpqrt and export of ice haVE

little eifect on. the %yre and the trnnspolnr dritt stren.m in
the uneri,or of' the anin. "

The_ Nansen and s\:erdng studies of the deviation
_anglé between the wind direction and the Arctic ice drift }\’-\L




uany scientists have’ proposed different models to\

¥ . .

predict the paclg 1ee drift in the Arctic Basin. The 1den
behind muthematical modeyh?/is to find out whet‘her
)

‘realistic flow fields could be calclrlnted and more 1mporﬁnt1y, -

“to’see whether the. pressure’ field within the ice cover can be

wn icd conditiony in R

‘interpreted sensibly in the 1ight

- différent areas of ‘the basin.

% » '

There are two aspects of sea ice modeling which are -
not well understcod; and duf'eré:ic theo¥ies on ice.drift have

been proposed due t’b nmited knowledge and datn. The'ﬂrst/

: .. scale, ind PRe second

.ice on'a.}arge 'scale.

« research in these two

aspeci‘:, deals with the behavior of pack

Considerable literature exists on the'

tields,

< aspect deals with the mechanical properties 6f ice in small

» Ice:is a crystalline matgxia.l with- hexagonal symmetry.

Its charagteristics, such as, thickness; quality, and type %

Ty of grain structure; are subject to varmbility with wenther. i

Elasticity, plnscicuty and all mechanical properties are -

Brine volume u sea’ice has a noticéable

" g . semsitive to temperature.; ,:
influence on its px‘ope&‘ties‘ " statistics and probability
theory are entering all fields q:‘.’ engineering, und their use

in ice st\yfias is 1nd1’spensab1e. Several yenrs of observ&tion

arenecessary to sstaptien usetil Litorsation rggarding ice
o - :

properties on'a amnll‘o'r large scale. S
; L

‘... ~In view of the above mentioned !factors sea ice has
‘been modeled as-a’viscous material by many scientists (Campbell,
-4

5 . . N

s
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1955 Glen,1970, Hibler, 1974), as a plastic mlterial by Coon
(1972), as an elnstle plastic material by Coon, et al (1974) nnd
as-an.inviscid fluid by Rothrock.(1973).

A finite element formlation of the viscous sea iee
model is presented here. Glen (1970) proposed the constltnth'l_e
‘relations, i Hibler and Tucker (1976) prox\:psed that the visco-

. sity _qafmetéra in the viscous sea ice’ model \vlry acco‘rding to
the seasoné In the iinite element _s{lllysls, a set of two

0 linenx dlrterentlnl equations with variable viscosity pua-
meters are solved to obtain velocities of pack ice which is
driven by wind, ocean cux:xent and ocean tilt. The results
obtained by the ‘finite elément method.are, in good agrecment
with those obtained by other ms_n;ods.‘ The advantage of the
finite element'l;:ethod is that it is capable of solving the
d.tﬂerentisl equltions over an irrezullr domain. Realistic
boundary, eond.itions P4 be tacorgornted by iatroducieg the
'bonnduy,elenents whose properties change according to the
conditions whether ice iﬁ:push!né into or pulling away from the
boundary. The results of computations are presented for-the
/steady state ice drift in.the Arctic Basin and the transtent
ice velocity of pack ice in the sti‘llt of Belle Isle which is

d‘riven by strong :;p‘u streams.




5% ‘. CHAPTER 2 e i

MECHANICAL BEHAVIOR OF PACK ICE

2.1 KINEMATICS 2 pe

The velocity field of pack’ice .varies in space and in

time. But velocltles alone are poox' indicators of ice behn—

vior because the mechnnlcnl behavior of pack ice is relnted

) ] to veloeity differences between' floes, or ‘the velocity gra-
dtents,. that is vorticity and strain rate. ' Velocity, gradients
_. may be well defined in a continuum, but in a real ice cover 4
. _théy are mot. - Abrupt changes may take place at floe boundaries.
To measure the response of ice to real weather'systems, ‘which
may vary over a periods of about a day, thé measurements
~.should be arranged over periods of less than a day. Temporal

X ]
averages are of not much use. If spacial averages are to be

useful, there must be & continuum lemgth of scale 1 which is

largg compared to floe size 1, and small compared to the
smallest ‘space scale 1, Gf the driving forces (Maykut,Thorndike
‘and Untersteiner,1972), that is, 1, is to.exist such.that -

(2.1)

‘The lengths 1, and 1‘ are not ﬁell defined b Sin the Arctic’

Ocean “ea rigid pieces of ice '.\n-zax- than 50 X across’ are '

‘rare, and 4 y in the Arctic Ocedn
. B 5
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i ‘are typically 1000 km to 2000 km 'across. - . 2 é ?
« Nye (1973a) proposed to smooth. the .velocity field e ‘ 3

"elininating variations shorter than 1. and then defining
\strain rates. But this idea is not practical. To obtain
.correct size of gauge length L, tWo methods have ‘been adopted:

. ' In the first method, strdin rates were simultaneously measired . ' i

. on a gauge of 100 km and on a gauge of 20 km and.less. If c
? : :

both, these gauge leéngths are within the continuum scales, the . -, |

me§§ured strain ratesiwould correlate perfectly. These

.. ™ measurements showed that the net dilatation over a 25 day - - -y
period (Hibler, et al, 1974) was strongly dependent .on the
gauge length. It was clesr that one did not obtain ttge-si;me

ik estimate of strain.rate by mensu;i\ng over these different
5 gange lengths. - In the second method, Nye and Thomas (1974)

showed that the variance of Strain rate measurements decreases

as the gauge length 1, increases, snd this effect was observed
upto a gauge lemgth of 100 km. From these two methods, 1%

appears that the continuum length scale is 100 km or ‘larger,

4t e 4 : From different data (Colony and Rash; 1075, Duabar and
Wittman,1963), we now have a good idea of typlcnl velocities,
vorticities nnd strain rates in the central -Arctic Ocean.
Pack ice moves at speeds of 10 km/day;_occasionally reachiug
twice that speed. The actual path tollawed by a point in the
‘.. ice is several times the net distance it travels over 'a period

At of months. 5




STbend s ey BEE e Tong ‘term averages are considerably
smaller. During the 40 da.y period documented by Thorndike
(1874),  the mean rates of divergence and shear (detined as

the sum and aiftgrence of principal strain rates) were 0. 001

and 0.002 per day, respectively. These mumbers reflect. the
‘tendency ‘of ice to deformmore in” shear than in divergence or .
convergence. . The vorticity (defined as the verncal compcnenr.
of ‘curl u, where u is’the’ veloclty), behiaves much the same i th‘e

rate of sShear.

From most 'of "these obsérvations, one can infer that
there is much difference between 'intra' and ‘interfloe’
strain, and that the strain which comtributes to the large
scale circulation of pack.ice s cnusea by the rélative

movement of pleces of icegdpd not by the continuous deformation

of pleces themselves.




2.2 THE. STATE  VARIABLES s OF " ICE COVER* % .

The study of the properties of _pack s 1%
complicated” as it depends 'on changes in Veuther Toe tce
thidkness mhy, ‘increase due.to ridging or rafting;or thermo-
‘dynni;dc changgs in weéthén Some .open’ leads may form due to

“ridging and rafting.Thus the continubusly varying characteris—

considered in the model of sea ice. There 'are différent

2=
ties gsuch as ‘compactness and thickness 0f ice must be
approaches followed by different scientlst? to- include

these effects ~ in tﬁeir models.

' In one approach, the compactness C-has been defined as*

the fraction of the area covered by ice. The remaining frac-

tion (l—C) 1s covered by open.water. Drogaitsev (1956) and '
Nikiforov (1957) assumed that the ice covered area C within
‘the total area B is conserved (dt 0). This means that only

the ‘area covered by open water (B-C) can change. Doromin

".(1970) modified the above equation by introducing a source

term'in the compactress equation to allow for thermodynamic

changes in C. In the case of ridging, one can include a sink

term in ‘the compactness equation.

e h g !

A different but more complete npproa'ch is to introduce
temns of ice thickness distribution, g(h), wmcp ‘is defined
as the ‘fractidn of the area covered by ice in'the thickness

s . S 1h, ! : §
band by to hy . and s given by Jﬁz'g-(h) db- . (Maykut. and -Thorndyke,
. : ; 5 g :

1973). T T : .. !




AIDJEX scientists (Coon, et al, 1974) used a function ¥ oas a

1 redistribution function in the thickness. distribution. “l‘his

Function describes the crention cf open ‘water and the transfer

‘of ice from one thickuess to another by rafting.and ridglng.

They lncctpornted the ahove concept in bhe elastic= plnstic

"“model .for sea ice. - . o s dF B N "

In the viscous ‘sea ice model pack 1ce is treateﬂ as a

viscous mnterinl which resists changes in area of ice:cover

7 by. the bul;g viscoslty modulus and the shear deformation by

" shear viscosity modulus. These viscosity parameters vary

according to the season. " o

?




where u is the ices (‘;Ko(clty whose components are u and v in

the x and 'y directions, f 'Ehe Coriolis parnmeter which is /

2 5 . equal to cwice the product of earth's rate of rotation an 3
) _Sine of lnutude k a unit vector nomnl to.x-y " plane./r/:he
ice’ mass por it area, F the force due to varintions in the
internal ice stress cx_ri- ij,j)‘ T and o ‘the wm:pr and air,
stresses on the ice, and § and'T the effect of long tdrm
.geostrophic currents and ocean.tilt oh the ice motion. The.

_ components of current and air stressés are given by a modified

Ekmaii layer .theory (Rothrock,1975).

B (cosg Ug - sing V) ¢

- ~*.B (slnf U, nooshN ) @
ot (2:3)
: G + wa' =D (-t‘:osB; (u-=U )+ sing (",‘Vw)}
G, + 7, =-D.{sing (u -U) *'cosd. (v -V,)}

where ¢ and s are Ekma.n nngles in the nir and water, respec-
tively, U and v -are ths x and y compunents of the geoscro—
phic. wind, and u dnd Vg are The x and vy components ‘0f the

« . .7 geostrophic ocein flow bene-th\me Eknan layer. ‘In equation - *




‘components linear in U
7

components are those
is neglected, the Sea ice is effectiYEw-
|

/ (2.3),. the
i V.. In the case when G-
1y considered to be moving dcross a.stagnant océan. The geos:
trophic current flow is computed from ocean height H -as tollfms
| : . .
| i B | (
\ K 2 : |
. e P |
: —gw-gflgxzﬂ»@ a8 (2:4)
B = ' . I
: where- g ‘is ‘the gravita &l acceleration.. fThe tilt - /,
\ " component is given.by RSBl : / .
. (s

¥

" i where p, 'is the demsity of‘air.

5 i . 3 - q S 5. &

< the darthi rotates about its axis (7.29x107° radians/sec),
a ve}osny vector oni’ 1t 'is :continuously changing relative to "

This chnnge 1\1 velocity pep -gecohd is'the CDriolis»

space’,
ncceleration nnd 1t 1s perpgndicular to bath the welooi

Innss we cannot neglect the Coriolis' force wﬂﬂch is given by

the first term in’ the momentun equmien (2.2).

For the steady state ’coqdigion) we have neglected the accele-
This S

Lo
ration term on the right hand ‘Side 6f equation (2.2)

J : 3,




12

was' discussed by B\lyxutlkiy (1951).° Rothrock - (1970) showed
“that- the ucceleration of pack ice 1§ of the ordér of 10™2cm/sec?
:as a typical value in the Al‘ctic anin on’ the.time scale of one
day:  But wheii’ two loes ‘collide, the time seale is very much.
" shorter than one day ‘and these. small scale accelérations are
almost certainly significant, in wigich case we have to include
" an' mu termion the right hand side o; equntion (2.2).

The defox‘mﬂtion behavior.of pack can be trented as.that of

a highly ﬂnmped material; . The wind drags the ice over'a relatively = 4 3
stutmnury ocenn, opposed mostly by water drag and resistance of
the ice cover tD deformation. The wind usually chnnges so slowly

that .the ice offers little in&rtial resistance to it.

The work of the wind is digsipated partly by work against intérnal

stress and partly by work on the ocean. ‘The kinetic energy of the

P,

1::9 cover and its changes are  relatively unimporixnt in »“the

o

Arctic Basin. PRI O

SE S




,'2.4 CONSTITUTIVE RELATIONS ' 2

. In order to integrate the momentum equation (2.2);
W " need constitutlve relations which relate the stress tensor to.
other variables in the problem In unrlerstnnding ice dynamlcs,

this his been the greatest sisgle stumbling block: Different

i scientists hava used qitfeljent constitutive relations treating ~
B © pack ide as a-viscous. matefial (Campbell’, 1985), Sn incompressible.

and inviscid fluid (Rothrock; ‘1973, & cavitating fluid (Niki-

forov et nl 1967 Doronin 1970), and an elns‘tic-plustie macerial
e

(Coon, et al, 1974). .. .
4

Glen (1970) discussed varicus constxtutivé rela"tlons

for & viscous mﬂdel anad proposed a constxtutxve ralatxon st g

i 5 B thnt the internal ice stress F is rela.ted to stress and strain,

§ =T rates in the. ice. The fqllowing are the relations. p(ropo,s

by Glen:
Oy T RN g Al S Mg 4y o 5 f B
. ) 2 P e ¥
IRy oy g Py B Vel B 2 e (B8N
i ﬁhere n and § are'shenr -and buik viséoslties chnrzct’eri.sing.
/ ‘the ice cover on the gaophysical\ scale, and € J are -the

strun rute .components.given below

,: . . s 'é‘id ?’i(“i,j*’ “j,i) ¥ ‘. « o

g 1 Senl ; ‘Substituting equations (2.7 to. 2.

“into

<




"G 3.8 ), a systen ‘of tuo coupled second nrder

equltlon
uneu- pu‘th.l duterentiu equltxons is obtained for the 2

drift ute u(x,y) and v(x,

Ii.bler and Tucker (1976) estmtod the v:lnes qt bulk

. ‘and .Shear viscdsities by correl\ltins _the.'observed and px{edicted
drift rates, and they found that:the viscosity values giving
& , the best fit between the observed and predicted:values show

,ﬂpronomeed selsonll vlriltion thn.t cnr}'elltes well thh 1ce

growth rate. 'A‘hey suuested the Iollowinx empirical J.inear

‘relaticnship betwéen viscésity and icé growth rate which .

yieldé predicuons sn rensonnble ngreement with both long

(ya-rly) uad short (monthly) term obsarved drift rntes. v e PO

15 M

P

wh CUo In(n) = 1n(z) =:0.92 fé> +24.73 g1 Fa (é.xo)‘- o Weie

% : 'here <G> is the 60 day averaged zm'th n.te 'hich vn-iea
lceording to umn. The _range ot bosc 1it ulnes of .

200 viscosity 18 fromt101° to 4zt u/sec. : w




R
selected poxnts (noder/o

or some other quantity};fossesses an’ xnflnxte number of, values becausé

R ximate functions called jnterpolntlon functions within euch :

‘o the values of the field variables at the nodnl points.

_ INTRODUCTION . - o T o~

i The: Finite Eiement ‘Method: 15 one o? the populax‘ numerical\

technigues which is:finding d place i a wide. variety of’ engi-

necring problems: - The approximate - soluuon is obtained af u few

o,
a_domain. - :

In's continuum problem or any dimension the field "

varxable( /it is pressure,- urk,

-veloeity, stress

it is a functinn of eacH‘generic point in the body or Solution .

region. Consequencly the problem is ome with.an ‘infinite number w5y e

of unknowns. In'the. fin)te ele’ment method the ‘solution region

‘xs discretized into elements.® Elément bor\mdaries are connected
wlth specified points called noks or nodal points.  Now we -

express the unknown tield variable in terms of assumed appro-

element‘ These iaterpolation. functions are defined in terms. ..

*fhus, the' problen is reduced’ to.one of . Hinite number of un-




- . nal appronch the wei.ghted residuals approach and the energy

f A ey following )‘.oqx‘ npproaches.— the direct approach, the variatios’ . - g

& balance: approach. The chofce of these™ Bppros.ches depends on 3
i G i, ) ;
£ the type of the px:ob_lem. . B wa AT

. In  the’present’ problem, we use’ nm vauatmnal ﬂpprcac.h.

In 'che clnssical variaticnal formulation, ‘the. pmblem 1s to

'+ find, the, unknown functlon or; funccions, which make sbationary

the varfational approach is “that it 1mplicit1y. T .

ac}lv;a.nwage,sffb

- s mpoi;es c;'he‘natural boundary conditions. Inthe finite ele—"t

'menc method we explicitly 1rnpose geometric bounduy condix T

tdons. Thus, in this method both types of. boundary-conditions . .

are satisfied. "The finite element mecncd can be applled to pro-
“ blems with complicated- boundsiry’ conditions am 1r{7egulnr

shnped bounda.ries. ' L8 i N . 2 ey ' ,

o e A
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th the inertial.

-vmi:o g (2.22) *

o I where ‘m s the change of fnomentum per unit area. Tn ‘sol- .

‘ving the momentum equation; we tike ice velocity components

as unknowns. ‘A compatible velocity field is assumed in

order,to have a continuum which ‘does not overlap or has

holes in it during deformation.

Strain rates are obfained by &

' E spaciul dif!erentlution of velocity components. Stress compo-

L . nents can’ be obtained in terms of strein rate “components by

the use of constitutive relations.» Thus, the set of two .equa- %

tions (2.2a) can be expressed in terms of velocity components

u. and

3 ° : For the finite element formulation, 'we need a func-

tional as explained in section (3.1), and.this is obtained

by multipXying the momentum equstiona (2.2&) ‘by variations of

[ou . &v] " 0 2m@sind. ] [uf K

e Y et af ¢ ) -2m0sin) - o lv




B

'+ [D coss.’. D s;Qg u-u,] +[8 cosy -8 sine][u,
D 'sinb . -D coso [|vv | 1B s1ne U B cose| v
R R o OO i
; w AR S B 0 m] [v.

- .

«.and 93 is the two dimensiunnl stress tensor whose’ components .

the vertlcllly ‘integrated qumunes across the thickness

K
‘are,
of pack 1ce. The units of o, ;. are force per unit Tength.

Integraung some of the terms in-the above equation

'(3.1) by parts, we can express the functional in the follow- |

dng form by using the

equation.(2:9): 0. £ . - ST o h

A
n= D sin8] [u]
3 v +2m@ sinA |
- ) ) &
, == D cos8 | |v,
P
D sin6] Uy
D.sind; D cosoj|V,




+ [ vvj.?cos¢ ‘—Bsi"n@ Y"g Bg T

* ¥
e B sing B cosy, Vg
N
+ v] [T,
:
k rl ; ‘
07 [u, j ; 4
0 vy 3 7
n \-\.yi‘v’xxv
[o, |
! . S . D
“m’ 5 v r tnt :
; (3:2)

where up, ut; i and T nt -&re the velocity and stress com-

ponents rels.tive to the coordinate” system n and. t which are

the unit cutward normal a.nd unit ts.ngent vectors at the boun— .

o
B
g% dnry, s is that part’of the boundary where bounduy forces -
k] E Care prescribed (see Figure a%2y. = :
% 6 g 3 't ;
In t.he nbcve funcciongl (3 2), we note that there ‘are =" ° ' %

j

some terms which represent ‘the Tate- o;! wark done hy exterdal - i

forces, nnd thera are otber terms which. represent the rate.of '

o

e energy. dlssipation.,‘ When the !unctionnl is entiomry @, a,sn-o).
N

R




by i . 3 &
the incremental rate of work done by external. forces is equil

tD the incremental rate of nex‘gy dissipution which takes

+place in the form DfA deformation .of pack ice; qrng due to

"water and the change of’kinetic energy.

AR

. : i ] A :
For the finite element formulation;. the functional (8.2)

over thie whole domain can be written as .the -sui of the function
over finite size elements into which the whole domain is

discretized: " Thus, we have . -

LR 3 LR : ’

where 1, rebreskite th Iuncticna.l (3.2) in which the integra-/

“tion 'is performed over element ‘area and boundnry.

& bilinesr interpolation function i assumed for each’

‘- of the velocity. components in & triangular element. The

derivation of element matrices, defining the element proper-

ties, iS given in the Appendix A. . These element matrices

are derived from the functional (3.2): After assembling the

.functional (3.2) in thé following form:

element matrices, we can represent the first variation of

: o e k
5 B\ Ef ;
om = 8{q)*(-TKIa} - (MIEQ) + Q)| =0 (3.3)
where [K] is the matrix deriyed from the energy dissipation
due ‘to water drag and deformation of pack ice,  [M1 the mass
matrix derived from' the kinetic energy expression, {q} the
p: 5 M / - 5

al

|




've1oc1cy vector ‘of -the syster.

generallsed forcs vector represantins the orces cnused by

wind, currents and ocean. tilt ‘and {q} tl}e ge'nernlised nodal

Sma@ Fm - el Y (3.4)

The above equations are solvéd to obtaih: the nodal
L : %y | s
velpcities of the system. - . For ' computations of pack :iece
tate velocities

arift.in the Arctic Basin, only thé'stead

are calunlnted due to the small Contrihutinn of the 1nertinl term

in relation to. the othier terms in the momentum equation (2.3).
Hence, we solve’ the following equation’ for Steady’ state pack
ice.drift. 5 ! S

E [K]{q\f‘ @) 5 e . S I

’l'he finite element program, written by Desai and Abel

v(1972), was modi!ied to compute velocity of. pnck 1ce \\sing ¥

the formulation gnﬁn above.. 'In_this program,-four triangular
elements are assembled to make a general quadrilateral element

by eliminating the internal node by the static condemsation

[Process (Desai dnd'Abel, 1972). ' The resulting n[;emlnc sys- *

‘tem' of equltions after nasembling the, elemsnt prcperties give *

rise to lnunsymmetric blnded matrix. A néw. subroutine was

written to 'solve & syatem of llgebrl.ic eq\lltinns with

2} ¥
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unsymmetric banded matrix by the method.of decompodition’ of

the matrix into lower and upper trisngular matrices. Several " .

-othe'r ,steps were incorporned in the ’p’ragrzm in order to com-

pute consistent genera]ised forces at the nodes which are des-
cribed in”Appendix A.. .
Runge-Kutta mehtod of integration OI the first order

equation (3.4) is also mcorpomted in the program in order
to compute time dependent velocity of'pack ice. For the first
order systemrin time, there is a characteristic time '?cr the'
system which is.an indicator of the res‘;{onse tiie of the

systemy and it depq}lds -upon “the inettial mass and the energy
dissipating pro{;erty of the system. When the vlscoslty pa.ra

meters are lirge, ss they are for the pack.ice in the Awnc £

Basin, the response.time is/small; and we' may as well solve
the steady state velocity of pack ice using equation . (3.5).

For the loosely. compacted ice, the viscosity parameters may. '
e amilil, aand we malintegtate tho-oquation (3.4) vding s time,

step equal toafraction of the chnrnct‘:erist_ic time of the

system. t =

A
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CHAPTER 4

RESULTS 'OF COMPUTATION ~ s

\

4.1 INTRODUCTION

“In this chapter, we present the results of finite ele-

ment umlysis of the ice dritt in che Arctic Ocean and in’thé

T Struit of Belle Isle using viscous sea ice model descrlbed in’
/

previous éhaptars 3

. In order to check the finite element computer-program,

- some hy cal c variations are assumed

and t'h'e Tesulting wind stress- (equations 2.3 and 2.6) is impo-
sed on the pack ice.  The results obtained by finite element
method were compared with the results obtained by Fourier

¥ Téansforn method. The agreement was found to be exeellent.
The program’ n; then used to compute velocity'o! pack ice due
to forces“caused by windg currents and ocean tilt. The velo-

cities of pack ice obtained from each forcing fl;nction were . super-

posed to obtain tha'overnll'ice velocity.. We: pressnt the résults
& " p ot our calculations for a two “year period using di!ferent vnlues
# . I

4 A -or visousitiee in' summer n.nd winter. i el

1 4 y L . \

W g * " 'The ‘finite element metyb'ﬂ allows one ‘ta prescribe any -
‘kind of kinematic

regular boundary.

b s ey




" 1in ‘the cases when the ice cover is pushed against the shoré..

* and when it.is receding from the ‘shore. A specisl boundary ER R
. 'olenent is incor and an iters scheme is followed . i
¢ i

-to ta.ke care of this spoell.l boundu-y eondiuon. s U

Tinully- we m—euent “the results of some of our cal—» 3t AN

wlltions on the muon uf dce ln tlie 'Strut of Belle Isle -




®
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¥
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&

" parsmeter) = 1.46 x 107 s7%.
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4.2 HYPOTHETICAL ATMOSPHERIC PRESSURE VARIATIONS

. In order to. eheck the finite element computer progrnln,

we calculate” the pack ‘ice velocitieé due.to. wind stresses anly, )
and we compare the results with the exact solution m . par— :
| ticular case Wwhen ‘the atmospheric préssure varjation is ngeu

by the following functiop.

‘J P(x,y) = P sin 3% sin ¥ : Al
where % =.2000 km and ?, = 1000 Pn(N/m ) .
‘¥ . This préssure variatiou creates a clockwise wind;velo~

‘city.ﬂeld around the centre of 2000 km by 2000 km squnre_‘nrea

.as shown .in Figure'4.1.  The geostrophic wihd velocity compo-

nents are obtained by using equation (2.6) &s follows

L]

Seivae cwPoll i iew
ug oT 3y T pf Sil.ll —cos—fx :
(4.2)
P
QRS ) SIS fal: PO ¢ 1y : ?
Ve ® pfax T pr oS g sing®

where p (density of air) ='1.3 kg m™® and f (Coriolis. . -
P ML
Thé comporients of air and water stresses are cbtained -

!rom eq,ui.tions (2. 3) using the foun-ing values of di!!erent

paraeters:. N
B.= 0.01462 kg 5t m 2"
{=.0.59 kg s m 2 )
¢ = 6= 3000 L s o <R
~ O .
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'The mass of ‘pack ice per unit area is caléulated from

H I the .average thickness: of'ice in the Arctic Basin:
n = 3.0 x 10° kgm\"2 i

lpstistas

. ... " The exact solution of pack ice drift overa stagnant

ocean due to the atmospheric préssure variations given in -

“equdffion’ (4.1) ‘is available using .the Fourier Transform méthod

in which' the solution .is repeated every 4000 km over an infi-

nite domain in’ the x and y directions.

For the

square .area is

‘size 250 knm by

for tﬁis case;

“ éxact solution ;

tinite e{ement analysis, the/ 2000 km by 2000 kn
discretizedBinto 8x8-64 square. elements.of
250 kin.  Whilé using finite element method
the values of ice velocity obtained from ‘the

are prescribed only at the boundary of a 2000 km

by 2000 km square.area 'to generate s aglutian inside. the area.

DR - The results of ‘the finite element nnalysis are compared
with the exuct solution using two_sets of vzlues o! shear nnd

i " bulk viscosttics: | = - ( . 2

n=g=2x100% ¢t ,

n=g=ax10ttkgst o ’ :
£ ’

In both cases,: an: excellent lgtemnent is nbtaiﬁd between
the exact solution a.nd the reenlts of tinite element mnlysls,
The' veloclty tlelds of. pu.ck 1ca are presented in Figure::4:2a

‘+ ¢ and Pigure 4.2b.

s,



J shgar md bulk viscns,ities wa's first pamted out by Hibler o

“ con'firms.

cunvergsnce when ' low unlues ot vlscosity nre usad) and

diver ence of pack ice ‘ocaurs “due to hlgh vnlues of. viscosity.

o eonve:gf for low vllues of. v:Lsuusityu For high vulues of

vViScosity.unck ice'otfers grea.ter ressscauce to. Coriolis .

rotce and it dlvetges undar the influence n! wind stresses.

of or. ‘divergence’ upon the valuesiof’

This check on tbe x‘esults Df ﬂnite eleq n nns,lysls

e rrect implemantntian ar tlnite element program




4.3 PACK ICE DRIFT IN ARCTIC OCEAN ) ,

* " The external folrces’.which ke the packtice move are
madily caused. by the geostrophic wiid, geosnmpﬂm'cunem’and
ocgan tilt. “The Coriélis’ force- and the drag force alsd.influ—
ence the novement of ‘pack ice and these forces are dependent
upon theice veldcity. -Since.the system of differential equa—
“tions governing the ‘motion. of pack tce arelimear, We cas: solve
for the. ice velocities due -to each forcing' tunction separgiely
and add . the dee velocity components obtained “from different
typés of forces to obtain the combined vel‘lcity of pack ‘ice.

- o

The Arctic Basin is discretized into 9x13 = 117 square
elements of size 250. km by 250 km as shown *in’Figure 4.3. For

the boundary, cond{tions, the velocity of ice mormal to.boundary

and the ‘tnng'e'nbti‘ll shear stresses at the boundary are prescri- -

bed to he‘_equal to ieio. “This means that the ice is lllOW‘E‘d

to- 51ip af the boundary without any frictional resistance from
the shore. The values of parameters used in the computations
are same as those in the previons section except fOl‘ the vealues.
OI shear nnd bulk viscoslties which are taken equal to 4X10 N

it for winter season.

kg for, sumer-\ season - and.3x10'" kg &7

" ‘The wind stress acting on the pack ice can be computed -
from the ‘xtmosphsric-. pressure data using equations '(2.3) and

(2.6)., Folu- sets of atmospheric pressure data; for the Arctic -

" Ba.sin were obtained from, the Cold Regions Resenx‘ch and Enginaer-

ing Laborstory, Hemover, N.H., (Hibler,1976 )., Bach sét. ot
data’is 180 day aversged atmospheric pressure at points on

5 NG T,




a 250 km by 250 km grid System in . the: Arc ic, Basnl. Thus,
5 o b
the itions were pi d us;ng -a ;c pr ur

data; given in Tables 4.1 to'a.4, for todr seasons Summer i

Winter 1, Summer 2 ‘and ‘Winter 2 and using coresponding values
b . ;

of ‘'viscosity, Figure 4.2\ghows the velocity” £T1d due to

wind only,  in ‘Summer 1.
N

! . 'The forces caused by the geosqopnrc currencs afid the ~

; ocenn 11t can be. calculated grom the oeeap: ‘height data using

equations (214 ‘and (2.5). The scean height data at polnts :

on the same 250 km'by 250 km’ grxd ystem was also’ uht_ained
'from the Cold Regions Research and Engineering Laboratory
(Hibler,1976 ). This data was generated from the long term

Coachman's (1974),0cean height values; which ds presented in

" Table'®.5. ;W0 sets of pack ice velocitids caused by ‘ocea:

- cul‘rent and, tilt were computed-.using di;lerent values of 'vis-

velncity tields caused by ocean current and tilt 1n Sumer 1.

> Il] order to obtain the’ VSchﬁtY fleld due to the comhi-
ned forces of wind, currents ‘and ocesn tilt, we add a11 the
-
velocity fields fol‘ each of the. four sensons considered here,, >

L The combined. velocicy ‘fields are shown 1n .Flgures 4.7 to 4. 10

for Sumer 1, Winter 1, Summer 2 and Winter 2, respectively.c’ z

. mhe results of finite elerient ‘adalysis are compared
with that of) Fourier Transfori method (Hibler,1976,) and this
that

comparison’ is shown in Figufe 4.11.”..We' note

'cosity for summer and winter. Pigures 4.5 and 4.6 show- the' | -




S s )
the results obtained from both methods agree with each.other
-in the middle of the basin. The difféiences near the:boundiry ~3
are due to the fact that different boundary conditions have
been assumed, for solution by the two methods.  In the Fourier ’ .. 2
_Transfors method, the solution repeats itself every 4000km in

the x and y direction. Slip type boundary cohditions have
We

“been assymed for the solution by finite element. method.

Jcan, also mote 'rom Figure.4.11" that the: Ln:'fuence' of different
boundary conditions exténds upco a dlstuce of lpproxlmntaly # ki ‘
i 750km. ‘A compnrison ot pu.ck ice drift velocity for Mnter b §
pressure data 1§ _presented in Figure 4. 12 when ‘the sup and
nn-slip boundary c’ondltlons are used. It, can be noted that‘

t‘e etfect of boundary condiuon extenda to a dlstn.nce 01 150km




4,4  BOUNDARY ELEuEm‘s'

S - The boundary conditlons that can be 1lnpcsed in the

either’ the ve“locuy B

mky not be'valid' when the psck ice’ edge 15 moving saway from:
the shore. because the\pack ice can not offer resistance 1n
tenslon. The 1mposit10n of houndary condition iust’ take care

5 - i
of ‘the condition whethe;‘ the pack ,i'ce edge is retreating from - :

the shore or p.ushing ‘against the shore: On the one band, “wheén

the pack ice boundary is moving ‘away “from the shore, the “boun= / +

* gary should be re to move without mny stress imposed on. it,

on the o@her ‘hand,’ whenn the pack. ice boundn.ry is pushing- against

the shore, the velocity normal to. the shore must be zero and
. the tangential sc;éss at the boundary must not be zero (pre-
fexably proportional-to the normal pressure ‘sccording:to

..Coulomb yield criteria). . . ' - -

‘The above boundary conditions c;nnot'be expr_essed linear-

1y. /in’terms of unknown velocity compouem{s ofapack ice.
Hance an 1terat1ve procedire is followed o incorporate ‘these

non—llnenr houndnry conditions wlth the help of bcundnry

elements\whose ms,terial-properties €N e.,viscosities) can be

chnnged ns\tha lterntive solution progresses.’. Thess houndary

g alaments ue\i:ng and not so wide elemel;ts placed at the boun—'
dnry “as’ shown l’igure 4,13z . The velocity at_the boundnry
nédes‘ are mpda ‘edual to zero. . .The mater;nl properties of !

t‘hese'/ eléments  are, first:6 taken to be the, same’




as thcse in the domain. ~ The nodal velocities of pack ice‘are

obtained and the sf.resses in thg boundary. elements are cnlcu—

1B.ted. If a.tensile stress exists in the direction normal to v‘

the boundary, the elément properties of the element are redu- :
ced to'a low value. It should be reduced to zero b\.\t this is
not done in order to avoid di!ficultles in numericul calcul&—
tions. This procedure of aobcuining the solution and checking

the stress-in the boundary element to change its material pro;

perties is Fepeated a number of times until we get the’ same
solution as in the previous iterative step.

In Figure 4.13, the boundary' eleménts Have a width of

25k and length of 250km. The computer program was modiffed

‘to incorporate the above iterative. procedure.  The results,of

computation of pack ice velocities due to ‘wind stress in

Summer 1 is presented in Figure 4. 14 Only -two iterations

WEI‘E necessary to obtain thls Tesult. "The velocity field in
Figure 4.14 -can he compared with the velocity field in Figurel
4.4, in'which o slip Houndary condition is imposed. These
caleulations were riot repested for all cases of driving forces
due to wind, currents and ‘tilt, because we only want to_demon- -
strate the feasibility of such an !J.'erntive solution lncorpn—

rating non-lirear bmmdl.ry condition.
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’l‘he strait of Belle Isle lies between Newfoundlnnd and

* Labrador (sge Figure 4.15)." The tidal streams. in. the strait
5 'move the pack ice to and fro, and the reversal in the direction .

of mﬁvem‘ent takes place évery 5 or 6 hours. ‘The Faculty of i

Epgineering af Memorial University of Newfoundland has accu-

milated extensive data on the movement of ice in the form of

time lapse photographs taken at Pointe Amour, Labrador, during

the year 1974-75. It can be obsetvedjx:om these photographs.
- that the pack ice reverses its direction, and some'sort of
o, e’y eddys in pack ice are formed at the time of reversal of -velo- - 3

city. i

* .An attempt is made’ to model the hmovement of pack ice

due to water movement in.--the strait by the finite element

X me.tbod. It is reported in the Labrador and Hudson Bay Pilot
T W (1965), issued by the Canadian Hydrographic Service, that the R
- tidal streams attain an average velocity of 2 to 3 knmots..

" “The west-going stream reaches its maximum rate about 2. hours:,

35 minutes before high ‘water at Hari-ington Harbour and the east-

going stream at ahout l;he same interval before low water t‘here.

The water movement nctually experienced are the resul-— “ o N
tant of these tidal streams and of currents whose direution
'a.ud rate ure largely determined by meteorolugicnl condi'tions.
Ths most unusunli‘d!scribution of currents. is an east-going
.~.k ¥ current nf:ros‘s‘the"whole of tbe»western'ent_&:nx}ce down ta.a depth.of

20 fathoms (44.m) and & west-going current at greater depths.
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Owing to the meteorological effects, the Tlow on any.
day'may be either predominantly westigoing or predominantly

éaét—going. for the currents will quite commonly be strong,

\ enough to overcome the weaker of the two streams. ' The strongest

east-going flows Sccur with the passage of a low pressure region

o .~ .over.northern Quebec and the resultant of the current and the

edst-going tidal stream may have rates up to 3% knots.. The .
/

strongest west-going flows occur when an atmospheric pressure

depression lies to the south of the strait and then the result-
i ant current -and west-going tidal stream may reach a Fate of up
to 5 knots on the northern side of the western entrance.

* : In order to model the movement of pack ice in the strait,

we dssume that the movement of water has a sinusoidal variation

with a peak velogity of 34 knots and 4 period of 12.5 Hoyds.

The interference:of currents due to matenrological cendxtions B

is not taken into account because this is a first study on

the movement of pack-ice in the strait. -
\ !

The strait of Belle Isle is discretized into fimite
size eleménts as shown in Figure 4.16. The forces acting on
", the pack ice are only ‘duc. to the current. The Ekman angle
in water is taken to be zero f¢r this case. 'ri:e system equa-—
tions (3.4) are first order differential equations with respect
i to[ time. The integration is performed according to the. 2nd )
' order, Runge-Kutta method with a'time step of 300" 6 900 séconds. i

The initial conditions are assumed to be zero. - There
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v Amess m (kg) 18 attached to a ‘linear, dnmpar of

e . ™ 3 35.
\ ¥ . R

- is'a characteristic time assaclated with. the 2irét order system

and the \ntegration procedure: remains ‘Stable as long as- the

integrating’ time Step is smaller than' the characteristic time.

The results of’ computntion are presented in Figures .

4.17 and 4. 18. . In  Figures. 'd:17: the velacity of pack

ice'at. the narowest séetion is plotted at différent Fime ‘

‘instants. The velocity remains constant throughout the.section

except near the boundary where a boundary layer effect exists.
At the time of the Velucity reversal, the velocity of pack ice o

‘near the shores reverses eulier than the main body of plck

" ice. .’ This non-uniform pack ice motion can be observed in the

time lapse photographs of ice in the strait, After a short

time, the.whole section starts to move'together in the. revérsed

“ direction.  “In  Figures “4.18.%: tHe velocity of pack ice

at the middle point of the narrowest section is plotted against,

“time.’ Plots of water velocity with respect to-time are also

shown 1n ' Figires''d.i8. ° It can bé observed that the

pack 1ce vélocity lags behind the water veldcity by a constant
time. .This time lag can' be explained with-the help of a simple
model. . i .- i ; Lo :

coeffi-
cient o (kg 7Y (see Figure 4. 19), such that thé free end of

th‘ damper hxs ' a’barmonic velocity of nmplitude U and

3 trequedci ' The resultant stendy state Yelocity of . the .mass

m. can.-be obtnined by solving the following egquation:




4 v Usin it 3 L sy
-y . 3 \
where -1 (s), the chamcterxsuc time of the system. The

,solutlon «of the above equation’can be written in' the following

- v(t) Vsln(wt-o) % RS

where | V= (1+1=m’)*'u "
tmo=m : : g i oy
) P & 7 i
¢ ('r 18 time lng) « 2
5 - 5 5 oo Sy i T s
. For small valiies of ¢, we can conclude thatithe. timé lag-T is i 7. ./

N 3

" equal to the characteristic time T.: '

If we vary the vnlues cf bulk -and :shear visuosi‘tiee An

Sur. model, we are essentillly,/varying the damping eoet!icient

L

il dnthe sxmpi\gned model. s o incréases; the characteristic

. time decreusas This trend is observed in. the computnt!on of

pack, ice velocity when the. vnlues of viscosity are cha.nged

shown 1n R Figures 4:185 If very'large values of visco o
sity are; uned the characteristic time would be very small,

, and 1t mey: notvbe,worthwhile to integrnte ‘the first order sys-

“tem equation, '(8 4).: In that cage, the time varying téim in iy

":-equation (3.4) may be 1gnored due to smuness of 1nartia>{ : ‘
Vi ¢ forces h com‘pnrison to the disslpltive forces in the system. \’/
!t is ftﬁ this reason- thzt steady stnte velocities are -
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calculated in the Aftic Basin whers the values cf viscosity

are very large .

From the time lapse photographs ot the pack-1ce notion
in the strait of Belle Isle, it is possible to determine the
i ‘instants when the reversal of ice motion took place.. As

nentioned. éarlier, the movement of water in the strait is cor-.

Foiaied Xo tide leveld st Habiagtos Warbes. ™ We sh#ine tHNE
the water. velosity in the strait 18 harmonic with febpdot to
“'time, With the help ot the 'Labrador and Hudson Bay Pilot,
(1965)" ‘and the 'Canadian Tide and Current Tables (1974, 1975,
1976)', we have been ﬁ)le’t(‘) determine the time instants of
water velocity re‘,é:xs Un (56 ntreit of those windiass :uys
when the pack iee motion was photographed. Tt is found that
the time 1ag between the reversals of wat’er‘: veloclfY'nnd that
of: the pdck ice'is approximately 18 to 29 minutes when there
is no'wind. i

The theoreticnl model can be mnde to s}mﬂ%ate the motion
of pack ice in the strait by properly choosing the vslues of
'

viscosity,  Computations are partormed for ‘three different

values of viscosity and the following table gives the .charac-

teristic time cox;esponrung to 'each value of viscosity used. &
% s nye g sl -z (seconds).

10%7 0“7 U 1980
1.2x108 1140

L 2,4%10° T 390




‘The nppronch of puuneterizing ths modsl 1s to choose
" those values 't bulk and shes,r viscosities which give" theoz‘e— a e

‘ticnl cime lag equal to. the utuul tlme 1ag

The nbove modsl describss the motion of pnck ice in~ /.

the ‘strait for a sinusoidal variations of wkter velocity. | -,

For- the determination of pack ice motion due“to-different.

meteorological conditions, one must first 'med'g'l the'movame‘nt-\ {

* of water through the strait taking many factors into account,"|

.8, ‘effect of the Moon and the Sun, atmospheric pressure;

bottom topography of the strait, ete.

X
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CHAPTER 5
DISCUSSTON AND CONCLUSTON

A number ‘of ipvestigatorsihave employed viscous sea ice

drift modeld over several years (Doronin,1970; Laikhtman,1962; -

Campbell;1965; Ribler,1974). In all those models, the stress.

i A :
transmitted ,through the sga ice cover on the geophysical.scale

is considered to be.a single valued function, usually linear,
o, the stratn ratestensor, \ In' sider 't nake e of s _viscous
type model; ‘it is necessary to have: some way of parameterizing
tne viscosity as a function of the staté of ice. Doronin (1970)
use@ a telationship between compactness and viscosity.: A sim-
pler- approach is to parameterize the viscosity to  first

approximation as. a function of thé thermodynmiés of the ice "

" cover; in particular the growth rate of ice as used by Hibler:

(1976b). . - ’ T =
R VB e
The" finite element formulation of &.viscous sea ice mdoel

has been accom‘b}ished'in ‘this thesis for both steady and non- '

"/ steady drift ve‘locity o; pack ice. The working of a .finite ele-’

“ment computer program is checked by comparing ' its sdlut'ion for’

a hypotueucnl pressurs variations with the exact solntion

obtained by Fourier ‘Transform method (Hibler,1976b), Poie

sets of pack ice valocity field in the Arctic Basin . are -




computed and plotted using six monthly averaged .n.tn}xspherXc 7
pressure data and long term ocean height. -

r = .

[_The slip type boundary condition is nmot strict]y valid

when pack ice pushes against the shore. When pack ice recedes

from the shore, free (ie. zero stress) boundary condition ;

' must be 1mposed. Thls non-linear behavior of bo\mdary condi-

s T

tions has been incorporated in the iterative procedurs by\a
) © , introducing boundary elements whdse properties chnnge accor-
ding to the state of stress; in the element.

When the forces acting on the. pack ice change rapidly

e and the response time for the ice to those forces is large,
: non-steady ice velocity has to be computed.  This has h;EH z
done for the to and fro motion of pack ice in the strait of .
-Belle tsie (ine ’: 'tidnl streams Vnnd currents. For a harmonic -
2 iy variation of tidal stream velocity with respect to time, the
pack ice vef{::y 18- also harmonic with a time lag with reapect
i to the water velocity. '.The time lag in the model can beé adju-
" | sted by varying the values of bulk and shear viscosities, and

-it can'be matched to thg"lctull time lag which has been deter-

: e r) 1
minéd in a few instances with.the help of time lapse. photog
phs ‘of ice motion and the tide tables. 5 vy :




SCOPE FOR' FURTHER' STUDY

This work has been the ﬂ_rst ‘step towards the finite
“element  formilation of the viscous modél for sea ice. More
detailed cmputltions,ot the pack: 120 velocity field can be
accomplished with better aticepherie pressire. duta and by
taking non-linelr hound-ry conditions into u.cccunt .over, an

irregular ‘domain.

The pack' 1ce drlft 1n the Etrlit of Belle Isle is
strongly influenced by the water movemént in the strait
which is the resultant of the tidal utreu'm and the currents
affected by the JMoon,” the Sun, and the meteorological cond- . -
“tions. Further studies on the pack ice drift in the Strait
should 1nclude'all the factors Anfluencing the water mpve-
ment.  This would l.lso shed some 1light om the question
» Ihether there is lny net i.uport or export of energy from
the Gulf of St.l"r?nce ‘through the Strl_l.t of Belle Isle.

: % :_ o

N e
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° TRIANGULAR ELEH:ENT FORMULATION

A bx-Lef discussion on the development of a triangular tinite
element is presented here. Figure ¥ A{-l shows a typical tri-
angular element with nodes 1,2, 3"numbered in antiglockwise
J gdirection. The following are the innerpolntion f\mctions for
%e veloglty componencs within the' trianguldr element: .

u =.0; F dx '+ ayy k 3

VS ay b skt agy (A.1)

We Can write the'sbove equatiéns in the following form:

8, ok R AR 0, o’ Q—u,'( :
o e e e e x gl D s (a.2)

a3
- ¥ oy B
L / .
5 3 ¥ os N
. > 1
- . as

>ot velocity componsnts at the nodes, we eliminf;te'the-uog!!i-

cients a's by the

of the ‘following equation




=i
u 17 x
us 1. Xy

s wl T 9
Va 0. -0
v o 0

_where u ina vj (1=1,3)

X and'y directions md

nodnl points 1,2 lnd 3.

Tea L T 6

yi-0" o ar (a.3)
a0 o az]

v - 0. o .

o 1 % "Xy Vi e s
Tl Tl |

0 * 1. 3] Lo p

are the nodal velocities in the
n.nd ¥y are the coordinntes of the

By inverting the nbove set.of equa-

_tions and substituting for the coefficients a's in equation

(A.2)," we get

o

Te] =L xy .0 0 0][2axs - 284, 2z 0 ) 0 JTu
: [v] [o 0 1 x y] Bi bBaF by -0 0 o |lu
. i et 9 el o ||
0°°70 0 2Ms 20 2hi||wm
i 0 6 o tbr b be ||
; ° 0o & e )l
; ‘ (A.4)
h - where. Ay =Ry kg ¥
Ca i Rt I e R T B ;
¥ ‘ b.- Va¥a . BimYaeYi By yiey P s
2A = aszb;-a;by = ajbs-asb, = lzﬁt't)bi v | %

to

“oo L Ftds (A.4) 1n terms ot

the n:tun.‘l coordinntu of the triuglc as follows:
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[u]'= [1.. R T R o.] w)= [Nlg, )

: v, 0. "0 0 Li L2 Lil|us a.5)
' : . us 3
3 Vi )
- 2 vi| o2
; - e ¥ Ly Vs,
where Ly = "211(“" +* i:,x + a1y

. Tl o= %—K(Hu + bax + azy) . .
5 3 "-'L.-i—;(zl\.z+b,x‘+-.y) e O
v ] g S e L, P P e Al

. e S {ag}s-the- zenenllsed nudshv’e:locity ventor. )

There isa cnnvenient farmnln for 1nugruting the
/" natural emrdin“es over the area »! a triul\llu element,
.and it is given belm'
) r ... plalr?
|AR A AT CorarayT 24
A

(A.8)
2 2 o . .

By di!lenntlutmé equl'ti‘on‘ (A.5), we ohr._ain the

fouo_wuk expression- for .the strain x-\no components: 3 .

LR B = a1 =Fgfn v TB. 0 0. 0 [w] =.Bl(ay}

(a.7)

L7
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There are four types of expressions in'the functionmal

(3.2) and'we shall deal with them one by ome. =~ - . i
o : s ;
Type it * = g .
The energy dissipation due to water drag, the rate
. of work done by Coriolis force and the rate of change of
kinetic energy can be expressed by an expression of the

following  form: il ¥

Substituting equation (A.5) into the above ‘expression, we have . ,’
b B ~

Lz 07| [P2y 'Pay 0.0 Ly Ly Lafjuz
: Ls 0 Y . “lus
0 Ly Vi
o Ly Va
0 L 3 R vs
=L ra tr 1q ) o S fas B B ealg
2 e P k ‘ 8 g K S )
whefe [K;] = A[Raa(s)- . Pin(S]] - and:C8] [

Fa
g .ml»v 5]‘“ )
s

EEEOR P £ B JPY -3 1§

lr-

iz

: _%”[ux W us vy va vslfLy 0 [p;,.p,,][x.,. L. Ly 0 0, .0 7[uylaa



‘atmospheric pressure data Qng the ocean height data by the Yo,

Sy ] : . a9

- The l’xinss,,mutrix ‘cu_n be derived from the-above term and it is

wriftgn as follows!

. [y, 1= m[g] - [0l
\

rol ms]

Type 2. -~ . ¢ ol i
1t ths £orces dwe to wind, ocean currents and ocean

tilt are  known, we can gruup the. second, third wd fourth

‘terms’in, the' iunctlonul as follows: . y

B

e v ) R ok (a:11)

¥ x,¥) : e

The functions F(x,y). and Fy(x,y) can be obtained from ‘the

use bf equnﬁons (2.'8 t6 2;6). ‘vWe ‘assume th'nt;F and F vary

linearly with respect to x and ¥ within the trhngulu elemsnt.

and we ‘can wrlte

Fel = L Lz Ly o »o_'o Fa] ¢ 4;12)
F, 0.0, 0 Ly Ly Lf|F,l -
Wy o e B
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3
. 4

whgre F’“. and ij. (i=1 tg 3) are the.‘vn.lueg of ?x and Fy T
at the nodes of the element’ - Now we can.write the expression

~ s

(A.11).in the following manner:

”[un wow vov w]fe o) [L.. Lo L 00 0 ‘i;o] Ty
e o flo o O huke LRy
) Ly "0 | B L
[ B F
Ly ; 1%,
i ol
) : 0 Lp : ryz/
e ; s 0 Ls l’yl,s
; g ] ‘/,
- ! .
CRE R (8.13)
) [E . F F]
.where {Q_} = Al x1 . _x2 , _ x3| i
e etz Y1z
F., T, F -
X1, -X2 . %3
12 %% 1
. S SRR T bt 4
x1 x2 x3
iz Y1z tE 5
|F,

i
+
lf:’
g
='%
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The ‘rate of enex"gy dissipation into the material defor-

mation is expressed by the £ollowing expression in the’func-

tional (3.2);

H.[u»x‘ Vig wigtvidfeen comn 0 M, T dA
2 Cfemn w0l L cAe) {5

S R 0 0

- %”(é)‘nuv(é) a

. %”(q;)‘[aﬁmrs)tqg'dn» A

1 A e 11
5 = glag [er{qe}v .
: v s . y
v{here' K1 = gx[ba 0 a]fe4n z-n ¢
“lbat 0 a cl-n T+

2 bs .0 as|[ 0 O 5
0o .ﬂl" by " . .
> % :
0 “az’ b ) 3 * &

‘In the. derivation of above .expressions, we have made use of ' .
: . . 5 s B
- ‘equations - (A.7), 'l‘he_mn"trlx [R] represents the constitutive+* . '

relations in terms ,o!*myod'ui]. of. visco‘aity. s
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Y=o sine+'1

52

Type 4. i A
The 1line integral term in the. functional (3.2) repre-

" gents the rate of work done by -the’p: d boundary'

and ft'can be presented in the following form:

Tiy  Wd[opg] dsi=|tu  vIxds o U(AS):
(- Sy
4 ' £,
. Tatd, .

A

gt
= 80 & LB . ’
(X =0y, cosb & T Bing - .
~ nt ©0S0 . .
and ' is ‘the angle between the outward normal ‘and x-n.xis.

Suppose that the element (e) fofms part of the boundary

‘curve S! as .shown ‘in Fig'ure A-2 and the nodes i 'and 'jJ 1lie

‘\ _‘/ on the bnuydary where the stresses are prescribed. We can

evaluate the: boundary integral in equation- (A.15) as sum of
‘integrnls,over‘ segments,, such as i-j.in F‘iguire ‘A-2.  We ‘can
express the x’/eloclt‘y compoxiénté at the boundary 1h terms of

values of" velocities, (“i' “J‘ vi nnd vJ) at -nodes 1 and J as
<

‘ tallowaA A B %
e gy 50 o ¥ A.16)
[u] ( -_fi—J-) ; ; P s ‘.\’1 e )
| v ; : S B
= o - 01~y | |v
: Ty Iy [
: v,

where 8 and liJ " are the nrc-‘-len'gths defined in Figure A-2.
I! ws assume that X l.nd Y -are also linearly varying alung

the boundlry sagment 1-,1, ws cnn specuy x nnd Y . ln terms




i

W . ot their’ no‘al values (xi, X

torln % o

Substitunns equntions (A 16) . a.nd (A 17) into* equntlon

(Al.’:),wemwe»‘ 2 i B s & &

: N g Cu; v’»v][x]‘d'.
T e 8 bl

h Ths tunccxonal in. equnion (s 2) can: be evalunted’ over

each elemant or tne discreti eﬂ aystern nccording to the pto-, k

Cedure’ given’ above . tor the xaur types ot expressiohs in the' .- S 3

W tunutionll. This leads:to: he developmant o( alemenc mltrlces

¥ n.nd ganenusedtlorce Ve tora whioh are ussembled ,n the usml




¢
3

3

manher. to give rise to an expx’ession of thé functional I :

tor \:he whole system.

K. {a_} “

ferm, e [me} [x](q)-a(q

-quJ ty ]{qe) + Gtiei+ {qb) (le ]

Har D) + (q)‘}g‘) e

o i woatartkI Cal

' where ‘thé‘ matrices [K] and:, [M] and “the ‘vectors {q} .and ..

{Q).. refer.to the entire discretized ‘system after assembling

' .. the element mafrices and Gpctnrs accorﬁing to. the usual pro-

cedure’of assenbly. in the finite element method.

The first varintion of the functional given in equation "
R

(A 19) Is written as follows.

‘1t 8{q) ' is to be ‘arbitrary, the aquation (A 20)
gives the following system equntions
[u-’](i)'ttxl{q] PR YU LY (A.’zn

The above first order dl!fersntinl equntlon with res-

pect tﬂ time cnn be 1ntegratad by any’ one ot the numaz-icl.l - ]

:lntegrntian pronedure.







e T Tal

| Blgre 1.1 - The pattern-of Beautort Sea gyre and” | |

T "\ transpolar drift stream in the Arctic. ' -
g Ocean.’ ‘. V7.* Gasgh o




GRS TR

_ Figure 4.1 . Wind velocity'field due to hypothetici

- atmospheric’ pressure variation.

* scalé: 7.5.m 871 per grid length. :
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