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Purpose of the Study .~ L R ©o
The main purpése of this study was to compare

the achievement and retention of Grade VIII students

ta’ught a unit on solving equations using Ga;(f‘ s

mex-axchmal Approach with. a. group usmg the Praditional’

Textbcok Sequence.
. Procedures
The investigation was carried out in three Grade
. v-ux classes in one school in Avondale, newfoundland."
The sample consisted of 76 student_s.\ These students were

randoitly assigned to "two groups of :the same size. - Orie

group was randomly assigned the Textbook Approach and the < - .-

other group the Hierarchical Approach. * . -

The Textbook Group learned how to solve first { - - 3
degree, one variable tions by ying a : \.__. ¢

booklet developed by following the exact seqnence of the

. ol st

i

textbopk that was used at thls grade level. The rueraxchncal
s Gtoup studied a programed buoklet prepaxed by following the

" ideas of Robert Gagné.. This approach conslsted of performing

i Ak HAIYELE oRthe: EeEinE SEYeCEIVE K SEEEY upE
learning hienarchy for ‘these skills, and.sequencingthese

5 tasks in the progtamed bouklet acccrdxng to the learning oF

hxex:qrcl;y. A prezequxsxte test would be gwen “the ¥

| Hierarchical-Group and students would begin thé ipstiuction

at the point yhere the prerequisite skills were mi_ssing.) &

.. =, {




The umn:- xecexved two ~ forty mhmt:e pexioél
of i.nsu'ur:t“ion_pe: day. -It took ten days tor the studantl

to gomplete the programed booklets. During the sr.udy, . 3 4

students remained in -their own classrooms and worked

entirely on their’ own with a minimal of teacher guidance:

il BT St\ldents were ‘not. aware that they had been divided :.nto B 2/

gzoups and were talﬁng part in a study. From the exterior,-

< §
Both instrudtion’ hooklets appeared to be the same..
Students were’ ngen a postteat one day after the

. completion of the instzucuon and a retention test was

given two weeks later. ‘These tests were alternate forms’
of each other. The statistical technique of the analysis °

of covariance was used to. if the i ” in,

.- achii and i the t:\m gtv:mps were

significant.” The level of significance was set at .05.

Conclusions - > X
5 > B The Hi ical 2 to i i

ignificantly bett: . h

Textbook Approach. - T -

2. . The Hi ical £ i

Y significantly better retention results than the’

Textbook Appruach - ‘ x I

The Biararchicﬂl Approach to mﬁtmction would he s . ¢

one method of re

A,
w

ng und rachievement in nur .

o

mathematics classrooms.
b

v
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_The probl.em of teaching students who do not achieve
in relationship to their. cnpahilxtzes is a complex one.t
Educators quite often ,attrihute their failure to‘laziness, o Y

lity and ional or

imaturity, 10vw’I.7q.,

fanily environment. There is. no doubt that all these |
factczs do ).nfluence a student's achievemenc jbut as Callahan
and Robinson (19{3) point out. : C
Often teachers- tend to overlook the contribution
- of poor -instruction and deficient abilities in
prerequ:.s:.te skills to undexachievement
(Callahan and Robinson, 1973, p.. 578). :
A1l too /often in teach:mq, instruction is given and
learning is /supposed t67ke Pline AwiEhoRE sufficient thuuqht
given to/the prerequisites or the sequencinq. Bassler and
Kolb . (1971) compare ‘this type‘of a teacher to a carpenter.

who tries to build a house without a blueprint.- They say:

He begins nailing lumber together, saws off ends .
. that seem’ to be sticking out, tacks on roofing
to exposed boards, puts plaster on rough surfaces,’
and generally goes through the motions of building »
a house. But without any kind of plan, the finished .
product .is likely to be a monstrosxty (Bassler and S
Kolb, 4971, P- 61).

Just as the £ to build a

needs a b]

hoise properly, teachers need a blueprint in order to ‘teach

effectively.

One great danger is that teachers snm\etimes

consider the textbook to be ‘the ideal blueprint.’ [This is

.indeed a'false assumption, Since ;if one were to eyamine the '’




placed. Tpachers sho' d«devexop the'

the 1nstruct10nal pro C

responsib1],1ty to ensur that their students kn_aw or ledrn;.

“are: 1gnored in the mstructi.onal process. Robert Gagne (1957)

' has? the preblem wel). in focus when he' says: f o f s

: If learning at anylevel is to occur with gxeatest

. facility, cdreful attention must be, paid to, th

2 3 : . prerequisites of 'such léarning. It will be dlff:.cu,lt

W e . forid'child to learn tHe-principles of geometry ° §
- unless he has prev_‘\ously acqutrqq the ‘coricepts af '

W . line, -angle, triangle,. mtersecnon, and 50 on'
et L ) (Gagne, 1967, P-. 202)




- 3 'gmse of ‘the Study . . i

tudy wxll attempt to- answet r_he follcwxng ' § R

questmn.» Hauld studenes q{:hieile bettenand retam more
maehemancs if teachers Followed a ertarchxcal Approach. £6 i
: mstructicn, instead of the Traditional Textbook Sequence?
“The Hxazarchical Approach, consists of detemxnlng the °
* ‘prerequisite capah:.lities £or the }earnlng taski by’
mnstmthng a 'leammq hxeraxchy for each terminal

‘objective.  The 1nstruct10nal §rocess wnuld‘stax:t ‘at’ the s

knew xll the

§. point’ im ‘the' hi wﬂere th

o sites fnis shauld effect;vely elinu.nate

/ any gays" in the 1earn.\ng process.

It is'based: on Gaqne '3

cheory of learning’ hierarcm.es. z 4, akiie

i Gagné's' Learning Hierarchy Theory: . g

\
. In'a report of'a study of mathematics learrung, Gaqne

(1962) h apphed the tam "léarnmg hxerarchy to refer to .
‘an ordered collection of sper::fic Lntellectual capab;].itxes.

Gagne hypothesxzed t:hat any “i! tellectrl skxIl can be
e, 1nte11ectual skills.

analyzeé mto a hxeratch 'of subordin:

These subordxnat:e. intellectual skllls (behavxvrs) are :

K arranqed in a’ sequence such that' all-the necessazy prerequisite

behavioxs are listed below a terminal behavxor. ‘The 1eazn1ng :

xax‘chy wonld xesemble the illustratxnn in Px.guy:e b T




" subordinate
.. 'Tasks

It is mpottant o note ‘that ‘tasks g and 2 are

p:erequisite for (:asks 5; 2'and 3 are pzereqmsn&e f,gr

3 and -4 are prerequisite for 7-‘{, 6, and’7 are Bre- '

" requisites for the final: task._ The acquisltxon of an Cois b
subordinate hehavioxs listed in ‘the learnlng h;erarchy is
hypnthesxzed to be ‘required ‘for -the acquisxtmn ‘of the,

ternu.nal behavicr of : the leamxng hiezazchy.

4" Gagné*s ‘detinition of Learning | ierarchies-has. been

pted by many resé < in this field. (Walbesser and .’

Eisenberg 1972; Kane, 1971; Briggs 1968; White 1974; and

|- AMS Commission on Sciem:e Bducation, 1568.\ NG

Gagne (1970) " Walbesser aId E;senberg (1972),

: “hn-_e (1974) ¥ and others agree that 1n ordex‘ to constxuct

a 1earn1ng hierarchy one must statt at the f(ermlnal obgectxve

i

and work backwaxds tor detexmine what the p:erequisxte




- ‘Yearning. must be.' One wuuld ccntlnually as’k e’ ‘question;

“what should the: learner already: kncw in oxdez\to learn this

new qapabxlity?" I_n essence, -one wou%d pe:fom a task

", anialysis of the temninl objective ‘ané\then sequence the

subtasks in'a hiérarchy: i s i )

m '.l‘tansfer i8 very 1mpot:ant: in Gagné s’ ‘theory’ of i
learninq hierarchies. s Strauss (1972) aptly pits e i

The key to Gagne s theory is positive transfer:
It is employed to describe how a chxld ascends a
.learning hierarchy (Strauss, 1972, p. 86)..

i

Positive transﬁer occurs when'an 1ndivxdual.

+ (1) learns capacxty x, which enables h1m to perfarm ‘a new .|

capacity. ¥, which he ‘could not perforn bafore he 1éarned X,

'or' (2) ‘learns Y more readxly s a x-esult of )rav.\.ng leamed

R “at x. Gagné (1970) believes has a store of. o

‘prerequisite knowledge, he wilk—trénsfer it horizontally
(at the same capacity level) and vertically (to the nex;:
ighest level n, thelearning h:.era:chy) ‘If on the othez
“hand, ha does not possess these -prereqnisites he. carmot

transfer it and he cannot move to the next hxghest level on ,

the }uerarchy.

Mathematics and Learning ﬁierarchx Theory

The crucial.point to is that atics ‘is

a very structured subject. In order'to learn effectively

and ‘meaningfully, students should have some’ structire ofthe

‘subject or topic in their cognitive domain.. Br

ler’ (1963) . -




" looks at‘ structuz‘e chis~'u§y. 2 3 -

Gxaspinq the structure of a suh;ace is understanding
it in.a way that permits many other things to be
related to it meaningfully. .To learn. structure, -

in short, is to learn how thinqs are related (Bruner,
n.

1963, p.
P - Using 'Gagné's method of breaking thg ‘sibject matter
into. leazning hieratchies would be an excellen!: way of"~

exposinq students to the y:elat;ons)ups that exist betweén

ai ic

of the currlcul\n‘l\. ‘As Gagné

(1970] says~ .
» .

Learning hierarchies are the best way to describe

the "stricturé" of any topic, course, or discipline.

They describe the intellectual skills the indivxdual-_

needs to possess in’ order to perform intellectual

: operations with that subject - to learn about it,

to. think about-it, to: solve p:nblems in it. «(Gagne,
.+ 1970, p. 245)
By Exgot:heses i
T The null hypothesxs for this study was stated as 2,
gsiacuss i ; e e s

"in achievement and retentxon of a class. of
F students taught: a mathemdtics topu: following
L8 *. Gagne's Hiexarchical Appreach and ‘a-class usan .

the Tradltlonal Textbook Sequence., > N

\' The alternate hypothesis was stated as- fouows.
There will be‘a an\niﬁlcant dxfference’ (P = .05) "

=
... in’achievement and retention of a.class of students

t:aught a mathematxcs topic following Gagne s 4

Hierarchical Approach and a class usihg the

Traditional Textbook Sequence.

There will be no significant difference (p = .05) /







CHAPTBR II

REVIEW of RELATED RESEARCH "AND' LITERATURE

Gagné's Initial Studies

‘K nmi.ber of studibs pertaining to the construction

2

and testi.nq of laarmng

have been cc by
the Unxvexsn;y of Maryland Project: in con:unction with
Robert Gagne. In the first of these studies reported by .

_-Gagné a5a /Partadise (1961) , the in‘vestigntor‘:s analyzed a -

final behavi by tracting solutions to

(" linear algebraic equations. . ‘The procedure identified
fhree immediate subordinate behaviors: The analysis was
_then repeatéd on each of the three subordinate behaviors
and yielded a learning hierarchy Of twenty-two behaviors
SoboL AL S b raTRAT DR e EERavES! desienad
. to test the hypothesis that the acq‘usltwn of a ternunal |
belavios. depends siop the, attamment of ‘a hierarchy of )
sabordinate behavibie, The Fesalts of the study supported’
the hypothesis. b g
“The hypothesis of the Gagne and Baruiize udy was
also investigated with different instructional miterials ia

repo:ted a study to test the hypothesxs ‘that ‘a final

i a léter 5tudy. Gagr}e, Mayor, Gerstens, and Parjxse (1962)

behavior of addxng 1ntegers depends upon the attainment of a,

s of this

hxetarchy of subux‘dxnate behaviors. The resulf




: suppurtinq behaviors. ; ». : A g

lxpe:iment provxde addxtional support for: :he cénclus’oh' «

énat acquisition of each behavi in a hi 1y is

upon the previous mastery of ‘the subordinate, relevent
Lo :
behaviors.
i " A third study by Gagné and, others (1963). continued.

thel experi icerning’ the ing of knowledge. As

/in the previous stidies; the initial step consisted of

defining final behaviors and using the analysis procedures.

& qe;cy:xibed previously to identify ‘a hierarchy of subordinate

capabilities. The study vas desxgne& to mveanate two

" hypotheses: (1) the attainment of éach behavior in the

hierarchy upon positive :rapsfer of training from the lowér
level capabilities, and (2) -such tranéfé; required high
recallability of all the next lav;er subordinate tasks. The
efp'ezimen‘tal data supported th§ conclusions of the preceding
studies, namely, the am—.amment of any behavior insa leaxninq
hierakchy ‘depends upon the achieverent. of ‘the relevant

Studies S{mrtxng Hi cal u S ‘A

meqana (1969) conducted a study of subardinate sf:ills
in"a science problem. -A learning hierazchy was constructed
indicating hypothesized prerequis\ite caphabil'ities‘for this

task. 'The -experiment confirmed the hypothesis that learning

‘of initially missing subordinate skills produced marked’
positive ‘transfer in the learning of-a complexproblem solving

‘ task in science.. -




scrambled sequences worked as well as the logical sequences : o™

- ¢ learned needed defxnitzans and matrix addition f1rst. [ Miller

" effeciency. 1o, g ous g /

. _-plus’ a contr

Miller (1969) _conducted a study using eight program

quences on matrix arithmetic. | . The results showed that

. . \ . .
for deﬁnitions and addition of matrices. - However, in

sequences where sub)ects were forced to ' learn mnr.rxx {
multiplicatl.on before lea:ninq defxn)tlcns and matnx

add:.tion, they perfomed sxgnificantly worse ' :han those who *,

concluded “that mastery of individual tasks in a’ hierarchy'
can be ac}cnmpollshed in several ways, including a scrambled
programmed sequence. . ‘However, a logical sequence still

"appears to be. the best in tems of’ Qve:all effectxveness and

Nxedemeyet, Erown, and Sulzen (1969) compared three
learning 'sequences. (loqlcal, scramb].ed, and reverse. frame ‘

orders): for a’ topic in grade nine E@}\aﬂ\atxcs. Sixteen: grade

nine algebra students in each of the three sequence qrpups,

roup; served as

e subjects. While the

!ogu:al urde: group was the only sgquehce gxoixi: to perform

significantly better than‘ the .controls on both a test 'of

‘concepts and a problem solving test, none of the three

sequence groups differed significantly from each other on

posttest performance. Logical group students did; however,

make’ siqniﬂbantly fewer program_ errors. They also tended

'to consxder che program "xnterestzng whereas sctamhled and

.xreverse order groups felt "neutral” about’ the prch‘am




TR

ap o Brown (1970) found that logical ‘sequencing facxlitated
-learning of programmed mat:hema.tmal materlals. - He concluded -
t'_hat \when a sequence involves tasks that are com_plex prchlem
solving beWrs, ‘ordering Ls an mportan't factor'in learnzng.
) okey and, Gagné (1»970) conducted arr ;mtezestmg s:udy
in science teaching, 'An initial instructicmal program on

solvinq solubllxty px'oduct p:obleu\s was studmd by a group.of

49, chem stry students. Fnllovung 1nstrnccion, pexfom\ance of

these students was measnred ‘on & criterion test and on 15

" kills identified -as subordinate ' to the £inal task.v .

Perfomance onsthese subordinate skills was tsed to locate! e

specx.fic skxlls faxled by ‘a ial number.of,

Gagna's-cumulative learning m£1 sezved as the basis for

identlfylng ‘the subcrdlnate skills and for predicting

instruction needed to overcome defeciencies. ' Twenty frames

\ wete added to the original program in aof:ozqan'ce_ with the

1earnin_g hierarchy. A group of 57 studehts then:studied this

— revised program. - Analysis of covariance showsd significant

differences favoring the group using the Teyvised program on. ..’
> -y E

a Sisure s S s ]

' Peytoh (1971) J.nvesthaf:ed f.he Gagne conjecture

. concerning the’ o:de:ing of conditions: vuthln a leanung

hierarchy. He concluded that achxevemenc at each 1eve1 of

che hiezarchy did medxate to. achxevement‘ at ‘the next leve].

in the hierarchy fxom the 1owzst level up to. and includxng,
prublem solvinq. Pl ; ‘, = e, :
Russell (1972) constructed and va].:.dated learnzng

',




"l'he differential effects of tence ‘on’ achi rement , z,

hierarchies. .com of’ p in ! u: geometry o

and tried I:o detem:me the Eeas:.h:.ht:y of " developmg a .

for‘ cs 7 tﬁinq . "

leaming hiez’axchxes for. each 1 unit of study.” He concluded -

that

hierarchi\cal method is-a very effectxve method Df

teac 1ng el Y

24 in cs i ) courses.

»huiips and ‘Kane (1973) conducted an experhnenc

Hhezeby fourth qraders were - taught addition of rational 2

numbers usxng ‘sevén. d;fferent r ¢ H Logxcal,
Random, Item' Diffxculty. Correlat:mn, Text.badk, and a

sequence developed by ms Commission on Sclence Education..

| B i o

:etentiqn, and :1ma to complete -the pxogtan‘ wa;

us:mg analysis of variance.: fio overall s;;gmfxcant differences *

" were ‘found at the .05 level.' However, ehé ? ratio of 2.12-" 5

for the analysis of variance on zetenuo/n was very near the;:

. éritical value 6f 2.15; The experimentdrs squest two

possible sources of error.in their experiment:’ ay Teachers -

may have ngen lncze help and ti.me than they were xnsttucted

toy (2) Exanunat1on of 'the responses revealed, that many
j'studem:s dia not write. theix aniswers dn ‘lowest ‘terms, there- ol
v hy gettmg the wmm; answer but: knowmg how to solve the .

prohlem. it 5 \- v - s

, Upnchard (1973) :eported a very practical stuﬂy on ;

the affect of seq\zence in the acquxsa.twn of three set. ’

relatiops,kby»pre-gchoole:s: - His'experiment shpylsd_ t;hat L




to be equwalence ) qreatez than

. pmbabxlxty. 5 oneé ' group of ‘studenes xecexved aA.nqically e, o

program and those who- completed. the "cramhxed pmgram

'tetennon of a hxerarchxcal task are" facxutated hy‘

sequenee does make a :lt‘ference. He concluded that t:he most
i 7
efficient ional I afe for. pre— Shoolers

in learninq equlv&lence P greater thnn' "less thnn v nppenrs

"1ess thnn" X

Callahan and Robinsun (1,973) stud).ed the effect of

using a hieruchical upp:oach thh underachl.evers in Sl o
ics. 'l'he S Lndicated that this method
vwoxked very well and it teduced underachievement. ‘, o Sl

Studies Rejecting- ]ugoxous Methods OF Content Seguencmg '
' Roe,/Case, and- Roe* (1962) conducted\a comparative

study of, sequencing using'a 71 Ltem program on elementary

. ‘ordered fom of the ptogram, and ‘one recewed a zandcm

version Of it.. A criterion test was administered to each

suh]ect nmedxately upon complat;on of che program. - ‘Nvo_ AR o

signincant differences were x:eportad on, tuue requ;xed

for learning; erxors dunnq 1eazn;mg, cx-:.ter:.on test score,
or time required For -eriterion test.”
2, I.evx.n and Baker (1963) teported a study in whxch a

60 1tem qeometry : for second g ¢ was

within 20 item blocks. The results shcwed no sxgniflcant

' differences’ in measure of acquisit;on, retention, or

transfer 'be’f.‘we‘ 'n ‘those who worked .through the ldgical

Merrill (1955) hypothesized that leam:.ng and’

g each successive part of r.he material hefore




-y deiayed retention tests-did ni

prcceequ to the neéxt step. The results ‘of ‘his ‘study did

not support the hypothesis.

proq:am on boplcs in :atm dand p:opo:cion wae p;esented

"'in, 1ogical and randon’Sequerices to raders.. 'The

3 i

‘ euthax: mpoxted substantxal differences in error rates which

¢ supported the n\texdependency of f_he frames.. ’l'he results,

.'hcmeve:, Hindicated that ‘the scram.bl.lng of: ‘fi'ames \{‘ittle)

Jifs any. effect upon learnh\q £16m the prcgram.

. Payne et al.. (1967) desiqned a etudy to examlne the
: effects of sc:ambling upon the 1eam1ng qi.three ptogrems

: The t.hree progrems were Ahked by ‘trained, mdependent !

jabservers from 1w to. faxrly high ;m logical :.nterdependence. B

It was hypothesized that | the effect of eeramblinq\would be

'greatest f£or- those, prograns deéaling with' tasks having't t'ne

n\ogt logu:alg; development. The' x.‘esults of both xmmed;ate and

conﬂm this )\ypothesis X

‘i"' 3 (1959) 88 cern over desxgn and .

_’methodologx_cal weaknesses of the stuches c;ted above.‘ He,

- claxmed that the items in che lagieal sequence were not”

hierarchical in. structure, He also pcum-.s ‘ut tha“. mzmy of

| ‘the ‘subjects already knewa iderable amount of mat: f 1

m‘1 ing g ’l‘hus,'any meaningf\ll
assesmem: of sequence effect on . leanu.ng was dxffxcul(: to

obtain .




s suhtasks in'a hiezatchy can be achieved’ in severa " way:

“a hierarchical structuxe still appeats to be the best m

) of the mstructzbn.

loqieal nna the xandom -‘sequence ":andom" He suggests t}\at 1

“even in some of the random aequences many of t:he \subtasks "

remain ‘in the hypnthesized ruezam)ucal ordering. i

1

In 'summary, it ars that of :.muvmua]. .

includinq leaxning from randcmly prchaxmned sequences. ch- 8

evez, as Miller (1959) pomted out, logxcal sequencing nto "

tezms of ovexal]. effeciency :and effectxveness. sevezal of

t:he s\tdxes xeviewed here Euggest f.hat ‘varying sequencEs of

instructiun does nct maka any difference in th effectx eness.

xrésearch* when he says- o '; o ,’(‘ ek ¥

'Considex: the pasitxve results w)uch were fmmd
from some.pf the experiments: feviewed, continued; i
research. is believed 'worthwhile on- the topic of ;
course, ‘or task stzuctﬁre, as’it ‘relates. to the{ -

‘of i n - (Bri 1968,,p. ‘118)




S ’l.‘his chapter desc:zbes the mannez in Hhich the

W 4 igation was X :t 1nc1udes ’a descx;pnon of
" the popu].acmn and sample used in the study ﬁ:‘e experin\encnl
-
ol -of .

desxgn. the xnntructxcnal appraﬂz;hes, the &

e

solvmg equat:lons St ine type (ax +b=c)
c are inceqers and agon pn\vious to’ the Atudy.

The sa.n\ple cun.sisted £ 78 eighth grads male
: % ' students.at Roncalli figh, School. Roncalli High 57h001 8

B i situated .in Avonda].e, Newfoundland at)d is’ under ‘the

ek R juris\hctinn of ‘the, Réman caehcl.u: School Board for
tn lment: uf 525 students 2

Cancapticm Bay Center.

11l grades seven tu

2 - in-grades seven to eleven all boys

nine and both ‘boys and gms in gzaie/s ten and eleven ihe %

5 sample used Has the entire graue eigm—. populanon of the

/ :

Thg particular schbol was chose‘

- 'school
fu; t:he study: ‘because

‘it happened to be. ‘the school where the :.nvestigator taughe.

The prxnc1pa1 'anﬂ teachexa of thi.s school were \vexy co—operative




zmd helpful duzing the study. ’Nn of thé mathematu:s
teachexs in’ the schaol helped ca:ty but the mvestxgation E
by supet\using the classes durinq the 1nstructional
penod. _‘ oy »,,',‘ 5N E

‘The instru tional Unxt

A unit ‘of work on solving equations at the grade

eight 1evel was selected for the study. The terminal.
ehjectvte for:the anit was-stated as’follows', Given any

- equatmq of the type ax + b= c, (where a; b, and c-are:’. e

inhegers and a R D) . the student will be able.to solve J.i

shwing each step 1n the process.” . - £ ow

UAf: first glance, this seens to bera fairly sinpie.

ub]ectxve but when one examines, it’ moret closely, 1: beccvmes [’

obvxous that there q, g nmnezenns prerequisites vh;ch the.

Student must, know, ‘or 1earn, in order. to unﬂexstam! the
princxple of ‘solving fusr. degree, ‘orie, variable equations.
- Thé Coricepts of solunon, equivalent equatmns,. idenuty
elements, asd inverse elements, SXGAY WEEH :qmmutatxve L
pnncxple, associative pnnciple, zerq prmc;.ple, clusure,'
and the basxc cyeratxons of integers must all be grasped
before one can meanianully learn how to solve equatxon&

it is the 1nvestlgator s belief that this section of . ’
work is: not properly ‘presented in some of our -textbooks.
The presentatxon, unless altered by the teacher, leaves -
gaps" “4n the lea:mnq prucess ‘and robs the student of the B

‘6pportunity to understand ‘the mathematics involved

ot B s s ek, |




" sequence whezeas the other used ‘the hie:axchmal sequence. g

" These mst:ucuonal approaches are described fuliy in the . .

. textbooks and which i3 a hg many matheatics’

without even consldenng other instructional apprcaches.

g presentatio

and'"in.the same sequence as the textbook. A copy of this .

G g R e
[ e gesgnte 5 -9 i, Ty
'mo opchrammed ;nstructwnal units were developed
hy the inveanatct to teach thxs \mxt qn solving equations. -

‘One ‘program -was developed using the traditional text-_bnak

next two sectmns of thxs chaptex.

Th Textbonk Aggroach To Instruction ) iy T, g
'.H\e Textbook Approach iouewea the traditionals. |

methadology which is! prevalent m many of our mathematn:s d

:‘Eiguxe -2 ‘shows what the investigator ‘considers to be the .. ‘. " Al

Textbook ‘Or. Conventional Model, of Ir;éj.xuction.‘ L
In developing the instructional booklet for the

Textbook Group, - the. following points acted ds guidélines:

(1) /The program followed the ‘exact sequence of the textbooks

Wsed af that grade level. 'V(2) No atfempt was made in the - iy

’ 1‘ imit to £1i any "gaps” that miight ‘exist in the textHook '

(3) Bxex:cxses of, the :ame i:ype as. in the
ttadxtmnal textbook wexe used in f_he mstructicnal unit.
(4). No mel:ham.sm was built into ‘the program to ensure. that
the student knew the prerequisite capabilities before he

1 " ;
procegded to higher level capahilit;_ies. In esqénce, the - N

investigator tried to ensure that the instructional unit .

exposed the student to ‘the’same material as the. ‘textbook,




Student paésed'pﬂvio@s
{ ‘grade’ or- has studied "

| students stdrt topic

:same 'point, piéqfe§
_same pace,and finish
same time.




insf_ruct:.mnal ‘booklet is’ included in the’ accompanyu\g ‘

bocrklec "Matetxals Developed For The Study N

The Hierarc! cal AEErc ch_To Instruct:.on E .

fhe Bierarchical Approich :nvolvgd the' usé of Gagné's

' ideas in ing the i ‘tructional material.. Figure 3
g:l,ves an overview ef this ap, rnal:h. y o :

A laannng hxe:archy as constructad th the teminal

3 objectxve by using Gagne s ap oz The leness 9;

a‘e~ esized "‘ archy -was d by expenenceﬂ L

5 mathematicu teachets and bk' subject mattex expe:ts. All

necessary rev;siens were mi .v The * tevised hnrarchy is

shown. in Appendix A, f S ;

¥ the 1ncemed1§te ob)ecti'ves, or.the obgect}wes of!
the’ subtasks, were stated in behavioral terms. These:

"objectlves can be found in Appemdix B. ) These mterm‘eﬂlate

Dbjectlves caver the em:u-e hxerarchy. e N
Pregramed instructlonal lessans were constx’ucked
fcr the intermadiate objectives. A copy of (:hese i sttuctmnal

lessons Yo, included, §ii the acco‘mpanyxng buoklet "Haterxal

eveloped For The Study - A check-point, or. min: quiz, =

was :mcluﬂed at, che end of each. lesson to ensure.that each

hed. an le level of p 3 onqéach

ot the. subtasks before he proceeded.  If'a’ 'v 's
per'fomance ona particu.laz lesson was unacceptable, then, he':

had to x‘epeat that lesson. before he was pernu.thed thproceed

Teo the- next ‘lesscn.




Specific Terminal Behavioral
: : Objectives

D

Conduct. a task’ analysis on

each terpinal opjective and -

set.up learning hilrarchies ' .-
(using Gagné's ideas)

E ecific intermediate objectives ' :

l ‘Administer prerequisite test-

Bégin instruction at' the point
in'the hierarchy where the
Student knews all’ the-prerequisites

o

Administer a quiz at the énd of
| ‘each:lesson.  If the student:
‘demonstrates that he knows this
ngatérial,' then he .proceédsf to

the next lesson

t Mmini\s§gr posttest




" copy of this test is included in Appendix C.  Since no student

s ]

L 1 . 22,

o B
‘A prerequisite test based on r)’ie intermediate

objective plus the inal i:bjecc,ivj determined the level

of of each with to the h- e .

_ Instruction began at the point Hhere the student had

all the juisite capabilities. The main

emphasis in this approach was that students learned the

' :prerequisites before they proceeded to higher level

capa!nlitxes, thereby ensuring that Lhere were no:"gaps" in
the learning ptoceu. s
Experimertal Design. - z
A pzaxequisita test was given t:o the entire population
(76 eighth grade, male students),two dayl before the instruction
was scheduled to begin. This prerequxsite test covered all
‘the prerequisite sEi12s a3 well ae tiis termindl objective. A -

demonstrated on this test that he could already perform the

" terminal objective, no onerwas dropped from the initial

population. 4

The a:ndencu were then Fmdmly assigned to two groups
of the same size, (38 students per group). One, group was
:andonly assigned the Hierarchical Approach and the other
gruup the Textbook Approach.

Three classei of students tpok part in the study. Each

‘class included both H).ex'ar::h:.cal Gxoup Btudents and Textbook -

" Group students; The Hierarchical Group used the booklets

prepared following the learning hierarchy and the Textbook

RO




" : i S Ly
Group used 'th/g booklet pfepared 'fol_lowing'the vt:extbook
sequence, | Instruction began on March29, 19?5 ami continued’

§ for ten’ days wn:h the students receiving two - onty minute
penods of mstrnctian pet day.‘ During the stud‘y students-,
r_vorked»entxxely on their own. :

Students weie given a'posttest ‘one day ster the
complet:xon of the - ;mstruction and a retention teﬁt was given
two weeks later. 'I;he posttest and -retention test were -

alte:nate forms qf the same exam

Variables .«

5 g
- Controll.

The xnvestxgatnr made every effort to cont:!'ol all
posslble 1ndependent van.ables and to0 eliminate any extzaneous
variables. : .

The teacher variable was eliminated by Gsing,
programed booklets.  Teachers, who sugérvised the clasées '
during the experiment, were given specific instructidns as
c; how much help thé students should be given. . Teachers were
requested not. to give sgudeﬁts extra instruction or individual
help. They werertold to help (students- only if instzuctiensé

“wete not lear, or if the.print was not &lear, or if there

was some confusion as to the procedure to-be followed.

‘ Thr the study, ts worked i 1y and
the booklets were collected at the end of each period.
"Puring the tep‘day period;vhen the study'was taking place,
the students studied no mathematics othér-than Hoxk\ from the
progxamed bookle:s. Students remained in. their ewm class-

xzooms for the duration of the study and were not aware that




they had hegn divided- into groups and were taking part in a

lf.udy. From the exterior both inst:uction bonklets appeared

to.be’the same: During. the two wedk period follow:mg the

1 “nn of the ins ion and before the rétention test ! oY

s was qxven, sStudents. did not study any mathematlcs since
" this vas theu: Easter holiday break. !
LIS T eyl

‘" Data Collected,

A posttest was given tn both. groups imedlately
follmng the completion of the progra.lned booklets. 'A copy-
v e ‘ of the pcsttest is 1nc1uded in Appendxx B.‘ The mean’ ax,‘uib
: standard dev:.ation was calculated for ‘each group. An

analysis of éovariance was used to see if the difference

g on the postcest means’ was siqnxf:xcant (p .05).' The

. prerequisite test results were used as a covanate.

‘In order to compare :etention, a test was given to
[ both groups two weeks after the completion of" the topic. . #

This retenticn test was' an alternate form of +the pnsttest."

a copy of the retention test is. included .in Appenaxx B.

The mean*and standard deviatmn were calculated for each

q:oup. TWO analys;s of CDVEILEHCES were Eattled out on

these results to ﬂetemlne if the dlffetence in means was

s;gmfxcant (p = .05). The pterequis).te test results were

A used as a covariate in one analysis, whereas the posttest

:esults were used in the other analysls. g

Lxmxtatxons B weng LR

’L‘he study had several cbvmus lxmtationa._ The- %

school where t:hé expari_men(: was conducted was_not’ selected




.,;ahdaqu. It luppansd tc be - r.he lchool -bere the
anestigaeor taught. ‘l‘he expttim( anulvad I relaé:vel'

o 4
small Bampll, 76 males rhe fact that the’ experhent was’ . :

. carried out vith ulel‘on].y,ny xndicuta that e can wt =
MW 'l'he unit of vo:k Qled was fairly,
s;x S0 ‘there miigh! be au-e mgax h: qenaxalizinq

the xenu.ltl to a mqer segnenc o£ wotk, or'to.a’ com:lete -




CHAPTER IV o

AHALYSIS oF DATA

TP This chapcer presents the ﬂndings oi the study.‘ &
\The resu].t:s of each of the analysis used in testimj the *

hypnthes;s are given.

i

: sta:ted. ‘The re,sul‘




Posttest Results

L - " At the end of ‘the ‘instruction period both groups
were given a posttest which tested the students performance

on ‘the terminal objective. -The results of this test

TABLE 2

. Posttest Results s e . ; ..

| ‘Standara’ Deviation

. - appear in Table 2. e ' B 3 o

\ Haan
i !l‘extbook s 38y L ‘21‘.546"
: Hie:archical o= 33) | aguay

At first glailce it‘ seemed tlla.t the ins’txucﬁon had

a neqative effect on t.he Mtbook Gx‘oup. They obtained a

N o
33.47% ge on. the ite test toa

21:84% average on the posttest. But when one examines the

nature of the two tests, the reason for this discrepancy
“can. easily be seeh.. The ‘b:erequisitz test was based

uml.y on the -ﬂ'n sxills 'the test was

=t bzued entirely on 'the temi.na} objecti.ve. Hany of f_he

'rexf_book Gtoup knew how to periom these limpler
pxerequ:.site skius but they ccmld not paxfom the highaz‘

:level capabuity ot uolvinq fS,zst degree, one vaxiable i

= equations ;

27




| ‘a.covariage." The results of this analysis are given in"

TABLE 3.

k ; \ :
- r... iBnalysis of Covarianceof the’Posttest Results
- Using the Prerequisite. Test :Résults .as a.Covariate *

Source of

{Variance arf .

leM418" " 32209 ;

valne of 53 3. Even at the .01 evel o£ siqnifxcance,the e e

N Hierarchu:al Group tesults were! ,gnificanuy better than

the’ Textboqk Group result!. 5 '

Retellti.

e A
. Apprax.\mat:ely two weeks, after the J.nstructxon had

ended both gruups weze given a retem.ion tesf_. 'J.‘his test 8

was: an alterx; fom of the .p € Tha results of

st appear in Table 4

. this |




. O Y TABLE4
'Retentiop Test Results = &

3 Grdup . ‘Standard beviatj.an 3
4 " a ) Sor 2 - i
i . Textbook (N = 38) .. 14i328 0 .0 ¥ aalge v T

Hierarchical (N'= 38) % . 31.61%" e )

: The. esults of “the retentmn tes: were very

N, "o e disappomt.mg. students dn, both grcups zetained far :I.ess

tha the reseazaher had anuczpated There may have be

et i many reasons for! r_h1s poor pet(amnce on the retentmn e My

test. One nf the most i.mportant reasons. was the tun.mg

'. of’ i:he exam.— Students wete given the exum ‘on’ the ﬁxst day '

v f oi classes aftet theu: Raster break. im ‘y had; ‘no puoz

G nonce ct the ‘exam. The teachexs who! supervxs:d the exam.”

e 5 not:d that some lof the stuﬂents were nat vér enthuslasuc A

exactly alike.

. Tvo analyses of covanances weté carried o 4

3 the retenuon test results. One’ analyaxs

lts as‘a covariuteuhereas the-

e pzerequisite test

other used the pos{:est résults as’ the covariate. The
& 3 results cf the/fxrst analysis are: qiven in;l'gble - P




Analysis of cavauance ‘of - Retent:x.an Test Results
leing r.he Prerequis).te Test Result:s ‘as a@ova te L

Source of . ag

. .ms' F
. Variance : i. st BE N ]
Begween’, V. csidoe 27453 - i
CWithin T3 Ta2s0a " sesss.  F2,1 T Tgs.6r
: i A o L) 1
& p <,.05 o 2 NG B Y

. The secondanalysls oLcwa 1a.nce used he Dsbtest

tesults as.a cuvatiate.

“The. results of Hu.s analysi 15




L

‘janE valué of 37:36. . Even at the

g TABLEG

Ana‘lys:.s of Covariance of Retenti.on Test Results
Using the Posttest Results as a Covariate’ i

Source.'of | . < e 0 3

“:Variance ' . af ogg! 5 mg F
\Betveen 2., 54906 27453 '

R 2 G, SR
wmug-* . 42994 588.96.0 2/93= 4616

fp<ﬁs iy

elxmna«:ed the d:.ffex:ences that exzsted in: the two groups

al: the end of the xnstructxonal period, the Hlerarc]ucal

3 Gxéoup daid sxgnxfxcantly bgtter than the Textbook Group on ¢

th_e retentxun test.” An F value of 3. 1; would be ueeded
‘for significance at fhe .05 level. The analysis ‘yielded

1 level of signiﬂc'ance,

f_he MHieraré¢hical G:oup did sigm.ncantly better than. the

'rexcbouk Grodp. . .. - W e
A since m the second analysxs the dxfferences In

achievement hetween the .two.groups at 'the end of‘ f_he

: insczucno penod were elmmae,ea by usmg the posttest
'tesdlts as-a- covarwtm 1(: cannot be assumed that the only

x-eason the hxerarchmal scudents reta;ned more is because

they, learned mz)r . The investigatur 1neerp:ets the second

iy analysxs as saying that. che Hiexa:chxcal Group retaxned

mc:e because they learned dlfferently. It 1s the ¢ e

’mus analysxs shawed that even when the investigator




: ’ knowiqg/t/he necessary prerequxsztes. In short, th

. leammg process was more meamngful for. the: h;erarchxcal

L . students. g - . . : s ot B bl

In summary, these two analyses of ‘the retentn:‘\

‘te's'ture_sultls indicate that the erraxjchical' Group did

. .significantly better than the ‘Textbook Group: for two

reasons:, firstIy, ‘they knew. more ‘mathematics. at’the:end

mstrucuon period and 5econdly, they learned the 3 Lo

2aTi 5 of th

mathematics differentiy; "thy Leprried with understanding.

e o

Alternate Hzgesg s Accepted

T g e, fmﬂmgs of this study led to the ‘acceptande

‘f the altexﬂate hypothes1s and to. the, re]ectlon of the

! nun hypatpes;s as sta:ed in Chnpter I. The alte.rnate

e % . 5 X O ;
‘There will be a ‘siqnificant a

ﬁerence 3
(2= 05) in acmevemenc and retention * “io

of a class ot students tauth_ a:N\ s

o mathematics ‘topié following Gagné’ s\

Hierarchical Approach and a’ class using *

the traditional Textbook Sequ;fnce.

P

Sl )
» s The analysis of the resulcs did’ indeed’ show \that

the Hierarchmal Group ach:.eved s:gnxfxcantly better apd




a5 4 @l Y@ E e B

teta}ned signvﬂcantly mcre than the Textbook Gxoup.. i

... - gome onservauo s on the Results :

The researcher belxeves that the main xeason the
Hierarchical G:oup parfomed siqnificantly hetter than T,
* the 'l‘extbook Group on 'both the achlevelnant: ‘and retentlon .

o "tests.was that the erra:ch:.cal Apprcach produced a ‘much

better ‘instructional p than he |

'l'he process of pexfommq a task analysl.s on the termmal

ob;ective and then arranging the subtasks in a learning ) : -

hierarchy ensired that all' the prerequisite capamu es

il 3 e uere im:luded in the luetarchical instruction Booklet. -No
) ;such, assurance exuted ahout the textbook m;uuction booklet.
A T The erraxchxcal Appxcach prov1ded students with the
opportunity ‘to £ill any qaps" that nught exist in theix
: knowledge of. the pzerequisite capabilities before ﬂ\ey
proceeded t:o hiqher level capabllxties. The Tactbook Appxoach
7 did ot fnclude these differential starting points. . Teachers - ‘.

xsed the classes during the study observed char.

who supe:

ma'ny v s in’ the r c Group ienced seVexe L b

pxdblems wx\:h some of the prexequlsite skllls such as the 1

basic operations of integers. ; L W,

* Another iinporta factor which made the two, approaches :
¢ e jficlusion of e "check-paxntsl 'in' the 3

hierarchical booklets. These hed -points were

ini-quizzes

" which were placed at the end of each| lesson.




; ] _ - L 'l’hése chacklpoints Eprced‘ students ‘to deménstrate thair

© ;knowled e of the quisite capnb:.l;ues before" they

5 ¥ ‘p:oceeded. If a’student aid not get- the check-point: [
SRR, I & W e 5
= 3 questxons correct, t:hen he had to repeat that section. x A N

B »The fact that the h:erarchu:ul students knew that they

' .had tp get the check—point questmns ‘eorrect before they

moved forward P2 miqht have acted as a monvgu.onal factor

-for these students. .

.:The: researcher believes that the :anluslon of t.hese

r _check-paints in the errarchxcal Group bockiet had a posxtxve o

‘ b. .- effect upon the results ‘of these: stude.nts. ““The investiqatox

; fnrther contends that the Textbook Gxoup hcoklet, even with

e i it;s mmy "gaps”, and’ poore: sequencing, could be gzeatly

:mproved by :moludinq these Sehask-poiiits: atthe &nd 'of each ;
Lesson.' Obviously;: this .could not be. done in t:his study,
. ¢ since the Tradxuona]. 'rextbuok Approach daes not :anlude .the -

use cf these quizzes to ensure that the prereq\u.sit:es are. TSy 3

"\ “known. hefote the' student proceeds to mghez level capabilitiai.‘




- CHARTERV S B

SUMMARY AND cuncx.usmus_ . . s Y

/'/ ’:his chapte: anludes a summary of the study, ’ 7 f p
gonclusions that vere' drawn -from the analysis.of: data and ki

e "
) frnm teacher qbservatxons, melications for. mat:hematics

teachmq, and recommendatrons for further 1nvestxgatxons.

' - Suimary |
T 'x‘eachers are contxnually faced with the problems i35

! of students who do not achisve.in rexanensmp o theu .

‘capabilltles. Many reasons are ‘often’ gJ.Ven to. accaunt fcr

“this underachievement laziness, ow 1.4 Q. petsonality

and ethxcnal factors, ,Eamxly backqtound, and a hosc of
%‘ . ' others. There is one reason which is most otten overlooked,
This redson ‘is poor. instructlon caused by m\prnper i

‘sequencing of the subject material, "géps” in the: PR

, preséntation of hhe material and “gaps" n the students i

prerequisite: capabllitiea \ B E E: J
In this study the researchgr has examxned one- .-

method 'of overcoming this poor ;nstructxon. I This ethod is

chat of ‘using. Gagne s nieas conce:nxng task analys;s and 1‘
|
: learnlng hletarchxes to ensure €hat the sg’b]ect material is
sequem:ed properly without any gaps" s 3
N

The main purpose of this study was to ’compare the

achievement and’ retent).on of_grade e;ght students tauqht a

v i topid, on solving equatmns using Gagne s erxarchlcal




{

Approach with. & group using \‘:he Tiaditional 'rextbook S
Sequem:e.- o o

The pnpulatxon for the study, all chosen fxom the
same schooél, consxsted of 76 e;ghth qrade students who fv

had not been taught a fcmal method for golving: equations

of the ‘type ax + b= Giinee e, 1, “and Vg are intégers. -

' anda # o) prevmns to the study. The " students were - - "

randomly assigned to two groups of the same size. ‘One *
group was .randomly assaned the Hiexaxchical Apprnach and
the other’the Textbook Approach. ol ‘
*! The Textbook G/Sup learned how to solve equations
by study:.ng a programmed booklet developed by follwzng t:he

sequence of the. textbook presently used at that grade level,

No attempt was made to'fill any :"gaps"that might exist in
the ‘textbook presentation of to ensure ‘that Towez: level
capahuu:ies were known before the students progressed t:o ¥
higher level' capabilities.

The Hierarchical Group studied a programmed booklet
prepared following the ideas of Robert Gagné. This approach
involved finding out all the prerequisite skills by

performing a task analysis on the terminal objective,

.’setting wp'a learning hierarchy. for. these skills and

sequencing these tasks in the programmed booklet‘ according
to the 1aam1ng,merazchy, Instruction began at the point,
in the ‘hierarchy where the student knhew - all the pr/eqiusxtes.
A student was’ nm: permitted to progress to a hxg{er level

capabuxty untxl he demnnstxated that he could perform the




. lower level prerequzsites. The main emphagis in this

approach was, to eliminate "gaps" -in the' leaxning process:

Instruct.xon began ori March 29, 1975 and, cont:.nued

B foz 10 days Mith the students recelving two- . forty mlnute

pe_riods of instructien per day; Dunnq the study , students

. remained.in thé;.r“own‘classrooms and worked entirely’ on :

their own with a minimal of teacher guidance.- Students
were not aware that  they had been divided inte groups ‘and .
Hére' taking part in a étudy. From the exterior bot.h
instructional buoklet:s aypeared the same.

Students were given a posttest one. day after ;he

- completion of ‘the instruction and a retention te: it_was -

given- tvo Weeks later. The statistical tech}u'(;ue of the

N _analysis, of covaridnce was \isea to detemxne ifthe

diitetences in achievement ret:em:xen were significant.’

The level of sxgnxfxcance was set at =05,

Conclusions

Based upon: the statxstxcal analysxs of the data
gathered in thehnvestxqatmn and the observahnns cf the F
teachers who snpezvised the clagses during t:he study. the

following conclusxons were dza 3

1. The mickarchical 5\ oach. to i}.semction
produced significantly better achxevement xesultsv
than the Textbeok Approach. . This ccnclusian was
based upon.an analysis of -cévariance of the posts:
test results using. the prerequisite test'res}:lts

- -as a covariaté. The analysis of «covariance test

%erd




. shoved signifivance at the /05 level:
2. The Hierarchical Appraach to. instruction pzeduced

’ sanlficantly better retention results than the
Textbonk Approach. Two analyses of covariances:

" were carried out:.on the :etenf_mn test ‘results;

one: analysxs used the prerequ;sxte test results

" as the covariate, whereas the other used the_post~
test results as a C‘DVBZi?‘;e. éoth anélyseg

showed signiéicance at the .05 level.” ‘Based ui:o;1 -
the results of these two analysez, the anestxgatot

- céncluded-that the hxerarchxcal students retained .
more . for twa reasons: (a) ’l‘he students learned

more during the tns;zuc:ianax ‘period.’ (b) The

learning wag more meaningful for- the hierarchical

students.. 1 : 5 "
3. Since the investigator believes. that this study

s

indicated that underachievement in.many cases'\

“linked to-poor instruction, caused by unpropet
sequermmg and "gaps" in:th e learning ptm:ess, it

\ follows that the Hierarchical Approach (j.o

instruction ‘would be one method of reducing under-

achi in ics ¢l

+ Students taught to sol‘va equations using the . .
‘Hierarchical Approach expe;éiencea less difficulties
.. than’those taught the same tcp:.c using the Text—
’book Approach. Thid onclusion was based upon
r,he observations: of teache:s who sgpg__vxsgd the

classes during the study.

el




Within the limitations of this study, there is
‘much suppox‘t for the use of the H1erarch1cal
Approach to. xnstructxcn in‘the. macheﬁuancs

classroom..

‘Approach to instructxon is'a very wo:thwhile approach for
mathemaucs tedchers to aclopt and use in' their classroums.

‘It has shcmn that this uppzoach can’. help‘ students achieve

&
g . bstter zesults amd retnin more mathemucs.

The 1nvest1gato be. 1eves thac the expenence of i i AR

perfcrm:.ng a task analysis ahd settxng up a learninq

hiex«'mchy for . a pattxculax' objectzve would he an, excellent

lohe’ £ortany. teacher. -\ This exercise could brimrmany teachers Yy E

to t:he tealuatxon that there is much more involved xn

1earn1ng a s:unple ob]ectxve than» a superfm:.al examination

: teveals, Many Eeachers would soon realize that. quite often i / .
they assuzne thexr students knw too much because not ehough e
y attention s paid to the prerequisxte ski,'l.ls.

'_ The’ Hierarchical Approach .to mstrnctlon provides an

excellent means of detennin:mg wha\t prerequisn:e skills a3

. _student needs in order to ].eaxn a specxﬁc cnncept, pzinclple, :

<% vete. The importance of mappi the of learning is

/

. mainly just this; it enables .one to avoid the mistakes' that /.

arise from omitting essentxal steps in the acquisition of

| T knowledqe. Hithout such a plan, omissions of this sort’ 7 -0




_unfortunately easy. to make. Following a preplanned. . ;

- sequence, then. and thus avaidxng bhe cmssmn of pr.'e-

requisite capabilities along any route cf learnmg,

appears to'be- a )uthy 1mpc:tant procedure to sdnpe in.

acmgvinq effectiveness fnr mscrul:tmn.

Hany critics would oppose the use oi the erxarchu:al'

Approach on' the qzounds thst it is. oo, time consumx‘ g, The
vmvestlgator :ealizea that ‘the process of perfnmmg a.

task analys1s and sett;ng up a learninq hxe:’ax‘chy 1s very

'area. The solﬂtxo 4t.o this prohlem would, be "¢

. vhich ‘they dévelop. The' inv stiqaeot beueves that! the' tim

2 ‘upene ‘develcping these: :ms(;zuctx.onal Segiiences wbuld be ;,‘

ae}uevement and retentlon.

Reccmendatmns For Further, heseareh .

ln consideration Df the results of ‘this mvestiqanon,

the couowmq ions: £6F f

auggeseed. '\\ o

‘1. 'It\ is recommended ‘that sx.mlar studies be under-

"‘taken in dlffexent schcols, at diffetent q:sde

- seudent .

b :epl.u:ated usxng teachers to teach the. ecpic

. levels, and to include’ feriale as’ well as male N

_Ths 1nvestigator recnmends that the pzesent seudy «




3.

in'vestigat‘ot doss.not' know what effect the

boredom.

pxchamed bouklets had on ‘the results obtained.

'.l‘h use ot’ pzoqra.md bcoklets m-!y have Y

ntroduced other _variables such as 'adinq level,

wiu:.ngness n: unwxlhngness of students ‘to

Tk with a minxmal of teachez q\udance and

S i ok o
A‘ 5tudy should be undertaken to'verify' (using

‘vtatistical techn;ques) the va. ‘d:.ty of the :

hieraxchy which the xnvestm.qator developed m gk

he mvestxgacar did ot Juse ‘.' _

tl'us study. 2

'L'he investigatpr won].d be espeuany incerested

in deternu.ning the effect these check-po).nts

ha\ve on achievement and retention. Check-points
jare questxons at: the end of each lesson wluch ¢

@e' student must knaw befcre he p,x:qceeds ta, g-.he

next: section. The study could ise tﬁo q’rqup's :

N
hot.h usmg the same sequence, one vuth the‘ chec




.

H‘the "linour,' cs

a: diffe:ent grada ].evels is indeed a:ranged
hie:atchi.cally. g

Additional reseaxch should be caxn,ed outon’

the textbeok px:esentatxon of material te detemne

if any of the necessary prerequisite skxlls are
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R P . : ]
% 3., 5 ' . B a“ i
. 5 ? ‘Learning Fof_The -Terminal. OBj
“["Solve equations of type ax + b = ¢, . g .
. (vhere.a, b, and c-are integers and PN
: 4 4 o) showing esch step in the process %
> Level 3 e between the use of &l : -
: G T Mdairion and ‘Multiplication Prxnl:;.pl.s 5 3
: given problems that require-the us %f i
A one or th! other of the principles
. 11 [30]7e equations & t
- x ¥b.="c, (where h e !
< v 3 ‘are-integers) showing.
gl each. step in the p:e:ess f
~ 5 . ;
3. : Datermine what numbers F T ¥o s
! ) . rrr |must be ‘added to each 1. llultip].y each ssde of
‘side -of+an equation. in-. equation by in order to elininatd
. order to eliminate part E part of a product
, £ 'a_sum - o .
. State the Addition Principle, State the Multiplication
% W and use it to obtaim many . Prdnciple and use it to obtai
S 1V’ |‘equivalent -equations from -any| . | many ‘equivalént equations-from
v - given equati any given equatiof
% ==
5’ P . [Use the Commutative Usethe AssocTative Use the Symm
¥ v. | Property to obtain Property to obtain) ¢| Broperty to obtain
£ 5 ivalent i ‘equati
e y * I s
s R State the meaning of "equivalent"
] % equations and use this ‘concept to
- : . solve
: &, . = gy [ B
A VII [Define an "eguation™ Pdck out the| [State The mea,m.g Define the
; r and ‘state ‘whether variables in| |of Algebr: sem solutLor,
simple number equations| lan equation expzestxons :nch and te: 2.
(without variables)are ) : as 3%, 7y, etc. possil b}’ "
’ true or false A solutidns:to 1
5 2 8 5 : an_equatio;
E I I T T 4
< yirr l Find the sum.and ﬂxfierence : N FInd the product oF quotient 4
% B ©f any two integer .~ |of any two 1nteq
% % . % )
ik *
\ y
; Y \




. type +.b = c (where ay b, and
hugers &nd a # 0) the student should:
be able to’ lnlve n shmin _e ich’ step

canre VN



Intermediate Objectives *

Level Ix:' r" yons 3 e v
(1) Given aeve:al. numbers,the :tudem:s shauld be ahle

‘to 'pick out :ﬁ'ése which are integers.

() ‘Given any integer,the'student éhould be. able to

state : M.s additive inve:se. v

7

_'(5). Given any integer the atudent should he able to

! state its multiplmat;ve inverse.

: kl) Given ‘any intege: the atudent should be-able to

state.its absolute value. ) e

Level VIII:

o (1)- vaen any two mgggeré/ﬁhe student. should h‘e‘ able

to ﬁ;nd :hei.: sum. 5
I (2). éivén_any _t:wo 1ntegars, the student should hé,ahle
o ko "£ind their dxffexence.-‘ T NN
(3) Given any two xnteggrs, t_vhe's:*dem:‘ shou;d«*be able
. to fmd theu products. .
et “(4) Given any two integezs, the student should be able -,

o £ind their q‘uut.lant. b oo
K . " '3 % K 5 B G

)y Given several ‘humber sentences the student should:

be’able to pick out ‘the equations. e

(2) Given a simple num.ber equnuon, (without: vanables)

", .7 the student Should be abié to state whether it

is true or. false




% Level vn-

¥, be.able to define it. u.

1Yt (3) Given an equation of the fom ax ‘g b ,‘(where

a," b’ and ‘e are’ integers and a;o ) the 'student

should ‘bé ‘able ‘to’state the variable in’the ' . ‘/f
. & equation. i A : % %

» N) _Given an algebraic expressxon such as . 7x or Sy,

.~ the student shou.ld be able .to* s-tate i.ts meam.nq.

(5) Given the term golutm " the student should be.

'(6) G:ven an equation and sa!ne pnssx.ble‘ sclutions:

t-he student should be ahle to detemine which :

of these possible solutions are ‘true sol.utions. 4

Level VI' ¥

(1) Given the term "equi\lnlent equatacns , the
student shuuld be able to deflne it.

(2) Given severnl equxvalent eqnntinns and the -
solution of-one cf these equahions;s the student -, .
should be able to state the su.lution of the aeherr
equations. F R Yo b SR % ity i

-(3) leen two equatmns and the solution of one of ;
“these equatxans, the student should be \ahle to.
‘-determine if the Second eguation 1s'egu1val.ent

o the fifst. e g
(4) Gi,ve_n two equivalent =quations,on; of'_ w}‘:ich

whose solition is obvious, the student should be

able to.find the solution of the other bguation. |




i
{

Level IV: .0

Level v st

(1) Givenany equatien of. the type ‘ax +'b = ¢, ’

the 'student Should be a.ble- to use the commutative

equivalent to it.

‘property-of addition to write an equation

(2) Given any equation of the form (ax + b) 425+ a-

i G (where a, b, c, and d .are integers and a# 0) the -l

of additxon to

student should be able to use associative prcperty

3) GxYen any equation of the fom ax +b = ¢, the

student should be ahle to usg the symmetric

propel‘ty to write an equatz.on equivalént to it.

(1), The 'student should be able’ to state' the addition

 principle.

" . riumber to each side of the equation.

3) Given two .equations such as 3x = 6 and 3x + 7'=

2) vaen an equatlcn, the student should be able to

obtain‘an equivalent equat;on by adding the smne_

(the se‘énnd equaticn was .obtained by usinq the

addition pnnc:\ple) ’ the student: should be able to

i multxplication princlple.

5) Given an equation; .

detemine if the eguations are equivalent.

| 4) The student should be able to state the

obtain.an equivalent ‘equation by multiplying each

- side of the equation by the same number.

6 +

the stiident should be able to

Hnte an equauon eqnivalent to it.




A

PRk 1 s 3

" Level Iv: -
S

Level III:

(1)

/
_Level II.

e e )

. (the seccnd equation: was obtainEd -by using. che

“s01v 2

Given two' equations'such as 2x'='8 and 6x = 24,

mu].!:!.plicatxve p:inciple), the student should be
able tn_ detemine if the equ_atmns are eguivalent‘.
o ) Ll v g o B §

Given an equation of the type x'+:b:= ¢, the
student should be able to'state the munber which.
must be added to each side in order to solve it.
leen any equatxon of the type ax = ¢ (where B
a.and c are integers and'a ¥.0), the student shdnld
be“able to’state the number that each S¥HaE of the

equation has to be, muluplxed by in ordetlto /

it.

Given any equation-of ‘the type x.+'b.=.c, (where

b and c are integers), the student: should be’ able

. to solve it, showing each step in the piocess‘.

2

Level I:

S R TR T

Given any equation of ‘the type ax = ¢, (whexe
a“and c are integers and a # 0), the student should
be dble to solve it, shmung each step in the

process.

' Given equations of the form ax =.c and of ‘the

fo;m ¥ + b = c, the student should be able vto

determine ‘whether to use the addition or the




L Level 1 :

(1) miltiplication principlé’ and then solve th







i
!; :

You are not expected to be able to do all the questions

3. 'What.is the mult;plxcac;ve inverse

5: -6+8 2 ¢

'.9. Find the product of =10 and
5 ; B

Timé:” 40 minutes : i ‘Name,

Homeroom:

‘his test is" not the same as an/erdinary test. . The
purpose of ‘it is'to £ind.out how mich/you know'about

solving equatiofs before you begin to study this top-C\O\ s

this test.  Answers as many questions as you are able.
Don't worry about those questions. which you cannot L-mswex,' &

slnce you will. soon learn much mm’e abuut solving equatzons.

1. ‘Which of the fououmg are i > 1
=gy 3/2, 276,36 . o

2. 'What is the udditive inverse (oppos)te)
of -20? S {

(reciprocal) of 82 | :
4. gt =2 e g o, §

6. Find the sum of 18 ami £29 4o 2

7. -16 +'16— ?
8.3~ .=6.= ?




'+ 17. use the ‘associative pmpeny of

19.¢ Do the equations 6x = 70,.and

-10. -24 & —8 = .

.12.. What is the vatiable in’ the equation LA

14. Is'=2 the soluti.on of the equat;on

”1‘5. Equations which have the ‘same.

18, -Use ‘the . symmetric prnpe:ty of

il_. ‘A nunber sentence w. h an= siqn As
" Tealled a(n)

6y =19 = 3? X % . 12
13." ' The expzession Ix means Which' one:

of ‘the follwxng- i % Ny
(a) 3 plus X (c) 3 divided by x* " . =
()" 3 multiplied by x’ (a) ‘none-of the above 13 .

e kTl P 7

:solition aré caued .

: equatinns. i
16.' Use the’ com{utatwe praoper:ty oF. 3
o addition to, wn.;e an equation which" -

. s equ:.valent to the equat;on-
L6 i = 100

addition to writeé an equation which
-is " equ:.va\ent to the: equation ?
(6 +3) ¥73=6+73 0 00

} adaition to write.an equation which
wds equivalent: o the equatiqn
‘2 =x+ 7.

70+ 10 hav‘e «;hé.'sam‘e h

solition?. . :
Do’ the equations 2= 8 and R
6 * 2x.=6.8 haye the:same aolution? 20. R e A










‘Time: 30 minutes

Use the on and Multiplication principles to solve.

ueh ol thc following- quﬂm The anmn uou. feill - =
not hiu!(ieiqnt. !onm shov Jeach step Ln the :o:l.nuun 2

an
(z)"'
HEO R
Sy
HON
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GRADE VlXI B

This test is not the same as an ordinary test. The purpose of it is to find.

" out how mich you kow about solving equations before you begin to study this topic.

You are not expected to be able to do all the questions on this test. Answers as
many questions as you are sble. -Don't worry about those questions which you cannot.
answer, since you will soon learn mych more about solving equations. .

PLACE THE ANSWER TO EACH QUESTIONS IN THE SPACE AT'THE RIGHT. .

¥hich of the followlng are integers? :
-6, 3/2, .76, .3 e 1.

‘What is the. additive inverse (opposite) of -207 2l 0 2 :
What 1s.the 1nvetse 1) of ;

[ S '3,

[-17] = 2 3 : i b

Find ‘the sum of 18 and -29.

~16 + 16 = 2

8. ‘3 -6'=

9. Find the product of -10 and -3. & 9., 5 :

100 24 4 -8= 2 R 'S

1004 dber sectbues with an "=" sign is called a(n)..
12. What is ‘the variable sn the equation 6y - -3 12
13. ' The erpreuion 3x means which one of the following:

(a) 3plus (c)' 3 divided by

(b) 3 m1upued by x - (d) none, of ‘the above

14, Is -2 the solution of the equatiom 6x + 7 = =57 ;.

15. " Bquatiomuhich have'the same solucion sre called
- équations. -

T ouRGD.




Use the commtative property of. addition’ to. write:
-an squation which 46" equivalent to. e
equaton: -f + x = 10.

17. Uu the ‘asspciat; y:opet:y ot Addir.iun :n write
‘. an equation which 1- equivul the e!wutton |
D+ 6k

s AT e

“Use the symetric pmpguy of addition to'write - N .- § }
e - /an equation which 1a equivalent to: the equation ! Lok .
&% L A T i

1B s

"19.. Do the eq\l-tinn. 6x'= 70 and Gx +. 10 =70 +° 10
have thé sane’ .solution?

ﬁotheeqnqgionllx-ﬁlnd6-2:-6&!:- 5y T N el
the ' same lolul:ion? ‘ \ > - %

SOLVE EACH :OF THE: FOLLOWING EQUATIONS..
.- PRO CH: PROBLEM:' - . . .

R S S

' cg;:ougéb



. Time: 30 minutes.

' .POST-TBST. < - s g, o 1 e
MATHEMATICS 0 - % /

- v ¥ $ B E ol g .
, Use the Addition and Multipiication:principles to solve.
each’ of the following'eéquations,  The answers' alone will
. not be sufficient. - ‘You must.show each step in the .solm:inn

process.’ (Do all you: wotk on’. the pnpez provided). -

. T

aw.13 "='= "6

e
@
S
P
i)
SO

Sle
e ey




mum‘mu msw
3 mmanzcs‘
GRADE _VIII

o5 3 “‘use th§ Addition md uuxupucuuon pzincipl to solve; A
? “i.._ .. each of the. f . -The nlga‘;an alone: will
: .- not be sufficient. You mt uhm ‘each sgep. in the solution

S pzoc-n. (Do,

*u)'ﬂ- x-g
@)

: 187 =197 . -
TILA9NS Is:,‘- 17.

L0y ~27y “188







7. 5. 5% - c

® " .

TO THE STUDENT - ) »:
( 5 5 This booklet is very different from nnlozdhiary textbooks; |

it cannot be read in the way other books are read: “You must
read the material carefully, study.the examples, compléte’ -
« all the cxercises, check your own answers and proceed through -
“ehd booklet at your own rate: The success of this, booklet
d«_pends upon how :ntefull.y you read the mat.eria)., zmsuﬁr the
‘ exercises, etc: en you finish' this booklet you should be
able to,solve 'eq&ns such as -3x + 16 =--17 ‘and
;e 07,22 = -14 - 4x.\ A test will be given at the end of this booklet:
¥ to see how much you have leained.
| Take'a few minutes and look through this bcuk.\e“t.' Note the
§ : £4d linas . hare is a, rva ling below each exercise or setiok

8853088 H

exercices. The answera to the exercises are below the red linea. . .

Th¢ adswers are provided so that you may check your own work.

N © “ If you get some of the anbwers wrong, please read the section i
. ey again 3o that you may see why they are wrong. Note also that a
¢ * " few areas have been _blocked in:green The purpose of “titis- s
e to drav your.atteution to the Taportance of theai? ideas. _ o
o The following procedures’ should be éonowua in uung this N
‘ booklet: ., . A
i = (1) Work om youx own; there is to be no ul-kinq to other '
i .students. . : g
(2) Use the piece of’ prov to cover v g

N below the red unea. , When you have ﬂnxsh-d the work above the
= E red line, lower the cardboard to the next red line and check
your ‘answars o the’ exercises.

« "(3) Road ‘the material carefully and study 'all the examples
thoroughly. -

(4) Place your answers to the axezcius in the bl: ace! :
" provided after ‘each exexcise. . Pee
<. (5)If you gat some of the exerciqea wrong, go back . nd .réud '

the seution again so that you can saa where you went wxong.

() Your booklat contains check gni.ntn. These /are really.
mini-quizes and it is essential that you get most of the
questions in each chack‘ polnt‘cgrmot befo‘xe yau‘go on‘to the -
next section. You n check with your teacher at tha end of
ezch chack

AT R e g

‘c'u.ouzc-b






SECTION 1- ADDITION OF, INTRGERS

; The set of int ineli the whole" o and their
i é ’ additive inverses (opposites). It consists of _A\_A___ 65
: “$.-4; -3, -2 -1, 0, 1, 2, 3, 4 S, 6 L\ ..l

e . Rach intoger'has an additive inverse. (opposite)
; 5 additive inverse of 3 is -3.. The additive imverse|of -5 is F

State the additive inverse of each of the folloving
‘nubers . ) oy X &
S@ 6 e e s . " 3 -
L)1 C '

(c)20 ; :

(@)=40. s e o ol ) ) . g i3

‘Answers:

(ay -6 (&) 3 (o)uzb} (@40

-/ The sum of ai integex and 13 addieive inverse is 0. ~For - d
.n.xample;+‘3-0,-10+lo—0. ST, )

Bxeréisa; -Give tha anewer 'to each of ‘the following addition

‘7 : ‘problems: - &,
i _y PR O R TR A :
g R S M bhal e e L e T
T gy L e). 16 4716 = . Bl e
answers:. - (a) 0, . (B) 0 (a) 0 ’ — 5 RN

‘Zaro’ s a vm:'y important inteqat. ‘1t 1s given a special ®-

: S name, he -, Additive Identity . .Adding zero to any numhet
f .0, 7. does ot change it: That is, 6+ 0.=6, =3% 0'==3 .
o =100 + 0’5 ~100. o E
LT B © Exerédse:- lpivu the answers o cach of the following addiclan
’ . ; problems. « | |
. i Ko a2 e g = Tl S : .
(h)=17 + Q = o 4 . A 4
-~ o et 5
(e) o‘r = 5 : i “«

v anguerar’ (a) 21 . (b) =17 “to) 5.




1 . Mhe sum of two Enl ve intaqan Ll a].nyn a Eutivn
o b 1nhqaz. Example; 3 + 5 = 8

Bxexcise: (a) 6+ 8=

= ) T4 9= _ i =
(e)15 +13 = ___ * . . :
: - !
Znewers: “(a) 14
< (p) 16 )
A S e e
We liave agreed that the sum of two negatives integers is'
Voo a negative integer. For example “3 + "2 = ~5.. This can
< easily be secn in physical &:ﬁ“liw. a loss of 3 plus a
| loss of 2 would result in a loss of S. )
5 —
E REMEMBER;  Neg + = "
s 3 - P
f o _Exercise: 74d B mne e -
: © (@) =6 +-T= B 3
: (b)-10 20 =
(c)-15 +78 = * e eb . H
o (@ -7 +42 = , H
(e)=50-—+=18 = -4
i
: : . e .4

Ansvers: (a) -13 o AT e !

(b) =30 SNTRE : g

(e) -23 2 ]

(@ -4 -

(e) ~68




. a%ed

You may have noticed that, - to this point; in our discussion
of the addition of integers we have restricted ourselves to
the addition of two positive i.ntegexl or the addition of two
negative inteGers. You have seen when we add a positive to
a positive we obtain a positive number and when we ‘add a

‘negative to a negative we obtain a negative number. When we

add two integers, however,one of which is negative and the

.other positive, the swn may be positive or it may’ bé negative,
. depending -upon the numbers added.

in q'prder o understand how to add a positive and a negative -
number we should £irst understand the idea of Absolute Value.

The absolute value of a number refers to the number of
units the rumber is from the origin on a number line., - . '

2 T I HE- e N " TR N T

The synbol . | ] is read "Absolute Value”.' N

The number 3 iz 3 nits from the origin so ve say the
absolute value of 3 is3 or |3).= 3. -

The n\m.ber ~10 is 10 units £rom the origin S0 we say um
absolute value of -10 is 10 oxr [-10] = 10. ®

Exercise: i : ‘
T o @) -] = < s ik
~ - (®) [20f = _ - : ;
% (c) [-56] = _ . '
Sga) e =

Angwers:. (a)-- 6 . : % %

® 20 . ) R
(e) 56 ~ .
@ e . Ve, C B
. 3 \ .

- DA A

i
i
i
i

bt




Now lscs consider the sum of a positive and a neqatxve N
integer and aee how we employ the idea o£ n.\:uoluta value.

Exampls: . Consider the sun Of 3 +74. .We can write -4 as

i -3 + "1 and we ge€ 3+ (-3 # ~1). Then if we use {
¥ ; the associative property to regroup we get i
.(3+ “3) + "1. The problem is easy from this ... o
X point-onward. (3.4 "3) -1 § 5

- g e IR Fe e :

v ] K d T
1P mherafore: 3 + —4 =7l v #a
i 5 .. W OLEL e e i
i 4 ' Conider the swroF 12-+ ~7.. We can write 12as 5+7 é
Nk and we get (5 + 7) + -7. ‘Then if we use the - og |

] : ~*.  ‘associative pz‘oparty to regroup , we get 5 *+ [ 4‘7).

Yoo . -The problem is my from this' point omnn:ﬂ p
R e 5+ (74.77) 1
: g 5+0 2 ; o
< :

Therefore: 12+ -7 =5

Question: From the tvo @xesples, can you sugg t a short cut that
s we conld use to qet the un of a t}n and a
mglt!.“ intege

5. *. " nnswer: The short cut would be:
' % 'Step One: Get the difference Of the -two nambers.

/ T . o
Step Twoi ' Give the answer a positive sign 1f the . {
, R w Gy " positive nmber has the greatar. absolutes < H,’
¢ ' e g value, or give it a’negative sign if the y i
(%) : X n-glu.vo aumber has ﬂu greltsr absoluts s




- . s B v,

Exanplei In oyder to find the sunm of -6 + 4 wee ses

' | that. the di ence - of the "two vers 1s 2,
and the answer; will have 2 negative ‘sign since
I g i, o the nunber with the qteatar absolute value
£ed . "'is negative. o L
Sor =6+ A= 2.7 ot L

Example: ‘In £inding the sum of 10 + ~2 we see that the
PRI | difference of the two numbers is 8, and the
R g |  answer will have a positive sign since ‘the

number :u.th the grzatar absolute value is.. '«
positiv»a. s

% So:” 10°#+ -2 = 8.

. % Exercisest Find the following sums:
=g (a) 6+ 3= _ .
i (b)=10 + 3= - L
’ (cF 20 +725 = _. . e
L2 A 16+ T9 = Tl oy P
A s el -1z t0sTe T

anavers: {a) 3 gt B g g ;
BT S B e e

. e e) =5 : ; v

B 3 g gy v i

L T g S e 3F

: 8y - i o B . 4.
il L 5 1

'Su.htraction of intagar

is very simple once we know how

) to ‘add J.ntegzxs. The basia ddea to i 1a that

w is the same ‘as -addin tha uddidva lnvé:na ( site

L : g 3
G xxmpre‘s: .('n) 6-456 * )

) -3 ="2 873 w2 =L,
1 £ : ()10 -"7.= 10 + 7 =17




Comp!.ete each of the following problens " Part (a) ‘has
5 ( s * bisen done ag ‘an e'tampla. : .

Bxercises: (a) 7 - 4= 7+ 7

. . (a)-18 - 20 =
B ] ey 2 = 6=

fayioF ~d w3l 5 e 0 e N .
L ‘ S b). =6 P = ~13 s > !
g ] G . (c):10 +3 = 23

! BT RS T T S
Ll ey 12w e =6 :

.., - check Point:i (1) =7 + "1l
y . (2) 16 = =4
PERRR & R S |
it ey Tt L14).15 ¥

= ot S O R

[T A}

SECTION 11° = - MULTIPLICATION OF INTEGERS ' k. . L !

Each integer hasia multiplicative inverse. Another name-
for the multiplicative inverse is recip:ocal. The. E
imlt:iplicative inverse of 2 is 1/2. The mult!.plicat'_i.ve invena
of -4.48 - 1/4, WA N i

x 'sxgt_ciae; G;Lva the mnlciplieutivu imiu‘se (:ecipmcul) o
- £ each of the tou.awipg numbera, t o

toy/26 " (@1

auRED.



The product. of a number and its multiplicative invexse

T e tiaya 1) Fof exanpla 3.°1/3 = 1, -7..-1/7 = 1, and
[ i “... 26+ .1/26 = 1. The numbep)l eccupie; a very important: place
. - in the'systen of integers. ' If is .called the 3

. -/ miltiplicative Identity . The _product of any nuiber and .
5 Lt . Lis ‘alvays that’ number. For ex_mnple_x S wl=6 ind .

=10+ 1'="10, st R
Bxerc{ses‘: “(a) ‘The m\lltxplicative Smverad of & “i.is

(). =7 "1/7= L

(&) m0, 0 g ET

»
e . £ “..(
The g uct  of ' two Eositive hu:ega:s 1n a Eaieive hmqga:.
'Fox exa.mple‘ 6 .anla, 7 -10-70 .

(a).i9 - 1=
()13 + 4=
(€)16.+ -8 =

ot 3
(a) ~99°
L (b) 182
(o) 128




- 3 3 X
It'can easily be sk

Suppose we wanted 'to ‘find ‘the product di 2 and =5,
* 2% T6m

76+ 6 = 125

So0:'2 - 76 = =12

Suppose e winted to £ind the product of 4 and

5 z
Exercisas :

Pind g\géj"follqwihq products. . -

“ The pmduct o t\?ro negutlve mmbe.zu is a! mai numbc
* This ‘can be' easily seen in a'practical situation.
. ~the drops ™ 4

today .

the temperature would bs

each day.. Three dayu ago
12.degrees higher ‘than At would be
‘This can be tically by the td
T3mial: b

i’ that- the pzoduct of a posit:.ve and
a negative :n.m_eger 1:: a negatmve integer.

e .




cotov ¢

i The asvieion of ir.eqers is very Stmple onc7<a Know. how £/ -
;mulciply :.ntegers.‘ The. same basic rules npply‘ afese rulea are:
1 ! - e

!’osll‘ive +Positive = Positive '

: = d) %
Positive +Negative = Negative ~

“ Megative +Positive = Nggative
NegativVe :Negative = POSitivy |

(o), A8

(c) .20

“(d). 25 5 =
(e)-54. & =6

| Answera: .. (a):







- trve éq\uuon, since 12 plus.9 is eqnal o gL e

v T
'The' equation .8 49 =.21 is a falsa equation since e
® lns 9 is.not equnl. to.21. N c

Bxdroloes " i Stite. whdther each of ‘the follorw:mg equations
Pep i7" 4 trué or false, Part (@) has ‘been’done s -

o+ 20" =26, 'True
.+ T aiig. s
g

(b) False '(c) True {(a‘)‘ Tr_u“e ('e’) Fals

UL Most fons con aiil Sssion mch a8 3, TS 9, ete.
_ nsgambe: that 3x means 3" multiplied hy x5 7Y ‘mpans 7 multipl#ed
mltipued by expréss ons 3x, 28

axpresslonn. Part_ (

[ ta) 78 e 8
-, 5tb) 10 mn.ns el
e £

(e} 39 mpans_ =1




o asa ‘Variable
x = 10, x is t;m v axble. Ta tha mmatibn

ip each of e T

n) has’ been done as un/exa-ple. L3 ;

" We sblve an aquntion by finding. a‘value for the variable . " |
. which will make the equation trus. That 'is, we find a'vaive =

for the varieble wifich will make the left side of the equation .
equal to the . ¥ight side”of the ‘equation.™ . . LS s

g He can easily cheek ‘to’see if. 2 i8 the scl.ut.wn by replacing
the variable in the equaticn by.az and observing, if the let‘t e —
side of the equation is equal to f.he riqht—ham! side.

¢

'x+4=5
. j’z+4=s_muc=mxbyz) 2
; 6= (The le§i side is equal to the ugne




Answor: . (2) Vo

of the squntum 3= i.s\?
eorlu‘qs z.p space below]




4 have the same sol\'xti‘cn
Equations which have the sdme

. Solition’ are said: to be equivalent. Another equatior which is.
| _equiyalent to the o’ above is x'+1 =3." ‘The solution of this
oo Equuuon mist also be 2. : .

. The equations X' + 4 = 6 and X 42 =
'see SE solution isxi= 2.

The solution-of the equaticn X413 81048 7.
: e 18 the aquanon X+ 17== 8 eq\uvalent to “the’

3 ., ..~ eguation x + 3 = 102 gt
pigtt, WV o B s ) Why? iy

g B aep ;
Yes. the equﬁtxon x- + 1 8 also has the, solution'

. NG
9B s AN

. ixarolse: “mhe scxution of ?‘Ae equation 5x'= 20 ia. 4. X
4 Sl " _What is the solution of any equation which 'is
& L . equivalent o 'the. tion' 5%,=.207 ..

equauons, &nca if two equnu.ons are aquiva[sn . u:an tmy

have | the same mlution. In o¥der €o solve &R 2 we
:its a chain of «eq\nvalsnt aquations untu ve find m whose
aclutx.on is owious- :

S Exg_.gg\ lo; ‘Suppose you were asked o solve the equn\-_lan
77 A%+ 12-m 117 and you wexs told that the equation’z + 1.2'16
i is equivalent’to the équatign 7x + 12 = 117,  We can easily
Ses that the .solution Of the equation x# 1 =16: 18, 15, and .
3 . .eince the equation 1x +.12'= 117 i3 equivalent to ‘% + 1 =16,

B it must also-Hava & sol g.cn ol 15, : ;




' We can chack to see if 15 /is the correct aolutxon fcr o

the equation 7x + .\2 117 by replacing .x, in bhe equatmn by
15. o ¥

e R :
L e T checks Tk b 12= 117 g ¥ = P
. - ) 7187412 = 117 < (we :aplnce % by 15)
L E T N i 105 120 01T ’X y
; REESERIA 3j_nce the left side ia’ equa].
A . . to.ithe right side, 15. u z =
L e T he gorrect solunon) . .

" solve: are'wquaﬂonax =2 =4 given that the N, 8

R ¢

I: CHECK POINT: Answer' aach of -the following queations. "

T - TwE 2 ~equations which fiave the same solution?
4 T : g 3 &) DA RO A
e Are. 'the equations x - 7 = 4 gnd x = 11 equivalent? _- -

; Why? - & Ml G g g ooy ¥

. 3. The ‘equations 6x - 3'= 27'and’x + 3 ='8 are equivalent o
T ! “equations.  Find the solution of the equation 6x '~ 3 = 27. . | %

CoLOURGD



‘siiciFion 113 " opiATNING zqu:vu.xm nomm:aus

« fThe ‘aguations.x ¥ 6 -_4 y 6+ x'= 4 are equlvalent., L
THey, bioth have ‘the solution J2. Hotice that'the only|difference |
- 117 the two ‘equatione is thdt the order oF the- terms on: the
? 7% left.side has been rearrahged.

‘The commutative property of
adaition states that we can change the order without) changihg,

-rnu cc‘nmu:atxve property of addition allows-us to rearranqe
the order on el ther side of the equation wit.hout changing. the
. _“value of the variable: 'For example, the eguation. ‘1o\+ x'= "8 "
T | 1is equivalept to the equation x.+ 10 = ~6. !

Exercis s thé cammm:ati\e propecty o:wiits an dquation
< which 'is equivalent to'each: of qha equations

i .below. part (a) ha§ been doqe as . an éxa.mple

(@) -3 Fx=4 _xwTyed
(b) 10 .+
12=

(b) ;\( mo =15

'.L'ho aquations (x +* 3) + 5 = 10" ’ and rx + (3

£'5) = 10° %

dxe equivalent since’ the system nf intégers_is-associative. - S
2ofo A . i

in other wonds'we can charge the grouping on either'side - i

of  an 'equation withﬂut changing the value of the variable

oy

A
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px:operty tn :.té an e‘;\i on s
equ;valent o each of the follwing elows "'
has Been done as; an example ' i

Use the -associative
which is
T ghe Sa _Part.(a)

A G 8) 4“‘2=‘-10‘x+ (6 + 72)
VAR 7Y w 5‘515

A 47 $i

fa) x4 (s+—z),=‘
(b)x+“(7+ 6)

(e)- (& +‘7) + x

'rhe equations 10 = x + 3, and x 7] 3\ 10 are. eq“ivglent. Both. ' 4
equations have a solutionm of ‘7. Any equqt).on can ba completely :

i reversaq without’ Changlng ig's aolutlon, The pxopexty wm.ch
TUY lallows'us 6 do. this is called the g mgtr].c EoEazty_

Exe:cise:« usge the _,m( et propetty to u\:ue an equivalent
G equation for cach’of tne ?uat1ohs belew., ;
,\’(a)l0=x+6
. 3 R + -
T e ea,'ro,f(m'";:* 7= i

' CHECK_POINT

1(1) ‘Use the commm:ativs pz'operty to write an eqpatwn whicy o
- is arnnvz'|nn* to the nmm*‘m- % h 6 =10. .

(2) Use ‘the symmétric, pzoperty to, write an equation which 1\\
* équivalent. “to the n7 = x4 3

3)"Use ‘the associative’ prope:ty to write l.an equation which
is eq\uvalen(; £o the equation (x + 6) + 5= 20‘

%

u proéuéa.
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ke r.he equ.atgon x % 3.='5." The solution of this. :. g
. “E e, agded 4’ £o-each side of this ‘eguation,

: “eqiation is
S we would obtain a new-‘equation.x + 7 = 9. ithe sulntion Df this

--equation is also'%, sinde 2+ 7'=9. 1This means that' the néw. /
St e equaticn whig;x vie obtainad by adding 4 ‘to éach side of the
’ - is guivalent to- the_ original eqlxut:ion.

'th?_equatlonb x 477 = 13:

§ T It's dylution|is b, 7 -
TR TE . (2) Wit a new éluation by, adding 3 to each side

i | # 1 of the olven 'squatmn. i 5
S.unpl:.fy il ©

tm)1s the‘aol,&binn of this eglation aleo 67

" () I the quation 437 =13 aquj.vatenc %o - S e
the equutionx + .'LD =16. otk \ Vil T

(a) &7+
A PR () yest 4
i Lot [&) tes {

213 +3;7 xk10=16 0 LT T

polution is. 5 .

{a) Write a new equation by addi.nq -3 to aach alde
8 puty 1:.

i of the given aq'untion.

{b) . Yes
R Bl IO B Sy (e) Yes
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5l e CTIAN. v JOBTAINING EQi}IVILLENT EQUATIONS’
| % = 5 : Y
TR N Y :
o s ) i
Weshave leamﬂc‘( that we <an use h1e ADDITIDN PRINCIDLE :
y +"/ko obtain an -equivalent eguation (an equation with r_he same” Y
 solution) \ s, 2 ; ]
Ex :-csf_l_ Su\mo:se vé take the Cquationx + 6 = ]
" (a) ObtEin a\q egu;vzl\mt equatmn by addx'ng' 3 to each slde of 4

the equation S\c +6 =7

E ¥
" (b} Obtain an e\qmvalent squation by adding 4 to eacr. side or

the equation X't 6 ='7. . > I S

)y
e a KB Obtain an wguivalent aquaucn by addmg -6 ‘to em:h side of
"« the eguation. x3\6=7. 3 |

(u‘,uh'hicb of the uudtlons .;btamed in parts,a, ‘p,’ or'c is
¢ the easiest “to soller’ Al sl 3 g

T e L

Answers:
ki T, (@) "The' one ‘obta ned in |
i part C
e N A i

orcise: Suppose we\take the equanon x 4§ sa=le
(a‘j Gifuli an. squivaTeRE \equaticn by adding 2't0 each side’ )
af‘ the equation x + 74 s"

(j) Obtain ‘an’equivalent éguatiim by aucung 4 to eﬁ‘qh gide,

%‘ '~ the equation '+ ~4 6.\ sl ke
b ‘;_amummuqmmmmm_mw,
£ the equat:mn X+ 6 \ ? .
—r—s& \ :
a) Which of the equat¥ons ohﬁ\insd 'in parts a, b, ox o }.n
,
\ & S /t_he easiest. to solve? .
; ; e : - j
i ! ! . ‘ \
el % Answers: (a) x '+ "2 = 8 (c) By -a =2 :
e i Lo B)ix =10 (4): The one o5t aided in patt B
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e aimph:n eguivalent

hz eqguation x + 6"= 7 when wa added ~6 to each

ned the simples\’ squiralant eguation for

(: 2% Hile equ.a‘t.\on,y +.78"= & when we added 4 to each'side.’ Can you
see thedrelztionship betwsen the number added to each side of

[\ © . the'equption ang the number on the left side of the equatiom?

you can see this relationship, state it. 2

I S g : §
Xn crler te ch.'unnts (oet :i’ 057\ part of a sw in an- 2

i s ; ecum]m, We. 2oh add Uia ndditxve‘ inverss of that pert to'each | v
oy side of’the' equation: 'The new equation which-we, obtain is a . A

iy
2l

. simplex equx\’élent equation. 3 5 @ %

e |
NP u‘mon; va so1ye thq equation ¥ +°6 = 7 .we mist eliminate

3 ¢ ; ‘the 6 from tha left side of the equation.. We do this by adding
$ Y 'l‘.he sacitive inverse of G, which is ~6 to each side Of the.

4 . ! | aguation. ' The equation which we obtain is a simpler equivnle.nt

aquaticn. | :

;> zzsrcise: State the number we would have to add to each side: - . -

: © | .cf these equations in order ‘to solve it. Part (a).

~ is done as an example. B 1 '»D i

() x +'$3'21¢ 3 (@) x+ -6 =70 :

(b} 'y + 71'= 50 (e) x-5. =6 ?
e p —_ :

(c)a+ T= 4§ (£)16 =%a + ~17

| Ansvers: (a) 3 (b)-71.(e)-7' (d).6 (e)' 5 (£) 17 “ s
gy 5 E 5
1. ,If we are golng tc solve the equation x + 9 = 11, whi
« the following numbers should be_added to ea e
(@ 9. @ 7, (@ =9 "(@ .0
C¢: 2. vif v hba, oing t6 HOLvE" th Squatelon 476 . |5 vhich of
the . following numbers should be added to each side’
{a). 6 (b) -6 (c) 9 (d) 5

numhar: zhovld be added to each li.de of ﬂm equation
19 .n urder to sotve iz

= P’(‘n‘( ckux WA ¥ ove Tm.d\', b.;,,‘ ,.., P,.,"g&.

e
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 'SECTION V1 SOLVING EQUATION OF FORM x + b = o

C - | Wnen we talk about.equations of the form X + b % c, it is
i : underntood that x is a variable, and a and'b raptesa.nt .specific
] numbers. Some examples of this t&pe of eq\mtion dre x4 6 = 10,
x + =3 =77, and k + 10 = 717. é
W .7 The basi¢ idea ipvolved in sblving any equation is to write . '
"a‘chain of equivalent equations until we find an nquaf_lon whose :
. solution is obvious.
In iorder to -solve equations such as x + 6 =.10, X + "3 = 77,
- ‘and 'k + 10 = -17, ve must eliminate the number which is added 2
* ] to'the x. Ve get Tid of this number by adding its additive \
inverse to each side of the equation, The aquadcm which we\v
obtain is a simpler equivalent aquatian. ¥ Ryl \
Te : N

Example:’ . Solve ‘the uq\ution x + —7 =5 " Y

) o X+ -7 5 :
e = M g L (x + —7)1+ 7 - 5+7° (Using the Addition Principle ¥
. - oo : we add 7 £o each Bide of the
t g : =y ‘ w i equation)
. ' X+ (7 +7) = 12 (Using-the ‘Associative Property
Y oy . ve xegtuup the left side)
s 5 ey X'+ 0= 12 . (a1l of these equations are . 5,
. " " er‘,'\livq,lent, that is, they have 4
| x =12 ) . the same solution) N . i
P " check ] E
3 i x T a5 ] |
F 12 + 77 = 5 4 {We. réplace the x by 12)
. S5 X (Since_tha laft gide of, the

. E . L. equation is equnl to the! right
’ side, 12 is ‘the corzectg lution)
‘Question: | In the a_xnmpla"ahove, ‘why did we add 7 to each side? -




TS

Exércises: 'Solve each of the following equations.
r o 5 Do your workings-in the space prc
Exercise. i x#3=10. ;
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e » N
AST 0 % ot = =g

Answer: x

S s £ w
* Check Pofntw Solve each of the following equations showring each step in LEw

the precess. ‘.

-1 x#7s=T10.

o s,
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k. SECTION ¥11 MILTIPLICATION PRINCIPLE

\ Supposz we taku the equation 2x6.  The.solution of this equation is
! ‘3. If we muTtiplied each side of this equation by 4, we would obtain a
i new_equation 8x°24. The sdlutfon of this new equation-is also 5.‘1,1]!(:2
: 8:3524.. This means that the new equation which we obtained by multipiytny-
gach s1de by 4 15 equivilent to the original equation

Exercises: ! . \\ .
Suppose you take the Aon 3x=12. TIt's solution 1s 4.
(a) " Hrite a new equation by multiplying each side of 'tho given
equiﬂon by 2.
(b) TIs the solution of the new equation also 47 _ .. ?
(c)} 'Is the equation 3x=12 equivalent to the equation 6x=247

o nswers: () exe2s o e
- [ (b) Yes . ; -
(c) Yes .. i
A Exercise: Suppo ' you ‘Hake the equation aieds It s'solution s 3. i 2
5 (a) " Write a new equation’by mmpmng ench s‘lde of the : e
o " given equation by 5,
* (b)- 'Is the solution of the mew equation also 37 g
. (c) Is the eg\uat“m x¥1=4 equlvnlent to the: equation 5x+s-?m
Answers: (a) SwSe20 0 G, <7 ey 4
(b Yes : ‘ :
(c) VYes | 3 Ty X iy
Exercise: Cnn you state a general pﬂnciple that seems tn apply ‘when ‘you
multiply each side' of an equatfon by the same “number-.
S
( Answer: * You, obtaii an equation which |s equimm %o the originu'l : Ao
.7 equatdon.. - 2 9 e g
A
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. THEMULTIPLICATION PRIMCIPLE'  ©; ~ -

( ' ' The Multiplication Principle states that you cbtain an equivalent
equation when you multiply both sides of an equutlun by thc saine mnvber
That 18, if a=b, then a-c=b-c ¥

The m'ltip"cltiMrmcip'le 1s extreme lz important in the solution " L
of mlﬂms since 1t gives us ‘another method of obhainhg equivalent )

( equivﬂeﬁt -have ‘the same solutinn.)

Check Point: ‘Answer elch of me fonmﬂng quesﬂans.

m ln your own nords state the Mu!tip'l{cation Princip]e
! |

S gl : \
‘ (2) ' 1f you munt[ﬂy each'side of an equatibn by the same \
' 2 number you obtain an:
equation.
Is the equation -3x=24 equ1valent to the equation X

@3

o SECTION VIIX: ¢ ommm IVALEiﬂ 1ot

He have Tearned that we can use the Multiplication Principle to obta1n I
an equivalent equazid\Tlmt equations are equations which have the

same solution.) .

7 B s ; 3
Exercise: Smmr\se we take the equation 3x=1 g g

Yo Y (a) Obtain an equivalent equation mltiplying each’ side of
the equation 3x=12 by 2. N

. . oy s
‘( 3 (b), Obtain an equivalent equnt!nn by mlt(p'lyiﬁ! each side e
© . of the equauon 3x-'lz by 1/3.

Obuin an equlva'lont equatlon by nmtiplyfnq each slde
of the equation 3x=12 by 1/4.

L (¢!

(]

Which' of the equations obtained in parts.a, b, orc is tﬁe
p . 5 e g

OB < " : A
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‘easteit to solve, : 3 ' &,

" posars (a) G LT

2 L) el . .
" (c) 3/4xe3 ? . i

(d) The one obtained m part (b). :

Exercise: -Suppose we ‘take the aqutiun ~2x=10. *

(a) . Obtatn a mew equation by miltiplying the equation ~2x=10

by 3. ; yt
(b) Obtain a new’equation by multiplying the equation -2x=10 .
' by /2. ___ .
(c) ‘Obtain a _new eqvnmm by muitiplying tha equat!on =~2x=10
by'-1/2. o
N (d) Which of the equatfons obtained 1n parts a, b, or ¢ {5 the
aniut to solve., g ; .
Answers: . (a) -6x=30 \ . g : .
(b) -x=5 = - ! '
(c) x=-5 g

(d). The one ob?;inad in part (c)

So we have sesn that we obtain the simplest equivalent .equﬂon for -

kthe equation 3x=12 when we m'lhp'“ed each side of the equation by 1/3

and we obtained the simplest equivalent equation for-the equation -2x=10

* by multiplying each side of the equation by’ -1/2. Can.you see the relatfon- '

ship between the number you multiply each side of the equation by and the
MJIM before the x term. If so, state it.

\
' ’ : :

Ohﬂmn'ly the nurber we lm'ltlp'lied by and the number before the x
term are multipifcative inverses(Reciprocals) of each other. That 1s.
1/3 15 the multiplicative fnverse nf 3 and -1/2 {s the mitiplicative

Anverse of -2. ) 3 \

N\

In order to «eliminate part of a product in an equation we multiply
‘each side of ﬂle equatfon by the Multiplicative Inverse of that’ part.
"The new equation which 1s obtained is a stmpler equivalent. equation.
\
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Euampler
Towlnhw‘ﬁuh-ﬂnms‘lhi umammlm

7" hand side of the equation. We do this by multiplylng such side of the
equatfon by the multiplicative inverse (Reciprocal) of 3, which 1s 1/3.
TM equation which we obtain is a-simpler .qulnlent equation.

__m Stlu the number we would have fn multiply each sidn of each
of these aqunﬁons hx 1n order to solve it. Part (a). 15 dene
.- as an example. -
(a) 4x=16 __1/4 - - .
(b) . ~2x=10 . ®;
. fe) =5 . e -E
o a s o () -6x=-17
¥ (e) . 27x=-107

Answers: (2) /4~ g
: ®). -1z = 4

D (). u3" ° - TR R e
h i ; (@ -6 = \ ; ¥

e A B (e) va gty 3 ke

Check Point: Answer each of the following qmst ons

b e

i L .-'I. 1f you are wlm to solve Ul- equaﬂon Bx"lm vhich of’
: g . " the folTowing. nusbers should we multiply éach side of
* " the equation by.
() 78 (b) IIB (c)A -1/8° - (d)/8 J%

2. 1f you are wing to solve the etmlthmI -6!'72 which of
ﬂt'h.e 1Towing bym should we mni#!y each side of

g B T AR

@) -1/6 . () /6. (c) 1/3

3. .If you are going to §n1vs the aquuﬂ" 2/3x=16 which of
the following numbers should-we mul “l;ﬂy each side of
the equatfon by.

(@) 23 () 32 () =32 | @y -rs

Please check with-your mdm--be%y_re you proceed.

/

i Y !
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SOLVING EQUATIONS .OF IyfE ax = ¢

< ey \\sscﬂon 1X .. . -SOLVING EQUATIONS OF TYPE a-x'=¢ . " .0~ ] s
)/ \ The basic¢ idéa involved in solving amy equation is to write' = et
i 3 é{‘chain of equivalent equatmns until we f:.nd one whose, 5 S
» so‘{lutlon is obvious. . hEY E Al T

If we are going to solve equationa Such as 3w = 12,-5% = 20,
‘etd., we must eliminate (get .rid of)’ the number' before thé x
teim, We eliminate this numbexr by multiplying each side of
B the| squation by the reciprocal of this mimber.” The equation
g 1 whx‘ph we -obtain is a si.mpl.ie,x pquivnlen: equations -

Tt Exercise:. . Solve:\ 6x /4 42 . . (Using the Hultiplication ‘
& 7 1/6-(6x)= 1/6 -42". ‘Principle, we multiply-

~ g ;each side of ‘the equation
’ i . by 176, i
(1/6-6) +x =42 ' " {USing the Associative
A ( E . = B SRR e ) 'P:oparty, vie tag:oup the

i S i T L 1egE side)

. (All'of the equations’ .
" obtained in the Solution
of the problem are .
eq\n!.va].ent, that is) t:hey
have the ‘same uolution)
(We, replace thie x by 6)
T P e e

s e v A ’ e | ' (since ‘the left hand side "
o1 LRV : |1 iof the cquatien is equal
T L # e tothe right hand:side, '

& is ‘the correct solution)

-Exeroises In the example above, why. .
¥ % did we multiply by 1/6 2’ . -

\

e B S L et} o ! i

YooY hnsyers . since 1/6-4s the reciprocal of- 6.




'
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| Bxercise .81 6x = =120 . ",-. L




Solve each of the folloring cquations showing ‘each | "

i
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SECTION X: - 'SOLVING MIXED EQUATIONS

So ‘Far ‘we have learned to solve two types of equations:
Type 1 i ofrthe form x + b = ¢, for example x + 3 = 10, = .
% +-6.=~17 and .6 ~x = 14.. Type 2 is of the formax ='c,
for. example 3x = 9, -4x'= =20, and ~7x = 35. . The basic i
difference in solving the two types.of equations is that in R
Type 1 we have to get rid of part Of a sum whereps' in Type 2
weé want to dot xid of past of s’prodiot. .. -

SUMMARY : : { | ax z
When we_want, to gat. rid of part ofia s we use r.he.\\g\idtciaﬂ
principle and add the additive inverse of that part to each
side of the equation. 3
' :-When we want to get rid of par: of a ptod\mt We use the -
multiplication principle and multiply each side by the: reciprocal |
(multiplication inverse) ‘of .that part. - : 8
- — =

. ‘Examples: 3 S - i
& S solve 3x = 21 we need to -.eliminate ‘the. 3° (paxt of a’
[product) so we'use the multiplication principle and multiply

each side by the reciprocal of 3 which'¥as 1/3.

2. 76 solve x-+ -4 = 6 we need to eliminate the' -4 (part ofa
sum)- so'we ,use ‘the addjtion principle and add the additiva invetse
of i; 4(which is 4)to each] side. .

mércinn:: solva»am:h of the follw:.ng equations
&5 " (Do _your Hnr]d.nga in the space. provided below each. pzom': - ok

Exercise 1: x +.6 = 21

Answer: x =15

'COLOURGD






- hgartise.” 64,

X =25 .
-10-#a=-4 "




= A B e 93 X . " 2 . §

- 2 S 26- L : K - g
# '+ ‘Exercise lg: <180k = 0 :
v : T oiem . - s X o

Tx #1770




5 g@ Point: Solncnhofthh“nﬂnemﬂmsnﬂmud
s 5 o B Minmm : : Tk

R
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N . - i ’ 3 .
. SECTION XI SOLVING EQUATIONS OF TYPE.ax + b='c

An snhnm an equauou sud\ as 3 46.= 15 we huve two ; l
@

o A fumbers to elimfnate fmmm Jeft-side of the equation. Ne .
¥ have'the 6 which is part of a sum ‘and ‘the 3 viich s part of J
a product. oy
| Eirst we eliminate the 6 by adding -6 to each side of.
the equuﬂnn. . ;‘Q 2y
. 3x0(64‘5)-15+'6
. X+ 0=9 s . e .
Vo s & x =9 (Note this equation is equivalent to 3X +6=15,
N : ® - ; - G
. Hext we elnfnate the 3 in this ned equatfan by mtipaytng Vo
: “each stde by 173 S RE d

. oo T v \

. L 3;4/3 -9 1/3 ) 3

B B ‘(31/3)'X'9“II3‘ a5 3

o L o lx=3 ; Lt O g !
/ St i e o SIS

‘ Nute' e used both’ the addition and the nm\tw'ucaﬂon princnﬂes

Tito solve the equation above. 'He f1rsz usedtne addition pan|p1a

0 .eliminate the 6 and then we used the iuTtiplcation prdm:tn‘le

m éliminite the 3,  Remember that throughout the whole problem

.we were obtaining equations vmlch are equivalent to the

equamh X +6:m 5. Ay

ol e g Some o smm . ;

2% + -6-= .30 , p 3 2 -
I ‘ > ‘,"_“-2X+(—6+5)-30¢6(/( e ‘are using the
TR i W ax 0 =36 ... addition principle

5 g : ° to elfminate the -6.) -
X e -1/2 = 36 - 12 el

(~271/2) ix =.361/2, ‘W° are using.the’

lex = =18 > multiplication principle’
: ' sl R e v ‘o eliminate the -2) :
g s rgp w20 oz ey

céLouch



J equation

" ‘We can check: and see if =18 is'tha correct solution of ‘the
=2x + 6 = .30 by replncing the variable x by -18,
nmpli!ying the left hmd side of the equation and ohservi.ng if the''
left hand side 1s equai to the right hg‘nd uid.a. i 2 g

=2x.+ "6 =30
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Exercise 11l: ~6p + 13 = 759
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o5 o 7 .- . ‘thia bookiet is very difife:enut from an ordinary textbook;
) . it cannot be Tead in the way ather b‘ocke are read. Jom nygt ¥
read the material carefully, s-_udy the 'examples, complete.  * s
i " @1l the @xercises, check your owx answers and procséd. through
the Sooklet at.ysur own The duceeas of this ‘booklet
arefully you read the fjterial, ansver the
1en you finish this. booklet you. shonld be
o emations such as -3% + 16 =.~¥7 and .
<. " A tést will be given at the, end of this bookiet -
how miich you have loarnéd. . |
“ake a few minutas and. look .hraugh t:hx.'s bcokl t.
fhera is ‘a rad line.bslow ?m’:h e;(erl:;L e or S-.\‘: £
The dnswors toethe’ exeréises are below the;red lines.
are provided So that you may chack your:own work.
e of ehe'argvers wrong, please.rédd.the section
agsin’ S0 that ‘you may se why they’ are wrongl: Note also thit.a
fe areas have .een flocked in
to drzxw yo

‘dspends dpon now,

exercises, ets. W
“abla to Aol
e 22 = ~T4 -

. to's

“The purpess. of ‘this iz
attention to the jmportance of these ideas.’
‘e teuom.né procer]urés should be falluwed in using tth

boorlet: g 2 e
(X) . Work ‘on.your own; there is_to be'no talking to t,wg: 5 i

. ‘students. . % w0 M . " }

* % ©(2) use the piece of 2 P ided to gover ything .

. Holow ‘the red Ilng.  When you have finidhed:the work above the
xéd line, lower thk cardboard to the mext'red line and check
your a.nawers tu\ the ‘exercises.

@ (3) Réad the material carefully ana study ‘all the mmpxes
" thozoughly.

(4) vlace your angvars: fo the ekeroises n the blank spaces
i . provided after cach exercise., i 2

(5) IF you.get mome of the exercised wrong, go back and read K
the section again so-that you can seé where' you went wrong.'
o (5‘) Thesé bocklets will becollected at thpend of each period.

oy
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: . SECTION 1 ... BOLUTIONS OP EQUATIONS = - ER e w g Ty,

BRI ¢ numbet ‘sencence: vith = 1. uallad an. aqnation. some aquatlmu ' Lo
0 :

#e u‘h t\me md some. are talse. C " s "

) »'sxe'r:cq.la: ! ich are true and,which & false’ - f =g o

Ma) 3+ 2m s
. T s, L () 5-7=4 ¢
3 o £ N e =2 ENR R )

e " () Palse. .’




i B o 3 . e T3 ‘2 B R - o
S ® s 5 :

, & nacber that makes an equation trus is cailed a
of the equatien... '

Exercise:  Find solutions Of these éguations . ¢ . o

Sl ' A fy
i 5 . o

@ 2 S ol Ty Y ) '

_ * 70 solve an aquation, we find a1l it's solutions.

R E Xex,
) yeR0
() ms x =67 " uI(E) ATy =0




“oL A

Ekercise:  Solve:- Use your imagination

@) 54t Ex ! ERNN ) I S S | .
) ~ () 4- 6=y 9 5 +w="3_>
{ . F 3 ). 3-"2=¢ 5 (10) x + x = 10 o
: ;L4 =5 - 3=y (11) y + y'= =8 .
(5 "3 -+ x=6 a2 t+t=c0 . A
L8y 5 4 ym7 oy y -y = oy B!
Cmo-2 wyms (14) % +x = x '

A i .nhswers: . .(1). 8 (6)

T g n @re-z - uma
- e m e, Dol ld
i By W15 ey -2

Tisy 37 (10 s

that additic ar
Por the equxtion..x e tha:e aze two related
5-x=3 and 5%-3m LN

Bxg:eise: . Write two ralated sentences for x + 4 = 7 .-l




Exercise: ' Which is'the sasiest to _solve
(n) X+ 4 =7

S ® 7T-4=x . -
¥ L@ 7Ex=4 T T g ;
4
Answer: Part b, 7~ 4= x : . . ven
? Exercise: (a) For -5+ x =7, write two related sentences

[ Chaose _the one with x aione on.one side. ' Solve
e . 1 : .
(c)Is the aolutian also’ a solution of -5 +x = 72 .

R A

"\l Answers: .
solution is*12: - B

L Exercisei. (a) For y k 2% i3, wzn:a, a zelm:ed sante.m:a with

¥ ‘alope on one side’.. -

X 2 3
by Solve your related oy %‘
(c) . Is the sol\xt:iun also a uol\;ti.on of Y + 2 - —5 ? r

s €

T 57 B B % 4
(o) Yes U 7 ; o B &
. 1

i

i

'CoLourRED



We:.can _-olva‘ an equation like'x + 3= "7 this way:
(a) Write'a rolated sentence with x alone on one: side.
(b) Solve the related sentence.

! (c) Check the solution in' the oxiginal aquation

s
S - (8) &

Exercise: Solve

(1) x
(2):x
3.y
(4 y
(5) 'x
6) x
(7 't

-2 w6l sy

N

NONN e RN

(9) W
o) w
1=
124
Sy
(1) y

I T R O RV I W

1—++._+ EER S S S N S S

(2110

B St SR T A A S

(.8 (8) =77 . asy. 1 (22) ts .
o (20, 87 9) (e 2 (23) -8,
T (8 (10) e -
B R A ¢ A o 2
L(5) <L (12) 19) 4
IR0 U § ‘(13) (20), 2
ey -7t ae

s

CaLouch '



.' SECTION 111 ° SOLVING Egm\udus OF TYPE a : x=25)

oo »
n-luhar ﬂue mlﬂ.pueluon und d.ivulon are oppasit:e v !

. operations. Por the equation 3-x = 6, -there.are two relatad
sentences, 6-3 mg-x v - 26

) xxsrcis'ax Hn.ta Jtwo uluted nentencas
& for, d.x = 12

200 Bnswer:
: _Bxezcise; :
: Co i (ay Aexi= 120 (D) 12 =4 . (¢) 12 = x|
i Sl TR T
T B ! - 7
o & 5 ¥
Answer: Partic , 12 = x !
. Exercteer [ (é) Por 574 x = 20, write tu{: :e'lagea sentences. |
_ {b) Choose. the related .sentencs: wu-.h x a].cne on
; one side.- Solve it
: (c) Is this: lolution alao a so tion of a—y-——aa
: & » Six =20 " Ry
Answers: () 2085 =x, . 20%x=5
; ; L () 2045 =%, 4 ’
Lt i *(e) yes, =
i “ ’
i : : &

CoLOURGD'
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Exercise: (a) For 3-y =21, write a kul&\.!ﬂ senterce with
v vy alone on one side. ‘ ’
(b) -Solve your related 'sentence. ' x
(¢) I8 the solution also-a solution of 3-y = 217

——— E

ita) y = 2143 g ™ % ¥

) 7 : a 2 L
; . (e) Yes o HE Lo S i 2
We can, solve an equation like 4-x = 16 this way; .
B i) !
(a) ' Write a related.sentence with x alone on one side.| |
. (b). Solve the related sentence.
; (c) Check the ‘solution in the original equaticn.
¢ Exercise:  Solve iy e
T sikmils S e, (19) 032
KEohgc e : - '
o SEEE Sl RN e,
: o L), sl :
fR (5) - : " i b b ;
(s) L : 20013 e
(=2 =8 Wl b = i
- G , o J(22) 2055
3 “23)430 =6
3 (24)-35 = 5
3 ’
: (25) 10 -y
el (12)-12:¢ ==12 il RO R B
(L2 seyim g L it R R

do R

(14)' =5y .5 T A ;Y

Answers: it e s

e un (19) 4 @8y T
- (2.4 % 7ite) .3 (20)° .57 (26) 05 g
R+ (9) -3, (21) 2 27y 7 )
: o 1) 3 (30) -4 (16)7¢ (22 4 L
- ay 1w ans o(23) -5

(12) =1 (18) 5.

COoLOURCGD
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. 3 ¥ *
SECTION 1V y THE ADDITION PRINCIPLE
i ! i
S . Exercise: )
£ * (I)Ilthilmtmetxu? 3+1=4 : \
x (b) Add 2 to 3 + 1 .- Add 2 to 4 A

Is (3+41) + 2 = 442 tm7 .

Ansvers i (a) Yes ~e L
s (b) 6, 6, Yes- i

i ‘- Bxercise:. (a) Using the number sentnece 3.+ 1 = 4, add
. Sto3¢1-ndldd6tol
(b)Is t;he sentance (3+1) + 6 =-4+6 true?

Ahswers: ., . (a) 10°'="10 .. 4 ¥ gy At 3

AT T e pyded y
< - Exercise: (a) Baing the number sentence 3 + 1 = 4.-um
C = -6 to 3 + 1 and add -6 to 4
: 5.2 S (b) I8 (3+1). % =6 = 4 + ~6 true? ° 7
, Answers: (a) -2 = =2 x RS
(b) Yes -
A = 5
5 Bxercise: | (.) 1d this sentnece true? 9 = 10 + -1
o 7 (b) Write the sentence you obtain when yuu add
#1 ‘2 15 each side of 9 =10 + -1
B (c) Simplify: 9 + 2= (104-1)% 2
i '(d) Is 9 + 2 = (10.471) +2 a true sentnece? __° {
2 ‘Answers: . (a) Yes i ! W s BT B ) !
e T ‘(b)9.+z-(1n+‘1)+z a2 5 ,,i‘
! i S e e Ry bt e,
55 ~.7(A) Yes T S e :

i)

COLOUREGD




. Exercise: Do you ses a pattern in the exercises in this =~
( : section? Try ‘to describe it. e

s

- 5 . .- >

Bnswer: . :  If you add the same number to both sides of a
true equation,you obtain a true eguation.

If an eguation a = b is true, we gac nnot-_hé: true equati
% ‘e | when we add any numbax (-

LT L \ o llate=b+ e,
: * wa call thia the dd:l.tien Ermcigle

In.exercises'l - 20 ‘add ‘the given mmbex to qet new .equation.
. Theni simplify both sxm Of the new equation. Number 1 has been
done as an exampla.

- Exercise 1: R R (442)+3 = 6+3 Sy £ 008
Y P Y. P 2 6+3=9 4

1 T . 9=19"
| ; . -

o

i

lExaxcise 2: 5 =172

{

|

8

Mawu ._5+ L= (7+72)4

1 5+ L= 54 F1
4=40

¥ Exercise:d: | 8= 9 -1
ar Add 2
¢ H o,

8+2=8+2
. 0 =10




10
g .
Exercise 4: 5.2 =10 =
€ add -1
S - ———————
Answer: - 5:2 4 71= 10 + -1 5
10 4 "1 =10 + =1 3 =
9=9
I o Y

i S T
g€ ————
i : 3 .

{ = 5 : 3 =
3 Ansver: 13+ ~12=(647)+"12
: 13+ -12= 13 + 12 :
1=1" T E;
i % e
Exercise 7: x+4=9 ————
c Add -4 S e
Answer: T
: ‘.
2t 7 = i g X 3
s i i
i : pd v
: X s
- = e i = -

CoLOURCGD




e w Exercise 8: y+ 3 =10

Do e o B #

: ‘Answer: - (y+3) 4 =3 =10 4 ~3 -
M ¥ #A3853) =10+ -3
2 B e y+ 0 =T  *
2 . ] 5 oLy =1 B

g . ]
g ! . Exercise8: | t+ &= 8
) o A hk ada -4, . -

" Anawer::

Lo
‘Exercise.10:

_(x+'5)*5=7+5v
% x+(5+5)-1+s‘_
x+0=12‘ o
x =12

Ly g e el e ok e

AGdT :

I

‘Angwex: ... (y-F7) T =20 T Y Y i

: : y+(7‘+7)=2+7 Kl B s 1
Gl e Y+ aR9 T

COoLOURGD
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Exercise 12: w412 = ~3 e ——
Ada -12 rd i
A /
- —_—
Answer: (w#l2)+ =12 = -3 3 =12
W+ (12 + 712) = -3 + —12 -
'C/ W 4+ 0=-15 . . = B g
W = -15 {
.
Exercise 13:+ 3 +x =7 : e gy
ada <3 b R RO T
Answer: T e o T B
7473 3
‘Answer: 54 (-5 4 y)= 2+5
(5 +75) ¥y =235
o4y=1 i
y =7
% s '
N y




CoLou

s KIS

1
. ‘ ,
‘Exercise 15: 10 + u = -3 S A
5 -ada - 10 5 T
k —
& - f
! Answer:, =10 + (10 + u)= =10 + ~3 \
(-10-+ 10) + u = =10 + -3 \ ; .
0 ¥u=-13 1)
' u='-13
) " Lt o
. . Exerc'/qe [LH §=x+5 F
e . add - 5

L S Yy T ) ¥ S o

113+ 4 =y + (-4 +4) g ———
13442y +0 - ; e e s ;
i 5 TR o e e s L o : . :
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e . ®

Exercise 18:  -12 = t + ~4

: ' 2da 4 > '
§ oy : 5

) .

. Ansver: <12 4 4= e+ 04
~12 + 4 = £ + (-4 + 4)-
124440
=i il

.- Exercise 19: © 7= 5+ x .
Aaa-s
Answer: U LEE TmiE (B4

=5 A 7= (5% ) 4 x
Pu =54 7.2 0¥ x

3 5 "
Exercise .20: ‘=7 =2 =34y L
Add 3
¢ 3
Vi 3 5 .
Ansver: . 3¥ 27 =34 (<34y)
! . 3T =3 +73) ¥y
5 -4 =0 +y v KT




Ny .
2 : ; - . S ]
e SECTION V 3 ulnwg m ADDYTION Pmucxvm St S *
+ .. Exercise: . Think about ¥ + 2= 11-4' e Y oeme
) {a) What is the 'inverse of 2'?. N
v 3w (b) Use the additiqn principlé. ' add -27to~ ~ ..’ -
¥ v = ... each * ma "of 'the equation.,' B “
JE. ' g e v I e B TR
i e (c) mmt 13 the selution of. yaur new, equacmnz

. —
" R o' (d) Is it also a solutlon of % *, 2 =711 ?

©(5) Use ‘the “aadition. pii_néi‘;&le. hag3eo each:

. “side of the equati
S o B g (e)whne\:.s tthe golution lof ymm ew equation?

Lasl e £ '_(d) 1s 1% i

i i A

i g e



-

4
]
i
i
& ;
¢
\‘ -
|E
ks
i B
3
,

5 ¥lag ¢
» k/» % A\

Think about 475 % = )

' (a)’ wnat _snould be added 6 get x alone? - A
(b) Add that number. 5 N
(c) What is the solution of ¢ your new eq\xatian?

(@ s it alio a'sqlution of M + =

1 L a P
‘Answers: | | . o (a) 4 st 81 Bl 5 o /
- 4 (B) * (4.5 000 '+ T4 9 R ITA S
" R o I o A L B A
; (@ ves :
4

Ve ‘can ‘solve an equatiom uke x 47 =12 this way: .
Tu¢ oAy, wu the addi‘-ion principle t> get the’ vu:xahle alone on
: i one'side of the equation . K ]

“(6) chéck the ‘solution in the oriyinal equatisn.:

Example: v'x+"5=2‘ e T T S g g
N e TEY. 8T 2 8 o TR B

®om 7. e i Sy g ¥ 2= 2 ) .
7, iy g N . 4 g 8 ]
Thus:7,is” the solution .of x + 75 = 2
- Exerélas:': Solve; | Use thd'addition prindiple. Do your workingu in
oy % o £ “the’ sgaca Emvlaea below each Ezoblem. it
} (1. = ¥ ? )
3 o Wil ! B e
X . : \ ;
: - z O
S AnswdEi. 9 SRt
L0 i
! . g cri

Cacouzcn
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Exercise 53

-- G s e
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Exercise10: . =5 4 x = -31

g S
COLOURCGD
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1=y +m7 &K

i b e e
i

_mxercise 17:

B R e Ll

G
Answer: 25 e - g :







oL v v

. Exercise 2431 - 15 =725 +w

Exercise 25




2
Exercise 261 =15 =25 +y °

g ('_ B -

-40

THE mr:px.zciﬂmi PRINCIPLE

25 = 57

“ta), 18 this sentence truu? 3

“(b) Multiply 3:5 by 12

35 by 2
) 18 (3:5).2 = 15_- :
Y { ) 2

(a) 60 =507 I S (TR
(b) “Yes i : s




.24

Exercise: ' - ' (a) Using the nunber.'sentence: 3. 5=15 mnltibly,': ¢
B, R ‘sach side by o :
(b) 1a tha sentence’ 0+ (3 5) = 0-15 truez 0
% : ¢ 5 o ‘\ ;
Augwers: . . - () 0= 0 5
(b) Yes -
. Exércises . ' (a) Is the mentence trie? 2:3:= 6
(b) ‘Multiply each side of this equation by Va
g T Bl (). 15 the sentence }g- (2:3) = 1/2-6 tzue?
a2 ¥
; Y b 3 2l b
il . .(d)!ea"."-v_ ik o
“Exercise: (a) Huluply each side a! ‘the numbe: ucneam:a
[ ol U 273 6By 1/
; (b)_'Is 173 4-(2:3)= 1/: 6 true? -
) N e 1
| ‘Answers: tay 2=z e o 8O w T
P el oo (Y Yes. R ; g_ S e M e
: " T

Ansver: ' Iif yau.muit_iplf aach -61d4 of a éx—'ua'equtibxi by
. % the ‘samie ‘numbar. you obtain‘a’ true aquation.

ColboUdeD
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: . . o 5 g »
0l If an equation a=b .is tiue, we q-t another tma‘aﬁuntion _
N when- we. m\lluply by any nuber ¢ | . W S Aok
< e dea bl s :
“We 'call ;h.la the. mltiplicqti&m px:;tnciple. t g
4 : : N
/ et Tn axerciaa 1-20 multiply’ by £he'given number to get.a new
. " equation. Then e:l.mplity both sides of the neu sguation. Numbex:
) 1 ‘has’ baen done as an axunple. =
{ skercise 1r | 4+5.= 22" P 4 ae3) = 4120 i
X : .7 Multiply by 4 Sl 4e120= 4-12 !
= Gttt 48.= 48
‘Bxercise:2: .. 2-5.= 10 - :
i Lt 7 muleiply by 3] il o
Answer: . D 3.(2-5) = 310 SR K 3
fhb i ® | 30 =300,
i M E 30/= 30 : pri

T T
| muledply by 2.

Ahinst

B

coLOu!uD



)
ik Multiply by 3'

‘3. (e2ig)m =123 L e T T
3:712 = 712:3 ¢ ]
1 =36 = =36

Sy
iegiaiiaed
. Multiply by 2

(59) @ 34 (“3.8:
-18 =2.. -9

-~ oLOURCGD



Bxércise 7:

34 =12

gmu.ply by 1/3 o

-~

1/3-(3-8) = 1/3 12 ¢

u/z -3) = 1/3 12

4-4

3:4m 12 el
‘Multiply by 1/4

- Bxercise 91 ' : : s
J © . Mudtiply by 1/2 -7 3,8

J/d (3-4)m1/4 - 12
17412 = 1/8 .1;

_3-3 ;

2-75 =210

COLOVRGD
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. 'xxn?cise 108 245 R <10 ,
N Mul€iply by - 1/5 .

“1/5 '+ (2=5) = =1/5 (=10)
“1/5: (=10) ==1/5 =
Salmanl e




CoLuUvRvUYy

. Exercise 13:  3.x m 21 - 05 ¥
( . - 70 Miltdply by 1/3 K N

Answer: 1/3 - (3:x) =1/3-(21) i A
s - (1/3..3) .x = 21/3 L L= i =

N smig L . . "
y D 4 L .
' '* Exerciseq 14: - 5ex =50 ' . : ; rCa
. . Multiply by 1/5 . S . S, o g
v = e S 3 E
8 B el s L r
i i ZENE
L - Y
A R o ‘

ansver: . (175044530 = 175 -50. Vel Fo

oy 7 "l . (3/5-5)'x = 50/5 A ke
sl 2 Lx =10 0 Vi ot
i Ty =427 : s 3
Multiply by 1/7 - . [l , ’ g
~ .

1/7-(19) = 177-42
(177 1)y = 42/7
Jhy.= 6 R

‘coLoukéD




T -y = 35 .
.. “Multiply by - 1/5

(-1/3:73) 1x.=
%=1l e

=1/5 - (-5:y) = -‘1/5‘-'(-35)1
(-1/5 <=5) -y = 35/5
REC 20
~12-w = 48 o R
Multiply by - 1/12 -

s

Inswer: 12t (S12-%) = =12 44
‘ (=142 + =12) »w = = 48/12
W= -4 2 . i

TR e e g

'CoLOURED

T O




. Exercies19: . 75 =1/5 -x ! ;
C Y Multiply by 5 N

. A < g
T .
.. Answer: . 5:75 = 5. /s.x). FoEa T S
: 5075 = (5-1/5) -x cat B e
" 2375 = x S “ s

3 mel/e y
. Multiply by =900

CoLOURED




' SECTION V1l ' 'USING THE MULTTPLICATION PRINCIPLE

il G N rrrenre

. Exerolsei mﬁ‘me_;-x =15, ¥t ; Gl 4
< iia) What is the: 1 of 3?2 X
SRR e " . (b)Use ‘the" mldplicatxon principle. nu].tig’ly by
% " -y X, /3

(o). What is the so#.uuon of ‘your new equation?

(@) Is it also i,so:lm:x\m of 3-x =152

R . Answers: . .. (a) o 3 it
7o (B) /3 - (3x) = 1551 ~
: ;e s _ L )
S R R T I L L
C 7. “Exercise: ‘Think about .1/5-y.s =30 | g :
N RS (a) What is the 1 of 1/5 e
o . (b) ‘Use the myltiplication principle. ‘Multiply by
‘ ; (c)What is the solution of the new equation? :
L d 3 : i
" (@ 1s it also a solution of the original’equation? :
= s -
: - X
Ty 1o o) \ e 3
Fo g ' answers:. ' (a) 5 4 % . ; {
4 S ™ 2 (b)) 5 (1/5~y) =5 —30 il Jee s o i
3 S ! (o), -150. » » i
R K ) )
i 5 ~ A t
¥ 3 b ¢! . .

e

CoLOuEL—D



Exercise: Let's try ~4-x = 20

C (a) What is the 1 of -4 2
: 8 - (b) Use the multiplication principle. Multiply
By = 1/4. :
' (c) What is the ion of your new ion?
(. (4 18 it also & solution of the original equation?
. iy
Answers: (a) -"1/4 <
(b) - 1/4 *(=4 -x) == 1/4 -20-
& P (e) -5
2% () Yes 3 o :

=z : 1

We can solve an eguation like 4-x= 16 this way :
\'| {a) use the multiplication principle to get the variable PRI
Trd s (_ “ | on one side.of the equation.

(b) ‘Check the solution in the original equation:, sus 2 4

Example: “ golve: Tx = 42 ~ Check: 7x = 42

1/7-(71x)= 1/7-42 746 = 42
¥ x=6 S 42 =42 - 3
Exercise 1:.  Solve: Use the multiplication principle i
- L2 M (Do your workings in the space provided below each. 3
3 4 - problen). : : i
! : ¢ ;=12 C {

i : :
e 4 i 5
X . 3 - - i
. Ansver: 4

' CoLOURED
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2 (c) What is dm

'SECTION V11l .- USING THE PRINCIPLES miﬂxn :

Now that h knov how to use tb. .wum md mldpllﬂdm
principle; let's see hov to use them tog.dnz.

Mm:~ 2 " iy
me-mmmmumax¢s-u.
(a) Using the addition principle, add -5 to eaz:h side of the 5

. (b) Now use the mllt.lpliat!.m pri.nelpl.a and’ mu.tiply each nido

of the new n by 1/3. . y

Wb

lution of your :I.uIc aquation?

_Answer m 2 A e

z ? (@) 3ex =9 (o). "3 & ]

(B) x =3 - (d) Yes

.\ : e g z e




OE the. 7 ' 5

(b) Us ug the mlutiplicaclun principle m(xltiply a7




S

(a) First ‘use the nmdcn princ pla. Add -2. 3
(b) ‘Then use the multiplication. principle. Multiply'by 1/3
(c) Check the ‘solution in the original

©pmerctpens i

‘Example: ' Solve:
G ¥ 7 mA9 . 0 el
6x + 1¢'7 =19 +77
6x =12 ° ‘, .y
1/6 -6x = 176+ 12
x =2

Solve: Use the msdition and the mulugucauon principles.
Do xeux warkingl in tha space Etwided bclow aach Erohlen.

@’ s-x’»s-u_u; By ® g %R PR EAT i e 5

CoLOUVRGD
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" Answer:

.. ‘Exercise 3.




i T
\ | Vet ! .
ot L * - 4 ! /3 )
e :
¥ s S . " i e
sAnswer: (.75 . . ¢ : .
,

5 Jo . B s .
‘' Bxercise T: 13 ='3.x+ T2 7 i o v £ -l S
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Answer:
/ -’ Exercise 11::
. o J 3 e ¥
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