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B ” The purpose of the study was to compare the effects

on achlevement and retention of an enactive and an icoric.
. approach Fo_ the (feaching of perineter and area concepts: ta

. . ‘iseventh grade students. Four ‘intact classées of hetero-

. © . ‘. geneously grouped students were selected for the: study.

Trza):ments were randonly asslqned to the classes: . The

stpdents ware stratlﬁed into’ low, middle, and.high ability
gz’ghps by means of the panadian Tests .of BasicSkills. .In

the enactive treatment. two classes used.concrete materials

\) t 1}; tne ‘form cf‘s‘x»s géoboards while the two classes inthe
-iconic treatment used a semi- concrete naterial in the’ forn

oot 5\x 5 .dot: paper of which they drew the same fl.gures that

Tl T the endctive group made: on ‘the geoboards. ;| §

T test; and .

Teo-pazailel sets of 182son plans, a po

a reténtion test wére constructed eq:gLarcher. a

pilot study was conducted pripr to implementation’of the

maih study. The postiest was adninistered imnediately after

L e the instructional period Which lasted about 20 teaching % s
ays, and the retention test was adminiStered five weeks

Jaburs “odbavers colluted fron 102 etudbats wia & Giotwiy
analysis of variance vas:used th-analyze the scores on, each
“test; | Scheffé tests were used to investigate differences - g .

aong the' three ability 1evels.




xS

“six niull hypotheses were tested at the0.05 levél

.of ‘significance, and all were rejected. The results vere

as follows:‘ There was‘ a significdnt differen‘ce iy mean
scores on both the Posttest and - retention’ test in favaur Lid

I

the icbnic treacmept. There was a slqnlflcant dlffgence

in mean scores among the.three ability levels onvboth the

posttest and-retention’test. There was 2 significant.’

1nteract1cn between treatment and ahlllty wlth respect o

scores on, both -the pcsttest and x‘etantinn test.

- Based on’ the results of . the study, it'vas. recommended

that furither research be conducted usmq a. larqer sample_ and.

dealing wlth a‘dxfﬁerent top c;, at}a lower grade 1e‘vel} or

with students. who:lave had" previous experience with manipis

lative materials.
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' THE PROBLEM

i, In recent yeaza therdhis beeri™a poticesble trend

2in mnthematl.cs 1nstructl.0n towards mcreaslnq &e actlve

partlclpa.tmn cf students in'the lea.tn:l.nq provesst

th& Tost’ Part, actlvity methods have been employed Hlth

élement ary schocl scuden:s.' The juior high ool el

however, have 1ong beer\ regarded as a tlme when student

Lnterest in ‘school beglns bu decline and unfavou!‘ahle L

attltudes towazrd learning wtast o evelep. 3 e wxden use,

A v
of© manlpulatlve macena,ls often with).n a mathema\:lcs

i 7. laboratoxy approach, “ig an ‘atke pt‘”tn “Provide af ,a;,‘gexnativa

-to the traditional texthook chalkboard type of lnstructl.on.

Educators have yaryxng conceptions of activity- |

based instruction. Sujdam and Higgis 11957) ‘ointes ot
)

that the common el .ent” fou.nd x.n t-_hesa different conceptions -

is’ student mvolvement in"the process of learnidy math

\ matics. - This involverent is not, only intellectual'

‘student is actlvely involved in doing. or s{eu scmething s
/ g

done.

3 ’I‘o many educaturs the rerm "activxty leerning". 1s): ° s

‘synonymous With "mathenatics laboxatury Kuln (1876) .- 7 . ;

descnbed_ghe machemat_ms laboratory approach as a kind of




. teaching and learning strategy that involves the sStudent in

o

<

discovering something for hinsels.. Conclusions’ drawn by the

‘student are. then based on, hls own activity and cbservatlons

Ny
rather than ok information. givan to him directly By the

teacher (Weiss, 1978). Jolly (1978) _described the laboratury
approach & teaching, simply as a'method of planning and
organmlng mathemaucal expenences in sudﬂa way as to get
more active. student lnvolvement in mathematjcs classes and
make more ise of physlcal materials in the classroom.

.The use of manlpul@tlve materials is not new in the
teaching of mathenatics. As Schussheim (1978) pointed out,
many of the experiments in mathematics education that took
place in the late 19605 and carly 1970s called for the use

bm‘aniﬁulative materials or the establishment of mathe-

L]

matics .laboratories. Weaver (1971).wrote:

= -« .
~7 “Experience, activity, interest and so on,
- are rapidly becoming shibboleths for elementary
school mathematics' education, often enshrined
within a nébulous math-lab approach to ;
. instruction. (p. 253) )
g

He wrote further'
¢ 'The éitcial fdotdr assovisted with experience
o and activity is appropriateness. . : . But strong
leadership is needed to suggest promising
activities and experiences that' are appropriate
: for the attainment of. panticular mathematical
goals or objectives within thoughtfully planned,
systematic’ programs of instxucticn. (p. 4)

Kieren (1971) moted that while the use of manipu-

.lat:.ve activities, was currently in vogue, résearch was

|néeded into the ‘role "and effects of manipulatives.in teaching

. ’




.further research on the use of such materials.

» 4
mathematics, Suydam and Higgins ((1977), in a review of

research on the use of manipulatives;, noted that because of
ari intuitive belief in the importance of using manipulative
materials, some mathematics educators see little need for

g
Suydam and-Higgins repudiated this view by stating:

There are -too many studles where' the use of
manipulative materials is "only as good a
regular instruction to believe that we know all
that is needed about the use of materials. -Our
understanding of the details of effective usejis
shockingly scant. There is an obvious need for
new research efforts .on the uSe of materials dn
activity learning in elementary school
mathematics: . (p. 107)

This statement is significapt in view of ‘the fact

that the—National Council of Teachers of Mathematics (NCTM),

in An Agenda for. Action: iohs for School Mathe-'

matics of-the 1980s, r that:

Téachers should use diverse instructional

strategies, materials, and. resources, such as -

the provision of situations that provide

discovery and. inquiry as well as basic drill;

-the use of mahipulativés, .where suited, to

illustrate or develop a concept or skill. (p. 12)

Bruner (1966) proposed that a the,ozy of instruction
should specify the folllowing:; experiences that predispose
the individual toward learning; ways in which. a body of
knowledge should:be structured so that it ‘can .be grasped by
the learner; and effective sequences for  instruction.  Bruner

distinguished three systems of-processing information by

which.individuals construct models of the world: through

action, imagery, and language. He used the terms. enactive,”
. s




‘materials were used was called. thé enactive mode. The treat-

iconic, and symbolic to identify these three modes.of
representation. ~Bruner stated that any 1dea, problem, or
body of knowledge could be presented to students in' these
three mddes. ‘The task of teaching 'a subject to a child at
any particdular. age is one of representing the structure of
that subject in terms of the child's way of viewing things:
Bruner. (1964) suggested that learning mathematics
begins with instrumental activity, .a kind of definition of
things by doing them, Such operations becone represented
and- sumazized in the forn of images. Finally, ‘with the
help of symbolic notation, the learner comes to grasp the

abstract properties underlying particular concepts.

Purpose of the Study

The study was @esigned to collect and analyze data
from seventh grade students participating in two modes of
learning, one utilizing concrete and the other ‘semi-

concrete materials. The treatment in which concrete

ment in which semi-concrete materials were used was called

the icgnic mode.. The Concréte materials consisted of geo-

. » . . .
boards and rubber bands while the semi-concrete materials

consisted of dot paper ‘(geopapér) on which figures could be

" drawn.. The mathematical contént used in the study included

the topics of perimeter and area of polygoms.
-
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Answers to the followifig questicns were sought.

. To what extent were students able to.learn and retain mathe-

. i
matical concepts. after using concrete and semi-concrete .
materials? To what extent were the same objectives of the

_concrete ‘approach’ achieved by students using the semi-

" concrete approach? Was there any interaction between treat-
SIS

ment. and ability with respect to achievement when the
students were stratified into low, middle, and high ‘ability

groups?

General Hypotheses

- The effects of the two' treatments were tested L\nvdet
the Following general\hypotheses. Each of these hypotheses
was tested for a posttest and a retention’ test. 'They are
stated more specifically in Chapter .III.

g 1. There isfo significant difference between the
it Evaatibnrgrodps 1n Ehetl parsotnsiedi on AmaEamatics
achievement test. ’

2. 'There is mo significant difference between the
three ability groups in their performance on a mathematics-
achicverient test. T )

(3. There is no significaif) interaction between
treatment. and ability with respect to student performance

on”a mathematics achievement test.



Definition Of Terms . i

The following is'a brief description of ‘terms used.
in the study or encountered in.the review of the literature.

Enactive: An enactive wepresentation is characterized by
a set of actions for arriving at a certain concept; the
student manipulates objects directly. : ) ‘

Iconic: An idomic ion is ized by a set . '

of imagks or graphics that stand for the concept; the student

deals with pictures rather than concrete objects.

Symbolic: ‘A symbolic representation is characterized by a
set.of symbolic or logical propositions that present the
concept ‘in an abstract manner; the student deals with -

mathematical .symbols. ‘ i B

Concrete: 1In the' context of this 'st‘bdy., concrete ‘and
HAGELYe e sylongious:  Bach student was provided with'a
manipulative device, a geobard, which Y
which they related.the principles and problems ‘introduced

to them. v

Semi-concréte: In the context of this study, the semi-
conctete approach’and the iépnic méde aré synonymous. ' Each
stiidait; drew dlagrans ch 4ot paper willoh el Beived 4B a
visual model for the principles and problems presgnted ‘to

them. | d .

¥



" and recording data.

_ matical concepts throuch active participation. .The process

. PR/ s @ i
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Achievement: ' Achievement refers to the degree of under-

standing of instructional content as‘measured by a student's

score * on an achievement posttest.administered immediately

after. the study.

Retention: Retention refers to the degreé of recall of the :
principles in. the instructional content as measured by a-
student's score: on a retention test administered five weeks &

after the study was completed.

Activity learning: Activity ldarning refers to school
learning situations in which the student develops mathe-

: g 5
‘might involve the maflipulation of physical objécts;
measuring, -drawing, counting, comparing, Seeking patterns, , .

' Manipulative materials: These are Objects or-things that

_the pupil'is able to feel, touch,‘handle, and move. ‘They are
intended to provide an embodiment of the mathematical prin-

ciples or ideas being ‘explored.

Mathematics laboragory approach: The mathematics laboratory

approach is a, kind of teaching and learning strategy which

places students in an activity oriented situation which

involves them in discovering semething for themselves.
v o o 5
High ability student: In the qontext of this study.this

5 § '



refers to 'a student who has scored in the top one-third of
the sample on' the mathematics 'section .of the Canadian. Test

of Basic Skills. : . I

This refers. to a Student who has

Middle ability studen
scored in the mxddle one- thlrd of the sample- on the mathe-

matics- sectipn of the Canadlan Test'of Basic ‘SKills. .

This refers to a student who has scored

Low ability student:

in the bottom one third of the sample on the mathematlcs
section of the Canadlan 'l‘est of ‘Basic Skllls. R

Scopeand Limitations

; . ¢
The topic chosen for this study was one that is

common. to many “junior’ hlgh mathematxcs programs, permetey:

and area of polygoﬁ's, and, ‘in partlcular the development of

area formulas for three- and four-sided polygohs.
For the enact1ve mode, the students used-5 x5 geo—

’ boards and rubbér bands as AR IBULAt Ve WataP AL, L pts

iconic ll\ods:, the, stu{ients used 5 x 5 dot paper on which they

drew the same diagra.m‘s"that the enactive group made on their

Two parallel sets of lesscn plans, which -allowed

geoboards.‘
the feacher a réalistic ana active m1e in the presentation

of the materials, wene written for both treatn\ents.

In each of the treatment modes ‘the students were

i
stratified into high, middle, and low'ability groups.

Comparisons were made on Scores’ on achievement measures .and




‘retention.of achievément.

The study had"seve'rla; limitations:i- First, it was not
possible to randomly asstin Stientivtderaatmentygtous.
Instead; intact classes were-used, with random assigiment
of treatments to classes. Second, the same:teachers did not*
‘teach both treatment groups. These two. limitations were

. partly controlled in thé following iamer:. Only schools with®
a single grade seven class were used in the assigiment of
traatuents U5 clussey, thereby making the-intact cldsses
selected as heterogeneous as ‘pcssiblé‘. Four classes were
ued;, tyo- forx sach trestients  The Alréctions.in the
tedcher's lesson plans were very s{aecific and parallel in
both treatments, éhereby ensuring some con;:rol. of the teacher
effect. The teachers were directed to scrupulously follow
these directions: 4 ‘

. A third limitation was due to the relatively short
duration of ‘thé study, fasely, oné month. ' Thé results.
cannot be generalized to an extended period of time such

- as'an entire.school year.

i
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E dealmq with; geometzy, and mvolv:.ng sixth;’ seventh, B H v ds s

'wlth perm\eter and -area whlle cthers dealt wlth related

%VIEW OF RELATEB LITEW\TURE *

The llterature revlew in this chapter is organized
into, sevéral sections. hrsc, a br1ef history of activify
1ear.mng is outllnevj Next, a ratlonale for the use of
manxpulatwe matenals is, prav;ded follawed by a rationale

for the use af manxpulatwes J.n teac}ung per.uneter and area.

In-the next section, Bruner's learnmg theery,*whmh is of
partlculgr rslevance to the study, is dlsc\.\ssed. ‘This is

followeéd by a i

view Of“stqdles Whlch focus on . Bruner's

modes.of representation: . enactive, iconic, and symbolic.

Finally; a review of research studies-that invol%:ed instruc-

tional approaches su\'\llar tc the ones emgloyed in this study e

is provided. Research Studxes dealmg with umnedlate

achievement are considered flrst, ‘ther

stud1es dealmg with

both imnedxate ﬁEhlEVement and retentzon are: rew.ewed.

Since th;s study was ccncerned wJ:th the teachlnq of ‘a unxt cf

"geometry. at ‘the’ seventh grade 1eve1 only thase studles

e1ghth grade students are reported some ‘dealt sp&clflcally B 3% G

topics in gemnetry. A : SIS

o

90 -
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Current writers generally attribute th;e forces

History of Activity Learnin

behind ‘the use of mahipulative materials to the work of
riaget (1953;.19%0), Bruner (1960, 1966), Diefes (1971), and
_ others. However‘, early influences can be traced/bagk to the
' nmeteenth cenbury. . d g’,
{4 Leeb—nundberg (1970), in an art:lcle campaz g the
<" 'Frobelian kmdergazten with an activity onented elementary.
oliss ‘ofitodays: DoLiited out that iboth dontadn hany, Sinfiar

T 1 ) . .
concreté materials. As. early as 1826, Frodbel had'formu-

*lated.a thiedty-about- the teaching of elementary school

geometry which started with three dimensional’ bodles
[+

constructed by the chua:en themselves. /

Austin (1927) proposed that concrete materials be’

1 . _used in-teaching high school geometry, 'He Mwiote thAt .

* . “pupils should be permitted to. observe e Laus of geometry
-operatlng in concrete forn bepare they are requlred to do

- logical thmkmg (p. 287)."

L In 1954, the NCTM published a yearbook entitled

Emerging Practices of Mathematics Education (Clark, 1954).

a4 o 2 <
! [ In'a section entitled "Laboratory Teaching in Mathematics"

i . is found ‘the follbwing staée:nentz

s Laboratory technigues have long been used in |
+ public schools in, such areas as science, dramatigcs,
home ‘economics, ahd ‘shop. Teachers have 'long been
urged to use laboxatory techniques in the teaching,
Enough are doing- that,
‘sc that we may well consider laboratcry teaching




&
12
a5 one of thé emergmg practlces in teachmg Sl
mathematics. (p.-101)

Laboratory techniques were described\as an dpproach
‘to teaching and learning mathematics which provided oppor-

tunities fDr students to abstract mathematical ideas from

% 4
their own expemences. Students were expected to be actively

engaged in the doing of mathematics; théy were not £b'be
passxve observers in the- learmng process.

During the 1960s and early’ 19705 the use of
manlpulatlve materxals in the classronm received strang

support £rom many quarters.v

The Cambndge Conference
writers expressed the cpmion “that in order fo:veach child
to learn mathematxcs satlsfactonly ‘there must be abundant
cppo:tumty to'manipulate suxtable physical objects (Adler,
1966). Two pD‘pulat teacher ‘training projects, the
Madison ?xoj‘ectv“in tthe United states, .described by Davis *
(1964), and the Nuffield Project in England, described by
Matthews (1968) ,‘Boih advocated the use of manipulativ;s in
the classroom, ' -Many articles -appeared in education jnu;nals
discussing thie- advantages of ‘activity learning: . The entire
Decenber 1971 issue of ‘the Arithmetic Tedcher:was devoted.to
the topic Of mathematic. laboratories.

Toward the-middle 1970s, as Suydam and Higgins

(1977) and Friedman (1978) have noted; the interest im

manipulative matefials’declined.  The mathematics’laboratory

in particular has received much less attention in the
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literature since that time than it had previously. - In'fact;
it would appeaf that the earlier enphasis given in the

lxterature to the use of manlpulatlve naterials Aid —

‘produce a prop_q:tlonatﬁ emphasis in the classroom. The 1975

report of the National Advisory Committee ‘on Mathematical

Education (NACOME) noted that despite the strong effort to

base much elementary and junior high scho

laboratory or activity-centred models utilizing many forms

of manipulative materials; it was'not clear that manipula-

tive materials were widely used at all. 'For instance,i§

.35 percent of the ‘eleméntary school teachers ‘in the NETM

survey in the report had never used the mathematics labora-
‘tory ‘and . 10 percent had never used manipulative materials
at'all (NACOME, 1975). g

The ‘most recent survey' cogducted by ‘the NCTH. to-, )

-
determine the:beliefs about ob]ectl.ves and priorities for

school ‘mathematics for the 1980s was through a project

. entitled Priorities-in School l*‘iathematics (PRISM). Forty-

eight percent of the n favoured i ing the

emphasis on mathematics laboratories in the 1980s, while

34, percent opted for not.changing the amount of emphasis.

Support for introducing basic ideas through Taboratory |
mvesmgatlons or, expe‘nments wlth matérials vaned with
topic, But vas suppm:ted by most. samples. " Of lay samples
surveyed, 93 ‘percent supported the use of physical materials

and models while support from professional samples varied




|
|

Pedagogy", made a‘streng plea for. an approach to mathematics ]
i

14
from"62 to aa percent (NCTM, '1981). oy F

. Among ‘the eight recommendatiéns.of the NCTM's An

Agenda for Action: Recommehdatibons for School Mathématics L )

of the 1980s, the use of diverse instructional strategies,

materials, and was in dation 4.

Considered in relation'to the nnd’ings of the PRISM Téport,: .

it is worth noting that while some, support was given to - & s

mcreasmg the amphasxs on mathemat1cs 1al ratone& and the L

introduction of ideas thrqugh laboratory xnvestxgat:\.ons(,
support for uslng manlpulatlve !l\aterlals, small; group
.1nstruct10n, ‘and out’ of class activities to tmh. mathe- LA

matics throughout the 1980s was stronger.

Rdtionale for the Use of Mani \ilauve Materials

N The basic pmlosophy \mderlymg the @ of manipula-
tlve materials is” that st\ldenfs_ leam’ﬁter by doing and
Spbiying, Sins d Gliver ~(1950) conterided that one reason
for so puch diffioulty,in learning mathematics was'the

verbalistic nature of the usual teaching Style.and the

amount: of symbollsm used. s | F o '

Klme (1970).11:1 a paper entitled "Logic vs. &

which .is more intuitive and. less rigorous.- He wrote: -

s1t is the contention of this paper that
undexstand;mg is achieved 1ntu1t1vely and that
the' logical presentation is at best a subordinate
and supplementary aid'to learning and at worst

b




o a decided obstacle. Intultlon should fly ‘the
E student to the conclusion, make a’landing,’ and
.. then perhaps call upon plodding :logic to:show.

¢ i the overland route to the same goal., 'If this
contentxon is correct; then the intuitive .--

. approach, should be the primary one in' intfo-
ducing rew subject matter at all-levels. (p.

Srossnickle (1954) Stated the ratior For ‘the use;

R + ¢ IE A child 4 Te to make aibcoveries: and -
generalizations in quantitative.situations by
the use-of symbols he should not use manipulative
matefialg. -On the other Hand, if) he cannot' deal .,
/mderstandably ith quantltative situatioh by use’ .

L at ‘thé’ highest. level of, abstraction, at whl.ch he
p understands the' work. (p.. 134)"

Such statements have been tyg:.cal of a, collectmn

of voices asking for a moze intuit ive and less deductive

approach to the teachmg mathsmatlcs.

g B

The~ act1v1ty

approach to- 1earn1ng “andthe use of physical materials is.

an attempt to provide a method to’ he‘.l.p 'students analyze and

think ahstractly. - i ~
Psychological xnvestlgatlons into the ways childred

T g learn, conducted by Piagef, Bruner; Dieries -and others, have

‘led .to the development of the following principles which,

according to. Reys '(1971), form the basic foundation undexu'

3 lying the YFationale’ for usmg mampulat;.ve matenals in’

learning ‘mathematics:

1. . Learning is based on experience.
" . 72 - Sensory learning is the foundation of all
\-. experierice and thus the heart of léarning. :




3. ‘Learning i's a growth process and develop- -
mental in nature. i

gu = 3 P 4. Tearning. is cl

acterized by develomentai |
stages. g

5. ' Concept 1earninq is the essence of learning
& ? ' “mathematics. e .
v S F . |
i - . 6. Learning is enhanced by motivation. i
T Learnnng proceeds ffom the hricrets tsihe
abstract

. 8. Learning requife; tive pazcicipam‘sn by

i - _t the learner. -

9. ’Po(x'mulatlgn of mathematical spstractions is
a long process.

In ad&inan, Barsor (1971). Cathcart (1971), and

Vance (1971) 1ncluded the Mlmﬂng an}rmg ‘the aims of

I
I
activity learning: Activity learning can culuvate ‘
Eavempaile atefrides towara ics.. If can ; |
and develop creative prohlem solving. It can alluw for |
‘individual dxfferences in the manner and_speed at Which {

children®learn. »A‘ctivi_ty learning Gan.enable -children: to Fr e

see’ thé origin of mathematical ideas and to model the way
mathematicians behave, while promoting discussion of
mamematlcs alnonq students. Fmally, activity learrung can
b5 lisearts enrich and. vary instruction T erey

" and remfox;g basic iconcepts. Y

However, Friedman (1978) warned that on the basis

of the evidence to, date "an instructional strategy that

gives preeminence to the use of manipulative materials is
& . :

Q unvarranted (p. 79)." He stated that the research community I
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had an obligation to inform the public of "this latest Pied
Pipét." Proponents of. activity learning, howeveri stress
the importance of careful selection of méidpulative
mater:tals. Reys (1971) wrote: g

The mere use of manipulative materials does
not ensure that they.are being used properly.
Manipulative materials must be used at the right
time and in the right way if they are to be
effective. Failure to select appropriate
manipulative materials-and failure to use them
properly can destroy their effectiveness. (p. 555)
Reys further advised that teachers ‘not make
excessive use of manipulative materials, but use:them oply
when they represent an integral part of the instructional
program and when the program could not be achievéd bétter
without ge materials. ' ' ]

In summarizing the theoretical arg\m\ents for the usé
oF nmanipulative materials in mathematics learning, Kieren;
(1971)  stated that materials have a fundamental position in thé
sequence of learning activities, can provide an information,
secking, non-authoritariah environment, and can contribute
a readiness foundation for latér ideas. At the'same time;
Kieren remarked that research was -needed before the. broad
question could be answered: "For whom, for which tc‘)pics,
and withswhat materials are manipulative and p’le‘ny'—like

activities wvalbable? (p. 232)"



. argued that m:

5
for «Using Manipulative Matérials to
Jamaski (1978) indicaée,d the need to evaluate
stgden*;'s' erstanding of. area:in different ways. He
-students memorize and apply formulas
without any insxgh into what area-is all about. Woodward
(1932) nbserved that one parucular seventh graﬁe student of

hlgh ab).l).ty d1d not undex‘stsnd the concept ‘of aread and

* . dould mot, conceptually distinguish between aréa and peri-

‘meter. :That particular student's previous experience with

these-conéepts was abstract in naturé, having been given

formulas and asked to dalculate perimeter and area: '

Wodaward sugqést‘ed €hat the ule, of physical gaterials.and
activities which 1nc1uder1 the counting of ‘unit squaxes would
‘have allowed the: student to develop his oun area formilas
Snd s gain a-proper underscandmg .of the concept. of area.
From the recent résults of the National Assessment
of Bducational Programs (NAEP) , reported by Hirstein (1981),
several common misconceptions KT AL WD T—
13 year olds were evident. Only 51 percent of t‘hebstudents
-could cm_rrectiy £ind the area of a rectangle when .presénted
a picture of a rectangle without unit squares-on the- figure:,
In Fact, 23 ‘percent gave the perimeter of the: rectangle
rather. than the area. ' oniy four percent could Give the area

of a right triangle given the lengths of the three sides and
.‘, .
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without’ unit squares on the figure. Only 12 perdent

agrrectly: found -fhe ared cf a sguare when a picture and a

length of one s1de was given. 'Many.students, instéad; found S

the perimgter. s
Hirstein (1981),-in an §naly.sis of the NAEP findings,

concluded. that the difficulties shown by the stugents

seémed. to result from misconceptions ahont area and confusion

‘betieen the concepts of perimster and aiea rather than Exom

ional Hirstein that it would

appeat £rom the xesults that the suggested methods for
introducing area using mampulatlve‘%natenals have not been
w1de1y used.: He emphns).zed that the use of materlals, such w=
as graph. paper and geoboards o count unit squarés and
generalize. rélationships, fo illustrate the .oncépts of area
cannot stop in grade school. Such activities with area

.should begin during the early school years and’ “continue

throughout the mathematics program.

" Brune Theory of Learning .

wWhile the learxunq theories. of Piagek, Bruner, and )
_Dienes have provided :a theoretlcal framewark\pporiing the '
use of manipulative materials in ‘the classroom, the learning
theory of Briner is of particular relevance to this study.

Since the terms, enactive and iconic, were borrowed. from.

¢ Bruner, his theory is-discussed in ‘some detail.
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It should be.noted, however, that, all. three leatning
theories have some common.elements. Siaget (1553, 1970) and
Dienes (1971) emphasize that concrete and semi-concrete’
materials should be embodied in'mathénatical imstructiod
before students are required to think abstractly. Both also
emphasizé that most childfen under 12 years of age are not
able €0 think abstractly. ' .

Bruper ¢1966) considers stages of development in
much ‘the same 1ight as Piaget.. He mathtains that the ‘three
modés of représertations shactive,’ itonic,’and symbolié,

are acquired by &n individual ‘in stages, but unlikg Piaget,

fixes no age intervals at which this acquisition takes place.,

be'abasias ezt that the stages. of development do form a
fixed sequence. ' A'very young child knows about objects )
thra‘uéh iRe uds Aol they dre  put.’ Iater he begins to
know things throughmental images he forms of them and can
réproduce things by drawing. When he reachies the final
stage, he. develops the ability to know things through
syRbio Ll e ans); sudh-as Janguags or mathematical symbols.
Beyond this' stage a peréun nis ine @by, forusa more han
one mode in solving problems, In fact, it is the interplay
between modes that is the rule rather than the exception.
This interplay between the.three modes-and the development
of intellectual pouers is reflected to a4 large extent in

how one learns mathematics. ‘Bruner conjectures that when a

. student encounters a concept for thé first time, it would

EN

e WA
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be best to present instruction in the natural sequence of
§evelopment: enactive, iconig, and symbolic modes. . Bruner-
(1966). stated: : P
If it is true that thé usual course of
intellectual development moyes from enactive’
through iconit to symbolic representations

of the world, it.is likely that an optimum <

sequence will progress in the:same

direction. (p. 49)

Howevér, he wént on to state that. actions, pictures,
and ‘symbols vary in their difficulty and utility for people
of different ages: and-differerit backgrounds. . He stated
furthes: : '

There is no.unique sequence for all learners,’
and the optimum in any particular case will

depend upon a variety of factors, including past

learning, stage of development, nature of the

materidl, ‘and-individual differences. (p..49)

The purpose of the present study was to compare 'the
eifects of epactive versus iconic modes in|relation to
achievement and reténtion and not with the |effects of the

sequencing of the three modeés. However, at the ‘end.of the

study the students were expected to gperate in the symbolic

_mode as they would ‘aftér completing a unit_gn perimeter and

area at the seventh grade level. In view of thée fact that

_ Bruner stated, theze was "no umque sequence for all

learnérs,” the enacuve-sym.bollc sequence. and the iconic-
symbolzc sequence were compared to some extent.
Briner's learning theory ‘lends much support to the

use of concrete and semi-concrete matexlals in the classroom.

Y .

-~
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- w . Grasping the structure of a subject is understanding the

subject, according to Bruner, in a way that permits other

things to'be related to it - meaningfully.  Concrete and semi-

nereét nts of ical principles and ideas

should help’ the student see these relationships.

§ Studies Focusing on 'Bruner's Modes
of Representation

A review of the literature was undekltaken 0. Locate o

Studies deallng speclflcally with comparlsons between

eractive and }ccnlc modes of representation. “Few’ studies Sk

were Eowid at any grade. level “that referred specifically to

% terms in the title to a study. Therefore, the studies- cited 4

these. two modes; even’ fewer were found that ided Brumer's: . /il ]
in this section, unlxké- the followix;q section, -are not i

*/limited to those lnvalvlng geometr).c concep s Dr to the ?
grade’ sxx—to-e;ght evela. Each study re; irted made some !
reference to Bruner's modes of representa io as ‘a theoret=
ical basis, for the study. |

‘ Scott and Neufeld (1976) conducted a study which
focused uwpon the quéstion of whether concrétemanipulative
materials contributed more to. children's mathematical- con-
cept éomat—.ion than dopiéterial Tepiesentagion: Three
secona rade’clasies in Sach of three elementary schools
were involved:in the study. ‘1’wenty carefully CDnttdllEd

lessons on beginning nultiplicition were prepared fob thie
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nodes of inétruction, namely, ménipulatn}e; pictorial, and
abstract. ‘The .abstract -mode served ES a comparatxve control.
A test, prepared by  the xnvestxgator,‘was administered
‘before and-after the instfuctional period, ' The test scorgs
for the manipulative -and pictorial groups ‘were compared
using analysis of _covan'axice, with 10 and pretest scores’ as
covariates.  The researchexs concluded that there was o

significant digrerence between plctor.\.al and mapipulative

modés aE thelr instruction’ i their ability to affect
childréhn's concept formation in beginning'multiplication.
annslﬁ, (1972) conducted a steidy to ‘compare the

effects on the ‘}f\: of a mathematical principle of two
modes of presentaticm 4 1 i i

ohe -involving ‘a meaningful symbolic
v . :

nodel and-the: other a meaningful concretemodel. | Second
grade students were taught a previously unlearned mathe—
matlcal prJnclple, nanely, multiplication dsfined’ as the
union of. eq\uvalent disjoing sets.’ One recall test .and three

Hansfic tests weré:.given as posf_tssts It was found that
1 .

groups that were exposed to the symbolic model did somewhat
better in'dverall learning of the pr).ncxple and in direct

recall No significant dlfferences were found on the test of

‘cbncrei;e transfer. : The qroup_that had “learned withsymbolic

‘iodels performed better in.the two tests of symbolic

transfer. In one test the difference in mean scores wi

significant. - While there-were no significant differences in

the overall learning ‘of'the principle, the children who were,
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exposed t'o‘ the symbolic model were able to transfer this
1ear,nrng to untaught Sy!\_bl}llc examples of the Principle
better than the clildren“who had learned v(it;h the ‘conctete

nodel. - The subjects in this - study" had participated during

the previous year in.a mathemawcal program, which emphasized.

the manlpulanon of eonmte cb]eg:ts, Fennema’ concluded that

since the,y had pre—symbuhc experlences, they were able to

"'learn with .symbols, and the use of the symbolic model-with

its greatler generalizability was more effective,

Abkeneir - and Bull (1976) conducted a 'study to deter-
mine whethez f:lgnral or symbolic modes in programmed ™
materlals were more effective in teaching a three class

sesslon in beglnnmq algebra. One hundred sixty beginning

algebra students were fandomly assiged ‘tol¥ figiral groap

where they were presented with arroy diagrans and function

machines, or to a symbolic gzoup where they were presented
with' symbcls, formulas, and sets of ordered pairs. a post~
te?t wasg glVEn at the end of the thxae séssions, and- a

fetention test

as given a week 1ater. , Each’ test presented
smnMems in" figural, symbolic, and "neutral mudes" There

werdl no significant differences between learning test or

retentmn test performance of 87 figqural subJects or the 73

symbolic subjects. , :
McIntyre'and Reed (1976) conducted.a study to test
whether specific types of visual devices, bised on Bruner®s

modes of representation, might have a significant effect on




the learning of electr ics by. el y
school children. - The enacfive)dévices were Felt-cloth ™

" models whose transformations could Be perceived without
recourse to imagery or language. The iconic visual e

were pictures of the' enactive devices which required the use

of imagery for tramsformation. The symbolic devices were |
pictures in which the enactive figures were replaced by
alphabetic characters.which Saduiln intérpretation aé well
"ae ‘inapery’ Eor thelr W, . Bikclasiis o sharthiyrade
students were randonly selected £Qr the study and randomly
assigned to the three treatments. Prom an analysis of .
variance of the data; it was concluded that there et
significant differences among the tiitee. treatments.with
respect to learning of the conceéts of electrostatics.
Rogers (1977) conducted & 'study in which play was

used to teachmathénatics,to children ranging from ages
seven to ten. The content chosen for'the study included

" factors, multiples, common factors, prime numbers, and
factoring. In the "factor" game, for exa;;\ple, the teacher
‘and’studénts yere given numbers. Tf the teacher's number
was 12, she would catch 2, 3; 4, 6 and put them in."Jail".
After several rounds of the game the principle of factors
was discoyered by the child.' Prime numbers and the ‘other
principles ‘were taight in the same manner. TWo teachers™
\escalinvolved dn the: skeay. s TawSne teachet a control group

“'was ‘taught the same mathematical content by formal means,



" groups described’ as abstract, graphic, and manipulative.
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Thus, ‘the control group was tested in'the manner’in which i

‘they were taught sfile the play group was .formally tested on

content which they had only experienced in play... It was

concluded that the ex;ieriment’al‘ group-did slightly ‘better

than the control, group: The difference was not statis-

tically significant. For the other teacher, instead of a

control group, the formal, test vas trahslated info "play way",

form. Since ali the studénts’ had- taken the formal test,

each’, student acted a5 his own control. Méan play way test

scores were found to be substa.uually h:.ghex than £ormal

test scoresy ‘When the three small’ groups were compined into

one group the difference was significant at the 0.01 level.
one poi. iuuétraqed in this experinent vas that

not only could gstructmn be presentad to children in.

aiffarent modes, but that knouledge sould be dedteared By

the students in vanous ways: In one'case, a st\:den‘t-‘cculd

'not state the pairs cf factors of 12%but could rec;te the

multlphca‘twn tables by rote. However,.in the jailbreak
game, . that ‘student abplled the pxlnclple enactively with no
dlffl.culty in releﬁsmq fellow pm.soners. i -

Smi th, Sz‘dba, and Trueblobd (1930) Shaiceeaa wes:

week study m telt the affectiveness of “three methods of

/|
.teacher presentatmn on manipulative mgasurement usk;ll-s

using linear measurement tasks.. Sixty-six'first and second

grade studenfs were randomly assigned to three -treatment
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Verbal instruction was used in the abstract fode, pictures
and .charts in the graphié mods; and, coicrete materials in
the manipulative mode.. It was found that on'a posttest
measuring manipulative output, the graﬁp that received

. manipulative ‘instructional input scored significantly higher
than the group receiving graphic instructional input.: On a
posttest requiring manipulative ‘outgut,‘ the-group that
received manipulative instructional <input did.not score

51gn1flcantly higher on of linear 1 t

than the: group that, recéived ahstnct instructional input.

BR Bruner (1964) conducted a. study with four eight-year=
“old chpdxen during which they were closely observed during
24 hours of matheiatics - instruction over ‘a six-week ‘period.
‘They were. given instraction in factoring, the distributive
and commutative properties of addition and miltiplication,
and £inally, in quadratlc equations The children had a
series of graded problem cards which they could go through
at their own pace. mtﬁmatical ideas were first presented
. through concrete instructions using building'blocks, balance
beans, and other materials.. Fromthese constructions the |
stydénts were encouraged to £orm perceptual dnages of :
mithematical ideas. Then thé child ‘was encoiraged to
develop. a notation: for ;aescfibing the concepts.

Bruner reported that the children not only under-

'stood ‘the abstractions they had learned,. but also'had a -

store ‘of concrete images ‘that served ‘to exemplify the
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abstractions. When'the children seaiched for a way to deal

‘with new problems, the task was usually.carried out, not

sinply by abstract means,. but also by matching up inages.
The tentative conclusion reached vas that ‘a good stock of
visual images vas needed for embcdymg abstracnon when
learning mathemat:.cs‘ # ]

J'rhmugh the years, the idea has been propounded that
the learning of mathenatics progresses through three levels:
concreité, ‘pictorial, and symolic.. Briner (1966) discussed
these three Stages.using new labels: enactive, iconic; and
SibOLIG, ‘Froma Tévidw Of the: réushreh. dsaling with these
modes of representation, the results with regard. to the
effectiveness. of one rode ovei the otler appear incon-

clusive. In one study, there was no significant differende

| between enactive and iconic.,’ In another,: there was no

significant difference betusen iconic' ahd symbolic. oOne
favoured symbolic over enactive Whild another ifavoured
enictive over symbolic. One study favouwred eractive over
iconic. Bruner (1966) noted that each of the three nodes’’

has a unique way of representmg events, but all are capable ol

of partlal translatmn, ©One 1nto the other.

s d i : ’
Research Studies Involving Manipulative Materials

in Teachmq Geometry in Grades Six to Bzgﬁ‘ x

As.va's. stated prekusly, only those studies aeanng

with the e OF nanipulative materials in (:eachmg geometry .

)




at the sixth, séventh, or eighth grade levels are reported:
It should be noted that in somé of the studies. there was ng
distinction between actlvlty oriented J.nstructxon and the
mathematics laboratory. What one researcher labels a
nathematics 1aboratoxy apprdach, another often labéls

- activity crianthd dnsteuotton) o mstrucuon .mvolvxpg !:he
use of manipulative méterials. For the nost part, the]

studies are reported .in terms of .the labél used by “the

particular researcher. The most relevant studies, that is,
those related to perimeter and area, ‘are reported before
those dealing with other’ geonetric concepts. ' First, studies

dealing with immediate ach:.evement are reported, thenm,

studles dealing with. both mmedlate ach).even\ent and

retention.

Immediate Achievement

Smith '(1974) , in a two week study of undérachieving
seventh graders, investigated the effects on achievement of
thrée approacties Javolvisg menipulstive materials. Each
app:oach was concerned with developing and apply).ng furmulas .
for finding areas of guadrilaterals and triangles. -'Thé )
thiree approaches were classified as expository,” multimodal, )

and unirodal. < The expository group used & lecture-

discussion-drill approach without’ the use of ‘manipuiatives:
The multimedal approach employed a miltiple concrete embodi-
ment, while the unimodal approach used. a single congrete




‘embodiment - through a numeric approach. A pretest and post-.

‘using rational’ numbers. <

“approach was significantly bétter than thé.multimodal

* differences were found among 16 corparisons. .

" the 'school year. During 13 treatment days two experimental

“figures, lar solids, and mimeo materials.  The
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tést ygre prepared by the investigator to aSsess achievement
of students' abiuty’to (1) ‘state area formulas; (2) apply’ T 5

.area formulas using integers; and (3), =pply area formulas

Smxth reported the followmg results. The:

expository appruach was found to be significantly. supermr 5 .
to both the unimodal and multimodal approach for developing’

the area formulas of a.right triangle. The expository

approach fof ddyeloping the ‘area formula of = b;raua}ogram.
The expository approach was su'perio‘; to the gnulcimo‘da;
approach for teaching students to apply, with inteégers, the
area formula of 2 right tridngle and superior to the unimodal
approach for tEacIung application of the area fomula of @

parallelogram using rational numbers. -No other 51gnlflcant

Folly (1978 eonducked @ stuby to Iavestigabe the
effects of ‘the use of a laboratory approach to teach
Selected concepts of. periméter;. area, and volume to seventh
grade students. Intact classes were used, and all students
K bea segregated by sexand' abil%ty-at_the beginn;né of
groups of "averaye” students studied the gecmetiic concepts

using ‘manipulative aids such as-geoboards, dot gap‘er, paper i

o s




two contr ;‘,groupg:o{avemge’;students studied the,same

‘Goncepts in a lecture-discussion approach with the only aid

" being the chalkboard. It.was concluded that there was no

significant difference between the achievement scores of
Leudentd 4 eBe experimental group and those Of students 'in
tha com:zol group.

R: E. Johnson (1971), in a year long. study,

Jnvestlgated the effects of actxvlty oriented ‘lessons on the

achievement and attltudes of seventh graders in mathiematics.
'Six classes ‘were taught by ‘tuo- téachers. - The study involved
three modes: textbook mode, activity mode, and enriched
mode,. where activities from the second treatmenh"supélemented
‘the text. The areas of mathematics présented were muber
theory, rational s, bgusnste], ana measurenent. For
the inits taught on number theory and rational’ ntmbers, the
perfotmance of students taught solely by the activity.
approach vas poorer than that.of students taught by a -
texthook-based. or activity-enriched approach. = In-the unit én
geometry and measurement, however, there was some evidence

that the activity lessons were more effective for low and

..piddle ability students. 5 i}

4. Wilkinson (19%) devised’a set of activities:on
metric geometry for presentatiod to-sixth grade students
‘over a period of 20 .consecutive school days. One experi= '

mental treatment used :laboratory -units containing worksheets =

: and manipulative materials while the second experimental



treatnent”used individual cassette tapes which icontained
verbatim the directions and questions on the wordsheets.

In the third treatment, i St e Eange: Bya
traditional teacher-textbook method. Analysis of covariance
was used -to treat the data, cuv;riates being pretest scores
in geometry achievement and non-verbal intelligence. Mo
signjficant differencés in geometry, achiéevement save Lo
anong ‘the three treatments, Wilkinson expressed the opinion
\-'that brighter students may have had their thinking slowed
whibn' febest o e phveical Raterial, - :

" Vomg (1973) conducted a study o' determine the
effects of the handling of manipulative devices on the |
learning of selected concepts in geometry: among 13 e
olds. The experiment was designed to see who shoul handle
the concrete ‘m’aterials: the teacher, the pupils, both, or
neither. Several“geometric doncepts were studied i_n‘ these
four treatments, including quadrilaterals and diagopal
‘planes..” No s‘ign‘ific‘ant differences were fom;d_ at the 0.05
level among the four treatments on an achievement test. On'. -
a subtest of non-transfer itens of the achievement test, the
scores of students in ‘the tireatment where both the teacher”
and’ the pupils handied the manipulative devices and of those
in the treatment. where only the teacher handled the fianipu-
lative devices were signirf‘icantlg( higher than the scores of
the: Btudénts: in‘the ‘Ereatnent itiera only thepapils: hihdled”

the manipulative devices. Wong reported that while the
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overall results 'were inconclusive, a consistent' pattern in

the ordefing of themean-iforss stggested that if manipula-

tive devices are to be used ‘in teachlnq mathemat)cs, they

should be handled by both the teacher and the' pup and not

by pupilé.alone. ;
Anderson. (1958) conducted an eight week stidy to
deternine’ the effects of using a kit of 16 visual‘tactual
stimuli on"the acmex}emenc of eighth gxader; in learning.a
-unit on area,. volumé, and theé Pythagorean relation. ~ Nine

 erasgesryisine experlmental group made use of manipulative

nmaterials while nine classes in the control group. used no

manipulative aids. No signlficant differences ‘were found
at’ the 0.05 level, but Anderson reported that the scores in

<the experimental group were moderately higher thart thoser in

the control group.  The resuits were mconcluswe as to
S low ability students profited more than high ability
students from the use of visual-tactual aids. -
small (1966) conducted a study to investigate the
effects of actlvlty instruction on sixth grade ‘Low achiévers.
concepcs involving linear measure .and place value were
“formulated in each of three modes: concrete, e

where the.student eduld refer.to a drawing, and abstract

where no manipulative or pictorial aids were ¥nvolved.’

small reported that, in general, the studénts functioned more
efficiently when the concepts were expressed in the.concrete

and semi-concrete modes. = Furthermore, he reported that their
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performance. depended ‘in part on the. mathematical areas beéing

tested and that the.ability to operate with different

| instructional nodes seemed to be an individdal problem which

required ‘identification for each student.

‘Whipple (1972) carried out a:14 day study ‘to

‘investigate the effectiveness of teaching metric geometry

to eighth graders by the laboratory and by an individualized
instruction approach. Two experimental classes made use-of
mani#pulative materials while two control classes used
ssathsansnbbea tosts nettemnieay 108k posttest for = ¢
achievenent the experimeiital group scored three pointss
higher than the control group. = The experimental group
showed' about a Eive point superiority in computing areas
and volume using actual objects. Neither of the two
‘differences was ‘rapoftéd to be significant.

s
R. L. Johnson (1971), in a study that included sixth:
grade students,“investigated the effects of three. approaches
to the téaching of a unit on perimeter, area, and.volume.

The ‘three treatments were designated maximum, moderate, and

“minimum. The maximum approach consisted'of a semi-

r : 5

programmed text together with physical models for each
studeént.. The roderate approach included the same semi-
programmed #ext bt no physical models. In’the minimum

approach the students were deprived of the use of drawings
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and illlistrations which were a.part of the 's'emi-pmq;méa'
fext. Ninety-six students from grades four, five, ‘and-six
were categorized on factors.of sex, reading ability (2
levels), and age (2 levels). A posttest was given at’ the
end of the tnit and ‘a retentmn test’ tuo weeks later. d'ohnson
reported that the treatment effect ‘proauced significant
differences between test means at the 0.01 level of signifi-
nte on HHb POSELGEL Sna UHE DeleNeion SeEb: Tha Grsp 1
means from the posttest to ‘the retention test was less. than
" one point for the maximum treatment group, nearly two points
for. the moderate thestnent group;® dnd.thirde. polits for the
minimum treatient group. ‘ The overall results, Johnson A
reported, gave evidence that a high degree of concreteness
vielded higher mean scores on both achievément.dnd re’tsntlon
measures.
zirkle (1951) conducted a study.to” investiqate the
effects Of manlpulatlve materlals on achlevement and re¥en-
tion of the concept of area meai'urement by - $ixth, and- séventh
.grade students.. One hypothesis tested was that the use of
mapipulatives by the student or the use of manipulatives by
the teacher would result in greater student achiévement.and ]
retention than ‘would the use of pletérisl aids by the
teacher. ' Another hypothesis tested was that the -use of
“manipulative or"pictorial aids would result’in greater
retention than would the.rote learning of formilas by the
students. Three'sixth grade classes and six classes of
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grade, seven' students were involved in the study. The atea

measurement test .was given ‘inmediately after the freatment

as' an achievement test and then again six weeks later as a

retention test. . The SRA ‘Mathematics Achievegnent' Test was
given as a pretest. Fot the sixth graders.there were

significant differences on both thé achievement test and the

reténtion test favouring the ‘group taught by pictorial aids..:

For ipé seventh graders there were no significant differences
on ‘either the achie‘;e[nent test or the retention test
accoiiited for: by treatment. . For the seventh graders‘there
was a significant difference on the retention test favbﬁfiiig

the group using manipulativé and pictorial -aids over the

group taught ‘area mi \t by rote memorization of

_formulas.’

Bring,(1972)- ;cudied the effects of varying concrete
activities on the achievement of fifth and sixth grade
students studymg a unit in: geometry. . Four classes of £ifth
and ‘sixth grade studen’gs, divided into tw\u treatment groups,
were given a two week. semi-programmed unit on volume,
congruence, ‘symmetry, and isometrics of &n ‘equilateral
triangle and a square. One treatment group/was given a
supplement of .concrete materials and activities; the other =
treatment did not have this .supplement Snd, where possible,

pictures were replaced by verbal descriptions. A pretest was

given before the treatments were begun. A posttest was given

\
at the|end of ‘the unit and a retention test one week later.



No'significant difference in achievement was found’on“the

‘posttest scores. On the retention test, there was a .

significant difference favouring the concrete treatment.

Cohen and Walsh (1980) conducted a'study.to deter-.
. mine the effects of an individualized and a traditional
mode. of instruction on learmng and -retention of a unit in
" geometry-at the - junior mgh level. Students in, ‘three
'sevenm and two elghth grade classes vere randdmly assigned

to ‘the two treatment groups. . The 'individualized group

employed SRA Computapes with each taped lesson .accompanied
“*by workshests that -pzovided-vi’sual Zeinforcément of the, *
athematics on the tape.  In the traditional, groip, ‘the
lessons. werf: pnma:uy expository.in format and conslsted of
- oral.and written drill.and required assignments from the
r textbooks. The experiment ran for fivé 45 minute periods
per week for six wqus. on'a posttest adninistered at the
conclusion of the experiment, and ajrenentien. test
"admi;:istered‘ threefieeks later, there were no significant
aifferences in’ achievement or retention due td mode of
ihstruction. There was no significant interaction between .
ability and mode of instruction. , ‘
Vance (1969) cox;duct‘gd a study to’investigate the .
effects of implementing a mathematics. laboratory. at:the
grade sevén and eight-levels. Students’ were randomly.

" sassigned. to one of three groups: mathematics - laboratory

- . :,group, class discovery group;-and the Cont group. :
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Students in the laboratory group worked in pairs from

written instructions, rotating through' a set of “ten activity
lessons based' on (‘:on‘crete materials. In the discovery group
the laboratory activ1t1es wer/e presented to wholeé. classes of

students by their teachers who demonstrated the aCthltl.ES

using concrete materials. Both'the Labbratoty gioup apd the ..

discovery group/spent. one out of every four classes in.the
experimental settings. . The comtrol group. continued with

its regular instruction for all the allotted class time.

Tt .was found that the vse of'.25 percent’of.class time

in mathematics for informal exploration of new mathematical

- ideas did not adversely affect ‘achievement in the. regular

program over a three mont'h'period. In addition,from tests.
of achievenent, rétention, transfer, and divergent thinking,
it was concluded that students learned'niey mathematical ideas

in-the laboratory setting, although their tést scores were

slightly lower than those of the students in the class 3

diséovery situation. Both laboratory and class discovery

groups scored higher than $tudents in the regular program

‘on the same four measurés. - There were no significant

differences anong the three groups at ei’cher grade level on
_an achiévement tast’ based on work covered in the tegular

mathematics program during the study.

Richards (1971) compared the effedtiveness of a

verbal and’ a verbal-manipulative program of instruction in

“teaching the accuraté reading of a ruler to.sixth grade
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students. Two experimental and one control group were

selected in each of two schools. . One experimental group

used a verbal program of instruction and the other used a

verbal-manipulatiVve program. Analysis of variance was: used

in- conjurctio;

ith’t-tests to analyze thé data from a .post- -
test and a retention test. No significant differences. were

~ found betweéen either the posttest or. the retention test

scores of the two: experimental  groups.
Purser  (1573) carried out a study to détdrming if
certa:m mampulatwe detivities using measur.mg instruments g
were associated with gains in achievenent and retention
scores in mathelnatlcs at ‘the seventlﬁ grade ‘level. A sexies_
of four.units of learning packages was developed comprising
two areas: of mathematics: fractions and ‘decimals; and two.
areas of measuring:. using a ruler and using a micrometer.
The lédrning packages for the ‘experimental group consisted
£ of manipulative materials while those of the' control group
‘Gonsisted of paper ‘and pencil ‘type problems. Fiftéen grade
" seven classes yere each divided into three ability groups:
low, medium, and high. Students of all-ability levels in
the experimental group scored significantly higher. o a
posttest and retention test ‘than studegts'of the corres—
- ponding ability levels in the control group.
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There were three purp‘oses to the review of

litexature .

One:was to provide a backgfoun research on

of manipulative materd outlinir ‘the‘history P

of activity learning and giyifig a rationale for the use of - .

o '
_manipulative materials in teaching mathematics: Another was

to provide a review of studies whith focused on modes Be
presentatmn. The third purpose was to provide a sulmna:y
‘of the research which has been d6he, at khe; grade six, ‘seven,’
~and e1qht» levels on the use of man/lpulatxves in teaching
topics in gec_mégf,y. ThE deardii'eE the literature’ showed a

shortage ;of relevant studies on geometry at the Seventh and

eighth grade levels, particularly ‘perimeter and area studies. :

From the findings of the review of elnp.lr).cal resea]:ch "

it was concluded that, for immediate. achlevement, seven of

the 15 studies favoured the use of manlpulatu:e materials

while nine showed no significant difference for treatment

_effects. | .Only one study found an expository approach to be

more effective than the use of manipulatives. In one study

1t 'was shgdested that' pictorial a¥ds used by the: teacher are
more effective than manipulative materials used either by

the teacher or by the students.. ,Qf the seven studiesin

which ‘reténtion was examired, Shies e F menlpuLativessiss
favoured' in four. Tt should be noted’ that while in nine \

studies there were no significant differences for treatmént
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‘effects on retention measurds.’ . . . .

on hnmediate achlevement, in two of the nine the use Of
mariipulatives vas favoured for Lo ab ity students and oy |

o, other studies; the use of manipulatives had positive

N .
Although the results 'of the studles varied, it was

‘congluded from the ‘review thac\tne use ‘of manipulatlve and

pxctcrxal aids was.as. effective,\ and stetm\esmote

effective, than the . non use of material$ in «-.each\mq

geumetry at the junior high level




Chapter IIT

METHODS AND PROCEDURE °,

“In this dhapter adescription of the methods and
procedu;% used in carrying out thé study is presented.
First, the population and sample are described. This is
followed by a description of the instruments Gsed, the
,‘treatment groups, the quallflcatlons of the tpachers, the .
lnstructlonal content, and xnstructlonal procedyre used in
the'study. A: description b the research design and the
hypdthéses tested is provided. Next, the methods used'to
an’alyze the data are given. Finally, the pilot study is’

‘described and the outcomes réported. g ¥

Sample

The population’ consisted of students ‘enrolleg in -
grade seven under the Placentia-St. Mary's Roman Catholic
School Boazd..: Thé. subjects for the study were 109 séventh

grade students in four:classes in the Placentia district:
“Five schools in that area each.contained a single grade

seven ‘class. Two other schools aach contaln!d ;Vdo qrade

seven classes, but/ln ea,ch of the schoou, Ehin abidents
were streamed/:mto an a\:ademlc and a general class. since

randuml?f}.on of students to treatments was not posslble,

____only~fhose five schools with a.single grade seven-class were

selected to participaté in the study, thereby providing

42 o T
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N intact classes that were assumed £o be hetercgeneous. _These

schools were located in five different-towns within 'the dis-
trict. A pilot study was carried out in one of the schools.
The remaining four schools participated in the main study.
Two schools contai.ne.ﬂ grades K to 8, while the other ‘two
schools' contained grades 7 to. 11. The four intact classes .

were’ randomly assigned to the two treatments in the study.

. : /

Materials and Instruments

.7 Tuo sets of eight lesson plans, one set for sach of
{the two treatments,,were used in the p:esentatlon of the ‘
"y ingtructional content of the study.  These lesson plans were
prepared by .the mx?&suqatcr. 2 set of behavioural ‘object

tives vas written for each Iessoh, and the bontent validity

graduate students in mathematics education, The two, sets of

lesson plans were parallel in oral and written instrictions

st and written format. .The primary difference was that in ong

set ‘the students were i to make geometric :figures
on the’ geoboard while' in. the other-sét they were dnstructed
to ‘draw the same figures on:.dot papef.. For most lessons the .

only difference. in written #ormat was the Substitution.of the

_word "geopaper" in theiconic treatment for ‘the word

eoboard"’ of ‘the ehactive treatment. Theé I

ve treatment are included in Appendix A.

‘An achievement posttest consisting of 25 items was
constructed by the “investigator. - The content validity was

} g A [

of the lessons verified by two mathematics educators and’four:




ensured by including items for each ‘of the behavioural

obj\ective‘s. In" addition, ‘the items were judged valid by a

panel of mathematics educitors. The weliability of the test

was found to be 0.87, using the Kudéémcﬁazdson ‘formula 20’
on Lhe pilot study data. The posttest wis administered
iftmediately after, the instructional period. | A parallel form
of the posttest was wntten and admmstered five weeks
later as a retention test. .

1" agh test'was designed.to measure four leveld of
the student's mastery of the Sllb]Ect mattex in the lesson

plans, namely,. recall, algarlthm, comprehension, - and

'apphcat_mn. These levels. were based on the taxonomy of
 Yearning of Wilson (1971)." Space was pru\pded_on the test
papér for the students to work out solutions to the items.
.'Correct items were scored 'l while incorréct items were
‘scored 0.-The achlevement posttest and retsntlon test are
/.\ncluded in Appendlx B. i i
The Canadlan Test of Easlc‘ skills (CTBS) was used to
. flassify the students ‘into three ability groups: high; | -
middle, and low. The exact ;riterion‘ used ‘was the CTBS |
score’obtained by. the student on the 48-iten Mathematics
-Concept: Test and the 32-item Mathematics Problem Solving .

Test, the reliability toefficients of‘wmch are: 0.86:and’0.79

respec vely (Ring, 1975).  Students who.scored in the top.
orie-third of the sample were classified as high ability,

those in the middle’ope-third as middle ability, and those

TN
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in the bottom one-third as low ability. The Canadidn Test
of Basic skills ‘has been used throughoyt the province of
Newfoundland gs a medsuré of academic ability'and a

predictor of success at partu:ular grade levels.

Treatment Groups . - . - s i

The two treatments used in this study were labelled '

. as the. enactive mode and the iconic mode.,  In the enactive

treatment, the ‘students used'5:x 5 geoboards and riibber

bands to assist.them in completing éxercises in the unit.

vThe geoboard was !:on‘sldered to be a concrete ald. * In -the

iconic treatment, the students used 5 X 5 dot paper, d‘es—
cr;bed as a seml—concrete materlal, on which they drew the
geometnc gigiices Lhat wars nadelol the gecboard by the
students in the enactive treatment. In y:he lesson plans,
the 5 x 5740t paper was* referred to as gédpaper. " Each
stident was provided with his or her own gechoard or geo-

paper by the teacher.

Instructional -Content

In both treatment groups the Students‘proc_eeded

)
through the same unit of work on’the concepts of perimeter

“and ‘area.  The instructiénal content was designed to lead

the' students to the discovery of the férmulas for the
perimeter of a rectangle and square as well ‘as'the area

formulas for ‘the rectangle, square, triangle, parallelogram,




cértificate of' grade V or VI.
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and trapezoid. ' Applications of these ‘concepts were given to
the students by using student lesson sheets. = -

Fron discussions with the teachers involved:in the

. study, it was determined that the students. had ‘little or no’

previous contact with the subject matter in'any depth.
Geometry appears to take a secondary position to other
course material in the elémentary grades. .Roberts (1979),

i Py K
in a’study on the teaching of geometry in the elementary

. grades, reported that-far too-little time was spent in

teaching geometry. -The main reason given by teachers was
that there vas not enough time. Prior to this study,
howéver, the four teachers involved had’covered a chapter-
in the grade seven text. introducing the students to

elementary geometric concepts such as point, line segment,

" line, plane, angle,’ parallel lines, and polygons.

- Teachér Qualifications

.The four teachers involved Were all experierced

teachers with several years experience in teaching mathe-

. matics at the junior high level. Three teachers each had,

£Wo university credits in mathematics and two-credits in

mathematics education while one, teacher in the iconic treat-

ment had one university credit in mathematics.  Two were male

and two were female. 'All had a Newfoundland teaching

% B

3
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Instrictional Procedure: R
Mimeographed copies of the lesson plans were dis-
tributed to each of the teachers. ' Each lesson contained a
set. of beha\}ioural objectives, an instructional session as

part of the teacher's presentatlon, student lesson. sheets,

and. answers to all exercises in the lesson plans. The ‘total

mstrucuonal penod was about' 20 teaching days. o

The procedure for presenting each lesson'was as
follows. First, the 'teaphex stated ‘the purpose and the
penavionrar, Shjsctives of Eheadason. The Lewstios s usea
a guided discovery technique to teach the students. The
studerits vere ‘asked. to_"think along”,’ to engage in class

discussion, and demonstrate their solutions' to the rest of .

.‘the class, The teachers during both treatments used an over-

»

head projector,  with a transparent geoboard in the’ enactive

“treatnedt and a transparent sheet of dot’paper’in the iconic

treatment. Though guided by specific questions, the,
students wete free to make their own observations and to

express in their own way any conclusions or relationshlp‘s

drawn from their observations. By following specific direc-

tions. in the teacher lesson plans, the teacher played an

actlve ;cle in qxvxng dlrectmns. encouraglng discussion,

e and gettlng feedback frcm\ the students.

‘ After ghe 1nstructlona1 session by.the teacher, the

student lesson sheets were distributed to the students.

These extended the discovery aspect of the lesson as

students answered quéstions, recorded data,. and drew
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was the Dnly use that was: made of the student text, dunng
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-éonclusions which led. to the generalization of the perimeter

and area formulas. Each'lesson contained practice exercises,
as well as more challenging cnes called "Think" exercises.
In addition, there were assigned exercises from their regular

textbook, School Mathematics.l (Fleenox ‘et al., 1974). 'This

the study He?e, the ‘role of the teacher was ‘also ‘an active
one. The teacher was directed, in the lgsson plans, to walk
around the classroom encouraging ‘the, students ‘to experiment
in making oz draying the figures, and giving assistance when
students ‘vere ‘haying aifficulty or losing interest.®

The stugents wére paraitted to’ take _the gecboards and
geopaper home to finish exercises on the lesson sheets. How-
ever, the exercises from the student textbooks were: asually

given as homéwork assighments. Since the schools were.located

in different towns, there was.no exchange of materials between .

the students in the two'treatments. Al homework assignments
vere checked in a class' dxscuss.ton the following school day.
The teachers-were :Lnstructed to-adhere strictly to
the Iesso‘n‘plan‘s ii the study. The résearcher met with: each
teacher before the study began and was in contact with each
teacher during the study to ensure that the lessons were w\
presented. in the manner ‘required. The achievement posttest
vas ‘administered immediately after the. instructional period,

and the’ retéention test was administered five weks -later.




49

Research Design

|
!In this study, it was not’ possible to randomly
| hy

assign students to treatment groups. - Instead, four intact
i v e

classes were igned to the two :

.enactive and iconic. The students in each treatment ‘were

classified into three ability levels: high, middle, -and low,

~based on their CTBS scores. 'After the instructional period,

tudent achievement was méasured by means- of a postt‘est’, and

again f1ve weeks J.ater by,means of a retention tesc Thg
design was a-2'x 3 factorial design in which ‘treatnent and
ability formed the 1ndependent variables. The dependent

variables were the students' achievement scores obtained on '

" the posttest and retention test.. The design is . illustrated

sin figure” 1.

-
TREATMENTS
Enactive Teonic
o 5 High
& ]
3 miadie |: o
=)
=i
< . Low

Figure 1. The factors and levels of the design
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‘Bypotheses
Answers to several questions were sought in the
study: To what extent were students able. to learn and
after wsing cor ahd seni-

concrete naterials? ".To what éxtent were the same objectwes
of the concrete approach acmevea by students using the
semi-concrete approach? Was there any }nteractlon between
treatment and ability yith respéct to chievement when the
students vere classified. into low, ‘middle; and high ability”
groups? 4 i .

* To answer :these questions, ‘the following- six null

hypothieses were tested by using a two-way analysis’ of

1. 'There is ng significant differénce in.mean
scores betwéen the two treatment-groups on a posttest for

achievement.

) 2. There is no significant At A6 S
scores. anong the three ability groups on a ppstt‘eft‘ for
achievement. T : &

. 3. There is no .éiqnjficant. interaction befween
treatment and ability with respect to scores on a_posttest

for achievement.
4. . There ismo significant difference in’ mean

. scores- between the . tiio, treatment groups on a retention ‘test

J 'for achievement,
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5.. There is no significanc difference in. mean
scores among the three ability 'growps. on a retention test
for achievement. . " : X e
6" “There % no significant interacticd betiben ” .’
Ceatasit Sl ISBITLEY WibE SRIG Tt LS laciten fon k- Cetentiin

s ' 3
‘test for achievemént.

Ari‘alys;\_s. of Data

all six null hypotheses were testdd: at the 005

level of significance.” Thé min effects ava £5-treatnent i

'we11 as, :mtax:actlon of treatment with ‘ability were msplayed

graphically. - The Scheffé method vas used to investigate’ the

di f£ference betwdeﬁ pairs of group means for the three ability
levaisihers the ability factor was significant and

interpretable..

Pilot Study.

2 pilot study was conducted with an eighth ‘grade

class at the school where “the 1nvestlgator was ‘teaching. = The
_p:.lot study was carried out ‘eafly in the 1981 fall senes-ter,
None of the studeits Had had any previous contact' with the
concepts aontained in’the unit designed for ‘the study,
neither as part of their mathematics program in grade seven,
nor previously in the grade eight program. The pilot teacher
" had Frpviouly taught mathematics at this level ‘for “sevexal
years. The inystigator taught one of the lessons- fux one



day when the pilct teacher was ahsent‘
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The pilot' teacher

reported to the 1nvest1gater on the progress of the students

after each of the eight lessons in the unit.

The pufposes of the pilot study were:

g i

2.

_1esson,

to determine the. t:une required to complefe each

to determine any difficulties with the written =
and oral . instructions, with the exercises in
the student lesson sheets, and with. the N
concrete’ materials used; i

to clarify thé role 6f the teacher within ‘the
unity 4 oo O A
o obtain a reliability coefficient for, the

achievement posttest as well as the time
allotment needed. for cqmpletlon JF the test

From the pilot study several observations- were made.

It was deternined that for most of the ‘lessons two d0-minute

class periods were requiréd. wChecking solutions to exers

cises gwen as homework dssignménts sometimes required a

third cidss period.

found to ‘be clear and required no major - rewording.

The written and oral instructions were

. The

exercises:.in the student lesson sheets were found to be of

sufficient variety to provide a challenge to all the students

", “without being Judged too difficult.

It vas detexmlned that in'stzuct:.on would be more

effective

if each student had m.s or her own geoboard or dot
3 z

paper and’ worked individually; rather than with anoher

studeént.

However, this did not mean that class discussion

was - discouraged. “

= v.@
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The teacher's role was confirmed to be an active
rather thas a passive:cnes - Instructions o the teacher,
which had been explicitly written into the lesson plans,
were. shown to be adequate in allowing the teacher to play} ¢
S active role. 'These procedures were explained more fully

under ‘Instructionil Procedure éarlier in this chapter.. The .

need for the teacher to sometimesintervene and show the

solutions to some.of the exercises was mnoted.  For example;:’

if an exercise required five particular shapes with a
particular area measurement, then, if the students were

having difficulty discovering the fifth one,.it was better

‘ for the teacher to directly guide the students toward the

solution, in the 'interest. of time allotment.and class 7
control. ’

A 25-item posttest administered at the end ‘of the

pilot study was found to have a reliability measure of 0.87,

“..as measured by. the Kuder-Richardson 'formula 20, No student

required more than 40 minutes to complete t‘he test.

In summary,’ no major revisions were required in‘the
Lésson plans‘for the study.. Tt shoild be noted that these
lesson plans had been prepared by the investigator in

consultation with two mathematics educators.and four mathe- -

matics teachers during the 1981 .summer session at Memorial

University of Newfoundland and had been subjected to several

revisions,
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Chapter IV
RESULTS AND I\NA‘LYSIS

In this study, ‘four intact classes of seventh grade

" 'students were randonly assigned to thé ‘two groups,

_ namely; enactive and iconic.. Students were prevu)usly
.‘classified as béing of, low, middle, or. high ability on the

_ basis’of their CTBS scores. The’independent variables were

tréatment -and ability. The dependent variables were the
Scores’ that the  students 'received on an achievenment posttest

and-a zetentio’n’te'st. In this chapter the. data collected in

the study and the results of cesung the null hypotheses are

reported. . ;

Sample
i

The data from 103, students we;re considered. in ‘the

: andlysis.of the results. A total of 109 students began the

* study, but data--from six of these were not used because of

a.bsences during. one of the testing periods; -
“In Table 1, the number of students.in each ability

level and ‘the range of CTBS scores for each of the levels

is reported. ' To classify the students into the dlfferent

ability levels, a frequency, distribution of the scores. was

made. -Students who scored in the tgp one-third Df the

A . e
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distribution vere classified as being of high ability; ‘those
who' scored :Lr( the middle one— Lhu‘d as belnq of mldﬂle abll).ty,

and those in the bottcm one-third as belng of lv:rw ability.

Table 1

Number of, Studénts in each Abilily Levek

Range of - Numbeér ‘of

Ability Level CTBS "Scores - Students . »
. Low 20-30 ) 36
Middle. % uh o 3137 ‘36 ,
. High : . "38-6l . ER

. . In Table 2 the numbe® of I I each cell of
the factorial desigi for the study’ is given. ‘The.rumber of
-students in ‘the high’ability level in the enactive treatment

was low.in compariscn to the same level-in the iconic

treatment..”
. Table 2 X
Number of Students in'each Cell.. . . -

s - Treatment B

Ability ‘. Endétive Y Iconic Total
s Low - : Cou man = 22 36 . Vg
B R Middle T ] 18 ! 36 . '

High. 8 4 23 : . /3L

Total 40. o 63 Joe103
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The data for individual students obtained from the

Canadian Test of Basic Skills, the posttest, and retention C

test are reported in Appendix C.

Analysis of Data

The scores. from the posttest cand retentlon test were
agalyzed wing a twomway -snalysis of variamce.  The
s‘ta\uscmal Package for the Social Sciences (SPSS) sib- . |
Program MOVA providds an amalysis of: variated For factorial

designs with wnequal and disprupnxtlonate cell Erequencies,

-~ as this study required. The classic expexf:.n\ental ‘prccedute

which was employed in the analysis of variance is described”
in the sps; smanual (Nie, ‘et af’.‘, 1975). - The séheffé

analysis for. multiple comparison’ of means was used to
l‘nvestmate slgnlflcant dlfferences betveen the three ability
levels where t.he ablllty fsctor was. Sig’niflcaﬂt and 1ntez—

prefabTe. A1l hypotheses in the stidy vere tested at the

0:05 lével of significance,
; - .

Mnalysis of Achievement Posttest Scores . .

of variance for 'the achievement posttest is presented.. Both
the treatment and abxhty fakctors were, found to be F

sxgnif:.cant < e




x 4
; 57
! ¢ ", N P ; 3
T rediihts C e Dge
malysis of variance for Posttest
: o Sumof . e . sigificance 1
Source of Variation - Squares DF * Square- F of F °
MEJ_\': Effects 1076.64 . 3 358.88 36. 72 . \ID.DO =
T:eamt SLSsLET L1 USLET56.45 0,00,
Abxhty N 372.83 2 0.00
" Treatment by Ability - ' 59.38 2 0.05
Wi'thin Cells % 941.93
Total ©2083,95

: I:Iowever “since the txeatment-by-ab:.luy interaction
was also fo\md to be sxgnlﬂoant, the .signi ficance of the
n\aln effects had to ‘be interpreted with caution..: The means
: for-each cell ‘of the design'on the achlevement posttest are

reported in 'l‘able 4. .. - % 58

Table s : : &0

Means of Posttest Achievement Scores

Treatment

fl : ; Total:. for
Ability . -:-Enactive . . TIeconic -, Ability
Low .- 1alagx: 18,73 - “17.00
Hiddle. Tomap L v 2139 . 1806
High . - 20.38, - 23.04 . ; 22.35

+ Totdl for ¥y p R 3 R
Treatmént 15.70, - 21,067 T 18.98

= B
*maximum’ = 25
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o
. Agraph of these mea scores is presented in Figure
2. Thelprofiles drawn in the graph show that at each ability
level the means for the iconic group 'vere greater than tRe
eans’ £of the. enactive group. As seen by ‘the pnsitiv\e :
sIopesy

in favour of the iconic treatment for each ability level.

the significant difference in treatment is clearly

Fof thé ability factor, the profiles suggest. that
the means ‘for the high abilify level were greater than the
means'for the low ability level. A Scheffé analysis verified
that this' difference’ was significant at the 0.05 level.
Since the mean of the middle.ability group was close to the
mean of the low ability growp in the enactive treatment and

| clase o the mean'of the'high ability group in the iconic
treatment, it could not be concluded that the means of the
middle ability level were significantly different from, the
means of the low or high ability levels: ‘A Scheffé analysis

.showed that, at the 0.05 level, therewas no significant
difference between the low‘and middle ability levels, but

.that there was a sighificant difference between the middle
and high ability .levels. A summary. of the. results of the

” i+ s
Scheffé analysis is given in Table 5.
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' Figure 2. The mean scores on 'the achievement posttet
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Tablé

Differefices Between the Ability Levels on the
y Acmevement Posttest, Scheffé Analysls

Difference

Contrast Between Means Critical Difference
. low-middle -1.06
' H 13
middle-high -4.29%
low-hjgh 5 . . -5.35% "
.

*p.<.0.05

As shown in Figure 2, thé'interaction between treat-
ment and ability was ordinal. While the high ability
stuéents scored higher on the échﬁ;’evement posttest than the
middle ability students, and the middle ability students
scored highei than the low ability students in both. the
enactive and iconic treatments, the superiority was not ‘the
same for both treatments. 'The middle ability group showed' a - !

5 qreat’e‘r superiority to the ‘low ability group in the iconic

treatment than in the énactive treatment. At the same time,
the high ability .group was not as superior to the middle ¢ ,

ability group in the iconic treatment as it was in the

‘enactive ‘treatment. . Since ‘the middle ability.group did
relatively better in the iconic treatmént, it could Be said
"that ‘the iconic treatment was relatively more effective
with ‘Midﬂle ability students. " In fact, the middle ability

group scored higher in the iconic treatment than did thé




high' ability group+in the enactive treatment:.

Hypotheses Related ‘to the Achievement Posttest

Hypothesis ome: There is no significant difference in mean
: scores between ‘the two treatment groups on
a posttest for achievement.

Hypothesis one was rejected since ‘the iconic group scored

significantly higher than the ,enacti;e group on'the

achievement posttest. 5
v 4 1

Hypothesis two: There is no significant differepce .in mean
: scores among: the three abil. Jgroups on
a ppsttest ‘for: achievement.

Hipotheais to.was rejected dinca 'a Eiharks analysis,
revealed a significant difference in the mean scores betweer
thé low and high ability levels, and between the middle and
high. ability levels. However; there was no significant
aifference in the mean scores between thejlow and middle

1
§
ability levels. t

Hmochesis three: There is no; s;gnxflcant interaction
between treatment and ability with respéct

L to scores on a posttest for achleveqnt.

Hypothesis three vas rejected since the 1nteractw’x between
treatment and ability was found to be significant at the
0:05 level in the two-way analysis 6f variince. From 4

graphical display of the posttest means, it was concluded .




retention test scores ‘are reported in Tablé 6.
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r C %
i 7 ol x
that the interaction was ordinal, with the'middle ability
§ Y ¥

group scoring relativeély better in the iconic treatment.

Analysis of the Retention Test Scores

The results of the analysis of variance for the

These ‘results -’

paralleled the results for the posttest. . There was a

significant ‘difference between treatments and betwéen

ability levels; and there was a significant interaction

. betwéen' treatient -and ability.” Since interaction was, again,

found to be significant, the-significance of the main effects
R o8 & ) -

had ‘to be interpreted with caution.

Analysis of Variance for

Table 6

Retention Test

Sun of Mean Significance
Source of Variation Squares. oF Square of F
Main Effecgh 1675.61 3 558.54 40.14 0.00
Treatment " 568..80" 1. 568.80 40.88 0.00
Bbility R 900.83 & 2 A50.42 32.37 ‘ 0.00
Treatment by Ability  97.07 2  48.53 . 3.49 0.03
Within Cells 1349.72 97 v]_'1.92 25.48 0.00
Total . 3122‘. 40 102 30.61
The means of the retention test are reported in

Table 7.

e




Table 7

Means of Retention Test Scores

Treatment Total for

Ability Enactive Iconic — Ability
Tow ) 10,43+ S0 12,4
Middle - 11.28 18.78 15.03
High i 18:00 Y oglas © 048
Total for : . . o ong
Treatment 12.32 ] : © 15077

" *maximum = 25

A graph of these mean scores is presented in Figure
3.  The profiles in the 'graph are similar to the profiles in
the graph of the posttest means. At each ability. level the
mean for the iconic group was greater than the corresponding
mean for the enactive group. The é5gnificant ‘ai ferenke in
treatment was, again, clearly in favour of the iconic group.

By observing the means and ‘the graph, the means for
the high abiflity _group appeared to be slqniflcantly greater
than the means for the low ability group. ~A Scheffé
analysis verified that. the difference was signifidant at the
0,03 level. As with.the posttest’results, due to the

- @ifferent type of performance by the middle ability qroup,

‘it could pot be concluded that the means of the middle.

ability level were significantly dlfferent £rom: the means

of the low or high ahlllty levels by chservation alone:
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Figure 3.- The'mean scores on the retention test.
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However, a Scheffé analysis confirmed that there was a

significant difference between the low and middle ability

levels and betieen the middle and High ability levels.. A \
summary .of the Scheffé procedure for testing, -the ‘differences '
betweén the amhty levels for the retention test is given in 3 5

"mable 8+

Table 8

Differences Between the.Ability Levels.on
the Retention Test, Scheffé Analysis

Difference ¥ Critical

Contrast . ‘Between Means- 3 Difference %
low-middle ~2.59% 2.49

middle-high’ oo -B.ask

Jow-high . ~8.08%

*p < 6.05'
‘The ‘interaction Df the mean scores on the retention
test vas ordinal, as was. the case for the posttest means.
L1kewxse, for the re&enucn test, it could be said that the
middle ability students did relatively better in the iconic
treatment.’ Again, the middle ability group also’ scorad
'hlgher in the iconic treatment than did the high abun-_y

group in . the enactive treatment
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Hypotheses Related to the Retention Test

,axgothe'sis fours” THers is 0o significant diffessiice i st
scores between the .two treatment groups on
é' retention test for achievenent. :

Hypothesis four was rejected since the iconic group scored

significantly higher thag the enactive group on the retention -

test.-

Hypothesis five: There is no significant difference in mean.
St scores amorig the three ability groups on a
retention test for achievement. :
. ﬂypothqéis five was fejected since a .Scheffé analysis
veefeaTeA B RaHL EAeane Qi evanne it mean scores between-all .
Bossiblé pairs of ability levels, that is, between low and

middle, middle and high; and low and high ability groups.

ion between at and ability was ordinal.

" Hypothesis six: There is rio, significant interaction between
E treatment and ability with respect to _
scores on a retention test -for achievement.
Hypothesis six was.rejected since interaction between treat-
nent ‘and- ability was found to be significant beyond the
0.05 lével in the two-way analysis of ‘variance. A graphical .,
“aisplay ‘of the retention test means showed that the inter-
action was ordinal, with the middle ‘sbility grofp scoring

_relatively better in the iconic treatment.
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All.six null hypotheses, which were tested at the
0.05 level in a two-way analysls of variance, vere rejected.
A significant difference was found on both the posttest and
retention test for the tia#ment effect in favour of the
iconic group. For thé ability factor i -significant
differenige ‘was. found Beatied loy and high ability Jevels ana
between muiddie and high ability ‘levels on the posttest. on
the retention. tést, 'a significant difference was found
between all ‘three pairs of ability. levels. It should be

hoted that ‘the differericé in mean scores between the low and

- middle ability students in the dpactive treatmént was small

on both the posttest and retenticn test. A significant
interaction between treatment and ability was found on both
the posttest and retention test. ' For both tests, the inter-

action was ordinal. . The iconic treatment was relatlvely

. more effective wlth the middle ability. level.
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are suggested.

Chapter V
SUMMARY, DISCUSSION, AND RECOMMENDATIONS

In this chapter a summary-of the study and a dis-

- cussion of the results are presented. Then, recommendations

for further research and implications. for classroom teachers

1 Summary
The study was designed to investigate the relative
effectiveness of enactive and iGonic presentations in the
teaching of selected concepts of perimetet and area to
seventh grade students’ 'The stidénts were classified as
being of ‘low, middle, or high ability, according to their

scores on the Canadian Test of Easu: Skills which-was

'admlnlstered one month prior to the beginning of ‘the study:

A 2 x 3. factorial design was used in| the study, mth;
four intact classes being randomly assfigned to ‘the enactive
and iconic Treatments. All classes studiéd the same -
concepts for five weeks using activities prepared by the
sEsearoHLL. e enactive group used 5 k 5 'geoboards in
theit activities while the icomit group WBed:S X 5 dot papér.
A posttest was administered immediately after the fnstres
tional period was completed, and a retention test’ was

administered five weeks later: A'two-way analysis of

68 . '




. variance was used to analyze the scores.on each test.

Scheffé tests wére used to investigate differences among

the three ability levels.,

The six null hybotheses were tested at the0.05.
level @nd all were rejected. The findings, summarized for
‘the posttest and retention test together, were as fu;lows'.'

1. There was a significant difference between treat-
ments in the mealscqre; on :bcth the posttest and the l;eten—
£ion test'in:favons ‘of e téomid treatient.

2. There was a significant difference in mean scores
bhtween the ‘three ability levels on both the posttest and
the retentiontest., On the posttest‘, the sidpificant
difference was between the-low and ‘high ability students
and between ‘the middle and high ability students: 'There
was no significant difference between the low and middle
ability. students. On“the refention est, there was'a ’

significant difference between all three pairs of ‘ability

levels; that: is, between students of low and middle ability,

between those of low and high ability, and between thoge of/
middle and high ability. £

f
3. There was a significant interaction Egtwemreatmenf
and ability with respect to the scores on both the posttest
' and the retention test. The pattern of the’ results, For
both tests was very similar. In both cdses, the ‘interaction

was. ordinal. : L
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Discussion

One of the main purposes .of the study s b5 Hateds

mine if seventh g‘rade students Could benefit from the use’.

BF. concrate and semi-concrste materials in learning mathe-
matics and to, détermine the relative effectivensss of the
B ' two approaches. Tt was found that seventh grade students
: - _shoved gréater achievenent .and rétention of the particular
concepts in the study when these concepts were presented to

. them in an iconic mode than when presented in an enactive

mode. ‘While these findings are not inconsistent with'those

reported in some prior research studies (R. E. Johnson, '1971;

zirkie, 1981)+ the performance of the students in the -

” enactive treatment was lower than' what”was expected; and 'the’

magnitudé of the differegce/m/favour of the iconic wis not

i !
expected. A possible explanation is that students ‘at'the

seventh grade level are ‘at the stage of mental development

/h'ere they, ‘are more receptive to an iconic presentation than

i to an.enactive presentation, or:at lédst for.the topic of

perineter and area used i this ‘study.
\A different explanation might be “that topics in
plane geometry naturally lend themselves to drawing diagrans
; ‘.. and that students are more familiar with.paper and pencil® .
" ) _ to draw diagrams than with- gecboards and rubber bands for
the construction of geometric ‘figures. Drawing diagrams ¢
may have provided the iconic group with a 'more permanent




It'is possible that

mental image of. the geonetric figure
4.third treatment. in which-students used geoboards together
with dot paper-might have produced even higher success.:
This Bossibility could be investigated in future resesréh.
Arseccnd pfpose of the ‘study was tq Gcterminé if

there was a significant i ion betyeen and

ability. The findings from both the posttest and retention
st iy taren et rerd vasta significant. inteaction
©. between treatment and ability. The interaction for hoth
tests was ordinal. "The iconic treatment was shoyn to be
mofe effective than the‘enac,tive':'raaunent for all three
- @bility levels..'On both tests, the low ability students
in the iconic treatment scored higher than the middle ability '

students in the enactive treatment, _the middle ability"

group in the-iconic treatment scoréd higher than the high
ability students in' the enactive p:eaément. “overail, it
could-be said that the greaiest akPect of Erontibnt wis i
\__vith tné miadle ability'level. on both tests, the middlé
ability students scored-much closer to the high ability
students in the iconic treatmentthan in the enactive ~ '
trsatment. In the enactive treatment, thé middle ability
Students. only scored slightly higher than' the Fov apility
. students.. Do 5, St \
It wis éxpecked that:the use of cncrete materimts——— s
i he ‘enadtive Eedtment wouldragull.in higher achievement o

for the low ability students alan was ‘shown in the study.




Similarly, it 'was not expected that the niddle ability
students. would score as low in the enactive treatient 'as was
shown.. 'Therefore, these findifigs have to be viewed with

caution, bedause to draw the conclusion’ that:the use of
. s

" concrete materials in teaching is harfitul to low and middle -

ability stud would not be 4, in yiew of a large .

" body. of research showing the benefits of manlpulat:.ve

ma&:enals in class‘room mnstrpchon. However, some concrete
nwtérials may be ccnfusing to low ability students and a
dlstrgctlun to high or niddle ability. students, as was
suggested by'Wilkinson (1971). Possibly; for particulas:
mathematical condepts, .either a concrete or a semi-concrete
presentation is better, or perhaps a combination of concrete
and@" semi-concrete might be more appropriate’ than either
fethod- used separately.: . K-S

"¢ ‘While the iconic treatment was shown to be superior
to the énactive treatment. for each of the three ability

levels, the close performance of the middle ability students

and the high .ability students in the iconic treatment on both '

the posttest and retenfion test was.unexpected. In®fact, the
middle ability students scored higher in'the iconic treatment

than ¢

Again, it would appear that for the average or middle ability

studenz, the senu—concrete materials were more ‘appropriate
_than, the concrete materials for the particilar concepts in

- . P i 5
- ‘this study. For the high ability s%}dentg in ‘the enactive

id the high ability students in the enactive treatment..
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mode, the concrete materials may have been-a form of dis-
traction to them rather than presenting-any particular
ditficulty. . g : . 5B : : \

e 8 In the period between the adlﬂmlstratlon of thé
posttest and the retention, test, the students in the sample

studied units on decimals and percents and did not work with

the geometry concepts. As would be expected, there %as a

decrease in scores for both groups Show, the posttest to-the .

retention test adiinistered Eive weeks later. ‘The greatest “

Lo decrease in percentage poihts was foy the low ability
studenﬁ in the enactive treatment, a drop of 2] percent.

The ‘next largest decrease was for the 1ow ability students in
thé iconic treamént,‘a.}rop of 26 percent #This would not
bé totally unexpected since the' time between adninistration
of the tests was five weeks. The decrease for -the middle -

" ability students in the enactive freatment, 23 percent, was
relatively large, but not surpmrfomance
in the enactive treatment was only marginally better ‘than ‘the
16w ability students. As would be expected’ the high ability

¥
students showed the smallest decrease. For th‘e high ability

students the decrease was smallEﬁ,«: in the u:onic treatment:
9, percent comparea with ‘11 percent: ln the enactive tzeatment. b
However, the decrease for. the high abilify students in the'

enactive treatment was only one-half 4 percéntage point less E

“than the mlddle—ab).l:l.ty students in the- J.conl.c treatme"nt. . e

This was not" surprising since the niddle ability students in

)




conducted with students who have had previous experienc
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the iconic treatment actually scored higher on both tests
than the high ability students in ‘the enactive treatment.
The results of this study seem to' support the use

of ‘the Canadian Test of Basic Skills in, classifying students

" into ability levels for the purpese, at least, of teaching

mathgmatics since there was a significant difference
betweer two pairs of ability'levels on the posttest and.
among the three pairs. of ability levels on' the retention
test. If significant Tntebnetion betwesn: tosching methnds
dnd ability does exist, then having a means of classifying

Students into ability levels would be very useful.

Recommendations and Implications. <

The following recommendations are based on the

,results of the study and on the observations made by the

researcher.

‘© 1, It is recommended. that further research be

cquducted using a larger sample, and dealing witk‘xr?@
different topic in géometry or a topic from another area of
nathematics, :

.-, 2. It is recommended that a similar study be
onducted at a lower grade leyél to inves_tigate.whether there
X a particular grade level at which one ‘mode of presentation
is superior ‘to tha Gther for thé same cancepts in geometry.

3. It is recommended that a similar _study be’




15

with manipulative materials.

4. ‘It is recommended. that a similar study of longer
“auration be conducted since one of the limitations in this
study was its relauvely short 6ratwn, namely, one month.

Based on the results of the studys the fonawmq

/

implications for classroom teachers are suggested:

It is. recommended that the decision to use concrete
or ‘semi-concrete materials be considered carefully. ‘Semi-
concrete materials might be more effective than concrete

-

materials for some mathematical concepts and with students

.at a particular ability level. For 'the content dealt with

“in this study, dot paper proved to be more effective. Such

materials are inexpensive and readily accessible to
classroom teachers.

For certain topics, the use of manipulative
materials should be considered as an alternative o the

usual expository approach to teaching mathematics. From

discussiong with the téachers involved in.the study, it was
concluded that both teachers and students were positive in
their attitudes. toward the use of both concrete and semi-

. ¥ 4 g

concrete materials.

»
v
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B ) LESSON. 1
K ‘THE - GEOBOARD .
RACT . Foaad e gy & Lo
Pu. EOSE s p 2
! The overall purpose -is ‘to, 1ntraduce students tothe i, . i il
geoboa;d by having ' them make. geomemc flgures on the ! |
* gecboard.. Since these figures were inclided in Unit e ke i
e Module 1, of the'grade seven text; the lejson can serve ‘as L
a review of 'some of "that material. guestions xela_tgd 6 i
the figures can allow fér class discussion and feedback
f£romthe students. | 5 - Y A 9 ]
.. 'Behavioral Objectives . Al ey
Thé student will be able tG make the Eolldwing qeometuc 3 &
;f:l.gures on the gedboard: : .

line segments

angles . . | ; y s

triangles

4-sided polygons

. < n-sided polygons S I .

Introduction, A =%

Explain that/ a geoboard is a basrd on whwﬁ- nau,s ox:

pegs are axr;ngad in an oxderly fashion to reptesent sets 1

.+ of ‘points. Geoboards come in & variety of shapes which, you”

9 .. can demonstrate: by - shwﬁug some ‘of the different medels.

‘Students™“have a 5% 5 geoboard with pegs in a sguare '




arrangement. Let them cdunt the. pegs.

‘ . l 5 o Cot auaits
3 i
e et Thislength L e
L“;f" f—[ : \ —>.M.u-m.i s oa fan B
un . .
i Bea et | o Parallel
V. . g i, lines
ot . Y e T )

Line segments. ., ,
Explain the follovunq aspects oF the: geoboard by 'e

) placlng the above”on the ansparent geoboard. - .
1. A line segment 1:Leﬁe\s£nted b’ a ribber band

stretched between ‘two peds.

2.. To 'measure the length of a 'segmenc a unit is -

chosen.’ In ('_hls case. the distance between two adjacent pegs

in‘a horizontal ‘or vertical direction is 1 unit,

'3." Distance is hot measuxed diagonally since the
di'stance’betwee.n two co\n?cutiv&ly placed pegs-is m 1 unit:
Students can verify this with a ruler. :

4. Parallel lines -(horizontal and vertical pairs).

. Exercise: - Line segments
. Direct students to:

(a) . make a horizontal, ‘vertical, and diagonal line
“segment on theif geoboards.
(b)' make a line'segment 1 uiit in léngth.

(¢) make a line segment 3 units in length. - . N



boards.

(@) make the longest'horizontal line segment !
”- o -

@

possible. il <t

Place each of thé above exercises on the transparent

geoboard after the students have placed each On thexr

Angles . < g ) i
' Explain that an angle is represented on.the geoboard
by showing two line segments which sharé. a common ‘end. point:

Instruct the students to make the following 'angles:

1. right 2. " acute

‘obtuse

P As the students make each, review the, defl.nl.cio‘ns in a-

dlscpsslon. Illustrate each on the transparent board after

allowing students to make theirs.

TI. angles . . -

Explain that on a.geoboard  triangle is formed by

stretching ‘one rubberband around three pegs which are: not.

in tfie same line Segment.




" Pell students to make the £ollowing triangles on their

. geoboards, obtaining the ‘definitions in a class discussion.

.. right tridngle -- a.triangle with one: right angle

3 scalene triangle -~ a triangle with no. sides congruent = %
isosceles triangle a tr1angle with two sl.des >
. A congruen

Allow'a different student to demorstrate one “aneh B
the transparent geoboard. . i
Ask students to try £o maké an equilateral triangle. i
Explain that it is not possisle on thgir geoboards pecause ; i

the ‘distance between tWO Consecutl[ve dlagonally placed pegs

is not the same.as that ‘between two consecutive hoxizcntal

ox vertical pess (as vas explained earlier) ; < »

| Quadgilaterals

Explain’ that on a geoboar @drilateral is formed by: i




- 3
" stretehing a rubber band around‘ }\ur pegs, ho. three -of which
are oh fhe samé 1ind Begment. -

nluscgte vith this exau\ple. 2 3 P

Instruct the students to ~make some more quadrl.laterals

on their geoboards,

Allow the \geudents some time' to expenment b Basing
. some shapes of their oun on the geoboard while you dis- ' .
tribute the student lesson sheets £ Eha classy, “These pages
allow the student to fcllow wntten instructions similar ‘to *'
that which will be found in all-the lessons:

Move azq\md the -class, checking the students' progress,
amd initiating class discussion. ' In this way, each ype' of
quadrilateral shown should be define el SraEEE oo et et ]
quadrilaterals for which area fomulis/f 1'be found in later :
lessons. Allow a student to demonstrate sach of the figures

. made, either by ‘having it d on the transparent geoboard
"  or holding it up for the clads to see. ‘ v
The following: definitions would be appropriate. State
these after students have verbalized their own in the class, 5.0

discussion.




‘

parallelogran-= & quadrilateral whose opposite sides
. ‘lexercise 1) A o
are paraliel. :

i’ o i ]
B pomr. out tHat oppesm& sides are,
% o . also congruent; iy b b
trapezoid. ' -- A quadrilateral ‘with: one pair :of

{exercise. 2)

parallel side;

' rectangle
\(exexcise 3)

A parallelogram

square . .
(exercise. 4)

A rectangle with. al

“\Equlvalen: deflnxtlons on tl'Le part of studenﬁs would,

be acceptahle. For” exarple’, sguare—four-sided flqure with

all smes squal and ‘a1l angles right angles. s i)

Make sure that students realize that all‘ squares are

\
. rectangles, and all rectangles, are parallelograms.

ithtall right angles.

1:sidés. congruent.




"l “ . DU sTUDENT LESSON. SHEETS 11 .

i ¥

EEN S R o mxercisss, L
i J % )

|

i

(1)‘, Make & quadrilateral with the same.s = :

g 3 CahE P e 8 % et shape as shown hars. On your
figure what is' the lenqth of ‘the

¥ ilongest side that can s, mahmnred

. on the geobnard?

5 e D oW would you_ describe the

figure? oo

T Is this gyadrilateral a'square?
T, e S gt 2 <7 A "L rectandle? ' parallelogram? |-

'. ’ ; o ‘. Make ‘two more ‘such guadrilaterals

“on your gechoard.

3 . 9 “ (2) © Make a quadxilateral‘ with the same.

i O e by St shape as_shown here. . : How db'sit

S ok ¥ ﬂxffer. from the quadrilateral in
“the previous exercise?

‘Is the figure a xect'anqle?'
. e 4 . '\ “trapesoia? parallelogram?

Make some .more quadrilaterals DE thxs

type’on your qeobcard.




3): Make a quadxﬂlatexal with i

e LA & b saine Shape.. a8 shown here,:

Are all s:,des of the' fxgure- of f.he’

¢ -5 £ . R i
) Wh;t'is meiengeh of e;; sider ool -

A\ - s this quadnlateral best descnbed :
i as a parnlleloqram"
o o :ecd;angle? ,squsre?
§ : - Makel two nore quadrilaterdls of thls
‘type on youx geob ard.’
T A DT W ake) e quadr1later 1 with the seme
. on ) - shape :as shown here. e i
1 e o T mat is the. length of Gach aide of
. N o .‘_ your f1gnre'> s
. T e your quadritateral a ’
i TR T I O i » parailelngram? )
] il E : by S réct;nqle% E: square?
S = o ' 5 Make the b:l.ggest ﬁguze of th:l.s type s
5 : "o - . on your gesboita. ; What is the’ length 2
o Frel L of each side? :

Hake the smallest such figure on your

i geoboard. . What is the length’of -

each side?




 on'your* geoboarﬂ make several closed £igures with more

untl sidesc -7

Make a 14Lsmed figure.

What nsme is




wpuzgose - .
To develop the concept of peri.metez.,

:

z. Jfind the penmetez of n-sided polygon' when the

measure of each Gxde is q1ven. . " [

, expz‘ess meas\xx‘emem:s in- the fcnowxng metric

units:’ metre, centimetre, mumetze, kilometre. -

40 wnce the formula for” fmdmg the perimeter. ofa -

rectanqle as P2 2+0 + 2-w oxr P'— 2.0 (L)

“above formula. A : . < gy &

B T 4 . LA {
Introductlon
Introdnce the lesson by stating that it will donsist
n\amly of mak:mg pclyqons on the qeoboard and makmg i

measurements on them. ** % o WL R

Make'flg\fre A on the transparent gadbcard. Ing ‘ruc:‘

measure oi the distance aroid it. Uafter gettmq séme

| verbal answers show. the Glass, on the transparent. board huw .

[




" po exactly the’ sare for f;gures B, .C, and 'D, i
Then, pose the quéstion: What name is ‘given to the
measurement' of the aistince around a polyqon? d

Discuss bnauy the. £611ovin

1. erimeter can be found for any plane geometric

ngnze.

2. In the real world, thé standard uiit of length.in
the. metric é‘ystem is' the metre (m), other common units being-
the centlmeter (cm) - the mlhn\etre uEn), and the kllcmetre

(k). el gl
i

3. .o examles in the immediate environment--

Perimeter of.the classrbom and périneter of the chalkboard. |

Y
Next, distribute the student. lésson sheets to the




.
-class.

" ¢lass to'.see them.

Mqve around the mom to.check student progreés‘.

Allow them to demonstxaf flqures to the" class either on

the transparent geoboa:d or by holding thzm up for the

.The. solutions to the Exerclses (a, b, ¢

should%e placed ,on ‘the transparent geoboazd.

. : - i
(& p R
- .
A .
g - v !




Width = 3 units
B A
20'= 14 +2.w

/-Ld'lis way along with.a simple..

could explain*the solufion :

example on the . transparent %
geoboard. . ", &5




notasquare.- T i

" vk isits Lengtn?
2 R

wldth""

penmeter? y

N TR its and the width is " 'uuts,,,wnce a _fam\-ﬂa

for finding' the pexunet_er ®. boa N

: or® = - 3

Vsing. ‘the formula,. fina the perimeter of a xectangl ;
whfch\h/as length 3 hits and width'4 umts. -




, 6. Make one more rectangle on your geoboard and find its

perimeter by using the formula.

P =
uw, . h

~

Exercises

Make the fallmung figures on your geoboard. R'ecord

" your- solutions by Shetcning each Eigcs, and d marking. its

dimensions.

(a)",xwo ‘different rectanglés each with'a perimeter of

<10 umits. - ¢ )
(b) -a square with a penmetex of 4 units.

(c) a square and a rectang!.e each wzth a penmeter of

B uxuts.

(d) a r:‘tam;le wu;h N per1metex: Of-6 units and width 1 wiit:

What is its length? i - ?
5 ——

Thzxnk e

(a) since .a square is' a specxal t;ype of rectang].e, write a

formila for ‘finding the perinatariof.a square with a

. . side "'s u.n;\.ts in lengthi- . .
pe e LR . 3

(b) If a, b, and c are the lengths of a sides of & scalene .

- triangle write a formila £or f£inding the perimeter.




.. = 4

. 3
) (a) A rec lar shiped room 4 metze; by 3 métres.
T ‘ ¢+ Make-a model. of ,thie shape of .the roow on your -gesbeard
‘and find 'it;s; perimeter. Use the perimeter formula.
‘(e) If a rectangle with a perimeter of 20 units has a
o » length of 7 units, what is 'me.measur'e of its widen?

k t . ; R .
Textbook Exercises
C-40 Number 4 8
C-41' Numbexs 2 (A-D); 6 :

| e »

N\ ‘




LESSON 3
-
INTRODUCTION TO AREA A
Purpose : : £

. T6 develop the concept of area by counting unit

' squares.
-, Caa®

Behavioral Objectlves‘ )
‘The student will be able to:
1. “state ‘that the unit for measuring area is 'the
square unit: © ; )

) 2. write and verbalize the definition of area of a’
polygon as the number of ‘square units contained in its
intérior. | ‘

T oan find the-area of a polygon by counting the number
of unit squares contained in its interior.

- 4. state'the common metric units, and their symbols,
for measuring area--square metre (n?), square ceritimetre

(cln )}, square millimetre, (mm ). square kilometre (kll! ).

Introductlon

Introduce the leséon by stating that it deals with
neasurement, but of a different type. than in the previois
lesson, namely, -the me;sﬁ;-ement of the interior of a

figure. ¢




Make a4 x 3 le on the tr g

and tate that it is possible to measure'the space in the
interior of such a figure if a small square region is chosen
as the unit of measurement.

_Instruct the students to make the smallest possible
square on their geoboards, after which you make: the ! arte

on the transparent board. : . .

LY % : "

Explain that:this small square will be used &5 a
standard unit to measire the interiqu#®f. polygons on the

geoboard. TIts sides which are 1 unit in measure enclose a :

space called 1 squaré unit.

'] o . . P . . .
| v "
i SO S W ”
AT B €
Make a copy Of figuré A on the, transparent geoboard.| '




o : “102
\
‘Tell the student% to copy ‘it on their geoboards and get a
measure of :n:s mtenor by counting the number of unit-
squares inside. ‘If necessary, pazt1t1c>n the figure with
rubber bands as shown by the broken lines. -
After getting feedback about figure A 4o the same as -
above for figures B am;_c.
‘At this point, -ask the students ‘to state the name given
“to the ‘measure of the mmber 0f square units contained’in
the interior of a plane figure or polygon. :
Briefly aisenss the following:
1. Area can be foundfor any plane region. The

‘geoboard being used here limits it to polygons.

The common’ metric unjts for measuring area, and
“their symbols, are the square metre (m2), square centimetre
(en?), square millimetre (fn’), and square kilometre iikn).

Mention that the symbols, example, m’, will bé discussed in

& later lésson. ' For now, it is important to know that the

unjt for measuring area is the square unit as opposed to the
linear unit for perimeter: A square centinetre, for example,
would be a small square having sides 1 centimeter in length.
Its area; being 1 square centimetre; would be written as.1 om?,

Next, distribute the student lesson sheets to the

class. Move around the room'to ‘check student progress.
. .

Exercises (a-e) Shotld not pose much dxfflculty. Check: the
solutions to these by placing them on the transparent




=

oty : .
geoboard. or allowing students to place them on the trans—
_parent geoboard, or hold the figurés up for the class to

- see.

/
&
A \




Solutichs to Practice Exercise




. ' Y
, g
EF by 3

"“Bolutions to Think Exercise

(a) 16 ‘square units -
'Y 4i. 7 square units . . N

"(b). It will take 600 sqgares of the size shown to

‘cover the Surface of the sheet:

(©) "1 kilometre.

105




STUDENT ‘LESSON ‘SHEETS 3 . .

‘- What kind or— unn‘. is uséd to measure area? |

Write a'deEffition for area.’ e . e

On your geoboard make a polygon-that has.the same shape
as each of those below, -and find.the area of éach.

N

Exercisés -

Make “the following on your geoboard. : Record ‘tie Shapes =

by sketching. éach on plain paper and marking the dimensions.

.-(a) " eight polygons with different shapes, each having an

‘area of 5 square units.-
(b) ‘a rectangle and a square, each having an ‘area of
. 4 square units.
i

(e

twg polygons with @ifferent shapes, each having an

arga of 7 square units. E

(@) a rectangle with an area of 3 square wnits and a.
'penmete: of 8 units. )

{e) . the largest polyqon with“the shape.of the latter "

Flnd lts area.




45)‘The follmung» J.S a modél of a .room with the}area
< di; 1ded lntq square metxes. A section is covered




rectangle. .

_with the tvo sections formed being triangles.

Cingy

5 . LESSON 4

AREA (Continued)

Purpose N K

‘1. To extend the concept of the area of polydons e

. : -
by counting unit squares and parts .of unit sq\‘xares.{

. 16 show how a diagonal ¥ivides the-area of a '

Behavioral Objectives "
The student\will be able to;

1. define a'diagonal.as & isegment, joining two'*

. (nonconsecutive) vertices of.a polygon.

\

2. - state ‘that a diagonal cuts a réctangle-in half

4

3

£ind the area of polygons by counting tnit squares
and parts of unit squares. ’
4:.ind. the drea of polygons using the principle
that a diagonal cuts the ‘area of a rectanglé in half.
" Begis the.lesson with & sHort discussion in which you !
review the deflnltlon of a diagonal- (behavioral ob;ectxve

$1). Make a rectangle on the ‘txansparant: gedboard.

Ask the students to copy it on their geoboards and place

all possible diagonals on their Figure.




VR
After checklng the ansyeer, Blace.the followiag. pentagon -

on; the transparent’ geob ard, and have the students' copy.

ity ‘Ask them to place/all possible diagonals on it. b

= % < 7 allow a student ‘to demonstrate by holding .up the geoboard ‘, l
: \‘ . - . forithe class to sée.” . " AU 3
1te Next; maké 'a unit square’ cn the transparent : B
* ‘geoboardy . - D . . 3 o e b g

Ask the Students to copy it on their board, and place

one diagonal on it.’ = e 5

< Ask: How does the dlagor(al auk the whit squaze? | .

"in half" is the response tht is nebded). R

Ask: [What is the area of the triafigular-s sections on
‘each sige of the diagonal? " (4 square wnit) L. . h
o 4 Make the £611owing polyqons on the uansparen\t :
‘ genbeard.
2 it




“fo the drea of’ the square/ - % ’ﬂ\

.Ask the. saie question.

‘board. . Ask: the. students to copy. it, and on it make a

¢ AN Y

Ask. the stuA'ex;ts to copy each and find the area Q_dentinq.
Next, make a square with side 3 units, a)é:n it il;la!ge

a diagonal. Ask the students to copy it and find the-area. ./

Of the triangular’section on’one side of the ggsgonai by )

‘countify, Suggest that they,psrtition Hhe section as shoyh

below. ° o g 0 vk

Ask them m'to compare the area of the triangulax sect:wn 3

(They' ahonid see that. the area ds 5 the area of the: I

.square.)

Instruct the students to make a square wrth slde 2 um.ts

and. to'do’ t.he ‘same as_they did ‘for the prevmus ‘square.

Nexf., make a 3 by 1 rect;angle on' the transparent qeq—

dx aqonal -




- In this case, ‘the Stuasis dabiae count. s square’units. in

fz.nd;ng the area of a tra.anqular sectmn. Instruct (:hem

diagor?al. 'Then ask for a-verbal explanatmn.' 'l'hey should

PRy - 'seé that the cuagonal cuts ‘tne area of the' tectangle in

S St
half. it

5 2
Some students may see it more cleaﬂy i

e R e [ IE the'two, tr1ang1e5 have the

‘same area, (:hen the area of

k . % " \each mijst - be. % the area of 'the
Sy i % L:ectangle. [ .

to find the ax:ga of a triangular se: t.\on on one . sxde of the

v R for a-verbal explanation. Show the class ‘that' the area 65 .




triangle as sHown:by ithe’ broken’ liries aboe.

- ‘small rectangle is 6 square.units.

. solutlons .

Next, make

geoboard.

A5k students €5 cdpy it'and find .\ts area: If necessary,

suggest that t\'xey oy IR rectangle on. each half e

| 'This exercise may require careful\ dlscuSqun. Each

Sz.nce a diagonal divides
a’rectangle in half, each triangular section has an area of
3 'square units.. Therefore, ithe original triangle has an

area of 6 square units (3 #3).

Nex@ distribute the student lesson'sheets ‘to the class.

Move “around the room encouraging -the students.to experment
with the exercises .on their own. Allow’ them time to work‘
on the. exercises before showing them the solutions on the |

txansparent qeoboard or havmg the studeénts -show their

L
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Solutions for Practice Exercises

o e ey

v
B
) @
' solutions for Think Exercise
i %




o t
STUDENT LESSON SHEET 4

Define, diagonal.

On your gechoard make a rectangle 4 units long and 1

unit wide. ' On it make & diagonal and £ind the area of a

triangular. section on one side of it.

Explain how you found the area. '

Exercises

“‘each on blank.paper. .. .

"Make ‘the following oh .your geoboard. Make a sketch of

S

a ‘4-sided polygon with an area of, 1% square wnits.

(a)
() two triangles with different’ stapés, .each with an
¥ area of 1 square unit. R
(c) - a triangle with ax\ area.of 4% ‘square umts.
(@ & right triangle with perpendicular.sides 4“units in
measure. ; ’ 4 - -
e a 4-$ided polygon with an area of 7 square’units.
Think . . ’

Hake the follgwing on your geohoard Make'a sketch. of

each ori blaik paper.

(a)
(b)

a 5-sided.polygon with an area of 3 square'wnits.

'a 6-sided polygon with an areaof 4 square units.
%
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* (c) a square with an aréa of 2 square units:

() a square with an area of 8 square units. < . -

(e) the largest possible isosceles triangle with a e,
base of 4 units. Find its area. .

“ . a(f)  the largest poséible triangle: What is its
area? :
! ° Textbook Exercises B :

- C-457 Number 1 (a-C)
Number ‘2 .(a3)




LESSON 5

LR L C.+ % AREA OF A RECTANGLE

To develop the formula for the -area of a rectangle.

“ Behavi oral “Objectives

The student W111 be: able to:

' l. deflne the hexght of a rectanqle as the 1emjﬁ:h of

. 5.  a'side which is perpendicular to a second side calleq, the._
base.. : ¥ ot W T

2.\ use tné terus. -Léngth Jand width in piace 'of base
and height when £inding: the area of a rectangle:

3. ‘state the formila for the area of a rectangle i

A=b-hand A= £L-w.

4> compute thé area of a rectangle given thé measure

“of its sides-

5. write the common. metxic symbols for area—-nt, ?,
mmz, 'kmz. : I
Introduction
)  Intraduce the lesson by asking the students to recall
the’definition of a rectangle—-a parallelogram with four -

right angles, or an equivalent.descriptiom.
’ Make ‘the following rectangles, ‘one at a timey,.on the

" transparent .gecboard, and ask the students to copy each on




N

+ be gdiven, if necessary. -

their Boards.

e e phag S et s
. R o Lkt \
+ £ b s
o bate o z . .
b sk R

I a'ais;ussion, define the height of a .rectangle
(stated i behéviorm sbjective f1).. Point ot that in a
eobanglen bade ana height are comonly called 1enqth and
width. 1o bé consistent with £ne formM for area of ‘a
P parallelcgraur, the tems base andheight will be used in

. first stating the’ Formila.
Instruct the students to get the measure of the base
and height for each of the above rectangles.
Check the ansiers by gatting verbal respenses, and. .
then @istribute the student lesson sheets ‘to the class.
By vorking throwh these sheets, the students should dis-
" cover “the formula’ for the area ‘of'a rectahgle.. If, after
= completmg the table, some students 4o not:see the relation
ship, A h, suggest ‘that.they study the €&Ble carefully
The hint that the multiplication operatmn is used ‘could,

. Move around the: class and check student progressA

Brcourage theém to attenpt - all the exercises, and make use of

the ‘formulas that have been derived so far.‘
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Allow 'the students to check -the solutions te all the

" practice exercises by letting the students place the 1 o
‘solutions on the transparent geoboard. ' . ‘1

Use the explanation'to Think' exercise (a) to explain {

. the sybols for ihe mefric wiits for area, square metr, as ] :
n2, for exaple. : ‘[
Having done exponents, ' the & tudents shoald realize |

that §+S' can be written as .S% just as 3+3 can be written s
3 Cten 8%

3. By ; v 3

Take a square with a side of 4n'as’ an examfl

Explain as follows:. - 3

wm A= 4mx 4m. 2 Y o

= 4hmem
B * o =, 15“\2
b o S
mm= m® i.e, ¥ (exponent 2) B g e g

Take, as'another example, a rectangle 4 ‘em by 3 om

Explain as .follows:

A= Lo N «

4 cne3. cm . S v

4+3.cmecm - since cmecm :
¥em % = 12 m2

-Explain that in-finding area ‘we measure plane. surfaces

on’two dimensional surfaces. ' Therefore, the unit is

symbolized with exponent 2. With perimeter, we only measure

length--one dimensional, symbolized by‘ exponent 1.' 10 cm ) i

dould be written 10,cm’, e | i
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Solutions for Practice. Exercise N
La‘n ; . . .
"Ml e
beli= 1¢3 O] ©
3 square wits
LY
@ S o
beh=3.4= F ) i
12 ‘square units
v
: (il
. /
)




Solutions for

(a) A=ss or a=g? '
: . ™ P ng
®F (24,0 (12,2), (8,3), (6,4)
(c) -36 métres
(@) 22 ‘squate units
J(e) 18 pfea ofwall . ‘120 x 60'= 7200 ‘ch’
Area’of one tile 20 %20 400’ cm’
. ' . 18 :
40077200
T
H .

120




. STUDENT. TESSON SHEET 5

&

Make four different es g your and

complete the table below for each rectangle you make.

‘Also, sketch the shapes of the rectangles on blank paper

and mark the dimensions on each:

Number of Number - of
wnit. squares rows of Total
in ~unit. -7 number
i " Bottom row . , squares ‘of unit .
Rectangle (BASE) (HEIGHT) squares . . AREA
] Iy i % :
A
B i
s
e
D o

Do you see a patteérn in the table that mdlcates a

special relacmnsmp among” the measures”of the base, height,

and aréa that would enable you .to easily find the area of

a. reccangle without counting unit squares’ A

MWhat is'that relationship? '__ i

If we let A = ared, b = base, and h

o
= height, write a

formula for’ fifding the area of.a rectanglé..

A=

t




base of measure'3 units. o

‘area of 16 square units.

1t the' base of a rectangle is’commonly called the
length. (1) ‘and the height called the wideh (v), urite an

Suivalent formila for the azed of a restangle.

A

Exercises.

Make thie folloiing ‘on your qeoboard. sketch each on

blank paper, - and mark\‘f_he dimensions :

a) xectangle w1th an_area of 3 square units and a’

height of 3 units. W ,

What'is-the measure of its base?
Check the:draa by ‘the formula.

A=beh =

’ b) _'rectanéleg‘; h'an area of 8 square units.  What
is the measure of its length? I

.width?
c) | a rectangle vith an ared of 6 square units.  What
. N ke

is its perimeter? \

af & Factingle With. & perm\eter of 14 units and a

“What 1s its helght? . g .

Find the area using A=h x h

e).a rectangle with length of measure 4 unlts and




what is its perimeter? . e w6 A

. 1
What is itswidth? o, ;
what. special type of réctangle is it?

What is its perimeter?

£) a rectangle with the largest possible area and
having a perimeter of 12 units. 7

vhat is the measure of the sides of the rectangle?

2 i . . e
What is ‘the azeﬂt) thé figure?
Think
“" ''a) “If a' square is a special type of rectagle with
sides Of measure."s" wits. . .

: : B 3\
write two equivalent formulas foxr'the area of a square.,

A or A=

b) " If a. rectangle has an-area of 24 square units, -
what' are- some : possible neasures ‘of its sides?

c) . If the areéa of a 'square room is 81 square metres,

@) ‘Find the area of the shaded regions.
a S : * 20

Ee

3 R : 120 -
e) A séction’ of wall measures 120.cm long'and 60 .cm
wide. ‘A certainbrand of square tiles measures 20 cnon each
side: Find out low maiy ‘tilés would be neéded to cover thé
1 s ‘ ) v o / v. v ' ‘ :




‘section of wall.’

Tektbook Exerc

. Number 3. (a)
8§ = 25 (Set 42) ﬁ\imbdr 1 (a0
e B | Number 2 (a-)"

3
i
i '
"
B 3 .




IESSON 6

3 AREA OF, A\ PARALIELOG
E - S\ .
\

Purpose . - - 3 ‘s " b #

o ‘10 develop ‘the fomula fcx .the area of a pa.zallelo- g

gram by shoving: the remmnsmp of the area”of the
\ .
paralleloqram to the area of a réctaigle vith' the!same. | i

fieasire for the base and helqht. s B ; A e

ehav"nral objectives '» CoE 2
Mie student Wil be able tos 2 ol

1. detine the helght ‘ot a pamuelogram as the

perpendlcula: distance . from oné side'to “the opposite ;

whichiis" uiled . the base. iy a . ”
i Ba locate the heiqht and base in.a paralleloqram. B '. %
3 3. write and VEIbﬂll.Ze thg fomula for. t:he areaof 3 P
a parallelogran -as & = el Ne
; ot fmd the area of.a patalleloqram, given the"

._measures of the - base and height.

Introduction L : ¥
. Introducé the lesson by asking stua'ents to recall th‘g
definition of -2 parallélogran’(a quudn.lateral that has

opposite sSides parallel). ¥ : -

Place’ the £ollowing pa:auelograms, one al; a mme

\ on-the transparent geoboard; and a5k, the ‘students to Py ot




L L

each.on their gecboards .

A SN g :

After placinq pa}allela‘gram A on ‘the transpa_reﬁt geo-

board. pose the questions: . How mu is the para].lelngr:a.m’
o i How.wide is’ the parallelogzam alonq the
" bottom =N i e T 4

" Ask if: they agree that 1: is 2. units tall and 2! umts

‘wide along the bottom, that is, if the helght is 2 unlts and
the base is 2 \,mits. Point out the base and height as
indicated in figure A. Emphasize that the height is not
e measure of a'side of the paraliclograsi, . )

aseer the students have copied pérallelogran B, ask '
them to get the measure of ‘the base and height. Then, s :
“for a pussibl'e definition for the height of a parallelogram,
In a short discussion define’the height as stated in s
behavioral objective #1.

Place. parallelogram C on the transparent gectionsd, and.
ask the s_tuﬂents to copy it. Again, tell them to find the *
measures of the base- and height. .If they have @ifficulty
‘tocatiniy s base, suggest that ‘they can rotate the geoboard
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until the ba eu.s at the bottom of the pazallelogram. 1For

‘this’ figuze, show that the height can also be séen within

the parallelogram as a perpendicular segment’ from.the -
vértex to the base. .

Next, proceed to developthe formula for the area of
a parallelogram. ‘ : §

Place parallelograln A on.the’ transparent geoboaxd

and ask the students ‘0 copy it on their boards..

Instruct them to find the area of the parallelogram

by ‘countihg unit squares. Tell ‘them to record the area and
also the measures of theibagh and height. |
Hext, on the transparent geoboard, tramsform the

parallelogram into a ‘rectanble by the following steps.

Instruct the. students ‘to do the same on their boards. 3

. 1. Place a different goloured rubber band: arotnd
the' triangular: section%&cne_ left of the parallelogram
as shown in figure B.. - |

2. Move the triangular olion ik Hia 1ake E1as

ovér ‘to the-right' side<of-the puallzlogram as shown in




area Of the figure was not changed.

figure C. 1In the samé motion; move in\ﬂ'le rubber band
reprosentingitnailest side of ttis barallalosvan costiiat Tk
becomes a-side of the rectangle. . .

- Instruct the students to find. and record the area:of
the r;ctangle, as ‘well as the measures of the base and
height.  Compare the area of.the original. parallelogram to
the area of the rectangle thit was' formed (same) . - ..
Compare the base and heivght of the original parallelogram
to the base and -height -of the rectangle... ___(same) '
Point out that in t.«he cransfoxmatlcm Erom parallelogram to

rectangle, the shape of the figure o changedbat. that the

Revlew the. above pxoceduzﬁ starting with original

parallelogram A,

\(t d). tnbu’\:e the student lEssDn sheets to the

class: MaKingcrectangles from the parallelograms‘should give

the studénts a better grasp of the concept of area. . Some

students may deduce the.area formila in. computing and
recording the base, height, and area of the para;lleloqra.ﬁl.
Move around the class checking 'stud’ent Prograss.
Suggest. that they make'use of any formilas léarned so far.
Place the solutions to all gechoard exercises on the trans-
pgxent. geoboatd, or ‘let the 'students place them org 1t.

1
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(@) - 12 square units

‘(a)
(b) 112 m®
() 6 cm

| Aréa large parallelogram 5.x 3
' Area small parallelogram "3 x 1

Area unshaded region 15 -3

J

130
..
15
3
12 square
7 imits
v




* STUDENT ‘LESSON SQBETS 6

&

" Make three parallelograms, ome at‘a time, on your geo-
board, and complete the table below for each. Charge each

parallelogram into a rectangle as you' did before.

Measure w8
of base - Measure Area

b ] Area. r
‘Parallelo-' Measure  Measure Parallelo- | . Rect- _of height ~-Rect—
gram

of base Of height = gram angle Rectangle . angle -l ' :

iy

Do you sée a special relationship among.the measures
of ‘the base, height, ‘and area of a parallelogram.that would

allow you to find the area 1f glven the measures of the

&

base and hexght?

What 'is that relatlonsh.\p” 5 5 .

WELEh . Totmila, fov Tindle ‘Ge ares Gf pasailalos |

gram.A v . . B

A= E

Complete the following statement: - The area of &
paxallelogram is © " the-area of a rectangle which

has the: same measure of base and height as that patallelogram
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« Exercises’

Make the following”on your S atngazdl Record the

shape of each on blank paper.

(a) . a parallelogran with area 4 ‘square units, base 1
unit; and which is not a rectangle. .
What is its height? ! ) Y

‘(o) a parallelogram with base 2 units and height 4 units.
What is its area?’ : g

(c)  a pgrallelogram w 'th the ‘same area as’ (b) but having
4 different shape.

(@) "a pdrallelogran with'an area of 3 square units ard
which is not-a rectangle. ; .
What is the measure pEiits base?’ 'heiqh;:?

.(e)  the largest possible parallelogram that 1s not a
iectanglg. what' /i‘ts area? base?
height? _ : )

(€). the smallest ‘possible paraélogram that is not'a’
rectanqle. what: is its. base? ) heighc:' :
area? I

(g) : the largest possible type of - parallelogram What ty;‘:e
is it2 3 i wha: is its area?

(41, 0K ‘or geabuard aks ‘4 paralislograi with'sn area

of -4 'square’units and which has. one pair of parallel

sides twice as long as the other pairs

What. type ‘of parallelogram is it?




™ 3 i 5 .
(c). What is the measure of the height of this parallelo-
oo gram? : o

2 ' (@) Find thé area off the shaded ‘fegion of this paralleio=
.gram shaped: figure® The unshaded region.is also parallelo-

gram.in shape.

' _ » he3 _. ] :

5

! Tektbook Exercises
C-=47. | ‘Number 3 (a)
5-25 (Set: 42) . Number 3(a)




‘LESSON 7

AREA .OF A- TRIANGLE

Purposé o

Behavioral Objectives
e student will be able tos

1. define the height of a triangle as- thg -perpen-

" dicular distance! from a vertex ito-the opposite side or the

extenslcn of the side and the base as being \‘:he width of

this -side. i . i

2. locate.the-base and height. in a cx'ungle, 1

3. ‘write and verbalizé the formula for the area of

a triangle as A = sb:h.
1

4. tind the area of a trlangla given the measures of

its base .and height.
Make the following triangles, one at a time; on the
transparent geoboard and ask the students to copy each on

theix 'geoboards..

base
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State that the height.of triangle A-is 1 unit and the
base is 2 units. Ask the students if they: agree. Point
out the ‘height and ‘base Of the triangle.’. ~

Afier the students have copied trlangle B ask them to
£ind the measures of the base aJnd-height. cec' some verbal

answets, and then ask for'a posslble deflnl.tlon of the

-height of a tnangle. “Point cut, as for the pa:allelogram,

that the height is not the side of this triangle.

After the students have copied triangle C ask them to
£ind_the measurés of the base. and.height.. If they have
aifficulty in iocgti’ng the base, suggest -that they rotate

the geoboard. intil the base is’on’the bottom.¥ After ‘finding

the measure Df the base and height in that pcsltion, -ask the':

-'students tu erate the board until the figure is in its

original position and to £ind the measures with the tridngle
in-that position.. Point cut the base and height and define ~
them as ‘statéd in behavioral objective 31.

" Place triangle D on thé transparent geoboard. Ask the

‘students to copy.it and find the measures of the base and

height. . ) 4

- Next, distribute the student lesson sheets to the

¢lass, and proceed to develop -the formula for the area of

a triangle. H g N

.. Place triangle A'on the transparent geoboard,



After the students have copied.it, ask them to find

and record ‘in the table, the base, height, :and the area by

counting. Using a different,.coloured irubber band, hake .a.

"parallelogram on’ the triangle ‘as shown by the broken: lines.

‘After the students have done the same, ask them tc find: and

3 reccrd the base, helght, and area of the’ parallelogram They

should use the formula, A be h rather than count. squares.
Next, place triangle 3 on the' transpazent geoboard, .
and proceed as, for trlanqle a. . e )
Next, piace riangle ¢'on the transparent geoboard and :
proceed as before. J ' )
Again, ask. the students to record the same measires as
for the first. two: triangles. T
Next, ‘place tri‘angle Don’ the t;—.;nspa:ent geqlgoa‘rﬂ and

ask' the students:to copy it on their geoboards.

D figwel figurs 2 7 Higure 3

136




To find the aréa of this triangle by counting; it'is

necessary to make a rectangle on.the triangle as shoun by

the broken lu}es aboye (figure 2) . BAsk the stuﬂents to

make such a’ rectangle and record its area. _ (9)

Next, ask them to find the areas of the twa right tr'i:i.ngles

‘on both sides of the orxglnal triangle. If necessary,

remind the students to use the fact that a diagonal cuts-

"the'area of a4 rectanglé in half. Area of the large right

trihngle = _(4%) . .. Area of the small right triangle.=

(1%) . . 'Thérefore, the area of the original friangl®is -

(3) square units. ;. found By subtracting the’ sum.of the

areas of the two xlqht trl.anqles from the area of the

_rectangle 19 -. [435‘4- 1‘;]). Ask. the students to record the

area-of the triangls in &e table. Then, instruct them to
remove  the rectangle and. make- 4 parallelogram on thg original
‘triangle, as shown above (£1gure 3)." ‘Ask them 'to, complete
the table for triangle D.

Review, e above wtepe Tor triangle.D. Thén, instruct

the' students " to complete the table, for triangles & and F°

described below. it and answer the questlons that follow.

A discussion of these.questions should enable: the students
to grasp.the fomnla-f'oi the area of'a :ri;ngle: Place the
solutions to all the geoboard exercxses on the transparent

gecboard for the students to see. :
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STUDENT LESSON SHEETS 7

Parallelo-" Measure

+  Measure ure ure
Triangle of Base of Height ' Area g:ml{\( of Base: of Height Area
J a G ‘A L
H K B . . 2
BT Wy 15 wY B *
o - .C conC

2ot b LD v Bl

E ) ‘e E “‘ -
. ¥

b on F -

-‘tzi'angle E

an isosceles. triangle with Base 2 units and

- height 2 units ;

triangle F -= "scalene with base ‘Lunit and height 2 units.

To find thé a{ha of the triangle
e angle around the triangle as was

?ake a - rect~
lone for

triangle C.

Study the above table and answer the questions below.

Dogs a triangle and the’ barallelogram cmstructed on
it have the same measure of base and height?

How does the area of a triangle compare with the area

of a parallelogram.constructed on it?

. Récall the formula for.the area.of a parallelogram
a="’ : . . .

Do you,see a special relationship among the measures of

:hé‘"base, height, and area of a ttianqle that .would enable

© you to fl.nd the area when given the measures of' ‘the base and

\




height?
What is that relationship?

Write a formula for finding the area of a triangle:

A=

Exercises(™
On. your. gecboard make! following:
(a) a triangle with base. 4 \mits and height.4 units. .What

is its-area?

3 (b) “three different tr:.anqles with' base 4 units “and

height 1 wnit. ;

What is the area of each?
Explain why. . = . Bl g

{c) 'a triangle with base 3 units and arba 3 square uiits,”

What is its height?

(d), ‘four different triangles, each with an area of 6 square’

units. “

What is an easy method of finding the baae and’ helqht

: without experimenting on.the first? ;

(e)’ A triangle has area of. li square units and base 3 units.

What'is ‘the area of th:ymallelagrém that dould be built on

the triangle? 2

‘Think

‘(a) On your geoboard make an obtuse triangle with an area




& L ) s
AL e B

Which figure contains’too much information?

-—g_——

- Which contains’ too little information?
(e On your geoboard, make a right friangle with base-,
‘1 unit and heigh;: 4 units’as shown. Fihd its area.
Move point P to the right; on_é nail at a
time, making a new triangle each time.
¥ind ‘the drén bf each trisngles Héw.do tis

areas change?

Explain why.

(d) A triangular region has a base of 20 metres and a height
of 18 metres, ", Pind its avea.
"e) A triangular region el o basslp# 38 okl lanihben of
' 400 ‘square centimetrgs. What is the measure of its

height?

LT
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Textbook - Exercises o
.C- 49 % - Namber'l (a)
& 2. @)
04
5,0

| 8= 25 (set 43) Nuwer 1.(A, D, E, H)

Nunbex 2 (A-D)
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. ¢ AREA OF A“TRAPEZOID
i : Purpose . _

o -z ** " To develop the formula for the area. of a trapezcld. i

Behavioral Objectives - : K
The student will be able’to:

1..' define the height as the perpendlcular aistance

s o, pasRer BidE o the other parallel slde, whwn"
is considered to ‘be the base. . g
2, £ind the measures of 'the base and height.
57 wiitasand verbalise fhe formula for the area of
a trapszo:_d as A =% (a+b)eh

| "0 4 £ind the aréa of a trapezoid given the measures of

! the height and the two parallel sides.

Since the.formula for the area of a trapezoid is more .
. complex than' the formulvas‘ éncountered so far, it will be
s . developed by a more guided‘discovery: approach. With the -
5 x'5 geoboard and the' approach used, ‘it is possible to
develop the formula only for trapezcids that have parallel
sides of 1 and 2 units.
Bégin by reviewing the definition of a trapezoid.(a

. quadrilateral with two paraliel sides). . Place three ‘quad~

rilaterals that aré not ids on the




. 2 % 0
. 'geoboard, and for each ask the question; Is this a

trapezoid?"

Next, place id A on the geoboard.
sk the studeats to copy it oh théir boards, and-find the

measures of the basé and height.

.a

The student will probably have little difficulty -finding
the base and height at this stage. | In any case, point out

that, either of the two parallel sides could be considered

_the base. = Define the height Of a trapezoid as stated in

behavioral  objective #1.

Polnt out that the measure of the side.paralleélgto the
base is required -in the formula for the area of a trapezoid.
It is mecessary to name it'by means of a letter. State
that the side. parallel to the base will be known as "a®,
and that, as before, the base is "b" and the height is "h".

Place trapezoid B.on the t:'ansgarent_qeoboaxd.v'After
the students have copied it on:their boards, ask them to

£ind the measures of "a", "b" and "h". After checking the

, make »id Con. the t

Ask students to copy it on their boards-and, again, find
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the mi‘.-asures of "a", 'b" -and "h". For this _figure,"ask
then £o £ind fhe area by counting, sl : T
Next, ask the stidents if they can see a method for
aeveloping a fornula'to. £ind the area of a trapezoid. | If
there isno response, give some. hints, one at a time:
1. muilda £iguré ‘on the tripezoid,
“-2.. The method is Slmllar to.that used for the area
formila for a triangles
After some d:.scusslon, state «:hat the method involves
making a parailelogran ‘on” the | trapezoid and comparing the G
" areas. P o ) )

Make trapezoid D ongsthe transparent geoboard.

Ask the ‘students to copy it on their geoboards and,

in a table, record the measures of "

+ "h", -and the

area, | - 2, Py : T
Trapezoid ' a b
» ’ ]

Next, using a'different coloured rubber band, form a .

parallélogram on the trapezoid.as shown above. * Point out




|
that thi's is equivalent to a rotation or turming of the

Tell the students” to rotate their

original trapezoid.
boards to see this.
Next, ask’ the students: to find the measures of the

nise, height,’ and the area of the parallelogran and_recora

the. measures'in a table.

‘Parallelogran| - ' base | height | 'a{céa

‘Compare the area of ‘the original trapezoid'to the afea’

of the paralleldgram (5) .

Ask: How much longer is the measure of-the base
of the parallelogram compared with th'e base of ‘the

original trapezmd?
longer by _* (l) unn:s.

Record
Ask: 'Is-there a side in the original trapézuld with

this measure? ' (side "a")
roint out, on the transparent geoboard, that if we.
then the

p'ictur_e the original trapezoid beifig rotated,

medsure of "a": was added to. the base "b fnrming the base

of the parallelogram which now has xreasure Nat b" . Tell

the students to write a + b above "base" in the above

table.’ ol
o & .

Ask the studedts to recall, in words, the formula for

Ask: Does the height Of the trapezoid change? _ (No)

>




e ‘parallelogram. - (b?se x height) o g i 2

Next, ask the students to write a formula for the area
of the particular garallelogram (:hat was made on the  ge B
trapezu:.d?

A= (ath)-h : 4

Explain t:he formula by p01nt1ng out that the base” cf
this particulaiparallelogram has measuxe‘ "asb",

Ask thé sStudents to look atthe areas that they have
recorded for the trapezoid.and ithe parallelogram.

After pointing. out that ‘the ‘area :of the trapezoid was'
“Pound-t3 be % the dres of .the parallelogran, ask the’ : >
stldents tovrite a fcx‘mula ‘St the area of a tup\ezold. 3

A—k(aﬂ:)h_ \ o ) o

Dlscuss and reviéw|the above formula and the pkoced\;;e
that was .used'to develop| ity Summarize by stating that any
trapezm.d can’ be considered to be_ ¥of a parallelogran that

% ,can be foxmed on the t:apazmd. Since we can write: the
formula for that particilar trapezoid as (a+b)-h, then|we
can write ‘the’ formula for t\he trapezoid as % (a+h)sh. \
Next, distribute the student lésson sheets to the ¢1ass.
After they have compiéted. the table let them ‘ansijer ‘the
guestions that, follow. Then check the ‘answers in a short, -
discussion of ‘the questions. : :
Place the solutions:to all geoboard exercises on the i

t:ansparent geobopard .or allow the students to hold up thex.q

geoboards so that the solutions can be seen.
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. Ssolutions for Think Exercise

K= d(ath)-h
= 5(1z+1a:)‘-7 :
" =108 n?

a=.33"-8"=25mm-

"B
u

22°m -
b =33 mm

= % (ath)+h
6.= %(a+3). 3

>

a=1

iR = Y(atb)h,

’i‘(lg+8)‘6
= %(20)+6

t = 60m
%(atb) h
%(14+10).7
= x02a)e7

= 84 mm?

‘A = %(a+b)+h

= %(2004120) +50
= 8,000 cn?

A, = 5(ajrb)'h':
= %(25+33)+ 22

= 638 mn’

(Students -will probably use

different reasoning to
solve (c))




B

STUDENT LESSON SHEETS §

Make the folloving trapezoids' on'you
record the measures of "a’, "b"

+ table.
complete the - table for the parallelogram..

A .

and the side parallel 6 the base i unit in ‘measure.’

a trapezoid having base' 2 wits , height 3 units,

gecboard and
,'h", and the aréh in the

Then meke ‘a parallelogramon the trapezoids and

'

a trapezoid with the fcllcwing shape’, and measures .

. - v
2
b4
Measure
Trapezoid of a , | of b of height| Area

How does the area of.the trapezoid compare with the

*area of a parallelogran formed on the trapezoid?

How many pairs-of parallel sides are

trapezoid?

What letter is used to represent the

there ina

measure. pf the side




§ o

n

parallel to the base of a trapezoid?

‘If a parallelogran were formed on 4 trapezoid that
has parallel sides of measures "a" and "b", ‘then what
would be the measure of the base of that parallelogram?,

What would be the fommla for thes area. of a parallelo—
‘gran foma on . the trapezo:.d? i .

Writéa formula for ‘the area of the trapezoid.

Exezcxse & 4 A 4

Yake the Following'oh your geoboa:d.

(a) a trapezo:.d w;th an area of 4 ‘square. units. What

is the neasure of a? . _° b? . h?

(P). two different trxapezoids each ‘having a = 2 units,”

ib= 3unlts,andh—

4 nits.- What is the area of .

the ~siailest possible - trapezoid.

What is its area?

three different érapezoiﬂs each-having an area. of
'3 squaré units.,

. the 1argest possitile t:;apezoid. s 2
What is J.ts area?

What is the difference in' lenqth between the’ v

parallel Sldes? :




.. Think Exercise e o

(a) 'Find.the area of the

regions. !

‘200em

t0em

Loem

(b) -Find the'ares Of thé shided region in.the figure': * . 't .

it 22

(@) Find the area of the following trapezoids given these !

. measures: . ’ L

b - ¥

' ! iis ¥ i
; )

. |




APPENDIX B

ACHIEVEMENT .POSTTEST’AND»RBTENTION TEST.




'POSTTEST
1. “Which of the fouowmg polygons is'a rectangle?

ﬁ/—T’/\\

€

_Which of the folldwing is not a quadrilateral?

1
3. Which of the following—is—the correct formula for
' "finding the perimeter of a rectangle?

A B el w o "B.P = 2w

C. P2 2-L+ 2.w D.. P = 2:L % 2w

4. " The correct unit among the following.for measuring
area is = . .

A, ‘cm B. cm C.em”, D. none of these

+ " ‘l : .
5. Wl&ich region has “the greatest area if dach small .
square is a sinit square? .




6.

&%

7.

S8

5.

10.

11,

—156
To ‘say. that the area of a squaré room is 9 square
metres means that
"B the distance around the' room is9m
B." the length of the . room is 9 m°

. i
the length and width of the room aré both. 9 m

D. the room can-be covered with'9 squares each havmg
an area of 1 square metre

How many diagonals can be drawn in a rectangle?
o ual :
Al ?U ‘Ba: 1 e 2 D. 3
G s

Which of the following is the correct formula .for
finding the area 6f a rectangle?

A. A=L+w . . B, A-=Lw

C. A= 2L+ 20w 4D A= 2.8 x 2éw

What is the height of the following parallelogram?

Mr Smith wishes to fence in his ‘backyard with a rope.
'To.do this he would find

A, perimeter. B. area
c. a aiagonal D. none of these
Find the perimeter of the followink figure if the

measure of each straight segment is 1 unit:
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12. Mr. Jones has a rectangular shaped yard with dimensions
" as_shown. - How much rope would be needed to fenge Off
thé yard? 1 )
3m ———

7.m.

13. On the following grid, shade-in‘a region that has an
" ‘area of 7% square units. s

14. What is the area Of a rectangle that has length 8 cm |
and width,3 cm. -

15. Airectangular shaped rodm measures 5T long and 4 m
wide. If carpeting costs $14 per square metre, find
.. ~ the cost of carpeting the room.

16" I£ the aves of a Square shapdd room'is 64 uZ + vhat is’
its perl‘meter?

17. write the formula for finding the area of ‘#ffarallelo-
gram. p B

;e




18.

19.

120,

21

22.

23.

Find the area of the following parallelogram.

[t B

Mr. Jomes wishes to change the shape of his parallelo
gram shaped patio without changing the area or the
length of the patio. Tell, in your own words, how he
can do this.

_ length - .- : «

‘erte ‘the formula for ,f:.ndmg /th& area of a tnangle.'

Find the area of a triangle that has base 8 cm and-
height 4 cm.

A rectapgular shaped sign has an arsa of 48 cn? and a
length ofga2.cm. What is its wigth?

4

‘
What are the values of a, b, and
trapezoid?

1lowing




24,

25.

v Fisrmy .
: 159

Fxnd the area of the unshaded region in the following
diagram which has a shaded rectangle w.1th1n a.

parallelogram.

12m=h




Al P=2-0 x 2w B. P="fw

 small squar is a unit square?

160
RETENTION TEST : A

How many of the following figures are rectangles?

A 0 ¢ Byl €2 D. 3

Which of ‘the following is a"qgadznaé;e:au . 5

Which of the following is the ‘correct formula for
finding the perimeter of a rectangle?

C. P=t4m D. P =2 +.2iW

The: correct unit among the following for measuring
area is .
3x 2

A.m B. m c. m’ D. none of- these

Which of the follawmq has the smallest arpa if each N




Y67 w5 say that tha ardh of = plessas cardboard. is
15 square centimetres means that

A. . the cardboard can be covered with 15 squares ‘each .
" having an area of 1 square centimetre

B. the lenqth of the cardboard must be 15 cm’

5 C. the distance around the cardboard must be 15 cm

D. ‘the length .and'width of the dardboard are both
: 13 cm . 7

How many diagonals can be drawn ih a parallelogram?

A0 Bed; © €l D 2
: /:

| Which is the correct formula for findlng the area of
a :ecta.ngle?

A. =L+w- B.A_=z-l+2.w
2.

200 x 2w’ DL A Lew

9. What is:the _hei"ghj: of the following parallelogram? . \

10. Mr. dones wishes to put a railing around hik' swimming, :
POOL.. To do’this, he would reed %o find. | . i
A. area 'B.. a diagonal .- C. perul\eter D. nA\ne of these \

11." Find the perimetér of the iollokung ngu:e if the measure \
of each straight segment is 1 un
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: \ 12. ‘Mr. Smith has a rectangular shaped yard with dimensions -
W as shown. How much rope would be needed to-fence off
o the yard? : o, . : )
i 4 m BRI
§ L)
s 0w E .
& i :
}13. on the| following ‘grid, shade in'a triangle that has an

area o 415 square units.

| ‘
T - :

\4" !
ni s B!
I |

. foe 5 .
18 what i tEe area of a rectangle ‘that'has a lergth of
B 12 m ard a width of 9 m? - \ E ¥

| . Bt

. [} 4 ) | : E
15! A rect qu\&ar shabed Tawst i sasures 20 m long and 12 m
d’

the cost of sodding the law. p

 : P

6. If the AJFea oi% square shaped room is 36" mz, what is

Bt 1ts per).T\eter? ( .

\ ‘wide.. If large Sods cost $2 per square metre, £in % \

e



17. wWhat is the formula for finding the atea of a
parallelogran?.

"18. -Find the area of the following parallelogran.

—Tl—— . - vy

19. “Mr. Smith wishes fo change the shape. of his Fectangular
shaped patio without changing the area or the length-of
the patio. . Tell, in'your own words, how he can'do this.

20. ' Write the formula for finding the area of a triangle.

21. Find the area of a triangle that has base 12 cm and
. height 6 cm
. B

22. A rectangular shaped wall has an area of 72:m’.and a /
width of 6 m. -What is its length? wi 8




What are the values of a., b, and h in the following
trapezoid? : B L

trapezoid.
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¢ APPENDIX' c

RAW SCORES FOR TH'.E CANADIAN TESTS OF &
BASIC' SKILLé THE POSTTEST AND

THE RETENTION TEST
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£ " Endctive Treatment !
e . " Retention

Ability Student cres. | Posttest test
= 1'”'" 20 14 s 9.

2 207 ¢ . 12 g4 6,

3 24 11 P

4 26 16 - v

LRI 26 17 9

6 i 26 S 10 : 10

S R SR 180 9

SN T 29 20 g £10°

9. 30 18 . -15

R a0y, 21 i 8

1 = R V26 6 WY

% 12 V26 12 9-
13 26 16 16

15 B RS 7 T 29 19 I |
b . i \ g /
£ L 32 20 ’ 11
A 16 33 A 1 : 10
i 2 33 LA, 217,

‘ 19 ¢ § 34 -1y " e

. 19 34- .15 7

i 20 36 16 8
: 21 35 17 . 12
; 3 . miadle 22 37 % 16 ' 8
T T 237 31 15 S
' o 24 - oA 8 5
S jaB ¢ N viogy Cw Vage 18
L / 26 "33 17 19
T 27 : 347 T Y
i / - 280 34 “10 T

: 29 L3 16 ! 13




LT e

. -l . . 'Retention

; Student CTBS | . Posttest ' .. test
30 35 14 9

uidale; =i 36 16 e
: :32 37 12 1
EE ‘40 2i, 17
34 47 20 ' 14
EL 41 21 17

- - 36 “aa b5 8
s Bloh 37 45, 22 "8l
: 38 47 21 TR
39 48 24 o 23

i a0 50 23 i

~ ;
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' Iconic Treatment
- . : " Retention
Ability. - . Student . CTBS Posttest | test .
- 5 1* ' 20 23y 13
R T IR 10 7
) -3 22 16
4 23 22 19
) 5 23 Toas 10
& 6 T 23 21 18
. Y7 0w iag 19 15
8" 2a 17 o
' L L E 20 1
s ~ o 25 23, . w8l
Lo “ap Tl Boag my o, 19 20
v 12 .27, 15 ‘10
13 T 27 19 14
14 27 16 10
15 28 120 1
' 16 29 16 un’
17 30 122 9
18 30 C21 [
19 21 20 .16
20 Heag 19 20 ¢
21 237 . mEa . oo
22 ‘36 c1s Oy,
23 31 15+ ‘12
24 g 25 23
25 32 24" 13
26 Rt 22 - ‘22
) 22 18
21 17"
SRS s
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. : . Retention
Ability St_udent CTBS Pcsf:test‘
30 34 > 21 , .23,
) = 34 24 . .20
d 32 Tl 2 o
33 37 v A2, 5 e KT
o 34, 37 B 31 EERRE T
‘midale | 35 . 32 5% 19 , 18
36 .32 16 e 18
EEI 23 18
33 28 B T)
oo 3 .20 RTINS
. -/40 35 Ny 2 .ot. 23
L coLe -
41 38 20 18
42 38 B g i 23"
43 a0 21 14
44 a1 24 24
s e 42 - a0 T 20
B 46 49 ©2e 22
S el 51 23 22
i 48 61 25 24
. 19+ 38 - 23 W 22,
High : 50 % ‘38 23 21
o5 e g 39 23 1
. 52 41 N 24 . i9
53 42 23 24
54 43 [N 22
55 " 25 24
56 44, 21 23
. 57 45 25 23
g 58 46 207 17 4
59 49 24 22




; i Ability

Stpdent

CTBS

Posttest *

- 170" 5

Retention
test

}' L High -

.6l
62
63

51.

53
57

i ; [N
| ~

»

22
24
"8
|
i1
h ¥
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