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ABSTRACT. The global dynamics of a periodic SIS epidemic model with matu-
ration delay is investigated. We first obtain sufficient conditions for the single
population growth equation to admit a globally attractive positive periodic
solution. Then we introduce the basic reproduction ratio Rq for the epidemic
model, and show that the disease dies out when Ry < 1, and the disease
remains endemic when Rog > 1. Numerical simulations are also provided to
confirm our analytic results.

1. Introduction. Many mathematical models for the spread of infectious diseases
are described by autonomous systems of differential equations (see, e.g., [2, 4]).
However, certain diseases admit seasonal behavior and it is now well understood
that seasonal fluctuations are often the primary factors responsible for recurrent
epidemic cycles. Periodic changes in social interactions can alter the contact rate
for some directly transmitted contagious infections. For example, in the case of
childhood infectious disease, the contact rates vary seasonally according to the
school schedule [5]. Fluctuations of birth rates are also evidenced in the works
of population dynamics [8, 19]. Periodic vaccination strategies are often used to
control diseases [6]. We further refer to two surveys [1, 7] and references therein for
seasonal fluctuations in epidemic models. It thus becomes natural to model these
diseases by periodically forced nonlinear systems.

A central concept in the study of the spread of communicable diseases is the
basic reproduction number, denoted by R, which is defined as the expected number
of secondary cases produced, in a completely susceptible population, by a typical
infective individual (see, e.g., [2, 4]). In many cases, one may expect that such a
disease can invade the susceptible population if Ry > 1. Thus, we need to reduce
Ro to be less than 1 in order to eradicate a disease. For a large class of autonomous
compartmental epidemic models, the explicit formula for Ry was obtained in [16].
This work has been extended recently to the periodic case in [17].

The purpose of this paper is to obtain a threshold type result on the global
dynamics for a periodic SIS epidemic model with maturation delay. The model is
presented in the next section and a single species growth model is analyzed with
three types of birth rate functions. In section 4, we introduce the basic reproduction
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ratio and show that it acts as a threshold parameter for the uniform persistence
and global extinction of the disease. The last two sections give some numerical
simulations and concluding remarks.

2. The model. Many epidemiological models are formulated so that the infectious
disease spreads in a population which either is a fixed closed population or has a
fixed size with balancing inflows and outflows due to births and deaths or migration.
However, it is generally accepted in ecology that the sizes of plant and animal
populations are influenced and constrained by foraging, predation, competition and
limited resources. In [3], Cooke et al. considered the variable population size and
derived a time-delayed SIS epidemic model:

S'(t) = BWN(E = )N(t =) —dS(1) - Fag2 +1(0)
e = @¥%@—auw&+w<m

where [ is the number of the infective population, S is the number of the susceptible
population and N (t) = S(¢t)+1(t). Here d > 0 is the death rate constant at the adult
stage, B(N) is a birth rate function, 7 is the maturation time, da > 0 is the disease
induced death rate, v > 0 is the recovery rate (v is the average infective time), and
d; is the death rate constant for the juvenile stage. The standard incidence function
is used with 3 % giving the average number of adequate contacts with infectives of
one susceptible per unit time. Typical examples of birth rate functions B(N) in the
biological literature are:

(B1) Bi(N) = q+Nn, with p,¢,n > 0 and p > d.
(B2) By(N) = +c, WlthA>O,d>c>O.
(B3) B3(N) = be_“N, with a > 0, b > d.
Their model was obtained under the following assumptions:
(1) Transmission of disease is assumed to occur due to contact between suscepti-
bles and infectives.
(2) There is no vertical transmission.

(3) The disease confers no immunity, thus upon recovery an infective individual
returns to the susceptible class (hence the name SIS model).

This type of model is appropriate for some bacterial infections. For a fatal disease,
the recovery rate constant is set to zero, giving an SI model.

Let B(t, N) and d(t), respectively, be the time-dependent birth and death rates
of the population at the adult state, and d; (t) be the death rate of the population
at the juvenile stage. Assume that the maturation delay is 7 > 0. It then follows
that the rate of entry into the adult stage is

B(t—7,N(t — 7))N(t — 7)e Ji—r 1()ds,

Thus, we obtain the following nonautonomous SIS model:

") = Bt — B N i di()ds _ _ B®)S)I()

S'(t) = B(t — 1, N(t — 7))N(t — 7)e s _q)S(t) N
+ 1),

o) = 20801 — (o) + a0 + 5100
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where N(t) = S(t)+ I(t), B(t,N), 5(t), d(t), di(t), d2(t) and ~(t) are nonnegative.
To incorporate seasonal effects, we further assume that all these functions are T-
periodic in t for some T > 0. It is easy to see that the function

a(t) = o I, di(s)ds

is also T-periodic in ¢. Thus, model (2.1) is a periodic time-delayed differential
system. We should point out that the model (2.1) with B(t, N) = & + ¢ and d(t),
dy(t), d2(t) and ~(t) being constants was studied in [21]. Here we investigate the
global dynamics of (2.1) with the general forms of birth rate functions.

We assume that B(-,-) € C*(Rx (0, +00), R, ) and B(t, N)N admits a continuous
extension G(t, N) from R x (0,400) to R x Ry. It then follows that for any ¢ €
C([-7,0],R2), there is a unique local solution (S(t, ®), I(t,$)) of system (2.1) with
(S(0,6),1(0,0)) = ¢(8), ¥0 € [—7,0] (see, e.g., [10, Theorem 2.3]). Further, we
have (S(t,¢),1(t,¢)) > 0 in its maximal interval of existence according to [13,
Theorem 5.2.1]. It is also easy to see that if ¢ = (¢1,¢2) € C([—7,0],R3) with
¢2(0) > 0, then I(t,¢) > 0 and S(t,¢) > 0 for all ¢ > 0 in its maximal interval of
existence. For any function z : [-7,0) — R™, ¢ > 0, we define z, € C([—7,0],R™)
by x,(0) = z(t + 0), V0 € [—7,0]. In what follows, we write & for the element of
C([—,0],R™) satisfying &(0) = « for all § € [—7,0].

3. A single population growth model. In this section, we consider the single-
species population growth model:

N'(t) = a(t)B(t — 7, N(t — 7))N(t — 7) — d()N(t) 2 F(t, N(t), N(t — 7)), (3.1)

where «a(t) = e Jier a5 We will establish four sets of sufficient conditions
under which system (3.1) admits a globally attractive positive T-periodic solution,
and hence, the single population stabilizes eventually at an oscillating state.

For any ¢ € C([—7,0],Ry), there is a unique local solution N (¢, ¢) of (3.1) with
N(8,¢) = ¢(0), VO € [—T1,0] (see, e.g., [10, Theorem 2.3]). Moreover, we have
N(t,¢) > 0 in its maximal interval of existence according to [13, Theorem 5.2.1].

Consider the linear equation with time delay 7:

u/'(t) = a(t)u(t) + b(t)u(t — 1), (3.2)

where a(t), b(t) are T-periodic and continuous, b(t) > 0,Vt > 0.

For any ¢ € C([—7,0],R), let u(t, ¢) be the unique solution of (3.2) satisfying
uo = ¢. Let P be the Poincaré map associated with (3.2) on C([—7,0],R), that is,
P(¢) = up(¢). The following result comes from [18, Proposition 2.1].

Lemma 3.1. Let r(P) be the spectral radius of P. Then r = r(P) is a positive
eigenvalue of P with a positive eigenfunction. Moreover, u(t) = vo(t)e%l"(r) s a
solution of (3.2), where vo(t) is T-periodic and vo(t) > 0, Vt > 0. If 7 = kT for
some integer k > 0, then r — 1 has the same sign as fOT(a(t) + b(t))dt.

Note that the condition r(P) < 1 (r(P) > 1) implies that the zero solution of
(3.2) is stable (unstable). Thus, Lemma 3.1 implies that in the case where the
time delay is an integer multiple of the time period, the stability of zero solution of
(3.2) is equivalent to that of zero solution of the linear periodic ordinary differential
equation u'(t) = (a(t) + b(¢t))u(t).
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3.1. A general periodic form of B;(N). Assume that
(H1) B(-,-) € CY(R x (0, +00), Ry ) with 2BEN). < 0 wN € (0, 4-00), L0 > B(1 -

a(t)
7,00); and there exists G(+,-) € C(RxR,, R, ) such that G(t, N) = B(t, N)N,
Vie R, N > 0.
(H2) G(t,0) = 0 and r=r(Py) > 1, where r(P) is the spectral radius of P;, and

P, is the Poincaré map of the following linear equation
N'(t) = a(t)B(t — 1,0)N(t — 1) — d(t)N(t). (3.3)

2] ,
(H3) 28LN) 0 YN e Ry, t €R.
It then follows that the periodic function F(¢, vy, v2) has the following properties:

(1) F(t,0,0) =0, F(t,0,v5) > 0, 2EL202) 5 0 vy 0y > 0.

(2) F isstrictly subhomogeneous, i.e., for any A € (0, 1), Yoy, ve > 0, F'(t, Avy, Avg)
> )\F(t, V1, 1)2).

(3) There exists a positive number hg > 0 such that F'(¢, ho, ho) < 0.

The following result is a straightforward consequence of [18, Theorem 2.1].

Theorem 3.2. Assume (H1)-(H3) hold. Then equation (3.1) admits a globally
attractive positive T-periodic solution N*(t) in C([—7,0],R,)\ {0}.

3.2. A general periodic form of By(N). Assume that

(A1) B(-,-) € CY(R x (0, +00),Ry) with 2ZEN < 0, YN > 0, ¢ € R, and 23 >
B(t — 1,00) for all t € R.

(A2) There exists G(-,-) € C(R x Ry, Ry) such that G(t, N) = B(t, N)N, Vt € R,
N >0, and G(¢,0) > 0, Vt € R.

(A3) 29LN) 5 0 YN e Ry, t € R.

Theorem 3.3. Assume (A1)-(A3) hold. Then equation (3.1) admits a globally
attractive positive T-periodic solution N*(t) in C([—7,0],R,)\ {0}.

Proof. From (A2), we have F(¢,0,0) > 0 and there is ho > 0 such that F(¢,h,h) <0
for all h > hg. It then follows from [13, Remark 5.2.1] that [0, h] is positively
invariant. Thus, for any ¢ > 0, we can find some hg¢ > hg such that ¢ < h¢, and
hence N(t,¢) exists for all ¢ > 0. Define the Poincaré map P» : C([—7,0],R;) —
C([-7,0],Ry) by P2(¢p) = Np(¢). Thus, [13, Theorem 5.1.1 and Corollary 5.3.5]
imply that P, is monotone and P;° is strongly monotone when n¢Z > 27. By
the theory of delay differential equation (see, e.g., [10, Theorem 3.6.1]), Py is
compact. Moreover, we note that F(¢,u,v) is strictly subhomogeneous in (u,v).
Using the similar arguments as in [20, Theorem 3.3], we can deduce that P is
strictly subhomogeneous in the sense Py(ap) > aPy(¢) for ¢ > 0 and 0 < o < 1.
Thus, Py is also strictly subhomogeneous

Note that 0 < P(0). We claim 0 < P,(0). Suppose not, then P,(0) = 0, hence,
N(T +6,0) = 0 for all § € [—7,0] and N'(T,0) = 0. However, N'(T,0)=G(T —
7,0)a(t) > 0, a contradiction. Consequently, 0 < P5(0). Thus,

0 < Py(0) < PP(0) < -+ < P°(0) < Pyt H(0) < -

Therefore, for any ¢ € wy,(0), we have ¢; > Py***(0) > 0, where wy, (¢) denotes
the omega-limit set of ¢ under P,°. Moreover, V¢ > 0 and Vi) € Wneo(®), we have
¢ > Pyot1(0) > 0 from the monotonicity of Py'.
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By [19, Theorem 2.3.2] as applied to P5°, there exists a ¢¢ > 0 with P (¢o) =
$o such that ¢g = wy,(p) for all of ¢ > 0. Regarding (3.1) as an ngT-periodic
system, we then see that (3.1) admits a globally attractive positive ngT-periodic
solution N (t, ¢p). It remains to prove that N (¢, ¢g) is T-periodic, that is, ¢p is a
fixed point of P,. Since

0< P(0) < P(0) <--- < Po(0) < B HH(0) < -

and Py (0) — ¢o as n — oo, it easily follows that Py(0) — ¢o as n — oo,
and hence, ¢¢ is the fixed point of P». Therefore, N(¢, ¢p) is a globally attractive
T-periodic solution for (3.1) in C([—7,0],Ry)\ {0}. O

3.3. A general periodic form of B3(N). In this subsection, we take B(t, N) =

p(t)e N and assume that

(S1) p(t), q(t), d(t), di(t) are nonnegative and T-periodic in ¢, and p(t) > 0,
q(t) > 0 for all ¢t € R;

(S2) r=r(Ps) > 1, where r(Ps) is the spectral radius of Ps, and Ps is the Poincaré
map of the following linear equation

N'(t) = a(t)p(t = T)N(t — 1) — d(t)N(t). (3.4)
Note that
N'(t) = a(t)p(t —r)e "INEIN(@G — 1) — d(t)N(t)
p(t—7) 4
t o= e d(t)N(t).

Consider the periodic ordinary differential equation

N p(t - T) -1 =

U'(t) = alt) =) e —=d®)U(¢). (3.5)

It then follows that equation (3.5) has a unique periodic solution

U* (t) _ e—fot d(s)ds %

t T plw—7) —1 Iy d(s)de
/ a(w)we—lef[}“ d(s)ds g, + fO OZ(U)) q(waT)e elo w
0 q(w —7) Taen

and U*(t) is globally asymptotically attractive for (3.5) with U(0) > 0. By the
comparison theorem, we have N(t,¢) < U(t,¢(0)) for all ¢ in its maximal interval
of existence, where U(t,$(0)) is the solution of (3.5) with U(0) = ¢(0). Since
tlim (U(t,¢(0)) = U*(t)) = 0, the solution for (3.1) exists globally, and the periodic
solution semiflow for (3.1) is point dissipative.

In addition to (S1)-(S2), we further assume that
(83) 0°(t) < .
Then the following result holds.

Theorem 3.4. Assume (S1)-(S3) hold. Then (3.1) admits a globally attractive
positive T-periodic solution N*(t) in C([—7,0],R.) \ {0}.

Proof. Let Py is the Poincaré map associated with (3.1). Tt then follows that w(¢)) C
[0, U] for any ¢ € C([-7,0],R;), where w(¢) is the omega limit set of ¢ > 0 for
Py and U € C([—7,0],Ry) with Uj(0) = U*(0), V0 € [—7,0]. Furthermore, for
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each ¢ € [0,U;], we have ¢(0) < U*(0), and hence, N(t,$) < U*(t) for all t > 0,
which implies that [0, Ug] is positively invariant for Pj.
For a positive € > 0, let 7. be the spectral radius of

V' (t) = (a(t)p(t — 1) — eo)v(t — 1) — d(t)v(t). (3.6)

Since r(P3) > 1, we can choose g¢ small enough such that r., > 1 and a(t)p(t —
7) — g0 > 0. From Lemma 3.1, (3.6) admits a solution v*(t) = eT""<0uq(t), where
uo(t) is positive and T-periodic. Hence, v*(t) — oo.

For g9 > 0, we choose a sufficiently small positive number §g, such that

at)p(t —1)e 1IN > o (t)p(t — 1) — o, V£ >0, 0 < N < dp.

Since qlbin%) Ni(¢) — 0 uniformly for ¢ € [0, T], there exists d; > 0 such that

IN(9)|| < bo, VE €0, T], [[¢] <.

We first claim that limsup || Pj*)|| > 6; for all of ¢ € [0, U]\ {0}. Suppose not, and

n—oo

limsup || PP < 61 for some ¢ € [0, U] \ {0}, then there exists an integer Ny > 1

n—oo

such that ||Pj'¢|| < 61,¥n > Ni. For any ¢t — 7 > N1T', we have t = nT + t' with
n > Ny, t' € [0,T] and [|[N¢(¢)|| = || Ny (Pf®)|| < do. Then

N(t,9) = a(p(t—r)e " INETON G~ ) — N (t,0)
> (alt)plt —7) ~ )N (t ~ 7,6)  d(N (8. 6),

Since N(t,¢) > 0, Vt > 7, we can choose a small number k£ > 0 such that N(¢) >
kv*(t), Vt € [NoT, NoT + 7], where Ny > Ny and NoT > 7. By the comparison
theorem (see e.g. [13, Theorem 5.1.1 ]), we have N(t,¢) > kN*(t), Vt > NoT + 7.
Thus, tlggo N(t, ) = oo, a contradiction.

Let X = [0,U¢] and X = {¢ € X : $(0) > 0}, define 9X, = X \ X;. Note that
P, is point dissipative, asymptotically smooth and the orbits of bounded sets are
bounded. It then follows from [9, Theorem 2.4.6] that P, admits a global attractor
A€ X. Tt is clear that My := {¢ € 90X, : P}(¢) € 0Xo,Yn > 0} = {0} and
Q(Mp) := Uperr,w(¢) = {0}, where w(¢) is the w-limit set of ¢ with respect to
Py. In view of the above claim, {0} is isolated in X and W*(0) N X, = @ where
W#5(0) is the stable set of 0 for Py. Moreover, for each 1) € 0X, and ¢ # 0, there
exists a to € [0, 7] such that N(tg,v) > 0, where N(¢,1) is the solution of equation
(3.1) through v. Hence, N(t,1) > 0 for all ¢ > ¢, which implies that P*(v)) € Xo
for nT > 7. Therefore, w(¢) # {0} and there is no cycle in X, from 0 to 0. By
the acyclicity theorem on uniform persistence for maps (see [19, Theorem 1.3.1 and
Lemma 1.3.1]), it follows that Py : C([-7,0],R.) — C([-7,0],R;) is uniformly
persistent with respect to Xy. Note that P, is an a-contraction for an equivalent
norm in C([—7,0],Ry) (see [9, Theorem 4.1.1]). Moreover, Py is point dissipative
and Pj* is compact for nT > 7. Thus, [12, Theorem 4.5] implies that P, : Xg — X
admits a global attractor Ay in Xy. Since for every ¢ € Ay, N(t,¢) > 0 for all
t > 0, it follows from the invariance of Ay for Py that Ay C int(C([—7,0],R4+)).
Consequently, for any ¢ € X \ {0}, we have w(1)) C Ag C int(C([—7,0],Ry)).

Define

E(t,u,v) := a(t)p(t — m)ve =1V _d(t)u.
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For any ¢ € [0, U], we have

OF

%(tv N(t),N(t—T,¢))

= (L —q(t = 7)N(t = 7,9))a(t)p(t — 7)e” 1-TINI=T)

> (1= q(t —7)U*(t — 7))a(t)p(t — 7)e” MEDINE=T) >
It then follows that P; is strongly monotone in [0, U] when noT > 27. Note that
E(t,N(t), N(t — 7)) is strictly subhomogeneous. Using the same argument as in
[20, Theorem 3.3], we can deduce that Py is strictly subhomogeneous. Thus, P, is
also strictly subhomogeneous. It then follows from [19, Theorem 2.3.2], as applied
to Py U = [0, U] — U, that P} has a fixed point ¢o > 0 in [0, U] such that
every nonempty compact invariant set of P;** is in int(C([—7,0],R+)). Since for
each ¢ € C([—7,0],Ry) \ {0}, w(®) is a nonempty compact invariant set of P
in [0,0;] and w(y) C int(C([—7,0],R,)), it follows that w(t)) = ¢o, and hence,
Py(¢o) = ¢o. Therefore, N(t,¢g) is a globally attractive T-periodic solution for
(3.1) in C([-7,0],R;) \ {0}. O

Assume that

(S3)’ Orél%xT{a(t)p(t —7)e 2} < min

. 1
omin { oy )

Then, we have the following result.

Theorem 3.5. Assume that (S1),(S2) and (S3) hold. Then (3.1) admits a globally
attractive positive T-periodic solution in C([—T,0],Ry) \ {0}.

Proof. Note that
E(t,us,v2) — E(t,ur,v1) > —d(t)(ug —uy) — p(t — 7')67204(15)(1}2 —v1).

We use the exponential ordering introduced in [14] to prove this theorem. For some
1 >0, we define

K, ={¢€C(~7,0],Ry): ¢ >0 and ¢(s)e" is nondecreasing on [—,0]},
and K, = K » N Cr where Cp, is the Banach space of Lipschitz functions on [—, 0]

with the norm [|@[| iy := |¢] + sup{|28=2W| . s £ ¢ 5.t € [-7,0]}.
Denote the exponential ordering defined by K, as <,,. Then if ¢ <, 1, we have

e M[Y(=7) = d(=7)] < Y(0) = ¢(0), e, P(=T) = d(=7) < "T[Y(0) = ¢(0)].

Therefore,

1(1(0) = ¢(0)) + E(t, N(t,¢), N(t = 7,4)) = E(t, N(t,¢), N(t = 7, )

= 1((0) = ¢(0)) + E(t, ¥(0), ¥ (7)) — E(t, $(0), ¢(=7))

2 p((0) = ¢(0)) = d(t)(¥(0) = ¢(0)) — a(t)p(t — T)e™ " (P(=T) — ¢(=7))
> [ —d(t) — a(t)p(t = T)e™?e"T](¥(0) — ¢(0))

OréltaSXT{Oé(f)P(f —T)e ) < OgiélT{m} and  (0) — ¢(0) > 0,

there is some p > 0 such that
p—d(t) — a(t)p(t — T)e 2e! >0,
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and hence,

u(1(0) = ¢(0)) + E(t, 4(0),¥(=7)) — E(t, $(0), p(—T)) > 0.
For every ¢ > 0, we have N(t,¢) > 0 and there exists My > 0 such that ¢ <, M¢
and E(t,My,Ms) < 0. Thus N(t,¢) < My, N(t,¢) exists for all ¢ > 0. By
[13, Theorem 6.2.3], P;" is strongly monotone in the ordered space (Cpr, K,) for
noT > 7, where Ps is the Poincaré map of (3.1).
If >, 0in K, then N(t,¢) > 0 for all t > —7. For 0 < XA < 1, let W(t) =
N(t,\p) — AN(t, @), then W(0)=0. Since

W'(0) = N'(0,Ap) — AN'(0,¢)

= a(0)p(=7)e"TIMEDNG(—7) = Aa(0)p(—T)e DT G(—7) > 0,
we have W (t) > 0 for all sufficiently small ¢ > 0. We further claim W (¢) > 0 for all
t > 0. Suppose not. Then there is ty > 0 such that W (ty) = 0, W(t) > 0 for ¢t < tg,

and dVZt( " < 0. Since A\p <, ¢, N(to — 7,A¢) < N(to — 7,¢). Then we have

dmc;t(t) = Blto, N(to, A8), N(to = 7,A6)) = AE(to, N(to, ), N(to = 7, 6))

alto)p(to — 7)e o ING=TAI N (1) — 7 Ap) — d(to) N (to, Ao)
—lal(to)p(to — r)e” 10" INETTOINN 1y — 7,6) — Ad(to) N (to, 9)]
a(to)p(te — 1) atoINM=TAINN (1, — 7, ¢)
—a(to)p(to — 7)o INW=T) AN (¢, — 7, ¢)
= a(to)p(te — 7)[e” W= INto=TAS) _ o=alto=T)NCo=T O \N (tg — 7, ) > 0
a contradiction. This proves that W(t) > 0 for all ¢t > 0.
For every ¢ >, 0, let Z(t)=[N(t, A\p) — AN (¢, ®)]" + u[N(t, A\p) — AN (¢, ¢)]. Then
0) = W'(0) > 0, hence for sufficiently small ¢ > 0, Z(¢) > 0. We claim that

Z(
Z(t) > 0 for all t > 0. Suppose not. Thus, there is ¢y > 0 such that Z(tp) = 0 and
Z(t) > 0 for t < tp. It then follows that

Z(to) = a(to)p(to — 1)~ 10N =TX) N (5 — 7 Xp) + [N (to, Ap) — AN (to, ¢)]
—[a(to)p(to — 1)e o= INC=T SN (15 — 7. ¢) — Ad(to) N (to, ¢)] — d(to) N (to, A)

> a(to)p(to — T)e” WomINM=TAD N (g — 1 Xg) + [1 — d(t0)][N (to, Ap) — AN (to, §)]
—a(to)p(to _ T)efq(tofT)kN(t(rwb))\N(to - ¢)

> —alto)p(to — 7)e 2[N(to — T, A\¢) — AN (to — 7, ¢))
+[p — d(to)][N(to, Ap) — AN (to, ¢)].

Since Z(t) > 0 for all t < tg, we have N (to—7, Ap) = AN (to—7,¢) < e*™ [N (to, o) —
AN (to, ¢)], and hence
Z(to) > [~a(to)p(to — T)e e + p— d(to)][N (to, Ad) — AN (to, ¢)] > 0,
a contradiction. Thus, Z(t) > 0 for all ¢ > 0. It then follows from [13, Theorem
6.2.3] that Ny(A¢p) >, ANy(¢) for t > 7 and P;°(a¢) >, aP;°(¢) in K, for
nol > 1. .
Since for every ¢ € C([—7,0],R4) \ {0} and ¢ > 0, we have

[N, )] + uN(t, ¢)

= a(t)p(t — r)e” 1TINETAN( — 7, 6) — d(t)N (1, ¢) + pN (1, ¢)

> [p—d()IN(E, ¢) = 0,
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and hence, P;°(¢) € int(K,) for ngT > 7. By using P;°(¢) if necessary, we may
therefore assume that ¢ € int(K,) to study the asymptotic behavior of ¢ > 0 under
P,

For any 8 > 1, choose Vg = [0,61{0] K, where hg is determined such that
p(t — 7)e”1=Dha(t) < d(t) always holds for all + > 0 and h > hg. Then Vj is
positively invariant. First note that when noZT > 7, P is order-compact in the
sense that P5'([u, v]k, ) is precompact for all of u <k, v. Moreover, P5' is strictly
subhomogeneous and strongly monotone with respect to the exponential ordering.

By the continuity and differentiability of solutions with respect to initial val-
ues, it follows that the Ps is differentiable at zero, and DP5(0) = Ps, where Ps
is the Poincaré map of the linear equation of (3.4). Clearly, P3° is compact.
Moreover, P53 is strongly positive for the exponential ordering K,,. Furthermore,
D(P5°(0)) = (DP5(0))™ and r{D(P5°(0))} = r{(DP5(0))}" = [r(P3)]". By [19,
Theorem 2.3.4], P has a unique positive fixed point ¢g in V3, and ¢q is globally
asymptotically stable with respect to V3 \ {0}. This implies that w,,(¢) = ¢o for
all ¢ € V3, where wy,(¢) is the w-limit set of ¢ associated with P;°.

By the arbitrariness of 3, it then follows that (3.1) admits a globally attrac-
tive, positive ngT-periodic solution N(,¢g) in C([—7,0],Ry) \ {0}. It remains
to prove that N(t,¢o) is also T-periodic. For ¢ > 0, since P (¢) — ¢o as
n — o0, it then follows that Ps(P5"°(¢)) — P5(¢o) as n — oco. On the other hand,
P5(Pg"(¢)) = P2 (Ps(¢p)) — ¢o as n — oo. Thus, Ps(¢o) = ¢o, and N(t,¢p) is a
globally attractive T-periodic solution for (3.1) in C([—7,0], Ry )\ {0}. O

4. Threshold dynamics. We now assume that a disease is invading the popu-
lation, and the population is divided into susceptible and infective classes. The
disease transmission is modeled by system (2.1). In this section, we will study the
global dynamics of system (2.1). Let

M = C([—T, O],Ri), My = {(¢17¢2) e M : ¢2(0) > 0} and OMy = M\MO
Clearly, My is an open set relative to M. Note that (N*(t),0) is the disease-free

periodic solution of (2.1). By linearizing (2.1) at (N*(¢),0), we obtain the following
equation for the infective population variable I:

I'(t) = B()I(t) — (d(t) + da(t) +7(£))1(2). (4.1)
Let C1 be the ordered Banach space of all T-periodic functions from R to R,
which is equipped with the maximum norm || - || and the positive cone C := {¢ €

Cr: ¢(t) >0, Vt € R}. According to the theory developed in [17] with F(¢) = 5(t)
and V(t) = d(t) + da(t) + y(t), we define the next infection operator L : Cr — Crp
by

(Lo)(t) = /000 Y(t,t—a)f(t—a)p(t —a)da, VteR, ¢eCr,

where Y (t,s) = e~ J¢ V(wdu — o= [((d(w)+da(w)+7(w)du ¢ > g Then the basic repro-
duction ratio is defined as R := p(L), the spectral radius of L. By [17, Lemma
2.2], it follows that

. Jy t)dt |
o (d(t) + da(t) +~(t)dt

Note that in section 3, we have obtained four sets of sufficient conditions for
system (3.1) to have a globally attractive positive T-periodic solution N*(¢) (see
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Theorems 3.1-3.4). We are now in a position to prove the threshold type result on
the global dynamics of (2.1) in terms of Ry.

Theorem 4.1. Assume that (3.1) has a globally attractive positive T-periodic solu-
tion N*(t) in C([—,0], R1)\{0}, and that there is an L such that B(t—1, N)a(t) <
d(t), VN > L, t > 0. Let G(t,N) = B(t, N)N satisfy one of the following condi-
tions:
(C1) G(t,0)=0 and r=r(P) > 1, where r(P) is the spectral radius of P and P is
the Poincaré map of the following linear equation:
N'(t) = a(t)B(t — 7,0)N(t — ) — (d(t) + da2(t)) N (¢).
(C2) G(t,0) >0 for all t > 0.
Then the following statements are valid:
(a) If Ry < 1, then any solution (S(t,¢),I(t,¢)) of system (2.1) with ¢ € My
satisfies tlir&(S(t, ¢) — N*(t)) =0 and tlggo I(t,¢) = 0.
(b) If Ro > 1, system (2.1) has a positive T -periodic solution in My, and there is
an n > 0 such that any solution (S(t,),I(t,)) of system (2.1) with ¢ € My
satisfies litIgioIgf S(t,¢) > n and litrgiolgf I(t, o) > n.

Proof. Let (S(t, ¢), I(t,¢)) be the unique solution of (2.1) with (S(0, ¢),I(0,¢)) =
¢(0), V0 € [—7,0]. Since N(t,¢) = S(t,¢) + I(t,¢) > 0 in the maximal interval of
existence, N(t) satisfies the differential inequality
N'(t) <a(t)B(t —7,N(t —7))N(t —7) — d(t)N(t).

For ¢ € M, there is a My > L and M, > ¢ such that B(t — 7, My)a(t) < d(t).
By [13, Theorem 5.2.1], N(t,¢) is uniformly bounded. Since S(t,¢) < N(t,¢)
and I(t,¢) < N(t,¢), it follows that each solution (S(t,¢),I(t,$)) exists glob-
ally on [0,00), and solutions of (2.1) is uniformly bounded in M. Define ®(t)¢ =
(Se(¢), I (¢)), t > 0, ¢ € M. Then ®(t) is a T-periodic semiflow on M. We have
following claims:

Claim 1. There is some ¢; > 0 such that limsup ||®(nT")¢|| > d; for all ¢ € M.

In the case where (C1) holds, for a positive € > 0, let r. be the spectral radius of
u'(t) = (a@t)B(t —7,01) —e)u(t — 7) — (d(t) + da2(t))u(t). (4.2)

Since r(P) > 1, we can choose ¢ small enough such that r. > 1 and B(t,07) —& > 0
for all ¢ > 0. From Lemma 3.1, (4.2) admits a solution u*(t) = eT!""=uy(t), where

up(t) is positive and T-periodic. Hence u*(t) — oo.
For € > 0, we can choose a sufficiently small positive number &g, such that

a(t)B(t —7,N) > at)B(t —7,07) —e, ¥t >0, 0 < N < &.
Since qlbin%) Ni(¢) — 0 uniformly for ¢ € [0, T], there exists d; > 0 such that

”Nt((b)” < do, Vi € [OvT]v H(b” <.
Suppose, by contradiction, that limsup ||®(nT)¢|| < d; for some ¢ € My. Then

n—oo

there exists an integer Ni > 1 such that ||®(nT)¢| < 41, Vn > N;. For any
t—71 > NT, we have t = nT + t' with n > Ny, ' € [0,T] and || ®(t)¢| =
|8(¢')®(nT)3] < do. Then,

N'(t) > a@)B{t—7,N(t—71))N(t—7)— (d(t) + dao(t))N(t)
(a(t)B(t —7,07) —e)N(t — 7) — (d(t) + da(t))N(t).

V
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Since N(t,¢) = S(t,¢) + I(t,¢) > 0, Vt > 0, V¢ € My, we can choose a small
number k > 0 such that N (¢, ¢) > ku*(t),Vt € [N1T, N1T + 7]. By the comparison
theorem [13, Theorem 5.1.1], we have N(t,¢) > ku*(t),vt > NiT, and hence,
tli)rgo N(t,¢) = oo, a contradiction to the uniform boundedness of N(t, ).

In the case where (C2) holds, we can choose £ small enough such that
. _ Jr _
min{a(t)B(t —7,07) — e} > max{d(t) + da(t)}-

For ¢ > 0, we can choose a sufficiently small positive number &y, such that
at)B(t —7,N) > at)B(t —7,07) —e, ¥t >0, 0 < N < &.
Since qlbin%) Ni(¢) — 0 uniformly for ¢ € [0, T], there exists ; > 0 such that

IN:(@)| < do, ¥t €1[0,T], [lp] < 1.
Suppose, by contradiction, that limsup ||®(nT)¢|| < d1 for some ¢ € My. Then

there exists an integer Ny > 1 suc%_ﬁiat |®(nT)¢|| < 01, Vn > N;. For any
t—7 > NiT, we have t = nT + ¢/ with n > Ny, t' € [0,T] and [|®(¢)¢| =
@)@ (nT)g|| < do. Thus

N'(t) > a)B(t—71,N(t—7))N(t—7)—(d(t)+ d2(t))N(t)
((t)B(t —7,07) —e)N(t —7) — (d(t) + da(t)) N (t)
min{a(t)B(t —7,0") — e} N(t — 7) — max{d(t) + da(t)} N (¢).

AR,

Since

min{a(t)B(t — 7,0%) e} > max{d(t) + da(0)}.

it follows from [13, Theorem 5.1.1] that there is a solution u*(t) = e*tu with s > 0
and u > 0 for the following equation:

u(t) = ItIlZi(IJl{Oz(t)B(t —7,0") —ehu(t —7) — I?Zaé({d(t) + da(t) Ju(t). (4.3)

Hence, u*(t) — oo as t — oo. Since N(t,¢) = S(t,¢) + I(t,¢) > 0, Vt > 0, ¢ € My,
we can choose a small number k& > 0 such that N (¢, ¢) > ku*(t), Vt € [NyT, N\T+7].
By the comparison theorem [13, Theorem 5.1.1], we have N(t,¢) > ku*(t), Vi >
NyT 4 7. Thus tli)rgo N(t,¢) = o0, also a contradiction. This completes the proof of

claim 1.

In the case where Ry < 1, we have fOT B(t)dt < fOT(d(t) + da(t) +~(t))dt. If
I(0) > 0, then N(t) > I(t) > 0, ¥t > 0 and hence, we have

I'(t) < (B(t) = (d(t) + da(t) +(1)))I(L), VE = 0.
Then
I(t) < I(O)efot Bls)=(d(s)+da()+7()ds vy > ()
and hence, tlim I(t) = 0. Therefore, system (2.1) is asymptotic to the following
periodic time-delayed equation:
N'(t) = B(t —7,N(t —7))N(t — 7)a(t) — d(t)N(t), (4.4)

which is the same as (3.1). Note that N*(¢) is a global attractive solution of (3.1).
Next, we use the theory of internally chain transitive sets (see e.g., [11, 19]) to prove
tlim (S(t) — N*(t)) = 0.

In fact, if we denote the Poincaré map P := ®(T) : M — M, then P"(¢p) =
®(nT)p,¥n > 0,0 € M. Let ¢ = (¢1,¢2) € M\ {0} and w = w(¢) be the omega
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limit set of {P"(¢)}. Since I(t,¢) — 0 as t — oo, there holds w = @ x {0}. We
first claim that @ # {0}. Assume not, i.e., @ = {0}, then lim (S,7(¢), Inr(4)) =

lim ®(nT)¢ = (0,0), which contradicts claim 1. It is easy to see that P"|,(¢,0) =

(P™(¢),0) where P is the periodic solution semiflow of (3.1). By [19, Lemma
1.2.1], w is an internally chain transitive set for P, and hence, @ is an inter-
nally chain transitive set for P. Define Nj € C([—7,0],R4) by Ni(0) = N*(6),
VO € [~7,0]. Since @ # {0} and N¢ is a globally stable fixed point for P in
C([-7,0],R.) \ {0}, we have @ N W*(N¢) # @, where W#(N¢) is the stable set of
N¢. By [19, Theorem 1.2.1], we then get @ = Ng. This proves w = (N¢g,0), and
hence, tlilglo((S(t,¢),I(t,¢)) — (N*(t),0)) = 0.
In the case where Ry > 1, we have fOT Bt)dt > fOT(d(t) + dao(t) + y(t))dt. Fix a
number 1y € (7%0, 1), since
. N(t) —I(t)
g N NB
there exists 77 > 0, such that
N(#) - I(t)
N(t)

Since lim  ®(t)¢ = (Ng,0) uniformly for ¢ € [0, T, there exists 7o > 0 such that
—(Ng,0)

>0, YO < I(t) <, [N(8) = N*(8)] < 2.

[12(t)p — (Ng,0)|| <m,Vte[0,T],||¢— (Ng,0)| < na. Then we have the following
claim: R
Claim 2. limsup || ®(nT)¢ — (Ng,0)|| > n2 for all ¢ € M.

n—oo

Suppose, by contradiction, that limsup || ®(nT)¢ — (N§,0)|| < n for some ¢ €

n—oo

My. Then there exists an integer No > 1 such that |®(nT)¢ — (Ng,0)|| < n2,Vn >
Ns. For any t > NoT', we have t = nT +t' with n > Ny and ¢’ € [0,7]. Thus, we
have
|2(t)é — (NG, 0)]| = |(t")(®(nT)¢) — (NG, O)|l <1, ¥t > NT.
Therefore, I(t) satisfies the following differential inequality
I'(t) = (B(t)no — (d(t) + da(t) + (1) I(t), V¢ = NoT.
By the comparison theorem, it follows that

I(t) > I(NQT)G'H\:’?T(B(S)no_(d(s)+d2(S)+’Y(S))ds.

Since Rog > 1 and ng € (R%), 1), we have tlim I(t) = o0, a contradiction.

In the case where G(t,0) = 0, we choose

M; =(0,0) and M= (Ng,0).

It then follows that M; and M are disjoint, compact and isolated invariant set for
P in OMy, and Ay = U¢68M0w(¢) = {My, M>}. Further, no subset of My, Ms
forms a cycle in OMy. In view of two claims above, we see that M; and M, are
isolated invariant sets for P in M, and W*(M;) N My =0, i = 1,2, where W*(M;)
is the stable sets of M; for P.

In the case where G(t,0) > 0 for all t > 0, M, is the only compact invariant set

for P in 0Mj, and hence we only choose i=2 in the above argument.
By the acyclicity theorem on uniform persistence for maps (see [19, Theorem 1.3.1
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and Remark 1.3.1]), it follows that P : M — M is uniformly persistent with respect
to My. Thus, [19, Theorem 3.1.1] implies that the periodic semiflow ®(¢) : M — M
is also uniformly persistent with respect to My. According to [21, Theorem 3.1],
system (2.1) has an T-periodic solution (S*(t),I*(t)) with (S;,I) € My for all
t > 0. Clearly, S} > 0 and I; > 0 for all ¢ > 0.

It follows from [12, Theorem 4.5], with p(x) = d(z,0My), that P: My — My
has a compact global attractor Ag. Since Ag = P(Ag) = ®(T") Ay, it follows that
¢1(0) > O and ¢2(0) > 0 for all ¢ € Ag. Let Bo:=U, [y, 7y ®(t)Ao. We have By C My
and tli)rgo d(®(t)¢, Bp) = 0 for all ¢ € M. Define a continuous function p : M — R4
by

p(¢) = min(¢1(0), $2(0)), Vo = (¢1,¢2) € M.
Since By is a compact subset of My, we have infyep, p(¢) = mingep, p(¢) > 0.
Consequently, there exists 7 > 0 such that

litm inf min(S(¢, ¢), I(t, ¢)) = litm inf p(®(t)p) >n, Vo e M.
This completes the proof. O

5. Numerical simulations. In this section, we use specific birth functions to
verify our results in the previous two sections by numerical simulations.
. 2(1 s(t
Example 1. In this example, we choose B(t, N)N = N%, d(t) = 0.5,
di(t) =1, 7 = 1. Then a(t) = e~! and the equation (3.1) becomes
2(1 t—1 1
( + COS( ))671 _ —N(t)

N(t) = N(t =1) 1+ N(t—1) 2

0.4t ~ 041
035}
03

0.251

Nt
Nt

0.2r
0.15F

(X1

0.5+

04f -

S0
S0
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It is easy to see that (H1)-(H3) in Theorem 3.2 hold for this equation, our nu-
merical simulations in Fig. (1-1) and Fig. (1-2) show that there is a globally
asymptotically attractive positive periodic solution N*(¢). Moreover, if we choose
da(t) = 15, B(t) = 1 +sin(t) and v(t) = 15, then Ry = &2 > 1. Thus, we have Fig.
(1-3), which shows that the disease is uniform persistence and there is a positive
periodic solution when R > 1. On the contrary, if we choose da(t) = (1 + sin(t)),
B(t) = 5(1 + 3sin(t)) and y(t) = #, then Ro = 3 < 1. We have Fig. (1-4) for this
case. For other initial data, we have similar simulations, which may suggest that
every solution converges to the disease-free periodic solution.

Example 2. In this example, we choose B(t, N)N = 0.8+ N, d(t) = 1, d1(t) =
1 +sin(t), 7 = 1. Then a(t) = e~ tHeostt)=cos(t=1) and the equation (3.1) becomes

N'(t) = (0.8 + N(t — 1))e 1 Feosttimcostt=1) _ N (),

oot i :
oar i L g
v v Vv v v
0.2 0.2
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 100 200 300 400 500 0 100 200 300 400 500
t t

Ry<1

S0

10 20 30 40 50
t t

(2-3) (2-4)

It is easy to see that (A1)-(A3) in Theorem 3.3 hold for this equation, our nu-
merical simulations in Fig. (2-1) and Fig. (2-2) show that there is a globally
asymptotically attractive positive periodic solution N*(¢t). Moreover, if we choose
da(t) = &, B(t) = 4(1 +sin(t)) and y(t) = %, then Ro = 2 > 1. Thus, we have
Fig. (2-3), which shows that the disease is uniform persistence and there is a pos-
itive periodic solution when Ry > 1. On the other hand, if we choose da(t) = %,
B(t) = (1 +sin(t)) and v(t) = &, then Ry = & < 1. We have Fig. (2-4) for this
case. For other initial data, we have similar simulations, which may suggest every
solution converges to the disease-free periodic solution.
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Example 3. In this example, we choose B(t, N)N = 1.2N(1 + sin(t))e 2",
d(t) = £, di(t) = 1 +sin(t), 7 = 4. Then a(t) = e *Teos®—cos(t=4) and the
equation (3.1) becomes

6 . i 1
N%@:3N0—4p4“m@ﬂwhﬁa+amp4ma%M“®—gN@)
It is easy to see that (S1)and (S2) hold for this equation. In this case, ﬁ =2 and
(3.5) becomes
U'(t) = a(t)p(t =) -1 _ dt)U(t)
q(t =)
674+Cos(t)fcos(t74) 12(1 + Sln(t — 4)) 671 _ %U(t)(t)

o 1
2

1._
< e*x48—gU@.

N(t)

05t - 05

0 L L L 0 L L L L
800 1000 0 200 400 600 800 1000

S0

0 5 10 15 20 25 30 35 20 30 40 50 60
t t

(3-3) (3-4)

Hence, U*(t) < 2232 < 2 and (S3) holds. Our numerical simulations in Fig.
(3-1) and Fig. (3-2) show that there is a globally asymptotically attractive positive
periodic solution N*(t). Moreover, if we choose da(t) = £, B(t) = 1 + sin(t) and
v(t) = £, then Rg = 2 > 1. Then, we have Fig. (3-3), which shows that the disease
is uniform persistence and there is a positive periodic solution when Ry > 1. On
the other hand, if we choose da(t) = 1, 3(t) = 0.2(1 + sin(t)) and y(t) = %, then

Ro = 3 < 1. We have Fig. (3-4) for this case. For other initial data, we have
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similar simulations, which may imply that every solution converges to the disease-
free periodic state.

Example 4. In this example, if we choose d(t) = 0.2, d; (t) = 1+0.2sin(¢), 7 = 0.1
and B(t, N)N = N(1 + cos(t))e~ ", then a(t) = e~ 0:1+0-2(cos(t)=cos(t=0.1)) and the
equation (3.1) becomes

1
N'(t) = N(t — 0.1)(1 + cos(t — 0.1))e 2N (=01 =15+ 5 (cos(t)—cos(t=0.1)) _ =N ().

N(Y)
L
>

N()

0 100 200 300 400 500 600
t

S(t).1(t)
S(t).1(t)

0 10 20 30 40 50 60 0 10 20 30 40 50 60 70
t t

(4-3) (4-4)

It is easy to see that (S1), (S2) and (S3)" hold for this equation, our numerical
simulations in Fig. (4-1) and Fig. (4-2) show that there is a globally asymptotically
attractive positive periodic solution N*(t). Moreover, if we choose da(t) = £, A(t) =
4(1 +sin(t)) and y(t) = 1, then Rg = 2 > 1. Thus, we have Fig. (4-3), which
shows that the disease is uniform persistence and there is a positive periodic solution
when Ro > 1. On the other hand, if we choose da(t) = £, 3(t) = (1 + sin(t)) and
v(t) = &, then Ry = 2 < 1. We have Fig. (4-4) for this case. For other initial
data, we have similar simulations, which may suggest that every solution converges

to the disease-free periodic solution.

6. Concluding remarks. In this paper, we first consider a time-delayed periodic
single-species population model and obtain four sets of conditions to ensure that the
population will stabilize eventually at an oscillating state. When the disease invades
the population and susceptibles contact infectives under the standard incidence
law, we find an explicit formula for Ry in the form of the division of the average
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contact rate and the mass of the average disease induced death rate, disease recovery
rate and death rate. Furthermore, we show that there exists an endemic periodic
solution and the disease remains endemic when Ry > 1, and the disease dies out
when Ry < 1. In order to eradicate such a disease, we should decrease the average
contact rate, or increase the average disease recovery rate to make Ry < 1.

As discussed in [21], we remark that in the case da2(t) = 0, N () satisfies equation
(3.1), and hence

tliglo(N(t) — N*(t)) =0.

Note that I(t) satisfies the following nonautonomous equation

R e R CORRIONC] (6.1)

which is asymptotic to the following periodic equation

i = WD () 4 wpico, (6.2

If Ro > 1, ie., [y (B(t) — d(t) — v(t))dt > 0, and §(t) > 0, ¥t € [0,T], then it
follows from [19, Theorem 5.2.1] that equation (6.2) admits a unique positive T-
periodic solution I*(t), which is globally asymptotically stable in Ry \ {0}. It then
follows from the theory of asymptotically periodic system (see [19, Section 3.2])
that tli}rg)([(t) — I*(t)) = 0. This implies that system (2.1) has a globally attractive
positive T-periodic solution (N*(t) — I*(t), I*(t)).

By applying the perturbation theory of a globally stable fixed point (see [15,
Theorem 2.2]) and the theorem on uniform persistence uniform in parameters (see

[19, Theorem 1.4.2]) to the Poincaré map of system (2.1), we can further show that

if Rop > 1, B(t) > 0, Vt € [0,T], and ||d2(-)| := OréltaéxT|d2(t)| is sufficiently small,

system (2.1) has a globally attractive positive T-periodic solution (S(¢),I(t)). On
the other side, our numerical results (for example, see Figs.(1-3), (2-3), (3-3) and (4-
3)) suggest that in the case where Ry > 1, every solution with nontrivial initial data
is asymptotic to a periodic solution, while these periodic solutions may be different.
This implies that there may be no uniqueness of positive T-periodic solution for
some dao(t) > 0. It is worthy to study the uniqueness, multiplicity, and stability
of positive solution of (2.1) in the case where Ry > 1. We leave this challenging
problem for further investigation.
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