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Abstract

In the analysis of count time series at equally spaced intervals with covariate informa-
tion, Poisson Autoregressive (AR) or Integer-Valued Autoregressive (INAR) models
have been widely discussed in the literature, with their fundamental properties and
estimation methods thoroughly explored. However, when time series data exhibits
both long-term dependencies (autocorrelation) and moving average effects, capturing
both of these elements is essential for more effective modeling and forecasting. To ad-
dress this, we introduce autoregressive moving average (ARMA) models of order (1,1)
for count time series. We first consider the case where the offspring random variable
follows a Bernoulli distribution, meaning that each individual in the population at
time ¢ — 1 can produce only one or zero offspring at time ¢. Additionally, we extend
this model to incorporate the possibility of any individual producing multiple offspring
at a given time point, resulting in a binomial offspring random variable. We derive
the key properties of these models, present methods for parameter estimation and
forecasting function. The performance of the proposed methods are assessed through
simulation studies.

Keywords: moving average model, autoregressive moving average model, generalized

quasi likelihood method, generalized method of moments.
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Chapter 1
Introduction

Consider a sequence of n random variables Y;,,Y,,,...,Y; indexed by time, where

<ty <ts<..<t, Let y, v, ..,y be observed values of the random variables
{Y;, t € Z}. The random variable Y; is said to be nth order weakly stationary if
the joint moments of Y; up to order n does not depend on time. When observations
Yi1s Yi2, -, Yp,, are measured at specific time points ¢q, to, ..., t,, respectively ({1 < ty <

. < ty), then this set of observations is called time series data (Box et al., 2015).
The time intervals between observations can either be equal or unequal. Since the
focus is on time series data with equal intervals, some commonly used time series
models assuming equal time spacing are discussed. Furthermore, depending on the
nature of the observed values, time series data are classified into different types, such
as continuous time series, count time series, and multinomial time series (Chatfield,

1975).

1.1 Models for Continuous Time Series Data

Continuous time series data refers to sequential observations collected over a period
of time, where each data point can take any value within a specified range. The
concept of correlation in time series data resulting from lagged linear relationships
led to the development of autoregressive (AR) and autoregressive moving average
(ARMA) models, as detailed by Whittle (1951).



1.1.1 Autoregressive Model

In AR(p) model the current value of the time series, y; is considered as a linear com-
bination of p most recent past values of itself and a random term w; that incorporates
everything new at the series at time point ¢ that is not explained by the past values
(Box et al., 2015; Chuang, 1991; Shumway et al., 2000; Terdsvirta, 1994). Let y;
be a stationary process with mean p and y; = y; — 4 be the mean deleted process.
Additionally, w; is a white noise process with mean 0 and variance 0. A pth order

AR process, g;, has the form,

Ut = O1Yi—1 + G2ls—2 + ... + OpYi—p + Wy (1.1)

Notice that in equation (1.1), y; is modeled as a linear combination of past history
of g, and a random component, w;. Thus, y; is a random variable. Here, ¢; is the
parameter of the model for ¢+ = 1,2, ..., p, representing the influence of the i-th lagged

value on the current value y;. Some basic properties of the model are:

o E(y) = p.
o v(y) = 7(0) = 3°F_, ¢;7(j) + 0%, where y(j) is the autocovariance function.
o cov(ys, yik) = v(k) = 225_, ;7(|k — j|), where the lag & > 1.

o corr(ys, yi-r) = p(k) = >5_, ¢;p(lk — j|), where the lag k > 1. It can be
observed that the autocorrelation function (ACF), denoted by p(k), satisfies a
difference equation. This difference equation for the lag-k ACF is commonly
referred to as the Yule-Walker difference equation (Box et al., 2015).

1.1.2 Moving Average Model

In MA(q) model the current value of the time series, y, is considered as a linear
combination of lagged white noise processes (Box et al., 2015; Chuang, 1991; Shumway
et al., 2000). A mean deleted gth order MA process, 3;, has the form,

y~t = Wt — 91wt_1 — Qth_g — ... qut_q.



Here, 6, is the parameter of the model for i = 1,2, ..., p, representing the influence of
the i-th lagged white noise process on the current value of ;. Some basic properties

of the model are:

o E(y) =
o u(y) =7(0) =031, 0;%, where 6 = —1.

o cov(ys, yi—i) = (k) = 0* D1, (0:0i1x — O)), where 6y = —1.
> im0 Oiblisn

TR where 6y = —1.
j=0"i

o corr(ye, yr-r) = p(k) =

1.1.3 Autoregressive Moving Average Model

In ARMA model, the AR and the MA components are combined to consider both
the effects of past values and past random terms of a time series (Box et al., 2015;
Chuang, 1991; Shumway et al., 2000). A mean deleted ARMA(p,q) model has the

form,
Ui = O1i—1 + P2li—2 + ..+ Opls—p + Wy — OLwy_ — bow_p — ... — Ow_y.

Here, ¢; and 6; are the parameters of the model for + = 1,2,...,p, representing the
influence of the i-th lagged value on the current value y; and i-th lagged white noise
process on the current value y; respectively. When ¢ = 0, an ARMA(p,0) model
reduces to the AR(p) process. Similarly, when p = 0, an ARMA(0,q) model reduces
to the MA(q) process. So, MA and AR models are special cases of ARMA(p,q) model.
The simplest example of the ARMA (p,q) model is the ARMA(1,1) model defined as,

Ut = P1Y1—1 + wy — O1wy_q.

Some basic properties of the ARMA(1,1) model are:

* E(y) = p

01> — 201 ¢y + 1
o vlu) = 5(0) = A0




&1v(0) — 0102, for k =1,
L4 Cov(yt,yt_k) = V(k‘) =

$1"(0), for k > 1.
2
PR S
o corr(ys, yr—) = p(k) = 7(0)
", for k > 1.

From the ACF of the ARMA(1,1) model, it can be observed that the ACF behaves
like that of the AR(1) model after lag 1 (Brockwell & Davis, 2002; Hyndman, 2018).
In general, it can be shown that the ACF of ARMA(p,q) model behaves like that of
the AR(p) model after lag q (Brockwell & Davis, 2002; Hyndman, 2018).

1.2 Models for Count Time Series Data

Count data consists of non-negative integer values that represent the number of occur-
rences of an event (Czado et al., 2009; Cameron & Trivedi, 2013). Early researchers
who have studied count time series have often used Poisson Autoregressive models of
order 1 (Al-Osh & Alzaid, 1987; Sutradhar, 2003, 2011; Oyet & Sutradhar, 2013). Al-
Osh and Alzaid (1987) introduced a model for a stationary sequence of integer-valued
random variables with lag-one dependence, naming it the integer-valued autoregres-
sive process of order one (INAR(1) process). In their proposed INAR(1) process
binomial thinning operation, denoted by *, was used to replace scalar multiplication
of discrete random variables (Steutel & Van Harn, 1979; Steutel et al., 1983; Puig
& Valero, 2007). Specifically, if Y is a discrete random variable taking non-negative

integer values, then the binomial thinning operation is defined as,
%
prY =3 by(p), (1.2
j=1

where b;(p) is an identically and independently distributed binary random variable
with P[b;(p) = 1] = p =1 — P[bj(p) = 0] and p € [0,1]. In each model, thinning
operations are assumed to be independent of previous history of the process. Al-Osh
and Alzaid (1987) demonstrated that the distribution properties of the INAR(1) pro-
cess are similar to those of the AR(1) model for continuous data. They also discussed

the estimation of parameters using the Yule-Walker estimators, the conditional least



squares estimators and the maximum likelihood estimators.

1.2.1 Autoregressive Model

Zhang and Oyet (2014) extended the Poisson AR(1) model to the AR(2) model. They
studied the properties of the model and proposed a GQL approach for estimating the

model parameters.

Let @; = (24, 24y, ..., 7¢,)" be a p-dimensional covariate vector measured at time ¢,
along with the count y; for a single community and 8 be the (p x 1) vector of covariate
effect parameter. Let d; represent the immigration variable, indicating the number
of individuals entering the community from different regions at time ¢. Based on the
study conducted by Zhang and Oyet (2014), for a single community a AR(p) model

for count data can be written as,

r—1
Y= prxeor+dp, T =2,3,.p (1.3)
=1
p
= prytd,t=p+1p+2 .7 (1.4)

=1

where y; ~ Poi(py = exp(x,T8)) and, d; and y;_; are independent. In particular,
when p = 1, the AR(p) model reduces to the AR(1) model and by using binomial

thinning operation the model is given by

Yt—1
Yy = ij(nt7p) + dt7 (15)
j=1
where b; ~ Binomial(n;, p) with assumptions y; ~ Poi(u; = exp(x,’8)), d; ~

Poi(py —ngppy—q) for t = 2,3,..., T and, d; and y;_1 are independent. Here 0 < p < 1.

The basic properties of the AR model, satisfying the condition p < min ( o , 1),
Nefle—1

are as follows,

i. u = exp(zTB),

. _ 2 2 2
. O = [t — WP fe—1 + " P 0t—14-1,



iii. cov ytayt k (Hnt l) P Ot—kt—k,

k—1
. . k [Ot—kt—k
iv. corr(ye, yi—i) = H”t—l p .
-0 Ott

However, when n; = 1, variable b; then reduces to a binary variable leading y;; to
follow a Poisson AR model with E(y;) = v(y;) = p = exp(x;T 3)) (Oyet & Sutradhar,
2013).

1.2.2 Moving Average Model

A moving average (MA) model of order ¢ can be defined as,

q
Y = Z’Ol * dt—l -+ dt. (16)

for t = 2,3,...,T (McKenzie, 1988; Brannas & Hall, 2001; Weif}, 2008). In particular,
when ¢ = 1, the MA(q) model reduces to the MA(1) model, given by

Yr = pxdiy +dy, (1.7)

assuming that y; = d, ~ Poi(p, = exp(x,7B3)) and d; ~ Poi (ZZ;IO(—p)“,uu_t) for all
t=2,3,...,T (McKenzie, 1988). The mean and variance of the MA model are equal,
E(y) = v(y) = e = exp(x;T B). The correlation between y; and yy, is defined as,

min(t,k)—
P[ t:[)(t ) 1(_p)tﬂmin(t,k)7t:|

corr(ye, yx) = N/ ’

0, for otherwise.

for [t — k| =1,

In MA model, p must Satisfy the condition 0 < p < min[l, pao, .-, pro, ---» P10], Where
pro is the solution of S0 (—p)*u,_, = 0.



1.3 Generalized Quasi Likelihood Method

Several methods have been proposed in the literature for estimating the parameters
of models for count data. Liang and Zeger (1986) proposed generalized estimating
equation (GEE) approach where a ”working” correlation matrix is used to estimate
the covariate parameter. However, Crowder (1995) demonstrated that the asymp-
totic properties of the estimator can undergo a breakdown due to the uncertainty
in the definition of the "working” correlation matrix. Later, Sutradhar and Das
(1999) demonstrated that the independence assumption based quasi-likelihood (QL)
approach is more efficient than the GEE approach considering situations where GEE
provides consistent estimators for the covariate parameters. Sutradhar (2003) ex-
tended the work of Wedderburn (1974) to the general stationary setup and proposed
a generalized quasi-likelihood (GQL) method to estimate the time independent co-
variates effect of the models for binary or count data. Furthermore, Sutradhar et al.
(2010) demonstrated that the stationary correlation based estimation approach may
lead to inefficient regression estimates for time dependent count data. They suggested
a generalized quasi-likelihood (GQL) approach based on a true non-stationary corre-

lation structure.

In this GQL approach the estimated lag correlation of the responses are used to

construct the correlation structure. The correlation structure can be written as fol-

lows
1 P12 P13 ... P1T
Clp) = P:21 1 P:23 P?T (18)
pri Pr2 Pr3 - -- 1
where p,, represents the correlation between y,, and y, for m = 1,2,...,7 and

n=12..T. Let, E(y;) = p, v(y;) = oy and A = diag(o11, 029, ...,077). As 3(p)
denote the variance covariance matrix of y, (p) = A2C(p)Az. Then GQL estimating

equation for regression parameter, 3, is given by,

XTAY p) (y — p) =0, (1.9)



where y = (y1, 2, -, yr)", = (1, pia, .-, pr)" and X = (1, 2y, ..., x7)". By using
(1.9), estimate of B can be obtained assuming all p,,,, are known. Newton-raphson

iterative approach is used to solve the equation in (1.9).

1.4 Motivation

Al-Osh and Alzaid (1987) studied an AR model and discussed the Yule-Walker, Con-
ditional Least Squares (CLS) estimates, and MLE estimates of model parameters.
Some researchers examined AR processes as branching processes and their applica-
tions (Winnicki, 1988; Wei & Winnicki, 1990; Du Jin-Guan, 1991; Sutradhar et al.,
2010; WeiB, 2015). However, in practice, one may encounter count data that is not
suitable for AR models. Such data may exhibit both autocorrelation and moving
average effects, making it crucial to account for both aspects to improve modeling
and forecasting accuracy. McKenzie (1988) proposed an ARMA model but did not
provide any estimation methods. To the best of our knowledge, there are no stud-
ies in the existing literature that investigate the properties, estimation methods, and
forecasting functions of ARMA models for count data based on Poisson immigration
variables. Therefore, in this thesis, we extend the work of Al-Osh and Alzaid (1987)
and McKenzie (1988) to the estimation of ARMA(1,1) model parameters.

The objectives of our research are as follows:

i. develop the basic properties of stationary and non-stationary cases for proposed
Poisson ARMA (1,1) model for binary offspring and ARMA (1,1) model with

binomial offspring,

ii. compare the proposed ARMA (1,1) models for count data with ARMA (1,1) for

continuous data to check for similarities,

iii. estimate the parameters of the models using Generalized Quasi Likelihood method
and Generalized Method of Moments,

iv. derive asymptotic distribution of covariate effect parameter, 3, and

v. derive forecasting function for ARMA (1,1) model for binary offspring and
ARMA (1,1) model with binomial offspring.



1.5 Main Contributions and Outline of Thesis

In this section, we will discuss the primary contributions of this thesis, highlighting
the key findings, methodologies, and theoretical advancements made throughout our

research.

First, we proposed an ARMA(1,1) model with binary offspring. The fundamental
properties of this model are derived and summarized in Theorem 2.2.1. Additionally,
we present the Generalized Quasi-Likelihood (GQL) estimation method for estimat-
ing the covariate effect parameter 3, along with the Generalized Method of Moments
(GMM) for estimating the parameters p; and p,. These methods were found to per-
form well in the simulation study. The asymptotic distribution of the covariate effect
parameter 3 is derived and presented in Theorem 2.2.2. Finally, we derived the [-

step ahead forecasting function, including the mean and variance of the forecast error.

We also proposed an ARMA(1,1) model with binomial offspring. The fundamental
properties of this model are derived and summarized in Theorem 2.3.1. Furthermore,
we present the GQL estimation method for estimating the parameter 3, along with
the GMM for estimating the parameters p; and p,. We derive the [-step ahead fore-
casting function, as well as the mean and variance of the forecast error. Additionally,
we consider a special case where the number of offspring produced by an individual
during a given time period does not depend on time. The fundamental properties
of this model are derived and summarized in Theorem 2.3.2. We again present the
GQL estimation method for estimating the parameter 3, along with the GMM for
estimating the parameters p; and py. These methods perform well in the simulation
study. We derived the [-step ahead forecasting function, along with the mean and

variance of the forecast error.

This thesis is written in manuscript form. In Chapter 2, ARMA(1,1) models for
count data are discussed in detail. Section 2.2 explores the ARMA(1,1) model for
count data with binary offspring, while Section 2.3 covers the ARMA(1,1) model
for count data with binomial offspring. The conclusion of the research is presented
in Chapter 3, summarizing the key findings and contributions of the study. It also

outlines some recommendations for future research as extensions of this thesis.



Chapter 2

Autoregressive Moving Average
Models for Count Data

Abstract

When equally spaced time series of counts is observed along with covariate informa-
tion at each time point several authors have discussed the analysis of such data with
Poisson Autoregressive or Integer valued Autoregressive (INAR) models. The basic
properties and estimation of these INAR models are well documented in the literature.
When time series data exhibits both autocorrelation and moving average effects, it is
imperative to account for both of these aspects for improving modelling and forecast-
ing effectiveness. Consequently, we consider autoregressive moving average models of
order (1,1) for count time series with covariate information. First, we consider binary
offspring random variable so that each member of a family at time ¢t — 1 is allowed to
only a single offspring to the population at time ¢ and propose an ARMA(1,1) model
with binary offspring. We also extend our proposed model by allowing the possibility
of an individual producing more than one offspring in a time point and propose an
extended ARMA(1,1) model with binomial offspring. We derive the basic properties
of the models and discuss the estimation of the model parameters. The performance
of our proposed methods are examined through simulation studies.

Keywords: moving average model, autoregressive moving average model, generalized

quasi likelihood method, generalized method of moments.
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2.1 Introduction

Several research are available for Poisson autoregressive model where a specified char-
acteristic of interest is considered to be correlated with the observations of previous

time points.

Al-Osh and Alzaid (1987) introduced a model for a stationary sequence of integer-
valued random variables with lag-one dependence, naming it the integer-valued au-
toregressive process of order one (INAR(1) process). The binomial thinning operation,
denoted by *, was used to replace scalar multiplication of discrete random variables
(Steutel et al., 1983). Specifically, if Y is a discrete random variable taking non-
negative integer values and p € [0, 1], then the binomial thinning operation is defined

as,
Y

pxY = bi(p),
j=1

where b;(p) is an identically and independently distributed binary random variable
with P[bj(p) = 1] = p =1 — P[bj(p) = 0]. In each model, thinning operations are
independent of previous history of the process. In their paper, they demonstrated
that the distribution properties of the INAR(1) process are similar to those of the
AR(1) model for continuous data. They also discussed the estimation of parameters
using the Yule-Walker estimators, the conditional least squares estimators and the

maximum likelihood estimators.

Later, Mckenzie (1988) proposed a family of models for discrete time processes where
Poisson distribution is considered as the marginal distribution. In his paper, he dis-
cussed AR(1), MA(1), MA(¢q) and ARMA(1,q) models. According to Mckenzie (1988),

using a common innovation process, {W;}, the ARMA(1,q) model can be defined as,

The AR(1) component: y; = p* y_1 + W;.

q
The MA(q) component: X; =y, + Z bi(p)Wi_;.

J=1

Oyet and Sutradhar (2013) modeled infectious disease data collected over a short

period of time using a branching process with immigration and provided consistent
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estimates of the parameters in their proposed model. Zhang and Oyet (2014) extended
this work by proposing a second order longitudinal dynamic model based on a second
order branching process with immigration. However, the effect of the random term

over the past time periods was not considered.

In this paper, we propose autoregressive moving average models of order (1,1) for
count data. It is an extension of the work of Al-Osh and Alzaid (1987) and McKenzie
(1988). The proposed Poisson ARMA(1,1) model with binary offspring is discussed in
Section 2.2, with basic properties and parameter estimation methods outlined in Sec-
tions 2.2.1 and 2.2.2, respectively. The asymptotic distribution of the GQL estimate is
presented in Section 2.2.3, followed by a simulation study evaluating the performance
of the estimation methods in Section 2.2.4 and the forecasting function in Section
2.2.5. Additionally, we introduce an extended ARMA(1,1) model with binomial off-
spring in Section 2.3, where the properties and parameter estimation methods are
discussed in Sections 2.3.1 and 2.3.2, respectively, and the forecasting function for
this model is outlined in Section 2.3.3. A special case of the model is presented in
Section 2.3.4, and Section 2.3.5 demonstrates a simulation study to assess the perfor-
mance of the estimation methods for the model parameters. Finally, conclusion and

potential future research are provided in Section 2.4.

2.2 ARMA Model for Count Data with Binary
Offspring

Let y; be the total number of individuals at time ¢ with a specified characteristics
of interest. Let x; = (@4, @2, - .. ,:I:tp)T be a p-dimensional vector of covariates at
time ¢, and the correlation parameters be p; and py such that 0 < p; < 1 and
0 < ps < 1. Additionally, let d; represent the immigration variable, indicating the
number of individuals entering the population from different regions at time ¢. Then,

our proposed version of ARMA(1,1) model is given by

Yt = p1* Y1+ p2xdp1 +dy, (2.1)
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In this model, we assume that an individual can produce either one offspring or
none, with the offspring variable, b;;, represented as a binary random variable with
probability p;. Furthermore, by; is regarded as a binary variable with a probability
of po, capturing the effect of immigration variables from previous time periods. Then

proposed model in (2.1) can be written as,

Yt—1 di—1

Y = Z bij(p1) + Z baj(p2) + dy. (2.2)

We make the following assumptions about our proposed ARMA(1,1) model in (2.2),

Assumption 1.1. yo = 0.
Assumption 1.2. y; ~ Poi(y; = exp(x,”B)) and d, ~ Poi(y;, = exp(x,’ B)).
Assumption 1.3. d; ~ Poi(uy — prpie—1 — papla,_, ), for allt =23, ..., T.

Assumption 1.4. d; and y;_; are independent for ¢t = 2,3, ..., T.
Here, 0 < p; < land 0 < py < 1. Again, yi; = exp(x;’ B), where @; = (24, T4y, ..., Ty, )"
and B8 = (64, B, ..., ﬁp)T fort =1,2,...,T. The mean of Poisson must be non-negative.
Therefore, for t =2,3,...,T,

p1 < min {/f:tl — po 'l:zt_ll , 1} , for fixed ps. (2.3)

For stationary case, when x; = x, u; = p,

Mdy

p1 < min {1 — P2 : 1} , for fixed ps. (2.4)

2.2.1 Basic Properties

Based on assumption 1.2, E(y,) = v(y1) = 1. Additionally, E(d,) = v(d1) = p1. By
taking successive expectations, and using conditional mean and variance, the mean
and variance of g, is obtained for t = 1,2,...,T. The following Theorem 2.2.1 outlines

the basic properties of the model in 2.2. Its proof is given in the Appendix A.1.

Theorem 2.2.1 Let y; be the number of individuals at time t, and d; be the immi-

gration variable at time t fort = 1,2,...,T. Consider a binary offspring variable for
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the binomial thinning operation in model (2.2), which satisfies Assumptions 1.1-1.4.

Then, y; ~ Poi(u; = exp(xTB)), with the following properties:

1. The covariance between 1y, and y;_y 1S given by:

(o1 + p2)pse—1 — p2(prfte—2 + papta,_,), for k=1,

cov(yt, yt—k’) = f
Pt~k Jor k> 1.

1. The correlation between y; and y;_y is given by:

(p1+ po) |t — prpp— B2 pp Bhe o=
2 ) -
corr(ys, yr_i,) = i He v e fhe—1 v Bt e—1
Py —, for k> 1.
Mt

Stationary Case: In particular, when g; do not depend on time ¢t for t = 1,2, ..., T,

i
p1+ p2 — p1p2 — Pgua for k =1,
x; = x leads to yuy; = p, and corr(y;, yi—x) = et

ot for k > 1.
The expression of autocorrelation for £ > 1 in Theorem 2.2.1 is same as the auto-

correlation structure of AR(1) model for continuous data. This is also apparent in
the stationary case. It can be concluded that for £ > 1, ARMA(1,1) model behaves
like AR(1) model whereas for continuous process ACF of ARMA(1,1) model also be-
haves like AR(1) model after lag 1 (Al-Osh & Alzaid, 1987). This is one of the many
similarities between the properties of ARMA(1,1) for count data and ARMA(1,1) for

continuous data.

2.2.2 Estimation of Parameters

In this section, estimation methods to estimate the parameters of Poisson ARMA(1,1)
model with binary offspring are developed. To estimate the parameter 3 a Generalized
Quasi-Likelihood (GQL) method is used assuming parameters p; and p, are fixed.
Again, Generalized Method of Moments (GMM) is used to estimate parameters p;
and po for fixed 3.
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2.2.2.1 Estimation of Parameter 3

Let the (7' x P) matrix of covariates be defined as X = (@1, o, . . ., :cT)T, the response
vector y = (Y1, Yo, - - - ,yT)T, and the mean vector p = (pug, o, - . - ,[LT)T. Let X be the
variance-covariance matrix of y. In estimating 3 using the GQL method, we assume
that p; and ps are known. The expected value of y, is given by E(y;) = i = e® B for
allt=1,2,3,...,T. The GQL estimating equation for 3 is then given by

oty ) =0
or, XTUX ™ (y — u) = 0, (2.5)
where, U (rxr) = diag(pi1, pia, - . - ,pr)T. The symmetric covariance matrix Y in terms
of p; and po, can be defined as,
i (o1 + po)i piin - P ]
o e pr e

+pa(pri1 + pasia,)

(p1 + p2)pir—1

—p2(pripr—2 + pattar )
Hr

By using the Newton-Raphson iterative approach the GQL estimating equation can
be solved as (Wedderburn, 1974),

Birsr) =By + [XTUS'UX] ' [XTUS (y — p)] (2.6)

ﬁ:B<T) )

Here, B(T) is the estimated value of B at rth iteration. The GQL estimate is a
consistent estimate since E (X 'U £7'(y — p)) = 0 (Zhang & Oyet, 2014).
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2.2.2.2 GMM Estimation of Parameters p; and p

Let us define, Sy, Sii+1 and S;u42 to be the standardized sample variance, stan-
dardized sample lag 1 autocovariance and standardized sample lag 2 autocovariance

respectively. Then,
T

1 v — e\
sﬁ_T;( . )

T-1
1 Yo — P\ [ Y1 — Pt
S =7 2 (M) ( ,

(%
=1 t+1

T—2
1 Yr — e \ [ Yer2 — Heg2
d S = E .
WE P Ty ( op ) (

g
=1 t+2

Using first order approximation and assuming higher orders are negligible, since

E(Sy) = 1, the moment equations are,

St1 <St t+1 )
o Bl =) = B(S 2.7
Stt Stt ( t7t+1) ( )

T-1

St 41 1 [ Mt Hi—1 2 Hdy_,y ]
or, L _NT_° 1+ LN o SO B 2.8
St ; -1 o1+ o) o VHE 1 & VHi 1 (28)
S, S,
and U2 _ g < s 2> = E(Si112) (2.9)
Stt Stt
St+2 — 1 2 He
or, Zbtt? _ . 2.10
S, Z T _ 2/)1 lera ( )

t=1

By solving the moment equations and using Newton-Raphson iterative approach, the

estimate of p; and py can be obtained as,

T2 -1\ /2
~ St t+2 1 - Mt
= ’ e 2.11
. Su T—2 — V Ht+2 ( )
~ ~ ag(plv PQ) -
D2 i1) = P2y — {3—02 g(p1, p2) (2.12)

P1 :pl(r) P2 :P2(7,)
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where,
S — 1 I p A
b4l t -1 2_di
(p1p2) St ; T-1 {(pl ) i1 PP v He i1 & \/Mt/j’t+1:|
-1
dg(pr. p) _ S 1 { o b P, }
0po — T-—1 K1 RV ,ut,ut+1 v Hot i1

Here, p1,, and po,, are the estimated values of p; and p, at the rth iteration respec-
tively.
2.2.3 Asymptotic Distribution of GQL Estimate (3

The following Theorem 2.2.2 outlines the asymptotic distribution of B. Proof of
Theorem 2.2.2 is given in the Appendix A.2.

Theorem 2.2.2 Let the GQL (Generalized Quasi-Likelihood) estimating function for
B be given by

T
— = = -1 Ljlidji yz /Lz)
XTUEly—u:XTU[AéCpAé} y— ) = 31545
" wAl] - = oy B
where Az = d/[;ag(o-l,O-Q,...,O-T>% and C(p)™* = (q,q,...,q97)". Here, q; is the
inverse of (i — 1)th lag autocorrelation of y fori=1,2,...,T.
AsT — o0, the estimatorB asymptotically follows a Gaussian distribution with mean

B and covariance matriz,

-1

cou(f) = R* = [ X"US'UX]

2.2.4 Forecasting

One of the primary goals of time series analysis is to predict future values of the series.
This section focuses on the approach to forecasting, where the [ step ahead forecast
of y; is denoted by ¢;,;. Here, t is the forecast origin and [ is the lead time. After
estimating the model parameters, the [ step ahead forecast for y; can be derived as:
U1 = (1) = E(yrui|yesi—1) (Brockwell & Davis, 2002; Freeland & McCabe, 2004;
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Sutradhar, 2008). The 1 step ahead forecast of y; can be obtained as

Ye(1) = EWes1lye) = Ea, (E(Yesa|ys, di)) -

Now using equation (A.2) from Appendix A, it can written as

E (yes1|yr, di) = prye + p2di + E(dis1)

Eq, (E (Yig1ly, di)) = prye + p2E(dy) + E(dysq)
= P1Yt + P2itd, T Her1 — PLie — P2ibd,
= 1+ p1(Ye — fie)-

Therefore, y,(1) = E(yi1|ye) = a1 + p1(ye — o), where y; = 3,(0). The forecast

error can be obtained as

et(l) = Yt+1 — yt<1)
= Yt+1 — Ht41 — Pl(yt - Mt)-

Now, E(e,(1)) = E(y41) — E(ye(1)) = pe41 — perr — pr(pe — pe) = 0. This implies
that the 1 step ahead forecast is unbiased. To calculate the variance of the forecast

error, the following conditional variance is used.

v(er(1)) = Eg, (v(e(1)]dr)) + va, (E(er(1)]de))
where, E(eq(1)|ys, di) = E(Yera|ye, di) — E(ye(1)|ys, dy)
= p1ye + pady + Hapy — 1 — p1(Ye — )
= pady + fla,, — 1 T P1iLe-

Consequently, E(e(1)[d:) = B (E(er(Dlye,dy))
= Eyt (p2dt + udt.i,-l - ,ut-i-l + plﬂt)
= pad; + Hdyypr — Me1 + Pribe
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Again, v(e(1)|dy) = Ey, (v(e(1)[yr, di)) + vy, (E(ee(1)|y, de))

= By, (0(yr1 — ¥e(D)]ye, di)) + vy, (E(ee(1) |y, dr))

= By, (v(yesaltn, de)) + vy, (E(e(1)]y, dr))

= By, (p1(1 = p1)ye + p2(1 — p2)di + pe1 — pre — pafia,)
+ Uy, (p2ds + s, — He1 + p1tie)
[Using (A.6)]

t

= per1 — pie + p2(1 — p2)dy — papia,
Hence, v(e¢(1)) = Eq, (v(ei(1)]dy)) + va, (E(er(1)|dy))

= Eq, (41 — pipe + p2(1 — p2)dy — popiq,)
+ Vg, (p2ds + phap.y — Her1 + p1jie)

= le41 — P — Patia, + P3Hd,

= fir1 — Pl

2.2.5 Simulation Study

A simulation study was conducted to visualize the sample paths for the Poisson
ARMA(1,1) model with binary offspring for count data and Normal ARMA(1,1)
model for continuous data in stationary setup. An R code was developed for this
purpose. Data was generated from the proposed Poisson ARMA(1,1) model in (2.2),
assuming 2nd order weak stationarity (i.e.p; = p) with T = 100, 8 = (0.2,0.6)",
p2 = 0.4 and x = (3,1.5)". For fixed py = 0.4, we used (2.4) to obtain p; = 0.5. Now,

ARMA(1,1) model for continuous data can be written as,
Y= (1= d1)pe + 131 + ar — bhae, (2.13)

where a,"% N(0,1). Using ¢1=0.5 and p = p. = v(y;) = 4.48, the value of 6; is ob-
tained as 0; = —0.1086. Using these values in (2.13), data were generated from the
Normal ARMA(1,1) model for 100 time points. Figure 2.1 shows the sample paths of
y's generated from the continuous Normal ARMA(1,1) model overlaid on the sample
path of data generated from Poisson ARMA(1,1) model. The sample paths for both

models were constructed using the same mean and variance. However, a wider spread
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is observed in the data generated from the Poisson ARMA(1,1) model compared to
the ARMA(1,1) model for continuous data.

Furthermore, an extensive simulation study was carried out to evaluate the perfor-
mance of the estimation methods for 3, p; and p;. R codes were developed to carry
out the simulation study. Data was generated for different combinations of 3, p; and
p2, while time points 7' = 250, T' = 500 and 7" = 700 were used to examine the effect
of time lengths on the estimates. Two covariates x;; and x5 were considered in this
study, where for t = 1,2, ..., T,

t
xy ~ Binomial(1,0.5) and, x4 = —

T

Once generated, it was fixed for all simulations. Due to the restrictions on p; and po

12
|

—— Count
——  Continuous

10
|

0 20 40 60 80 100

Time

Figure 2.1: A plot of data generated from Poisson ARMA(1,1) model for count data
(black step) overlaying sample paths from Normal ARMA(1,1) model for continuous
data (blue line)

outlined in (2.3), only a narrow range of values can be chosen for these parameters.

After some trial and error, two values for p, were fixed, and the corresponding p;
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values were calculated satisfying the condition in (2.3). For each combination of 3, p;
and po, we generated y; and d; from Poi(u,), and d; from Poi(py — p1p—1 — patia,_,)
for t = 2,3,...,T. Finally, using y; and d,’s, y;’s were generated from the proposed
model (2.2) for t =2,3,....,T.

Initial values of 3 = (0,0), p1 = 0 and py = 0 were used to estimate the param-
eters using equations (2.6), (2.11) and (2.12). Iteration for equations (2.6) and (2.12)
were continued until convergence was achieved. This procedure was repeated 1000
times for fixed values of 3, p; and py. The average estimates, 8, p1 and ps, from the
1000 simulations are presented in Table 2.1. Additionally, the standard error of each
estimated parameter was calculated from the 1000 simulations to show the dispersion

around the mean.

Table 2.1 shows that the GQL method perfoms well to estimate 3, while the GMM
method effectively estimates p; and ps. As T increases, the estimates approach
the true values, and the standard error decreases. For example, when T=700, with
B =(0.2,0.3), p1 = 0.3 and ps = 0.2, the estimates are, B = (0.200,0.298), p; = 0.353
and gy = 0.172, whereas for T=250, the estimates are 3 = (0.164,0.417), p1 = 0.331
and po = 0.132. Moreover, it can be observed that when 7" = 250, the estimated
values are not as close to the true values. However, for T" = 500 and T = 700, the
GQL and GMM methods provide better estimates of the model parameters.

2.3 ARMA Model for Count Data with Binomial
Offspring

In this section, we propose an ARMA(1,1) model assuming that an individual can
produce more that one offspring. Assuming that an individual can produce n; offspring
at time point ¢, for t = 1,2, ..., T, an extended autoregressive moving average model
of order (1,1) can be defined as,

Yt—1 di—1

ye=Y bij(ne,p) + Y baj(pa) + . (2.14)
P =1
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True Values

Parameter Estimates

T B L pe B SE(B) pr - SE(p1)  p2 SE(p2)
250 (0,0) 0.3 0.2 (-0.063,0.102) (0.002,0.003) 0.472 0.001 0.063 0.002
500 (0.060,-0.104)  (0.001,0.002) 0.339 0.001 0.164  0.002
700 (0.004,-0.035)  (0.001,0.001) 0.352 0.001 0.184  0.002
250 0.4 0.3 (-0.066,0.023) (0.002,0.003) 0.568 0.001 0.090 0.002
500 (0.047,-0.058)  (0.001,0.002) 0.438 0.001 0.193  0.002
700 (-0.012,-0.024) (0.001,0.002) 0.482 0.001 0.166  0.001
250 (0.3,0) 0.3 0.2 (0.272,-0.034) (0.002,0.004) 0.482 0.002 0.063 0.002
500 (0.318,-0.063)  (0.001,0.002) 0.345 0.002 0.149  0.002
700 (0.284,-0.004) (0.001,0.002) 0.374 0.001 0.153  0.002
250 0.4 0.3 (0.247,0.035) (0.002,0.004) 0.562 0.001 0.110  0.002
500 (0.323,-0.022) (0.001,0.002) 0.460 0.001 0.166  0.001
700 (0.282,-0.041)  (0.001,0.002) 0.458 0.001 0.197  0.001
250 (0.2,0.3) 0.3 0.2 (0.164,0.417)  (0.002,0.003) 0.331 0.002 0.132 0.003
500 (0.211,0.247)  (0.001,0.002) 0.331  0.002 0.151  0.002
700 (0.200,0.298)  (0.001,0.002) 0.353  0.001  0.172  0.002
250 0.4 0.3 (0.182,0.276) (0.002,0.004) 0.549 0.001 0.111  0.002
500 (0.224,0.248)  (0.001,0.002) 0.461 0.001  0.163  0.002
700 (0.179,0.288)  (0.001,0.002) 0.477  0.001  0.191  0.002
250 (0.3,0.5) 0.3 0.2 (0.267,0.460) (0.002,0.003) 0.482 0.001 0.075 0.002
500 (0.325,0.491)  (0.001,0.002) 0.339 0.002 0.152  0.002
700 (0.317,0.470)  (0.001,0.002) 0.363 0.001  0.149  0.002
250 0.4 0.3 (0.274,0.409) (0.004,0.006) 0.542 0.002 0.137  0.002
500 (0.318,0.493)  (0.001,0.002) 0.466 0.001  0.160  0.002
700 (0.302,0.502)  (0.001,0.002) 0.465 0.001 0.191  0.002
Table 2.1: Comparison of True and Estimated Parameter Values of Poisson

ARMA(1,1) model with binary offspring for different combination of 3, p1, ps and T’

values

In the model (2.14), we assume that the offspring variable by; ~ Binomial(n,, p1) and

the variable byj ~ Binomial(1, p2).. Assumptions about ARMA(1,1) model for count

data with binomial offspring in (2.14) are,

Assumption 2.1.

Assumption 2.2.

Assumption 2.3.

Assumption 2.4.

y(]:o.

y1 ~ Poi(y; = exp(x1”B)) and d; ~ Poi(y;, = exp(z,’B)).

dy ~ Poi(py — pingpie—1 — papla,_,), for allt =2.3, ..., T.

dy and 1,1 are independent for ¢t = 2,3,...,T.
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Here, 0 < p1 <1, 0 < ps < 1 and, p = exp(x,” B), where &, = (24, 24,, ..., x,)" and
B = (b1, Ba, ...,Bp)T for t = 1,2,...,T. The mean of Poisson must be non-negative.
Therefore, for t =2,3,...,T,

p1 < mm{ pe pg'udt_l , 1} , for fixed ps. (2.15)
Tl —1 He—1

In particular, for stationary case, when x; = x, 1, = p,

P < mm{— — P2 M‘ ! 1} for fixed ps.

2.3.1 Basic Properties

Basic properties of ARMA(1,1) model for count data with binomial offspring are
obtained by using conditional expectation and conditional variance formulas. The
following Theorem 2.3.1 outlines the basic properties of the model in (2.14). Its proof
is given in the Appendix A.3.

Theorem 2.3.1 Let y; be the number of individuals at time t, and d; be the immi-
gration variable at time t fort = 1,2,...,T. If a binomial offspring variable for the
binomial thinning operation in model (2.14) is considered and model (2.14) satisfies

Assumptions 2.1-2.4,

i.E(y:) = pe = exp(x L B), forall t=1,2,3,..T.

(

1, fOT’ = 17
. fi2 + ping(ng — 1)p, Jort =2,
iv(y) = ,
pe + pine(ne — 1)y

+Z [ (+1) nt l(nt L= 1) <Hé })nt ]) Mtf(l+1):| ) fOT’ = 37 7T

1i. The covariance between y; and y;_j 1S given by:

NP10t—14-1 + P20d, 1.d,,, Jork =1,

CO’U(yt’ ytfk) = B
<Hf:01 nt—l) PlfUt—m—k, for k> 1.
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w. The correlation between vy, and y;_y 1S given by:

Ot—1,t—1 Ody_1,di—1
P11 + P2 for k=1,

Y
COTT(yt, y k) — Ct,t \/ct,tc t—l,t—l

(Hz o M l) ,/Ut;’z—:i"“, for k> 1.

2.3.2 Estimation of Parameters

In this section, Generalized Quasi-Likelihood (GQL) method to estimate the param-
eter B and Generalized Method of Moments (GMM) to estimate parameters p; and
p2 of proposed extended ARMA(1,1) model with binomial offspring are discussed.

2.3.2.1 Estimation of Parameter 3

Let X = (1, @s,...,x7)" be the (T x P) matrix of covariates. Let us define the
response vector as y = (y1,¥a, ..., yr) " and the mean vector as o = (py, o, . . ., i) "
Let X represent the variance-covariance matrix of y. In estimating 3 with the GQL
method, we assume that p; and py are known. The expected value of y, is expressed
as E(y;) = pe = exp(x, B) for t =1,2,...,T. The GQL estimating equation for 3 is
same as the one used for the model in ( . ) The only difference lies in the covariance

structure. In this case, the symmetric covariance matrix is given by,

2
M1 MN2p1011 + P204,.d, n3P1011 e H nr— 1,01

fiz + pina(na — 1)pn napioo + pa0aya;, - - - H nroipy

pr + ,O%RT(”T — Dpr—1+
T—

=

2
=1
l

-1
(H n%—j) MT—(lH)]
§=0

[P?(HI)HT—l(nT—l —1)
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Therefore, by using Newton-Raphson iterative approach the GQL estimating equation
can be solved as (Wedderburn, 1974),

~

Buiny =By + [XTULTUX] T [XTUS™ (y - )] (2.16)

B:B<’V‘) ’
Here, B(T) is the estimated value of 3 at rth iteration. The GQL estimate is a
consistent estimate since £ (X U £7'(y — p)) = 0 (Zhang & Oyet, 2014).

2.3.2.2 GMM Estimation of Parameters p; and p,

The GMM estimation of parameters p; and pe in the ARMA(1,1) model for count
data with binomial offspring is similar to the approach discussed in Section 2.2.2.2.
The moment equations are similar to those in (2.7) and (2.9). By solving these
moment equations for a fixed B and applying the Newton-Raphson iterative method,

the estimates of the parameters p; and ps in model (2.14) can be obtained as follows:

1/2

S 1 2 —1

A~ t,t+2 t,t

= : == : 2.17
P Su T-2 2_: s Ut+2,t+2] ( )
. . df(p1, p2) -

Prrny = P2y — [8—p2 f(p1,p2) (2.18)

PL=P1 (0 P2=P2

where,

T-1

. St,t+1 1 Ot Ody,dy
f(p1,p2) = g E T_1 P11 + p2
tt —1 * Ot41,t+1 VOtt0t41,t+1

T-1

9g(p1, p2) _ -3 1 Tdy dy
Op2 —1 T—1 VOttOt41,t4+1

Here, p1,, and po, are the estimated values of p; and p, at the rth iteration respec-

tively.
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2.3.3 Forecasting

This section focuses on the approach to forecasting, where [ step ahead forecast of
y; is denoted by ¢;4;. Here, t is the forecast origin and [ is the lead time. After
estimating the model parameters, the [ step ahead forecast for y; can be derived as:
Ui = (1) = E(yesi|veri-1) (Brockwell & Davis, 2002; Freeland & McCabe, 2004;
Sutradhar, 2008). The 1 step ahead forecast of y; can be obtained as

Y+(1) = E(Yr1|ye) = Ea, (B (Yes1|ye, dr)) -

Now using equation (A.10) from Appendix A, it can written as

E (Yes1lye, di) = prnepaye + pade + E(dyy1)
Eq, (E (Ye11|Yz, di)) = pinepays + poE(dy) + E(dita)
= P1Mu1Ye + P2pld, T Herr — P11k — P2fAd,
= i1+ P11 (Ye — fhe)-

Therefore, y(1) = E(Yi11]y:) = pu+1 + prnepa (e — p1r), where y, = 3(0). The forecast

error can be obtained as

et(l) = Yt+1 — Z/t(l)
= Yt+1 — M1 — plnt+1(yt - ,Ut)'

Now, E(ei(1)) = E(yes1) — E(e(1)) = poy1 — g1 — prnag1 (e — pe) = 0. This implies
that the 1 step ahead forecast is unbiased. To calculate the variance of the forecast

error, the following conditional variance is used.

v(e(1)) = Ea, (v(er(1)|dr)) + v, (E(e(1)]dy))
where, E(ei(1)|ys, di) = E(Yer1|yr, dr) — E(ye(1)|ye, di)
= p1ne1le + pads + Py — ferr — 1 (Ye — )
= pady + [y, — M1 + P11
Consequently, E(e.(1)|d;) = Ey,(E(er(1)]ye, dy))
= By, (pody + fap,, — a1 + privesifie)
= pady + Py — Her1 T P11
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Again, v(ey(1)|d;) = Ey, (v(et(1)|ye, di)) + vy, (E(er(1)|ys, di))

By, (Y1 — ye(D)ys, di)) + vy, (E(er(1)]yz, di))
Ey, (0(Yes1lye, di)) + vy, (E(ee(1)|ys, di))
(

By, (p1(1 = p1)nerye + p2(1 — p2)dy + o1 — prvusafie — p2fia, )

+ Uy, (p2ds + sy — M1 + Pr7ves1fte)
[Using A.14]
= pirs1 — pinugapi + pa(1 = p2)dy — pafia,.
Hence, v(ey(1)) = Eq, (v(er(1)|de)) + va, (E(e(1)]dy))
= B, (41 — pineape + p2(1 = pa)dy — papta,)
+ va, (p2dy + Hayyy — M1 + PL70ug1 )
= 41 — PiTus1 i — Pafla, T P3lla,

2
= M1 — P11 Mt

2.3.4 Special Case (When n; = n)

If the total number of offspring at each time point does not depend on time, n; = n,
then the ARMA(1,1) model with binomial offspring in (2.14) can be written as,

Yt—1 di—1

ye = bi(n,p1) + > baj(pa) + . (2.19)
j=1 j=1

In this case the assumptions about ARMA(1,1) model with binomial offspring would
be,

Assumption 3.1. gy = 0.

Assumption 3.2. y; ~ Poi(y; = exp(x,” 8)) and d; ~ Poi(py = exp(z,” B)).
Assumption 3.3. d; ~ Poi(u; — pinp—1 — papta,_, ), for allt =2,3,...,T.
Assumption 3.4. d; and y;_; are independent for t = 2,3, ..., T.



Here, 0 < p; < 1,0 < py < 1 and, y; = exp(x;’ ), where x; = (z4,, Tty, -

mean of Poisson must be non-negative. Therefore, for t = 2,3,...,T,
p1 < min { Fe pgudt_l : 1} , for fixed ps.
N1 Hi—1

In particular, for stationary case, when x; = @, i, = p,

p1 < mm{— — P2 #dt ! 1} for fixed ps.

2.3.4.1 Basic properties
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Z'tp)T. The

(2.20)

Basic properties of ARMA(1,1) model for count data with binomial offspring (when

n; = n) are obtained by using conditional expectation and conditional variance for-

mulas. The following Theorem 2.3.2 states the basic properties of the model in (2.19).

Its proof is given in the Appendix A.4.

Theorem 2.3.2 Let y; be the number of individuals at time t, and d; be the immi-

gration variable at time t fort = 1,2,...,T. If a binomial offspring variable for the

binomial thinning operation in model (2.19) is considered and model (2.19) satisfies

Assumptions 3.1-3.4,

i.E(y) = we = exp(xLB), forall t=1,23,..T.

.. M1, fO’I"t: L,
iw.o(y) = 20 p2(1-1
Mt+n(n_1)+2l 1p1 Hi—1, fOT’t:2,3,..,T.

nP10¢-14-1+ P20a, 141, Jork=1,
iti. cov(Yp, Yi—k) =

(np1)*or—r—k, for k> 1.
— o
nPl\/m+ P2 e fork =1,
. O—tt \/m
. corr(Ye, Yi—x) = R 7 |
(npo)ty | R for k=1

O¢t

)
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2.3.4.2 Estimation of Parameter 3, p; and p;

A new simplified covariance structure is obtained for this special case. The symmetric

covariance matrix is given by,

1 np1011 + P204, .d, (np1)?on e (np1) oy

to — npipn + nPpioy mpio + Pa0iydy - (np1)t 209

2 2 2
Ur — npipr—1 +N°pior_1 171

Similar to the GQL estimation method discussed in Section 2.3.3.1, the estimation
of the regression parameter 3 can be obtained by using Newton-Raphson iterative
approach for known p; and py;. The GQL estimating equation can be solved as
(Wedderburn, 1974),

~

Biriy =B + [XTUS'UX] (XU (v - w]yp, (2.21)

Here, B(T) is the estimated value of 3 at the rth iteration. Furthermore, by using the
GMM for known 3 the estimates of p; and ps can be obtained as,

o\ 172
St t+2 — 2
0= | —=— ne, | 2.22
m Stt T 2 —1 0t+2 t+2 ( )
~ A af(plv PQ) -
P2p1y = P2y — |:a—,02 f<P1,P2) (223)
PI=P1 (0 P2=P2
where,
T-1
St,t—H 1 Ot Ody,dy
Fow ) = S =1 T—1 . O41,t+1 * p2\/0't,t0't+1,t+1
T-1
dg(p1, Pz) N Ody,ds

dpa =1 T —1 VO tOt+1,t+1

Here, p1,, and py,, are the estimated value of p; and p, at rth iteration respectively.
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2.3.4.3 Forecasting

In this section forecasting function is derived for the ARMA(1,1) model for count
data with binomial offspring when the number of offspring at a given time does not
depend on time. Let us denote the [ step ahead forecast of y; as 9;1;. Here, t is
the forecast origin and [ is the lead time. After obtaining the estimated value of the
model parameters, the [ step ahead forecast for y; can be derived as: g, = y(l) =
E(Yt41|Yt+1-1) (Brockwell & Davis, 2002; Freeland & McCabe, 2004; Sutradhar, 2008).
Accordingly, the 1 step ahead forecast of y; can be obtained as

Ye(1) = E(yesr|ye) = Ea, (E (ye4a|Ye, di)) -

Now using equation (A.10) from Appendix A, it can be written as

E (Yr1|ye, di) = prngsaye + pade + E(dy41)
Ea, (B (Ye1|Yz, di)) = pinys + p2E(dy) + E(dpy1)
= P1nYe + P2fd, T M1 — P17 1Me — P2fld,
= fir1 + p1n(Ye — fhe)-

Therefore, y:(1) = E(yii1|yt) = per1 + pin(ys — pe), where v, = 4:(0). The forecast

error can be obtained as

€t(1) = Yit+1 — yt(l)
= Yt+1 — Ht+1 — pln(yt - Mt)~

Now, E(ei(1)) = E(ye+1) — E(y(1)) = pes1 — pre1 — pinpe — ) = 0. Consequently,
it can be said that the 1 step ahead forecast is unbiased. To calculate the variance of

the forecast error, the following conditional variance is used.

v(e(1)) = Eq, (v(ex(1)[dr)) + va, (E(er(1)]de)),
where, E(e:(1)|ye, di) = E(Ye1|ye, dr) — E(y(1)]ye, de)
= P11 + padi + fa, — ferr — pr(ye — fe)
= pady + fd,py — a1 + P17



31

Consequently, E(e;(1)|d:) = E,, (E(ei(1)|ye, dr))
= Eyt<ﬂ2dt T Mdppy — Hi41 T p1ft)
= pady + fd, oy — M1 + P17

Again, v(e;(1)|d:)

Il
&

ye (V(e(D)]ye, di)) + vy, (E(ee(1) |y, dy))

ye (Ve — v (Dye, di)) + vy, (E(ee(1)]ye, di))
(
(

|
SSeS

ye (Y1 |Ye, di)) + vy, (E(er(1)|ye, dr))

v (P1(1 = pr)nye + pa(1 — p2)dy + pregr — pinjie — pafia,)
+ vy, (pady + g,y — pe1 + pingiy)

[Using A.22]

I
&

= pes1 — Pinerpie + P21 — p2)dy — pafta,.
Hence, v(ei (1)) = Ey, (v(eg(1)|dy)) 4 va, (E(er(1)]dy))
= Eq, (41 — pingu + pa(1 = pa)dy — papa,)
+ v, (p2de + fldy — Hev1 + pr7opi)
= Hir1 = Pilesife = Pofla, + P3kd,

= Jp1 — PNt

2.3.5 Simulation Study

A simulation study is carried out to evaluate the performance of the estimation meth-
ods for the parameters 3, p; and py of the ARMA(1,1) model with binomial offspring.
R codes were developed to carry out the simulation study. Data was generated for
different combinations of B, p; and py, while time points T" = 250, T" = 500 and
T = 700 were used to examine the effect of time lengths on the estimates. We con-
sider, n = 3, allowing the possibility of an individual producing at most 3 offspring at
a given time point. Two covariates x;; and x; were considered in this study, where
fort=1,2,....,T,

xy ~ Binomial(1,0.5) and, x4 = %
Due to the restrictions on p; and ps, only a narrow range of values can be chosen
for these parameters. After some trial and error, two values for p, were fixed, and

the corresponding p; values were calculated satisfying the condition in (2.20). For
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each combination of 3, p; and py, we generated y; and d; from Poi(pu;), and d; from
Poi(py — npipe—1 — papra,_,) for t = 2,3,...;T. Finally, using y; and d;’s, y;’s were
generated from the proposed model (2.19) for t = 2,3,...,7. Once generated, data
was fixed for all simulations. Initial values of 3 = (0,0), py = 0 and py = 0 were
used to estimate the parameters using equations (2.21), (2.22) and (2.23). Iteration
for equations (2.21) and (2.23) were continued until convergence. This procedure was
repeated 1000 times for fixed values of 3, p; and ps. The average estimates, B, p1 and
P2, from the 1000 simulations are presented in Table 2.2. Additionally, the standard

True Values

Parameter Estimates

T B pr P2 B SE(B) pr SE(p)  p2 SE(po)
250  (0.2,0.3) 0.18 0.15 (0.136,0.371) (0.002,0.005) 0.211 0.0005 0.105  0.002
500 (0.198,0.346)  (0.002,0.004) 0.189 0.0005 0.128  0.002
700 (0.184,0.267)  (0.001,0.003) 0.195 0.0004 0.125 0.001
250 0.20 0.12 (0.186,0.075) (0.002,0.006) 0.184 0.0007 0.092  0.002
500 (0.169,0.415)  (0.001,0.004) 0.207 0.0005 0.092  0.002
700 (0.201,0.316)  (0.001,0.003) 0.200 0.0004 0.083  0.002
250 (0.25,0.35) 0.18 0.15 (0.248,0.416) (0.002,0.005) 0.187 0.0007 0.136  0.003
500 (0.281,0.287)  (0.001,0.003) 0.192 0.0005 0.139  0.002
700 (0.222,0.354) (0.001,0.003) 0.199 0.0005 0.156  0.002
250 0.20 0.12 (0.257,0.178) (0.002,0.006) 0.196 0.0007 0.096 0.002
500 (0.286,0.298) (0.002,0.004) 0.203 0.0005 0.144 0.003
700 (0.222,0.351)  (0.001,0.003) 0.214 0.0004 0.123  0.002
250  (0.3,0.5) 0.18 0.15 (0.301,0.481) (0.002,0.005) 0.177 0.0008 0.258  0.004
500 (0.269,0.596) (0.001,0.003) 0.201 0.0005 0.185  0.003
700 (0.276,0.484) (0.001,0.003) 0.182 0.0005 0.234  0.002
250 0.20 0.12 (0.259,0.526) (0.004,0.007) 0.211 0.0007 0.180  0.003
500 (0.292,0.555) (0.001,0.004) 0.212 0.0005 0.160 0.002
700 (0.286,0.601) (0.001,0.004) 0.212 0.0004 0.181  0.002

Table 2.2: Comparison of True and Estimated Parameter Values of ARMA(1,1) model
with binomial offspring for different combination of 3, p1, po and T values

error of each estimated parameter was calculated from the 1000 simulations to show

the dispersion around the mean.

Table 2.2 shows that the GQL method perfoms well to estimate 3, while the GMM

method effectively estimates p; and ps. As T increases, the estimates approach the

true values, and the standard error decreases.

8 =

For example, when T=700, with

(0.2,0.3), p1 = 0.18 and p, = 0.15, the estimates are, B = (0.184,0.267),
p1 = 0.195 and py = 0.125, whereas for T=250, the estimates are ﬁ = (0.136,0.371),
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p1 = 0.211 and po = 0.105. Moreover, it can be observed that when T" = 250, the
estimated values are not as close to the true values. Additionally, it can be observed
that the standard error of the estimates are close to zero. As T increases the stan-
dard errors of the estimates decrease. Therefore, it can be said that GQL and GMM

methods perform well in estimating the model parameters.

2.4 Concluding Remarks

In this paper, we have developed ARMA models for count data that incorporate the
impact of past immigration variables on count data. We have proposed an ARMA(1,1)
model with a binary offspring and extended the model by considering a binomial off-
spring. We derived the basic properties of these models. We found that the lag k
autocorrelation function of the model satisfied a Yule-Walker type difference equation
similar to that of the model for continuous data after lag 1. Specifically, we found
that the lag k ACF (k > 1) followed that of the AR(1) model for count data. This
is a pattern commonly found in ARMA(1,1) model for continuous time series. Ad-
ditionally, we have discussed the GQL approach for estimating the covariate effect
parameter and the GMM approach for estimating the correlation index parameters.
The results of the simulation study have showed that the GQL and GMM approaches
performed well in estimating the parameters of the models. Our findings indicate that
the ARMA(1,1) model with binary offspring and the ARMA(1,1) model with binomial
offspring are useful for count data influenced by past immigration variables, providing
flexibility for modeling different types of count data. We have also derived forecasting
function for ARMA(1,1) model with binary offspring and ARMA(1,1) model with

binomial offspring..



Chapter 3

Discussion of Results and Future
Work

In this research, we proposed ARMA models that incorporate the effect of past im-
migration variables. First, we consider a simple scenario where an individual can pro-
duce either one offspring or none at a given time, resulting in the offspring variable
being binary. We also consider a binary immigration variable and propose a Poisson
ARMA(1,1) model with binomial offspring. The basic properties of the model are
derived. We also investigate the stationary case and derive the basic properties for
this situation. The acf of y; satisfies a Yule-Walker type difference equation. From

Theorem 2.2.1 it can be observed that the acf of y; at lag k is given by,

corr (Y, Yi—r) = p1, corr(Yp—1, Yi—r) = p’f /%, for £ > 1.
Voo

For stationary case, when g; do not depend on time t for t = 1,2, ...,T, the acf of y; at
lag k is, corr(ys, yi—x) = p§, for k > 1. Hence, in both stationary and non-stationary
cases, the acf in the Poisson ARMA(1,1) model with binary offspring behaves like the
acf of a Poisson AR(1) model after lag 1. This is the same property evident in the
ARMA(1,1) model for continuous data outlined in Section 1.1.3.

We then apply the GQL and GMM methods to estimate the model parameters.
Through simulation studies, these methods are found to be performing well in es-

timating the parameters 3, p;, and ps. A forecasting function for ARMA(1,1) model
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with binary offspring is developed to predict future values of ;.

Later, we extend our model to consider a binomial offspring variable, allowing the
possibility that an individual can produce n; offspring at a given time. We propose
an ARMA(1,1) model with binomial offspring and derive the basic properties and
estimation methods for the model parameters, considering both scenarios where the
maximum number of offspring (n;) depends on time and where it remains constant (n)
over time. From Theorem 2.2.1 and 2.3.1, it can be observed that the mean of y, for
ARMA(1,1) model with binomial offspring is same as the mean of y, for ARMA(1,1)
model with binary offspring. The variance of y; for ARMA(1,1) model with binomial

offspring is,

(

1, fort =1,
() pi2 + pina(ne — 1)p, for t =2,
UYe) =
pe + ping(ng — 1)y
\+ Z;;f p?(l—i_l)nt—l(nt—l - 1) <H§;B n?—]) Mtf(l+1):| ) for t = 3a X T.
when n; = 1, the variance of y; reduces to p;, which is the same as that of the

ARMA(1,1) model with binary offspring. This is also evident for covariance and
correlation between y; and y,_, for lag k, indicating that the ARMA(1,1) model with
binomial offspring is a generalization of the ARMA(1,1) model with binary offspring.
From Theorem 2.3.1, it can be observed that the acf of y; for ARMA(1,1) model with

binomial offspring is,

k—1
Ot—kot—
corr(Yu, Yi—k) = (H Tltz> p’f foht k, for k > 1,

(%
=0 tt

which is same as the acf of y; for AR(1) model for count data, as outlined in Section
1.2.1. Therefore, the acf in the ARMA(1,1) model with binomial offspring behaves
like the acf of a AR(1) model with binomial offspring after lag 1. This property is

also observed when n, = n. In this case, corr(y;, yi—x) = (np1)* w, for k > 1.

tt
A simulation study is conducted to evaluate the performance of the GQL and GMM
methods for the ARMA(1,1) model with binomial offspring when the offspring vari-
able, by; ~ bin(n, p1). We observe that the GQL method performs well in estimating
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the covariate parameter 3, while the GMM method is effective in estimating p; and
p2. We derive forecasting functions for ARMA(1,1) model with binomial offspring
considering both situations where the maximum number of offspring (n;) depends on

time and where it remains constant (n) over time.

In conclusion, our proposed models can be used for count data when the immigration
variable from previous time points affects the number of individuals at the present
time point. Additionally, our proposed models offer researchers the option to choose
between models for binary offspring variables or binomial offspring variables, depend-

ing on the type of count data.

There are several opportunities for further research in this area. The next step could
involve identifying an appropriate model for the available count data. Another area
for exploration is the use of a mixed model approach that incorporates random ef-
fects. This would allow for the inclusion of unobservable factors that may influence
the time series data, providing a more comprehensive understanding of the underlying
dynamics. Future research could also extend the current model to higher-order Pois-
son ARMA models, enabling more complex autocorrelation structures to be captured

in the count data, potentially leading to more precise and comprehensive modeling.
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Appendix A
Proof of Theorems

In this Appendix proof of Theorem 2.2.1, Theorem 2.2.2, Theorem 2.3.1 and Theorem

2.3.2 are discussed.

A.1 Proof of Theorem 2.2.1

Based on the Assumption 1.2 stated in section 2.2, E(y,) = v(y1) = p1. Additionally,
E(d,) = v(dy) = p1. From Assumption 1.3, E(d,) = v(d;) = pt — p1ju—1 — papbq, , for
t=2,3,...T.

Mean: Let, u; = exp(x;’3) be the mean of y; and pg4, be the mean of d;. We

know,

E (yt) = Edtflyyt—l (E (yt|yt—1a dt—l)) (Al)

By taking conditional expectation on (2.1) we get,

E (ytyi-1,di—1) = prye—1 + padi 1 + E(dy) (A.2)

By, (B (Yelye-1,di-1)) = p1E(ye—1) + padi—1 + E(dy) (A.3)
Ea, vy (B Welyr-1,di-1)) = pr1 E(Ye—1) + p2E(di-1) + E(dr) (A.4)
= p1EYi—1) + p2E(di—1) + pe — priu—1 — papta,, (A.5)

Therefore,

E(y) = p1E(yi—1) + p2 E(di—1) + pe — p1pse—1 — p2tta,_,
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For t = 2,
E(y2) = pr1E(y1) + p2E(dy) + pi2 — prpin — papia,
= P11 + pap1 + pe — P11 — P21
fr— Iu2
For t = 3,

E(ys) = p1E(y2) + p2E(ds) + 113 — pipia — pajids
= pipia + pa(pio — pris — papla,) + ft3 — pifte — p2(fa — pritn — pafia,)
= U3

Through the method of mathematical induction, if E(y,—1) = w—1, E(di—1) = pa,_,

then E(y:) = pijie—1 + papta,_, + He — prfte—1 — Pafla,_, = Hi-
Therefore, E(y;) = p; = exp(x; T B3) for all t = 1,2,3,...,T

Variance: Let, v(y;) = 0y and v(d;) = 04,4, for all t = 1,2, ..., 7. From Assumption

1.4 of the model in 2.2, cov(y;—1, d;) = 0. Now by taking conditional variance on (2.1),

V(Yelyr—1, di1) = yt—lv(blj) + dtflv(ij) + v(dy)

(A.6)
= p1(1 = p)ye—1 + p2(1 — pa)ds—1 + p1e — prite—1 — pafta,_, -

Let, v(yi—1) = 0¢—14—1 and v(di—1) = 04, ,.4, ,- Then

v(yeldi—1) = By, (0 (elye-1, di1)) + vy, (B (Yelye—1, di1))
= By, (p1(1 = p1)ye—1 + p2(1 — p2)di—1 + par)
+ Uy (P11 + padi—1 + e — prite—1 — Pafid,_,)
= p1(1 = p1)p—1 + p2(1 — p2)di—1 + prar + pioe—1,4-1.

Now,

v(ys) = Ea,_, (v (ye| di—1)) +va,_, (E (ye| di-1))
= Ea,, (0(1 = p1)pr—1 + po(1 = p2)diy + pra, + pio-1,4-1)
+ Vd,_, (Mt + padi—1 — PszH)
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= p1(L = p) =1 + pa(l — po)fia, , + [t — Prite—1 — Paftd, s + Pio1—140-1 + pav(di_1)
= [l — Pife—1 — Palds_y T PIOI—14—1 F P304 ds s

= Ut — Piii—1 + p1ot_14-1 [Since from Assumption 1.2, g, , = 04,y .dp_y)-
Therefore, we get the following expression for variance of y;,

V(Ye) = Ovp = e — P%Mt—l + P%Utfl,tfr (A7)

Again, v(y;) = p1. For T'= 2,3, ...T, using the equation in (A.7),
when t = 2,

v(y2) = p2 — P + pio,
= [ia — P11 + P
g ILL2.

when t = 3,

v(ys) = ps — pipiz + pioas
= pg — pipiz + pimug
= H3-

If we calculate for t = 4,5, ... and so on, assume that, 0,11 = p;—; then,

v(y) = pe — prie—1 + p%o't—l,t—l
= fr = pipi-1 + P
_— lj’t‘

So, v(y;) = py = exp(x;’B) for all t = 1,2,3,....,T. Since mean and variance are

equal, {y;} is a Poisson ARMA(1,1) process.

Covariance and Correlation: To derive the lag k covariance between y; and ;_,

we use the following formula as,
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Yt—1 di—1
cov(Ys, Ys—k) = cov (Z b1;(p1), yt—k> + cov (Z baj(p2), yt—k> + cov (dy, yo—r)

j=1 =1
Yt—1 di—1

= cov (Z b1 (p1), ytk> -+ cov (Z baj(p2), ytk> [since cov(dy, yi—r) = 0].
Jj=1 Jj=1

Considering the first part of the above formula we get,

Yt—1 Yt—1
cov (Z blj(ﬂl)a%—k) =L |cov <Z blj(p1)7yt—k|yt—1,dt—layt—k>]

J=1 J=1

+ cov

Yt—1
E (Z blj(pl)’yt—hdt—l:yt—k) 7E(yt—k|yt—17dt—17yt—k)]

j=1
= cov(P1Yi—1, Yi—k)
= p1cov(yt_1, yt—k)-

Similarly,

di—1
cov (Z baj(p2), yt—k) = pacov(di—1, Yi—k)- (A.8)

=1

The above relationship in (A.8) holds only when & = 1. Otherwise, when k£ > 1,
cov (Z;l;‘f baj(p2), yt_k> = 0. Therefore, when k = 1, we get,

cov (Y, Yi—k) = P10V (Y1, Yi—i) + p2cov(di—1, Yi—i)

= prcov(Yi1,Y; 1) + pacov(di—1,yr-1)
Yt—2 di—2

= P10t_1,t—1 + p2cOV (dt—h Z bij(p1) + Z ba;(p2) + dt—1>
j=1 j=1

= P10t-1,4-1+ P20d,_1,ds_+

= p1ps—1 + PQ(Mt—l - P1t—2 — leudt—2)

= (p1 + p2) -1 + p2(prfie—2 + papia, ,)-
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When £ > 1,

cov(Ys, Yi—k) = P1COV(Y—1, Yi—k)
= P%COU(%J, yt#c)

= p?cov(yt,g, Yi—r) leading to
( )

cov(Ye, Yi—k) = P]fCOU Y-k Yt—k) = P’fut—k-

In general, for t = 1,2, ..., T we get the following expression for covariance between
and y;_ forlag k=1,2,..,T — 1

(p1 + p2)ti—1 — p2(prfte—2 + paptar—2), for k=1,

cov(Ys, Ye—r) = .
P Mt —ks for k > 1.

By using the following formula for correlation,

cov(Yi, Yi—k)

\/71(%)\/7}(%71{),

and plugging in the expressions for respective covariance and variances, we get corre-

corr (Ys, Yi—k) =

lation between y; and y;_; given by,

(p1 + p2) ot P1pP2 2 Mdis for k =1,

Ht—2
— P2 ’
COI‘I‘(yt, yt—k) = i v Mt -1 v Mt he—1

p'f,/“L—;’“, for k > 1.

A.2 Proof of Theorem 2.2.2

From the GQL estimation method discussed in section 2.2.2.1 we get the following
estimating equation,
XTUS " (y - ) =0
1

or, XTU(A2C(p)Az)  (y — p) =0,

or, XTUA 2 (C(p))'A™2 (y — p) = 0,
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where A2 = diag(oy, 09, . .. 70'T>% and C(p) is defined in (1.8).Also, let us consider,
(C(p))™" = @, then

N 0
qgu Q2 --- Qr 012
K2 0
_ g1 422 ... qor _1 o
(Cp) = . mdUAS = | o
ar1 qr2 --- qrr 0 o ... £
L or2 |
Combining these two we get,
L0 L. 0
o3 qgu Q2 - Qr
0 £2 0
_1 _ I q21 q22 ... 4or
UA™2(C(p))" = 727 . .
0 0 ... | 9 qr2 - qrr
| or? |
[ 11411 H1q12 mrair i
1 1 1
012 012 012
.“2‘1%1 12422 u2qle
— 022 022 022
#T‘Hl“l HT‘H;Q “rqrT
o2 or?2 or?2 i




This leads to,

UA™2(C(p) A2 (y — p)

Finally we can write,

XTUA:(C(p)) A7 (y — p)
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prar(y1—p)
T 1
or2012

012

[Xl X,

prare(Y2—p2)
T 1
or2022

T paqui(yi—p)
Doy T

02

2.

Xr|

2

1 1
0120;2

[ZT X1 p1qus (Ys — )
=1

iji(yi - Mz‘)

j=1 i=1

1 1
0202

prqrT (YT _INT)

1 1
or2or?2

T p1gui(yi—i)
11

1
0120;2

T prgri(yi—ii)
BTaTiYi— i)

(J'Tfa'if

i=1 1

#1(1%1 MlQ%2 ultth
o012 o012 o012
H2421 12422 H292T
1 1
092 092 092
/iqulm gTq{z Hqul“T
L oT 2 or 2 or 2
C 0 0 _
-1
012 1 —
1 0
— o
g Y2 — Mo
1
0 0 | WY — M
L or?2 |
[ piqu(yi—p1)  pique(ya—p2) piair (yr—pr) |
1 1 1 1 1 1
012012 012022 o12072
pegai(yi—p1)  pagee(y2—p2) pe2ger (YT —HpT)
T 1 T 1 T 1
022012 022022 o22072

T XTMT‘]Ti(yi_Mi)]
S s m—

or20;2

Here, X, is a vector of p covariates at time point ¢t for t = 1,2,....,T. Now according

to the work conducted by Zeger (1988), since we can rewrite the GQL estimating

function of B as summations over T', as T' — oo, then B ~ N(B, R*). The covariance
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matrix, R* can be defined as

R )T I
R—[%E 08 = [X'Us'UX] .

A.3 Proof of Theorem 2.3.1

v(y;) = p1. Addition-
ally, E(d,) = v(di) = . From Assumption 2.3, E(d,) = v(d;) = e — mupifie—1 —

Based on the Assumption 2.2 outlined in section 2.3, E(y,)

papd, , fort =23, ..., T.
Mean: Let, y; = ea:p(thﬁ) be the mean of y; and pg4 be the mean of d;. We know,

E (yt) - Edtfl,yt—l (E (yt|yt—17 dt—l)) (A9)

By taking conditional expectation on 2.14 we get,

E (y|Yic1,di—1) = prngye—1 + padi—1 + E(dy) (A.10)
Ey,  (E(ylyi-1,di—1)) = prruE(ye—1) + padi—1 + E(dy) (A.11)
B ey (B (Yelye—1,di1)) = prme B (ye—1) + p2 E(di—1) + E(dy) (A.12)
= p1uE(yi—1) + p2E(di—1) + pte — pinef—1 — pafld,
(A.13)
Therefore,
E(y) = prruE(yi—1) + p2E(di—1) + e — prnegie—1 — patla,
For t = 2,

E(y2) = pineE(y1) + p2E(dy) + pi2 — pinapin — pafia,
= p1ngfly + Pofi1 + 2 — prnefy — P2fi
g ,LLQ
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For t = 3,

E(ys) = pinsE(y2) + palo(dy) + p13 — pinapia — pafia,
= p1Naplz + ,02(M2 — PNy — qudl) + p3 — pingfle — ﬂz(lﬁz — P1Nafr — P2Md1)
= U3

Through the method of mathematical induction, if E(y;—1) = -1, E(di—1) = pa,_,

then E(y) = pinupie—r + papia,, + [t = pripte—1 — Pafla, ., = He-
Therefore, E(y;) = py = exp(xL 8) for all t = 1,2,3,...,T

Variance: Let, v(y;) = oy and v(d;) = 04,4, for all ¢ = 1,2,...,T. Additionally,
v(dy) = E(dy) = pe — p1ngfte—1 — papta,_,- From Assumption 2.4 of the model in (2.14),

cov(yi—1,d;) = 0. Now by taking conditional variance on 2.14

V(Y| Y1, di1) = ye—1v(bj) + dimqv(bey) + v(dy)

= p1(1 — p)neyi—1 + p2(1 — po)diey + f1e — proep—1 — pofia,
(A.14)

Let, v(Yi—1) = 0¢—14—1 and v(d;—1) = 04, ,.a, ,- Then,

V(yeldi—1) = By, (v (Yelye—1,di—1)) + vy, (E (Ye|ye—1, di—1))
=Ey,_ (p1(1 = p1)ngy— + p2(1 — pa)di—y + ftar)
+ Uy, (PrYe—1 + padi—1 + py — prgpie—1 — pajld, ;)
[using (A.10)]
= p1(1 — p1)nepte—1 + p2(1 — p2)di—1 + pas + p%nfo't—l,t—l

Now,

v (ye) =FEa, , (v (Y] dir)) + va,, (B (Yi| di1))
=Ea,, (01(1 = p)ngpie—1 + pa(1 = po)dir + par + pingoe-11)
+ v,y (e + padi—1 — papa,_,) [using (A.11)]
=p1(1 — p1)nepre—1 + pa(l — pa)pa,_, + pe — provfie—1—
Poltd,_, + Pingor—14-1 + pso(di1)

_ 2 2 2 2 2
=t — PINeMt—1 — Pold,_, T PN Ot—1t-1 + P20d,_1,di—1
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2 2,2
=t — PINe—1 + PING 0141

[Since from Assumption 2.2, pg, , = 04, 1.4, 4]
Therefore, we get the following expression for variance of y;,
V(Ys) = O = e — p%nt,utfl + p%nggtfl,tfl (A.15)

Again, v(y;) = p1. For T'= 2,3, ...T, using equation (A.15) we get,
when t = 2,

v(y2) = p2 — pinap + pinsv(yr)
= {2 — P%nzﬂl + P%ngﬂl
= pio + pina(ng — 1)

when t = 3,
v(ys) = ps — pinspia + pingv(ys)
= pz — pinspz + pins(p2 + pina(ne — 1)m)
when t = 4,
v(ya) = pa — pinaps + pingu(ys)

= p1a — pinapz + ping(ps + ping(ng — Dz + pingna(ne — 1))
= pua + pina(na — Dz + pining(ng — e + pingnina(ne — 1)m

If we calculate for t = 5,6, ... and so on we get a general expression for the variance

of y; which is given by,

(

1, fort =1
pi2 + pina(ne — 1) p, for t =2
v(Ye) = 4 e+ ping(ng — 1)1+

t—2

-1
, fort=3,..,T
Z [pi(l—i_l)ntl(ntl — 1) (H n?]) Mt_(l+1)]
7=0

[ =1
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Covariance and Correlation: To derive the lag k covariance between 1, and ;_p,

we use the following formula as, for k =1,2,....,T — 1,

Yt—1 di—1
cov(Yp, Y—1) = cov (Z bij(re, p1), yt—k) + cov (Z b (p2), yt—k) + cov(ds, Yi—)

j=1 j=1
Yt—1 di—1

= cov (Z b1, (ne, p1), yt—k) + cov (Z b2j(p2)7yt—k) [since cov(dy, yi—1) = 0]
=1 =1

Considering the first part of the above formula we get, The covariance and correlation

between y; and y;_; for t = 1,2, ..., T are obtained as,

Yt—1 Yt—1
cov (Z bu(nt,pl),yt_k) = FE |cov (Z blj(ntapl)ayt—k|yt—1adt—la?Jt—k)]

j=1 j=1

+ cov

Yt—1
E (Z brj(ne, p1)|Ye-1, dt—byt—k) s E (Y-t ye-1, dt—hyt—k)]

j=1
= cov(p1nYi—1, Yi—k)

= p1ncov(Yi—1, Yi—k)-

Similarly, for the second part we get the same expression as in (A.8) given by,

di—1
cov (Z baj(p2), yt—k) = pacov(di—1, Yik)- (A.16)

j=1

The above relationship in (A.16) holds only when & = 1. Otherwise, when k > 1,
cov <Z?t:‘11 baj(p2), yt_k> = 0. Therefore, when k = 1, we get,

cov (Y, Y—k) = precov(Yi—1, Ye—i) + pacov(di_1, yi—i)
= p1ncov(Yi—1, Yi—1) + pacov(di_1, Y1)
Ye—2 di_2
= P10—1,-1 + P2cOV (dt—h > bii(pr) > baslpe) + dt—1>
j=1 j=1

= P1M0t—1t—1 + P20d,_1,ds_
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When £ > 1,

cov (Y, Y—r) = pr1ecov(Yi—1, Yi—r)
= pinmy_1c00(Yi—2, Yi_x)

= ponny_1ny_ocov(y_s3, yi—r) leading to
k—1

cov(Yt, Ye—) <Hnt l) preov(yi—k, yir) (Hnt l> Proe

1=0
In general, for t = 1,2,...,T we get the following expression for covariance between

and y;_ forlag k=1,2,..,T — 1

ntplo-tfl,tfl + p20dt,1,dt,17 for k = 17

cov(Ys, Yek) = B
(Hf:ol ”t—l> plfat—k,t—k, for k > 1.

By using the following formula for correlation,

cov(Yr, Ye—k)

\/Uyt \/Uyt k

and plugging in the expressions for respective covariance and variances, we get corre-

corr (Ye, Y— k‘)

lation between y; and y;_x given by,

Ut,Lt,l O—dg_l,dt_l
p1my +

P2 ’
_ o VOLtoi—1—-1
cort (Y, Yi—g) = tt 60t —1,t—1

<Hlo”t l) ,/Ut;’j—’:”“, for k > 1.

A.4 Proof of Theorem 2.3.2

for k =1,

Based on the Assumption 3.2 outlined in section 2.3.4, E(y,) = (yl) 1. Addition-
ally, E(d,) = v(dy) = p1. From Assumption 3.3, E(d,) = v(d;) = pe—np1f—1—pafid, .
fort=2,3,..,T.

Mean: Let, u; = exp(x;”3) be the mean of y; and jug be the mean of d;. We know,

E (?Jt) = Edtflyyt—l (E (yt|yt—1, dt—l)) (A-17)
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By taking conditional expectation on (2.19) we get,

E (ye|Yio1,di—1) = pinye—1 + padi—1 + E(dy) (A.18)

By (B Yelyt—1,di-1)) = pinE(ye—1) + padi1 + E(dy) (A.19)

By ey (B ($elye—1,di-1)) = pinE(ye—1) + p2 E(di—1) + E(dy) (A.20)

= pinE(ye—1) + p2E(dp-1) + p1e — prnju—1 — patid,

(A.21)

Therefore,
E(y) = pinE(yr-1) + p2E(di—1) + pe — prnpie—s — papia,
For t = 2,
E(y2) = pinE(y) + p2E(dy) + pa — prnj — papta,
= 1Ny + pofir + fo — p1np — Papla

For t = 3,

E(ys) = pinE(y2) + poE(da) + pi3 — pinpia — paja,
= p1nfiz + P2(M2 — pinpr — qudl) + p3 — pinp — Pz(ﬂz — P11 — Pzﬂdl)
= K3

Through the method of mathematical induction, if E(y;—1) = -1, E(di—1) = pa,_,

then E(y;) = pinjte—1 + papld,_, + He — pr0vjle—1 — Pafld,_, = H-
Therefore, E(y;) = py = exp(x; L B) for all t = 1,2,3,...,T.

Variance: Let, v(y;) = oy and v(d;) = 04,4, for all ¢ = 1,2,...,T. Additionally,
v(dy) = E(dy) = pg — pinjig—1 — pajta,_,- From Assumption 3.4 of the model in (2.19),

cov(y;—1,d;) = 0. Now by taking conditional variance on (2.19),

V(Y| Y1, di—1) = ye—1v(b1j) + di—qv(bey) + v(dy)

(A.22)
= ,01(1 - Pl)nyt—l + ,02(1 - pZ)dt—l + e — P11 — P2fbd,_ -



Let, v(Yi—1) = 0¢—14—1 and v(d;—1) = 04, ,.a, ,- Then,

V(yeldi—1) = By, (v (Yelye—1,di—1)) + vy, (B (Ye|ye—1, di-1))
=Ey_ (p1(1 = p1)ny—1 + p2(1 — p2)di—1 + fiar)
+ Uy (P1Ye—1 + padi—1 + jty — pr0ple—1 — pafia,_,)
[using (A.18)]
= p1(1 = pi)np—1 + p2(1 — p2)dy—1 + par + Pf”20t—1,t—1-

Now,

v (y) =Ear_, (v (ye] dio1)) + var_, (E (Ye| di1))
=LEa, (p1(1 = punp—1 + p2(1 = p2)di-1 + par + p%nzat_l,t_l)
+ Vg, (Mt + pady—1 — P2#dt_1) [using (A.19)]
=p1(1 — pi)npu—1 + pa(1 — p2)fta, | + e — profle—1—
Paftd,  + Pin’oi_14-1 + pav(di—1)
= — PIN—1 — Pafd,_, + PINCOL-14-1 + P30de s dp s
=1y — pinfi_1 + pinco_14

[Since from Assumption 3.2, pg, , = 04, y.d,_4)-
Therefore, we get the following expression for variance of y;,
v(y) = Opt = Ut — P%n,ut—l + p%TLQUt—l,t—l-

Again, v(y;) = p1. For T = 2,3,...T, using the equation in (A.23) we get,
when ¢t = 2,

v(ya) = pa — pinpn + pin*v(y1)
= pa — pinpn + pin’i
= piz + pin(n —

93

(A.23)
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when ¢t = 3,

v(ys) = ps — pinps + pinv(ys)
= pz 4+ n(n — 1)(pipe + pin’u)

when t = 4,

0(ya) = pa — pingis + pin*v(ys)
= pua — pinpi + pin® (s +n(n —1)(pipz + pin’un))
= pua+n(n = 1)(pius + pin*ps + pin’ )

If we calculate for t = 5,6, ... and so on we get a general expression for the variance

of y; which is given by,

IR fort =1,
t—1

My + n(n - ]‘> + Zp?(l)n%l_lﬂt—lv for t = 27 37 0y T.
=1

v(y) =

Covariance and Correlation: To derive the lag k covariance between g; and

Yi—k, we use the following formula as, for k =1,2,....,T — 1,

Yt—1 di—1
cov(Yg, Yi—k) = COV (Z bi;(n, p1), yt_k> + cov (Z baj(p2), Yi—i) + cov(dy, yt_k>

j=1 j=1
Yt—1 di—1

= cov (Z bij(n, p1), ytk) + cov (Z baj (p2), ytk) [since cov(dy, yi—x) = 0]
j=1 j=1

Considering the first part of the above formula we get, The covariance and correlation

between y; and y,_; for t = 1,2, ...,T are obtained as,

Yt—1 Yt—1
cov (Z blj(”aﬂl)a%—k) =L |cov (Z b1j(n7P1)7yt—k|yt—1,dt-h%-k)]

J=1 J=1

+ cov

Yt—1
E (Z bij(n, pu)|ye—1, de-, ytk) s B (Ye-klye-1, di-, ytk)]

Jj=1
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= cov(p1nyi—1, Yi—k)

= plnCOU(ytfla ytfk)

Similarly, for the second part we get the same expression as in (A.8) given by

di—1
cov (Z baj(p2), yt—k> = pacov(dy_1, Yi—) (A.24)

Jj=1

The above relationship in (A.24) holds only when k& = 1. Otherwise, when k > 1,
cov <Z?§f baj(p2), yt,k) = 0. Therefore, when k = 1, we get,

cov(yt, Yi—k) = prncov(Yi—1, Yi—) + p2cov(di_1, Y1)
= p1ncov(Yi—1, Yi—1) + pecov(di_1, Yr—1)
Yt—2 di—2
= PINO_14-1 + pacov <dt_1, > bijlp) + ) bai(pe) + dt—l)
j=1 j=1

= P1Not—1t-1+ P20d, 1,dy_+-

When £ > 1,

cov(Yp, Y1—i) = p1ncov (Y1, Yi—k)
= p%HQCOU(QtJ? ytfk)

= pin’cov(y_3, Y1) leading to

k—1 k-1
cov(ye, yi—i) = [ [(np1)*cov(ye—i, vu—r) = [ [(np1)* 01—
=0 =0

In general, for t = 1,2,...,T we get the following expression for covariance between y;
and y;_ forlag k =1,2,..,T — 1

nplat,lyt,l + pQUdt—l,dz—lv fOI‘ ]{I = 1,

COV(yt7 yt—k) - b1
[1i=o (”Pl)kUt—k,t—k, for k > 1.
By using the following formula for correlation,

cov(Yi, Yi—k)

\/v(yt)\/v(ytfk)’

corr (Yu, Yi—k) =




o6

and plugging in the expressions for respective covariance and variances, we get corre-

lation between y; and y;_x given by,

O-tfl,tfl Udt_1,dt_1

pn + po , for k=1,
O¢t VOtt0t—1t—1
corr(Yp, Yp—g) = { k—1 e
H(npl)k L for k£ > 1.

(%
=0 tt



