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Abstract

Suppose that V' is a symplectic space, that is, a finite-dimensional vector space endowed with
a nondegenerate alternating bilinear form. A subspace L of V is said to be Lagrangian if L
coincides with its orthogonal complement. This thesis aims to construct a simple algorithm
to compute the Lagrangians of F2" as a vector space over the field Fy up to a permutation of
coordinates. There will first, however, need to be a discussion of the classical linear groups to
achieve such a goal. In particular, we will include a discussion of the symplectic groups.
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Chapter 1

Introduction

A vector space V over a field F equipped with a nondegenerate alternating form B is called a
symplectic space and, loosely speaking, symplectic geometry is devoted to the study of (V| B)
[6, p. 21]. For a given symplectic space (V, B), define a Lagrangian subspace L of V' to be a
vector subspace of V such that L+ = L with respect to B. The term “Lagrangian subspace”
was supposedly first introduced by a mathematical physicist named Viktor Maslov in 1965 and
the related notion of a Lagrangian submanifold has since proven to be invaluable to the study of
virtually every physical system [1, p. 402-403]. In this thesis, we propose a simple algorithm for
computing the Lagrangian subspaces of V' = 3" as a vector space over Fy up to a permutation
of coordinates. We first, however, need to establish some theory concerning the classical linear
groups. The most fundamental of which is the general linear group. We first study abstract
bilinear forms and then specialize to alternating and symmetric forms, the theory of which
will be needed in the discussion of their relevant isometry groups. Unless otherwise stated, we
assume for this chapter that V' is an n-dimensional vector space over a field F.

1.1 Bilinear Forms

We now begin with our discussion of bilinear forms, following the relevant theory in chapters 2
and 4 in [6].

Definition 1.1. A function B : V x V — F is a bilinear form on V if for any w € V, the
maps

Ly,:V —=F, v~ Blw,v),
R,:V =T, v— B(v,w)

are F-linear.

If B is a bilinear form on V and B = {v,...,v,} is a basis for V, then the matrix B given
by Bi; = B(v;,v;) for all ¢, j is called the matrix of B relative to B. Note that if u,v € V' with
u=">Y x;v; and v =Y y;v;, then

B(u,v) = B<Z TiV4, Zylvz) = inB(vi,vj)yi — "B (%)
i J

where 4 and 0 are the column vectors of u and v relative to B.
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Conversely, suppose B= [b;;] is an n xn matrix over F and B = {vy,...,v,} is a basis for V.
Then B determines a bilinear form B on V' by first defining B on the basis B via B(v;, v;) = by;
for all ¢, j and then extending B to a map V' x V — [ by linearity, as in equation (x).

Suppose now that B = {vy,...,v,} and B’ = {uy,...u,} are two bases for V. For each j,

write u; = Y a;;v;. We then have that for a bilinear form B on V' with corresponding matrix
i

B\B relative to B,
B(u;, uj) Zam (v, v)ayj = (ATBA)M

where A = [a;;]. Thus, BB/ = ATBBA. Note that A is invertible since its columns represent a
basis for V. Thus, any two representing matrices of a bilinear form are equivalent under the
equivalence relation ~ on n X n matrices over F given by

X ~Y <= X =M"YM for some M € GL(n,TF).

For a bilinear form B on V, define the left and right radicals of V' under B respectively as

rad (V) ={v eV |for all we V, B(v,w) =0},
radg(V) ={v eV |forall weV, Blw,v)=0}.
We say that B is nondegenerate if rad, (V') = {0}, or equivalently radg(V) = {0} thanks to
the following proposition.
Denote by F* the multiplicative group of F consisting of all non-zero elements of FF.

Proposition 1.1. Let B be a bilinear form on V' with a representing matriz B. Then B is
nondegenerate if and only if det B € F*.

Proof. Choose a basis B = {vy,...,v,} for V and let B be the matrix corresponding to B

relative to B. Let v € rad, (V) and write v = > Ajv;. Then for all 1 <i <mn,
J

B(v,v;) <Z)\ v],vl) = Z)\jB(vj,vi) = 0.
J

Hence, the row vector ¢7 satisfies #TB = 0 and thus B is nondegenerate <= det B #0. O
In general, for any subset S C V' and any bilinear form B on V define

1, (S)={veV|forall we S, B(v,w) =0},
1r(S)={veV |foralwesS, Bw,v) =0}

It is evident that L (S) and Lg (S) are subspaces of V' and in the case when S =V, we
recover the definition of, respectively, the left and right radicals of V.

Proposition 1.2. If B is a nondegenerate bilinear form on'V and W C 'V is a subspace, then

dim L, (W) =dim V —dim W.
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Proof. Denote by V* the set of F-linear maps V' — F. Then V* is an F-vector space (called
the dual space of V') under pointwise addition and scalar multiplication given by

(f+9)(v) = f(v) +g(v)and (A\f)(v) = A(f(v)), for allv € V and X € F.
Fix a basis {v, ..., v, } of W and extend it to a basis B = {vy,...,v,} of V. Foreach 1 <i <n,
define v; € V* by
vi (v;) = 0y,

extending v by linearity. Then, {v;}, is a basis for V* (called the dual basis of B) and in
particular, dim V = dim V*.

Now, define f; € V* by fi(v) = B(v;,v) for all v € W. We claim that {fi,..., f,} is a basis
for V*. Since dim V* = n, it suffices to show that fi,..., f, are linearly independent. Indeed,

if there are Aq,...,\, € F such that Y _\;f; = 0, then

i=1

B<Z Aiv;, v) =Y Nifi(v) =0forallv eV
=1 =1

—= Z A;v; = 0 by nondegeneracy.
i=1

Hence, \; =0 for all 1 <i < n and so {f;}, is a basis for V*. Note then that for any f € V*,
there exists v € V' such that f(u) = B(v,u) for all u € V. Consider now the map
YV =W v Lylw,

where L,(u) = B(v,u) for all u € V. For each f € W*, extend f to a map f' : V — F by
setting f’(v;) = 0 for i > m, extending by linearity. Then, f € V* and so there exists v € V
such that for any uw € V', f'(u) = B(v,u) and in particular, f = L,|w. Therefore 1) is surjective.
It is evident that v is linear and by definition, ker ¢» =1, (W). Hence, W* = V/ 1 (W) and
in particular,

dim V =dim W +dim L, (W).
[

Remark 1.1. We may replace L (W) with Lr (W) in Proposition 1.2. The argument is
essentially the same as in the case of L (W).

Corollary 1.3. If B is a nondegenerate bilinear form onV and W C 'V is a subspace, then

Lr (Lo (W) =W =L, (Lg (W)).

Proof. By definition, W C_Lp (L, (W)) and by Proposition 1.2,

dim Lp (L, (W)) =dim V —dim L, (W)
=dim V — (dim V — dim W)
= dim W.

Similarly, W =L, (Lg (W)). O
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Definition 1.2. Let V; and V5 be F-vector spaces each equipped with a bilinear form, say B
on Vi and By on V. An F-isomorphism 7 : Vi — Vs is an isometry if for all u,v € Vi,

By (u,v) = By(Tu, m0).

If such an isometry ezists, (V1, By) and (Va, Bs) are said to be isometric. In this case, we may
also say that Vi and V5 are isometric provided there is no confusion about the associated forms.

Proposition 1.4. With notation as in Definition 1.2, (V1, By) and (Va, Bs) are isometric if
and only if there are bases for Vi and Vy relative to which By = Bs.

Proof. Let By = {v1,...,v,} be a basis for V; and suppose 7 : V; — V4 is an isometry. Since
7 is an isomorphism, By = {7vy,...,7v,} is a basis for V5. We then have that the matrix B\l
relative to B; is equal to the matrix Eg relative to By. Conversely, suppose there are bases
{v1,...,v,} and {wy,...,w,} of Vi and V; respectively, relative to which El = EQ. Define

TI‘/1—>‘/2,’U,L'|—>'UJZ'

for each 1 < ¢ < n, extending by linearity. Then 7 is an isomorphism. For u,v € Vi, write
u=">Y x;v; and v = Y y;w;. Then
i J

Bl (U, U) = Bl (Zl’ﬂ)i, Z%M) = inijl(Ui7 Uj).
i J

1,J

But Bj(v;,v;) = Ba(w;, w;) so we have

Bl (u, U) = Z Iiijg (wi, U}j)
Y]
= Z z;y; Ba(Tv;, TU;)
Y]
= By(Tu,Tv).

Thus, 7 is an isometry. O

If u,v € V satisfy B(u,v) = 0 for a bilinear form B on V', we say that w is orthogonal to
v and write u L v. If u L v = v L u, then B is said to be reflerive. Note that in this
case, Ly (W) =1g (W) for any W C V and so we instead write W+. Furthermore, we say
subspaces U and W are orthogonal if for all w € U and all w € W, B(u,w) = 0. If U and W
intersect trivially, denote their direct sum by U @ W. If W is a subspace, then W+ is called
the orthogonal complement of W. The restriction By xw is a nondegenerate form on W if
and only if W N W+ = {0}. We define the radical of W to be rad W = W N W+, that is,
the radical of (W, B|lwxw), and say that W is a nondegenerate subspace of V' relative to B if
rad W = {0}.
Proposition 1.5. Suppose B is a reflexive bilinear form on'V and W C V' is a nondegenerate

subspace relative to B. Then V is the (internal) direct sum

V=WaeWwt.

Proof. Let v € V and define L, : V' — F by L,(u) = B(v,u). Consider the restriction

fv - L’U|W

Since f, € W* and W is nondegenerate, there exists w’ € W such that f,(w) = f.(w) for all
w € W (as in the proof of Proposition 1.2). Thus f,_./(w) =0forallw € W = v—w' € W+
and since v = w'+(v—w'), we have V = W@&W, the sum being direct since WNW+ = {0}. 0O
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1.1.1 Alternating Forms

We now discuss a specific type of bilinear form that is of particular interest. Namely, alternating
bilinear forms or, simply, alternating forms. Such forms will play a vital role in the subsequent
chapters.

Definition 1.3. Let B be a bilinear form on V. We say that B is an alternating form on V
if for everyv € V., B(v,v) = 0.

Observe that if B is an alternating form on V and u,v € V, then
B(u+v,u+v) = B(u,u) + B(v,v) + B(u,v) + B(v,u) =0

and so B(u,v) = —B(v,u). Therefore, B is skew symmetric. If the characteristic of F is not 2,
then the converse is true.

It should also be noted that if B is an alternating form on V and B(u,v) = 0 for some
u,v € V (i.e. u is orthogonal to v), then B(v,u) = —B(u,v) = 0. Therefore v is orthogonal to
u and so any alternating form is reflexive.

Suppose B is an alternating form on V' which is not identically zero. Then there are
u,v € V such that B(u,v) = A # 0. If u = av for some a € F, then B(u,v) = aB(v,v) = 0,
a contradiction. Hence, u and v are linearly independent. We may assume that A = 1 by
replacing u with %u We call (u,v) a hyperbolic pair and the subspace W spanned by u and v
a hyperbolic plane. Note that the restriction B|y «w has representing matrix

KR

relative to (u,v) and so W is a nondegenerate subspace.

Theorem 1.6. If B is an alternating form on V', then there are hyperbolic planes W1, ..., Wj
such that
V=Wea.. . aW.,Srad V.

Proof. Induction on n = dim V. If n =1, then V is spanned by some nonzero v € V and so for
any u,w € V with u = av and w = v, B(u,w) = abB(v,v) = 0. Thus, V = rad V. Suppose
that the result holds on spaces of dimension less than n. If V is of dimension n and B is not
identically zero, then there exists u,v € V with B(u,v) = 1 as discussed above. Then if W is
the hyperbolic plane spanned by u and v, we have that B|w,xw, is nondegenerate. Therefore,

V = W, @ Wit by Proposition 1.5 and thus, dim Wit = dim V — dim W = n — 2. Therefore,
by the induction hypothesis, there exists hyperbolic planes W5, ..., W) such that
Wi =W,&--- oW, Orad Wi
Note that rad V = V+ = (W @ WiH)t = Wit n (Wi)* = rad Wit and hence,
V=wWe - -oW,Srad V.

In the case when B =0, V =rad V and so the result is also true. O

Corollary 1.7. If B is a nondegenerate alternating form on V', then dim V is even.
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Proof. By definition, rad V' = {0}. Combining this with Theorem 1.6, we have
V=wmo& - -oW
with each W; a hyperbolic plane. Therefore, dim V' = 2k. O]

Definition 1.4. If B is a nondegenerate alternating form on V', then we call (V, B) (or simply
V' if the form is understood) a symplectic space.

1.1.2 Symmetric Forms

We now turn our attention to another particular type of bilinear form. Namely, symmetric
bilinear forms or, simply, symmetric forms. We will assume for the remainder of this chapter
that char F # 2.

Definition 1.5. We say a bilinear form B on V is symmetric if for all u,v € V,
B(u,v) = B(v,u).
For our purposes, we define an inner product on a vector space V over a field F of any
characteristic to be either a nondegenerate symmetric bilinear form on V', or a nondegenerate

alternating form on V. In fact, such forms characterize all reflexive forms on V' thanks to the
following proposition.

Proposition 1.8. Let V' be a vector space over a field F of any characteristic. A bilinear form
B on V' s reflexive if and only if B is either symmetric or alternating.

Proof. We have already seen that symmetric and alternating forms are reflexive. Suppose then
that B is reflexive. Let u,v,w € V and set x = B(u, v)w — B(u, w)v. Then,

B(u, ) = B(u, v)B(u, w) — B(u, w)B(u, v) =0
and so u L x. Therefore, z 1 u and so
B(u, v)B(w,u) — B(u, w)B(v, u) = 0. (%)
Letting u = v, we find that
B(v,v)[B(w,v) — B(v,w)] = 0. (xx)

Now, suppose to the contrary that B is neither alternating nor symmetric. Then, there exists
z,y,z € V such that B(z, ) # 0 and B(y, 2) # B(z, y). Equation (xx) implies that

B(y, y) =0= B(z, z), B(z, y) = B(y, ), and B(zx, z) = B(z, x).

Now, equation (x) gives B(y, x)B(z, y) — B(y, 2)B(z,y) =0 = B(z,y) = 0 = B(y, z).
Moreover, B(z, )B(y, z) — B(z, y)B(z, 2) =0 = B(z, z) =0 = B(z, z). Hence,

Bz +z,y) = B(z,y) # By, 2) = B(y,z + ).
Thus, by equation (xx), we have

B(m—|—z,x—l—Z)[B(Z/,Z‘—i—Z)—B(iIZ'—i‘Z, y)]IO
< B(x+2,1r+2)=0.
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But,

B(z+ 2, v+ z) = B(z, x) + B(z, 2) + B(z, ) + B(z, 2)
= B(x, z) # 0.
a contradiction. ]

If B is a symmetric form on V', define its associated quadratic form by
Q:V —=F v— B(v,v).
We then have that for all a € F and v € V,
Q(av) = a’Q(v).
Furthermore, if u € V,
Qu+v) = Blu+v,u+v) = Q(u) + Q(v) + 2B(u,v).

Since char F # 2, we have

Blu,v) = 5[Q(u+0) - Q) — Q)

Hence symmetric forms and quadratic forms are equivalent over fields of characteristic other
than 2.

Proposition 1.9. If B is a symmetric form on V which is not identically zero, then its asso-
ciated quadratic form satisfies

Qv) #0

for some v e V.
Proof. Suppose to the contrary that () is identically zero. Then if u,v € V|

1

B(u,v) = 5Qu+v) = Qu) = Qv)] =0,

a contradiction. ]

A set {v1,...v} C V is orthogonal (relative to B) if 1 # j = B(v;,v;) = 0. If in
addition {vy,..., v} forms a basis, then it is called an orthogonal basis.

Theorem 1.10. If B is a symmetric form on V', then V has an orthogonal basis.

Proof. If B is identically zero, then every basis for V' is orthogonal. Assume that B is nonzero.
We argue by induction on n = dim V. If n = 1, there is nothing to prove. Assume the result
holds for spaces of dimension less than n. Suppose V is of dimension n. By proposition 1.9,
there exists v; € V such that Q(v;) # 0. Then the subspace W generated by v; is nondegenerate
and so V = W@W+ by Proposition 1.5. Furthermore, dim W+ = n—1 by Proposition 1.2 and
so there exists an orthogonal basis {uvy,...,v,} for W+ and thus {v;,...,v,} is an orthogonal
basis for V. m

Let B be a symmetric form on V. We say v € V '\ {0} is isotropic if Q(v) = 0. Otherwise,
v is said to be anisotropic. If V contains an isotropic vector, then V, B and () are said to
be isotropic. By convention, we take 0 to be anisotropic. Call V' totally isotropic if every
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v € V'\ {0} is isotropic. If the image of V under @ is F, say that B and @ are universal. If B
is nondegenerate, call (V, B) a quadratic space.

If a subspace W C V is totally isotropic and u,w € W, then u + w is isotropic and so

Blu,w) = 5[Qu -+ w) ~ Qu) ~ Qw)] =0

Thus, W C W+. Conversely, if W € W+ and w € W, then w L w = Q(w) =0 and so W
is totally isotropic. Therefore, we have the characterization that a subspace is totally isotropic
if and only if it is contained in its orthogonal complement.

Proposition 1.11. If (V, B) is a quadratic space and B is isotropic, then B is universal.

Proof. Let v € V be isotropic. Since B is nondegenerate, there exists w € V such that
w

B(v,w) # 0. We may assume that B(v,w) = 3, replacing w with 35(vmy I need be. For any
a€l, set u=(a—Q(w))v+w. Then,

Qu) = (a — Q(w))*Q(v) + Q(w) +2(a — Q(w)) B(v, w)
=Q(w)+a— Q(w)

= a.

]

Recall that if V' is equipped with an alternate form B, a subspace of V' is a hyperbolic plane
if it has a basis {u, v} such that B(u,v) = 1. Similarly if B is symmetric, a hyperbolic plane
is a subspace W of V' such that there exists a basis {u,v} for W satisfying Q(u) = Q(v) =0
and B(u,v) = 1. Again, we call (u,v) a hyperbolic pair. Note that in the symmetric case, the
representing matrix of B relative to (u,v) is given by

il

Proposition 1.12. Suppose (V, B) is a quadratic space with dimV = 2. Then 'V is a hyperbolic
plane if and only if V' is isotropic.

Proof. Clearly, if V' is a hyperbolic plane then it has a hyperbolic pair (u,v) as a basis and both
u and v are isotropic vectors in V. Suppose now that V' is isotropic and choose v € V' '\ {0}
with Q(v) = 0. Since B is nondegenerate, v ¢ V- and so there exists w € V such that
B(v,w) = a # 0. If w = Av for some A € F, then B(v,w) = \Q(v) =0 <= X = 0. This
cannot happen since w # 0 and hence, {v, w} is a basis for V. We may assume without loss of
generality that a = 1 (again by replacing w with %w if need be). Let u = w — % (w)v. Then,

Note that {u, v} is also basis for V' and that
1
B(uv U) = B(U}, U) - §Q(w>B(Uv U) =1

Thus (u,v) is a hyperbolic pair. O
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Proposition 1.13. Suppose (V, B) is a quadratic space, W C V is a subspace with rad W # 0,
and W' is a complement to rad W so that W = rad W & W'. If {wy,...,wy} is a basis for
rad W, then there exists a subspace U = (uy, ..., ux) such that

(i) WnU = {0}.
(ii)) W & U is nondegenerate.
(iii) For 1 <i <k, (w;,w;) is a hyperbolic pair for H; = (w;, u;).

Proof. Induction on k = dim rad W. First note that rad W = rad W & rad W’ and thus
rad W’ = {0} and so W’ is a nondegenerate subspace. Define f : W — F via

flw;) =61 for 1 <i <, flwr =0,

and extending f by linearity so that f € W*. Then, as in the proof for Proposition 1.2, we
may find v; € V' so that f = L,, where L,,(w) = B(vy,w). We then have that v; L W’ and
for 1 <i <n, B(v;,w;) = ;. If a € F, then

B(vy + awy, w) = B(vi,w) + aB(wy,w) = B(vy,w)
so we may replace v; with v; + aw;. Notice that
Q(v1 + aw) = Q(v1) + a*Q(wy) + 2aB (v, w;) = Q(vy) + 2a.
Taking a = —3Q(v1) and relabelling, we may assume that Q(v;) = 0. Hence, (wy,v1) is a
hyperbolic pair and so V = H; & Hi- where H; = (w1, v;) (by Proposition 1.5). If k = 1, take
U= (v1) sothat We U = (w;) & W' & (v1) = W' S H; as desired. Suppose that & > 1. Let
S = W’@(wg,...wk> C Hf‘

Since W’ is nondegenerate, rad S = (ws, ..., w;) and in particular, dim rad S = k — 1. Thus,
there exists vy, ..., v € V such that for 2 < i < k, v; L W’ and (w;, v;) is a hyperbolic pair for
H; = (w;, v;). Moreover, SN (va,...,vx) = {0} and

S@<U2,...’Uk> :W/@HQ@H3@@Hk
Take U = (vy,...v;). Then WNU = {0} and

WeU=WoOH OH,S-- O H.



Chapter 2

Classical Linear Groups

A group is a classical group if it is isomorphic to either the general linear group, the symplectic
group, the orthogonal group, or the unitary group [11, p. 239]. This definition is hardly strict as
some prefer to encompass other related groups such as SL(V') and PSL(V'). This chapter first
includes a brief discussion of the general linear and special linear groups following chapter 1 of
[6]. Then, we introduce the symplectic group and the theory concerning such groups. Finally,
we study the orthogonal group, leading to two famous theorems of Witt. The theory developed
in this chapter will be vital for what is to come in the third chapter.

2.1 The General Linear and Special Linear Groups

Let V be an n-dimensional vector space over a field F and for vy, ..., v, € V, denote their span
by (Ula s 7Uk>'

Definition 2.1. The general linear group of V' is the group
GL(V)={7r:V — V| 7 is linear and invertible}

with group operation given by composition, i.e., GL(V') is the automorphism group of V.

If we fix a basis for V, then any linear map V' — V is represented by a matrix over [F, and
the composition of linear maps corresponds to matrix multiplication. Thus, we have that have
that GL(V) is isomorphic to the group GL(n,F) of invertible n x n matrices over F.

Consider now the determinant homomorphism
det : GL(V) — F~

between the general linear group of V' and the multiplicative group F* of F. The kernel of the
determinant homomorphism, ker(det), is a subgroup of GL(V') which is of particular interest.
We denote this subgroup by SL(V) and call it the special linear group. We then have that

SL(V)={r € GL(V) | det 7 = 1}.

Remark 2.1. Note that SL(V') is normal in GL(V') as it is the kernel of a homomorphism.

10
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We also define the projective special linear group of V; denoted PSL(V'), to be the quotient
of SL(V') by its center. That is,

PSL(V) = SL(V)/Z(SL(V)).

In the case when dimV > 2, every PSL(V) group is simple with the exceptions of when
dimV = 2 and |F| is either 2 or 3 (see [6, Theorem 1.13]).

If |F| = q is finite, then denote GL(n,F) by GL(n,q) and similarly for the matrix groups
SL(n,F) and PSL(n,F). We now compute the order of these groups.

Proposition 2.1. Suppose that |F| = q is finite. Then

n—1 n
n 7 (n—Lin 7
GLn, )l =]]("—d)=a = [[(¢-0D.
=0 =1

Proof. Since an n x n matrix A over F lies in GL(n, q) if and only if the rows of A form a basis
for V', the problem reduces to counting the number of ordered bases of V. Let {vy,...,v,} be
an ordered basis of V. There are ¢ vectors in V' so after excluding the zero vector, there are
q"™ — 1 choices for v;. We then choose vy such that vy ¢ (vy). This gives ¢" — g choices for vy
as there are ¢ vectors in (v1). In general, for 0 < i < n, there are ¢" — ¢' choices for v;;;. The
result then follows. O]

Proposition 2.2. Suppose that |F| = q is finite. Then

_ |GL(n,q)|

Proof. Consider the subgroup D of GL(n,q) consisting of diagonal block matrices of the form

a O

0 In—l 7
where a € F* and I,,_; is the (n—1) x (n—1) identity matrix. Then D = F* and so |D| = g—1.
Let A € GL(n,q) and A = det A. Then the matrix

A0
o= i)

lies in D and AB™! € SL(n,q) and so GL(n,q) = SL(n,q)D. Moreover, SL(n,q) N D = {I,}
and since SL(n,q) is normal in GL(n, q) (as previously noted), we have that

GL(n,q) = SL(n,q) x D
is an inner semidirect product. Thus,

|GL(n,q)| = [SL(n,q)| - |D|.

To compute the order of PSL(n,q), we make use of the following result.
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Lemma 2.3. The center of SL(n,F) is given by

Z(SL(n,F)) = {\,, | A € F*, A" = 1}.

Proof. Let k,l € {1,...,n} be distinct and consider the elementary matrix
Xpr = In + B,

where Ej; is a matrix unit. Since k # [, we have that X, € SL(n,F). Therefore if
A = [a;j]| € Z(SL(n,F)), then
AXkl = XklA

Note that right multiplication by X; adds the £ column of A to the {** column of A and left
multiplication by Xj; adds the I** row of A to the k" row of A. Thus if i # k and j # [, we
have that

a; + Qi = a4

g + aj; = ;.
Therefore, a;; = a;; = 0. Moreover,

Al + gk = Qg + ay
and so ag, = ay. Since k and [ were arbitrary, we have that A is of the form
A=\,
with the property that A\ =1 as det A = 1. n
We are now equipped to compute the order of PSL(n,TF).

Proposition 2.4. Suppose that |F| = q is finite. Then

_ _|5L(n,q)|
’PSL(n>Q)| * gcd(n,q— 1)

Proof. We make use of the fact that the multiplicative group of a finite field is cyclic. Since
PSL(n,q) is the quotient of SL(n,q) by its center, it suffices to compute |Z(SL(n,q))|. Note
that Z(SL(n,q)) = {\ € F* | A" = 1}, the subgroup of F* consisting of all n roots of unity.
Let d = ged(n,q — 1). We claim that if A\ € F*, then \" = 1 if and only if A = 1. Given that
d divides n, there exists k € Z so that n = dk. Then if \Y = 1, we have that \" = (A))* = 1.
Conversely, suppose A" = 1. Note that there exists a,b € Z such that

d=an+b(qg—1).

Then, A = (A")¢(A\@Y)> = 1 and so in fact, Z(SL(V)) = {A € F* | A = 1}, the cyclic
subgroup of order d. O]
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2.1.1 Transvections

We now introduce the notion of a transvection which will help us both in the study of SL(V).
The contents explored here will also prove to be useful in the following section.

Definition 2.2. A subspace W of an n-dimensional vector space V' is called a hyperplane if
dm W =n—1. Ifr € GL(V), 7 # idy, then 7 is called a transvection if there exists a
hyperplane W such that |y = idy and Tv —v € W for allv € V. We say that W is the fixed
hyperplane of T.

Suppose that 7 is a transvection with fixed hyperplane W. Take v; € V' \ W and choose a

basis {vs, ..., v,} for W. For 2 <i < n, tv; = v;. Write 7v; = ) x;v;. Given that Tv;—v; € W,
i=1
we have that

n n
7'01—01:5 yivi:E TV — U1
i=2 i=1

and thus,

(z1 — Doy = Z(% — T;)v;.
i=2
The right-hand side of this equation lies in W yet v; ¢ W so we must have that x; = 1.
Therefore, the matrix representing 7 relative to {vy,...,v,} is upper triangular with ones
along the main diagonal and so det =1 = 7€ SL(V).

Proposition 2.5. If u,v € V are linearly independent, then there exists a transvection T such
that Tu = v.

Proof. Choose a hyperplane W in V' so that u ¢ W but w — v € W. There is a linear map
7 :V — V satisfying 7|y = idw and 7u = v. If x € V| then there exists A € F and w € W
such that x = A\u + w. Then,

e —r=A+w—(A+w)=-ANu—v)eW.

Hence, 7 is a transvection. 0

Proposition 2.6. Let W, and Wy be two distinct hyperplanes in V and v € V' \ (W U Wj).
Then there exists a transvection T such that Tv = v and Wy is the image of Wy under 7.

Proof. Since Wy and W5 are distinct hyperplanes in V', we have that V' = W + W,. Therefore,
dim Wy NWy = dim W; +dim W, —dim V = n — 2 and hence W = W; N W, + (v) is another
hyperplane. Write v = z+y where z € Wi andy € Wy, Thenx ¢ Wy — Wy = WiNnWy+(z)
and y ¢ W, — Wo =W NWsy+ (y) and thus V- = W3 N Ws + (z,y). We then have that
x ¢ W. Otherwise, y = v — 2z € W and we would have that V' C W. Now, define 7: V — V
via 7|y = idy and 7z = —y, extending 7 by linearity. We then have that 7 is a transvection
as in the proof of Proposition 2.5. Furthermore, 7v = v since v € W and also,

T(Wl) = T(W1 N W2 + <l’>) = W1 N W2 + (y) = WQ.

O

We now show that SL(V) is generated by transvections. To do this, we require the following
two lemmas.
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Lemma 2.7. For a transvection T on V with fived hyperplane W, we have that 7= is also a
transvection on V' with fized hyperplane W'

Proof. Note that 7 # idy, = 77! #idy. For w € W, we have that 7w = w = w=7"1w
and so 77w =idy. fv eV, thentv —v=u€eW andso 7 'v —v=—-ueWW. O

Lemma 2.8. Suppose that U is a subspace of V., v € V\ U, and that T is a transvection on U
with fized hyperplane W'. Then there is a transvection T on V with fized hyperplane W such
that T = 7|y andv e W.

Proof. Choose a basis By = {vy,...,v,} for U such that By \ {v;} is a basis for W’. Set
Um+1 = v and extend B; to a basis B = By U By for V' where By = {vy41,...,0,}. Let W be
the subspace of V spanned by B\ {v;} and define 7: V' — V via

Tl =T, Tv; = v; for m <i < mn,

and extending by linearity. Then 7|y = idwy and if z = Y \v; € V| then
i=1

TC— T = z”: Ai(Tv;) — z”: AiV;
i=1 i=1
= i)\Z<TUZ — UZ‘) eWw' cw.
i=1

Hence, 7 is a transvection on V with fixed hyperplane W. ]
Theorem 2.9. SL(V) is generated by the set of transvections on V.

Proof. We saw earlier that every transvection lies in SL(V'). It remains to show that every
o € SL(V) is a product of transvections. Let o € SL(V). Choose a hyperplane W in V' and
let v € V\W. If v and ov are linearly independent, then by Proposition 2.5 there exists
a transvection 7; such that mov = v. Otherwise, there exists a transvection 7y such that v
and Toov are linearly independent and then find a transvection 7{ such that mov = v where
71 = T|Tp. In either case, we have that mov = v with 7 a product of transvections. Note that
v ¢ mo(W). If mo(W) =W, then set 7o = idy. Otherwise, there exists a transvection 75 such
that omo(W) = W and v = v by Proposition 2.6. Set p = mmo = pv = v. If we set

v; = v and choose a basis {v,...,v,} for W so that B = {vy,...,v,} is a basis for V, then,
relative to B, p has a representing matrix of the form

1 0

0 A

where A is a matrix representing p|y relative to B\ {v1}. Since p € SL(V'), we have that
det p=1-det A=1

and so plyw € SL(W). We now argue by induction on n = dim V. If n = 2, then we can see
from the matrix representing p that p = idy and so o = 77 '7; ! is a product of transvections by
Lemma 2.7. Suppose that n > 2. By the induction hypothesis, p|y is a product of transvections
on W and by Lemma 2.8, each transvection on W extends to a transvection on V' whose fixed
hyperplane contains v. Therefore, p is a product of transvections on V and hence o = 7, '7;, %p
is a product of transvections. O
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2.2 The Symplectic Group

About two centuries ago, symplectic geometry provided a lens for physicists to study classical
mechanics through [12, p. xiii]. However, the study of symplectic geometry has since proven to
be rich and highly appreciated as a field in its own right. The symplectic group was formerly
called the “abelian linear group”, attributed to Abel who first studied this group. In the modern
day, this terminology is highly ambiguous since abelian groups generally refer to groups whose
elements commute under the given operation. The term “symplectic”, as we know it today,
was coined by Hermann Weyl and was a supplement for the term “complex” for which Weyl
was formerly using [14, p. 165].

In this section, we assume that V' is a vector space over F with dimension n = 2k for some
k € N and that B is a nondegenerate alternating form on V', i.e., (V, B) is a symplectic space.
We call the isometries of V' (relative to B) symplectic and a symplectic basis for V is a basis
{uy,v1,u2,v9, ..., ug, v} for V-where each (u;, v;) is a hyperbolic pair such that V' decomposes
into an orthogonal direct sum of the subspaces spanned by such pairs. Note that Theorem 1.6
guarantees the existence of a symplectic basis. We now embark on our study of the symplectic
group following chapter 3 of [6].

Definition 2.3. The symplectic group on V is the subgroup of GL(V') given by

Sp(V) ={r € GL(V) | T is symplectic}.

If |F| = g is finite and a basis has been fixed, we denote the matrix group Sp(n,F) by
Sp(n, q).

We also define the projective symplectic group, denoted PSp(V'), to be the quotient of Sp(V)
by its center. That is,

pPSp(V) = Sp(V)/Z(Sp(V)).

Much like the projective special linear group, PSp(V') is simple with few exceptions. It is known
that PSp(V) is always simple with the exceptions of PSp(2,2), PSp(2,3), and PSp(4,2) (see
[6, Theorem 3.11]).

Proposition 2.10. Let B be a symplectic basis for V and suppose T € GL(V') is represented,
relative to B, by the matriz A. Then T € Sp(V) if and only if B = AT BA.

Proof. Let u,v € V with corresponding coordinate vectors @ and v relative to B. Then

B(u,v) = B(tu, 7v)
4" Bo = (Aa)" B(Ad)
4" Bo = 2" (ATBA)b.

Corollary 2.11. IfV is a hyperbolic plane, then Sp(V) = SL(V).

Proof. From our discussion of alternating forms, we may assume that B is represented by the

matrix
0 1
—1 0"
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Let A € GL(2,F) and write

a b
S
By Proposition 2.10, A € Sp(2,F) <— B = AT BA where
TH A 0 ad — bc
ATBA = [—(ad — be) 0 '
Thus, A € Sp(2,F) <= det A=1 <= A€ SL(2,F). O

2.2.1 The Structure of Sp(V)

We are now prepared to examine the relation between transvections and the general structure
of the group Sp(V).

Proposition 2.12. Let 7 € Sp(V) be a transvection with fized hyperplane W. Then there
exists « € F* and w € W such that for allv € V,

TV = v+ aB(v,u)u.

Proof. By Proposition 1.2, dim W+ = 1 and consequently dim (W) = n — 1. Furthermore,
W c (WH)+ and so in fact, W = (W+)+. Suppose now that W+ = (u). Note that u € (W+)+
= u € W. Choose x € V\ W so that V = () @ W. Let z = 7x — = and note that z € W
and z # 0 (as 7 # x). Define

f:V—=F Ax+w— A

Note that f is linear = f € V* and so, as in the proof of Proposition 1.2, we may find y € V'
such that f(v) = B(v,y) for all v € V. Then for every v = Az +w € V,

TV = ATZ +w
=ANz+2z)+w
= f(v)z+wv
= B(v,y)z + v.

Note that if w € W, we then have that 7w = w = B(w, y)z + w and hence B(w,y) = 0 and so
y € Wt. Write y = au for some a € F*. Since 7 € Sp(V'), we also have that

B(w,z) = B(tw, Tx)
(w,z + 2)
(w,z) + B(w, 2)

B
B

and hence B(w, z) = 0 for all w € W and so z € W+. Write z = bu for some b € F* and let
a = ab. Then,

v =v+ B(v,y)z
= v+ abB(v,u)u
= v+ aB(v,u)u.
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Remark 2.2. Proposition 2.12 tells us that any transvection T € Sp(V') is completely deter-
mianed by the scalar o and the vector u. We call T a symplectic transvection and write 7 = 7, 4.

Suppose now that a € F* and uw € V '\ {0}. Define
7:V >V, v—v+aB(v,u)u

and write 7 = 7,,. If we set W =ut = {v € V | B(v,u) = 0}, then 7v — v = aB(v,u)u € W
and for any w € W, 7w = w+ aB(w,u)u = w. Hence 7 is a transvection with fixed hyperplane
W. Moreover,

B(rz,1y) = B(z + aB(z,u)u,y + aB(y, u)u)
= B(z,y) + aB(y,v)B(x,u) + aB(x,u)B(u,y) + o*B(x,u)B(y, u)B(u, u)
= B(z,y) + aB(y,u)B(z,u) — aB(z,u)B(y,u)
= B(z,y).

Therefore, 7,, € Sp(V) and so the converse of Proposition 2.12 is true. We denote by 7 the
subgroup of Sp(V') generated by such transvections, i.e.,

T = (Tua |ue V\{0}, a e F).

Proposition 2.13. Let the group Sp(V) act naturally on 'V, i.e., for 7 € Sp(V), v € V,
T-v=TU.

Then T acts transitively on V' \ {0}.

Proof. Let v,w € V' \ {0} be distinct. If B(v,w) # 0, take o = B(;w) and v = v — w. Then
B _
Tua(V) =0+ %(v —w)
B(v,v) — B(v,w)

:U+

Blo.w) (v—w) =w.

If B(v,w) =0, choose f € V* so that f(v), f(w) # 0. As in the proof of Proposition 1.2, there
exists u € V such that f(v) = B(v,u) and f(w) = B(w,u). Since B(v,u), B(w,u) # 0, there
exists 7,7 € T such that 7v = v and 7u = w. We then have that 7/7v = w. O]

Proposition 2.14. Let the group Sp(V') act naturally on V. x V| i.e., for 7 € Sp(V),
(u,v) e VxV,

7 (u,v) = (Tu, V).

Then T acts transitively on the set
S ={(u,v) €V xV | B(u,v) = 1},

1.€., the set of all hyperbolic pairs.

Proof. Suppose that (uy,v1), (ug,v2) € S. By Proposition 2.13, there exists 7 € T such that
Tu; = up. Let vy = Tv;. We then have that 7 - (uy,v1) = (ug,v3) € S. If we can find 0 € T
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such that ouy = ug and ovg = vy, then o7 - (ug,v1) = 0 - (Tuy, 701) = (uz,v2) and we are done.
If B(vs,v9) #0, let a = u = v3 — Vg, and 0 = 7, . Then,

1
B(vs,v2)’

ovs = vz + aB(vs, u)u
B(Ug, ’Ug) — B(Ug, Ug)
B(’U37U2)

= vg + (v3 — v9)

= V2.

Moreover, B(ug,u) = B(ug,v3) — B(ugz,v2) = 0 and so ous = us. Suppose that B(vs, vy) = 0.
Note that B(ug, us +v3) = B(ug,v3) =1 = (ug,us+v3) € S. Also, B(vs,us +v3) = —1 and
so, as in the case of B(vs,vy) # 0, we may find oy € T such that oyv3 = us +v3 and orus = us.
Note also that B(us + v3,v2) = 1 and so, as in the case of B(vs,v3), we may find oo € T such
that o2(ug + v3) = ve and ogus = up. Write 0 = 0907. Then,

o - (UQ,U?,) =02" (U1u2,011’3)
=09 " (UQ,UQ + 1)3)
= (ug, v3).

]

We are now ready to show that in fact Sp(V') = T, i.e., Sp(V') is generated by symplectic
transvections.

Theorem 2.15. The group Sp(V') is generated by symplectic transvections.

Proof. Induction on k where dim V = 2k. If k = 1, then Sp(V) = SL(V') by Corollary 2.11
and SL(V) is generated by transvections by Theorem 2.9. Suppose k > 1. Choose a hyperbolic
pair (u,v) € V and let W = (u,v). By Proposition 1.5, we have that

V=Waow.

Let 0 € Sp(V) = o - (u,v) is a hyperbolic pair and so there exists 7 € T such that
70 - (u,v) = (u,v) by Proposition 2.14. Thus, 70|y = idy and so 7o|y 1 € Sp(W+). Since
dim W+ = 2(k — 1), we have that 7o|y1 is a product of symplectic transvections on W+ by
the induction hypothesis. If 7, , is a symplectic transvection appearing in said product, then
Tw,a €xtends to a symplectic transvection V' — V' via the mapping

v = v+ aB(v,w)w.

The fixed hyperplane of this transvection contains W and since 70|y = idy, we have that
7o € T and hence o € T. O

Remark 2.3. Due to Theorem 2.15 and Theorem 2.9, we have that Sp(V') is a subgroup of
SL(V).

In general, if a group G acts on a set X and x € X, we define the stabilizer of x to be
Stabg(z) ={9€ G| g v ==z}
We also define the orbit of x to be

Orbg(z) ={g-z | g € G}.
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Stabg(x) is subgroup of G for all x € X and the Orbit-Stabilizer Theorem states
|Orbe(z)| = [G : Stabg(z)].

We use these notions to assist in computing the order of Sp(V') when V' is over a finite field. We
then compute its center, concluding our discussion of the symplectic group. We first, however,
require the following lemma.

Lemma 2.16. Let (u,v) be a hyperbolic pair and W = (u,v). Then

Stabsyvy((u,v)) = Sp(W).

Proof. Note that o € Stabs,)((u,v)) if and only if o|y = idw. By Proposition 1.5,
V=wWew"

and so every 7 € Sp(W+) extends to 7 € Sp(V) such that 7|y = idy. The result follows. [
Theorem 2.17. Suppose that |F| = q is finite. Then if dim V =n = 2k,

k

1Sp(n, q)| = ¢* H

Proof. We may choose any one of the ¢" — 1 nonzero vectors in V' to serve as the first vector u in
a hyperbolic pair. For v € V, define R, (v) = B(v, u). The number of vectors orthogonal to w is
then the cardinality of ker R,. We may find w € V such that B(u,w) =1 and so B(u, A\w) = A
for any A € F and hence R, is surjective. Thus,

dimker R, =dim V —dimim R, =n — 1.

Thus, there are ¢"~! vectors that are orthogonal to u and, consequently, the number of choices
for the second vector in a hyperbolic pair is

-1
Hence, there are ¢" ! (¢ — 1) distinct hyperbolic pairs in V' x V. Let (u,v) be a hyperbolic pair
and set W = (u,v). By Lemma 2.16, Stabgy,v)((u,v)) = Sp(W+) = Sp(n—2,q) and by Propo-

sition 2.14, Sp(V') acts transitively on the set S of hyperbolic pairs and so Orbg,v)((u,v)) = S.
Thus, by the Orbit-Stabilizer Theorem,

1Sp(n,q)| = ¢" " (¢" — 1) - |Sp(n — 2,q)|. (%)

We now argue by induction on k. If k = 1, then by Corollary 2.11, Sp(2,q) = SL(2,q) and
hence |Sp(2,q)| = q(¢*> — 1) by Proposition 2.2. Assume that

k-1

1Sp(n — 2,q)] = ¢* " [[(¢* — 1)

=1

The result then follows from equation (x). O
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Proposition 2.18. The center of Sp(V') is

Proof. For 7, € Sp(V) and v € V, 7, ,(v) =v <= B(v,u) = 0, i.e., v is orthogonal to w.
Let o € Z(Sp(V)). If v L u, then

Tua(0V) = 0Ty o (V) = oV

and thus ov L u, i.e., o(ut) = ut where ut = {v € V' | B(v,u) = 0}. Note that rad u* = (u)
as dimrad ut = 1. Now, let w € radut = w € (u')* and ow € ut. If z € u*, then z = oy
for some y € ut and so

B(ow,x) = B(ow, oy) = B(w,y) = 0.

Hence, o((u)) = (u) and consequently, ou = A\,u for some A\, € F. Choose a basis vy,...,v,
for V and set v =v; + -+ + v, = o(v) = A,v. On the other hand,

n n
o(v) = ZUW = Z v, Vs
i=1 i=1

Thus, A=\, =\, forall 1 <i <n and so 0 = \idy. We then have that for all u,w €V,

B(u,w) = B(ou,ocw) = X*B(u,w) = X\ € {-1,1}.

Corollary 2.19. Suppose that |F| = q is finite. Then

1Sp(n, q)|

P =12

Proof. 1f char F = 2, i.e., ¢ = 2™ for some m € N, then —idy = idy = |Z(Sp(n,q))| = 1.
Otherwise, |Z(Sp(n,q))| = 2. Since PSp(V') = Sp(V)/Z(Sp(V)), the result is immediate. [

2.3 The Orthogonal Group

We now turn our attention to when B is a nondegenerate symmetric bilinear form on V. Recall
that, in this case, the pair (V, B) is called a quadratic space. We further assume for this section
that charF # 2 and that dim V = n > 2. We call the group of isometries of V' (relative
to B) the orthogonal group and denote it by O(V). Such isometries are called orthogonal
transformations.

Note that 7 € GL(V) lies in O(V) if and only if Q(7v) = Q(v) for all v € V, where @Q is
the quadratic form associated to B. Also, if 7 € GL(V') is represented by the matrix A relative
to some basis B of V', then, as in Proposition 2.10, 7 € O(V) if and only if

ATBA = B,
where B is the representing matrix for B relative to B. Consequently, we have that

(det A)? - det B =det B
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and thus det A € {—1,1}. If 7 € O(V) satisfies det 7 = 1 call T a rotation. Otherwise, call 7 a
Teversion.

Suppose that u € V'\ {0} is such that Q(u) # 0, i.e., u is anisotropic (note that Proposition
1.9 ensures the existence of such a u € V). Define a linear map o, : V — V by

ou() = v — 2%%
Then for all v,w € V,
Blow(v), ou(w)) = B(v _ QB&J)%, w— 2%@@)
~ Blo,w) — 4%3@, u) + 45 (“’S)(f)(j”’ ) Blu, u)

= B(v,w).
Therefore, o, € O(V'). We call the map o, a reflection along u or, simply, a reflection.

Note that since u is anisotropic, (u) is a nondegenerate subspace and so V = (u) & (u)* by

Proposition 1.5. If we set u; = u and choose a basis {us, ..., u,} for (u)*, then, relative to the
basis {uy,...,u,}, o, is represented by the matrix

-1 0

0 -[n—l
since o,(u) = —uw and v L v = 0,(v) = v. Therefore o, is a reversion of order 2.

The existence of reversions in O(V') implies that the image of the determinant homomor-
phism is, in fact, equal to {—1,1}. Denote the kernel of det : O(V') — F* by SO(V'). Then,

O(V)/SO(V) = {-1,1}
and so SO(V) has index 2 inside O(V'). We call SO(V') the special orthogonal group.

2.3.1 The Structure of O(V)

We now wish to study the structure of O(V) which will give us a sense of what orthogonal
transformations “look like”. This will lead us to a famous theorem attributed to Cartan and
Dieudonné which says that every orthogonal transformation is a product of at most n reflec-
tions. Elie Cartan provided a proof for a special case of this theorem in 1937 which was later
generalized by Dieudonné [3, p. 202]. It should be emphasized however that this theorem does
not hold over fields of characteristic 2. Now, following chapter 6 of [6], we begin with some
preparation that will be needed in proving this theorem.

Proposition 2.20. If 7 € O(V), then ker(t — idy) = im(7 — idy)*.
Proof. Let v € ker(1 —idy) and w € V. Then,
B(v, (1 —idy)w) = B(v,7w) — B(v,w)
= B(v,7w) — B(1v, Tw)
= —B(tv —v,Tw)
= 0.
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On the other hand, if v € im(7 — idy)* and w € V, then,

B((t —idy)v, Tw) = B(tv, 7w) — B(v, TW)
= B(v,w) — B(v, Tw)
= —B(v, 7w — w)

=0.

Thus, (7 —idy)v € rad V = {0}. O

For 7 € O(V), im(7 —idy ) is totally isotropic if and only if im(7 —idy) C im(7 —idy ) and
so, by Proposition 2.20, im(7 —idy) C ker(T —idy ) which happens if and only if (7 —idy)? = Oy .
Furthermore, if v € V' \ {0}, then (7 — idy )v is isotropic if and only if

0= B(tv—v,7v —v)
= 2[B(v,v) — B(1v,v)]
= —2B(tv — v,v),

ie, v —v L.

Once the following lemma is established, we will be equipped with the tools to prove the
theorem of Cartan and Dieudonné which will conclude our discussion of the structure of O(V').

Lemma 2.21. Let 7 € O(V) with (1 —idy)? # Oy. Then there exists a nonzero anisotropic
vector v € V' \ {0} such that z = Tv — v is anisotropic. Moreover, if z # 0, then o,7v = v.

Proof. Suppose to the contrary that for every nonzero anisotropic vector v € V' \ {0}, 7v — v
is isotropic. Then, 7v —v L v and hence 7v — v € rad (v — v, v) = (1Tv — v, v) is a
degenerate subspace. Since V' is nondegenerate, it follows that dim V' > 3. Now, suppose
w € V is isotropic. By Proposition 1.9, there exists a nonzero anisotropic vector z € (w)* and,
for a fixed a € F*, set u = w + ax. Then,

Q(u) = Q(w) + a*Q(z) + 2aB(w, )
- Q)
£ 0

and so u is a nonzero anisotropic vector. Therefore, 7u — u L uw and so

0

B(tw + atx — w — ax,w + ax)
= B(tw — w,w) + a[B(tz — x,w) + B(tw — w,r)] + ¢*B(tx — z, )
= B(tw — w,w) + a[B(tx — z,w) + B(tw — w, x)].

Since a € F is arbitrary, we must have that
Btz —z,w)+ B(tw —w,z) =0 = B(tw —w,w) =0,

i.e., 7w — w L w. Therefore, by the preceding remarks as well as Proposition 1.9, im(7 — idy)
is totally isotropic and so (7 — idy)* = Oy, a contradiction. Hence, there exists an anisotropic
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vector v € V' \ {0} such that z = 7v — v is anisotropic. If z # 0, then

0,70 = 0,(z 4 v)

B(v, z)
z+v—2 Q)
B Q(z) + B(2v, z)
Q(z)
Y B(tv+wv,Tv —"U)Z
Q(z)
since B(tv + v, 7v —v) = B(1v,70) — B(Tv,0) + B(v,T0) — B(v,0) = 0. O

We now prove the anticipated theorem following [6, p.48].

Theorem 2.22 (Cartan-Dieudonné). Let V' be a quadratic space of dimension n. Then every
7 € O(V) is a product of at most n reflections.

Proof. Induction on n. If n =1, then O(V) = {—idy,idy}. We view idy as being a product of
zero reflections and —idy is itself a reflection since any nonzero v € V'\ {0} is a basis for V' and
—idy(v) = —v = 0,(v) = —idy = 0g,. Suppose the result holds for spaces of dimension less
than n and assume to the contrary that 7 € O(V') is not a product of at most n reflections. We
first show that (7 —idy)? = Oy. If not, we may, by Lemma 2.21, choose a nonzero anisotropic
vector v € V' \ {0} such that z = 7v — v is anisotropic.

If z = 0, then 7v = v so 7 maps (v)" onto itself. Thus by the induction hypothesis, 7/
is a product of at most n — 1 reflections in O({v)!), each of which extends to a reflection in
O(V) fixing v. Hence, 7 is a product of at most n — 1 reflections.

Suppose then that z # 0. By Lemma 2.21, v is fixed by 0.7 and so, as above, 0.7
is a product of at most n — 1 reflections in O({v)*), each of which extends to a reflection
in O(V). Thus, 7 is a product of at most n reflections. Thus, in either case, we obtain a
contradiction and therefore, (7 — idy)* = Oy <= im(r —idy) C ker(r — idy) is totally
isotropic. Observe that ker(7 —idy ) is itself totally isotropic. Otherwise, there exists a nonzero
anisotropic v € ker(r — idy) = 7v = v and so, as in the case of z = 0, we see that 7 is a
product of at most n — 1 reflections. Therefore,

ker(r — idy) C ker(r — idy)* = im(7 — idy)
by Proposition 2.20. Hence,
im(7 — idy) = ker(r — idy) = ker(t — idy)™*.
Denote the space of fixed points of 7 by Fix(7), i.e.,
v e Fix(r) <= tv=v <= v € ker(r —idy).
We then have that

n = dim ker(7 — idy) + dim ker(7 — idy )" = 2 dim Fix(7).
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Note that T|Fix(7) = idpix(r)- Furhtermore, the natural action of 7 on the quotient space
V/ Fix(7) coincides with the identity map on V/ Fix(7). To see this, let v € V. Then,

7 (v+ Fix(1)) = v + Fix(7)
= [v+ Fix(7)] + [rv — v + Fix(7)]

= v + Fix(7)
since T7v — v € im(7 —idy) = Fix(7). Now, Let k = dim Fix(7). Choose a basis {vy, ..., v} for
Fix(7) and extend it to a basis {vy,...v,} for V. For 1 < j < k, we have that 7v; = v;. For
k < j < n, we have that 7v; —v; € Fix(7) and so there exists Aq jy,..., A j) € F such that

k
TU; = Vj -+ Z )\(@j)U@
i=1

Therefore, det 7 = 1 and so 7 € SO(V). Let 0 € O(V) be a reflection = o7 ¢ SO(V). If o7
is not a product of at most n reflections, then repeating the above argument would yield that
ot € SO(V), a contradiction. Thus, o7 is a product of at most n reflections and hence 7 is a
product of at most n + 1 reflections. If 7 is a product of n + 1 reflections, then we would have
that det 7 = (—1)%*! contradicting the fact that 7 € SO(V). Thus, 7 is a product of at most
n reflections, contradicting our hypothesis on 7. O]

2.3.2 Theorems of Witt

We conclude this chapter with two theorems due to Witt, namely, Witt’s Cancellation Theorem
and Witt’s Extension Theorem, keeping in mind that we are still under the assumption that
(V, B) is a quadratic space of dimension n > 2 over a field of characteristic different from two.
Witt’s Cancellation Theorem was proved in his famous 1937 paper “Theorie der quadratischen
Formen in beliebigen Koérpern” [15] which was, oddly enough, the same year that Cartan
presented his proof of a special case to the above theorem concerning the structure of O(V').
Witt’s Cancellation Theorem has since proven to be vital to the entire study of quadratic forms
over fields [8, p. 12]. After proving Witt’s Cancellation Theorem (following [6, p.40]), we will
prove Witt’s Extension Theorem (following [6, p.41]) which will play an important role in our
case.

Theorem 2.23 (Witt’s Cancellation Theorem). Suppose that Uy and Uy are nondegenerate
isometric subspaces of a quadratic space (V, B). Then Ui and U3 are also isometric.

Proof. Induction on dim U;. Suppose that U; = (u;) and Uy = (ug). Then both Q(u;) and
(Q)(uz) are nonzero by nondegeneracy. We may assume that there is an isometry o : Uy — Us
such that ou; = up and so Q(u;) = Q(uz). We then have that

Q(Ul —f- UQ) = QQ(U,l) —|— QB(Ul, UQ)
Q(ur — ug) = 2Q(uy) — 2B(uq, uz).

We then have that one of Q(u; + ug) and Q(u; — uy) are nonzero. Otherwise,
B(uy, uz) = Q(u1) = —B(ug, u2)
contradicting the fact that Q(u1) # 0. Suppose then that Q(u; + uy) # 0. We have that

B(Ul + Ug, U1 — Ug) = Q(Ul) — Q(UQ) = O,
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i.e., up + us L u; — uy and so the reflection o, 14, € O(V) satisfies

Oy tun (U1 — Ug) = Ug — Us.

Hence,

1
Ouy+ug (ul) = 5 Uu1+u2((u1 + u2) + (ul - U2))

[—(Ul + UQ> + (Ul - UQ)]

1
2
:—u2

and, consequently, oy, ., maps (u;) onto (uy) and {u;)* onto (ug)*t

are isometric via the restriction of o, 1., to Ui

If Q(uy — ug) # 0, then the reflection o, ,, € O(V) satisfies
Oy —up (U1 + Ug) = Uy + us.

Hence,

1
Tuy—uz (U1) = 5 Ouy—un (U1 + u2) + (U — ug))
B 1

2

ZUQ

1 1

and, consequently, o,,_,, maps (uj) onto (us) and (u;)
are isometric via the restriction of o, , to Ui

onto (usg)

25

. Therefore, Ui+ and Us-

. Therefore, Ui+ and Us-

Suppose now that dim U; > 1 and that the result holds for spaces of lower dimension.
Choose a nonzero anisotropic vector u; € Uy \ {0} and let W; be the orthogonal complement

of U1 In Ul, i.e.,

W1 = {’U € U1 | B(v,ul) = 0}

Then, Uy = (u1) ©W;. Let 0 : Uy — U, be an isometry and set us = ouy, Wy = o(W;). Then,

U2 = <U2> ) W2 and

V=U0oU=U,0U;

— V={(u) oW, oU = (u)oaW,oU;.

As in the case of dim U; = 1, one of Q(u; + us) and Q(u; — up) are nonzero and so there
is a reflection ® € O(V) that maps (u;) onto (us). Consequently, Wi & Ui- and W, & Uy
are isometric via the restriction ¢ = @[y, g+. Therefore, po~ ! is as isometry Wy — ¢(W).

Furthermore, Us- and ¢(Ui") are the orthogonal complements of Wy and ¢(W;), respectively,
inside WoUs-. Thus, Us- and ¢(Uj") are isometric by induction, say through 7 : ¢(Ui") — Uy-.

Then, 7¢|y. is an isometry Uit — Ui

]

Theorem 2.24 (Witt’s Extension Theorem). If Uy and Uy are subspaces of a quadratic space
(V. B) and o : Uy — U, is an isometry, then there exists an isometry T € O(V) such that

Ty, = 0.
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Proof. Suppose first that U; and U, are nondegenerate. By Witt’s Cancellation Theorem 2.23,
there exists an isometry ¢ : U- — Us-. Since V = U, & Ui = Uy & U3+, we may define an
isometry 7 € O(V) by 7(u +u') = ou + ¢’ for all u € Uy, v’ € Ui and hence, 7|y, = 0.

Suppose then that U is degenerate. Let U] be a complement to rad U; so that
Uy =rad Uy & U;.
By Proposition 1.13, there is a subspace W7 C V such that U; & W is nondegenerate and
UoW,=U6H OH,&--- & Hy,

where each H; is a hyperbolic plane with, say, hyperbolic pair (u;, v;) and k = dim rad U;. We
claim that o maps rad U; onto rad Us. Let x € o(rad U;) and v’ € Uy. Then, x = ocw for some
w € rad U; and v = ou for some v € U;. Then, B(z,v') = B(w,u) =0 = =z € rad U.
Conversely, if y € rad Uy, then y = ow for some w € U; and for any u € U;, we have
B(y,ou) =0 <= B(w,u) = 0. Hence, y € o(rad U;) and thus U} = ¢(U]) is a complement
to rad Us; and so there exists a subspace Wy C V' such that U; @& W, is nondegenerate and

Uy oWy =Uy©H @ H)S --- & Hy,

where each H] is a hyperbolic plane with, say, (ou;,v)

!) as a hyperbolic pair. Extend o to
o' Uy & W — Uy @ Wy by setting o' (v;) = v}, extending by linearity. Since ¢’ is an isometry
and U; @ W, is nondegenerate, there exists 7 € O(V) such that 7|y,ew, = ¢’ and hence,

Ty, = 0. O

Remark 2.4. [t should be noted that Witt’s Cancellation Theorem 2.23 and Witt’s Extension
Theorem 2.24 both hold over fields of any characteristic in the case when B is a nondegenerate
alternating form. See [6, Theorem 12.10] for Witt’s Extension Theorem. Witt’s Cancellation
Theorem follows from 1.6.

Corollary 2.25. Any two maximal (in the sense of inclusion) totally isotropic subspaces of V'
have the same dimension and every totally isotropic subspace is contained in one of mazximal
dimension.

Proof. Let U C V be a totally isotropic subspace of maximal dimension m. If W C V is totally
isotropic, then there exists an isometry o from W to a subspace of U. By Witt’s Extension
Theorem 2.24, there exists 7 € O(V) such that 7|y = 0. Then, W C 771(U), a totally isotropic
subspace of dimension m. O



Chapter 3

Binary Linear Codes

Coding theory is a vast field of practical importance that makes use of elegant mathematical
theory [2, p. vii]. A frequent question in coding theory is how to construct a code or structure
a code such that it satisfies imposed mathematical or practical constraints [10, p. vii]. This
chapter analyzes a small subset of the classes of codes and considers their construction. In
particular, this chapter introduces linear codes and aims to tie the structure of these codes
together with the theory studied thus far.

3.1 Preliminaries

Following the relevant theory from chapters 1, 4 and 5 of [2], we introduce some basic notions
and results.

Definition 3.1. Let A and B be non-empty finite sets. A word in B is an element
(by,...,bp) € Bx---xB

for some n € N. We write by - -+ b, instead of (by,...,b,) and say that by ---b, has length n.
We denote the set of all words in B by w(B). A coding is a map K : A — w(B). We call A
the source alphabet, B the code alphabet, and for each a € A, the element K(a) a code word.
Elements of A are called source symbols. If |B| =2, K is called a binary code and elements of
w(B) are called binary words.

A coding K : A — w(B) induces a map K* : w(A) — w(B) by setting
K*(ay---a,) = K(ay) - K(ay,).
We call K* the coding of source messages and say that K is uniquely decodable provided that
K* is injective.

We now introduce a fundamental class of codes and consider their construction. Namely,
the so-called instantaneous codes.

Definition 3.2. A coding K : A — w(B) is called instantaneous if for all a,o0 € A, a # «,
and all b € w(B), K(a) # K(«a)b.

Suppose now that A = {aj,...,a,} is a source alphabet and B is a code alphabet of
cardinality £ > 2. We wish to construct an instantaneous code K : A — w(B). Assign an

27
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arbitrary word of length d; > 1 to a;. Now, fix do > d; and note that the number of words
of length dy is k% and therefore, the number of words b of length d, such that b = K (a;) 8 is
k®~d1 Thus, we may choose an arbitrary word for ay of length dy such that K (ay) # K(a1)b
for any word b in B since k92 — k2= > 1.

If we fix d3 > do, then there are k%~% + k-9 words b of length ds such that either
b= K(ay) 1, or b = K(az) 3. Therefore if we want to assign a word to az such that this is
not the case, we require that

k}dS . kdg—ch _ kd3—d2 > 1
= ke 4B <

Analogously, we require that
n
St
i=1
in order to construct our instantaneous code K. Indeed, this inequality is both a sufficient and

necessary condition to construct an instantaneous code.

The following theorem connects uniquely decodable codes with instantaneous codes in the
sense that for every uniquely decodable code K; with source alphabet A = {ay,...,a,} and
code alphabet B, there exists an instantaneous code Ky : A — w(B) such that for all 1 <i <n,
Ki(a;) and K (o - a;) have the same lengths for some permutation o € S,.

Theorem 3.1 (McMillan’s Theorem). Let K be a uniquely decodable coding with source alphabet
{ai,...,a,} and code alphabet B of cardinality k > 2. Then,

ikdi <1,
=1

where d; is the length of K(a;).

Proof. For each 1 < i < n, there are k' words of length ¢ in B. Since K* is injective, the
number of source messages aj, - - - a;, such that d;, + -+ + d;. =i is bounded by k. Now, let

n
c= E ki
i=1

We claim that for each r € N,

The case r = 1 is satisfied by the definition of c¢. Assume the result holds for ¢"~!. Then,

= ( i k(di1+--'+di7.1)> (i kdir)
=1

01 ymeey ip—1= ir=1
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as desired. Collect the summands k7% in ¢ for which ¢ = d;; + -+ + d;,. As mentioned, the
number of such summands is bounded by k*. Furthermore, i < rd, where d = max (dy, ... ,d,).
We then have that

rd
<Y kTR =rd.
i=1
Hence,%ﬁdforallreN@cﬁl. O

3.1.1 Hamming Distance

We now introduce a crucial notion in coding theory, namely, that of Hamming distance. We will
consider the role of this notion in an important area of coding theory known as error detection
and correction. We begin with some rudimentary definitions.

Definition 3.3. A coding K with source alphabet A is called a block coding of length n of K
is injective and for all a € A, K(a) has length n.

Remark 3.1. Let K be a block coding of length n with source alphabet A and let o € w(A)
have length m. Then, the length of K*(«) is n - m. In particular, n divides the length of
K*(a). Moreover, if z,y € w(A), then K*(z) = K*(y) = x and y have the same length,
say k. Write x = x1---xp and y = yy---yx. If x # y, then there exists 1 < i < k such that
v £y = K(x;) # K(y;)) = K*(z) # K*(y) and hence K is uniquely decodable.

Remark 3.2. The condition that a block coding has length n for each of its code words is
necessary to conclude that it is uniquely decodable. For example, define K : {a,b,c} — w({0,1})

by
K(a)=0, K(b)=1, K(c)=01.

Then K is injective yet K*(ab) = 01 = K*(c).

Definition 3.4. Let a = a;---a, and b = by---b, be two words in a set. We define the
Hamming distance between a and b as

d(a, b) ={i € {1,...,n} | a; # b;}|.
Proposition 3.2. For any set A and any n € N, the Hamming distance is a metric on the set

wn(A) of words of length n in A. That is to say, (w,(A), d) is a metric space.

Proof. Clearly, d(a, a) = 0, d(a, b) > 0 for a # b, and d(a, b) = d(b, a). Suppose now that
d(a, b) = k and d(b, ¢) = . Write a = a; ---a, and similarly for b and c¢. Then, there are
indices I = {iy,..., ik} and J = {j1,..., i} such that a; # b; for all i € I and b; # ¢; for all
j € J. We then have that a; = b; whenever ¢ ¢ I and b; = ¢; whenever j ¢ J. Consequently,
a; = ¢; whenever ¢ ¢ I U J and thus, d(a, ¢) < k+ . O

Definition 3.5. The minimum distance of a nontrivial (nonconstant) block code K is
d(K) = min{d(a, b) | a and b are code words and a # b}.

We now introduce the notions of error detection and correction as well as some results to
illustrate how minimum distance is used to measure a code’s ability to detect or correct errors.

Definition 3.6. A block code K 1is said to detect t errors if for all distinct code words a and b,
d(a, b) > t.
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It then follows that a nontrivial block code K detects ¢ errors if and only if d(K) > t.

Definition 3.7. A block code K is said to correct t errors if for all distinct code words a and
b and any word c in the code alphabet satisfying 1 < d(a, ¢) < t, we have that d(a, c) < d(b, c).

Proposition 3.3. A nontrivial block code K corrects t errors if and only if d(K) > 2t.

Proof. Suppose that K is of length n and that K corrects t errors. Assume to the contrary
that d(K) < 2t. Let a and b be code words with d(a, b) = d(K) = k. Then, there are indices
I ={iy,... i} such that a; # b; for all i € I. Define a word ¢ = ¢; - - - ¢, in the code alphabet
by setting
_ Ja; ifi=1iy; forsome 1 < j <k
"o b ifiAiy forall 1 <5<k

for each 1 < i < n. We then have that d(a, c) = B} < EHL <t 41 — d(q,¢) < t.
However, d(b, ¢) = [£| < d(a, ¢), a contradiction. Suppose now that d(K) > 2t. Let a and b
be distinct code words and suppose ¢ is a word in the code alphabet such that 1 < d(a,c) < t.

We then have that
2t < d(a, b) < d(a, ¢) +d(c, b)

and hence,
d(b, ¢) > 2t —d(a, ¢) > d(a, c).

3.1.2 Parity Check Matrices of Binary Linear Codes

Many important binary codes can be described by a system of linear equations over Fy. We
now turn our attention to this class of codes.

Formally, a block code K of length n is called a binary linear code if im K C F} is a
subspace. However, this definition is quite tedious. Since K maps bijectively onto its image,
elements of the source alphabet can be identified with the vectors lying in im K. It is therefore
convenient to instead adopt the common definition of a binary linear code as being a subspace
K C F3. It should then be understood that in this setting, code words correspond to elements
of K.

Definition 3.8. The Hamming weight of a word a = ay - - - a, in Fy is

w(a) =[{i € {l,...,n} | a; # 0}
The minimum weight of a binary linear code K is

w(K) =min{w(x) | z € K, = # 0}.

Proposition 3.4. If K is a binary linear code, then d(K) = w(K).

Proof. Suppose that a is a code word of Hamming weight w(K). Then, w(K) = d(a,0) > d(K).
Now, choose code words a and b with d(a, b) = d(K). Then, d(a, b) = w(a+b) <w(K). O

Corollary 3.5. A binary linear code K detects t errors if and only if w(K) > t. K corrects t
errors if and only if w(K) > 2t.

We now introduce the notion of a parity check matrix, which will then lead us to arguably
the most important class of binary linear codes, namely, Hamming codes.



CHAPTER 3. BINARY LINEAR CODES 31

Definition 3.9. A matrix H over Fy is called a parity check matrix for a binary linear code
K if K coincides with the set of solutions to the homogeneous system Hx = 0.

Proposition 3.6. A binary linear code K corrects single errors if and only if every parity check
matrix of K has nonzero, pairwise distinct columns.

Proof. Let e; € Fy be the i-th standard basis vector. Suppose that K corrects single errors,
e, w(K) > 2. If H is a parity check matrix for K with a zero column, say the i-th column,
then He; = 0 and so e; is a code word which contradicts w(K) > 2. Moreover, if i # j are such
that the i-th and j-th columns of H are the same, then H(e; + e;) = 0. Therefore, e; + ¢, is a
code word which again contradicts w(K) > 2. Suppose then that every parity check matrix H
of K has nonzero, pairwise distinct columns. Then for all ¢, j € {1,...,n}, i # j, both e; and
e; + e; are not code words. Thus, every code word a satisfies w(a) > 2 = w(K) > 2. O

Definition 3.10. A binary linear code is called a Hamming code if for some m € N, it has an
m x n parity check matric H such that 2™ — 1 =n and each v € F§* \ {0} is a column of H.

Consider the case when m = 3. To construct a Hamming code of length 7, we need a 3 x 7
parity check matrix H whose columns consist of all nonzero v € F3. Note that the choice of
such a matrix is not unique since applying any elementary row operation to H or permuting
any of the columns of H would yield an appropriate matrix. Here, we use the binary expansion
of the integers 1,...,7 for columns 1,...,7 of H. This gives

H =

_ o O
O = O
e )

1 111

0011

0101

Thus, our Hamming code is precisely the solution set to Hx = 0. This Hamming code is called
the Hamming (7, 4)-code.

For each code word z; - - - x,, in a binary linear code K, choose z,,1 € Fy such that

n+1

i=1

The set K’ of all words of the form z; -- - 2,41 is again a binary linear code (of length n + 1)
called the eztension of K. Note then that the extension of the Hamming (7, 4)-code has a
parity check matrix given by

00011110
01100110
H_10101010
11111111

The set of solutions to Hz = 0 is called the extended Hamming (8, 4)-code.

Definition 3.11. Let K be a binary linear code and suppose vy, . .., v form a basis for K. The

matrix
U1

G:
Uy,

whose rows are comprised of the vectors vy, ..., v is called a generator matrix for K.
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For example, the Hamming (7, 4)-code has

H =

o O =
O = O

1
1
0

_ o O

1
0
1

— = O

1
1
1

as a parity check matrix. H has rank 3 and so the nullity of H is 7—3 = 4. A generator matrix
for this code is given by

1110000
G:1001100
01 01010
1101001

3.2 Dual Codes of Binary Linear Codes

We focus now on the case when K is a binary linear code of an inner product space, i.e., K is
a subspace of an inner product space (F3, B).

3.2.1 MacWilliams’ Identity

We assume for the rest of this section that K is a binary linear code of an inner product space
(F%, B). This allows us to define the notion of a dual code. Note that thanks to Proposition
1.8 and the fact that we are working in characteristic 2, we may assume that B is symmetric.

Definition 3.12. The dual code K+ of K is the orthogonal complement of K in F%. That is,

K+ ={veFy|forany we K, B(v, w) =0}

Recalling that the orthogonal complement in V' of any subspace of V' is again a subspace,
we see that the dual code is again a binary linear code.

For 0 < i < n, define A; = [{x € K | w(z) = i}|. We call the sequence (A, ..., A,) the
weight distribution of K and the polynomial

Wi(z,y) =Y A’y
=0

the weight enumerator of K. Note that if Ag(z) = Y Ax’, then Wi (x,y) = y"Ax (%) and
i=0

y
Ak () = Wgk(x,1) so either polynomial can be recovered from the other.
We now provide an important result in coding theory which shows that the weight enumer-
ator of K+ is completely determined by the weight enumerator of K in the case when the inner
product is given by the ordinary dot product. We must first establish the following lemma and

introduce some notation. In what follows, u - v denotes the dot product of vectors u = uy - - - u,
and v = vy - - - v, in F} defined by
Uu-v= Z U;V;.
i=1

Furthermore, ||a|| denotes the image of a € Fy under the mapping

Fo —-7Z,0—0, 1+ 1.
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Lemma 3.7. For any v € K and any w € F7,

1 fwe K+
IIMUII _
Y {

. J_'
vt 0 ifwé¢K

Proof. If w € K+, then ||v-w| =0 for all v € K and so

Z(_l)llv-wll = |K|.

veK

Suppose then that w ¢ K=+, say v € K satisfies v-w = 1. Let vy,. .., v be all code words of K
orthogonal to w. Then, (v;4+v)-w =1 and if u € K is any other code word such that u-w =1,
then (u+v)-w =0 = u+ v =v; for exactly one i € {1,...,k}. Thus,

Z(—l)””'“’” — zk:(_l)vi.w + zk:(_l)|(vi+v)'w — 0.

veK =1
]

Theorem 3.8 (MacWilliams’ Identity). The weight enumerator of the dual code K= satisfies
the following identity

1

WKi<x7y) = ’K’

Proof. Note that the weight enumerator W (z,y) can be written in terms of Hamming weights

as
y) _ Z Ai.Tiyn_i _ Z xw(v)yn—w(v)
=0 veK
Consequently, we have

Wiy —z.y+2) = 3 (y — 2)*® (y + )"

veK
= H Y+ (=1,
veK i=1

where each v € K is written as v; - - - v,,. Now, by Lemma 3.7, the weight enumerator Wy (x, y)
can be written as

Wi (w,y) = > a"Wyr—)

veKL
1 uw w(v), n—w(v
_ Z(WZ<_1) ||>x () w(o)
vely ucK
Z Z ||u v|| w(v ynfw(v)'
| ueK velfy

We now use induction on n to show that, for a given u = u; - - - u,, € F},

n

Z (—D)llwvll o)y n-wl) — H[y + (=)l ],

vEFy i=1
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completing our proof of the Theorem. If n = 1, then

S (1)l g g (gl

ve{0,1}

Suppose that the equation holds for F5~'. Let A = {v € F% | v, = 0}, A° be the complement
of Ain F}, and v’ = uy - - - u,—1. Then,

Z(_l)ﬂum\\xw(v)yn—w(v) _ Z(_l)HUUH w(v) n w(v) + Z ||u vH w(v yn—w(v)

vERY vEA yeAc
= Z (— 1)|Iu ol pw(©) Yy () 4 Z |u vH 1)Hun\|xw(v)+1yn_(w(v)+1)
’UGIFn71 ,UEIF’I’L 1
=y Z ||u | ow v)y(nfl)*w(v) + (_1)”Un|| T Z (_1)||u’.Uwa(U)y(nfl)—w(v)
veFy ™ 1 vng_l
n—1 n

= [y+ (D" la] T]ly+(~)Ma) = T]ly + (-1l

i=1 i=1
]

Note that our proof of Theorem 3.8 relies heavily on the definition of the dot product. In
particular, we make use of the fact that for vectors v = uy ---u, and v = vy --- v, in F3,

n

(_1)\\wv\| _ H(—l)”“i”i”,

=1

noting that the above equation holds despite the fact that || - || is not additive. A natural
question is whether MacWilliams’ Identity holds for more general inner products.

If we define the dual of a code K with respect to an arbitrary nondegenerate bilinear
form (not necessarily symmetric) to be Lp (K), then it is claimed in [13, Theorem 11] that
MacWilliams’ Identity holds for any nondegenerate bilinear form. However, this is, unfortu-
nately, not true as pointed out in [5, Example 28|. The counterexample constructed there is as
follows. Let L

2
A= {0 1} € GL(F3)
and define a bilinear form B : F3 x F2 — F, by B(u, v) = u” Av where u,v € F3 are written
as column vectors. Consider the code K generated by the first standard basis vector ey, i.e.,
K = (e;). Then, Wi (z,y) = y* + zy. The dual code K+ of K with respect to B is then the
subspace generated by e; + e5. Thus, Wi (z,y) = 22 + y?. We compute

1
_WK<y_$7y+$):

|K]| 1[(@/in’f)2+(y—ﬂﬁ)(?ﬁrl‘)]=z/2+:cy.

2
Therefore, MacWilliams’ Identity fails in this case and hence we cannot say that it holds in
general for nondegenerate bilinear forms.

Notice that in the above example, B is not symmetric. The next question to ask is whether
MacWilliams’ Identity holds for inner products, i.e., nondegenerate symmetric forms or nonde-
generate alternating forms. The answer to this question is again, unfortunately, no. We now
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construct a counterexample. We will make use of the fact that if A is an invertible n x n matrix
over a field F, u,v € F" are column vectors, and adj A denotes the adjugate matriz of A, then

det(A + uv”) = det A + v” (adj A)u

which may be called Cauchy’s formula for the determinant of a rank-one pertubation according
to [7, p.26].

Given k € Z, let [k] denote the image of k under the quotient map Z — FF,. Define
w:Fy x Fy — Fy by

) = zu # () (L) = vt ol

i=1 =1

for all u = uy - -u, and v = vy - - - v, in Fy. We first show that w is alternating and nondegen-
erate whenever n is even. To show that w is bilinear, it suffices to show that for all u, v € F7,
[w(u+v)] = [w(w)] + [w(v)]. Write u = uq -+ Up, v =01 - - v,, and let

k:|{26{177n}|u121:7jl}|7

Observe that n = w(u) + w(v) — k 4+ 1. Then, w(u+v) =n—k —1 = w(u) + w(v) — 2k and
the result follows.

We now show that w is alternating and nondegenerate for even n. For any v € F},
w(v,v) = [w(v)] + [w(v)] = 0 which shows that w is alternating. For 1 < i < n, let e; be
the i-th standard basis vector. Then, w(e;,e;) = &;; + 1. Therefore, the matrix representing
w relative to {e;}7_, has the form & = I, + eel, where I, is the n x n identity matrix and
e =e; + -+ e, is the word of all 1’s. Thus, by Cauchy’s formula for the determinant of a
rank-one perturbation,

det @ = det (I,, + ee”)
—det I, + el I,e
=1+ [w(e)].
Hence, w is nondegenerate whenever n is even.

Before constructing our counterexample, note that if 1 < ¢ < n is fixed, then any v € F}
can be written in the form .
v = M\e; + Z (T
j=1

where X\ € Fy and {e;; }_, are pairwise distinct with ¢ # i; for all 1 < j < k. We then have
that

w(e;,v) = Aw(e;, e;) + ZW(% ei,) =

j=1

1 if kisodd
0 if kiseven

We now begin the construction. Consider the code K C 3 generated by e;. By the above
remark, we may easily compute the dual code

1
K :{O, €1, €1+€2+€3, €1+€2+64, €1+€3+€4, 62—|-€3, 62+64, €3+€4}.
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Now, the weight enumerator for K is Wi (z,y) = y* + 2y® and the weight enumerator for K+
is Wyi(x,y) = y* + 2y® + 323y + 32%y*. However, we find that

ﬁWK(y g+ a) = S(y+ D)+ (5 — @)y + o)

=N

— 5[2y4 + 62y° + 22°y + 62°y%]

=y + 3xy® + 2Py + 32%y% # Wi (2,7).

Therefore, MacWilliams’ identity fails in this case and hence we cannot say that it holds in
general for inner products.

3.2.2 Self-Dual Binary Linear Codes

We have introduced the dual code of a binary linear code. We now introduce a class of binary
linear codes induced by this notion, namely, self-dual codes.

Definition 3.13. A binary linear code K is called self-dual if K = K.
It should be noted that if K is self-dual, then by Proposition 1.2, we have

dim V = dim K + dim K+

and so V has even dimension and dim K = %n

We may also wish to note that if K is self-dual with respect to the dot product, then
Theorem 3.8 gives

1
WWK@ —z,y+ ).

WK (.T, y) =

Many important codes are self-dual. For example, if we equip F§ with the dot product,

then the extended Hamming (8, 4)-code is self-dual. To see this, let K denote the extended
Hamming (8, 4)-code and recall that a parity check matrix for K is given by

00011110

01100110

H=11 0101010

11111111

and hence a generator matrix for K is given by

11100001

G 10011001

01010101

11010010

Note that in the case of the dot product, a generator matrix for a code is a parity check matrix
for its dual. Thus, G is a parity check matrix for K+ and an easy computation shows that the
nullity of G is 4 and that GGT =0 = K+ =K.

If one wishes to classify self-dual codes, then there should be a notion of equivalence of codes.
Although there are many ways to formulate what it means for two codes to be equivalent, we
only introduce a standard one.
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Let K C F% be a binary linear code. The symmetric group .S,, acts on F} by permuting
coordinates, i.e., for o € S,, and v = vy - - - v, € F7,

gV = Ug—l(l) s -Ug—l(n).

If K’ is another binary linear code, then we say K and K’ are equivalent if there exists a
o € S, such that o - K = K’'. In fact, if B is an S,-invariant inner product on F%, i.e

B(o - u,0-v) = B(u,v) for any o € S,,, then S,, acts on the set C' of all self-dual codes. This
is becauseveKL < o-v€o- K andhence,o0- K+ = (oK)t

Given a binary linear code K, define the automorphism group of K to be the subgroup of
S, given by
Aut(K)={o€S,|o-K=K}.

We then see that the number of codes equivalent to K is

| Sl n!

|Aut(K)| | Aut(K)|

Hence, if C' is the collection of self-dual codes that are pairwise inequivalent, then the number
of distinct self-dual codes is \
n!
T, = —_—
Z “ [ Aut(K)|

We then obtain the following formula which is known as a mass formula
T, 1
il = 2 TR )

If we can determine 7, then the left-hand side of equation () gives us a stopping condition for
an algorithm to find inequivalent self-dual codes. We will compute 7T, in the following section
for symplectic forms. It should first, however, be noted that in the case of the dot product,

-1

H 20 +1)
=1

as shown in [9, Corollary 19 p. 630]. We provide an alternative proof of this in the next section.

to\»—‘

3.3 Lagrangian Binary Self-Dual Codes

In this final section, we will consider binary self-dual codes of a symplectic space, i.e., codes
K C F3 satisfying K = K+ with respect to a nondegenerate alternating form on F%. Such
codes are examples of Lagrangians, i.e., subspaces of a symplectic space that coincide with
their orthogonal complement. We first give a gentle introduction to Lagrangian subspaces of a
general finite-dimensional symplectic space (V, w).

The following proposition concerns the existence of Lagrangians and gives a characterization
of such subspaces. In what follows, V' is a finite-dimensional symplectic space. In the spirit of
symmetric bilinear forms, we call a subspace W C V satisfying W C W+ a totally isotropic
subspace.
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Remark 3.3. Although we have already seen that a symplectic space has even dimension, the
following proposition provides an alternative way to see this. Given that V' has a Lagrangian

L, we have
dim V = dim L + dim L* = 2dim L.

Proposition 3.9. A subspace of V is Lagrangian if and only if it is totally isotropic and
mazximal (in the sense of inclusion). In particular, there ezists a Lagrangian subspace of V.

Proof. Choose a maximal totally isotropic subspace L of V. Suppose to the contrary that
L # L*. Then, there exists v € L+ \ L = L @ (v) is a totally isotropic subspace containing
L, contradicting the maximality of L. Conversely, suppose L is a Lagrangian subspace of V'
and that M C V is a totally isotropic subspace containing L. Then,

LcM = M‘tclLt=LcM.

Thus, M = M*, i.e., M is Lagrangian. But then dim M = dim L by the remark above and
hence, M = L. O

We denote the set of all Lagrangian subspaces of V' by Lag(V). After establishing the
following lemma, we will compute |Lag(]F§")\ for any prime power ¢. In particular, taking
q = 2 tells us the number of binary self-dual codes of (F3", w).

Lemma 3.10. The group Sp(V') acts on Lag(V') naturally, i.e., fort € Sp(V) and L € Lag(V),
7-L=17(L) € Lag(V'). Moreover, this group action is transitive.

Proof. Clearly, the mapping satisfies the axioms of a group action. We show that if 7 € Sp(V)
and L € Lag(V), then 7(L) € Lag(V). If tv, Tu € 7(L), then w(rv, Tu) = w(v, u) = 0 since
u,v € L = L+. Conversely, if v € 7(L)*, then v = Tu for some u € V. Let 7w € 7(L). Then,
wv, Tw) =0 =w(u,w) = we Lt =L = v e 7(L). We now proceed to show that Sp(V)
acts transitively. As previously noted, dim V' is even, say 2n. Then, any L;, L, € Lag(V') are
of dimension n and are hence isomorphic, say via ¢ : L; — Lo. Since Lil =L;, 1 = 1,2,
we have u,v € L1 = w(u,v) = 0 = w(ou, ov) and so in fact ¢ is an isometry. Thus,
by Witt’s Extension Theorem 2.24 (see also Remark 2.4), there exists 7 € Sp(V') such that
Ty, =0 = 7Ly = L. O

Theorem 3.11. Let V =F." for any prime power q. Then, |Lag(V)| = [1(¢" +1).
i=1

Proof. By Theorem 1.6, there is a basis {uq,...,uy,,v1,...,v,} of V such that

w(ui, v) = dij = —w(vj, uy),

w(ui, uy) = 0= w(v;, vj),

and thus, the matrix representing w relative to this basis is

~ |0 I

w=1_1 ol
Let e; be the i-th standard basis vector and set L = (eq,...e,). Then, L is Lagrangian as
el'e;j=0foralli,j € {1,...,n}. Let S be the stabilizer of L in Sp(V'). Since Sp(V) acts

i

transitively on Lag(V'), we have

_[Sp(V)]

| Lag(V)| = [Sp(V) - 5] B
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Recall from Proposition 2.10 that a matrix M € GL(V) lies in Sp(V) <= MT&o M =©. We
may express M as a 2 X 2 block matrix whose entries are n X n matrices, say,

A B

M= { A D} |

Then, M € Sp(V) if and only if

AT ¢ [¢ D] _[o0 I,
BT DT||-A —-B|~ |-I, 0

which gives the following system of matrix equations:

ATC—CTA=0
ATD-Cc"B=1,
B"D-D"B=0.

If we impose further that M € S, then Me; € L for all 1 <i <n = (C = 0. Therefore,
D = (AT)"! and B = AE, where E = BT D. Hence, we see that S is of the form

S= { {g‘ (ﬁ?—l} ‘A € GL(n, q), ET = E}

Notice that if F is any n x n symmetric matrix and A € GL(n, q), then

[31 <ATQ>—1} {15 ﬂ - {‘5‘ <A@?—l]'

Thus, if we let
I, E}

G:Hé (Ag)l} AEGL("’Q>}’H:HO I

we have that S decomposes into an inner semidirect product S = G x H. Now, the order of
H is the number of n X n symmetric matrices over F,. There are ¢* choices for the i-th row of
such a matrix and so,

ET:E},

i i n(n+1)
i=1

Furthermore, G = GL(n, ¢q) and so, by Proposition 2.1,

n
(n—1)n

Gl =" I - 1.

i=1
Thus, |S| = |G| - |H| and so the result follows from Theorem 2.17. O

Corollary 3.12. If V = F% is equipped with the dot product, then the number of binary self-dual
codes of V' is

n—1

T.= ] @+0).

1=

o=

—
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Proof. Denote the dot product of two vectors u,v € V by w-v and for k € Z, write [k] for
the image of k under the quotient map Z — Fy. Any subspace of V' that is self-dual with
respect to the dot product must consist entirely of vectors v € V' with [w(v)] = 0, i.e., of even
Hamming weight. Otherwise, v-v = 1 and the space would not be self-dual. Moreover, we may
assume that n is even, otherwise no subspace of V' would be self-dual. Hence, the alternating
form w on V defined by w(u, v) = u - v + [w(u)][w(v)] is nondegenerate. Let e; be the i-th
standard basis vector and set e = e; + -+ 4 ¢e,, i.e., the word consisting of all 1’s. Then,
the space of even Hamming weight vectors is given by (e)* and, by the nondegeneracy of w,
we have ((e)1)t = (e) = rad {e)*. Then, (e)1/(e) is a symplectic space with respect to the
induced symplectic form @ defined by (@, ¥) = w(u, v), where 4,7 € (e)*/{e) are the cosets
with representatives u and v respectively. Thus, the number of binary self-dual codes of V' is
the number of Lagrangians of (e)*/{(e). Since dim ((e)*/(e)) = n — 2, the result follows from
Theorem 3.11. O

In terms of practicality, we would like a way to construct the basis appearing in the proof of
Theorem 3.11. This can be achieved recursively in a process which may be called the symplectic
Gram-Schmidt process. It goes as follows. Choose a nonzero u; € V and find v; € V with
w(uy, v1) = 1. Set Wy = (uy, v1). Then, V = W; & Wi. Choose a nonzero us € Wi and find
vy € Wit with w(ug, v) = 1. Set Wy = (uy, v3). Then, V = W, @& W, @ Wik, Iterating this
process, we find that V=W, & --- & W, where each Wy, = (uy, vg) is a hyperbolic pair and
hence, {uy,v1,...,un, v,} is a symplectic basis for V.

We observed in the proof of Theorem 3.11 that the subspace L = (eq, ..., e,) generated by
the standard basis vectors {e;}; is Lagrangian. Given that Sp(V') acts transitively on Lag(V),
we may determine all Lagrangian subspaces of V' by computing the orbit of L. If V' = F5", then
once Lag(V') has been computed, we may determine the classes of inequivalent Lagrangians by
computing the Sy,-orbit of Lag(V). This can be accomplished through GAP [4] using a naive
algorithm. Let us demonstrate this for the case when w is the inner product on F3" defined by
w(u,v) =u- v+ [wu)][w)].

First, we construct a symplectic basis {f;}?%, for V as follows. Let f; = e; and f, = ey be
the standard basis vectors. Then, w(fi, fo) = 1. For k > 3 define

f = ek + 2?1—11 i if k£ is odd
- €k + Zi:ll(fi +e;) if kis even

Note that if £ > 2 is odd, then
k—1
fe=er+ Z fi
i=1
k—2
=ex + fr1 +Zfi
i=1
k—2 k—2
=€ +ep_1+ Z(fz + ei) + Zfz
i=1 i=1

k
= E €;.
i=1
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Furthermore, if k£ > 2 is even, then
k—1
fr=rer+ Z(fz + ;)
i=1
k—2 k—1
:6k+fk—1+2fi+zei
i=1 i=1
k—2 k—1
=er+er_1 +2Zfi+zei
i=1 i=1

k
= €r_1+ E €.
i=1

41

In fact, the above formulas hold when k£ = 1,2 as well by the definition of f; and f;. Note also
that (f1,..., fan) = (€1,...,€2,) s0 {fi}?", is in fact a basis. We now show that if k > 2 is odd

and m < k is odd, then fi, far1 € (fm, fme1)" and that w(fy, fer1) = 1. Indeed,

m

w(fk,fm):w<zk:ei, Zei) =1+1=0

i=1 i=1
and

k m—+1
W(frr fme1) = W(Z €iy Em + Z €i>
i=1

i=1

k k m+1
= w(Z €, em> + w(z €5, Z ei)
i=1 i=1 i=1

=(1+1)+(0+0)=0

which shows that fi € (fin, fms1)". Now,
k+1 m
W(frg1s fm) = w (ek + Z €i, Z €z>
i=1 i=1
m k+1 m
= w(ek, Zei) + w(Z €, Z e,-)
i=1 i=1

=1

=0+1)+(1+0)=0

and

k+1 m+1
W(fr41, fms1) = w(ek + Z €iy Em + Z €z‘>
i=1 i=1

m+1 k+1 k+1  mel
= w(ek, em) +w (ek, Z ei> + w (Z €is em) +w (Z €, Z ei)
=1 =1

i=1 i=1

=0+1)+(0+0)+(1+0)+(0+0)=0
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which shows that fii1 € (fin, fme1)©. Finally,
k k+1
W(fr, frr1) = w (Z €, € + Z 6¢>
i=1 i=1
k k k41
:w(Zei, ek> —Hu( ei,Zei)
i=1 i=1

)40 =1,

Hence, {f;}?", is a symplectic basis for V' with respect to w.

Now, as we saw in the proof of Theorem 3.11, w is represented by the matrix

. [o 1,
Y=, 0

42

relative to the basis F = {fi, fs,... fon—1, fo, fa, ..., fon}. Therefore, if each f; and e; are

represented by row vectors, then the change of basis matrix from F to & = {e;}?*, given by

o
fs
R

/2
Ja

| fon

respects the identity @z = P@g PT. These are all the tools needed for our naive algorithm.
Code written in GAP [4] (see A) produced the following matrices for n = 1,2,3,4. The row
spaces of these matrices are representatives of each of the inequivalent classes of Lagrangians.

n=1:
1 1], [1 0]
n=2:
1 100 [T 00O
{0 0 1 11’ {o 11 0]’
n=3: ~
1 10000][1L00O0O0OO 101101
00110001 100T0,/]001110
000011000110 [01 0101
n=4:
(11100001 [t 1000000 [t0O0O0OO0OTO O
10011001 00110000 011000
01 010101’f00001T1O0O0[’/00O0T1T1F0
11010010 |[0000001T1] [000001
(1 0111101 [o1 0007101 [t 1 1010
00111110 10001001 001100
01 011101’f00001 11 1{’|000O0T1°1
00011000 |00010011] [01 0000

O R, P, R OOOo

O R = O OO OO
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Appendix A

Code

The following code, written in GAP [4], is used to compute representatives of each of the
inequivalent classes of Lagrangians of F3" for small values of n.

V := GF(2)~(2+%n);

J := NullMat(2*n, 2*n, GF(2));
for i in [1..n] do

J[il[n + i] := Z(2)°0;

Jn + i][i] Z2(2)70;

od;
G :=Sp(2 * n, 2, J);

B := Basis(V);
LB := [];
for k in [1..n] do
Add (LB, BI[k]);
od;
L := VectorSpace(GF(2), LB);
L_Orbit := Orbit(G,L);

f := [B[1], B[2]];

sumf := f[1] + f[2];

sume := B[1] + B[2];

for k in [3..2*n] do
Add(f, B[k] + sumf + sume * ((k + 1) mod 2));
sumf := sumf + f[k];
sume := sume + B[k];

od;

P := NullMat(2*n, 2*n, GF(2));
for k in [1..n] do

P[k] := f[2xk - 1];

Plk + n] := f[2xk];
od;
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LG := [J;
for 1 in L_Orbit do
mat := BasisVectors(Basis(l)) * P;
Add (LG, VectorSpace(GF(2), mat));
od;
action := function(l, sigma);

return VectorSpace(GF(2),
BasisVectors(Basis(1l)) * PermutationMat(sigma, 2*n, GF(2)));
end;

S_2n := SymmetricGroup(2*n);

gens := GeneratorsOfGroup(S_2n);

S_Orbit := OrbitsDomain(S_2n, LG, gens, gens, action);
rep := [];

for i in [1..Size(S_Orbit)] do
Add(rep, BasisVectors(Basis(S_Orbit[i][1])));
od;
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