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Abstract
Acomparisonof three different isotropic non-linear elasticmodels uncovers subtle but important
differences in the acoustoelastic responses of amaterial slab that is subjected todynamicdeformations
during apump-probe experiment. Theprobewavedeformations are small and are superimposedon larger
underlyingdeformationsusing three differentmodels: Landau–Lifshitz (using its fourth-order extension),
compressible neo-Hookeanmodel (properly accounting for volumetric deformations), and analternative
neo-Hookeanmodel (fully decoupled energies due todistortional isochoric and volumetric deformations).
The analyses yield elasticity tensors and respective expressions for thepropagation speedsof P-wave and
S-waveprobes for eachmodel.Despite havingmany similarities, thedifferentmodels give different
predictions ofwhichprobewave typeswill have speeds that are perturbedbydifferent pumpwave types.
The analyses also showa conceptual inconsistency in theLandau–Lifshitzmodel, that a simple shear
deformation induces a stress and a shearwaveprobe speed that dependon the second-order elastic
constantλ, which controls resistance to volumetric changes and thus shouldnot bepresent in the
expressions for shear stress and shearwaveprobe speeds. Thus, even though theLandau–Lifshitzmodel is
widely used, itmaynot always be thebest option tomodel experimental data.

1. Introduction

Understandingnon-linear acoustoelasticwavepropagation in solids is important for non-destructive testing
applications [1–4]. All acoustoelastic techniques are basedon the fact that propagatingwave speeds varywith
deformationor applied stress,whether those stresses are static or dynamic.While the experimental principles of static
acoustoelasticity are considered tobewell-established [5], the consistencyof some theoretical results [6, 7]has been
questioned [5].

Thus, the theoretical underpinnings of dynamic acoustoelasticity and associated experimental conditions
requiremore understanding. The present work compares several different theoreticalmodels that are relevant to
experimental investigations of static and dynamic acoustoelasticity.

Dynamic acoustoelastic testing [8–10] is gainingpopularity for characterizing the structure of complex solids
such asbones [11], rocks [8, 12] andothermaterials [9]. In such experiments, a large amplitude (pump)wave
provides adynamicdeformationfield,whichperturbs the speedof a second (probe)wave.Theprobewave amplitude
is sufficiently small that its influenceon thepump-induceddeformation canbeneglected.One appeal of the pump-
probe approach is that it canbe appliedunderfield conditionsusing artificial sources and receivers [13]. Although the
pump-induceddeformationfields used indynamic acoustoelastic testing are typically smaller than static
deformations inducedbymechanical presses (for example), nonlinearwave effects in rocks canbeobserved at strains
as lowas 10−8, and thusdynamic acoustoelastic testing is feasible evenwith small strains [14]. Furthermore, this sort
of testing canbeperformed in thepresence of both a static deformation (due to anapplied load) and apump-induced
dynamicdeformation [15], as shown infigure 1.
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The primary challengewithmodelling static and dynamic acoustoelasticity is that, in order to apply the
theory in a tractablemanner, wemustmake assumptions about the nature of thematerial as well as the nature of
thewaves.

To provide a better foundation for applying theoreticalmodels to dynamic acoustoelastic experiments, this
paper outlines three different isotropicmodels and their assumptions. The emphasis is on demonstrating that,
even in an isotropicmaterial, pumpwaves can perturb thewave speeds of sensing probewaves in qualitatively
different ways, depending on the choice ofmodel. After giving continuummechanics definitions related to
deformations (section 2), section 3 summarizes results for strain-energy functions of a variable-ordermodel
(Landau–Lifshitz in its fourth-order extension), as well as two different compressible neo-Hookeanmodels.
Then, section 4 presents general wave speed expressions for probewaves (P- and S-wave) for eachmodel, and
section 5 considers their application to an experimental scenario with both static and dynamic predeformations.
Section 6 discusses the obtained theoretical results, and gives additional explanations in the context of non-
linear elasticity. Short conclusions are given in section 7.

2. Basic continuummechanics: deformations

For all three elasticmodels described herein, the basic aspects of continuummechanics apply. In particular, the
focus is on how a deformation changes amaterial from its reference configuration to a current configuration. A
schematic representation of one suchmaterial is shown infigure 1.

Amaterial point in the reference configuration rB is labelled by a position vectorX, and this point in the
current configurationB at time t is labelled by a position vector x. Deformation is described by the vector field
χ, which relates the position of a particle in the reference configuration to the position of the same particle in the
current configuration: x=χ(X, t). The deformation gradient tensor, denoted F, is defined by

c=F Grad ,

where Grad is the gradient operator definedwith respect toX. The left and right Cauchy-Green deformation
tensors are related to the deformation gradient and defined by

= =B FF C F F, and , 1T T ( )
respectively. Volumetric deformation is accounted for by

=J Fdet . 2( )

In the absence of deformation in the reference configuration and for the isochoric, volume preserving
deformation (2) reduces to J= 1. TheGreen (Lagrangian) strain tensor can be obtained from

= -E F F I
1

2
. 3T( ) ( )

Figure 1.A schematic diagramof a dynamic acoustoelastic pump-probe experiment. The pump source generates a dynamic
deformation field that perturbs the speed of the probewave (produced by the source and detected at the receiver). An optional static
deformation can be induced by an applied load. The pump and probe sourcewaves can have either P or S polarizations. The upper-
case (Xi) and lower-case (xi) coordinate systems correspond to the reference and current configurations of the sample, respectively.
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3. Isotropic non-linear elasticmodels

While for the linear isotropicmaterial there is only one universalmodel (allmaterials are treated asHookean
solids in linear elasticity), the situation in nonlinear elasticity ismuchmore complicated and there are different
models even for isotropic (nonlinear)materials. Thus, it is impossible to indicate a general universalmodel in
nonlinear elasticity suitable for all cases. One of the aims of this paper is to shed light on the differences of
different nonlinear elasticmodels specifically within the context of acoustoelasticity.

Many different non-linear elasticmodels exist, including neo-Hookean [16],Mooney-Rivlin [17], Gent [18],
Arruda-Boyce [19], Blatz-Ko andOgdenmodels [20], and Landau–Lifshitz [21, 22]. The Landau–Lifshitz (L-L)
is a third-ordermodel that is frequently used in acoustoelastic applications because it can accommodate
different orders of non-linearity (by expanding it to the next order). However, thismodel has a large number of
fitable parameters, some ofwhich have unclear physicalmeanings. Furthermore, the L-Lmodel does not
provide a clearway of capturing volumetric deformations. Othermodels, such as neo-Hookeanmodels, are
better suited to deal with both distortional and dilatational deformations. In amodified neo-Hookeanmodel, it
is also feasible to decouple energies due to distortional isochoric and volumetric deformations. The following
subsections describe each of these threemodels inmore detail.

3.1. Landau–Lifshitzmodel: adjustable order of non-linearity
The L-Lmodel was initially proposed as a third-order expansion of the strain-energy function,W, in terms of the
Green strain tensorE. It appears that formulas for wave speeds as a function of strain, relevant for the fourth-
ordermodel have not been derived in the literature in a general form. Therefore, wefirst recall the fourth-order
expansion of thismodel.

The fourth-order expansion of the L-L elasticitymodel is built from a third-order expansion of the strain
energy function4, which gives us

l
m= + + + +

+ + + +

W I I I I I
A

I BI I
C

I

EI I FI I GI HI

, ,
2 3 3

, 4

1 2 3 1
2

2 3 1 2 1
3

1 3 1
2

2 2
2

1
4

( )

( )

where invariants

= = =I I IE E Etr , tr , tr ,1 2
2

3
3

λ andμ are second-order elastic constants (Laméʼs parameters),A,B,C are the third-order elastic constants, and
E, F,G,H are the fourth-order elastic constants. Thus, thismodel allows for a choice of non-linearity order. For
example, dropping fourth-order terms in (4) leads to a third-order strain-energy function, and to a second-
order stress-strain relation, since taking a derivative reduces the order of nonlinearity by one.

Since the strain-energy function (4) depends on theGreen strain tensorE, it is convenient toworkwith the
second Piola-Kirchhoff stress tensor, S, which is a derivative of strain-energyWwith respect toE. Since (4)
depends onE through invariants I1, I2, I3, we use a chain rule to obtain second Piola-Kirchhoff stress tensor as

=
¶
¶

=
¶
¶

¶
¶

+
¶
¶

¶
¶

+
¶
¶

¶
¶

W W

I

I W

I

I W

I

I
S

E E E E
. 5

1

1

2

2

3

3 ( )

Wecalculate the required derivatives of the invariants

¶
¶

=
¶
¶

=
¶
¶

=
I I I

E
I

E
E

E
E, 2 , 3 , 61 2 3 2 ( )

where I is the identity tensor. From the strain energy function (4), we also obtain

l
¶
¶

= + + + + +
W

I
I BI CI EI FI I HI2 4 , 7

1
1 2 1

2
3 1 2 1

3 ( )

m
¶
¶

= + + +
W

I
BI FI GI2 , 8

2
1 1

2
2 ( )

¶
¶

= +
W

I
A EI3 . 9

3
1 ( )

4
The derivation is based onTaylor series expansion formula for the function of three variablesW(I1, I2, I3)near the point of zero strain.
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Substituting the previous expressions (6), (7), (8), (9) into (5), we obtain a general expression for stress

l

m

=
¶
¶

= + + + + +

+ + + + + +

W
I BI CI EI FI I HI

BI FI GI A EI

S
E

I

E E

2 4

2 2 3 . 10

1 2 1
2

3 1 2 1
3

1 1
2

2 1
2

( )

( ) ( ) ( )

3.2. Neo-Hookeanmodel 1: volumetric deformations
The L-Lmodel and its fourth-order extension is frequently used in acoustoelastic applications, but there is no
clear term in expression (4) that specifically pertains to volume deformations. A simple calculation (given in
appendix A) for simple shear leads to an expression in stress components containing Laméʼs parameterλ, which
measures the resistance to volume deformation. This is problematic because simple shear does not induce a
volumetric deformation. Tomitigate these limitations, we consider a compressible neo-Hookeanmodel, where
volumetric deformations are clearly captured by changes in the determinant of the right Cauchy-Green
deformation tensor.

A compressible neo-Hookeanmodel can take the form [23]

m
m

l
= - - +W I I I

2
3 ln

2
ln , 111 3 3

2( ) ( ) ( )

whereλ andμ are Laméʼs parameters in the reference configuration andwe use another set of invariants of the
right Cauchy-Green deformation tensor (1)2.

The stress can be expressed in terms offirst Piola-Kirchhoff stress tensor, from the derivative of the strain-
energy functionwith respect to the deformation gradient tensor

=
¶
¶

W I I IP
F

, , ,1 2 3( ( ))

where the strain-energy is defined in terms of invariants used for isotropicmaterials

= = - =I I IC C C Ctr ,
1

2
tr tr , det .1 2

2 2
3{( ) }

The choice offirst the Piola-Kirchhoff stress is convenient here because the strain-energy function (11) depends
onC, andC= FTF.

Using a chain rule and the following relations

¶
¶

=
¶
¶

= -
¶
¶

= -I I
I

I
I

F
F

F
F FF F

F
F2 , 2 2 , 2 ,1 2

1
T 3

3
T

we obtain

= + - + -W W I W IP F F FF F F2 2 2 , 121 2 1
T

3 3
T( ) ( )

whereW1,W2,W3 are partial derivatives ofWwith respect to I1, I2, I3, respectively.
For completeness, the expression for Cauchy stressσ can be found using a standard relation

s = = + - +J W W I W IPF B I B B I2 2 2 ,T
1 2 1 3 3( )

whereB= FFT is the left Cauchy-Green deformation tensor and =J Fdet .
Specifically, for the strain energy (11)we obtain

s m l m= + -J IB Iln . 133( ) ( )

3.3. Neo-Hookeanmodel 2: fully decoupled energies due to distortional isochoric and volumetric
deformations
In neo-Hookeanmodel 1 (11), the first term is sensitive to both distortional and dilatational deformations. It will
be shown that decoupling energies has an effect on the action of P- and S-waves (pumps) on probes.We recall
that P- and S-wave pumps are related to dilatational/compressional and shear (distortional) deformations,
respectively.

To this end, consider the strain-energy function

m
= - + -W I

k
J

2
3

2
1 , 141

2( ¯ ) ( ) ( )

where =I Ctr1̄ ¯ and k is the bulkmodulus. Thefirst term is only sensitive to distortional, isochoric deformations
and the second term is sensitive to volumetric deformations.
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Any deformation gradient can be decomposed into

= JF F,
1
3 ¯

where F̄ is a distortional part of the deformation gradient [23]. Accordingly, in terms of the right Cauchy-Green
deformation tensor,

= -IC C.3

1
3¯

Therefore, the invariant I1̄ accounting for pure distortional deformation is

= = = =- - -I I I I IC C Ctr tr tr .1 3 3 3 1
1
3

1
3

1
3¯ ¯ ( )

Thefirst Piola-Kirchhoff stress tensor can be obtained from (14) after some rearrangements

m= - + + -- - -I I k I IP F F F
1

3
. 153

1 3
1

T
3 3

T⎛
⎝

⎞
⎠

( ) ( )

4.Wave speeds in differentmodels

Since dynamic acoustoelasticity experiments interpret wave speed changes (inferred from changes in
traveltimes), this section derives wave speed expressions from each of the threemodels by using the theory of
infinitesimal deformations [24] (such as small amplitude probewaves), superimposed on large deformations
(such as large amplitude pumpwaves or static deformation induced by a pressmachine).

4.1. Equation ofmotion, elasticity and acoustic tensors
Consider an incremental equation ofmotion [24] (Ch. 6)

r=
¶
¶t

T
u

div , 160

2

2
˙ ( )

where T0
˙ is the increment in the nominal stress tensor corresponding to the displacementu, caused by the probe

wave, and ρ is amass density in the current configuration. The nominal stress tensor is a transpose offirst Piola-
Kirchhoff stress tensor.

An increment in the nominal stress tensor is given by the constitutive law

=T u , 17pi piqj j q0 0 ,˙ ( )A

where0 is the fourth-order elasticity tensor (defined in component formby expression (24)).
Substituting (17) in (16), we obtain

r=
¶
¶

 u
u

t
. 18piqj j q p

i
0 , ,

2

2
( ) ( )

The small amplitude probewave propagates within a small area of the sample andwe assume that in this area
deformation is essentially homogeneous and static due to the low-frequency pumpwave. Basically, we assume
that changes in the deformation are so small that they can be neglected (during a short timewindow required for
the probe to travel across the sample). Therefore, equation (18) can be rewritten

r=
¶
¶

 u
u

t
. 19piqj j qp

i
0 ,

2

2
( )

In general, the probewave displacement can bewritten

= -f vtu m n x ,( · )

where f is a twice differentiable function, unit vectorm represents polarization direction, unit vectorn gives
propagation direction, and v is the propagation speed of a probewave.We then obtain

¶

¶ ¶
=  -

u

x x
m f vt n nn x , 20

j

q p
j q p

2

( · ) ( )

and

¶
¶

=  -
u

t
m f vt vn x . 21i

i

2

2
2( · ) ( )

Substituting these into (19) andmultiplying both sides of (19) by J= ρ0/ρ, where ρ0 is amass density in the
reference configuration, we obtain
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r=J n n m v m , 22piqj p q j i0 0
2 ( )

which is analogous to theChristoffel equations but for non-linear elastic case.More compactly, we can rewrite
(22) as

r= vQ n m m, 230
2( ) ( )

where = Q J n nnij piqj p q0( ) is the acoustic tensor. Finally, in the current configuration, elastic tensormoduli
can be obtained for the compressible case [25]

=
¶

¶ ¶
a b

a b
J F F

W

F F
. 24jilk j l

i k
0

2

( )

Based on these tensor expressions, we now consider each of our threemodels separately, and substitute the
specific forms of strain energyW into equation (24). From this, we derive expressions for how a pumpwave (that
causes changes inW) affects the velocity of a probewave (via changes in the velocities determined by themoduli
in the LHS of (24)). A summary of results from all possible probe-pump combinations is shown in table 1.

4.2.Wave speeds: L-Lmodel
We substitute strain-energy function (4) into (24). The details of this calculation leading to expression (25) are
given in appendix B. After some lengthy rearrangements, we obtain

l

m

d l

d m d

= + + +
+ + +
+ + + +

+ + + + +
+ + +

+ + + + + +

+ + + + +



25

J CI FI HI B B

B E FI B M

B FI E B M GM M

BI FI GI B B B B

A AI B M B M

B I BI CI EI FI I HI

M BI FI GI M

2 2 12

2 3 4

2 4 3 8

2

3

2 4

2 2 ,

jilk ji lk

ji lk

lk ji ji kl

jk li jl ki

jk li li jk

jl ik

jl ik jl ik

0 1 2 1
2

1

1

1 1
2

2

1

1 2 1
2

3 1 2 1
3

1 1
2

2 ( )

( )
( )
( )

( )( )
( )( )

( )

( ) ¯

whereB= FFT is the left Cauchy-Green deformation tensor. Also, in (25)wehave introduced two new
quantities: Eulerian symmetric tensorsM= FEFT and =M FE F2 T¯ . Note that expression (25), as expected, is
consistent with linear elastic theory. In the reference configuration, where J= 1, I1= I2= I3= 0,B= I,

= =MM 0¯ , we recover the classical expression ld d m d d d d= + + jilk ji lk jk li jl ki0 ( ).
In total, there are 9 expressions for probewave speeds5, and each expressionwould be evaluated for 10 cases

of deformation caused by a pumpwave.We show the result for a P-wave probe propagating in theX1 direction
and S-wave probe propagating inX1 direction and polarized inX3 direction for any underlying deformation.
This accommodates any kind of underlying deformation, whether static deformations or pumpwaves, since
such deformationsmanifest in the following equations via tensorsB,M, M̄, and the invariants I1, I2, I3.

For this example case, the P-wave probe speed from (23) and (25) is

r l

m

l

m

= = + + +
+ + +
+ + + +
+ + + +
+ +
+ + + + + +

+ + + + +

v J CI FI HI B B

B E FI B M
B FI E B M GM M

BI FI GI B B

A AI B M

B I BI CI EI FI I HI

M BI FI GI M

2 2 12

2 3 4
2 4 3 8

2 2

2 3

2 4

2 2 . 26

0 11
2

01111 1 2 1
2

11 11

1 11 11

1 11 11 11 11

1 1
2

2 11 11

1 11 11

11 1 2 1
2

3 1 2 1
3

11 1 1
2

2 11

( )
( )
( )

( )
( )

( )
( ) ¯ ( )

and the S-wave probe speed is

r l

m

l

m

= = + + +
+ + +
+ + + +
+ + + + +
+ +
+ + + + + +

+ + + + +

v J CI FI HI B B

B E FI B M
B FI E B M GM M

BI FI GI B B B B

A AI B M

B I BI CI EI FI I HI

M BI FI GI M

2 2 12

2 3 4
2 4 3 8

2

2 3

2 4

2 2 , 27

0 31
2

01313 1 2 1
2

13 13

1 13 13

1 13 13 13 31

1 1
2

2 13 13 11 33

1 13 13

11 1 2 1
2

3 1 2 1
3

11 1 1
2

2 11

( )
( )
( )
( )( )

( )
( )

( ) ¯ ( )

5
More precisely, these are speeds vij, where i ä {1, 2, 3}, j ä {1, 2, 3}; indices i and j correspond to the direction of polarization and direction

of propagation of a wave, respectively.
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Table 1 shows that, in the L-Lmodel, the probewill be sensitive to perturbations caused by the pumpwave
for all pump/probe cases.

4.3.Wave speeds: neo-Hookeanmodel 1
For the strain-energy function (11) from (12), we obtain in component form

m l m
¶
¶

= + -
a

a a
-W

F
F I Fln .

i
i i

T
3( )

The second derivative of the strain-energy function is

md d l l m
¶

¶ ¶
= + - -

a b
ab b a a b

- - - -W

F F
F F I F Fln ,

i k
ik k

T
i

T
k i

2

3
1 1( )

Table 1. Summary of probewave types whose speeds are perturbed by each pumpwave type.✓ indicates a
perturbation;X indicates no perturbation;X* indicates aweak perturbation due to deformation in an
unconstrained direction. In speed vij, i denotes polarization direction and j indicates propagation direction.

L-Lmodel (4)

probe
P-wave pump S-wave pump

P11 P22 P33 Spher. P S12 S13 S21 S23 S32 S31

p11 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

p22 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

p33 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

s31 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

s21 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

s12 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

s32 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

s23 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

s13 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

Neo-Hookeanmodel 1 (11)

probe
P-wave pump S-wave pump

P11 P22 P33 Spher. P S12 S13 S21 S23 S32 S31

p11 ✓ ✓ ✓ ✓ ✓ ✓ × × × ×
p22 ✓ ✓ ✓ ✓ × × ✓ ✓ × ×
p33 ✓ ✓ ✓ ✓ × × × × ✓ ✓

s31 ✓ ×* ×* ✓ ✓ ✓ × × × ×
s21 ✓ ×* ×* ✓ ✓ ✓ × × × ×
s12 ×* ✓ ×* ✓ × × ✓ ✓ × ×
s32 ×* ✓ ×* ✓ × × ✓ ✓ × ×
s23 ×* ×* ✓ ✓ × × × × ✓ ✓

s13 ×* ×* ✓ ✓ × × × × ✓ ✓

Neo-Hookeanmodel 2 (decoupled energies) (14)

probe
P-wave pump S-wave pump

P11 P22 P33 Spher. P S12 S13 S21 S23 S32 S31

p11 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

p22 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

p33 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

s31 ✓ ×* ×* × ✓ ✓ × × × ×
s21 ✓ ×* ×* × ✓ ✓ × × × ×
s12 ×* ✓ ×* × × × ✓ ✓ × ×
s32 ×* ✓ ×* × × × ✓ ✓ × ×
s23 ×* ×* ✓ × × × × × ✓ ✓

s13 ×* ×* ✓ × × × × × ✓ ✓
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wherewe have used

¶
¶

= -a

b
a b

-
- -F

F
F F .

T
i

k
k i
1 1( )

Thus, using (24), thefinal result for elasticity tensor is

m d ld d m l d d= + + -J B Iln . 28jilk jl ik ji lk jk li0 3( ) ( )

Thismeans that for P-wave probes, from (28) and (23), we obtain in compact form

r m l l m= = + - +v J B Iln , 29ii iiii ii0
2

0 3 ( )

where vii is the velocity of a P-wave probe traveling along, and hence polarized along,Xi. (The i indices in the rest
of the equation indicate the components of those tensors; no summation for i is implied here).

From expression (29), we see that P-wave probes will always depend on volumetric deformations through
the invariant I3, and therefore will always be perturbed by a P-wave pump (see table 1). However, there are only
some cases when a P-wave probewill be affected by an S-wave pump. To show this, consider deformation
gradients that correspond to a large underlying shear wave and calculate the corresponding left Cauchy-Green
deformations tensors. There are six cases of shear deformation:

g g g
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F B
1 0
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0 0 1
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⎡
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⎥
⎥

[ ] [ ] ( )

g
g

g g= = +F B
1 0 0

1 0
0 0 1

,
1 0

1 0
0 0 1

, 323 3 2
⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

[ ] [ ] ( )

g g g
g

= = +F B
1 0 0
0 1
0 0 1

,
1 0 0
0 1
0 1

, 334 4
2⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

[ ] [ ] ( )

g
g

g g
= =

+
F B

1 0 0
0 1 0
0 1

,
1 0 0
0 1

0 1
, 345 5

2

⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

[ ] [ ] ( )

g

g

g g
= =

+
F B

1 0 0
0 1 0

0 1
,

1 0
0 1 0

0 1
, 356 6

2

⎡

⎣
⎢

⎤

⎦
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[ ] [ ] ( )

where for simplicity we denote amount of shear by γ= ∂ui/∂Xj.
By noting the position of γ, we can quickly determinewhich probewaves will be influenced by a P-wave

probe. Therewill be an effect on the P-wave probewhen the propagation direction of the probe alignswith the
polarization direction of the S-wave pump. (For example, for a probe travelling in theX1-direction, (30) and
(31), the amount of shear γwill influence the speed of a P-wave probe according to formula (29) for the P-wave
probe, because of the dependence ofB11 on γ. Note the positions of γ in thematrix expressions (30) and (31) of
deformations gradients corresponding to shear deformations. Thismeans that influencing shearwave pumps
will be thewaves, propagating in theX2 direction and polarized inX1 direction, and propagating in theX3

directionwith polarization inX1 direction).We record the obtained results in table 1.
Note that here although simple shear deformation implies that each deformation gradient is such that J= 1,

P-wave probewaves are in some cases influenced by the shear waves, whichmay seem counterintuitive. It is
pertinent tomention analogous counterintuitive situation in non-linear elasticity for a stress-strain relationship,
when simple shear deformation leads to diagonal components of stress and thus, unlike in the case of linear
elasticity, the stress is not purely deviatoric, but also includes a pressure component. This is known as Kelvin
effect in non-linear elasticity [23, 24].

Summarisingwe see that for themodel (11)P-wave probes will always depend on volumetric deformations
through invariant I3, and therefore on P-wave pump, and in some cases, depending on theirmutual orientation,
P-wave probeswill be also affected by shearwave pumps.

By examining (28) and (23) for shear wave probes we obtain 6 cases, which are expressed in terms of the
components of the left Cauchy-Green deformation tensor.
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For shear wave probes propagating inX1 and polarized inX3 direction and shearwave probes propagating in
X1 and polarized inX2 direction, we obtain

r r m= = = = v J v J B . 360 31
2

01313 0 21
2

01212 11 ( )

For shear wave probes propagating inX2 and polarized inX1 direction and shearwave probes propagating in
X2 and polarized inX3 direction, we obtain

r r m= = = = v J v J B . 370 12
2

02121 0 32
2

02323 22 ( )

For shear wave probes propagating inX3 and polarized inX2 direction and shearwave probes propagating in
X3 and polarized inX1 direction, we obtain

r r m= = = = v J v J B . 380 23
2

03232 0 13
2

03131 33 ( )

The key observation from (36), (37), (38) and (30)–(35) is that in order for a probewave to sense the pump,
propagation direction of a S-wave probe should coincide with the polarization direction of the S-wave pump.
We record the obtained results in table 1.

4.4.Wave speeds: neo-Hookeanmodel 2 (decoupled energies)
From (15), the first derivative (first Piola-Kirchhoff stress tensor) in component form is

m
¶
¶

= - + + -
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a a a
- - -W
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1

3
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⎠
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Using (39), the second derivative is
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⎝
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( ) ( )

Using (24), the elasticity tensor is

m d d

m d d d d

d d d d d

= - - +

+ - + +
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-

-

J I I B

I B I B
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⎛
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⎞
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( ) ( ) ( )

For P-wave probes, from (40) and (23), in compact form

r m= = - +-v J I I B kI
5

9

1

3
, 41ii iiii ii0

2
0 3 1 3

1
3 ⎛
⎝

⎞
⎠

( )

where vii is the P-wave probe velocity in directionXi. (As above, the i indices in the rest of the equation indicate
the components of respective tensors; no summation for i is implied).

Overall, P-wave probeswill always be influenced by S-wave pumps through the invariant I1, and influenced
by P-wave pumps through the invariant I3 (see table 1).We can also recover the classical expression in the
reference configuration from (41) by recalling that bulkmodulus m l= +k 2

3
, to obtain r l m= +v 2p0

2 .

By examining (40) and (23) for shear wave probes we obtain 6 cases, which are expressed in terms of
components of left Cauchy-Green deformation tensor.

For shear wave probes propagating inX1, we obtain

r r m= = = = - v J v J I B . 420 31
2

01313 0 21
2

01212 3 11
1
3 ( )

For shear wave probes propagating inX2, we obtain

r r m= = = = - v J v J I B . 430 12
2

02121 0 32
2

02323 3 22
1
3 ( )

For shear wave probes propagating inX3, we obtain

r r m= = = = - v J v J I B . 440 23
2

03232 0 13
2

03131 3 33
1
3 ( )

Analyzing the obtained results (42), (43), (44) for S-wave probes and using (30)–(35), we conclude that the
probewill sense the pump if the propagation direction of the probe alignswith the polarization direction of
the pump.
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Note it can be shown that

= -IB B.3

1
3¯

Therefore, the speeds of shear probewaves (42), (43), (44)will not depend on dilation/compression or,
equivalently, a spherical P-wave, which is indicated in table 1.

5. Calculations for an example configuration

Todemonstrate calculations of probewave speed changes, we use an example configuration shown infigure 1
based on experimental work by [15], inwhich they applied a static load and a pumpwave. Pump shearwave
transducers (the source and the receiver) are attached to theX2X3 plane. Probe P- and S-wave transducers (the
sources and the receivers) are attached to theX1X3 plane. A static load, such as applied by a pressmachine, acts
alongX3.

5.1. Calculations: L-Lmodel
The total deformation gradient is

=F F F ,2 1

where F1 corresponds to a static deformation due to the applied load and F2 is the dynamic deformation
corresponding to the pumpwave. Inmatrix form,

l
l

l
=F

0 0
0 0
0 0

, 451
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2
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⎣
⎢
⎢

⎤

⎦
⎥
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[ ] ( )

whereλ1,λ2,λ3 are (principal) stretches in the directionsX1,X2,X3, and

=
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whereU2 is the displacement induced by the pumpwave. Therefore, the total deformation gradient is

l

l l
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Amatrix expression of theGreen strain tensor (3) is

l l l l
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From (47), we also obtain amatrix expression for the left Cauchy-Green deformation tensor
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The Eulerian tensorM has components

=
M M
M M

M
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where

l l l= +
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Our example considers a P-wave probe travelling (and polarized) alongX2. Thus, both vectorsm andnwill
have components (0, 1, 0). Thus, wefind from (23) that for a P-wave probe

r = v J . 510 22
2

02222 ( )

For an S-wave probe that propagates alongX2 with polarization alongX3, the unit vectorsn andm have
components (0, 1, 0) and (0, 0, 1), respectively. Applied to (23), this gives

r = v J . 520 32
2

02323 ( )

To show thewave speed corresponding to themodel (4), we use (51) and (25) to express the P-wave probe
speed as

r l m

l

m

= + + + + + +
+ + + + +
+ + + + +
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Wenote that, in the reference configurationwhere predeformation reduces to the identity tensor and the strain
tensor reduces to the zero strain tensor, we recover classical result for P-waves r l m= +v 2p

2 . Similarly,
from (52) and (25) for the underlying deformation (47), the S-wave probe speed is

r m

l

m
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+ + + + +
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The expressions for invariants I1, I2 and I3 are quite lengthy, so they are shown in appendix C.
To demonstrate that the above expressions are physically reasonable,figure 2 compares the phase speeds of

probewaves (either P or S)when they are perturbed by both a dynamic pump (S-wave) and a static load.
For context, wemodel the solidwith parameters that are appropriate for CrabOrchard sandstone (from

[26]: mass density ρ= 2285 kg m−3,μ= 7.6GPa,λ= 4.6GPa,A=−3.49 · 104GPa,B=−4.705 · 104GPa,
C=−2.695 · 104GPa). Since there is no data available for fourth-ordermaterial constants, we use L-Lmodel up
to the third-order of expansion.Wemodel the displacement caused by a sinusoidal S-wave pump

w= -U A kx tsin ,2 1( )

whereA is the amplitude (3.83·10−9m), k is wave number (261m−1) andω is the angular frequency of the pump
wave (2π · 90 kHz). The required derivative in (47) is

w
¶
¶

= -
U

x
Ak kx tcos .2

1
1( )

The deformation caused by the static load induces a sample stretchλ3, sofigure 2 shows how the probewave
speed changes with sample stretch due to the static deformation. In the experimental setup (figure 1), the lateral
sides of the sample are not constrained, therefore the sample will be deformed in the directions perpendicular to
the vertical load. Thus, our calculations assume that vertical and stretches alongX1 andX2 directions are

connected by the approximate formula l l l= = - -1 0.19 11 2 3
2( ) , which follows fromBiot definition of

Poissonʼs ratio for finite strains with v= 0.19. Figure 2 shows that our calculations yield faster probe speeds
under compressive static load (λ< 1) and slower under tensile load (λ> 1), and P-waves probes travel faster
than S-wave probes; both of these trends are expected.What is harder to see on the scale of thefigure is that there
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are also small variations in phase speed due to the dynamic pump (∼10m s−1, which is containedwithin the
dimensions of the plotmarkers).We see that the range of variation due to the pumpwave not independent of the
predeformation: compressive loads cause less variation in the pump-induced perturbation relative to tensile
loads.

5.2. Calculations: neo-Hookeanmodel 1
For neo-Hookeanmodel 1 in (11), P-wave probeswith equation (29) yield

r m l l m= = + - +v J B Iln ,0 22
2

02222 22 3

where from (49)
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Analogously, the speed of a S-wave probe is

r m m l l= = =
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5.3. Calculations: neo-Hookeanmodel 2 (decoupled energies)
Using expression (41), the P-wave probe speeds are

r m= = - +-v J I I B kI
5

9

1

3
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2
02222 3 1 22 3

1
3 ⎛
⎝

⎞
⎠

where l l l l= = = + + +¶
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1
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Similarly, (43) gives S-wave probe speeds

r m= = -v J I B .s0
2

02323 3 22
1
3

The other required expressionsB22 and I3 are the same as in section 5.2 and given by expressions (55) and (56).
Results for neo-Hookeanmodels (11) and (14) are qualitatively similar to results above, sowe do not show

themhere. Themain difference between all neo-Hookeanmodels and the L-Lmodel is that the neo-Hookean
models appear to bemuch less sensitive, in that the dynamic perturbations caused by the pumpwave are so small
that they can be neglected.

Figure 2.Calculation of phase speed variation for probewaves (P-wave (blue) and S-wave (red))when perturbed by both a dynamic
(sinusoidal) S-wave pump and a static pre-deformationλ, using the L-Lmodel.
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6.Discussion

Our results present detailed and systematic theoretical underpinnings for static and dynamic acoustoelastic
testing for isotropic non-linear elasticmaterials. This is particularly relevant for dynamic acoustoelastic effects in
pump-probe experiments, sincewefind that theways inwhich pumpwaves are predicted to perturb a probe
wave depend on the choice ofmodel. Below,we discuss where gaps still exist in linkingmodels with experiments,
and showhow the present work begins to address such gaps.

The primary challengewithmodelling dynamic acoustoelasticity is that, in order to apply a theory in a
tractablemanner, it is necessary tomake assumptions about the nature of thematerial as well as the nature of the
waves. It is not always feasible to determinewhether such assumptions are valid in a given experimental
situation.

For example, [27] is one of the first to use dynamic acoustoelastic testing to determine a full set of third-
order elastic constants (l,m and n).While their experiments were dynamic, the theoretical analyses involved
a third-ordermodel [28] that was previously used for static acoustoelastic testing, which requires an
assumption that the underlying strain field traversed by the probe wave is homogeneous and static. In
another case [5], wave speeds were derived in terms of principle stretches, which is a scenario that would be
suitable for samples under hydrostatic pressure and/or uniaxial, biaxial or triaxial tests, but not appropriate
for shear wave deformations [8]. In principle, shear deformation can be expressed in terms of principal
stretches along the Lagrangian or Eulearian principal axes [24]. However, if the levels of shear deformation
change, then principal axes also change, making the theoretical approach used in [5] very difficult to execute
in practice. Thus, it is very challenging to design an experiment that rigorously satisfies all the assumptions of
a givenmodel.

There is great potential for development ofmodels required for static and dynamic acoustoelastic testing.
For example, the L-Lmodel, which is an expression of a strain-energy function up to the third-order of non-
linearity in the strain E, was first sketched in different notation inVolume 7 (p. 107) of a very popular general
course of physics [21]with no detailed analysis. Nonetheless, thismodel became a defaultmodel inmany
acoustoelastic studies.Here, we present useful developments by extending thismodel to the fourth-order inE,
and providing a full expression of the elasticity tensor (25) aswell as full expressions for P-wave and S-wave
probe speeds associatedwith thismodel for any underlying deformation, including shear deformation.

In developing further the L-Lmodel, we also uncovered a conceptual flaw in it. Inmore traditional non-
linear elasticmodels [23], volumetric deformations are captured by introducing Cdet in the strain-energy
function, since its physicalmeaning is the square of the volume ratio between the current and reference
configurations dv dV 2( ) . However, the L-Lmodel uses traces of strain E, so it is not clear howpure volumetric
deformations are captured. This leads to a troubling consequence that calculation of stress using expression (10)
for simple shear leads to an expression inwhich the stress depends on Laméʼs parameterλ, which is ameasure of
how easily amaterial can undergo volumetric deformations. Since simple shear does not change volumetric
deformation, the presence of Laméʼs parameterλ here cannot be justified. Similarly, our calculations show that
the L-Lmodel leads to S-wave probe speeds that depend on the linear elastic parameterλ (such as in (27)).More
details of our calculations on these troubling consequences and some remarks on parameterλwithin the context
of linear and nonlinear elasticity are given in appendix A.

Given the limitations of the L-Lmodel, we also considered two neo-Hookeanmodels. In the first version
described in (11), the second and the third terms clearly depend on invariant =I Cdet3 , and thus they have a
clear physicalmeaning. Note that the first term in (11), as a function of invariant I1, depends both on distortional
isochoric and dilatational deformations. In the second version described in (14), the energies due to distortional
and dilatational deformations are fully decoupled. Note that the first term in (14) activates only if we have
distortional deformation and the second term activates only if volumetric deformations are present.

As a way to compare all threemodels, table 1 summarizes when a certain type of probewavewill have a speed
that is perturbed by a given pumpwave type. Even though all threemodels are isotropic, the static and dynamic
deformations cause differences inwhen shifts in probewave speeds occur. In the L-Lmodel, any probewavewill
be perturbed by any type of pump.However, this is not the case for the two neo-Hookeanmodels, and there are
consequences for the energy splittingwith respect towhich probewaves feel which pumpwave perturbations.
For example, in the decoupledmodel (version 2), spherical P-waves pumps have no impact on S-wave probes
and P-wave probeswill be perturbed by all P- and S-wave pumps, which is different from the coupledmodel
(version 1).

It is worth describing the different results of eachmodel in broad terms, focusing on the probe wave
speed perturbations that are central to our study. Since shear waves do not change volume, wemay intuitively
think that S-wave pumps are not supposed to influence P-wave probes, (which should sense on pressure
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changes in thematerial). Table 1 shows that this is not universally true in ourmodels. For example, all P-wave
probes are perturbed by any P-wave pump, as expected. However, our results show that large amplitude
S-waves (while still being volume preserving)may still influence P-waves (compare the first three lines in
table 1 formodel (11)). To explain this, we point to the Kelvin effect, which appears only in nonlinear
elasticity [23, 24]: for a simple shear deformation, linear elasticity does not yield diagonal components in the
stress tensor, but it does yield such diagonal elements in non-linear elasticity.

Now, let us consider the case when P-waves represent pumps and S-waves represent probes. In this case,
P-wave pumpswill influence the S-wave probes only if polarization direction and propagation direction of
P-wave pumps coincides with the propagation direction (propagation direction corresponds to the second
index) of S-wave probes. Physically, this can be explained in the followingway. Imagine that an S-wave probe
(with polarization normal to polarization of P-wave pump) propagates in the region of compression (or
rarefaction) caused by the P-wave pump. In a transverse wave the source excites neighbouringmolecules in the
direction perpendicular to the propagation direction of thewave, in turn thesemolecules due to intermolecular
forces pull other neighboringmolecules causing oscillation of the neighboring region ofmolecules and this
process continues, and thus the transverse wave propagates. In the region of compression (or rarefaction), the
P-wave pump changes the forces bymeans of which the neighboringmolecules interact. This leads to changes in
the time of interaction between the neighboringmolecules and hencewe expect that S-wave probewill
propagate with a different speed. Finally, consider the case of S-wave pumps and S-wave probes. From table 1we
observe that the S-wave pumpwill influence the S-wave probe in cases when polarization direction of the pump
wave (S-wave) coincide with the propagation direction of probewave (S-wave). Using similar arguments as
those used for P-wave pump and S-wave probe, the action of the S-wave pump on the S-wave probe can be
explained.

Finally, even thoughwe have highlighted the relevance of ourmodels for dynamic deformations, it is
important to emphasize that our derivations apply equally well to static deformations. Static deformation has
relevance for dynamic pump-probe experiments under field conditions, since earth solids are often deformed
due to gravitational forces. Similarly, the compressive load of largemasses of water are important to consider at
depth in oceans. Accounting for predeformation/prestress in these situations could have a significant effect in
models designed to calculate propagation speeds of probewaves.

7. Conclusions

In this paper, we considered three non-linear isotropicmodels for acoustoelasticity. Our derivations relied on
the context ofmodern continuummechanics, based on a theory of small deformations superimposed on large
deformations [24], and yielded elasticity tensors and propagation speeds of P- and S-wave probes. Our results
are general and can be applied to different types of underlying deformations and probewaves, including
different polarizations and propagation directions. In doing this, we found that whether a specific probewave
will be sensitive to another specific pumpwavewill depend on thematerialmodel. Furthermore, it is evident that
the results for P- and S-wave probes are different even though all consideredmaterialmodels were isotropic,
non-linear elasticmodels. Also, we have concluded that usage of L-Lmodel leads to an inconsistent result,
namely that simple shear deformation induces a stress that depends on the Lamé parameterλ and shearwave
probes also depend on λ, which is inconsistent with the definition ofλ related to resistance to volumetric
deformations.
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AppendixA. Stress calculation for simple shear deformation for Landau–Lifshitzmodel
and some remarks about parameterλ

Let us consider isochoric distortional deformation (simple shear)

g
=F

1 0
0 1 0
0 0 1

,
⎡

⎣
⎢

⎤

⎦
⎥[ ]

where g = ¶
¶

u

X
1

2
is the amount of shear. The considered deformation does not change volume, as confirmed by

=Fdet 1. A.1( )

TheGreen (Lagrangian) strain tensor can be obtained from expression (3). The non-zero components of
Green (Lagrangian) strain tensor are

=
E
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The required expression for squaredE is
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Wecalculate the required invariants
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Substituting the preceding expressions into (10), we obtain the components of the second Piola-Kirchhoff
stress tensor
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We see that despite the fact that we are dealingwith a volume preserving deformation,λ is present in the
expressions of components S11, S22, S33 which cannot be justified physically.
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Let usmake several remarks about the physicalmeaning ofλ in the context of linear and nonlinear elasticity.
Sincewe canwrite the classical connection for parameterλ

l k m= -
2

3
, A.2( )

whereκ is the bulkmodulus andK= 1/κ is the compressibility, it is true thatλ depends on both compressibility
K and shearmodulusμ. Nonetheless, we have to emphasise that compressibilityK is only included inλ. Let us
consider the expression forweighted stress in equation (13). According to the formula (13), for shear (isochoric)
deformation, itmakes sense that the resulting expression for stress will not include termwithλ, because in this
case I3= 1 and since bulkmodulusκ is included only inλ according to (A.2), not inμ. For shear deformationμ
comes from the termμ(B− I) in formula (13) for the respective stress.

For comparison, in linear elastic case we have

s l m= + Itr 2 . A.3( ) ( )

Therefore, for shear isochoric deformation =tr 0( ) the resulting expression for stress has a termwithμ (no
termwithλ). Thus, we note the physical consistency ofmodel (11)with linear elastic case.

Furthermore, let us consider the term l I Iln 3 in expression (13). Itmakes sense that due to the large value
ofλ it is hard to change the volume, and because of that even small changes in volume (and thus in I3)will result
in high stress.

In summary, we note thatλ is not fully decoupled fromμ and it has a complicated physicalmeaning,
nonetheless, we argue that for the overall physical consistencyμ should appear in the expression for stress from
other terms (not from the terms containingλ)whenwe are dealingwith isochoric deformations.

Appendix B. Some details of derivation of elasticity tensor for fourth-order elasticity
model

Using the chain rule
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Using a product rule and a chain rule, we obtain
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Thus, substituting expressions (B.2), (B.3) and (B.4) in (B.1), after some rearrangements, we obtain
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Using the strain energy function (4), we obtain
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Substituting (B.6) and (B.7) into (B.5), after some rearrangements, weobtain expression for elasticity tensor
given in equation (25).

AppendixC. Calculation of invariants I1, I2, I3

Wecalculate the invariants I1, I2 and I3, required in expressions (53) and (54), for the specific deformation (47)
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Next quantities become quite cumbersome and complicated. In order to simplify notationwe introduce in this
sectionλ1≡ a,λ2≡ b,λ3≡ c and º¶
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The completematrix expression of M̄ is very long, therefore, we only give component M22¯ , required in (53)
and (54)
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