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Abstract

Within the multidisciplinary field of geophysics, seismology is a branch that
accounts for the generation and propagation of vibrations within the Earth,
otherwise referred to as seismic waves. To study the mechanical properties of these
waves, seismologists model the Earth’s subsurface as a continuous elastic medium.
Such an approximation facilitates the interpretation of physical observations within
a mathematical framework, which can be approached either as forward or inverse
problem. To that end, this dissertation is comprised of two forward problems and

one inverse problem.

From a forward perspective, theoretical models are proposed based on a priori
assumptions of mechanical properties of the subsurface, which can be quantified as
changes in velocity with location (inhomogeneity) or direction (anisotropy). Two
chapters of this dissertation reside within this context and are applied to
homogeneous anisotropic media. In the first of these chapter, we determine the
conditions for elliptical roots of the Christoffel equation in media that are the result
of the Backus average. Within these conditions, we demonstrate that the slowness
surfaces are nondetached. In the second chapter, we present a novel formulation for
the purpose of forward modelling traveltimes. Through the Taylor expansion along
vertical rays in a horizontally stratified Earth model, we obtain a homogeneous
transversely isotropic medium within which the traveltimes are similar to the

Fermat traveltimes of its constituent layers.

From an inverse perspective, the parameters of the theoretical models are estimated
so as to provide an agreement with physical observations. In this dissertation, one
chapter resides within this context, where we perform an inversion on traveltime
measurements acquired from a vertical seismic profile, otherwise referred to as field

data. We implement a derivative-free approach to minimize the residual sum of
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squares between the measurements and the model. Since field data are not
necessarily complete and can be subject to measurement errors, we conduct a
simulation study on synthetically generated traveltimes to assess the accuracy of our
estimates.  Then, we apply our approach to the field data to estimate the

inhomogeneity and anisotropy of the subsurface.
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Preface

We’ve all heard it before: “So, when do you finish your Ph.D.?” It’s a benign question
that well-intentioned friends and family members pathologically pose to their resident
doctoral candidates. If by some circumstance you’'ve managed to set eyes on this
preface, it’s quite likely that you have already been through these trials, obtained your
doctorate, and are now reminiscing on those days when you were on the receiving end
of this question.! You might recall that your response varied from week to week, often
depending on: how many times you've been recently asked, how much sleep you’ve
been getting, whether or not you’ve had any exposure to sunlight as of late (the list
goes ever on)... In all seriousness, however, your response ultimately depended on

how close you felt you were to finishing that dissertation.

Admittedly, anyone that has embarked down this path and completed the task would
know that you never actually finish. We — curious, perfectionist, academic types —
are afflicted by an internal conviction (or, at times, compulsion) to continually improve
upon our work and, in so doing, we believe that we can promote self-growth. This
affliction forces us to grapple with our inner dialogue: “Maybe you should clear up that
one iffy explanation with a bit more elaboration. .. Do you really think the examiners
won’t ask you that on defence day?”; “How about touching up just a little bit more
that last figure you finished. .. What’s another hour at this point?”; “Oh, and do you
remember that one assumption we made a year ago? Yeah, maybe you should redo

all of your calculations for the tenth time, just in case there’s a glitch...”

Thankfully, our doctoral supervisor is often there to remind us that it’s not only okay

to quiet that voice, but it’s entirely necessary. In the words of my supervisor, Dr.

If you're that friend or family member who decided to follow up and want to give reading this
document the ol’ college try, well, kudos to you—1I hope you have a sweet spot for mathematical
modelling (or me)!



Michael A. Slawinski, “at some point, you have to let it go” (and hope it’ll be enough).
Well, for those of you that have been with me as I've walked along this path, rest
assured: I've finally decided to let it go— truly, I hope it will be enough.

THEODORE STANOEV
ST. JoHN’s, NL, CANADA
OCTOBER 2024
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General summary

The focus of this dissertation is on mathematical modelling and parameter
estimation, using numerical optimization, applied to a geophysical setting within the
domain of seismology. In particular, we assume that the Earth’s subsurface can be
modelled as a series of thin horizontally stratified layers. The properties of each
layer affect the macroscopic behaviour of a seismic wave travelling therein. With the
aid of a mathematical model, we replace large portions of the subsurface that have
similar properties with homogenized sections, whose averaged macroscopic
properties are determined by their constituent layers. Within this context, we study
the mathematical properties of the homogenized media, the traveltimes along the
rays of the seismic waves therein, and the estimation of parameter values to ensure

an agreement between a model and data measurements.

The main chapters of the dissertation are based on three research projects. In the
first, we conduct a theoretical investigation to determine the necessary conditions for
a specific type of wavefront to arise in a homogenized medium that is the result of a
well-known seismological average. In the second, we formulate a novel mathematical
model for which the traveltimes in the homogenized medium are similar to those
of its constituents. In the third, we estimate the parameter values using numerical
optimization to account for measured traveltimes acquired from a vertical seismic

profile.
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Chapter 1
Introduction

Throughout this dissertation, we focus on the mathematical modelling and
parameter estimation of seismic media. In Section 1.1, we provide a general
overview of the dissertation, with a description of the modelling set up and
techniques used for homogenization and parameter estimation. In Section 1.2, we
provide a chapter-by-chapter outline of the dissertation; we include a separate

literature review for each chapter.

1.1 General overview

This dissertation is built upon physical concepts, expressed in a mathematical
language, and is applied, through computational techniques, to seismology. A key
motivation for the advancement of theoretical seismology is to bridge the gap
between mathematical analogies that allow us to study physical phenomena and
their material properties. In other words, we use mathematical analogies to model

responses of the Earth expressed by seismic data.

To that effect, we use mathematical models to study the homogenization of
inhomogeneous media and use numerical optimization to estimate the parameter
values of these models to account for measured traveltimes along seismic rays
therein. The advantages of homogenization are—at least —two-fold. On the one
hand, with regard to forward modelling, homogenization can provide closed-form
expressions that permit simplified raytracing and traveltime expressions related to

the seismic phenomena. On the other, with regard to inverse modelling, the reduced



number of model parameters required to adequately model the physical phenomena

lends itself to investigations regarding parameter estimation.

The process of replacing portions of heterogenous media with homogeneous sections
is known as homogenization or seismic upscaling (e.g., Gold et al,
2000) — throughout this dissertation, we refer to the process by the former term. To
facilitate homogenization, we model inhomogeneous media by a series of thin
horizontally stratified Earth layers. The elastic properties of each thin layer,
denoted by homogeneous Hookean solids of varying symmetry classes, determine the
behaviour of seismic wave propagation within the model. We restrict our attention
to down-going long-wavelength seismic waves and assume that the layer properties
vary in a gradual manner. As a consequence, many thin layers are encompassed
within the seismic wave and their microscopic properties affect wave propagation at
a macroscopic level. In other words, within the context of long wavelengths, we may

average a section of stratified Earth layers by a single equivalent medium.

In general, not all homogenizations are the same and depend greatly upon the
underlying assumptions of the formulation. Herein, we consider three mathematical
formulations of homogenizations. The first is the so-called Backus average (Backus,
1962), which replaces a series of layers by a single (approximately) equivalent
medium that is said to be “long-wave equivalent” to the original. The second is a
novel Taylor series approximation of traveltimes about the vertical axis that replaces
a series of layers by a single approximate medium, wherein the traveltimes are
similar to the Fermat traveltimes within its constituent layers. The third is the
traveltime model by Slawinski et al. (2004) that accounts for a linear increase in
velocity with depth and anisotropy that is the result of an elliptical velocity
dependence. We refer to the media obtained from these homogenizations as Backus,
approximate, and aby media, respectively. They are the background models used in
this dissertation. Within the context of these media, we use the homogenizations as
background models through which we investigate aspects of the subsurface. We do
so from a forward and inverse perspective, with each perspective constituting one of

the two parts that comprise this dissertation.

Residing within the framework of a mathematical model, on the one hand, we derive
the conditions to observe a specific phenomenon to occur within a given model and,

on the other, design a new model subject to specific constraints. In both cases, we



analyze the outputs of a model based on specified inputs, hence, a forward
perspective.  For instance, in Chapter 3, we investigate slowness surfaces in
transversely isotropic (TI) media. The motivation of this chapter is to assess the
claim that in TT media that are the result of the Backus average applied to isotropic
layers, which is the first homogenization that we consider, the ¢ P wavefront is never
ellipsoidal (Helbig, 1983). While this statement likely holds in most practical
settings that pertain to seismology, we revisit the so-called Christoffel equations,
which govern the existence of seismic waves within elastic media, to not only derive
the necessary conditions for a counterexample, but also to provide a numerical
example as a demonstration. In Chapter 4, we formulate the novel approximate
medium, which is the second homogenization that we consider, for the purpose of
forward modelling Fermat traveltimes. The motivation of this chapter is to devise a
model that is consistent with a larger mathematical framework while subjected to a
constraint. As it pertains to seismology, the homogenization is a tool through which
the traveltimes of Backus media can be cross examined. Likewise, it can replace

sections of the subsurface within a larger multilayer structure.

Residing within a given set of data, on the one hand, we estimate the parameters of
a given model that improve the agreement between data and model and, on the
other, choose the most appropriate to represent the data given a set of model
candidates. In both cases, we analyze a model and its agreement with the data,
hence, an inverse perspective. In Chapter 5, we extend the formulation of Slawinski
et al. (2004) to account for a multilayer application of the aby traveltime model to a
set of vertical seismic profile (VSP) traveltime measurements. The motivation of
this chapter is to estimate the model-parameter values in order to make inferences of
the properties of the subsurface. To that effect, we restrict our attention to the
Nelder-Mead algorithm, which is an unconstrained, derivative-free method that only
uses function evaluations (Nelder and Mead, 1965). We perform the optimization
through the reduction of the residual sum of squares (RSS), which ensures an
agreement between the measured and modelled traveltimes. First, we devise a
simulation study to assess the extent to which measurement error affects the
reliability of the estimation. For that purpose, we use simulated traveltimes,
generated with known parameter values, and several noise profiles. Then, with an
understanding of the accuracy of the approach, we apply the optimization to the

actual VSP measurements.



In summary, this dissertation is focused on using mathematical modelling and
parameter estimation, using numerical optimization, to study homogenizations of
seismic media and the traveltimes therein. ~ We rely on the framework of
mathematics to answer questions of: i) forward modelling, concerning slowness
surfaces and approximate-traveltime homogenizations, and ii) inverse modelling,
concerning parameter estimation and model selection as it pertains to a given data
set. Together the two modelling perspectives permit investigations that may be

conducted in seismic media.

1.2 Dissertation outline

This dissertation is written in a traditional format and is based on the results of four
research projects. In accordance with Memorial University of Newfoundland
regulations, the presentation of the research resembles that of a “proto-book” that
includes this introduction, four chapters, and a conclusion; the remaining pages
constitute the front and back matter, the latter of which contains two appendices.
Each portion of this dissertation is written in a consistent writing style and is
focused on the common theme of mathematical modelling and parameter
estimation, using numerical optimization, in the context of seismic media. Now, let

us outline the four chapters of the main text.

In Chapter 2, we provide the essential background for the mathematical theories
that we use within this dissertation. We introduce balance equations that are based
on the first principles of continuum mechanics. Then, we demonstrate aspects of
the derivation of seismic ray theory, with a particular focus on the assumptions of
the linearized stress-strain relationship, plane-wave propagation, and high-frequency

approximation.

In Chapter 3, we consider roots of the Christoffel equation for seismic waves in TI
media. We determine the conditions for elliptical roots within Backus media and
demonstrate our findings with a numerical example. Also, as a result of our
investigation, we provide a qualifier for the ellipticity condition of Thomsen (1986)

and provide illustrative examples to that effect.

In Chapter 4, we formulate a novel approximate medium within which the

traveltimes are similar to the Fermat traveltimes of its constituent layers. We



perform a Taylor series expansion of the Fermat traveltimes about the vertical axis
and derive formulae for the elasticity parameters to ensure their similarity with their
counterparts in the homogenized medium. We present numerical examples within
isotropic and TI approximate media along with a comparison of the traveltimes

therein to other homogenized media, including the Backus medium.

In Chapter 5, we apply the traveltime model of Slawinski et al. (2004) to
accommodate VSP traveltime measurements in a multilayer setting. To ensure an
agreement between measured and modelled traveltimes, we reduce the RSS with
numerical optimization. We conduct a simulation study to assess the reliability of
the parameter estimation for simulated traveltimes, generated with known
model-parameter values. We apply the optimization, using a multistart approach, to
various velocity models under the presence of simulated noise profiles. With an
understanding of the accuracy of the approach, we proceed with the estimation for

the measured VSP traveltimes and interpret our results.

Additionally, we include an appendix that contains supplementary material to the

main text.



Chapter 2
Theoretical background

In this dissertation, our purpose is to gain insight into the structure of the Earth’s
subsurface through the propagation of seismic waves. To facilitate this purpose, we
require a mathematical framework to characterize the subsurface and quantify waves
propagating therein. This framework is based on several foundational principles and

simplifying approximations, which we overview as follows.

From the onset, we require continuum mechanics for the fundamental balance
principles that apply to any material and must be satisfied at all times. To apply
these principles to a seismological context, we apply constitutive equations, based on
Hooke’s Law, that govern the material properties of a linearized elastic medium.
Using this medium as the background model for the subsurface, we derive the
elastodynamic equation, which quantifies the propagation of a seismic disturbance in
such a medium. We proceed with a ray theory approach that is based on a
high-frequency approximation of the elastodynamic equation. Finally, the resulting
mathematical equations permit the computation of geometric raypaths and the

associated traveltime along them.

In this chapter, we begin with a high-level seismological overview as well as provide
commentary on the mathematical notation used in this dissertation. Then, we proceed
to discuss the details of the aforementioned concepts. We provide references to the

literature where applicable.



2.1 Seismological setting

Throughout this dissertation, we use a common background model that consists of
series of horizontally stratified Earth layers. The elastic properties of each layer are
determined by homogeneous Hookean solids. These solids are mathematical analogies
for physical materials that obey Hooke’s law, which amounts to a linearized stress-
strain relationship. The elasticity constants of these solids can belong to a variety
of symmetry classes and they influence the propagation of seismic waves, which is
determined by the elastic wave equation, otherwise referred to as the elastodynamic

equation.

An important aspect of seismic wave propagation is the velocity of the wave, which
can vary depending on the direction of its travel. This variation is referred to as
seismic anisotropy and it can be produced by several factors within the subsurface:
in particular, oriented cracks or pores, layering, or preferential alignment of
constituent materials. In many cases, all three sources simultaneously contribute to
the development of anisotropy (Cholach and Schmitt, 2003).

In Chapters 3 and 4, we consider homogenizations that belong to the symmetry class
of transverse isotropy (T1I), which involves elastic properties that are the same in any
direction perpendicular to a symmetry axis (Sheriff, 2002, p. 365). The purpose of
these homogenizations is to replace a series of layers within the background model,
wherein the anisotropy is induced by layering. The constituent layers belong to the
symmetry class of isotropy, which involves elastic properties that are the same in all

directions.

In Chapter 5, we do not specify the symmetry classes of constituent layers but,
rather, consider the macroscopic behaviour as a result of their compounding
anisotropic effects. We focus on media that are vertically inhomogeneous and
elliptically anisotropic. The former specifies that the seismic velocity depends only
on the depth coordinate, which is an apposite modelling assumption as velocity can
increase with depth due to overburden compaction. The latter specifies that the
horizontal velocity is a scalar multiple of the vertical, which is a suitable manner in
which to model the preferential alignment of materials. Since the velocity in this
type of media depends only on one coordinate, it is sometimes referred to as

one-dimensional (1D).



R
Homogeneous layer 1D velocity model

Figure 2.1: Rays connecting point sources, S, and receivers, R, at specified depths,
denoted by stars and squares, respectively. Within the cross section, the rays travel
a horizontal distance, x, and a vertical distance, z. On the left, the ray in the
homogeneous layer is a straight line. On the right, the ray bends as a result of
increasing velocities through the series of homogeneous layers (1D velocity model),
whose interfaces are denoted by dotted lines.

In each of these chapters, we approximate the propagation of the wave using seismic
ray theory, which is a well-established procedure based on an asymptotic solution of
the elastodynamic equation (e.g., Cerveny, 2001, p. 1). This approximation leads to
useful expressions related to plane waves that permit the computation of seismic rays
and the traveltimes associated with them. In particular, these expressions apply to a
plane wave that is generated from a point source, .S, from which is possible to trace a
path—known as the raypath —that connects to the location of a known receiver, R.
The ray at an interface obeys Snell’s Law, which governs the angles of reflection and
refraction of with respect to an incident wave. The raypath between any two points
follows Fermat’s principle, which refers to a stationary traveltime between the points.

We present an example of such properties in Figure 2.1.

2.2 Mathematical notation

At times in this dissertation, we adopt the so-called Einstein summation
convention (e.g., Holzapfel, 2000, Section 1), which is useful for representing dot,
cross, and tensor products. For example, any vector u in the three-dimensional

Cartesian coordinate system is represented as

3

u:Zuiei:u1e1+u2e2+u3e3, (2.1)
i=1



where each term is the product of a component of vector u along the given direction of
the basis vectors ey, ey, e3. By the summation convention, the notation of vector (2.1)
is shortened as

u=u;e;, (2.2)

where the repeated indices 7 indicate a summation. The dot product of basis vectors

is expressed by the Kronecker delta, where

L ifie
e e =0ji=1q S (2.3)
0, ifi#7

Thus, using notation (2.3), the dot product of two arbitrary vectors is
u-v=(ue)-(vje;) =uj(e; - e;) =uv;0;; = u;v;. (2.4)
For the cross product of basis vectors,
e, X € = € €k, (2.5)
we require the so-called permutation symbol

1, for even permutations of indices, i.e., (123, 231, 312)
gijk := § —1, for odd permutations, i.e., (132, 321, 213) . (2.6)

0, for repeated indices
Using notations (2.5) and (2.6), the cross product of two arbitrary vectors is
uxv=(u;€)x (vje;) =uvje; X e;) = &;jxUv;j €. (2.7)

For the tensor product of vectors u and v, it is defined as a second order tensor that

transforms a third vector w into a vector in the direction of u, whereby
(uev)w:=(v-wu=u(v-w). (2.8)

Another purpose of the tensor product is to represent a tensor A, where, for example,

a second-order tensor is
A = Az‘j e ® €; (29)



and the components are represented as

All A12 A13
Aij = A21 A22 A23
A31 A32 A33

Along with the Einstein summation convention, we require several
identities (e.g., Holzapfel (2000, p. 51) or Gurtin et al. (2010, p. 46)). Specifically,
we consider relationships among the gradient and divergence operators, an arbitrary

scalar quantity, ¢, and arbitrary vector quantities, u, v:

grad (pu) = u® grad ¢ + p grad u, (2.10)
div (pu) = ¢divu+ u - grad ¢, (2.11)
div(u®v) = (gradu)v + udivv. (2.12)

In identities (2.10)—(2.12), the scalar and vector functions assign a scalar and vector,
respectively, for each point & € R? within some region of the coordinate system. As
such, it is useful to refer to these functions as scalar, ¢(x), and vector, u(x), fields;

this applies to tensor fields, A(x), as in expression (2.9).

To express the gradient and divergence of the scalar, vector, and tensor fields, we use
the Nabla operator, V, and follow the conventions of e.g. Holzapfel (2000, Section 1.8).

For a scalar field, ¢(x), the components of the gradient are

dyp

grad ¢ := Vp = Iz, e;.
J

However, for an arbitrary vector or tensor field, the gradient and divergence rely on
the dot and tensor products of V with the given field. Using the tensor product, the

gradient of a vector field, u(x), is

du;
gradu:=V®u= a—gei ® € (2.13)
J

and the gradient of a tensor field, A(x), is

A
grad A =V A = &ei@)ej@ek.
&rk

10



Using the dot product, the divergence of a vector field is

0wy 0wy
divu :V-u:a—ZeZ-ej—a—;
and the divergence of a tensor field is
_ 0A;; 0 A 0 Ai;
divA =V A= aZL’}: (ez‘ ®ej) e — ijéjkei = aT]JeZ

Also, for the sake of brevity, at times we use a comma notation for partial derivatives,
akin to Misner et al. (1973, Section 2.7),

(O)ﬂ- = aaioz) and (O),ji = % (214)

2.3 Continuum mechanics

To quantify the propagation of seismic waves in the Earth, we rely on the framework of
continuum mechanics as an analogy for the subsurface. By virtue of its nomenclature,
continuum mechanics incorporates the language of mathematics and the notion of a
continuous medium to study physical phenomena. The former depends upon the
mathematical machinery of calculus, linear algebra, and tensors. The latter assumes
a smooth material, whose disregard of discrete, microscopic particles evaluates the

macroscopic response of a given input.

The crux of a continuous medium is that properties averaged over a small element
within the medium are assumed to vary continuously with position.  This
idealization is permissible because the lengths characterizing the microscopic
structure are generally much smaller than any lengths arising in the deformation of
the medium (Achenbach, 1973, p. 3). Under such an assumption, continuum
mechanics establishes the governing laws of balance of mass, linear and angular
momentum, which hold for any material. The mechanical behaviour of particular
materials depends on constitutive relations, which complement the conservation laws

and describe the mechanical response to an applied load.

Within continuum mechanics, the configuration of a continuum body refers to an

infinite set of points that are assigned to unique positions embedded in a

11



three-dimensional coordinate system. There are two configurations: reference and
current; the former corresponds to an initial time ¢ = 0; the latter corresponds to
the configuration of the body under the action of a motion, otherwise known as a
change in shape, position, or orientation, at a subsequent time ¢ > 0. During the
motion, each point in the reference configuration has a one-to-one correspondence in
the current configuration. The associated coordinate systems for the two

configurations are known as material and spatial, respectively.

2.3.1 Master balance principle

At any given instant in time ¢, the status of the configuration of a continuum body,
occupying an arbitrary fixed region 2 with a surface boundary 052, is summarized by

the so-called master balance principle (Holzapfel, 2000, Section 4.9)

D
D—t/Qf(:v,t)dv: aQ(b(w,t,n)dst/QE(w,t)dv, (2.15)

where « is a position within the region, ¢ is an instant in time, and ds and dv refer to
an infinitesimal element on the surface boundary or within the volume of the region,
respectively. In the following paragraphs, wherein we define quantities® f, ¢, and X,
we use expression (2.15) to provide the fundamental statements of the balance of mass,
balance of linear momentum, and balance of angular momentum, which apply to any
continuous medium. With these balances, we obtain the so-called Cauchy equations

of motion, which are crucial for the quantification of our seismological studies.

To understand expression (2.15), let us address each term therein. The left-hand side
represents the rate of change per unit volume, dv, of a physical quantity, f, which is
a function of both position, @, and time, ¢, and could characterize density, linear and
angular momentum, as well as thermodynamical quantities. The differential operator

is the material-time derivative, whose expression, by way of the chain rule, is

D ) ) ) %)
f]gof,w: f((af:7t)+ fa(zvt>,a_f:%ngradf(m,t)-v(w,t), (2.16)

where the dot-product term refers to the change of quantity f associated with a change

L As it pertains to the fundamental statements, quantity f will be defined as a scalar in the case
of the balance of mass, but, in the case of the balances of momentum, it will be defined as a vector
quantity; quantities ¢ and 3 are vector quantities in all three cases.

12



of position v(x,t) = 0x /0t of the surrounding points, i.e., a spatial velocity. Also, let
us remark that if f is a vector quantity, Holzapfel (2000, p. 67) indicates that the dot
product should be removed, i.e., the last term in equation (2.16) should be replaced
with grad f(x, t)v(x,1).

It is possible to commute the differential and integral operators using Reynolds’

transport theorem,

%/Qf(w,t) dv :/Q%dv + - f(.’l?,t)v(w’t) . nds7 (217)

where the first term is the rate of change of f within {2 and the second term is the flux
of f(x,t)v(x,t) per unit area, ds, along the direction of the outward normal, n, to the

surface at @; a proof of relation (2.17) may be found in Holzapfel (2000, Section 4.2).

Turning to the right-hand side of expression (2.15), the terms describe the action of
the environment upon the region €2. In particular, the first term represents the surface
density, ¢, per unit area, ds, which is a function of position, time, and the outward
normal to the surface, whereas the second term represents the volume density, X,

consisting of forces, either external or internal, that apply to the entirety of the body.

An important requirement in the development of the balance laws is the relation
between the surface and volume integrals, which is facilitated by the divergence
theorem. Consulting Gurtin et al. (2010, Section 4.1), for a bounded region 2 with

boundary 052, the divergence theorem states

3
/ gpnds—/gradgpdv
09 Q
/ V-nds:/divvdv : (2.18)
o9 Q

/ TIldS:/diVTd"U
o0 9] 7

where ¢ is a scalar field, v is a vector field, T is a tensor field, and n is the outward

normal to the boundary 02 of region 2. Note that expression T n indicates a matrix
multiplication. Also, we recall from Section 2.2 that the gradient of a scalar field is

grad ¢ and the divergence of a vector, or tensor, field is divv or div'T, respectively.

13



Now, using the divergence theorem, the second term in relation (2.17) becomes?

[ fa v nds - /Qdiv(f(zc,t)v(:c,t))dv. (2.19)

However, to apply the divergence theorem to the surface integral in balance (2.15),
we require the so-called Cauchy stress theorem. According to Gurtin et al. (2010,
Section 19.5), a deep result central to all of continuum mechanics is Cauchy’s Theorem:
a consequence of balance (2.15) is that there exists a spatial tensor field, ®, called

the Cauchy stress tensor, such that
$(z.t.n) =Bz, i), (2.20)

where we evaluate ®(x ,¢)n by matrix multiplication. As such, using the divergence
theorem, expression (2.18) for tensors, along with expression (2.20), the surface

integral in balance (2.15) becomes

qb(w,t,n)ds:/

@(w,t)nds:/divfﬁ(a:,t)dv. (2.21)
o0

o0 Q

Thus, in view of Reynolds’ transport theorem and volume integrals (2.19) and (2.21) —

as a result of the divergence theorem — the master balance principle (2.15) becomes
0 t
/Mdv—k/div (f(z,t)v(z,t)) dv = / div®(x,t) dv—i—/E(m,t) dw,
o Ot Q Q Q

which can be written as

/Q (% - div (f (@, O)v(@, 1) — div® (@, 1) - Bz, t)> dv=0. (222

For equation (2.22) to hold for an arbitrary fixed volume, the integrand must equal

zero. As such, the master balance principle becomes

d féat:, D 4 div (f(x, t)v(z, 1) = div®(x , t) + X(x, ). (2.23)

For the remainder of the section, we shall demonstrate the procedures by which we

2Let us remark that if f is a scalar quantity, f v is a scalar product. However, should f represent
a vector quantity, the product becomes a tensor product f ® v (Holzapfel, 2000, p. 176).
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adjust expression (2.23) to obtain the balances of mass, linear and angular momentum.

2.3.2 Balance of mass

To obtain the balance of mass, we set f = p = p(x,t), ¢ = 0, and ¥ = 0. By
Cauchy’s theorem, in the absence of a surface density, we require ® = 0 to satisfy

expression (2.20). As such, balance (2.23) reduces to the so-called balance of mass

dp . B
¥ +div(pv) =0, (2.24)

where, for the sake of brevity, we omit function arguments from numbered expressions
for the remainder of the section. Balance (2.24) states that the change in the amount
of mass in a volume at any instant is balanced by the mass flowing through the surface
that encloses this volume (Slawinski, 2020a, p. 48). Using identity (2.11), we expand
balance (2.24) so that

0

a—f + p(divv) + v - (grad p) = 0.

Then, by the material-time derivative (2.16), we obtain an alternative expression for

the balance of mass,

D
=2+ pldivv) = 0. (2.25)

2.3.3 Balance of linear momentum

Let us recall that the momentum of an object is the product of its mass, m, and
its velocity, v. Likewise, we recall from Newton’s Laws that (Feynman et al., 2011a,

Section 9-1) the time-rate-of-change of the momentum is equal to the force
F=—=(mv). (2.26)

In continuum mechanics, the force in question is comprised of traction, t = t(x, ¢, n),
which is a force applied to an oriented surface element, ds, and a (density-scaled)
body force, b = b(a,t), which applies to the entirety of the fixed volume. For the
balance of linear momentum, we set f = pv, ¢ = t, and ¥ = pb. By Cauchy’s
theorem, under the effect of traction, it is common to set ® = o = o(x,t), which is

known as Cauchy’s stress tensor, in order to satisfy expression (2.20). As such, we

15



write balance (2.23) as

d(pv)
ot

+div((pv)®@Vv) —dive — pb =0, (2.27)

where, in accordance with footnote 2 on page 14, we use the tensor product. Using
identities (2.12), (2.10), and then (2.8), the second term in balance (2.27) becomes

div((pv) @ v) = (v - (grad p))v + (p (grad v))v + (p (divv)) v. (2.28)

With expression (2.28) along with the product rule on the first term of balance (2.27),
we obtain
dp ov

EV—{—pE + (v (grad p)) v + (p(grad v)) v + (p (divv)) v — dive — pb = 0.

Collecting like terms of p and v,

ov

0
(8_tp + (grad p) - v + p(divv)) vV+p < T + (grad V)V) —dive — pb =0. (2.29)
Then, by the material-time derivative (2.16) of p, as well as of v, we write

balance (2.29) as

D D
<D—f + p(divv)) v+ pD—Z —dive — pb = 0. (2.30)
However, by the balance of mass (2.25), the first term in expression (2.30) is zero.

Thus, expression (2.30) reduces to

Dv

Por = dive + pb, (2.31)

which is also known as Cauchy’s first equation of motion or, in seismological contexts,
the elastodynamic equation; henceforth, we adopt the latter nomenclature. These
equations state that the acceleration of an element within a continuum results from

the application of surface and body forces (Slawinski, 2020a, p. 65).
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2.3.4 Balance of angular momentum
The counterpart to the linear momentum in expression (2.26) is angular momentum

T:=rxXF= % (r x (mv)), (2.32)

where 7 is torque and r = r(x) =  — x is a position vector relative to a reference
coordinate xy. In continuum mechanics, for the balance of angular momentum, we

include the cross product within f =7 x (pv), ¢ =r x t, and ¥ = r x (pb).

Now, in the presence of a cross product, the conversion of the surface integral in
balance (2.15), by means of the divergence theorem, to a volume integral is not given
by conversion (2.21). By contrast, Holzapfel (2000, p. 54) indicates that the divergence

theorem for the cross product u x An is

/ u X (An)ds = / (ux (divA)+E:AT)dv, (2.33)
09 Q

where u and A are a vector and tensor defined in region €2 and on its surface 02, with
n as the outward normal to the surface, and An is evaluated by matrix multiplication.
The second term in the volume integrand of expression (2.33) includes the permutation

tensor,

E = Eijk €; (9 €; ® e, (234)

where ¢;;;, is the permutation symbol (2.6). The colon represents a double contraction,
akin to the dot product, which indicates a summation over two sets of indices. Thus,

using conversion (2.33) in place of (2.21), the master balance principle (2.23) is

9 (r x (pv))

g +div((r x (pv))@v) =7 x (dive) + € : 0’ + 7 x (pb),  (2.35)

where, by Cauchy’s theorem t = on, cross product ¢ = r x t = r X on replaces
u X An in conversion (2.33).

In contrast to the derivation of Cauchy’s first equation of motion, the introduction
of the cross product leads to a more drawn out derivation of the second equation of
motion. For that reason, we relegate the majority of the derivation to Appendix A.1.

As is shown therein, it is possible to reduce master balance principle (2.35) to
0=E:0". (2.36)
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Recalling the permutation tensor (2.34) along with & = o,,, €, ® e,, the double

contraction of expression (2.34) results in

0 = (cijnei ®ej ®ey) : (Tpmen @ ey,)
= €ijk0nm(€; ® €; ® €y) : (e, ®ey,)
= €z'jk0nm5jm5kn €;

= €ijk0kj € (2.37)

To satisfy (2.37), we require e;,0,; = 0 for ¢ = 1,2,3, which, by permutation
symbol (2.6), yields

O30 — 093 =0, 031 —013=0, 09 —012=0. (2.38)
Requirements (2.38) are tantamount to the symmetry of the Cauchy stress tensor,
o=o0c’, (2.39)

which is otherwise known as Cauchy’s second equation of motion.

2.4 Linearization

In Section 2.3, we presented the master balance principle of continuum mechanics,
which can be adjusted for the statements of the balances of mass, linear momentum,
and angular momentum. These fundamental balances are used to derive Cauchy’s
equations of motion: the first is the elastodynamic equation, expression (2.31),
which is nonlinear partial differential equation that relates an element’s acceleration
within a continuum to the application of surface and body forces to the region it
occupies; the second, expression (2.39), is the symmetry condition of the Cauchy
stress tensor. Thus far, the balances and equations of motion can apply to any
continuous material. However, to apply these principles to seismology, we require
so-called constitutive equations, which are mathematical relations for the

macroscopic stress-strain responses to the application of a load.

For seismology, under the assumptions of a continuous material, it is common to
consider a linear stress-strain relationship. This linearization pertains to the

deformation of the material, which is quantified by the displacement of a collection
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of points between the aforementioned reference and current configurations. In other
words, the constitutive equation for seismology is based on Hooke’s law, which
states that the force in a body that tries to restore the body to its original condition
when it is deformed is proportional to the deformation (Feynman et al., 2011a,
Section 12-2). Hooke’s law is valid for such forces that do not exceed a so-called
proportional limit, beyond which stress is no longer linearly related to strain (e.g.,
Beer et al., 2011, Section 9.4). In this dissertation, we restrict our attention to

materials that adhere to Hooke’s law and we refer to them as Hookean.

In this section, we detail the effect of linearization on the stress-strain relation and

the elastodynamic equation.

2.4.1 Infinitesimal strain tensor

Broadly speaking, the linearization of a differentiable single-variable scalar function,
f = f(z), refers to the tangent line approximation of f when x is near some x.
More precisely, we obtain this approximation using the nth-degree Taylor series of f
centered at xg (e.g., Stewart et al., 2021, Section 11.10),

!

O (1, A
f(x) ~ Z (o) (z — x0)", (2.40)

where f@(zo) refers to the ith derivative of f evaluated at x = z. Hence, for a

linearization, we use Taylor series (2.40) with n = 1 to obtain
f(@) = f(zo) + f'(20) (x — ). (2.41)

Now, let us consider the linearization for the displacement of two points within a region
of the continuum, & and y = x + da. The points are separated by an infinitesimal

vector, de = dz; e;, and the squared distance between them is
ds? = dzx - de = da + daj + da3. (2.42)

Next, suppose a deformation is applied to the continuum, resulting in a displacement,

u = u(x), of the two points such that the new positions are
r=z+u(x) and y=y+u(y). (2.43)
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Using approximation (2.41), we apply the linearization to w at y, for the kth

component, which yields
3
u(y) = u(x +dz) = (uk + Z U0 dl’g) e; = u(x) + (grad u(x))dx. (2.44)
=k
With linearization (2.44), the vector from x to y is
y-T=y+u(y -z —u

=z +de+u(x+der) — x — u(x)
~ dx + u(x) + (grad u(x))de — u(x)

~ dx + (grad u(z))de, (2.45)
whose squared length is
L, 3 3 2
ds = (dz + (grad u(x))dz) - (dz + (grad u(x))dz) = Z (dxk + Z U dag
k=1 =k
(2.46)

Expanding summation (2.46) and neglecting terms with the product of two

infinitesimal derivatives of displacement, expression (2.46) reduces to

72 2 2 2 2 2 2
ds =~ da] + dzj + dzi + 2 (ui1da] + usadz; + uszdas (2.47)

+ (ULQ + U2,1>d$1d$2 + (Ul,g + U3,1>d$1d$3 + (U2,3 + U3,2>d$2d$3) .

Substituting distance (2.42) in place of the first three terms of the right-hand side,

rearranging, and expressing the remaining terms in summation form, we obtain

3 3

(/i\.;z —ds? ~ Z Z (uk,g + u&k) dzdz,. (2.48)

k=1 (=1

The parenthetical term in distance (2.48) is the definition of the strain
tensor, € = e e ® €y, for infinitesimal displacements (e.g., Slawinski, 2020a,

Section 1.4), where components

1 8uk 8u£
= (=E4+ 2= 2.4
“kt 2 (8355 * 8a:k> (249)
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indicate that the strain tensor is symmetric.

2.4.2 Modified elastodynamic equation

For the purposes of seismic wave propagation, we can modify the elastodynamic
equation (2.31) by reducing the material-time derivative and neglecting body forces.
To demonstrate, let us recall that the left-hand side of expression (2.31) is the
product of mass density and the material-time derivative (2.16) of the velocity

associated with a displacement. We expand the latter as

Dv(z,t) Ov(zx,t)
Dt ot

+ (grad v(x, t)) v(x,t). (2.50)

For infinitesimal strain, we assume that both the spatial velocity, v(x,t) = dx/0t,
and its gradient are infinitesimal and, as such, the second term in expression (2.50),
which is their matrix product, can be neglected. In view of expression (2.43), the
temporal derivative of the spatial velocity is equivalent to the second temporal
derivative of displacement. Thus, in the context of infinitesimal strain, material-time

derivative (2.50) reduces to

Dv(z,t) ov(zt) D*u(x,t)

Dt ot ot2 (2.51)

Likewise, as a consequence of infinitesimal strain, the deformations considered are
small and there is no distinction between the aforementioned reference and current
configurations. Hence, the mass density of the continuum no longer depends on time

and becomes solely a function of position, p = p(x).

Let us recall that the right-hand side of the elastodynamic equation (2.31) refers
to the application of surface and body forces to the boundary of a region within
the continuum. Under the effect of large displacements, the body force can refer to
an earthquake source. In this dissertation, we restrict our attention to infinitesimal
strains and, as such, we do not model wave propagation in the vicinity of a source.
Beyond this vicinity, the only body force that applies to the seismic wave is that of
gravitation, which depends on the period of the wave. It has been shown (e.g., Udias,
1999, Section 3.5) that the effect of gravity on wave propagation is only applicable for
waves with very long periods. As we discuss in Section 2.5, we model wave propagation

under the assumption of the so-called high-frequency approximation. Therefore, we
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omit body forces from further consideration.

In view of these simplifications, the elastodynamic equation (2.31) reduces to

p(w)% =dive(x,1). (2.52)

2.4.3 Stress-strain relationship

Within the context of the aforementioned linearization, the second-order Cauchy stress
tensor, o, is related to the second-order strain tensor, €, by the so-called elasticity
tensor

Cc=cCijue e e, R ey, (2.53)

which is of order four. Since each vector has three components, the elasticity tensor
has 3* = 81 components. The linear relastionship, which is valid at every point within

the continuum, is given by the double contraction
o(x,t) =c(x): e(x,t). (2.54)

In a similar manner to mass density, the elasticity tensor, within the context of
infinitesimal strains, is solely a function of position, ¢ = ¢(x). The components of

expression (2.54) are (e.g., Slawinski, 2020a, Section 3.2.2)

3 3
ol =Y Cijwcre,  1,j=123. (2.55)

k=1 (=1

The elasticity tensor has what are said to be minor and major index symmetries. The
minor symmetries refer to the invariance of order within pairs of indices 4, 7 and k, /¢
whereas the major symmetries refer to the invariance of order of the pairs themselves.

In other words, the index symmetries of the elasticity tensor are
Cijkt = Cjike = Cijek = Cieij- (2-56)

The minor index symmetries, relating to the first and second pairs of indices, are
justified by the symmetries of the stress and strain tensors, respectively, which are

given by expressions (2.39) and (2.49).
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The major index symmetry is justified by the existence of the so-called strain-energy
function, W. This function is related to the balance of energy, which is not explicitly
discussed in this dissertation, but can be derived from the master balance
principle (2.15) (Holzapfel, 2000, Table 4.1). Within this context, Feynman et al.
(2011b, Section 39-2) indicates that this function is the work that goes into each

unit volume of distorted material,

3

3 3
W = % Zzzz%-kgeijskg. (257)

i=1 j=1 k=1 ¢=1

Scalar function (2.57) can be differentiated with respect to strain. Akin to the
manner in which a conservative force is obtained by differentiating a scalar

potential, differentiating (2.57) yields

oW
e DD e =0y, i5=1,2,3, (2.58)
K k=1 ¢=1

which is stress-strain relationship (2.55). Taking the second derivative, we obtain

O*W

== = Cijke, g,k 0=1,2,3. 2.59
agkgaéij Cijht bJ ( )

However, by the equality of mixed second-order partial derivatives (e.g., Colley, 2012,
Theorem 4.3), the order of differentiation is interchangeable, which justifies the major
symmetry. With regard to the number of independent elasticity tensor components,
the minor symmetries reduce the number from 81 to 36 whereas the major symmetry

further reduces the number to 21.

As a consequence of index symmetries (2.56), stress-strain relationship (2.55) may be

rewritten in matrix form

o = Ce, (2.60)
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with components

o11 1111 1122 ciss V2ecis V2es V2eie 11
0922 1122 2222 o033 V203 V20213 V2012 €92
033 B 1133 2233 3333 V23323 V2e3313 V23312 £33
V2033 V2ci123 V203 V2c3303  2ca323 2313 2ca312 V2ea3
V2013 V2ci113s V2em3 V2es313  2cams 2ci3i3 2c1312 V2ers
| V2012 | | V2ei12 V2e212 V23312 2ca312 2cim2 2ci212 | | V2e12
(2.61)

where the /2 and 2 ensure that the basis of the stress and strain components
remain the same by requiring the Frobenius norm of each basis element to be equal
to unity (Slawinski, 2020b, Section 3.2.4.4).

The existence of strain-energy function (2.57) imposes a physical constraint on the
continuum. Specifically, an element of the continuum can only be deformed if energy
is expended. In the absence of deformation, the continuum remains in its undeformed
state. However, since energy is a positive quantity, the strain energy of an undeformed
continuum is zero. Thus, the strain-energy function must be a positive quantity that
vanishes only in the undeformed state (Slawinski, 2020a, Section 4.3.1). Using matrix

form (2.60), this constraint is
1
W = 5(06) e >0, for e#0, (2.62)

which is the statement of the positive definite property of matrix C' (e.g., Kolman
and Hill, 2008, p. 311).

2.5 Ray theory

Broadly speaking, the elastodynamic equation (2.52) relates the acceleration of an
element due to nonlinear displacements within a material to the application of forces
to the boundary of the region it occupies. This is a complicated equation to solve as
the material properties can be anisotropic and/or inhomogeneous. The former refers
to material properties that vary with respect to direction at a given position within
the material whereas the latter refers to material properties varying with position.
According to Cerveny (2001, p. 1), the most common approaches to the

investigation of seismic wavefields in such complex structures are methods based on
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direct numerical solutions of the elastodynamic equation or methods based on its
high-frequency approximation. In this dissertation, we use the latter method, which

gives rise to the so-called seismic ray theory.

Seismic ray theory is an idealized approximation to modelling wave propagation
within media whose material properties vary smoothly and slowly in comparison to
its wavelength. The theory is based on high-frequency approximation to
elastodynamic equation (2.52) within the context of plane waves. We use this
approximation to obtain the so-called eikonal equation, which we use to quantify the

kinematic features of seismic rays such as their trajectories and traveltimes.

2.5.1 Plane waves

A displacement modelled by a plane wave is
u(x,t) = A(z)e wt-v@), (2.63)

where A(x) is the amplitude of the displacement that varies with respect to
position, ¢ is an imaginary number, whose square is —1, w is the angular frequency
of the wave, ¢ is the temporal variable, and 1 (x) is the so-called eikonal function,
and t — () is the phase of the wave. We refer to expression (2.63) as plane wave

because its phase satisfies the equation of a plane,
n-(x—xy) =0, (2.64)

where & and x( are two points on a plane with unit normal . Within this structure,

it is common to parameterize phase expression (2.64) as
n-x=uvt, (2.65)

where v is the phase velocity, which corresponds to the velocity of the plane. We
can obtain an alternative parameterization of expression (2.65) using the so-called
slowness vector,

n
v

p=—, (2.66)
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which is oriented in the direction of the unit normal and is scaled by the phase velocity.

The squared magnitude of expression (2.66) is

pz:p,p:@)_(ﬁ):n'n:i, (2.67)

v v v2 V2

which states that the squared slowness is the reciprocal of the squared phase velocity.

In view of slowness (2.66), expression (2.65) becomes
p-x=t, (2.68)
Setting the left-hand side of expression (2.68) to be the eikonal function, we have

Y(x)=p-T (2.69)

and the argument of plane wave (2.63) describes a moving planar wavefront for some ¢.

Let us acknowledge that for a wave’s wavefront to be planar, it is understood that
the wave’s source is at an infinite distance and —as a result —is not included in the
elastodynamic equation. Strictly speaking, this is a nonphysical situation. However,
if we are interested only in wave propagation and can assume the source is at a large

distance, plane waves are a good simplifying approximation (Udias, 1999, Section 3.6).

In view of expression (2.69), the gradient of the eikonal function yields a useful
relationship for the slowness vector. Using components, we have
0 0,

(pi € T ej) €, = 7~ (pil'j5ij) €L =Di O

8$k

grad ¥ (x) = e, = pidier = pi€; = Pp.
(2.70)

In other words, expression (2.70) states that the gradient of the eikonal function is

Oy

the slowness vector, which is expected due to the orthogonality of in-plane vectors

and the planar normal.

2.5.2 High-frequency approximation
Let us recall the elastodynamic equation (2.52), whose components are

OPu;(x, 1) 23: 0oy(x,t)

pla) 22 G =123 (2.71)

=1
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Substituting in the linearized stress-strain (2.55) relation, with strain

components (2.49), expression (2.71) becomes

0%u; 0 L Cijre ((Our  Ouy
=5 = i =1,2
&z ;axj (ZZ (am axk> T hES,

k=1 ¢=1

where, for brevity, we have dropped the function arguments. Distributing the

derivative, we obtain

82u,~ 1 5 5 801‘]'/% auk 6u£ 82uk 821@
Potz ~ 5222 ( Ox; (8@ N 3:L’k> T Cigke <8xjaxg i &'Ejaxk)) ’
1=1,2,3.
(2.72)

To evaluate the derivatives in expression (2.72), we use a plane wave (2.63) to model
the displacements. For the temporal derivatives, it is immediate that
ou . 0*u )

= —jwu and — = —w’u. (2.73)

ot ot2

By contrast, the spatial derivatives are more complicated. For the sake of brevity, we
take up again the comma notation for partial derivatives (2.14) for expressions with
many partial derivatives as well as omit function arguments where applicable. Also,
we combine the multiple summations in expression (2.72) as a single summation with

multiple indices, where the index order is preserved.

Using components for arbitrary indices k and ¢, the first derivative is

8uk

% = A]@g G_iw(t_w) + iwAke_iw(t_w)Qﬁ,g = G_iw(t_w) (Akj + iWAk¢7g) (274)
L

and the second derivative, denoted by index j, is

o [0 A A
- <ﬂ) = iwe_’w(t_wdz,j (A]ﬁg + Z'wAkiﬂ’g) + e_lw(t_¢) (Akﬂ‘g + ’L'wAkJ‘@/J’g + iwg/)ﬂ)
Oz, \ Oz,

e U (A jo +iw (A e + Aoty + Akt jo) — w* A jab ) -
(2.75)

Analogous expressions for u,; and w j; can be obtained by swapping indices k and ¢
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in expressions (2.74) and (2.75), respectively.

Substituting temporal derivative (2.73) and spatial derivatives (2.74) and (2.75) in

expression (2.72), then cancelling the exponential term from both sides, we obtain

2

1 , .
—wp A=) (Cz’jké,j (Ape + iwApth e + Ag g, +iwAgb )
ikt

+ Cijie (Ak,jz +iw (Ap e + Aot + Axt jo) — WP Axt 2

+ A i+ iw (A + Apithj + A i) — WQAZw,jw,k) ) ;

1=1,2,3.
(2.76)
Expression (2.76) can be separated into real- and imaginary-valued terms. We use
the real terms to derive the eikonal equation, which we use to derive equations for the
raypaths and traveltimes of individual seismic waves. The imaginary terms are used

to derive the transport equation, which governs the amplitude along a given ray.

In this dissertation, we restrict our attention to eikonal equation only. As such,

considering the real part of expression (2.76), we divide both sides by w? to obtain

1 Cijkt,j
—pA; = 5 Z <% (Ake + Ae k)
Gkt

+ Cijhe (é (Akje + Aejr) = (000 Ar + ¢,j¢,kAe))) , i=1,2,3.
(2.77)
Then, in the limit of frequency, w — oo, the terms divided by w tend to zero.
Rearranging the remaining terms in expression (2.77) and undoing the multiple

summation combination, we have
1333
3 SN (cipe (Wt Ax + ¥ kA)) — pA; =0, i=1,2,3. (2.78)

To simplify expression (2.78), we recall the elasticity-tensor index symmetries (2.56),

28



in particular c¢;jze = ¢;je, which yields

3 3 3
D3N (cimeb e Ar) — pA; =0, i=1,2,3. (2.79)

Expanding the kth summation for each i, then contracting by the Kronecker delta,

dix, we are able to reduce expression (2.79) to

(Z Z Cz]kﬂ(w)agx(jj) agéf) o p(m)5lk> Az(w) =0, k=123, (28())

where we have undone the comma notation for partial derivatives and reinstated
the function arguments. Expression (2.80) is known as the Christoffel equation and it

constitutes a system of three equations for plane-wave displacement amplitudes A(x).

Let us present the Christoffel equations in matrix form. By gradient (2.70), we can
replace the derivatives of the eikonal function by the slowness vector. Then, we
normalize the components of the matrix using the slownesses, p> = p - p. With these

adjustments, Christoffel equations (2.80) are
(T(x) —p*I) A(z) =0, (2.81)

where I'(x) = I'jx €; ® ey, is the so-called Christoffel matrix, with components

DM (282)

j=1 (=1 '0

and I = §;; ; ®e; is an identity matrix. The Christoffel matrix has several important
properties. First, components (2.82) are symmetric, I';; = I'y;, as a consequence of the
elasticity tensor index symmetries (2.56). Second, the Christoffel matrix is positive
definite as a consequence of the positive definiteness of the elasticity tensor (e.g.,
Cerveny, 2001, p. 23). Third, the Christoffel equations (2.81) are in the form of an

eigenvalue problem, whose nontrivial solution exists if and only if
det (T'(z) — v(z,p)*I) =0,

where we recall p=2 = v? from expression (2.67). Since the Christoffel matrix is
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symmetric, the characteristic equation has only real roots (Anton, 1984, p. 289) and,
since it is positive definite, its eigenvalues are positive, which is verified directly by
taking the dot product with the eigenvalue problem statement. Thus, the factored

form of this polynomial is

"~ o) (7~ ) o) =0 0

where 1/v;(x,p)? are the roots of the characteristic polynomial (Slawinski, 2020a,
p. 328) and, in view of Christoffel matrix (2.82), are necessarily a function of position

and the slowness vectors.

Since polynomial (2.83) has three roots, there are three distinct phase velocities that
propagate in an anisotropic medium. The greatest of these corresponds to the so-
called quasi-compressional (quasi-P or ¢P) wave. The other two roots correspond to
the quasi-shear (quasi-S; and quasi-Ss or ¢S; and ¢S;) waves; alternatively, quasi-
shear can be written as ¢SV and SH, where V corresponds to a vertical shear and

H to a horizontal shear.

Regarding the use of P and S, in isotropic media, characteristic polynomial (2.83)
only has two roots, which gives rise to the P and S waves. The displacement of the
P wave is in the direction of propagation whereas it is perpendicular to them for
S waves (Cerveny, 2001, Section 2.2.9). This leads to the adjectival distinctions of
compressional and shear, which refers to the displacements of the respective waves.
Since these displacements are not entirely aligned in anisotropic media, it is common
to refer to these three waves with the adjective “quasi”. In Chapter 3, we discuss the
phase velocity of the ¢ P, ¢SV, and S H waves within the symmetry class of transverse

isotropy.

2.5.3 Eikonal equation

In expression (2.70), we demonstrated that the slowness vector is the gradient of the
so-called eikonal function, namely, p = grad¢(x). Thus, with respect to ¥ (x), each

root of characteristic polynomial (2.83) is a nonlinear first-order partial differential
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equation. In view of expression (2.67), the roots can be written as

> 1
d = ———, i=123, (2.84)
U<

where py are the components of the slowness vector. Expression (2.84) is known as

the eikonal equation and it applies to each of the three aforementioned waves.

To solve the eikonal equation, we use the method of characteristics. The purpose of
this method is to recast the partial differential equation into a set of ordinary
differential equation (ODE) through a change of variables (e.g., Farlow, 1982,
Lesson 27). To demonstrate, we can abbreviate the eikonal equation with the

so-called Hamiltonian function,
H = H(z, p) = constant, (2.85)

whose total differential is

3

OH OH

dH = —dp; + =——dz; | =0. 2.86

=3 (Gan+ ) (2580
7j=1

Notice that expression (2.86) can only be satisfied if

dp; da;
S - . N (2.87)

(@) )

where du is an arbitrary differential parameter. Expression (2.87) can be separated

into two derivatives,
— =——— and — =

= = —. 2.
du Oz du  Op; (2:88)

The utility of du is clear in the context of the derivative of the eikonal function, ¥ (),
where, by the chain rule and expressions (2.70) and (2.87), we have
A = 0¢dr; = OH
a _ gy et _ Zt 2.89
du Z Oz du Zp] Op; ( )

j=1 j=1

Together, derivatives (2.88) and (2.89) comprise the so-called system of characteristic
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equations to partial differential equation (2.85). Since these derivatives depend on H,
we can only specify the physical meaning of u—as, for example, a parameter of time

or arclength —upon choosing a parameterization.

In this dissertation, we focus on two parameterizations, H = 0 and H = 1/2, both
of which can be used to obtain raytracing equations in media with different velocity
profiles. For the former, we consider a general parameterization suggested by Cerveny
(2001, expression (3.1.6)),

H= % (;@) - U(—;)n =0, (2.90)

which is valid for n # 0, applies to inhomogeneous isotropic media, and v(x) applies
to any of the three waves. It can be demonstrated that the associated characteristic

system is

dr; [ o) dp; 19 ( 1 dy 1
a——@pk) P Gy = won \o@ ) dw e @O

k=1

In Chapter 4, we develop an approximate traveltime model based on raytracing
expressions (2.93) within homogeneous media, for which we use n = 1 and set
remove the positional dependence of velocity, i.e., v(x) = wg. Characteristic
system (2.91) becomes

dl’j dpj

du Opju

dy 1
-0, L= 2.92
du Todu v (2.92)

Since the eikonal function is related to time and di/du results in a reciprocal
measure of velocity, it stands to reason that u is a unit of arclength, s. We can solve
ODEs (2.92) directly through integration, where, using the third as an example, we
obtain

s — So

/%da:_ Lo = ¢(s) — p(so) = 22,

Vo Vo

which yields traveltime, 1), as a function of position, s, with a linear dependence on

velocity, vg. In this manner, we obtain solutions for the characteristic system,

vy(s) = w0t ops(s = s0), py(s) = (o, () =vo T (293)
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where z;(sg) = o, pj(so) = (pi)o, and ¥(sg) = Yy are initial values. Thus,
solutions (2.93) indicate that, in homogeneous isotropic media, raypaths are straight

lines and the slowness vector, otherwise referred to as a ray parameter, is constant.

For the latter parameterization, we adjust the eikonal equation (2.84) such that the

right-hand side is equal to unity and then set

H = % — (";pi);i(w’py. (2.94)

Obtaining the characteristic system for Hamiltonian (2.94) is a more complicated
procedure than for Hamiltonian (2.90) due to the phase velocity dependence on both
position and the slowness vector. This case applies to wave propagation in an
inhomogeneous anisotropic medium, which requires taking into account the elasticity
symmetry class of the medium and obtaining raytracing equations within the
context the Christoffel matrix (e.g., Cerveny, 2001, Section 3.6). By contrast, we use
the approach of Rogister and Slawinski (2005), which, through several simplifying
approximations, yields closed-form raytracing equations for a velocity profile that
increases linearly with depth and depends elliptically on direction. In Chapter 5, we

develop a model for traveltime inversion based on these raytracing equations.
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Chapter 3

On Christoffel roots for

nondetached slowness surfaces

Author note

The majority of this chapter appears elsewhere in the scientific literature as Bos
et al. (2019a), “On Christoffel roots for nondetached slowness surfaces”, which is a
peer-reviewed article published in Geophysical Prospecting by Len Bos, Michael A.
Slawinski, and Theodore Stanoev. Additionally, the preprint of the accepted article
is Bos et al. (2019b). For further details regarding co-authorship, we refer the reader

to the statement provided on page xi.

3.1 Introductory remarks

Since the studies of Rudzki (1911)!, characterizing the shapes of wavefronts in
anisotropic media has been of interest to seismologists. A wavefront represents
two-dimensional curve (or surface in three-dimensions) connecting points of equal
phase (e.g., Serway and Jewett, 2013, Section 24.3). In equation (2.63), we consider
wavefronts that correspond to a plane wave, whose phase is a function of traveltime.
As such, we consider a wavefront to represent a locus of equal traveltime (Sheriff,

2002, p. 388). From a geometric perspective, a wavefront propagating through such

'Rudzki (1911) was presented to the Academy of Sciences at Cracow in 1911. His work has been
translated with comments by Klaus Helbig and Michael A. Slawinski; it appears as Rudzki (2003).

34



a medium will change shape as a result of changes in velocity in different directions
within the medium. The practical aspect of understanding the shapes of wavefront
is that if we select a point on a wavefront and, as it propagates, follow the changes
in the direction of its normal, we have the trajectory of the raypath corresponding
to that point of the wavefront (Udifas, 1999, Section 6.2).

As we discuss in Section 2.5.2, the existence of waves in such media are governed by
the Christoffel equation (2.80), which can be used to obtain the phase velocities of such
waves. To facilitate the characterization of the wavefront shapes, seismologists often
consider the wave’s slowness surface, which is a constant-velocity surface specified by
the reciprocals of the phase velocity (Sheriff, 2002, p. 323). Seismologists consider the
slowness surface because it is related the wavefront by polar reciprocity. In particular,
two curves are polar reciprocals if for each point on the first curve the radius vector

is parallel to the normal of the second, and vice versa (Helbig, 1994, Section 2A.4).

In anisotropic media, a slowness surface is comprised of three sheets, one for each of the
roots of characteristic polynomial (2.83), which is the factorized form of the solubility
condition of the Christoffel equation. Each sheet traces out a closed continuous surface
that is symmetric about the origin. The innermost sheet corresponds to qP waves
as its phase velocity is the greatest and it is always convex whereas the other two
sheets that correspond to the ¢SV and SH waves can have regions of concavity in
media with strong anisotropy (Cerveny, 2001, Section 2.2). Typically, the innermost
sheet is completely separated from the outer two; we refer to this scenario as detached

whereas we use nondetached if there is no separation.

From a historical perspective within the foundations of seismology, it has been
assumed that the innermost sheet is never ellipsoidal. Let us provide some context
to this statement. Postma (1955) derived a condition for elliptical velocity
dependence in homogeneous transversely isotropic media that is equivalent to
alternating isotropic layers. This condition was generalized by Berryman (1979) for
“any horizontally stratified, homogeneous material whose constituent layers are
isotropic.” The proof for nonexistence of ellipticity of ¢P wavefronts in media
resulting from lamellation came from Helbig (1979), in response to Levin (1978).
Shortly thereafter, Helbig (1983, p. 826) stated the following:

(1) the wavefront of ¢P waves is never an ellipsoid;

(2) the wavefront of ¢SV waves is never an ellipsoid,;
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(3) the wavefront of SH waves is always an oblate ellipsoid.

Lamellation, which is described by Helbig (1979, 1983) as fine layering on a scale small
compared with the wavelength, is tantamount to using the Backus (1962) average;

throughout this chapter, we use the methodology of the latter.

The purpose of this chapter is to demonstrate that the commonly accepted
propositions of Helbig (1983) are incomplete and have restrictions that bear on their
validity. By specifying the conditions under which the propositions do not hold, we
contribute to the foundational understanding of seismology. We present several
examples to demonstrate our findings and, in so doing, confirm the importance of

questioning theoretical issues.

To proceed with our demonstration, we consider the three roots of the solubility
condition of the Christoffel equation, which we refer to as Christoffel roots. These
roots correspond to the wavefront-slowness surfaces of the three waves that propagate
in an anisotropic Hookean solid. Herein, we examine transversely isotropic media
resulting from the Backus average of isotropic layers to which we refer as Backus
media. We derive the conditions under which the spherical-coordinate plots of the
three roots are ellipsoidal; we refer to such roots as elliptical. In accordance with
polar reciprocity, the ellipticity of slownesses is equivalent to ellipticity of wavefronts;

for a verification of this statement, we refer the reader to Appendix A.2.

As it turns out, a necessary condition for the ellipticity of roots in Backus media is
the nondetachment of the qP slowness surface. Although the Hookean solids that
represent most materials encountered in seismology exhibit a detached ¢P slowness
surface, the existence of both detached and nondetached slowness surfaces is, indeed,
permissible within the stability condition of the elasticity tensor (Bucataru and
Slawinski, 2009). Mathematically, this condition is the positive definiteness of the

elasticity tensor.
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3.2 Christoffel equation in Backus media

The existence of waves in anisotropic media is governed by the Christoffel

equation (2.80); its solubility condition is (e.g., Slawinski, 2015, Section 7.3)

3 3
det | N “cipepipe— 6| =0, i k=1,2,3, (3.1)

j=1 ¢=1

where c;jre is a density-scaled elasticity tensor and p is the wavefront-slowness
vector. The three roots of this cubic equation in p? can be stated as the expressions
for the wavefront speeds of the ¢P, ¢SV and SH waves, which we demonstrate in

expression (2.83); herein, p?> = p - p is the squared magnitude of the slowness vector.

3.2.1 Backus average

Within the context of the Backus average (Backus, 1962), a homogeneous
transversely isotropic medium is long-wave-equivalent to a stack of thin isotropic or
transversely isotropic layers. This low-frequency wave propagates with normal (or
quasi-normal) incidence to the stack of thin layers, whose layering is consistently
parallel but the thicknesses of layers need not be uniform. The averaging process

uses the function f(x3) of “width” ¢ is the moving average given by

o0

Fas) = / w(C — o) F(O)dC,

—0o0

where the weight function, w(x3), has the following properties:

w(l’:))) = 07 w(j:OO) = Oa

/ w(zs)des =1, / zzw(zs)drs =0, / zaw(rs)drs = (0)2.

These properties define w(x3) as a probability-density function with mean 0 and
standard deviation ¢, explaining the use of the term “width” for ¢ . The average
itself is a moving average with a specifically set size of window. The size of the

window might be determined by the wavelength of the propagating wave.
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The medium through which the Backus average propagates is considered to be in
static equilibrium, i.e. disturbances created by the Backus average are infinitesimal.
The stress and strain of the medium, along the ws-axis are constant along the
interfaces of layers. Components in the x; xo-plane can vary significantly along the
xrs-axis due to distinct properties of different layers. Furthermore, the components of
the displacement vector, u;, wus, wug, are continuous. In view of the lateral
homogeneity of the medium, du;/0x; and Ou;/Jzy are smoothly varying functions
of x5, but du;/0x3 might not be, due to the vertical inhomogeneity of layers. Hence,
the medium satisfies the dynamic and kinematic boundary conditions, wherein the
former refers to equality of forces along an interface and the latter refers to a welded

contact between layers (Slawinski, 2015, Section 10.2.1).

For the case of isotropic layers, elasticity parameters of each layer are ¢y111 and co303,

and the corresponding parameters of the transversely isotropic medium are

2 -1

TT Cl111 — 2 C2323 1 A(c1111 — C2323)C2323
g, - (e Zemy )L e
C1111 C1111 C1111
TI C1111 — 2 C2323 ’ 1 - 2(01111 -2 02323)02323
0?1122 = + ) (3.2b)
C1111 C1111 C1111
-1
T Ci111 — 22323 1
01T1133 = ( ) ( ) ) (3.2¢)
C1111 C1111
CEIQ = (2323 , (32(1)
f_l
Chap3 = (@) ; (3.2¢)
f_l
Cy333 = (01111> : (3.2f)

Herein, superscript T indicates transverse isotropy resulting from the Backus average.
The Backus average of a stack of different isotropic layers results in a transversely
isotropic medium; a stack of layers exhibiting another symmetry results in the medium
of that symmetry; a stack of layers of various symmetries results in a medium of the
lowest among these symmetries, as is exemplified by Bos et al. (2017) (details of

derivations to other symmetry classes are also discussed therein).

Now, regarding the possible invertibility of the Backus average, let us remark that
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the precise information concerning the individual layer properties is lost during the
averaging process. As such, inferences of such properties from their averages lack
uniqueness (Danek and Slawinski, 2016, Section 4.3). With that being said, it is known
that the properties of the constituent layers affect the anisotropy of the equivalent
medium, where, for example, should the rigidity (ca2323) be constant throughout the
layers, the Backus average results in an isotropic equivalent medium (Backus, 1962,
Section 6). Adamus et al. (2020) investigate further the effects of inhomogeneity
on anisotropy to find that the strength of anisotropy in the transversely isotropic
equivalent medium is solely a measure of inhomogeneity among the isotropic layers.
Therein, they show that the anisotropy of the Backus average is a consequence of
the difference in rigidity among layers, not in compressibility (¢1111). Such a scenario
would correspond to that of a porous rock of constant rigidity, whose compressibility
varies depending on the amount of liquid within its pores. Therefore, while inverting
the Backus average for its unique constituent layers might not be possible, it is possible
to obtain a qualitative measure of the stack’s inhomogeneity through the strength of

anisotropy of the equivalent medium.

3.2.2 Backus media

Let us consider a homogeneous transversely isotropic medium, whose elasticity

parameters are

T1 TI

Cﬂn Ciizz Ciiss 0 0 0
0322 cﬁll c£33 0 0 0
AT Cll3s Clizs Ci3sa g 0 0 (3.3)
0 0 0 2ci, 0 0
0o 0 0 0 28, 0
0O 0 0 0 0 =
If we consider a stack of n isotropic layers, whose elasticity parameters are
Ci111 = {(61111)1 y e (C1111)n} and C2323 — {(02323)1 y e (02323)n} ) (3-4>
the stability condition for each layer is (e.g., Slawinski, 2018, Exercise 5.3)
4 .
(01111)i > 3 (02323)i >0, i=1,...,n. (3.5)
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For notational convenience, we write the Backus-average elasticity parameters of

expressions (3.2) as

an = (1 - EY> (n W‘l) + - U-2), (3.6)
‘iz = (1 o ) (nW) + - (U=-22), (3.6b)
iz =n W, (3.6¢)
2
iz = (1 - ﬁy> (nW™) (3.64)
cr2I‘3{23 = nV—l ) 3.6e
Clyp=n""U, (3.6f)
where
U= j V= W .=
; (c2323); ; (Ca303); ; e,
n n ) (3.7)
Y — (Cs03); 7. Z [(c2323);] ‘
i—1 (cr111); ’ i1 (c1111);

A standard form of these parameters is given by, for example, Slawinski (2018,
Section 4.2.2); the expressions, therein, and those of parameterizations (3.6), are
equivalent to A, B, C', F', L, M of Backus (1962, equations (13)), respectively;
these expressions are analogous to expressions (3.2). The stability of the Backus
average is inherited from the stability of the layers (Slawinski, 2018,

Proposition 4.1); in other words, if the layers are stable, so is the average.

3.3 Christoffel roots

Returning to Christoffel equations (3.1), the three roots within transversely isotropic
media are (e.g., Slawinski, 2015, equation (9.2.19), (9.2.20))

(Cga?) - Cﬁn) (1 —na) + ey + ey £ V/AW)
Vgp,gsv (V) = 2, (3.8)
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and

TI TI
1—
USH(l(}) _ \/C1212 ns + 02323 ( n3) ' (3'9)

Herein, we use ns = sin® 9 to express the wavefront orientation and we parameterize

A@) = a(n3)® +bng +c,

where
a = (01111 + 201133 + 03333> <01111 2 01133 402323 + 03333) ) (3.10a)
. 2
T TI T I TI T

b=2 C1T111 05323 2 C1T111 c§333 +4 (0113?,) +8 01133 02323 +6 02323 C3T333 2 (C3T333> )

(3.10b)
2
c= (05523 03T§33> . (3.10c)

Next, for elliptical roots, we require the reciprocals of the roots in the form of
Vd+ fsin?9, where d and f are nonzero real constants. To demonstrate, we begin

with the standard form of an ellipse,

N 2 Y\ 2
SRIO
( a ) b ’
where z and y are Cartesian coordinates and a and b are positive real constants. Using

the relationship between Cartesian and polar coordinates,
r=rcos?d and y=rsinv,
for a positive radius, r, and central angle, ¢, the standard form is
reosd rsind >
+ =1.
a b

Solving for the squared radius, and availing of the Pythagorean trigonometric identity,

we have
2 b2
2 a/

" b2(1 — sin®¥) + a?sin® ¥’
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Taking the square root of both sides and simplifying yields

- ab
V02 + (a® = B?)sin? 0’

where we omit the negative solution since r > 0. Thus, setting f = a® — b?,

substituting b = 1/a, and setting d := 1/a?, we obtain

1

\/d—i—fsian(}7

r =

as required.

Returning to expression (3.9), we observe that the reciprocal of vgy is already in the
form of an ellipse. However, for reciprocals of roots (3.8) are elliptical if and only if A

is a perfect square. To demonstrate, we complete the square to obtain

b\’ b
A—a(n3+%) +(C—E).

For a perfect square, we require the latter term to equal zero, which imposes the
condition
Disc(A) := b* — dac = 0,

or, in other words, if and only if the discriminant of A, which we denote by Disc (A),
is zero. If the condition is satisfied, expression (3.8) is in the form of \/d + fsin® ¥,

where d and f are nonzero real constants. In view of expressions (3.10a)—(3.10c),

Disc (A) :=
T T \2 | (7 TI T )2 T T T T
16 <C1133 + 0232?,) Cl111 <C2323 - C3333> + <01133> + 21133 Ca393 + Co33 C3333| = 0,
(3.11)

for which the solutions are
TI TI
Co323 = —C1133 > (3.12a)
TI T1 TT _ TI
Co3p3 = —Cpi33 and  ¢yyp = Cogzog, (3'12b>

_\2 _ _
TI TI I TT TI
T (61133> + Ci111 Caa3 + 2 C1133 Caza3
C3333 = T = : (3.12¢)
Cii11 — €233
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Discriminant (3.11), and its solutions (3.12), can be written in terms of

parameterizations (3.6) as

64(n(V+W)=2VY) (n=Y)24+(V-W)(Z-T))

EE =0, (3.13)
whose solutions are
- g (1+wv1), (3.14a)
W=V and Y =n, (3.14Db)
zoy- =Y (3.14c)

Let us discuss solutions (3.14). With regard to solution (3.14b), we recognize that
it is a special case of solution (3.14a), but we keep both for convenient referencing,
below. Within the context of the Backus average, solution (3.14b) cannot be satisfied

by the stability condition as it would require

n

=2 .

01111 i—1 02323

W= V:>Z

which is not allowed.

For solution (3.12c¢), the equality can be satisfied if and only if co305 is the same for
all layers. To demonstrate, we set (co323); = Ca323 in parameterizations (3.7), which,

by summation arithmetic, results in

n
Z = (cozn3)®W, Y = cozuW, V = , and U = ncasas.

C2323

Substituting these terms in solution (3.14c) and simplifying, we obtain

n — Cy33W )2
(02323)2W = N C2323 — (ni)
C2323

(n - 02323W)2
n — ca303W

= T C2323 — (2323

= N C2323 — 02323(71 - 02323W)

(02323)2 W,
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as required. However, as indicated by Backus (1962, Section 6), if a layered isotropic
medium has constant co303 in all layers, the resulting average is isotropic. Since our
focus is a transversely isotropic average, we omit solution (3.12c¢) from our

consideration.

As such, the only viable condition that remains is solution (3.14a). In Section 3.3.1,
we proceed to prove the existence of solution (3.14a) for n > 4 layers, followed by a

numerical example to illustrate the result.

3.3.1 Nondetachment

Within the constraints of the stability, both detachment and nondetachment are
permitted. The nondetachment of the gP slowness surface occurs if and only if
cggzg = 011133 In Figure 3.2, we present an illustration of detached slowness
surfaces becoming nondetached as C2T§23 — clTII33 From solution (3.12a), and its
parameterization (3.14a), it follows that roots (3.8) are elliptical. Hence, we have

the following lemma.

Lemma 1. There exists a Backus average of at least four isotropic layers for which
the Christoffel roots are elliptical.

Proof. We fix a > 3 and let z € (0,1] so that

a a a a 1 11
61111:<_7_7_7_> and 02323:(1',—,—,—)- (315>
r r T T r Ir X

Following definitions (3.7), variables Y, V', and W of solution (3.14a) become

2 n 1 2 -1
:—+ZC2323 _ +Zﬁ:£+" | (3.16a)

C1111 " a/x a a
1 1 I <1 1+(n—-1)2?
(z) x * — (Cose3); + ; 1/x x ’ ( )
" 1 "1 n
Wi(z) = — 7 3.16
W= o = (3.160)

44



We define X (z) := 2 (14 W () V(z)™"), which results in

X(JI):g{l—F (nax> [H(n; 1):);2]‘1} :g{Hé {#Jfl)x?” '

(3.17)
As 2 — 0", we have
— 3
Y07 » —~Z(n—1), X(0%) - =, (3.18)
a 4 2
and, hence, Y (07) > X (07) for a close to 3. Furthermore, as z — 17,
1 n-1 n 1
Y(17)— - d X17)—=>=(1+-]. 3.19
) >4 x5 (14 ) (3.19)

Thus, for n > 4, and a close to, but greater than, %, Y(17) < X(17).

It follows form the Intermediate Value Theorem that there exists an x € (0,1) for
which Y (z) = X (x), which completes the proof. O

3.3.2 Numerical example

Let us consider a numerical example, where
x=0.2299, a=1.3440, and Y =X =2.2714; (3.20)

indeed, there exists a Backus average of at least four isotropic layers, whose Christoffel

roots are elliptical.

Using results (3.20) with parameters (3.15), we obtain

c1111 = {5.8472, 5.8472, 5.8472, 5.8472} and
Coz23 = {0.2299, 4.3506 , 4.3506, 4.3506} ;

the Backus-average parameters, following expressions (3.6), are

Cﬁn = 3.6692, Cﬁm = —2.9717, Cgss = 5.8472, (3.21)
T, = —0.7936, I, =0.7936, cIL, =3.3204.
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The eigenvalues of tensor (3.3) with values (3.21) are Ay = X = 6.6409,
A3 = 6.0812, \y = A5 = 1.5873, \¢ = 0.4635, which belong to a transversely
isotropic tensor (Boéna et al., 2007a); since they are positive, the stability condition
of the average are satisfied. Also, Disc(A) = 1.9883 x 1072, which can be

considered zero, as required. Consequently, equation (3.8) becomes

14628 + 2.1781 (1 — ny) % |/62.8718 (0.6373 — ny)?

T (3.22)

Vgpqsv (V) =

Recalling that ns = sin®+), and since p must be a positive scalar quantity, we see that
equation (3.22) is \/d + fsin®49, as required. Letting p = 1, the three roots are

TI TI TI TI
<C3333 - 01111) (1 —=n3) +ciyyg + Cagpg + VA

— /5.8472 + 5.0536 sin ¥
2p

vgp (V) = \
(3.23a)

TI TI TI TI /
<C3333 - 01111) (1 —=mn3) +ciiyg + Cagog — VA

= 1/0.7936 — 2.8756 sin? ¥,

Vgsv (U) = \ 2,
(3.23b)
TI TI
1—
vsr(9) = \/ Ciatz 13 02323 (L=ns) _ /57936 1 2.5268 sin? 0. (3.23¢)

The reciprocals of expressions (3.23) are ellipses, illustrated in Figure 3.1. Therein,
the green curve represents 1/vgy(¥); the blue curve represents 1/v,5y () ; and the

red curve represents 1/v,p(1)).

3.3.3 Interpretation

Values (3.21) do not represent typical Hookean solids used in seismology. To quantify

this statement, let us invoke Poisson’s ratio,
Vji = ——, (3.24)

which is defined as the negative ratio of the lateral strain to the axial strain, in a

uniaxial strain state, i.e., 0j; # 0 and oy, = 0 for ¢ # j and k = 1,2, 3 (e.g., Mavko
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Figure 3.1: Three Christoffel roots resulting in three slowness curves

aN
&

Figure 3.2: Slowness curves, 1/v,p(0), 1/v,sv(9), 1/vsu(V), for modified values of
elasticity parameters for Green-River shale. As c{ls3 — —c13,3, the innermost curve
ceases to be detached and smooth.
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et al., 2009, p. 22). For transverse isotropy (e.g., Mavko et al., 2009, pp. 33-35), along
with values (3.21), -

py = LGl g (3.25)

€3 Cli + Clin

In contrast to value (3.25), Poisson’s ratio for sedimentary rocks, such as limestone
and sandstone, is typically positive—Ji et al. (2018, Table 3) present such values
in a statistical analysis of typical rock and ore samples at various pressures. For
shale, Gereck (2007, Figure 4) presents typical ranges for shale of v € (0.05,0.32).
However, Lakes (2017, Section 3.7) indicates that it is reasonable to obtain large
negative Poisson’s ratios in highly anisotropic materials: in arsenic crystals, the ratio
can exceed % or can be less than —1, which are the isotropic bounds for v (e.g.,
Slawinski, 2020a, Exercise 5.18). With that being said, let us emphasize that the only
restriction on the elasticity parameters is the positive definiteness of tensor (3.3).
Since parameter values (3.21) satisfy this condition, they are acceptable and, hence,
suffice as a counterexample to the propositions of Helbig (1983). Further justification
of these values — concerning the likelihood of their observation in typical seismological

settings —is beyond the scope of this analysis.

To gain an insight into the appearance of slowness curves in Figure 3.1, let us
examine an example using the density-scaled elasticity parameters for Green-River
shale (e.g., Slawinski (2015, Exercise 9.3), Thomsen (1986, Table 1)),

Cily = 13.55,  cllsg = LAT,  Cigss = 9.74,  Cogo = 2.81,  clyo = 3.81, (3.26)

where each parameter is scaled by 10° ; herein, superscript ! refers to an intrinsically

transversely isotropic medium, as opposed to ﬁ, which is the Backus medium.

The curves of 1/v,p(0), 1/v4sv (V) and 1/vgy (¥) with values (3.26) are illustrated in
Figure 3.2(a); such curves are typical in seismology. For the wavefronts of these
slowness curves, which are obtained using polar reciprocity, we refer the reader to
Appendix A.2.3. The progression of Figures 3.2(a)—(c), however, illustrates an
important property. For detached ¢P slowness surfaces, the expressions for the ¢P,
qSV and SH wavefront speeds, indeed, correspond to distinct smooth wavefronts.
However, if cl]33 = —Cg303 , the ¢P and ¢SV slowness surfaces lose their smoothness.
Also, their expressions—mnot only their curves—become connected with one

another; neither root corresponds to a distinct slowness curve nor does a given curve
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result from a single root.

For each slowness surface, the criterion of belonging to a particular wave on either
side of an intersection is not its belonging to a single root but the orientation of the
corresponding eigenvectors, which are the displacement vectors of a given wave (Béna
et al., 2007b). In Figure 3.2, the ¢SV and SH slownesses are equal along the rotation-

symmetry axis. As such, the innermost surface corresponds to the gP wave.

3.4 Ellipticity condition

According to Thomsen (1986), the ellipticity condition is € = 0, where

and 5= (ciiss + 053}23)2 — (cigss — Cszl23)2

TI TI TI TI
2 ¢3333 2 3333 (C3333 — Ca303)

TI TI
_ G111~ C3333

. (327

for either ™ or ™. However, equations (3.23a)(3.23¢c) lead to ellipsoidal forms, even
though, therein, e = —0.2363 # —0.4445 = 6. To avoid this discrepancy, we state the

following proposition with a qualifier.
Proposition 2. The detached qP slowness surface is ellipsoidal if and only if e =6 .

Proof. Following expressions (3.27), ¢ = § if and only if

TI TI

_ T TI
Cogo3 = —Cr1z3  and  Cyyyq = Cogog or
TI 2 TI TI TI .TI
T (01133> + C1111 €393 T 2 Cli3s Cosa3
C3333 = TI _ TI ’
Cii11 — C2323
which are solutions (3.12b) and (3.12¢) , respectively. Solution (3.12a), cisys = —Clis3,

is—in general —the condition for nondetachment, and —for the Backus average —
is the condition for elliptical roots. For the Backus average, solution (3.12b) is not
allowed within the stability condition and solution (3.12c) results in an isotropic
average, hence, circular roots. Thus, the ellipticity condition, ¢ = ¢, is valid for

detached ¢P slowness surfaces only. O]

To gain an insight into Proposition 2, we modify parameters for Green-River shale —
illustrated in plot 3.3(a) — by applying expression (3.12¢) to obtain an ellipsoidal ¢P
slowness surface illustrated in plot 3.3(b). Applying subsequently expression (3.12a),
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QO
(a) (b) (c)

Figure 3.3: Slowness curves, 1/v,p(0), 1/vgsv(V), 1/vsm(9), for modified
values of elasticity parameters for Green-River shale.  Plot (b) corresponds
to expression (3.12c); plot (c) corresponds to expression (3.12c) followed by
expression (3.12a).

Q@)

Figure 3.4: Slowness curves, 1/v,p(¥), 1/v,sv(9), 1/vsu(V), for modified values of
elasticity parameters for Green-River shale. Plot (b) corresponds to modifications
by expression (3.12a); plot (c) is modified by expression (3.12a) followed by
expression (3.12c).

20



we obtain three elliptical Christoffel roots, where ¢ # §, as expected in view of
expressions (3.23a) and (3.23b). The innermost slowness surface is neither detached

nor elliptical, as illustrated in plot 3.3(c).

Let us apply these expressions in the opposite order. Using expression (3.12a), we
obtain the result illustrated in plot 3.4(b). Applying subsequently expression (3.12c),
we obtain three elliptical slowness surfaces, illustrated in plot 3.4(c). The stability
conditions are satisfied but ¢ is indeterminate. However, if we let cops & —Clias, as

opposed t0 iy = —clias , We obtain § = ¢, as a consequence of detachment.

In contrast to these results, the Backus average can only satisfy the stability condition

with expression (3.12a), which results in nondetachment.

3.5 Concluding remarks

The only restriction on the values of the elasticity parameters is the stability
condition, which—mathematically —is tantamount to positive definiteness of the
elasticity tensor. Within this condition, we examine properties of the Christoffel

roots for nondetached slowness surfaces in transversely isotropic media.

Our analysis focuses on the propositions of Helbig (1983, p. 826), among which it is
stated that the wavefront of gP waves is never an ellipsoid. The condition for this
statement is a detached innermost slowness surface and, according to Musgrave
(1970, p. 92), any inner detached sheet must be wholly convex. However, Bucataru
and Slawinski (2009) extend the theorem of Musgrave by showing that the condition
of detachment is unnecessary. Thus, within that context, our analysis yields a
counterexample to Helbig that demonstrates elliptical nondetached slowness curves

in Backus media.

To summarize, the ¢P slowness surface is detached if and only if cias # —Cliss-
Under such a condition, each root corresponds to a distinct smooth wavefront. The P
slowness surface is nondetached if and only if cl3y3 = —cJls5 . Under such conditions,
the roots are elliptical but do not correspond to distinct wavefronts; also, the ¢ P and
qSV slowness surfaces are not smooth. For transversely isotropic media generated
by the Backus average, the gP roots are elliptical only if the slowness surface is

nondetached.
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Chapter 4

On forward modelling of

traveltimes in approximate media

Author note

This chapter is based on a collaborative research project with Dr. Len Bos and Dr.
Michael A. Slawinski. For further details regarding co-authorship, we refer the reader

to the statement provided on pages xi-xii.

4.1 Introductory remarks

One of the most important techniques for extracting information on the Earth’s
properties is traveltime inversion (e.g., Aki and Richards, 2002, Section 9.4).
However, even a stack of horizontal layers is computationally complicated in both
modelling and data processing, and, hence, it might be replaced by a single medium
with similar traveltimes. In this chapter, we formulate an approach to reproduce
traveltimes for near-vertical wave propagation, based on a Taylor series matching of

the traveltimes in the stack of layers within a single medium.

For this purpose, we consider a number of parallel isotropic layers and construct two
homogeneous media, the first single isotropic (iso) and the second single transversely
isotropic (TI), for which the Fermat traveltimes are nearly equal to the Fermat

traveltime within the layers, at least for propagation angles near the vertical.
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Indeed, the isotropic medium will be constructed so that its Fermat traveltime
agrees with the Fermat traveltime in the layered medium to the first order as a
function of the propagation angle, while the transversely isotropic medium so that
its Fermat traveltime will agree with the Fermat traveltime in the layered medium

to the second order as a function of the propagation angle.

To achieve this formulation, noting that isotropy is a subclass of transverse isotropy,
we require an expression of a TI tensor whose components are parameterized by
properties of its constituent layers. Furthermore, we require two types of analytic
expressions for traveltime. The first is the traveltime for rays of P and S waves in
layered media as a function of their takeoff angle, ¢. The second is the traveltime
for rays of ¢P, ¢SV , and SH waves in the TT medium as a function of their takeoff
angle, 6.

We require that waves propagate, in both media, from the same source and arrive at
the same receiver, even though, except for vertical raypaths, ¢ # 6. Thus, we express
the traveltimes of the waves propagating along the vertical axis as a second-order
Taylor series approximation. To obtain the elasticity parameters of an approximate
medium, we solve the system of equations that arise by equating coefficients of the
Taylor approximations in both media; to the first order for an isotropic medium and

to the second order for a transversely isotropic medium.

Upon completing the formulation, we obtain a homogeneous isotropic medium, which
we refer to as the approzimate isotropic medium, and a homogeneous transversely
isotropic medium, which we refer to as the approximate transversely isotropic medium,

for which the Fermat traveltimes have the approximation properties stated above.

We use a numerical example to demonstrate the validity of the traveltime
approximations in the approximate media. In particular, we use a stack of ten
isotropic layers and validate the traveltimes of rays through the layers for increasing
receiver offsets. Then, we evaluate the traveltimes through the approximate media
for the same source-receiver combinations. We find that the approximation leads to
empirically adequate results for not only near-vertical rays, but even for rays whose

takeoff angles approach 30° in the case of the TI medium.

Now, let us remark that our motivation is not only to approximate Fermat traveltimes,
but also to develop a homogenized medium determined by its elasticity parameters.

As such, our approach differs from other traveltime approximations, which rely on the
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longstanding method of performing a Taylor approximation of a traveltime squared
expression as a function of offset (e.g., Taner and Koehler, 1969). In recent years,
this method has been used to approximate traveltimes by, for example, Sripanich and
Fomel (2015) in TT and orthotropic media, Ravve and Koren (2017) as well as Abedi
et al. (2021) in layered TI media, and Farra and Psencik (2020) in weakly anisotropic

layered media of arbitrary symmetry classes.

By contrast, our alternative approach, which is based on Taylor approximations as
well, yields closed-form expressions of elasticity parameters for the novel approximate
medium. Using these expressions, we compare traveltimes directly with those in a TI
medium that is the result of the Backus average of the same constituent layers, i.e.,

the Backus medium.

We begin this chapter by formulating traveltime expressions for both the layered and
approximate media. Subsequently, we examine the Taylor expansions—developed
about the vertical direction—of the traveltime expressions. We proceed to obtain
the parameters of the approximate medium and make a comparison with traveltimes,

for the same source-receiver combinations, in the Backus medium.

4.2 Traveltime expressions

4.2.1 Hooke’s law

For both media, the stress-strain relationship is expressed by Hooke’s law,

3 3
045 = E E Cijkt €kl » Z,j:1,2,3

k=1 ¢(=1

Herein, the stress tensor, o;;, is linearly related to the strain tensor,

1 (8uk 0 uy

= (LU, g ko 0=1,2,3
Eke 9 axe 8$k>7 ) ) Ly

where u and z are displacement and position vectors, respectively. The elasticity
tensor, ¢;jre, whose components can be expressed as a 6 x 6 matrix (e.g., Chapman,
2004, p. 92), is positive-definite. In general, there are three types of waves in
anisotropic media but only two types in isotropic ones. The velocity expressions for

waves in such media arise from the solubility conditions of the Christoffel
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equation (e.g., Slawinski, 2015, Section 9.2.3). However, examining this equation is
beyond the scope of this chapter and, as such, we only state, and use, the
expressions for isotropic and TI media. To examine either medium, we use
the xyx3-plane, where x; and x3 are positive rightward and downward, respectively.
For more details on the stress-strain relationship, Hooke’s law, and the application

toward ray theory, we refer the reader to Sections 2.4 and 2.5.

4.2.2 Layered medium

The layered medium is comprised of n parallel layers that are homogeneous and

isotropic. For any given layer, its elastic properties are given by

iso iso

C1111 Cifi — 2¢55s it — 255 0 0 0
CTii — 2 C55 it CTiin — 2 C55 0 0 0
dso — it — 26553 Citi — 2055 i O 0 0
0 0 0 2 cy303 0 0
0 0 0 0 250, 0
0 0 0 0 0 250,

The thickness of the medium is

n

h=Y (I — L) =TIy — T, (4.1)

i=1
where I; is the interface depth of the ith layer. The receiver coordinates of a ray that
connects a source at the origin to the bottom of the medium are (x(¢), h) , where x(¢)
is the horizontal position as a function of the takeoff angle ¢. Thus, for transmitting P

and S waves with the same takeoff angle,

2(¢) =Y (Iijn — L) tang; or x(¢) =Y (L1 — ;) tand;, (4.2)
i=1 =1
where ¢; and ¢; are, respectively, the propagation angles of P and S waves in the ith
layer and the takeoff in the first layer is ¢; = 0;. The angle at which the ray is
refracted is governed by the ray parameter

sing; sind;  singy  sind, sing,  sind,

O 51 (8% B2 Qap Bn
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Herein, o and 8 correspond to the P and S layer speeds. For the angle in the second

layer,

¢ = arcsin (% sin gbl) and J, = arcsin (% sin gbl) )

(651 1

For the third layer,

¢3 = arcsin (% sin ¢2> = arcsin (% sin (arcsin (% sin ¢1) )> = arcsin (% sin ¢1) ,
(65 (6] (05} (05}
03 = arcsin (% sin §2> = arcsin (% sin (arcsin <% sin q51> )) = arcsin (% sin gbl) )

Thus, for the ith layer, where ¢ = ¢, we have

¢; = arcsin (% sin d)) and 9; = arcsin <% sin ¢) :

(651 1

To avoid duplication, we substitute v for both a and § as a notational convenience

to denote a generic wavespeed in a layer. As such, equation (4.2) becomes

2(6) = Xn: (Iis1 — ;) tan (arcsin (Z—l sin ¢))

=1

n (Liyr — 1) 4 sin ¢
4!

2 2
= \/1 — <& sin¢)
1

\/1/1 - 1/2 sm2¢

where v; is the speed of a wave in the ith layer, to be replaced, respectively, by «;
or §; for a P or S wave. The values for the wavespeeds in the ith layer are given by
iso iso

Cl111 C2323 )
o = e and ﬁl: —Za ZZl?"'?”? (443,]:))

Pi Pi

26



where p; is the mass density of the ith layer. The corresponding traveltime for the

ray of either the P or S wave is

2 n
(Ii—i—l — Iz) v; singb _ (Ii-i-l — Iz) 124}
\/1/12 — 12 sin? ¢ — v \/V12 — 1,2 sin? ¢
(4.5)

t(¢) = Z ” (Liy1 — L) + (

i=1

4.2.3 Approximate medium

Noting again that isotropy is a subclass of transverse isotropy, we assume the
symmetry class of the approximate medium to be TI. Although it is possible to
consider other symmetry classes, the well-known and frequently employed Backus
average of a layered medium (Backus, 1962) also results in a composite TI medium,
chosen, however, to provide a more general physical approximation than just for
traveltimes. In Section 4.6.3, we provide numerical comparisons between our
approximate media and the Backus average. Hence, the elasticity tensor of the

approximate medium is

clin iz C1T1133 0 0 0
il Clin Ciiss 0 0 0
ST Clizs Clizy Czzz O 0 0 (46)
0 0 0 2c), 0 0
0 0 0 0 2 Co303 0
| 0 0 0 0 0 Clin — iz i

In an anisotropic medium, the relationship between the ray and wavefront angles
is (e.g., Slawinski, 2015, equation (8.4.12))

(4.7)

where v(?) stands for any of the three wavefront velocities, v,p(9) , vgsv (V) , vsm (),

which are given in Section 4.4.4. In a homogeneous TI medium, the ray angle for a
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raypath from the origin to coordinates (z(¢),h) is

0($) = arctan (@) , (4.8)

where z(¢) is given by equation (4.3). Since the medium is homogeneous, rays are

straight lines. Using trigonometry, the distance travelled for a takeoff angle 0(¢) is

L(¢) = \/z(¢)* + h2. (4.9)

The ray velocity of waves propagating through the anisotropic medium is given in

terms of the wavefront velocity (e.g., Slawinski, 2015, equation (8.4.9)), where

V) = \/v(ﬁ)2 + (dZ—Ef)) . (4.10)

To evaluate equation (4.10), we must supply a value for # in relation (4.7) and solve

for its corresponding ¥ . However, relation (4.7) can only be solved analytically if and
only if v is quadratic in the components of a vector that specifies the orientation of
the wavefront, which corresponds to an elliptical wavefront (Slawinski, 2015, p. 355).
Otherwise, we solve relation (4.7) numerically. Since the final horizontal position of
a ray in the layered medium is dependent on the medium itself, we cannot obtain a
particular value for € to use in relation (4.7). Nevertheless, in general, the traveltime
along a ray in the approximate medium, for the same source-receiver combination as

the layered medium, whose receiver coordinates are (z(¢),h), is

L(¢)
V(9(6(0))

The receiver coordinates may be expressed as a function of the takeoff angle in the

T(0(¢)) = (4.11)

layered medium, ¢. Since the formulation uses the same source-receiver combinations,
we express the ray angle in the approximate medium as a function of ¢. Since the
wavefront angle, 1, is a function of €, which, in turn, is a function of ¢, with an

abuse of notation, we write
T(¢):=T0(9), L:=L(¢), V:=V(¢):=V(©0(9)). (4.12)
Using notation (4.12), we write equation (4.11) as T'(¢) = L/V .

o8



4.2.4 Vertical rays

A trivial solution of equation (4.7) is # = ¥ = 0, which corresponds to vertical rays.

To demonstrate this, we substitute # = ¢ = 0 in relation (4.7) to obtain

tan(0) L dv)
tan(0) = o(0) 49 oy (4.13)
- tan(0) dv(d)
v(0) dY |,
Since v(0) > 0, a solution can exists only if
dwu(9)
=0. 4.14
dv |, 0 (4.14)

Thus, for vertical rays, equation (4.10) becomes
V(0) = v(0); (4.15)

in other words, the ray and wavefront velocities are equal to one another. Also, using
equation (4.8),
z(9)

O:arctan(T) = z(p) =0, for 6=9=0.

Recalling equation (4.3), z(¢) =0 = ¢ = 0. Hence, for vertical rays,
p=0 <= 0=9=0. (4.16)

In other words, the ray and wavefront angles are equal to one another. Using
property (4.16), we may evaluate the traveltimes along vertical rays in the layered
and approximate media, t(¢) and T'(¢), respectively. Setting them to be equal to
one another, so that the traveltimes along vertical rays are the same in both media,
imposes certain conditions on the elasticity parameters of the approximate medium,
but does not completely determine them. To determine them completely, we need to

consider their Taylor series up to the second order,

2 (m)
G % - )",
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where ( is the argument of the function, (j is the base point of the expansion, and m

is the order of the derivative.

Thus, for the layered medium,

_ dt(¢) 1 d*(¢)
Ho) =10+ 357 Pty ae |, 0O (4.17)
and, for the approximate medium,
_ dT(¢) 1 &*T'(¢)
T(6) =TO)+ 357|643 g0 'H & 10 (), (4.18)

where O is the big O Landau symbol. These series expansions result in an

approximation of traveltime in the neighbourhood of ¢ = 0.

4.3 Zeroth-order approximations

To complete the traveltime approximation, we must equate the zeroth, first, and
second-order coefficients of approximations (4.17) and (4.18). Let us consider the
ray of a wave traveling downward along the vertical symmetry axis. For the layered

medium, we substitute ¢ = 0 in equations (4.3) and (4.5) to obtain
2(0) =0 TOESY Uin = 1) (4.19a,b)
7 i=1 Vi . o

Substituting equations (4.4a) and (4.4b) for v, we obtain two forms of equation (4.19a)

zp(0) =0, z5(0) =0, (4.20a,b)

whereas, for equation (4.19b),

n

tP(O) _ Z (IiJrl - [2) : ts(O) _ (IiJrl - L) .

- iso - iso
i=1 Cl111,i i=1 C2323,;

Pi Pi
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For the approximate medium, the vertical direction corresponds to the rotation
symmetry axis. As a result of equation (4.14), the magnitude of its ray velocity is
equal to the wavefront velocity, which is shown in equation (4.15). Thus, evaluating

equations (4.39) for § =19 = 0, we obtain

CST?}?)S C3323 €323
qP TI qSV TI ) ): PTI : (4.22a,b,c)

Recalling equation ( we calculate the distance travelled in the approximate

medium for vertical rays. Usmg equations (4.1) and (4.19a),
L<O): V0‘|‘h2:h:Z]i—i-l_Ii:In—i-l_Il- (4.23)
i=1

The corresponding traveltimes are

L(0)
Visv(0)

L(0)
Vs (0)

T,p(0) = T,sv/(0) = Te(0) = (4.24a,b,c)

Vep(0)’

Substituting expressions (4.22) in equations (4.24), and recognizing that the
latter T,sv(0) = Tsi(0), we obtain

£(0) \? ( L(0) >
T _ T = () pT 4.25a,b
C3333 (qu(O)) P Ca323 Ty5v(0) P ( a,b)

Thus, for tp(0) = T,p(0) and tg(0) = T,sv(0), we substitute equations (4.20a,b) in
equations (4.25a,b), respectively, to obtain

2

TI 7; ( G ) T . H2 Cllsloll ’L TI 4 2
C3333 = n L — 1 p = p— p (4.26a)
Z N 7

iso

111 ’L/pl
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and

Z (Ii+1 - ]Z) ciso
CQT?}QS Tl T =1, pt = H? % L (4.26b)
Z )

i=1 /i
! Co303. i/ pi

Here,

H(CM) = =1 5 W; ‘= Ljy1 — I

i

i=1 Qj
is the weighted harmonic mean of the a; with weights w; , where I, — I;, the layer
thicknesses. In other words, equations (4.26) are the products of the squared harmonic
mean of their corresponding wavespeeds, weighted by layer thickness, and the mass
density of the transversely isotropic medium, which is given by the arithmetic mean

of the mass densities of the constituent layers, weighted by layer thickness,

- Zilm—n
S (Iir — 1)

p =
=1

The results of the zeroth-order approximation are tantamount to the elasticity
parameters of pure-mode P and S waves, which propagate along the rotation
symmetry axis of the approximate medium. Hence, in agreement with
expressions (4.22b,c), Vysv(0) = Vau(0) .

Thus, elasticity parameters (4.26) comprise the approximate isotropic medium, whose

elasticity tensor is

01181(1)1 CI181(1)1 2 cg%% Clﬁ% 2 012%93 0 0 0
01181(1)1 2 05:53(2)3 01181?1 CI181(1)1 2 012%(2)3 0 0 0
Jso | it — 26 A — 20 it 0 0 0
0 0 0 2¢5% 0 0 ’
0 0 0 0 2 c§S3(2)3 0
i 0 0 0 0 0 2 cé%%

(4.27)

SO .__ TI TI
where ¢j77] = ¢3333 and 02323 Co323 -
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Even though derived for vertical rays in TI media, while examining the approximate
isotropic medium, we consider the wavefront velocity to be constant for all wavefront
angles. Consequently, both the ray and wavefront angles and velocities are equivalent
to one another. Thus, the magnitudes of the ray velocities of the P and S waves are

tantamount to equations (4.22), where

cin Chiy
Vp = pa Vep(0), Vs := P Vasv(0) = Vs (0) . (4.28a,b)

Using ray velocities (4.28), the traveltimes, for any receiver offset, x(¢), are

Tp(o) :=  Ty(g) = HE@) (4.29a,b)

Note that by (4.26a) and (4.26b), it follows easily that the velocities in the

approximate ISO medium are given by
V, = H(v;) (4.30)

where v; is the wave speed in the ith layer and H is the weighted harmonic mean.

The isotropic elasticity parameters determined by matching the traveltimes for a
vertical ray (propagation angle 0; zeroth order approximation) results in an (isotropic)
medium for which the traveltimes also agree with the layered medium traveltimes to
first order. Relaxing the symmetry class to TI requires solving for the remaining
TI elasticity parameters, cijj;, clisy, Cifs3, Which are determined by matching the

second-order coefficients of the Taylor approximations (4.17) and (4.18).

4.4 First- and second-order derivatives

4.4.1 Layered medium

Let us perform the first and second derivatives of equations (4.3) and (4.5) with

respect to takeoff angle ¢. They are

dp  do

dl’(qb) o d ( “ (]H-l — ]z) V; sin §b> i (Ii—f—l — ]z) 1/12 V; COS¢ (431)

: - . 3/2 7
i=1 \/Vl2 — 12 sin’ ¢ i—1 (V12 — 1;2 sin? ¢) /
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dt(p)  d [ (Iiy1 — L) "~ (Iiy1 — L) v1v; cos ¢ sin¢
_ % (Z +1 141 > _ Z +1 V1 V; COS S11n ’ <432)

: . 3/2
= viv/12 — 12 sin’ ¢ = (1n?— 2 sin’9) /

Pz(¢) o Ui = L) P vi sing (2 + cos (29)) vi* — v?)

_ , 4.33

dg* i—1 (1?2 — 12 sin® ¢)5/2 (4.33)
PtP) = i1 — L) i v (2 cos (20) 112+ (3 + cos (2¢)) v° sin® @)

= . 4.34

dg? ; 2 (1n2 — 12 sin® )" (4:34)

4.4.2 Ray angle

Recalling expression (4.8), the ray angle for a raypath in a homogeneous TI medium

from the origin to coordinates (z(¢), h) is

0 = won (22

The first derivative of expression (4.8) is

The second derivative of expression (4.8) is

d20(¢>:g< h dx<¢))
d¢?  do \z(¢)*+h? do

— m ((:E(¢)2 +h?) %52@ —22(0) (dx(¢)) ) 36

4.4.3 Distance travelled

Recalling expression (4.9), the distance travelled, for a takeoff angle (4.8) to

coordinates (z(¢),h), is
L(@) = \/z(9)" + 2.

The first derivative of expression (4.9) is

AL(o) _ d )L 10) e
L0 & (Vator+e) - = (437)
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The second derivative of expression (4.9) is

d2L(¢) d z(¢)  dx(e)

d¢? _d_¢ x(¢)2+h2 do
o1 2(0) (el 4 12y T2@) o (dx(0))?
_(x(¢)2+h2)3/2<(¢)((¢) + h?) 15 +h < i )) (4.38)

4.4.4 Ray velocity

Recalling expression (4.10), the magnitude of the ray velocity is

V(o) = \/vw>2+ (1)

where v(9) is tantamount to any of v,p(¥), vesy (¥),vsu (), which are the three

wavefront velocities in a TI medium, and ¢ is the wavefront angle. The existence and
properties of the three waves that propagate in a Hookean solid are a consequence of
the Christoffel equation (e.g., Slawinski, 2015, Chapter 9). In Chapter 3, we discuss
the roots of the Christoffel equation within the context of a transversely isotropic
medium that is the result of Backus average. However, for this chapter, we consider

the roots within a generic transversely isotropic medium, whose expressions are

vap9) = \/ el £ VB (4.300)

Vgsv (V) = \/<C3T§33 —cilyy) nBQ;ZTCI}“lIn + Cogaz — VA ’ (4.39Db)
LT G Y (1 — ng2) + Bl ny?

/USH<19) — \/2 1111 1122) (pTI 3 ) 2323 143 ' (439C)

where

0TI TI 2 I TI \2 TT TI 4
A= ((01111 - C3333) ng” — Ciq11 — 02323) —4 (03333 Co393 M3 —
TI I T TI T 2\ 2 2 TI I 212
(2 C1133 C2323 — C1111 C3333 T C1133 ) ns (1 —ng ) + Ci111 Co323 (1 —ng ) ) ;

ns = cosv,
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and ™' denotes a quantity of a transversely isotropic medium. As the displacement
vectors of these waves are neither parallel nor perpendicular to the direction of
propagation, the notation ¢ refers to “quasi” and represents quasi-P and quasi-S
waves. As a consequence of the addition and subtraction of the radical term in the
numerators of equations (4.39a) and (4.39b), respectively, the ¢ P wave is, in general,
faster than the ¢SV wave, except in singular cases (Bucataru and Slawinski, 2009;
Bos et al., 2019a). The generality of the previous sentence is linked to the convexity
of the innermost sheet of the wavefront-slowness surface, which is described
by Musgrave (1970, p. 91-92) and Slawinski (2015, Theorem 9.3.1). Notably, P
stands for primary and S for secondary. For a discussion on wavefront velocities and
their displacement directions in TI media, we refer the reader to Slawinski (2015,
Chapter 9.2.3). As they are required in the following sections, the first derivatives of
equations (4.39) are

dogp 2 sin(29) (cfiyy — cigss) (V2efly — 2 V230 + V20 +VE) ~ V28
do /T A |
164/p™ A \/ (3333 — Ciin) cos? ¥ + cffyy + caps + VA

(4.40)
dvgsy — —2 sin(29) (01111 03333) (\/_01111 2 V2 €03 + V2 €335 — \/E) +v26
W |
16 1/pTTA \/(cgg3 — T ) cos? 9 + T + b, — VA
(4.41)
dvsy sin v cosv (C1T1111 Clizg — 20%23) , (4.42)

dv \/PTI (cos(2) (_01T1111 + C1T1122 +2 C2323) + 01T1111 - C1T1122 +2 Cg§23)

where

& =8A=3cf}),” + cos(49) (ciin + 2 ciiss + €3333) (Clinn — 2¢hiss — 4 Camay + C3333)
—4 (01111 - C3333) cos(21) (01111 2 02323 + 03333) 2 01111 (2 C2323 + 03333)
2 2
+4cilss 4 8303 <01133 + 02323) 4 C3355 C3333 1 3 Ci333

£y 1= sin(4 ) (01111 +2ci]33 + 03333) (01111 2 C{1g3 — 4 Cag05 + 03333) :

The second derivatives of equation (4.39a) and (4.39b) extend further than a page
and, as such, we do not present them here. However, they may be derived using a

symbolic mathematical software; their expressions for vertical rays, i.e., 0 =9 = 0,
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are given in Section 4.5.2. As for the second derivative of equation (4.39¢), it is

d*vsy _ _53 (53 cos’ ¥ + (01111 0?1122) sin’ 4 + (CF1F1I22 - C}11111) cos” 19) (4.43)
2 3/2 ’
do V2™ (cos? I (—cliyy + clyy + 2 ¢3g03) + iy — Ciin) /
where

TI TI TI
§3 7= Cy111 — Cr12a — 2 Ca303 -

First derivative

For the remainder of this section, we do not explicitly state the first and second

derivatives of wavefront velocities (4.39). Instead, we retain the unspecified forms,
v(9¥) and dv(d)/dv .

Let us proceed to the first derivative of equation (4.10). We recognize that ¢ = 9(6(¢))

and, as such,
AV(©(0(9)) _ dV(e) _ dV(9) d9(9) d6(¢) (4.44)
dé Cdg W df  do '

where

Differentiating the ray and wavefront angle relationship (4.7), with respect to 6, where

we use the chain rule on the right-hand side, we obtain

tand 4 1 do(v)
gy~ O 4 o ( ) Y
g C o Ao | | tand du()

vw) v

which results in
d?v(¥)
UICURE
w2y 100 v

deo do(@) .\’
(v(ﬁ) cos ) — 10 sm19>
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Solving for d(0)/dé,

2
sec? (Cosﬁv(ﬁ) — sin® dv(ﬁ))

dv(0) dd
= 7, : (4.46)
a0 v(9) <v(19) + ddﬁ(f))
Using equations (4.35), (4.45), and (4.46), equation (4.44) becomes
sy V) (@)Y da()
aveee) _ dvie 0 4 (tcosren —sino (“55) ) 5
do C do v 2
v(9) (2(¢)* + h?) \/11(19)2 + (ddf))
(4.47)

Second derivative

Recalling that 0 = 9(0(¢)), the second derivative of equation (4.10) is

d*V(¢) _ dV(9(0(¢)))

d(_bQ d '_d V(ﬁ()wc:ﬁ(e) d6()
~ do ( 9 do  do )
_ dz(;/ﬁgﬁ) (dg(g@)) (dgf;b)) . d\(;gﬁ) d?ege) (dzgﬁ))

AV () d9(8) d26()
YT T a4

_ (d6(¢))2 <d2V(z9) (dﬁ(&))z L V() d?ﬁ(e)) L V() d9(9) d*0(0)

dé 492 a0 9 de? W A de?
(4.48)

To complete equation (4.48), we require d*V (9)/dd¥? and d?9(0)/d6? . For the former,

using equation (4.45), we obtain

do(d) (U o+ dzqgf))




Writing v = v(¥) , ¥ = 9(0) , the above equation simplifies to

d?V () dd dy /] do? dy? dy? dog \ dv3 dg ) do3

d9? <U2 N <j§> 2) 3/2
(4.49)

For d*9/df?, we make use of the second derivative of relationship (4.7). For the

right-hand side, we use the chain and product rules, where

d2 d /dy d

wO=%l3 w5

de dg \ do dv
o dez A de de \ dv
—d2_0 i(o)+ @ ’ d_2(o)
dez dw de do? '

Substituting the right-hand side of relationship (4.7) for (o) and solving for d?9/d6?,

we obtain
1do
d2tan0_ @ 2. 42 tanﬁ—l—;@
do? do do? 1 tand dv
d*9(0) B dv
7 — . 1 % L , (4.50)

i v dv

do 1_ tan d_v

v do

where d/df is given by equation (4.46) and the remaining derivatives are obtained

below. Recalling 0(¢) from equation (4.8), we obtain

d? tan 0
d;; =2 sec’ tanf . (4.51a)
Next,
1dw d*v
i + —
d tan v + v (U 2)
vdv | v (4.51D)

49 tand dov do\ 2
1— — & il
v do (v cos v Smﬁ(dﬁ))
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and

d'U - d'U d2
2 tan19+5@ sin ¥ <d19) d192+§4+§5+2v sin
do? | | tand dv | — TN\ ; (4.51c)
v do (vcosﬁ—&nﬁ(dﬂ))
where

d3v d?v dv
2
&4i=w <d193 cosﬁ+481n19d192+200s19d19>

2 2 2 2 3
&= (2 sin v <%> — 2 sind <%) +j—g (Cosﬁ%—% sinﬁ)) .

Using equations (4.46) and (4.51), equation (4.50) becomes

a29(0) & sect <vcos¢9—sm19(j{—g)
= o (4.52)
2v (U + W)
where
g6 =20 &7

dov d?v
— 92 gin? ﬁ(dﬁ) ((W)
. dv d?v d3v
— 203 (2COS(2 9) — 57(d192)+cos 19<d193>)
. dv dv d%v dv d2 d3v
—2(sinY) v W <2 smt?((dﬂ) <(W) )—i— a0 < 2 cos ﬁ(d?ﬁ) +Sln19<d193>>>

(4 sin (29) (j;)Q +2¢& <jj;2’> + j—s ((35 cos (21)) <i292> + 2 sin (29) (j;@)))

&7 :=sin(260) —sin (29) .

Returning to equation (4.48), and using equations (4.35) for df(¢)/d¢, (4.36)
for d?0(¢)/d¢?, (4.45) for AV (9)/d9, (4.49) for d®V (9)/dv¥?, (4.46) for d9(6)/d0,
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and (4.52) for d*9(0)/d6? , we obtain

2
ey h sect 6 ((cosﬁ) v — sin (?119)) (€8 + &o + &0+ &11 + 1a)

d¢? o 3/2 ,
o (12 + 2(0)°)’ (“” (3—) ) (+37)

where

dv\? (dwv dz 2 dz 2
&s = v° (@) < (Em + ( dff)) (h (sin(29) 4 sin(29)) —€1s)> + 3 h (sin® 19) 397 ( d((:))) ) )
d 2

- (%) <d192 ( dz(‘z’)) (h (sin(26) — sin(29)) — 513)> —h(COSQﬁ)%( z(¢))

¢
2
§10 1= v4ﬂ <dv (&12 + ( 2(9) ) (sin(20) — 2 sin(29)) — 513)> —2h(cos(29)) — dv dx(qb))

. (4.53)

a3
©

dy \ dv? do d?d d¢
v 2p T 2
&1 := 0" <(3§) <§12+ ( 2(9) ) (h (sin(20) —sin(29)) — 513)> +h(c05219) ;1? (ddgj))) ) ,
d?z(¢)

3

-

2 1= cos? 6 (.’E(¢)2 + h2> ( d¢? ) ’
€13 = 22(9) cos? 0,

&14 := —h sin ﬁ(jﬁ) (dz;¢))2+2hv Smﬂ(iﬁ) (dzgﬁ))? (Sinﬁ(j;) +cosﬂ((3w)) .

4.4.5 Traveltime

Recalling expression (4.11), the traveltime along a ray in the approximate medium,
for the same source-receiver combination as the layered medium, whose receiver

coordinates are (x(¢), h), is

L(¢)
V(9(6(9)))

As stated in Section 4.2.3, the receiver coordinates may be expressed as a function

T(0(¢)) =

of the takeoff angle in the layered medium, ¢. Since the formulation uses the same
source-receiver combinations, we express the ray angle in the approximate medium as
a function of ¢. Since the wavefront angle ¥ is a function of 6, which, in turn, is a

function of ¢, we recall notation (4.12) to write

T(¢) =TO(9), L:=L(), V:=V(p)=V(©0(9):
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Using notation (4.12), we write equation (4.11) as T'(¢) = L/V . From the chain rule,

d do(g) d  do(g) dv(9) d

do~ d¢ do d¢ d6 d9’

the first derivative of equation (4.11) is

-E()-R0E) e

Using equation (4.9) for L, (4.37) for d L/d¢, (4.10) for V', and (4.47) for dV/d¢,
equation (4.54) becomes

- dzf) (v (%)2 (h sin(29) sec? 0 + z(¢)) — h sec? 6 (%) <u2 cos? ¥ + sin? ¢ (211:;)2> +0® I(¢)> |

d¢ o\ 2 3/2
v/2(8)? + h? <u2+ (379) )
(4.55)
The second derivative of equation (4.11) is
@CT() _d ([, adL o ,dV
d¢?  d¢ do do
2 2
_(_tdvidl 1ALy fdL,dV ) LdVdV L, AV
V2de do |V dg? dg dp " V3 do do dg?
1 dV dL d2L dvy? d2v
=—[2V— "4V —— 2L (— | —LV—|. 4.56
v3< a2 (o) d¢2> 0

Since the expression for equation (4.56) exceeds a full page when fully simplified, we

suppress the details.

4.5 First- and second-order approximations

4.5.1 First order

Let us examine the first-order coefficients of Taylor approximations (4.17) and (4.18).

For the layered medium, we evaluate the first derivatives of equations (4.3) and (4.5),
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which are given in (4.31) and (4.32), for ¢ = 0 to obtain

n

_ (liy1 — L) v dt(¢)
o0 ; V1 ’ do

dz(¢)

a0 =0.

¢=0

Recalling equations (4.4a) and (4.4b) for v, we obtain

dzp(9) - (Liy1 — L) o dxs() - (Iiz1 — 1) B
A =)y 2 (457ab
49 o= =1 “ 7 S P i1 B o a,b)
and
dtp(¢)| dts(e)|
do |,y 0, do LO =0. (4.58a,b)

For the approximate medium, we evaluate the first derivative of equation (4.11), which

is equation (4.55), to obtain

dT(¢)
Ao {4 0.0-0
dz(¢) dv(®) 2 do(®) , ,
6 |, (v(O)x(O)( a0 190) —h( 3 190> v(0)% + v(0) x(O))

(4.59)

Recalling equations (4.14) and (4.19a), the right-hand side of equation (4.59) reduces
to 0. Consequently, for any of T,p(¢), Tysv (@), Tsu(¢), we have

dT,p(9) _0 dTysv (o)

_0 dTsu (o)
do |40.9-0 de ’

—_— =0.
$,0,0=0 do

$,0,0=0
(4.60a,b,c)

Thus, in view of layer values (4.58) and approximate-medium values (4.60), the first-
order coefficients of Taylor approximations (4.17) and (4.18) are in agreement for
rays of P and S waves in the layered medium and rays of ¢P,qSV ,SH waves in
the approximate medium. We remark that this is a consequence of the fact that

traveltimes along vertical rays are a minimum in both media. Hence, to consider
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expressions for the remaining TI elasticity parameters, cij;; , cliy, , Ciizs , We proceed

to the second-order coeflicients.

4.5.2 Second order

Let us examine the second-order coefficients of Taylor approximations (4.17)
and (4.18). For the layered medium, we evaluate the second derivatives of
equations (4.3) and (4.5), which are equations (4.33) and (4.34), for ¢ = 0 to obtain

n

_ Z (Lit1 —2]z‘) Vi

=0 =1 "1

dt(9)
4=0 de?

Recalling equations (4.4a) and (4.4b) for v, we obtain

dCap(@)]| d2x5<¢>‘ 0
do? |, dg? |,y
and
&*tp(9) U —L)as  Pts(9)| U= 1) B

(4.61a,b)

For the approximate medium, we refer to the second derivative of equation (4.11),

which is equation (4.56) and we restate as

&2T(p) 1 dv dL _,d%L AW A2V
12 —%<‘2V££+Vd72+“(£> “Hag) 0w

In order to evaluate equation (4.62) for vertical rays, let us address the zeroth-, first-,
and second-order derivatives of L and V'. First, we recall equations (4.15) and (4.23),
respectively, and find that the zeroth-order derivatives have been evaluated. Second,
we address the first derivatives. For the former, we recall equation (4.19a) and evaluate

equation (4.37) to obtain

aL
do

) +(0) d2(6)
$=0 \/x(0)2 + (Insr — 1) 49 oo

=0. (4.63)
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For the latter, we recall equation (4.14) and evaluate (4.47) to find that

19—0) 0(0)? ( d ng) '¢_0>

dv(9) H>2

o(0) (20 + (T = 1Y) \/v<o>2 (5
Finally, we address second derivatives. For the former, we recall equation (4.19a) and

dov(d)
dv B (]”H_Il)( d

d¢ ¢79»19:0

—0. (4.64)

evaluate equation (4.38) to obtain

o [ dz(¢)
. (Iny1 — 1) < 6 |,

9|, ((0)® + (s — 1)?)

dz(e)| \’
( do ¢=0>
- . (4.65)

([n+1 - [1>

) +2(0) ((Ler — )" + 2(0)%) dfﬁ )

$=0

3/2

For the latter, we evaluate (4.53) to obtain

d*v
d¢?

$,0,0=0

(52 )

2\ 3/2 2,
0+ o =17 (o (2] Y] (oo S5

Recalling equations (4.14) and (4.19a),

d2o(9) dz(d)| \
d2v o(0) ( dy? 19_0) ( do ¢_0>
e - o) (4.66)

$,0,0=0 72
(st = 1" (000) +

o)

Thus, in view of equation (4.23) for L(0), (4.15) for V(0), (4.63) for d L/do|,_,,
(4.64) for dV/del|y g g, (4.65) for dQL/dgb2|¢:0, and (4.66) for dQV/dngQ|¢,6,719:07
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equation (4.62) becomes

(dx(d))‘ )
d*T(¢) Ao [4—o
e _ . (4.67)

GO0=0 ([ — 1) (U(O> T Lo 19:0)

dv?
For the rays of ¢P,qSV,SH waves, let us recall equations (4.39) for wv(0)
and (4.57a,b) for dz(¢)/dgl,_,. For d*v(¥)/d¥?|,_,, we recall equation (4.43)

for SH waves but rely on a symbolic software to perform, and evaluate, the second

derivative of wavefront velocities of ¢P and ¢SV waves. Thus, for T'(¢) = T,p(¢) ,

(z”: (Liv1 — i) Oéz)z

dQqu(¢) ‘ o =1 aq
2 f— )
==0= 3333 1133 T C3333) \C1133 2323 — C3333
do $=0=0=0 (Ls— 1) AT . (CTI 4 I ) (CTI 4+ 21l A1 )
n+1 =

TI TI \/T TI TI
P VP C3333 (C3333 — Ca303)

(4.68a)
for T(¢) = Tysv(9),

dQTqS\/((b)‘
dg? $=0=9=0
n (L — 1) Bi ’
(£
T ( s, i (B — ) + il + 2l iy + i ) |

T
p VPP 3395 (€333 — C3333)

(4.68b)
and for T'(¢) = Tsu (@),
v (L — 1) B ?
st SO
d®Tsp () <i:1 B )
g (4.68c¢)

o TI TI TI TI
$=0=9=0 Iy — 1) €233 i Cit11 — Ci122 — 2 Cag03
n+l — TI TI , /-T1
V P 2 \/P_ €2323
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4.5.3 Elasticity parameters

To obtain expressions for the remaining elasticity parameters, cily, , clis; , Ciisz, We

use equations (4.61) and (4.68) to solve a system of three equations, which is

( d2tp(¢)’ _ PTyp(9)
d¢? $=0 d¢? 6,0,0=0
d*ts(¢) _ d*Tysv (o)
d¢? $=0 B d¢? $,0,0=0 (4.69>
?*ts(d)|  _ d*Tsn(9)
L d¢® [, do* | 49.0-0

In solving system (4.69), we do mnot specify d*tp(¢)/d¢?|,_y, d*ts(d)/dd?|,_,
or dxzp(¢)/dol,_y, dzs(¢)/dgl,_y, as they are not functions of the
approximate-medium elasticity parameters. Thus, wusing modified forms of
equations (4.68a), (4.68b), (4.68c), system (4.69) becomes

2
d%tp(¢) ‘ _ ¢—0>
- =
49 o0 (It — T) ( | c3333 i (ciiss + c3333) (ciiss + 2 a3 — C3T3I33)>
n TI
p VT e3dss (3333 — €333)

d?ts(¢)
dus(9) ’ ’
P

2
d¢ L—O
N TI TI  (TI TI 1 2 TI I T TI
I I otz Cli11 (3303 — C3333) + Cliss” + 2 ¢lias 3303 + 3393 Ci3a3
(Ins1 — 1) P +

2\/ pTly/ 0%23 (CQTBIQB - C;ar?}:as)

(dﬂ?s(ﬁb)‘ >
d*ts(o) do 40

d¢2 ’ B
P* lpo (Inir — I) \/@+ i1 — Clios — 2 ¢330
n T1
P 2V Vs

( dzp(o)
do

Solving for cily;, cllyy , Cilss, We obtain
dap(@)| ) das(@)|
rp s
CST§33 pTI ( dQS ’ ) c§§23 pTI < dd) ‘ )

TI TI 1 ¢=0 $=0
C1111 = —C2323 + 3 + 2 )

(Iny1 — I1) d*tp(e) ‘ d*ts(¢) ‘

de? |, do? |, o

(4.70a)
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\/m <d$P<¢)

d¢ ’c/)—O

) v (=] )

1
T = —clL. -
Ci122 = —Ca393 + (Inr — 1) dztp(qﬁ)‘ d*ts(¢) ’
d(bQ _ d¢2 —
$=0 ¢=0
(4.70b)
0}11133 Cg§23 (4.70¢)

2 2 2 2
(B - Bo) T2 (-1 el TED| - v (SR
- 37 ymg 35 e

(Ing41 — 1h)
d*tp(o) ‘
a2 |,

(4.70d)

There exists another set of solutions where the second term in equation (4.70c¢) is
subtracted. However, we reject this solution since, upon further numerical inspection,

the corresponding elasticity tensor is not positive definite.

4.5.4 Formulae

Let us substitute the expressions for ciss and clhs , given in equations (4.26a) and
(4.26b), along with equations (4.57a,b) and (4.61a,b), namely,

dxp<¢>' dﬂﬁs(ﬁb)‘ - d%pw)‘ dt5(0)
T P R A |, de?

)

¢=0

in to equations (4.70a), (4.70b), (4.70c) to obtain the approximate-medium elasticity
parameters in terms of its constituent layer parameters. For conciseness, we adopt

the following notation

n

L — 1

Z livn = L m= Yy e (4.71a,b)
i=1 |, i i=1 |3,
Pi Pi
. Z”: prlliv =) [t z”: prllin=1) [Hni oo
i1 61111,1 pi 1 02323,1 pi 7

n o1 Ciso . n 01 Ciso ;
Ts 1= Z (Ii—‘rl — ]z> —A ii(l)ll’ 5 Te - — Z (Ii+1 — Iz) —‘ izc3>237 . (4716,f)
i1 PiCi111,1 i1 Pi Ca3231
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Using notation (4.71), the approximate-medium elasticity parameters are

2
T2 T6 2
TI TI 75 T4 ~ Unis — II) 4.79
c = + , .(2a
1111 — P P 2 ( )
T2 7'62 I I 2
o _ |t g U D) 472
c = — .
1122 = P T 7_22 ) ( )

o P n — 1) \/(7—12 =727 (L1 — L) 1Ty — T2 752)
Cr133 =

— (U1 —L)713 |

To2 T3 m3/2
(4.72c¢)
TI 2
p- Uns1 — 1)
053}33 = +2 y (4.72d)
Ti
(L — 1)?
Cg§23:p ( :_; ) : (4.72¢)
p

4.6 Numerical examples

4.6.1 Approximate medium

Let us consider a stack of ten layers, whose density-normalized elasticity properties
are given in Table 4.1a, whereas traveltimes through the stack at increasing offsets

are given in Table 4.1b.

We begin by calculating the values for equations (4.71), where

7 =02295, 7 =0.5340, 73=0.4257, 7,=0.9667,
5 = 1383.2206, 75 = 1374.0038, p'l=1.

Using these values, we evaluate parameters (4.72) to obtain

ciiy = 19738951.6410,  cllyy = 12425456.1922, ||y = 12274442.1940,
Ciagz = 18991558.3336,  Cagey = 3506410.3613,

whose units are m?/s? . Using elasticity parameters (4.73) in (4.6), the elasticity tensor
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Receiver Offset P S

Layer oty Cogs o B 1 0 2295 534.0
1 1056 2.02 325 1.42 p 100 2306 536.6
9 2052 445 453 2.11 3 200 2339 544.2
3 3114 289 558 1.70 4 300 239.2 556.5
4 1482 262 3.85 1.62 5 400 246.5 573.2
5 3215 292 567 1.71 6 500 255.6 593.9
6  16.00 2.56 4.00 1.60 7 600 266.1 618.0
7 1640 6.35 4.05 2.52 8 700 278.0 644.9
8 1806 4.33 425 208 9 800 291.0 674.2
9 3147 801 561 283 10 900 304.9 705.3
10 17.31 3.76 4.16 1.94 11 1000 319.5 737.7

(a) (b)

Table 4.1: Density-scaled elasticity parameters and corresponding traveltimes
(adapted from Tables 4.1 and 4.2 (p. 175 and p. 185) of Slawinski (2018)). Table
on the left tabulates density-scaled elasticity parameters, whose units are 10 m?s=2,
for a stack of isotropic layers, and the corresponding P- and S-wave velocities in
kms~!. Table on the right tabulates traveltimes, in milliseconds, through a stack of
isotropic layers, whose properties are given in the left table and whose thicknesses
are one hundred metres. The source is directly opposite the first receiver, and other
receivers are spaced in hundred-metre intervals. The P-wave and S-wave traveltimes

correspond to the layered medium and are obtained by invoking Fermat’s principle.
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for the approximate TT medium is

Al
19738951.6410 12425456.1922  12274442.1940 0 0 0
12425456.1922  19738951.6410  12274442.1940 0 0 0
| 122744421940 12274442.1940  18991558.3336 0 0 0
- 0 0 0 2 (3506410.3613) 0 0 ’
0 0 0 0 2 (3506410.3613) 0
0 0 0 0 0 7313495.4488

(4.74)

whose eigenvalues are
Ay =44144211.9233, Ay = A3 = 7313495.4488 |

Ay = A5 = 7012820.7225, Ag = 7011754.2436,

which belong to a transversely isotropic tensor (Béna et al., 2007a), as expected.

Remark 3. Let us exemplify the solution to system (4.69) that breaks positive
definiteness. Specifically, in solution (4.70c), the second term may be negative, which
results in cilsy = —19287262.9165. Replacing this value in tensor (4.74) leads to

ergenvalues that are
A1 = H3638239.8999, Ay = A3 = 7313495.4488 ,

A = A5 = 7012820.7225, A\g = —2482273.7330.
Since A\¢ < 0 the matrix is not positive definite.

Using ci343 and 3355 of values (4.73) in (4.27), the elasticity tensor of the approximate

isotropic medium is

BEe
18991558.3336  11978737.6111  11978737.6111 0 0 0 i
11978737.6111  18991558.3336  11978737.6111 0 0 0
| 11978737.6111 11978737.6111 18991558.3336 0 0 0
- 0 0 0 2(3506410.3613) 0 0
0 0 0 0 2 (3506410.3613) 0
0 0 0 0 0 2(3506410.3613)

(4.75
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whose eigenvalues are
A1 = 42949033.5559, Ay = A3 = Ay = A5 = Ag = 7012820.7225 ,

which belong to an isotropic tensor (Béna et al., 2007a), as expected.

Now, let us compare traveltimes through the layered and approximate media. For
the layered medium, using equation (4.3), we calculate ¢p and ¢g for rays of P
and S waves for receiver locations spaced in hundred-metre intervals. Then, for each
receiver location, we substitute ¢p and ¢g in equation (4.5) to calculate tp and tg,

respectively ; these results are tabulated in the columns three and five of Table 4.2.

For the approximate isotropic medium, we calculate the distances traveled along the
rays, Lp and Lg, for each receiver location using equation (4.9). Using
equations (4.29), we calculate the traveltimes along the two rays, Tp and Ts; these
results are tabulated in the last two columns of Table 4.2. In Figures 4.2 and 4.3 of
Section 4.6.2, we plot the approximate isotropic P and S traveltimes and compare

with traveltimes of the root-mean-square medium.

For the approximate TI medium, we calculate the distances traveled along the rays,
L,p, Lysy and Lgp, for each receiver location using equation (4.9), and, using
equation (4.8), we calculate the ray angles, 6,p, 0,5y and fg . Using the ray angles,
we solve relation (4.7) for the associated wavefront angles, J,p, Y,5v and dgp ,
which are, in turn, used in equation (4.10) to calculate the ray velocities, Vyp, Vysv
and Vsy. Substituting the respective distances traveled and ray velocities in
equation (4.11), we calculate the traveltimes along the three rays, T,p, Tysv
and Tspy; these results are tabulated in Table 4.3. In Figures 4.4 and 4.5 of
Section 4.6.3, we plot the approximate TI ¢P, ¢SV and SH traveltimes and

compare with traveltimes of the Backus medium.

Let us elaborate on the raytracing for the layered and approximate media. On the
left-hand side of Figure 4.1, we have the layered medium, which is comprised of ten,
one-hundred-meter thick, horizontally stratified, homogeneous and isotropic layers,
with the layer interfaces indicated by dotted lines and layer properties specified in
Table 4.1(a). Therein, the source is located at the origin, the first receiver (square)
are located at a depth of 1000 m directly opposite to the source, and the remaining

receivers are spaced in one-hundred-metre intervals to the right.  For each
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Distance [m] Distance [m]
0 800 1600 2400 0 800 1600 2400
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Figure 4.1: Selected raytracing for P waves in the layered medium (left) and for qP
waves in the approximate medium (right). In both media, the source is located at the
origin directly opposite the first receiver, which is located at a depth of 1000 m, and
other receivers are spaced by one-hundred-metre intervals.

source-receiver combination, we use MATLAB’s fzero function to calculate the
takeoff angle in equation (4.3) that results in the required horizontal distance
travelled. In Table 4.2, we present the takeoff angles for selected source-receiver

combinations, for both P and S waves.

On the right-hand side of Figure 4.1, we have the approximate medium, which is
homogeneous and either isotropic or transversely isotropic. For the former, the
medium can represent either approximate ISO and root-mean-square medium, which
is discussed in Section 4.6.2. For the latter, the medium can represent the
approximate TI or the Backus medium, which we discuss in Section 4.6.3. For each
source-receiver combination in the transversely isotropic media, we use MATLAB’s
fzero function with equation (4.7) to calculate the wavefront angle for the given ray
angle, then calculate the ray velocity along the ray using equation (4.10). In
Tables 4.3 and 4.4, we present the wavefront angles for selected source-receiver

combinations, for ¢P, ¢SV, and SH waves.

Turning our attention to traveltimes, we observe in Figures 4.2-4.5 that the
approximate TI traveltimes (second order) are always closer to the layered

traveltimes than the isotropic (first order) traveltimes, as expected. The traveltime
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x op tp Ps ts 0 TP rms Ts rms Tp Ts

0 0.0000  229.4667  0.0000 534.0337 0.0000  225.9426  522.9408  229.4667  534.0337
200 8.1351 233.8683  8.1814 544.1598 11.3099  230.4172  533.2970  234.0111 544.6096
400 15.4507  246.5387  15.4857  573.2453  21.8014  243.3476  563.2244  247.1432  575.1719
600  21.4338 266.1239 21.3286  617.9779  30.9638  263.4921 609.8485  267.6019  622.7849
800  25.9486 290.9649 25.4767  674.1813  38.6598  289.3477  669.6909  293.8608  683.8968
1000 29.1251  319.5119  27.9682 737.7364  45.0000 319.5311 739.5499  324.5149  755.2376
1200  31.2288  350.5187  29.1599  805.1996  50.1944  352.9336  816.8596  358.4385  834.1872
1400  32.5634  383.0849  29.6504  874.3673  54.4623 388.7264  899.7013  394.7895  918.7862
1600 33.3957 416.6158 29.8608  944.2354  57.9946  426.3077  986.6827  432.9569  1007.6130
1800  33.9183  450.7433 29.9633 1014.4200 60.9454  465.2443 1076.8010 472.5009  1099.6430
2000  34.2527  485.2460 30.0195 1084.7670 63.4350 505.2230 1169.3310 513.1032  1194.1360
2200 34.4714 519.9904 30.0533 1155.2070  65.5561  546.0150  1263.7430  554.5314  1290.5510
2400 34.6170 554.8937 30.0751  1225.7040 67.3801 587.4508 1359.6460 596.6135  1388.4880

Table 4.2: Traveltimes along rays, for increasing horizontal offset, of P and S waves
through layered medium, tp and tg, through the rms medium, Tp,mns and Tgms,
through approximate isotropic medium, Tpr and Tys; layer properties are given in

Table 4.1, whereas elastic properties of approximate isotropic medium are given

ISO ._ TI ISO ._ .TI : -
by €371 = C3333 and 5355 ‘= Ca395 Of parameters (4.73). The receiver offsets x are in

metres while the traveltimes in milliseconds. The ray angles in the layered medium,
¢p and ¢g, as well as in the rms and approximate isotropic media, 6, are in degrees.

curves of the approximate TI medium remain within 1% error of those in the layered
medium up to 1,100 metres of offset, and, for the approximate isotropic medium, up
to 800 metres.

4.6.2 Root-mean-square medium

As noted in (4.30) the wave velocity in the approximate ISO medium is the weighted
harmonic mean of the velocities in the individual layers. However, other averaging
procedures have been proposed in the literature. In particular, Dix (1955,

expression (10)) proposes the root-mean-square (rms) velocity,

(4.76)

where v; is the speed of a wave in the ith layer, to be replaced for a P or S wave by
either equation (4.4a) or (4.4b), respectively, and ¢; is the traveltime along a vertical
ray of that wave in the ith layer. We refer to this medium as the rms medium. For
a detailed derivation of expression (4.76), we refer the reader to Taner and Koehler

(1969). Therein, the rms velocity is a coefficient of a power series expansion within the
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Figure 4.2: Tllustration of P-wave traveltimes and error for increasing horizontal offset.
The traveltimes in the approximate isotropic medium remain within 1% of the layered
traveltimes for up to 800 metres; traveltimes in the root-mean-square medium has no
such properties.

context of the so-called X2-7? method, which is beyond the scope of this dissertation.

Now, we may calculate, using the fact that ¢; = (41 — ;) /v,
Z vit; Z i(Liv1 — 1)
Vl/2rms = ’L:ln == n = A(Vl) H<Vl)
Sy ket
i=1 -1
where

(z+1_[)

(H—l_ )

is the weighted arithmetic mean of the velocities, and H is the weighted harmonic

>
A) = =L
Z

mean. In other words, the rms mean of the velocities is the geometric mean of A(v;)
and H(v;).

In case the layer velocities are all very similar then it is to be expected that the rms
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Figure 4.3: Tllustration of S-wave traveltimes and error for increasing horizontal offset.
The traveltimes in the approximate isotropic medium remain within 1% of the layered
traveltimes for up to 600 metres; traveltimes in the root-mean-square medium has no
such properties.
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x 0 Ugp Typ Vgsv Tysv UsH Tsy

0 0.0000  0.0000  229.4667 0.0000  534.0337  0.0000  534.0337
200  11.3099 10.9675 233.8726 10.8886 544.1942 10.8562  544.1789
400 21.8014 21.1568 246.6060 21.1998  573.7510 20.9846  573.5387
600  30.9638 30.0884 266.4517 30.4604 620.2535 29.9132  619.3869
800  38.6598 37.6353 291.9438 38.4066 680.4970 37.4922  678.3884
1000  45.0000 43.8982 321.7342 45.0147  751.3071  43.7977  747.4349
1200 50.1944 49.0681 354.7393 50.4273  830.0106  49.0073  824.0052
1400 54.4623 53.3458 390.1446 54.8496  914.5577  53.3172  906.1939
1600 57.9946 56.9083 427.3554 58.4817 1003.4500 56.9038  992.6065
1800 60.9454 59.9001 465.9406 61.4920 1095.6100 59.9131 1082.2320
2000 63.4350 62.4355 505.5866 64.0132 1190.2660 62.4608 1174.3340
2200 65.5561 64.6037 546.0633 66.1474 1286.8550 64.6375 1268.3740
2400 67.3801 66.4741 587.1993 67.9724 1384.9680 66.5136 1363.9510

Table 4.3: Traveltimes along rays, for increasing horizontal offset, of ¢P , ¢SV and SH
waves through the approximate TI medium, T;p, Tysv, Tsm; elastic properties of
medium are given by parameters (4.73). The receiver offsets x are in metres while the
traveltimes in milliseconds. The ray angle, 6, along with wavefront angles for the ¢ P ,
¢SV and SH waves, Uyp, Uysv , Vs , are in degrees.

(and indeed any average procedure) will produce a velocity nearly equal to the
harmonic mean. Consider the following numerical example as a demonstration. We
calculate the rms velocities for P and S waves, which are Vp,ns = 4425.9027m/s
and Vgyms = 1912.2625m/s. Then, we calculate the traveltimes along the rays of
the P and S waves propagating through the rms medium for source-receiver
combinations that are consistent with Section 4.6.1; we tabulate the results in
columns seven and eight of Table 4.2. Also, we illustrate the rms-velocity traveltime

curves of the P and S waves in Figures 4.2 and 4.3, respectively.

More generally, if the layer velocities differ significantly, then it can be expected that
the rms mean and the harmonic mean differ substantially. However, the harmonic
mean for our proposed ISO medium is exact for vertical rays, agrees with the layered
velocity to order 1 (in the propagation angle), and hence is guaranteed to be a good
approximation for small propagation angles — the rms medium has no such properties.
At the cost of a slightly more complicated formulation, the approximate TT medium

will provide an even better approximation (for small propagation angles).
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4.6.3 Backus medium

To gain insight on the traveltimes in the approximate TI medium, let us compare
them with traveltime along the same raypaths within a TT medium that is the result
of the Backus average!. The criterion of our homogenization is an approximate
equality of traveltimes between a stack of layers and a single medium. In contrast,
the criterion of Backus’s homogenization is derived based on mechanical
considerations by assuming a load applied to a horizontal plane of a stack of layers
in a static equilibrium (e.g., Slawinski, 2018, Section 4.2.2.2).  Hence, the
stress-tensor components of the applied load are o3, 023 and o33. In view of the

static equilibrium, these stress-tensor components are constant throughout.

To compare, we perform the Backus average on the layers in Table 4.1(a) to obtain
an equivalent homogenous TI medium, which we refer to as the Backus medium. Its

elasticity tensor is

18835691.9900  10853691.9900 10959063.4413 0 0 0
10853691.9900 18835691.9900 10959063.4413 0 0 0
TT | 10959063.4413 10959063.4413 18432619.1430 0 0 0
¢ = 0 0 0 2 (3378620.2475) 0 0
0 0 0 0 2 (3378620.2475) 0

0 0 0 0 0 7982000.0000

(4.77)

and its eigenvalues are

A1 = 40549810.8475, A9 = A3 = 7982000.0000,
Ay = TD72192.2754, A5 = A\¢ = 6757240.4950;

herein, T denotes a quantity of the Backus medium. We calculate the traveltimes
along the rays of qP,qSV,SH waves propagating through the Backus medium for
source-receiver combinations that are consistent with Section 4.6.1; the results are
tabulated in Table 4.4.

We recall that the Backus medium is said to be “long-wave equivalent” to the
original, layered medium. Thus, the limitation to long waves removes high-frequency
wavelengths and, as such, the first arrivals of nearly vertical waves in the layered

medium arrive earlier than in the Backus medium (Backus, 1962, p. 4432). As well,

'Readers interested in the details of the Backus average may refer to the original article by Backus
(1962) as well as investigations by Bos et al. (2017, 2018, 2019c).
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Figure 4.4: Tllustration of P-wave traveltimes and error for increasing horizontal offset.
The traveltimes in the approximate TI medium remain within 1% of the layered
traveltimes for up to 1,100 metres; traveltimes in the Backus medium have no such
properties.

as a consequence of the above formulation, this statement holds for the approximate

TI medium.

Let us compare the traveltimes within the layered medium, which are tabulated in
columns three and five of Table 4.2, against the approximate TI and Backus media,
which are tabulated in Tables 4.3 and 4.4. Therein, nearly vertical traveltimes in the
layered medium, and the approximate TI medium, are faster than those in the Backus
medium; the traveltimes of the layered and Backus media are illustrated in Figures 4.4
and 4.5. However, this is not the case for ¢SV and SH waves. Comparing traveltimes,

we observe that, for this example,

TqSV < TqSV,BA for 6 < 2041350, quv < TSH,BA for 0 < 3268530,

TSH < TqSV,BA for 6 < 2058590, TSH < TSH,BA for 6 < 34.4625° .

Traveltimes in Figures 4.4 and 4.5 demonstrate that the Backus medium does not
provide an accurate approximation of traveltime within its constituent layers,

which —we must emphasize —is not the criterion of the Backus average. However,
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Figure 4.5: Tllustration of S-wave traveltimes and error for increasing horizontal offset.
The traveltimes in the approximate isotropic medium remain within 1% of the layered
traveltimes for up to 800 metres; traveltimes in the Backus medium have no such
properties.

in contrast to Dalton and Slawinski (2016), who “[...] postulate that [the| validity
of the Backus (1962) average, whose weights are layer thicknesses, is limited to
waves whose incidence is nearly vertical. The accuracy of this average decreases
with the increase of the source-receiver offset,” the Backus medium cannot be
validated by a comparison with Fermat traveltimes through its constituent layers.
The Backus average simulates the behaviour of actual physical phenomena; it
produces an estimate of physical behaviour as opposed to an approximation of

traveltimes. The traveltime is a result of this simulation.
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x 6 Ygp,Ba  TypBa Yqsv,Ba Tusv,a VsaBa  Tsu.Ba

0 0.0000  0.0000  232.9198  0.0000 544.0393  0.0000  544.0393
200 11.3099 12.1112 237.8863  7.5128 551.1282  9.6097  553.1739
400 21.8014 22.7944 252.0031 15.2873  572.3210 18.7073  579.7146
600 30.9638 31.5758 273.5057 23.7440  607.5431  26.9277  621.4352
800  38.6598 38.6596 300.5706 33.6522  657.1353  34.1077  675.5291
1000 45.0000 44.4062 331.7358 45.1896  721.9872  40.2499  739.2852
1200 50.1944 49.1266 365.9307 54.6983  800.6333  45.4511  810.4262
1400 54.4623 53.0544 402.3906 60.8739  888.2660  49.8440  887.1774
1600 57.9946 56.3611 440.5689 65.0791  981.3334  53.5622  968.2056
1800 60.9454 59.1741 480.0709 68.1541 1077.9280 56.7251 1052.5230
2000 63.4350 61.5893 520.6076 70.5189 1176.9640 59.4328 1139.4010
2200 65.5561 63.6806 561.9645 72.4032 1277.7660 61.7672 1228.2950
2400 67.3801 65.5051 603.9801 73.9447 1379.8920 63.7941 1318.7970

Table 4.4: Traveltimes along rays, for increasing horizontal offset, of ¢P, ¢SV and SH
waves through the Backus medium, T;ppa, Tysviea, Tsupa; elastic properties of
medium are given in tensor (4.77). The receiver offsets x are in metres while the
traveltimes in milliseconds. The ray angle, 6, along with wavefront angles for the ¢ P ,
¢SV and SH waves, U,ppa , VgsvBa , Usupa , are in degrees.

4.7 Concluding remarks

The Taylor series expansion of traveltime expressions, about the vertical axis, lead
to an approximate homogeneous medium, wherein traveltimes are similar to Fermat
traveltimes within its constituent layers. A numerical example suggests that the
approximation leads to empirically adequate results for not only near-vertical rays,
but even for rays whose takeoff angles approach 30°. Even though a source-receiver
offset of a homogenized medium is not restricted by a critical angle, a Fermat ray in
a stack of layers might be restricted. Since these angles can result in sufficiently large

offsets, our ability to examine greater offsets are limited.

In summary, we have developed a formulation for approximate TI media that has
similarities to the commonly used root-mean-square velocity. For a stack of isotropic
layers, there is an approximate equality between a layered and single medium (e.g.,
Sheriff, 2002, p. 377, NMO velocity). The approximate medium can be used to
examine the accuracy of using the hyperbolic curve for a horizontally stratified

medium as well as of using the root-mean-square velocity in TT media.
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Finally, the resulting approximation could be considered if modelling traveltimes for
transversely isotropic media, where the anisotropy results from a stack of layers. In
particular, the approximate medium could serve as an alternative to the equivalent

medium that is the result of the Backus average applied to the same constituent layers.
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Chapter 5

On inverse modelling of traveltimes

Author note

The content of this chapter has partial overlap with Kaderali and Stanoev (2020),
which is a collaborative research project with Mr. Ayiaz Kaderali. For further details

regarding co-authorship, we refer the reader to the statement provided on page xii.

5.1 Introductory remarks

In this chapter, we deviate from the homogeneous anisotropic representations of a
horizontally stratified subsurface, which has been the focus of Chapters 3 and 4. As
opposed to considering homogenizations of seismic media for forward modelling based
on elasticity theory, we turn our attention to the practical application of estimation of
anisotropy and inhomogeneity properties within the layers of the subsurface. In other
words, this chapter focuses on traveltime tomography, otherwise known as inversion,
which is a procedure that allows us to invert observed seismic traveltimes to estimate

the subsurface velocity structure (e.g., Lines and Newrick, 2004, Chapter 17).

The chapter proceeds as follows. We begin the chapter with a brief review of
traveltime inversion in Section 5.2 and how it applies to our problem. Next, in
Section 5.3, we discuss the modelling considerations for the inversion. Specifically,
we provide an overview of the vertical seismic profile (VSP), establish the

background model, and specify raytracing and traveltime expressions for multilayer
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model, wherein the inhomogeneity and anisotropy of each layer can vary. Then, in
Section 5.4, we detail the numerical optimization procedure that we use to estimate
the parameter values through the process of minimizing the residual sum of squares
with an arbitrary set of traveltimes. We adapt the derivative-free algorithm to
account for constraints on model parameters and ensure model feasibility. After, in
Section 5.5, to establish a sense of the multilayer model’s accuracy in parameter
estimation using the optimization procedure, we devise a simulation study. In
particular, we use identical source-receiver combinations as the VSP and, using a set
of predetermined model-parameter values, we generate simulated traveltimes that
resemble those that are measured. We apply the optimization procedure to assess its
reliability in retrieving the predetermined, otherwise referred to as known, parameter
values. Finally, in Section 5.6, we apply the procedure to the measured traveltimes

and, within an understanding of the procedure’s limitations, we discuss the results.

5.2 Traveltime inversion

Traveltime inversion relies on mathematical formulations to locate a path between a
source and receiver within an anisotropic and/or inhomogeneous medium. In a recent
review, Rawlinson et al. (2008) discuss two approaches that are used to locate such
paths: raytracing and grid-based schemes. The former corresponds to trajectories of
paths between points in a medium that are normal to the wavefront and has been
covered in a comprehensive manner (e.g. Cerveny, 2001; Chapman, 2004; Slawinski,
2020a).

The latter corresponds to the finite-difference solution of the eikonal equation within
a discretized velocity grid that is useful in modelling complicated subsurface
structures. This approach has become popular in recent studies. For example, Bona
et al. (2009) propose a raytracing method that determines minimal-time rays within
a discretized grid based on the concept of simulated annealing. Zhang et al. (2017)
present an elliptically anisotropic raytracing method that models with irregular
subsurface structures by applying flexible triangular grids. Within the context of
traveltime inversion, Lelievre et al. (2011) develop a method to invert traveltimes
without ray tracing using a finite-difference forward solution of the eikonal equation,
which is implemented on unstructured grids that discretize the subsurface velocity.

Giroux and Gloaguen (2012) invert cross-hole traveltime data using ray tracing in a
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discretized elliptically anisotropic model, which is based on an assumption that the
horizontal velocity is a scalar multiple of the vertical velocity (e.g., Helbig, 1983).
Meléndez et al. (2019) perform a traveltime inversion to compute the velocities

observed by rays under the weak VTI anisotropy formulation of Thomsen (1986).

By contrast, the subsurface in question is reported to have a horizontally stratified
structure comprised of shale formations, as discussed in Section 5.3.1. Thus, it is
reasonable to model the subsurface as a series of horizontal layers. Likewise, to account
for these properties in each layer, we assume that the vertical velocity increases linearly
with depth, phase velocity exhibits an elliptical velocity dependence, and each layer
is laterally homogeneous. Since the traveltime accuracy within grid-based schemes is
generally not as high as raytracing (Rawlinson et al., 2008, p. 3), we proceed with the
latter.

Under the assumptions of the previous paragraph, the eikonal equation may be solved
explicitly by the method of characteristics, which yields closed-form raytracing and
traveltime expressions (Rogister and Slawinski, 2005). As such, the velocity in any
given layer depends on only three model parameters and the raypaths and traveltimes
are calculated using closed-form expressions. Using numerical optimization, we adjust
the model parameters so as to minimize the residual sum of squares (RSS) between

the traveltimes.

The traveltime tomography that we perform in this chapter depends heavily on ray
theory, which we discuss in greater detail in Section 2.5. In particular, we calculate
the traveltimes along a specified ray path that is obtained from the eikonal equation.
However, it is possible to perform traveltime tomography based on the wave equation,

which is elastodynamic equation (2.52).

In contrast to the ray-based approach, wave-equation-based tomography can account
for not only traveltime information but also amplitude, attenuation, and even full
waveform content to image subsurface structures (Tong, 2021). One advantage of
wave-equation methods is that they do not require the high-frequency assumption,
within the context of the eikonal equation, and can account for different types of waves
simultaneously as well as their reflections and resulting multiples. A popular inversion
approach that uses the wave equation is the so-called full-waveform inversion (FWTI),
wherein many types of waves are involved for the least-squares optimization scheme

to iteratively improve the model of the subsurface (Virieux and Operto, 2009).
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The FWI approach, originally developed by Tarantola (1984), has been used to create
heterogeneous velocity models in a variety of settings. For example, in recent years,
Yang et al. (2016) perform a time-lapse inversion on the Valhall field in the North
Sea using ocean-bottom-cable data, Beller et al. (2018) use a multiparameter 3-D
inversion to determine the lithospheric structure of the South-Western Alps, Li et al.
(2022) recover the P-wave velocity with first-arrival signals of land data in western
Canada, and Dhabaria and Singh (2024) estimate elasticity parameters with Monte
Carlo methods using ocean-bottom-seismometer data from the Atlantic Ocean. Even
beyond geophysical applications, Guasch et al. (2020) have applied FWI to generate

accurate three-dimensional images of the brain with sub-millimetre resolution.

While FWI can be more accurate at reconstructing a velocity model of the Earth than
those methods based on raytracing, it is said to be at least an order of magnitude more
costly because the wave equation must be numerically solved for each source (Fu and
Hanafy, 2017). Likewise, given the increased dimensionality of this type of inversion,
matching the whole waveform can lead to many local minima. As such, one of the key
issues of FWI is obtaining an accurate initial model from which the local optimization
can start. In many of the above examples, the initial model is provided by raytracing
methods. Therefore, one of the applications of our results is in its use as an initial

model for more-sophisticated imaging techniques like FWT.

5.3 Modelling considerations

5.3.1 VSP overview

We base the experimental setup on the VSP acquisition described by Kaderali (2009),
which corresponds to a deviated survey well in offshore Newfoundland. These data
consist of VSPs (primary arrivals, P-wave traveltimes) with zero-offset and walkaway
source-receiver combinations — a walkaround acquisition is provided as well, but falls
beyond the scope of this dissertation. In an earlier work by Zhou and Kaderali (2006,
p. 2), the subsurface is confirmed to have a horizontally stratified structure comprised
of shale formations up to a depth boundary of approximately 2300 metres. In Figure 1
therein, the subsurface is partitioned into five macro layers based on the zero-offset
VSP, with interfaces at approximately 450m, 1300 m, 1700 m, 2100 m, and 2300 m.

The well in question is deviated from the vertical, as detailed by its well
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trajectory (Kaderali, 2009, Figure 2.2). The zero-offset VSP (ZVSP) consists of 93
measurements — provided by Kaderali (2009, Table A.1) — between depths of 418.60
metres, which corresponds to the sea floor, and approximately 2950 metres. The
walkaway VSP (WVSP) consists of 200 source locations centred over the receiver
array and are spaced at approximately 25-metre intervals, with a maximum offset of
approximately 4000 metres in one direction and 1000 metres in the other.
Respectively, the measurements in either direction are denoted as long- or short-side
traveltimes. The source is placed at six metres below sea level and the signal is
recorded by a five-receiver array placed above the 2300-metre boundary. The

receiver depths, referenced from mean sea level (MSL), are reported as
Z = [1979.923,1989.809, 1999.669, 2009.758, 2019.927]". (5.1)

Depths (5.1), which can be found in Zhou and Kaderali (2006, Table 2), refer to the
first of three so-called shot lines, with the remaining lines pertaining to deeper receiver
placements. Note that the indicated receiver depths in the tables therein indicate the
vertical depth without the MSL correction. Further details of the acquisition may be
found in Kaderali (2009, Chapters 2 and 3).

For the ZVSP traveltimes, we only consider measurements up to 2100 metres as
the WVSP receivers are placed above the indicated macro-layer interface. However,
between the depths of 418.60 and 1343.40 metres, the 13 traveltimes are recorded at
non-regular depth intervals, whereas the remaining 39 are recorded at approximately
20-metre intervals. Consequently, there is a scarcity of ZVSP data for nearly 65% of
the subsurface: an unavailability of measurements for approximately the shallowest
20% and non-regular measurements for the next 45%. For the WVSP traveltimes, we
focus on the first shot line as the measurements are provided explicitly in Kaderali
(2009, Appendix C). Of the WVSP traveltimes, we omit from consideration the final
21 measurements that correspond to receivers 1 and 2 due to measurement error that
has resulted in observable scatter. Thus, of this dataset, we use 52 of the ZVSP
traveltimes, which correspond to a depth of up to 2100 metres, and 958 of the WVSP

traveltimes; in total, we consider M = 1010 data points.
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5.3.2 Background model

To perform the traveltime inversion on the VSP data, we consider a background model
comprised of N horizontal layers. The background model is embedded in a left-handed

three-dimensional coordinate system, where the z-axis increases downward.

We make several simplifying assumptions about the layers. First, we assume that they
are bounded by planar interfaces in welded contact. The thicknesses of the layers are
calculated by taking the differences of successive interface depths, & = [&, ..., v 1],
where, for example, the thickness of the ith layer is & — &_1; consequently, the Nth
layer is a halfspace. Second, we assume that the layers are laterally homogenous,
which means that the properties vary only with respect to depth. Third, we assume
that the first layer, which represents the water column, is homogeneous and isotropic.
Therein, the velocity of the P wave is constant in all directions. Finally, we assume
that the subsequent N — 1 layers are subject to a linear increase in velocity with
respect to depth, z, and exhibit an elliptical velocity dependence with respect to the

wavefront angle, ¥.

We model the propagation of the P wave using seismic ray theory, which we discuss
in Section 2.5. Since the VSP data contain traveltimes that correspond to vertical
and offset source-receiver combinations, we require a framework for rays that are
entirely vertical as well as those that are offset by a horizontal distance. We use ray
theory to specify the raypath—and quantify the traveltime along it —that connects
a given source, § € R?, and receiver, R € R3. Within the model, we consider M

source-receiver combinations. As such, the jth ray is traced from

. . 1T . . ~1 T
Sy = |XP VP 2P to Ry= [XPVD 20| where j=1,... M,

Now, let us consider Figure 5.1, which illustrates the background model and the jth
source-receiver combination. Since the model consists of horizontal and parallel layer
interfaces, the jth ray is traced within a unique plane —we refer to this plane as the
rayplane — that contains the unit source-receiver vector, d; = (R; —S;)/||(R; —S;)|,
and the z-direction basis vector, e, = [0,0,1]T. For offset rays, we identify the jth
rayplane by its unit normal vector, n; = (d; xe,)/||(d; xe,)||. For vertical rays, we do
not use the rayplane terminology because the normal is indeterminate, as d; - e, = 1;

as such, rayplane refers only to offset source-receiver combinations. Within the jth
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Figure 5.1: Rayplane within background model comprised of N = 3 layers. The
left-handed coordinate system is specified by the coordinate axes, which are centred
on the origin O. The planar layer interfaces (gray) are horizontal and parallel, with
depths € = [&,&1,&]7. For the jth source-receiver combination, the ray travels
within the unique rayplane (red) with unit normal n;; herein, the receiver is in layer
¢; = 3. The horizontal and vertical distances travelled by the ray are specified by
right triangle AS,;P;R,;.
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rayplane, we specify a right triangle AS;P;R;, where
Pj ::Rj—(Rj—Sj)-eZ.

The vertical distance of the triangle is (R; — S;) - e, = ng) — Zéj) and the signed
horizontal distance is sgn(d; - e,)||P; — S;||, where e, = [1,0,0]7 is the z-direction

basis vector. We identify the layer within which the jth receiver resides by

5.3.3 Raytracing and traveltime expressions

In this section, we provide the raytracing and traveltime expressions in media with
either a constant velocity or those that exhibit a linear increase velocity with depth
and an elliptical velocity dependence. Since the source and receiver coordinates are
known, we parameterize the expressions with respect to depth. For this section, we
omit layer, ¢, and ray, j, subscripts, which means that the expressions, herein, apply

to a single ray within either type of medium.

Constant velocity

In a homogeneous medium with constant velocity, the characteristic system of the
eikonal equation results in a constant ray-parameter value and straight-line solutions
for the raypaths, as is demonstrated Section 2.5.3. Within a given rayplane, we can
adapt raytracing expressions (2.93) to quantify the horizontal, x, distance covered by

the ray with respect to depth, z, by

pu(z — zp)

where p is the ray parameter, v is the constant velocity, and xy and z, are initial

x(z) =xo + (5.2)

conditions for horizontal and vertical distances, respectively. In such a medium, the

traveltime along the ray is

, (5.3)
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where t( is an initial time condition.

We convert raytracing expressions (2.93) from an arclength to a depth
parameterization using the Pythagorean Theorem, where
(s —80)? = (x — w0)*> + (2 — 20)? and s is an initial arclength condition. In terms of

the ray parameter, p = sin /v, the relationships are
s—sg=1, x—xog=pv, 2z-—2z0=+/1-—p>2

For the traveltime inversion, we use expression (5.2) to trace the ray through the
water column and expression (5.3) to quantify the traveltime. Therein, we fix v =

Uy := 1500 m/s.

Linear inhomogeneity and elliptical anisotropy

Let us consider a medium with a linear increase in velocity with depth and an elliptical
velocity dependence. We refer to the former as linear inhomogeneity and the latter

as elliptical anisotropy. In such a medium, the phase velocity is

v(9) == Vug2sin? 9 + v,2 cos? 9 | (5.4)

where v, and v, are the magnitudes of the wavefront velocity along the x-axis and
z-axis, respectively, and ¢ is measured from the z-axis. The following anisotropy

parameter,

U$2 — 1)22

X = TZQa
quantifies the difference between horizontal and vertical velocities; if the velocities
are equal, Y = 0, which is tantamount to an isotropic medium. Then, the wavefront

velocity (5.4) becomes

v() = vz\/(l + 2 ) sin? ¥ + cos2 9 . (5.5)

Subjecting the wave to a linear increase of velocity along the z-axis, wavefront

velocity (5.5) becomes

v(d,z) = (a+b(z—z0))\/(1+2x) sin® 9 + cos2 (5.6)
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where a and b are constants with units of velocity and reciprocal of time, respectively,
and zg is an initial depth. For brevity, henceforth, we refer to linearly inhomogeneous

and elliptically anisotropic media as aby media.

To obtain the characteristic raytracing system for the aby medium, Rogister and
Slawinski (2005) substitute phase velocity (5.6) in Hamiltonian (2.94). Let us

summarize their result. The corresponding raytracing system is

(de OH
o= =(a+b(z—2))°(1+2x)ps,
dz OH 2
T " ap, CatblE-) e (5.7)
dpac:_a_%:o’
d¢ ox
dp, OH
92 O b= ) (142002 +2)

The solution to system (5.7), which is detailed further by Slawinski (2020a,
Section 8.5), is

¢

x(t) = xo
1
+ by <tanh (bt—arctanh <\/1 —p2a2(1+2x)>> +/1 —p2a2(1+2x)> ,
Loty = 20+ 2 ! 1,
b pa+/1+2x cosh <arctanh <\/1 — p?a? (1+2x)> —bt)
pa(t) =p,
p.(t) = py/1+ 2 x sinh <arctanh <\/1 —p2a® (1 +2x)> — bt) .

(5.8)
The first two expressions within solution (5.8) can be used to provide a geometrical
interpretation of the shape of the rays. Specifically, these expressions can be

manipulated to obtain

\/1—p2a2(1+2><)>2
(:L’—ZB())— z— 2 g ?
( pe + <( )+ b>2 ~1, (5.9)

) Gviees)
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which is the equation of an ellipse. Solving ellipse (5.9) for the horizontal distance

travelled with respect to depth (e.g., Slawinski, 2020a, expression (14.3.9)) yields

vV1—-A—-+\1-B
pb

: (5.10)

r — Ty =
where we define
A:=p%a*(1+2x) and B :=p*(a+b(z— 2))*(1+2x).

For the traveltime along the ray, solving the first equation of solution (5.8) yields

L arctanh (pb (x —xo) — \/lb— A ) 4+ arctanh (\/1 — A ) ' (5.11)

We can obtain an alternative expression to traveltime (5.11) by substituting
expression (5.10) for the horizontal distance travelled. Since inverse hyperbolic
tangent is odd, arctanh(—z) =y = arctanh(z) = —y, for x € (—1,1) and y € R,
traveltime (5.11) is tantamount to

_arctanh 1 — A — arctanh v1 — B

t= ; (5.12)

Vertical rays

To compare the model traveltimes along vertical rays with the ZVSP data, we require
traveltime expressions in both constant-velocity and aby media. Since vertical rays
correspond to p = 0, expressions (5.2) and (5.3) for the constant-velocity medium
simplify trivially to

zZ— 2

z(z) =x9 and t(z)=ty+ — (5.13)

However, for p = 0 in the aby medium, the raytracing expression (5.10) leads to

an indeterminate form, 8 and the numerator traveltime expression (5.12) becomes
undefined, oo — co. Therefore, to evaluate these expressions, we use I’'Hopital’s rule

to evaluate their limits as p — 0.

Now, let us address raytracing expression (5.10). To evaluate its limit, we require the

103



derivative of the numerator, which simplifies to

%(Vl—A—\/l—B):—p(w(lltif)—<a+b(z_1zo_));<1+2X)).

Then, by I’'Hopital’s rule,

vi-A  J1-B

As expected, x = x for vertical rays in the aby medium.

(5.14)

o =) =

P (a2(1+2x) (a+b(z—z0))2(1+2x)> o

For traveltime expression (5.12), we require the logarithmic form of the inverse
hyperbolic tangent,

1
arctanhxz = = In + :v'
2 1—=z

(5.15)

Using expression (5.15), and by the properties of logarithms, traveltime (5.12) can be

written as
1 1+v1-A 1-+v1-B
t=—(In +In : (5.16)
2b 1++v/1—-B 1—v1—-A
Since In1 = 0, the limit of the first term is zero. Then, by properties of the limit, we
obtain
) o1 1+v1I-—A 1-+/1—-B 1 . 1—+1-—-B
limt =lim — { In +In =—In(lim—— ).
p—0 p—0 2b 1++v1—-B 1—vV1—-A 2b =01 —+1—A
Applying I’'Hopital’s rule again,
i LoVI=B =501 B) A (=2p(a+ bz — 20)P(1L4+2x) _ (a+b(z — )’
im ————— = lim = )
=01 —+/1—A »p>0 —3(1— A)~12(=2pa?(1 + 2x)) a?
Finally, by properties of the logarithm,
1 a+b(z — 2)
t=-In{ ———= 5.17
i (2 (5.17)

for vertical rays in the aby medium.
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5.3.4 Multilayer raytracing

As discussed in Section 5.3.1, the VSP dataset is comprised of traveltimes that
correspond to j = 1,...,M source-receiver combinations. To model these
traveltimes, we consider the multilayer background model comprised of : = 1,..., N

layers, which we established in Section 5.3.2.

In this section, we adapt the expressions of Section 5.3.3 to obtain the raytracing
constraint for offset source-receiver combinations in a multilayer setting. Since the
horizontal distance travelled by vertical rays is zero—as demonstrated in
expressions (5.13) and (5.14) —the raytracing is satisfied trivially. However, for
offset rays, we rely on numerical techniques, such as the Newton-Raphson method,
to obtain an approximate solution for the raytracing constraint. In particular, we
discuss the method’s the convergence conditions as well as provide a strategy to

improve its initial guess.

Raytracing constraint

Within the jth rayplane, we parameterize the horizontal distance travelled along the
ray for a given depth. In view of the lateral homogeneity of the layer structure, the
ray parameter, p;, is constant along the jth ray. Therefore, for the ray to be traced

from the jth source to receiver, we require the following constraint to be satisfied,

0
PiVwZi1 1 &KV1-4;—-+/1-Bj
i) = VA VIZ D iy -e)1Py - S5 =0,
_pjvw T i=2 !
(5.18)
where

Aji = Ayi(p;) = pjai(1+2x;) and By := Bji(p;) = pjlai+biza)*(1+2x:) (5.19)
are the variables that contain the anisotropy and inhomogeneity velocity parameters,
2= 6 — &1+ 0uey (28— &) — 0 (29 - &) (5.20)

is the vertical distance travelled in each layer, and d;¢;) and d;; are Kronecker deltas.
With regard to constraint (5.18): the first term corresponds to the straight-line ray

within the first layer; the second term corresponds to the summation of the elliptical
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raypaths within the remaining ¢, —1 layers; and, the third term is the signed horizontal

distance travelled within the rayplane.

To demonstrate the functionality of expression (5.20), let us return to Figure 5.1.
Suppose that the jth receiver is in layer £; = 3. Then, the respective vertical distances

travelled by the ray in layers ¢ = 1,2, 3 are
- . Z(j) o . - Z(j) _
241 &1 S v ~j2 & — &1, Z43 R &o.

For our consideration, the vertical P-wave velocity and its linear increase are strictly

positive, and the anisotropy parameter is nonnegative, i.e.,
a; >0, b;>0, and x; >0, for ¢=1,...,N. (5.21)

We discuss the physical meaning of restrictions (5.21) in Section 5.4.3. The depths of
the consecutive interfaces are strictly increasing, i.e., & > &_1. As such, z;; > 0 and,
consequently,

Bji > Aj; > 0. (5.22)

To obtain the ray parameter that satisfies raytracing constraint (5.18), we rely on
the Newton-Raphson method for approximating the roots of the nonlinear equation.
This iterative method produces a sequence of approximations, p§-k), based on the
linearization of X (pg-k)
to a solution provided that X;(p;) and X(p;) are continuous, X}(p;) # 0, and péo) is

), where k is the iteration parameter. The method converges

sufficiently close to the solution. The formula for the (k + 1)th approximation is

(k)

(k+1) (k) Xj(Pj )
TR
Xj(pj )

Newton-Raphson method: continuity conditions

Let us analyze the continuity of constraint (5.18), as well as its derivative, in regard to
the convergence properties of the Newton-Raphson method. To analyze the continuity,

we consider the domain for which X;(p;) : RM — RM. For the function to return real
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values, we have the following restrictions,
pj%O, ]'_pva>0 ].—A]ZZO, 1—B]ZZO

The first restriction means that we do not consider vertical rays with raytracing
constraint (5.18). The remaining restrictions impose bounds on p;, which, by

expressions (5.19), are

, 1 1 ) 1

2
2 o QL 2 < .
Pis2 Pi= 22 = (a+ bizpn)2(1 + 2x)

In view of these inequalities, the maximum value of the jth ray parameter is

A ER el M e el
= min 5 5 <~ < 5 ’
p] U?U (122(1 + 2X1) i=1 (ai + blzﬂ)Q(l =+ 2X7,> i=1

the minimum is pmm = —pi

, and the domain within which the constraint is

continuous is

p; € (7™, p™) \ {0} . (5.23)

Within this domain, the requirement that a solution exists is

PP vwzin 1 /LA™ = /1 = Biap™)

> [|P; =S (5.24)

max b,
4

L= (pp=)Poy, Vi

If this condition is not met, the Newton-Raphson method will continue to produce

(%)

approximations p;” without approaching a solution. For that reason, we include a

stopping criterion that terminates the method after a specified number of iterations.

Now, let us consider the continuity of X’(p;). The first derivative of the first term in
constraint (5.18) is

0 | pjvwzp — vy 1 _ pi(=2pd) _ VwZj1
T N RN —
i \ 1~y Ji-wer 20-p2)” ) (-phe)”
(5.25)

Prior to addressing the first derivative of the ith summand of the second term, let us
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consider

0 —2p;a?(1+2x;) . 2pi(a; + biz;i)*(1 + 2x:)
<\/1_Agz_\/]-_sz>: J =+ J J

ap; 2,/1— A 2./1— B,
1 Ay Ay

Then, it can be shown that

O (V=A== B ] L L) (520

As such, the first derivative of constraint (5.18) is

VwZj1 1
2

1 1
](pj) 3/2 p; = b; ( 1-Aj \/1_7331>

(1= pjvi)
In view of inequalities (5.22) and ray parameter domain (5.23), the layer to which

P pertains results in 1 — Bj; — 0 as p; — £pj***. As such,
lim Xi(p;) =oc and  lim Xj(p;) = oc. (5.27)
Pj—>P‘;“X pj—>p;?““

For the limit of X}(p;) as p; — 0, while the first term yields v,2; trivially, the

summation leads to an indeterminate form, g. To proceed with the limit, we must

apply 'Hopital’s rule to the summation, for which we consider

9 1 —p,; (%2(1 +2xi) (i +bizp)* (1 + 2Xi))
Op; \V1—4;; /1-Bj TN = Ay (1 - Bji)*? '

Then, by I’'Hopital’s rule,

é.
ZJ Pi (1+2x5) ( af _ (ai+bz‘zji)2>
—, b (1-A;3)3/2  (1-B;;)3/?

1=

lim X' (p;) = N
pjnr_{lo Vi (p J ) Vw Z] 1 p].lr_)n 0 2 p]
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However, by expressions (5.19), lim,, o A;; = lim,,, 0 Bj; = 0 and, hence,

KA
. 1L~ (1 +2x) 2 2
plj@o Xi(pj) = vwzj1 + 3 ; Er— ((ai + bizje)* — af) .
Since the inhomogeneity parameters are strictly positive and the anisotropy parameter
is nonnegative, as detailed by inequalities (5.21), we find that
: /

pljlglo Xi(py) > 0. (5.28)

Therefore, in view of inequalities (5.27) and (5.28), X,(p;) does not have extrema as

it is increasing throughout the domain. Through this analysis, we find that, indeed,

Xj(pj) and X(p;) are continuous on the ray parameter domain as well as X(p;) # 0.

Finally, let us also consider the concavity of Xj(p;), for which we require its second
derivative.  Using expression (5.25), the second derivative of the first term in

constraint (5.18) is

2 3
0 PjVuwZji PiViZj1

o _ . (5.29)
W\ fromr)  (-p2)”

Using expression (5.26), it can be shown that the second derivative of the summand

in constraint (5.18) is

3_2(¢1—Aﬁ—¢1—3ﬁ> 1 <2—3Aﬁ _ 2‘3Bﬂ) (5.30)

op? ;b Nz (1-A4)"% (1-Bp)""?

Hence, using derivatives (5.29) and (5.30), the second derivative of constraint (5.18)

18

234, 2 3B,

Since v, and z;; are strictly positive, the sign of the first term in expression (5.31) is
sgn(pj). For the second term, since Bj; > Aj; > 0 as a consequence of

inequalities (5.21), let us suppose that A;; = uw and Bj; = au, where u > 0 and
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a > 0. Then, the difference of terms in the ¢th summand can be simplified to

2 — 3u 2 — 3au (2 —3u)(1 — au)®? — (2 — 3au)(1 — u)3/?

(1—u)*? - (1—au)®? h (1 —u)3/2(1 — au)3/2 )

which has restrictions 0 < v < 1 and 0 < au < 1. However, since o > 1, au > u and,
s0, 0 < au < 1 is the dominating restriction. Let us consider the limits at either end

of this restriction. On the left, as au — 0 so does x — 0, and so we have

(2 —3u)(1 — au)¥? — (2 — 3au)(1 — u)%?

altnglO (1 — u)3/2(1 — a/u)3/2 = 0.
On the right,
_ _ 3/2 _ (9 _ _ .\3/2
lim (2 —3u)(1 — au) (2 = 3au)(1 — u) -~
au—1 (1 — u>3/2(1 — au)3/2

By these limits, we find that the difference in the ith summand is nonnegative,
which means the entire summation is nonnegative. Hence, the reciprocal of the ray
parameter that scales the summation determines the sign, i.e., sgn(pj?). As such, we

max

find that Xj(p;) is concave up for 0 < p; < pi** and concave down for p}“in <p; <0,

with the inflection point at p; — 0.

Newton-Raphson method: initial guess

The Newton-Raphson method requires that the initial ray parameter value, p§0), is
sufficiently close to the solution. Since raytracing constraint (5.18) does not have
extrema, choosing any p§0) that is in the domain will lead to convergence. Be that as
it may, the features of X(p;) resemble that of the inverse hyperbolic tangent function.
To demonstrate, let f(x) = arctanh(z). Rearranging and implicitly differentiating,
we obtain

tanh(f(z)) = 2 = sech®(f(z))f'(z) = 1.
Solving for f'(z), and simplifying using standard trigonometric identities, we obtain

1 1 1

f'z) = 1 — sech?(f(x)) T 1= tanh®(arctanh(z)) T 12
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In an analogous manner to X/(p;) > 0 for all p; € (p™, pr™)\ {0}, we find that
f'(x) >0 for all x € (—1,1). Regarding concavity, we find

" B 2
f (IL') - (1 —.CL'Q)Q’

which is implies that f(x) is concave up for z € (0,1) and concave down for = €
(—1,0); this is analogous to the concavity of X;(p;) within the two branches of its
domain. As such, we can use f(x) to approximate X;(p;), which improves the quality

of the initial guess for the Newton-Raphson method.

The approximating procedure is as follows. Recalling expression (5.15), the

logarithmic form of the inverse hyperbolic tangent is

1. 1+«
= arctanh(z) = =1 )
f(x) = arctanh(x) ST —
Now, consider its algebraic extension
F) = 2log LEE L, (5.32)
z) = =1o )
5 %8p t—x ’

where p corresponds to an arbitrary base, x = +t are the vertical asymptotes, and
h is a vertical translation. To apply f(x) to X;(p;), we center the former upon the
latter by setting h = —sgn(d, - e;)||P; — S;||, which is the signed horizontal distance
between the source and receiver within the jth rayplane. We match the domains of
max

the two functions by setting ¢ = pj

through coordinates (g, (), where Q = X,(¢). Substituting these coordinates in

For the base, we require that f(z) passes

expression (5.32) and rearranging, we obtain

t+q

Converting to exponential form and then exponentiating both sides with respect to

1 .
m , We obtain 1

t+q) 2@Q-h)
= | — . 5.33
p (t i q) (5.33)

Using base (5.33), we can calculate the solution to f(z*) = 0. Through algebraic
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manipulation, the solution is

e (&) | (5.34)

p—2h +1

Since f(x) is constructed to approximate X;(p;), we use solution (5.34) as an initial

guess to solve Xj(p;) = 0 with the Newton-Raphson method.

5.3.5 Multilayer traveltimes

Let us adapt the expressions of Section 5.3.3 to calculate the traveltime along a ray in a
multilayer setting. The traveltime expressions depend on whether the source-receiver
combination is vertical or offset. In both cases, we assume that the jth receiver is

within in the abx layers, not the water column, i.e., £; > 2.

If the jth source-receiver combination is vertical, the raytracing is satisfied trivially.
As such, the traveltime along the vertical ray is the sum of traveltimes in the
constant velocity layer and the remaining (¢; — 1) abx layers, which are given by
expressions (5.13) and (5.17), respectively. Hence, the jth traveltime along a vertical
ray is

?.
A ‘1 4 bz
p=tey (+_) (5.35)

(% a;
w i=2 7

If the jth source-receiver combination is offset, we require that raytracing
constraint (5.18) is satisfied. We use the Newton-Raphson method to approximate
the ray parameter, p;, that satisfies X;(p;) = 0. Then, the traveltime along the
offset ray is the sum of traveltimes in the constant velocity layer and the remaining
(¢; — 1) abx layers, which are given by expressions (5.3) and (5.12), respectively.

Hence, the jth traveltime along an offset ray is

é,
: ‘L arctanh /1 — A;; — arctanh /1 — Bj;
r=—" 1y L i (5.36)

Vw1 = pPiv2 = i

5.4 Optimization procedure

In this section, we outline the optimization procedure for the inversion of VSP

traveltimes. To achieve the inversion, we use numerical techniques to estimate the
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model-parameter values such that the difference between measured and modelled

traveltimes is at a minimum.

5.4.1 Residual sum of squares

Within an N-layer background model, comprised of a constant-velocity layer followed
by N —1 aby layers, there are 2(2N — 1) model parameters: one constant velocity, v,,;
3(N —1) linear inhomogeneity and elliptical anisotropy parameters, {a;}* ', {b:;} 71,
{xi}5 Y and N interface depths, {&}Y . Of these parameters, we fix the constant
velocity as v,, = 1500 m/s, which corresponds to the speed of sound in water, as well
as interface depths £, = O0m and & = 130.8 m, the latter of which corresponds to the

depth of the sea floor. Thus, we consider the remaining 4N — 5 model parameters,

B = Hahin" 050 S A{EHS T (5.37)

as variables to be estimated within the optimization.

For the purpose of obtaining an agreement between the measured and modelled
traveltimes, we seek a set of optimal model-parameter values, 3%, that yield a

minimum residual sum of squares, which we define as
M
RSS(8) := Y r;(B)°, (5.38)
j=1

which is a scalar RSS : R*¥=5 — R!. Herein, for the jth source-receiver combination,
we use the measured VSP traveltime, 7}, and modelled traveltime, ¢;, to the determine
the jth residual,

ri(B) =Tj — 1;(B), (5.39)

where ¢;(3) corresponds to ¢} for vertical rays or t§ for offset rays. From the point of
view of optimization theory (Nocedal and Wright, 2006, p. 12), the optimal solution

is said to be a global minimizer if
RSS(B*) < RSS(B), forall B¢ R*~2

In general, due to the nonlinearity of RSS and the possible restrictions to which it

might be subjected, obtaining 3* is a difficult task. However, within a smaller region
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of the domain, 3" is said to be a local minimizer if
RSS(8*) < RSS(B), for BeN, (5.40)

where N is an open set that we denote as a neighbourhood and for
which B € N C R*=°. The point is classified as a strict local minimizer if the
inequality is strictly RSS(8") < RSS(3) within the neighbourhood.

5.4.2 Nelder-Mead algorithm

To obtain 3, we proceed with a derivative-free optimization approach, which is useful
in scenarios where obtaining derivative information could be prohibitive. In our case,
obtaining derivative information is prohibitive due to the complicated terms in the
raytracing constraint for offset source-receiver combinations. In particular, taking
first- and second-order derivatives of the inverse hyperbolic tangent function with
radical arguments leads to increasingly complicated expressions. Likewise, in view
of the multilayer setting, these expressions are repeated for each layer with different
a;, b;, and x; values, which results in cumbersome simplifications. Moreover, even to
evaluate the traveltime expression, we require to solve a subproblem to obtain the ray
parameter value, p;, that specifies the raypath for each source-receiver combination.

In view of these considerations, we choose to proceed with derivative-free optimization.

The method of our choice is the Nelder-Mead algorithm (Nelder and Mead, 1965),
which is a simplex approach that minimizes the residual sum of squares using only
function evaluations. In particular, this algorithm is said to minimize a function of n
variables by comparing the function values at the n + 1 vertices of a simplex. Then,
within an iterative structure, the vertex with the highest function value is replaced
using one of four mechanisms: reflect, expand, contract (inside or outside), and shrink.

In Figure 5.2, we illustrate these mechanisms for a function of n = 2 variables.

The Nelder-Mead algorithm provides local convergence only. To ensure adequate
coverage, we use a multistart strategy, which means that we repeat the optimization
with different initial simplexes whose values are randomly sampled within the domain
of the model parameters. Following the formalism of expression (5.40), we denote the
final solution as the B* that has the lowest residual sum of squares out of the set of

initial simplexes considered.
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(a) inside contract (ic), centroid (c), outside contract (oc), (b) Shrink
reflect (r), expand (e)

Figure 5.2: Mechanisms of the Nelder-Mead algorithm for a function of n =2
variables (adapted from Conn et al., 2009, Figures 8.1 and 8.2).

To reduce the residual sum of squares using the aby traveltime model, we follow the
algorithm specifications set by Conn et al. (2009) and Gao and Han (2012). For
convenience of the readership, we provide these specifications as Algorithm 1, which

is presented in Appendix A.3.

5.4.3 Implementation considerations

Let us discuss several aspects of the algorithm and its implementation. In particular,
we consider the choice of scaling parameters, termination conditions, and penalization

constraints.

Adaptive scaling parameters

As indicated by Conn et al. (2009, p. 142), Algorithm 1 is the standard
implementation of the Nelder-Mead algorithm for modern applications. However,
there are modifications that could be made to improve upon its results. In
particular, Wright (1996, p. 6) indicates that, in higher dimensional settings, the
Nelder-Mead method can take endless iterations while making negligible progress,
despite being nowhere close to a minimizer. Gao and Han (2012) refer to this as the
effect of dimensionality and propose the so-called adaptive approach wherein, as

opposed to the standard scaling constants (A.22), the parameters

a:17 /8:1+_7 Y=
n

§=1- -, (5.41)

1
on’ n

W] o

115



are a function of the number of variables (Gao and Han, 2012, expression (4.1)) in
the optimization problem. This adjustment keeps the simplex open for longer as it
diminishes the effect of the contraction and shrink scaling constants for increasing
n, thus resulting in more iterations before termination. Note that these parameters

reduce to the standard scaling constants for n = 2.

Termination conditions

The termination conditions of this algorithm are threefold. The first condition is that
we terminate if the absolute difference between the highest and lowest function value of
the simplex is less than a user-specified tolerance. Since we perform our computations

in MATLAB, we set the tolerance to the system floating-point accuracy
eps = 2772 &2 2.2204 x 10716,

In this case, the vertices of any simplex that satisfy this termination condition have
effectively the same function value, which justifies termination. The second condition
compares the value of the first condition for successive iterations. We terminate if the
absolute difference of the value between the current and previous iteration is less than
the system floating-point accuracy. In this case, the simplex is effectively unchanged
on successive iterations and, as such, the reduction of the function value has stalled,
which justifies termination. The third condition is that we terminate if the iteration

count of the optimization exceeds a user-specified number.

Note that, in most settings, the tolerances of the first two conditions could be relaxed.
However, we impose strict tolerances for two reasons. From the perspective of the
aby model, minute changes in the inhomogeneity, b, and anisotropy, x, parameters
can result in significant changes in the function values. The effect is compounded at
greater offsets as each ray traces out a longer path in each layer. Since our model
parameters correspond to the anisotropy and inhomogeneity of an entire layer, minute
changes can have a greater effect on the ray than in grid-based schemes, which would

amount to perturbing a single cell only.

Parameter constraints

To ensure physically meaningful optimization results, we have several

model-parameter constraints. Specifically, following inequalities (5.21), we require
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that the inhomogeneity parameters, a; and b;, are strictly positive and the
anisotropy parameter, Y; is nonnegative. Note that strict positivity pertains to a
vertical increase in seismic velocity as a result of compaction due to overburden
whereas the nonnegativity pertains to the anisotropic properties of shale. Also,

b; # 0 as it is a non-permissible value of traveltime expressions (5.35) and (5.36).

Along with the velocity-parameter constraints, we consider several restrictions that
are a consequence of the ray theory validity conditions, which are usually are only of
a qualitative, not quantitative character (Cerveny, 2001, Section 5.9). Among these
conditions, it is said that the wavelength of the wave under consideration must be
considerably smaller than any characteristic quantity. These characteristic
quantities correspond to the radii of curvature of the interfaces, the scale lengths of
the inhomogeneity of the medium, and thicknesses of layers. For the curvature, since
our interfaces are planar, the radii of curvature are infinite, which do not impose a
restriction. For the inhomogeneity, while we do not attempt to quantify the limiting
scale length, we impose maximum values on the ith layer velocity gradient, b;, and
anisotropy, x; — we specify these maximum values in Sections 5.5.2. For the
thicknesses, we impose a minimum layer thickness of 300 m, which corresponds to
approximately 15% of the total depth of the VSP.

Now, let us acknowledge that the Nelder-Mead algorithm is unconstrained and, as it
only considers function values, it does not have the requisite mechanisms to impose
parameter constraints or ensure model feasibility. As such, we have devised the

following penalization strategies.
For parameter constraints, we consider penalties that are defined in a piecewise form

—(x —pe), = <py
p(zr) = 0, pp<z<p, , (5.42)

T = Pu, $>pu

where, for a given model parameter, x, the penalty is zero within the user-specified
domain z € [py, p.], but returns linearly increasing values beyond that domain. Herein,

pe¢ is the lower bound on x and p, is the upper bound, as illustrated in Figure 5.3.

In practice, within a MATLAB environment, we express the piecewise penalties as
p(x) = (pe—1x) (x <po)+ (x—py) - (pu < ), (5.43)
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p(z)
l p‘f p‘u )

Figure 5.3: Visualization of piecewise penalty function (5.42) for arbitrary lower, py,
and upper, p,, bounds on model parameter x

We apply the penalties to every inhomogeneity and anisotropy parameter, and we

add the sum of the parameter penalties to the residual sum of squares.

For model feasibility, our model is feasible if there exists a ray-parameter value, p;,
for every source-receiver combination that satisfies raytracing expression (5.18). In
other words, we consider any such combination that satisfies inequality (5.24) as a
traceable combination and, otherwise, it is considered untraceable. At every iteration
of the optimization, we identify the number of untraceable combinations and add the
sum of the inequality errors to the residual sum of squares. We provide further details
in Section 5.5.2.

5.5 Simulation study

The motivation of the simulation study to assess the aby model’s accuracy of
parameter estimation using the Nelder-Mead optimization procedure discussed in

Section 5.4. We outline the procedure in the following three steps.

First, we consider three velocity profiles of the subsurface, whose parameter values
are known. We generate simulated traveltimes based on these profiles as well as three
sets of simulated measurement errors, otherwise referred to as additive noise. The
nine datasets serve as the input data for the simulation study. We provide details of

the velocity profiles, their traveltimes, and noise in Section 5.5.1.

Second, we apply the optimization procedure to each of the datasets. Given the
increased dimensionality of the of the traveltime model, there are many combinations
of model-parameter values that yield similar traveltime residuals. We counter this
nonuniqueness by performing two passes of optimization. On the first pass, we use

randomly generated initial simplexes that are sampled from a large domain for each
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parameter, which serves to identify the regions of the parameter space that minimize
the traveltime residual. On the second pass, we generate new initial simplexes based
on the identified regions of the first pass and repeat the optimization, hence, improving
upon the quality of our parameter estimate of the first pass. For each pass, we use
a multistart strategy to improve the reliability of our optimization results through

redundancy. We discuss details of this implementation strategy in Section 5.5.2.

Third, we compare the optimization results to the known parameter values. By
taking into account the optimization outputs from both passes, we obtain an
improved estimate of the optimal model-parameter values for each dataset. Also, we
acquire insight into the extent to which the model parameters may vary for those
combinations that are near the minimum traveltime residual. We illustrate these

results in Section 5.5.3.

5.5.1 Simulated data

Let us discuss the considerations that have been made for the generation of
simulated traveltime data. Following the VSP acquisition specifications of
Section 5.3.1, we require traveltimes that resemble those in the walkaway VSP, with
respect to source-receiver combinations. For this purpose, we use the multilayer aby
model of Section 5.3.5 to generate the simulated traveltimes with known
model-parameter values. Likewise, we generate simulated noise profiles that are
added to the simulated traveltimes in order to simulate measurement errors

obtained in the VSP acquisition.

Simulated model-parameter values

In view of the macro layers of Zhou and Kaderali (2006, Figure 1(b)), we choose a
(N = 4)-layer background model, which, by expression (5.37), yields 4N — 5 = 11
model parameters to be estimated. To assess the optimization in various scenarios,
we consider three sets of simulated model parameters, which we present in Table 5.1.
Therein, model A constitutes a continuous vertical velocity profile, with increasing
homogeneity with depth and low, constant anisotropy throughout. Model B
constitutes a discontinuous vertical velocity profile, with varying inhomogeneity and
increasing anisotropy with depth. Model C has a discontinuous vertical velocity

profile, but with constant inhomogeneity and a buried anisotropic layer.
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Simulated model-parameter values

B A B C
[ ar ] 1800 1900 2000
as 2478 2300 2300
as 2728 2500 2600
by 0.7 0.5 0.3
by 0.5 1.25 0.3
b 0.3 0.75 0.3
Y1 0.01 0.05 0.01
o 0.01 0.1 0.1
Y3 0.01 0.15 0.01
& 1100 1000 800
| & 1600 1500 1400

Table 5.1: Simulated model-parameter values for a (N = 4)-layer model. Each column
represents a set of parameters that are substituted in expression (5.37), to which we
refer as model A, B, or C. Along with each set, we fix v,, = 1500m/s, £, = O0m, and
& = 130.8m. Note: parameter (units): a (m/s); b (s7!); x (dimensionless); & (m).

Noise

To generate simulated noise, we consider a noise range up to a fixed percentage of
the measured traveltimes. In particular, since the traveltimes are approximately two
seconds at the maximum acquisition offset, we consider noise up to 0.1%, which results
in a traveltime error on the order of milliseconds (e.g., Slawinski et al., 2003). Likewise,
as source offset grows, the error in traveltime increases (e.g., Brown et al., 2000). In
view of these considerations, we calculate +0.1% of the simulated traveltimes at each
source-receiver combination to set the boundary of the noise values. Then, within
these boundaries, we draw samples from the uniform distribution using MATLAB’s
rand function. Applying this procedure yields WVSP traveltime errors for all five

receivers. We apply the same procedure to the ZVSP traveltimes.

For the simulation study, we repeat the process three times, resulting in the three

noise profiles presented in Figures A.4-A.7 in Appendix A.4.1.

5.5.2 Implementation

Within a (N = 4)-layer model, there are eleven model parameters to estimate, which

results in many combinations of parameter values that produce similar traveltimes.
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We contend with the issue of nonuniqueness by performing two passes of
optimization. For each pass, we use a multistart strategy to improve the reliability

of our optimization results through redundancy.

First pass

On the first pass, we generate random initial simplexes that are sampled from a
large domain of each parameter using the uniform distribution. As indicated by Gao
and Han (2012, Section 3), starting with larger initial simplexes can help improve the
performance of the Nelder-Mead method in high dimensions. To that end, we consider
250 random initial simplexes with the following specifications. For the vertical velocity

at the top of the ith layer, we choose
a; ~U(1800m/s,3000m/s) such that a;_1 < ay,

which means that the velocities increase with depth. To ensure a wide range of

inhomogeneity and anisotropy values, we choose
bi ~U0.1s7 1 1.5571) and y; ~U(0.01,0.3).
Also, we consider interface depths that are strictly increasing with depth,
& ~U(BO0m,1900m) such that &1 < ;.

This method of initial simplex generation promotes random combinations of model
parameters, which serves to sample the parameter space adequately. As such, the
initial residual sums of squares are guaranteed to vary and, hence, promote large

initial simplexes.

During the first pass, we use parameter constraints to keep the model-parameter
values within specified domains using penalty functions. In practice, we add a
penalty term for each model parameter to the residual sum of squares, such as

penalty function (5.43). The bounds for the velocity parameters, (pg, p,), are

a; € (1600m/s,4000m/s), b; € (1072s71 2571, y; € (1072, 0.5). (5.44)
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However, for the interface depths, we adjust the penalty function such that

pe({& - En—1}) = (500 — &) - (&2 < 500) + (En—1 — 1900) - (Ex—1 > 1900)

ph 5.45)
+ ) (&1 4300 — &) - (& < &1+ 300), |
=3

which means that a penalty is applied if & is less than 500m, {y_; is greater than
1900m, or if subsequent interface depths are less than 300m from one another.
Through the mechanisms of the Nelder-Mead algorithm, any adjusted vertex that
takes on parameter values beyond the bounds receives a linearly increasing penalty.

A visualization of this penalization for arbitrary bounds is presented in Figure 5.3.

Along with the model-parameter constraints, we require that each vertex results in a
traceable raypath for every source-receiver combination.  However, given its
unconstrained nature, it is possible for the Nelder-Mead algorithm to produce
combinations of aby values that do not satisfy inequality (5.24). To ensure model

feasibility, we flag any unfeasible combination and set its ray parameter value to

max

Pj
RSS for each untraceable combination, which adversely affects the overall RSS.

Then, we add the amount by which inequality (5.24) is not satisfied to the

Let us emphasize that these optimization strategies have been devised to take effect
only if the parameter constraints are broken and/or model feasibility is not ensured.

Thus, the total quantity that the Nelder-Mead algorithm seeks to minimize is

(residual sum of squares)+2(parameter penalties)—l—Z(untraceable combinations).

(5.46)
In this manner, we maintain the use of the unconstrained Nelder-Mead algorithm
while accounting for model-parameter restrictions and ray-tracing feasibility through

the use of penalization strategies.

Second pass

At the end of the first pass of optimization, we sort the output parameters in terms
of RSS, identify those outputs that are within 1% of the minimum, and compute the
lower and upper bounds of the parameter values. For the second pass of optimization,
we generate another 250 random initial simplexes, but within these bounds. Likewise,

we adjust the velocity bounds (5.44) and interface bounds (5.45) to correspond to
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these minimum and maximum parameter values. Then, we redeploy the Nelder-Mead

algorithm to minimize expression (5.46) within this narrower parameter domain.

5.5.3 Results

Let us apply the optimization procedure to the noisy traveltimes. We repeat the
process for the three sets of model parameters and the three noise profiles. For
consistency of comparison, we use the same 250 initial simplexes for the multistart
strategy within the first pass of optimization. However, we use the bounds obtained
from the first pass determine the 250 initial simplexes for the second pass. Due to the
similarity of results, we discuss only those results that correspond to noise profile #1.

However, we include the results for noise profiles #2 and #3 in Appendix A.4.2.

Regarding the number of iterations, we find that the Nelder-Mead algorithm
terminates typically within 6 000 iterations on the first pass and 4000 iterations on
the second pass. The specific number of iterations varies among the nine datasets
and can be reduced by relaxing the strict termination conditions, which we discuss
in Section 5.4.3. To reduce overall computation time, we perform the optimizations
using MATLARB’s Parallel Computing Toolbox.

Broadly speaking, the optimization procedure yields accurate estimates of the true
model-parameter values. To quantify this statement, we turn our attention to the

optimization results presented in Table 5.2.

For the three velocity models, we find that the bounds of the first-pass-optimization
outputs — that have RSS values within 1% of the minimum RSS-—can vary. This
is an expected result as the initial simplexes for the first pass are generated for the
purpose of sampling the parameter space. We find that the first pass is successful in

identifying suitable parameter intervals that correspond to the true parameters.

On the second pass of optimization, using initial simplexes generated from the first-
pass bounds, we find that the estimates are accurate. While the optimal model
parameters, 3", vary with respect to noise profile, the sample mean, u, of the second-
pass outputs is stable for each of the velocity models. Furthermore, the optimal and
true model parameters are within one (or nearly one) sample standard deviation, o,
from their respective means. The stability of results, with respect to different velocity

models, suggest that the optimization procedure yields reliable and precise model-
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parameter estimates. This conclusion is also borne out for noise profiles #2 and #3

in Tables A.1 and A.2, respectively, wherein the same observations can be made.

Let us acknowledge that some parameters are estimated better than others. We
observe that the most-variable estimates pertain to velocity models with low
inhomogeneity and/or anisotropy. This is an expected result as smaller-valued b and
x parameters have less of an effect on the traveltime within a given layer and, as
such, such parameters would be difficult to estimate within a traveltime
optimization. However, for those layers with larger inhomogeneities and
anisotropies, their effect on traveltime is more significant and, consequently, these

parameters are estimated with less variance.

We quantify the variation using the coefficient of variation, o/u, which is said to be
the most widely used measure of the extent of trait variation (Botta-Dukat, 2023). We
use this relative statistic to assess the estimate of a given parameter across different
noise profiles for a specified velocity model, or vice versa. Across the three models,
the vertical speeds, a;, have the lowest coefficients of variance, which suggests that the
estimates are suitable. Also, we find that the coefficients — across all parameters —
are lowest for velocity model B, which has the greatest inhomogeneity and anisotropy

parameters, as expected.

However, we find that the model parameters that pertain to the middle layer for all
three velocity models have some of the highest variance in comparison to the other
layers. We suspect this variance is due to the scarcity of ZVSP data up to the depth
of 1343.40m, as is discussed in Section 5.3.1. Likewise, we suspect that the scarcity
of data contributes to the higher variance for & as opposed to £5—across all velocity
models — because the former has been set to depths that are shallower than 1343.40 m,
whereas the latter is below that depth. Also, we find that the variance is high for

layers with low inhomogeneity and anisotropy values, as expected.

Finally, we can assess the quality of the parameter estimates by the plot of traveltime
residuals. In a residual plot, we should observe a random scatter of residuals around
zero, without an observable trend in the scatter of the residuals. Such a trend usually

indicates that something is missing in the model structure (Wood, 2006, Section 1.1.2).

Turning our attention to Figure 5.4, we present such a plot for the simulated
traveltimes corresponding to model A with noise profile #1. We calculate the

residuals for the specified source-receiver combinations using the optimal parameters
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Model A First-pass bounds Second-pass statistics

r B 7 true lower  upper B 1 o olu
ay 1800 1750 1911 1804 1808 19 0.0103
as 2478 2073 2642 2543 2346 143 0.0608
as 2728 2468 2870 2703 2663 64 0.0240
by 0.7 0.0496 1.0072 0.6908 0.6664 0.1118 0.1677
by 0.5 0.0184 1.3232 0.8599 0.5818 0.2178 0.3743
b3 0.3 0.0014  0.9486 0.4302 0.3898 0.0974 0.2498
X1 0.01 0.0010  0.0298 0.0091 0.0082 0.0053 0.6583
X2 0.01 0.0015 0.0547 0.0228 0.0181 0.0091 0.5050
X3 0.01 0.0010 0.0104 0.0030 0.0063 0.0024 0.3704
& 1100 500 1393 1315 910 224 0.2465

L & 1 1600 996 1900 1615 1471 183  0.1242
Model B First-pass bounds Second-pass statistics

r B 7 true lower  upper B 1 o olu
ax 1900 1872 1914 1902 1901 4 0.0020
as 2300 2103 2746 2551 2387 158  0.0664
as 2500 2457 2532 2489 2489 9 0.0038
by 0.5 0.4550  0.6338 0.4969 0.5016 0.0151 0.0300
b 1.25 0.0010 1.7811 0.9608 1.0735 0.2285 0.2128
b3 0.75 0.6707  0.9932 0.8181 0.8106 0.0347 0.0428
X1 0.05 0.0235 0.0631 0.0573 0.0504 0.0072 0.1437
X2 0.1 0.0867 0.1315 0.1162 0.1119 0.0060 0.0539
X3 0.15 0.1280 0.1557 0.1422 0.1429 0.0033 0.0231
& 1000 752 1226 1161 1043 112 0.1070

L & 1 1500 1472 1535 1510 1508 7 0.0044
Model C First-pass bounds Second-pass statistics

r B 7 true lower  upper 3" I o olu
ay 2000 1916 2033 1999 1995 8 0.0042
as 2300 2090 2434 2296 2300 48 0.0208
as 2600 2452 2648 2579 2572 20 0.0076
by 0.3 0.1297  0.8021 0.3142 0.3285 0.0427 0.1299
by 0.3 0.0010  0.5605 0.3161 0.2957 0.0946 0.3198
b3 0.3 0.3030  0.4309 0.3470 0.3547 0.0197 0.0554
X1 0.01 0.0010 0.0373 0.0107 0.0123 0.0064 0.5173
X2 0.1 0.0671  0.1709 0.1085 0.1124 0.0124 0.1104
X3 0.01 0.0010 0.0142 0.0058 0.0055 0.0024 0.4374
& 800 513 1082 811 820 70 0.0849

L & 1 1400 1172 1571 1388 1377 39 0.0282

Table 5.2: Optimization outputs for simulated traveltimes corresponding to models A,
B, C with noise profile #1. Model corresponds to the true model-parameter values
that are used to generate traveltimes. First-pass information contains the bounds
of the optimization outputs that have RSS values within 1% of the minimum RSS.
Second-pass information contains the optimal parameters, 3", the sample mean, pu,
and standard deviation, o, of outputs with RSS within 1% of the minimum, as well
as the coefficient of variation, o/p.
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First-pass bounds Second-pass statistics

N lower  upper G 1 o o/u
ay 1621 1664 1609 1622 17 0.0105
ao 2066 2249 2227 2160 64 0.0297
as 2617 2620 2620 2618 3 0.0010
by 0.4275 0.7136 0.7622 0.6836 0.0937 0.1371
b 0.3618 0.6118 0.2659 0.3528 0.1111 0.3150
b3 0.0010 0.0041 0.0015 0.0074 0.0065 0.8771
X1 0.0010 0.0017 0.0010 0.0013 0.0003 0.2584
X2 0.0010 0.0042 0.0010 0.0010 0.0001 0.0907
X3 0.2377  0.2402 0.2377 0.2385 0.0018 0.0076
& 586 1229 940 830 208 0.2512

L & 1524 1529 1522 1524 3 0.0020

Table 5.3: Optimization outputs for field data traveltimes. First-pass information
contains the bounds of the optimization outputs that have RSS values within 1% of
the minimum RSS. Second-pass information contains the optimal parameters, 3%, the
sample mean, u, and standard deviation, o, of outputs with RSS within 1% of the
minimum, as well as the coefficient of variation, o/pu.

presented in Table 5.2, along with the traveltime expressions in Section 5.3.5. As
expected, the residuals are centred around zero without an observable trend.
Moreover, the residuals agree with the input noise profile, whose values are plotted
in Figures A.4 and A.5, which is indicative of an accurate fit. Similar residual plots

can be produced in this manner for the remaining velocity models and noise profiles.

In view of these explanations, we have demonstrated that the optimization procedure
yields consistent and reliable results. Within the scope of the simulation study, we
can successfully estimate model parameters for three different velocity models under
the effect of three different noise profiles. Thus, we deem the optimization procedure

viable for parameter estimation using the field data.

5.6 Field-data application

Let us apply the optimization procedure to the field data obtained from the VSP
acquisition, which are discussed in Section 5.3.1. In Table 5.3 of this section, we
tabulate the optimization outputs for the first- and second-passes of optimization.
Also, we present the traveltime residuals in Figure 5.5. Now, let us proceed with a

discussion of the results.
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Figure 5.4: Traveltime residuals with optimal parameters for simulated traveltimes
corresponding to model A with noise profile #1. Subfigure (a) corresponds to the
ZVSP traveltimes whereas subfigure (b) to the WVSP.
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As a first observation, we find that the bounds of the first-pass-optimization outputs —
that have RSS values within 1% of the minimum RSS— do not vary greatly for most
parameters. The bounds in Table 5.3 suggest that the variability of model-parameter
values near the minimizer is low. The lower variability would imply that the field data
have less noise than our simulated traveltimes. Qualitative support of this implication
is readily obtained through direct comparison of the simulated and field-data residuals
of Figures 5.4 and 5.5, respectively. The relative scatter of the former is much larger

than the latter, especially for the near offset traveltimes.

Turning our attention to the second-pass-optimization outputs, we find that the
optimal values are within one standard deviation of the mean. This is a similar
result to that of the simulation study, wherein we found that an agreement between
the mean and optimal parameter values corresponded to an agreement with the true
model parameters. As such, we consider the optimal values to be adequate estimates

of the subsurface.

Let us assess each of the optimal velocity model, 8*. In Table 5.3, we find that the
vertical velocities, a;, increase with depth, which is an expected outcome in view of
compaction due to overburden. For the inhomogeneities, we find that b; decreases with
depth, which implies that the Earth material —within the region to which the VSP
pertains —is of a similar composition at depth. We suspect that the shallowest layer
has the greatest vertical-velocity gradient due to these differing material compositions.
For the anisotropies, we find that the deepest layer is the only anisotropic layer. We
consider this to be reasonable in view of the increasing anisotropic behaviour of shale
with increasing compaction due to overburden. Likewise, the most anisotropic layer
is also the least inhomogeneous, which would suggest that it is comprised of a similar

material composition.

Regarding the variability of the estimates, we observe that the greatest variability, as
measured by the coefficient of variation, occurs for parameters with low values. This
is a consequence of low values of inhomogeneity and/or anisotropy being more difficult
to estimate within a traveltime optimization. However, of the estimates with larger
values, we find that by and & have the most variability, which is an expected result
due to the scarcity of ZVSP traveltimes shallower than approximately 1300 m. These
conclusions are supported by having already encountered similar scenarios during the

simulation study, as discussed in Section 5.5.3.
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Figure 5.5: Traveltime residuals with optimal parameters for field data traveltimes.
Subfigure (a) corresponds to the ZVSP traveltimes whereas subfigure (b) to the

WVSP.
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Finally, let us examine the residual plots in Figure 5.5. We find that the residuals
obtained using the optimal velocity model are within two milliseconds for the majority
of the ZVSP and WVSP traveltimes. Such an agreement indicates that the velocity

model models the traveltime data adequately.

With that being said, we observe that the residual plots are not randomly scattered
about the mean of zero, which is the case for the residuals in the simulation study.
Specifically, the residuals in Figure 5.5 exhibit an undulating pattern, which is
indicative of a form of model inadequacy. For example, such an inadequacy would
arise if one were to perform a polynomial regression using a polynomial of lesser
degree than that which was used to generate the data. In other words, the residual
plot for a simple linear regression upon data generated from a quadratic model

would undulate in a similar manner to the plots in Figure 5.5.

The undulating residual pattern suggests that our traveltime model is not able to
not capture the properties of the subsurface entirely. In particular, we suspect that
the model inadequacy stems from our assumption of lateral homogeneity. In a field-
data setting, this assumption can be broken either by the presence of a lateral velocity
gradient or non-planar intermediate interfaces, both of which are reasonable to assume
in the Earth’s subsurface. However, accommodating such a model inadequacy is

beyond the scope of this work.

5.7 Alternative modelling considerations

In view of the results of Section 5.6, let us discuss several alternative modelling

considerations that could prove fruitful for future researchers.

Homogeneous layers

Within the optimizations of field-data traveltimes, we observe that some outputs
resulted in nearly homogeneous layers. To gain a better understanding, it would be
beneficial to repeat the simulation study with a homogeneous layer as a part of the
true simulated parameters. However, since setting b to zero is nonpermissible, as it
would lead to indeterminate raytracing and traveltime expressions (5.10) and (5.12),

respectively, we require an adjustment to the model.

To that end, setting b = 0 in velocity expression (5.6) would form the foundations of

130



a so-called ax-model. In such a case, eikonal equation is
a® (L4 2x)ps +p2) = 1.
Establishing and solving the Hamiltonian system of equations yields

(2(t) = a®t(1+ 2x)p + 2(0)
z(t) :at\/l p?a?(1+ 2x) + 2(0)

(5.47)
pa(t) =
(p.(t) = 1\/1 p?a?(1+ 2x)
In contrast to expression (5.9), it can be shown that
t) — x(0))?
lt) Z 2O 4y - s(0)2 =1, (5.43)

p*a*(1 + 2x)?

which indicates that the shape of a ray in a homogeneous and elliptically anisotropic
layer is a hyperbola, not an ellipse. @~We obtain the raytracing expression by
solving (5.48) for

1
1 —p?a®(1+2x)

z(t) = z(0) + pa (z(t) — z(0))(1 + 2)()\/ (5.49)

We obtain the traveltime expression by solving the second equation in system (5.47)

po— 2020 (5.50)

ay/1 — p2a2(1 + 2x)

Using expressions (5.49) and (5.50) for homogeneous layers reduces the number of

for

parameters in the multilayer model, which might be useful in further simulation

studies.

Generalized elliptical anisotropy

Another manipulation to the model could be to consider a so-called generalized
elliptical anisotropy. = Throughout this dissertation, we consider the standard

elliptical anisotropy established by Slawinski et al. (2004), wherein
=(1+2x)v? and v, =a+bz
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are used in velocity model (5.6). As opposed to restricting v, to be a scalar multiple

of v,, it is possible to relax this assumption and establish a velocity model using
v =c+dz and v, =a+ bz,

where both velocities increase with depth. This model is the topic of a forthcoming
article by Diner and Beyaz (Diner, personal communication, May 2023). The
generalized model allows for the ellipticity to vary at each point of the medium. In
particular, the analytical solution for raytracing presented therein, along with the
traveltime expressions, could prove useful toward quantifying the anisotropy within
the VSP.

Lateral heterogeneity

Recently, two research groups have put forth studies toward accounting for the
effects of lateral heterogeneity. In particular, Sripanich et al. (2019) propose a
general framework for evaluating the one-way traveltime derivatives in layered
anisotropic media in the presence of weak lateral heterogeneity from curved
reflectors and lateral velocity variations. Most recently, Grechka et al. (2024)
present a method to identify the presence of weak lateral heterogeneity from VSP
data and then developed the procedure to remove its influence on estimated model
parameters. These promising research results indicate that future work could be
done to re-estimate the model parameters within our VSP data set, while

accounting for the effect of lateral heterogeneity.

5.8 Concluding remarks

The linearly inhomogeneous and elliptically anisotropic traveltime model of Slawinski
et al. (2004) is applied to a multilayer setting for the purpose of traveltime inversion
obtained from VSP field data. Relying on a numerical optimization procedure, we
conduct a simulation study to assess the model’s accuracy for the estimation of model
parameters, using synthetic traveltime data, generated from known model parameters,
under the effect of simulated measurement error as noise. We demonstrate that the
procedure yields accurate estimates of model parameters for three different velocity

models and noise profiles, which supports its application on the VSP traveltimes.
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In the field-data case, we obtain parameter estimates that model the VSP traveltimes
to within +2 milliseconds. However, we observe a non-random pattern within the
residual plots, which suggests that some features within the subsurface, namely lateral
heterogeneity, are not adequately modelled. To that end, we conclude by providing
alternative modelling considerations for future researchers that might work with these

VSP field data.
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Chapter 6
Conclusion

This dissertation focuses on mathematical modelling and parameter estimation,
using numerical optimization, in the context of seismic media. As a point of
consistency, the projects described in Chapters 3-5 use a horizontally stratified
background model of the Earth’s subsurface. We conduct our investigations at the
macroscopic level within homogenized media whose properties are determined by the
constituent layers of the background model. In these chapters, we use mathematical
models to i) determine the conditions for elliptical roots of the Christoffel equation
in transversely isotropic media, ii) perform Taylor expansions of traveltimes along
the vertical axis of the background model to design a novel approximate-traveltime
homogenization, and iii) estimate the parameter values of a traveltime model by

applying numerical optimization to VSP traveltime measurements.

Now, for the purpose of a unified conclusion for this traditional-format dissertation,
what follows is a discussion regarding the achievements, limitations, and
recommendations (for future researchers) regarding the original developments of
Chapters 3-5.

On Christoffel roots for nondetached slowness surfaces

Achievement In Chapter 3, we demonstrate that elliptical roots of the Christoffel
equation require nondetached slowness surfaces. In particular, we determine this
condition within the framework of mathematical proof as well as a numerical example.

Our result can be used to gain insight on what is permissible within a mathematical
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model, despite the outcome being contrary to one’s expectations.

Limitation Since our motivation is simply to demonstrate the existence of elliptical
roots, our result is a theoretical finding and an arbitrary numerical example. Likewise,
our result is limited to transversely isotropic media that is the result of the Backus
average on isotropic layers. Since the Backus average can be applied to layers of any

symmetry class, our result lacks generality.

Recommendation Much like the work of Bos et al. (2017), which focuses on the
Backus average for generally anisotropic layers, determining the conditions for
elliptical Christoffel roots in Backus media of different symmetry classes could prove
an interesting research direction. In that vein, perhaps the numerical examples in

such media could correspond better to the layer properties of seismic media.

On forward modelling of traveltimes in approximate media

Achievement In Chapter 4, we develop a novel model of a homogenized
approximate-traveltime medium. In particular, we use a Taylor expansion of
traveltimes about the vertical axis to obtain the elasticity parameters that result in
equal vertical traveltimes in the approximate medium. Our model can be used to

compare VSP traveltimes with those that are a result of well log interval velocities.

Limitation Our forward model has two limitations. First, as in Chapter 3, our
result applies only to isotropic constituent layers. Consequently, it is likely to have
limited applicability toward modelling subsurface regions that are anisotropic.
Second, our formulation is not restricted to a critical angle, which is the case for the
Fermat traveltimes. Hence, our modelling approach has limited applicability in

examining greater offsets.

Recommendation The formulation could benefit from the inclusion of anisotropy
in the input layers. While considering TI constituents would lead to complicated
raytracing, introducing a scalar difference between the horizontal and vertical
velocities, e.g., Slawinski et al. (2004), leads to closed-form raytracing expressions.
The resulting approximate medium could increase the accuracy of traveltimes at

even further offsets than the current limitation of 30°.
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On inverse modelling of traveltimes

Achievement In Chapter 5, we estimate the inhomogeneity and anisotropy
parameters of a multilayer Earth model using VSP traveltime measurements. In
particular, we conduct a simulation study to assess the reliability of our results and
introduce penalization strategies to impose parameter constraints within an
unconstrained, derivative-free optimization algorithm. We demonstrate that our

approach obtains accurate estimates for various velocity models and noise profiles.

Limitation Our study is limited by the availability of first-break traveltime
information only from the VSP and the a prior: assumption of lateral homogeneity.
The first limits our inversion to P-wave traveltime tomography, which precludes the
use of more-sophisticated techniques such as FWI. The second is an assumption that
can be broken if the subsurface has non-planar layer interfaces and/or lateral
heterogeneity within its layers, which limits our model to less geologically complex
subsurface structures. While our ray-based approach leads to efficient computation
of seismic ray trajectories and satisfactory inversion if the subsurface velocity model
is known, the approach is limited to simpler geological structures. As such, the
utility of our field-data estimates is limited to an initial velocity model that can be

used for other inversion techniques.

Recommendation To account for the stated limitations, we would revisit the
traveltime modelling using a wave-equation-based techniques, without the a prior:
assumptions of horizontally stratified and laterally homogeneous layers. While
relaxing such assumptions would forgo our use of closed-form raytracing and
traveltime expressions, we expect that the improved imaging resolution of the
subsurface velocity justifies the increased computational costs. Recent studies
demonstrate the viability of this approach through the use of full-traveltime
inversion, which is used to invert for a kinematically accurate velocity model from

traveltime information only (Luo et al., 2016).

Closing remarks

In closing, this dissertation represents our efforts to study seismic media through the
analogies put forth by mathematical models as well as their agreement with data

measurements through the practice of parameter estimation. We acknowledge that
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the approaches used herein, along with those that have been developed, are not
exhaustive —likely, they constitute mere drops in the proverbial bucket of

seismology.
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Appendix A

Supplementary material

A.1 Cauchy’s second equation of motion

In Section 2.3.4, we discuss the derivation of Cauchy’s second equation of motion.
However, for the sake of readability, we have relegated the majority of the derivation
to this appendix. We pick up that derivation with master balance principle (2.35),
which is

9 (r x (pv))

o Hdiv((rx (pv) @ v) =7 x (dive) + £ a7 47 x (pb).

By Cauchy’s theorem t = on, cross product ¢ = r X t = r X on replaces u x An
in conversion (2.33). To simplify the first term in balance (A.1), we recognize that
the partial derivative of r(x) = & — @y with respect to time is v. However, since the
cross product of a vector with itself is zero, it follows that v x (pv) = 0. Therefore,

we have

d(rx(pv)) Or (a(aptv))

oy :Ex(pv)+’rx
dp ov
=v X (pv)+1r X (Ev—l—p%)

B dp ov

For the second term in balance (2.35), since the cross product of two vectors is a

vector, we factor out the p and simplify the divergence of the tensor product by
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identity (2.12),

div ((r x (pv)) @ v) = div ((p(r x v)) @ V)
= (grad (p(r x v))) v + p(r x v)(divv). (A.2)

The first term in expression (A.2) contains the gradient of the product of a scalar and

a vector, which, by identity (2.10), we simplify as
(grad(p(r x v))) v = ((r x v) ® (grad p)) v + (p(grad (r x v))) v. (A.3)

We rearrange the first term in expression (A.3) using the definition of the tensor

product (2.8) and, for the second term, we distribute the gradient to obtain

(grad (p(r x v)))v = (v - (grad p)) (r x v) + p((gradr) x v) v + p (r x grad v) v.
(A.4)

To evaluate the second and third terms in expression (A.4), let us consider an
alternative representation of the cross product. For arbitrary vectors a,b € R3,

there is a skew-symmetric matrix representation of the cross product such that

0 —Aas a9
ax b =:[a]«b, where alx=1| a3z 0 —a; |- (A.5)
—a9 aq 0

According to Lewintan et al. (2021, Section 2.1), this representation is useful as it
allows for the generalization of a cross product in R? to a cross product of a vector
a € R? and a matrix M € R**® from the left and from the right,

ax M :=[a]yM and M x a:= M]aly, (A.6)

which is given by column- and row-wise cross products, respectively. To demonstrate
the use of representation (A.5), let us consider the cross product in the third term
of (A.4), which is

0 —r3 T2 V11 Vig2 V13
(7]« (gradv) = T3 0 - U1 U2 U3
—Ty Ty 0 Uz1 Usa V33
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—T3Vg1 + ToU3,1 —T3V22 + ToUs2 —T3V23 + U3 3
= r3U11 — V31 T3V12 — TU32 r3V13 —Tiv33 | >

—ToU11 + TUg1 —ToUi1 + TU29 —T2U13 + IU23

where the components of the gradient of the vector are given by expression (2.13),
which is

gradv=V®v= S—Zei®ej.
Then, by matrix multiplication with v, using comma notation (2.14), we can rearrange

the resulting vector components such that

—1g (V2,101 + Vg2U2 + V2.303) + 12 (V3101 + U3 2V2 + U3 303)
([r]x(gradv)) v = 73 (V1,101 + V1,202 + V1 303) — 71 (V3101 + V32U + V3 3V3)

—7g (V1101 + V1 2V2 + U1 303) 4 71 (V2,101 + Va2U2 + U2 303)
(A.7)

By comparison, using matrix multiplication

V1,1 V12 V13 U1 V1,1V1 + V1,2V + V1,303
(gradv)v = Vg1 Vg2 U3 Vg | = | V211 + V22U2 + V2 3V3 |,
V31 V32 V33 V3 V3,1V1 + V32V2 + U3 303
we find that
0 —Ts3 T2 V1,101 + V1,202 + V1,3U3
(7]« ((grad v)v) = T3 0 - V2,1V1 + V2,2V + V2 33
—Try T 0 U3,1V1 + U3 202 + VU330U3

—13 (V2,101 + Vg 2V2 + V2.3V3) + 12 (V3101 + U3 2V2 + U3 303)
= 73 (V1,101 + V1,202 + v1,303) — 11 (V3,101 + V3205 + V3 3V3)
| — T2 (V1101 + V1,209 + v1,303) 4+ 71 (V9,101 + Va2V + V2 3U3)

(A.8)

Hence, by the equality of matrices (A.7) and (A.8), we have the identity
(r x (gradv)) v = ([r]x(gradv)) v = [r]x ((grad v)v) = r x ((gradv)v). (A.9)

For the cross product in the second term of (A.4), we recognize that the gradient of

the position vector, grad 7, is an identity matrix, /. Then, using representations (A.6),
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it follows that
(gradr x v)v = (I x v)v = (I[V]x)v = [V]xv=v x v=0. (A.10)
In view of identity (A.9) and result (A.10), expression (A.4) simplifies to

(grad (p(r x v)))v = (v-(grad p)) (r x v) + p((gradr) x v) v+ 7 X ((grad v)v)
— (v~ (grad p)) (r X v) + 0 + p ( X ((grad v)v))
= (v-(gradp)) (r x v) +r x (p(grad v)v). (A.11)

Returning to the divergence of the tensor product of expression (A.2), along with

expression (A.11), the second term in balance (2.35) becomes

div((r x (pv)) ®@v) = (v (grad p)) (r x v) + 7 x (p(grad v)v) + (r x v)(p(divv)).
(A.12)
Therefore, using derivative (A.1) and relation (A.12), along with algebraic

manipulation, the master balance principle (2.35) takes on the form

dp ov .
r X (EV + Par + p(grad v)v — dive — pb)

+ (r x v) (p(divv) + v - (grad p)) = € : o*.
(A.13)
We can simplify the first cross product in balance (A.13) by recognizing that the
second and third terms combine to form the material-time derivative (2.16) of vector v,

whereby

rX (%v + p% —dive — pb)—l—(r x V) (p(divv) + v - (grad p)) = € : a7, (A.14)

Then, we recognize that the latter terms in the first cross product of balance (A.14)
sum to zero by virtue of the elastodynamic equation (2.31). Commuting the time

derivative of p with the cross product, we collect like terms and rearrange
balance (A.14) such that

(r xv) (% + (grad p) - v + p(div V)) =&:0". (A.15)
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We simplify balance (A.15) further by the material-time derivative (2.16) of p to
obtain

Dt
However, by the balance of mass (2.25), the left-hand side of balance (A.16) is zero

and, as such,

(r x V) (@ + p(divv)> =E:.0". (A.16)

0=E:0". (A.17)

We continue the derivation of Cauchy’s second equation of motion in expression (2.36)
of Section 2.3.4.

150



A.2 Polar reciprocity

In Section 3.1, we state that, in accordance with polar reciprocity, the ellipticity
of slownesses is equivalent to ellipticity of wavefronts. To verify this statement in
a seismological context, we present the principle of polar reciprocity, as discussed
by Helbig (1994), derive the mathematical formulee that quantify the principle, and
conclude with an illustration of the principle. Also, we provide an illustration of polar

reciprocity in the context of slownesses and wavefronts in transversely isotropic media.

A.2.1 Plane curve formulation

We begin with Helbig (1994, Section 2A.4), who states that two curves are polar
reciprocals if for each point of the first curve there is one point on the second curve
such that the position vector of the first curve is parallel to the normal of the second
and the position vector of the second is parallel to the normal of the first. Also, he
states that polar reciprocity of two curves is tantamount to the dot product of all

corresponding position vectors being constant.

To assess these statements, we consider a simple and closed plane curve that is centred
on the origin. We define the curve in parametric form as the locus of all points (z, y)

that are determined by position vector, relative to the origin,

_ | fW)
r(9) = [ o) ] , (A.18)

where (1)) and g(1)) are continuous (and at least once differentiable) functions and 9 is
the parameter. In this context, simple means that the curve never intersects itself and
closed implies that the initial and final coordinates of the curve are equal. Associated
with the position vector are the unit tangent and unit normal vectors (e.g., Lipschutz,
1969, Chapter 4),

(V) T'(9)
T(9) = and N(9) = )
= e = T
respectively, where (o)’ := d(0)/dv¥ and ||(o)]| := /() - (o) is the Euclidean norm. As

such, taking the derivative of the position vector and normalizing, the unit tangent
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vector is

W) 1 f(0)
TW) = |7/ ()] - \/f’(0)2+g’(19)2 [ ] .

For the unit normal vector, we differentiate T'(¢), using the chain rule, to obtain

') - 1 [ g (9) (g () "(9) = 1'(9)g"(9) ] |

(F(0)2+ g ()2 | F0) (f'(0)g"(9) — g () f"(9))

from which we manipulate algebraically to obtain its squared norm

T = L) = LG D)
(/02 + g/ (0))

Therefore, the unit normal vector simplifies to

B T'(9) B 1 g9'(9)
MO SO~ Vrer s sop [ 1) ] |

Now, consider a second curve whose position vector is parallel to normal of the first,
R(0) == p(®) [¢(9), —f'(9)]", where p(9) > 0. Given these two curves, the polar
reciprocity condition requires that the dot product of their position vectors remains
constant for all ¥, i.e., 7(9) - R(J) = o2, where « is a constant nonzero scalar value.
We satisfy this condition with p(d) = o2/ (f(9)g'(9) — g(9)f'(9)). As such, the polar

reciprocal curve to (1) is

R(W) = o [ g) ] (A.19)

A.2.2 Ellipse

Suppose that the first curve is an ellipse centred on the origin. To define such an

ellipse, we consider its semi-major, a, and semi-minor, b, axes such that a > b > 0.
The coordinates of the ellipse are (z,y) = (f(),g(¢)) with f(¥) = acos¥, g(¥) =
bsind, and ¥ € [0, 27). Consequently, position vector (A.18) becomes

r(0) = [ Z:jg ] . (A.20)
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To specify the second curve, we substitute f(v)) and g¢(¢) —along with their
derivatives f'(¥) = —asind and ¢'(¥) = bcos —in position vector (A.19) to obtain

R(¥) = (A.21)

a? beos? | o’ | bcosd
(acos?)(bcos?) — (bsin ) (—asin ) ab

asind asind

As such, it is clear that the second curve is an ellipse as well, albeit with different semi-
major, a*/a, and semi-minor, a? /b, axes. We can confirm the polar reciprocity of the
two curves by substituting position vectors (A.20) and (A.21) in the polar reciprocity
condition to obtain r() - R(V) = (a?/ab) ((acosd)(bcos ) + (bsind)(asind)) = a?,

which is a constant, as expected.

With this result, we confirm that the polar reciprocal of an ellipse centred on the
origin is another ellipse centred on the origin. The implication of this result is that,
in a seismological context, an elliptical slowness curve is equivalent to an elliptical
wavefront. As an illustration of this result, we present a plot of the two ellipses in
Figure A.1 for parameter values specified in the caption. Therein, we have set a = 2
for scaling purposes so that r(dJ) and R(?) intersect on the y-axis; note that, in

general, these curves may or may not intersect.

Figure A.1: The polar reciprocal of an ellipse is an ellipse. The first curve (red ellipse)
is specified by position vector (A.20), where a = 5/2 and b = 2. The second curve
(blue ellipse) is specified by position vector (A.21), where o« = 2. For both curves, we
draw the position vectors r(9) and R(49), specified at ¥ = 17°, along with a segment
of a tangent line and the unit normal vector.
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A.2.3 Transverse isotropy

In Section 3.3, we present the slowness curves for the ¢P, ¢SV, and SH waves in
several transversely isotropic media, specified by different elasticity-parameter values.
In a similar manner to the ellipse, we can plot the wavefronts that correspond to the

slowness curves using polar reciprocity and position vector (A.19).

Let us recall that the slowness curve for a given wave is generated using the inverse
of its phase velocity, which are given in expression (3.8) for the ¢P and ¢SV wave
and expression (3.9) for the SH wave. For any of these waves, we specify the
coordinates of the slowness curve wusing position vector (A.18), with
f(¥) = cos¥/v(¥) and g(v¥) = sind/v(9¥), where v(J) can be replaced v,p(V),
vgsv (V), or wvgg(). By polar reciprocity, the coordinates of wavefronts,
corresponding to each of the slowness curves, are specified using position
vector (A.19), with

v(0) sin ¥ + v'(V) cos ¥
v(1)?

v() cos ) — ' (V) sind)

7(0) = - o ,

and ¢'(0) =

the derivatives v} p(1), vyey (), and vy (9) are given in expressions (4.40)—(4.42).

Now, let us turn our attention now to the Green-River shale medium. We consider
the slowness curves in Figure 3.2(a), which are generated using elasticity
parameters (3.26), and in Figure 3.2(c), which are generated with the same elasticity

parameters, but subjected to nondetachment condition (3.12a), i.e., cilsy = —cisys.

For the former, we use position vector (A.19) to generate the wavefronts in
Figure A.2(b). Therein, we observe that magnitude of the ¢P wavefront is the
greatest among the three waves, which is consistent with its slowness having the
least magnitude, that the eight cusps of the ¢SV wavefront correspond to the eight
points of inflection of its slowness surface, and that the SH wavefront is an ellipse as

a consequence of its elliptical slowness.

For the latter, we generate the wavefronts in Figure A.3(b) subject to ¢l = —Cads,
As is discussed in Chapter 3, while the innermost curve corresponds to the ¢P wave,
the slowness curves of the ¢P and ¢SV waves become connected with one another.
Moreover, the curves are no longer smooth at the point of their intersection. Therefore,

while continuity is maintained, the derivative of the phase velocity is not defined at
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(a) Slownesses (b) Wavefronts

Figure A.2: Slownesses and wavefronts in Green-River shale, generated using elasticity
parameters (3.26). The red curves correspond to the ¢P wave, blue curves to the ¢SV

wave, and green curves to the SH wave. In subplot (b), o = 4/ % for scaling purposes
so that the wavefronts are comparable to the slownesses.

SH
qSV
qSV
qP s\
xZ / €T
(a) Slownesses (b) Wavefronts

Figure A.3: Slownesses and wavefronts in Green-River shale, generated using elasticity

parameters (3.26), but subjected to c{iy; = —c3453. In subplot (b), @ = /2.
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these locations. As a result, although the outer curve is continuous—and despite
segments of ellipses being present in the wavefront —the ¢P and ¢SV wavefronts are
discontinuous. This result can be verified by matching the red and blue wavefront
segments in Figure A.3(b) to the corresponding segments of the slowness curve in
Figure A.3(a) using polar reciprocity. Beyond these aspects, it remains the case that

the SH wavefront is an ellipse as a consequence of its elliptical slowness.
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A.3 Nelder-Mead algorithm

In Section 5.4.2, we discuss the Nelder-Mead algorithm and its specifications for the
traveltime inversion. For convenience of the readership, we provide these specifications
within Algorithm 1. Note that, for consistency with the notation in this dissertation,

we have made several notational adjustments from the cited sources.

Algorithm 1 Nelder-Mead algorithm (adapted from Conn et al. (2009, p. 143)
and Gao and Han (2012, Section 1))

Initialization: Choose an initial simplex of vertices B, = {35,...,80""'}. Evaluate f at the
points in B,. Choose scaling constants:

a=1, B=2 ~y=1% 4=1 (A.22)
for k=0,1,2,... do 4. Contract: If f7 > f™ then a
0. Set 8 = 3. contraction is performed between the
1. Order: Order the n + 1 vertices of 8 = best of 8" and 8"
{B*,...,B" "} so that (a) Outside contraction: If
fr < frt1 perform an outside
flzf(ﬁl) < SfN:f(,@N)- contraction
2. Reflect: Reflect the worst vertex 3" 1! B =pB°+~(B" — B°
over the centroid 8= 13" | 3" of the
remaining n vertices: and evaluate f°¢ = f(8°). If
foe < fr. replace 8" by the
B =pB°+a(B - 5”“) . outside contraction point 3°¢ and

terminate the iteration: B;,, =
{8',....8",B8°}. Otherwise,
perform a shrink.

Inside contraction: If

{8',....8",8"}. fr > fN*L perform an inside
3. Expand: If f” < f!, then calculate the contraction

expansion point
IBZC — ﬂC _,}/(167’ _IBC)

B°=p°+B(B8" -8
and evaluate f'¢ = f(B8°). If
and evaluate f¢ = f(8°). If f¢ < f7, fie < 17 replace A" by
replace 8" by the expansion point 8° - !
and terminate the iteration: B,,; =

Evaluate 7 = f(3"). If f! < fr < f",
then replace 3" by the reflected point
B" and terminate the iteration: 8;,, = (b)

the inside contraction point B
and terminate the iteration:

{B',...,B",B°}. Otherwise, replace 3" Brit _ (8L,....8", 3.
by the reflected point 3" and terminate Otherwise, perform a shrink.
the iteration: 8., = {8",...,8",8"}. 5. Shrink: Evaluate f at the n points

B' —5(B —pB), fori = 2,...,n+1,
and replace 32, ...,3" ! by these points,
terminating the iteration: B, = {,61 —
5 (8" ~p")}

end for
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A.4 Simulation study

A.4.1 Noise

In Section 5.5.1, we discuss the generation of simulated measurement errors, otherwise
referred to as noise. For the purposes of the simulation study, we generate three sets of

noise for both the simulated ZVSP and WVSP traveltimes, which we present herein.

Noise profile 1

0 500 1000 1500 2000 0O 5 10
Depth [m] Count

Figure A.4: ZVSP noise profiles. Left-hand column: residuals with respect to receiver

depth; horizontal lines spaced at 0.5-millisecond intervals. Right-hand column:
residuals in histogram format; binning width of 0.25 milliseconds.
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Receiver 1

0 15 30 45
Distance [km] Count

Figure A.5: WVSP noise profile #1. Left-hand column: residuals with respect to
source offset; horizontal lines spaced at one-millisecond intervals. Right-hand column:
residuals in histogram format; binning width of 0.5 milliseconds.
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Receiver 1

-1 0 1 2 3 40 15 30 45
Distance [km] Count

Figure A.6: WVSP noise profile #2. Figure formatting consistent with Figure A.5.
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Receiver 1

-1 0 1 2 3 40 15 30 45
Distance [km] Count

Figure A.7: WVSP noise profile #3. Figure formatting consistent with Figure A.5.
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A.4.2 Optimization outputs

In Section 5.5.3, we discuss the results of the simulation study optimization. Due
to the similarity of results across noise profiles, we present only those results that
correspond to noise profile #1 in Table 5.2, therein. Herein, for completeness, we

include the results for noise profiles #2 and #3 in Tables A.1 and A.2.
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Noise profile #2

Model A First-pass bounds Second-pass statistics

r B8 71 true lower  upper G i o olu
ay 1800 1794 1837 1805 1810 11 0.0059
as 2478 2064 2530 2396 2329 109 0.0469
as 2728 2507 2793 2677 2686 50 0.0187
by 0.7 0.4774 0.7170 0.6811 0.6550 0.0525 0.0802
b 0.5 0.4212  1.0602 0.4212 0.5690 0.1308 0.2299
b3 0.3 0.2091  0.7986 0.2991 0.3436 0.0856 0.2492
X1 0.01 0.0010 0.0331 0.0137 0.0111 0.0056 0.5089
X2 0.01 0.0010  0.0360 0.0049 0.0105 0.0072 0.6804
X3 0.01 0.0010 0.0199 0.0112 0.0100 0.0027 0.2684
& 1100 500 1295 907 862 192 0.2233

L & 1 1600 1070 1866 1438 1510 154 0.1023
Model B First-pass bounds Second-pass statistics

r B 7 true lower upper B 1 o olu
ay 1900 1855 1909 1901 1899 6 0.0031
as 2300 2045 2742 2335 2347 132 0.0563
as 2500 2489 2541 2509 2512 9 0.0037
by 0.5 0.4680 0.7620 0.4978 0.5089 0.0284 0.0559
bo 1.25 0.0468 1.6245 1.1512 1.0561 0.1924 0.1822
b3 0.75 0.6196  0.8786 0.7224 0.7221 0.0375 0.0520
X1 0.05 0.0120  0.0644 0.0508 0.0484 0.0096 0.1975
X2 0.1 0.0658  0.1272 0.0975 0.0984 0.0077 0.0786
X3 0.15 0.1414 0.1648 0.1536 0.1537 0.0033 0.0215
& 1000 629 1226 1015 1000 124 0.1243

L & 1 1500 1479 1542 1503 1506 10 0.0065
Model C First-pass bounds Second-pass statistics

r B 1 true lower upper B I o olu
ay 2000 1974 2052 2009 2008 7 0.0035
as 2300 2099 2418 2325 2322 34 0.0148
as 2600 2566 2658 2610 2611 9 0.0033
by 0.3 0.0179  0.4396 0.2667 0.2694 0.0343 0.1272
b 0.3 0.0010  0.4829 0.2232 0.2293 0.0581 0.2535
b3 0.3 0.2264 0.3258 0.2757 0.2753 0.0132 0.0478
X1 0.01 0.0010  0.0300 0.0138 0.0139 0.0036 0.2590
X2 0.1 0.0645 0.1123 0.0923 0.0919 0.0054 0.0582
X3 0.01 0.0085 0.0188 0.0132 0.0132 0.0013 0.0981
& 800 500 1008 800 798 48 0.0598

L & 1 1400 1310 1532 1405 1408 17 0.0119

Table A.1: Optimization outputs for simulated traveltimes corresponding to models
A, B, C and noise profile #2. Formatting consistent with Table 5.2.
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Noise profile #3

Model A First-pass bounds Second-pass statistics

r B 1 true lower upper B I o olu
ay 1800 1709 1907 1807 1803 31 0.0171
as 2478 2071 2682 2638 2311 198 0.0857
as 2728 2530 2814 2814 2680 68 0.0253
by 0.7 0.0377 1.2216 0.6784 0.6824 0.1846 0.2705
b 0.5 0.2331  1.2625 0.3664 0.5962 0.2341 0.3927
b3 0.3 0.2335 1.0648 0.3029 0.3612 0.1772 0.4907
X1 0.01 0.0010  0.0394 0.0097 0.0101 0.0072 0.7139
X2 0.01 0.0015  0.0405 0.0122 0.0140 0.0089 0.6388
X3 0.01 0.0010 0.0126 0.0044 0.0080 0.0032 0.4033
& 1100 500 1452 1386 866 312 0.3602

L & 1 1600 1083 1900 1881 1487 220 0.1482
Model B First-pass bounds Second-pass statistics

r B 1 true lower upper B I o olu
ay 1900 1881 1906 1902 1900 4 0.0020
as 2300 2113 2778 2414 2375 130 0.0546
as 2500 2472 2538 2495 2499 10 0.0041
b1 0.5 0.4816  0.5928 0.4951 0.5024 0.0133 0.0265
by 1.25 0.0010  1.9069 1.5617 1.4120 0.2670 0.1891
b3 0.75 0.5925 0.8321 0.7373 0.7312 0.0374 0.0511
X1 0.05 0.0302  0.0659 0.0594 0.0562 0.0046 0.0826
X2 0.1 0.0700 0.1284 0.1020 0.1012 0.0075 0.0745
X3 0.15 0.1366  0.1628 0.1442 0.1460 0.0046 0.0312
& 1000 790 1226 1120 1076 81 0.0752

L & 1 1500 1471 1526 1486 1490 8 0.0055
Model C First-pass bounds Second-pass statistics

r B 1 true lower upper B I o o/u
ay 2000 1874 2023 1993 1989 13 0.0063
as 2300 2082 2442 2331 2290 65 0.0285
as 2600 2530 2683 2571 2601 25 0.0095
by 0.3 0.2138  1.0404 0.3371 0.3565 0.0698 0.1958
by 0.3 0.0099  0.5945 0.2338 0.3412 0.1252 0.3669
b3 0.3 0.1594  0.3602 0.3243 0.2944 0.0268 0.0912
X1 0.01 0.0010 0.0387 0.0136 0.0129 0.0081 0.6257
X2 0.1 0.0651  0.1556 0.1330 0.1121 0.0177 0.1581
X3 0.01 0.0010  0.0156 0.0010 0.0044 0.0033 0.7545
& 800 503 1107 866 833 99 0.1191

L & 1 1400 1274 1601 1344 1402 59 0.0417

Table A.2: Optimization outputs for simulated traveltimes corresponding to model
A, B, C and noise profile #3. Formatting consistent with Table 5.2.
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