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Abstract

Spatial and temporal evolutions are very important topics in epidemiology and ecol-
ogy. This thesis is devoted to the study of global dynamics of some reaction-diffusion
models incorporating environmental heterogeneities.

As biological invasions significantly impact ecology and human society, how in-
vasive species’ growth and spatial spread interact with the environment becomes a
significant challenging problem. We start with an impulsive time-space periodic mod-
el to describe a single species with a birth pulse in the reproductive stage in Chapter
2. In-host viral infections commonly involve hepatitis B virus (HBV), hepatitis C
virus (HCV), and human immunodeficiency virus (HIV). To explore the effects of the
spread heterogeneity on the spread of within-host virus, we propose a time-delayed
nonlocal reaction-diffusion model and obtain the threshold-type results in terms of
the basic reproduction ratio in Chapter 3. In Chapter 4, we then explore the exis-
tence and nonexistence of traveling wave solutions for such a non-monotone system
on an unbounded domain, and show that there is a minimum wave speed for trav-
eling waves connecting the infection-free equilibrium and the endemic equilibrium.
Mosquito-borne diseases are transmitted by the bite of infected mosquitoes, including
Zika, West Nile, Chikungunya, dengue, and malaria. To investigate the effects of spa-
tial and temporal heterogeneity on the spread of the Chikungunya virus, we develop a
nonlocal periodic reaction-diffusion model of Chikungunya disease with periodic time
delays in Chapter 5. We further establish two threshold-type results regarding the
global dynamics of mosquito growth and disease transmission, respectively. At the
end of this thesis, a brief summary and some future works are presented.
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Lay summary

The mathematical modeling and analysis of species growth, within-host virus infec-
tions and transmissions, and mosquito-borne diseases, are essential topics in epidemi-
ology and ecology. This thesis is devoted to the study of the global dynamics of some

reaction-diffusion population models with environmental heterogeneities.

We start with a time-space periodic population growth model with impulsive birth.
We explore the dynamics of the model in both unbounded and bounded spatial do-
mains, respectively. We conduct numerical simulations to verify our analytical results
and illustrate some interesting findings. Moreover, we present a time-delayed nonlocal
reaction-diffusion model of within-host viral infections. We derive the basic reproduc-
tion ratio of the system and use it to present threshold-type results. Numerically, we
illustrate the analytical results. Furthermore, we investigate the dynamics of such a
non-monotone system on an unbounded domain and implement numerical simulations
to illustrate the long-term behavior of solutions. Finally, we develop a nonlocal peri-
odic reaction-diffusion model of Chikungunya disease with periodic time delays, and
obtain two threshold-type results on the global dynamics for the growth of mosquitoes
and the disease transmission, respectively. We also carry out numerical simulations
for the Chikungunya transmission in Ceara, Brazil, to investigate the effects of spatial

heterogeneity on the disease transmission.
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Chapter 1

Preliminaries

In this chapter, we present some terminologies and known results which will be em-
ployed throughout this thesis. They are involved in the study of global attractor,
chain transitivity, uniform persistence, monotone dynamics, and the theory of the
basic reproduction ratio.

1.1 Global attractor and chain transitivity

Let X be a metric space with metric d and f : X — X a continuous map. For
a nonempty invariant set M (i.e., f(M) = M), the set W*(M) = {z € X :
lim, 00 d(f"(x), M) = 0} is called the stable set of M. The omega limit set of «
is defined as

w(z) ={y e X : f*(x) -y, for some ny — +o00}.

A negative orbit through x = z, is a sequence v~ (z) = {x;}°  such that f(zy_1) = 2
for integers k < 0. If y"(x) = {f"(z) : n > 0} is precompact (i.e., it is contained in a
compact set), then w(x) is nonempty, compact, and invariant [151, Section 1.1].

Recall that for any subsets A, B C X, we define d(z, A) = inf,csd(z,y) and
d(B,A) :==sup,cpd(x, A). The Kuratowski measure of noncompactness, «, is defined
as

a(B) = inf{r : B has a finite cover of diameter < r},

for any bounded set B of X. A continuous map f : X — X is said to be compact
(completely continuous) if f maps any bounded set to a precompact set in X.

Lemma 1.1.1. [151, Lemma 1.1.2] The following statements are valid:
(a) Let I C [0,00) be unbounded, and {A¢}ier be a nonincreasing family of nonempty

closed subset (i.e., t < s implies As C A;). Assume that a(A;) — 0 as t — oc.
Then As = Ni>oA: is nonempty and compact, and §( Az, Ass) — 0 as t — oo.



(b) For each A C X and B C X, we have a(B) < a(A) + §(B, A).

For a subset B C X, let v7(B) := Uy>0f™(B) be the positive orbit of B for f,
and
(A)(B) = mnzoumznfm(B)
the omega limit set of B. We say that a subset A C X attracts a subset B C X for
fif lim,, o 6(f™(B),A) = 0.

Lemma 1.1.2. [151, Lemma 1.1.3] Let B be a subset of X and assume that there
exists a compact subset C' of X which attracts B for f. Then w(B) is nonempty,
compact, invariant for f and attracts B.

Definition 1.1.1. A continuous mapping f : X — X s said to be point dissipative if
there is a bounded set By in X such that By attracts each point in X; a-condensing
(a-contraction of order k, 0 < k < 1) if [ takes bounded sets to bounded sets and
a(f(B)) < a(B) (a(f(B)) < ka(B)) for any nonempty closed bounded set B C X
with a(B) > 0; a-contracting if lim, . a(f"(B)) = 0 for any bounded subset B C
X ; asymptotically smooth if for any nonempty closed bounded set B C X for which
f(B) C B, there is a compact set J C B such that J attracts B.

Definition 1.1.2. A subset A C X is said to be an attractor for f if A is nonempty,
compact, and invariant, and A attracts some open neighborhood U of itself; a global
attractor for f : X — X is an attractor that attracts every point in X; and a strong
global attractor for f if A attracts every bounded subset of X .

Definition 1.1.3. Let A C X be a nonempty invariant set. A is said to be internally
chain transitive if for any a,b € A and any € > 0, there is a finite sequence x, ..., Tp,
in A with x1 = a,x,, = b such that d(f(x;),xi11) < €,1 <1 <m — 1. The sequence
{z1,...,xm} is called an e-chain in A connecting a and b.

Lemma 1.1.3. [151, Lemma 1.2.1] Let f : X — X be a continuous map. Then the
omega (alpha) limit set of any precompact positive (negative) orbit is internally chain
transitive.

Theorem 1.1.1. [151, Theorem 1.2.1] Let A be an attractor and C' a compact inter-
nally chain transitive set for f: X — X. If CNW?#(A) # 0, then C C A.

Theorem 1.1.2. [151, Theorem 1.1.3] Let f : X — X be a continuous map. Assume
that f is point dissipative on X, and one of the following condition holds:

(i) fm is compact for some integer ng > 1, or

(ii) f is asymptotically smooth, and for each bounded set B C X, there exists k =
k(B) > 0 such that the positive orbit v+ (f*(B)) is bounded.

Then there is a strong global attractor A for f.



1.2 Uniform persistence and coexistence states

Let f : X — X be a continuous map and Xy C X an open set. Define 0X, := X \ X,
and My := {z € 0X, : f"(z) € 0Xy,n > 0}, which may be empty.

Theorem 1.2.1. [151, Theorem 1.3.1 and Remark 1.3.1] Assume that

(C1) f(Xo) C Xy and f has a global attractor A;

(C2) There exists a finite sequence M = {Mj, ..., My} of disjoint, compact, and iso-
lated invariant sets in 0Xo such that

(a) QMy) = Uearyoo(s) C U, M

(b) No subset of M forms a cycle in 0Xo;
(¢) Each M; is isolated in X ;

(d) We(M;) N Xog =0 for each 1 <i <k.

Then there exists O > 0 such that for any compact internally chain transitive set L
with L € M; for all 1 < i <k, we have inf,cp d(x,0Xy) > 0.

Definition 1.2.1. A function f : X — X is said to be uniformly persistent with
respect to (Xo,0Xo) if there exists n > 0 such that liminf, . d(f"(z),0Xo) > n for
all v € Xo. If “ inf” in this inequality is replaced with “ sup”, then f is said to be
weakly uniformly persistent with respect to (Xo, 0Xp).

Theorem 1.2.2. [151, Theorem 1.3.6] Assume that f is asymptotically smooth and
uniformly persistent with respect to (Xo,0Xo), and that f has a global attractor A.
Then [ : (Xo,d) = (Xo,d) has a global attractor Ay. Moreover, if a subset B of X
has the property that v+ (f*(B)) is strongly bounded for some k > 0, then Ay attracts
B for f.

In order to establish the existence of coexistence steady state (i.e., the fixed point
in Xy) for uniformly persistent dynamical systems, we always assume that X is a
closed subset of a Banach space F, and that X is a convex and relatively open subset
of X. Then 0Xj := X \ Xy is relatively closed in X. Given a set A C E, let co(A) be
the convex hull of A and @o(A) the closed convex hull of A, respectively.

Theorem 1.2.3. [151, Theorem 1.3.8] Assume that f is a-condensing. If f : Xo —
Xo has a global attractor Ag, then f has a fixed point xq € Ag.

Definition 1.2.2. [151, Definition 1.3.4] Let X be a closed and convex subset of a

~

Banach space E, and f : X — X a continuous map. Define f(B) = co(f(B)) for

o~

each B C X. [ is said to be convex a-contracting if lim,,_,., a(f*(B)) = 0 for any
bounded subset B C X.



Theorem 1.2.4. [151, Theorem 1.3.9] Assume that f is convex a-contracting. If
f: Xo— Xo has a global attractor Ay, then f has a fixed point xq € Ayp.

We have the following result on the existence of coexistence steady states for
uniformly persistent systems.

Theorem 1.2.5. [151, Theorem 1.3.10] Assume that

(i) f is point dissipative and uniformly persistent with respect to (Xo,0Xo);
(ii) One of the following two conditions holds:

(a) fm° is compact for some integer ng > 1, or

(b) Positive orbits of compact subsets of X are bounded;
(iii) Either f is a-condensing or f is conver a-contracting.

Then f: Xo — Xo admits a global attractor Ay, and f has a fized point in Ag.

Remark 1.2.1. Theorems 1.2.3 and 1.2.5 are still valid if we assume that X is an
open subset of a Banach space E and f : X — X is a-condensing or convex -
contracting.

For an autonomous semiflow ®(¢) : X — Xt > 0, we have the following result.

Theorem 1.2.6. [151, Theorem 1.3.11] Let ®(t) be a continuous-time semiflow on
X with ®(t)(Xo) C Xo for allt > 0. Assume that either ®(t) is a-condensing for each
t >0, or ®(t) is convexr a-contracting for each t > 0, and that ®(t) : Xo — Xo has a
global attractor Ag. Then ®(t) has an equilibrium xo € Ay, i.e., P(t)xg = o, Vt > 0.

Let X be a complete metric space with metric d, and let w > 0. A family of
mappings ®(t) : X — X, ¢ > 0, is called an w-periodic semiflow on X if it admits the
following properties:

(i) ®(0) = I, where [ is the identity map on X;
(i) Bt +w) = B(t) o D(w), ¥t > 0;
(iii) ®(t)z is continuous in (¢, z) € [0,00) x X.

The mapping ®(w) is called the Poincaré map associated with this periodic semiflow.
In particular, if above (ii) holds for any w > 0, ®(¢) is called an autonomous semiflow.



Definition 1.2.3. [151, Definition 3.1.1] A periodic semiflow ®(t) is said to be u-
niformly persistent with respect to (Xo,0Xo) if there exists n > 0 such that for any
S XQ,
litrg(i)glf d(®(t)z,0Xo) > .

Theorem 1.2.7. [151, Theorem 3.1.1] Let ®(t) be an w-periodic semiflow on X with
O(t)Xo C Xo,Vt > 0, and & = ®(w). Assume that ® : X — X is asymptotically
smooth and has a global attractor. Then uniform persistence of ® with respect to
(Xo,0Xo) implies that of ® : X — X. More precisely, ® : Xg — Xy admits a global
attractor Ag C Xy, and the compact set Aj = Up<i<wP(t)Ag C Xy attracts every point
in Xo for ®(t) in the sense that liminf, . d(®(t)x, A) =0 for any x € X,.

1.3 Monotone and subhomogeneous systems

Definition 1.3.1. (Irreducibility). A nonnegative matriz L > 0 is said to be reducible
if there exists a permutation matrix P such that:

XY
T _
PLP_(O Z),

where X and Z are square matrices and 0 is a rectangular zero block. If L is not
reducible, then it is called irreducible.

Theorem 1.3.1. (Perron-Frobenius Theorem) [34, Chapter XIII.3, Theorem 3] Let
L > 0 be an irreducible matriz. Then there exists a simple positive eigenvalue r(L) > 0
of L which has an associated positive eigenvector and which has the highest modulus
of any other eigenvalue of L.

Let E be an ordered Banach space with positive cone P such that int(P) # 0.
For any x,y € E, we write z > yifx —y € Pz >yifx—y € P\ {0}; and x >y
if © —y € int(P). If a < b, we define [a,b]g :== {z € F:a <z <b}. The cone P
is said to be normal if there exists a constant M such that 0 < x < y implies that
] < Mlly]l.

Definition 1.3.2. A linear operator L : E — E is said to be positive if L(P) C P;
strongly positive if L(P \ {0}) C int(P).

Definition 1.3.3. Let E be a Banach space, K C E be a cone with K # {0}, and
L be a positive and bounded linear operator. r(L) is called the principal eigenvalue if
there ezists some x € K \ {0} such that Lx = r(L)z.

Theorem 1.3.2. (Krein-Rutman Theorem) [44, Theorems 7.1 and 7.2] Assume that
a compact operator L : E — E is positive and r(L) is the spectral radius of L. If



r(L) > 0, then r(L) is an eigenvalue of L with an eigenfunction x > 0. Moreover, if
L is strongly positive, then r(L) > 0 and it is an algebraically simple eigenvalue with
an eigenfunction x > 0; there is no other eigenvalue with the associated eigenfunction
x> 0; |\ <r(L) for all eigenvalues X # r(L).

Let L be a positive and bounded linear operator on E. We use N (L) and R(L)
to denote the null space and range, respectively, of L. Recall that the spectrum set
of L is defined as

o(L) ={X € C: A\ — L has no bounded inverse}.
Moreover, o(L) can be written as follows:
o(L)={ e C:N(AI —-L)#{0}}

UINEeC: N — L) = {0} and ROM — L) # X}
U{A e C: N\ — L) ={0} and R(AI — L) is not closed}.

L is said to be a Fredholm operator if R(L) is closed and both of dim N (L) and
codim R(L) are finite. The Fredholm index is ind(L) = dim N (L) — codim R(L).
The definition of the essential spectrum of L is given as follows (see, e.g., [105, Section
7.5)):

oe(L) ={X € (L) : \I — L is not a Fredholm operator with ind(A\ — L) = 0}.

The spectral radius and essential spectral radius of L are denoted by r(L) and r.(L),
respectively.

Theorem 1.3.3. (Weak version of the Generalized Krein-Rutman Theorem) [93,
Corollary 2.2] Let E be a Banach space with a total cone K C E (i.e., E =K — K),
and L be a positive and bounded linear operator on E. If the essential spectral radius
re(L) of L is less than the spectral radius r(L) of L, then there exists some x € K\ {0}
such that Lx = r(L)x.

Theorem 1.3.4. (Generalized Krein-Rutman Theorem) [93] and [151, Lemma 2.5.2]
Let E be a Banach space, K C E be a cone with nonempty interior, and L : E — FE
be a strongly positive and bounded linear operator. If ro(L) < r(L), then r(L) is an
algebraically simple eigenvalue of L with an eigenvector v € int(K), and all other
eigenvalues of L have their absolute values less than r(L).

Definition 1.3.4. [151, Definition 2.1.1] Let U be a subset of E, and f : U — U a
continuous map. The map f is said to be monotone if x > y implies that f(x) > f(y);
strictly monotone if x > y implies that f(x) > f(y); strongly monotone if x > y
implies that f(z) > f(y).

Lemma 1.3.1. [137, Lemma 2.1] Let P be normal, and S : E — E a continuous and

monotone map. If x* € E is a locally attractive fized point of S, then x* is Lyapunov
stable for S.



Recall that a subset K of E is said to be order convex if [u,v]g C K whenever
u,v € K satisfy u < v.

Definition 1.3.5. [151, Definition 2.3.1] Let U C P be a nonempty, closed and
order convex set. A continuous map f : U — U is said to be subhomogeneous if
f(Az) > Af(x) for any x € U and X € [0, 1]; strictly subhomogeneous if f(Ax) > Af(x)
for any x € U with x > 0 and A € (0, 1); strongly subhomogeneous if f(Ax) > Af(x)
for any x € U with x > 0 and X € (0,1).

Theorem 1.3.5. [151, Theorem 2.3.2] Assume that f : U — U satisfies either

(1) f is monotone and strongly subhomogeneous, or

(2) f is strongly monotone and strictly subhomogeneous.

If f : U — U admits a nonempty compact invariant set K C int(P), then f has
a fized point e > 0 such that every nonempty compact invariant set of f in int(P)
consists of e.

Denote the Fréchet derivative of f at u = a by D f(a) if it exists, and let r(D f(a))
be the spectral radius of the linear operator Df(a) : E — E.

Theorem 1.3.6. (Threshold dynamics) [151, Theorem 2.3.4] Let either V = [0,b]g
with b >0 or V = P. Assume that

(i) f:V — V satisfies either

(1) f is monotone and strongly subhomogeneous, or

(2) f is strongly monotone and strictly subhomogeneous;

(ii) f 'V — V is asymptotically smooth, and every positive orbit of f in V is
bounded;

(iii) f(0) =0, and Df(0) is compact and strongly positive.
Then exists threshold dynamics:

(a) If r(Df(0)) <1, then every positive orbit in V' converges to 0.

(b) If r(Df(0)) > 1, then there exists a unique fized point u* > 0 in 'V such that
every positive orbit in V' \ {0} converges to u*.



1.4 Abstract functional differential equations

Consider a reaction-diffusion system with delays on a bounded domain 2 C R™ with
0f) smooth:

8ué§, ) = d;Au'(t, ) + gi(t, 2, up (-, x), . ul (-, @), t>a,0 € Q,
Oél(ilf)ul(t,:(}) + k18u§t7x> — Bz‘(qu); t>a,x € o0, (11)
1%

u'(a+0,2) =¢'(0,2), —7<0<0,2€Q,

where A is the Laplacian operator on €2, and % is the outward normal derivative on
0 a>0andi=1,..,n Itisassumed that the coefficients in system (1.1) satisfy
the following:

(A1) There is a subset 3y of {1,...,n} such that d; = 0 for all i € ¥y and d; > 0 for
all i € X

(A2) a;: Q —[0,00)is Ct and B;: [0,00) x Q@ = Ris C* fori = 1,...,n;
(A3) If i € X§ then k; =1 and if i € ¥y then oy; = 0,d; =0, and f; = 0.

The underlying assumptions on g are as follows:

(B1) g is continuous from [0, 00) x Q x C% into R", where
CR ={0 € C([=7,0L,R") : 9(0) € A,V —7 <6 <0},
and note that C} is a closed convex subset of R";

(B2) For each R > 0, there exist v =v(R) € (0,1] and L = L(R) € (0, 00) such that

|9:(t, 2, 0) = gils, 2, )| < L[t = s[” + X1 [0, — 1s),

for all t,5 € [0,B], = € Q, 6,46 € C([~,0,R") with |||, [¢/] < R, and
1=1,...,n;

(B3) limy_o+ zdist(¢(0) + kg(t,z,¢); A) = 0, V(t,z,¢) € [0,00) x Q x Cf.
(The subtangential condition on g relative to the set A).

Suppose v* = (vF)? are continuously differentiable functions from [a — 7,¢) x Q into

A, where a < ¢ < oo, that they are C? in x € Q, 1 € ¢, and that

v (tx) <vt(tx), o (t ), v (tx)] CAV(E,x) €la—T,¢) x Q.
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Let g* = ()7 be continuous functions from [0, 00) x Q x C([—7,0],R") into R™ and
assume the following differential inequalities are satisfied:

o (t,x)
ot

a;(z)vf (¢, z)

> di Ao (tx) + g7 (8,0 (L 2), a <t <ca e

N o (t, ) (1.2)

9 :@F(t’x)Zﬁi(t,I), a<t<cxedf,
124
vi(a+6,2) =¢f(0.2) > ¢'(0.x), —7<0<0,2€Q,

and

ov; (t,x)
ot

a;(z)v; (t,x) +

< d;Av; (t,z) +g; (t,x,v; (-, 2)), a <t <c,x e,

W) ) < lt), a <t < er e o0
1%

vy (a+0,2) =¢;(0,2) < ¢'(0,1), —7<0<0,2¢€.

Proposition 1.4.1. [79, Proposition 1] Suppose that v= and f* are asin (1.2), (1.3),
and those (A1)-(A3) and (B1)-(B3) are satisfied with (B3) replaced by the following:

(1.3)

(B4) if k € {1,....,n} and (t,z,¢) € [a,c) x Q x C([~7,0],R") with v=(t + 0,1) <
o(0) <vt(t+0,x) for all -7 <0 < 0.

Then

(i) ¢1(0) = vf (t,x) implies that gi(t, =, ) <

(11) ¢(0) = v (t,x) implies that g(t, z, ) >

Then system (1.1) has a unique noncontinuable mild solution u on |a,b), where b > ¢,
and this solution satisfies

v (t,x) <u(z,t) <vt(t,x), V(t,z) € [a,c) x Q.

Let X be a Banach space with the norm denoted || - ||x, let 7 > 0, and denote
by X := C(]—,0],X) the space of all continuous functions ¢ : [—7,0] — X with
[0llx = maxpe|—r0 [|(0)]|x, Vo € X.

Suppose that T = {T'(t,s) : t > s > 0} is a family of bounded linear operators
from X into X that satisfy

(T1) T'(t,t)x =x and T(t,s)T(s,r)x =T(t,r)z forall t > s > r > 0;
(T2) For each x € X the map (t,s) — T'(¢, s)z is continuous for t > s > 0;
(T3) There exist numbers M > 1 and w € R such that

T (t,s)|| =sup{||T(t,s)z|x : ||z]x <1} < Me* 9 v > s> 0.
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Such a family 7" is a Cy linear evolution system, and if T'(¢,s) = T'(t—s) for t > s > 0,
then T is a Cj linear semigroup.

It is assumed throughout this section that the following assumptions are satisfied:

(H1) D is a closed convex subset of [—7,00) X X and D(t) = {x € X: (t,z) € D} is
nonempty for each ¢t > —7;

(H2) D is the closed subset of [0, 00) x X defined by D = {(t, ¢) : ¢(0) € D(t+80), Vb €
[—7,0]}. Also, D(t) = {¢p € X : (t,¢) € D},Vt > 0, and we assume that D(t) is
nonempty for each set t > 0;

(H3) F' is continuous from D(F') into X where D C D(F) C [0,00) x X.

If b > 0 and u is a continuous function from [—7,b] into X and ¢ € [0, b], then w,
denotes the member of X defined by u, () = u(t + @) for —7 < 6 < 0. Assuming
(H1)-(H3), we consider the abstract integral equation

u(t, ¢) =T(t,0)¢ + /tT(t,S)F(S,US)d& 0<t<b,
0
Ug = ¢7

where ¢ € D(0) is given. A function u : [-7,b) — X is a solution to (1.4) if w is
continuous, uy = ¢, (t,u;) € D for all t € [0,b), and u satisfies the first equation in
(1.4). Define

(1.4)

dist(z, D(t)) = inf{||lx —y||x : y € D(t)} for z € X, ¢t > 0.

Corollary 1.4.1. [79, Corollary 4] Suppose that K is a closed, convexr subset of X,
and (T1)-(T3) and (H1)-(H3) are satisfied with D(t) = K for all t > 0. Suppose
further that F is locally Lipschitz continuous with respect to t and ¢ and that

(a) T(t,s): K — K fort>s>0, and
(b) limy_o+ £dist(¢(0) + kF(t,¢), K) =0 for (t,¢) € D.

Then (1.4) has a unique noncontinuable solution w on [0,b) from some b > 0 and
u(t) € K forall —1 <t <b.

Theorem 1.4.1. (Generalized Arzela-Ascoli Theorem) [151] Let a < b be two real
numbers and X be a complete metric space. Assume that a sequence of functions
{fn} in C(la,b], X) satisfies the following conditions:

(i) The family { fn($)}n>1 is uniformly bounded on |a, b|;

(ii) For each s € [a,b], the set {fn(s):n > 1} is precompact in X ;
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(i1i) The family { fn(s)}n>1 is equi-continuous on |a, b].

Then {f.} has a convergent subsequence in C([a,b], X), that is, there exists a subse-
quence of functions { f,, (s)} which converges in X uniformly for s € [a, b].

1.5 Basic reproduction ratio

The basic reproduction number (ratio) %, is one of the most critical concepts in pop-
ulation biology. In epidemiology, %, represents the expected number of secondary
cases produced by a typical infected individual during its entire period of infectious-
ness in a completely susceptible population, as stated in [18]. The parameter %,
serves as a threshold value for measuring the effort required to control the infectious
disease. The threshold criterion asserts that the disease can invade if Z, > 1, whereas
it cannot if Z, < 1. Since the seminal contributions of Diekmann, Heesterbeek and
Metz [18], as well as van den Driessche and Watmough [19], there have been numer-
ous studies on the analysis of %, for various autonomous infectious disease models.
Several works have been conducted on the theory and applications of %, for model
systems in order to investigate population models in the periodic environment (see,
e.g., [5-7,49,52,112,126] and the references therein). Later, the theory of %, has been
developed for periodic and time-delayed compartmental population models in [150].
Recently, Liang, Zhang and Zhao [67] extended such a theory to abstract function-
al differential equations whose solution maps may be noncompact. More recently,
Zhao [152] established the theory of %, for autonomous FDEs in which both the in-
fection (production) and the internal transition have time delays. In this section, we
present the theory of %, for periodic abstract FDEs developed by [67], the theory
of %, for autonomous FDEs developed by [152], and the numerical algorithm for the
computation of Z.

1.5.1 Periodic abstract functional differential equations

Let X be a Banach space with a normal and reproducing cone X *, and X be a Banach
space with X — X. Let 7 > 0 be a given number, and C' = C([—7,0], X) equipped
with the maximum norm || - ||¢ and a positive cone C* = C([—7,0], XT).

Let (V(t))o<t<w be a family of w-periodic closed linear operators with the following
properties:

(i) D(V(t)) = X, ¥t € [0,w].

(ii) There is some g € R such that {A € C: RX > Ao} C p(=V (1)), Vt € [0,w] and
A+ V () x < iy VA € C with RA > Ao, Vt € [0,w].
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(iii) V(-): [0,w] = L£(X, X) is Holder continuous.
Assume that F'(-) : R — £(C, X) is w-periodic, F'(t)¢ is continuous jointly in (¢, ¢) €

R x C and the operator norm of F(t) is uniformly bounded for all ¢ € [0, w].

We consider a linear and w-periodic functional differential system:

g%Q:F®m—V@mmt2Q (1.5)

Let ®(t,s),t < s, be the evolution operators associated with the following system

du(t)
T = —V(t)u(t). (1.6)

Let C, (R, X) be the ordered Banach space of all continuous and w-periodic functions

from R to X, with the maximum norm. Then we define two linear operators on
Cu(R, X) by

[Lo](t) = /OOO O(t,t —s)F(t —s)v(t — s+ -)ds, ¥Vt € R,v € Cu(R, X),
and
[Lv](t) = F(t) /OOO O(t+-t—s+-)u(t—s+-)ds, Vt e Riv e Cy(R, X).
Let A and B be two bounded linear operators on C,, defined by

[Av](t) = /OOO O(t,t — s)v(t — s)ds, [Bvl(t) = F(t)v, VYteR, veCl,.

It then follows that L = Ao B and L = Bo A, and hence L and L have the same
spectral radius. Furthermore, motivated by the concept of next generation operators
(see, e.g., [7,18,112,126,151]), we define the spectral radius of L and L as the basic

~

reproduction number %, := r(L) = r(L) for periodic system (1.5).
Let {U(t,s,\) : t > s} be the evolution operators on C' of the following linear
periodic system with A\ € [0, +00):
du(t)
dt

Then U(w,0,1) = U(w,0) be the Poincaré map of system (1.5) on C'. We present the
following assumptions:

= AF(t)us — V(tu(t), t > 0. (1.7)

(H1) Each operator F'(t) : C — X is positive in the sense that F(¢)Ct C X+,

(H2) For any t > s, ®(t, s) is a positive operator on X, and w(®P) < 0.
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(H3) The positive linear operator L possesses the principal eigenvalue.

(H4) The positive linear operators U(w, 0, A) possesses the isolated principal eigen-
value with finite multiplicity for any A € [0, +00) whenever r(U(w,0,A)) > 1.

(H5) Either the principal eigenvalue of L is isolated, or there exists an integer ng > 0
such that L™ is strongly positive.

(H6) Each operator ®(t,s) is compact on X for t > s.

Note that under the assumptions (H1) and (H2), (H6) is sufficient for (H3)-(H5) to
hold.
Theorem 1.5.1. [67, Theorem 3.7] Let (H1)-(H5) hold. The following statements
are valid:

(i) %o =1 if and only if r(U(w,0)) = 1.

(ii) %o > 1 if and only if r(U(w,0)) > 1.

(iii) %o < 1 if and only if r(U(w,0)) < 1.

Thus, Zo — 1 has the same sign as r(U(w,0)) — 1.

Theorem 1.5.2. [150, Theorem 2.2] and [67, Theorem 3.8] If %, > 0, then A = %,
is the unique solution of r(U(w,0,\)) = 1.

1.5.2 Autonomous functional differential equations

Let (X, X ™) be an ordered Banach space with the positive cone X+ being normal
and solid. Let 7 € R, be given, and E = C([—7,0], X) equipped with the maximum
norm || - ||z and the positive cone ET = C([—7,0], X*). Then (E, ET) is an ordered
Banach space. Let £(FE, X)) be the space of all bounded and linear operators from F
to X. For any L € L(F, X), we define L € L(X, X) by

A

Lz = L(z),Vz € X,
where #(0) = x,V0 € [—7,0]. We consider the following abstract autonomous FDE:

du(t)

= Au(t) + B(uy), (1.8)

where A is a closed linear operator in X with a dense domain D(A) and B € L(FE, X).
Assume that
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(H) A: D(A) — X generates a strongly continuous positive semigroup T4(t) on X,
and B is positive in the sense that B(ET) C X*.

By the standard semigroup theory (see, e.g., [79]), it follows that for any ¢ € F,
system (1.8) has a unique mild solution u(t, ¢) on [0, 00) with ug = ¢, and its solution
maps generate a positive semigroup 7 (¢) on E.

Recall that the exponential growth bound of the semigroup 7 (t) is defined as
w(T) = inf{@ : IM > 1 such that ||T(¢)| < Me**,Vt > 0},
and the spectral bound of the closed linear operator A + B in X is defined as
s(A+ B) =sup{R\: A € 0(A + B)},
where o(A + B) is the spectrum of A + B.

Theorem 1.5.3. [152, Theorem 3.2] Assume that A and B satisfy (H), and Ta(t) is
compact on X for eacht > 0. Then w(T) and s(A+ B) have the same sign.

Let T (t) be the strongly continuous semigroup generated by a closed linear op-
erator N in X with a dense domain D(N), and L, F € L(E, X). Next, we consider
the following autonomous linear FDE:

du(t)
dt

= Nu(t) + L(us) + F(ur) = F(ur) — V(uy), (1.9)

where —V'¢ := N¢(0) + L¢. It then follows that (1.9) generates a semigroup U(t) on
E, and the autonomous linear FDE

du(t)

e —V(w) (1.10)

generates a semigroup V(¢) on E, respectively.

To introduce the basic reproduction number for system (1.9), throughout this
section we assume that

(H1) F is positive in the sense that F(ET) C X+,

(H2) Tn(t) is a positive semigroup, L is positive, and w(¥) < 0.

With the help of [102, Theorem 1], as applied to (1.10), we may use the essentially
same arguments as those for [1?2, Section 2] to derive the next generation operator

as F'o V!, where —V := N + L. Thus, we define the basic reproduction number for
system (1.9) to be Zy = r(Fo V™).
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Theorem 1.5.4. [152, Theorem 3.3] Assume that Ty(t) is compact on X for each
t > 0. Then %y — 1 and w(U) have the same sign.

Let U,(t) be the solution semigroup of the following linear system with A €
0, +00):
du(t)
dt

Theorem 1.5.5. [152, Theorem 3.4] Assume that Ty(t) is compact on X for each
t>0. If By > 0, then \ = %y~ " is the unique positive solution of r(Ux(to)) = 1 for
any given to > 0, and also the unique positive solution of w(Uy) = 0.

= A\F(u) — V(). (1.11)

1.5.3 Numerical computation of %,

Lemma 1.5.1. [67, Lemma 2.5] Assume that (C,C7") is an ordered Banach space
with C* being normal and int(CT) # 0, which is equipped with the norm || - ||c.
Let L be a positive bounded linear operator. Choose vy € int(C) and define a, =
| Lvp—_1]|c, vn = L%*l,‘v’n > 1. If lim,,_, a,, exists, then r(L) = lim, . ay,.

For a periodic system, for any given A € [0,400), we choose vy € int(CT) and

define
U((A), 0, )\)’Un_l

Qn

an = ||U(wa0> )\)UTL—1||C'7 Un = s Vn > 1.

By Lemma 1.5.1, it then follows that if lim, ,, . a, exists, then r(U(w,0,\)) =
lim, 400 @y. Thus, we can solve r(U(w,0,\)) = 1 for A numerically via the bisec-
tion method, which is an approximation of ﬂ_}o due to Theorem 1.5.2.

Similarly, for an autonomous system, for any given A € [0, +00), we choose vy €
int(C") and define

Ux(to)vn—1

Qn

an = HU)\(t0>Un—1H07 Up = y Vn > 1,

for any given ¢ty > 0. By Lemma 1.5.1, it then follows that if lim,,_, ., a, exists, then
r(Ux(to)) = limy,— 100 an. Also, we can solve 7(Uy(tp)) = 1 for A numerically via the
bisection method, which is an approximation of % due to Theorem 1.5.5.



Chapter 2

A time-space periodic population
growth model with impulsive birth

This chapter is devoted to the study of spatio-temporal dynamics for a time-space
periodic population growth model with impulsive birth. We first formulate a discrete-
time semiflow by the one-year solution map, and obtain a threshold-type result for
the semiflow with spatially periodic initial data. Then we establish the existence
and the computational formulas of the spreading speeds and prove the coincidence
of the spreading speeds with the minimal speeds of spatially periodic traveling waves
in the monotone case. Further, we investigate the global dynamics of this model in
a bounded spatial domain. Finally, we conduct numerical simulations to verify our
analytical results and illustrate some interesting findings.

2.1 Introduction

Reproductive synchrony refers to the temporal clustering of reproductive events a-
mong individuals within a restricted time, such as mating, spawning, and births,
which is widely recorded in plant and animal populations (see [84,100]). It may arise
simply as an adaptive mechanism of environmental seasonality in climate or resources
and the seasonal growth of plant and animal populations. Some modeling studies
have been performed to understand the mechanisms of reproductive synchrony and
its effects on population growth. To catch the every-other-day egg laying synchrony
pattern observed in colonies of gulls, two difference equation models with juvenile-
adult structure were proposed and analyzed in [116,117]. Such disturbances typically
occur for a short time; nevertheless, they significantly impact the population density
and number. Classical differential equations may not well describe the phenomena
where the critical drivers are non-continuous processes. A well-accepted modeling
approach that includes the reproductive synchrony is to divide the cycle into two
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seasons, a nonreproduction season and a short reproduction season. Recently, im-
pulsive differential equations have been introduced to models and characterize these
hybrid discrete-continuous processes (see, e.g., [8,62,128,136,137]), and the impulsive
harvesting was also considered in [81,82].

Suppose the duration of the cycle is fixed to be one year. In that case, the differ-
ential system with the impulsive reproduction rate may define an abstract difference
equation or a discrete-time semiflow, which describes the evolution of offspring density
from this year to the following year [53,136]. In this vein, a reaction-diffusion system
model with impulsive seasonal reproduction and individual dispersal was proposed
in [27], and an impulsive integro-differential model was analyzed in [136] to capture
the dynamics of an invading species with an impulsive reproduction stage and a nonlo-
cal dispersal stage. Further, the problem of persistence and extinction was addressed
in [128] for moving animal species with birth pulse and habitat shift. More recently,
the propagation dynamics of species growth with annually synchronous emergence of
adults was studied via an impulsive reaction-diffusion model in [8], where the critical
domain size was also determined for the persistence of species in a bounded spatial
domain with a lethal exterior.

To take into account of climate changes and seasonality, it is more reasonable to
incorporate the temporal and spatial variations into these impulsive models. Peri-
odicity is one of the simplest environmental heterogeneities and is a good candidate
for approximating complex heterogeneity (see, e.g., [24,25,48,123]). There are also
similar situations in the ecological environment. This corresponds to a river with a
series of pools and riffles, for example (see, e.g., [75, Section 2.5]). Another example
is that in continuous mountains, the living environment of species is closely related
to the altitude and light, which make some parameters change periodically between
mountains. The purpose of the current paper is to incorporate the spatio-temporal
periodic variability into the model proposed in [8] and study the global dynamic-
s of the resulting model by appealing to the theory of monotone evolution systems
and the comparison arguments. In the case of an unbounded spatial domain, we ob-
tain sufficient and necessary conditions for the monostable structure of the associated
time-space periodic system with spatially periodic initial data, which is different from
the spatially homogeneous system discussed in [8]. Moreover, we need to overcome
certain difficulties induced by the spatio-temporal periodicity to derive the computa-
tional formulas of the spreading speeds. In the case of a bounded spatial domain, we
choose to use the fractional power space to deal with the Neumann, Robin type, and
Dirichlet boundary conditions in a unified way. Our numerical simulations also give
rise to some interesting findings in the presence of spatio-temporal periodicity.

The rest of the chapter is organized as follows. In section 2.2, we formulate a
time-space periodic reaction-diffusion model with an annual impulsive maturation
emergence term to describe the spatial evolution of adult population density, and
show that solutions of this model generate a discrete-time semiflow. In section 2.3,
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we obtain a threshold-type result for the semiflow with spatially periodic initial data,
establish the existence and the computational formulas of the spreading speeds in
both monotone and non-monotone cases, and further show that in the monotone case,
the spreading speeds coincide with the minimal speeds of spatially periodic traveling
waves. In section 2.4, we study the global dynamics of the model in a bounded spatial
domain. Numerical simulations are conducted to interpret the obtained analytical
results, and a brief discussion concludes the chapter.

2.2 Model formulation

Let u,(t,z) and v, (¢, x) be the density of adult population and immature population,
respectively, at time ¢t € [0, 1] and location € R within year n € N. Then the adult
population densities N, (x) and N,,1(x) at the beginning of year n and year n+1 are

Np(x) = un(0,2) and Npy1(x) = un(l, ) = up41(0, ).

Assume that the immature individuals are reproduced at density g(z, N,(z)) at the
beginning of n-th year and location x, and hence, v, (0, x) = g(x, N,(z)).

The birth function g(x, N) can be chosen as gi(x, N) = qIESHV

Ner@=F@N = where p(z) and g(z) are positive spatial periodic functions with the
same period, and r(z) and k(x) are also positive spatial periodic functions with the
same period. As mentioned in Section 2.1, this corresponds to a river with a series of
pools and riffles (see, e.g., [75, Section 2.5]). When p, ¢, r and k are positive constants,
£—NN and Ne"7*N are the Beverton-Holt function and the Ricker function, respectively.
Note that functions g; and g, are monotone and non-monotone with respect to N,

respectively.

or go(x, N) =

Assume that these immature individuals develop into the adult stage after time
7 for 7 € (0, 1]. The synchronized maturation in the n-th year, the adult population
density u, (¢, z) has an abrupt increase at time ¢ = 7 and location x, that is,

un (77, 2) = un (77, 1) + R(x; N,,),

where R(z; N,,) describes the density of newly emerging matured individuals at time
t in the n-th year. Assume that the dispersal is symmetric and follows Fick’s diffusion
law. Then the evolution of the adult u, (¢, z) is governed by

o0~ op Pult:r) 5

on other time instances of one year, where Dy;(t,x) is the random diffusion rate and
f(t,x,u) is the death rate function. The evolution of the immature v, (¢, z) is governed

by

)+ f(t,z,uy,), 0 <t <1,

ov, 0 ov,,
E = a—x(D[(t, x)%) — d](t, Zlf)'Un,
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where D;(t,z) and d;(t, x) are the random diffusion rate and the natural death rate,
respectively. Let T'(t,s),t > s, be the evolution family on BC(R,R) associated with
the linear reaction-diffusion equation

ov 0 ov

a = %(D](t,l')%) - d](t,l’)v-

This implies that the density of newly emerging matured individuals at location x
and time n + 7 of the n-th year is

R(a; Np) = [T'(7,0)g(-, No)] ().

ou 0 ou
a—t" = g(DM (t,x) a—x”]+f(t,x,u”),t #T
{ | 7
n n+rt n+l1
itment
birth | g(x.N,) reen
[ R(x;N,)
Juvenile ov

0 ov,
—=—| D,(t,x)—= |-d,(t,
P 8x( (2, %) 6x) (6, x)V,

Figure 2.1: The schematic diagram of the evolution of population dynamics for the adult u, (¢, z)
and juvenile v, (¢, x) at time n + ¢t and location z, here ¢ € [0, 1] and n represents the n-th year.

Accordingly, we have the following time-space periodic evolution system on the
adult population density with an annual impulsive maturation emergence:

((Ou,, O ou,,

- <

5 8x(DM(t’x) e )+ flt,x,u,), 0<t<1t#7,x€RneN,

un(t™,x) = un(t,z) + R(z; Ny), t =1, (2.1)
u,(0,2) = Ny(z),

\ Nn—l-l(x) = Un(l,l’),

with the initial data ug(0,z) = No(x) for any z € R. The schematic diagram of the
evolution of the adult and juvenile populations is described in Figure 2.1. We further
assume that:

(H1) Both functions Dy (t,7) and D;(t,x) are in C2**' (R, x R), d;(t,z) is in
C2V(Ry x R) for some v € (0,1), and these three functions are 1-periodic
in time ¢ and L-periodic in z for some L > 0; there exists a number o > 0 such
that D;(t,z) > « (i = M, I) and d;(t,x) > 0 for all (t,z) € Ry x R.



20

(H2) f(t,z,u) is in C2* (R, x R x R,), 1-periodic in time ¢ and L-periodic in z,
f(t,z,0)=0> 0, f(t,x,0), and w is strictly decreasing in w.

(H3) g(z, N) islocally Lipschitz continuous on RxR, and is L-periodic in z, g(z,0) =

0 < 9dng(z,0), g(x,N) > 0 for all N > 0, and w is nonincreasing for N.

Clearly, (H1) is a standard assumption addressing the time-space periodicity and
random diffusion. (H2) and (H3) imply that the functions f and g are subhomoge-
neous in u > 0, which are crucial for us to prove the existence and global attractivity
of the positive periodic solution.

Let M(t,s),t > s, be the evolution family on BC(R,R) associated with

ou 0 ou

5= %(DM(tax)%) + [tz u).

For adult density ¢, (x) at location x at the beginning of the n-th year, the distribution
at time 7 in the same year is [M(7,0)¢,] (z), and at time 7, it becomes

[M(7,0)¢n + T(7,0)9(:, dn)] (2)-

After that, the population continues to evolve from time 7 and to time 1, and the
distribution at the end of the year becomes

[M(1,7)[M(7,0)¢n + T(7,0)g(-, ¢n)]] ().

Therefore, the time-one solution map of system (2.1) is
Qlol(x) = [M(1,T)[M(7,0)¢ + T(7,0)g(-, §)]](x). (2.2)

For each time instant £ > 0, there is a unique decomposition ¢ = m + t, where
t €[0,1) and M denotes the largest integer less than or equal to ¢t. Thus, the time-t
solution map of system (2.1) can be expressed as

@[] (2)
(@ )l )] @),0<i-[7] <.
MG (7] + )M 0Q 6]+ T 0) (9 QL)) (@), 7 <7 - 7] < 1.

with the initial data ¢(z) = Ny(x),Vz € R. Clearly, ;0 &, = &z, for all £ > 0.
Note that ®;[¢] is continuous in £ € R;\{n + 7 : n € N} for each given ¢, and ®;[¢]
is continuous in ¢ uniformly for ¢ in any bounded interval. Replacing the traditional
joint continuity in (¢, ¢) with the aforementioned two continuity properties, we can

regard {®z};., as a time-one periodic semiflow in a weak sense.
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Note that the Poincaré map of (2.1) is exactly ®; = Q. By [151, Section 3.1], it
then follows that the evolution dynamics of system (2.1) can be investigated via the
following discrete-time recursion

Npt1(x) = Q[Ny)(z), x € Ryn € N. (2.3)

Thus, we will focus on the evolution dynamics of the discrete-time semiflow {Q"}, .
associated with system (2.3) in the unbounded and bounded domains, respectively.

2.3 Spreading speeds and traveling waves

In this section, we first study the spreading speeds and the spatially L-periodic trav-
eling waves of system (2.3) in the monotone case, and then investigate the spreading
speeds of this system in the non-monotone case by comparison arguments.

2.3.1 The monotone case of g(z, N)

We first present the threshold dynamics of system (2.3) with spatially periodic initial
conditions, and then investigate the spreading speeds and spatially periodic traveling
waves.

Let EP" be the set of all continuous and L-periodic functions from R to R with the
maximum norm ||- || geer, and EY" = {¢p € EP" : 9p(x) > 0,Va € R}. Then (EP", EY)
is a strongly ordered Banach space. We consider the following discrete-time system
associated with (2.3):

Nn(z) = Q"[NoJ(x), No(z) = ¢ € ELT, (2.4)

where ¢(z + L) = ¢(z),Vr € R. It follows from the conditions (H1)-(H3) and
the monotonicity of function g that @) is monotone and strongly subhomogeneous
(see [151]). By the definition of @) and the chain rule, we can compute the Fréchet
derivative DQ(0) on EP*" as follows

DQ(0) = DM(1,7)(M(7,0)(0) + T'(7,0)g(-,0))[DM(7,0)(0) + T'(7,0)Ing(-,0)]
DM(1,7)(0)[DM(7,0)(0) + T(7,0)ng(-,0)]
= M(1,7)[M(7,0) + T(7,0)dng(-,0)],

where M(t,s),t > s, is the evolution family on EP*" associated with the linear
reaction-diffusion equation

ou 0

ou
o = 0s P,

e )+ Ouf(t, 2,0)u.
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It then follows that the linear discrete-time recursion is
Npt1(x) = DQ(0)[N,](x), No(z)=¢ € Eﬁer, reR,neN, (2.5)
that is,

Nus1(z) = DQ(0)[No](w) = M(1,7) [[M(7,0)(No)] + T (7,0) [Ong(-, 0)N,]| (2), = € R.

per

Clearly, @ is compact in E7", and DQ(0) is compact and strongly positive in EP*".
Let r(DQ(0)) be the spectral radius of DQ(0).

As a straightforward consequence of Lemma 1.3.1 and Theorem 1.3.6, we have the
following threshold-type result for system (2.3) with spatially periodic initial data.

Proposition 2.3.1. Let N,(z,¢) be the solution of (2.3) with ¢ € EY". Then the
following statements are valid:

(i) If r(DQ(0)) < 1, then the fixed point zero is globally asymptotically stable in
EP".

(ii) If r(DQ(0)) > 1, then system (2.8) admits a unique positive L-periodic fized
point N*(z), and it is globally asymptotically stable in EX\{0}.

In order to study the propagation dynamics for system (2.3), we assume that
r(DQ(0)) > 1 in the rest of this section so that the operator @) admits a globally
stable positive L-periodic fixed point N*.

Let C be the set of all bounded and continuous functions from R to R. For any
¢, € C, we write ¢ > ¢ if ¢(x) > ¢(z) for all z € R; and ¢ > 1 if ¢ > ¢ and ¢ # 1.
Define

— MaxX|g|<y [0(2)]
lolle =Y ——"5—— Vo eC.
k=1
where | - | denotes the usual norm in R. Then (C, ||-||.) is a normed space. Let d(-,-)

be the distance induced by the norm ||-||,. It follows that the topology in the metric
space (C,d) is the same as the compact open topology in C, that is, a sequence of
points ¢" converges to ¢ in C if the sequence ¢™(z) of functions converges to ¢(x)
uniformly for x in any compact subset of R. Let 5 € int(EY") be fixed. Define

Cp={peC:0<¢(x) <B(x),Vo e R}, CFF ={9p € Cp:¢(x) = ¢(x+L),Vr € R}.
For I = [a,b] C R and ¢ € C, we define ¢y € C(I,R) by
Yr(z) =Y(z), x € l.

For any given subset U of C, we define Uy := {¢; : ¥» € U} and the norm |- | in U; by
1| = maxger [¢r(x)].
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Theorem 2.3.1. Assume that (H1)-(H3) hold and r(DQ(0)) > 1. Then there ezist
two real numbers ¢ and c*, called the rightward and leftward spreading speeds, such
that the following statements are valid:

(i) If ¢ € Cn+ satisfies 0 < ¢ < b < N* for some ¢ € CX! and ¢(x) = 0 for x
outside a bounded interval, then

lim  Q"[¢](x) =0,Ve> ¢, lim  Q"[¢](x) =0,Ve > c*;

n—o0,x>cn n—oo,x<—cn

(11) If € Cn» and ¢ # 0, then for any c and ¢ satisfying —c* < —¢ < ¢ < ¢, there
holds
lim _ (Q"[¢](x) — N*(z)) = 0.

n—oo,—cn<x<cn

Proof. We appeal to the theory developed by [69] to establish the existence of the
asymptotic speeds of spread for (2.3) under assumptions (H1)-(H3) and r(DQ(0)) > 1.
Under these assumptions, we see from Proposition 2.3.1 that N* is the L-periodic fixed
point of (2.3). For any y € R and any function h : R — R, we define the translation
operator Ty by 5

T, [h](@) = hlw - y).

According to [69], we need to verify that the map @ defined in (2.2) satisfies the
following conditions:

(E1) Q is spatially L-periodic in the sense that Q o T,(¢) = T, o Q(¢) for any y €
L7,6 € Cy-, where LZ = {...,~2L,—L,0, L, 2L, ...}.

(E2) Q[Cn+] C C is uniformly bounded and @ : Cy+~ — C is continuous.

(E3) For any closed interval I C R with endpoints 0 and p € LZ, there is a positive
number k(p) < 1 such that a((Q[U])r) < k(p)a(U;) for any U C Cy+, where «
denotes the Kuratowski measure of non-compactness on Cj.

(E4) @ : Cy+ — Cy~ is monotone (order-preserving) in the sense that Qu] > Q[v]
whenever u > v in C)y-.

(E5) @ admits exactly two L-periodic fixed points 0 and N* in R, and for any L-
periodic function ¢ € C with 0 < ¢ < N*, we have lim,,_, |Q"[¢](x) — N*(z)| =
0 uniformly for x € R.

Indeed, for any y € LZ, u(t, 2;T,(¢)) and u(f,z — y; ¢) are solutions of (2.1) with
initial conditions u(0, z; T,(¢)) = T,(4)(z) = ¢(z — y) and u(0,z — y; ¢) = é(z — y),
respectively. Then the uniqueness of solutions of (2.1) implies that (E1) holds true.
It follows from above analysis that () satisfies (E2). Note that @) is compact on Cy-,
and hence (E3) holds. Further, since the function g is monotonically increasing, Q
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is order-preserving and (E4) holds. Under the condition r(DQ(0)) > 1, we see from
Proposition 2.3.1 that (E5) holds. By [69, Theorem 5.1], it then follows that the map
() admits a rightward spreading speed ¢’ and a leftward spreading speed ¢ such that
above two statements hold true. Here we have used the property that ¢ + c¢Z > 0,
which will be proved in Lemma 2.3.2. 0

To obtain computational formulas of ¢}, we use the linear operators approach
(see, e.g., [68,131]). We then linearize system (2.1) at the zero solution to obtain the
following linear system:

agt" —ag(DM( )88“")+8 ft,z,0)u,, 0<t<1l,t#7,2€R neN,
un(t*,2) = un(t,) + Bw: N,), £ =7, 26)
un(0,2) = Nu(2), Nng1(z) = un(1, ),

No(z) = ¢ € CP",

\

where R(x; N,,) = T(,0)[0ng(-,0)N,](z). Let L(f) be the time-f map on CP" generat-
ed by (2.6), that is, L(f)(¢) = u(t, -; ¢), where u(t, x; ¢) is the unique solution of (2.6)
with u(0,2;¢) = ¢ € CP*". For any given u € R, substituting u(f,z) = e " w(t, )
into (2.6) yields

[ Ow, 9%w,, ODy(t, )] Ow,
_l_ 2D t? - - a_ n
{M ulh2) =5, b (2.7)

+ Ouf(t,x,0)w,, 0 <t <1, t#71,2€R,neN,
wy(tT,2) = wy(t, z) + R(a; W), t =,
wy(0,2) = Wy (x), Wy (x) = w,(1,x).

Let L,(f) be the time-t map on CP*" generated by system (2.7), that is, L,(f)o =
w(t,-; o), where w(t, z; o) is the unique solution of system (2.7) with w(0, x; 0) =0 €
CP". Then

L) e *ol(z) = e ™ L,(t)[o](x), 0 € CP",z € R, > 0.

Furthermore, substituting w(Z, z) = e*ry (£, z) into (2.7) yields the following periodic
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eigenvalue problem

( 2

Orin 01
Ariat,z) = — glt + Dyt 7) 8“2
0DM(t,x) 07“17”
0DM(t,x)
+ |::U’2DM(t7 ) — MT] Tin (2.8)

+0uf(t,z,0)r1n, 0<t<1,t#7,x€R NnEN,
(T x) =riat2) + R(x; Z,), t =1,
( l’) (ZL’), Zn-i—l(x) _Tl,n(1>$)a
( z+ L) =r(t,x), m(t+1,2) =r(tx), V(t,r) € Ry x R.

Define the Poincaré map P, : CP*" — CP*" by P,(0) = L,(1)(0). Then Pl (o) =
L,(n)(o) for any integer n > 0. Clearly, P is compact and strongly positive in CP*".
It follows from Theorem 1.3.2 (the Krein-Rutman Theorem) that the spectral radius
r(P,) > 0 is an algebraically simple eigenvalue of P, with an eigenfunction o, > 0
(0, € CPT), that is, P,o, = r(P,)o,. Clearly, r(P,) and o, are the corresponding
principal eigenvalue and principal eigenfunction of P,, respectively.

Let Ry (%) be the time-f solution map on CP*" of the following system:

( 87’1,” 82

+ [MQDM(t,x) - uw]gig’z)} Tin
+ 0, f(t,z,0)r1, — Aryp(t,x), 0<t<1t#T1,2€RneN,
ria(tt ) =it ) + R(a; Z,), t =1,
rn(0,2) = Z,(2), Zps1(x) =1r10(1, 2),
( Zo(z) = 0 € CP".

8DM(t, l’) 87’1,”
ox ox

(2.9)

Then we have
Ri(1)(0)(z) = (1, 2;0) = e Mw(l,2;0), Vr € R,
where w (¢, x; o) is the solution of (2.7), and hence,
Ri(1)(0) = ML) (0,)] = NP0

Let A(nx) = Inr(P,). Then o, is a positive fixed point of R;(1), and hence, the
solution 71 (, ) := ry(t,z;0,) of (2.9) is positive, 1-periodic in ¢ and L-periodic in z.
It then follows that A(u) and 7, (¢, z) satisfy (2.8), and hence, A(u) is the principal
eigenvalue of problem (2.8). So we have the following observation.
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Lemma 2.3.1. Assume that p > 0 and (H1)-(H3) hold. Thenr(P,) = r(L,(1)) is the
principal eigenvalue of P, = L, (1), and A(n) = Inr(P,) is the principal eigenvalue of
problem (2.8) with an eigenvector r1(t, ) == ri(t,x;0,), which is positive, 1-periodic
in t and L-periodic in x.

Remark 2.3.1. In the case where ;1 = 0, the solution map Lo(t) = L(t) on CP.
Then the above arguments show that the spectral radius r(L(1)) = r(Py) = €M s
the principal eigenvalue of 1.(1). Namely, there is o9 > 0 (09 € CP*") such that
L(l)(fo = P(]O'O = €A(0)O'0.

Lemma 2.3.2. Let ¢ and ct be the rightward and leftward spreading speeds of @,
respectively. Then
. Alp) A(=p)

ci = inf —=, ¢l = inf
p>0 1 wn>0 7

Furthermore, ¢ +c* > 0.

Proof. Denote ®(u) := W = % By Lemma 2.3.1, it follows that for any given
i > 0, there exists the corresponding time-space periodic principal eigenfunction
r1(t, ) > 0 with the principal eigenvalue A(p) satisfying (2.8). Due to the time-space
periodicity of r;(f, ), for any given u > 0, there exists (,,7,) € Ry x R such that

71 (tus ) = Ming ,yer, g 71(t, ), which implies that

o
o

o
" Oz

02
=0, = = > 0. (2.10)
a

(glddmld‘)

(f‘,‘,wu)

(glddmld‘)

Letting (£,z) = (,,7,) in (2.8), and the unique decomposition #, = n + t,, we see
from (2.10) that

A(N)Tlm(tm zu) > [,U2DM(tua xu) - luaxDM(t/M Iu)]rlm(tw :L'M)
+ Ouf(tp, 2, 0)r1p(ty, y), 0<t, <1,t,#71,2, € R,neN,

and hence,

Alw) > [uDs(t, 2) — 0u Das(t 0, 2,)] + Ouf (ty 7, 0)

[ [
This, together with the boundedness of 0, Dy (t,, z,) and 0, f(t,,z,,0), implies that

A
lim ®(p) = lim A = 00. (2.11)
U—>00 p—oo [
Since A(0) > 0, we have
lim ®(u) = occ. (2.12)

u—0t
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By virtue of (2.11) and (2.12), it is easy to see that ®(u) attains its minimum at some
finite p*. Since the solution of (2.3) is a lower solution of the linear system (2.6) under
the conditions (H2) and (H3), we have

;0] < L(1)[¢], Vo € CP" 1 > 0.

By the arguments similar to those for [131, Theorem 2.5] and [68, Theorem 3.10(i)],
we obtain ¢ <inf,o ®(u).

For any given ¢ € (0, 1), there exists 6 = d(¢) such that
g(x,N) > (1 —¢e)ong(x,0)N, f(t,z,u) > (1+¢)0,f(t,z,0)u, Y € R, N,u € [0,4].

Choose a constant number £ = £(0) > 0 such that 0 < u(t,z;§) < 6,Vz € Rt € [0,1].
By the comparison principle, we have

u(t, z;p) <wu(t,z;€) <9, Vp € Ce,z € R, t € [0,1].

It then follows that for any p € Cg, the solution u(t, x; p) of (2.3) satisfies

r a;ﬁn > 88 (Dum(t, x)%;n) +(1+¢e)0uf(t,z,00u,, 0 <t <1, t#7,zcRneN,
U, (t, ) = u,(t, 2) + R(x; N,,), t =7,
u"( ) ( )a n+1( ) (% ( s )
| No(7) = p € C,
with

R(z; N,) > T (7,0) [(1 —€)Ong(x,0) N, ](z).
Consider the linear system

ou, 0 (Dt I)%un

ot ox
) = up(t,z) + Ro(z; N,), t =1,

Un(t"
un(0,2) = N (@), Not1(z) = un(1, 2),
(z) =peC,

)+ (L+e)0uf(t,z,0)u,, 0<t<1t#T1,2 € RneN,

No

\

where
R.(z; N,) =T (1,0) [(1 — £)Ong(, 0)N,](z).

Let IL?(#) be the time-f map on C generated by the above linear system. Furthermore,
the comparison principle implies that

;9] = L*(E)[¢], Vo € C¢, T € [0, 1],

and hence,

®y[¢] > L (1)[¢], Vo € C.
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For pn > 0, let Li(f) be the time-t map on C generated by the following system

( 0w, J*w,, ow,,
= o 2uDy(t, ) — 0. D (t, )] e

+ [ Das(t, ) — p0e Dag (1, 2)] wy

+(1+4e)0uf(t,z,0)w,, 0<t<1t#1,2 € R neN, (2.13)
w,(tT, ) = wu(t,z) + Re(z; K,,), t =1,
wy(0,2) = K, (x), Knpp(z) =w,(1,2),
Ko(z) =10 €C.

Pefine Infr(Z5(1))]
(1) = MT” Vi >0,

where r(L; (1)) is the spectral radius of the Poincaré map associated with system

(2.13). By the analysis on L% (f) similar to that for L,(f) and the arguments sim-
ilar to those in [131, Theorem 2.4] and [68, Theorem 3.10(ii)], it then follows that
ci > inf,50 ®°(p). Letting ¢ — 0, we have ¢ > inf,.o®(n). Consequently,
ci =inf,~0 ®(p).

By a change of variables (f, 7) = u(f, —x) and ©(¢,2) = v(f, —x) and the similar

arguments as above, it follows that ¢* = inf,,~¢ ¥ is the rightward spreading speed

A(=p)

of the resulting equation for 4, and hence, ¢* = inf,~ is the leftward asymptotic
speed of spread for (. We can further prove ¢} + ¢ > 0 by using the arguments
similar to those for [74, Lemma 2.10] and [69, Proposition 7.4]. O

Definition 2.3.1. Let {Q"},en be the discrete-time semiflow on Cy.

(i) We say that W (x, x —cn) is a L-periodic rightward traveling wave of {Q" }nen if
W(,-+a) € Cy-,Va € R, Q"[Y](x) = W(z,z — cn),¥n € N, and W(z,§) is a
L-periodic function in x for any fized £ € R, where Y (z) := W (x,x). Moreover,
we say that W(x,x — en) connects N* to 0 if lime_,_ (W (z,£) — N*(z)) = 0
and limg_, oo W(x, &) = 0 uniformly for all x € R.

(ii) We say that W (x,x + cn) is a L-periodic leftward traveling wave of {Q™ }nen if
W(,-+a) €Cy,VaeR, Q"Y|(z) = W(z,z+cn),Yn € N, and W(x,€) is a
L-periodic function in x for any fized £ € R, where Y (z) := W (x,x). Moreover,
we say that W(x,x 4+ cn) connects 0 to N* if lime_, (W (z,£) — N*(z)) = 0
and lime_,_o W(x, &) = 0 uniformly for all x € R.

By [69, Theorem 5.3], as applied to {Q" } .en, we have the following result on the L-
periodic traveling waves of system (2.3), which shows that the spreading speeds given
in Theorem 2.3.1 coincide with the minimal wave speeds of the L-periodic traveling
waves of system (2.3).
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Theorem 2.3.2. Assume that (H1)-(H3) hold, r(DQ(0)) > 1, and ¢ is given in
Theorem 2.3.1. Then the following statements are valid:

(i) For any ¢ > c’, system (2.3) admits a L-periodic rightward traveling wave
U(x,x — cn) connecting N* to 0 with the wave profile U(x,&) being continuous
and non-increasing in & € R. While for any ¢ € (0,c%), system (2.3) admits no
periodic rightward traveling wave connecting N* to 0;

(ii) For any ¢ > c*, system (2.3) admits a L-periodic leftward traveling wave
V(x,z 4+ cn) connecting 0 to N* with the wave profile V(x,£) being continu-
ous and non-decreasing in £ € R. While for any ¢ € (0,c¢"), system (2.3)
admits no periodic leftward traveling wave connecting 0 to N*.

2.3.2 The non-monotone case of g(x, N)

In this section, we assume that the birth function g(z, N) is not monotonically in-
creasing with respect to N, which implies that the time-one solution map () is not
monotone on its domain. To overcome this difficulty, we construct two monotone
auxiliary systems of (2.3) under an additional assumption on g:

(H4) There is a constant a > 0 such that g(z, N) is non-decreasing with respect to
N for 0 < N <a.

For any x € R, we define

+ _
g (va) - Og]l\/éll%{Ng(x’ M)v N € R-l-'

By the definition of g and the assumption (H3) on the function g, it then easily

follows that ¢g* is non-decreasing with respect to N, dyg*(-,0) = dyg(-,0), and ¢g*

also satisfies (H3).

In the case of 7(DQ(0)) > 1, Proposition 2.3.1(ii) implies that (2.3) with g replaced
by ¢ has a positive L-periodic fixed point N**(x). Then for any x € R, we define
“(z,N) = i V), 0<N < N** ().
g~ (@ N) Ngvgmaiilgm N+ (2) 9(x,V), 0= N< Jélﬁ}i] (z)
Thus, g~ is non-decreasing with respect to N, Ong~(+,0) = dyg(+,0), and g~ also sat-
isfies the assumption (H3). Similarly, system (2.3) with g replaced by ¢~ admits a pos-
itive L-periodic fixed point N*~(z). Note that 0 < N*~(-) < N*(-) < N**(-). More-
over, g~(-,N) < g(-,N) < g*(-,N), Ong™(,0) = Ing(-,0),9"(-,N) < dwvg(-,0)N,
and there exists a € (0, a] such that g*(-, N) = g(-, N) for all N € (0, al.

Theorem 2.3.3. Assume that (H1)-(H/) hold and r(DQ(0)) > 1. Then the following
statements are valid:
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(i) If ¢ € Cy++ satisfies 0 < ¢ < o < N*F for some i € CX and ¢(x) = 0 for x
outside a bounded interval, then

lim  Q"[¢](x) =0,Ve > ¢, lim  Q"[¢](x) =0,Ve > c*;

n—00,r>cn n—o0,x<—cn

(it) If ¢ € Cn++ and ¢ # 0, then for any ¢ and ¢ satisfying —c* < —¢ < ¢ < ¢,
there holds

limsup  (Q"[¢](z) — N""(2)) <0< liminf  (Q"[¢](z) — N*"(2)).

n—oo,—cn<x<cn n—o0,—cn<z<cn

Proof. We consider two auxiliary systems:

(
g - g(DM(tax)%un)_'_f(tvxvun)? 0<t< 1,t;ﬁT,$ER,n€N,
Xz

ot Oz
un(t7, @) = uy(t,2) + R (w; N), t =, (2.14)
un(oax) = N;(I)a
\ N:—i—l(x) = un(lvx)v
and
(Ou, O Oy,
- <
5t 8x(DM(t’x) e )+ ft,x,uy), 0<t<1l,t#71,x € RneN,
up(t,2) = up(t,2) + R (2N, ), t =, (2.15)

u,(0,2) = N, (),

n

\ Nn_—i—l(x) = un(lvx)v

where
R*(x; N;5) = T(7,0) (g% (-, N;)) ().

Similar to the procedures of recursion operator @ in (2.2), and following systems
(2.14) and (2.15), we can define two recurrence relations for N, () as

N (z) = QY [NF] () (2.16)
= [M(l,T) [M(T, 0)(NF)+T(r, O)(g+(~,N,J[))H (), reRNEN,
and
Ny(z)=Q [N/] () (2.17)
= [M(1,7) [M(,0)(N,;,)) +T(,0)(9g" (-\N;)))]] (z), z e Ron €N,

respectively. Let N (z), N, (z) and N,(x) be the solutions of (2.16), (2.17) and

(2.3), respectively. Thus, the comparison arguments imply that if Ny (z) < Np(z) <
N (z) < N*F(z), then

0 < N, (x) < Ny(z) <N (z), ze RneN.
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Note that ¢} in section 2.3.1 are the spreading speeds of (2.3) with monotone birth
function g, and the expressions of c% only depend on the linearized systems at u = 0.
So we can define ¢Z* and c;* for (2.16) and (2.17), respectively, in a similar way.
Moreover, ci* = ¢ and ¢* = ¢Z*. By virtue of two auxiliary systems (2.14)
and (2.15), we can use the comparison arguments similar to those in [46, Theorem
2.2] to prove the statements for (2.3) in the non-monotone case, which implies that
cl = ci’* = ¢ and ¢& = ¢t = ¢ are also the spreading speeds for system

(2.3). O

2.4 Global dynamics in a bounded domain

In this section, we study the evolution dynamics of system (2.1) in a bounded domain
2 under the boundary conditions

Bw =0, (t,z) € (0,00) x 90, w € {u,v},

where Q C R™, (n > 1), and if n > 1, we suppose that 9 is a class of C**?(0 < 0§ < 1).
We assume that Bw = w (Dirichlet boundary condition) or Bw = dw/dn + b(z)w
(Robin type boundary condition) for some nonnegative function b € C1*?(9€2), where
0/0n denotes the differentiation in the direction of the outward normal n to 052.
Similar to (H1)-(H3), we assume that:

(A1) Both functions Dy (t,2) and D;(t,z) are in CTOHY(R, x Q), d;(t,z) is in
CZ'%’(’(]RJr x ), and these three functions are 1-periodic in time t; there ex-
ists a number « > 0 such that D;(t,x) > « (i = M, I) and d;(t,z) > 0 for all
(t,z) € Ry x Q.

(A2) f(t,z,u) is in C2%Y(R, x Q x Ry), l-periodic in time ¢, f(t,2,0) = 0 >
Ouf(t,z,0), and w is strictly decreasing in w.

(A3) g(z,N) is locally Lipschitz continuous on Q x Ry, g(z,0) = 0 < 9dng(z,0),
g(z, N) > 0 for all N > 0, and w is nonincreasing for N.

Let p € (n,00) be fixed, and X := LP(Q2). For each v € <%+%,1), let X7
be the fractional power space (see, e.g., [43, Definition 1.4.7]) of X with respect
to (£ (Dum(t,z)Z), B). It is known that (X7, X7) is an ordered Banach space and
X7 C O (Q) with continuous inclusion for X € [0, 27—1-"2], see [11,43]. Let ||-||, be
the norm on X7. Then there exists a M, such that [|¢]|, = max, g |[¢(z)] < M, 9]
It follows from [11, Theorem 1.11] that system (2.1) generates a local time-one periodic

semiflow {(I)g}~ on X7 in a weak sense, and bounded orbits in X" are precompact.
>0

From (A2)-(A3), we can establish the L*-boundedness of solutions of system (2.1),
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and consequently, we can infer the global existence of the solutions. By the arguments
similar to those for the discrete-time recursion (2.3) with the bounded domain, we
can investigate the following recursion

Npi1(z) = Q[N,](z), = € Q,n € N. (2.18)

Thus, the time-one solution map Q := ®; has the following expression:

QN (2) = |M(1,7) | M(7,0)(N,) +T(7,0)(9( No))] | (@), v € O

where T(t, s),M(t, s),t > s, are the evolution families on X7 associated with the

linear equations 2 = 2 (Dy(t,2)9%) — d;(t,z)v and % = 2 (Dy(t, z)2%) + f(t, z,u)

with the boundary conditions Bv = 0 and Bu = 0, respectively. Moreover, the map
@ is compact in X7,

Next, we focus on the evolution dynamics of the discrete-time semiflow {Q”}
neN

associated with system (2.18) in the monotone and non-monotone cases, respectively.

2.4.1 The monotone case of g(z, N)

We consider the system (2.18) under assumptions (A1)-(A3), with the birth function
g assumed to be monotone. Clearly, () is monotone in X7. With (A2)-(A3), we can
easily show that () is strongly subhomogeneous in X7.

By the definition of Q and the Chain rule, we compute the Fréchet derivative
DQ(0) on X7 as follows

DQ(0) = My(1,7)[My(r,0) + T(7,0)dng(-, 0)],

where M(t,s),t > s, is the evolution family on X7 associated with the linear reaction-
diffusion equation

e L (Dult )2 + 0uf (12,0, 7 € 0,
Bu =0, z € 0.
Then we have the following linear discrete-time recursion
N,i1(z) = DQ(0)[N,](z), z € Q,n e N, (2.19)
that is,
Nuy1(x) = DQ(0)[N,](x) = My(1,7) | My(7,0)(Ny,) + T (7,0) (Ong(-, 0)N,) | (), € 2.

Denote the spectral radius of DQ(0) as r(DQ(0)). Then we have the following
threshold-type result.
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Theorem 2.4.1. Assume that (A1)-(A3) hold, and the birth function g is monotoni-
cally increasing, and let N,(x;¢) be the solution of system (2.18) with ¢ € X]. Then
the following statements are valid:

(i) If 7(DQ(0)) < 1, then the fized point zero is globally asymptotically stable in
ol

(i) If r(DQ(0)) > 1, then system (2.18) admits a unique positive fized point N* €
X7, and it is globally asymptotically stable in X7\{0}.

Proof. By Theorem 1.3.6, we have the following result on the global attractivity:

(a) If r(DQ(0)) < 1, then lim,_,o || N, (:; o), =0 for all ¢ € X7.

(b) If 7(DQ(0)) > 1, then system (2.18) admits a unique positive fixed point N* €
X7 such that limy, e [|Na(+;¢) — N*||, = 0 for all ¢ € XJ\{0}.

In the case where r(DQ(0)) < 1, the fixed point zero is linearly asymptotically stable,
and hence, (i) holds true. It remains to prove the Lyapunov stability of N* in the
case where r(DQ(0)) > 1. Letting u*(t,z) := ®;[N*](z),0 < t < 1, we consider the
linear system

a;tn_ag(DM(t’I) )+ Ouf(t, mu u,, 0<t<1,t#£7,2€QneEN,
Un(tF,2) = wn(t,2) + Rl N,), £ = (2:20)

un(0,2) = Nu(2), Npya () = un (1, 7), uo(0, ) = ¢, ¢ € X7,

where
Ri(a; No) = T (7,0) (Ong(-, N)N,) ().

Note that system (2.20) generates a time-one periodic semiflow M(1) =: M. In
particular,

M¢ = DQ(N*)¢, Vo € X
We introduce an following auxiliary system:

. f(t>$aU*)
ot %(DM(t’x) Ox )+ u*

Uy (17, 2) = un(t,2) + R(z; N,), t =T,
Un(0,2) = Np(x), Npg1 () = un(1,2),u0(0,2) = ¢, ¢ € X7,

XUy, O<t<1Lt#1,0€QneN,

(2.21)
where
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Let N (t) be the solution map of system (2.21), and denote N := AN(1). Clearly,
N*(z) is a positive fixed point of N, that is, N(N*) = N* which implies r(N) = 1.
In view of assumptions (A2)-(A3), it is easy to see that 9, f(t,z,u)u < f(t,x,u) and
Ong(x, NYN < g(x,N), Vx € Q. Then N¢ > Mo,V € X]\{0}, which means
that N¢(x) > Me(x),Vr € Q, and hence, N* > M(N*). Since M is a compact
and strongly positive linear operator on X7, it follows from [44, Theorem 7.3 (i)]
that (M) < 1. Therefore, we have r(DQ(N*)) < 1, and hence, N* is linearly
asymptotically stable. This, together with the global attractivity of N*, implies that
N* is globally asymptotically stable in X]\{0}. O

2.4.2 The non-monotone case of g(z, N)

Now we consider system (2.18) under assumptions (A1)-(A3), with the birth function
g(z, N) assumed to be non-monotone with respect to N. Clearly, @) is not monotone
in X7. In this section, we need the following additional assumption:

(A4) There is a > 0 such that for each z € Q, g(x, N) is non-decreasing with respect
to N € [0, qa).

Theorem 2.4.2. Assume that (A1)-(A4) hold and let N,(z;®) be the solution of
(2.18) with ¢ € X. Then the following statements are valid:

(i) If r(DQ(0)) < 1, then the fized point zero is globally asymptotically stable in
X7.

(ii) If r(DQ(0)) > 1, then the solution sequence N,(z) of system (2.18) with the
initial data Ny = ¢ € XI\{0} satisfies

lim sup max (N, (z; ¢) — N**(2)) < 0 < liminf min (N, (z; ¢) — N*"(z)),

n—oo x€EQ n—00  zcQ

where N*T () and N*~(z) are positive fixed points of systems (2.24) and (2.25)
later, respectively. Further, system (2.18) admits at least one positive fixed point.

Proof. For any x € Q, we define g*(x, N) and g~ (z, N) as in section 2.3.2. Then we
have the following two auxiliary systems:

8un B 8 ou,,

(T ) Un (1, x)+R+(x N, t=r,
un(o’ﬂf) = N, (2),
N’f—L:-l(x) = un(1,z),
u(0,7) = Ny (v) = ¢ € X7,

)—I—f(t:zun) O<t<Lt#7,2€QneEN,

(2.22)
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and
( aun 0 aun le)
— <
5 &E(DM(t,x) o )+ ft,x,u,), 0<t<1t#7,x€QneN,
u,(tT, ) = u,(t,x) + R (x;N,), t =,
wn0,2) = Ny (), (223)
er_-i—l(x) = Un(l,.l’),
( u(0,2) = Ny () = ¢ € X7,
where

RE (0 NE) = [T(7,0)g%(, N2 (a).

Thus, the time-one solution maps of systems (2.22) and (2.23) give rise to the following
discrete-time recursions:

N:H(x) = @+ [Nvﬂ (z)

= [M(l,T) [M(T, 0)(N,") +T(r, 0)(g+(_7N+>>H (), z€neN, (2.24)

n

_ [M(l,r) [M(r, 0)(N-) +T(r, o)(g—(.,NmH @), zeTneN. (2.25)

By the comparison arguments, it follows that if 0 < Ny (z) < No(z) < N (z) <
N**(z), then B
0< N, (z) < N,(z) <Nf(z), € QneN. (2.26)

Using the same arguments as in section 2.4.1, we see that systems (2.22) and (2.23),
with the monotone birth functions g™ and ¢~ respectively, admit the same linearized
system, and the spectral radius of the time-one map of this linearized system is
r(DQ(0)). Using (2.26) and the comparison arguments, we see that the desired s-
tatements hold true. Furthermore, we define

G={we X": N (z) <w(z) < N*"(x),x € Q}.

Clearly, G is a closed, bounded, convex and nonempty subset of X7. By utilizing
the compactness of () and Schauder’s fixed point theorem, we can prove that system
(2.18) admits at least one positive fixed point. O

2.5 Numerical simulations

In this section, we present some numerical simulations for system (2.1). We first
investigate the influence of 7 for the evolution of adult population. For simplicity, let
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the loss function f(t,z,u) = f(u) = —au — bu?, with a = 1 being the natural death
rate of the adult population and b = 0.01 representing the strength of the density-
dependent interspecific competition between individuals. Let g(z, N) = g(N) = ;)i-—NN’
with p = 1.8 and ¢ = 0.2. The function g(N) is the Beverton-Holt function, which
is monotone with respect to N. The random diffusion functions are fixed at D), =1
and D; = 0.2. Let the initial function Ny(z) = cos (’T—Z) with a compact support on

20
[—10,10] in the domain [—100, 100].

Based on the above parameters and different d; and 7, the spreading of species
is shown as in Figure 2.2, which demonstrates the effects of d; and 7 on the positive
fixed point of the adult population. More precisely, Figures 2.2(a) and 2.2(b) indicate
that the positive fixed point of the adult population will decrease with 7 increasing as
d; = 0.5. Observing Figures 2.2(c) and 2.2(d) carefully, we can find that the negative
correlation between the positive fixed point and 7 as d; decreases to d; = 0.05. The
fundamental reason is the relationship between functions f and d;. In terms of ecology,
when |f| > dj, that is, the mortality rate of mature individuals is higher than that
of immature individuals. Therefore, the longer it takes for immature individuals to
grow into adult individuals (i.e., 7 ), the higher the positive fixed point of adult
groups. When |f| < d;, the correlation is the opposite.

Both of these situations can occur in ecology. In the first case, for example, some
species will move into the wild after they mature, which makes them easy to be hunted;
that is, |f| > d;. In the second case, adult species are more likely to adapt to the
environment and survive in some harsh environments; that is, |f| < d;. This result
improves the numerical simulations in [§].

Next we give numerical experiments to show the long-time behaviour of the solu-
tion of system (2.1) with time-space periodic parameters in the monotone and non-
monotone cases, respectively. Let Ny(z) = 0.2 cos (%) with a compact support on
[—10,10] in the domain [—50,50], and f(t,x,u) = w(t,x)f(u) = w(t, r)(—au — bu?)
with w(t,z) = (1+0.3cost)(1+0.3sinz), a = 1 and b = 0.01. In the monotone case,
we adopt the birth function g as g; = qlﬁv form, and other parameters remain the
same as above. This result is demonstrated in Figure 2.3. In the non-monotone case,
we set g = g = Ne" ™V with positive constants 7 = 2.5 and k = 1. The function g,
represents the Ricker function. The corresponding result is shown in Figure 2.4. In
particular, the spreading speeds of system (2.1) are visually depicted in Figures 2.3

and 2.4 for monotone and non-monotone cases, respectively.

2.6 Conclusions and discussion

In this chapter, by incorporating the temporal and spatial variations into an impulsive
system, we propose a time-space periodic reaction-diffusion model with an annual
impulsive maturation emergence term to study the invasion dynamics in unbounded
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0 =
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€T T

t 0 -100

(¢) dr =0.05 and 7 = 0.2. (d) dr =0.05 and 7 = 0.8.

Figure 2.2: If d; = 0.5, then the positive fixed point will decrease when only parameter 7 increases
from 0.2 to 0.8, (from Figure 2.2(a) to Figure 2.2(b)). Nevertheless, if d; = 0.05, then the positive
fixed point will increase when only parameter 7 increases from 0.2 to 0.8, (from Figure 2.2(c) to

Figure 2.2(d)).

(a) The spatial and temporal evolution (b) The two-dimensional projection of
of adult population. Figure 2.3(a) on the xt plane.

Figure 2.3: The long-time behaviour of the solution of system (2.1) with time-space periodic
parameters and the monotone birth function.
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-50 0 50

(a) The spatial and temporal evolution (b) The two-dimensional projection of
of adult population. Figure 2.4(a) on the xt plane.

Figure 2.4: The long-time behaviour of the solution of system (2.1) with time-space periodic
parameters and the non-monotone birth function.

and bounded domains, respectively. We reduce the study of the evolution dynamics of
such a model to that of a discrete-time system from the evolution viewpoint. When the
habitat is unbounded, we obtain the existence of spreading speeds in both monotone
and non-monotone cases and show that they are linearly determinate. We further
prove that the spreading speeds in the monotone case coincide with the minimal speeds
of spatially periodic traveling waves. When the habitat is bounded, we introduce the
fractional power space to deal with general boundary conditions and establish the
global stability results. Note that when the bounded domain is one-dimensional with
Dirichlet boundary condition, we can also obtain the critical domain size to describe
the persistence and extinction of species, which is similar to that in [8, Section 4]
and [136, Section 2]. The numerical simulations reveal meaningful phenomena when
|f| > dr, the positive fixed point and time 7 are positively correlated, while when
|f| < dj, the relationship is converse. In particular, we give basic ecological reasons
for these two numerical results. We also use numerical experiments to illustrate the
long-time behaviour of solutions of system (2.1) with time-space periodic parameters
in both monotone and non-monotone cases. Simultaneously, we visually demonstrate
the spreading speeds in both scenarios.

It is worth mentioning that in the non-monotone case, the nonexistence of spatially
periodic traveling waves is a straightforward consequence of the spreading speeds (see,
e.g., [136, Theorem 3.5(1)]). However, the existence of spatially periodic traveling
waves in this case is still a challenging open problem, and we leave it for future
investigation.

In plant and animal populations, reproductive synchrony is evident, as seen in
events like salmon spawning in October, which allows us to designate the production
season at the beginning of the year. Similarly, seasonal pest control and the harvesting
of certain plants or animals during specific seasons can create pulse-like patterns that
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Chapter 3

A time-delayed nonlocal
reaction-diffusion model of
within-host viral infections in a
bounded domain

In this chapter, we study a time-delayed nonlocal reaction-diffusion model of within-
host viral infections. We derive the basic reproduction number %, and show that the
infection-free steady state is globally asymptotically stable when %, < 1, while the
disease is uniformly persistent when %, > 1. In the case where all coefficients and
reaction terms are spatially homogeneous, we obtain an explicit formula of Z, and the
global attractivity of the positive constant steady state. Numerically, we illustrate the
analytical results, conduct sensitivity analysis, and investigate the impact of drugs on
curtailing the spread of the viruses.

3.1 Introduction

In-host viral infections commonly involve hepatitis B virus (HBV), hepatitis C virus
(HCV), and human immunodeficiency virus (HIV). These infections have been ex-
tensively investigated through mathematical models to understand their patterns of
infection and transmission. The basic within-host viral infection model consists of un-
infected target cells, infected target cells and free viruses (see, e.g., [59,60,64,98,107,
119,142,143]). In [142], the authors investigated the following within-host viral infec-
tion model with both virus-to-cell and cell-to-cell transmissions and three distributed
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delays:
T — n(T(t) — BTV () — BT ()I(t),
40 _ [ 57— 5)V(t — 5) u(s)eds
+ [T BT (t — s)I(t — s) fa(s)e " 5ds — pa I (),
WO [ oo () I(t — 5)ds — V (1),

where n(T") is a function describing the natural change (i.e., production and turnover)
of healthy target cells. This compartmental model includes the concentrations of
healthy target cells T which are susceptible to infection, infected cells I that produce
viruses, and viruses V. Here 3; and 35 are the virus-to-cell infection rate and the cell-
to-cell infection rate; uy and p are the death rates of actively infected cells and viruses,
respectively; us is the death rate of immature viruses between viral RNA transcription
and viral release and maturation; b is the average number of viruses that bud out from
an infected cell; and f;(s),7 = 1,2, 3, are the probability distributions.

(3.1)

Recent evidence suggests that spatial heterogeneity plays an essential role in the
within-host viral infections [39]. To consider the influences of spatial structure on vi-
ral infection dynamics, a reaction-diffusion model of within-host HBV was introduced
n [122], where the existence of the minimum wave speed was established when the
diffusion ability of virions is very small. A general viral infection model inside a spher-
ical organ, which includes the diffusion, penetration and proliferation of immune cells,
was studied in [23]. Later, a reaction-diffusion model was proposed in [61] to study
the virion repulsion effect by infected cells, where the global dynamics and spreading
speed were discussed. In [98], the authors developed a spatially explicit within-host
HIV model to investigate the influence of cell or virion mobility and spatial hetero-
geneity on HIV pathogenesis. To understand virus persistence in a heterogeneous
space, they studied the bounded space scenario with the Neumann boundary condi-
tion. Furthermore, these authors explored the existence of traveling wave solutions
and determined the virus spreading speed in vivo by addressing the traveling wave
solution problem on an unbounded domain R with spatially homogeneous parameters.
Recently, the authors of [107] investigated a comprehensive within-host model involv-
ing spatial heterogeneity and general cell-free and cell-to-cell modes. They analyzed
the basic reproduction number, a critical parameter influencing the global dynamics
of the model, and proved the global attractivity of the chronic-infection steady state
by constructing a suitable Lyapunov functional.

Motivated by system (3.1), in this paper we present and analyze a time-delayed
nonlocal reaction-diffusion model. We introduce the basic reproduction number %,
and show that the infection-free steady state is globally asymptotically stable when
Zy < 1, whereas the disease is uniformly persistent when %, > 1. More precise-
ly, we use the comparison arguments to deal with the cases Zy < 1 and %, = 1
simultaneously for the global attractivity of the infection-free steady state. By a sim-
ple observation on Lyapunov stability (see Lemma 3.3.7), we then obtain its global
asymptotic stability. And we establish the uniform persistence of the disease and
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the existence of a positive steady state in the case where %, > 1. For a simplified
model with constant coefficients, we further prove the global attractivity of the pos-
itive constant steady state via the method of Lyapunov functionals. We note that
the construction of such a Lyapunov functional is highly nontrivial in the presence of
non-local terms and time delays. Finally, we employ the Matlab to conduct numer-
ical simulations. Utilizing parameter values documented in the published literature,
we perform a numerical calculation to determine the value of %,. The evolution of
solutions is visually presented for both cases Zy > 1 and %, < 1. We also incorporate
sensitivity analysis to examine the impact of individual parameters on %, investi-
gate an optimal drug strategy within a spatially heterogeneous context, and provide
pertinent control strategies.

The rest of the chapter is organized as follows. In section 3.2, we formulate a
time-delayed nonlocal reaction-diffusion model and address the well-posedness of the
solutions. In section 3.3, we study the global dynamics of the model in a bounded spa-
tial domain. In section 3.4, we conduct some numerical simulations that support the
analytical results and reveal relevant virus transmission strategies. A brief discussion
concludes the chapter.

3.2 Model formulation

We assume that the infections occur in a spatially bounded domain 2 C R™ with
boundary 9Q of class C**%(0 < 6 < 1). Let I'(t,x,y; D) be the Green function
associated with the following linear equation:

2_7: = V- (D(@)Vu) — m(x)u, t >0,z € Q,
Ou =0,t >0,z € 09,
ov

where v is the outward normal vector to 0€2, and m is the death rate. It follows that
if a diffusive species has spatial density ¢(y) at time s, then the integral [,T'(t —
s, x,y; D)o(y)dy gives the spatial density at time ¢ > s due to the diffusion.

Let ®(t) be the solution semigroup on C(Q, R) associated with the linear reaction-
diffusion equation:

8[(;; 7)) _ g (D;(2)VI(t, x)) — pa (@) I(t,2), t >0,z € €,
MZO, t> 0,2 € 00.
ov

Let I';(t,z,y; Dy) be the Green function associated with the above equation, that is,

(1)) (x) = / Loty 2, y: D1)o(y)dy.

Q
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We assume that the rates of new infections at location x and time ¢ via two transmis-
sion modes are fi(x,T,V) and fy(x,T, 1), which describe the virus-to-cell infection
and the cell-to-cell infection, respectively. Then the newly infected cells produced by
viruses and infected cells at time ¢ and location = are

[q)(7—1>f1('7 T(t_Tla ')7 V(t_Tla ))](LL’) = /QFI(Tlv T, Y, Df)fl (yv T(t_Tlv y>7 v(t_Tlv y))dy
and

[(I)(T2>f2('7 T(t_7—27 ')7 ](t_7—27 ))](SL’) = /Q FI(T27 T, Y, Df)f2(y7 T(t_T% y)’ [(t_T% y)>dy7

respectively, where 7 and 7, are the average incubation periods for the healthy target
cells infected by viruses and infected cells.

Let W(t) be the solution semigroup on C(Q, R) associated with the linear reaction-
diffusion equation:

avgj, T _g. (Dy (2)VV (t,2)) — pa(x)V (¢, x),t > 0,2 € Q,
8V(t,$) — O’t > 07:1: e 897
ov

where po(x) is the death rate of immature viruses between viral RNA transcription
and viral release and maturation. Let I'y(¢, z, y; Dy ) be the Green function associated
with the above equation, that is,

()] (x) = / Ly (1, 2y Dy )o(y)dy.

It follows that the matured viruses produced by infected cells at time ¢ and location
x are

(W (3)b()I(t = 73,-))(2) = / Uy (73, 2,5 Dv)b(y) I (t — 73, y)dy,
Q
where b(x) is the number of viruses that bud from an infected cell at location z, and

73 is the average maturation time of the viruses.

Accordingly, the model (3.1) can be modified into the following time-delayed non-
local reaction-diffusion system:

(L2) — 7 (Dy(2)VT(t, 2)) + n(x, T(t,2)) — fi(z, T(t,z), V(t, )
— folx, Tt 2), I(t, 7)),
W) = - (Dp()VI(t, ) - (2)I(t, )
F O A TE =7, ), V(E—7,))] () (3.2)
+[@(72) fol, Tt — 7o, ), I(t — o, )] (),
WD) = V- (Dy (2)VV (t,2)) + [W(73)b( ) (t — 73, )] ()
—w(@)V(t,z),t >0,z € Q,
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subject to the Neumann boundary condition

or(t,r) 0I(t,z) JV(t,x)
W - e - 9 =0,t >0,z € 09.

Here we assume that all constant parameters are positive and that the functions 1 (x),
p2(x), and p(x) are continuous and positive on Q. Moreover, Dr(x), D;(z) and Dy (x)

are in C19(Q) (0 < # < 1), and they are positive on €.

We make the following assumptions for n(z,T") and f; (i = 1,2):

(A1) n(z,T) € CYQ x Ry), supg, myeaxe, % < 0, and there exists a function

Ty € C(£, (0, 00)) such that n(x, Ty(x)) = 0 for all x € Q.

(A2> fl(quv V),fg(.f(f,T, ]> € 0171’2(9 X Ri)v 8Tf1(x7T7 V) > Ov 8V.]i1(x7T7 V) >
0, Orfo(z, T, 1) > 0 and 9; fo(x,T,I) > 0 for all (z,T,1,V) € Q x int(R%);
fi(z,T,V) = 0 whenever TV = 0, and fo(z,7,I) = 0 whenever TI = 0;
PileLV) < 0 and LLELD <0 for all (v, T,1,V) € Q x R3..

Under assumption (Al), the mean value theorem implies that there exist two
positive numbers s and h such that

n(xz,T) <s—hT, Y(z,T)e€QxR,.

The prototypical examples of the functions f; satisfying (A2) include the Holling type
IT functional response [121], Beddington-DeAngelis functional response [47], satura-
tion infection rate [140], and Crowley-Martin functional response [121].

Let X := C(Q, R3) be the Banach space with the supremum norm ||-||x, and let 7+ =
max{7i, 72, 73}. Define X := C'([—7,0], X) with the norm [|¢|| x = maxge[—+ 0 [|0(0)|x,
Vo € X. Let XT:= C(Q,R%) and Xt := C([-7,0],X"). Then (X,X") and (X, XT)
are ordered Banach spaces. We also identity ¢ € X with an element in C([—7,0] X
Q,R?) by defining ¢(0,z) = ¢(0)(x), V0 € [-7,0], Vo € Q. Given a function u :
[—7,0) = X for ¢ > 0, we define u; € X by w(0) = u(t +0), V0 € [—7,0], for any
tel0,0).

Let Y := C(Q,R) and YT := C(€2, R, ). Let T1(t) be the solution semigroup on Y
generated by the linear reaction-diffusion equation:

8T(att, 1) _y. (Dr(2)VT(t,2)), t >0,z € Q,
or(t,x) _ 0.t> 0.2 € o0,
ov

and let I'r(t, z, y; D7) be the Green function associated with the above linear equation.
It then follows that

T ()] (2) = / Pr(t,, y; Dr)b(y)dy.

Q
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Let T5(t) be the solution semigroup on Y of the linear reaction-diffusion equation:

8](8tt, 7)) _ g (D (2)VI(t, x)) — pa(x)I(t,z),t >0,z € Q,
mﬁw)ZQt>Qxeam
ov

with the Green function I';(¢, x,y; Dy), that is,

mww@zw@mmzzjmmwmwww

Let T3(t) be the solution semigroup on Y of the linear reaction-diffusion equation:

8‘/5()? 7 _y. (Dy (2)VV (t,z)) — u(x)V(t,z),t > 0,2 € Q,
M :O’t>07x€89’
ov

with the Green function I's(¢, x, y; Dy ), that is,

[%@M@%iLB@%waww@-

It then follows that for each t > 0, T;(t) : Y — Y(i = 1,2,3) is compact and
strongly positive (see, e.g., [109, Theorems 7.3.1 and 7.4.1]). Furthermore, T (t) :=
(T1(t), To(t), T5(t)) is a Cy semigroup on X.

Denote
Fl1T|= [‘1>(71)f1('>T( 1, )7V( 71>'))]+[ (Tz)f2(7T( ™, ),I( 72,°))]
|4 [W(73)b(-) (=73, )]

Let uw = (T7,1,V) with up = ¢. Then we can rewrite system (3.2) as the following
abstract integral form:

u(t, o) =T (t)d + /t T(t — s5)F(us)ds, t >0,
0
=¢pe Xt

(3.3)

Lemma 3.2.1. For any ¢ € X, system (3.2) has a unique non-continuable non-
negative mild solution u(t,-,¢) = (T(t,-, @), 1(t,-, ), V(t,-, ¢)) with ug = ¢ on the
mazimal interval of existence t € [0,t,), where t, < 4+00. Moreover, u(t,-, ¢) is a
classical solution of system (3.2) fort € (7,t,) whenever 7 € [0,t,).
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Proof. Clearly, F is locally Lipschitz continuous. By Corollary 1.4.1, it suffices to
verify that

1

lim —dist(¢(0, ) + kF(¢),X*) =0, (3.4)
k—0+ k

for any given ¢ € X*. In view of (A2), we have fi(x,0,V) =0 and f3(z,0,1) =0. Tt
then follows that there exists a sufficiently large number ¢ = ¢(¢) > 0 such that

Fi(o)(x) + c1(0,2) >0, Ve,

and hence,
9(0,7) + kF(¢)(x) = $2(0, ) , VoeQk>0.
0,)

This implies that ¢(0, ) +kF(¢) € X for sufficiently small k > 0, which proves (3.4).
Furthermore, similar to the proof of [79, Theorem 1], we can conclude that u(t, -, ¢)
is a classical solution of system (3.2) for ¢t € (7,t;) whenever 7 € [0, ). O

We consider the following scalar reaction-diffusion equation:

8m§; z) _ V- (Dr(x)Vm(t,x)) + n(xz,m(t,x)), t >0,z €,
(3.5)
omit, 1) =0,t> 0,2 € O
ov

Lemma 3.2.2. System (3.5) admits a globally asymptotically stable positive steady
state T*(x) in Y.

Proof. Note that all sufficiently large positive constants are upper solutions of system
(3.5). Tt then follows that for any ¢ € Y, system (3.5) has a unique solution m(¢, x, @)
on [0,00) with m(0, -, ) = ¢ and that solutions of (3.5) are uniformly bounded, and
hence, the time-t map Z(t) on Y of (3.5), defined by Z(t)p = m(t, -, ¢), is compact
for each t > 0. In view of (A1), the function n(x, m) satisfies

n(x,am) > n(x,m) > an(zx,m), Vre€Q, m>0, ac(0,1).

Thus, the solution semiflow Z(t) is strongly monotone and strictly subhomogeneous
on YT,

Since n(x,0) > 0,Vz € Q, the maximum principle implies that m(t, -, ¢) > 0in Y
forallt > 0 and ¢ € Y*. Let w(p) be the omega limit set of the forward orbit through
¢ € YT for the semiflow Z(t). Then w(yp) is compact and invariant for Z(t) in the sense
that Z(t)(w(p)) = w(p),Vt > 0. For any ¢ € w(y), there exists ¥ € w(p) C YT such
that ¢ = Z(1)Y = m(1,-,4) > 0. This implies that w(p) C int(YT),Ve € Y*. By
Theorem 1.3.5, as applied to the map Z(1), it follows that there exists T* € int(Y™)
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such that w(p) = T*, Ve € YT. Clearly, the invariance of w(yp) for Z(t) implies that
T*(z) is a steady state of system (3.5). In view of Lemma 1.3.1, we see that T%(x)
is Lyapunov stable. Consequently, T*(x) is a globally asymptotically stable steady
state for system (3.5) in Y+, O

Lemma 3.2.3. For any ¢ € X, system (3.2) has a unique nonnegative mild solution
u(t, -, @) on [0, +00) with ug = ¢, and solutions are ultimately bounded. Moreover, the
solution semiflow Q(t) generated by system (3.2) has a strong global attractor in X .

Proof. Our arguments are motivated by the proof of [113, Theorem 2.1]. By the
positivity of solutions of (3.2) (see Lemma 3.2.1) and (A2), there holds

IT'(t,x)
ot

<V - (Dp(z)VT(t, ) + nlz, T(t, z)). (3.6)

It follows from Lemma 3.2.2 and the standard parabolic comparison theorem that
T(t,-, ¢) is bounded on t € [0,t4); that is, for any ¢ € X7, there exists By = By(¢) >
0, such that

IT(t, 2, 6)|ly < By, Wt € [0,ty),x € Q.

In view of (A2), we have

8]5;2 ZL’) <V-. (l)[(SL’)V](t7 x)) — M1($)](t, ZL’)

+ l@(@)%m - .)} (2), Vi € 0,1,).

It follows that I- and V- equations of system (3.2) are dominated by the following
cooperative and linear system with time delay:

ML) 9 (D1 @) V11, 2) ~ ()10,

+ {@(Tl)%‘/(t — T, )} (x)

+ {@(Tg)%[(t — Ty, )} (x), YVt €[0,ty),x €,
WD) — 9 (Du@) PV (t,2)) + WO 7))

— @)V (t,z), Vt € [0,t,),x € €,

subject to the Neumann boundary conditions. By virtue of the global existence of
solutions for linear systems (see, e.g., [133, Theorem 2.1.1]), it follows that ¢, = +o00
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for each ¢ € XT. Then there exists By > 0, independent of ¢, such that for any
¢ € X, there exists t; = t1(¢) > 0 such that

IT(t, 2, ¢)|ly < Ba, ¥t > t1,z € Q. (3.8)

Integrating the first equation of (3.2) yields
d oT(t,
& ey = [P ay < [ mepae— [ AT 0 V0
< [ls=nTots— [ £ T, Vi)
Q Q
= S|Q| - h/ T(tay)dy - / fl(yaT(tay)> V(tay))dy> \V/t > O>
Q Q

and hence,

d
| 5T vy < 9l b [ Ty =G [ g >0

In a similar way, we obtain

d
It then follows that
/Q By, T(E = 71,), V(E— 70, 9))dy + / Foly, T(E = 72, 9), T(t — 72, )y

§2S|Q|—h/T(t—ﬁ, )dy—% Tt —m,y)dy
Q

d
— h/ T(t—19,y)dy — — T(t — 7o, y)dy, YVt > T.
o dt

This, together with the second equation of (3.2), implies that

d B ol (t,y)
7 Qf(t,y)dy—/Q 5 dy

<~ I(t y)dy+cl/f1 y, T(t—1,y),V(t—7,y))dy
+01/f2 y, T(t — 12,y), I(t — 79,y))dy
—py [ I(t,y)dy + 1 {2SIQI —h/T(t—ﬁ,y)dy
Q Q

[ Tl =)y — 2 [ T(t =y gy — &

Tt—T,ydy],Vtzf',
0 dt dt Jg (t=7y)
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where p; = min,cq p1(x), and ¢; is a positive constant independent of ¢. Thus, we

have
d
%{/f(t,y)dercl/T(t—ﬁ,y)dy+01/T(t—Tzay)d?J}
Q Q Q
< —min{p, h} {/ ](t,y)dy+01/T(t—T1,y)dy+C1/T(t—Tg,y)dy}
Q Q Q

+ 2¢15(QY, Vit > 7.

This implies that there exist a positive number ¢y, independent of ¢, and a positive
number ¢z = c3(¢) such that

/Ql(t,y)dyé /Qf(t,y)dwcl/QT(t—Tlvy>dy+01[2T<t_T2’y>dy (3.9)

< cz(g)e N 4oy VE > 7,

and hence, lim;_, fQ I(t,y)dy < cy. It then follows that there exist a positive number
¢4, independent of ¢, and a sufficiently large number t5 = t5(¢) > 0 such that

avgt, ) <V (Dy@)VV (t2) + e — pl@)V(ta), V> oz € D
oVt z) =0,t> 0,2 € 0.
v

By the comparison principle, there exist a positive number Bg, independent of ¢, and
a sufficiently large number ¢35 = t5(¢) > 0 such that

WV (t,z,0)|ly < Ba, ¥t >ts,2 € Q. (3.10)
This, together with (3.7) and (3.9), implies that there exist a positive number ¢,
independent of ¢, and a sufficiently large number ¢4 = t4(¢) > 0 such that
0I(t,x)
ot

By the comparison principle again, there exist a positive B, > 0, independent of ¢,
and a sufficiently large number t5 = t5(¢) > 0 such that

[I(t,2,0)||y < Ba, ¥t >ts,x € Q. (3.11)

Thus, (3.8), (3.10) and (3.11) imply that solutions of system (3.2) are ultimately
bounded.

<V (Di(@)VI(t2)) = (0)I(E,2) + 05, ¥t =tz € 0.

Now we can define the solution semiflow Q(t) on X% of system (3.2) by
Qt)¢ = w(9), Vo € X7, 1 > 0.

Clearly, the ultimate boundedness of solutions implies that Q(t) is point dissipative
on X*. Furthermore, Q(t) is compact for any ¢t > 7 (see, e.g., [133, Theorem 2.1.8]).
It then follows from the continuous-time version of Theorem 1.1.2(a) (see also [41,
Theorem 3.4.8]) that Q(t) has a strong global attractor in X . O
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3.3 Threshold dynamics

In this section, we first focus on conditions for viral extinction or persistence in hetero-
geneous environments and then study the case where all the parameters are spatially
homogenous.

3.3.1 The general system

We first introduce the basic reproduction number %, by using the theory developed
in [152]. Let E := C(Q,R?) be the Banach space with the supremum norm || - ||.
Define E := C([—7,0], E) with the norm |[¢||g = maxge[—+0 [|¥(0)||g, V¢ € E. Let
Et := C(Q,R%) and E* := C([-7,0],ET). Then (E,ET) and (E, E™) are ordered
Banach spaces. We also identity ¢ € E with an element in C([—7,0] x ,R?) by
defining (0, x) = (0)(x), VO € [—7,0], Vo € Q. Given a function w : [-7,0) — E
for 0 > 0, we define w, € E by w(0) = w(t + 0), V8 € [—7,0], for any t € [0,0).

Let L(E,E) be the space of all bounded and linear operators from E to E. For
any L € L(E,E), we define L € L(E,E) by

A

Ly = L(y),Vy € E,

where y(6) = y,V0 € [—7,0].

Setting I = 0 in system (3.2), we obtain the density of healthy cells satisfies
(3.5). It follows from Lemma 3.2.2 that system (3.2) has an infection-free steady state
(T*(x),0,0), where T*(x) satisfies (3.5) and is globally attractive in Y. Linearizing
system (3.2) at (7%(x),0,0), we obtain a cooperative time-delayed nonlocal system
for the infectious compartments I and V:

or gt’ ) V- (Di(@)VI(E 2)) — (@)L )
+ {cb(ﬁ)—afl("g‘;(')’o)V(t —71,.)} (x)
. {¢(72)af2(.,§;(.),o)l(t_72’_)} (@), (3.12)
D) 9 (D) TV (1.2) + (WO~ 7))
— @)V (ta),t >0,z € Q,
subject to the Neumann boundary condition 242 = V() — g ¢ > 2 € 9.

Denote

Aw = diag (V - (Di(z)Vwi), V- (Dy(2)Vw,)) + diag (—pu (z)w1, —p(z)ws) -
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Clearly, A generates a semigroup T4(t), and Ta(t) is compact on E for each ¢ > 0.
Define L and F € L(E,E) by

B 0
Ly(z) = <[\p(73)b(-)w1(—73, -)](x))
and

Fib(z) = ([(I)( )afl( wz( T1, )] (z) + [(I)( )8f2( ¢1( 7—27'>} (x>>

O )
for any ¢ = (¢1,v¢5) € E. Then we consider the following autonomous linear FDE

system:

dw
= F(wg) — V(wy), (3.13)

where —V1) := A(0) + L. It then follows that (3.13) generates a semigroup U(t)

on F, and the autonomous linear FDE
du _
dt

generates a semigroup Y (¢) on E, respectively.

—V(wy) (3.14)

Recall that the exponential growth bound of the semigroup Y(¢) is defined as
w(Y) = inf{@: IM > 1 such that | T(t)|| < Me**, Vt > 0}.
Lemma 3.3.1. The exponential growth bound w(Y) < 0.

Proof. In view of [152, Theorem 3.2], w(T) and s(A + L) have the same sign, where

7 V(Dr(-)V) = pa(-) 0 )
A+ L= .
( W(73)b(-) V(Dy()V) = p()
Note that p
w
= = (A+ Lyw
generates a semigroup Y(t) on E satisfying T(t) = eA+Dt Tt then follows from

the spectral mapping theorem that r(e A+L)) = es(A+DE for any t > 0. In view
of [112, Proposition A.2], there holds

. Inr(T(t)) Inr(e@bio)  IpesA+lio 5
w(T) = i = i = " =s(A+ L)

for any constant o > 0. Thus, we have sign(w(T)) = sign(w(Y)). So it suffices to
consider the following system without time delay:
I(t, )
ot
IV (t,x)
ot

= V- (Di(@)VI(t, x)) = pa () I (t, ),

=V - (Dy(z)VV(t,x)) + W (r3)b(x)I(t,z) — p(z)V(t,x),t >0,z € Q,
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subject to the Neumann boundary condition. Since p(z) and u(z) are positive on €,

A

it easily follows that w(Y) < 0. This implies that w(Y) < 0. O

Since F and L are positive, it follows from Lemma 3.3.1 that F and V satisfy the
following assumptions:

(H1) F is positive in the sense that F(ET) C E*.
(H2) T'4(t) is a positive semigroup on E, L is positive, and w(Y) < 0.

Note that the internal transition system (?1.14) involves time delay. Regarding the
linear system (3.13), we easily derive F and V as follows:

0f2(T"(), Af1(T* (),
]:_: (@(T2> fa( 81()0) (I)(Tl) fl(av()o))’

0 0
V(DY) 4wl 0
V‘( “W(m)b(-) —v<Dv<->v>+u<->)'

According to [152], the basic reproduction number for system (3.13) is the spectral
radius of the next generation operator F o V7!, that is,

Ry =1 (Ji" o f;—l) . (3.15)
Lemma 3.3.2. [Theorem 1.5.4] %, — 1 has the same sign as w(U).

Let Uy(t) be the solution semigroup on E of the following linear system with
parameter \ € [0, +00):

= AF(w) = V(w). (3.16)

Lemma 3.3.3. [Theorem 1.5.5] If %y > 0, then A\ = % is the unique positive solution
of r(Ux(to)) = 1 for any given tq > 0, and also the unique positive solution of w(Uy) =
0.

Lemma 3.3.4. In the case where

Dr(z) = Dr, Di(x) = Dy, Dy(z) = Dy, i (x) =, po(z) = po,
b(l‘) = bv 1% LU) = M, fl(vaa V) = fl(T7 V)7 fg(.f(f,T, ]) = f2(T7 ])7
the basic reproduction number for the resulting system is
e—/.tsz 8f2(6,1;*70)

Hy = +
H1 piph

e—ulﬁ 5f1§)7‘;*70) e—#w’sb
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Proof. In this special case, it is easy to see that

/ Fl(tax>y; Dl)dy = 6_u1t> / PVl(tax>y; DV)dy = 6_u2t> / FVQ(tax>y; DV)dy = 6_Mt'
Q Q Q

Following the above argument, we denote Fy and Vs for the simplified system as
follows

Fubla) = ([e“““ 7af15($’0)¢2(—7'1,x)] + [6_“”2 7af2g€*’0)¢1(—72,x)}>
0

and =V := Aap(0) + L) with
Asw = diag (D;Awy, Dy Awy) 4 diag (—pwy, —paws)
and

Lp(x) = ({e—umbw(l)(—m,x)]) ’

for any ¢ = (¢1,v9) € E.
Let C = C([—7,0],R?). We define Fy, V, € L(C,R?) as follows

Bo) — [ L7 2T Soa(m)]| + [ 20, ()
0
and

M1¢1(0) )
‘/S - — T
(@) Q—eWSMﬂ—mﬂ+u@®)
for any ¢ = (¢1, ¢2) € C. Further we have .7:;, lA/s, Fs and Vs are as follows

ﬁs - (e_ulTQ af2(87}*70) 6_“17—1 aflg{/*’(])) ’ ]}s - (_DIA + Ml 0 ) !

0 0 —e72h  —Dy A+ p
o (PR oen BN (o 0)
S O O Y S _e—M27'3b M

It is easy to see that
FooVHv) = F, 0 V7 Hv), Yo = (v, v5) € R?,

due to the fact Av; = Avy = 0 for any v = (vy,v9) € R% In view of [67, Lemma 2.4],
we have r (.7:"5 o l>s_1) =7 (]3’3 o Vs_l>. According to (3.15), the basic reproduction
number for the simplified system is

~

,9?0:7’(]:"501}8_1> :r(FSoIA/s*) =

—p1 7y Of2(T*,0) —pam1 OFL(T*0) o
1172 > H1TL > H273
e ST e S € b

+
H1 piph

This completes the proof. O
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As illustrated in [66, Lemma 4.7] and [106, Proposition 2.4], by using the compar-
ison principle and Lemma 3.2.3, we have the following observation.

Lemma 3.3.5. Let u(t,-, @) be the solution of system (3.2) with ug = ¢ € X*. Then
the following three statements are valid:

(i) If there exists some to > 0 such that u(to,-,¢) Z 0 for some i € {2,3}, then
w;i(t,x, @) >0 for all t > ty, x € .

(ii) Foranyp € X, we have uy (t,z,¢) > 0,t >0,z € Q, and liminf,_ . ui(t,z, ¢) >
1 uniformly for x € ), where 1 1s a ¢-independent positive constant.

(ii) If there exists some to > 0 such that u;(to,-, ¢) # 0 for some i € {2,3}, then
w;i(t, x, @) > 0 for both i = 2,3, witht > to + 7, x € .

Substituting (I(¢,z), V(t,z)) = e (11 (), ¥(x)) into (3.12), we obtain the follow-
ing eigenvalue problem:

My () = Di(z)Vipy(x)) — pa ()1 ()
{cp af“ T @

{Cb 24T, (317)

SR 2000 ),

Mo () = z)Vipo(z )>+e AT W () b(- )1 ()] ()
()%(%t>&er,

subject to the Neumann boundary condition. By [112, Proposition A.2] and the
arguments similar to those for [113, Theorem 2.2], we have the following result.

Lemma 3.3.6. \* := w(U) is the principal eigenvalue of problem (3.17) associated
with a positive eigenfunction.

Let {P(t)}+>0 be an autonomous continuous-time semiflow on a metric space
(G,d). We say e¢* € G is an equilibrium if P(t)e* = e* for all ¢ > 0, and e* at-
tracts a subset S of G if lim; . d(P(t)x, e*) = 0 uniformly for z € S.

Lemma 3.3.7. Let * be an equilibrium of P(t). If e* attracts every compact subset
of some open neighbourhood of itself, then e* is Lyapunov stable.

Proof. Let J be the open neighbourhood of e* such that e* attracts every compact
subset of J, and let ny be a positive integer such that B(e*, nio) C J. Assume,
by contradiction, that e* is not Lyapunov stable. Then there exist ¢, > 0, =, €
B(e*, noﬁ) and ¢, > 0 such that

d(P(ty)xn,e") > e, Yn > 1. (3.18)
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Clearly, lim,, o 2, = €* and the set C' = {z,, : n > 1} U {e*} is a compact subset of
J. Since e* attracts C, there exists T' = T'(¢y) > 0 such that

P(t)x € B(e*,¢), Yx € C, Vt > T. (3.19)

In view of (3.18) and (3.19), it follows that ¢, € [0,7’) for all n > 1. Thus, there exists
ny — oo such that limy_, . t,, =t* € [0,7T]. Letting k — oo in the inequality (3.18)
with n = ny, we obtain ¢y < d(P(t*)e*, e*) = d(e*, e*) = 0, a contradiction. O

Now we are ready to prove a threshold type result on the global dynamics of
system (3.2) in terms of %.

Theorem 3.3.1. The following statements are valid:

(i) If %y < 1, then the infection-free steady state (T*(x),0,0) is globally asymptot-
ically stable for system (3.2) in XT.

(ii) If o > 1, then there exists 1 > 0 such that for any ¢ € X with ¢2(0,-) £ 0
or ¢3(0,-) # 0, the solution u(t,z,d) = (u;(t,z,¢))(1 < i < 3) of system (3.2)
satisfies

lim inf min u;(t, z, ¢) > 1, (1 < i < 3).

t—oo e

Further, system (3.2) admits at least one positive steady state.

Proof. (i) Let (11, 19) be a positive eigenfunction corresponding to the principal eigen-
value A* of problem (3.17). In the case where %, < 1, Lemma 3.3.2 implies that
A* < 0. For any given ¢ = (¢1, ¢a, ¢p3) € X, let

U(t, Z, ¢) = (ul(ta Z, ¢)> u2(t7 Z, ¢)> U3(t, Z, ¢))

be the unique solution of (3.2) with ug = ¢. Following the ideas of [13,106], we define

c(t; ¢) = max { max uslt +,2,0) max us(t +6,,6) }

wLllr%%,9) BT LD >0
2€Q,0€[— max{r,7s},0] €2 Dy (1) " zeqoel—r .0 X Dy ()

It is easy to see that c(t; ¢) is continuous in ¢ € X+,
Claim 1. For any ¢ € D = {¢p € XT : ¢1(-,x) < T*(z),Vor € Q}, c(t;¢) is
non-increasing in ¢, and lim;_,., ¢(¢; ) = 0 whenever A* = 0.

Since ¢, (-, z) < T*(z), it follows that u, (¢, z, ¢) < T*(z),Vz € Q,t > 0. Fix t, > 0,
and let iiy(t, ) = c(to; ¢)e* 'y (x) and w3(t, x) = c(to; @)e* thy(x) for t > to,x € Q.
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Then we see from (A2) that

222) < 9 (Dya) Vst ) — (el )
a0,
JERREEY (T RO

W =V - (Dy(2)Vus(t, 7)) + U (r3)b(w)us(t — 73, 7)

(
— p(z)us(t,x), t > ty,x €€,
Jus(t,x)  Ous(t,x)

o ov
ug(to + 02, x)
us(to + 63, )

=0, t >ty,x € 09,

ﬂg(to + 92,5(7), Vo € Q,eg c [— maX{Tg,Tg},O],
ﬂg(to + 93,1’), Vo € Q,93 € [—7‘1,0].

IAINA

By the comparison principle, it follows that

(us(t, z),us(t,x)) < (us(t, ), us(t, x))
= (c(to; @) Y1 (x), c(to; @) o)),V € Q,t > 1o,

and hence, c(t;¢) < c(to; ¢) for all t > ty. This implies that c(¢; ¢) is non-increasing
in ¢t € [0,00). Since c(t;¢) > 0, we have lim; o c(t;¢) = ¢* > 0. In addition, if
¢o Z 0 or ¢35 Z 0, we see from Lemma 3.3.5 (i) that us(t,z,¢) > 0 or uz(t,x,¢) > 0
for all z € Q and ¢t > 0. By Lemma 3.3.5 (iii) and the strong comparison principle,
we further have

us(t, ) < Ua(t, ) = clto; p)e "1 (), uslt,z) < us(t,z) = c(to; ¢)e™ “Pao(x),

for all t > ty+27 and z € Q. It then follows that c(t; ¢) < c(to; ¢) whenever t > to+37,
and hence, ¢(t; ¢) is not a constant function of ¢.

Now we consider the case where A\* = 0. For any given H = (Hy, Hs, H3) € w(¢),
there exists t,, — oo such that lim,_,., Q(¢,)¢ = H, and hence,

lim Q(t -+ ,)6 = lim Q(t)(Q(t)0) = QOH, ¥t > 0.

n—oo

By the definition of ¢(t; H), it then follows that

c(t; H) = lim c(t +t,;0) =c*, Vt>0.
n—oo
Assume, by contradiction, that ¢* > 0. Then we must have either Hy # 0, or Hz # 0.
Otherwise, there holds ¢(t; H) = 0. By our additional observation for ¢(t; ¢), it follows
that c(¢; H) is not a constant function of ¢, which contradicts the fact that c(t; H) = ¢*.
This completes the proof of Claim 1.
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Claim 2. limy,oo || (u(t, -, ¢) — (T7,0,0)||x = 0 uniformly for ¢ in any compact
subset J of D.

For any ¢ € D, the second and third equations in (3.2) are dominated by linear
system (3.12). In the case where A\* < 0, the standard comparison argument implies
that

Jim | (ua(t, -, 0), us(t. - ) = 0

uniformly for ¢ € J. In the case where \* = 0, it follows from Claim 1 and Dini’s
theorem that lim;_,, ¢(t; ¢) = 0 uniformly for ¢ € J, and hence,

tliglo ||(U2(t, ) ¢)7 Ug(t, 5 (b))HE =0
uniformly for ¢ € J. Since the solution semiflow Q(t) has a global attractor (see
Lemma 3.2.3), it easily follows that the orbit of any compact set is bounded. Thus,
there exists B = B(J) > 0 such that ||u(t, -, ¢)||x < B for all ¢ € J and ¢t > 0. It then
follows that

}i}rg) fl(ll',U1(t,l’, ¢),U3(t,l’,¢)) = 07 tligi, fg(![',’dl(t,l’, Qb),UQ(t,I’, ¢)) = 07

uniformly for z € Q and ¢ € J. By using the first equation in (3.2) and comparison
arguments, we can easily prove that lim; . ||u1(¢, -, ®)—T"||y = 0 uniformly for ¢ € J.
This proves Claim 2.

Let K be any given compact subset of X T, and w(K) be its omega limit set for
Q(t) on X*. Since T* attracts every compact sets for the solution semiflow of (3.5)
on Y*, it follows from the comparison argument that w(K) C D. In view of Claim
2 above and the invariance of w(K), we have w(K) = (7%,0,0). Since Q(t) admits a
strong global attractor on X, it follows from Lemma 1.1.2 that w(K) attracts K, and
hence, (7%,0,0) attracts K. This, together with Lemma 3.3.7, implies that (7,0, 0)
is is globally asymptotically stable for system (3.2) in X*.

(ii) In the case where %, > 1, Lemma 3.3.2 implies that A\* > 0. Let

Zy = {1/} = (¢1,¢2,¢3) € Xt w2(07 ) §é 0 and 1/}3(07 ) 7_é 0}7
and
07y = X \ Zy = {1/} cXt: lpg(o, ) =0or 1/}3(0, ) = O}

For any ¢ € Z, it then follows from Lemma 3.3.5 (i) that I(¢,z,7) > 0 and
V(t,z,y) > 0,t >0, x € Q. This implies that Q(t)(Zy) C Zo,t > 0. Now we
prove that @ is uniformly persistent with respect to (Zy, 0Zp).

Let M = (T*,0,0), where 7* € Y and T*(#) = T*, V0 € [—7,0]. We consider a



o8

perturbed linear system with parameter § > 0:

Wg; 7). (D(2)VI(t, ) — pa(x)I(t, )

TR LAC LY, A I

. {q)(ﬁ)a]g(., (T*@(}) — 5),6)I(t 1, .)} (2),t >0,z €Q, (3.20)
Wé? DV (Do) V(L) + [W(73)b(-)L(t = 73, )} ()

—w(2)V(t,z),t >0,z € Q,
ol(t,z) 0OV (t,x)
o o
Let A be the principal eigenvalue associated with the perturbed system (3.20). Since
lims_,o+ A = A* > 0, we can fix a sufficiently small 6 > 0 such that

0 <minT*(z) and A5 > 0.
z€l)

=0,t >0,z € 00.

We further have the following claim.
Claim 3. limsup,_, . ||Q(t)Y — M|| > ¢ for all ¥ € Zj.

Assume, by contradiction, that there exists ¥y € Zy such that lim sup,_, . [|Q(t)1o—
M| < 4. It follows from Lemma 3.3.5 that there exists the time T, > 0 such that
T(t,x, ) > T*(x) — 6, 0 < I(t,z,79) < 0, and 0 < V(t,x,10y) < 6 for all t > T,
and z € €. This, together with the assumption (A2), implies that I(¢,,1) and
V(t,z, 1) satisfy

L) > V- D) VI2)) = ()T 12)

|0 2T =0y ) (0

. [@(maf?(" (T;(]-) =09 14— 4, ,>] (1), t> Ty €,
P > (DY @TV (0) + [P = 7)) )

—p(2)V(t,z), t > T,,z €,
oI(t,x) OV(t,x)

= = > .
£y e 0, t >T,,xed

Let ¢5 = (Is5,Vs) be a strongly positive eigenfunction corresponding to Ai. For
any given ty € Zy, it then follows from Lemma 3.3.5 (i) that I(¢,z,v) > 0 and
V(t,x,1v) > 0,t >0, x € ). Then we can choose a £ > 0 such that

(I(ta wi())v V(t, ZL’,Q/J())) Z "ie)\gtd}cgu vt S [Tu - 7A-7 Tu]u YIS Q
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Note that the linear system (3.20) admits a solution
(i5(t, 2, 00), v5(t, x, 1)) = ke ETps Wt > T,
Employing the comparison principle, we then have
(I(t, 2, 0), V(t,2,200)) > (i5(t, 2, 00), v5(t, 2, o)) i= ke Teps Wt > T, 2z € Q.

This inequality, together with A} > 0, implies that I (¢, -,1y) — oo and V (¢, -, 1y) — o0
as t — 0o, a contradiction. This proves Claim 3.

In view of Claim 3, it follows that M is an isolated invariant set for Q(¢) in X,
and W5 (M) (N Zy = 0, where W9(M) is the stable set of M for Q(t). Define

My = {y € 0Zy : Q(t)(¢) € 0Zo,Vt > 0},

and w(1)) be the omega limit set of the forward orbit 4+ (¢)) := {Q(¢)(¥) : Vt > 0}.
Claim 4. w(v) = M for any v € My, and M is globally stable for Q(t) in Mj.

By the definition of My, for any given ¢ € My, we have Q(t)(v)) € 0Z,, and hence,
I(t,-,v) =0o0r V(t,-,¢) =0 for all t > 0. In fact, on the one hand, if I(¢g,-, %) # 0
for some tg > 0, then Lemma 3.3.5 (iii) implies that I(¢,-, ) > 0 and V(¢,-,4) > 0 for
t >ty + 7, a contradiction; on the other hand, if V'(ty,,1) # 0 for some ¢ty > 0, then
Lemma 3.3.5 (iii) ensures a similar contradiction. Therefore, for any given ¥ € Mp,
we have I(t,-,1) = 0 and V(¢,-,¢) = 0 for all ¢t > 0. It then follows from the T-
equation in (3.2) and Lemma 3.2.2 that lim; . (7'(¢, z,v) — T*(z)) = 0 uniformly for
z € Q, and hence, w(y)) C M for any ) € M,. As argued in the case of (i), we can
show that M C w(%). Therefore, w(v)) = M for any ¢ € My. This implies that M is
globally attractive for Q(t) in My. By using Lemma 3.2.2 again, we conclude that M
is locally Lyapunov stable for Q(¢) in Mp. This proves Claim 4.

With Claim 4, we see that M cannot form a cycle for Q(t) in 0Z,. Since Q(t)
admits a global attractor on X, it follows from the acyclicity theorem on uniform
persistence for maps (see., e.g., Theorem 1.2.1) that Q(¢) : X* — X is uniformly
persistent with respect to (Zy, 0Zp) in the sense that there exists an 77 > 0 such that

lim inf d(Q(t)(¥), 0Z0) = 1), Vi) € Zo.

t—o0

Now we prove the practical uniform persistence. By Theorem 1.2.2, we obtain that
Q(t) : Zy — Zy admits a global attractor Ag. Since Ay = Q(t) Ay, we have 15(0,-) > 0
and 13(0,-) > 0 for all » € Ay. Then Ay C Zy and lim;_,o, d(Q(t)1), Ag) = 0 for all
Y € Zy. Define a continuous function p : X+ — R, by

p(¢¥) = min {minwg(O, x),gleigws((),fv)} N = (Y1, e, 103) € X

e
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Clearly, p(¢)) > 0 for all ¢p € Ap. Since Ay is a compact subset of Z,, we have
infyea, p(¥) = mingea, p(1) > 0. By the attractivity of Ay, it follows that there
exists an 77 > 0 such that

lim inf min {mi:_a I(t,z,), min V(t, z, w)} >,V € Z.
€S

t—o0 zeQ
In view of Lemma 3.3.5 (ii), we further obtain

lim inf min w; (¢, z,%) > 7 := min {7, 7}, (1 <7 < 3).

t—oo e

For any given ¥ € X with ¢5(0,-) # 0 or ¢3(0,-) £ 0, it follows from Lemma
3.3.5 (iii) that there exists a time ng = ng(¢») > 0 such that Q(ng)(¢) € Zy. Since

Q)Y = Q(t—ng) (Q(ng)(¥)) , ¥Vt > ng, we have lim inf min u; (¢, z,v¢) >0, (1 <1i < 3).

t—oo zeQ
Thus, the uniform persistence stated in the conclusion (ii) is proved.

In order to prove the existence of a positive steady state of system (3.2), we let
Qo(t) : Xt — Xt ¢ > 0, be the solution semiflow generated by the following nonlocal
reaction-diffusion system:

8T(att’x>: V- (Dr(z)VT(t, ) + n(z, T(t,x)) — fi(z, T(t,z),V(t,v))
— folz, T(t,2), I(t, 7)),

8155;“’): V- (Di(z)VI(t,x)) — pa(2)I(t, ) + [®(1) fi (- T(E, ), V(T )]() o)
+ [®(72) fo -, T(t, ), I(t,-)))(x),

avgi’ 2 = (Du @)V (1,2)) + ()OI )()

—w(x)V(t,z),t >0,z €,
subject to the Neumann boundary condition

or(t,x) OI(t,z) IV (t, x)
= = - =0,t>0 o).
v v ov b > T E
Let \g = s(]:" — 1>), then %, > 1 implies that A\g > 0. By the arguments similar to
those for Q(t) : XT — X7, it follows that Qo(t) : X — XT is point dissipative,
compact for any ¢ > 0, and uniformly persistent with respect to (Wy, 0W,), where

Wo = {d = (¢1, 02, 3) € X" : () # 0 and ¢3(-) # 0}

and
oW, _X+\Wo {¢€X+ ¢2()—OOI¢3()EO}
By Theorem 1.2.6, Qo(t) has an equilibrium ¢* € Wy, and hence, ¢*(x) is a steady

state of system (3.21). Clearly, ¢*(z) is also a steady state of system (3.2). Moreover,
Lemma 3.3.5 implies that ¢*(x) is pointwise positive. O
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3.3.2 A simplified system with constant coefficients

In this section, we consider the case where all coefficients in system (3.2) are positive
constants and fi(x,T,V) = BTV and fo(x,T,1) = pT1. Similar to [128,141],
we also assume that the two latency periods are equal for healthy target cells after
exposure to infected cells and viruses, respectively; that is, 71 = 7 := 7. We make
the following assumption for n(7):

(A1) There exists a unique 7™ > 0 such that n(7*) = 0; n/(T") < 0 for all " > 0.

It is easy to see that T™ is the equilibrium concentration of the healthy target cells
under the natural change.

For simplicity, let I'(¢, z, y; D) be the Green function associated with DA subject to
the Neumann boundary condition. Therefore, system (3.2) is reduced to the following
autonomous reaction-diffusion system:

(210D — Dy AT(t,2) + n(T(t x))
— BiT(t,2)V(t,x) — BoT(t, ) (t, v),
8](%250) = DI A I(t, Zl'f) - ,Ull(ta Zlf)
+e T fQ L(Drr, 2, y) i T (¢ — 7, y)V(t — 7, y)dy
+e77 [ T(Drm,2,y) BT (¢ — 7,y)I(t — 7,y)dy,
WL — Dy AV (t,2) +ber2™ [, T(Dyrs, @, y)I(t — 75,y)dy
—uV(t,x),t >0,z € Q,

oT(t,x) _ oI(tx) _ OV(tx) _
\ Ov - v B —0,t>0,x€8§2.

(3.22)

From the argument in Section 3.1 and Lemma 3.3.4, the basic reproduction number
of system (3.22) is given by
MBI + e MG T e 12™h

H1 piph '

0

Define U := C(Q,R), Ut := C(Q,R,) and
U:=C([-7,0],U") x C (|- max{r,73},0],U") x C ([-7,0],U").
Then we have the following result on the global attractivity for system (3.22).

Theorem 3.3.2. Let u(t, x, ) be the solution of system (3.22) with the initial value
ug = ¢ € U. Then the following statements are valid:

(i) If %y < 1, then eq = (T%,0,0) is globally asymptotically stable for system (3.22)
i U.
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(ii) If Zo > 1, then system (3.22) has a unique constant equilibrium u* = (T, L., Vi)
such that for any ¢ € U with ¢2(0,-) # 0 or ¢3(0, ) # 0, we have limy_, o u(t, z, p) =
w* uniformly for all x € Q2.

Proof. Note that statement (i) is the straightforward consequence of Theorem 3.3.1
(i). It remains to prove (ii). When %, > 1, system (3.22) has a unique positive
equilibrium u* = (7%, I,, Vi) with
n1T T* —H2T3

T — e ,I*:n( )’V*:be I..

Prbe=#278 + Bop pa ettt M
It follows from Theorem 3.3.1 (ii) that system (3.22) is uniformly persistent as %, > 1;
that is, there exists & > 0 such that for any ¢ = (¢1, g2, ¢3) € U with ¢»(0,-) #Z 0 or
¢3(0,-) # 0, the solution u = (¢, z, ¢) satisfies

lim inf min u,;(t, z,¢) > &, (1 < i < 3). (3.23)

t—oo e

Let Uy := {(;5 e U:¢i(0,7) >0,V € Q,i=1,2, 3} . Next, we show that u* is globally
attractive for system (3.22) by using the method of Lyapunov functionals. Set g(u) =
u—1—Inu,u > 0. Clearly, g(u) > 0 for all v > 0 and ming.,<1 g(u) = g(1) = 0.
Define a continuous functional W : Uy — R:

W(e) = / (Wi (2, 6) + Walz, 6) + Wa(x, 6) + Walz, ¢)]da,

Q

where

<¢2<o,x>)+ BTV, ., (M)

I, be—rems [, " |78

#1(0,) T*
Wl = ¢1(O,LE) — T* — / ?ds + 6”17—[*9

0
Wo= stV [ [P0 (DD dya
-7 Q

0
W3 = B2T*I*//F (DI(_9)7x7y)g (¢1(9’??2(9’y)) dydev

-7 Q
0
¢2(97 y)
Wy = BTV, I'(Dy(=0),z,y)g (7) dyd®.
e

Next we fix ¢ = (¢1, ¢a, ¢3) € U with ¢2(0,-) # 0 or ¢3(0, ) #Z 0. From (3.23), without
loss of generality, we can assume that u(¢) € Uy, Vt > 0. Let w(¢) be the omega limit
set of the orbit 41 (¢) for the semiflow Q(t). Since (3.22) is uniformly persistent, we
have w(¢) C Uy. Note that

n(T*> = BIT*V* + B2T*[*v e_ulT(ﬁlT*V:k + B2T*I*) = ,ull*u be M, = /’l"/:k'
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Now we calculate the time derivative of W (u.(¢)) along the solution of system (3.22).
It then follows that

OW1 (ur(¢))

ot
_OT(t,x) T.O0T(t,x) = .. L\ 10I(t,z)
=~ 1 a T

where

_l_

BTV, v ( V*) 1 0V(t )

Saak R v O [
be=r273 [, V) V. ot

pe (1) ey e (15 (1- 20

T, TI

+ / L(Drr,z,y) 1Tt — 7, y)V(t —7,y)dy
Q

+ /Q (Dyr, 2, )BT (t — 7, y)I(t — 7, y)dy
T(t—7,9)V(t—71y)l,

BTV, | T(Dyr, 2,
B V/Q (D7, 2,y) V.1 dy
Tt —71,y)(t—71y)l
— BT, 1, | T'(Dy7,x, d
16 /Q (Dy7,2,y) T 11 y

I
+ 1L Vi + BT — BoTd — i LV + STV — BTV

I
T,V
4 51[ / D(Dy1s,x,y)(t — 73,y)dy
* Q

I(t — 73, y)‘/:k
LV

_ BTV / I(Dyrs,,y) dy,
Q

T, I, BTV, Vi
J— _ H1T _ - -
B .= (1 ) DTAT + et <1 I) DIA[ + be—r2ma ] (]_ ) DvA[/
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Furthermore, we have

OWs(u(9)) TV TV / Tt—7y)V{t—1y)
T - ﬁlT*V:" T*V:k In T*‘/* QF(D]’T,[L’,y) T*V:k dy
Tt —71,9)V(t—r,
+AT@ﬁ@wW1( 2% yhﬂ,
OWs(ui(0)) TI TI / T(t—7,9)I(t—T17Y)
—|—/F(D[T,x,y)ll’lT(t_T’y)l(t_T’y)dy] :

OWy(ue(9)) — B T.V. {i —lni —/F(DVTg,x,y)[(t_Tg’y)dy
Q

I,
[(t — 73, y) dy:|

+/ I'(Dyts,z,y)In
Q L,

It then follows from the function g(-) that

OWi(ur(9))  OWa(ui(9)) | OWs(ur(@)) = OWalui(9))
a o T a T o

= B+ (1 — %) (n(T') = n(T%))

T(t -7, y)V(t — T, y)]*
— BTV, I'(Dyr, z,
R R e 1 y

I(t — 73,y)Vi T,
+/FD T,x,gjg(— dy+g | =
a (Dy7s, 2,9) LV T

4TI [g <TT) N /QF(Dmx’y)g (T(t —7’,?;)[](3— T, y)L) dy} .

By the assumption (A1l’), we have

(1 _ %) (n(T) — n(T2)) < 0,

and equality holds only in the case of T = T,. Using the Neumann boundary condi-
tions and Divergence Theorem, we obtain

o0 Q Q
2
0= le cvdr = / div (lvw) dr = / (% _ HVU;H ) da,
oW Q w o\ w w

for w € {T,1,V}, and hence, [, Awdz =0 and [, 22dz = [, ”VWLQ'Fdx > 0. It follows
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that [, Bdz < 0. Thus, there holds

dW (us(9))
dt
Wi (u(@)) | OWalu()) | IWs(u(9)) = OWi(w(9))
- Q/ [ o o + ot }dz
< BTV, U / Dy y)g (T(t—r,yT)*“//S—T,y)I*) dydz

// (Dy7s,2,9)g (I(t [Tf/’y)v)dydx+/ﬂg<%)dx]
— BT.I, U ( )d:c+// (Dr7,2,9)g (T(t_T’y’Ti{IE’;_T’y)I*)dydx]

= Ud)(t)

(3.24)
Note that W (u:(¢)) is nonincreasing and bounded below on [0, 00), hence, there is
a real number L > 0 such that lim; . W(u(¢)) = L. For any ¢ € w(¢), there
exists a sequence t, — oo such that lim, , u, (¢) = ¢ in Uy. This implies that
W () = L,V € w(¢). Since u (1)) € w(g), it follows that W(u(¢p)) = L, ¥t > 0, and
hence, % = 0. Replacing ¢ in (3.24) with v, we obtain 0 = W < Uy(t) <
0. This shows that Uy(t) = 0,Vt > 0. By the definition of the set Uy and Lemma
3.3.5, we see that u,(¢)) > 0,Vt > max{r, 73}. It then follows from the expression of
Uy(t) in (3.24) that w,(v) = u*,Vt > max{7, 73}. Since ¢ € w(¢) is arbitrary, there
also holds us(w(¢)) = u*,Vt > max{7,73}. In view of the invariance of omega limit
sets, it is easy to see that w(¢) = uz(w(¢)) = u*, 7 = max{7, 73}, which implies that
limy o0 (@) = u*. O

3.4 Numerical simulations

In this section, we illustrate our analytical results on the basic reproduction number
and global dynamics of the model via numerical simulations, and investigate the role
of drugs in controlling the spread of the viruses. Note that the estimated values of the
parameters in model (3.2) are constant and independent of space in many studies and
experiments, and these fixed values may reflect the average levels of these factors in
the host body or due to the limitations of experimental conditions. For simplicity, we
assume that n(T) = A —drT, fi(z,T,V) = /TV and fy(x,T,1) = 55T1. Therefore,
we first collect these values and present them in Table 3.1 as the mean values of the
parameters in model (3.2).

As a straightforward consequence of Lemma 1.5.1, we have the following observa-
tion.
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Lemma 3.4.1. For any given X € [0,4+00), we choose vy € int(E™) and define

Ux(to)vn—1
anp,

an = [|Ux(to)vn-1llE, v = , Vn > 1,

for any given tg > 0. If lim, ., a, ezists, then r(Uy(to)) = lim, o ay.

It then follows that we can use the bisection method and Lemma 3.4.1 to solve
r(Ux(to)) = 1 numerically, which provides an approximation for % (see Lemma 3.3.3).
By employing the parameter values in Table 3.1 and the above numerical method, we
compute the basic reproduction number as %, = 3.2034.

Table 3.1: Model parameters and their mean values for system (3.2)

Parameters Mean values References
A 5 x 10° cells/(day mL) [88]

d 0.01/day 98]

A 0.5/day [90]

1 3/day [90]

12 2.5/day variable
b 1000 virions/(cell day) [33]

b1 1.2 x 10719 mL/(virions cells day) [98]

B2 4.5 x 1078 mL/(virions cells day)  [98]

Dr 0.09648 mm? /day [83]

Dy 0.05 mm? /day [98]

Dy 0.17 mm?/day [110]

71 1 day [87]

To 0.82 day [14]

T3 0.5 day [40]

6173206732676
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sssssssssss 741040200862

(a) T(t, ) (b) I(t,x) (c) V(¢ )

Figure 3.1: The evolution of the compartments T, I and V based on the parameters in Table 3.1
and initial data (3.25), corresponding to %2y = 3.2034.

We find that the parameters A, 5; and [ in Table 3.1 are all related to volume.
To fit them into a one-dimensional region and make them constant, we assume that
the region is a thin wire with a cross-sectional area of 1mm x 1mm, simplified to
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(a) T(t, ) (b) I(t,z) (c) V(¢ x)

Figure 3.2: The evolution of the compartments 7', I and V by reducing B3(z) to 0.23;(x) and
Ba(x) to 0.282(x) under initial data (3.25), corresponding to %y = 0.7764.

2 = (0,2). Since lymphoid tissue consists of lymph nodes, we set the environments
periodic for convenience in the following simulations. Applying the difference method
to the system with the Neumann boundary condition, we observe the evolution of
each compartment in system (3.2) with the initial data

T(0,x) 5x 107 x (1 + 0.5 cos(wx))
I(0,z) | = 1x10*x (14+0.5co8(wx)) | ,V0 € [-7,0],2 €[0,2],  (3.25)
V(0,x) 200 x (1 + 0.5 cos(mx))

and the results are shown in Figure 3.1. The numerical results are well consistent
with Theorem 3.3.1 (ii); that is, the viruses will be uniformly persistent under %, =
3.2034 > 1. If only (1(x) decreases to 0.20;(x), and fa(z) decreases to 0.2055(x), we
obtain Z, = 0.7764. The evolution of the solution is indicated in Figure 3.2 with
initial data (3.25), which corresponds to the conclusion in Theorem 3.3.1 (i); that is,
the viruses will become extinct under Zy = 0.7764 < 1.

To facilitate a comprehensive elucidation of the impact of diverse input parame-
ters and their respective fluctuations on the model outcomes, and to characterize the
pivotal parameters, the sensitivity analysis is performed. This is achieved by com-
puting the Partial Rank Correlation Coefficients (PRCCs) with respect to the basic
reproduction number %, for a range of parameters, as outlined in [78]. The sensitivity
analysis results are shown in Figure 3.3, indicating that %, is highly sensitive to
and 75. As a result, we implement appropriate measures to increase p; and 7o, which
can effectively reduce the risk of virus transmission.

Finally, we study the optimal drug strategy in a spatially heterogeneous region.
Let
Bi(z) =1.2x 107" x 2(2 — 2), fa(z) =4.5x 1078 x 2(2 — 2),

thereby indicating that ([, and [y exhibit the highest infection coefficients at the
central region of the spatial domain. We suppose that the distribution of drug is
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Figure 3.3: Sensitivity analysis of %Z,.
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Figure 3.4: The effects of the drug on the basic reproduction number Zj.



69

described by

Qg€ lag,a0+ L], ag > 0,a0+ L <2
— L ) 9 ) 9
vo() { 0 otherwise,

where ¢y > 0 is the total quantity of the drug, ag is the initial location of the drug
effect, and L is the length of the interval in which the drug works. With the intro-
duction of the drug, we assume that ;(z) and f(z) are replaced by S;(z)(1 —n(x))
and [y(z)(1 — n(z)), respectively, where n(z) is the drug efficacy. Here, we assume
the drug has the same effect on cell-to-cell and cell-to-virus. For convenience, denote

_ vg(w)

We aim to minimize the basic reproduction number %, by carefully selecting the
optimal values of ag and L while keeping ¢, fixed. This approach will yield the most
effective strategy for drug distribution. Let ¢y = 0.5, ag = 0.2 and L = 1, then the
relationship between 1 — n(z) and x is illustrated in Figure 3.4(a), which depicts the
proportion of change in the infection rates ; and [, following the administration
of the drug. When ag = 0.2 and L = 1 are fixed, there exists a negative correlation
between %y and ¢y, as illustrated in Figure 3.4(b). Therefore, we can increase the drug
dosage to reduce the risk of transmission. With fixed values of ag = 0.2 and ¢y = 0.5,
the basic reproduction number %, initially decreases as L increases, and subsequently
rises after reaching its minimum point, as illustrated in Figure 3.4(c). In this context,
the minimum value of %, aligns with the optimal selection of L once the quantity of
drugs and the initial effective location of the drug are determined. When ¢y = 0.5
and L = 1 are kept constants, %, initially decreases as ag increases. After reaching
its minimum value, it starts to increase with further increases in ag, surpassing the
initial value, and reaches its maximum value when aq reaches the boundary of the
region x = 2, as illustrated in Figure 3.4(d).

3.5 Conclusions and discussion

In this chapter, we formulated a time-delayed nonlocal reaction-diffusion model of
within-host disease transmission to investigate the influences of the mobility of cells
or viruses and spatial heterogeneity on with-in host disease pathogenesis. In order
to obtain a threshold condition for the disease transmission, we chose a bounded
spatial domain and the Neumann boundary condition. Firstly, we presented the well-
posedness of the model, and then we introduced the basic reproduction number %,
to show that the infection-free steady state is globally asymptotically stable when
Py < 1, while the disease is uniformly persistent when %, > 1. In the case where
all coefficients and reaction terms are spatially homogeneous, we used the method of
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Lyapunov functionals to obtain the global attractivity of the positive constant steady
state.

Numerically, our primary focus lies in elucidating the analytical results, perform-
ing the sensitivity analysis, delving into how parameters affect the basic reproduction
number, and probing the efficacy of drugs in mitigating the spread of the virus. The
numerical results reveal the following insights: (i) PRCC analysis demonstrates that
variables 117 and 7o exhibit the highest sensitivity to %, showing the negative corre-
lation. This suggests that implementing measures to augment both p; and 7 could
effectively curb virus transmission. (ii) The simulations of the optimal drug strategy
underscore the significance of judiciously selecting the location and duration of drug
delivery, especially in scenarios where drug resources are limited. This plays a pivotal
role in exerting control over virus transmission.



Chapter 4

A time-delayed nonlocal
reaction-diffusion model of
within-host viral infections in an
unbounded domain

In this chapter, we study traveling waves for a time-delayed nonlocal reaction-diffusion
model of within-host viral infections. Firstly, we establish the existence of semi-
traveling waves that converge to an unstable infection-free equilibrium as the moving
coordinate goes to —oo, provided the wave speed ¢ > ¢* for some positive number c*
and the basic reproduction number %, > 1. Then we construct a Lyapunov functional
to show that the semi-travelling waves converge to an endemic equilibrium as the
moving coordinate goes to +o00, and use a limiting argument to obtain the existence
of the traveling wave connecting these two equilibria for ¢ = ¢* and %, > 1. We
further employ a Laplace transform technique to prove the non-existence of bounded
semi-traveling waves when 0 < ¢ < ¢* and %, > 1. It turns out that ¢* is the
minimum wave speed for traveling waves connecting the infection-free equilibrium
and the endemic equilibrium. Finally, we conduct numerical simulations to illustrate
the long-time behavior of solutions and the dependence of ¢* on parameters.

4.1 Introduction

The basic model for within-host viral infection comprises uninfected target cells, in-
fected target cells and free virus (see, e.g., [59,60,64,98,107,119,142,143]). In Chapter
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3, we investigated the following time-delayed nonlocal reaction-diffusion system:

(02) — D AT(t,2) +n(T(t,x)) — BT(t2)V(t, )
— BoT(t,2)I(t, ), t > 0,2 € Q,
UMD — Dy NIt x) — I (@)
+ e [ D(Drmy,z,y) BT (6 —71,y)V(t— 71, y)dy
+ e [OT(Dimy,,y) BT (t — m,y)I(t — 1,y)dy, t > 0,2 € Q,
Wégi’x) = Dy AV (t,x) + be 12 fQ DDy, x,y)(t — 12, y)dy
—uV(t,x), t > 0,2 €,

oT(t,x) _ Ol(t,x) aV(t x)
o = o 5 =0, t> 0,7 €09,

(4.1)
where D7 > 0, Dy > 0 and Dy > 0 are the random diffusion rates, 7, is the average
incubation period for the healthy target cells infected by viruses or infected cells, and
Ty is the average maturation period of the viruses. For model (4.1), we make the
following assumption for n(7'):

(A1) There exists a unique 7% > 0 such that n(7*) = 0; n/(T) < 0 for all 7' > 0.

From Chapter 3, we see that system (4.1) has an infection-free equilibrium e, =
(7*,0,0), and that the basic reproduction number of system (4.1) can be computed
as
e~ BT N e~ G T*eH2T2]

H1 H1p .
Also, when Z, > 1, system (4.1) has a unique positive equilibrium v* = (7%, L., V,)
with

%0:

H1T1 T beH2T2
T, = - FH€ = ML) oy berm
Brbe=#27 + By ppetm H

In this chapter, we will investigate the traveling wave solutions of this non-monotone
system on the unbounded spatial domain R. Firstly, we introduce the parameter c*.
As our system lacks monotonicity, those well-established techniques relying on the
comparison principle, such as monotone iterative schemes (see, e.g., [17,94,134]) and
theory of traveling waves for monotone semiflows (see, e.g., [26,68]), are inapplicable.
To overcome this difficulty, we employ Schauder’s fixed-point theorem to establish
the existence of bounded semi-traveling wave solutions. These solutions represent
wave behavior that converges to the unstable disease-free equilibrium as the mov-
ing frame z = x + ¢t approaches —oo, provided that the wave speed ¢ > ¢* and
Hy > 1. This accomplishment is attained through meticulous construction of a pair
of lower and upper solutions. Specifically, compared to the traditional methods (see,
e.g., [58,76,80,134,153]), the bilinear incidences make it impossible to find a bounded
upper solution, so we introduce a truncated problem and further use some estimates to
show that the solutions are C2. Next, we prove the convergence of the semi-traveling
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waves to the endemic equilibrium as z approaches +o0o by constructing a Lyapunov
functional. While the Lyapunov functional approach is commonly favored in non-
monotone systems, as exemplified in [2, 3,20, 32,50, 64] and the references therein,
it is important to note that devising a Lyapunov functional for our system is highly
nontrivial. When ¢ = ¢* and %, > 1, we establish the existence of a traveling wave
solution connecting the disease-free equilibrium eg and the endemic equilibrium «* by
using a limiting argument and a way of contradiction. In order to obtain the non-
existence of bounded semi-traveling wave solutions when 0 < ¢ < ¢* and Z, > 1, we
leverage several key factors. These include the non-existence of positive eigenvalues
associated to the unstable steady state and the utilization of the two-sided Laplace
transform. Finally, we employ the Matlab to conduct numerical simulations. The
minimal wave speed ¢* is an essential parameter of our system. Based on its ana-
lytical definition, we present a numerical method for ¢*. In addition, we summarize
the parameter values of the model from some published literature, numerically calcu-
late the values of ¢* and the basic production number %, for the model, and further
investigate the long-time behaviour of the solutions. Furthermore, we explore the
dependence of ¢* on the system parameters.

The remainder of this chapter is organized as follows. In section 4.2, we formulate a
time-delayed nonlocal reaction-diffusion model, and recall a threshold dynamics result
in terms of %, for the model on a bounded spatial domain. In section 4.3, we study
traveling waves connecting the infection-free equilibrium and the endemic equilibrium
for such a non-monotone system on an unbounded domain, and prove the existence of
the minimum wave speed. In section 4.4, we present numerical simulation results to
illustrate the long-time behavior of solutions and the dependence of ¢* on parameters.

4.2 The model

Since the lymphoid tissue consists of 1000-1200 lymph nodes and the size of the lymph
nodes is 2-38 mm (see [97]), the sizes of HIV and CD4 T cells are much smaller than
the lymphoid tissue. For this reason and for convenience, we assume that the domain
is R. In view of Theorem 3.3.2, we only need to consider the case of Z, > 1 in order
to study the spread of viral infection. Then system (4.1) reduces to the following one
on the unbounded spatial domain R:

(9LL2) — Dy AT(tx) + (T (tx)) — BT (, 2)V (¢, ) — BT (t 2) (¢, ),
WD — D N T(ta) — I (t,x)
+ e [LT(Dim,x —y) BTt —7m,y)V(t—7,y)dy
+e T [LT(Dym,x —y)BoT(t — 71, y)I(t — 1, y)dy,

\ ava(z,m) = Dy AV (t,x) + be #2™ fR DDy, x —y)I(t — 12, y)dy — uV(t, x),

(4.2)
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1'2 . . . .
L_o~% is the fundamental solution associated with the operator

where I'(t,z) = T

82
at - 922

4.3 'Traveling waves

In this section, we study the existence and nonexistence of traveling wave solutions
for system (4.2), and show that there is a minimum wave speed for traveling waves
connecting the infection-free equilibrium and the endemic equilibrium in the case of
%0 > 1.

Let (T'(t,z),I(t,z),V(t,x)) = (T(2),1(2),V(z)), where z = x + ct, the parameter
¢ is called the wave speed. Then system (4.2) gives rise to

DrT" — cT" +n(T) = BTV — BoT1 =0,

DiI" —cI' — puI + e ™ [LT(Drm, y) 5T (z — er — y)V(z — e — y)dy
+e T [LT(Dim, )BT (2 — emi — y)I (2 — cm — y)dy =0,

Dy V" — V' +be7#2™ [, T(Dy 1o, y)I(2 — cma — y)dy — pV = 0.

(4.3)

For system (4.2), the traveling wave profile satisfies (4.3) and the boundary conditions

lim (T(z2),1(2),V(z)) = ey, lim (T(2),1(2),V(2)) =u". (4.4)

Z—>—00 z—r+00
Furthermore, we can linearize system of (4.3) at ey = (7%, 0,0) to obtain
DrT" — T’ + 0/ (THT — BTV — BoT*1 = 0,

DiI" — el — I +e7 / LDy, y) BTV (2 — cn — y)dy
R

4.5
+ e m / D(Dyrm,y) BT 1(z — e — y)dy = 0, (4.5)
R
Dy V" — V' + be 12 / L(Dymo,y)l(z —cro —y)dy — uV = 0.
R
Letting (T'(z2), I(2),V(2))T = e**(uy, ug, uz)™, we then have
M (u1, ug,u3)" — eX(ug, ug, us)’ =0, (4.6)

where
DT>\2 + n'(T*) _BQT* —ﬁlT*
M = 0 aq ag
0 as ay
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with

a1 = DiN? — g + e / (D, y)ﬁgT*e)‘(_m_y)dy

R
— D[>\2 — I + e—plTlﬁzT*e(DI)\2—c)\)7—1’
(g = e M / I'(D;m, y)ﬁlT*e’\(_cﬁ_y)dy - e_ﬂlTlﬁlT*e(D])\Q—c)\)Tl’
R
az = be H2m / [(Dyr, y)e)\(—c‘rz—y)dy - be—ln‘rze(DV)\Z—C)\)Tz7
R

ay = Dv)\2 — M.

Let

A D[ 0 A | C 0 & |HM1 0

R Tl

N e—u1T1B2T*€(DI)\2—C)\)T1 e—ulTlﬁlT*e(D])\2—C)\)T1
- [ be—H2726(Dv>\2—0>\)7'2 0 :|

Denote H(\,¢) = A\2D — AC' — S + F'. Tt follows that the I- and V- equations in (4.6)
can be written as
Ua\
H(\ c) (’ng) = 0.

Let D=S5"'D,C =87'C and F = S~'F. Then the above system becomes

(=DX2+CA+I)'F - <u2) - (“2) ,

Uus Uus
where
e~ BT e(PIN =N e—pimi gy T (P12 e
(=DX*+CAX+1)7'F = bewv:lb?v’iéfm mlg,q
ma(\c)
with

mi(\,¢) = =DA% + e + p1, ma(A,¢) = —DyA? + e + p.
Denote G(A, ¢) = (=DA* + CA+ I)"'F. Then we have

Let p(A, ¢) be the principle eigenvalue of G(A, ¢) and

2 4+4D \/ 4D
)\(c):min{c+ c + 1u1’c+ c + vu}.

2
2Dy 2Dy
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For ¢ > 0 and A € [0, A(c)), we get

efulrlﬁzT*e(Djszc)\)‘rl

—D])\2+C>\+/.11
p(A c) =
2
67“17—152T*6(D1A276>‘)71 2 + 467M17—151T*6(D1A276>‘)71 be*P‘Z"'Ze(DVA27C)‘)"—2
— D1 A2+cA+u —D1A2+cA+pu —Dy A24+cA+u
_l_

2

Proposition 4.3.1. The following statements are valid:
(i) A(c) is strictly increasing in ¢ € [0, +00) and lim._, ;o A(¢c) = +00.
(ii) Zp(X,c) <0 for any X € (0,\(c)).

(i) p(X,0) is strictly increasing in A € [0, A(0)); limy_x)—0 (A, €) = +00 for any
¢ >0; and p(0,¢) > 1 for any ¢ > 0.

Proof. We will only prove (ii) and (iii) since (i) can be easily verified. For any given
A € (0, \(c)), differentiating p with respect to ¢, we obtain

2
—pT *2 e(DIA —cA\)T
ap € 52T Oc (—DI)\Q—i-c)\-l—ul

oc 2
N p(A )
2\/(6"“17—1 62T*6(DI)\27C>\)7—1 > 2 _I_ 467“17151T*6(D1A270)‘)71 beiMQTQe(DVk2*CA)T2 ’
—DiA2+ch —DiA2+ch g —Dy A2+cA+pu
where
PO ) = TP Py e(Orenn
’ —DiA2 + e+ 1y Oc \ =D\ +cA+ 1y
—p272 o (Dy A2 —cA)T DiX2—c)\)r
DT O g O[O
—Dy XN +cA+pu Oc \ =D\ +ch+ 1y
n 26_H1T161T*6(D1>\2—0>\)71 —umg e(DV)\z—C)‘)TZ
—DiN+ X+ de \ =Dy X2 +ch+pu )’

Since —D;A\? +cA+ pyp > 0 and —Dy A% + e\ + pu > 0 for A € [0, A(c)), it follows that

o e(DI)\2—c)\)T1 _)\Tle(DI)\Q—c)\)T1(_DI)\2 Lo\ + ,ul) _ e(DI)\2—c>\)T1)\
de \ =DM+ ch+m ) (=DrA2 + A+ 1y)?

2PN =N (1 (DA A+ ) + 1)

<0,
(—DI)\Z + e\ + ,U1)2
9 _ePerem AP (g (DN f A b ) 1)
Oc \ =Dy 2+ch+u) (—Dy A2+ A+ p)? '
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And hence, £p(X,c) < 0, which implies that (i) holds.
Differentiating p(A, 0) with respect to A € (0, A(0)), we have

T % O (DA
9 00) = - 6T 3 (S )
N = 2
N 40,0)
9 67u1f152T*e(D1A2)T1 2 4@ M1T151T*6(D1A )T1 pe—h272 (DY A2)mo
—Dr\2+4pu —Dr\2+m —Dy A2 +p
where
0y = BTN e O e
A =D+ A\ "D+

+ 2be_u2T26(DV}\2)72 e—ﬂlﬂﬁlT*ﬁ ( o )
A

—Dy X2+ —DrA? + iy

—u1T * (D A2)T Dy \?
+26 mmn g TrePiA)n -k e(DvA%) .
—DI)\2 + U1 O\ —D\/)\2 +u

Since —DA? + p; > 0 and —Dy A% + > 0, we further obtain

o 6(D1>\2)71 - 6(D1>‘2)71 (2DI)\7'1)(_DI)\2 +Nl) e(D;A 7—1(2D1)\) -
O\ —DI)\2 + U1 a (_DI)\Z + ,ul)2 )
0 6(DV>\2)T2 . 6(DV>\2)T2(2D\/)\7'2)(—D\/)\2 + ,U) + E(Dv)\ 2 (2Dv)\) -0
N\ =Dy X2+ ) (—Dy A2 + )2 .
Thus, Zp(X,0) >0
Note that
I 1 1 N >0
im max = 400, ¢
A=A (c)—0 —DiN2+ A+ —DyX2+ch+pu o

it is easy to see that limy_,x)—o p(A, ¢) = +00.

By the definition of p(\, ¢), it follows that

e H1ITL B T™ + e M1 BT 2+4e*“17161T* be—H2T2
H1 H1 M1 I

p(0,c) = 5

As in Chapter 3, define E := C(Q,R?) and E := C([—7,0], E) with 7 = max{r, 7 }.
Further, let £(E,E) be the space of all bounded and linear operators from E to E.
For any L € L(E,E), we define L € L(E,E) by

Ly = L(9),Vy € E,
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where y(6) = y,V0 € [—7,0].

Note that we can write the I- and V- equations of linear system (4.1) as following
FDEs in two ways:

du
i Fi(ug) = Vi(ug) = Folug) — Va(ue), (4.7)

where

fl’gb(l’) _ ([6 erlﬁlT*wz( T, X )] —(|)— [6 M1T1B2T*1p1( T, >])

and _Vlw = Alw(O) + Ll'@b, with

. 3 O
Aju = diag (D1 Auy, Dy Aug)+diag (—piur, —pus) , Liyp(x) = ([6_“2T2b¢1(—72 I)]) |

and

_ (e BT o (=11, )] + [e7MT Bo Ty (=71, 7))
Fop(z) = ( e=2™2 by (— T, )] )

and —Vptp == A9 (0), for any ¢ = (¢1,¢») € E. It then follows that (4.7) generates
a semigroup U(t) on E. Furthermore, the corresponding Fi, Vi, Fo and V, are as

follows
ﬁ . e—M1T1B2T* e_ﬂlTlﬁlT* ]} _ —D[A + 1 0
L 0 0 PP —e®h Dy A+’
ﬁ . e—M1T1B2T* e_ﬂlTlﬁlT* ]} _ —D[A + 11 0
27\ eremp 0 N 0 —DyAN+pu)’

Let C' = C([—7,0],R?). We define I, Vi, Fy, V, € L(C,R?) as follows

R = (1OT R AT A,

_ /~L1¢1( )
W"([—%)() ()] + ¢><>)’

_ (e BT gy (—m)] + [e7 7 BT (= )])
1) = ( W ()b ) (—) ’

_ M1¢1(0)

o) = (1))

for any ¢ = (¢1,¢2) € C. Further we can determine that Fl, Vl, 13’2 and Vg are as
follows

(6—,&!17’1627"* e—#lTlﬁlT*) V B ( [ 0)

0 0 PP T \—eemp )

6—,&17’1627"* e—#lTlﬁlT* V— 1 0
e~H2T2] 0 P2\ 0 )

>

1

P



79

It is easy to see that

FroVit(v) = FLo Vi (v), FaoVit(w) = Fyo Vi (v), Yo = (v, v5) € R?,
due to the fact Av; = Avy = 0 for any v = (vy,v9) € R% In view of [67, Lemma 2.4],
we have r (.7:"1 o l>1_1) =7 <F1 o ‘71_1) and r <.7:"2 o 1>2_1> =7 <ﬁ’2 o ‘72—1)' According
to Section 1.4.2, we may define two basic reproduction numbers for system (4.1) as
follows:

r (.7:"1 o l>1—1> —r (Fl o f/’l—l> =Ry, T (_7:"2 o 1}2—1) — (Fz o ‘72—1> — p(0,0),

By Theorem 1.5.4, we see that sign(p(0,c) — 1) = sign(w(U)) and sign(%y — 1) =
sign(w(U)), where w(U) is the exponential growth bound of the semigroup U(t). Since
Hy > 1, we further have p(0,¢) > 1. O

In view of Proposition 4.3.1, we define

Alc) = mi A > 0.
(c) N p(A,c), ¢ =

It follows that A(0) = p(0,c¢). Since %, > 1, we have A(0) > 1. Note that
lime oo A(c) = 0, A(c) is continuous and strictly decreasing in ¢ € [0,00). This
behavior is also depicted in Figure 4.1 of Section 4.4. It then follows that there exists
a constant ¢* > 0 such that A(c*) = 1; A(c) > 1 for ¢ € [0,¢*); and A(c) < 1 for
¢ € (¢*,00). Denote

A =inf{\ € [0, A\(c")) : p(\, ") = 1}.
It follows that p(A*,c¢*) =1, and p(A\*,¢) < 1 for any ¢ > ¢*. Define
Ae) = sup{X € (0, X*) : p(A,¢) =1, p(N,¢) > 1, YN € (0,\)}.
Note that p(A*,¢) < 1 for any ¢ > ¢*. So we have the following results.
Proposition 4.3.2. There exist ¢* > 0 and \* € (0, \(c*)) such that:
(i) p

(A,
(i) p(A*,c*) = 1; p(A,c*) > 1 for any X € (0,X*); and p(\,c*) > 1 for any X €
(0, A(c"))-

(ii) for any ¢ > c*, there exists Ac) € (0, X*) such that p(A(c),¢) = 1; p(A,¢) > 1
for X € (0, A(c)); and p(A(c)+e€n(c),c) < 1 for some decreasing sequence {€,(c)}
satisfying lim,, .o €, = 0 and €, + 5\(0) < X* for any n € N. Moreover, 5\(0) is
strictly decreasing in ¢ € (c*,00).

c) > 1 for any c € [0,¢*) and X € (0, A(c)).
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(iv) for anyc > c*, there exist positive unit vectors (us(c), uz(c))T and (w(c), ws(c))”

such that
et (44) - (249).

G+ (0.0 (12]) = e+ enten0) (1241])

ws(c) ws(c)

Proof. We only need to prove (iv). Clearly, the matrix G(A,c) is nonnegative and
irreducible for A € [0, A(¢)). By virtue of Theorem 1.3.1 (Perron-Frobenius theorem),

~

it is easy to see that 1 is the principle eigenvalue of matrix G/(A(c), ¢) with the eigen-
vector (us(c),us(c))”, and that p(A(c) + €n(c),¢) is the principle eigenvalue of the

A

matrix G(A(c) + e,(c), ¢) with eigenvector (ws(c), ws(c))”. O
For each ¢ > ¢, since p(A(¢) +€n(c), ¢) < 1, Proposition 4.3.2 implies the following
observation.

Lemma 4.3.1. For each ¢ > c*, there exist \. > 0, € > 1, and positive eigenvectors
We = (Wie, Wae)T > 0 and wee = (Wiee, Waee)T > 0, such that

A1 (A)we = cAewe,  Aq(EN)Wee < CEN W,

where

with aq,as, a3 and ay being defined in (4.6).

In the following, we present the existence of traveling wave solutions, which connect
the two steady states ey and u* for ¢ > ¢*. Motivated by [10,132], we define the
following nonnegative continuous functions:

T =TT =max{0,T* — 0e**}, (I, V)" = w.e*?,
(lv K)T = ma“x{wce)\cz - qwec€€>\czv 0}7

where o, o, ¢ > 0 will be defined later.

Lemma 4.3.2. The functions (I,V) satisfy

0> DI" —cl' — I + e M / (D, y) i TV (2 — ery — y)dy
R

+e / (D71, y) BT I(z — emy — y)dy,
R

0> Dy V" —cV' + be #2™ / I'(Dy1o, y)I(z — ey — y)dy — puV,
R

for any z € R. Moreover, I and V are twice continuously differentiable on R.
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Proof. Since (I,V)T = w.e** and A;(A)w. = chw, (see Lemma 4.3.1), it follows
that
{DiI" = cI' = puI + e="™ [ D(Drmy, y) i TV (2 — emy — y)dy
+ e m fR (D, y) BT (z — ey — y)dy}

Dy V" — V' + beH2m fR D(Dyra,y)I(z — cto — y)dy — pV
=eM* (A1 (\) — eAe])w, = 0.

Clearly, the properties of twice continuous differentiability hold true. O

Lemma 4.3.3. For any 0 < o < min{A., ¢/Dr} and

T*(Brwae + Bowiec) }
a(c — Dra) ’

0 > max {T*,

there holds
DrT" — T +n(T) — J1TV — BT >0, Vz# (In(T*/0))/a = .

Moreover, T is twice continuously differentiable on R except z = xg, and T'(xo+) >
T'(zo—).

Proof. When z > xy, T = 0, it is easy to see that the statement is valid. Now we
assume that z < zg < 0 (the definition of o implies that zy < 0), then T' = T* — ge®*
and 0 < T — ge®* < T*. It then follows from the condition (A1) for the function n
that n(T™ — 0e**) > 0. We further have

DrT" — I +n(T) — JiTV — BT 1
= —e“0Dpa’ + coae™ + n(T* — oe®)

. 51 (T* o Ueaz)wzce)\cz o 62(T* o O_eaz)wlce)\cz

> e T [ia(c — Dra) — (frwse + ﬁgwlc)e(’\c_o‘)z} +n(T* — 0e*?)

T*
L[o
> VT [ﬁa(c — Dra) — (frwae + 62wlc)]
> 0.
From the graph of T, we see that T"(zo+) > T"(xo—) holds true. O

Lemma 4.3.4. For sufficiently large ¢ and 1 < e < 14 a/)\., we have

0< DiI"—cl' — iyl +e M7 / (D, y)iL(z — e —y)V(z — e — y)dy
R

+e / U(Drm,y) oL (2 — em — y)L(z — cm1 — y)dy,
R
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Wic

or all z # ~ e . Moreover, I is twice continuously differentiable on R except
Ae (e 1)

=1
z=umx, and I' (x1+) > I'(z1—). In addition,

0< DyV" —cV' + be H2"m / C(Dy1a,y)L(z — e — y)dy — pV,
R

for all z 7é 3 gew%f = x9. Moreover, V is twice continuously differentiable on R except
z =Ty, and V'(zo+) > V' (23—).

Proof. We only consider the case of x1 < x5 since we can prove the opposite one
similarly. Let

Ac(e—1) Ac(e—1)
* - 4 * - a4
Wi Wy Wi (T * wye (T « q1
q > max ) ) - ) - y )
Wiee W2ee Wiec o Woee \ O q2

@ =e / F(Dﬂ'l, y)ﬁlady S Wae + e / F(Dﬂ'l, y)ﬁgady “wye > 0,
R R

where

Q2 = Wiec {CE/\C — Dr(eX)* — e mm / L(Dyry,y) BT dy + m]
R

— e MM / F(D]’Tl,y)ﬁlT*dy c Woee > 0.
R

. In 2%
Clearly, ¢; is bounded, and x1,zs < na” = x9. From x; < x5, we now address the
following three scenarios.

(i) Clearly, the first inequality is valid for z > x;, and the second is valid for
zZ > To.

(ii) In the case of 2, < 2 < 7o < 0, we have I = 0, V = wq.e’* — quoe.e* >
0, T = T*—0e** > 0. Note that A;(A\)w. = cAwe, A1(EA)Wee < €AW and

W17 — Qe < 0. Then we obtain

Dy V" — V' + be H27 / I'(Dy1e,y)I(z — cmo — y)dy — puV,

R
= Dy ()2 woee™ qu(e)\ Voo — A ptwoee?
+ CqU AN — LW + U

= qed\cz[_DVw%c(E)\c) + CG)\cw2ec + ,uw2ec] + (DV()\C)2 - C>\c - M>w2c€)\cz

> e b [ DDy ey,
R

—be—“m/F(DVTg,y)e’\C(_CTz_y)dywlce)‘cz
R

> 0.
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The first inequality is obviously valid in this case.

(iii) In the case of z < 7 < s, there hold I = wi.e™% — quiee™® >0,V =

Woe e — qWaee™* > 0 and T = T* — * > 0. For any y € R, we further obtain
the following results:

(a) if z—em —y < g, €., y > 2 — 1 — X0, then T(2 —cry —y) = T* — ge*Gen—v);
if y<z—ecm —x, then T'(z — ey —y) = 0.

(b) if z—em —y < $17 ie.,y>z—cr —ay, then I[(z —cr —y) = wyerEon=v) -
quieceETen V) if y < 2 — e — @y, then I(z — ¢ —y) = 0.

(c) if z—cm —y < Iz, ie., y > z—crm — Ty, then V(z — cmy —y) = wyee o) —
QoY) if 4 < 2 — e7) — X9, then V(2 —ery — y) = 0.

Then we have

e / F(Dﬂ'h y)ﬁlz(z — CT1 — y)K(z — CT1 — y)dy
R

“+oo
— o T / (DITla )/81( . aea(z—cn —y))(w266)\c(z—cn—y) . qwzecee)\c(z—m-l—y))dy

—CT1—X2

“+oo
—emm [ DD AT ey

—CT1—X2

“+o0o
—e / I'(Dym, y)ﬁlT*qwzec€€/\c(z_CTl_y)dy

—CT1—X2

400
— T / F(D[ﬁ, y)ﬁﬂea(z—cn—y)wzcekc(z—cn—y)dy

—CT1—X2

+oo
+ eHT / F(D[Tl, y>ﬁ10_€a(z—c7—1 —y)qwzecee)\c(z—m-l—y)dy

—CT1—X2

and

e M / L(Drmy,y)BeL (2 — e —y)L(2 — ey — y)dy
R

+o0o
— T / (DI7_17 )52( o O_ea(z—cn —y))(wlce)\c(z—Cﬁ -y) qwlecee)\c(z—Cﬁ —y))dy

—CcT1—T1

+o0
=en / D(Drri,y) BaT i1 dy

CT1—X1

_”m/ T(Dr71,y) BT quiece™ ¥ dy
Z—CcT1—T1

“+o0o
—e / [(Dy7y, y)Baoe™ T Wy etelzmen=v) gy

—cT1—T

+00
+ e / F(D]’Tl, y)520_6a(z—c7—1 _y)qwlecedc(z_m—l_y)dy'

—CT1—X1
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Similar to Aj(A\)w. = cA\w, and Aj (e )W, < e W, we have

—+00

[DI()\C)2 — py +e /

zZ—CT1—T1

I'(Dym, y)ﬂzT*t?Ac(_m_y)dy] Wi

+00
+ e M / [(Dyry, y)ﬁlT*e)‘c(_CTl_y)dngc

—cT—T2
= C)\cwlc

and
“+o0

{DI(eAc)z — e m /

Z—CT1—X1

I'(Dym, y)ﬁzT*edc(_m_y)dy} Wiee

+oo
+e M / I'(Dym, y)ﬁlT*€€/\c(_CTI_y)dyw2ec

—CT1—X2

< CEA W ee-
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Then we have

DiI" —cl' — I + e 1™ / I'(Drmi,y)iL(z — e —y)V(z — e — y)dy
R

+e / L(Drm,y) 5oL (2 — em — y)L(z — e — y)dy,
R
_ Dlwlc()\c)2€)\cz _ quwlec(e)\c)2ee>\cz - ClUlc)\c€)\cz + qulsc(e)\c)ee>\cz

+00
— W™ F [y Qe + eI / (D1, y) BT waee =19 dy

2—cmy—z2
—e M /+OO L(Drm1,y) 81T quaece™ ==V dy

_ T /+°° F(Dﬁl, y) ﬁlgea(z_m_y) Woe eAelz—cri—y) dy

+ e /+OO L(Dy71,y)Bioe® T W qug e =¥ dy
e / N D(Dyr1, ) BoT w1 ¥ dy

+00
—en / T(D;71, y) BoT* quicee™ ==Y dy
Z—CT1—T1

+00
— T / F(D[ﬁ, y)ﬁtea(Z—cn—y)wlcekc(z—cn—y)dy

|
Q
8 3
8
8

+
+ e HT / F(D[Tl, y>ﬁ2a€a(z—c7—1 _y)qwlec€€>\c(z_CTl_y)dy

—CT1—X1
+00
= qu)\cz |ic(€>\c>wlec - DI(€>\C>2wlec —e / F(DITlu y)BIT*€€>\C(_Cﬁ_y)dyw2ec
Z—CT1—X2
+o0o
—eHT1 / F(D[Tl, y)ﬁlT*eEAC(_C”_y)dywlec + lelec:|
Z—CT1—T1
+o0
—e / [(Dy7y, y)Broe® e Wiyt zmen=vl gy
Z—CT1—T2
+o0
temn / [(Dy,y)Bi10e™ T ) quge e =) gy
Z—CT1—T2

+o0o
—e / [(Dy71, y)Baoe™ T Wy etezmen=v) gy

“+oo
e / [(Dy71,y) B0 e ) quyg e =) gy

> @3 (g gy — 1)
>0

since z < 0 and 1 < e < 1+ a/A.. The second inequality can be obtained similarly.
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By the graphs of I and V, we see that I'(x14) > I'(x1—) and V' (z2+) > V' (25—).
]

Next, we consider a truncated problem and establish the existence of the semi-
traveling wave solutions that connect eq for system (4.3) by limiting arguments.

Suppose ¢ > ¢* and | > max;—g12{|z;|}. Let [; = [=[,{] and X = C(I;) x C(I;) x
C(1;). Define

A={(T,[,V)e X : T(z) <T(z) <T*, L(z) <I(2)
T(£l) = T(£l), I(£]) =1

<I(2), V(2) S V(2) < V(2),
(£1), V(£l) = V(£D)}.

Clearly, A is a closed convex set in X. For any (u1q, ugg, uzp) € A, define

. ~Ju(2), 2 < () — uso(z), |z <1, () — uso(2), |z <1,
“m(z"{ 7). |z ) { 1), =1 {wz), FEY

Then we consider the boundary value problem as follows:

Drui — cuy + n(uy) — frugugg — Pouqugg = 0, z € (=1, 1),

Dyuy — culy — pyug + e 7™ / L(Drri,y)Bitng(z — e — y)ugo(z — e — y)dy
R

+e / F(Dﬂ'l,y)ﬁﬂllo(z —CN — y)ﬂ%(z —CN — y)dy =0, z € (_lv l)7
R

Dyuy — cuz + be 2™ / L(Dy o, y)tag(z — cmo — y)dy — puz =0, z € (=1,1),
R

u(2) = T(2), uz(2) = 1(2), us(z) =V(z), z € {—1,1}.
(4.8)
In view of [37, Corollary 9.18], it is easy to see that system (4.8) admits a unique
solution (uy,ug,uz) satisfying uy,us,ug € W2P(I;,R) N C([;) for any p > 1. By
the embedding theorem (see [37, Theorem 7.26]), we obtain that wuy(-), us(:), us(-) €

W2P(I)) — C1T(I}) for some o € (0,1). Note that system (4.8) is not a coupled
system, we define ' = (Fy, Fy, F3) : A — C(I;) by

Uy = Fl(ulo,uzo,u?,o), Uy = F2(U10,U20,U30), Uz = Fs(ulo,uzo,u3o)>

where (uq, us, uz) is the solution of (4.8) for any (w19, uso, uz0) € A.

Lemma 4.3.5. F(A) C A.

Proof. Let (uy, us, us) be the solution of system (4.8) with any given (u19, w20, ugo) € A.
It is easy to see that 0 and T™ are the sub- and super-solutions of the first equation
of (4.8) on (—I,1), respectively. By using the maximum principle (see [37, Theorem
9.6]) and the fact

0<w(l)=T() <T* 0=u(~1)=T(-1) < T,
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we obtain that 0 < wuy(z) < T* for any z € [;. It then follows from Lemma 4.3.3 that
T'(z) satisfies

+cT'(2) = n(T(2)) + BT (2)V (2) + BoT(2)(2)
+cL'(2) = n(L(2)) + BIL(2)V (2) + foL(2)I(2),

)
on [—l,zo]. Since ui(—=1l) = T(—I) and ui(xg) > T(xy) = 0, it follows from the
maximum principle that T'(z) < uy(z) for z € [—[,z9]. As a result, we have T'(z) <
ui(z) < T* for all z € 1.

Note that
I(z) < tno(z) < T, L(2) < dizo(2) < I(2), V(2) < iizo(2) <V (2),
for any |z| > [. From the second equation of (4.8), we then get
Drul — culy — pyus

= —e M7 / P(Drm,y)Bring(z — em = y)iiso(z — en — y)dy
R
—e Mn / I'(Dym,y)Bating(z — ey — y)iiao(z — ey — y)dy
e~ / D(Drm,y)B1L(z — emi — y)V(2 — em — y)dy
R

e / I'(Drm,y) Bl (z — ey —y)L(z — e — y)dy
]R

<0, z€ (=11

and us(l) = 0,ug(—=1) = I(—I) > 0, since | > max;—g12{|z;|}. It follows from the
comparison principle that us(z) > 0 for all z € (—[,1). By the arguments similar to
those for ug, we can prove that us(z) > 0 for all z € (—[,1).

For any (w10, u20, u3o) € A, it follows from the second equation of (4.8) that
Druy — cuy — pryug + 7 /RF(Dm, Y/TV (2 —cni — y)dy
+e M / D(Dyri,y)BT*I(z — ey — y)dy > 0,
R
Druy — culy — pyug + e M7 /RF(Dﬂ‘l, V)L (z —cry —y) V(2 — e — y)dy
+e T /RF(Dﬂ'l, y)BoL(z —cm —y)l(z — e —y)dy <0,

for all z € (—1,1). Let w = I — uy. It then follows from Lemma 4.3.2 that D;w" —
cw' —pyw < 0 for all z € (—1,1). Note that w(=£l) > 0, then w > 0 for all z € I; by the
comparison principle, and hence, uy < [ for all z € I;. Let p = uy — I. It then follows
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from Lemma 4.3.4 that Drp” — cp’ — p < 0 for all z € (=1, 1), p(=I) = 0, and
p(r1) = uz(x1) > 0. The comparison principle yields that p > 0 for all z € [/, x1].

[_
And hence, uy > I for all z € I, since I = 0 for all z > xy. Therefore, uy € [I, I] for
all z € I;.

By the similar argument as above and using the results in Lemmas 4.3.2 and 4.3.4,
we can prove that ug € [V, V] for all z € I,. O

Lemma 4.3.6. The operator F : A — A is completely continuous.

Proof. We can initially obtain that F' is compact on A by using the global elliptic
estimate (see [37, Lemma 9.17]) and the embedding theorem.

Suppose (u1g, Ugg, Uzp) € A and (v1g, veg, v30) € A. Now, we can define (019, D29, U30)
in a similar manner to how we defined (11, tag, U3p). Similar to system (4.8), we then
define

(w1, ug, us) = F(u19, ugo, uso), (v1,v2,v3) = F(v10, v20, U30)-

Let w = u; — v1. Then w(+£l) = 0. By making the difference between the equations
satisfied by u; and vy, we have

w” — D—Tw' + f(2)w(z) = h(z), 2z € (=1,1),

where

1

_D—T [n(ur) —n(vy)] + —= (81 (us0 — v30) 4 B2 (20 — va0)]-

1
f= _D—T(BIU?)O + Bovag), h = Dr

Since vy, g, V20, uzp and vy are bounded in C(I;), we obtain that Fj is continuous
on A by using the global elliptic estimate and the embedding theorem. Similarly, we
can prove that Iy and F3 are continuous on A. O

Applying Schauder’s fixed-point theorem to the operator F, we conclude that
there exists (uy,us,ug) € A satisfying (uy, ug, ugz) = F(uq,uq,uz). More precisely,
(u1,us, us) satisfies:

Druy — cuy + n(ur) — frugug — fougus = 0, z € (—=1,1),

Dyuy — cuy — pyug + e 1™ / I'(Drmi,y)Bitn (2 — e — y)us(z — e — y)dy
R

+ e M / D(Drm,y)Batin(z — ey — y)us(z — ey —y)dy =0, z € (=1, 1),
R

Dyuy — cujy + be™#2™ / L(Dy1a,y)is(z — e —y)dy — puz = 0, z € (=1,1),
R
ui(z) = T(z), ua(2) = I(2), us(z) = V(z), z € {~1,1},
(4.9)
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where

. ), 2] < () — us(2), |z <1, i) — us(z), |z <1,
“1<Z>‘{z<z>, PR {ﬂz), FEYA { > 1

Next, by the arguments similar to those for [148, Theorem 3.9], we have some
estimates for uy, uq, us.

Lemma 4.3.7. For any given [ € (0,1), there exists a constant M = M(l) > 0 such
that
||“1H03[—i,i} <M, ||U2Hcs[_[,[} <M, HU?)HcS[—i,i] <M.

It is noteworthy that Lemma 4.3.7 implies the following result:
up — T, ug = I, us =V, in C2.(R) as | — oo.

Now we present the existence of the semi-traveling wave solutions that connect ey, i.e.,
the wave solutions that converge to an unstable boundary (disease-free) equilibrium
as the moving frame z = z + ¢t — —o0.

Proposition 4.3.3. For any ¢ > ¢*, system (4.3) admits a solution (T'(z),1(z),V(z))
satisfying (T'(—o00), I[(—o0),V(—00)) = (1T%,0,0), and 0 < T'(2) < T*, I(z) > 0,
V(z) > 0 for any z € R.

Proof. Let {l,}nen be an increasing sequence with [; > max;—o12{|z;|} and ,, = 400
as n — +oo. Let (T,,1I,,V,) be the solution of system (4.9) with | = [,,. It then
follows from Lemma 4.3.7 and the Lebesgue’s dominated convergence theorem that
there exists a solution (T, 1,V) € C*(R,R3) of (4.3) such that

T<T<T, I<I<I V<V<V, VzeR

And hence, (T(—o0),I(—o0),V(—00)) = (T%,0,0).

Assume, by contradiction, that there exists a z; such that T'(z1)=0, then 7"(z;) = 0
and T"(z;) > 0 since T'(z) > 0. But the first equation of system (4.3) implies that
DrT"(z1) = —n(T'(#z1)) = —n(0) < 0, a contradiction. Hence, T'(z) > 0 for all z € R.

Suppose that there exists a zo such that I(z2) = 0, then I’(z3) = 0 and [”(z2) >0
since I(z) > 0. It follows from the second equation of (4.3) that

DiI"(z) = —e™ 7 / (D, y) 1T (29 — ey — y)V (29 — ey — y)dy
R

_mm / D(Dy71,y)BT (22 — er — y)I (22 — cr — y)dy < 0,
R

which means that I(z) = V(z) = 0 for any z € R, a contradiction. Therefore, I(z) > 0
for all z € R. By the similar argument as above, we see that V' (z) > 0 for all z € R.
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Then we show that 7" < T*. Suppose that there exists a z3 such that T'(z3) = T™*.
Then 7"(z3) = 0 and 7" (23) < 0. It then follows from the first equation in (4.3) that
DrT"(z3) = 1TV (23) + BoT*1(23) > 0, a contradiction. Hence, T'(z) < T* for all
z e R. O

We can further establish an upper bound for the infected cells I under the following
additional assumption:

(A2) Dy > Dy > 0.

The assumption (A2) is reasonable biologically. It implies that the activity capacity
of healthy cells should be stronger than that of infected cells. In the rest of this paper,
we always assume that (A2) holds.

In the following, we prove that the semi-traveling wave solutions are indeed the
traveling wave solutions connecting the two steady states by using the method of
Lyapunov functionals and Lebesgue’s dominated convergence theorem.

Lemma 4.3.8. Let (T,1,V) be the solution of (4.3) obtained in Proposition 4.3.3.
Then the following statements are valid:

(i) The functions I(z) and V(z) are bounded on R;

(ii) The limits liminf, ., I(z) > 0 and liminf, ,, V(2) > 0. Moreover, there
exists a constant 6 > 0 such that T'(z) > § for all z € R.

(i1i) There exists a constant k > 0 such that

max{ max  I(s), max V(s)}gkmin{e[min I(s), min V(s)}

s€[z—1,z+1] s€[z—1,z+1] s€[z—1,z+1] ’se[z—l,z—i-l]
for any z € R.

(iv) IT’(I§)|; (') (V)] [T (2) /T ()], [T(2)/1(2)] and [V'(2)/V (2)] are bounded

Proof. (i). For any z € R, denote
A(z) = BiT(2)V(2) + BT (2)1(2),

P(z) = /RF(Dﬂ'l, y) (1T (z—crn —y)V(z—crn —y)+ PoT(z—cn —y)l(z — e —y)|dy
= /RF(Dm, Y)A(z — cn — y)dy,

Qz) = / DDy, y)I(z — c72 — y)dy.
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By the assumption (A1), we can find that there exist two positive numbers s and h
such that n(T) < s — hT for any T' € R,. For any z € R, we further have

—DrT"(z) + T’ (2) + hT(2) < s — A(2),
—DiI"(z) + cl'(2) + ml(z) < e M P(z),
—DyV"(2) +cV'(2) + pV (2) < be 272 Q(z).

Now we can consider the following Cauchy problems:

Dki(t,2) — Drska(t, 2) + chi(t, 2) + hki(t,2) = s — A(z), t > 0,2 € R,
k1(0,2) =T(z), z € R,

Dko(t,z) — Dfaa—;k‘g(t, 2) + cZka(t, z) + pka(t, 2) = e M P(z), t >0,z € R,
k2(0,2) = I(z), z € R,

and
Dka(t, z) — Dy Lka(t, z) + c2ky(t, 2) + pksa(t, 2) = be "2 Q(z), t > 0,z € R,
k3(0,2) =V(z), z € R.

By the theory of Cauchy problems (see, e.g., [30, Chapter 1, Theorems 12 and 16)),

we obtain that the solution

e_ult _(zfctfy)2

Dt [ d
/ / I ply)dyds, t> 0,2 € R
s s, ) 2 .
\/47TD[S Y,y

It follows from the comparison principle that I(z) < ko(t, x) for any ¢t > 0 and z € R.
Clearly, (T'(2), I(2), V(2))T < (T*, wy.e**, woee**)T for any 2 € R, and my (A, ¢) > 0.
Further, we obtain that

[(Z) < tlg-noo k?(tv Z)

kz(t, Z) =

e —pat (zfctfy)2[ d oo e_ult _LP dyd
§ . I e 4Dt z—y—ct t
t—>+oo \/W (y) ’ /0 \/m /R ( y ) y
< et -k 4th ty)z A Yd
t—>+oo VArDrt Jg Lo
too  —pat y?
e e D1t Py —y— ct)dydt
VAt Dt Jr el
_ e—ht Wem,\ztw\c(z—d)wlcdy

t—)-‘,—oo ‘/47TDI

+oo e Mlt 42 ( )
e_WItP z —y — ct)dydt
AV 47TD[
+oo —/,1,1t 2

= lim e ™QeltAezy, 4 e #NP(z—y—ct)dydt, Vz e R.

t—+o00 iV 47TD]
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Under the assumption (A2), then we have

o0 e —p1t 2

Y
i1 P2 — y — ct)dydt

400 e Mlt 2
= / 6_4D1t F(D]’Tl, Y)A(z —r —cmp —y — ct)drdydt

5 LT - ,6/—_“1t b )
(Drmy,y) e Pt A(z —r —cm —y — ct)dydtdr
47t

+OO —p1t 42
e v
(D71, y) e PrtA(z —r —cm —y — ct)dydtdr
A vim J© A Ly
2

/D +OO pit
/ (Dyry, y) \/ZTW s e_#TtA(z —r —cm —y — ct)dydtdr

D

Wﬁ

e M Vz e R

3

And hence, I(z) < %e_“mT* for any z € R. Similarly, we can show that V' is
bounded on R.

(ii). By the arguments similar to those for [50, Proposition 3.5], we have

liminf I(2z) > 0, liminf V(2) > 0.

zZ—+00 zZ—+00

We further claim that there exists a constant 6 > 0 such that 7'(z) > § for all z € R.
Assume on contrary that the claim is not true. Then the strict positivity of T'(z)
and lim, , . T(z) = T* > 0 imply that there exist a positive sequence z; — 400 as
7 — +oo and a constant M such that

(a) T(z;) - 0 as j — +oo;
(b) For any z; > M, it holds that T'(z) > T'(z;) for any z € [M, z;).
Property (b) and the assumption (A1) imply that for any z; > M,
n(T(z)) 2 n(T(2)), =z € [M,z).

Since T'(z;) = 0 as j — +oo, n(T") > 0 for all 7" < T*, and I and V are bounded, it
follows that there exists a sufficiently large constant m > 0 such that z,, > M and

(T (2m)) = BiT (zm)V (2m) = BoT (2 )1 (2m) = %H(T(Zm)) > 0.

It is easy to see that T'(z,) < 0 by above (b). Further, by the first equation of
(4.3) and above inequality, it follows that 7"(z,) < 0. So, T'(z) is decreasing in
2 € [Zm, zm + ] for some o > 0. By repeating the above argument, we can conclude
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that 7"(z) < 0 for all z > z,,. Thus, T(2) — —o0 as z — +00, which contradicts the
positivity of T'(z).

(iii). Based on the definition of P, we can express I-equation of (4.3) as follows
DiI"(z) —el'(z) — I (2) + e P(2) = 0.
Since both P(z) and I(z) are bounded, I(z) can be uniquely expressed as

z o0
I(2)=w [/ e’f(z_s)P(s)ds —I—/ e‘ﬁ(z_s)P(s)ds} ,

—00

where

y cEt+/A+4Du e M
n- = , W — .
2Dy 2+ 4Dy

Similarly, we have

V(z) =w" [/Z eﬂf(z_s)Q(s)ds + /+OO 6ﬂ+(2_8)Q(s)ds} ,

o0
where

. cE\/AE+4Dyp be H2T2
= , W

c

2Dy N e+ 4Dy
Let p* = max{—pu~,u*, —4~, 7 }. For any z € R, it is easy to see that I(z + y)e*V
and V(2 + y)et'¥ are increasing in y € R, while I(z + y)e ¥ and V(2 +y)e # Y are
decreasing in y € R. It follows that

—D[[//(Z) + CI/(Z) + ,ulf(Z)

—cm
= e M / T(Dyry, y)et Wreme=w whe) (8 TV 4 BT (2 — ey — y)dy

[e.e]

“+oo
+ e / T(Dymy, y)et Wreme= " WEen) (8 TV 4 ByTT (2 — ey — y)dy

CT1
—CT1

> V) 4 O] | [T Dmae T - en - gy

—00

+oo
+/ (D, y)e W VeI T (2 — ey — y)dy} ,Vz e R.

CT1

By [29, Theorem 3.9 and Lemma 3.10], we can find that there exist k>0and k>0
such that

max{ sup  I(s), sup V(s)}
€( )

s€(z—1,z4+1) s€(z—1,2+1

< kmax { ||[||Lp(z—2,z+2)> ||V||Lp(z—2,z+2)}

kmin{e( inf  I(s), inf V(s)}

IN

s€(z—2,242) s€(2—2,24+2)

< k:min{ inf  I(s), inf )V(S)} ;

s€(z—1,z4+1) s€(z—1,2+1
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with some p > 1. Thus, the statement is now established.
(iv). By the expression of I(z) in (iii), we can further obtain that

—+00

I'z)=w [,u_/ e" = P(s)ds + u+/ et F=) P(s)ds| .

—00 z

And hence, |I'(2)/1(2)| < |p~ |+ |p*| = —p~ + p for any z € R. Similarly, we can
prove that |7"(z)/T(z)| and |V'(2)/V (2)| are bounded on R. Moreover, it then follows
from the boundedness of T', I and V' (see Proposition 4.3.3 and (i)) that |T7(2)|, |I'(z)]
and |V'(z)| are bounded on R. O

Lemma 4.3.9. For any ¢ > 0, if there exists a nonnegative traveling wave solution
(T, I,V) satisfying (4.3), then there exists a constant o > 0 such that

sup{/(z)e”**} < +oo, sup{V(2)e"**} < +o0, sup{|I'(z)]e”**} < +o0,
z€R z€R z€R

sup{|V'(2)|e”**} < +oo, sup{|l"(z)]e"**} < +o0, sup{|V"(2)|le”**} < +o0.
zeR z€R z€R

Proof. Our arguments are inspired by [149, Lemma 3.7]. For any given ¢ > 0, assume
that (T'(z),1(z),V(z)) is a nonnegative traveling wave solution satisfying (4.3). It
follows from the fact T'(—oo) = T that there exists i > 0 sufficiently large such that

+o0
/ (Dim,y)dy > 1—p, T(2) >T*(1 - p), Vz € (—o0, —2h),
—h
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where ¢ € (0,1) is a small constant to be determined later. For z < —2h, we get

cl' = DiI" — I + e M7 / D(Dm,y) 5T (z — e —y)V(z —em — y)dy
R

e / (D, )BT (2 — e — )1 (z — e — )dy
R

+oo

> Dil" — 4 e / I'(Drmy,y)5iT (2 —er + h)V (2 — e — y)dy
—h

+0o0
+en / D(Drr,y) BT (2 — em+ W) (2 — em — y)dy
—h

—h
R / T(D;71,9) 51T (2 — eri — y)V(z — eri — y)dy

o0

—h
+e M / L(Drry,y)BeT (2 — e —y)l(z — ey — y)dy (4.10)

00
“+oo

> DII// . ,Ull + €_M1T151T*(1 _ Q)/ F(Dﬂ'l, y)V(Z — CT1 — y)dy
—h
+o0o

e — o) / I(Dym,y)I(= — ery — y)dy
—h
“+oo

> Dil" + e BT (1 = o) / LD, y)[V(z = em —y) = V(z)]dy
—h
+00

£ BT (1= 0) [Tl —en =) = 1)y

+ e MTBITH(1 — 0)*V + [e 7M™ BT (1 — 0)* — ]I

Denote V = JZ. V(s)ds, I = JZ. I(s)ds for any z € R. Integrating both sides of
inequality (4.10) from —oo to z with z < —2h, we obtain

e MM BT (1 — 0)2‘7 + [T BT (1 — 0)? — /h]f
+0o0 ~ ~
< =Dl +cl —e "M T(1 - o) /h L(Drm,y)[V(z —er —y) — V(2)]dy
+oo " -
—e MM B TH(1 - o) /h L(Drm,y)[I(z — ey —y) — 1(2)]dy.
) (4.11)
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Note that
z +o00 . .
/ / C(Dym,y)[V(s — e —y) — V(s)]dyds
—oo0 J —h

= lim /mz /_+ (D, y) [V (s — ery —y) — V(s)]dyds

m——o00 i
z +00 1
= lim —/ / (cri + y)T(Dym, y)/ V(s —60(cm +y))dOdyds

- /_+Oo(crl + y)F(DITl,y)/O V(z—0(cry +y))dody.

h

Similarly, we have

/_oo /:O L(Drr, y)I (s — e —y) — 1(s)]dyds

- /_h (emy + y)F(Dﬁl,y)/O I(z —0(cm +y))dOdy.

Integrating both sides of (4.4) from —oo to z, we further have

z z

e M3 TH(1 — 9)2/ V(s)ds + [e 7™ BT (1 — 0)* — pu1] / I(s)ds + Dl

—0 —00

(cri +y)I(Dr71,y) /0 V(2 — 0(cri + y))dddy

—+00

cremyr |

—h

+o0o 1 .
+ e“““ﬁzT*/ (eri + y)I' (D11, y) / I(z — 0(cm +y))dOdy.
0

—h

Since (er + )V (z — 0(cr 4+ y)) and (ery +y)I(z — O(cry + 1)) are non-increasing on
6 € [0, 1], there holds

z z

e MM B TH(1 — 9)2/ V(s)ds + [e "™ BT (1 — 0)* — m]/ I(s)ds + Dyl

<l + (em 4+ G)e MM BTV + (e + Gy )e ™™ BT,
(4.12)
where G; = f0+°° L(Drry,y)ydy > fjﬁoo ['(Dr7i,y)ydy. By the argument similar to
that for I, for z < —2h, we have

< 0‘7 + (CT2 + Gg)be_””f,

where Gy = f0+oo I'(Dy1e,y)ydy > fjhoo I'(Dy s, y)ydy.
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Next we show that there exist constants 7y, ry, 73,74 > 0, such that

" / I(s)ds + 7 / V(s)ds < r3l(2) +r4T(2), Vz < —2h. (4.14)
Since
gy BT PR T e
H1 Hip

we proceed with four cases.

(1) e=M7™ BT —py > 0. Let o € (0, 1) be sufficiently small such that e 17 ,7*(1—
0)> — 11 > 0. Consider (4.12), we can take the values

ry=e M BTl — 0)* — pu, o =€ M BTH(L — 0)?,
rs=c+ (e + G)e MM BT, ry = (emp + Gr)e M BT,

(il) e MM BT — iy < 0 and e MM BT  + e MM BT e #272h — pyp > 0. Let
0 € (0,1) be small enough such that

e BT (1 — 0)® + e BT (1 = g)?e™2™b(1 — 0)* — pp > 0.

By adding two sides of inequalities (4.12) x p and (4.13) x e "™ 3, T*(1 — p)?, we

obtain
/ I(s)ds

< ucf+ wuler + Gl)e_“mﬁlT*V + p(em + Gl)e_“mﬁgT*f
FeMTBTH (1 — 0)2cV 4 e MM B TH(1 — 0)2(cmy + Go)be 271,

for any z < —2h. And hence, we can take

r1 = pe M BT (1 — 0)2 + e MBI TH( — 0)%be 2™ (1 — 0)? — pp, 19 =0,
ry = pc+ p(ery + Gy)e T BT + e B TH(1 — 0)*(cme + Ga)be 27,
rq = pler + G e MM BT + e MM B T*(1 — o)2e.

(iii) e=Mm T e #2™b — pyp > 0. We can take p € (0,1) satisfying
e M B T e 2 2p(1 — 0)* — pyp > 0.

We add two sides of inequalities (4.12) x e7*2™2b(1 — g)? and (4.13) x p; to obtain

z

/z I(s)ds + [e7"22be "™ BT (1 — 0)* — papd] / V(s)ds

< e Hp(1 — g)2cf+ e H2mp(1 — 9)2(07'1 + Gl)e_“mﬁlT*V
+ e "272h(1 — 0)*(cry + Gl)e_’“”BgT*ij ,ulc‘7 + (e + Gg)be_“mf,
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for any z < —2h. And hence, we can take

T = e M2heMTBTH(1 — o), ry = e F2Rbe M BITH(1 — 0)* — pyp,
r3 = e "27b(1 — 0) c+ e "2™b(1 — 0)*(cry + G1)e M BT + piy (e 4+ Ga)be 272,
ry = e "272b(1 — 0)%(cr + G1)e M BT 4 pyc.

(iv) eMm BT e #27h — e < 0 and e ™M™ BT + e M BT e H272b — iy > 0.
This case can be treated by the argument similar to that in (ii).

Now, let W(z) — I(2)+V(2). It then follows from (4.14) that there exist constants
r5, 76 > 0 such that

7“5/ W(s)ds < TGW(Z), Vz < —2h.
Furthermore, we have

0 —~ —_—
r5/ W(z+ s)ds < r¢W(z), Vz < —2h.

Since W() is increasing, we have T5SW(Z —s) < TGW(Z) for any z < —2h and any
s > 0. Thus, there exist sy > 0 large enough and ¢ € (0, 1) such that

Wi(z—so) < 5/1/[7(2), Vz < —2h.

Denote w(z) = W(z)e_% 3z Clearly, % In$ > 0. It then follows that

1

w(z —s9) = W(z — so)e_%ln%(z_s‘)) < 5‘7[7(2/)6—%111%(,2—30) =w(z), Vz < —2h.

Since w(z) — 0 as z — 400, there exists a constant @ such that w(z) < w for z € R.

It follows that W(z) < e ™5 for any z € R. Accordingly, there exists v > 0 such
that

/ I(s)ds < ve%m%z, / V(s)ds < ve%m%z, Vz < 0.

In view of (4.12) and (4.13), there exists ¢ > 0 such that
Liniz Liniz
I(z) < gewo "7 V(z) <gewo 3" VzeR.
From (4.10) and (4.11), we then get

sup{/(z)e”*"} < +oo, sup{|I'(z)le"**} < +o0, sup{|I"(z)|e""*} < +oo,
zeR zeR zeR

and similarly,

sup{V(2)e”**} < +o0, sup{|V'(2)le"**} < +o0, sup{|V"(z)|le”**} < +o0.
z€R z€R z€R

This completes the proof. O
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Lemma 4.3.10. For any ¢ > 0, if system (4.3) has a bounded semi-traveling wave
solution (T, 1,V), then I(z) and V (2) decay exponentially as z — —oo. Furthermore,
if lim, o I[(2) =0 and lim,_, o, V(2) = 0, then I(z) and V(2) decay exponentially
as z — +00.

Proof. The statement of the case where z — —oo is directly followed by Lemma
4.3.9. By arguments similar to those in the proof of Theorem 4.3.2 later, we can
conclude that lim, ., I(z) = 0 and lim,, ., V(2) = 0 imply lim, ,, T'(2) = T*.
Thus, lim, ., (T(2),1(2),V(2)) = (T%,0,0). Furthermore, we can again use similar
arguments to those in the proof of Lemma 4.3.9 to conclude the statements for the
case of z — 4o0. O

Theorem 4.3.1. For any ¢ > ¢*, system (4.8) admits a traveling wave solution con-
necting the disease-free equilibrium eq and the endemic equilibrium u*, i.e., it satisfies
the boundary conditions (4.4).

Proof. For any ¢ > ¢*, it is sufficient to show that (T(+00), I(+00),V(4+00)) = u*,
where (T, 1,V) is the solution obtained in Proposition 4.3.3.

Let vy = T vy =T v3 = I,vy = I',us = V,ug = V'. Then system (4.3) gives rise
to

V] = vg,

Drvy = cvg — n(v1) + Bi1v1vs + Bavyvs,

vy = vy,

Dy = cvy + pyvg — e M7 fR D(Dym,y)pivi(z — e — y)us(z — e — y)dy
— e Hm fR L(Dyr, y)Povi(z — ey — y)vg(z — ey — y)dy,

Uy = Vg,

| Dvvg = cvg — be 27 [, D(Dy o, y)vs(2 — cm — y)dy + ps,
(4.15)
where " denotes the derivative with respect to z. Let

flx)=x—1—1Inz, x>0,

and
X

0@ = [Ty, )= [ Dm

+oo z
g3(7) =/ ['(Dya,y)dy, ga(x) =/ I'(Dy1,y)dy.

It is easy to see that the functions f(x), g1(z), g2(x), g3(x) and g4(z) have the following
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properties
flz)=2x—1—-Inz >0,z >0; f(z)=0< 2 =1;
9:(0) = 52(0) = 95(0) = 92(0) = 3, go(~2) = gs(x), gu(~) = gs(),

gi(x) = =I(Dym, x), gy(x) =T(Drm, x), g3(x) = =T (Dy1,z), gi(x) =T (Dym, x).

Consider above system (4.15) and let (v}, vi,vi) = (7., I, Vi). Now we present our
refinement of conventional Lyapunov functional L(v(z)) with

L=L,+Ly+Ls+Ly+ L5+ Lg+ L7+ Lg, (4.16)

where

vt vy vivE v
lec/ 1— 2| du+e"mevyf i —1—751 Loyt f —i ,
UT u 3 be M2T2U3 /U5

Ly = Dr [U— —1} Vs + &M D, {—3 Bl”“’"’ N g {U—‘”’ - }U&
(1 be~r2m20}
52111@3/ f <U1(Szvi(8)) ds,
z—cT U1U3
I v3(s)
Ls = pivivg f — | ds,
zZ—CT2 U3

+oo v (z —em — y)vs(z — e —
Lo = i [ m@f<“ i ]-”)@
0

V1 U5
R vi(z —cem —y)vs(z —em —y
—ﬁwl%/ gz(y)f< 1 ! Uzvi( ! ))dy>
e 1Vs5
+oo v (z —er —y)us(z — e —
L=t [ ontf (MESTEDHEZ N
0 V1 U3
Y vi(z —er —y)us(z — e —
—ﬁzvlvs,/ 92(y)f< 1 : iivi( : y))dy,
—00 1%3
Feo va(z — ey —
L= ot [ s (PEE ) gy
0 U3
R v3(z —cm —y
—517)11]5/ 94(y)f( 3( U*z )) dy.
—00 3

Clearly,
% [ UI} ) OLy =eMc {1 — U—‘;’k} ) OL, _ _Bropvs c {1 — U—;} )

Ovs  be=H2T2y3
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which imply that the point (v§, v5, v}) is a stationary point of the function Ly (vy, vs, vs)
and it is the unique stationary point and the global minimum of this function. So,
L is bounded from below, and hence, L; is bounded from below along the solution.
In view of Lemma 4.3.8, we see that L, is bounded. It is easy to see that L3, Ly, Ls,
are bounded from below. Finally, combining the properties of f, g1, g2, g3, g4, the
persistence property of vy, v3 and vs with 2 — 400, the boundedness of v;, and the
exponential decay of v3 and vs with z — +o00, we see that Lg, L7, Lg are also bounded
from below. And hence, L(v(z)) is well defined for all z € R. Now we calculate the
derivatives of L;(i = 1,2, ...,8) along the solution of system (4.15) as follows

d(Ly + L)
dz
v | 1 /
=c|l— 'U_l E [DT’U2 + n(vl) — 51’01’05 — ﬁ2U1U3]

11
+ee {1 — U—S} - [DIUQ — g +e / L'(Drri,y)Bivi(z — e — y)us(z — e — y)dy
V3| C R

+e7Hm / (D7, y)Bavi(z — em — y)vs(z — em — y)dy]
R

k 3k * 1
+ MC |i1 — U—5:| - |:Dv’Ué — UUs + be 1272 /
C

be— 2720 L(Dy 7, y)vs(z — ey — y)dy}

Vs R
* 772 * 172
v v v v
+ DT |:—1 - 1:| Ui/ — DTUT |:—1:| + 6”17—1D1 [—3 —1 ’Ug - 6“1T1D1’U§ 3
(%1 (%1 V3 V3
k4 k * * 0k / 2
Brvjvg D Us " projvs Dot Us
T he OV o T Y T pemmmgr VY5 | s
e Ug Vs e Vg Vs,
,U*
1
= { - v_] [n('Ul) — Bivivs — 522111)3]
1

*

v
+ e {1 - U—?’} {_Ulvi’, +e / I'(Drmi,y)Bivi(z — e — y)us(z — e — y)dy
3 R

+e MM / D(Dyri,y)Bavi (2 — e — y)us(z — cmy — y)dy]
R

VUL Vg
gﬁlﬁ [1 - —5} l—u% + beHam /R ['(Dyra,y)vs(z — cT2 — y)dy}

Us

112 172 * 0k 172
_ DT'U* [ﬁ] _ eulﬁDlv* |:Ej| Blvl'US D U* [%:|
1 3 :

— v
V1 Vs be—r2m2p} ® | s

Note that

n(vy) = frojvi + fovivsy, e MT(Broivi 4 fovivy) = vy, be Tl = ps.



It then follows that

d(Ly + Ls)
dz
. . ,U_T . * * %k Ul U1U5
= [1= 8 o) = e+ o |1 - B 1= 2
¥ vV
i |1 11 [1- 522

U3
— frvivi— ”: — Pavivs + Bruivi + PBavivs
3

+ / I'(Drmy,y)Bivi(z — e — y)us(z — e — y)dy
R

*

oz = en — y)os(e — e =yl
vioses(2)

— [vivs / I'(Dym,y)
R
+ / L'(Drri,y)Bovr(z — ey — y)us(z — e — y)dy
R

vi(z —crp —y)vs(z — e —y)v
- 52“1“3 / (DITla y) 1( : :;y)* 3( . y> de
R viv3U3(2)

. prvivs
+ frvivg — Prvjvs + 11)1 > L(Dyo, y)vs(z — c2 — y)dy
3 R

v3(z — cT9g — Y)VZ
—Blv’fvng(Dsz,y) sl = v) >dy
R U3Us
U/ 2 ’U/ 2 ﬁlU*U* U/ 2
— Dt | 2 —emmDr [ 3B - 215 por |22
T4 |:U1:| € 1Y% |i’l)3:| be—ﬂ27'21)§ VU |iU5
Furthermore, we have
dL — —
L 3 _ _ Byt f ( 2 i ) Byt f <v1(z Clevi(z 071)) ’
z V15 V15
dL — —
e 1= = B} v;;f( 2 i ) Bovivs f <U1(Z 0712vi(z 671)) )
z V13 VU3
dL5 ( ) ( CT2>
s (57 i (M)
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Since
lim o) f (vl(z —cr — y)v5 2—cm— Yy ) _
lim o) f (vl(z —cr —y)vs(z —cem —y ) _
y——00 vivE
lim () f (vl(z —cn —y)vg 2—cm—y ) _
lim ga(y)f (vl(z —cm — y)vg z2—cm — Y )
. Ug(z — CTy — y)
| —
i gs(y) f < o ) 0,
i v3(z — ey —
lim_ ga(y)f ( o7~ e y)) o,
Yy——00 Ug

using the integration by parts and the properties of g1, go, we obtain

dL6 = Byviv; /;OO gl(y)i {f (Ul(z — yi”?fz . y>) } dy

dz vivE
0 d vi(z —cm —y)vus(z — e —
—51vikv§/ 92(y)d— {f( 1( ! yz i( . y))}dy
oo z vivl

+00 — - - —
- —ﬁlv’fv;/o gl(y)d% {f (Ul(z - LI@Z;(Z - y>> } W
0
+ Bvivs / gz(y)diy {f <U1(Z — yzvi(z — y)) } W

o vivi
Bl f (Ul(z — Clevi(z — 071))
V1 U5
v(z —er —y)vs(z — ey —
— Byvjvs / L(Dim,y)f ( (e = o = y)vslz - on y)) dy.
R V1 U5
Similarly,
dL7 vi(z —em)vs(z — cm)
= [y -
U1 V3
vi(z —em — y)vs(z — e —
— B3 / (D) (HESTEIHEZR I g,
R U103

dL v3(z — ¢t v3(2 — cT9 —
- = B (7?‘ 2>) Brofe; / (Dm,y)f( e ‘”) dy.
z vl R v

3
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Thus, there holds

d(L1+L2—|—L3—|—L4—|—L5—|—L6—|—L7—|—L8)
dz

= —guie; |1 (25) 4 [ r0ym g (MESRELEE S S g

1 vivivs(z)

+/Rr(Dvr2,y)f <U3( Ugv; %) ]

— Byt vl {f <i) T'(Dim,y) ( — N —g)fs(z —Ch — y)“§) dy}

01”3”3@)

(%1 (%
172 Bivtvr V!
pATL « | Vs P11 Vs Us
— e Drvg | = — —=
Vs be~ “2T2v Us

By the assumption (A1), we have

4 [1 _ “_1} n(vr) = n(v)] = Drot [—1}

1= 2 o) - o3 <0,

and the equality holds only in the case of v; = vj. Therefore, L(v(2)) is decreasing in
z. This, together with the boundedness from below of L, implies that there exists a
constant y such that

lim L(v(z)) = x.

Z—+00

Since vo = v}, vy = v}, vg = vL, we can write L(vy, vg, v3, Vg, U5, V6)(2) := L(v1,v3,v5)(2).
Next pick an increasing sequence {z;};>o of positive real numbers such that z; — +o0
as i — +oo as well as the sequences of functions

v1;(2) = v1(z + 21), v3i(2) = v3(z + 2), vsi(2) = v5(2 + 2).

It follows that
L(vyi, v3i,05:)(2) = L(v1,v3,v5)(2 + 2i).

Furthermore, we have

lim L(vyg,vs,05)(2) = x, Vz € R.

i——4o00

Utilizing elliptic estimates, we can establish that, up to extracting a subsequence,
for simplicity, {vi;}, {vsi}, {vs} converge to some non-negative functions v{, v$, v¢ in
CL.(R). Clearly, (v§,v$,v¢) is a solution of (4.3). Since L(v(z)) is bounded from
below and decreasing in z, for large i,

L < L(vy4,v34, v5:)(2) = L(v1, v3,v5)(2 + 2;) < L(v1, v3,05)(2)



105

also holds. It then follows that there exists a constant number y such that

lim L(Uli, V3;, U5Z‘)(Z> = lim L(’Ul, U3, ’U5)(Z + ZZ‘) =X, Vz € R.

1—+00 z2+2z;—>+00

Next we claim that lim; o L(v1;, v, v5:)(2) = L(v5, 03, v8)(2) = x for any z € R.
Indeed, taking i — +o00 in (4.16), we have

lim (Ly + Lo)(0n0, vai, 055) (2) = (L1 + L) (05,05, 0)(2), ¥z € R.

1—+00

Since L3, Ly and Ly are similar, we only focus on demonstrating L. Letting s; = s—z;,
we further have

La(on, 02)(2) = Broo? /Z_Zi ; (’Ul(Sl + 23)vs (51 + Zz)) dsy.

%, %
Z—2i—CT1 Ul U5

It follows that

lm  L3(vyg,vs)(2) = ﬁlvi‘vg‘/ f <M> ds; = Ls(v],vs)(z), Vz € R,

i——+o00 Cen Uik'Ug
and hence,
z‘Eeroo(L?’ + Ly + Ls)(vii, 034, v5:)(2) = (Ls + Ly + L) (v], 05, v5)(2), Vz € R.
Since
%ok e V(2 + 2 —cm —Y)us(2 +2; —cmp —
Le(v1,v5)(2 + 2) =ﬁ1vlv5/ 91(y)f( 1( 1 2/2 i( 1 y)) dy
0 vivE
0
* ok (% Z"‘Zi—CT—y’l] Z"‘Zi—CT—y
- ﬁlvlvs/ 92(y) f ( il ! Uzvi( 1 )) .
- 1Y

taking the limit as 7+ — 400 and applying Lebesgue’s dominated convergence theorem,
we obtain

400 ol _ ofy _
lim L6(U12‘, U5Z‘)(Z) = BIUIU;/O o (y)f (Ul (Z CT1 y)U5 (Z CT1 y)) dy

i—+00 vivs
0 o o
* %k v (Z_CTl_y)v (Z_CTl_y)
— Brvyvs / 92(y) f ( - v*vi dy,
—00 1%5

= Lg(v7,v5)(2), Vz € R.
Similarly, we can deduce the properties of L; and Lg. Therefore,

lim L(vy;, vs4,v5:)(2) = L(v],v5,v5)(2) = x, Vz € R.

i——+00

Note that L(v(z)) is a constant if and only if condition dL(;Z(Z)) = 0 holds, which
is also equivalent to condition vy = vf,vy = 0,v3 = v}, vy = 0,05 = vi,vs = 0, for
all z € R. And hence, v{ = v, v5 = v;,vS = vi. In view of the arbitrariness of the

sequence {z;}, we obtain lim, ., (v1(2),v3(2),v5(2)) = (v5, v5, v3). O
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Theorem 4.3.2. Forc = c*, system (4.3) admits a traveling wave solution connecting
the disease-free equilibrium ey and the endemic equilibrium u*, i.e., it satisfies the
boundary conditions (4.4).

Proof. Our arguments are motivated by [98, Theorem 6] and [149, Theorem 2.14]. Let
{c;} be a sequence satisfying ¢* < ¢;11 < ¢; < ¢* 4+ 1 and lim;_,, o, ¢; = ¢*. From the
proofs of Lemma 4.3.8 and Theorem 4.3.1 for the case ¢ > ¢*, then for any c¢;, system
(4.3) has a positive solution (7}, I;, V;) satisfying (T;(—o0), I;(—00), V;(—0)) = €o and
(Ti(400), Ii(+00), Vi(+00)) = u*; in addition,

Ti(2), Li(2), Vi(2), [T} (2)l, L), [Vi(2)] (T (=) Ti(2)], 115(2)/ 1a(2)], [Vi(2)/Vi(2)]

remain bounded on R. Also, there holds

s€[z—1,z+1] s€[z—1,z+1] s€[z—1,z+1] s€[z—1,z+1

max{ max [;(s), max Vi(s)}gkmin{ min  [;(s), min }V}(s)},
S

for a constant k£ > 0 and for any z € R.

Note that (T;(- + m), I;(- + m), Vi(- + m)) is a solution of (4.3) and satisfies the
boundary conditions (4.4) for any m € R. Then we assume that
T + T,

Li(0) = —5—-

By using interior elliptic estimates as mentioned in Lemma 4.3.7, Arzela-Ascoli the-
orem and a diagonalization argument, we have that there exists a subsequence of
{(T;, I, V;) }ien, again denoted as {(T;, I;, V;) }ien € C*(R,R?), satisfying (T3, I;, Vi) —
(T,1,V) as i — oo in C} (R, R3). Clearly, (T,1,V) satisfies (4.3) and

loc
T+ T
==
It follows from (4.18) that (7,1, V') # (T*,0,0). Similar to the argument as that in the
proof of Proposition 4.3.3, we can obtain the positiveness of (T, I, V') and the bounded-
ness of T'. Since the conclusions in Lemma 4.3.8 and Lemma 4.3.10 are independent of
¢, they are also true here. It then follows that (T'(400), I(400), V(400)) = u* holds by
similar argument as that in Theorem 4.3.1. It remains to prove (T'(—o00), I(—00), V(—00)) =
(T*,0,0).

By the proof of Theorem 4.3.1, we have L'(v(z)) < 0 for any z € R, indicating
that L(v(z)) is nonincreasing with respect to z for any z € R. This implies either

(4.18)

7(0)

lim L(v(z)) = L < 400 (4.19)
o lim L(v(z)) = +o0. (4.20)

Z——00
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If (4.19) holds, then we can show that (7'(—o0), I(—00), V(—00)) = u* by the argu-
ment similar to that in Theorem 4.3.1. It follows that L(v(z)) — L(v*) as z — —o0.
Based on the proof of Theorem 4.3.1, we also observe that L(v(z)) — L(v(4+00)) =
L(v*) as z — 400. Due to the monotonicity, we conclude that L(v(z)) = L(v*) for
any z € R, and thus L'(v(z)) = 0 for all z € R. It then follows from the argument
similar to that in Theorem 4.3.1 that T'(2) = T, I(z) = I, V(z) =V, for each z € R,
which contradicts with (4.18). Therefore, (4.20) holds true.

We first prove that
liminf I(2) = 0.

Z—r—00
We assume, by contradiction, that liminf, , ., /(z) > 0. This, together with
liminf I(2) = L,

z—+00
and /(z) > 0 for all z € R, implies that there exists a number 6 > 0 such that I(z) > §

for all z € R. By the definition of () in Lemma 4.3.8, it follows from the boundedness
of I that @ is also bounded. Thus, the V-equation of (4.3) yields that

Dy V" — V' + e 72bQ(2) — uV = 0.

Since both Q(z) and V' (z) are bounded, V' (z) can be uniquely expressed as

V(z)=w l/z e EmIbQ(s)ds + /+OO e E=IpQ(s)ds |

[e.e]

where

L cE\/E+4Dyu e~H2T2

(1= = , W= ——

H 2DV c? + 4Dvu
And hence, there exists a number o > 0 such that V(z) > «a for any z € R. Ac-
cordingly, we have limsup, , . L(v(z)) < 400, which contradicts (4.20). Thus,
liminf, , . I(z) =0.

Next we show that lim,_,_. I(z) = 0. If limsup, , . I(z) = 6 > 0 for some
d > 0, then there exists a sequence {z;} such that z; - —oo as i — 400 and
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lim; 400 1(2) = 0. Let N € N with ¢*7 € [N, N +1). It follows from (4.17) that

zi—no—1,z;—no+1] z€[zi—no—1,2;

min { min I(2), min V(z)}
€l —no+1]

max { max 1(2), max V(z)}

z€[zi—no—1,z;—no+1] z€[zi—no—1,z;—no+1]

min{e[ min  I(z),  min V(z)}

2i—N0,2;—no~+2] z€[zi—n0,2i—n0+2]

v
|

:

»

- {e[ max  I(2),  max }V(z)}

2€[z;—n0,2:—no+2) 2€[z;—n0,2:—no+2

v

v

1
I V
Jeno+1 Hax {ze[zg??ziﬁ-l} =) ZE[Z?E%?Z{Z""” (z>}

o

= St

for any ng € {1,2,---,N} and i > K, where K € N with I(z) > 3 for i > K. It
follows that

min{ min I(z —s), min V(z — s)} > —— Vi> K.
s€[0,c*7] S€[0,c* 7]
Consequently, we have
lim sup L(v(z;)) < 400,
1—00
which contradicts (4.20). Therefore, lim,, o I(z) = 0. By a similar argument, we
have lim,_, ., V(z) = 0.

Finally, we prove that lim,_, . T(z) = T™*.

In the first step, we prove that lim,_, ., 7'(2) exists. We assume, by contradiction,
that lim,_, ., 7'(z) does not exist. By the boundedness of T'(z) as in Proposition 4.3.3,
it follows that

liminf 7'(z) < limsup T'(z) < T™.

Z——00 2——00

Let {z;} be a decreasing sequence such that z; - —oo as j — 400 and

. 2 .
lim T'(z;) =liminf T'(2) < T, AT (z) =0, 4T(z) > 0. (4.21)

=400 Z——00 dz dz? —

Note that
lim ](Zj) = O, lim V(Zj) =0.

j—+oo j—+oo

Thus, the T-equation in (4.3) with ¢ = ¢* and assumption (A1) imply that
lim T(z) > T"

Jj—+oo
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which contradicts (4.21).
In the second step, we prove that lim, , ., T'(z) = T*. We suppose that

lim T(z) = T*.

Z—r—00
Write the T-equation of (4.3) as
DyT" — T’ +n(T) — BTV — BT1 = 0. (4.22)

By Lemma 4.3.8, we see that |7"(z)| is bounded on R. This, together with the bound-
edness of n(T'),T,I and V, implies that |T”(z)| is bounded on R, and hence, T"(2)
is uniformly continuous on R. Since lim, , ., 7(z) exists, it follows from Barbalat’s
lemma (see, e.g., [38]) that lim,, ., 7"(z) = 0. Further, taking the derivative of z
on both sides of (4.22) and using the boundedness of n/(T") for T" < T* along with
the aforementioned bounds, we conclude that |7"(z)| is bounded on R. It then fol-
lows that lim, , ., 7”(z) = 0. Note that lim,, . I(z) = 0 and lim,, . V(z) = 0.
Then the boundedness of T'(z) on R implies that lim,, - 5;T(2)V(z) = 0 and
lim, o BoT(2)I(z) = 0. Therefore, lim,_, o, n(7(z)) = 0. In view of the assumption
(A1), it is easy to see that

T = lim T(z)=T".

Z—r—00

Consequently, (T'(—o00), I(—00),V(—00)) = (T%,0,0). O

By the definition of the matrix A; in Lemma 4.3.1, we have |A;—cA| = p1(A)p2(N\)—
asag, where p1(\) = a; — A, pa(N) = ay — e\ Then we introduce the followmg lemma
to establish the non-existence of the traveling wave solutions for 0 < ¢ < ¢*.

Lemma 4.3.11. For any 0 < ¢ < ¢*, |A1 — c¢\| = 0 does not admit positive real root
A such that p1(\) <0 and pa(N) < 0.

Proof. Our argument is motivated by [98, Lemma 17]. Assume, by contradiction,

there exists a k > 0 such that |A; — cA|a=x = p1(K)p2(K) — az(k)as(k) =0, p1(k) <0
and pa(k) < 0, where

as(k) = e MM / F(Dﬁl,y)ﬁlT*e“(_m_y)dy,
R

az(k) = be H2™ / D(Dy 1y, y)e =29 dy.
R

Since ¢ < ¢*, we have

( + CL4 —|— \/ CL1 — CL4 )) + 4@2(1'{)@3(1%)
2 ’

ck <
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where

a1 (k) = Dik? — pg + e 7™ / [(Dyry, y)ﬁ2T*e“(_cﬁ_y)dy, as(k) = Dyk? — pu.
R

This gives rise to

0> pi(k) =ai1(k) —ck >

0 > po(k) = as(Kk) — ck >

It follows that

p1(k)p2(K) <

2
% as(k) — ar(k) — \/(al(ﬂ) — a4(K))* + day(k)as(r)
2
= as(k)az(k),
which contradicts |A; — eA|x=r = 0. O

Theorem 4.3.3. If 0 < ¢ < ¢*, then there do not exist nonnegative traveling wave
solutions satisfying system (4.83) and the boundary conditions (4.4).

Proof. Suppose, by contradiction, that there exists a nonnegative traveling wave so-
lution (7, 1,V) satisfying the conditions in Theorem 4.3.1 for some ¢ € (0,c¢*). It
follows from Lemma 4.3.9 that there exists a a > 0 such that

sup{I(z)e”**} < +oo, sup{V(2)e "} < +o0, sup{|l'(z)|e"**} < +o0,
z€R z€R zeR

sup{|V'(2)|e”**} < +oo, sup{|I"(z)|e”**} < 400, sup{|V"(z)le"**} < +o0.
z€R z€R z€R

Integrating the first equation of (4.3) from s; to sy for fixed s9, we have

=< (s2—s 1 = z—s
T'(s1) = ePr 27U, (55) + —/ ePrC I P (2)dz,
Dt J,
where Py (z) = n(T(2))— 1T (2)V(z)—p2T(2)I(z). By the boundedness of T', I and V/
in Lemma 4.3.8, we can obtain that lim,, ., 7"(s) = 0. Integrating the first equation
of (4.3) from —oo to z, we obtain

DrT'(z) = o(T(2) = T7) = g1(2),

where g1(2) = [7__ [=n(T(s)) + B1T(s)V (s) + 2T (s)I(s)] ds. Let T(z) =T —T(z).
It then follows that

A

—DyT"(2) + ¢T(2) = g1(2).
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Further,
~ ~ cz 1 0 c(z—s)
T(z) =T(0)ePr + — [ e P gi(s)ds
Dy [,

~ ez 1 0 c(z—s)
<T(0)ePr +— [ e Pr gy(s)ds,
T J2

where go(2) = [7__[51T(s)V(s) + BT (s)I(s)]ds, due to the condition (Al). Since

sup{/(z)e" ¥} < 400, sup{V(z)e”**} < 400,
z€R z€R

there holds g»(z) < Ce® for some C' > 0 for all z € R, and go(2) = o(e2?) as
z — —o00. Therefore, T(z) = o(e*?) as z — —o0, where o’ = min{a/4,c/(2D7)}.
And hence, sup, g {(T* — T(2))e~**} < +oo0.

To complete the proof, we define the two-sided Laplace transform by

Jp(N) = /_+0<> e M p(2)dz, A >0, ¢(2) > 0.

Clearly, J4() is defined in [0, \]) such that A} < +o0o satisfying lim, ¢ Js(\) = 400
or \] = 400. So, \j > o, Ay, > A;F(T*_T) >\ + o and )\‘J;(T*_T) >\ 4
Consider the differential system

DI" —cl' — I + e M / I(Dim,y)5T(z —en —y)V(z —en —y)dy
R

4 e / I(Dim,y) BT (2 — ey —y)I(z — ey — y)dy = 0,
R

DyV" — cV' + bet2™ / LDy, y)I(z = cra = y)dy — pV = 0.
R

Taking the two-sided Laplace transform of above system, we have

pl()\)J] = —e M7 / F(D[Tl, y)ﬁlT*eA(_C”_y)dva + h,
R (4.23)
Py = =be ™ [ T(Dym Xy,
R

where h = e~ fR L(Dyr, y)e’\(_cﬁ_y)dyJ(glerﬁﬂ)(T*_T), and pq, po are mentioned in
Lemma 4.3.11.

Now we show that A} = A}, < +o0o. By the first equation of (4.23), we see that
AN) = (DX = py = eA)Jp 4 e7M7 / D(Dy71,y)e ™"V dy Jg, v p,rr = 0.
R

Suppose that A} = 4o0. Since J; > 0 and Jg7vigrr > 0 for A € [0,A]), then
A(4+00) = 400, a contradiction. ), < +oo can be obtained similarly. Suppose
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A7 < Aj < 4oo. Then lim,_,,+ J; = +00 and lim,_,,4+ Jiy < +oo, which contradicts
to the second equation of (4.23). And hence, A} > A{,. Similarly, we can obtain
Af <. Therefore, AT = A} := AT < +o0.

Suppose that p;(AT) > 0. Then for A = A*, we have

oo — [plwf Jemm / rwm,y)ﬁlT*eM—m—wdyJV]
R

A=At

Y

> [6—‘“71/F(Dﬂl,y)ek(_m_y)dyJ(51V+/321)(T*‘T)
e A=\T

which contradicts to the first equation of (4.23). Hence, p;(A*) < 0. By the similar
argument as above, we can show that po(A*) < 0.

Multiplying the first equation by the second one of (4.23), we get

[pl()\)pg(/\) — e MM / I(Dym, y)ﬁlT*e)‘(_m_y)dy - e H2T2 / I'(Dy o, y)e)‘(_CTz_y)dy] JrJv
R R

= —beH2m / [(Dy7a,y)eX =Yy - hJy.
R
Since h(A1) < 400, it follows that

|:p1()\)p2(/\) — e M1 / F(D[Tl, y)ﬁlT*e)‘(_m_y)dy . he—H2T2 /
R

I(Dy 7, y)e’\(_m_y)dy]
R

A=\T
o ber f D(Dyma )Ny by
N )\ig\1+ J[JV N

And hence, there exists a AT > 0 such that p;(AT) < 0 (i = 1, 2) satisfying |A; —cA\T| =
0, which contradicts Lemma 4.3.11. O

4.4 Numerical simulations

In this section, we focus on the numerical calculation of the minimal wave speed c*,
the long-time behaviour of the solutions of (4.3), and the dependence of the minimal
wave speed ¢* on the parameters of system (4.3).

We assume that n(7') = A—drT for simplicity. Furthermore, we first collect these
values and present them in Table 4.1 as the values of the parameters in the model
(4.3). Based on the parameter values in Table 4.1 and the numerical calculation
method in [67], we obtain %, = 3.5882.

Table 4.1: Parameters and their corresponding values for system (4.3).

Parameters Values References
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A 5 x 10° cells/(day mL) [88]
dr 0.01/day [88]
M1 0.5/day [90]
I 3/day [90]
142 2.5/day variable
b 1000 virions/(cell day) [33]
B4 1.2 x 10719 mL/(virions cells day) [98]
B 4.5 x 1078 mL/(virions cells day)  [98]
Dr 0.09648 mm? /day [83]
D, 0.05 mm?/day [98]
Dy 0.17 mm? /day [110]
T 1 day [87]
To 0.5 day [40]

0 0.5 1 1.5 2
C

Figure 4.1: The determination of c*

The minimal wave speed ¢* is a significant parameter for system (4.3), so it is vital
to provide its calculation method. We can numerically calculate the minimal wave
speed c* according to the definitions of A(c), p(A, ¢), and A(c) = minyep re)) P(A, €), ¢ >
0. Based on the parameter values provided in Table 4.1, it is evident that A(c) ex-
hibits a continuous decrease until it reaches zero as ¢ increases, as visually represented
in Figure 4.1. In particular, the point of intersection between the curve and the hor-
izontal line, with an ordinate coordinate of 1, serves to ascertain the minimal wave
speed ¢*. This implies that the abscissa value of this intersection point corresponds
to the ¢* = 0.33.

Since lymphoid tissue consists of lymph nodes, we set the environments periodic
for convenience in the following simulations. Taking the initial data as

7 s
(0, 7) 5x 10" x (14 cos(QOx))
16,) | = | 1x102x (1 +cos(27T—O:B)) , V0 € [-7,0],
V(0 )

m
2 1 —
00 x (1+ cos(20a:))
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(b) The behaviour of T'(t,x) at t = 100
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(f) The behaviour of V (¢, z) at ¢t = 100
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Figure 4.2: The long-time behaviour of the solution for (4.3)
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with a compact support from —10 to 10 in the domain [—50,50], we obtain the
spreading of species in system (4.3) by using the parameter values provided in Table
4.1, as depicted in Figure 4.2.

The influence of parameters on the minimal wave speed c¢* is crucial for under-
standing the nature of the propagation properties of solutions in research. Utilizing
the approach outlined in Figure 4.1 for numerical computation of ¢*, while altering a
single parameter and maintaining the remaining parameter values specified in Table
4.1, we observe continuous relationship between ¢* and the parameters 1, 82, 71, 7o,
1 and p, as illustrated in Figure 4.3. This demonstrates that ¢* is positively cor-
related with §; and (5, whereas it is negatively correlated with 71, 7, 1 and u, as
illustrated in Figure 4.3. Upon examining the expression for Zy:

e ML 52T* e ML 51T*6_“2T26

%0 = + 5
H1 Hipt

it becomes evident that %, diminishes with decreasing values of §; and (3, and con-
versely, increases with decreasing values of 7, 79, p1 and p. Therefore, we can reduce
B1 and [y, and increase Ty, 7o, py and p through correlation strategies, which will
result in a smaller value for ¢* while ensuring %, > 1. (That is to say, when %, is
very close to 1, ¢* will become very small). Consequently, when the wave speed ¢
exceeds a very small threshold c¢*, a traveling wave solution will emerge, connecting
the disease-free equilibrium and the positive equilibrium.



Chapter 5

A nonlocal periodic
reaction-diffusion model of
Chikungunya disease

This chapter is devoted to the study of a nonlocal reaction-diffusion model of Chikun-
gunya disease with periodic time delays. We establish two threshold type results on
the global dynamics for the growth of mosquitoes and the disease transmission, re-
spectively. Further, we obtain the global attractivity of a positive steady state for
a simplified nonlocal and time-delayed system with constant coefficients. We also
conduct numerical simulations for the Chikungunya transmission in Ceara, Brazil to
investigate the effects of spatial heterogeneity on the disease transmission.

5.1 Introduction

Mosquito-borne diseases are transmitted by the bite of infected mosquitoes, which
include Zika virus, West Nile virus, Chikungunya virus, dengue, and malaria. Aedes
aegypti and Aedes albopictus are the main vectors of Chikungunya virus [96, 130].
Affected by global warming, mass immune deficiency and the increase of floating pop-
ulation in epidemic areas, Chikungunya has a periodic outbreak trend in tropical and
subtropical areas, and gradually develops into a global health problem [89,104,111].
In 2010, imported cases from Reunion Island, India and Indonesia were confirmed
in the United States, France and Taiwan [99,111]. In 2013, Chikungunya broke out
on the island of St. Martin and then swept across the Americas. Since its trans-
mission to Brazil in 2014 [57,92], 45 countries have reported indigenous transmission
cases [95]. It is noteworthy that about 1.3 billion people worldwide are at high risk
of infection [91].

The life cycle of Aedes albopictus can be divided into four stages: egg, larva, pupa
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and adult. The first three stages are also called aquatic stage or juvenile stage. The
climate change greatly affects the survival area of Aedes albopictus and exposes new
areas to the risk of Chikungunya transmission. Among climatic factors, temperature
change has significant impact on the growth process of Aedes albopictus, especially
birth rate, maturity rate, mortality rate, bite rate and external incubation period
(EIP) [85]. Another important climatic factor is rainfall. Unlike other mosquito
vectors, Aedes aegypti usually lays eggs in areas without water, and the incubation of
mosquito eggs requires exposure to water and immersion as a condition [115]. Humans
are the main vector of Chikungunya virus during the outbreak of Chikungunya.

There have been various mathematical models on the transmission of mosquito-
borne diseases. However, only a few models focus on the transmission of Chikungunya
between humans and mosquitoes, and they are mainly ODE models [21,22, 70] and
time-delay models [71,72]. In [21], Dumont et al. proposed an ODE vector-borne
disease model and showed that some control strategies were effective via numerical
simulations. In [22], Dumont et al. used a pulsed model to assess the efficacy of
periodic release. In [70], Liu et al. considered the influence of rainy and dry seasons.
Assuming that the birth rate of mosquito population is different and the contact rate
between mosquitoes and humans also changes with time, they investigated an ODE
mosquito-borne disease model with time-dependent parameters and pulse vaccination.
In order to study the effect of temperature on mosquito population dynamics, Liu et al.
[71] introduced a Chikungunya transmission model with time-dependent parameters
and time-dependent extrinsic incubation period (EIP) and conducted a case study
for the transmission of Chikungunya disease in Delhi, India. In [55], Kakarla et al.
constructed a temperature-dependent Ry model to study the disease transmission of
Chikungunya virus in India. More recently, Liu et al. [72] further studied a periodic
and time-delayed Chikungunya model with effects of temperature and rainfall. Up
to now, there are many papers on periodic models with seasonal factors (see, e.g.,
[4,51,65,101,127,129, 138,144, 147]).

In this chapter, we incorporate the spatial heterogeneity into the model of [72] to
formulate a nonlocal and time-delayed reaction-diffusion system. Since this spatial
model involves the nonlocal terms and time-periodic delays, the study of its global
dynamics is more challenging. Note that the diffusion coefficients of the hospitalized
humans and mosquitoes in the egg stage are assumed to be zero, which makes the solu-
tion maps of this model non-compact. For the time-delayed reaction-diffusion system
on the growth of mosquitoes, we first introduce a new phase space to prove that the
solution maps are eventually strongly monotone and subhomogeneous, and its period
map is a-contracting, and then employ the theory of monotone dynamical systems to
obtain a threshold type result on the global stability in terms of the mosquito repro-
duction ratio %,,. For the full system of the disease transmission, we first show that
its period map has a global attractor that attracts any bounded set, and then use the
comparison arguments and an abstract theorem on uniform persistence to establish
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the global dynamics in terms of %,,, and the disease reproduction ratio %,. For a sim-
plified nonlocal and time-delayed reaction-diffusion system with constant coefficients,
we are able to construct a Lyapunov functional to prove the global attractivity of a
positive steady state in the case where #,, > 1 and %, > 1. Further, we numerically
investigate the impact of the temporal and spatial heterogeneities on the growth of
mosquitoes and the spread of Chikungunya.

The rest of the chapter is organized as follows. In section 5.2, we present the
model and study its well-posedness. In section 5.3, we prove the global stability for
the mosquito growth model in terms of %,,. In section 5.4, we first establish the
global dynamics for the full system in terms of %, and %,, and then prove the
global attractivity of a positive steady state for a simplified reaction-diffusion system
with time delay and constant coefficients. In section 5.5, we conduct some numerical
simulations for the Chikungunya virus transmission in Ceara, Brazil, and give a brief
discussion.

5.2 The model

In this section, we propose a spatial model for the spread of Chikungunya, and consider
the dynamics of infection in hosts (humans) and vectors (mosquitoes). We assume
that all populations remain in a bounded spatial habitat 2 with boundary 09 of
class C**9(0 < § < 1). Since we focus on a local regional scale, the spatial spread
of Chikungunya is assumed to be only due to active movements. Following [72],
we divide the human population into susceptible (S}), exposed (E}), asymptomatic
infectious (Ay), symptomatic infectious (Ij), hospitalized (Py), and recovered (Ry,).
Aedes aegypti mosquitoes are divided into dry eggs (Ey), wet eggs (FE,,), larvae (L,,),
susceptible mature mosquitoes (.S, ), exposed mature mosquitoes (E,,), and infectious
mosquitoes (I,,). We assume that the diffusion coefficients of P,, E; and E,, are 0
because the hospitalized population will be managed and the eggs themselves cannot
move.

Since humans are endotherms, we assume that all human-related coefficients are
positive constants and that all mosquito-related coefficients are positive and w-periodic
functions. We consider the active movements of humans, larvae and mosquitoes,
and assume that they perform an unbiased random walk and that the dispersion of
the same species is homogeneous in space, that is, D, > 0, D;, > 0 and D,, > 0,
respectively. We do not consider immigration or emigration of individuals, that is,
no population flux crosses the boundary 0f2. Let A be the Laplacian operator, v be
the outward unit normal vector on 0€2. Based on the above assumptions, the model
parameters and their definitions are shown in Table 5.1, and the detailed transmission
diagram is given in Figure 5.1. The mortality rate of this virus is shallow, so we do
not consider human death due to the disease and assume that the human birth rate is
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al mortality rate. That is, we assume that the total density of the
(at the time ¢t and any location z) N,(t,z) stabilizes at a steady

Table 5.1: Biological explanations for parameters of system (5.1)

Parameters Description
Ap recruitment rate
I natural mortality rate
p fraction of exposed humans becoming asymptomatic
B(t, ) biting rate of mosquitoes
(i.e. the average number of bites per mosquito per unit time at time ¢
and location x)
ap, transmission probability per bite from infective mosquitoes to humans
Qm transmission probability per bite from infective humans to mosquitoes
Th intrinsic incubation period (IIP) of humans
T (t) extrinsic incubation period (EIP) of mosquitoes
Tw (t) maturation time of the larvae
Q1 recovery rate of asymptomatic infectious humans
q2 recovery rate of symptomatic infectious humans
qs3 recovery rate of hospitalized humans
Nh hospitalizing rate of symptomatic infectious humans
Kq(t, z) the maximal dry eggs capacity
wup(t, ) birth rate of eggs
ka(t, x) fraction of dry eggs that become wet eggs
N (t, T) maturation rate of wet eggs
pe(t, ) mortality rate of eggs
pr(t,x) mortality rate of larvae
o (t, ) mortality rate of mature female mosquitoes
oM},
I PV} Ah _>(I| Rh T
An 3 Hh
Sy | By | ITT qu
717 | i I "Th P —
(1 — p)M, h [ h I
L Hh
| |
By [+ Ey [ Ly 7" S [25 B [ I
fitee i M e
Figure 5.1: Schematic diagram for Chikungunya disease transmission.

Since ((t, z) is

the biting rate of mosquitoes, that is, §(t, =) is the average number

of bites per mosquito per unit time at time ¢ and location z. Note that the total
number of bites made by mosquitoes is equal to the total number of bites received by
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humans, that is S,, + E,, + I,,. Then the average number of bites per human receives
per unit time at time ¢ and location z is

S (t,x) + En(t, z) + 1 (t, x)

o Ni(o)

Since «y, and «y, are the transmission probabilities per bite from infective mosquitoes
to humans and from infective humans to mosquitoes, respectively. Therefore, the
infection rates per susceptible human and susceptible mosquito are given by

Sm(t,x) + En(t,x) + L, (t, x) L, (t, )
plt, ) N (@) *ORT G ) + Bty 2) + In(t )
= O‘hﬁ(t l’) [Jn\"bfét(’xl)') 5
ﬁ(t, ZL’) Xy X Ah(t, ZL’) + Ih(t, ZL’) _ Oémﬁ(t, I) Ah(t, l’) + [h(t, l’)

N (2) Ny (x) ’

respectively. The motivation for this comes from [74,124].

Let My(t,x), ML (t,x) and M,,(t,z) be the density of newly occurred infectious
people, newly occurred mature mosquitoes and newly occurred infectious mosquitoes
per unit time at time ¢ and location z. By the arguments similar to those in [136], we
have

Im(t —Th, Y

Mh(tax>:/th(tat_Thaxvy>ahﬁ(t_7—hay) N () )Sh(t—Th,y)d%

My (t,x) = (1— (1)) / P (bt — Tolt), ) (£ — 7 (8),9) Bu (£ — (). ) dy,
M (t,2) = (1— 7/,(1)) / Pt — Ton (1), )t (1 — Ton(0),9)

Ap (t =1 (), y) + I (t — 10 (), v)
X N @) S (t — T (1), y) dy,

where T';(t,tg, z,y) with t > ¢y and z,y € Q, is the Green function associated with
% — DiAu — p(t,Ju, (i =h,L m) subject to the Neumann boundary conditions.
Let Bu(t,x) == anB(t, )5 7 and Bn(t,7) = Bt 7) 55 () It follows that

Br(t — mh,x) = apfB(t — T, )h— and B, (t — 7,(t),z) = amﬁ(t — Tm(t),x)w.
Therefore, we have the following nonlocal reaction-diffusion system with temperature
and rainfall effects:
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(251 = Dy AS) + A, — Bult, @) 1nSh — 1nSh,
aEh = DyAEy + Bu(t, )1, Sh — Jo Talt, t — mh, @, y) Bt — 7, y)
X I (t = Thy ) Su(t — Th, y)dy — pnEn,
85;” = D, AA;, + pr Ch(t,t — 7y, y) Bu(t — Th, y)
X I (t — T, y) St — T, y)dy — (g1 + ) Ap,
alh = Dy AL+ (1= p) [ Dult,t — mh, 2, y) Br(t — Tho )
X I (t — Thyy )Sh(t — Th,y)dy — (n + g2 + 1) In,
= nnln — (g3 + pn) Pr,
8R” = DLARy, + qlAh + q2In + @3 Py — pun R,
i _ 1, 2) (1= £) (Sn+ B+ In) — (hat, 2) + pis(t, 7)) Ea,
aEw = ka(t, z) Eq — (nu(t,z) + pe(t, x))E
f’Lm = DALy, + 1t 2)Ey — (1= 7,(0)) [, Tr(t,t — 7(t), 2, y)
X1 (t = Tw(t), y)E (t — 7w(t ) y) dy — pr(t, ) Lo,
B = D, ASy, + (1= 70,(1) [o Tt t — 7(t), 2, y)nw (t — Tw(t), y)
X Ey (t — Ty (1), )dy Bm(t, ) (An + In) S — tm(t, ) S,
B = D, AE,, + 6m(t ) (Ah + 1) S

8Ph —

(1 =7,(t) Jo Tom T (), 2, Y) B (t = T (1), 9)
(Ah(t—Tm() )+Ih( (t),y))Sm(t T (), y) dy — pim (t, ) By,
%= DALy + (1= 7,,(t)) [T T (), 2, ) B (t — T (1), y)
x (Ap (t—fm() )+Ih(t—Tm() Y)) S (t = T (), y) dy — prn (t, 2) L,

S, _ OE, _ A, _ O8I, _ ORy _ OLm _ OSm _ OEm _ Olm __
(o = T T T = e e = o = = 0t>0,0e00
(5.1)
Let pn,(r) be the developmental proportion of Chikungunya virus in mosquitoes
at time r, and let p,(r) be the developmental proportion in larvaes at time r. When

the accumulative proportion from ¢ — 7;(t)(i = m,w) to t reaches 1, the individual
moves to the next stage (see, e.g., [73]). It then follows that

¢ t
/ Pm(r)dr =1, / pw(r)dr = 1. (5.2)
t—7m () t—Tu (1)

Differentiating both sides of (5.2) with respect to ¢, we obtain

m (1 w(t
T S 11 R S S ) S () M)

Pt = T (1)) pu(t = Tw(t))
Here we assume that 7,,,(¢) and 7, (t) are w-periodic in ¢, and 7/ (t) and 7/, (t) are Holder
continuous on R. All constant parameters are positive, and functions Ky(t, z), Bn(t, x),
wn(t,x), qi(t, z), nu(t,x), g2(t, x) and gs(t, z) are Holder continuous and nonnegative
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nontrivial on R x Q, and w-periodic in t. The functions wu(t, ), kq(t,x), pe(t, ),
nw(t, ), ur(t,x), Bm(t, ) and p,(t, r) are Holder continuous and positive on R x 2,
and w-periodic in t. According to [72,120], we always impose the following condition
on Ky(t, x):

a[(d(t> l’) >

ot — (l{id(t, SL’) + /J/E(tv SL’)) Kd(tv SL’), \EAS Q’t eR. (53)

Since Ej(t, ), Py(t,z), Ry(t,x), and L, (¢, x) do not appear in the other equations
of system (5.1), it suffices to study the following reduced system:

85” = DyASy + Ay — Bu(t, ) 1Sk — f1nSh,
85;” = D,AA, + pr Cn(t, t — 1, ,y) Bt — Th, y)
XL (t = Th, y)Sh(t — Th, y)dy — (@1 + pin) An,
alh = DAL + (1 — fQ Ch(t,t — 7y, y) Bt — Th, y)
X I (t — Thyy )Sh(t — Th,y)dy — (n + g2 + 1) In,
OBy — (1, ) (1 - E—) (S + By + 1) — (kalt, ) + pu(t, ) Ea,
aEw = ka(t,z)Eq — (nu(t, I) + pe(t, z)) Ew,
asm = DpAS, + (1= 74(t) [o Tt t — 7u(t), z, y)nw (t — 7 (t), y)
X Ey (t = 70(t), )dy Bun(t, ) (An + 1) Sy — i (t, ) S
o = Dy AE,, + 6m(t ) (Ah + I1,) Sm
(1 =70(1) foTm Ton (1), 2, y) B (8 = T (1), )
(Ah (t —Tm(t) )+Ih (t—Tm(t) Y)) S (t = (1), y) dy — pun (t, ) Es,
% = DALy + (1= 7,,(1)) fo T Ton(t), 2, 9) B (t = T (1), )
)

(Ah(t_Tm() )+Ih(t_7m() Y)) S (t = Ti(t),y) dy — pim(t, ) L,
0o — O — Oh — 00w — Wn — Olm — ()t > 0,2 € OQ.

\81/_81/_81/_81/_ v
(5.4)
Let X := C(Q, R®) be the Banach space with the Supremum norm | |lx, and let 7 =
max {Th,maxte[ow] Tin (1), MaXse(0,w) T (T } Define X := C([-7,0],X) with the norm

|¢]] = maxpe—+ ) [|¢(0)]]x, V¢ € X. Let X* := C(Q,RY) and XJr = C([-7,0],X7).
Then (X, X*) and (X, XT) are ordered Banach spaces. We also identity ¢ € X with
an element in C([—7,0] x Q,R®) by defining ¢(0, z) = ¢()(x), V0 € [-7,0], Vz € Q.
Given a function z : [-7,0) — X for ¢ > 0, we define z; € X by z/(0) = z(t + 6),
Vo € [—7,0], for any t € [0, 0).

Let Y := C(Q,R) and Y := C(Q,R;). Define the linear evolution opera-
tors Ty(t,s), i = 4,5, on Y by Tu(t, s)ps = e Jo kaCItuplr)drg and Ty(t, s)ps =
o= Ji nu(ry)+pe(r d?“¢5 Vt > s, respectively. Let Ti(t,s) : Y — Y(i = 1,2,3,6) be
the evolution operator associated with a“ = DpAu — ppu 9u — DpAu — (¢ +

N
), % = DpAu — (g + q2 + pn)u and 8“ = DpAu — pp(t,z)u, t > s, x €
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Q, subject to the Neumann boundary condition, respectively. Since pi,,(t,-) is w-
periodic in ¢, [15, Lemma 6.1] implies that T4(t + w, s + w) = Ts(t, s) for (¢,s) € R?
with ¢ > s. Moreover, for any (t,s) € R? with ¢t > s, Tg(t,s) is compact and
strongly positive (see, e.g., [44, Chaper II] and [109, Theorem 7.3.1 and Theorem
7.4.1]). Clearly, T;(t,s) (i = 1,2,3) are compact and strongly positive. Let T'(¢,s) =
diag{Ti(t, s), Tz(t, s), T5(t, s), Tu(t, s), T5(t, s), Ts(t, s), Ts(t, s), Ts(t, s)} : X — X. De-
fine F = (Fl, FQ, Fg, F4,F5,F6,F7, Fg) : [0, +OO) x Xt =X by

Fi(t,0) = Ap — Bi(t, ) 9s(0,-)01(0, -),
F2(t7 ¢) = p/ F(tvt — Thy s y)ﬁh(t — Th, y)¢8(_7—h7 y)¢1(_Th7 y>dy7

Q

F3(t> ¢) = (1 - p) / F(t?t = Thy s y)ﬁh(t — Th, y>¢8(_7-h7 y)¢l(_Th> y)dy,

Fit,0) = e ) (1= 220 ) 04009+ 010, + 0.,

Fy(t, 8) = alt, )64(0, ),

Fot.0) = (1= 0(0) [ Tlt.t = 7ult)ors ) ¢ = 7ult).) 65 (—u0). ) dy
—Bm(t, ) (#2(0,-) + ¢3(0,-)) ¢6(0, -),

Fi(t,6) = Bn(t,) (6200, + 6000, ) 66(0,) = (L= 72(0) [ T(t.0 = 7(t) 0
X (= T(2), ) (62 (= Ton(6), ) + 5 (—Tinl0), ) 6 (—Tn(8), )

Fu(t.0) = (1= 7(0) [ Tt = 500080 (0= 7l0).0)

X (@2 (=7m(t), y) + &3 (=7 (1), y)) P (=T (t). y) dy.

for all t > 0, and ¢ = (¢1, ¢2, P3, P4, G5, P6, O7,P3) € XT. By the abstract results
in [79], we have the integral form of system (5.4) as

Mt@zT@®¢+/Hﬁﬁﬁﬁw&&t>Q
0
U0:Q§€X+.

From the expression of F', we see that F' satisfies locally Lipschitz continuous.
Clearly, we have ¢(0,-) + kF(t,¢) € X for any (¢,¢) € Ry x Xt and hence

1
lim —dist(¢(0, ) + kF (¢, ¢),X) = 0.
Jim —dist(6(0,-) + kF(2, 6),X)
Since T1(t, s), T (t, s), T5(t, s), Tu(t, s), T5(t, s) and T(t, s) are positive for t > s, we see
that T'(t,s) : X — X, Vt > s > 0. By Corollary 1.4.1 with K = X it then follows that
for any ¢ € X, system (5.4) has a unique non-continuable mild solution wu(t, -, ¢) =
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(Sh(t, ), Ap(t, "), In(t, ), Eq(t, "), Ew(t,+), Sm(t,:), En(t,-), In(t,-)) with ug = ¢ on its
maximal interval of existence ¢ € [0,t4), where t5 < +o00, and u(t,-,¢) € X, Vt €
[0,24). Moreover, it follows from the semigroup theory arguments similar to those
in [79, Theorem 1] that u(t,-, ¢) is a classical solution of system (5.4) for ¢ > 7.

Choose

For any given (t, ¢) € Ry xC([—7,0], K), we have ¢(0, -)+kF(t,¢) € K for sufficiently
small k£ > 0, and hence, limy_,o+ +dist(¢(0,-) + kF(t,¢), K) = 0. Clearly, T'(t,s) :
K — K, Vt > s> 0. It follows from Corollary 1.4.1 that for any ¢ € C([—7,0], K),
the solution wu(t,-, ¢) with ug = ¢ satisfies Si(t,-) > 0, Au(t,-) > 0, In(t,-) > 0,
Eq(t,) >0, E,(t,-) >0, Sp(t,-) > 0 and I,(t,-) > 0 for all t € [0,t,). In view of
the biological meaning of 7,,,(t), we impose the following compatibility condition:

E,(0,) = / | U0 )50) (Al ) (5, ) Sl s (55)
Define
D= {¢€X+:¢7(0,-):/

—7m (0)

0

To(0, 5)B(5. ) (62(5. ) + 635, ) dols, -)ds} |

By the uniqueness of solutions of E,, on system (5.4) and the compatibility condition
(5.5), it follows that

Em(tv ) = [ T6(t> S)ﬁm(sv ) (Ah(sv ) + Ih(s> )) Sm(sv ')dS, (56)

—Tm (t)
and hence, E,,(t,-) > 0 for all t € [0,¢;). Therefore, for any ¢ € D, u(t,-, ¢) with
up = ¢ is nonnegative for all ¢ € [0,,).
Consider system (5.1), denote Ny (t,x) = Sp(t,x) + En(t, x) + An(t, z) + Iy (t, x),
then we have

ON,
= — DLAN, + A — Ny — i Ay — (g2 +nn)1n

o (5.7)
< DRANy + Ay — pup Ny, VE > 0,2 € §,

subject to the Neumann boundary condition. Then Sy(t,-), En(t,-), An(t,-) and
Iy(t,-) are bounded on t € [0, ).

Then denote N,,(t,z) = Spu(t, )+ En(t, x) + 1, (t, z), it follows from system (5.1)
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that Ey(t,z), Ey(t,x), Ly(t,z) and N,,(t,x) satisfy

% = uy(t, ) (1 — %) N — (ka(t, ) + pe(t, ) By,
8@% = ]{Id(t, S(Z)Ed - (nw(tu SL’) + :U’E(tv SL’)) Ew’
% — DALy + nu(t, 2)Ew — (1 — 7. (¢ ))/QF(t,t—Tw(t),x,y)
X1 (t = Tw(t),y) Ew (t — Tw(t),y) dy — pr(t, ) L, 58)
ON

O :DmANm+(1—T;<t))[2r<tt Tult). 2, y)0 (¢ = 7(8),9)
XEy (t = 7(t),y) dy — pm(t, ©) Ny,

L. 0N,

v v

=0,t> 0,z € 00.

Note that Fy(t,) < max{maxae[_%,o],xeg Eqy(0,7), K} = E4 for all t € [0,t4),
where Fy(6, ) is the initial data and K = maxc () ce0 Ka(t, ), and hence, it follows
from (5.8) that

OE, = ———
e <K~ (o ) B
oN
Q
N
0 =0,t >0,z € 0.
Ov

where E, = max {maxge[_% o0 Fw (0, 1), n@ } kq = maxicg ) veq ka(t, @), o =

mintG[O w],z€Q nw(t .CL’) Ty = maXe|o, w} z€Q Uw(t LE‘) HE = mmte[o w], €N :U’E(t .CL’) Hm =
MiNye(o o] ze0 ,um(t z), and E,(#,-) is the initial data. Therefore, Sy(t,-), An(t,-),
In(t,-), Eq(t,-), E (t, ), Sm(t,-), En(t,-), and I,(t,-) are bounded on ¢t € [0,t4),
which implies ¢, =

In view of (5.7), it is easy to see that Sp(t,-), En(t,), An(t,-) and I(t,-) are
ultimately bounded. By (5.3) and (5.8), one implies that for any ¢ € X, there exists
t =1(¢) > 0 such that

Ey(t,z,¢) < Kg, Yt >t,2 € Q.

Then we have aE“’ < kgl — (nw + uE) E,,Vt > t, it follows that E,(t,-) is ultimately
bounded. Furthermore similar to (5.9) for NV,,-equation, by using the comparison
principle, we can conclude that S,,(¢, ), E.(t,-), and I,,(t, -) are ultimately bounded.
Therefore, the solutions of system (5.4) with initial data in D and also in X, exist
globally on [0, 00) and are also ultimately bounded.



127

From (5.7), it is also easy to see that Sy(t,-), En(t,-), An(t,-) and I,(t,-) are
uniformly bounded. By (5.3) and (5.8), for any given B > 0 with ||¢||x < B, we have

Ey(t,r,¢) < max{B, Kz}, Vt >0,z € Q.

It then follows from (5.9) and the comparison principle that there exists B=B(B) >
max{ B, K}, such that

u(t,z,¢)||x < B, V¥t >0,z €Q,

whenever ¢ € D with ||¢||x < B. This implies that solutions of system (5.4) are
uniformly bounded. So we have the following result on the well-posedness of system
(5.4).

Lemma 5.2.1. For any ¢ € D, system (5.4) has a unique nonnegative mild solution
u(t, -, @) with ug = ¢ and w(-,¢) € D for all [0,4+00), and solutions are ultimately
bounded and uniformly bounded.

5.3 The growth of mosquitoes

If Chikungunya disease dose not exist, then the subsystem for mosquito population is
as follows:

% = mp(t, ) <1 — %) S — (ka(t, ) + pr(t, ) Eq,
Zas% = Fult, ©) B — (u(t, ) + p(t, 7)) Fu, (5.10)
= DnlSu + (1= 7,(1)) /Q Lt t —7u(t), 2, y)n0 (t — Tu(t), y)

XEy (t = 7u(t),y) dy — pin(t, ©) S,

where S, is subject to Neumann boundary condition.

Let E := C(Q,R?), EF := C(Q,R2), and C,(R,E) be the Banach space con-
sisting of all w-periodic and continuous functions from R to E, where ||¢|/c, ®E) =

maxgejow [|¢(6) || for any ¢ € C,(R,E). Let £ := C([-7,0],E) and E* := C([-7,0], E*).

By the theory of abstract functional differential equations developed in [79], we can
easily prove the following result.

Lemma 5.3.1. For any ¢ € ET, system (5.10) has a unique nonnegative solution
u(t, -, ¢) on [0,400) with ug = ¢, and solutions are ultimately bounded and uniformly
bounded. Moreover, system (5.10) generates an w-periodic semiflow Q(t) = wy(-) :
Et — E*.
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Linearizing system (5.3.1) at (0,0,0), we obtain a cooperative periodic system:

% = up(t, 2)Sm — (ka(t, z) + pe(t,v)) By,
Z%% = ]{Id(t, S(Z)Ed — (’/]w(t,l’) + /J/E(tv SL’)) Eﬂ” (511)
i = DnlASn + (1= 7,(1)) /Q Lt t —7u(t), 2, y)n0 (t — Tu(t), y)

XEw (t - Tw(t)> y) dy - ,um(ta x)Sm

We define the operator F(t) : E — E by

F(t)¢ = (ﬁl(t)¢37 ﬁQ(t)¢1>ﬁ’3(t)¢2)>v¢ = (¢17¢27¢3) € Evt € ]R>

5
—~

~
~—
-
[y

Il

o
U
—~
u@i—
~—
-
_
—
=
~—

Fs)dr = (1 =7,(1)) | To(t,t = 7u(t), - y)m (t = Tw(t), ) d2 (—Tw(t),y) dy.

2

Let

—V(t)v = DAv — W (t)v,
where D = diag(0,0, D,,) and

—[W®)l(x) = 0 = (hw(t, 2) + pp(t, ) 0 Vz € Q.
0 0 _:um(ta SL’)
Then system (5.11) can be written as
dv  ~ ~
E = F(t)'Ut — V(t)'l},t 2 0.

Then
(I)(tv 8) = dlag(T4(t7 S)v T5(t7 8)7 Tﬁ(tv S))7t > s,

is the evolution family on E associated with the following linear system:

dv ~

Recall that the exponential growth bound of ®(¢, s) is defined as

©(®) = inf{@ : IMy > 1 such that ||®(t + s, s)|| < Mpe™", Vs € R, t > 0}.
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By [112, Proposition A.2], we have
Inr(®(w,0))
» :
With Theorem 1.3.2 (Krein-Rutman Theorem), we see from [44, Lemma 14.2] that 0 <

7(Ts(w,0)) < 1. Since r(Ty(w,0)) < [|[Tu(w, 0)[| < 1 and r(T5(w,0)) < [|T5(w,0)] < 1,
it follows that

w(®) =

r(®(w,0)) = max{r(Ty(w,0)), r(T5(w,0)), r(Ts(w,0))} < 1,

and hence, w(®) < 0. Note that ®(t,s) is a positive operator in the sense that
®(t,s)ET C E* for all ¢ > s. Therefore, F(t) and ®(¢,s) satisfy the following as-
sumptions:

(H1) For any ¢ > 0, F(t) is a positive operator on K.

(H2) For any t > s, ®(t, s) is a positive operator on E, and &(P) < 0.

Following Section 1.5.1, we define the linear next generation operator on C, (R, E)

by
+00 -
[Lo](t) = / O(t,t — s)F(t —s)v(t —s+-)ds, Vt € R, v e Cy,(R,E).
0
Let A and B be two bounded linear operators on C, (R, E) defined by
+o0 -
[Av](t) = / O(t,t — s)v(t — s)ds, [Bv|(t) = F(t)v, YVt € R, v € C,(R,E).
0

Further,
Av = (Ayvy, Ayvy, Agvs), Bv = (Byvs, Byvy, B3va), Yv = (v1,v2,v3) € Cy(R,E),
where
“+o0o
(1) = / Tu(t,t — $)o(t — s)ds,
0
+o0o
[Ayvo](t) = / T5(t, t — s)v(t — s)ds,
0+oo
[Asvs](t) = / Ts(t,t — s)v(t — s)ds, Vt € R,
0

Bﬂ)g(t) = ﬁl(t)vgt, BQUl(t> = ﬁg(t)vlt,
B3U2(t> = Fg(t)vgt,Vvt = (’Ult, Ugt,’U3t> c E(t),Vt € R

Clearly, L = A o B. According to Section 1.5.1, we define the mosquito reproduction
number as %, := r(L), where r(L) is the spectral radius of L.
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~ For any given ¢ > 0, let P(t) be the solution map of system (5.11) on E; that is,
P(t)¢ = vi(¢), where v4(¢)(0, x) = v(t +0,2,0) = (vi(t+0,2,0),v2(t +0,2,0),vs3(t +
0,2,0)), V(0,z) € [-7,0] x Q, and v(¢, z,$) is the unique solution of system (5.11)
with v(0, z, ¢) = ¢(0,x), V(0, x) [—7,0] x Q. Then P := P(w) is the Poincaré map
associated with system (5.11). Let r(P) be the spectral radius of P.

Note that the periodic semiflow P(t) is monotone but not strongly monotone on
E. In order to apply Theorem 1.3.4 (Generalized Krein-Rutman Theorem), we define

E:=C(-14(0),0],Y) x Y x Y,
ET=C ([-70(0),0], ") x Y© x Y*.
Then (€,E7) is an ordered Banach space. Given a function w : [—7,(0),+00) X

[0,400) x [0,4+00) — E, we define w, € £ by wi(0) = (wi(t + 0),wa(t), ws(t)),
VO € [—7,(0),0], vVt > 0.

Lemma 5.3.2. For any » € £, system (5.11) has a unique nonnegative solution
w(t, -, 1) on [0,400) with wy = 1.

Proof. Our arguments are motivated by [63]. Let 7 = mingjo) 7w (t). For any ¢ €
0, 7], since t—7,,(t) is strictly increasing in ¢, we have —7,,(0) = 0—7,(0) < t—7,(t) <
T—7u(T) <7 —=7=0, and hence, E,(t — 7,(t),:) = V¥a(t — Tw(t), ). Thus,

oF,

8—td = 1up(t, ) S — (ka(t, z) + pp(t, ) By,

oE,,

W = kd(tvx)Ed - (nw(tv .CL’) + :U’E'(tvx)) va

0S5, ,

5 Dy, AS,, + (1 —7,(1)) / Dt t — 7 (t), 2, y)nw (t — Tw(t),y)
Q

Xty (t — Tw(t),y) dy — pm(t, ) S,

subject to the Neumann boundary condition. Given ¢ € £T, the solution

(wl(t> ')7 w2(t> ')7 'LUg(t, ))

of the above linear system exists uniquely for ¢ € [0, 7]. This implies that 1,(0,-) :=
wl(eu')v Vo € [_T(O)vi-]? ¢2(‘97) = w2(‘97')7 Vo € [077_—] and ¢3(97) = U)3(9 )
V8 € [0,7].

We can repeat this procedure to [n7,(n + 1)7] for all n € N by the method of
steps. Thus, for any ¢ € £, the solution w(t, -, 1) exists uniquely and is nonnegative
for all ¢ > 0. OJ

Remark 5.3.1. By the uniqueness of solutions in Lemmas 5.3.1 and 5.3.2, it follows
that for any ¢ € ET and ¢ € ET with ¢1(0,-) = ¥1(0,-), V0 € [—7,(0),0], ¢=2(0,-) =

wQ() and 903( ) ¢3( ); then 'U(t> 7%0) - UJ(t, ,’Qb), t > 0; where 'U(t,-,g@) and
w(t, -, ) are solutions of system (5.11) satisfying vy = @ and wo = 1, respectively.
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For any given ¢t > 0, let P(t) be the solution map of system (5.11) on &; that is,
P(t)¢ = wy(¢), where

wt(¢)(9’x) = w(t + 9>$a ¢) = (wl(t + 9,$,¢),w2(t,l’,¢),w3(t,l’, ¢))a

for all (0,7) € [~7,(0),0] x Q, and w(t, r, @) is the unique solution of system (5.11)
with w(f,z,¢) = ¢(0, ), ¥(0,2) € [-7,(0),0] x Q. Then P := P(w) is the Poincaré
map associated with system (5.11). Let r(P) be the spectral radius of P. By the
arguments similar to those in [63], we can prove the following two results.

Lemma 5.3.3. For any ¢ and ¢ in € with ¢ > 1 (that is, ¢ > 1, but p Z 1)), the
solutions w(t, -, p) and w(t,-, V) of system (5.11) with wy = ¢ and wy = 1, respective-
ly, satisfy w;(t,-, @) > w;(t,-, ) for allt > 7,i=1,2,3, and hence, P(t)p > P(t)y
i & for all t > 27.

A

Lemma 5.3.4. Ifr(P) > 1, then r(p) is an eigenvalue of P with a strongly positive
eigenvector on E. Moreover, r(P) = r(P).

Let {U(t,s,\) : t > s} be the evolution family on F of the following linear periodic
system with parameter A € [0, 4+00):
do(t ~ ~
% = AF(t)o, — V(t)u(t),t > 0. (5.12)
In order to obtain the relationship between the signs of %, — 1 and r(p) — 1, we need
to verify the following additional assumptions:

(H3) The positive linear operator L possesses the principal eigenvalue.

(H4) The positive linear operator U(w, 0, \) possesses the isolated principal eigenvalue
with finite multiplicity for any A € [0, 4+00) whenever r(U(w,0,\)) > 1.

(H5) Either the principal eigenvalue of L is isolated, or there exists an integer ng > 0
such that L™ is strongly positive.

~

Lemma 5.3.5. %, — 1 has the same sign as r(P) — 1.

Proof. Our arguments are motivated by [67, Lemma 4.7]. We have known that (H1)
and (H2) hold. Next we prove that (H3)-(H5) are valid.
Claim 1. L? is compact on C, (R, E).

Clearly, Ay, B1, As, By, A3 and Bs are bounded in C,(R,E). By [109, Chap-
ter 7], Ag is Compact on CW(R,E) Since AlBlAngAgBQ, AngAlBlAng and
A3BsAyBy Ay By are compact on C,(R,Y), we have L3 is compact on C(R,E) due to
L3’U = ABABABv = (AlBlAngAngvl, AgBQAlBlAng’UQ, AngAgBQAlBl’Ug).
Claim 2. L admits the principal eigenvalue.
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Obviously, Ay, By, As, By, Az and Bs are strictly positive and map Int(Y™) to
Int(Y™"). Note that Tg(¢,s) is strongly positive on Y for any ¢ > s. Then for any
vy € C,(R,YT) \ {0}, f0+oo Ts(t,t — s)vs(t — s)ds, t € R is strongly positive on Y,
that is, Ajz is strongly positive on C,(R,Y), and hence, A3B3A;ByA; By are strongly
positive on C,(R,Y).

Now we prove that r(L) > 0. For a fixed v € C,(R,YT) \ {0}, there exists r > 0
such that A3B3AsByA;Bivs > vz in Y. Then L3v > rv, where v = (0,0,v3), and
hence, r(L?) > 0 due to the Gelfand’s formula. It follows from Theorem 1.3.2 (Krein-
Rutman Theorem) that L3 possesses the principal eigenvalue with an eigenfunction
v € C,(R,ET)\{0}. Since r*(L) = r(L?) and (r*(L)—L?*)0 = 0, we have (r(L)— L) =
0, where © = (r*(L) + L>+r(L)L)v € C,(R,E*)\ {0}. This implies that L possesses
the principal eigenvalue with positive eigenfunction in C, (R, E*). Therefore, (H3)
and (H5) hold true.

It remains to prove (H4). Let Py := U(w, 0, \) be the Poincaré map on E associated
by system (5.12). We repeat the arguments in Lemma 5.3.3 to obtain that r(p,\) is
the principal eigenvalue whenever #(Py) > 1. Then (H4) holds true. Thus, Theorem
1.5.1 implies that Z,, — 1 has the same sign as (P) — 1. O

By Lemma 5.3.1, we can define the solution maps Q(t) : ET — E™T associated
with system (5.10) by Q(t)¢ = us(¢), where uy(¢)(0,x) = u(t+0,x,¢),t >0, (0,z) €
[—7,0]xQ, and u(t, 7, ¢) is the unique solution of system (5.10) with u(6, z) = ¢(0, x),
(0,2) € [-7,0] x Q. Then @ := Q(w) is the Poincaré map associated with system
(5.10). Since the first two equations in system (5.10) have no diffusion terms, its
solution map Q(t) is not compact. But we can use the arguments similar to those
in [63] to prove the following result.

Lemma 5.3.6. Q) is a-contracting in the sense that lim,_,., o(Q"(B)) = 0 for any
bounded set B C E.

Proof. Let B be a given bounded subset of ET. Motivated by [45, Lemma 4.1], we
first show that Q™ = Q(nw) is asymptotically compact on B in the sense that for any
sequences ¥ = (Vr1, Vr2, Yrs) € B and ny — oo, there exist subsequences k; — oo
and v, € B such that Q" (Yx,) converges in F as j — oo. By Lemma 5.3.1, the
solution {u(t,-,¥x)}k>1 is uniformly bounded on 2 for all £ > 1, and hence, there
exists an 1 > 0 such that

‘Ed(t,flf,d}k” <, ‘Ew(t7x7¢k)‘ <n, ‘Sm(tvxawk)‘ < 777Vk > 17t > 07:1: S Q

Since ngw > 7 for all sufficiently large k, in view of Theorem 1.4.1 (Generalized
Arzela-Ascoli Theorem) for space E* := C([—7,0],E"), it suffices to prove that (i)
for each 6 € [—7,0], the set {Q™ (¢)(0) }r>1 is precompact in ET; (ii) the sequence
{Q™ () }x>1 is equicontinuous in 6 € [—7,0].
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Now we prove the statement (i). By the Arzela-Ascoli theorem, it suffices to prove
for any given 6 € [—7,0], {Q™ (¥x)(0, z) }x>1 is equicontinuous in z € Q for all k > 1.
Note that {S,,(ngw+6, z,1%) }r>1 is equicontinuous in x € Q for all k > 1, 6 € [—7,0].
Then we first show that {Eg(ngw + 0, 2,95)}a>1 is equicontinuous in z € Q for all
k>1,0¢[-7,0]. Let

gk(SL’, t) = /J,b(t, LL’)Sm(t, x, Q/Jk),

and hence, for each k > 1, gi(z,t) is a continuous function on Q x R,.. Let vi(t, z) =
Ey(t,z,9), t > 0, € Q. Define Tx(t,z) = vp(t + mpw, x), ¥t > —mw, = € €
Clearly,

% [(@k(t +0,x1) — v,(t + 0, 1’2))2]

=2 (U(t+0,21) — U(t + 0, 22)) % [Ok(t +6,21) — Uk(t + 6, x5)]
< 2|(0p(t + 0, 21) — Op(t + 0, 29))| X [gr(x1,t 4+ ngw + 0)

— (ka(z1,t + ngw + 0) + pp(x, t + ngw + 0)) v (t + 0, 1)

—gp(z2,t + ngpw + 0) — (kg(xo, t + ngw + 0) + pp(ze, t + npw + 0)) U (t + 0, x2)]
=2|(Up(t + 0, 21) — Ok(t + 0, 22))| X [gr(z1,t + nyw + 0) — gr(za, t + nyw + 6)

— (ka(z1,t + ngw + 0) + pp(x, t + ngw + 0)) v (t + 0, 1)

— (ka(za, t +nyw + 0) + pp(za, t + ngw + 6)) 0p(t + 6, 22)]
< An|ge(z1, t + ngw + 0) — ge(22, t + ngw + 0)| — 2m [0t + 0, 1) — U (t + 6, 22)]°

where
m = min {[kq(x1,t + npw + 0) + pp(z, t + nw + 6)],
[ka(za, t + myw + 0) + pp(ze, t + mw + 0)] 2, € Qi = 1,2},

forallt > —npw—0, 0 € [—7,0]. Set hy(t, z,y) = |gr(x, t+npw—+0)—gx(y, t+npw—+0)).
By the constant variation formula and the comparison argument, we obtain

Tt 4 60, 21) —Tp(t + 6, 22) > < e 2™ [T (s + 0, 1) — Ti(s + 6, 22)|?
+4n /t eIy (1, 2y, ) dr, (5.13)
for all t > s > —nyw — 0. Letting t = 0 and s = —ngw — 0 in (5.13), we have
[Tk(0, 1) — T (0, x5)|> < e 2t |5, (—npw, 1) — Tp(—ngw, x2) |2
+4n /0 ; &> hy(r, o1, x5)dr,
i
and hence,
| Ea(ngw + 0,21, 91) — Ea(niw + 0, , ) [F < 72040 (0, 1) — g (0, 22) [

0
—1—477/ e hy,(r, 21, 29)dr, (5.14)

—npw—~0
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for all k > 1, 21,22 € Q. We further prove that for any € > 0, there exists § > 0 such
that
|Eg(ngw + 0,21, 01) — Eg(npw + 0, 29, 0:)| < €,Vk > 1,Va, 29 € Q with |21 — 25| < 0.

Suppose, by contradiction, that there exist g > 0, k; — 00, zj,y; € Q with |z; —y;| <
1/j such that

| Ea(re,w + 0,25, n, ) — Ea(nrw + 0,45, %, )| = €0,V = 1.
It then follows from (5.14) that

e < limsup | Ey(ny,w + 0, z;, wnkj) — Eg(ng,w +0,y;, wnkj>|2

j—o0
0
< 4nlim sup/ ™ Ny, (1,25, y;)dr. (5.15)
Jj—00 —nkjw—ﬁ /

For each r < 0, we can choose an integer ko > 0 such that {S,,(r+nxw+60, z, ¥r) }esk,
is equicontinuous in x € €2 for all k > kq. It is easy to see that for each k > 1, gx(x,t)
is uniformly continuous in (x,t) € Q2 x Ry. Since lim;_,o [ S (r +ng,w +0, 25, ¢nkj) —
ST +np,w+0,y;, wnkj)\ = 0, for any given r < 0, we have lim,_, hnkj (r,zj,y;) = 0.
By Fatou’s lemma, (5.15) becomes

0

e < 477/ e*™ lim sup hnkj (ryzj,y;)dr =0,
—0 j—o0

which is a contradiction. Similarly, we can verify that {Ew(ngw + 6, x,¢) br>1 is also

equicontinuous in x € € for all £ > 1. This shows that statement (i) holds true.

Next we prove statement (ii). Since n; — oo, without loss of generality, we
assume that njw > 7 and ni > ny, Vk > 1. By the mean value theorem, we easily
see that Eq(ngw + 0, -, 1) and E,(ngw + 60, -,1) are equicontinuous in 6 € [—7,0]
on C({,R). Since Q" (1) = Q™ (Q™ ™ (¢n)) = Qmiw)(Q™ " (¢x)), Vk = 1, it
follows that the sequence { (S )n.w(¥k) br>1 is precompact in C([—7, 0], C'(£2,R)) (see,
e.g., the proof of [151, Theorem 3.5.1]). This implies that the sequence of functions
{Sm(ngw=+0, -, 1) br>1 is equicontinuous in 6 € [—7,0] on C(£2, R). Consequently, the
sequence { Eg(ngw—+0, -, ¥r), Ey(npw—+6, -, g, Spm(ngw—+0, -, ) br>1 is equicontinuous
in 0 € [—7,0] on C(Q,R?). Thus, Q" is asymptotically compact on B.

Now we consider the omega limit set of B for () on ET, defined by
w(B)={y € E*: klim Q" (¢r,) = 1 for some sequence ¢, € B and ny — o0o}.
—00
Since Q" is asymptotically compact on B, it follows that w(B) is a nonempty, compact

and invariant set for ) in E*, and w(B) attracts B (see, e.g., the proof of [103, Lemma
23.1(2)]). By Lemma 1.1.1(b), we have

a(@"(B)) < a(w(B)) +6(Q"(B),w(B)) = 0(Q"(B),w(B)) = 0 as n — oo,
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where §(B, A) = sup,cpd(x, A) = sup,cpinf,ca d(z,y) for any subsets A, B of Ba-
nach space. O

From Lemma 5.3.1, we see that @ is point dissipative on E, the positive orbits
of bounded subsets for ) are bounded, and @ is a-contracting on Et by Lemma
5.3.6. It follows from Theorem 1.1.2(b) that @) has a global attractor that attracts
each bounded set in ET.

Lemma 5.3.7. For any v > 0 in Et and any A € (0,1), we have u;(t,-, \v) >
Au;(t, -, v) for allt > 0, i € {1,2,3}, and hence, Q" (w)(Av) > A\Q"(w)(v) in ET for
all integers n with nw > T.

Proof. For any v > 0 in E* and any A € (0,1), let u(¢,-,v) and u(t, -, Av) be the
solution of system (5.10) satisfying uyo = v and ug = Av, respectively. Denote ¢(t,-) =
Au(t, -, v) and @(t, -) = u(t, -, \v). From Lemma 5.3.2, we have ¢(¢,-) > 0 and p(¢,-) >
0 for all £ > 0. Besides, ¢1(0,-) = Avy = ¢1(0,-), ¢2(0,-) = Avy = wa(8, ), ¢3(0,-) =
vy = 3(0,-), V0 € [—7,(0),0].

Since —7,(0) =0 —7,(0) <t —7,(t) < T—7,(7) <7—7 =0, Vt € [0, 7], we have
ot — Ty(t), ) = Avg(t — (1), -) = pa(t — Tw(t), ), and hence,

3}

% < ,ub(t, Jf) <1 — %) (253 — (]{Id(t, SL’) + ,uE(t,x)) (bl,

% < ka(t, )1 — (1 (t,7) + pu(t, ) 62,

% < D Adps + (1 — 7, (1)) / Lt t—70(t), 2, y)00 (t — Tu(t),y)
0

X@o (t — Ty(t),y) dy — pm(t, )3,

subject to the Neumann boundary condition, for all ¢ € [0,7]. By the comparison
principle and ¢(0) = ¢(0), we obtain ¢;(t, ) < ¢;(t,-) for each i = 1,2,3 and ¢t € [0, 7].
Similarly, for any interval (n7,(n+ 1)7),n = 1,2,3, ..., we have ¢;(t, ) < p;(t,-) for
all ¢ > 0 and each i = 1,2,3, namely, u(t, \v) > Au(t,v), ¥t > 0. Thus, w(Av) >
Aug(v), Vt > 7,(0). It follows that for all integers n satisfying nw > 7, there holds
Q™(w)(Av) > AQ™(w)(v) in ET. O

It follows from Lemma 5.3.1 that system (5.10) generates an w-periodic semiflow
Q(t) : EY — E*. Note that P(t) is an w-periodic semiflow of the linear system (5.11)
on K. Now we are ready to prove a threshold type result on the global dynamics of
system (5.10) in terms of Z,,.

Theorem 5.3.1. The following statements are valid:

(i) If %, < 1, then (0,0,0) is globally asymptotically stable for system (5.10) in
ET.
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(ii) If B > 1, then system (5.10) admits a positive w-periodic solution (E}(t, x), B (t, x),

S* (t,x)), and it is globally asymptotically stable for system (5.10) in ET\{(0,0,0)}.
Proof. In the case where %,, < 1, Lemmas 5.3.4 and 5.3.5 imply that r(P) < 1. For
any ¢ € E, let v(t,s, ) be the unique solution of system (5.11) with vs(s, @) = ¢,
where vi(s,p)(0,x) = v(t + 0,s,2,0), 0 € [-7,0]. Note that V(¢,s), t > s, is the
evolution family of system (5.11), and V (¢, ) = v.(s, ¢). Since 7(V(w,0)) = r(P) <
1, the exponential growth bound @(V') < 0, and hence, there exists v > 0 such that
@(V) + v < 0. By the definition of &(V'), there exists My > 0 such that

|V (t+s,s)¢|ls < Mye“ V)t ||, Vt >0,Vs € R, ¢ € E.

It then follows that ||V (t+s, s)¢||r — 0 ast — oo, Vs € R, and hence, ||vis(s, -, )|z —
0ast— o0, Vs eR.

Note that the solution (E4(t, z, @), Ey(t, z, @), Sy (t, z, ¢)) of system (5.10) satisfies

% < po(t,2) S — (kalt,2) + pp(t, @) Eq,
5 < ka(t,x)Eq — (n (t, ) + pe(t, ) By,
83? < DpAS, + (1 - fQ Cp(t,t — 7u(t), 7, y)n0 (t — Tw(t), )

X Ey (t — Ty(t), )dy fon (L, ) S,

Bm = 0,¢t > Now, z € 0.

For any given ¢ = (¢1, ¢o, p3) € ET, the comparison principle implies that

(Ed(t>$a ¢)a Ew(t,l’, ¢)a Sm(t>$a ¢)) < U(ta S,ZL’,QOQ),\V/t >85> O>$ € Qv ¥o = (¢17 ¢2>¢3)'

Then limy_, (E4(t, 7, ¢), Ey(t, z, ), Sm(t, z,¢)) = (0,0, 0) uniformly for z € Q, V¢ €
Z*, and hence, (0,0,0) is globally attractive for system (5.10) in E*. Tt follows
from Lemma 1.3.1 that (0,0,0) is locally stable. This shows that (0,0,0) is globally
asymptotically stable in E7.

In the case where %, > 1, Lemmas 5.3.4 and 5.3.5 imply that T(P) > 1. We fix
an integer ng such that now > 27. Clearly, Q™ (w) = Q(now). By Lemmas 5.3.3 and
5.3.7, Q(now) is a strongly monotone and strictly subhomogeneous map on E*. Note
that Q(new)(0) = 0, and the Fréchet derivative DQ(now)(0) = P(now). It easily fol-
lows from Lemma 5.3.4 that r(DQ(now)(0)) is the principal eigenvalue of DQ(now)(0).
Further, Lemma 5.3.5 implies that sign(%, — 1) = sign(r(DQ(now)(0)) — 1). Ap-
plying Theorem 1.3.6 and Lemma 1.3.1 to the map Q(now), we have the following
threshold type result:

(a) If Z,, = 1, then (0,0,0) is globally asymptotically stable for system (5.10) in
ET;
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(b) If #Z,, > 1, then system (5.10) admits a positive now—periodic solution
(Eq(t,x), Ey (L, @), 5,,(t, ),
and it is globally asymptotically stable for system (5.10) in ET\{(0,0,0)}.
Therefore, it suffices to show that (E(t,x), £ (t,x), Sk, (t, x)) is also w-periodic in the

above case (b). Let v* = () € E with u*(t,-) = (E;(t,-), EX(t,-), Sk (t,-)). Clearly,
Q(now)y* = 1*. Since

Q(now) (Q(W)y") = Qw) (Q(new)¢*) = Qw) (¥") ,

Q(w) (v*) is also a fixed point of @Q(new). By the uniqueness of the positive fixed point
of Q(now), it follows that Q(w) (v*) = ¢*, and hence, (E}(t,-), EX(t,-), Sk (t,-)) =
u (t,-,1*) is an w-periodic solution of system (5.10). O

5.4 The disease transmission

Let H := C(Q,R?), H" := C(Q,R%), and C,(R,H) be the Banach space consist-
ing of all w-periodic and continuous functions from R to H, where ||¢|c,@m) =
maxgejow [|¢(0)||u. Let H := C([-7,0],H) and H* = C([-7,0],H"). Setting
A, =1, =E, =1, =0 in system (5.4), we have the following system:

oS,
a—: = D AS), + Ay — 1, Sh,
OF E
0—td = pu(t, ) (1 - Fj) Sm — (ka(t, ) + pp(t, ) Ea,
g = d( ’;1;') ] — (77w( ,l’) ‘l',UE( ,ZL’)) w» (516)
o= DnlSn + (1= 7,(1)) / Lt t —7u(t), 2, y)m0 (t — Tu(t), y)
Q

X By (t = Tw(t),y) dy — pan(t, 2)Sm,
89S,  9S,
E_W—O,t>0,x€8§2.

By Theorem 5.3.1 (ii), we see that when %, > 1, system (5.16) admits a globally
asymptotically stable positive w-periodic solution (S5, E5(t, ), EX (t,-), Sk (¢,-)) in H*,

where S} = %

Let A := C(Q,R?), AT := C(Q,R%) and C,(R,A) be the Banach space con-
sisting of all w-periodic and continuous functions from R to A, where [|¢||c, ®.a) =
maxgefo, [|#(0)||a. Linearizing system (5.4) at the disease-free periodic solution

(S;;v 07 Ov E;lk(tv ')7 EZ](T,, ')7 S:n(tv ')7 Ov 0)7
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we obtain the following linear system for the infectious compartments Ay, I, and I,,:

0A
8—th = DpAA, + p/ Dot t — 7, 2,9) Br(t — 7h, y) X Ln(t — 70, y)Sidy — (g1 + fin) An,
Q
ol
8—th = DAL + (1 - p) / Lr(t,t — Th, 2, 9) Br(t — Th, y) X In(t — 7, y)Sidy
Q

— (0 + @2 + 1) In,

ol,,

oo - DL, (1-T,;L(t))/grm(t,t—Tm(t),x,y)ﬁm (t = T(t), )

X (Ap (8= Tm(8),y) + In (t = T (t), ) Spy (¢ = Ton(t), y) dy — i (, ) I,
04, _ O, _ 0l

(5.17)

Let A :=C([-7,0],A) and AT := C([—7,0], AT). Define the operator F(t): A —
A by

F(t)p = (F1(t)gs, Fo(t)ds, F3(t) (o1 + ¢2)), Vo = (d1, ¢2, ¢3) € At € R,

where
Fi(t)ps = p/ﬂrh(t,t — Thy - Y) Br(t — T, y) X d3(—Th, y)Spdy,
Fy(t)és = (1 - p) / Dot £ — 7o, 9)Bu(t — s ) X ba(—Th, 1) Sicly,
Q

Fy(t)(61 + ) = (1 — 71, (1)) / Pt t = nt): 2 9)Bon (¢ — Ton(0),9)
X (61 (—Tn(0), ) + B2 (—Tin (1)) S5 (—Tim(8). ) dy.
Let
—V(t)v := DAv — W(t)v,
where D = diag(Dy, Dy, D,,) and

(q1 + pn) 0 0 i
—[W®)](z) = ( 0 — (Mh + @2 + 110) 0 ) Yz e Q.
0 0 — i (£, )

Then system (5.17) can be written as

dv
dt
Let T;(t, s) Y — Y (i = 2,3,8) be the evolution family associated with 4 = Dj,Au—

(g1 +pn)u, 2 = DpAu— (?7h+q2+uh)u and 2 = D, Au— i, (¢, -)u subJect to the Neu-
mann boundary condition, respectively. Then O(t,s) = diag(Tx(t, s), T5(t, s), Tx(t, s)),

= F(t)v, — V(t)v,t > 0.
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t > s, is the evolution family on A associated with the following linear system:

As in Section 5.3, we can verify that F'(¢) and ®(¢, s) satisfy the following assumptions:

(H1) For any t > 0, F'(t) is a positive operator on A.

(H2) For any t > s, ®(t,s) is a positive operator on A, and &(P) < 0.

Define the next generation operator on C, (R, A) by
“+oo
[Lo](t) := / P(t,t —s)F(t—s)v(t—s+-)ds, Vt € R, v € C,(R,A).
0

Motivated by Section 1.5.1, we define the basic reproduction number as %, := r(L),
where r(L) is the spectral radius of L.

For any given ¢ > 0, let P(t) be the solution map of system (5.17) on A; that is,
P(t)¢ = vi(¢), where v,(¢)(0,2) = v(t+0,2,¢) = (vi(t+0,2,8), va(t + 0,2, 0), vs(t +
0,2,0)), V(0,x) € [-7,0] x €, and v(f,x, ¢) is the unique solution of system (5.17)
with v(0,z,¢) = ¢(0,2), V(0,z) € [-7,0] X Q. Then P := P(w) is the Poincaré
map associated with system (5.17). Let r(P) be the spectral radius of P. In view of
Theorem 1.5.1, we have the following observation.

Lemma 5.4.1. %, — 1 has the same sign as r(P(w)) — 1.

Let

A= C([ Th ]7 )XC([ Th ]7 )XC([ ()O]7Y)7
AT = C([=m,0], YT) x C([=74,0], YT) x C([=7(0), 0], ¥).

Then (A, A") is an ordered Banach space. To study the global dynamic of sys-
tem (5.4) in terms of %, we first show that system (5.17) generates an (eventually)
strongly monotone periodic semiflow on A. Given a function w : [—7,,(0), +00) X
[T (0), +00) X [=7p, +00) — A, we define w, € A by wy(0) = (wi(t + 61),w(t +
92),w3(t + 93)), Vo = (‘91,92,93) S [—Tm(O),O] X [—Tm(()),O] X [—Th,O], Vit > 0. By the
method of steps, we have the following observation.

Lemma 5.4.2. For any ¢ € AT, system (5.17) has a unique nonnegative solution
w(t, -, ) on [0,400) with wy = 1.

Remark 5.4.1. By the uniqueness of solutions in Lemmas 5.2.1 and 5.4.2, it follows
that for any ¢ € Xt and v € AT with p1(01,-) = ¥1(01,-), V0, € [—7,(0),0],
(b, ) = (b, ), V2 € [—7,(0),0] and @3(0s,-) = 3(0s,-), VO3 € [—74,0], there
holdsv(t,-, p) = w(t,-, ), Vt > 0, wherev(t,-, v) and w(t, -, 1) are solutions of system
(5.17) satisfying vy = ¢ and wy = 1, respectively.
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For any given ¢t > 0, let P(t) : A — A be the solution map of system (5.17);
that is, P(t)¢ = wi(¢), where w(¢)(0,x) = w(t + 0, x,¢) = (w1 (t + b1, x,¢), wa(t +
9_2,:):,¢),w3(t + 93>$a ¢))a vel [_Tm( ) ] 92 [_Tm( ) ] 93 [_wao] and = €
Q, and w(t,x,¢) is the unique solution of system (5.17) with w(0,x,¢) = ¢(0, ),
V(0,2) € ([=7m(0),0], [=7m(0),0], [=7, 0])" x Q. Then P := P(w) is the Poincaré
map associated with system (5.17). Let 7(P) be the spectral radius of P. Now we
prove that the periodic semiflow P(t) is eventually strongly positive.

Lemma 5.4.3. For any ¢ in AT with ¢ # 0, the solutions w(t,-, 1) of system (5.17)
with wy = ¥ satisfies w;(t, -, 1) > 0 for allt > 27, i =1,2,3, and hence, P(t)}) > 0
in A" for all t > 37.

Proof. Using a simple comparison argument on each interval [n7, (n 4+ 1)7], n € N,
we can prove that w;(t,-, 1) >0 forallt>0,:=1,2,3.

Next we can choose a large number

K>max{(q1+uh),(nh+q2+uh), max _,um(t,x)},

te[0,w],zeQ
such that for each t € R, g1 (¢, -, wy) := — (¢ + p) w1 + Kw, is increasing in wy, and
ga(t, -, wa) == — (M + @2 + pn) w2 + Kwy
is increasing in wq, and g3(t, -, w3) := — (¢, - )ws + Kws is increasing in ws. It then

follows that wy, ws and w3 satisfy the following system

% = Dnfwy — Kwy +gi(tz,w1) +p /Q Th(t,t = 7, 2, 9)Bn(t — 70, y)ws (t — 70, 9) Sy,
% = DpAwy — Kwy + go(t, x,w2)

+(1—p) /Q Cp(t,t — Th,2,9) Br(t — Th, y)ws(t — 74, y)Shdy,
% = Dinlws — Kwy + gs(t, @, ws) + (1 = 73,(t)) /QF (tst = T (1), 2,9) B (t = Tn(t), )

X (wr (t = Tm(t), y) + w2 (t = Tm(t),y)) Sy, (E = T (1), y) dy,

Owy  Ows  Ows
5 = By = 5 =0,t >0,z € 0.
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Hence, for any given v in A", we have

wﬁmwzﬁﬁm%@+/iWﬁM@mW@w%

0

t
3/ﬂm@k/nﬁa—mﬁw@@—mmw@—mmﬁwym
0 Q

wﬂmwzﬁﬁmw@+/fWﬁm¢mW@w@

0

+/ f2(t> S) |:(]' - p) / Ph(s> S — Th, '>y)5h(s — Th, y)wi’)(s - Th>y)5}tdy:| d57
0 Q

wﬂmW:ﬂ@m%@+/fWﬁM@wW@w“

+/Otﬁ,(t, s) [(1—T;n(i))/ﬂrm(s,s—Tm<s>,~,y>ﬁm (s = 7im(s),)

X (w1 (s = Tm(s),y) + w2 (s — T(5),9)) Sy, (5 — Tn(s), y) dy] ds,

(5.18)
where Ti(t,s), To(t,s), Ts(t,s) : Y — Y are the evolution families associated with
2 = DypAwy — Kwy, 22 = Dy Aws — Kws, and 22 = D,, Aw; — Kws subject to the
Neumann boundary condition, respectively. Since my(t) :=t — 7,,(¢) is increasing in
t € R, it is easily follows that [—7,,(0),0] C m; ([0, 7]), and clearly, let mo(t) := t — 73,
we also have [—7y, 0] C ma ([0, 7]). Without loss of generality, we assume that ¢3 > 0,
then there exists (65, x¢) € [—7,0] x § such that ws (03, 2z0) > 0. In view of the first
two equations of system (5.18), we have w;(t,-,¢) > 0 for all ¢ > 7, i = 1,2. Note
that if s > 27, then s — 7, > 27 — 7 = 7. From the third equation of system (5.18), it
follows that ws(t, -, 1) > 0 for all t > 27. This shows that w;(¢,,1) > 0 for all ¢t > 27,

i =1,2,3, and hence, the linear map P(t) is strongly positive for all t > 37. O

We fix an integer ng such that now > 37. By the proof of Lemma 5.4.3, we see that
P(w)™ = P (ngw) is strongly positive. Further, by the arguments similar to those
in [54, Lemma 2.6], one can prove that P(w)™ is compact. By Theorem 1.3.2 (the
Krein-Rutman Theorem), as applied to the linear operator P(w)™, together with the
fact that r (P(w)™) = (r (P(w)))", we have A = r (P(w)) > 0, where \ is a simple

eigenvalue of P(w) having a strongly positive eigenvector ¢ € int(A*). Therefore, the
arguments similar to those in [73, Lemma 3.8] imply the following result.

Lemma 5.4.4. Two Poincaré maps P(w) : A — A and P(w) : A — A have the same

spectral radius, that is, r(P(w)) = r(P(w)), and hence, %y — 1 has the same sign as
r(P(w)) — 1.

By Lemma 5.2.1, we can define the solution maps Q(t) associated with system
(5.4) on D by Q(t)¢ = (), where w,(¢)(0,2) = u(t +0,7,¢), t > 0, (0,2) €
[—7,0] x Q, and u(t, z, ¢) is the unique solution of system (5.4) with u(0, z) = ¢(0, x),
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(0,2) € [-7,0] x Q. Then @ := Q(w) is the Poincaré map associated with system
(5.4). By the arguments similar to those in [63], we can prove the following result.
Lemma 5.4.5. Q) is a-contracting in the sense that lim,,_,.. a(Q™(B)) = 0 for any

bounded set B C D.

In view of Lemma 5.2.1, we see that () is point dissipative on D, the positive
orbits of bounded subsets for ) are bounded, and () is a-contracting on D by Lemma
5.4.5. It follows from Theorem 1.1.2(b) that @ has a global attractor that attracts
each bounded set in D.

Lemma 5.4.6. Let u(t,-, ¢) be the solution of system (5.4) with ug = ¢ € D. Then
the following three statements are valid:

(i) If there exists some to > 0 such that u;(to, -, ¢) #Z 0 for some i € {2,3,4,5,8},
then w;(t,z,¢) > 0 for all t > tq, x € €.

(ii) For any ¢ € D, we have u;(t,z,¢) >0,i=1,6,t >0, x € Q, and

liminf u;(t,x,¢) > 7,7 = 1,6,
t—00

uniformly for x € Q, where 7 is a ¢-independent positive constant.

(iii) If there exists some to > 0 such that u;(to, -, ¢) # 0 for some i € {2,3,8}, then
wi(t,x, ) >0 for all i = 2,3,8 with t >ty + 27, x € ().

Proof. Statements (i) and (ii) can be proved by the arguments as shown in [63], it
remains to prove the statement (iii) holds true. If Ap(to,-,¢) £ 0 for some tq > 0,
then Ay (t, x, @) satisfies

0A

8—th > DpAAL, — (g1 + pn) Ag,
04 =0, > tg,x € Q.

ov

By the arguments in case (i), we obtain that A,(t, z,¢) > 0 for Vt > t,, z € €. Note
that I, (¢, x, ¢) satisfies

I (t,x, ¢) = Tg(t,0)ps(0, ) (x) + /Ot [Ts(t, s) Fx(s,u(s))](z)ds,Vt > 0,2 € Q,

where

2

X (An (=7 (8),9) + In (=T (5), 9)) S (=T (), y) dy.
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It follows that I,,,(t,2,¢) > 0 for all t >ty + 7,7 € €, here we have used the strong
positivity of Ts(t,s) with ¢ > s and the positivity of S,,. By the expression of I, in
system (5.4) and the positivity of S, and 1,,(t,z,¢) > 0, we see that Ij,(¢t,z,¢) > 0
for Vt > to 4+ 27,2 € Q. Similar to the above arguments, I;,(ty,-, ¢) # 0 for some
to > 0 implies that I,,(t,2z,¢) > 0 for all t >ty + 7,2 € Q, and that Ay(t,z,¢) > 0
for all t > to + 27,2 € Q. Similarly, I,,(to, -, ¢) # 0 for some to > 0 implies that
Ap(t,z,¢) >0forallt > ty+7,20 € Q, and I,(t,r,¢) > 0forallt > to+7,2€ Q. O

Now we are ready to prove a threshold type result on the global dynamics of
system (5.4) in terms of %, and .

Theorem 5.4.1. The following statements are valid:

(i) If %m < 1, then Ey = (S;,0,0,0,0,0,0,0) is globally attractive for system (5.4)
n D.

(i) If Z, > 1 and Xy < 1, then the disease-free w—periodic solution (S, 0,0, E(t, x),
E:(t,x), Sk (t,2),0,0) is globally attractive for system (5.4) in D\{Eo}.

(iii) If % > 1 and %o > 1, then there exists 1 > 0 such that for any ¢ € D
with ¢2(0,-) £ 0 or ¢3(0,:) Z 0 or ¢s(0,:) # 0, the solution u(t,z,¢) =
(ui(t,z,¢))(1 < i < 8) of system (5.4) satisfies

lim inf min u;(t, z, ¢) > 1, (1 < i < 8).

t—oo e

Proof. Since the proofs for case (i) and (ii) are similar, we only prove the latter.

(ii) In the case where %,, > 1 and %, < 1, Lemmas 5.4.1 and 5.4.4 imply that

r(P(w)) < 1. Consider the following system with parameter ¢ > 0:

% = DpAA, + p/Q Tu(t,t — 7,2, y) Bt — s )
X (t = Th, y) (S + €)dy — (g1 + pn) An,
% = DyAL + (1 - p)/ﬂfh(t,t — Th, 2, Y) Bu(t — Th, y)
X Lo (t — 73, y) (Sy, + €)dy — (M + @2 + pn) I,
% = DAL + (1 —1,(1)) /Q Lot t — 7o (), 2, 9) B (t — T (1), 1)

X (Ap (= Tm(t), y) + In (E = T (£),y)) (S5, (8 = T (t), ) + €)dy — pin (£, ) I,
0A, 0l 0Ol
W—E— o —0,t>0,$€89.
(5.19)
For any ¢ € A, let v°(t, s, ) be the unique solution of system (5.19) with v5(s, ¢) = ¢,

where vf (s, 9)(0,z) = v°(t+0,s,z,¢), 0 € [-7,0]. Let V_(¢,s), t > s, be the evolution
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family of system (5.19) on A, where V.(¢,s)p = vi(s,¢). Since lim._,o7(V:(w,0)) =
r(P(w)) < 1, we can fix a sufficiently small number £ > 0 such that r(V.(w,0)) < 1.
It follows that the exponential growth bound &(V.) < 0, and hence, there exists v > 0
such that @(V.) + v < 0. By the definition of @(VL), there exists My > 0 such that

IV(t + 5, 8)plla < Moe@V4 ]| 4,V > 0,Vs € R, € A.

Then [|[V.(t + s,5)p|la = 0 as t = oo, Vs € R, and hence, ||v;, (s, ,¢)|[[a — 0 as
t— o0, Vs € R.

Since Z,, > 1, the global attractivity of (S, S}, (t,-)) for system (5.16) and the
comparison principle imply that there exists a sufficiently large integer Ny > 0 such
that Now > 7 and Sy,(t,2) < S; +e and S,,(t,2) < Si,(t, ) +¢, Vt > Now —7, & € Q.
Clearly, the solution (Ap(t,z, d), In(t, z, @), I (t, x, ¢)) of system (5.4) satisfies

0A
8—h < DhAAh+/7 Th,x,y)ﬁh(t_Th,y)
t Q
XIm(t — Th, y)(Sh + E)dy - (Q1 + Mh) Ah>
oI,

5 = < DpALL + (1 —p) / Cr(t,t — 1h,2,9) Bu(t — 0, y)
Q

X I (t — 70, ) (Syy + €)dy — (n + g2 + pn) I,

< Dbl (1= 70) [ Tt = nlt) 20)80 (= n(8)0)

(A (= 50 (0).) + D (= 70 (8).9) (S5 (¢ 70(8).) + )y — (b, 21
0A, dI, 0I,
W: 81/ = 8V _0t>N0(A) x € 0N).

For any given ¢ = (¢1, 92, 03, 44, G5, g, 7, 0s) € D, there exists mgy > 0 such that

(An(t,z, ¢), In(t,xz, ¢), In(t, z,0)) < mov°(t, Now, z, vo), Vt € [Now, Now + 7],z € €,
with ¢g = (¢2, ¢3, ¢s). By the comparison principle, we have
(Ap(t, 2, 8), In(t, 2, 0), Ln(t, z, ¢)) < mov®(t, Now + 7,1, pg), Vt > Now + 7,2 € Q.

Then limy_,o0 (Ay(t, 7, 0), In(t, z, @), Ln(t, z, ) = (0,0,0) uniformly for x € Q, V¢ €
D. By Lemma 5.2.1, there exists a constant C' such that

8@% - DmAEm + 6m(ta ZL’) (Ah + [h) Sm
- Tm(t)’ L, y)ﬁm (t - Tm(t)> y)
X (An (t =7 (8),y) 4+ In (t = T (), ¥)) S (£ = Ton(£),y) dy — pin (£, ) Ery
< D, AE,, + ﬁm(t, ZL’) (Ah + ]h) C — ,me(t, .T)Em

It then follows from E,,(t,-) > 0 that lim,_. E,(t,z,¢) = 0 uniformly for z € .
Thus, the Sy, E4, E, and S, equations in system (5.4) are asymptotic to system
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(5.16). Now we use the theory of internal chain transitive sets (see Section 1.1) to
prove that

}i}m H(Sh(tvx7 ¢),Ah(t,$,¢),[h(t,$, ¢),Ed(t,$, ¢),Ew(t,$, ¢)7Sm(t7x7 ¢)7
En(t,z,9), In(t, x,¢)) — (55, 0,0, Eg(t, x), B (t, ©), 55,(t, %),0,0)[ = 0
uniformly for x € Q.

For any ¢ € AT, let v(t,z,¢(0,-)) be the solution of system (5.17) with v(0,z) =
©(0,z). Define a solution semiflow of system (5.17) on A* by

(0,2, 0) = v(t+0,z,0(0,2)), ift+60>0,t>0,0 € [—7,0],
| p(t+0,2), ift+6<0,t>0,0¢c[-7,0].

Let P(p) = vu(p). For convenience, we rewrite the solution map Q(t) for system
(5.4) as Q(t) in the following way:

[Q(t)aﬁ} (0) = (Sh(t + 97 5 ¢)7 Ah(t + 97 5 ¢)7 Ih(t + 97 E ¢)> Ed(t + 97 5 ¢)7
(t+97 7¢) (t_l—e? 7¢) (t_l—e? 7¢) (t_l—e? 7¢))
for any 6 € [—7,0], t > 0. Since #,,, > 1, Theorem 5.3.1 (ii) implies that

T ((@0) . (@%0) . (@%0),. (")) = (S Eil0). Big: o).

Where (Slf,a Ed( ) w07 S:nO) S H and Ed(o) = E;;(O, '>7E:(UO(67 ) = (67 )7 S:nO(e ) =

S (0,-), 0 € [=7,0]. Let W = w(¢) be the omega limit set of ¢ € D for the Poincaré

map . Since limyo(An(t, 2, ¢), In(t, z, 9), En(t, x,0), In(t, z, ¢)) = (0,0,0,0) uni-
formly for z € Q, there holds W = @ x {(0 0,0,0)}, where 0(6,-) = 0,V € [-7,0].

By the proof of Lemma 5.4.5, it follows that the discrete forward orbit v (¢) =
{Q™(¢) : n > 0} is asymptotically compact. Thus, its omega limit set w(¢) is
nonempty, compact and invariant for Q. Tt then follows from Lemma 1.1.3 that W is
an internally chain transitive set for Q, and hence, @ is an internally chain transitive
set for P. Since @ # {(0,0,0,0)} due to Lemma 5.4.6, and (S}, E5(0), EX,, Sk)
is globally attractive in HT, we have & (\W?9((S;, E;(0), EX,,S5%,)) # 0, where
W5((Sy, E5(0), Ex, ;;0)) is the stable set of (S;, E(0), £, Sko). By Theorem 1.1.1,
we get w = {(ShvEd( ) wO? m0>} Thus W = {(Sind( ) wO?S;LO?O 0=O=O>}
This implies that

tliglo ||(Sh(t7 ) ¢)7 Ah(t7 ) ¢)7 Ih(tv ) ¢)7 Ed(t7 "y ¢)7 Ew(t7 "y ¢)7 Sm(t7 K ¢)7
Em(tv 5 ¢)v ]m(t7 ) ¢)) - (S;,()7 07 07 E;(tv ')v E{Z(t, ')7 S:;@(t? ')7 07 O)H = 0.
(iii) In the case where %,, > 1 and %, > 1, we have r(P) > 1 and 7(P) > 1, and
hence, @(P) > 0 and &(P) > 0. Let

Zo = {0 = (Y1, 2, ¥3, V4, V5,06, Y7, 98) € D (0, ) # 0,43(0,-) # 0 and ¥5(0, -) # 0},
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and

820 =D \ Zy = {¢ eD: lpg(o, ) =0or lpg(o, ) =0or Qﬂg(o, ) = O}

For any 1 € Zj, it then follows from Lemma 5.4.6 that A,(t,x,v) >0, In(t,z,¢) >0
and I, (t,x,v) > 0, ¢t > 0, x € . This implies that Q™(Zy) C Zy, ¥n € N. Now we
prove that ) is uniformly persistent with respect to (Zy, 0Zp).

Let M; = (S;,0,0,0,0,0,0,0) and M, = (S;’;,0,0,E*( ), wO?S;mO? 0), where
E0(0) = E5,(0), Sio(0) = 53,(6), V0 € [=7,0]. ’ (t)v—
Q(t)M;]| = 0 uniformly for ¢ € [0, w], for any given ¢§; > 0, there exists a dp; > 0 such
that for any ¢ € Zy with [[¢p — M;|| < d¢;, we have ||Q(t)Y — Q(t)M;]| < o, for all

t e [0,w].
Claim 1. For each ¢ = 1,2, limsup,,_, . ||Q(nw)y — M;|| > do; for all i € Z,.

We just prove this claim for ¢ = 2, and the other case can be proved in a similar way.
Suppose, by contradiction, that there exists 1y € Z such that lim sup,,_, .. ||Q(nw)yo—
Ms|| < do2. Then there exists an integer ng > 1 such that ||Q(nw)yy — Mal|| < dp for
all n > ng. For any ¢ > now, we have t = ' + nw with n > ng, t' € [0,w), and

1Q(#)1ho — Q1) Mal| = [|Q()Q(nw)bo — Q) Ma]| < 6.

Therefore, Sy(t,z,10) > Si(x) — 02 and Sy, (t, z,v0) > Sk (t,2) — 09 for all t > now
and = € Q. Let P;, : A — A be the Poincaré map of the following perturbed linear
system:

% = Dy AA, + P/th(t,t = Th, T, Y) Bt — T, y)
X I (t = 70, y) (S (t = Thy y) — 02)dy — (g1 + pn) An,
% ~ DuAL+ (1 —p)/Fh(t, ) Bt — T y)
X L (t = T, y) (Sp(t — Ty y) — G2)dy — (n + G2 + ) In,
= Do+ (L= 70 (8) [ Tt = 1 (0).2,)80 (0= 70(6).9)
X (A (t = Tn(t),y) + In (8 = 7(1),9)) (S5, (8 = T (1), y) — 02)dy — pum(t, ) I,
%:%:%:0,t>0,x669.

) ) (5.20)
Since limg, o+ 7(Ps,) = r(P) > 1, we can fix a sufficiently small d, > 0 such that

6y < min{min S (z), min S (t,z)} and r(Ps,) > 1.
€S te[0,w],zeQ
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Thus, Ap(t, z,v0), In(t, 1), and I, (t, z, 1) in system (5.4) satisfy

0A
—h > DhAAh + p/ Fh(tvt — Th, T, y)ﬁh(t - Thvy)

ot
X L (t = Th, ) (SH(t = Thyy) — 2)dy — (q1 + pn) An,
01
a—th >DhA]h+(1—p)/Fh(t, — Th, T, y)ﬁh(t—Th, )
X I (t — T3, y) (S (t = T, y) — 02)dy — (M + G2 + pn) In,

O 2 Dyl + (1= (1) [ Tt = 5002, (0= 70(0).)

(A = 7 (0),) D (= 70(0), ) (S5 ¢ = 7(8), ) = 820y — (1 2) o,
0A, JdI, 0I,
W: 81/ = 8V _0t>0$689

(5.21)
Repeating the arguments in Lemma 5.4.4, we can obtain that Pj, possesses the prin-
cipal eigenvalue with strongly positive vector on A. By the arguments similar to those

for [9, Lemma 5], it follows that there exists a positive w-periodic function vj, (¢, z)
1nr(1552)
—2

such that e#2'v} (t,x) is a solution of system (5.21), where p5, =

Since Yo € Zo, An(t,z,%0) > 0, In(t,x,%0) > 0 and I, (¢, z,10) > 0 for all t > 0
and z € €2, and hence, there exists a x > 0 such that

(Ah(t>Ia¢0) Ih(t xZ, ,QZ)O) (t xZ, ,QZ)O)) Z '%euéztvgz(t?x)?\v/t € [now - 7A',7’L()W],l’ € Q
By the comparison theorem, we have
(An(ts z,900), In(t, 2, 40), Ln(t, 2,900)) > we2'vg, (t, 2),Vt > now, x € Q.

Since ps, = @(P) > 0, it follows that A,(t,- 1) — oo, Iy(t,- 1) — oo and
I (t, -, 1) = 0o as t — oo, a contradiction.
This claim implies that M; (i = 1,2), are two isolated invariant sets for @ in D,
and W9(M;) (" Zo = 0, where W9(M;) is the stable set of M; for Q. Let
My = {’w € 07 : Q"(@/}) € 0Zy,Yn € N},

and w(1)) be the omega limit set of the forward orbit y*(¢) = {Q™(¥) : Vn € N}.
Claim 2. w(v) = My U M, for any ¢ € My, and M, is globally stable for @ in My\J,

where
J = {w = (wlvdj%w37w47¢57¢67w77w8> € D: 1/}2 = O,V’l = 172737475767778}'

By the definition of My, we obtain that either A,(nw,-,v¢) = 0, I(nw,-, ) =0
or I,(nw,-, 1) = 0 for n € N. It follows from Lemma 5.4.6 that for each ¢ > 0,
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either Ay(t,-, ) = 0, I(t,-,¢) = 0 or L,(t,-,¢) = 0. By the contraction ar-
gument with Lemma 5.4.6, we suppose that A,(¢,-,v) = 0, I;(t,-,¢) = 0 and
I.(t,-,¢) = 0 for all v € My and t > 0. Consider the system (5.4) and the in-
tegral form (5.6) for E,,(t,-,1¢). Clearly, we obtain E,,(t,-,1¢) = 0 for all ¢ > 0, and
hence, (S, Eyq, By, Sm) (t, x, 1) satisfies system (5.16). Since %, > 1, it follows from
Theorem 5.3.1 (ii) that either tli>r(r)1o (Sh, B4, Ew, Si) (t,z,¢) = (S5,0,0,0) or

Y (S, Ea, Bu, Sm) (8,7,0) — (i, Ea(t,2), By (t,2), S (t,))) = (0,0,0,0)

uniformly for z € Q. Thus, w(v)) = M, U M, for any 1) € My. This implies that M,
is globally attractive for @ in My\J. Since system (5.16) is cooperative, Mj is locally
Lyapunov stable for @ in Mpy\J due to Lemma 1.3.1. This proves Claim 2.

By Claim 2, we see that M; and M, cannot form a cycle for ) in 07, and so is
M,. Also, it follows from Theorem 5.3.1 that M; cannot form a cycle for ) in 0Z,.
That is, there is no subset of {M;, M5} forms a cycle for ) in 0Z. Since ) admits a
global attractor on X, it follows from the acyclicity theorem on uniform persistence
for maps (see., e.g., Theorem 1.2.1) that @ : D — D is uniformly persistent with
respect to (Zy,0Zy) in the sense that there exists an 77 > 0 such that

liminf d(Q" (), 0Zy) > 71, Vi) € Zy.

n—oo

Next we prove the practical uniform persistence. By Theorem 1.2.2, we obtain that
Q : Zy — Zy admits a global attractor Ag. Since Ay = Q(w)Ay = Q(Ay), we have
¥2(0,+) > 0, ¥3(0,-) > 0 and ¢5(0,-) > 0 for all 1) € Ag. Let By := Uy, @(t) Ao
Then By C Zp and limy_,o, d(Q(t)1), By) = 0 for all ¢ € Z,. Define a continuous
function p: D — Ry by

p(yY) = min{miél V2(0, ), miél V3(0, ), miél Yg(0,7)},

for any ¢ = (¢17¢27¢37¢47¢57¢67¢77¢8) € D. Clearly, p(¢) > 0 for all w € BO'
Since By is a compact subset of Zj, we have infyep, p(¢)) = mingep, p(1)) > 0. By the
attractiveness of By, it follows that there exists an 77 > 0 such that

lim inf min(min Ay (¢, z, 1), mm]h(t x, 1), mm[ (t,x, ) >0,V € Z.
=)

In view of Lemma 5.4.6 (ii), we further obtain

liminf u;(¢,-,v) > min {7, n},i=1,2,3,6,8. (5.22)

t—o00

We can easily see from (5.22) that uy, us and u; are also uniformly persistent. Thus,
there is 77 € (0, min {7, 77}), such that

lim inf min w;(t, z,¢) > 7, (1 <7 < 8).

t—00  £cQ)
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For any given ¢ € D with ¢5(0,-) # 0 or 13(0, -) Z 0 or ¢5(0, -) Z 0, it follows from
Lemma 5.4.6 (iii) that there exists an integer ng = ng(v) = 0 such that Q™ (w)y € Z,.
Since Q(t)Y = Q(t — now) (Q™ (w)v),Vt = now, we have liminf minw;(¢, x,1) >

t—00 e

7, (1<i<8). O

Remark 5.4.2. As argued for E,,, we have the corresponding expressions for Ey and
L,,. Together with the expressions of Py, and Ry, in (5.1), we can lift the threshold
type result on system (5.4) to system (5.1).

In the rest of this section, we consider the case where all coefficients in system
(5.4) are positive constants, the infectious people are not classified as symptomatic
or asymptomatic (i.e., p = 0), and mosquitoes have symptoms directly after being
infected (i.e., remove E,,). Thus, system (5.4) is reduced to the following autonomous
reaction-diffusion system:

( 9 = Dy ASy + Ay, — Bl Sk — 1inSh,
Uu = DyAI + e~ [0 T(Dyty, 2,y) B
X I (t — 73, y) Su(t — Thy y)dy — (M + ¢ + i) In,

% ::ub< - %) (Sm + Im) — (ka + pe) Ea,
88% = kdEd - (nw + ,uE) Ewa (523)
% = DmASm + e HETY fQ P(DmTun x, y)nw

XEw (t - va y) dy - 5m]hSm - ,umSma
O — DALy + e [ T(DigTon, T, Y) B

XIh (t — Tm, y) Sm (t — Tm, y) dy - ,umIma

9Sp _ Oy _ 0Sm _ OIm _
G === s =0,t >0,z € 09,

where I'(¢, z, y) is the Green function associated with % = Au subject to the Neumann
boundary condition.

Let
_ 0 0 b _ kd + HE 0 0
F=1| k4 0 0o, V= 0 Ne +e 0 |,
0 mnpe Hrm 0 0 0 Lo,
_ 0 BnSpe _ | mtatp O
F=1susper 0 VST 00 |
where S = 2 g% — Kalkanwe ™ ™) By the arguments in Section 1.5.1 (also,

pa? e
see, [125, Theorem 3.4] and [150, Corollary 2.1}), it follows that %, and %, are the
spectral radii of two matrixes F'V ! and FV !, respectively, and hence,

,U/bkdnwe_uLTw % ﬁhS}’;e—ﬂhThﬁmS;le—ﬂme
0 — .
(kq + 118)(Nw + 1E) tim Lo (0 + ¢ + fn)

R =




150

Clearly, S¥ = Kg(%p — 1)(Ftle),

Ho
It is easy to verify that when %,, > 1 and %, < 1, system (5.23) has a unique

disease-free equilibrium (S, 0, Ej, By, S;,,0) with Ej = £dZn=l 4nd pr = nfi]ZdE

and when %Z,, > 1 and %, > 1, system (5.23) has a unique positive equilibrium
u* = (Sh*, Ih*, Ed*, Ew*, Sm*, Im*) With

Ah e_mﬂhﬁh[m*sh* Kd(%m - 1)
Shs = 7 Ihe = g = ————,
Brlims + pin Nh+q + in K
- kdEd* o e_uLTwnwEw*
wk o T /J,E’ mx ﬁm]h* T Lim ’

where [,,,, is the unique positive fixed point of function
_ _ e*#mee*MLTwnwded(%m_l)
e l"mee ML Tw nwded (%m _ 1) (nw +ME)«%m

g(x) = = :
m\Th + R, Bme PhTh BpAp
po (1 ) (Ba+" ) (mn+a-+in) +

Define U := C(Q,R), Ut := C(Q,R,) and

U:=C ([-m,0],U%) x C ([=7,0],U") x U x C ([~7w,0],U")
x C ([=T, 0], UT) x C ([~=73,0],UT) .

In general, the global attractivity of the positive equilibrium can be demonstrated
using the method of fluctuations (see, e.g., [145]) or the method of Lyapunov func-
tionals. Combining Theorem 5.4.1 and the method of Lyapunov functionals, we have
the following result on the global attractivity for system (5.23).

Theorem 5.4.2. Let u(t, x, ¢) be the solution of system (5.23) with the initial value
= ¢ € U. Then the following statements are valid:

(i) If % < 1, then eg = (5,0,0,0,0,0) is globally attractive for system (5.23) in
U.

(i) If By > 1 and Xy < 1, then the disease-free equilibrium (S;,0, E5, E* S 0) is
globally attractive for system (5.23) in U\{eo}.

(iii) If By > 1 and Xy > 1, then system (5.23) has a unique constant equilibrium
= (Shas Tnw, Edws Buwws Sha, Ine) such that for any ¢ € U with ¢5(0,-) # 0 or
¢6(0,-) £ 0, we have limy_, o u(t, x, ) = u* uniformly for all x € Q.

Proof. From the analysis on the ultimate boundedness for system (5.4), we see that
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the set

A A k. K
= {cb €U : d1(01,2) < =L, doll, ) < =2, 93(0, 1) < Ky, pa(bs, 1) < —o—2
Hh Hh Nw + UE

_ kaK
ML Tw dhd
€ Th (nw+ME)

Y

e—uLTwnw < kqKqg

¢5(0s, ) < "‘”*"E> 601, 7) <
Mm Hm

V0, € [—11,0],V0y € [=T), 0],V05 € [Ty, 0], € Q}

is positively invariant for the solution semiflow () of system (5.23), and every for-
ward orbit of system (5.23) from U enters H eventually. Therefore, it suffices to
study the dynamics of system (5.23) on H. Note that cases (i) and (ii) are the
straightforward consequences of Theorem 5.4.1 (i) and (ii) with p = 0. It remain-
s to prove (iii). When %, > 1 and %, > 1, it follows from Theorem 5.4.1 (iii)
that system (5.23) is uniformly persistent, that is, there exists £ > 0 such that for

any ¢ = (¢P1, P2, @3, G4, 05, 0s) € H with ¢9(0,-) #Z 0 or ¢4(0,-) #Z 0, the solution
u = (t,x, ) satisfies

lim inf min w; (¢, z, ¢) > £, (1 <7 < 6). (5.24)

t—00  £cQ)

Let Hy := {(Z) € H:¢(0,r)>0,Vr € Qi = 1,2,3,4,5,6}. Next, we show that u*
is globally attractive for system (5.23) by the method of Lyapunov functionals. Set

f(u) =u—1-Inu,u € (0,00). Clearly, f(u) = 0forallu € (0,00) and ming<y«to0 f(u) =

f(1) = 0. Define a continuous functional V' : Hy — R:

V(g) = / Vi(e, @) + Vi(, @)]de

Q
where . 610, 2) 62(0
_ v,z 2\Y, T
VY1 N ﬁ Im*f < Sh* ) + € MhThﬁh[m*Sh* (f < Ih* ))
Po(s,y)01(s,y)
-1
and
o ¢3(0 ZL’) Ew* ¢4(0,ZL') 1 ¢4(0,ZL')
2_kdf< Ed* )_'_kdEd*f( Ew* )_'_n_wf( Ew* )
0
S :
g () ] oo ()
—Tw

1 ¢5(O,LE‘) Im* ¢6(07 .CL’)
* 5m[h*f ( Sm* ) * e_’umeﬁm]h*Sm*f ( ]m* )

] froncn s (225
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Next we fix ¢ = (1, @2, @3, ¢a, d5, p6) € H with ¢2(0,-) # 0 or ¢6(0,-) # 0. From
(5.24), without loss of generality, we can assume that u,(¢) € Hy, ¥Vt > 0. Let w(¢) be

the omega limit set of the orbit 4+ (¢) for the semiflow Q(¢). Since (5.23) is uniformly
persistent, we have w(¢) C Hy. Now we calculate the time derivative of V' (us(¢))
along the solution of system (5.23). It then follows that

oV, 1 (1 Sh*) 1 95, I (1 Ih*) 1 0I,

ot [o7 I B Sy, ) She Ot * e~HnTh B I Shs B I_h Iy, Ot
Im(tux)sh(tvx) / [m(t_Thvy)Sh(t_Th7y>
— | T'(D
! [f ( IS (D) ] IS “
)
ftn (Sh — Sha)? 1 Shx
- - 1-— I * P h*x [m
Bl Snsn  TonS \L 5, ) Umee = i)
1 Sh* 1 ]h* ]h* 1
1-— Dy A 11— — Dy AT
T Bl ( Sh) S DM S B S ( Ih) T DWO
Lon(t — Th, ) Sh(t — Th, y) Iy I
+ (/F(DTh,l",y) T .Sh dy T, 1 A
)
Sl Sl
—In

Sh*lm* Sh*lm*

Ln(t — — I (t— —
_/F(DTh,l',y)< m(t Th}y)giz(t Thay) —In m(t Th}y)giz(t Thay)) dy
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o 2
= (175 g
e—“hfhézm*sh* (1 - 3};) Ii* Drdh 2= i*f; - ;,: - ;: —hn SSﬁ:
— /F (D1, x,y) (Im(t - Th}ym)*Zit]; Th, Y) Ins
. 2
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Note that V' (u;(¢)) is nonincreasing and bounded below on [0, 00), so there is a real
number L > 0 such that lim; . V (us(¢)) = L. For any ¢ € w(¢), there is a sequence
t, — oo such that lim,, . u;, (¢) = ¥ in Hy. This shows that V(¢) = L,V € w(¢).
Since u(¢) € w(¢), it follows that V(u¢(¢))) = L,Vt > 0, and hence, W = 0.
Replacing ¢ in (5.25) with v, we have 0 = w < Uy(t) < 0. This implies that
Uy(t) = 0,Vt > 0. By the definition of the set Hy and Lemma 5.4.6, we see that
w () > 0,Vt > max {m,, Tn, 7w}. It then follows from the expression of Uy(t) in
(5.23) that u(v) = u*,Vt > max {7, Tm, Tw}. Since ¥ € w(¢) is arbitrary, there also
holds ws(w(¢p)) = w*,Vt = max {1, Tn, 7w} In view of the invariance of omega limit
sets, it is easy to see that w(¢) = u,(w(¢)) = u*, 7 = max {7, T, Tw}, which implies
that limy_,. u(@) = u*. O

5.5 Numerical simulations

In this section, we use model (5.4) to study the Chikungunya transmission in Brazil.
From 2014 to the end of September 2018, there were 697,564 reported Chikungunya
cases in Brazil, and this is the highest number of Chikungunya cases among 51 coun-
tries in the Americas [12,89]. The state of Ceard is located at the northeast of Brazil
and has an area of 148,862 km? with more than 80,000 cases [28,108] from January
2016 to December 2017. Aedes aegypti is the main vector of the disease, and the
transmission of the disease is greatly affected by climate factors such as temperature
and rainfall. We mainly focus on the impact of these two climatic factors and spatial
heterogeneity on the spread of the disease in Ceard, as well as the effectiveness of
different control strategies.

For the sake of convenience, we assume that the spatial units are kilometres (km)
and that the spatial domain €2 is one dimensional. Without loss of generality, we
set 2 = (0, 7). According to the Census Organization of Brazil 2010, the population
of Ceard is 8,452,381. We assume that the geographical human population density
function is

8452381
N (z) =
(%) = Ties62

From the CIA WorldFact Book, the life expectancy of Brazil is 74.3 years, and

hence, the natural mortality rate of humans is estimated as p;, = Wlxm = 0.001122

month™!. So we can estimate the recruitment rate A, as A, = pup X Ni(z) =
0.0637 (1.0 — 0.4 cos(0.4 — 2z)). From [21], we have

(1.0 — 0.4 cos(0.4 — 2x)) = 56.78 (1.0 — 0.4 cos(0.4 — 2x)) .

Ky =2N;(z) = 113.56 (1.0 — 0.4 cos(0.4 — 22)) .

Liu et al. [72] presented the monthly average temperature and the rainfall of
Ceara and fitted the temperature-dependent parameters 7,,, B, fm, Tw, b, T and
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i1, and the rain-dependent parameter k;, that is, they obtained the time-dependent
expressions of these parameters with w = 12. These time-dependent parameters and
other constant parameters are directly used in our numerical simulations except for
parameters Dj, = 0.1km? month™! and D,,, = 0.0125km? month™! from [136].

With above parameters, we obtain %, = 2.056 > 1 and %, = 3.6087 > 1 by
numerical calculation. Note that the above parameters are exactly the same as in [72],
except for the random diffusion parameters and spatial heterogeneity. The numerical
results in [72] indicate that %, = 1.8583 < 2.056 and %, = 5.2020 > 3.6087, which
implies that if the diffusion and spatial heterogeneity are not considered, the growth
of mosquito population will be underestimated, but the spread of the epidemic will
be overestimated. In order to explore the spatial heterogeneity effect on %, and
Ry, We assume that the bite rate of mosquitoes is f(z) = 4 (1 — 6 cos(2x)) and that
the ratio of dry eggs to wet eggs is k4(z) = 4 (1 — O cos(2x)) with 6 € [0,1). Note
that if # = 0, then these two rates are homogeneous distribution in Ceara. When 6
increases from 0 to 1 and approaches 1, there will be a highest rate around the center
of the spatial domain (i.e., z = ) and a lowest bite rate around two boundaries (i.e.,
x =0 and x = m) (see Figure 5.2(b)). Since the spatial average of () and kq(x)
do not change for all # € [0,1), the total bite rate and the ratio of dry eggs to wet
eggs remain unchanged. It turns out that %, and %, will eventually decrease to
the lowest as 6 increases to 1. These results are shown in Figures 5.2(a), 5.2(c) and
5.2(d). In particular, Figure 5.2(d) illustrates that 2, will initially increase and then
decrease with the increase of 6. This, together with Figure 5.2(a), also explains the
underestimation of 4%, and overestimation of %, when the spatial heterogeneity is
ignored. Thus, the spatial heterogeneity is an important factor in the evaluation of
the epidemic outbreak and the control of disease transmission.

Define the average of a continuous w-periodic function f(t) by [f] := % fow f(t)dt.
It follows from the parameter expressions in [72] that [7,] = 0.3205 and [7,,,] =
0.3529. Then we can use the above parameter values to calculate %,, = 2.0568
and Z, = 3.6509, which are larger than Z%,, = 2.056 and %, = 3.6087 in the case of
periodic delays. In order to further investigate the impact of periodic time delays on
the reproduction numbers, we obtained the curve of %, versus p;, and the curve of
Z versus [ by numerical simulations under periodic time delays and time-averaged
delays, respectively (see Figure 5.3). This indicates that the use of time-averaged

delays may overestimate the mosquitos production and the disease transmission risk.

Applying the difference method to the system with the Neumann boundary con-
dition, we obtain Figure 5.4 for the evolution of each compartment in system (5.4)
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with the initial data

Sk(0, x) 446100/148862 — 1 cos 2x
An(0, ) 7170/148862 — 0.5 cos 2z
1,(0,z) 46230,/148862 — 0.5 cos 22
Ey0, ) 15870000/148862 — 10 cos 2x .
= V0 € [-7,0],2 € [0,7].
E,0,x) 17987000/148862 — 10 cos 2
S (0, x) 38961000/148862 — 10 cos 2x
E.(0,x) 33808,/148862 — 0.2 cos 2x
I,(0,z 175000/148862 — 1 cos 2z

The numerical results are well consistent with Theorem 5.4.1 (iii), that is, the disease
will be uniformly persistent. Moreover, our numerical results show that a positive
periodic solution exists when %, > 1 and %, > 1. However, we cannot use Theorem
1.2.3 to prove this result because we have only established that the Poincaré map of
system (5.4) is a-contracting rather than a-condensing. Additionally, we are unable
to apply Theorem 1.2.4 to prove it due to the non-convex nature of the set D.

Figure 5.4: The evolution of human and mosquito populations when %,, = 2.056 > 1 and %y =
3.6087 > 1.

Figure 5.5: The evolution of human and mosquito populations when %, = 0.9891 < 1.

If ky4(t) decreases to 0.4k4(t), pp(t) decreases to 0.3puy(t), i (t) increases to 1.8y, (t),
and other parameters remain unchanged, we obtain %, = 0.9891 < 1. Figure 5.5
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Figure 5.6: The evolution of human and mosquito populations when %, = 1.6498 > 1 and
Ko = 0.8221 < 1.

illustrates the evolution of solution, which is exactly the same as the conclusion in
Theorem 5.4.1 (i), that is, the mosquito population and the disease will go extinct. If
only 5(t) decreases to 0.45(t), kq(t) decreases to 0.9k4(t), up(t) decreases to 0.9u(t),
tm(t) increases to 1.5u,,(t), we have %, = 1.6498 > 1 and %, = 0.8221 < 1. The
evolution of solution is shown in Figure 5.6, which corresponds to the conclusion in
Theorem 5.4.1 (ii), that is, the mosquito population will survive, but the disease will
become extinct. From the above analysis and numerical results, we can reduce 5(t),
kq(t), pp(t) and increase p,,(t) at the same time to make %, > 1 become %, < 1. If
we continue to reduce kq(t), up(t) and increase p,,(t) at the same time, then we can
further get Z,, < 1. Therefore, the above numerical results provide some strategies
to control the spread of the disease and the growth of the mosquito population by
reducing [(t), kq(t), pp(t) while increasing g, (t).

5.6 Conclusions and discussion

In this chapter, we investigated a nonlocal reaction-diffusion model of Chikungunya
disease that incorporates seasonality (temperature and rainfall), spatial heterogeneity,
periodic maturation delay, and time-periodic extrinsic incubation period (EIP). Note
that the diffusion coefficients of hospitalized humans and mosquitoes in the egg stage
are assumed to be zero, which makes the solution maps of this model non-compact
By the theory developed in [67,151], we derived the basic reproduction ratio %, for
the vector and the basic reproduction ratio %, for the disease. We showed that %, as
the threshold value for the extinction and persistence of the mosquito population by
the global convergence theory for periodic semiflows, and %, as the threshold value
for the extinction and persistence of the disease by the persistence theory for periodic
semiflows. In detail, when %, < 1, both the mosquito population and the disease
become extinct; when %, > 1 and %, < 1, the mosquito population survives but the
disease becomes extinct; and when %, > 1 and %, > 1, both the mosquito population
and the disease persist. For a simplified system, we derived explicit expressions for
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K, and %y, and we can demonstrate the global attractivity of the positive steady
state by using the method of Lyapunov functionals when %,, > 1 and %, > 1.

As an application of the system, we numerically analyze the Chikungunya trans-
mission in Ceara, Brazil with some feasible coefficients, temperature-dependent and
rainfall-dependent parameters, which are derived from published works. The numer-
ical simulations reveal the following insights: (i) The numerical results suggest that
without considering diffusion and spatial heterogeneity, the growth of the mosquito
population will be underestimated, while the spread of the epidemic will be overes-
timated. Hence, spatial heterogeneity plays a crucial role in both assessing epidemic
outbreaks and controlling disease transmission. (ii) Numerical simulations show that
using time-averaged delays leads to an overestimation of mosquito production and
the risk of disease transmission. (iii) The numerical results show that a positive pe-
riodic solution exists when %, > 1 and %, > 1. However, we are unable to prove
it analytically, leaving this as an open problem for future investigation. (iv) The nu-
merical results indicate that controlling the spread of the disease and the growth of
the mosquito population can be achieved by decreasing [(t), kq(t), and p,(t) while
increasing f,, (t).

Note that the transmission mechanisms of mosquito-borne diseases are very simi-
lar, we can use this model or modify it to investigate other mosquito-borne diseases,
such as Zika virus, West Nile virus, dengue, and malaria.



Chapter 6

Summary and future works

In this chapter, we first briefly summarize the main results in this thesis, and then
present some possible future works.

6.1 Research summary

In Chapter 2, by incorporating the temporal and spatial variations into an impulsive
system, we proposed a time-space periodic reaction-diffusion model with an annual
impulsive maturation emergence term to study the invasion dynamics in unbounded
and bounded domains, respectively. When the habitat is unbounded, we obtained
the existence of the spreading speeds in both monotone and non-monotone cases and
showed they are linearly determinate. We further proved that the spreading speeds
in the monotone case coincide with the minimal speeds of spatially periodic traveling
waves. When the habitat is bounded, we introduced the fractional power space to
deal with general boundary conditions and establish global stability results.

The numerical simulations reveal meaningful phenomena when |f| > d;, the pos-
itive steady state and time 7 are positively correlated, while when |f| < d;, the re-
lationship is converse. The fundamental reason is the relationship between functions
f and d;. In ecological terms, when |f| > d;, indicating that the mortality rate of
mature individuals is higher than that of immature individuals, the longer it takes for
immature individuals to grow into adults (i.e., 7 ), the higher the positive steady-
state of adult groups. Conversely, when |f| < d;, the correlation is reversed. We also
use numerical experiments to illustrate the long-time behaviour of solutions of sys-
tem with time-space periodic parameters in both monotone and non-monotone cases.
Simultaneously, we visually demonstrate the spreading speeds in both scenarios.

In Chapter 3, we formulated and analyzed a time-delayed nonlocal reaction-diffusion
model of within-host disease transmission to investigate the influences of the mobil-
ity of cells or viruses and spatial heterogeneity on with-in host disease pathogenesis.
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In order to obtain the threshold condition for the disease in a heterogeneous space,
we chose a bounded spatial domain and the Neumann boundary condition. We in-
troduced the basic reproduction number %y, which was shown as a threshold: the
infection-free steady state is globally asymptotically stable as %y < 1 while the dis-
ease is uniformly persistent as %, > 1. More precisely, we utilized the comparison
arguments to address both cases Z, < 1 and %, = 1 simultaneously for the global
attractivity of the infection-free steady state. We then established its global asymp-
totic stability through a simple observation on Lyapunov stability (see Lemma 3.3.7).
Moreover, we confirmed the uniform persistence of the disease and the existence of
a positive steady state in the case where %, > 1. In a homogeneous space case, the
global stability of the positive constant steady state was established via the method
of Lyapunov functionals.

Numerically, our primary focus is on elucidating the analytical results, conducting
sensitivity analysis, exploring how parameters affect the basic reproduction number,
and investigating the efficacy of drugs in mitigating the spread of the virus. The
numerical results reveal the following insights: (i) PRCC analysis demonstrates that
variables p; and 7, exhibit the highest sensitivity to %, showing a negative corre-
lation. This suggests that implementing measures to augment both p; and 7 could
effectively curb virus transmission. (ii) The simulations of the optimal drug strategy
underscore the significance of carefully selecting the location and duration of drug
delivery, especially in scenarios where drug resources are limited. This plays a pivotal
role in exerting control over virus transmission.

In Chapter 4, for a time-delayed nonlocal reaction-diffusion model established in
Chapter 3, we investigated the traveling wave solutions of this non-monotone system.
Firstly, we employed a pair of lower and upper solutions and Schauder’s fixed-point
theorem to establish the existence of bounded semi-traveling wave solutions. These
solutions represent wave behavior that converges to the unstable disease-free equi-
librium as the moving frame z = x + ¢t approaches —oo, provided the wave speed
c>c" and %, > 1. Next, we proved the convergence of the semi-traveling waves to
the endemic equilibrium as z approaches +o0o by constructing a Lyapunov functional.
When ¢ = ¢* and %, > 1, we established the existence of a traveling wave solution
connecting the disease-free equilibrium ey and the endemic equilibrium u* by using a
limiting argument and a way of contradiction. In order to obtain the non-existence
of bounded semi-traveling wave solutions when 0 < ¢ < ¢* and %, > 1, we leverage
several key factors, these include the non-existence of positive eigenvalues associated
with the unstable steady state and the utilization of the two-sided Laplace transform.

Numerically, based on the analytical definition in Chapter 4, we presented a nu-
merical method for ¢*. Furthermore, we summarized the parameter values in the
model in some published literature, numerically calculated the values of ¢* and the
basic production number %, for the model, and investigated the long-time behaviour
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of the solutions. In addition, we explored the dependence of ¢* on the system param-

eters. This demonstrates that ¢* is positively correlated with 8; and (5, whereas it is

negatively correlated with 7y, 7, ¢ and pu. Given the expression for Zy:

e~Mm BT n e~ B T e H2T2)
H1 H1p

%0:

)

it is easy to see that %, diminishes with decreasing values of 5; and (35, and conversely,
increases with decreasing values of 71, 7, 1 and p. Therefore, we can reduce §; and
Ba, and increase 71, T, 1 and p through correlation strategies, which will result in
a smaller value for ¢* while ensuring %, > 1. (That is to say, when %, is very close
to 1, ¢* will become very small). Consequently, when the wave speed ¢ exceeds a
minimal threshold c*, a traveling wave solution will emerge, connecting the disease-
free equilibrium and the positive equilibrium.

In Chapter 5, we developed a nonlocal and time-delayed reaction-diffusion system.
Note that the diffusion coefficients of the hospitalized humans and mosquitoes in the
egg stage are assumed to be zero, making this model’s solution maps non-compact.
For the time-delayed reaction-diffusion system on the growth of mosquitoes, we first
introduced a new phase space to prove that the solution maps are eventually strongly
monotone and subhomogeneous, and its period map is a-contracting, and then em-
ployed the theory of monotone dynamical systems to obtain a threshold type result
on the global stability in terms of the mosquito reproduction ratio Z%,,. For the full
system of the disease transmission, we first showed that its period map has a global
attractor that attracts any bounded set, and then used the comparison arguments
and an abstract theorem on uniform persistence to establish the global dynamics in
terms of %,, and the disease reproduction ratio %,. For a simplified nonlocal and
time-delayed reaction-diffusion system with constant coefficients, we proved the global
attractivity of the positive steady state in the case where %, > 1 and %, > 1 by
using the method of Lyapunov functionals.

Finally, we conducted numerical simulations to investigate the effects of temporal
and spatial heterogeneities on the growth of mosquitoes and the spread of Chikungun-
ya transmission in Ceard, Brazil. The numerical results imply that without consid-
ering diffusion and spatial heterogeneity, the growth of the mosquito population will
be underestimated, while the spread of the epidemic will be overestimated. Further-
more, we conclude that the use of time-averaged delays may overestimate mosquito
production and the risk of disease transmission. In addition, the evolution of each
compartment implies certain strategies to control the spread of the disease and the
growth of the mosquito population. Specifically, our numerical results suggest the
existence of a positive periodic solution when %, > 1 and %, > 1, yet we cannot
utilize Theorem 1.2.3 for the proof because we only proved that the Poincaré map of
system (5.4) is a-contracting rather than a-condensing.
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6.2 Future works

Related to the projects in this thesis, there are some open and challenging issues for
future investigation.

In Chapter 2, we proposed a time-space periodic reaction-diffusion model with an
annual impulsive maturation emergence term. Note that the nonexistence of spatial-
ly periodic traveling waves is a straightforward consequence of the spreading speeds
(see, e.g., [136, Theorem 3.5(i)]) in the non-monotonic case. However, the existence of
spatially periodic traveling waves, in this case, is still a challenging open problem. We
leave it for future investigation. The model in Chapter 2 is an extension of [8]. While
specific ecological backgrounds have been established and assumed in constructing
the models in both Chapter 2 and [8], practical examples are yet to be provided.
Consequently, we aim to apply our model to a specific example, such as a natural
ecological model, and offer relevant environmental explanations for this concrete ex-
ample. In addition, some birds, like bats, have hibernation and birth pulse happens
at different times of the year [36]. This motivates us to incorporate the hibernation
into our current model system.

In Chapter 3, we studied a time-delayed nonlocal reaction-diffusion model of
within-host viral infections. When the basic reproduction number %, > 1, we proved
that the disease is uniformly persistent for the main system, and the system admits
at least one positive steady state. We further showed the global attractivity of the
positive constant steady state in the case where all coefficients and reaction terms
are spatially homogeneous. However, the global stability of the positive steady s-
tate is still a significant challenging problem for the main system when %, > 1.
In addition, our model is only autonomous. In contrast, typically, these parame-
ters, such as infection rates, mortality rates and incubation periods, are affected by
factors such as temperature and climate (see, e.g., [51,86,101,127,129,147]). There-
fore, we may further study the extended model with the time-period parameters (see,
e.g., [4,51,65,101,127,129,138,144,147]) and even the more general non-autonomous
model (see, e.g., [146]). More specifically, our current model can be applied to the
actual within-host transmission of viruses, including but not limited to HBV, HCV,
and HIV.

In Chapter 4, we thoroughly investigated the traveling wave solutions for ¢ > c¢*,
c=c" and 0 < ¢ < ¢ when Z;, > 1. Our model originates from Section 3.3.2 and
serves as a simplified version of the primary model presented in Chapter 3. That
is, on the one hand, similar to [128,141], we assumed that it takes equal time for
healthy target cells to become infected after exposure to infected cells and viruses, i.e.,
71 = T» := 7. On the other hand, the bilinear incidence rates are the simplest case of
fi- The prototypical examples of the functions f; satisfying (A2) include the Holling
type II functional response, Beddington-DeAngelis functional response, saturation
infection rate, and Crowley-Martin functional response. Therefore, we can continue
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to study more general models. Moreover, we further study the conjecture that the
minimum wave speed c¢* is also the spreading speed. In addition, the diffusion rates
of target and infected cells are minimal, or they may not move at all while the virus
particles spread (see, e.g., [61,107,122,139]). Therefore, we can assume Dy = Dy =0
and Dy > 0 based on system (4.3). We further investigate the dynamics of this
partially degenerate system.

In Chapter 5, our numerical results indicate the existence of a positive periodic
solution when Z,, > 1 and %, > 1. However, it remains an open problem to establish
this result through mathematical proof. We developed a nonlocal reaction-diffusion
model of Chikungunya disease with temperature and rainfall effects in this chapter.
Aedes aegypti and Aedes albopictus are the main vectors of Chikungunya virus [96,
130]. Unlike other mosquito vectors, Aedes aegypti usually lays eggs in areas without
water. As a necessary condition, mosquito eggs require immersion in water during
incubation [115]. Hence, we can study the transmission of Chikungunya disease along
a theoretical river to characterize environmental heterogeneity more accurately. So we
may extend the model formulated in Chapter 5 by incorporating location-dependent
diffusion coefficients and general boundary conditions at the downstream end of the
river.
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