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Abstract

Many real-world science and engineering problems are described mathematically by
partial differential equations (PDEs). Most of these PDEs can not be solved an-
alytically and instead their solutions must be approximated on a computer. One
numerical method capable of high accuracy solutions is the finite element method
where the physical system is discretized using set of elements called a mesh. These
elements consist of nodes or points, and the PDE is solved at each node of the mesh.
We need high-quality meshes in order to achieve accurate numerical solutions to
PDEs and an adaptive mesh that moves as the system evolves has many desirable
properties. Moving meshes are now widely used in the numerical solution of PDEs,
especially when dealing with problems that involve significant changes in the solution,
such as fast-moving fronts, or moving boundary problems. A nonuniform mesh can
maintain accuracy and also boost the efficiency of existing methods by automatically
adjusting to solution behaviour and concentrating mesh points in critical areas, while
minimizing the number of mesh nodes.

The main focus of this thesis is the design and implementation of an adaptive
moving mesh method for a moving boundary problem related to pitting corrosion
with homogeneous and heterogeneous materials. Pitting corrosion is one of the most
devastating localized forms of corrosion generating a small pit, cavity or hole in the
metal. Damage due to pitting corrosion of metals cost governments and industry
billions of dollars per year and can put human lives at risk.

The first part of this research develops an adaptive moving mesh method for sim-
ulating pitting corrosion. The adaptive mesh is generated automatically by solving a
mesh PDE coupled to the pitting corrosion PDE model. The moving mesh approach
is shown to enable initial mesh generation, provide mesh recovery, and is able to
smoothly tackle changing pit geometry. Materials with varying crystallography are
considered as are single and multiple pits. A procedure is presented which allows pits

to merge without a change in mesh topology, allowing computation to proceed with-



out restarting. We have presented a robust, fully automatic, moving mesh solution
framework for pitting corrosion.

The second part of this research is aimed at developing an adaptive moving
mesh method for simulating pitting corrosion in materials containing heterogeneous
inclusions. Inclusions are regions of a material that have a different composition or
properties than the surrounding material. This makes for a challenging task due to
the presence of the inclusion-type domains. In order to handle moving boundary
domains with an inclusion, the metric is modified according to the location of the
inclusions. The moving mesh approach using r-refinement is shown to handle chang-
ing pit geometry, including materials with varying crystallography, corrosion-resistant
inclusions, and material voids.

r-refinement alone was not able to provide high mesh density near the inclusion(s)
for long simulation times due to the obstacle(s) and the moving front. To overcome
this issue, we propose a combination of h- and r- refinement, which is the focus of
the third part of the research. h-refinement adds mesh elements by dividing each
existing element into two or more elements and maintaining the type of element
used. We design and implement an adaptive hr-refinement procedure for the simu-
lation of pitting corrosion with heterogeneous materials. The adaptive hr-refinement
is demonstrated to handle changing pit geometry, including materials with varying
crystallography and corrosion-resistant inclusions.

The three main components of the research include theory, modeling, and ap-
plication, which aim to provide effective and efficient meshes over complex moving
domains in the solution of the pitting corrosion problem. The research is also fo-
cused on the development of software providing a new extension of MMPDEIlab with

hr-refinement.
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Lay Summary

Many mathematical models that involve PDEs cannot be solved analytically. To
overcome this, numerical methods are used to approximate the solutions. A popular
approach is to discretize the physical system and solve the resulting discrete version
of the problem. An effective method is the finite element method, where the physical
system is divided into smaller elements called a mesh. These elements consist of
nodes or points, and the model problem is solved at each node of the mesh. In order
to achieve accurate numerical solutions for the model problem, we need high-quality
meshes.

The goal of this research work is to design and implement an adaptive moving mesh
method for a moving boundary problem related to pitting corrosion. Pitting corrosion
is localized corrosion; it occurs on metal surfaces and creates small holes, cavities or
pits in the metal. Additionally, leaks can be caused by pitting that penetrates too
deeply into the metal leading to further physical damage and degradation of the metal.
Accurately detecting pit shapes is challenging due to the complex nature of pitting
corrosion. The shapes of the pits depend on many factors, such as the components of
the metal, the surface orientation, and the physical and chemical environment during
the corrosion process. The question arises: How can predict pit shapes accurately?
One approach is that a set of nodes with connected edges can detect the pit shapes
easily. Obtaining pit shapes more accurately requires increasing the number of nodes
in the regions around the pits. As time progress, the pit evolves, and additional nodes
are needed to represent the actual pit shapes. Therefore, to precisely predict the pit
shape over time, we need to adjust the position of the nodes near the pit boundary
or add extra points on the pits. This technique is known as mesh adaptation.

In the first phase of the thesis, we develop an adaptive moving mesh framework
for pitting corrosion with single and multiple pits. An adaptive moving mesh method
is a powerful technique to achieve a more accurate solution. Based on the pitting

corrosion mathematical model, we have shown that moving mesh methods automat-
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ically redistribute mesh nodes to increase the nodes around the pit(s) area as time
progresses. This technique is known as r-refinement. During the corrosion process,
the material crystallography considered. In addition, a procedure is presented which
allows pits to merge without a change in mesh topology. We have presented a robust,
fully automatic, moving mesh solution framework for pitting corrosion.

In the second phase of the thesis, we develop an adaptive moving mesh framework
for pitting corrosion, involving heterogeneous materials. Inclusion type domains are
regions of a material that have a different composition than the surrounding mate-
rial. 'We have demonstrated that our technique can smoothly tackle the changing
pit geometry associated with materials with inclusions of varying crystallography,
corrosion-resistant inclusions, and material voids.

Finally, in the third phase of the thesis, we introduce a technique that can redis-
tribute the mesh nodes around the pits and add extra nodes around the pits when
required—this technique is known as hr-refinement. We show that adaptive hr-
refinement can handle changing pit geometry better, including materials with varying
crystallography and corrosion-resistant inclusions.

The research is also focused on developing software, specifically a new extension of
MMPDEIlab providing hr-refinement. The main focus of this thesis is the design and
implementation of an adaptive moving mesh method for a moving boundary problem

related to pitting corrosion with homogeneous and heterogeneous materials.

v



Dedicated to my parents
Noor Mohammad Sarker and Mst. Hasema Begum

who made all impossibilities possible for me. Also, dedicated to my
beloved siblings, respected teachers, closest friend, and reliable confidant.



Acknowledgements

First of all, I would like to express my deepest gratitude to my primary supervisor
Dr. Ronald D. Haynes for his guidance, consistent support, and valuable advice
throughout my PhD journey. Especially, his encouragement has greatly helped me in
pursuing research work in scientific computing. At the same time, his guidance and
teaching have enabled me to grasp the essential concepts relevant to my research. His
contribution throughout all the steps of my thesis work is beyond expression. I deeply
appreciate his intellectual insights and skills, as demonstrated by the excellence of the
present work.

I am immensely grateful to my co-supervisor, Dr. Michael Robertson from Acadia
University, for his valuable discussions, advice and guidance throughout this thesis
work. In particular, his discussions on various areas in material science during the
group meetings expanded my knowledge in corrosion and material science. His in-
valuable ideas and suggestions played a vital role in the success of this research. He
has also played a significant role in enhancing the quality of graphs and publications.
Additionally, his vast expertise in his research field consistently inspired me to learn
new things and acquire knowledge.

I sincerely thank other committee members and research group members: Dr.
Scott MacLachlan, Dr. Alex Bihlo, Dr. Jahrul Alam, Dr. Ivan Booth and Dr. James
Munroe. From their fantastic lectures, I learned a lot which greatly contributed to
my confidence in my research activities. Especially, I have acquired coding skills in C
and utilizing the OpenMP and MPI libraries through discussions with Dr. Munroe
for the project on Algorithms for Distributed and Shared Memory Computers. 1 have
developed a clear understanding of numerical methods and numerical analysis through
Dr. MacLachlan’s lectures on [terative Methods in Numerical Linear Algebra.

I would also like to thank all member of our research group of “Numerical Anal-
ysis and Scientific Computing” at Memorial University. The discussions during our

the research group meetings, along with their innovative ideas and research-problem

vi



solving approaches, have enhanced my knowledge. Particularly, I would like to ac-
knowledge my group mates, including Dr. Abdalaziz Hamdan and Dr. Rudige Brecht
for their cooperation and support throughout my graduate study. I would like to ex-
tend my thanks to my colleagues and friends who have been along with me for the
academic journey. Especially, I would like to mention Dr. Azim Mohammad, Mr.
Rasel Biswas, Mr. Mohammad Arif, Mr. Tanzir Ahmed, and Mr. Zahangir Hossain
for their mental support, valuable time and constant inspiration in helping me achieve
my aspirations.

I would like to extend my thanks to Nancy Bishop, the interdisciplinary programs
assistant. She has always been willing to do something to assist and support the
students in her department. Sincere thanks to all the members of the other research
groups, faculty, staff, and fellow students for their invaluable advice and dedication
in successfully completing the thesis work. They are wonderful individuals and my
well-wishers.

Special thanks to the School of Graduate Studies and the Department of Math-
ematics & Statistics for providing financial support throughout my studies. I am
thankful to the department of Mathematics and Statistics for arranging the Teach-
ing Assistantships for me. Additionally, I am grateful to the Memorial University of
Newfoundland for their high performance computing support.

Finally, I would like to extend my deepest gratitude to my parents Noor Mo-
hammad Sarker and Mst. Hasema Begum and my siblings for their unwavering love,
consistent support and continuous motivation to reach my goals, especially during
the most challenging moments of my life. They consistently stand by me in whatever
I choose to pursue. I am eternally grateful to them for giving me the opportunities

and valuable experiences that have made me into the person who I am today.

“The best among you is the one who doesn’t harm others with his tongue and hands.

The most faithful of you are the best mannered.” — Abu al-Qasim Muhammad (PBUH)

vil



Statement of Contributions

This thesis is an integrated, article-based thesis that presents three numerical inves-
tigations aimed at understanding the numerical modelling of pitting corrosion with
different crystallography. Our approach is based on the adaptive moving mesh method
that solves the PDE model equation. This thesis consists of the following three peer-
reviewed articles that are either currently under review or in preprint form. The

details of the contributions of the respective authors are described below.

Articles included in the thesis as chapters and authorship declaration:

1. Sarker, A. N., Haynes, R. D., Robertson, M. D. (2023), Moving mesh simulation

of pitting corrosion, Journal of Mathematics in Science and Industry, Accepted.

2. Sarker, A. N., Haynes, R. D., Robertson, M. D. (2023), A moving mesh simula-
tion for pitting corrosion of heterogeneous materials, Journal of the Computer

& Mathematics with Applications, Submitted.

3. Sarker, A. N., Haynes, R. D., Robertson, M. D. (2023), An adaptive hr-refinement

simulation for pitting corrosion of heterogeneous materials, Preprint.

Table 1 outlines the contributions made by the co-authors of each article. My primary
role includes the preparation of each manuscript, developing the methods/algorithms
and code, and the analysis of the corresponding results. The research problems de-
scribed in Chapters 3, 4 and 5 were designed by myself in consultation with Dr.
Ronald Haynes and Dr. Michael Robertson. However, the research ideas for each
paper were initially planned by my supervisor, Dr. Ronald Haynes. I have adapted
the assigned research questions to my background, knowledge, and interests. There-
fore, the investigations and the research results contained in each paper were led by
myself, while my supervisor edited each manuscript as necessary, and crosschecked

all computer codes. Memorial University is the high-performance research computing

viii



facility provider for this research. The contributions of the authors are summarized

in Table 1.

Table 1: The contributions of co-authors as indicated by author’s initials: Abu Naser

Sarker (ANS), Dr. Ronald D. Haynes (RH) and Dr. Michael Robertson (MR).

Research Code Perform Manuscript Contribution Status or
proposal development| simulations | preparation (in per- | comment
cent)
Chapter 1 ANS ANS (100%) | Introductory
Chapter
Chapter 2 ANS ANS (100%) | Background
Chapter
Chapter 3 | ANS, RH & | ANS & RH ANS ANS, RH & | ANS (80%) Accepted
MR MR other (20%)
Chapter 4 | ANS, RH & | ANS & RH ANS ANS, RH & | ANS (80%) Submitted
MR MR other (20%)
Chapter 5 | ANS, RH & | ANS & RH ANS ANS, RH & | ANS (80%) Preprint
MR MR other (20%)
Chapter 6 ANS ANS (100%) | Conclusion
Chapter

This work is considered of significant importance to the corrosion and materials sci-
ence industries as it provides computational algorithms and tools for obtaining the
corrosion pit behavior as a complementary technique to the challenging experimental
work.

*The manuscripts presented in this thesis are slightly different than the published

version due to formatting.

“No two things have been combined better than knowledge and patience. Seek knowl-

edge from cradle to the grave.” — Abt al-Qasim Muhammad (PBUH)

X



Contents

Abstract i
Lay Summary iii
Acknowledgements vi
Statement of Contributions viii
Table of Contents X
List of Tables Xiv
List of Figures XV
1 Introduction 1
1.1 Motivation . . . . . . . . ... 1
1.2 Literature review . . . . . . . . ..o 3
1.2.1  Moving mesh methods . . . . .. .. .. ... ... ... ... 3

1.2.2  Moving boundary problems . . . . . . ... ... ... ... 6

1.2.3 Corrosion and Pitting corrosion . . . . . .. ... .. ... .. 7

1.3 Objectives . . . . . . . L 9
1.4 Contributions of this thesis . . . . . . . ... ... ... ... ..... 10

1.5 Thesis organization . . . . . . . .. ... Lo 11

2 Background 21



2.1 Moving mesh methods . . . . . .. ... ... ... ... ... ... 21
2.1.1 Equidistribution principle and MMPDE in 1D . . . . . .. .. 22
2.1.2  Equidistribution and alignment conditions in multiple dimensions 23
2.1.3  Choosing the mesh density function . . . . . . . .. ... ... 30
2.1.4 Implementation of mesh and physical solve . . . . . . . . . .. 32

2.2 Finite element method . . . . . . . .. . ... oL 33
2.2.1  Finite element method on a fixed mesh . . . ... ... ... 33
2.2.2  Finite element method on an adaptive moving mesh . . . . . 36
2.2.3  An example: Burgers’ equation with an exact solution . . . . 38

2.3 Corrosion . . . ... 40
2.3.1 Corrosion Basics . . . . .. ... o0 40

2.3.1.1 Corrosion electrochemistry . . . . . . .. .. ... .. 40

2.3.1.2  The electric potential, corrosion potential and applied
potential . . . . . ... 43
2.3.2 Pitting corrosion . . . . .. ..o 45
2.3.2.1 Concept of pitting corrosion . . . . . .. .. ... .. 45
2.3.2.2 Pit shapes and growth . . . . . ... ... ... ... 46
2.3.2.3 Transport in solution . . . . . . ... ... ... ... 47
2.3.2.4 Rate of corrosion at the pits . . . . . . . ... .. .. 49
2.3.3 Crystallography for Corrosion . . . . . .. ... .. ... ... 50
2.3.3.1 Crystal structure and unit cell . . . . . . . .. .. .. 50
2.3.3.2  Miller indices, directions and planes . . . . . .. .. 51

2.3.3.3 Relation between crystal coordinate and Cartesian co-
ordinates systems using a rotation matrix . . . . . . 53
2.3.4  Modeling approach of pitting corrosion . . . . . . . ... ... 56
3 Moving mesh simulation of pitting corrosion 60

3.1 Imtroduction . . . . . . . ..o 61

3.2 Model problem . . . . . ... 64
3.2.1 PDE model equation . . . . ... ... 64
3.2.2 Crystal orientation and corrosion potential . . . . . . . . . .. 66

x1



3.3

3.4

3.5
3.6
3.7

3.2.3 Overview of the moving mesh strategy . . . . ... ... ... 69

The numerical implementation . . . . . . .. ... ... ... .. ... 72
3.3.1 Discretization of the physical PDE . . . . .. ... ... ... 72
3.3.2  The choice of the mesh density function . . .. .. ... ... 73
3.3.3 Initial mesh generation . . . . . . ... ... 74
3.3.4 Effect of 7 on the moving mesh . . . . .. ... ... .. ... 79
3.3.5  Alternating mesh and physical PDE iteration . . ... .. .. 81
3.3.6  Solution of the moving boundary value problem . . . . . . .. 82
3.3.7 Details of the pit boundary movement . . . . . . .. ... .. 82
3.3.8 Merging pits . . . . . ... 83
Numerical results . . . . .. ... L o 85
3.4.1 Single pit simulations . . . . .. ... 0oL 85
3.4.2  Multiple pit simulations . . . . . ... ... 87
Conclusion . . . . . . . . .. 92
Data availability . . .. .. ... o oo 92
Acknowledgements . . . . ... L 92

A moving mesh simulation for pitting corrosion of heterogeneous

materials 99
4.1 Introduction . . . . . . . ... 100
4.2 A heterogeneous PDE model for pitting corrosion . . . . . ... ... 102
4.3 The numerical approach . . . . . . ... ... o0 105
4.3.1 The adaptive moving mesh strategy . . . . . . . . . ... ... 105
4.3.2 Discretization and MMPDEIlab overview . . .. .. ... ... 107
4.4 Numerical results . . . . . . . ... oo 109
4.4.1 Case I: Inclusion(s) with different crystallography . . . . . .. 109
4.4.2  Case II: Corrosion-resistant inclusions . . . . . . . . ... .. 112
4.4.3  Case III: A pit encountering material voids . . . . .. .. .. 114
4.5 Conclusion . . . . . . .. 116
4.6 Data availability . . . . . .. .. oL 117
4.7 Acknowledgements . . . . . ... Lo 118

xil



5 An adaptive hr-refinement simulation for pitting corrosion of het-

erogeneous materials 125
5.1 Introduction . . . . . . .. ... 126
5.2 A heterogeneous PDE model for pitting corrosion . . . . .. ... .. 128
5.3 The numerical approach . . . . . . ... ... 0oL 130
5.3.1 The adaptive moving mesh strategy . . . . . . . ... ... .. 130

5.3.2 Discretization and MMPDEIlab overview . . . . ... ... .. 131
5.3.3 Mesh quality indicators . . . . . . . ... ... 133
5.3.4 A simple h-refinement strategy . . . .. ... ... ... ... 134

5.4 Numerical results . . . . . . . ... oo 136
5.5 Conclusion . . . . . . . . 146
5.6 Data availability . . . .. .. ... oo 146
6 Conclusion and future work 152
6.1 Summary of the thesis and our contribution . . ... ... ... ... 152
6.2 Recommendations for future work . . . . . . ... 154

xiil



List of Tables

2.1
2.2

3.1
3.2

4.1

5.1
5.2

5.3

5.4

The contributions of co-authors as indicated by author’s initials: Abu
Naser Sarker (ANS), Dr. Ronald D. Haynes (RH) and Dr. Michael
Robertson (MR). . . . .. .. .. o

Electrode potential relative to SHE . . . . . . .. ... .. ... ...

The values of n and ngp for a zone axisof [1 1 1] . . . . .. ... ..

List of parameters used in the corrosion model. . . . . . . . . .. ..
Power-law model fitting parameters for the 6 curves presented in Fig-
ure 3.16. The numbers in brackets represent uncertainty in the last

significant digit. . . . . . ..o oo
List of parameters used in the corrosion model. . . . . . . . . .. ..

List of parameters used in the corrosion model. . . . . . . .. . . ..
The number of elements in the pit and on the whole domain with a
(Qeq value larger than the tolerance for various times when using r-
refinement alone. . . . . .. ... Lo L
The number of elements in the pit and on the whole domain with a
(Qeq value larger than the tolerance for various times when using r-
refinement and h-refinements every 20s. . . . . . .. ...
The number of elements in the pit and on the whole domain with a
(Qeq value larger than the tolerance for various times when using r-
refinement and h-refinements every 20 s followed by an additional 2

mesh smoothing steps. . . . . . . .. ..o

Xiv



List of Figures

2.1
2.2
2.3
2.4

2.5

2.6

2.7

2.8

Graphical representation of SVD. . . . . .. ... ... ... ..
Simultaneous solution approach. . . . . . . . . ... ...
Alternate solution approach. . . . . . . . . . ... ... ... .. ...
A plot of the initial solution (2.41) displayed on an adaptive initial
mesh comprising 71 points. . . . . .. ..o
FEM solution on a fixed mesh consisting of 101 points. . . . . . . ..
a t=0s . . e
b t=0.58 . . .
c t=18 . .

a T=0s . . .
b =058 . . . . .
c t=1S . . . e
A basic depiction of the corrosion cell and the process of pitting cor-
rosion of iron. . . . . ...
Some examples of common shapes of pitting corrosion. . . . . . . ..

Narrow and deep. . . . . . . . .. ..o
b Elliptical. . . . . . . .. ...
¢ Wide and shallow. . . .. ... .. .. ... ... .. .....

d Subsurface. . . . ... oo
e Undercutting. . . . . . . . ... oo
f Shapes influenced by micro-structural orientation. . . . . . . .

XV



2.9

2.10

2.11

3.1
3.2

3.3

3.4

Crystal lattice of a simple cubic material with some atomic layers and
a unit cell displayed. . . . . . . ... oo

Miller indices of some directions within a cubic crystal. . . . . . . ..

Lattice Planes. . . . . . . . . . .

a Lattice plane (0 1 0). . . . . . .. ... ..
b Lattice plane at origin. . . . . . . . . ... ... ... ... ..
c Lattice plane (1 1 1). . . . . ... ... ...

The 2D computational domain. . . . . . . .. .. .. ... ... ...
A plot of V., as a function of location around the pit boundary. The
blue, green and yellow sections of the pit edge require different <001 >
vectors for use in equation (3.9). . . . . ...
Effect of p; on the mesh at t = 120 s for the simulation of a pit in a
homogeneous material with the monitor function (3.20) and ps = 1. .
a Monitor function, puy = 1. . . . . . . ... ...
b The mesh at t =120 s with iy =1. . . . . .. ... ... ..
¢ Monitor function, p; =10. . . . . . .. .o oL
d The mesh at ¢t =120 s with 4y =10. . . . .. .. ... ...
e Monitor function, gy =100. . . . . . . ..o oL L
f The mesh at ¢t =120 s with gy =100. . . . . . . .. ... ...
Effect of puy on the mesh at t = 120 s during the simulation of a pit
in a homogeneous material with the monitor function (3.20) and using
=100«
a Monitor function, o =1. . . . . . ... oo
b The mesh at t =120 s using o =1.. . . . . . . . .. .. ...

Monitor function, ps =10. . . . . . . . ..o
d The mesh at t =120 s using po =10. . . . . . . . . ... . ..

e Monitor function, pe =20. . . . . . ... oo

XVl

o1
52
52
52
52
52
o2
52
52

65



3.5

3.6

3.7

3.8

3.9

3.10
3.11

f The mesh at t =120 s using po =20. . . . . . . .. ... ...
(a) Uniform initial mesh, (b) convergence of the mesh smoothing pro-
cess (c), initial mesh after mesh smoothing, and (d) the mesh after 60

s using the monitor function (3.20). . . . . . . ... ... ... ..

a An uniform initial mesh. . . . . . .. ...
b The convergence of the initial mesh smoothing. . . . . . . ..
C The smoothed initial mesh. . . . . . . . . . .. ... .. ...

d The mesh after 60s. . . ... ... ... . o000
(a) A nonuniform initial mesh, (b) the effect of mesh smoothing on the
positions of the nodes, (c) the mesh after smoothing, and (d) the mesh

a t = 60 s using the monitor function (3.20). . . . ... ... ... ..

a A nonuniform initial mesh. . . . . . . ... ..
b The convergence of the initial mesh smoothing. . . . . . . ..
C The smoothed initial mesh. . . . . . . . . . .. . .. ... ..

d The mesh after t =60s. . . .. ... ... .. ... ... ..
Effect of 7 on the mesh after 120 s with the monitor function (3.20)
using p3 =100 and o = 1. . . . . . oL oo
a Using 7=1072. . . . . . . . ...
b Using 7=10"% . . . . . ... ...
c Using7=10"5 . . . . . ... ... ...
The (a) simultaneous and (b) alternating approaches to solve the cou-
pled corrosion model and mesh PDE. . . . . .. ... ... ... ...
a The simultaneous solution approach. . . . . . . . . ... ...
b The alternating solution approach. . . . . . .. .. ... ...
Flow chart for the physical PDE solve, the mesh PDE solve, and the
pit boundary movement. . . . . . .. ..o
Definitions of face and vertex normals. . . . . . .. .. ... ... ..
Updating the corner position: (a) the corner is moved to its new loca-
tion along y = 0 or (b) the (old) corner is moved onto the boundary of

the pit. . . . . . .

xXvii

79
79
79
79
79

80
30
80
80
80

81
81
81
81

81
81
81

82
83



a

b

New corner remainsony =0. . . . ... ... ... .. ....

Corner node movement onto the pit boundary. . . . . . . . ..

3.12 Three possible element orientations between the pits at the time of a

merge

3.13 The pit merging process. . . . . . . . . ..

a A pit merge is initiated. . . . ... ..o
b A merge with no mesh topology change. . . . ... ... ...
c Post merge mesh smoothing. . . . . . ... .. ... ... ...
3.14 Pit configurations and meshes at ¢ = 120 s for a) a homogeneous

material, b) a single crystal oriented with a zone axis along [001], ¢)

a single crystal oriented with a zone axis along [101], and d) a crystal

with an interface at x = 0; the crystal directions to the left and right

of x = 0 are [001] and [101], respectively. . . . . .. .. .. ... ...

b
c

d

Mesh for a homogeneous crystal. . . . . . . ... .. ... ..
Mesh for a crystal with direction [001]. . . . . . . ... .. ..
Mesh for a crystal with direction [101]. . . . . .. . .. .. ..
Mesh for a crystal with two directions [001] and [101]. . . . . .

3.15 Pit evolution and adaptive mesh generation for merging multiple pits

for three material configurations. . . . . . . . ... .. ... .. ...

3.16 Pit-depths and widths for homogeneous and non-homogeneous crystals.

a

Initial mesh for two pits. . . . . . . ... ...
Mesh for merged pitsat t =120s.. . . . . . . . . ... .. ..
Mesh for merged pits for a material with a single crystal direc-
tion [101] at t =120s. . . . . . . ... ..o
Mesh for merged pits for a material with two crystal directions,

[001] if z < 0 and [101] if x >0, at t =120s. . ... .. ...

Pit-depth over time for homogeneous and non-homogeneous
crystals. . . .o
Pit-width over time for homogeneous and non-homogeneous

crystals. . . ...

Xviil

84
84

84
85
85
85
85

87
87
87
87
87

89

89

89

39

89
90

90



3.17

3.18

4.1
4.2

4.3

Pit-depths and widths for homogeneous case for various initial number
of mesh point on the pit. . . . . . .. . ... ...
a Pit-depth over time. . . . . . .. ... ... ... ... ..
b Pit-width over time. . . . . . .. ... o000
The numerical error for pit depths and widths for various initial num-
bers of mesh points on the pit. . . . . . . ... ..o
a Error in pit depth. . . . . .. ..o
b Error in pit depth. . . . . . . .. ... ... L.

The 2D computational domain with heterogeneities. . . . . . . . . ..
Meshes for a corrosion pit at various times as the pit encounters a
single crystalline inclusion (outlined by the red circles) with crystal di-
rection [001]. The green circles outline the locations where the monitor
function changes to achieve greater node resolution at the surface of

the inclusion. . . . . . . ..

a Initial mesh . . . . . . ..o
b t=30s . . ..
c t=060s . . ..
d t=90s . . ..
e t=120s . . . . .
f t=180s . . . . . .

Meshes at various times for a pit encountering two circular inclusions

with crystal direction [001]. . . . . . . ... oL

a Initial mesh . . . . .. ..o oo
b t=30s . . ..
C t=60s . . .
d t=90s . . .

Xix

91
91
91

91
91
91

103



4.4

4.5

4.6

4.7

4.8

(a) Plot of V.., as a function of direction within the crystalline inclu-
sion. More negative V.., values lead to slower movement of the pit
boundary. (b) A diagram displaying the relationship of the crystallo-

graphic directions of the inclusion with respect to the pit boundary.

Meshes at various times as a pit encounters a single circular corrosion-
resistant inclusion outlined in red. The surrounding green circle in-
dicates the region where the monitor function changes from purely
distance-based (4.11) to a sequence of distance- and exponential-based

(4.12) monitor functions to increase mesh density at the inclusion.

a Initial mesh . . . . .. . ...
b t=9S . . e
C t=30s . . ..
d t=060s . . . ..
Meshes at various times as a pit encounters multiple corrosion resistant
inclusions. . . . . . ...
a Initial mesh . . . . .. ... oL
b =128 . . . e
c t=30s . . .
d E=060S . . . .
Meshes at various times as a pit encounters a single material void. . .
a Initial mesh . . . . . . . ...
b Remesh at timet=11s . . . . . . ... ... ... .. ....
c t=30s . ...
d t=060s . . . ..
Meshes at various times as a pit encounters multiple circular material
voids. . . . . e
a Initial mesh . . . . .. .. .o

XX

113
113
113

114
114
114
114
114

116



5.1
5.2

5.3

5.4

5.9

b Remesh at time t =11s . . . . . . . . . . . . . . ... ...
c t=30S . . .o

d Second remesh at time ¢t =60s . . . . . . . . . .. ... ...

The 2D computational domain with heterogeneities. . . . . . . . . ..
A simple h-refinement strategy: (a) mesh element to be refined, (b)
add vertices on the midpoint of edges of the element, and (c) subdivide

the element into 4 elements . . . . . . . . .. ...

(a) Hanging node due to h-refinement, (b) Fixing the hanging node by

subdividing the neighboring coarse element into 2 elements. . . . . . .

Identification of elements with poor mesh quality, h-refinement and
subsequent smoothing for the simulation of a corrosion pit interacting

with a corrosion resistant material. . . . . . . . . .. ... ...

a After boundary movement at t =50s. . . .. ... ... ...
b After h-refinement at t =50s. . . . . . .. ...
¢ After mesh solve at t =51s. . . . . . . . ... ... ... ...
d After mesh solve at t =51s. . . . . . ... .. ... ... ...

Meshes for a pit encountering a corrosion resistant inclusion at ¢ = 80
and 100 s with r-refinement (top row), r-refinement with periodic h-

refinement (middle row), and hr-refinement at every time step (bottom

134
134
134
134

135
135
135

139
139
139
139
139

140

TOW). v oo e e e e e
a Using r-refinement only, t=80s. . . . .. ... ... .....
b Using r-refinement only, t =100s. . . . . . . .. .. ... ..
c r-refinement with h-refinement at every 20 time steps, t = 80 s. 140
d r-refinement with A-refinement at every 20 time steps, ¢t = 100 s. 140
e r-refinement with A-refinement at every time step, t =80 s. . .

Xx1

140



5.6

5.7

5.8

5.9

5.10

f r-refinement with h-refinement at every time step, t =100 s. . 140
Norms of the mesh quality measure, ().,, computed in the pit for the

(a) r-refinement and (b) hr-refinement algorithms (with h-refinement

used every 20 time steps). . . . .. ... 141
a Maximum norm. . . . . . . .. ... 141
b Grid 2-norm. . . ... 141
The maximum norm of the mesh quality, ().,, on the pit as a function
of time for r-refinement alone and various variants of hAr-refinement. . 142
a r-refinement and hr-refinement at every time step without mesh
smoothing. . . . . . . . . ... 142
b hr-refinement at every time step followed two mesh smoothing
steps. . . . e 142
hr-refinement with various frequencies of h-refinements. . . . . 142
d hr-refinement followed by two smoothing steps with various
frequencies of h-refinement. . . . . . ... ... ... ... .. 142

The impact of the number of smoothing steps on the maximum norm of

the mesh quality, Q,, with (a) and without (b) h-refinement at ¢t = 50 s.143

a Without h-refinement . . . . . . . ... ... 0. 143
b Using h-refinement at t =50s . . . . . ... ... .. ... .. 143
Mesh quality ), for the bad elements on the pit, hr-refinement is used

at every 20 iterations. . . . . . . . ... Lo 144
a Maximum norm . . . . . . . . ... 144
b Gridnorm . . . . . ..o 144
Meshes for a pit encountering two corrosion resistant inclusions at ¢ =

80 and 100 s with r-refinement (top row), r-refinement with periodic h-

refinement (middle row), and hr-refinement at every time step (bottom

TOW). o v v o e e e e e 145
a Using r-refinement only, t=80s. . . . .. ... ... ..... 145
b Using r-refinement only, t =100s. . . . . .. .. .. ... .. 145
c r-refinement with h-refinement at every 20 time steps, t = 80 s. 145

xxii



d

r-refinement with h-refinement at every 20 time steps, ¢ = 100 s.145
r-refinement with A-refinement at every time step, t =80s.. . 145

r-refinement with h-refinement at every time step, t = 100 s. . 145

xx1il



Chapter 1

Introduction

A wide variety of real-world science and engineering problems are challenging to ex-
amine directly, and experimentation in a laboratory can be an expensive and time
consuming task. Computer simulation is indispensable for investigating these types
of problems. Nowadays, computer simulations are widely used in various fields, such
as meteorology, nuclear physics, biomedical, medical sectors, etc., and are expected
to be utilized in nearly all scientific and engineering disciplines eventually. Thus,
scientific simulation is becoming an integral part of the study of both real-world and
theoretical problems. The procedure involves constructing a mathematical represen-
tation of the real-world problem to replicate its dynamic actions accurately. Many
representations of problems are described by a system of differential equations (DEs)
or partial differential equations (PDEs). The mathematical representation is known

as a mathematical model of the problem.

1.1 Motivation

Mathematical models are highly useful tools for comprehending and analyzing the
characteristics of a system. The model equations describing real-world problems can
often be difficult to solve analytically. To overcome this difficulty, various sophisti-
cated numerical methods have been developed over the past few decades, which allow

the calculation of an approximate solution using a computer. Methods like finite dif-



ferences, finite elements or finite volumes can estimate the solution value at specific
points, known as mesh or grid points. Structured grids consisting of quadrilaterals (in
2D) and hexahedral brick elements (in 3D) are not suitable for discretizing complex
geometries. The finite difference method (FDM) relies on structured grids, as a result
the FDM is not an ideal choice for simulations of such systems. Instead, unstruc-
tured meshes composed of triangles in 2D and tetrahedra in 3D are more effective in
discretizing arbitrary complex geometries. The finite element method (FEM) allows
the use of unstructured meshes and has thus become a popular choice for performing
simulations in various scientific computing fields.

Obtaining accurate numerical solutions requires a high quality mesh tailored to
the specific model problem. Creating meshes for complex 2D or 3D geometries can
be computationally expensive if we require several hundred thousand or even millions
of grid points. Using a uniform mesh across the complex geometry can result in a
significant computational cost, particularly in multidimensional scenarios where the
number of required mesh points may be prohibitively high. Additionally, it can be
extremely challenging, if not impossible, to design a mesh that can accurately capture
the characteristics of the physical phenomenon (such as pitting corrosion) without
prior knowledge. A alternative technique is to concentrate a greater number of mesh
points in regions of significant solution variation and fewer points in the rest of the
domain. By adapting the mesh in this way, the total number of required mesh points
is much lower than with a uniform mesh, which may result in cost savings. Adapting
the mesh for computational simulations becomes extremely challenging due to the
difficulty in identifying regions of significant variation in the solution and the need to
consider complex geometries with moving boundaries. As a result, this challenge has
given rise to considerable research on the topic of adaptive meshing or adaptive mesh
refinement.

Adaptive meshing is a powerful technique that provides accurate and economical
numerical solutions. The method systematically adds more nodes in regions of large
error, which helps to ensure that the solution converges to the desired level of accuracy.

This approach can be cost-effective because it attempts to maximize solution accuracy



for a given computational budget [47, 53, 85]. The accuracy of an adaptive technique
is limited by how accurately the physical phenomenon is mathematically represented.
For example, modelling pitting corrosion requires a mesh that effectively captures
the movement of boundaries and inclusion regions, while also considering material
properties. The extent to which adaptive meshing can improve solution accuracy
depends on the accuracy of the underlying pitting corrosion model.

Pitting corrosion, our application of interest, is a type of localized corrosion that
causes small pits, cavities, or holes in the metal, and it is considered to be very de-
structive. It can be more hazardous than uniform corrosion since it is challenging to
identify, anticipate, and hence prepare for. Furthermore, the pits are often covered
with corrosion products that make them difficult to detect. Even a small and narrow
pit, which may not result in significant metal loss, could cause a system or metal
to fail [84]. Mathematical models have been used to represent the problem of pit-
ting corrosion, including time-dependent PDEs with complex geometry that involve
the movement of boundaries and/or inclusions. This makes the problem extremely
difficult to adapt the mesh at the moving boundary. In addition, the MMPDElab
package has been extended to handle this type of problem, where MMPDEIlab is a

general adaptive moving mesh finite element solver for time dependent PDEs.

1.2 Literature review

1.2.1 Moving mesh methods

Moving mesh methods are now widely used numerical techniques for solving PDEs
efficiently and accurately [55]. When dealing with problems that involve substantial
variations in the solution such as rapidly moving fronts, generating an efficient mesh
can be challenging. However, using non-uniform meshes can help maintain accuracy
and improve the efficiency of current methods. These meshes automatically adjust to
solution behavior, allowing for the concentration of mesh points in critical areas.
One of the well-known moving mesh methods is the Arbitrary Lagrangian-Eulerian

(ALE) method, which was first introduced by Hughes [31]. In the ALE method,



the computational domain is allowed to move relative to a fixed reference frame
in which the computational mesh deforms. The governing equations are written
in a moving reference frame and the mesh points are adjusted to maintain higher
accuracy [31, 52]. One downside of the ALE method is that it may experience mesh
tangling and distortion, especially when the boundary motion is fast or complex. This
can cause numerical instabilities and inaccuracies.

Another well-known moving mesh approach is adaptive moving mesh [29]. Adap-
tive moving mesh methods systematically adds more nodes in regions of large error,
which helps to ensure more accurate and efficient numerical solutions as well as the
solution converges to the desired level of accuracy. Adaptive moving mesh methods
can automatically provide a continuously varying mesh by controlling the size, shape
and orientation of the mesh elements in the domain. There are three general adaptive
strategies: h-refinement, which involves adding or removing nodes to an existing mesh
to improve local grid resolution [3, 9, 54]; p-refinement, which utilizes higher order
schemes to enhance local accuracy when the solution is relatively smooth [15, 20];
and r-refinement, where a fixed number of nodes are moved or relocated with the
solution [5, 29, 54]. These approaches can be applied separately or in combination
to acquire the desired result. The redistribution or r-refinement method can provide
isotropic or anisotropic meshes by changing the functional which is minimized [29].
The equidistribution principle [12], which is a core principle of moving mesh methods,
is typically utilized to implement mesh movement. A more in-depth explanation of
moving mesh methods will be presented in Chapter 2.

Mesh movement approaches are divided into two categories: the velocity-based
approach and the location-based approach [5, 8, 30]. Most of the velocity-based
approaches are motivated by the Lagrangian algorithm, where the computational
mesh flow is tightly associated with the fluid or material particles during movement.
The Eulerian approach has a fixed computational mesh and the continuum moves
respect to mesh nodes. The Eulerian and Lagrangian algorithms are commonly used
in fluid dynamics and structural material problems, respectively [17]. In general,

Eulerian meshes avoid mesh tangling and diffusive solutions, but the method can



have difficulty adjusting to sharp material interfaces. One benefit of the Lagrangian
approach is that the advective terms do not appear in the governing equations. Thus,
the Lagrangian methods are less diffusive compared to that of the Eulerian method,
while also maintaining sharp material interfaces [29]. The Arbitrary Lagrangian-
Eulerian (ALE) methods are velocity-based methods, which are a combination of
Lagrangian and Eulerian approaches [21, 22, 39, 50, 52, 76].

The main goal of the location-based mesh movement approach is to control the
location of mesh points in particular locations. A typical choice of location-based
mesh movement is the variational approach, which relocates the mesh points and
mesh movement based on minimizing a functional, which is formulated to measure
the difficulty or the error in the numerical solution [29]. A number of location-based
algorithms have been developed based on variational approaches with others devel-
oped based on elliptic PDEs. Elliptic PDEs can be used to generate boundary-fitted
meshes [69, 78], which is sometimes known as Winslow’s approach [79]. Winslow’s
idea is generalized using a functional [4] that controls a combination of the mesh
adaptivity, smoothness, and orthogonality conditions. A number of articles address
the type of mesh adaptation functionals as based on mechanical models [32, 33, 34],
vector fields [37], a weighted Jacobian matrix [38, 39], a matrix-valued diffusion coeffi-
cient [7, 26], and the equidistribution and isotropy (or alignment conditions) presented
in [23]. The moving mesh PDE (MMPDE) method has been developed by several
authors [6, 25, 25, 26, 27, 56], where the mesh movement is determined by a gradient
flow equation and where the functional plays a vital role.

Hence, the adaptive moving mesh method redistributes the mesh in regions where
the solution changes rapidly and keeps the mesh coarse in regions where the solution
varies slowly. This results in redistribution based on error analysis of the solution,
equidistribution and alignment conditions. To generate optimal meshes for moving
boundary problems, an appropriate monitor function (or mesh density function) and
proper values of the parameters of moving mesh PDEs are required. Finally, the
adaptive mesh is generated by solving the moving mesh PDE [29]. A more in-depth

explanation of moving mesh methods will be presented in Chapter 2.



1.2.2 Moving boundary problems

Moving mesh methods are widely used numerical techniques for solving PDEs with
moving boundaries or interfaces according to the specific problem to be solved [81].
They have a diverse set of applications in many fields of study, including heat transfer,
fluid dynamics, and chemical reaction engineering. Some interesting areas where

moving mesh methods have been recently utilized include:

e The study of the mechanics of cell migration, tissue growth, and simulating

blood flow in arteries and veins in biomechanics [51].

e The simulation of fluid flow problems with moving boundaries or interfaces in

computational fluid dynamics [71].

e The geological simulation of groundwater flow and contaminant transport in

porous media in geosciences [83],

e The growth of crystals and the behavior of materials under stress and deforma-

tion in materials science [67].

Therefore, moving mesh methods have a broad range of applications in various fields
and they continue to be an active scientific area of research. In these problems, the
boundaries of the physical domain can move or deform according to the problem
phenomena, and it is necessary to adapt the mesh in every time to maintain accuracy
of the solution [45, 68]. In recent years, moving mesh methods have been a popular
choice for many researchers and engineers due to their ability to provide accurate
solutions and their ability to efficiently capture the dynamics of moving interfaces.
Moving mesh methods have proven their ability to maintain the accuracy and
efficiency for solving moving boundary problems [28, 81]. However, there are some
challenges associated with moving mesh methods. For example, the choice of mesh
adaptation algorithm or monitor function, the treatment of singularities, and the
stability of the method [16, 46, 55]. In spite of these challenges, moving mesh methods
have gained popularity and have become a necessary technique for solving moving

boundary problems in a wide range of applications. In this thesis, we will apply the



adaptive moving mesh method for the solving moving boundary problem related to

pitting corrosion in homogeneous and heterogeneous materials.

1.2.3 Corrosion and Pitting corrosion

Corrosion is a deterioration of a metal surface due to chemical or electrochemical
reactions with its surrounding environment. If the total area of the corrosive sites
are smaller than the total surface area, then the metal is said to be undergoing
localized corrosion. Pitting corrosion is one of the most disastrous and devastating
localized forms of corrosion generating a small pit, cavity, or hole in the metal. Pitting
corrosion is difficult to identify and can have a big impact on the structural integrity
of metal [66, 84]. The geometries of the pits depend on many factors such as the
components of the metal, the surface orientation, and the physical and chemical
environment at the time of attack [62]. Corrosion pits can have different shapes [49]
and with the ability to grow over time, failure of engineering structures such as
bridges, pipelines, and nuclear power plants can result [10, 49, 57].

The three basic stages of pitting corrosion are the initiation stage, the metastable
stage, and the stable stage. A pit is identified as stable if it is actively growing
over time [1, 14]. The initiation of a pit is followed by metastable growth that leads
to stable growth under the right balance between electrochemical and mass trans-
port mechanisms. The initiation of the pit is relatively difficult to detect since it
occurs rapidly and penetrates a metal without significant loss of weight. Pit initia-
tion is a random phenomenon on a metal surface with most of the surface remaining
unattacked. This makes pitting corrosion challenging to anticipate, detect, and pre-
vent. Researchers have studied the pitting initiation behavior of different metals,
including stainless steel [19, 43, 58], beryllium [19], pure aluminum, and aluminum
alloys [36, 40, 61, 70, 82]. Davis [11] has discussed metastable pitting corrosion of
aluminum with single crystals. Stable pit growth and a computational model for the
pit growth is discussed in [14].

Computational modeling and simulations of pitting corrosion have proven ben-

eficial for studying pits under a wide range of conditions and materials. Available



models include partial differential equation (PDE) based models [35, 41], phase-field
models [2, 48] and probabilistic models [657 |. The PDE based computational model
for pitting corrosion is derived from physical and electrochemical laws. The model
is a fully-coupled system of the electrolyte and solid domains. The complete sys-
tem depends on the time-dependent distortion of the pit and the solution chemistry
within the pit including electrochemical reactions and mass transfer of species. The
electrolyte potential distribution and the concentration of species can be obtained by
solving the governing mass transport equations and the growth rate of the pit can be
found from Faraday’s Law. A complete solution of the mass transport equations is
divided into the process of diffusion, electron-migration and chemical reactions, with
the additional complexity of a moving solid boundary. Recently, an effective PDE-
based model has been proposed which investigates time-dependent pitting corrosion
in the presence of fluid flow [75].

Over the past few years, several review papers have been published with a primary
focus on PDE-based models for pitting corrosion based on finite element or finite
volume methods [13, 14, 42, 44, 60, 63, 64, 73]. In 2019, an extensive overview of the
mathematical models for pitting corrosion based on anodic reaction at the corrosion
front, transportation of ions in the pits of the electrolyte domain, and pit growth over
time was provided [35]. The COMSOL® software package is often used to solve the
PDE in the electrolyte domain and the corrosion front movement is computed by the
arbitrary Lagrangian-Eulerian (ALE) and level set methods [14, 41]. In other studies,
a 2D PDE model is solved with the finite element method [18, 72| and the finite volume
method [59, 60]. Pit growth is determined by finite element methods and a level set
approach in [72], and using an extended finite element method (XFEM) and level set
method in [18]. In 2020, an ALE method is implemented to move the mesh at the
pit boundary and analyze the relationship between the corrosion behavior and the
local corrosive environment within a single pit [74]. In most of the existing studies,
the COMSOL® multi-physics software is used for solving the system of PDEs and
pit movement is implemented in a separate MATLAB program [14, 35, 77, 80]. The

implementation details of the movement of the pit and corner nodes have not been



described in detail in many of these papers. In this study, the implementation of the
pit movement, the corner movement, and the numerical methods are fully described.

Determining the pit behavior experimentally is time consuming, expensive, and
physically difficult or impossible in many situations. However, numerical simula-
tions are suitable for studying pits under a wide range of conditions within a reason-
able time. In our simulations, the stable stage of pit growth is considered. To our
knowledge, an adaptive moving mesh method, our method of choice, has not been
implemented for the PDE-based modeling of stable pitting corrosion. Adaptive mov-
ing mesh approaches have demonstrated great success in many application problems
providing fine control over the spatial adaptivity and recovering numerical solutions
which recover properties of the continuous solution. This serves as strong motivation
to apply a moving mesh approach to our application problem.

In our moving mesh method, the FEM is used for the spatial discretization, and
a solver is built based upon the software package MMPDEIlab by Huang [24]. MM-
PDElab is a general adaptive moving mesh finite element solver for time dependent
PDEs. An adaptive moving mesh is used to get sufficient mesh elements in regions
of the pit using an alternating mesh and physical solution approach. Movement of
the nodes in the pit and choosing an appropriate monitor function are challenging
tasks. We present numerical results for the electrolyte potential, the evolution of
the corrosion pit front, as well as pit-depth and width at different times for different

crystal orientations, corrosion-resistant inclusions, and material voids.

1.3 Objectives

The purpose of this thesis to provide an in-depth examination of both the theoretical
and practical aspects of mesh adaptivity, with a specific focus on its implementation
for the time-dependent moving boundary problems related to pitting corrosion. The

main objectives of this thesis are given below:

1. Demonstrate the effectiveness of the moving mesh method in recovering meshes

and tackling the changing geometry for the pitting corrosion problem with single



and multiple pits. We will apply r-refinement and show this technique is capable
of handling the moving boundary smoothly.

2. Illustrate the ability of the moving mesh method for moving boundaries on
inclusion-type domains for pitting corrosion with heterogeneous materials. In-
clusion type domains are regions of a material that have a different composition
compared to the surrounding material. We wish to show that r-refinement is

able to provide sufficient meshes near the inclusion(s) and the pit(s), as required.

3. Present an hr-refinement approach for pitting corrosion with heterogeneous
materials. The hr-refinement approach is a combination of h-refinement and
r-refinement. We wish to demonstrate that hr-refinement can significantly im-
prove the accuracy and efficiency of the simulation compared to r-refinement

alone in some situations.

1.4 Contributions of this thesis

The majority of this work primarily focuses on developing a robust, automatic, adap-
tive moving mesh framework for pitting corrosion. The work involves the implemen-
tation of adaptive algorithms for simulating corrosion processes, as well as improving
the accuracy of numerical simulations based on partial differential equation (PDE)
models of corrosion processes. In the first part of the research, we develop and im-
plement adaptive algorithms for the moving boundary problem, which are related to
pitting corrosion. The r-refinement method provides mesh recovery and is able to
smoothly tackle changing pit geometry. This work is presented in Chapter 3. In the
second part of the research, we study heterogeneous materials with an emphasis on
inclusion type domains and this work is presented in Chapter 4. In our observation
of r-refinement in the second part of our research, we found that the mesh density
near the inclusion decreases due to an obstacle (or inclusion) in front of the moving
part of the boundary. To overcome this situation, h-refinement can be used. The

h-refinement method involves using a more refined mesh consisting of the same type

10



of element. This method divides each existing element into two or more elements
while maintaining the type of element used. Therefore, the obvious way to improve
mesh quality for our problem is to use a combination of h- and r- refinements. Fi-
nally, in the third part of the research we implement hr-refinement for heterogeneous

materials with an emphasis on inclusion type domains.

1.5 Thesis organization

An outline of the thesis spread over the six chapters is as follows. Chapter 1 gives the
objectives and scope of the thesis as well as a relevant literature survey. In Chapter 2,
we provide background materials for this thesis, including an overview of moving mesh
methods, the preliminaries of the mechanism of pitting corrosion, crystal orientation,
and a model problem. In Chapter 3 we present “Moving Mesh Simulations of Pitting
Corrosion”. In this article we discuss the PDE model of pitting corrosion, proof of
concept for simulations demonstrating the effectiveness of the moving mesh method
for pitting corrosion, and implementation of single and multiple crystal directions to
the package. Chapter 4 presents our article “A moving mesh simulation for pitting
corrosion of heterogeneous materials”. In this article we discuss a PDE model for
pitting corrosion and present a procedure on how to handle different inclusions and
voids in the computational geometry. In Chapter 5 we present our article “An
adaptive hr-refinement simulation for pitting corrosion of heterogeneous materials” .
In this article we give an overview of hr-refinement and its implementation in our
moving boundary problem. The final chapter is Chapter 6, which includes some
important comments and provides several useful conclusions of the present research

work and future research directions.
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Chapter 2

Background

In this chapter, we provide a broad introduction to the key foundational concepts
necessary to understand the adaptive moving mesh methods as well as essential tools
for our later work. We discuss the basic principles of the moving mesh method
including the equidistribution and alignment conditions. Next, the formulation of
the Moving Mesh Partial Differential Equations (MMPDES), the governing equations
that describe the motion of the mesh points is given. We also discuss the design
of monitor functions or mesh density functions, which are used to guide the mesh
adaptation process. To illustrate mesh adaptation, we introduce the standard moving
mesh algorithm for the well-known one-dimensional Burgers’ equation. We explain
how the mesh is automatically adjusted at the proper location to adapt to the solution

behavior. Finally, we will discuss the fundamentals of corrosion and pitting corrosion.

2.1 Moving mesh methods

Moving meshes have gained popularity in the numerical solution of partial differential
equations (PDEs), as they improve the efficiency and accuracy of existing approxi-
mation techniques by automatically adapting to the solution behavior and concen-
trating mesh points in regions of interest. The moving mesh method automatically

redistributes a fixed number of nodes where additional accuracy is required.
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2.1.1 Equidistribution principle and MMPDE in 1D

The equidistribution principle (EP) plays a vital role in mesh adaptation. In 1D,
the EP is used to derive the moving mesh PDE (MMPDE). The EP was introduced
by deBoor [7], Dodson [10] and White [33]. It is based on very simple idea: if
some measure of the error or mesh density function p = p(z) > 0 is given. A
good choice of a mesh would be a mesh for which the error is equally distributed
over all subintervals or the mesh elements in the domain. Given an integer N > 1,
the continuous and bounded function p on [a,b] is evenly distributed on the mesh
Th=a=xg<11<..<xny=0,if
@ P oy
/ p(m)dx:/ p(x)dr = ... :/ p(x)dz. (2.1)
o P TN
This forces the area under p on all subintervals to be the same. A mesh 7}, is called
an equidistributing mesh if the mesh satisfies the EP. The function p is known as the
mesh density function and the function p? is called a monitor function.
Let us derive the mesh PDE using the EP for a general steady-state boundary

value problem in one-dimension

L{u} =0, wu(a) =p, u(b)=q, (2:2)

where L is a spatial differential operator. A uniform mesh does not provide an
accurate and efficient solution when the BVP has a“difficult” solution. The physical
problem in the non-uniform z-coordinate is transformed to the computational uniform
&-coordinate with domain 2. = [0, 1], where z(0) = a and z(1) = b. Here Q = [a, 0]
is known as the physical domain. We attempt to generate a mesh 7, using a mesh

transformation x = z(§) : Q. — € and a uniform mesh in the ¢-coordinate



where o = fab p(z)dz. The function [ p(x)dx is strictly monotonically increasing if
p > 0, and therefore each x; is unique. Here o and ]%0' are the total error and average
error in the approximating solution, respectively. Essentially, if p is large where the
error of the computed solution is large, then the EP will force the mesh points to be

close to each other in that region. Using the mesh transformation, we have

z(&)
/ p(x)dz =&o, i=0,1,...,N.

The continuous version of this equation is

z(§)
/ p(3)d7 = ¢, Ve € Q. (2.3)

The continuous mapping = = z(&) is called the equidistributing coordinate transfor-

mation if it satisfies relation (2.3). Differentiating with respect to £ gives

p(x)i—z =o. (2.4)

Equation (2.4) indicates that 3—2” is small when p is large. Again, differentiating with

respect to £ gives
d dx

d—f(p(x)E> =0 (2.5)

with the boundary conditions
z(0) =a, z(1)=0. (2.6)

This is a nonlinear boundary value problem for the required mesh transformation and
physical mesh. The mesh is determined by solving the mesh equation (2.2) and the
physical PDE of interest as a coupled system.

The equidistribution principle is used to appropriately manage the desired size of
the mesh elements. In the multidimensional case, an equidistributing mesh can be

represented as a uniform mesh in a metric space [17].

2.1.2 Equidistribution and alignment conditions in multiple

dimensions

An adaptive mesh is generated as an image of a reference mesh using a coordinate

transformation x = z(§) : Q. — €, where ), is the computational domain (equipped
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usually with a uniform mesh) and 2 is the physical domain (which will have a non-

uniform mesh). The Jacobian matrix J of the coordinate transformation is calculated

by J(&) = g—z(f). By linearizing a series expansion about a point & in 2., we have
(&) = 2(&) + I(&o) (€ — &) + O(I€ — &|)*.

This clearly shows that the Jacobian J(§y) determines the behavior of the transfor-

mation around &;. Since a uniform mesh is used on (2., the Jacobian plays a vital

role in the size, shape, and orientation around &,. The matrix J(&y) can be expressed

by its singular-value decomposition (SVD)
J(fO) = UEVTv

where U and V are orthogonal matrices, (i.e, UTU = UUT = [, VIV = VVT =),
and ¥ = diag(oy,09,...,04), where o;’s are the square roots of the eigenvalues of

J(&)TI(&), or simply the singular values of J(&). Figure 2.1 shows a graphical

O2U2

01Ul

Figure 2.1: Graphical representation of SVD.

illustration of the SVD of a unit ball. The shape and size are controlled by the
singular values, >, and the orientation is controlled by U. Since the V' matrix has
no contribution in determining the size, shape, and orientation of the mesh, for mesh

adaptation purposes we use the SVD of J=7J~!, written as
JTIt=ux?uT.
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Here, the columns of U are the eigenvectors and o; 2 are the eigenvalues of J=7J 1.

So, the metric J=7J~! plays a vital role in controlling the mesh elements. Thus,

complete control of size, shape, and orientation of the mesh elements can be obtained

by specifying the matrix J=7J~!. One choice is

J1I =M (x)

(2.7)

where ¢ is a constant and M = M (x) is a user specified matrix-valued function, called

a monitor-function. We assume M is a d X d symmetric and positive definite matrix.

Let
a':/p, pdx = +/det(M).
Q

Rewriting equation (2.7) gives
JTMJ =c¢I, in Q..
To find the value of ¢, we take the determinant of both sides
det(J)*det(M) = det(cl).
Since p* = det(M), we have
det(J)?p* = .

This implies that

d
2 .

det(J)p=c

Integrating over the computational domain €. gives us

/ det(J)pde = [ c2de

c QC

d
= C§|QC|’

(2.8)

where [Q.| is the size of the computational domain. Now, changing variables gives

/ pdr = C%IQC\.
Q

c—(ﬁ).
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Substituting the value of ¢ in equation (2.8) we have

ITMI = (|g|>3[ (2.9)

The monitor function M determines the complete control of size, shape and orien-
tation of the mesh elements in the whole domain if the coordinate transformation
satisfies relation (2.9).

Denote J = det(J) and take the determinant of both sides of the equation (2.9)

2
J2p? = < il ) .
€|
This can be written as
o
Jp = o (2.10)

This is a multi-dimensional generalization of the equidistribution principle. This im-
plies that J (indicating the size of the mesh element) is large in the region of small p
and is small in the region of large p.

We observe that the eigenvalues of the matrix J'MJ are the same from equa-
tion (2.9) and all eigenvalues, (6—(0% are positive real numbers. The product of the
eigenvalues is a constant, (|g—c|)2, which is the determinant of the matrix JTMJ.
Hence, we obtain (pJ)? = det(JTMJ) from equation (2.9) and (2.10). In general,
the arithmetic mean-geometric mean (AM-GM) inequality states that the arithmetic
mean is greater than or equal to the geometric mean of n non-negative real numbers
and the equality holds if the numbers are the same. Suppose \;, = 1,2, ...d, are the
positive eigenvalues of the J¥MJ. Thus, by the AM-GM equality we have

1

d>\ 11 d/\
(II2) =G

The product of the n eigenvalues is the determinant of the matrix J*MJ and the

sum of n eigenvalues is the trace of the matrix, so we obtain
1
det(JTMJ)a = C—Ztr(JTMJ). (2.11)

The equivalent form of this equation is J=7J~! = %M , where c is positive constant.

This can be verified by taking the determinant and trace of J'MJ = cI, which
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implies det(J7MJ)i = ¢ and 1tr(J'MJ) = c. The eigenvectors of the matrix
J~TJ=1 specify the shape and orientation, or alignment of the mesh elements, as
discussed above. This is controlled by M. In summary, for a given monitor function
M satisfying the equidistribution (2.10) and alignment (2.11) conditions, we can
control the size, shape, and orientation of the mesh elements through the physical
domain.

Now, we will derive a functional for the inverse coordinate transformation £ =
&(z) : Q — Q. that depends on the equidistribution (2.10) and alignment (2.11)
conditions. Assume (i, (s, ..., (s are the eigenvalues of the matrix J='M~1J~7. The

well-known AM-GM inequality is used for the developing functional and gives us

(ﬁ@')é < éé@w (2.12)

i=1
The coordinate transformation that satisfies the approximate alignment condition

minimizes this inequality. In other words, in order to satisfy the alignment condition

we minimize the following difference

n d
é;g—(gc) .

=

We have

d

SoG=tr(IMT) = Y (ve) M vE,

=1 A

and .
EQ — det <J*1M*1J*T> = G

Equation (2.12) gives the following inequality

or equivalently,




for any real number v > 1. Thus, the coordinate transformation determined by the

alignment condition can be defined as a minimizer of the functional

/Q {p(;(vgi)TM—lvgiﬁ _ 4z #] da. (2.13)

Moreover, in [14, 15] the inequality

[ L= [ ae< ([ )

is shown to be the special case of a more general inequality, for any real number v > 1,
with equality holding when J p is constant. Thus, the coordinate transformation based

on equidistribution principle (2.10) can be defined as a minimizer of the following

Lo (L)

Neither functional (2.13) nor (2.14) alone provides a reasonable adaptive-mesh method

functional

and it is necessary to combine them together. For a given 6 € [0, 1], we can combine
the functionals for the equidistribution and alignment conditions (2.13) and (2.14),

as

g e ()|

l (2.15)

Since fQ d¢ is constant, we can omit this term from the functional. Hence, the

functional which balances the equidistribution and alignment conditions is given by

_ ¥ s [ p
-y / S (ve)y M- 1%) dz + (1 — 20)d /Q o (2.16)

for € [0,1] and v > 1.

Hence, an adaptive mesh is generated an image of a reference mesh using a coor-
dinate transformation from the computational domain to the physical domain. The
coordinate transformation can be determined by minimizing the functional (2.16).

To describe the equidistribution and alignment condition at the discrete level, we

consider a mesh 7, of N elements with N, vertices in the physical domain 0 € R4
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(d > 1). We consider an invertible affine mapping F : K — K and its Jacobian
matrix by F' I}, where K is the reference or master element for a physical element K
in 7,. Assume that a metric tensor (or a monitor function) M = M(z) is given on
() which provides the shape, size, and orientation of mesh elements of the domain €.
Generally, a mesh is uniform if all of its elements have the same size and is similar
to a reference element K. So, the main idea of the MMPDE method is to view
any adaptive mesh 7, as a uniform mesh in the metric Ml. The requirements of the
equidistribution and alignment conditions can be expressed mathematically at the

discrete level [17] as

|K|/det(My) = %,VK €T,

1 / / / /
~tr((Fjo) M Fle) = det((Fye) " MicFye) 4, Vk € T,

where |K| is the volume of K and o =} |K[\/det(My).

A standard choice of M is the symmetric and positive definite piecewise function

My = det(I + a; '|Hy )75 (I + o, ' |Hk|), VK € Th, (2.17)

where T}, is the physical mesh and Hy is the approximate Hessian of the solution on

element K. Hy can be calculated by a least-squares Hessian recovery technique, and
the regularity parameter oy, is chosen so that

> K|/ det(My) = 2/Q.

KeTh

The choice of M in (2.17) is known to be optimal with respect to the Ly norm
of the linear interpolation error [16]. The mesh points will concentrate where the
determinant of the Hessian is large.

A discrete functional associated with the equidistribution and alignment condi-

tions is given by

117 = 3 |KNdet(My) [0<tr(JM}1JT)>?+(1—29)d? (Lﬂ)))”] (2.18)

KeT;, det (MK

where J = (Fj)~!. Minimizing this functional I[7},] approximately satisfies the equidis-
tribution and alignment conditions [15]. The value of the parameters § = 3, and v = 3

are used for our numerical experiments.

29



Moving Mesh PDE The moving mesh PDE (MMPDE) equation can be defined as
the (modified) gradient system (or gradient flow equation) for the energy functional,

ie.,

a1 0x;

, i=1,2,.,N,, t€ (tp, tusl, (2.19)

where P, = det(Mi)ﬁ is a scalar function that can be used to make the equation
have invariance properties and 7 is a positive parameter used to adjust the response
time of mesh movement to the change in M. A smaller value of 7 provides faster

response. 7 = 107* is used for our computation.

2.1.3 Choosing the mesh density function

The Hessian based monitor function is a great choice for some problems by setting
proper values of the parameters. Sometimes we require modification of the Hessian -
based metric tensor in order to achieve a level of mesh concentration around a specific
geometric location and the moving front of the domain. A reasonable way to modify
the standard Hessian-based metric tensor is by designing a function § based on a
specific location or the moving front and then combining it with the Hessian-based
metric tensor as follows

My ~ Mg + BI, (2.20)

where u is a positive scalar used to adjust the contribution of the Hessian based metric
tensor (2.17) and ( is designed based on the specific location or moving front. Here
are some examples and techniques for designing 3, which aim to achieve a reasonable

mesh concentration around the moving boundary or a specific geometric region I',.

Example 2.1.1. Consider a rectangular domain 2 containing a circular hole I',
centered at (h, k) with radius r. To achieve a reasonable mesh concentration around

the I'y, 8 is designed as follows
1

-1
MaxeT, det(I\\/JIK)] 7

8= [64<r— @=hP+=k)?) _ 1 |
and p = 1 is chosen for (2.20). The g function gives a larger positive value on a circle.
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We can easily observe that for mesh points (z,y) on the hole or circle gives us

My ~ My + max Vdet(Mk).
SIS

This will provide a mesh concentration around the circle which is similar to the con-
centration in regions with the largest value of \/det(Mf). The exponential term in
ensures that the concentration decreases rapidly enough to prevent over concentration

of mesh elements near the circle [9].

Example 2.1.2. Consider a rectangular domain €2 with a circular void in the do-
main centered at (h, k) and the radius of the void r. To achieve a reasonable mesh
concentration around the void and a relatively uniform mesh inside the void, we can

design [ as follows

v, if ((x—h)*+ (y—k)?) <r?

[ey(r— (@=h)>+(y=k)%) _ 1 4 L , otherwise,
max e, \/det(Mg)

where v is a positive constant. This [ is a piecewise defined function combining
both locations inside and outside of the circular void. The constant v will ensure a
relatively uniform mesh distribution inside the void and the other function in g will

provide a high mesh concentration near the edges of the circular void.

Example 2.1.3. Consider a rectangular type domain 2 = [—1,1] x [0, 1] I', which
has a semicircular boundary that is situated at the bottom boundary of the rectangle,
where the semi-circle is centered at (h = 0,k = 0) with radius » = 0.2. To achieve

the reasonable mesh concentration around the semi-circle, 5 is designed as follows

8= [min(l.) ~ @omlll) + =] @) Ty,

where N is the total number of mesh points. This is known as a distance-based
function, where 8 is maximum on the boundary of the semi-circle. A combination
of the standard Hessian-based approach and a distance-based approach is able to

provide a reasonable mesh concentration near the semi-circle.
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2.1.4 Implementation of mesh and physical solve

There are two approaches that can be used to solve the physical PDE and the mesh
equation: simultaneously or alternately. In a simultaneous solution approach, the
discrete physical PDE and the mesh equation provide a coupled system. Figure 2.2
represents the simultaneous solution strategy. The main disadvantage of this approach
is that it has highly nonlinear coupling between the physical solution and the mesh.
On the other hand, an alternating solution approach generates the mesh x"™! at a
new time step using the physical solution ¢™ and the mesh x™ at the current time, and

L at the new time step. This is shown in Figure 2.3.

then computes the solution ™"
In this approach, there is a lags in time because x"*! depends on the solution and
the mesh at the previous time. This does not create any trouble if the time step
is reasonably small. The main advantages of the alternating approach are the mesh
generation code is used separately so it is flexible and improves the efficiency at each

step, and the mesh adaptation is not tightly coupled with the physical PDE. The

x", ¢" |Adaptive Mesh GeneratogX" "', ¢"*!

PDE Solver

Figure 2.2: Simultaneous solution approach.

Xn7 Spn . Xn—i—l (anrl
T’ Adaptive Mesh | X___ | PDE Solver ———v—
| Generator |
| Iterations |

Figure 2.3: Alternate solution approach.

simultaneous solution approach is mainly used to solve one-dimensional problems, and

the alternating solution approach is mainly used to solve multidimensional problems.
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The alternating solution procedure is used for our model problem.

2.2 Finite element method

The Finite Element Method (FEM) is a widely used numerical method to approxi-
mate the solution of PDEs. If the PDE is time dependent, then we can convert the
problem to a system of ordinary differential equations once the PDE is discretized
spatially by the FEM method. This system of ordinary differential equation can be
integrated numerically by well known techniques. The main advantage of this ap-
proach is separate treatment of the spatial and temporal components of the PDE.
This technique is also known as the method of lines.

To illustrate the finite element method, we consider the well-known one-dimensional
Burgers’ equation, which is a nonlinear PDE that describes the motion of a viscous

fluid,
U2

Up = EUgy — (5) , x€(0,1), t>0, (2.21)

subject to the following boundary conditions

u(0,t) = u(1,t) =0, (2.22)
and initial condition
016—‘162-(5)»805 + 056 —xz;()f) + 6—36-203375
U(Ia O) = 2105 2105 210375 ) (2'23>

e 20 + e 4e + e 2e

where ¢ is a positive physical parameter. For our experimental purposes, ¢ is chosen

as 107%

2.2.1 Finite element method on a fixed mesh

To obtain a numerical solution using the FEM based on the Galerkin formulation
for differential equations, the following procedure is used. The procedure begins by
deriving a variational or weak formulation by multiplying both sides of the PDE (2.21)
by a test function ¢(x,t), which satisfies the boundary conditions ¢(0,t) = ¢(1,¢) =0
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and then integrating in space from x = 0 to x = 1. Then, we find u(-,¢) € V for ¢t > 0
such that

1 1 02
u¢d:c:/ Uy — | — ¢dx,
| e = [ (= (5).)
1 1 21 1 2
_/ 5¢zua:dx_¢u_‘ +/ gbxu_dxa
0 0 2 o 0 2

1
1
_ / (= zun+5u*)bude, VoEVO<t<T (2.24)
0

= epu,

where V' is the solution space, and is defined by
V = H(0,1) = {ulu € H'(0,1),u(0) = u(1) = 0}.

Equation (2.24) is the weak or variational form of the PDE. The problem is still in
continuous form in an infinite dimensional space V. In order to solve the problem
numerically, we need to represent the problem in a finite dimensional space.

In the second step, we generate a finite element mesh. We divide the domain

2 = [0, 1] into finite elements or non-overlapping subintervals Q.,e = 1,2,..., N — 1

0 1

o G ' ' ' } } } Sv-1,

Z1 T2 Z3 IN-1 IN
such that

Q= UQU - --UQy_.

We introduce a set of points on each element called nodes, which are uniformly spaced

throughout the element. For a given positive integer NV, we can define the mesh

Tn =Azjle; = (G —1)h, j=1,.,N}

1

where h = .

Thus, the nodes z; and the elements 2.,e = 1,2, ..., N — 1 uniquely
define a finite element mesh on which we obtain our discrete representation of the

solution.
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In the third step, we construct a finite dimensional space V", which is a subspace
of V,ie., V), C V. Since V}, has finite dimension, we choose a set of basis functions
that are linearly independent. Thus, V" is spanned by the basis functions. We wish
to use standard piecewise linear basis functions for our approximations on the uniform

mesh 7, are represented by

2—z;1 -
m, for x € [ZE]_1,ZL']] >
. _ O -
¢](x)— Ti1—7;° for z € [flfj,l’j+1], ]_177N
0, otherwise.

For our problem, we assume V" is the (N — 2) dimensional subspace of V', which is

spanned by the linear basis functions ¢s, ..., ¢y_1, such that

Vh = Spal {¢2a s 7¢N—1} .

In the fourth step, we represent a finite element solution using a linear combination
of the basis functions. A finite element approximation u”(-,t) € V" for 0 <t < T of
the physical problem must satisfy

' h ' ho L2 h
/Outqbdx:/o (—Sux+§(u) )@Cdas, Vo eV 0<t<T, (2.25)

and the initial conditions
u" (2;,0) =u(z;,0), j=1,...,N. (2.26)

Now, we form an approximation of u(x, t) in the finite dimensional space V" by setting
u" to be a linear combination of the basis functions, i.e.:

N-1

uM(a,t) =Y uy(t)e; (@), (2.27)

=2
where u;(t) represents the nodal unknown value of u(x;,t) at the jth node at time ¢,

ie., uj(t) = u(z;,t). Now, taking ¢ = ¢p(x),k =2,..., N — 1 gives us
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In order to implement the ordinary differential equation solver, the boundary condi-
tions

ul () =0, uk(@#)=0 t>0

can be put in the ordinary differential equation form
dult dul
Sl SN _pg  t>o. 2.29
dt dt (2:29)
The set of equations presented in (2.28) and boundary conditions (2.29) form a non-

linear system of N ordinary differential equations.

In the final step of our implementation of the FEM, we solve the system of ordinary
differential equations. The initial value problem consisting of the ordinary differential
equation system (2.28) and (2.29), with initial conditions (2.26), can be solved using

a standard ordinary differential equation solver, which gives the solution for the nodal

unknown variables wu (t), ..., un(t).

2.2.2 Finite element method on an adaptive moving mesh

To achieve an adaptive solution for the model problem we wish to place mesh points
in the steep front of the solution and continually adjust the mesh as the front propa-
gates in time. Such a mesh is called an adaptive moving mesh. To better understand
adaptive mesh movement, we can implement a coordinate transformation. In partic-
ular, consider that we have a time-dependent coordinate transformation, denoted as
x=ux(t): Q. =10,1] — Q= 10,1], where . and € represent the computational
and physical domains, respectively. This transformation is chosen in such a way that

the solution can be represented using the transformed spatial variable,

W& t) = u(@(&:1),1).

A corresponding moving mesh can be presented as
ﬁz(t) : l'](t) :I(fj,t), ]:177N

for the fixed, uniform mesh on €2,



The basis functions and the approximation function space are now time-dependent

rx—x;i_1(t
Sl for @ € (1), 75(1)]

gz, t) = 2T for poe [z5(t), 540 (8)], J=1...,N, (2.30)

zjp1(t)—x;(t)’

0, otherwise,

and the finite dimensional space is also time dependent:

V(t) = span {¢a(- 1), ..., dn-1(-, )} (2.31)

We now find u"(-,t) € V(t) for 0 < t < T that satisfies

1 1 1
/ ul'pdr = / (—EUZ + 3 (uh)Q) dpdr Yo € V'(1),0 <t <T, (2.32)
0 0
and the initial condition
u(25(0),0) = u(e;(0),0), j=1,...N. (2.33)

Now, the FEM approximation, u", is time dependent so we need a special treatment

for the time derivative of u”. The form of the approximation is given by

0= w16 (1), (2.34)

where u;(t) ~ u(x;(t),t). Now, differentiating both sides with respect to t, we get

the time derivative using the chain rule as

ul (z,t) = Z (%(t)gbj(x, t) + uj(t)%(m,t)) . (2.35)

In similar fashion, the time derivative of the basis function ¢, becomes

0¢; _0¢;

@) = =S )X, t), (2.36)

where X;(z;t) is the linear interpolant of the nodal mesh speeds, i.e.,

dx]

N
) =D~ 0. b). (2.37)
7=1

37



Therefore, we have

de a¢]
— (0¢5(z.8) = Uj(t)%(xvt)xt(xﬁ)

Il
M =

ul(z, t)

<.
Il
-

(2.38)
u; oul

“2(085(0,6) — G-l )X ).

I
M;

1

J

Inserting this expression into (2.32) we obtain

/ (Z dj —h t) dz = /0 1 (—eug + % (uh)Q) $ndz. (2.39)

We obtain a system of ODEs for u(t),us(t),...,uy(t) by substituting ¢ = ¢p(z,1)
into (2.39) for k =2,..., N — 1,

/ (Z L, O ) Prdr = /0 1 (—5“5 + % (Uh)Q) (6n)odz, (2.40)

with the boundary conditions given by equation (2.29) and the initial condition (2.23),
the system can be integrated in time.

The resulting system is solved along with the mesh equations (2.5) incorporating
the boundary conditions and a suitable choice of monitor function for the adaptive

numerical solution.

2.2.3 An example: Burgers’ equation with an exact solution

To illustrate mesh adaptation a using moving mesh, we consider the well-known one-
dimensional Burgers’ equation (2.21) together with boundary conditions (2.22) and
initial condition (2.23). The initial condition has two steep fronts, which are known
as shock waves in a fluid, and the waves are traveling towards the right. As time
progresses, the two shock fronts gradually move closer together, finally merging and
forming a steeper shock wave around t = 0.55. This phenomenon of two waves
merging is commonly observed in fluid mechanics and can result in the formation of

complex wave patterns. The merging of these two fronts may substantially impact the
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Figure 2.4: A plot of the initial solution (2.41) displayed on an adaptive initial mesh

comprising 71 points.

behavior of the fluid system and may cause an increase or decrease in the steepness

of resulting shock wave.

The exact solution of the Burgers’ equation (2.21) with boundary and initial
conditions is

—x+0.5—4.95¢t —x+0.5—0.75¢t —x+0.375
0.1le 202 + 0.5¢e e + e 2

—240.5—4.95¢ —©+0.5—0.75¢ —£+0.375 ) (2'41)
e 20e + e 4e + e 2¢

u(z,t) =

il
il
gl

s

i
H“‘ mefﬁmﬁ@@Wgwm |

(a)t=0s (b)t=0.5s (c)t=1s
Figure 2.5: FEM solution on a fixed mesh consisting of 101 points.

Figure 2.5 represents the numerical results on a fixed mesh having 101 points and

it is observed that the numerical solution still contains oscillations near the steep

fronts. Figure 2.6 demonstrates the moving mesh approach with 81 mesh points,

39



(a)t=0s (b)t=05s (c)t=1s

Figure 2.6: FEM solution on a adaptive moving mesh consisting of 81 points.

which prevented the oscillations near steep fronts. Note that the Hessian-based func-

)1/3

tion p = (14 L |ug,|? is used as a monitor function in the mesh equation.

2.3 Corrosion

2.3.1 Corrosion Basics

Corrosion is the degradation of a metal surface caused by chemical or electrochemical
reactions with its surrounding environment. Metals mostly corrode by electrochemical
reactions and non-metals corrode by chemical reactions. A chemical reaction is a
process where the reactants are converted into different products. However, at least
one of the species changes its number of valance electrons during the electrochemical
reaction. As our interest is in metallic corrosion, the following discussion will primarily

focus on this topic.

2.3.1.1 Corrosion electrochemistry

Usually, metals are in high energy state and have a tendency to go to a lower energy
state by forming oxides or hydroxides depending on their environment. The tendency
to oxidize depends on the position of the metal in the Galvanic series table [20, 22],
with metals located at the top of the galvanic series being more active and typically

acting as an anode. It is the anode that is usually corroded in its environment.

40



Corrosion processes in metals occur due to electrochemical reactions in a corrosion
cell. Within the corrosion cell, there are mainly two reactions that occur and the

generic forms of the reactions are

M — M™" 4 ne (anodic reaction or oxidation)

nX" +ne — X, (cathodic reaction or reduction)

where M is the generic metal atom, M"™" is the dissolved metal ion with a charge
number of n, and e is an electron. There are four necessary components for any

metallic corrosion to occur [22]:

1. There must be a sacrificial metal that tends to corrode called the anode.
2. There must be a less corrosive conductive metal called the cathode.

3. The anode and cathode should be in direct physical contact (or by a wire) to

allow electrons to flow from anode to cathode.

4. The anode and cathode must be exposed to an electrolyte that provides a con-
ductive liquid path, which allows ions to exchange between anode to cathode

and hence completing an electric circuit.

These four elements: anode, cathode, electrical path, and electrolyte, form a corrosion
cell. The corrosion process cannot occur if any corrosion cell elements are absent.
Figure 2.7 presents an example of a corrosion cell for iron.

The most common electrolytes are water, acid, and alkaline. Tap water is less
corrosive than rainwater because rainwater has a lower pH level, which indicates a
higher acid content. Some water is even more corrosive than rainwater due to its high
salinity, which makes a stronger electrolyte. Many conditions influence the initiation
and impact of corrosion, such as the type of electrolyte, the availability of oxygen, the
time of exposure, the temperature, the stress, and other biological conditions. One of
the most corrosive environments is found in coastal regions with high humidity and
salt concentration, creating an especially strong electrolyte.

The process of corrosion involves: the material dissolving by electrochemical re-

actions on the metal surface in the presence of an electrolyte, and then the dissolved
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Fe?™ H,0 O,

Rust

Figure 2.7: A basic depiction of the corrosion cell and the process of pitting corrosion

of iron. Figure adapted from [5].

metal atoms traveling into the electrolyte or the surrounding metal surface. During
the electrochemical reactions, the anodic reaction produces electron(s); the electrons
travel in the metal and reach (generally outside of the corroded area) a point on
the surface and then participate in a cathodic reaction. The resulting cathodic reac-
tions produce a corrosion product. The impact of corrosion is the loss of mechanical
strength, which leads to physical damage or degradation of metals [18].

In the corrosion process, there is a transfer of electrons and ions between two
metal areas, and these transfers can happen in two ways. The first way is when
two connected metals, with sufficient potential differences, are in an electrolyte. The
metal with a higher potential becomes an anode which may corrode faster, and the
metal with a lower potential becomes a cathode that may corrode slower. The second
way is when different areas on the same metal have enough potential difference,
allowing ions and electrons to exchange. This phenomenon is commonly known as self-
corrosion and can occur for many reasons, such as from differences in microstructure,
composition, or impurities in the metal [18]. An example of self-corrosion is presented
in Figure 2.7. It can take a continuum of forms, from general corrosion to localized
corrosion.

General corrosion leads to the metal surface corroding uniformly over the entire
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surface area, resulting in reduced mass and even thinning of the metal. A familiar
example of general corrosion is rusting of an iron fence. In the case of localized
corrosion, corrosion only occurs in specific area(s) and most of the areas of the metal
surface may remain unaffected. Localized corrosion can occur in different forms such
as pitting corrosion, crevice corrosion, and stress corrosion cracking. These forms
of corrosion can be more dangerous than general corrosion because they can cause
localized damage and lead to failures in engineering systems.

Metals can experience localized corrosion due to the breakdown of a protective
layer, also known as the passivation layer, such as is present in stainless steel. This
protective layer is a barrier between the metal surface and the electrolyte, preventing
electrochemical reactions from occurring on the metal surface. Regardless, when the
protective layer is damaged or broken, the metal surface is exposed to the electrolyte
and forms a corrosion cell. Electrochemical reactions occur in the cell, and the anode
is highly localized in this situation. As a result, the anode undergoes corrosion and
penetrates the depth of the metal, forming a tiny pit, hole, or cavity, whereas the
surrounding metal surface remains unaffected. This form of corrosion is called pitting

corrosion [18, 27].

2.3.1.2 The electric potential, corrosion potential and applied potential

The electric potential, also known as the electrostatic potential, represents the amount
of energy needed to move or transport a unit of electric charge within an electric field
from a reference point to a specific point. Note that the electric potential is obtained
at a single point, whereas the potential difference is measured between two distinct
points.

The corrosion potential is a measure of a metal’s tendency to corrode; in other
words, the corrosion potential is the tendency of the metal to lose electrons (oxidation)
in the presence of the electrolyte. However, it does not provide a corrosion rate
directly; the corrosion rate is proportional to the electron transfer between electrodes
in the electrolyte. Two electrodes are formed spontaneously during the corrosion

process, an anode and a cathode [34]. Normally, electrons move from the electrode
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with the most negative potential to the one with the most positive potential in a
circuit, and the current flows in the opposite direction. Electric potential for general
metals are found using the known potential for “standard” electrodes. The standard
electrode in a laboratory is the Standard Hydrogen Electrode (SHE) and Table 2.1
gives the electrode potentials with respect to the SHE. It shows that zero potential

Table 2.1: Electrode potential relative to SHE [19]

Reaction Vv

Cu*t +2¢e~ — Cu | +0.342
2H' +2e~ — H, 0.00
Fe?t +2¢= — Fe | -0.447

is at the hydrogen electrode. The electrode potential determines the direction of
electron flow. Therefore, given the electrode potentials of two metals in contact, one
can evaluate the anode and cathode of the electrochemical cell. For instance, from
the table, copper has a higher potential than iron and electrons will transfer from
iron to copper. According to the above discussion of corrosion phenomena, iron will
behave as the anode and undergo corrosion [18].

Applied potential is also known as an external electrical potential, which is ap-
plied intentionally to a system. It is an external force that influences the movement
of electrons within the system. One can control the electrochemical reactions at the
electrode-electrolyte interface by applying a specific potential. This applied potential
can alter the rate and direction of electron transfer, consequently affecting corrosion,
electrolysis, and electroplating processes. The chemist uses the applied potential
for different tests in the electrochemical industry. One example is accelerating the
electrochemical corrosion testing processes. In summary, the applied potential delib-
erately manipulates the electrical potential to regulate or induce desired reactions in

an electrochemical system.

44



2.3.2 Pitting corrosion
2.3.2.1 Concept of pitting corrosion

Pitting corrosion is a localized form of corrosion that generates pits, cavities, or holes
in the metal. It occurs when the protective or passive layer of the metal surface
breaks down. Usually, the passive layer prevents the metal surface from undergoing
chemical reactions with its surrounding environment and the metal does not corrode.
When the layer is broken, the metal surface is exposed to the environment forming a
corrosion cell (in the presence of electrolyte) in that specific area and initiating the
corrosion process. The corrosion process is highly localized and penetrates the metal.
As a result, small pits, cavities, or holes are formed on the metal surface, whereas the
other parts of the surface remain protected. This phenomenon is known as pitting
corrosion and the mechanism of pitting corrosion is demonstrated in Figure 2.7.

Hence, pitting corrosion occurs through electrochemical corrosion, as discussed
in the previous section. When a small part of the passive layer breaks, the metal
surface is exposed to the environment and electrochemical reactions take place if
the environment is conductive to the exchange of current. Electrons move from the
exposed area (which is the active or anodic area) to the surrounding area or cathodic
area, which is highly passive. If the cathodic area is very large, the demand for
electrons is high and cannot be fulfilled by the small anodic area. Thus, the localized
attack is caused by the large difference between the passive surface area and the
active (or anodic) area inside the pit. This causes corrosion in the depth direction.
The danger of pitting corrosion lies in the defects that form on the metallic body
during the formation of the pits. These pits are regions of high stress and reduce the
strength of the metal, shortening its service life. Additionally, leaks can be caused by
pitting that penetrates too deeply into the metal leading to further physical damage
and degradation of the metal [18, 27].
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2.3.2.2 Pit shapes and growth

Pitting corrosion generates pits on the metal surface that can have various shapes,
including hemispherical, cup-shaped, wide-and-shallow, or deep and narrow troughs,
etc. [13, 22]. The shape and growth rate of the pit is influenced by the type of metal
and its environment. Figure 2.8 presents examples of commonly observed pitting

shapes in experiments.

(a) Narrow and deep. (b) Elliptical. (c) Wide and shallow.

(d) Subsurface. (e) Undercutting. (f) Shapes influenced by
micro-structural  orienta-

tion.

Figure 2.8: Some examples of common shapes of pitting corrosion. Figure adapted

from [13].

Several studies have indicated three distinct stages in the development of pitting
corrosion: the initiation stage, the metastable stage, and the stable stage. The ini-
tiation of a pit is followed by metastable growth that leads to stable growth under
the right balance between electrochemical and mass transport mechanisms. The ini-
tiation stage of pitting corrosion is not well understood and continues to be a topic
of significant discussion and research [13, 22, 24]. After the passive layer breaks

down and a pit initiates, the pit may or may not be stable, which is referred to as a
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metastable pit. A pit is identified as stable if it is actively growing over time [1, 8].

In this thesis work, we consider the pit to be in the stable stage.

2.3.2.3 Transport in solution

In the corrosion process, species move or transport, in the solution or are deposited
nearby. Under certain circumstances, the rate of corrosion is controlled by the speed of
the transport process, which depends on diffusion, migration, and convection within
the electrolyte. Diffusion and migration are the two process involved primarily in
pitting corrosion [27].

Diffusion is a movement of species driven by concentration gradients. Usually,
species move from a higher concentration to a lower concentration area until all species
reach an even concentration or equilibrium state. Fick’s first law states that the

diffusion flux Ngigusion i directly proportional to the concentration gradient [11, 12],

Nj,diffusion X vcj

= —DjVCj

where V is the gradient operator (i.e, V = %a% + ja% in two dimensions), D; is
diffusion coefficient or diffusivity of species j, and ¢; is the concentration of species j.
The negative sign indicates that the flow occurs from a higher to a lower concentration
region. In our work, the flux will be assumed to be independent of time.

Migration is a movement of a charged species driven by an electric field. In other
words, migration is the phenomenon in which charged species are transported across
a solution due to the presence of an electric voltage gradient, commonly referred to
as the potential gradient. The flux of a charged species j induced by migration in the

solution is expressed by [2, 27]:

FD;
NjJnigration = —Zj R_T?ijsp

where z; is the charge number of the species j, ¢ is the electric potential, F' is Fara-
day’s constant (9.649x 10* C/mol), R is the universal gas constant (8.314 Jmol 'K™1)
and T is the absolute temperature (294K).
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Convection occurs when a fluid or solution moves from one location to another

under the influence of applied forces.

Nj,convection = CjV

The Nernst-Plank equation (2.42) is a widely used equation for describing the

transport flux of chemically charged species [3] within an electrolyte:

where N; is the flux of species j, ¢; is the concentration of species j, v is the solvent

velocity, and u; is the mobility of the species j, which follows the expression

Dj
Uj = —.
RT
Hence, the right side of (2.42) represents three fluxes; the first term -D;V¢; expresses
the transport rate of ionic diffusion flux, the second term -zju;F'c;V describes the
electro-migration flux for charge species, and the third term c;v represents the con-

vection flux.

Computational governing equation: The transport of species in the solution can
be derived from the conservation of mass principle [3, 21, 28], which is represented

by the equation

oc;
] - —V . Nj + Rj
ot —— ~~
v Flux in- Flux out Generation
Storage

where R; is the rate of production of species generation due to chemical reactions.
We used a negative sign in front of the VIN; term because we are considering flux
in minus flux out. Substituting N; into the previous equation gives the following
equation
de; 2
Friaie D;Vic; —  zu,FV(c;V) + V(¢v) + R; (2.43)
This equation represents the rate of change of concentration driven by the diffusion,

migration, convection, and rate of production of species.
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The Nernst-Planck equation is solved for each species involved in the model and
when electromigration is included in the model, an extra equation is necessary to
determine the potential . A commonly employed equation for this purpose is the
Poisson-type equation, as described by Sharland et al. [29]. Thus, the potential can

be obtained by solving Poisson’s equation
Vip =2 (2.44)
€

where ¢ is the permittivity of the electrolyte and o is the charge density. In situations
where the charge density is considerably smaller than the electric permittivity of the
electrolyte, this equation simplifies to the electro-neutrality equation, and Poisson’s
equation is substituted with the local charge neutrality equation, which is expressed
as [28, 29]
> zie;=0. (2.45)
J

2.3.2.4 Rate of corrosion at the pits

Faraday’s law of electrolysis determines the corrosion rate by establishing a connec-
tion between the electric charge and the amount of substance (m) involved in the
electrochemical reaction [25]. Thus, the mass of the substance deposited or removed

is given by:

m ox )
_MQ
- zF

where () is the total amount of charge passed in ¢ seconds, z is the number of electrons
participating in the redox reaction, and M is the molar mass or molecular weight
(g/mol). Thus the total amount of charge is obtained from the product of current

() and time (i.e., ) = It), and inserting into the above equation gives:

_ MIt

m e

zF

A (2.46)
= —1 s

zF
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where ¢ is the current density which represents the amount of electric current flowing
through a specific area, 1 = %. If equation (2.46) is divided by the density p of the
electrode material and the geometric surface area A, the loss per unit time ¢ gives the

corrosion penetration rate (CPR), v

M

vcp,,:ﬁz
ot

= 5

(2.47)

where c is the concentration and is related to the molar mass and density by ¢ = 7.

2.3.3 Crystallography for Corrosion
2.3.3.1 Crystal structure and unit cell

Crystal structure refers to the arrangement of atoms, ions, or molecules in a crys-
talline material. Crystals are solids with a regular and repeating three-dimensional
pattern known as a lattice as demonstrated in Figure 2.9. This lattice structure is re-
sponsible for the characteristic geometric shapes and symmetries observed in crystals.
The importance of crystal structure to various scientific disciplines and industries is
due to its significant impact on material properties and behavior. For example, the
arrangement of atoms in a crystal lattice directly influences material properties such
as mechanical strength, thermal conductivity, electrical conductivity, and optical be-
havior, etc, [6]. Understanding crystal structure is essential for designing and tailoring
materials with specific properties for various applications.

A unit cell is the basic building block of a crystal lattice, representing the smallest
repeating unit of a crystal structure as represented in Figure 2.9. It is a three-
dimensional parallelepiped (a six-faced figure with each face being a parallelogram)
with edges defined by lattice parameters a, b, and ¢, and interaxial angles «, , and
7.

There are several types of unit cells, with the most common for metals being the
primitive cubic, body-centered cubic, and face-centered cubic unit cells, which repre-

sent different crystal structures based on the arrangement of atoms within the unit
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Figure 2.9: Crystal lattice of a simple cubic material with some atomic layers and a

unit cell displayed.

cell. The unit cell allows scientists and researchers to predict and analyze the physi-
cal, mechanical, and thermal properties of crystals, as well as predict their diffraction

patterns using techniques like X-ray crystallography.

2.3.3.2 Miller indices, directions and planes

Miller indices represent the three-dimensional coordinate system for crystals, based
on their unit cell. The indices are used in crystallography to describe the orientation
of crystal planes and directions within a crystal lattice. The indices are represented
by three integers denoted by [h k []. Note that the values of Miller indices cannot be
fractions, and there is no need for commas to separate the values of Miller indices.

In crystallography, square brackets | | represent a particular direction and angle
brackets <> denote a family of directions. Parentheses () denote a specific plane, and
curly brackets {} indicate a family of symmetrically equivalent planes. Miller indices
use a unique notation for negatives, represented by a “bar” symbol (e.g., 1 for -1).
For example, [0 1 0] is pronounced as “the zero, bar one, zero direction.”

In a cubic system, [1 0 0] and [ 0 1 0] are perpendicular directions and < 10 0 >
includes the directions [1 0 0],[1 0 0],[0 1 0],[0 1 0],[0 0 1], and [0 0 1]. The example
of a direction for a face diagonal is [1 1 0] as shown in Figure 2.10(a), and [1 1 1]

represents body diagonal for a cubic unit cell as displayed in Figure 2.10(b).
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Figure 2.10: Miller indices of some directions within a cubic crystal.

Miller indices are defined with respect to a coordinate system so the first definition
we need is an origin. The origin is a point (0,0,0) and we can define it anywhere in the
crystal since the crystal is assumed to be infinite in all direction. For a given crystal
direction, let’s take the example of [2 1 2], we can draw the direction vector in the
unit cell using Miller indices. It is important to note that Miller indices of directions
always translate the direction so that it starts at the origin. The drawing procedure
is as follows: first, determine the origin as the tail of the direction vector (if there is
a negative number in the direction vector, move the origin in the positive direction
for the axis). Then, determine the vector endpoint (remove a common factor if any
of the indices are larger than 1). Finally, draw the vector. For our example: we start
by pulling the common factor 2 out, i.e., [212] = 2[151]. Then we draw the direction
as shown in Figure 2.10(c).

Consider a unit cubic cell atoms at each corner. Now let us assume an imaginary

plane passing through the unit cell (or lattice points of the unit cell). Miller indices

'
(0,0,0)4&

(a) Lattice plane (0 1 0).  (b) Lattice plane at origin.  (c) Lattice plane (1 1 1).

Figure 2.11: Lattice Planes.
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for the plane are calculated by determining the intercepts made by the plane on the
x, y, and z axes, respectively, and then take the reciprocals of these intercepts. If the
plane passes through the origin, in this situation we need to shift the origin to the

nearest lattice point on the parallel face.

Example 2.3.1. A plane which perpendicular to y-axis at y = 1 as shown in Fig-
ure 2.11(a). . Since the reciprocals of z, y and z intercepts are 0, 1, and 0 respectively,

the Miller indices of this plane is (0 1 0).

Example 2.3.2. In Figure 2.11(b), since the plane passes through the origin, we
shift the origin to the nearest lattice point on the parallel face. Then the reciprocals
of z-intercept, y-intercept and z-intercept are 0, —1, and 0 respectively. Therefore

the Miller indices of this plane are (0 1 0).

Example 2.3.3. The reciprocals of the x, y and z intercepts are 1, 1 and 1, respec-
tively for the plane shown in Figure 2.11(c). Therefore, the Miller indices of this
plane are (11 1).

Why are the crystal directions and planes important? They provide essential
information about the arrangement and symmetry of atoms within a crystal lattice,
which profoundly impacts the material’s properties and behavior. In our work, crystal
directions and planes plays an important role in the calculation of the corrosion

potential for a non-homogeneous material.

2.3.3.3 Relation between crystal coordinate and Cartesian coordinates

systems using a rotation matrix

The relation between crystal coordinates and Cartesian coordinate systems is essential
because it allows us to describe the position and orientation of crystallographic fea-
tures within a crystal in terms of familiar three-dimensional Cartesian coordinates.
This relationship is crucial for understanding and analyzing the crystal’s physical
properties and behavior.

Let D represent the original set of basis vectors for cubic crystal,

D = {[100], [010], [001]}.
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In a cubic crystal system, the basis vectors are perpendicular to each other. Now, let

us define a generalized set of vectors for a given crystal direction [h k []:
C={ij,[h k1}

where j can be found from the relation j = [h k1] x ¢, and we just need to set the
vector 2. This turns out to be easy for a cubic crystal system since the equation for

a dot product is straightforward. Thus, any vector that satisfies:
i-[hkl]=0 = dih+ik+il=0.

where i,, 7, and ¢, can be the components of the vector 7.
Now let us look at an example. Assume we have [1 1 1] coming out of the page

(defined as the zone axis of the crystal), h =1, k =1, [ = 1. Then we get:
Uy + iy +1, =0

Since there are two independent variables, we can choose i, = 0 for simplicity, thus
that the vector lies in the xy-plane (no component out of the plane). The simplest

choice is 7, = 1, and we get:
1+i,+0=0 = 4, =—1

This gives us 7 = [I — 1 0] (we neglect the normalizing factor), and

S
Ty oz
=1 1 1
1 -1 0
=29 2]
=11 -2

where z, 7 and 2 are the unit vectors. Hence the matrix which converts vectors from
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one basis to another is [26]:

Al=105k |,

1 111
= -1} 1]1
0 |-2]1

Now the question is how do we use this matrix? Let ngp be the outward unit
normal in the crystal coordinate system, and using the notation given in [4, 26], its

relationship to unit normal n in the Cartesian coordinate system is
ncp = A 'n. (2.48)
For our [1 1 1] example, we have

1 111 Ny
ncp=| -1 1 |1 Ny
0 |-211 n,
Ng + Ny + Ny

= | —Ng+ny+n,

—2n, +n,

Table 2.2 displays the relation between n and ncp. Hence A~! matrix is a transfor-

100]|[111]
010]|[112
001 | [111]

Table 2.2: The values of n and n¢p for a zone axis of [1 1 1] .
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mation matrix which can be calculated for any crystal orientation defined normal to
the plane of the given crystal. The 7 vector can be chosen in any crystalline direction,

therefore the crystal is rotated about [0 0 1] any way we wish.

2.3.4 Modeling approach of pitting corrosion

The computational models for pitting corrosion can be divided into two principal
categories based on how they compute the corrosion front: non-autonomous and
autonomous models. In non-autonomous models, numerical methods are used to
solve the transport equation separately for the motion of the corrosion front and the
evolution of the pit domain. On the other hand, autonomous models describe the
dissolution or transport mechanism together with the pit propagation. Since non-
autonomous models are a well-established framework and commercially used [18],
we have chosen the non-autonomous model for this thesis work. Particularly, non-
autonomous models use the FEM and track the evolution of pit growth using a moving
boundary technique. The velocity vector (2.47) is computed at each boundary node
for pit propagation.

The thesis does not focus on atomistic models for corrosion processes that study
chemical reactions in detail. Instead, we focus on a mathematical model and solve
the model using the adaptive moving mesh approach. If the reader is interested in
atomistic models or related matters, please refer to articles [23, 30, 31, 32].

Most researchers choose micrometer to millimeter length scales for better under-
standing the initial formation and propagation of corrosion pits. All simulations in

this thesis are computed at the micrometer scale.
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Chapter 3

Moving mesh simulation of pitting

COrrosion

Abstract

! Damages due to pitting corrosion of metals cost industry billions of dollars per year
and can put human lives at risk. The design and implementation of an adaptive
moving mesh method is provided for a moving boundary problem related to pitting
corrosion. The adaptive mesh is generated automatically by solving a mesh PDE
coupled to the nonlinear potential problem. The moving mesh approach is shown
to enable initial mesh generation, provide mesh recovery and is able to smoothly
tackle changing pit geometry. Materials with varying crystallography are considered.
Changing mesh topology due to the merging of pits is also handled. The evolution of
the pit shape, the pit depth and the pit width are computed and compared to existing
results in the literature.

Keywords: Pitting Corrosion, Adaptive Moving Mesh, MMPDE, FEM, Crystallog-
raphy
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3.1 Introduction

Corrosion is a deterioration or breakdown of a material due to chemical or electro-
chemical reactions. In particular, pitting corrosion is one of the most disastrous and
devastating localized forms of corrosion; generating a small pit, cavity or hole in the
metal. Pitting corrosion is difficult to identify, and can have a big impact on the
structural integrity of metal [47, 56]. The pit geometry depends on many factors
such as the components of the metal, the surface orientation, and the physical and
chemical environment at the time of attack [43]. Corrosion pits can have different
shapes [34] and with the ability to grow over time, failure of engineering structures
such as bridges, pipelines and nuclear power plants may result [9, 34, 39].

Computational modeling and simulations have been a tremendous asset in the
study of pitting corrosion over a wide range of conditions and materials. Determin-
ing the pitting behavior experimentally is time consuming, expensive and physically
difficult or impossible in many situations. Numerical simulations allow us to study
pitting under a wide range of conditions within a reasonable time.

In last few decades, several review papers that have focused on partial differential
equation (PDE) based models for pitting corrosion based on finite element or finite
volume methods [10, 11, 31, 32, 42, 44, 46, 50]. In 2019, an extensive overview of
the mathematical models for pitting corrosion based on the anodic reaction at the
corrosion front, the transportation of ions in the pits of the electrolyte domain and
the pit growth over time is provided in [26]. In many of these studies COMSOL® is
used to solve the PDE in the electrolyte domain and the corrosion front movement
and meshing is computed by the arbitrary Lagrangian-Eulerian (ALE) approach and
the level set method [11, 30]. In other studies, a 2D PDE model is solved with the
finite element method [13, 49] and the finite volume method [41, 42]. Pit growth
is determined by finite element methods and a level set approach in [49], and using
an extended finite element method (XFEM) and level set method in [13]. In 2020,
an ALE method is implemented to move the mesh at the pit boundary and analyze
the relationship between the corrosion behavior and the local corrosive environment

within a single pit [51].
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The previously mentioned FEM approaches relied on a complete remeshing of
the domain at every time step. An alternative technique, presented here, uses an
adaptive moving mesh method where the mesh size, shape and orientation of the
mesh elements are automatically and continuously varied for each time step, while
keeping the number of nodes and mesh topology fixed throughout the computation.

Continuous mesh movement approaches are divided into two main categories:
velocity-based approaches and location-based approaches. Most velocity-based ap-
proaches are motivated by the Lagrangian algorithm, where the mesh movement is
tightly associated with the fluid or material particle low. The Eulerian approach
has a fixed computational mesh and the continuum moves with respect to the mesh
nodes. The Eulerian and Lagrangian algorithms are commonly used in fluid dynamics
and structural material problems, respectively [12]. In general, Eulerian meshes avoid
mesh tangling and diffusive solutions, but the method can have difficulty adjusting to
sharp material interfaces. One of the advantages of the Lagrangian approach is that
the advective terms do not appear in the governing equations. Thus, the Lagrangian
methods are less diffusive compared to the Eulerian approach, while also maintaining
sharp material interfaces [22]. The ALE methods are velocity-based methods, which
provide a combination of Lagrangian and Eulerian approaches [14, 15, 29, 35, 37, 52].

The main goal of the location-based mesh movement approach is to directly control
the location of mesh points in particular regions of the computational domain. A typi-
cal location-based method is the variational approach, which relocates the mesh points
by movements that are based on minimizing a functional formulated to measure the
difficulty or the error in the numerical solution [22]. Other location-based algorithms
are based on elliptic PDE descriptions which can be used to generate boundary-fitted
meshes [48, 53], sometimes known as Winslow’s approach [54]. Winslow’s idea can be
generalized using a functional [6], which provides a combination of the mesh adap-
tivity, smoothness, and orthogonality conditions.

A number of articles consider mesh adaptation functionals including mechanical
models [23, 24, 25], vector fields [27], a weighted Jacobian matrix [28, 29], a matrix-

valued diffusion coefficient [8, 20], and the equidistribution and isotropy (or alignment
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conditions) presented in [16]. The moving mesh PDE (MMPDE) method that we use
has been developed by several authors [7, 19, 19, 20, 21, 38]. Therein, the mesh
movement is determined by a gradient flow equation, and the functional plays the
vital role.

To our knowledge, an adaptive moving mesh method, our method of choice, has
not been implemented for PDE-based modelling of pitting corrosion. In our moving
mesh method, the FEM provides the spatial discretization and our computational
framework is built upon the package MMPDElab by Huang [18]. MMPDEIab is a
general adaptive moving mesh finite element solver for time dependent PDEs based on
integration of the MMPDE. The solver uses an alternating mesh and physical solution
approach, and we used the solver to achieve an adaptive moving mesh which provides
sufficient mesh elements in and around the pit. We focus on the development of
an appropriate mesh density function which implicitly and automatically determines
an appropriate distribution of nodes as the pit evolves. Our paper provides: 1) a
proof of concept implementation of the moving mesh approach for pitting corrosion,
2) an adaptive solver for both single and multiple crystal directions, 3) the ability to
handle single and multiple pits, and 4) the ability to provide (provably) nonsingular
quality evolving meshes in an automatic way. The test material for demonstrating
these techniques is 316 stainless steel using the parameters provided in [11, 30]. This
paper is organized as follows. We discuss the preliminaries of the pitting corrosion
mechanism, the crystal orientation, the PDE-model, and an overview of the moving
mesh methodology in Section 3.2. The finite element method approach for the phys-
ical PDE, the choice of mesh density function and moving mesh parameters, initial
mesh generation, the boundary movement strategy, and the overall alternating solu-
tion approach are discussed in Section 3.3. Section 3.4 is devoted to our numerical

results and validation.
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3.2 Model problem

In this section we detail our prototype model problem and adaptive solution strategy
including the description of the domain, model PDEs and boundary conditions, the

necessary crystallography, and an overview of the moving mesh strategy.

3.2.1 PDE model equation

The transport of species in the solution can be modeled by the conservation of

mass [45, 55], which leads to the mathematical form

9c;

ot —— ~
v Flux in - Flux out Generation
Storage

where ¢ is time, ¢; is the concentration of the jth species, N; is the flux of the jth
species, and R; is the rate of species generation due to chemical reactions. The ionic
flux depends on the gradient of ion concentration, electro-migration and convection
(or flow in a liquid medium). For each individual species 7, the transport of the species

in the electrolyte is described by the Nernst-Planck equation as
Nj = —DjVC]' - ZjFUjCjVQD + G5V, (32)

where D is the diffusion coefficient of the jth species, u; is the mobility of the species,
z;j is the charge of the species, ¢ is the electric potential, F' is Faraday’s constant,
and v is the solvent velocity [2]. Equation (3.2) gives the flux of the species as a
combination of three contributing fluxes. The term —D;V¢; describes the diffusive
flux, the term —z;F'u;c;Vp gives the electro-migration flux and the term ¢;v is the
convection flux. Generally, the diffusion coefficient varies with the position of the
species but we assume the diffusion coefficient is constant in our model.

While equation (3.2) represents the complete coupled behavior observed in the
electrolyte domain during pitting corrosion, certain physically motivated assump-
tions are made in arriving at our simplified model: a) the absence of gradients in
the species concentration due to the rapid mixing of the electrolyte; b) the incom-

pressibility of the solvent; c¢) the zero net production of the reactants; and d) the
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electro-neutrality of the electrolyte solution. These assumptions simplify (3.1) to
the well-known Laplace equation. In this case, the electrolyte potential can be found

by solving (on the electrolyte domain, 2, shown in Figure 3.1)
I

V2 =01in Q, (3.3)

Iy Electrolyte Domain (£2) I's

with the following boundary conditions

Iy \? Iy
¢ =0onlY, r

V(,D -n=0on FQ, F3, F4, (34) Solid Domain

Vo -n= fa(p) on I’

Oc

P

Figure 3.1: The 2D computational

domain.

where Vp-n = g—ﬁ, n is the (outward) unit normal vector with respect to €2, i,(¢)
is the anodic current density, o. is the electrical conductivity of the electrolyte, I', is
the pit boundary, and I'y, I'y, I's and 'y are the top, left, right and bottom of the
. . . . . .. dp
domain (excluding the pit boundaries), respectively. The boundary condition 72 = 0
enforced on I'y, I'3 and I'y ensures there is no flow of ions across these boundaries.
We denote the horizontal and vertical co-ordinates of the electrolyte region in Figure

3.1 by x and y, respectively.
The current density is modelled by the Butler-Volmer relation

2F (Veorrtana) )

io(p) = 2F A - e< . : (3.5)

where « is the transfer coefficient, z is the average charge number for the dissolving
metal, Ag is the material dissolution affinity, 7" is the temperature and R is the
universal gas constant [3].

The Butler-Volmer relation is used to describe the experimental data as a function

of the applied over-potential

Na = Vapp - ‘/corr — ¥,
where V,,, and V,,,, are the applied and the corrosion potentials, respectively [42].
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Parameter : Description Value
z Average charge number for the metal 2.19
F : Faraday’s constant 96485 C/mol
R Universal gas constant 8.315 J/(mol K)
T : Temperature 298.15 K
Vieorr : Mean corrosion potential (homogeneous) -0.24 V
Vapp . Applied potential -0.14 V
Adiss : Dissolution affinity 4 mol/cm?s
Cosolid : Solid concentration 143 mol/1
At . Time step size 1

Table 3.1: List of parameters used in the corrosion model.

As the metal corrodes, the pit boundary moves as the pit becomes larger. In our
model the new position of corrosion front, X,., is computed from the old position,

Xowa, by a simple time stepping procedure
Xnew = Xod + Atvnn>

where V,, is the magnitude of normal velocity. The magnitude of normal velocity at
the corrosion interface (or the movement of the corrosion front) is described using

Faraday’s law
Vn — Za(gp) ’
ZFCsolid

(3.6)

where c,.i4 is the atomic mass concentration of the metal and z is the average charge

number for the metal. Table 3.1 gives a list of parameters.

3.2.2 Crystal orientation and corrosion potential

The corrosion potential is the mathematical link between the etching effects of the
electrolyte and the material undergoing pitting. This potential term is present in the

Butler-Volmer equation (3.5) and is an important parameter governing the velocity
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of the sides of the pit during corrosion. If the electrolyte etches the material homo-
geneously in all directions then the crystal structure is not a variable in the modeling
and only one number is required for V,,,... However, if the material is crystalline then
the corrosion potential may vary dependent on the particular crystallographic surface
exposed to the electrolyte. Hence, a connection between the Cartesian (x,y,0) ge-
ometry used for defining the computational domains as presented in Figure 3.1 and
the directions in the crystal, is needed. In general, these two geometries will not
align since crystals can be rotated to lie along an infinite number of directions and
a transformation will be required to relate the two coordinate systems. Letting ngp
represent the outward unit normal in the crystal coordinate system, and using the

notation given in [5, 40], its relationship to n is
Nep = A_ln. (37)

The matrix A~! is defined by

A7 =11iljlk |, (3.8)

where i, j and k are orthogonal unit column vectors in Cartesian space. k is chosen
as the desired zone axis of the crystal and i is chosen as the direction perpendicular
to k which will be oriented along the x axis in the computational domain. Thus,
the crystal can be rotated in any direction about the zone axis offering maximum
flexibility in the problems that can be studied. The third unit vector, j, is found

using the perpendicularity property of vector cross products
j=kxi

In order to better see how to form the A~! matrix, two examples will be presented.
First, select a crystal orientation where the zone axis is aligned along k = [001]. Next,
choose the i = [100] direction to be along the x computational domain direction.

Performing the j = k x i cross product, it is found that j = [010]. Hence, the
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transformation matrix is
1 00

Agi=1010

0 01
In this case, the transformation matrix is the identity matrix and the crystal coordi-
nate system is the same as the computational domain coordinate system, ie. ncp = n.
For the second example, choose the zone axis to be along the [101] direction and the
[101] crystal direction to be along the x computational domain direction. This leads

to j = [010]. After normalizing the vectors, the transformation matrix in this case is

=1 g L
V2 V2
Ab=10 1 0
1 1
07

The next step is to define a corrosion potential for each crystallographic direc-
tion. Unfortunately, experimental data giving the corrosion potential as a function of
crystallographic surface is usually not available, hence we will adopt a similar form

of semi-empirical potential for 316 stainless steel

Veorr =k —s [1 - (<001> ’ nCD) (39)

max] )

where k = —0.2297 and s = 0.054 gives a 10% difference between the maximum and
minimum V., values, that is between the [001] and [111] crystal planes as used by
DeGiorgi et al. in [30]. We write ((001) - n¢p),.., rather than [001] - ncp as used
in [30]. In our case, (001) represents any one of the six cryptographically equivalent
[001], [100], [010], [010], [001], [001] directions that maximizes the dot product with
the crystal direction normal vector. Maximizing this dot product minimizes the angle
between the normal vector and the particular (001) vector so that an equivalent result
to the standard stereographic triangle is obtained. Figure 3.2 is an example of this
procedure is provided in where a single crystal has been oriented along the [001]
zone axis. The semicircle represents the pit boundary, the black lines and arrows the
outward pit normal vectors, and the heavy blue line is the value of V., as a function

of position along the edge of the pit. Highlighted by the three colours are sections
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along the pit boundary that have a different (001) vector for use in equation (3.9).
These vectors are presented in blue text and are [001], [010] and [100] for the right,

centre and left sections of the pit, respectively.

V

n o 1w o
- N N 0 M
S A S

Q

Orl

3

[100] [100]

[100] 7\ [100]

y[010]

Figure 3.2: A plot of V,,,.. as a function of location around the pit boundary. The
blue, green and yellow sections of the pit edge require different < 001 > vectors for

use in equation (3.9).

3.2.3 Overview of the moving mesh strategy

The basic idea of the moving mesh method is to automatically redistribute a fixed
number of nodes where additional accuracy is required. The mesh moves or evolves
automatically as the solution or domain evolves and is obtained by solving a MMPDE.
This MMPDE depends on a mesh density or monitor function, which is large where
the mesh density is needed to be large. The mesh density function is often chosen
to depend on variations or errors in the solution of the physical PDE or is chosen by
geometrical considerations (as in this paper).

In 1D, the equidistribution principle (EP) is used to derive the moving mesh

system. The EP uses a mesh density function p = p(x) > 0 which is to be dis-
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tributed evenly among the mesh elements in the domain. Given an integer N > 1,
the continuous and bounded function p on [a,b] is evenly distributed on the mesh
Th=a=xg<11<--<xNy=0,if
1 @ zN
/ p(z)dr = / plx)dr =--- = / p(z)dzx. (3.10)
0 @1 TN_1
A mesh 7, is called an equidistributing mesh if the mesh satisfies the equidistribution
principle.

The physical problem is assumed to require a non-uniform z-coordinate, x € €.
This physical coordinate, x, is a mapping of the computational -coordinate where
€€ Q. =10,1], and 2(0) = a and x(1) = b, if Q = [a,b]. We attempt to generate
a physical mesh 7, using a mesh transformation z = (&) : Q. — Q and a uniform
mesh in the &-coordinate

&=~ i=01....N

The equidistribution principle (3.10) can then be written as

T . b
1 ~ - Z ~ ~
| ptaria = [ o
:%a,i:QL“wM

where o = f; p(Z)dz. The function [ p(Z)dz is strictly monotonically increasing if
p > 0, therefore each x; is unique. Here o and %0' are the total error and average
error in the approximating solution, respectively.

Using the mesh transformation we have

(&)
/ p(2)dr =&o, i=0,1,...,N,

and the continuous version is given by

z(§)
/ p(2)dzr =¢o, VE € Q.. (3.11)

The continuous mapping x = z(§) is called a equidistributing coordinate transfor-
mation for p if it satisfies relation (3.11). Differentiating (3.11) with respect to £
gives

p(:v)j—z =o0. (3.12)

70



Equation (3.12) indicates that ‘Cil—z” is small when p is large. Again, differentiating with

respect to £ gives
d d

with the boundary conditions
z(0)=a, xz(1)=0. (3.14)

This is a nonlinear boundary value problem (BVP) for the required mesh transforma-
tion and physical mesh. The mesh and physical solution on that mesh is determined
by solving this BVP and the physical PDE as a coupled system.

In higher dimensions, in order to describe the equidistribution and alignment
conditions at the discrete level, we consider a mesh 7, of N triangular elements with
N, vertices in the physical domain 2 € R? (d > 1). Furthermore, we consider an
invertible affine mapping Fp : K — K and its Jacobian matrix, Fj, where K is the
reference or master element for a physical element K in 7,. Assume that a metric
tensor (or a monitor function) Ml = M(x) is given on §2 which determines the shape,
size and orientation of mesh elements of the domain 2. Generally, a mesh is uniform
if all of its elements have the same size and is similar to a reference element . So,
the main idea of the MMPDE method is to view any adaptive mesh 7, as a uniform
mesh in the metric M.

The requirements of the equidistribution and alignment in higher dimensions can
be expressed mathematically at the discrete level [22] as

K| \/det(My) = T- VK € T,
and

1 / / / / 1
~tr((Fl) M Fle) = det((Fio) M Fie) .k € T,

where |K| is the volume of K and 0 =} |K[\/det(My).

A standard choice bases the metric tensor Ml on the approximate Hessian of the
solution. This choice of M is known to be optimal with respect to the Lo norm of
the linear interpolation error [17]. Here we focus on the evolution of the pit geometry

and choose M through geometrical considerations (see Section 3.3.2).
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A discrete functional associated with the equidistribution and alignment condi-
tions is given by

1] = 3 KIVaet (M) [0 ((mls"))

KeTy

dy
2

det(J)

+(1—29)d%”< det(MK)ﬂ’ (3.15)

where J = (Fj)~!. Minimizing this functional I[7;,] approximately satisfies the equidis-
tribution and alignment conditions [16]. The value of the parameters 6 = %, and v = %
are used for our numerical experiments.

The MMPDE moving mesh equation can then be defined as the (modified) gra-

dient system (or gradient flow equation) for the energy functional, i.e.,
dx; . P o1 [771]
dat T 0x;

i=1,2,... Ny, t€ (tntnll (3.16)

where P, = det(Mi)ﬁ is a scalar function used to ensure the mesh equation has
invariance properties and 7 is a positive parameter used to adjust the response time

of mesh movement to the change in M. A smaller value of 7 provides a faster response.

3.3 The numerical implementation

This section describes the details of the adaptive MMPDE strategy used to solve the
PDE pitting corrosion model using a customized version of MMPDELab [18].

3.3.1 Discretization of the physical PDE

MMPDEIlab requires the user to specify the physical PDE in weak form, where the
strong form of our model problem is given in equations (3.3) and (3.4). Let V be the

trial space, chosen in this case as
V={ve H Q) :v=00nT,} C H(Q()),

where H'(Q(t)) is, roughly speaking, the function space whose members, and their
first derivatives, are square integrable (see, for example, [1] for details). At any time

t the weak form is constructed as follows: find ¢ € V such that

/ Vgo-Vde:/ o wev, (3.17)
Q) ry(0)

Oc
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where I')(t) is the boundary of the pit at time ¢. Here V}, denotes a finite dimen-
sional subspace of V' spanned by a collection of finitely many basis functions (often
associated with a mesh). We discretize the weak form (3.17) to find a solution in the
discrete trial space. The discrete FEM solution is then found by finding ¢, € V}, C V,
such that
_ i(n)
Ve, - Vu,dQ) = ——wvpds, Yu, € V. (3.18)
Q(t)

ry(t) e
We can solve the discrete variational problem (3.18) in the following way. First,

introduce {gb] }jvzl as a basis for V,, and V. Let ¢, € V), be a linear combination of

the basis functions ¢;,j = 1,2,..., N, with coefficients ¢, given by

N
on=Y_ &0 (3.19)
j=1

Considering v = ¢, for k =1,2,..., N, and using relation (3.19) gives

N N
Z@j/ﬂv%-vﬂdﬂ—%/r i(Zgqubj)qﬁkds:O, k=1,2,...,N.
Jj=1 cJlp j=1

For each time, ¢, this is a system of non-linear equations which is solved using New-

ton’s method.

3.3.2 The choice of the mesh density function

The appropriate specification of the mesh density tensor is crucial — it controls how
the mesh automatically adapts to the changing solution features.

As mentioned, for problems with fixed domain boundaries, the Hessian based
monitor function is an often used, general purpose, driver of the adaptive mesh.
Here, however, we wish to ensure sufficient resolution of the pit geometry. To ensure
a sufficient number of elements in the evolving pit and near the pit boundary, we use

a modified version of MacKenzie’s distance-based monitor function

H1
Mg(z,y) = |1+ —/—m— | {, 3.20
x(2.y) ( WH) (3.20)

where

d(w,y) = min [(z,y) — (25, 5,)],
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and (z,,y,) denotes any point on the boundary of the pit, 'y, cf. [4]. At any point
(x,y) € Q the value of the monitor function involves the minimum distance, measured
in the two-norm || - ||, from (z, y) to any point on the pit boundary. The reciprocal of
M indicates that M will be largest in (z,y) regions where the distance to the pit
boundary is the smallest, and hence the mesh spacing will be automatically smaller
in these regions. The parameter p; controls the minimum mesh spacing whereas s
(and 7) will control the rate at which mesh clustering occurs during the integration
of the MMPDE [33].

To understand the effect of the p; and ps parameters we consider a simple exper-
iment, simulating the evolution of a single pit in a homogeneous material. A quality
initial mesh, generated using the process outlined in Section 3.3.3 is used for this
experiment.

We begin by fixing us, at s = 1, and consider the effect of increasing 1. The
plots on the left of each row in Figure 3.3 show a representative mesh density function
(computed at ¢t = 2s), while the computed mesh after ¢ = 120s is shown on the
right. The results show that increasing p; leads to a monitor function which is
(relatively) larger near the pit boundary and hence gives smaller grid spacings near
the pit boundary. The value p; = 100 provides a balance between increased mesh
density near the pit boundary and sufficient resolution throughout the rest of the
computational domain.

Mackenzie [33] reports that increasing js reduces the spatial extent of node clus-
tering near the pit boundary. To explore this we fix y; = 100 and vary ps, recording
representative mesh density function values and the final mesh obtained for the pro-
pogation of a homogeneous pit is shown in Figure 3.4. The figure shows that increasing
t2 to 20 is better able to keep the mesh focused on the feature of interest (the pit

boundary in this case), consistent with the general findings in [33].

3.3.3 Initial mesh generation

The numerical simulations in this paper require an initial pit geometry and an initial

spatial grid. With a prescription of the spatial domain many software platforms
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Figure 3.3: Effect of yuy on the mesh at ¢ = 120 s for the simulation of a pit in a

homogeneous material with the monitor function (3.20) and uy = 1.

provide tools known as mesh generators for this purpose, for example initmesh in
Matlab or the mesh node in COMSOL. These tools require a description of the
domain boundary and then generate a mesh subject to constraints on the mesh size

(or number of nodes) and aspect ratios of the mesh elements.
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Figure 3.4: Effect of us on the mesh at ¢ = 120 s during the simulation of a pit in a

homogeneous material with the monitor function (3.20) and using p; = 100.

In most cases the solutions found on the initial meshes generated by these ap-
proaches will not be optimal — for example, there is no guarantee that the error
in the numerical solution will be minimized. There are alternatives for initial mesh

generation that involve the MMPDE approach considered in this paper, and hence
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are consistent with the technique used for all subsequent time steps.

One technique for initial mesh tuning begins by using the simple mesh generators
mentioned above to find a (nearly) uniform mesh. The physical problem defined by
equations (3.3) and (3.4) is then solved on this mesh to give an initial potential.
Using this initial potential and its associated mesh density function Mg, the gradient
flow equation (3.16) can be solved to a steady state (alternating its solution with
physical solves). The result is a mesh which minimizes the discrete functional (3.15),
equidistributing the initial potential over the initial computational domain. Should
a more sophisticated non-uniform mesh generator be available, then an initial non—
uniform mesh can be smoothed in the same manner. In practice, equation (3.16) may
not solved to a steady state. Instead, equation (3.16) can be integrated for a specified
number of time steps, or can be integrated until a specified difference between two
meshes is found. We will call this mesh smoothing. The number of steps required
to reach a suitable approximation of the steady state is a function of the physical
solution, the number of mesh nodes, and the mesh density parameters. This idea
of using the MMPDE to tune the initial mesh has the added benefit of giving a
mesh which has the same properties as all subsequent meshes, while using the same
code base as the rest of the simulation. We note that this process can also be used
to provide small scale mesh smoothing during the solution of the moving boundary
problem. This is particularly useful should the pit boundary movement be large or if
the pit boundary movement induces a discontinuous change in the geometry (during
pit merging for example).

In Figure 3.5 we show the evolution of the pit geometry in a homogeneous material.
The moving mesh method is implemented with the monitor function (3.20) starting
from the initial uniform mesh shown in Figure 3.5a. The non-uniform mesh resulting
from the solution of the gradient flow equation, shown in Figure 3.5¢, has successfully
concentrated the mesh elements in the initial pit and near the initial pit boundary.
The convergence to a steady state solution of the gradient flow equation is shown in
Figure 3.5b. This resulting non-uniform mesh is now an appropriate initial mesh to

use to evolve the pitting corrosion problem forward in time. It is important to stress
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that no hand-tuning of the initial mesh is necessary, it is generated automatically
during the smoothing process based on the characteristics of the chosen mesh density
function. The final mesh after t = 60 s is given in Figure 3.5d.

Presented in Figure 3.6a is the non-uniform initial mesh generated with the Mat-
lab function initmesh where 45 nodes are located on the pit boundary. In order
to optimize this mesh, smoothing steps were performed and the sum of the absolute
differences in position of the nodes between subsequent smoothing iterations is dis-
played in Figure 3.6b. The motion of the nodes decreases with iteration number and
after 17 iterations the absolute difference is down to 1072, The optimized mesh is
shown in Figure 3.6¢ and significant differences in the locations of the nodes both
inside and outside the pit are observed. Note that this smoothing operation only
needs to be performed once since the results can be saved and used as the starting
mesh in subsequent experiments. The computational mesh after the pit has evolved
for 60 s is presented in Figure 3.6d and it is observed that node spacing within the
pit remains very good.

The results in Figures 3.5 and 3.6 show that the MMPDE approach is robust with
respect to the initial grid, continuously evolving the mesh according to changing do-
main and solution features. Even with a uniform initial mesh, the MMPDE approach
does quite well, automatically recovering the requested increased mesh density near
the pit boundary. We do notice, however, some additional stretching of the nodes in
this case as compared to the simulation which starts from an improved non-uniform
initial mesh. The stretching of the mesh can be reduced through the use of monitor
functions designed to control the shape of the elements.

The relatively small scale mesh smoothing is particularly useful should the pit
boundary movement be large or if the pit boundary movement induces a discontinuous
change in the geometry (during pit merging for example). We will see this in Section

3.4.
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Figure 3.5: (a) Uniform initial mesh, (b) convergence of the mesh smoothing process
(c), initial mesh after mesh smoothing, and (d) the mesh after 60 s using the monitor

function (3.20).

3.3.4 Effect of 7 on the moving mesh

At the end of Section 2.3 we mentioned the MMPDE (relaxation) parameter 7 and
here we demonstrate the effect of 7 on the moving mesh. Instead of forcing exact
equidistribution each time ¢, we relax the condition and require equidistribution at
time t+7. Hence, the smaller the size of 7 the quicker the mesh will react to changing
features in the solution. To demonstrate this effect, we start from a uniform initial
grid and show the resulting meshes after ¢ = 60 s using three values of 7, as shown

in Figure 3.7. We observe a greater concentration of nodes near the pit boundary for
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Figure 3.6: (a) A nonuniform initial mesh, (b) the effect of mesh smoothing on the
positions of the nodes, (c) the mesh after smoothing, and (d) the mesh a ¢ = 60 s

using the monitor function (3.20).

smaller values of 7. Larger values of 7 lead to stretched elements; the mesh is not able
to keep up with the changing computational domain. This relaxation does come at a
cost, however, as smaller values of 7 require more time steps for the integration of the
MMPDE. In practice, one should select 7 in tandem with mesh density parameters,
choosing the largest value of 7 which allows a balance of computational cost and mesh

quality.
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(a) Using 7 = 1072. (b) Using 7 = 10~%. (c) Using 7 = 1076,

Figure 3.7: Effect of 7 on the mesh after 120 s with the monitor function (3.20) using
p1 = 100 and po = 1.

3.3.5 Alternating mesh and physical PDE iteration

There are two approaches that can be used to solve the coupled physical PDE and
mesh equation: a simultaneous or an alternating approach. In a simultaneous ap-
proach, the discrete physical PDE and the discrete mesh equation provide a fully
coupled system for both the mesh and solution unknowns, as shown in Figure 3.8a.
The disadvantage of this approach is the highly nonlinear coupling between the phys-

ical solution and the mesh, resulting in a potentially difficult, large discrete system.

X", 9" |Adaptive Mesh Generatofx" ", ¢

PDE Solver

(a) The simultaneous solution approach.

+1 n+1
Adaptive Mesh x" v

=3 ? > PDE Solver
Generator

time stepping

(b) The alternating solution approach.

Figure 3.8: The (a) simultaneous and (b) alternating approaches to solve the coupled

corrosion model and mesh PDE.
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On the other hand, the alternating solution approach generates the mesh x"*! at
a new time step using the physical solution ¢™ and the mesh x™ at the current time.

Then the solution ¢!

at the new time level is computed, as shown in Figure 3.8b.
In this approach, there may be a lag between the solution and the mesh. Generally,
this does not create any difficulties if the time step is reasonably small. The main
advantages of the alternating approach are: (i) the mesh generation code is not di-
rectly coupled to the physical PDE solve thereby increasing flexibility and reusability
of code, (ii) the mesh PDE and physical PDE solvers can be developed and optimized

in a modular way, and hence (iii) the individual mesh and physical PDE solvers are

more efficient. MMPDEIlab uses this alternating approach.

3.3.6 Solution of the moving boundary value problem

The flowchart in Figure 3.9 outlines the implementation of our computational pitting
corrosion model using MMPDEIab framework. The first two steps are the same as
the alternating step approach given in Figure 3.8b. The pit boundary is then moved
based on the new positions of the adaptive mesh, followed by the movement of the

corners of the pit. These last steps are detailed in the following section.

n n+1
» ¥ s Adaptive x s) PDE Solver et Corner Pit

Mesh Movement Movement

h

Pit Boundary

h

time stepping

Figure 3.9: Flow chart for the physical PDE solve, the mesh PDE solve, and the pit

boundary movement.

3.3.7 Detalils of the pit boundary movement

To get the new position of the pit we have to specify a direction and magnitude of
movement for each node on the boundary of the pit and the appropriate movement

for each corner of the pit. A pit corner is a vertex which is part of the pit boundary
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and has a y—coordinate of zero.

As shown in Figure 3.10, a face normal is the outward pointing vector perpendic-
ular to an edge or segment joining vertices. Taking the average of two face normals
on adjacent edges gives us the vertex normal for the vertex between those edges. The

vertex normals give the direction of movement for the pit boundary.

—

® 2
N

.

Face *,

VTN £ Sa @
normal e~

Figure 3.10: Definitions of face and vertex normals.

As mentioned in Section 2.1, the magnitude of the normal velocity of each vertex

on the boundary of the pit is given by (3.6), which we may write as

1 (ZF(VcorrJr@(Vapp*Vcorrfiﬂ))>
RT
Vo= : Adiss - €

Csolid

(3.21)

Once the vertices on the pit boundary are moved, the location of the corner nodes for
the pit are updated using the following procedure. A linear extrapolation of the edge
joining the two vertices that are closest to the corner and lie on the pit boundary is
computed. The new corner location is given by the intersection of this line and y = 0,
as necessary.

There are two situations which may arise as shown in Figure 3.11. If the new
corner is close to the old corner (Figure 3.11a), then no further changes are required.
If the new corner is not close to the old corner (Figure 3.11b) then the old corner is
moved into the pit using the same extrapolation line. The idea here is to support
large movements of the pit boundary by moving grid points along y = 0 into the pit

boundary.

3.3.8 Merging pits

As multiple pits evolve, two pits may merge and form a single, larger pit. We visualize

the pit merging procedure in Figure 3.13. The merging process is initiated (Figure
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(a) New corner remains on y = 0. (b) Corner node movement onto the pit

boundary.

Figure 3.11: Updating the corner position: (a) the corner is moved to its new location

along y = 0 or (b) the (old) corner is moved onto the boundary of the pit.

3.13a) when there is a single edge between two pits that is less than the user prescribed
tolerance. The left and right endpoints of that edge are tagged with red and black,
respectively. In Figure 3.13b these two points merge to a single point. In order to
avoid changing the number of mesh nodes and mesh topology, either the black or the
red node in Figure 3.13a has to move into the pit boundary either on the left or the
right side of the apex. For example, the black and red nodes can merge, creating a
new red node (see Figure 3.13b), and the black node will move half-way between the
red and green nodes. Alternately, the black and red node merge, creating a new black
node and the red node moves half-way between the red node and green node (not
shown). We choose the vertex corresponding to the larger angle in the element whose
bottom edge is the single edge between the pits, see Figure 3.12. Once the merge has
occurred, a mesh smoothing procedure is used to obtain the mesh shown in Figure
3.13c. We can see that the mesh smoothing has evened out the size and shape of the

elements to the right of the red apex node.

—
V)
—
V)
—
V)

(a) (b) ()

Figure 3.12: Three possible element orientations between the pits at the time of a

merge
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(a) A pit merge is initiated. (b) A merge with no mesh (¢) Post merge mesh

topology change. smoothing.

Figure 3.13: The pit merging process.

For each time step after the merge the location of the apex is obtained as the
intersection point of the linear extrapolations of the second last edges to the left and

right of the apex.

3.4 Numerical results

Based on the simple experiments in Section 3, throughout this numerical results
section a constant value of 7 = 107° is used in the MMPDE, and the constants
w1 = 100 and pp = 1 are used as default values for the mesh density function (3.20).

The initial number of mesh points inside the pit is set to 61.

3.4.1 Single pit simulations

We begin by using our computational framework to compare the evolution of a single
pit in three cases: a homogeneous solid material (without a crystal direction), a solid
material with a specified crystal direction, and a solid material with a discontinuity
in the crystal direction. All simulations use an initial mesh constructed by smoothing
the non-uniform mesh generated using initmesh as discussed in Section 3.3.
Figures 3.14a 3.14b, 3.14c and 3.14d show the final pit geometry and final meshes
for a homogeneous material, a material with crystal direction [001], a material with

crystal direction [101], and a material with a discontinuity in crystal directions, [001]
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to the left of x = 0 and [101] to the right of = = 0.

It is observed in Figure 3.14a that the final shape of the homogeneous pit is the
same as the initial pit since the chosen V.., is a constant value of —0.24 V, that is,
the same in every direction within the pit. Hence, from equation (3.21) the normal
velocity at all locations within the pit will be equal. The situation is not the same
for pits with a crystalline structure since V,,,.. will vary with crystal direction. For
example, for crystal directions of the forms (001), (011) and (111), V., will have
values of -0.2297 V, -0.2455 V, and -0.2525 V, respectively. Again from equation
(3.21), we see that the normal velocity is greater for lower magnitude V,,,.. values;
that is, V,, (111) < V, (011) < V,, (001). The effect of this V... dependent velocity
is displayed in Figure 3.14b where we observe that the sides of the pit have become
straight and angled 90 degrees with one another (when axes are equally scaled). This
behaviour is expected. As shown in Figure 3.2, for a crystal oriented with a zone
axis along [001], (001) directions are located along the horizontal and vertical axes
and (011) directions midway in between. Thus, we expect that the [100] and [010]
directions will move faster than the [110] direction. As the faster locations on the
pit boundary move, their orientation will change and eventually become the same
direction as the slowest moving axis, in this case [110]. For all future times, the sides
of the pit will move outward perpendicular to these two lines while maintaining the
same angular relationship. We observe the same effect in Figure 3.14c where the
crystal has been oriented along a zone axis of [101]. In this case, the slowest moving
directions are along (111) and the angle between the [111] and [111] planes agrees
with the expected value of 70.5 degrees. Figure 3.14d displays the final pit shape
where there is a discontinuity in the crystal directions and the left and right sides
of the crystal were oriented along zone axes of [001] and [101], respectively. The left
and right sides of the pit are straight lines moving along [110] and [111] directions,

respectively.
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Figure 3.14: Pit configurations and meshes at ¢ = 120 s for a) a homogeneous material,
b) a single crystal oriented with a zone axis along [001], ¢) a single crystal oriented
with a zone axis along [101], and d) a crystal with an interface at = 0; the crystal

directions to the left and right of x = 0 are [001] and [101], respectively.

3.4.2 Multiple pit simulations

As mentioned previously, if multiple pits exist in a material and the pits grow large
enough, there is the potential that the pits will merge during the simulation. The
imminent merge needs to be detected, the boundaries of each of the previously isolated

pits need to be updated in a way which avoids boundary crossing, and the mesh
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around merge location needs to be adjusted smoothly and without topology changes.
Once complete the merged pit is then treated as one larger pit, and the evolution
continues. See Section 3.3.8 for details.

To demonstrate the robustness of our adaptive simulation framework for the evolu-
tion of multiple pits we start with two pits relatively close together in a homogeneous
material, as shown in plot Figure 3.15a. A quality initial mesh which concentrates
nodes near the boundary of both pits is generated as discussed in Section 3.3.3. As
the corrosion continues the pits grow, and hence grow closer together. The pits then
merge and continue to evolve as shown in Figure 3.15b. Figure 3.15¢ provides the
result of a similar simulation with a material oriented in the [101] crystal direction.
The crystal direction clearly affects the geometry of the merged pit. Figure 3.15d
shows the resulting pit geometry and associated mesh for merged pits in a material
with two crystal directions, where the discontinuity in crystal direction is located at
r=0.

We now more closely study the pit depth and width as a function of time for a
single homogeneous pit, a single crystal oriented with a zone axis along [001], and two
crystals with an interface at x = 0 where the left and right crystals are oriented along
[001] and [101] zone axes, respectively. Recall, the initial and final pit configurations
for these three situations are displayed in Figures 3.14a, 3.14b and 3.14d, respectively.
Plotting pit depth and width as a function of time leads to nonlinear curves as shown
in Figures 3.16a and 3.16b. It has been common practice to fit corrosion loss curves
using a power-law equation and for the initial stages of corrosion it seems to work well,
see [36]. Since the loss of material due to corrosion is a function of the dimensions
of the pit, it is expected that the same power-law behaviour should hold for our pit

depth and width data. The model we use is

depth(t) (or) width(t) = at® + ¢,

where a, b and c are fitting parameters and the initial pit is defined when t = 1.
The curve fits were excellent and the fitting parameters found are presented in Table

2. The initial pit width and depth were 10 microns and 5 microns, respectively, and
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a single crystal direction [101] at ¢ =120 s. two crystal directions, [001] if z < 0 and [101]
if x>0, at t = 120 s.

Figure 3.15: Pit evolution and adaptive mesh generation for merging multiple pits

for three material configurations.

these values are close to the value of a + ¢; the initial dimension of the pit predicted
from the fitting procedure. It is reassuring to note that the modelled pitting corrosion
behaviour follows an expression used to fit experimental corrosion losses.

Figure 3.17 displays the pit depths and pit widths for various initial numbers of
mesh points using both the moving mesh approach and the re-meshing technique at
each time step. For a lower number of initial mesh points (i.e., INPPit = 31) on the

pit, do not match the pit depth and width obtained by using the remeshing technique
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Figure 3.16: Pit-depths and widths for homogeneous and non-homogeneous crystals.

Width Depth
Case
a b c a b c
Homogeneous | 0.142(2) 0.980(3) 9.83(2) | 0.076(1) 0.917(3) 4.95(1)
[001] 0.243(8) 0.907(6) 9.62(5) | 0.116(3) 0.886(4) 4.89(2)
[001]/[101] 0.181(5) 0.927(6) 9.74(4) | 0.121(3) 0.877(6) 4.89(2)

Table 3.2: Power-law model fitting parameters for the 6 curves presented in Fig-

ure 3.16. The numbers in brackets represent uncertainty in the last significant digit.

at every time step as time increases. However, with more than 50 initial mesh points
on the pit, the pit depths and pit widths for both approaches converge to the same
solution. Thus, we can conclude that the adaptive moving mesh approach provides a
reasonable solution accuracy by delivering precise pit depth and width measurements.

Figure 3.17 shows the numerical error in pit depths and widths when comparing
the remeshing technique with the adaptive moving mesh approach for various initial
numbers of mesh points on the pit. The absolute error is calculated by comparing the

remeshing solution with the moving mesh solution at every step. For a lower number
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Figure 3.18: The numerical error for pit depths and widths for various initial numbers

of mesh points on the pit.

of initial mesh points (i.e., INPPit = 31) on the pit, the error increases over time.
However, with more than 50 initial mesh points on the pit, the error becomes bounded.
Certainly, the adaptive moving mesh is able to provide a reasonable solution, as shown
in Figure 3.17. These numerical results ensure that the adaptive moving mesh is a

suitable choice for solving the moving boundary problem related to pitting corrosion.
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3.5 Conclusion

We have presented a robust, fully automatic, moving mesh solution framework for
pitting corrosion. The moving mesh approach continuously and smoothly evolves a
fixed mesh topology according to changing pit geometry. Single and multiple pits
are considered, as are materials with different crystal direction(s). A procedure is
presented which allows pits to merge without a change in mesh topology, allowing
computation to proceed without restarting the computation.

The simulation of large pit growth or the initiation of many pits would likely
benefit from an hr-refinement strategy (which both redistributes nodes as we have
presented here but also allows periodic changes to the number of mesh nodes) cou-
pled with a domain decomposition approach to allow the problem to be spatially
partitioned and the computation distributed to harness additional processors. This
will be the subject of future work. Current work includes extending the computa-
tional framework to allow for more heterogenous materials, with corrosive resistant

“pockets” or holes or voids.
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Chapter 4

A moving mesh simulation for
pitting corrosion of heterogeneous

materials

Abstract

! The design and implementation of an adaptive moving mesh method is provided for
the simulation of pitting corrosion for materials with heterogeneous inclusions. The
adaptive mesh is generated automatically by solving a mesh PDE coupled to a non-
linear potential problem. The moving mesh approach is able to smoothly tackle the
changing pit geometry associated with materials with inclusions of varying crystallog-
raphy, with corrosion-resistant inclusions, and material voids. This project presented
a robust, fully automatic, moving mesh solution framework for pitting corrosion in
materials with heterogeneous inclusions.

Keywords: Pitting Corrosion, Adaptive Moving Mesh, MMPDE, FEM, Crystallog-
raphy, Heterogeneous Materials, Corrosion-resistant Inclusions.
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4.1 Introduction

Pitting corrosion is a particularly insidious, localized form of corrosion which gener-
ates a small pit, cavity or hole in the metal. Detecting pitting corrosion is difficult,
and hence can impact the structural integrity of metal before it is observed [49, 58].
The shape and size of the pits depend on many factors: the components of the metal,
the orientation of metal’s surface, and the local chemical environment [46].

Researchers have studied pitting initiation behavior of different metals including
stainless steel [12, 34, 42|, beryllium [12], pure aluminum and aluminum alloys [27,
31, 45, 51, 57]. Davis [7] has shown the behavior of metastable pitting corrosion of
aluminum single crystals.

Determining the pitting behavior experimentally is time consuming, expensive and
physically difficult or impossible in many situations. Hence, numerical simulations
have been used to efficiently study pitting corrosion under a wide range of conditions.

Recently, [8, 9, 11, 32, 33, 35, 43, 44, 44, 47, 48, 52, 53, 54] have provided FEM
or finite volume solution approaches for partial differential equation (PDE) based
models for pitting corrosion. An extensive overview [25] discusses models based on
the anodic reaction at the corrosion front and the transportation of ions in the pits
of the electrolyte domain. In many of these previous studies the commerical software
COMSOL® is used to solve the PDE in the electrolyte domain.

Most of the previously mentioned FEM approaches relied on a complete remeshing
of the domain at every time step provided by the arbitrary Lagrangian-Eulerian (ALE)
approach. Here we provide an alternative approach which uses an adaptive moving
mesh method, automatically and continuously varying the size, shape and orientation
of the mesh elements during each time step while keeping the number of nodes and
mesh topology fixed throughout the computation. As a result, the moving mesh
method is also able to resolve pits which may evolve on length scales that are much
smaller than the computational domain.

Continuous mesh movement approaches are often divided into two main categories:
velocity-based approaches and location-based approaches. Most velocity-based or La-

grangian approaches determine the mesh movement based on the fluid or material

100



particle flow. The Eulerian approach fixes the computational mesh and instead as-
sumes the continuum moves with respect to the mesh nodes. In general, Eulerian
meshes avoid mesh tangling and overly diffuse solutions, but the method can have
difficulty resolving sharp material interfaces. The lack of advective terms in the gov-
erning equations with the Lagrangian approach make the method less diffusive than
the Eulerian method. Hence, the Lagrangian approach is able to resolve sharp mate-
rial interfaces [21]. A combination of Lagrangian and Eulerian approaches are used
in the ALE methods [13, 14, 30, 37, 38, 55] and the ALE approach provides the basis
of mesh adaptivity in COMSOL.

Location-based mesh movement directly controls the location of mesh points in
particular regions of the computational domain. An example is the variational ap-
proach, which relocates the mesh points by movements derived by minimizing a
functional which measures the difficulty or the error in the numerical solution [21].
Another location-based algorithm is based on an elliptic PDE descriptions. These
methods can, for example, generate boundary-fitted meshes [50, 56]. This idea can
be generalized using a functional [4], which provides meshes satisfying a combination
of adaptivity, smoothness, and orthogonality.

Mesh adaptation functionals have been considered by many authors including the
mechanical models in [22, 23, 24], vector fields in [28], a weighted Jacobian matrix
approach in [29, 30], a matrix-valued diffusion coefficient in [6, 19], and the equidistri-
bution and alignment conditions presented in [15]. The moving mesh PDE (MMPDE)
method used here is based on the work in [5, 18, 18, 19, 20, 40]. Therein, a gradient
flow equation determines the mesh movement, and as in the approaches above, a
functional plays a vital role.

An adaptive moving mesh method, our method of choice, was proposed for rel-
atively simple pitting corrosion problems in [41]. Our computational framework is
based on the package MMPDEIlab by Huang [17]. MMPDEIlab is a general MATLAB-
based adaptive moving mesh solver for time dependent PDEs where the PDEs are
discretized in space using the FEM. An alternating mesh and physical solution ap-

proach is implemented to automatically obtain sufficient mesh elements in and around
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the evolving pit. An appropriate mesh density function, which implicitly determines
an appropriate (time-dependent) distribution of elements, is constructed to track the
pit growth and its interaction with any material heterogeneities.

Our test material will be stainless steel. Stainless steel is a heterogeneous, poly-
crystalline material where grains of differing orientations are randomly distributed
through the metal [39]. In addition, further heterogeneities are invariably introduced
into the structure of the steel during the steelmaking process and include defects
such as voids, and metallic and non-metallic inclusions. Non-metallic inclusions such
as sulphides and oxides can have widely ranging dissolution rates compared to the
surrounding steel, and it has been observed that preferential dissolution can initiate
corrosion pitting.

In this paper, we provide an automatic, fully adaptive simulator for pitting cor-
rosion for arbitrary heterogeneous materials. Simulations are presented for materials
containing analomous regions with varying crystallography, corrosion-resistant mate-
rials, and materials with voids.

The remainer of the paper is organized as follows. We provide a brief descrip-
tion of the pitting corrosion mechanism, the crystal orientation, and the associated
PDE model(s) in Section 4.2. Section 4.3 provides an overview of the moving mesh
methodology used in our simulations, including the specification of the mesh density
function and initial mesh, as well as the FEM discretization used in MMPDEIlab for
the physical PDE, and the overall alternating solution approach. Section 4.4 is de-
voted to our numerical results. The focus here is the simulation of pitting corrosion in
heterogeneous materials that contain one or more regions of varying crystallography,

corrosion-resistant material, or voids.

4.2 A heterogeneous PDE model for pitting cor-

rosion

In this section, we detail our prototype model problem and adaptive solution strategy,

including the description of the domain, model PDEs, boundary conditions, and
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necessary crystallography.

Using the conservation of mass and assuming constant diffusion, a well-mixed elec-
trolyte and a zero net production of reactants, we arrive at the well-known Laplace’s
equation for the potential on the electrolyte domain, €2, shown in Figure 4.1. Specif-

ically, the model equations are

ry
V2o =01in 0, 4.1
¥ ( ) Iy Electrolyte Domain I3
with the following boundary conditions
F4 UI‘,, F4
¢ =0on Iy,
]1 I2
Ve -n=0onTIy 3Ty, (4.2) Solid Domain

Vgo'nzmonfp,

Oc Figure 4.1: The 2D computational

domain with heterogeneities.

dp
on’

where Vi - n = n is the (outward) unit normal vector, i,(¢) is the current den-
sity, o. is the electrical conductivity of the electrolyte, I', is the pit boundary, and
I'y, I'y, I's and T'y are the top, left, right and bottom of the domain, respectively.
The boundary condition g—ﬁ = 0 enforced on I'y, I'3 and I'y ensures there is no flow
of ions across these boundaries. We denote the horizontal and vertical co-ordinates
of the electrolyte region in Figure 4.1 by x and y, respectively. The shapes I; and
15 represent heterogeneities in the corroding material. In practice, these could be of
arbitrary number and shape.

The current density is modelled by the Butler-Volmer relation

<ZF(VCOT7'+C”IG)>
io(p) = 2F Agiss - € i ) (4.3)

where [’ is Faraday’s constant, z is the average charge number for the metal, « is
the transfer coefficient, Ay is the material dissolution affinity, 7" is the temperature,
and R is the universal gas constant [2]. The values of these constants are recorded in

Table 1. The Butler-Volmer relation is used to describe the experimental data as a
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Parameter : Description Value
z Average charge number for the metal 2.19
F : Faraday’s constant 96485 C/mol
R Universal gas constant 8.315 J/(mol K)
T : Temperature 298.15 K
Vieorr : Mean corrosion potential (homogeneous) -0.24 V
Vapp . Applied potential -0.14 V
Adiss : Dissolution affinity 4 mol/cm?s
Cosolid : Solid concentration 143 mol/1
Q : Transfer coefficient 0.65
At . Time step size 1

Table 4.1: List of parameters used in the corrosion model.

function of the applied over-potential

Na = Vapp - ‘/corr - ¥,

where V,,, and Vo, are the applied and the corrosion potentials, respectively [44].
As the metal corrodes, the pit becomes larger and possibly changes shape depend-
ing on the local crystallography. In our model, the new position of corrosion front,

Xhew, 18 computed from the old position, X4, by a simple time stepping procedure
Xnew = Xold + AtVnn7

where V,, is the magnitude of normal velocity. The magnitude of normal velocity, V;,,
at the corrosion interface (or the movement of the corrosion front) is described using

Faraday’s law

i()
= 4.4
VTZ ZF‘Csolid7 ( )

where c,.i4 is the atomic mass concentration of the metal and z is the average charge

number for the metal.
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The corrosion potential as a function of crystal direction for 316 stainless steel

will follow the form given by DeGiorgi et al. [32]

‘/corr =k—s [1 - ((001> ' nCD) (45)

max] )

where k = —0.2297 and s = 0.054. This gives a 10% difference between the maximum
and minimum V., values, and further details on the application of this equation are
given in [41]. A continuous spectrum of hypothetical etch rates for other materials
can be obtained by varying k and s values. In addition to the simulation of the
etching of stainless steel using equation (4.5), we will investigate 3 limiting cases.
For simulations of a (1) homogeneous material we choose k = —0.24 and s = 0; (2)
for non-etching material we set & = —999999999 and 0 < s < 1; and (3) for a void
E=s=0.

4.3 The numerical approach

4.3.1 The adaptive moving mesh strategy

A moving mesh method automatically and continuously redistributes a fixed number
of nodes where additional accuracy is required. The mesh evolves simultaneously
with the solution or underlying domain by solving a MMPDE which depends on a
chosen mesh density function and the (changing) boundary of the domain. The mesh
density function is chosen to be large where a large mesh density is needed. This
is accomplished by choosing a mesh density function which is often correlated with
variations or errors in the solution of the physical PDE. If a well-resolved feature of
the solution is sought at a particular location in space (here the moving pit boundary)
then the mesh density function can be chosen by geometrical considerations.

Such a strategy in one spatial dimension, based on the equidistribution principle,
was reviewed in paper [41]. Essentially, a mesh which equally distributes the mesh
density function (in an integral sense) is found by solving a two point boundary value

problem. In practice, the mesh density function depends on (features of) the solution
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of the physical PDE and hence the physical PDE and mesh PDE form a coupled
system of equations.

In higher dimensions, we consider a mesh 7, of N triangular elements with N,
vertices in the physical domain © € R? (d > 1). An invertible affine mapping
Fy : K — K and its Jacobian matrix, F I/{, maps K , the reference or master element,
to a physical element K in 7. Suppose we prescribe a metric mesh tensor M = M(z)
on {2 which determines the shape, size and orientation of mesh elements of the domain
Q. A mesh is considered M—-uniform if all of its elements have the same size and is
similar to A. The main idea of the MMPDE method then is to view any adaptive
mesh 7, as a uniform mesh in the metric M. A standard choice of the metric tensor
M is based on the approximate Hessian of the numerical solution. This choice of M
is optimal in the L, norm of the linear interpolation error in the numerical solution
of the physical PDE [16]. As discussed later, we are focused on resolving the pit
geometry and hence choose Ml through these geometrical considerations.

In higher dimensions it is possible to choose M to control both the size and align-
ment of the mesh. Such a mesh is then found by minimizing a discrete functional [15]
given by

117 = 3 |K]/det(Mx) [9 (tr(JMKlJT))d;Jr(l—QH)d?(L(JDY}, (4.6)

KeT, det(MK)

/

where J = (Fj)~!. The parameters § = %, and v = % are used for our numerical
experiments.
This minimizing mesh can then be found by solving the gradient flow equation

dx; _ POIT)

= ,=1,2,..., N, 4.
dt r 8xi 1 ) 4y y 4V, t e (tn7tn+1]a ( 7)

where P, = det(Mi)ﬁ is a scalar function that can be used to ensure the mesh
equation has invariance properties and 7 is a positive parameter used to adjust the

response time of mesh movement to the change in M.
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4.3.2 Discretization and MMPDEIlab overview

A customized version of MMPDELab [17] is used to solve the heterogeneous corrosion
problem on a grid which automatically adapts to the evolving pit geometry. A weak
form of the physical PDE given by (4.1) and (4.2), is required by MMPDElab. Let
V' be the trial space

V={ve H' Q) :v=00nT,} C H(Q(t)),

where H'(€(t)) is, roughly speaking, the function space whose members, and their
first derivatives, are square integrable (see, for example, [1] for details). At any time

t the weak form is constructed as follows: find ¢ € V such that

Oc

/ w-vde:/ o wev, (4.8)
Q) o)

where I')(t) is the boundary of the pit at time t. At time ¢, suppose V}, is a finite
dimensional subspace of V' spanned by a collection basis functions associated with
the mesh at that instant of time. We discretize the weak form (4.8) to find a solution
in the discrete trial space. The FEM solution ¢}, in the discrete trial space Vj;, C V' is
then found by solving

/ Vo - Vopdl = / Z(Sph)vhds, Yo, € V. (4.9)
Q(t)

Tp(2) Oc

We can solve the discrete variational problem (4.9) in the following way. Let
¢n € Vi be a linear combination of the basis functions for V;,, ¢;,7 = 1,2,..., N,

with coefficients ¢, given by
N
on =Y B;0; (4.10)
j=1

Considering v = ¢y, for k =1,2,..., N, and using relation (4.10) gives

N N
Zsbj/ﬂwj.wkdﬂ— ! i(D7505)onds =0, k=12, N,
Jj=1 j=1

oc Jr,

For each time, ¢, this system of non-linear equations is solved using Newton’s method.
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MMPDELab requires the user to prescribe an appropiate mesh tensor, Mg (see
(4.6)), to precisely control how the mesh automatically adapts to the changing solu-
tion and domain features. Here, however, we wish to ensure sufficient resolution of

the pit geometry using a modified distance-based monitor function given by

H1
Mg(z,y) = |1+ ——— | {, 4.11
(@.9) ( WH) (111)

where
d(l‘, y) = min ’(‘7;7 y) - (xpv yp)‘a

and (z,,y,) denotes any point on the boundary of the pit, I',;, cf. [3]. At any point
(z,y) € Q, the value of the monitor function depends on the minimum distance, d,
from (z,y) to any point on the pit boundary. Mg will be largest in (z,y) regions
where the distance to the pit boundary is the smallest, and hence the mesh spacing
will be automatically smaller in these regions. The parameters p; and ps control the
minimum mesh spacing and the rate at which mesh clustering occurs [36]. The effect
of these parameters has been evaluated in [41].

To ensure additional resolution near material heterogeneities or inclusions we will

also use

Mic(rg) = { € or e -l - K, (4.12)

elrﬂ/(z?}gg+(y—k>2|’ it r> \/ x - y k) )

where the quantities (h, k) and r are chosen so that a circle with radius r centered

t (h, k) encloses the inclusion of interest, cf. [10]. This monitor function is able to
focus mesh points in a target region and a combination of (4.11) and (4.12) maybe
used to resolve the required features.

The numerical simulations in this paper require the initial pit geometry and the
corresponding initial spatial grid to be specified. As discussed in [41], the initial mesh
on the domain may be obtained with using a tool like initmesh in Matlab or mesh
node in COMSOL, or indeed using the MMPDE above. The routine initmesh is used
in this paper, and with this initial mesh, MMPDELab uses an alternating strategy to
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solve the (often highly nonlinear) coupled physical PDEs and mesh equation forward
in time.

The direction of pit growth is normal to the pit boundary and the magnitude of
the normal velocity of each vertex on the boundary of the pit is given by (4.4). The

positions of any corner nodes are moved as described in [41].

4.4 Numerical results

Throughout this section a constant value of 7 = 107° is used in the MMPDE, and
the constants py = 100 and pe = 1 are used as default values for the mesh density
function (4.11). The initial number of mesh points on the boundary of the pit is set

to 61.

4.4.1 Case I: Inclusion(s) with different crystallography

We begin by considering a single circular crystalline inclusion centered at (0, —7) with
radius 1.5 and crystal direction [001] as defined by the zone axis of the inclusion. The
location and size of the inclusion are highlighted by the red circles in Figure 4.2.
For these simulations, we use a combination of two monitor functions. First, the
distance based monitor function (4.11) is applied to track the pit boundary. Once the
pit boundary reaches the green circle around the inclusion (with radius 2.5) a mesh
solve using the distance-based monitor function is followed by a mesh solve using the
exponential-based monitor function (4.12) in order to get increased resolution of the
mesh near (and around) the inclusion. The sequential use of the two monitor functions
continues as long as the pit boundary lies within the green circle. Presented in Figure
4.2 are meshes at 6 time steps ranging from 0 s to 180 s. It is observed that the circular
inclusion etches faster than the surrounding homogeneous material as highlighted by
the protrusion of the pit boundary at z = 0, and this effect can be attributed to the
difference in V., values between the two materials. The V,,,, value for the inclusion
is -0.2294 V, as calculated from equation (9), and for the surrounding homogeneous

material Vo, is -0.24 V. Hence, the inclusion will have a greater normal velocity
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of pit boundary movement as indicated by equations (4.3) to (4.5). Once the lower
boundary of the inclusion has been reached, pit boundary movement returns to the
behaviour of the homogeneous material over the entire boundary. In addition, it is
observed that the pit boundary near the protrusion smooths out with time due to
averaging of the V.., values at the boundary nodes.

Some stretching of the elements is noticeable at the corners of the pit by ¢ = 90
s. This effect can be reduced by using a monitor function which will be larger near
the pit corners. Alternatively, a periodic h-refinement could be used to increase the
total number of mesh points which will be the focus of future study, cf. [26].

We now consider a pit encountering two circular inclusions located at (-3, -6.5)
and (3, 6.5) as shown in Figure 4.3. Unlike the geometry for a single inclusion shown
in Figure 2, where the bottom of the pit boundary contacted the top of the inclusion
with a crystal direction of [010], the sides of the pit boundary contact close to the side
of the inclusion orientated along [110]. The [110] direction of the inclusion has a Vo,
value of -0.2455 V, a magnitude about 2.3% larger than the surrounding homogeneous
material, and we would expect the inclusion to etch a little slower than the adjacent
homogenous material. As the pit boundary outside of the inclusion travels faster
than inside the inclusion, it will contact the inclusion and then slow down. In fact, it
is expected that the rate of boundary movement within the inclusion will equilibrate
along the crystallographic direction with the lowest rate, which in this case is [110],
thereby producing a crystallographic facet on the pit boundary along the (110) plane.

The remaining features to be explained for the two-inclusion case are the two
protrusions located at the inner edges of the inclusion closest to the pit boundary at
x = 0, as evident in Figure 4.3 for times 60 s and greater. The pit boundary move-
ment velocity varies with direction within the crystal, and plotted in Figure 4.4(a)
are the V.. values as a function of crystallographic direction, where ‘Faster’ and
‘Slower’ denote pit boundary velocities within the inclusion that are faster and slower
than the surrounding homogeneous material, respectively. It is observed that only
for a narrow range of directions about [110] is the boundary movement within the

inclusion slower than the homogeneous material. Outside of this region, the velocity
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Figure 4.2: Meshes for a corrosion pit at various times as the pit encounters a single
crystalline inclusion (outlined by the red circles) with crystal direction [001]. The
green circles outline the locations where the monitor function changes to achieve

greater node resolution at the surface of the inclusion.

of the pit boundary movement is greater. Now, consider Figure 4.4(b) which displays

the crystallographic directions of the inclusion with respect to the pit boundary. The
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Figure 4.3: Meshes at various times for a pit encountering two circular inclusions with

crystal direction [001].

region within the cone centered about [110] will have velocities less than the homoge-
neous material. As the pit boundary proceeds through the inclusion, the boundary to
the left of the cone will move faster than the surrounding homogenous material for a

period of time before slowing as it approaches the (110) plane causing the protrusion.

4.4.2 Case II: Corrosion-resistant inclusions

Corrosion resistance is achieved in the model by setting the k value in equation (4.5)
to a very large negative number so that the current density within the inclusion is
effectively zero, leading to a normal velocity of the pit boundary of also zero. As was

the case for the crystalline inclusions, single and double corrosion-resistant inclusions
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Figure 4.4: (a) Plot of V., as a function of direction within the crystalline inclusion.
More negative V.., values lead to slower movement of the pit boundary. (b) A
diagram displaying the relationship of the crystallographic directions of the inclusion

with respect to the pit boundary.

with a radius of 1.5 were studied. The single inclusion was located at the bottom
of the pit at coordinates (0, -7), and the two-inclusion simulations had inclusions
located at (-3, -6.5) and (3, 6.5). The same meshing strategy as for the crystalline
inclusions was followed, and mesh plots at various times for the single and double
inclusion cases are shown in Figures 4.5 and 4.6, respectively. In both cases, this
meshing procedure performs well up to ¢t = 30 s, but by t = 60 s the mesh quality
degrades, particularly for the double inclusion case where the mesh appears inside one
of the inclusions. By definition, the material within a corrosion-resistant inclusion
should not be removed during the corrosion process, and this is a serious artefact.
The reason for this behaviour is low mesh density right at the leading edge of the
boundary adjacent to the inclusion. A meshing strategy involving h-refinement in
addition to the r-refinement presently being used is expected to improve the mesh

quality around the pit and is presently under investigation.
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Figure 4.5: Meshes at various times as a pit encounters a single circular corrosion-
resistant inclusion outlined in red. The surrounding green circle indicates the region
where the monitor function changes from purely distance-based (4.11) to a sequence
of distance- and exponential-based (4.12) monitor functions to increase mesh density

at the inclusion.

4.4.3 Case III: A pit encountering material voids

At the other extreme from a corrosion-resistant inclusion is a void in the material,
which can be common in stainless steels. Voids present a unique challenge since there
is a topography change when the pit boundary encounters the void. Moving mesh
methods are not able to continuously handle the abrupt topography change, instead
the electrolyte domain must be remeshed prior to continuation of the adaptive moving

mesh procedure. The remeshing is triggered when any pit boundary edge encounters

the void.
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Figure 4.6: Meshes at various times as a pit encounters multiple corrosion resistant

inclusions.

The single void was located at (0, -7), and in the two void case the voids were
located at (0, -7) and (6, -7). The two voids were not symmetrically located about
the pit in order to trigger two topology changes requiring remeshing as a test of the
robustness of the technique. Only the distance-based monitor function was used to
position the nodes on the pit boundary.

Figures 4.7 and 4.8 display the meshes for single and double voids, respectively.
In both cases, the first void was detected at ¢t = 11 s, triggering a remeshing operation
using initmesh. A high density of nodes is placed within the void and at the point
where the pit boundary and node touched. Time stepping proceeded as per normal,
with the nodes redistributing as required by the distance-based monitor function.
In the case of two voids, the second void intersected the pit boundary at ¢ = 60,

triggering another remeshing, and this technique can be extended to an arbitrary
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number of voids with varying shapes.
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Figure 4.7: Meshes at various times as a pit encounters a single material void.

4.5 Conclusion

This paper presents a robust, fully automatic, moving mesh solution framework for
pitting corrosion in heterogeneous materials or situations where material voids are
present. The moving mesh approach is able to continuously and smoothly evolve a
fixed mesh topology according to the changing pit geometry as the pits encounter
inclusions with varying crystallography or voids.

Designing mesh density functions capable of resolving corrosion dynamics in situa-

tions with several competing regions of interest is difficult and would certainly benefit
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Figure 4.8: Meshes at various times as a pit encounters multiple circular material

voids.

from an Ar-refinement strategy, which both redistributes nodes as we have presented
here, but also allows periodic changes to the number of mesh nodes. This work is

ongoing and will appear in a subsequent paper.

4.6 Data availability

The raw or processed data required to reproduce these figures and findings are avail-

able from the authors upon request.
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Chapter 5

An adaptive hr-refinement
simulation for pitting corrosion of

heterogeneous materials

Abstract

! The design and implementation of an hr-refinement method is provided for the sim-
ulation of pitting corrosion for materials with heterogeneous inclusions. The adaptive
mesh is generated automatically by alternating mesh PDE solves (which are coupled
to a nonlinear potential problem) and h-refinements. h-refinement is triggered once
an appropriate mesh quality measure exceeds a prescribed tolerance. The result is a
new extension of MMPDEIlab which provides Ar-refinement. In the context of pitting
corrosion, the method is able to resolve pit growth in complex domains corresponding
to heterogeneous materials. The software is able to smoothly tackle the changing pit
geometry associated with materials with inclusions of varying crystallography and
corrosion resistance.

Keywords: Pitting Corrosion, Adaptive Moving Mesh, MMPDE, FEM, h-refinement,

'This work is under revision as “An adaptive hr-refinement simulation for pitting corrosion of

heterogeneous materials”, by A. N. Sarker, R. D. Haynes, and M. D. Robertson, 2023, Preprint.
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Crystallography, Heterogeneous Materials

5.1 Introduction

Damage due to pitting corrosion of metals cost governments and industries billions of
dollars per year and can put human lives at risk. It is a particularly insidious, localized
form of corrosion which generates small pits, cavities, or holes in metal. Pits may
be small on the surface but larger below, making physical detection quite difficult.
Hence, the structural integrity of metal may be impacted before it is observed [34, 41].
The shape and size of a pit depend on the components of the metal, the orientation
of metal surface, and the local chemical environment [31].

Pitting corrosion has two main phases: an initiation phase and a growth phase.
The initiation of corrosion pits on various metals has been studied including stainless
steel [7, 20, 27], beryllium [7], pure aluminum and aluminum alloys [15, 17, 30, 35, 40].
Experimental studies of pit initiation and growth is often time consuming, expensive,
and physically difficult in many situations. Mathematical modelling and numerical
simulations can supplement the experimentation of corrosion for a wide range of ma-
terials and environmental conditions. In this study, our test material is 316 stainless
steel as described by the parameters provided in [5, 18].

Recently, [4, 5, 6, 18, 19, 21, 28, 29, 29, 32, 33, 36, 37, 38] have developed finite
element (FEM) or finite volume approaches for partial differential equation (PDE)
based models of pitting corrosion. An extensive overview discusses of models of the
anodic reaction at the corrosion front and the transportation of ions in the electrolyte
[13]. In many of these papers, the commercial software COMSOL® has been used to
solve the PDE model in the electrolyte domain.

As we will see in Section 5.2, the model of interest is a moving boundary problem
due to the growth of the electrolyte domain as the corrosion proceeds. Numerical ap-
proximations of the solution of the moving boundary problem necessitates a remesh-
ing of the time dependent computational domain at each time step. The COMSOL®

implementations mentioned above utilizes an adaptive meshing routine based on an
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arbitrary Lagrangian-Eulerian (ALE) approach [8, 9, 16, 23, 24, 39]. An alterna-
tive approach is considered here. An adaptive moving mesh method which allows us
to automatically and continuously vary the size, shape and orientation of the mesh
elements, while keeping the number of nodes and mesh topology fixed throughout
the computation was used in [25, 26]. By specifying an appropriate mesh density
function, this approach was shown to give fine (automatic) control over the quality
of the underlying mesh throughout the computation for many test situations. For
heterogeneous materials, however, there was some difficulty in prescribing a mesh
density function which was capable of balancing the competing features of the so-
lution. Moreover, it is clear that as the pit continues to grow, the fixed number of
nodes in the moving mesh approach will not be sufficient to resolve the quantities of
interest to the required accuracy.

The moving mesh approach used in this paper is a location-based method which
relocates (the r in r-refinement) the mesh points in particular regions of the compu-
tational domain by minimizing a functional which measures the difficulty or the error
in the numerical solution [12]. Our solver builds upon the general moving mesh PDE
(MMPDE) approach provided by the software MMPDEIlab [11]. Therein, a gradient
flow equation is used to find the minimizer of the prescribed functional.

To deal with the stress that is applied to a r-refinement approach by a growing
corrosion pit in a heterogeneous material, here we couple the r-refinement strategy
with h-refinement that adds mesh elements automatically in regions with poor grid
quality. h-refinement is a standard approach in FEM simulation, usually coupled in
a hp-refinement strategy which automatically controls in the number of elements and
the order of the FEM approximation as the simulation progresses. Here we couple
h-refinement with r-refinement to provide an hr-refinement solver (cf. [14]) for pitting
corrosion.

In this paper, we provide an automatic, fully adaptive simulator for pitting cor-
rosion generalizable to arbitrary heterogeneous materials. By providing appropriate
mesh density functions, simulations of pit growth are presented for materials contain-

ing anomalous regions with varying crystallography, corrosion resistant materials, and
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materials with voids.

The remainder of the paper is organized as follows. We provide a brief descrip-
tion of the pitting corrosion mechanism, the crystal orientation, and the associated
PDE-model(s) in Section 5.2. Section 5.3 provides an overview of the moving mesh
methodology used in our simulations including the specification of the mesh density
functions, the FEM method used in MMPDEIlab for the physical PDE, the bound-
ary movement strategy, and the overall alternating solution approach. Section 5.4 is

devoted to our numerical results.

5.2 A heterogeneous PDE model for pitting cor-

rosion

This section provides our prototype model problem including a description of the do-
main, the model PDEs and boundary conditions, and the necessary crystallography.
Using the conservation of mass and assuming a constant diffusion, a well-mixed elec-
trolyte and a zero net production of reactants, we arrive at the well-known Laplace’s
equation for the electrical potential on the electrolyte domain, €2, as shown in Figure

5.1. Specifically, the model equations are

I'y
V2<,0 =01n &, (5.1) I's Electrolyte Domain I's
with the following boundary conditions

r, r
¢ =0on1IY, : Ty .

Ve-n=0onTy Iy Ty, (5.2) I I

Vo on = ia() nT,, Solid Domain

Oc

Figure 5.1: The 2D computational

domain with heterogeneities.

where Vyp-n = g—ﬁ, n is the (outward) unit normal vector, i,(¢) is the current density,
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o. is the electrical conductivity of the electrolyte, I', is the pit boundary, and I'y, I's,
I's and I'y are the top, left, right and bottom of the domain, respectively. No flow of
ions is permitted across I's, I'3 and I'y. This is enforced by the boundary condition
g—ﬁ = 0. The horizontal and vertical co-ordinates of the electrolyte region in Figure
5.1 are labelled x and y, respectively. The shapes I; and I represent heterogeneities

in the corroding material.

The Butler-Volmer relation models the current density as

(ZF(VCOTT+1177E)>

io(p) = 2FA; - e - : (5.3)
where F' is Faraday’s constant, z is the average charge number for the metal, « is
the transfer coefficient, Agis is the material dissolution affinity, 7" is the temperature
and R is the universal gas constant [2]. The values of these constants are recorded in

Table 1. The applied over-potential is given as

Na = Vap - chorr — ¥,

where V,,, and V,,,, are the applied and the corrosion potentials, respectively [29].
As the metal corrodes, the pit becomes larger and possibly changes shape as
the metal corrodes. In our model the new position of the corrosion front, X, is

computed from the old position, X4, by a simple time stepping procedure
Xnew = Xold + Atvnnv

where V,, is the magnitude of normal velocity at the corrosion interface given by

Faraday’s law
i(y)
V, = ———. 5.4
" ZFCsolid ( )
Here ¢4 is the atomic mass concentration and z is the average charge number of
the metal. The values of these parameters are summarized in Table 5.1.
DeGiorgi et al. [18] gives the corrosion potential as a function of crystal direction

for 316 stainless steel as

Veorr = k—s [1 - ((001> ’ nCD) (55)

max] )
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Parameter : Description Value
z Average charge number for the metal 2.19
F . Faraday’s constant 96485 C/mol
R Universal gas constant 8.315 J/(mol K)
T : Temperature 298.15 K
Vieorr : Mean corrosion potential (homogeneous) -0.24 V
Vapp . Applied potential -0.14 V
a . Transfer coefficient 0.65
Adiss : Dissolution affinity 4 mol/cm?s
Csolid : Solid concentration 143 mol/1
At . Time step size 1

Table 5.1: List of parameters used in the corrosion model.

where k = —0.2297 and s = 0.054. This gives a 10% difference between the maximum
and minimum V... values. See [26] for further details on the application of this
equation. A continuous spectrum of hypothetical etch rates for other materials can
be obtained by varying the k& and s values. We will illustrate our hr-refinement
approach using various limiting cases: (1) a homogeneous material with £k = —0.24
and s = 0; (2) a non-etching material with £ = —999999999; and (3) a void or hole
with £ =s=0.

5.3 The numerical approach

5.3.1 The adaptive moving mesh strategy

Moving mesh methods automatically and continuously redistribute a fixed number
of nodes where additional accuracy is required. The mesh is obtained by solving
a MMPDE which depends on a chosen mesh density function and the possibly time
dependent computational domain. The mesh density function is often correlated with

estimated errors in the approximate solution of the physical PDE or by geometrical
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considerations.

In two dimensions, we consider a mesh 7, of N triangular elements with N, vertices
in the physical domain 0 € R?. An invertible affine mapping F : K — K and its
Jacobian matrix, F [/(7 maps K , the reference or master element, to a physical element
K in T,. A metric mesh tensor Ml = M(z) is prescribed on €2 which determines the
shape, size and orientation of mesh elements of the domain €2. A mesh is considered
M-uniform if all of its elements have the same size and is similar to K. The adaptive
mesh 7;, obtained by the MMPDE approach is a uniform mesh in the metric M. As
our goal is automatic resolution of pit geometry, we choose M based on geometrical
considerations.

It is possible [10] to construct M to control both the size and alignment of the
mesh, and then minimize,

IT) = Y [K|V/det(My) [0 (tr(JM;JT))d;+(1—29)de(ﬂ)”}, (5.6)

KeT;, det(MK)

where J = (F)~'. The parameters § = %, and v = % are used for our numerical
experiments.
This functional is minimized by integrating the gradient flow equation

dxi P OIT)

- 1,2, Ny, L€ (ty b, 5.7
dt - aXZ’ ? y 4y ) E( +1] ( )

where P, = det(Mi)dii2 ensures that the mesh equation has invariance properties and

7 adjusts the response time of mesh movement to the change in M.

5.3.2 Discretization and MMPDEIlab overview

The moving boundary problem associated with pitting corrosion is solved using a
customized version of MMPDELab [11] on a grid which automatically adapts to
the evolving pit geometry and heterogeneities. As is typical for FEM simulations,
MMPDEIlab requires a weak form of the physical PDE (5.1) and (5.2).

At any time t the weak form is constructed as follows: find ¢ € V such that

/ Vg@-Vde:/ G (5.8)
o) Ty

Oc
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where I',(¢) is the boundary of the pit at time ¢. Here V' is the trial space
V={ve H Q) :v=00nT,} C H(Q()),

where H'(2(t)) is a function space whose members, and their first derivatives, are
square integrable (see, for example, [1] for details).
Suppose V}, is a finite dimensional subspace of V' spanned by a collection basis

functions. The FEM solution ¢, in V;, C V' is then found by solving

/ Vo - VupdQ = / Uon) a5, o € V. (5.9)
Q(t)

Ip(®) Oc

Let ¢, € V}, be given as the linear combination
N
on =Y P;0; (5.10)
j=1

Choosing v, = ¢y, for k =1,2,..., N, and using relation (5.10) gives

N N
> [ Vorvoun - - [ (3 e6)ods=0. k=12..N.
=1 cJr, VI

For each time, ¢, this is a system of non-linear equations which is solved using New-
ton’s method.

MMPDELab requires the user to prescribe an appropriate mesh tensor, My (see
(5.6)), to precisely control how the mesh automatically adapts to the changing solu-
tion and domain features. To ensure a sufficient number of elements in the evolving
pit and around the heterogeneities we use a combination of mesh density functions.
As in [25, 26] to resolve the pit boundary we use a modification of a distance-based
monitor function given by

Mg (z,y) = (1 + 2“—1> I, (5.11)
pad? +1
where
d(z,y) = min |(z,y) — (25, 4)|,
and (z,,y,) denotes any point on the boundary of the pit, I',;;, cf. [3]. This ensures
that Mg will be largest in (x,y) regions where the distance to the pit boundary is
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the smallest; hence increasing the mesh resolution in these regions. The parameters
w1 and po control the minimum mesh spacing and the rate at which mesh clustering
occurs [22]. The effect of these parameters has been evaluated in [26].

To ensure additional resolution near material heterogeneities or inclusions we will
also use the re-scaled version of Mackenzie’s distance-based monitor function:

. 10 *x max(Mg (z,y)) if [Mg(z,y) — (14 p1)I| < 2.5 and d;(z,y)) < 1
MK(m7y) =

M (z,y) otherwise,

(5.12)
where d;. = |(2,Y) — (Zic, Yic)|, and (ze,y;c) is the left or right corner of the inclusion.
where the quantities (h, k) and r are chosen so that a circle with radius r and centered
at (h, k) encloses the inclusion of interest. This monitor function is able to focus
mesh points in the target region around the heterogeneities. Once the pit boundary
encounters a material anomaly, two mesh solves are completed consecutively, first
using the mesh density function (5.11) to resolve the pit boundary, and then using
(??) to further refine the inclusion.

As discussed in [26], the initial mesh covering the initial pit geometry may be
obtained with using a tool like initmesh in Matlab or mesh node in COMSOL, or
indeed using the MMPDE above to ensure the initial pit geometry is resolved.

5.3.3 Mesh quality indicators

Throughout the simulation the mesh quality measure is monitored, and any elements
with a mesh quality measure above a user prescribed tolerance are marked for refine-
ment. These elements are then refined as described in the next section.

The equidistribution mesh quality measure of an element K used here is defined
as

Qo (i) = MKl K]

Oh

where |K| is the area of element K, N is the number of elements and
op = Z / MKdZE,
K
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where the sum is taken over all elements in the mesh. Other mesh quality measures
are available, see [12]. @), is chosen as our mesh density function and is isotropic.

From the definition it is clear that Q.,(K) > 0 for all elements K and

Q) =1

Larger values of max g (), indicate that the mesh does not satisfactorily equidistribute

M.

5.3.4 A simple h-refinement strategy

Each element in the pit flagged as unsatisfactory as based on the mesh quality indica-
tor is subdivided into 4 elements. This is accomplished by connecting the midpoints

of each side of the triangular element, as shown in Figure 5.2.

(a) (b) ()

Figure 5.2: A simple h-refinement strategy: (a) mesh element to be refined, (b) add
vertices on the midpoint of edges of the element, and (c) subdivide the element into

4 elements

Due to h-refinement, hanging nodes may appear on a refined element’s edge and
not coincide with nodes on the adjacent coarser element. For example, if one triangle
is refined but not its neighbors. How to handle the hanging nodes in h-refinement

strategy? We follow the steps below to fix the hanging nodes:

e Identify the hanging node(s) and neighboring coarse element (as shown in Fig-

ure 5.3(a)).
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NAA

(a) (b)

Figure 5.3: (a) Hanging node due to h-refinement, (b) Fixing the hanging node by

subdividing the neighboring coarse element into 2 elements.

e Interpolate the values at the hanging nodes from the adjacent coarser element

(as shown in Figure 5.3(b)).
e Finally update the element connectivity to include the newly created elements.

Once a h-refinement is complete, a mesh solve is performed to smooth the refined
grid. Multiple mesh solves (or smoothing steps) may be completed to allow the now

larger mesh to become a better approximation to the minimizer of the grid functional.
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5.4 Numerical results

Table 5.2 illustrates the trends in the mesh quality measure, )., as the pit grows
and interacts with a material anomaly when using r-refinement alone. Each cell in
the table gives the number of elements on the pit and number of total elements which
have a mesh quality measure above the specified tolerance as a pair. Generally, Table
5.2 shows that when using r-refinement on its own, the number of elements with
a poor mesh quality measure increases as t increases, i.e., as the pit grows. Also

as expected, the number of elements with poor mesh quality increases as the mesh

quality tolerance decreases.

Table 5.2: The number of elements in the pit and on the whole domain with a @,

value larger than the tolerance for various times when using r-refinement alone.

Time (s) 50 51 70 71 90 91
Tolerance
1.01 4 580 |4 579 |3 572 |3 5725 5625 560
1.03 3 5724 57113 5643 563 |5 HO7T |6 558
1.05 3 5624 5632 551 |3 551 |5 H42 |6 541
1.15 2 506 |3 506 |1 5H05|2 504 |2 488 |2 488
1.25 1 457 |2 458 |0 455 |1 454 |1 454 |1 453
1.35 1 41411 41310 404 |1 404 |0 404 |0 403
1.45 0 360 |1 360 |0 344 |0 3413 339|3 337
1.55 0 2930 2912 277 |1 277 |3 267 |3 265
1.65 0 2390 2374 2323 234 |3 228 |3 225
1.75 0 2140 2123 2053 207 |3 194 |3 191
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Table 5.3 indicates that completing h-refinements every 20 time steps is able
to only slightly decrease the number of elements on the whole domain with poor
grid quality. In fact, the number of poor quality elements in the pit itself actually
increases with each h-refinement. This result is, in fact, not surprising. Dividing
elements with poor mesh quality into 4 smaller elements does not generally improve

the equidistribution of the mesh density function over the domain.

Table 5.3: The number of elements in the pit and on the whole domain with a
Qeq value larger than the tolerance for various times when using r-refinement and

h-refinements every 20 s.

Time (s) 50 51 70 71 90 91
Tolerance
1.01 4 580 |4 5799 569 |10 570 | 15 555 | 16 556
1.03 3 5724 5719 557 |10 H58 | 15 547 | 15 546
1.05 3 H62 |4 563 |7 546 | 8 H45 |15 536 | 15 535
1.15 2 506 |3 506 |6 497 | 6 496 | 11 484 | 12 485
1.25 1 457 |2 458 |4 455 | 6 453 | 9 439 | 9 438
1.35 1 41411 41314 400 4 398 | 7 380 | 7 380
1.45 0 360 |1 3604 3334 332| 7 317 | 7 317
1.55 0 29310 291 |3 265 | 4 265 | 5 252| 5 250
1.65 0 2390 2373 229 3 226 | 5 220| 5 215
1.75 0 2140 2122 202 3 200 5 187 | 5 186

In Table 5.4, however, we see that if additional mesh PDE solves (or mesh smooth-
ings) are performed then the additional elements provided by the h-refinement is

ultimately able to improve the overall quality of the mesh.
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Table 5.4: The number of elements in the pit and on the whole domain with a

Qeq value larger than the tolerance for various times when using r-refinement and

h-refinements every 20 s followed by an additional 2 mesh smoothing steps.

Time (s) 50 51 70 71 90 91
Tolerance
1.01 4 58 |4 584 |3 593 |4 593 |3 595 |3 HO8
1.03 3 575 |4 H7H |4 582 |4 5825 582 |5 579
1.05 3 564 |4 560 |4 568 |4 569 |5 569 |4 5H67
1.15 2 5103 H09 |2 5H09 |3 5126 509 |5 508
1.25 1 454 |2 455 |1 447 |0 447 |7 442 |6 441
1.35 0 409 |1 406 |1 395 |0 394 |3 394 |4 393
1.45 0 351|0 350 |0 3370 336 |3 321 |5 322
1.55 0 2910 290 |1 271 |1 269 |3 256 |3 255
1.65 0 2370 238 |0 225 |1 225 |1 209 |3 208
1.75 0 21210 2090 1910 18 |2 170 |1 169

In Figure 5.4 we show a typical sequence in our hr-refinement approach. We

simulate the growth of a corrosion pit as the boundary interacts with a corrosion

resistant inclusion (outlined in red). In plot (a) the elements in the pit with a mesh

quality measure larger than the tolerance 1.03 are highlighted in red. In plot (b)

we show that each of these 6 red elements have now been refined once using the

process described above. In plot (c) we show the mesh after one subsequent mesh

solve or smoothing step. For reference, we have left the outline of the original red

elements in place. After this single mesh solve, the mesh quality of each element can

be computed again. We can see that we are still left with 6 red elements which are

now much smaller than in plot (a).
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(a) After boundary movement at ¢t = 50 s. (b) After h-refinement at ¢t = 50 s.
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(c) After mesh solve at t = 51 s. (d) After mesh solve at t = 51 s.

Figure 5.4: Identification of elements with poor mesh quality, h-refinement and sub-
sequent smoothing for the simulation of a corrosion pit interacting with a corrosion

resistant material.

In Figure 5.5 we continue a simulation of a corrosion pit interacting with a corro-
sion resistant material. We show 3 sets of results: using r-refinement alone (Figures
(a) and (b)), h-refinement every 20 s (Figures (c¢) and (d)), and using h-refinement
after r-refinement at every iteration (Figures (e) and (f)). Again mesh elements with
poor mesh quality are highlighted in red. There are three obvious observations: (i)

due to the increasing size of the pit and the fixed number of nodes used, the number

139



4 4
75 G,
R AVAVA SNy
ORI 2
ML el :
e O VAN S| iz
2 RSN NG,
RN e
. Ll s i
N
<
-10 -10 S
-12

(a) Using r-refinement only, ¢ = 80 s. (b) Using r-refinement only, t = 100 s.
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(c) r-refinement with h-refinement at every (d) r-refinement with h-refinement at every

20 time steps, t = 80 s. 20 time steps, t = 100 s.
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(e) r-refinement with h-refinement at every (f) r-refinement with h-refinement at every

time step, t = 80 s. time step, ¢t = 100 s.

Figure 5.5: Meshes for a pit encountering a corrosion resistant inclusion at ¢ = 80 and
100 s with r-refinement (top row), r-refinement with periodic h-refinement (middle

row), and hr-refinement at every time step (bottom row).
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of elements with poor mesh quality will generally increase with time if no h-refinement
is used, (ii) periodic h-refinements can improve the resulting meshes — improving the
resolution of the mesh in the targeted regions and in this simulation ultimately im-
proving the overall mesh quality, and (iii) increasing the frequency of the h-refinement
further improves the results, but of course at an increasing cost.

For the simulation above, in Figure 5.6 we plot the maximum and grid 2-norm of
the mesh quality measure (in the corrosion pit) for the r-refinement (only) simulation
and for the hybrid hr algorithm where h-refinement is completed at every 20 time
steps. The maximum and grid 2-norm of the mesh quality increases with time, as
the pit grows, when r-refinement is used without h-refinement. h refinement every

20 time steps reduces the norms of the mesh quality measure. In Figure 5.7, we plot
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Figure 5.6: Norms of the mesh quality measure, ().,, computed in the pit for the (a)

r-refinement and (b) Ar-refinement algorithms (with h-refinement used every 20 time

steps).

the maximum norm of the mesh quality measure (in the corrosion pit) for 4 variants
of the hr approach: (i) r-refinement alone, (ii) r-refinement with two additional
smoothing steps at each time step, (iii) hr-refinement at every time step, and (iv) hr-

refinement at every time step followed by two additional smoothing steps. Generally
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the maximum norm of the grid quality measures increases if r-refinement is used alone
with mesh smoothing steps improving the results some. Periodic A refinements help

with results improving more significantly as the frequency of the h refinements and

the number of smoothing steps increases.
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In Figure 5.8 we see that the maximum norm of the mesh quality measure is
improved by h-refinement at t = 50 s if followed by smoothing steps, and the result

is further improved with each successive mesh smoothing step.
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Figure 5.8: The impact of the number of smoothing steps on the maximum norm of

the mesh quality, Q.,, with (a) and without (b) h-refinement at ¢ = 50 s.

In Figure 5.9 we see that if we compute the norms of the mesh quality measure
just over the elements whose mesh quality measure exceeds the mesh quality tolerance
of 1.03, then both the maximum and grid 2-norms are greatly reduced with periodic
h-refinements. Above, we saw that the grid 2-norm of the mesh quality measure
over the pit was reduced, but only slightly so, by the h-refinement. This is sensible
since the grid 2-norm over the whole pit is influenced greatly by the large number of

elements with mesh qualities below the mesh quality tolerance.
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Figure 5.9: Mesh quality Q)., for the bad elements on the pit, hr-refinement is used

at every 20 iterations.

As we saw in [25], designing mesh density functions capable of maintaining suffi-
cient mesh resolution and quality in the presence of multiple heterogeneities is rather
difficult. Indeed, this was one of the primary reasons to propose an hr-refinement
strategy. In Figure 5.10 we illustrate the simulation of pit growth as the pit en-
counters two corrosion resistant inclusions. We see that r-refinement alone has diffi-
culty with the competing features of the solution, and there is a loss of mesh quality
around, and in between, the corrosion resistant anomalies. Following the r-refinement
with h-refinements every 20 time steps improves the results. As the frequency of h-
refinements is increased (in tandem with the r-refinement) we recover a high quality

resolution of the pit geometry as the pit grows around the inclusions.
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5.5 Conclusion

This paper presents a robust, fully automatic, moving mesh solution framework for
pitting corrosion in heterogeneous materials or situations where material voids are
present. The moving mesh approach is able to continuously and smoothly evolve a
fixed mesh topology according to the changing pit geometry as the pits encounter
inclusions with varying crystallography or voids.

Designing mesh density functions capable of resolving corrosion dynamics in sit-
uations with several competing regions of interest in difficult and would certainly
benefit from an hr-refinement strategy (which both redistributes nodes as we have
presented here but also allows periodic changes to the number of mesh nodes). This

work is ongoing and will appear in a subsequent paper.

5.6 Data availability

The raw or processed data required to reproduce these figures and findings cannot be
shared at this time due to technical or time limitations, but are available from the

authors upon request.
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Chapter 6

Conclusion and future work

In this chapter, we present a summary, the key contributions of this thesis, and rec-
ommendations for future work. Our research focuses on the areas of adaptive moving
meshes, pitting corrosion, and finite element methods. Specifically, we have con-
tributed to the development of software for adaptive algorithms in complex domains,
the study of heterogeneous materials with an emphasis on inclusion-type domains, and
the r and hr-refinement methodology, which enhances the accuracy and efficiency of
numerical simulations of moving boundary problems. Our recommendations for fu-
ture work include further studies on moving boundary problems, numerical analysis
of the methods, corrosion simulations for different metals, and coupling our approach

with domain decomposition strategies.

6.1 Summary of the thesis and our contribution

This thesis presents a proof of concept r and hr refinement approach to solving the
moving boundary problem related to pitting corrosion. Firstly, we demonstrated the
effectiveness of the r refinement approach in handling moving boundaries and chang-
ing topology due to merging pits in pitting corrosion problems. Secondly, we con-
ducted numerical simulations of pitting corrosion in heterogeneous materials, which is
challenging due to the presence of inclusion-type domains. We have shown that r re-

finement could provide quality meshes near the inclusion and pit as required. Finally,
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we have demonstrated that hr-refinement can significantly improve the resolution
near the features of interest.

An adaptive moving mesh method is a powerful technique for obtaining a more
accurate solution. This thesis has reviewed two types of adaptive moving mesh tech-
niques: r-refinement and h-refinement. In Chapter 1, we discussed the objectives
and scope of the thesis, as well as relevant literature on moving mesh and moving
boundary problems, including pitting corrosion. In Chapter 2, we provided back-
ground materials for this thesis, including an overview of the moving mesh method,
the formulation of MMPDESs, mesh adaptation functions, and solution techniques
for the physical PDE and mesh equation. There are two ways to solve the physical
PDE and mesh equation: simultaneously and alternately. However, the simultaneous
approach has a highly nonlinear coupling between the physical PDE and mesh PDE.
Therefore, we have chosen the simplest approach to the moving boundary problem
and then decoupled the boundary movement from the mesh generation. We have gen-
erated the mesh and solution using the alternating approach. In addition, we have
presented the preliminaries of the mechanism of pitting corrosion, crystal orientation
and a model problem.

In Chapter 3 we have shown how to design and implement an adaptive moving
mesh method for a moving boundary problem related to pitting corrosion with single
and multiple pits. The adaptive mesh is generated automatically by solving a mesh
PDE coupled to the nonlinear potential problem. We have shown the moving mesh
approach enables initial mesh generation, provides mesh recovery, and is able to tackle
changing pit geometry smoothly. To do this, we designed a metric for mesh adaptation
based on geometric considerations and on the solution of the PDEs, indicating where
the mesh needs to be moved to capture fine-scale features or moving boundaries. In
addition, we have introduced a technique to move the corner nodes of the pits. Single
and multiple pits are considered, as are materials with different crystal direction(s).
A procedure has been presented which allows pits to merge without a change in
mesh topology, allowing computation to proceed without completely restarting the

computation.
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Chapter 4 is devoted to demonstrating an adaptive moving mesh method for
simulating pitting corrosion in materials containing heterogeneous inclusions. Inclu-
sions are regions of a material that have a different composition or properties than the
surrounding material. In this chapter, we discussed how to handle multiple inclusions
and voids in the computational domain. We compute a metric for mesh adaptation
based on the solution of PDEs, indicating where the mesh needs to be moved to
capture the moving boundary and the metric was modified to handle inclusions. We
have shown that r-refinement approach is capable of handling changing pit geometry
and materials with varying crystallography and corrosion-resistant inclusions.

We observed that in some cases, r-refinement alone could not provide high mesh
density near the inclusion(s) for a long simulation time due to the obstacle(s) and the
moving front. We proposed a combination of h- and r- refinement to overcome this.
h-refinement adds mesh elements by dividing each existing element into two or more
elements and maintaining the type of element used.

In Chapter 5, we designed and implemented an adaptive hr-refinement procedure
for the simulation of pitting corrosion with heterogeneous materials. The adaptive
hr-refinement was able to handle changing pit geometry, including materials with
varying crystallography and corrosion-resistant inclusions. We have shown that hr-
refinement can significantly improve the mesh quality of the simulation compared to
r-refinement alone.

In summary, we have presented a robust, fully automatic, moving mesh solution
framework for pitting corrosion in materials with homogeneous and heterogeneous
with and without inclusions. The research also focused on developing software, a new

extension of MMPDEIlab providing hr-refinement.

6.2 Recommendations for future work

Future research primarily falls under the umbrellas of adaptive moving meshes, corro-
sion processes, and domain decomposition methods. This involves the development of

adaptive algorithms in complex domains, the further study of heterogeneous materials
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with an emphasis on inclusion-type domains of an arbitrary number, and improve-
ments to the hr-refinement methodology. Since this thesis work is interdisciplinary,
there are various areas where future work can be conducted and some recommenda-

tions for future work are given below.

1. Numerical simulation of pitting corrosion for many pits: We presented a
proof of concept r and hr refinement approach to the moving boundary problem
related to pitting corrosion. The simulation of large pit growth or the initiation
of many pits would likely benefit from an hr-refinement strategy which both
redistributes nodes as we have presented here but also allows periodic changes

to the number of mesh nodes.

2. Coupling the boundary movement with the mesh movement: In this
thesis work, the boundary movement and mesh movement are handled sepa-
rately. Coupling the boundary movement implicitly with the mesh movement
would also be a subject of future work. This will require further modification

of the MMPDEIlab software.

3. Improvements to the model by including more physics: In the existing
model we can include more physics, which will modify the physical PDE to

more accurately model the physical problem.

4. Simultaneous approach for solving the pitting corrosion PDE model
and the mesh movement: As we discussed, to solve the physical PDE and
mesh equation, we may solve the physical and mesh PDEs in a simultaneous or
alternating fashion. We have taken the simplest (alternating) approach for solv-
ing the moving boundary problem and have decoupled the boundary movement
from the mesh generation. In future work, the simultaneous solution approach
will be explored. The main disadvantage of this approach is that it has highly
nonlinear coupling between the physical solution and the mesh. The advantage

is the reduction in the time lag between the solution and the mesh.
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5. Error based hr-refinement methods for pitting corrosion: The MM-
PDE software only provides a P1 finite element of the solution. Extending the
software to give both a P1 and P2 finite element solution would allow the com-
putation of an error estimate. This error estimate could then be used as part

of the mesh density function and as a trigger for h-refinement.

6. Domain decomposition simulation for pitting corrosion: Domain de-
composition methods are widely used in scientific computing community to
solve the problem efficiently and quickly. The simulation of large pit growth
or the initiation of many pits would likely benefit from an hr-refinement strat-
egy coupled with a domain decomposition approach to allow the problem to
be spatially partitioned and the computation distributed to harness additional

Processors.

7. Parallel domain decomposition approach for simulating pitting corro-
sion PDE model in 3D: Other future work could include looking at pitting
corrosion in 3D on general surfaces. Recently, a closest-point method library for
solving PDEs on surfaces with parallel domain decomposition was introduced
by May et al. [1]. In particular, the library is able to solve elliptic and parabolic
equations including reaction-diffusion equations. This parallel domain decom-
position technique can be used for simulation of pitting corrosion PDE model

in 3D.

In conclusion, moving mesh approaches show a lot of promise for dealing with moving
boundary problems, especially when working with complex domains with inclusions.
Although, moving mesh techniques have been employed in a variety areas, the field
will benefit from further uptake in application areas. The MMPDEIlab package should
be made accessible in a number of programming languages and integrated with other
software applications, such as the PETSc (Portable, Extensible Toolkit for Scientific
Computation) library, for the benefit of the scientific computing community and

numerical analysts.

156



Bibliography

[1] Tan CT May, Ronald D Haynes, and Steven J Ruuth. A closest point method
library for PDEs on surfaces with parallel domain decomposition solvers and pre-

conditioners. Numerical Algorithms, pages 1-23, 2022.

157



	 Abstract
	 Lay Summary
	 Acknowledgements
	 Statement of Contributions
	Table of Contents
	List of Tables
	List of Figures
	Introduction
	Motivation
	Literature review
	Moving mesh methods
	Moving boundary problems
	Corrosion and Pitting corrosion

	Objectives
	Contributions of this thesis
	Thesis organization

	Background
	Moving mesh methods
	Equidistribution principle and MMPDE in 1D
	Equidistribution and alignment conditions in multiple dimensions
	Choosing the mesh density function
	Implementation of mesh and physical solve

	Finite element method
	 Finite element method on a fixed mesh 
	 Finite element method on an adaptive moving mesh 
	An example: Burgers’ equation with an exact solution 

	Corrosion
	Corrosion Basics
	Corrosion electrochemistry
	The electric potential, corrosion potential and applied potential

	Pitting corrosion
	Concept of pitting corrosion
	Pit shapes and growth
	Transport in solution
	Rate of corrosion at the pits

	Crystallography for Corrosion
	Crystal structure and unit cell
	Miller indices, directions and planes
	Relation between crystal coordinate and Cartesian coordinates systems using a rotation matrix

	Modeling approach of pitting corrosion


	Moving mesh simulation of pitting corrosion
	Introduction
	Model problem
	PDE model equation
	Crystal orientation and corrosion potential
	Overview of the moving mesh strategy

	The numerical implementation
	Discretization of the physical PDE
	The choice of the mesh density function
	Initial mesh generation
	Effect of τ on the moving mesh
	Alternating mesh and physical PDE iteration
	Solution of the moving boundary value problem
	Details of the pit boundary movement
	Merging pits

	Numerical results
	Single pit simulations 
	Multiple pit simulations 

	Conclusion
	Data availability
	Acknowledgements

	A moving mesh simulation for pitting corrosion of heterogeneous materials
	Introduction
	A heterogeneous PDE model for pitting corrosion
	The numerical approach
	The adaptive moving mesh strategy
	Discretization and MMPDElab overview

	Numerical results
	Case I: Inclusion(s) with different crystallography
	 Case II: Corrosion-resistant inclusions 
	 Case III: A pit encountering material voids

	Conclusion
	Data availability
	Acknowledgements

	An adaptive hr-refinement simulation for pitting corrosion of heterogeneous materials
	Introduction
	A heterogeneous PDE model for pitting corrosion
	The numerical approach
	The adaptive moving mesh strategy
	Discretization and MMPDElab overview
	Mesh quality indicators
	A simple h-refinement strategy

	Numerical results
	Conclusion
	Data availability

	Conclusion and future work
	Summary of the thesis and our contribution
	Recommendations for future work


