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Abstract

Spreading speeds and traveling waves are essential in qualitative studying biolog-
ical invasions. Sometimes, the invading species can lead to the extinction of the
local species competing for resources, and such a phenomenon is called competition
exclusion. In this thesis, we study the propagation dynamics of a Lotka-Volterra
competition model in a periodic discrete habitat when competition exclusion occurs.
First, we present general results on spreading speeds and traveling waves for mono-
tone systems in a periodic discrete habitat. Under appropriate assumptions, we show
that a semi-trivial equilibrium is globally stable for the spatially periodic initial value
problem when competition exclusion happens. Then we establish the existence of
the rightward spreading speed and its coincidence with the minimal wave speed for
the spatially periodic rightward traveling waves. We obtain sufficient conditions for
the linear determinacy of the rightward spreading speed. Ultimately, we apply all
these results to a specific model and conduct numerical simulations to investigate the

spreading of the two competing species in a periodic habitat.
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Lay summary

There are usually three cases for biological competition models based on the compet-
itive pattern. Two competitive species coexist when the competition is weak; there
is only one species that exist, which we call competition exclusion when there is a
superior and inferior species; there is still one species that live, but it depends on the
environmental factors when there is strong competition. In [13], we can find more
details and descriptions of these three cases. We can utilize the theories and appli-
cations of traveling fronts to study these phenomena. This thesis will focus on the
propagation dynamics of a Lotka-Volterra competition model in a periodic discrete

habitat when the competition exclusion phenomenon occurs.

Based on the theory of monotone systems, we first give some results related to the
propagation dynamics for the periodic discrete habitat. Then we show that a semi-
trivial equilibrium is globally stable for the spatially periodic initial value problem;
one species can persist, and the other will die out in the long run for the spatially
periodic initial value. Next, we establish the rightward spreading speed, proving
that it equals the minimal wave speed for the spatially periodic rightward traveling
waves. Furthermore, we obtain sufficient conditions for the linear determinacy of the
rightward spreading speed. Finally, we apply all these results to a model and do some

numerical simulations.
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Chapter 1
Introduction

Spreading speeds and traveling waves are essential in qualitative studying biological
invasions. The invasive species may lead to the extinction of the local species which
compete with the invasive ones. Based on the biological models, the heterogeneity of
the environment is crucial for the spreading of the invading species. In reality, the
rivers or hills can cause the invasion of the terrestrial animals, and the waterfalls or
lateral inflow can give rise to the invasion of the aquatic animals. Besides, human
activity is a common factor in raising the invasion of the species, like the fleeing pets.
Therefore, to maintain the sustainability of different ecosystems, it is important to
understand the impact of heterogeneity on extinction, invasion, and competition of
the populations in these ecosystems. Due to the pioneering work of Fisher [10] and
Kolmogorov, Petrovsky, and Piskunov [18] on traveling waves in reaction-diffusion
equations in 1937, there have been lots of related researches on this field. Gartner
and Freidlin [11] investigated the spreading speed in periodic media. Hudson and
Zinner [15] established the existence of periodic wavefronts for a set of Fisher-type
reaction-diffusion equations with periodic space variable in reaction term. Weinberger
[31] proposed the theory of spreading speeds and traveling waves in a periodic habitat
for recursion with the periodic order-preserving compact operator. Berestycki [1]
studied the pulsating traveling waves of reaction-diffusion-advection equations under
periodic domains with periodic diffusion and velocity fields. Berestycki et al. [2]
also found some nonlinear propagation phenomena of KPP-type reaction-diffusion
equations in periodic habitats. Liang and Zhao [23] developed a general theory of

spreading speeds and traveling waves in a periodic habitat for monotone semiflow



under the assumption of alpha-contraction compactness. Fang and Zhao [9] further
studied traveling waves for monotone semiflows with weak compactness in the case
where there may be boundary fixed points between two ordered unstable and stable
fixed points. Yu and Zhao [33] considered a more general two-species competition

reaction-advection-diffusion model in a periodic habitat:

0
DL~ Ly + 1 (0 () — an (@) — ann(a)un),
0
% =Lous + us(be(x) — ag (x)uy — ag(x)us),

where t > 0,2 € R, and Liu = di(x)% — gi(z)2%, i = 1,2. Here uy, uy are the
population densities of two competition species in an L—periodic habitat for some
positive number L, d;(z), g;(z) and b;(x) are diffusion, advection and growth rates of
the i-th species (i = 1,2), respectively. Besides, a;;(z)(1 < 4,5 < 2) are inter- and
intra-specific competition coefficients. More details can be found in [33]. This thesis

considers the lattice equation based on the reaction-advection-diffusion system.

The patch or lattice models are investigated in different applications, such as chem-
ical reactions, biological systems, image processing, etc. There are also many real-life
examples, like several roads across the forest or the islands in the sea. Sometimes
we consider the lattice model as the lattice version of the reaction-advection-diffusion
model. The spreading of cancer cells or viruses can also be viewed as a lattice model
but not periodic. There are lots of papers that focus on the lattice model. Shigesada
et al. [26] first investigated the propagation dynamics of a single species for a reaction-
diffusion model in a patchy habitat with periodic mobility and growth rate. Keener
[17] proved the propagation and its failure in systems of discrete coupled excitable
cells. Zinner [36] investigated the existence of traveling waves for the discrete Nagumo
equations. Chow et al. [7] analyzed the existence and stability of traveling waves in
lattice dynamical systems. Chen and Guo [4] proved the existence and asymptotic
stability of traveling waves for discrete quasilinear monostable equations, and they
[5] showed the uniqueness and existence of traveling waves for discrete quasilinear
monostable systems. Jin and Zhao [16] considered the spatial dynamics of a class of
discrete-time population models in a periodic lattice habitat. Slavik [27] investigated
a Lotka-Volterra competition model on a finite number of patches. Chen et al. [3]
studied the two-species Lotka-Volterra competition patchy model with asymmetric

dispersal and its global dynamical behavior. It seems that there is no research on the



competition Lotka-Volterra model in a periodic lattice habitat. Therefore, this thesis
introduces a lattice version of (1.0.1). Motivated by the method in [6] and [34], we

take the dispersal as follows
di(G) | D emiguili+k) —w(j) |, j €Z,i€{1,2},
keZ\0

where

(F1) > apig=1;
keZ\O

(F2) there is ky > 0 such that oy, =0, aua; = 0, for |k| > ko, j € Z.

Then we have the following system:

W =d;(j) Z agur(j+ k) —ui(y)
k€EZ\O
(8, 7)1 (7) — ans () (¢, 5) — ara(§ua(t, ). (1.0.1)
w —=dy(j) kezz\o Q2 ju2(J + k) — ua(j)
\ Fus(t, ) [b2() = an () (1, 5) — an(i)us(t, 1))

Here the coefficients d;(j), b;(j), a;m(j) are positive and N-periodic in j with j € Z,
i,l,m € {1,2}. We simplify the notation d;(j), wi(t,7), b:(j), am(j) into d;;, w; ;(t),
b;; and . j, where d; ; > 0, ajm; > 0, with j € Z, 1,1, m € {1, 2}, respectively. Here
uy, ug are the population densities of two competing species in N-periodic discrete
habitat for some positive integer N > 2, and d, ;, b; ; are dispersal, growth rates of
the i-th species (¢ = 1,2), at j-th habitat (j € Z), respectively. Moreover, ay.;,
Qo (k,j € Z,k # 0) represent the moving pattern from j-th lattice to (j + k)-th
lattice of species u; and wus, respectively, for the N-periodic discrete habitat. Besides,

Aim;; (1 < 1,m < 2, j € Z) are inter- and intra-specific competition coefficients.



Motivated by the method in [6], we consider a more general equation

(

wi;(8) =diy | Y arwigon —wig |+ fuilwn(t), wa (1)),
kEZ\0

wh;(8) = day | Y akagwajin —way | + fai(wr (), wa(t)),
\ keZ\0

where wi,j(t) = aii;julyj(t), t 2 0, 1€ {1, 2}, j € Z,

{ frj(wi (), wa (1) = w1 ;(8)[br; — wi;(t) — y15w2,;(t)],
foj(wi (1), wa (1)) = wa ;(t)[b2; — wa;(t) — Yy2,5w1,;(t)]

with M, =

a22;; aii;;’

(1.0.2)

A2y o= 2804 € {1,2}, j € Z. This thesis is framed as follows.

In Chapter 2, we show general results for the competition model in periodic lattice

habitat. In Chapter 3, we consider the spatially periodic equilibria of system (1.0.2)

under spatially periodic initial value, and we show that one of the semi-trivial equi-

libria is globally asymptotically stable. In Chapter 4, we change variables for system

(1.0.2) to get a cooperative system and investigate its spreading speed and traveling

waves. In Chapter 5, we establish sufficient conditions for the linear determinacy of

the minimal wave speed for system (1.0.2). In Chapter 6, we apply all the results to

a specific model and conduct some numerical simulations.



Chapter 2

Lattice systems in a periodic
habitat

In this chapter, we present the lattice version of the results in [9], [21] and [33] on

spreading speeds and traveling waves in a periodic habitat.

Let m be a positive integer, C be the set of all bounded and two-sided sequence
in R, and C; = {u € C : u; > 0,Vj € Z}. Any point in R™ can be regarded
as a constant sequence in C. For u = (uy, -+ ,Up), v = (v1, -+ ,vy,) € C, we write
u=o(u>v)ifu,; > v(u; >v;),V1<i<m,jeZ andu>vifu>wv
but u # v. Assume that [ is a strongly positive N-periodic sequence in R™. Set
Cs ={uecC:0<u <pB;,Vjel Cl={uecCs:u =ujn, Vj € Z} and
[1,N]z ={j €Z: je[l,N]}. Let X be the set of all bounded sequence with N
elements in R™; that is, X = B([1, N]z, R™) and equip X with the maximum norm
|- |x. Let Xy ={ue X :u; 20,j € [I,N]z}, Xp={ue X:0<u <p;,Vje
[1,N]z}. Let BC(R, X) be the set of all bounded and continuous functions from R
to X. Then we define X = BC(R,X), Xy = {v € X : v(z) € X4, Vo € R} and
X3 = BC(R, X3). Let K= B(NZ, X), and K3 = B(NZ, Xp). In fact, any element in
Xp can be seen as a constant function in X, and any element in Céj also corresponds
to a constant function in Xs. We equip C and & with the compact open topology;
that is, u,, — u in C means that the sequence of w, ; converges to u; in R™ for j in
any finite sequence; u,, — u in X means that the sequence of u,(s) converges to u(s)

in X for s in any compact set. Then We equip C and X with the norm || - ||¢ and



| - || x, respectively, which are defined by
. ma
JlI<
HUHC = Z T, Yu € C,
k=1
where | - | denotes the Euclidean norm in R™, and

mfgymwu

TS

lullx = — 5 uEeX
k=1

Introduce a translation operator 7, by T,[u]; = ;44 for any given a € NZ. Let Q
be an operator on Cg, where 3 € C is strongly positive and N-periodic. To utilize the
theory developed in the [9],[21] and [33], we need the following assumptions on Q:

(A1) @ is N-periodic, that is, 7,[Q[u]] = Q[Ta[u]], Yu € Cs, a € NZ;
(A2) @ : Cs — Cp is continuous with respect to the compact open topology;

(A3) @ : Cs — Cz is monotone (order preserving) in the sense that Qu] > Q[w]

whenever u > w;

(A4) @ admits two N-periodic fixed points 0 and 5 in C,, and for any z € Cé) with
0 < z < S, there holds lim Q"[z|; = f; uniformly for j € Z;
n—oo

(A5) QICg] is precompact in Cz with respect to the compact open topology.

Introduce a homeomorphism F : C — K by
F[gb](z)m = ¢i+m> 1€ NZ, m € [LN]Z
and an operator P : Kg — Kz by

P=FoQoF (2.0.1)

Let vs € C be defined by

j—1

(U‘S)j :/U(S_'_nj)mja vj :nj+mj EZ’ TLJ :N[ N

],mj S [1,N]Z,U€X,



and v; € IC be defined by
0s(n)m = v(n+ 8)m, Vn € NZ,m € [1,N]z,s € R,v € X.
Define P: X — X by

Pv](s) := P[,](0), Yo € X, s € R. (2.0.2)

We further claim that

Pvl(s)m = Q[vs)m, Yv € X, s € R, m € [1, N]z. (2.0.3)

In fact, since
F[¢](l)m = gbi-ﬁ-ma F_lw)]j = ¢(nj)mj7

it then shows that

P[v](s) = P[5;](0) = FQF~'[5](0)
= FQv(n + s)m)(0) = FQv.J(0),

so we have

P[v](8)m = FQ[vs](0)m = Qvs]m.

Let r € Int(X,). To utilize the conclusions in [9] to P, we need to verify the

following assumptions for P:

(B1) To[Plu]] = P[Ta[u]), Vu € X,, a € R;
(B2) P: X, — X, is continuous with respect the compact open topology;

(B3) P : X, — X, is monotone (order preserving) in the sense that Plu] > Plw]

whenever u > w;

(B4) P admits two fixed points 0 and 7 in X,., and for any z € X, with 0 < z < r,

there holds lim,, ., P"[z] = r;

(B5) There exists k € [0, 1) such that for any U C X, a(P[U(0)]) < ka(U(0)), where

a denote the Kuratowski measure of noncompactness in &,.



Proposition 2.0.1. If 8 € C is strongly positive and N -periodic and () : Cg — Cg
satisfies assumptions (A1)-(A5), then assumptions (B1)-(B5) hold for P : X5 — Xj.

Proof. For any ¢ € R, let u(-) =v(- +¢), Yo € X. Then

T_.P](s) = Pv](s +c)
= Qvsic] = Qluy] = p[u()](s>
P

PIT_)(s), Yo € X, s € R,

so (B1) holds. Furthermore, (B2) can be verified by analogous arguments to those in
22, lemma 2.1], and (B3) can be obtained from (A3). In fact, 0 is the fixed point of
P since Q(0) = 0. To show (B4), it is necessary to prove that Bi,n), 1s the fixed point
of P. Observe that f; is a constant function in X with j € [1, N]z, so it follows that

(Bs); = B(s + ny)m; = Bm,;, Vs €R, j € Z.

Thus, 8, = 8 € C,Vs € R. Furthermore,

PIB(8)m = QBs)m = Q[B)m = Bm, ¥m € [1,N]z,

which shows that P[] = 3 in X. Therefore, (B4) can be obtained from (A4). Next,

we prove that (B5) is valid. In fact, for any given 4 C X, P(U)(0) is uniformly

bounded, so we obtain that P(U/)(0) is compact, as it is the set of sequences. Thus,

we have a(P(U)(0)) = 0, which implies that (B5) is valid with k£ = 0. O

Let w € X3 with 0 < w < 3, and let ¢ € A3 such that the following properties
hold:

(C1) ¢(s) is nonincreasing in s;
(C2) ¢(s) =0 for all s > 0;

(C3) ¢(=00) = w.
Fix ¢ to be a given real number. According to [30], we introduce an operator R, by

R.[a](s) == max{¢(s), T-.Pla](s)},



and a sequence of functions a,(c; s) by the recursion

a0(c; ) = (), ans1(c;5) = Relan(cs )](5):

By the similar conclusions to those in [9, Lemma 3.1-Lemma 3.3], we have the following

result.

Lemma 2.0.1. The following statements are valid:

(1) For each s € R, a,(c;s) converges to a(c; s) in X, where a(c; s) is noninccreasing
in both ¢ and s with a(c;-) € Xj.

(2) a(c,—o0) = B and a(c,00) is a fived point of P.
By [9, 30], we introduce two numbers

¢} =sup{c:a(c,00) = B}, ¢ =sup{c:a(c,00) > 0}. (2.0.4)

Since {c : a(c,00) = B} C {c : a(c,00) > 0}, it follows that ¢} < ¢;. For each
t >0, let P, and P, defined as in (2.0.1) and (2.0.2) with Q = Q,, respectively. By [9,

Remark 3.2], we have the following result.

Theorem 2.0.1. Let {Q;}=0 be a continuous-time semiflow on Cz with Q:[0] = 0,
Qu[B] = B for allt > 0 and {P}i=0 be define in (2.0.2) for each t = 0 and ¢ and
¢, be denoted by (2.0.4) with P = P,. Suppose that Q; satisfies (A1)-(A5) for each
t > 0. Then the following statements are valid:

(1) If ¢ € Cg, 0<gb<w<<6f0rsomew€€§, and ¢; = 0, Vj = H, for some
HeZ, then lim Qi(¢); =0 for any ¢ > ¢..
t—o0,5=>ct

(it) If p € Cg and ¢; > o, Vj < K, for some 0 > 0 and K € Z, then

lim_ (Qi(¢); — B;) =0

t—o0,j<ct

*
for any c < ci.

Proof. As {Q+}+>0 is a continuous-time semiflow on Cz with Q;(0) = 0 and Q:(8) =

for all ¢+ > 0, we can obtain that {P,},o is a continuous-time semiflow on Xz with
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P,(0) = 0 and P,(3) = 8 for all t > 0. By Proposition 2.0.1, P, satisfies (B1)-(B5).
ForcpECB,0<gb<w<<6withw€cg,let

S

N + (bns“l’m

U(8)m = [Pny4 Ntm — Prytm)

for s € R, s = ng+ 0, n, = N[5, 0, € [0,N), m € [1,N]z. Thus u € X3 and
0<u<wKp.
To show statement (i), we assume that there is some H € Z such that ¢; = 0,
j = H and ¢; # 0 (otherwise, it is trivial), so u(s) = 0,s > H + N. By [9, Remark
3.2], we can obtain that . lim tﬁt(u)(s) = 0in X for any ¢ > ¢;. Furthermore, we
—00, §=¢C

have

Pt[u](nj)mj = Qt[unj]mj = Qt[u(nj + nl)(ml)]ma
= Qt[(b(nj + Z)]My = Qt[¢]j7 i,J €Z,

and for s € NZ, . lim> tpt(u)(s) = 0in X is valid for any ¢ > ¢;. Fix a real number
—00, 8=C

c € (¢4, c), we obtain

N

b
c—c

Q]| < |Plu)(n)|x, Vi > ct, t > (2.0.5)

and n; > ct — N > t. If t = oo in (2.0.5), it then follows that lim @ (¢); =0

t—ro00,5>ct
for any ¢ > ¢c.
By similar arguments to the above, we can prove that statement (i) is also valid.
O

In view of the above theorem, we call ¢, and ¢, as the fastest and slowest rightward
rightward spreading speeds for {Q;}+0 on Cg, respectively. If ¢, = ¢, we say that

this system admits a single rightward spreading speed.

Next, we show the existence and the non-existence of traveling waves in a discrete
periodic habitat for the continuous-time semiflow {Q;}+>0. Given a continuous-time
semiflow {Q;}:=0 on Cg, we regard V;(j — ct) as an N-periodic rightward traveling
wave of {Q }=0 if {V;(j+a)}jez € Cs, Qi[U]; = V;(j —ct) and V;(€) as an N-periodic
function in j, where a € R, t > 0, £ € R, U; := V}(j). Furthermore, we say that V()
connects 3 to 0 if gglinoo |V;(&) — B;] = 0 and 5121010 |V;(€)] =0 for j € Z.
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We have the following result by the arguments similar to those in Yu and Zhao

33].

Theorem 2.0.2. Let {Q(t)}i=0 be a continuous-time semiflow on Cg with Q[0] = 0,
Q:[B] = B for allt >0, {P}=o be defined as in (2.0.2) and ¢t and ¢y be denoted by
(2.0.4) with P = Py. If Q(t) satisfies (A1)-(A5) for each t > 0, then the following

statements are valid:

(1) For any c > ¢, there is an N-periodic traveling wave W;(j — ct) connecting 3 to
some equilibrium By € Cg \ {B} with W;(&) be continuous and nonincreasing in

£eR.

2) If, in addition, 0 is an isolated equilibrium o Ym0 in CL, then for any ¢ > ¢,
either of the following holds true:

(1) there is an N-periodic traveling wave W;(j—ct) connecting 8 to 0 with W;(&)

be continuous and nonincreasing in § € R.

(i1) {Qi}e=0 has two ordered equilibria o, ay € CF\ {0, B} such that there exist
an N-periodic traveling wave W1 ;(j — ct) connecting oy and 0 and an N -
periodic traveling wave W ;(j—ct) connecting B and oy with W, ;(§),i=1,2

be an continuous and nonincreasing in & € R.

(3) For any c < ¢, there is no N-periodic traveling wave connecting 3, and for any

¢ < Cy, there is no N-periodic traveling wave connecting 8 to 0.



Chapter 3
The periodic initial value problem

In this chapter, we study the global dynamics of the spatially periodic and discrete

Lotka-Volterra competition system with periodic initial values.

In the rest of the thesis, we always assume that d; ;, b; ;, and ~; ; are N-periodic

sequences in j and d; ; > 0, a;m; >0, foralli € {1,2}, 1 <I,m <2, j€Z.

Let Y be the set of all N-periodic sequence from Z to R, and Y, = {¢p € Y : ¢); >
0,V € Z} be a positive cone of Y. Equip Y with the maximum norm || - ||y, that is,

lolly = max |¢j|. Indeed, (Y,Y,) is an ordered Banach space. Next we consider the
je

following ordinary differential equation:

W) =di | Y awgugen —uy | +ui()b; - aguy(t)], j € Z. (3.0.1)
keZ\0

Here b;, a;, d; are N-periodicin j € Z, d; > 0,a; > 0, and > ax,; = 1forall j € Z.
kEZ\O
It is easy to see that there exists a positive number K > 0, such that

K[bj—ajK] <0,j€Z

. Let K = {f(j}jez, Kj = K, and set W := [O,[A(] is an ordered interval in Y. We
rewrite system (3.0.1) into this form «'(t) = Lu + F(u), where u(t) = {u;(t)};ez,

F(u) = {fi(u(t)}jez, Lu = {l;(u(t))}jez with Ij(u) = d;( Z\ Qpgjtjpk — uj) and
kEZ\O
fitu) = u;(t)[bj — aju;(t)], j € Z. Let b:= sup  fi(§). It is clearly that b < oco.
JEL,EE[0,K]
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Since f;(0) = 0, j € Z and following from [34, (A2), Lemma 4.1, Theorem 4.2], we

have the following result.

Proposition 3.0.2. For any x € W, there exists a unique solution u(t,x) of system
(3.0.1) with u(0,z) = x and u(t,x) € W for all t € [0,00) and system (3.0.1) admits
comparison principle on W. Moreover, let Qi(x) = u(t,z) for allt > 0 and x € W.
Then {Q:}i=0 1s a semiflow on W with respect to the compact open topology.

Next, we consider the following N-dimensional ordinary differential equation:

wit) =d; | Y awgujr —uy | +u(t)[b; — aguy(t)], (3.0.2)
kEZ\O

where j € [1,N]z and uo(t) = un(t), unp(t) = wy(t), dyyr = dy. For K =
([A(j)jE[LN]Z, W := [0, K] is an ordered interval in RY. For system (3.0.2), it is easy
to see that there exists a unique solution @(t, z) with @(0,z) = x and a(t,z) € W for
all t € [0,00), and system (3.0.2) admits comparison principle on W. Moreover, let
Qu(z) = a(t,z) for all t > 0 and x € W. Clearly {Q;}+0 is a semiflow on WW.

Set p;(u) = 1;(u) + fi(u), P = (p;)jez and P = (p;)jep.vy,- Let @ = Q1 and A =
DP(0). We can verify that P is cooperative, and the DP(x) is irreducible for every
z € RY. Tt is easy to verify that P(0) = 0 and p;(z) > 0 for all z € RY with z; =0,
j=1,2--- N. Then we will show that P is strictly subhomogeneous(sublinear).
Let IN/ = {lj}jé[l,N]z and F = {fj}jé[l,N]z‘ In fact,

pi(Aa) = Li(Aa) + fi(Ma) > Alj(a) + Mf;(@) = Ap;(u)

for all % > 0 and A € (0,1) with j € [I,N]z, which implies that P is strictly
subhomogeneous. We have the following result: by [35, Corollary 3.2, Remark 4.3].

Lemma 3.0.2. Define the stability modulus of matriz A as
s(A) := max{RA;det A(\) = 0},

the following statements are valid.
(a) If s(A) <0, 0 is a globally stable equilibrium of Q; in W ;

(b) If s(A) > 0, then there exists a globally stable equilibrium of Qy in W\ {0}.
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Let P = P(Z,R?) be the N-periodic sequence from Z to R? and P, = {¢) € P:
¥; =20, j € Z}. Indeed P is a closed cone of P, and it also yields a partial ordering

on P. Moreover, we define a norm on || - ||p by

I9lle = max /67 ; + 63

Clearly, (P, ||||p) is an ordered Banach space. Let

{ w1(t) = (wia(t), -+ wi(t), -+, win(t))

W(t) = (wa(t), -+ wa (t), -, wan(1))

and
w(t) = (wi(t), wa(t)), W(t) = (W1(t), Wa(2))-
We consider the following 2N ordinary differential equation

(

/ JE—
wy ; =dy; E 10k — Wiy | A wiglby — wi — Y1 way),

keZ\0
< (3.0.3)

/ JR—
why =day | Y Qkpjwajan — way | + walbay — Yaguwr, — wayl,
. keZ\0

where j € [1, Nz, wio(t) = wi n(t), wins1(t) = w;1(t), diny1 = dig with i € {1,2}
for w,(0) = x € RY, w,(0) = y € RY. By observation, it is easy to verify that for
all j € [1,N]z and i € {1,2}, there is z;; € R such that the righthand side of system
(3.0.3) is smaller or equal to 0, that is,

dyj E 121k — 21y |+ 2lbly — 21 — Y1%2) <O

keZ\0
and
doj | D awagzajin — 224 | + 224lb2g — 725215 — 225] <O
keZ\0
Then we let Zl = (2171721’2, tee ,ZLN), 22 = (2271722’2,' . ,2271\7) and Z = [O, Zl] X

[0, Zg] be an ordered space. For all the elements w in Z, it is easy to see the well-

posedness of the system (3.0.3). We can utilize the solution of system (3.0.3) w(t) =
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(11 (t), s(t)) to define the solution map as T}(x) = w(t, ), where z € Z.

Then we consider the following system,

wy ;= du E oW1k — Wi |+ wilbyy —wig), Wi(0) =2 € RY, j € [1, N]g,
keZ\0
(3.0.4)

and

wy ;= da Z Oz jWa ik — Waj | +waj[bay — wa], wWa(0) =y € RN, j € [1,N]g,
kEZ\O
(3.0.5)

where wi70(t) = U}i,N(t), ’IUZ"NJrl(t) = wm(t), d/L’7N+1 = di71 with ¢ € {1, 2} Let

pij(w;) = di; E Qi jWijk — Wi | 4 wiglbi; — wi),
keZ\0

P, = (pij)jez and P, = (pij)jep,ny, with 7 € {1,2}. Set A; = DZ—Z’Z-(O). In order to
get the two semi-trivial equilibria, we compare the coefficients of (3.0.4), (3.0.5) with
those in (3.0.2) and do the similar arguments for system (3.0.2). Motivated by Lemma
3.0.2, we suppose that

(H1) s(4;) > 0 with i € {1,2}.

Therefore we obtain that there exist two positive equilibria @w; and @} in RY such
that Fy := (wj,0) and Ey := (0, w3) are two semi-trivial equilibria for system (1.0.2),
where w; € Y, w}; = w;,; for i € {1,2} and j € [I,N]z. Then we consider the

following system,

r ~ % ~ - N
wi; =dig | Y akagwiee — wiy |+ wilby — wyy —y1505 ], 01 (0) =z € RY,
keZ\0
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where j € [1, Nz, w1,0(t) = wi n(t), w1 n1(t) = w11(t), di i1 =diq. Let
p3j(wi) = dyj Z i1, j W14k — Wiy | +wiglbiy — wiy —7,5,], J € Z,
kEZ\O
Py = (psj);ez and Py = (p3j)jel1,N],- Set By = DP5(0). We assume that
(H2) s(Bi1) >0,
which implies that Fs linearly unstable. We assume that
(H3) there is no positive equilibrium for system (3.0.3) in [0, w]] x [0, @3].

For system (3.0.3) and the continuous semiflow T}, we can verify that it satisfies [14,
(H1)-(H4)]. Then we have the following result on the global stability of Fy = (w7, 0).

Theorem 3.0.3. If (H1)-(H3) holds, then Ey = (w},0) is globally asymptotically
stable for all the initial value ¢ = (¢p1, o) € Py \ {0}.

Proof. Let w(t, ¢) be the solution of (1.0.1) with w;(0,¢) = ¢,;. By virtue of (A2),
there is a real positive number ¢, € (0,5(By)). Note that fj(w) = by ; — wy;(t) —
71,;W2,5(t) is uniformly continuous on the set [0,1] x [0,b] with j € [1, N]z, where
b= max w; ; + 1. There is dg > 0 such that

‘fj(u) - f](v>| < €o; Vu = (u17u2)7 v = (UhUQ) € [07 1] X [Oab]aj € Za

for |u; — v;| < dg, i = 1,2. Then we have the following result.

Claim. limsup ||w(t, @) — (0,w3})||p = o for any ¢ € P, with ¢; # 0.

t—o00

By way of contradiction, suppose limsup ||lw(t, ¢) — (0,w)||p < d. Then there

t—o0

exists ¢ € P, with b1 # 0 and ¢y > 0 such that
lwi(t, )llv < do, lwalt, §) — willy < bo, VE = b,
Therefore, we obtain

fri(w(t,8)) > fii(w(t, (0,w3))) — € = br; — nw3(j) — €0, t > to, j € [1, N
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Let
Fi(w) = (fu(w), fiz(w), -+, fin(w))
and
[qu = (lnwy, hawy, - -+ liywy)
with ll,jwl = Z Q1 ;W1 4+ — W15, where wLNH(t) = wlyj(t), j c Z, dl,N+1 = dl,l-

kEZ\O
Let ¢ = (11,19, -+ ,1¥N) be the eigenvector corresponding to s(Bj). Then we have
By - = s(B1)Y. Since w(0) = b1 % 0, we can get the solution of first equation
in system (3.0.3) wy;(t,¢) > 0, ¥j € [1, N]z. Then there is small 5 > 0 such that

~

wi(t) > Y > 0. Therefore, wy ;(t, ¢) satisfies

{ ’wi,j P ll,j’w1 + w1,j(b1,j — ’ijw;j — 60), t>19,7 € [1, N]Z, (3 0 6)
wi(to) = ny.
From (3.0.6), we obtain that v;(t) = nel"(Br)=<lt=to)y. 5 € [1, N} satisfies
{U} = b0 +v(b; — w35 — €0), t = to,j € [1, Nz, (3.0
vj(to) = nvy, j € [1, Nz

By (3.0.6), (3.0.7) and the standard comparison principle, we have that

wy(t, ) = pelrBr—elt=to)y, ¢ > 4,

~

Taking ¢ — oo, it then follows that w (¢, ¢) tends to infinity, a contradiction.

By above claim and (H3), the possibility (c) and (a) can be ruled out in [14,
Theorem B|. By the repellence of E, in its some neighborhood, [14, Theorem B]
shows the global asymptotical stability of E; for all initial values ¢ = (¢1, ¢2) € P
with ¢ # 0. 0

To finish this section, we consider a more specific model. We suppose that there
is a positive number d; > 0, do > 0, 71 > 0, 72 > 0 such that dy; = di, dp; = da,
Yij = V1, Yo,; = V2 With j € Z, where 1, 7, satisfy

(H) mv. < 1.
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We then have the following system

(3.0.8)

/
{ wy ; =dy (a1 w1 g1+ oo jw o — wig) + w by — wj — ywa ),

/
wy ; =da (12 jWa j41 + Q19 jWa i1 — Waj) + Wwaj[baj — Yowrj — wal.

By Smith [28, Thorem 4.4.2, Corollary 4.4.3] and Chen et al. [3, Theorem 3.1] for N

patches species competition model, we have the following theorem.

Theorem 3.0.4. If (H1), (H2) and (H) hold, there is no interior equilibrium for
system (3.0.8) in [0,w]] x [0,w3], and hence, Ey is globally asymptotically stable for
system (3.0.8).



Chapter 4

Spreading speed and traveling

waves

In this chapter, we investigate the spreading speeds and spatially periodic traveling

waves for system (1.0.2).

By taking v; = wy, v9 = wj — wy, we obtain the following cooperative system

o *
vy =dy E 1V e — V1 | 4 onglbry — vny 4 (v — w3 )],

keZ\0
(4.0.1)
/Uévj :d27j Z Q.2 5V 4k — V24
keZ\0
( Fonglbeg = yagvng + (02 = 205)] + 22015 (wi;.

The three equilibria of system (1.0.2) become

~ ~ ~

By = (0,w}), By = (wh,wl), By = (0,0).

Let C be the set of all two-sided bounded sequences from Z to R? and C; = {¢ €
C:¢; >0,Vj €Z}; let B be a strongly positive N-periodic two-sided sequence from
7 to R%. Set

Cs={ueC:0<u;<B;,VjeZ},C={uecCs:u;=un,VjeEL}
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Let X be all the finite sequences from [1, Nz to R? equipped with the maximum norm

|- |x, and X are all the finite sequences from [1, N|z to R2. Let

XBI{UEXI()nggﬁj,VjE[1,N]Z}.

Let X = BC(R, X) be the set containing all the continuous and bounded functions
from R to X, X, = BC(R, X;) and X3 = BC(R, Xz). We use the compact open
topology on C and X’; that is, u, — u in C means that the sequence of u,, ; converges
to u; in R™ for j in any finite sequence; u,, — w in X means that the sequence of
u,(s) converges to u(s) in X for s in any compact set. We equip C and X with the

norm || - ||¢ and || - ||x, respectively, which are defined by
o max ]
JI<
fulle =>" o YueC,
k=1
where | - | denotes the usual norm in R? and

o max [[u(z)]| x
ullx = Z ok Vu e X.
k=1

Let § = (u},ul) and Y be the set containing all bounded sequences from Z to

R, and Ti(t) and T5(t) be the uniformly continuous semigroup on Y generated by

the linear lattice equations vy ; = dl’j(kzzz\ Q1,501 j1k — V1) = lij(v) and v, ; =
€Z\0
do;( > Qoo ik — Vo) = laj(v), respectively. It follows that T7(t) and T5(¢)
kE€Z\O

are compact with respect to the compact open topology for each ¢t > 0 (see, e.g.,
in [34]). For any v = (v1,v9) € Cg, define F' : Cs3 — C, F = {Fj(v)}jez by Fj(v) =
(f1,5(0), f2,(v)), where f1;(v) = v1,;[b1;—v1;+71,(v2—w3 ;)] and fo5(v) = va[ba;—
Yo, V1,5 + (Vo — 2w3 ;)] + vy2,v1,5(t)ws ;, for all j € Z. We write the (4.0.1) into an

integral equation

(4.0.2)
v(0) = ¢ € Cg,

where T'(t) = diag(T1(t), T5(t)).



21

Note that F;(0) = 0 and there is 8 € IntR? such that F;(8) < 0, Vj € Z.
Since DF};(§) is 2 x 2 matrix with j € Z, £ € [0, 5], define the norm of DF};(§) as
HDF}'(&)”DZH’I&X{|8J£1]€I ‘ ‘af1]€2 | |<9f2,j(£1 | |<9f2y(£2 |} Let

ovy Ova j ovy,j Ova,j
B:= sup | DF;(§)||lp(Ery+ Era+ Eap + Eyo) < o0,
£€[0,8].4€Z

where Ej,, denote a 2 x 2 matrix by replacing [, m entry of a zero 2 x 2 matrix with
real number 1, for all I,m € {1,2}. We have the following lemma: motivated by [34,
Lemma 4.1, Remark 4.1].

Lemma 4.0.3. Equation (4.0.2) has a unique solution with u(0, ¢) = ¢ and u(t, ¢) €
Cs for allt € [0,00), and equation (4.0.1) admits the comparison principle.

Proof. For any real number h > 0, j € Z and any ¢, ¢ € Cg with ¢ > 1, we have

¢j — ¥+ h(F(¢) — F(¥)); = (I + hDF;(&))(0; — 5)

for some & € [¢,¢]. By |DF;(§))| < B, Vj € Z, so there is a hy > 0 such that

¢ — 1+ ho(F(¢) — F(¢)) = 0,in C, Vh € [0, ho],

which implies that

dist(¢ — ¢ + h(F(¢) — F(¢)),Cy) = 0, Vh € [0, hol.

Therefore, we have F' : Cg — C is quasi-monotone. Let (v (t)); = 0, (v (t)); = B,
Vj € Z. Clearly, [v—(t), vt (t)] = Cs. Letting 7 = 0 in [24, Corollary 5], we then obtain

the desired conclusion. O

By [34, Theorem 4.1, Remark 4.1], we have the following result.

Theorem 4.0.5. Let Q:(¢) = u(t,¢) for allt > 0 and ¢ € Cs. Then {Q+}i=0 is a

monotone semiflow on Cg equipped with the compact open topology.

Proof. Since F;() < 0, Vj € Z, we can obtain that Q;(Cs) C Cs, ¥Vt > 0. It is easy
to verify that Qp = I and Q; 0 Qs = Qiys, Vt, s = 0. Therefore, it suffices to show
that Q.(¢) is jointly continuous at any point (¢y,¢) € [0,00) x Cs for compact open
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topology. By the triangle inequality, we have

1Qe(0) — Qi (V)| < NQ:(@) — Qe(¥) | + |Q:(v) — Qi (D)]]-

Thus we only need to show that Q;(¢) is continuous at ¢ for ¢t € [0, tq + 1].

Since d; ; and dy; are N-periodic in j, we can take d = H[la]s](] {dy;,ds;}. For
JE[L,N]z

linear differential equation w'(t) = Lw(t) + Bw(t), it is easy to see that the operator
L + B is bounded, where (Lw); = L;w, L; = diag(ly;,ls;) and (Bw); = Bw; for
J € Z. In fact,

[(Lw + Bw);lle <[l Lw;lle + || Bw;
<Ad||wl|se 4 22| w]| s
<(4d + 2v2) || w]| oo,

so we yield that L + B is a bounded operator. For any ¢, € Cg, we consider the

following equation
5]- = max{¢;, ¢}, Qj = min{¢;,,}, Vj € Z.

Clearly we have ¢ = {¢,}jez, ¢ = {Qj}jez € Cs. Let w(t) = u(t,¢) — u(t,d). Then

we have
w'(t) < Lw(t) + Bw(t), Vt>0.

Following from comparison principle, we obtain that

k=00
tk

e}

N
S

=

N
|

S(L+ B)Mw(0), vt >0,

>

SO



where Vj € Z, t € [0,1],1 := to + 1. Indeed u(t, ) < u(t,d), u(t, ) < u(t, d), vVt >0,

then we have

|uj(ta ¢) - uj(ta ¢)|

< uj(tv ¢) — Uy (ta ¢)

k=oco /7
(t]|L + Bllo)"
< R SEre——
S Omect (k%l ] 26 (4.0.3)
+ max (Z (Lt B>k<w<o>>> vte(0,4, j € Z.

Since Y o, W = e/IE+Bl  for any € > 0, there is N = N(¢) > 0 such that

0<t<t
k=N+1

k=c0 —
max ( Z (tHLJrk—'BHOO)k : 26) < % (4.0.4)

By [34, Lemma 3.2], we obtain that the map (L + B)* : Cys — C is continuous at
¢ = 0 under compact open topology for any integer k > 0. By [34, Lemma 2.2] with
H = Z, we can get that there is § = §(e, M) > 0 and an integer K = K(¢) > 0 such
that .

max (Z (L + B)k(w(O))> Vj € [-M, M)z, (4.0.5)

- J

x| %

for all ¢ € Cg with ||¢;||p < 6, Vj € [-M, M|z, any M > 0 and above € . Notice that
for any ¢ € Cs, we can obtain that ¢ — ¢ € Cyp with aj - Qj = |p; — Y|, Vi € Z.
Therefore, together with inequality (4.0.3)-(4.0.5), we get

€

|u;(t, @) — u;(t, )| < % +3

=eVje[-M, Mz, t €0,t,

for all ¢ € Cop with ||¢; — ¢;llp < 0, Vj € [—K, K]z. Thus, by [34, Lemma 2.2], it
then follows that Q;(¢)) is continuous at ¢ uniformly for ¢ € [0, + 1]. O

We say V;(j — ct) is an N-periodic rightward traveling wave of system (4.0.1) if
{Vi(j — ct)}jez € Cs, ui(t, V() = Vi(j — ct), Vt > 0, and V;(§) is an N-periodic
function in j for any fixed £ € R. Moreover, we say that V;(£) connect 8 to 0 if
fEIPOO |V;(&) — B;] = 0 and ghj?o |V;(€)] = 0 uniformly for j € Z.
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Definition 4.0.1. A function u;(t) is said to be an upper(a lower) solution of system
(4.0.1) if it satisfies

u(t) = (L)T(t)u(0) +/0 T(t —s)F(u(s))ds, t > 0.

Note that u;(t, ¢) is a solution of (4.0.1), so is u;_4(t, ¢), Va € NZ, which implies
that (A1) holds. By Theorem 3.0.3, we see that (A4) holds for @Q; with ¢ > 0 . Since
T'(t) is compact with respect to the compact open topology for each ¢ > 0, (A2),
(A3) and (A5) then follow from the similar arguments as in [34]. Thus, we have the

following observation.

Proposition 4.0.3. If (H1)-(H3) hold, then for eacht > 0, Q; satisfies assumptions
(A1)-(Ab) in Chapter 2.

By utilizing {Q;}+>0, we can define a family of operators {Qt}t}O on Xj

~

Qi[v](8)m = Q(Vs)m, Yv € Xz, s € R, m € [1, Nz, t >0,

where vy € C is defined by

Jg—1

(Us>j :U(8+nj)mj7 vj :nj+mj EZ’ 77,] :N[ N

], m; S [LN]Za vek.

By Proposition 2.0.1, we can obtain that {Qt}t>0 is a monotone semiflow on Xj
and (B1)-(B5) hold for @, in Chapter 2 for each ¢ > 0. Now we use the method in
Chapter 2 with m = 2. Let ¢, ¢; be the form in (2.0.4) with P = Q. If we want
to prove that the minimal wave speed for N-periodic rightward traveling waves of

system (4.0.1) connecting 5 to 0 is ¢, , we need the following assumption:

(H4) i, + ¢5_ > 0, where ¢f, and c¢_ are the rightward and leftward spreading
speeds of (4.0.6) and (4.0.8), respectively.

Theorem 4.0.6. If (H1)-(H4) hold, then for any ¢ > ¢, system (4.0.1) admits an
N-periodic rightward traveling wave (U;(j — ct),V;(j — ct)) connecting B to 0, with
wave profile components U;(§) and V;(§) being continuous and non-increasing in &;

for any ¢ < ¢4, there is no such traveling wave connecting 3 to 0.
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Proof. By Theorem 2.0.2 (2) and (3), it suffices to prove that the second case in Theo-
rem 2.0.2 (2) does not hold. By way of contradiction, we assume that the statement in
Theorem 2.0.2 (2)(4¢) holds for some ¢ > ¢;. Since system (4.0.1) has three N-periodic
nonnegative equilibria points and Ey= (0,u3) is the only intermediate N-periodic e-
quilibrium point between El = [ and Eg =0, we obtain a; = ap = E’O. Therefore, we
consider system (4.0.1) on the order interval [Ey, E1] and [Es, Ey], respectively. The
one spices equation

uy = lyju+uj(byy —uy), j €7, (4.0.6)

yields an N-periodic traveling wave U;(j — ct) connecting uj to 0 with U;(§) being

continuous and nonincreasing in &, and the other equation
U} = lQJ’Uj -+ /Uj(bQJ' — 2w§’j -+ ’Uj), j c Z, (407)

also yields an N-periodic traveling wave V;(j —ct) connecting u3 to 0 with V;(§) being

continuous and nonincreasing in &.

Let W;(j —ct) = w3 ;—V;(j—ct) in (4.0.7), so W;(j —ct) is an N-periodic traveling

wave connecting 0 to w3 with W;(£) being continuous and nondecreasing in £
w; = lQJ’LUj —+ wj(bg,j — wj), J € 7. (408)

W;(j — ct) is an N-periodic leftward traveling wave connecting 0 to u} with wave
speed —c, and assume that (4.0.6) and (4.0.8) yield rightward spreading speed ¢, and
leftward spreading speed c¢;_, respectively, which are also the rightward and leftward
minimal wave speed (see, e.g., and [23, Theorem 5.3]). Then we obtain that ¢ > ¢},

and —c > ¢5_, which implies ¢, +¢;_ < 0. O

Let s(M(1)) be the stability modulus of the matrix My(p), Ma(u) = Aa(p) + Do

and As(p) := [agyu,;], where

)
Ay = —daj, j =1, N,

Gopjjri=daj Y e ™ j=1. N, j+I<N, €N,
k—lENZy

k . .
a2,u;j+l,j:d2,j Z Oéfk;Q,je uajzla"'7N7]+l<N7l6N'
k—leENZ4

\
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Let Dy := [dy;;] be the N x N diagonal matrix with dy;; = by; — wy; for all
j=1,---,N. To show that system (4.0.1) yields a single rightward spreading speed,

We assuime:

(H5) limsup S(Mzi(”)) < cf,, where ¢ is the spreading speed of (4.0.6).

u—0t
Theorem 4.0.7. If (H1)-(H5) hold, then the following statements are valid for sys-
tem (4.0.1):

(1) If ¢ € Cg, O<¢<w<<ﬁf0r30mew€C§, and ¢; = 0, Vj = H, for some
HeZ, then lim wu;(t,¢) =0 for any ¢ > ¢;.
t—00,7>ct

(ii) If ¢ € Cg and ¢; > o, Vj < K for some o € R? with o > 0 and K € 7Z, then
Hg{?gct(uj(t’ ¢)— B;) =0 for all c < ¢y.

Proof. In view of Theorem 2.0.1, it is enough to prove that ¢, = ¢’ . If this does
not hold, then ¢, > ¢ according to the definition of ¢, and ¢}. By (1) and (3)
of Theorem 2.0.2, we obtain that system (4.0.1) yields an N-periodic traveling wave
(Ur;(j — ), Usj(5 — c)) connecting (wi, w3) to (0,w3) with U; ;(§)(¢ = 1,2) being
continuous and nonincreasing in {. Then, U, = u3, and Uy ;(j — ¢’ t) is an N-periodic
traveling wave connecting uj to 0, which shows that ¢} > ¢, with c¢], being the
rightward spreading speed of (4.0.6). Let s(M;(u)) be the stability modulus of the
matrix M (p), Mi(p) = Ai(p) + Dy and Ay (p) = [a1,,5], where

A5 = _dl,ja j - 15 e 7Na
—k . .
a1M§j7j+l:d1:j Z Qg;1,5€ M7j:17"'anj+l<Nal€Na
k—lENZ,

Gy =iy > g™ j=1 N, j+I<N, 1N

k—leNZ.

\

Let Dy :=[dy,; ;] be the N x N diagonal matrix with dy,;; = by ; forall j=1,--- N.
It is easy to verify that (4.0.6) satisfies the conditions in [12], so we have ¢}, =

mig S(MTM For any ¢; € (c¢i,¢y), there is y1 > 0 such that ¢; = S(M:Lig’“)) Let ¢7 be
w>

the N-periodic positive eigenvector associated with the stability modulus s(M;(p1))
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of matrix Mj(uq). Then we have that

up () = e MU tgr = e ritM gy s 0, j € Z,

,

is a solution of the ordinary linear equation
/ .
wy ;= ljwi b, § € 2.

Because of ¢, < ¢; and (H5), it then follows that there is a smaller number 5 €

(0, p1) such that co == s (pa)) ¢4 Let ¢35 be the N-periodic positive eigenvector

p2

associated with the stability modulus s(Mas(pe)) of matrix My(ug). Then we can
obtain that
Uy (1) := e*#Q(J'*Czt)gb; = e*/LQjeS(M(Hz))tgb;’j’ t>0,j€eZ,

»J

is a solution of the ordinary linear equation
Wy ; = lyjwaj +waj(baj — @5 ), j € L.
Since ¢; > ¢o, we can obtain that
v () == e_‘“(j_clt)gbzd = 6“2(01_02)tw2,j(t), t>0,j€Z,

satisfies
Vo = lajvag + v2(bay — ¢35), J € Z. (4.0.9)

Define the two wave-like functions:

wy(t) == min{moe’”l(j’m)qﬁfd, wy; b, t>0,j€Z

and
Wa,;(t) = min{qoe—m(j—mt)gb;j’w;j}’ t=20,j€zZ,
where i} i}
2,j . P
0= max —>,my= min —— .
€Nz @5 ; JEILNIZ V2,505

Then we need to verify that (w;,ws) is an upper solution of (4.0.1). In fact, for all
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Jj—oat> l ln(mw”

), it is easy to see that wy ;(t) = mee U0 ¢} . and hence,
1,7

_/ _ _ * _ _
Wy ; — by — Wby — 15Uy — Wi+ Y1,Wa5)

—/ _ o .
> wy; — lijw; —wy by =0, j €Z.

For all j — ¢qt < 1 (m0¢>1]) we have w, ;(t) = wy ;, so
1,5 ’
Wy j — bW — Wby — arjws ; — Wy + 71,U2,)
> Wy ; — lijwiy — Wby — 01;) =0, j € Z

For the other equation and all j — ¢it > iQ ln(qO%J) > 0, we have

2,5

Wa,j(t) = moe 20105

which satisfies inequality (4.0.9). By utilizing
U_}Lj(t) < mge —mli- clt)¢ >0 j S Z

and po € (0, py), it then follows that

Wy ; — lg 2 j — Wa j(byj — 2w5 ; + Wa j) — Yo W1,j(W5 ; — W2 ;)
= Wy ; — ly iy j — Wa j(byj — uy ;) + (Ug; — V2,W1 ;) (W) ; — Wa;)
GQoP5.;

V2,i95

> (wy; — Wy)e” Hg=ert) g 15724

>0, €Z.

q0¢2 i
w2,y

For all j — ¢t < %2 In( ), we have 1wy ;(t) = w3 ;, which implies

—/ — — * — — * —
Wy ; — lg jy 5 — Wa j(baj — 2wy ; + Wa ;) — Ya W1, (wy ; — Wa )

= —ZQJ'U};J — ’w;,j(bzd - w;"j)) = O, j e Z.

Therefore, we show that w = (wy, W) is a continuous upper solution of system (4.0.1).

Let ¢ € Cg with ¢; > 0, Vj < K and ¢; =0, Vj > H for some o € R? with o > 0
and K, H € Z. Motivated by [32, Lemma 2.2] and the proof of Theorem 2.0.1, as
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applied to Ql, we can obtain that for any ¢ < ¢, there is d(c) > 0 such that

liminf |w;(n,¢)| >4 > 0. (4.0.10)

n—00,j<cn

Further, we can find a sufficiently large positive constant A € NZ such that
(bj < ’U_J];A(O) = w]’, VJ € Z

By the translation invariance of ();, we have that w;_4(¢) is still an upper solution of

system (4.0.1), which means
0 < w,;(t,¢) < w;i(t, ) <w;_alt), Vj € Z, ¥t > 0. (4.0.11)

Take a rational number ¢ € (¢y,¢4). Substituting ¢ = ny, j = éng, where {n;}2,
is a subsequence in {n}>%, such that ¢ny is a integer. Letting n, — oo in (4.0.11),
together with (4.0.10), we have

0 < d0(c) < limsup |wen, (ng, ¢)| < Hm  |Wey, —a(ni)| =0,

N —00 =200

which is a contradiction. Thus ¢, = ¢. O

Note that the leftward case can be addressed similarly. Indeed, by making a
change of variable v;(t) = w_;(t) for system (4.0.1), we obtain a similar result for

the rightward case of the resulting system, which is the leftward case of the system
(4.0.1).

Remark 4.0.1. [t follows from Lemma 6.0.4 that system (4.0.1) admits a single right-
ward spreading speed which coincides with the minimal rightward wave speed provided
(H1)-(H3) hold.



Chapter 5

Linear determinacy of the

spreading speed

In this chapter, we find some sufficient conditions for the rightward spreading speed
to be determined by the linearization of system (4.0.1) at E = (0,0):

Vs =dig | Y awagvniar — vig | +olby — w5 ),
kEZ\O
(5.0.1)
Vs =da; | D v — vay
kEZ\O
( Foglbey — 2uh )] + vz v (tws
It is clear that if (H2) holds, then the following ordinary equation
w' = Lyw 4 w(by; —yws; —w), t >0, 5 €Z, (5.0.2)

admits a rightward spreading speed (by [23, Chapter 7.3|, which is also the minimal

S(MZM, where s(My(p)) is the stability modulus

rightward wave speed). Let ¢ = migl
w>
of the matrix My(u), Mo(p) = Ai(p) + Do and Dy = [dp; ;] is the N x N diagonal

matrix with dO;j,j = b17j — am’ju;j for all ] =1, 7N.

Next, we show that ¢% is a lower bound of the slowest spreading speed ¢ of the
system (4.0.1).
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Proposition 5.0.4. Let (H1)-(H3) hold. Then c¢*. > ¢!

Proof. To prove ¢, > ¢, from Theorem 4.0.7, we obtain that ¢ > c],, where ¢} is
the rightward spreading speed of (4.0.6). Since M;(u) > My(p), and the off-diagonal
entries of M (u), Mo(p) are positive, we have s(M;(u)) > s(Mo(n)), where s(Mi(p))

is the stability modulus of matrix My(p). Thus we have ¢ > ¢f, > ¢).

For the case ¢y = ¢, let w(t,¢) = (wi(t, @), wa(t, )) be the solution of system
(4.0.1) with w(0) = ¢ = (¢1, ¢2) € Cs. Then the positivity of the solution shows

wll’j > Lywy +wyj(by; — a12(.j)w;,j —an(jwiy), t > 0,5 € Z.

Let v;(t, ¢) be the unique solution of (5.0.2) with v(0) = ¢;. By comparison principle,
we obtain that
wi;(t, ¢) = vi(t, ¢), vt 20, j € Z. (5.0.3)

Since s(Bj) > 0, Lemma 3.0.2 shows that there is a unique positive N-periodic e-
quilibrium point vg; of (5.0.2). Let ¢° = (¢9,63) € Cp, and it satisfies the con-

ditions in (i) and (ii) of Theorem 4.0.7 such that ¢ < vy. By way of contra-

diction, we assume ¢§ < . Then we can take a rational number ¢ € (c*,c%).

Thus, Theorem 4.0.7 implies that . 1im>Atw17j(t,¢O) = 0. Let t = n, so we have
—00, ] =2C

lim  wi (n,¢%) = 0. Let (ny)3>; be a subsequence of (n)22; such that ény, is an in-
n—00, j=én

teger. Thus, we can obtain ~ lim  wy j(ng, ¢°) = 0. By Theorem 2.0.1, as applied

ng—+00, jZény
to system (5.0.2), we further obtain  lim (v;(¢,#°) — vg;) = 0. Similar arguments,
t—00, j<Et

we have  lim  (v;(ng, ¢°) —vg;) = 0. Since (5.0.3), we have  lim  v;(¢, ¢%) = 0.

nE—00, j<Eing t—00, j=¢t
Analogously we have lim  v;(ng, @) = 0. However, letting j = ¢ny, we get
ng—00, j=Cng
lim  vj(ng, ¢°) = 0, a contradiction. O

nj—00, j=Ccng
For any given u € R, letting v;(t) = e " w;(t) in (5.0.1), we then have

(

r ku "
wy ; =dyj E W ke — wig | 4w glby — yaws g,

keZ\0
< (5.0.4)

[ ku * *
why =da; | Y Qrajwajere™ —wa |+ walbay — 205 )] + yawn i (E)ws ;.
L kEZ\0
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Substituting w;(t) = e*=%)g, into (5.0.4), we then obtain the following periodic

eigenvalue problem

(

k
Aprj = di E 101k — G |+ d14lbry — 7ws ],
keZ\0

(5.0.5)
Apo,j = da,; Z 2 b2 k€™ — P25 | + da;lbay — 2w; ;] + 72,51,5W3
keZ\0

\¢i7j:¢i7j+N,Vj€Z,i:1,2,t>0,jEZ.

Let s(M(p)) = M) be the stability modulus of the following eigenvalue problem

Mpj = doj | > oo gere™ — oy | 4 1o lbay — 203 ],
kEZ\O

w]:¢j+Navj€Z7t>0aj€Z7

where M () = As(p) + D and D := [d;;] is the N x N diagonal matrix with d;; =

5(Mo(p0))

byj — 2ws ; for all j = 1,---, N. Since there exists po > 0 such that c(jr ==

we impose the following condition:

(D1) s(Mo(po)) > (M (p0))-

Proposition 5.0.5. If (H1)-(H3) and (D1) hold, then the periodic eigenvalue prob-
lem (5.0.5) with u = po has a simple eigenvalue s(Moy(o)) associated with a spatially
positive N -periodic vector ¢* = (o1, ¢3).

Proof. 1t is easy to see that there is an N-periodic eigenvector ¢7 > 0 associated
with the stability modulus s(My(ug)) of matrix My(uo). It is enough to prove that
s(Mo(uo)) has a positive eigenvector ¢* = (¢7, ¢5) in (5.0.5), where ¢} is to be deter-
mined, as the first equation of (5.0.5) is decoupled from the second one. Let U(t) be
the solution semigroup generated by the following linear scalar ordinary differential

equation

{ w' = M (po)u,
w(0)=¢€eY.
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It is easy to see that U(t) is a positive and compact semigroup on Y with its generator
M (10) defined as above. By [25, Theorem 3.12], M () is resolvent-positive and

(= W) 9 = [ e MU, YA > s ). 6 €V,

Since s(Mo(po)) > s(M (110)), we have s(My(po))I — M (1) is invertible. Thus we can
define ¢% = [s(Mo(po))I — M (o)) yowier > 0. It then follows that ¢* = (¢, ¢3)
satisfies (5.0.5) with g = pg. Since s(Mo(1o)) is a simple eigenvalue for (5.0.2), so is
s(Mo (o)) for (5.0.5). O

From Proposition 5.0.5, we see that for any M > 0, the function
Uj(t) = Me rolesMololigs 4 >0, j € Z, (5.0.6)

is a positive solution of system (5.0.1). To obtain an explicit formula for the spreading
speed ¢, , we need the following condition:

o . ‘
(D2) = > max{7, %}, j € 7.

?3 5
We are ready to show that system (4.0.1) yields a single linearly determinate rightward

spreading speed ¢, .

Theorem 5.0.8. If (H1)-(H3) and (D1),(D2) are valid, then ¢, = ¢t = ¢ =
min s(Mo(p)) ]
u>0 H

Proof. First, we prove that U;(t) defined in (5.0.6) is an upper solution of system

(4.0.1). As g;g; = i—; and (D2) is valid, we obtain that

Ui—L Uy — Ui (1 () — 7ij§,j —Ur+m,;Us)

U
=U,U, | — — ;
1U2 (U2 ’71,])

—U1U2 (¢_ - 71]) = 0
2
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and

Us—LyUs — Ua[by () — 72,U1 + (Uy — 2w3 ;)] — 2,501 w3

Ur 1
Z’Yz,jUzz (72 - 77)
7]

o1 1 )
BE
72 O3 2

Therefore U;(t) is an upper solution of (4.0.1). Let ¢° € Cs be the ones in Theorem
4.0.7, (i), (ii), so we can find a sufficiently large number M, > 0 such that

0 < 69 < Mye g5 = U;(0), j € Z.

Let W;(t) be the unique solution of system (4.0.1) with W (0) = ¢". By the comparison
principle and the fact that ¢Qwy = s(My(uo)), it then follows that

0 < Wj(t) < Uj(t) = Moe ol esMolmodtgs — Npemml=<ihg j e 7,
Therefore for any € > 0, we have
0 < W;(t) S U;(t) < Moe ™05, ¥t > 0, j = (¢ + e)t,

then
lim W;(t) = 0.
t~>oo,j>((:3_+6)t
Following from Theorem 4.0.7 (i), we have ¢; < ¢f +e. Letting € — 0, it then follows
that ¢, < ¢}.. By contradiction, we assume that ¢; > ¢* , but the proof of Proposition
5.0.4 implies that ¢; > %, a contradiction. Therefore we have ¢; = ¢%. Together

with Proposition 5.0.4, we obtain that ¢ = ¢} =¢;. O

To finish this section, we introduce the lattice version of the Lotka-Volterra com-

petition model

’j E Z’
(5.0.7)

wll’j = dy (w1 j+1 +wijo1 — 2wy ) + riw (1 —wy; — aqwsgy), t 2
2 7j E Z7

0
wh; = da(waj1 + wa i1 — 2wa ) + rawa (1 — azwy; — way), £ =0
where all the parameters are positive constants. This Lotka-Volterra competition

model has been investigated in [20], and by straightforward computations, we have a
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similar result that when a; < 1 < as, there is no positive equilibrium. Thus, there
are three equilibria Ey(0,0), E1(1,0), E1(0,1), which implies that (H3) is satisfied.
By computation, we have s(A;) =1 > 0, s(A3) =19 >0 and r(B;) =r;(1—ay) > 0.
By replacing the coefficients for system (5.0.7), we see that (H1) and (H2) are also
valid. By computation, we can see that s(M;(pn)) > 0, cf, > 0. Similarly we have
c5_ > 0, where ¢;, > 0, c5_ > 0 are defined as in (4.0.6), (4.0.8) by replacing the
coefficients for system (5.0.7), which implies that (H4) is satisfied. For (H5), we have
;}E& S(M+()‘)) = 0, which implies that (H5) is satisfied. Therefore system (5.0.7) yields
a single spreading speed ¢, whose llinear determinacy we are not sure of.

Next we give some conditions to make sure (D1)-(D2) hold for system (5.0.7). By
substituting d;(7) = d;, b;(j) = 14, ai;(j) = 15, a12(j) = r1a; and ag(j) = ras into
system (4.0.1), i = 1,2, we then have My(u) = Ay (p) + (r1 —rar)l, Ai(p) = [a15,5),
and M (p) = Ag(u) — rol, Ag(p) := [agum j], where

(

Q15,5 = _2d17 j = 17 te 7N7
g1 = die”", g =1,--- N =1,
A1p;541,5 = dleua ] = 17 te 7N - 17
a,n = diet, agng = di(1)e ™,

( Qpsing = 0, |Z _j| = 2, (Zaj) g {(LN)’(N?l)}

and

(

255,75 = _2d27 ] = 17' T 7N7
Qg1 = doe™", g =1,--+ N =1,
A2p;54+1,5 = d2e“7 j = 17 e 7N - 17
agu1,n = dael, agy:ng = dae™",

. A2pzij = 07 |Z _j| P 27 (Zaj) g {(LN)’(N?l)}'

It is easy to see that the two stability modulus

S(Mo(lu)) = 7"1(1 — al) + dlef“ -+ dle“ — 2d1, S(M(,u)) = —Tr9 + dgef" + dge” — 2d2
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has positive constant eigenvectors. By

S(Mo(,u)) . {7"1(1 — CL1> n dle’“ + dle“ — 2d1}
[t [t ’

it follows that ¢ = Tl(zal) + dlewwj;e“o*zdl, and pio satisfies the following equation

dluo(e“o — e*"o) = 7"1(1 — CL1> -+ dle*“o -+ dle”O — 2d1 (508)

Thus, (D1) is equivalent to

S(Mo(,uo)) = 7"1(1 — al) + dl(e*“o + eho — 2) > —Tr9 + dg(e*"o + el — 2) = S(M(ILL(])),
(5.0.9)
where p satisfies (5.0.8). Besides, the eigenvalue problem (5.0.5) can be simplified as

Ap1j = diprje ' + dipr i€t — 2dipy; + o1 (1 — aq),
Apaj = doo jr1e " + datpg j_1€" — 2dapa ; + Toa2¢1 j — P2 T2, (5.0.10)
Gij = bijin, 1 =1,2,j €L

Letting (¢, ¢3) = (1, k) into the second equation of (5.0.10), we get

a2

¥ = () — 5O () + 7t

> 0.

It then follows that (D2) is equivalent to

o1 _ s(Mo(po)) — s(M (o)) + 7202 > max{ahl } |

(038 as
and hence
{ s(Mo(p0)) — 5(M(p0)) = az(ay — )
s(Mo (o)) — (M (p10)) + 202 > 0,
that is,

s(Mo(po)) — s(M(p0)) = az(ar — 7). (5.0.11)
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Therefore, by conditions 5.0.9 and 5.0.11, we have

7’1(]_ — al) n die "0 + dieto — 2d,
Ho Ho

E+:C+: )

where p satisfies (5.0.8).

Remark 5.0.2. We consider a more general lattice competition model in a periodic
habitat:

u'l = Ll,jwl + wlfl,j(w17w2)a
UIQ = Lg’ng + w2f27j(w17w2)a t>0,7¢€ Z,

where operator L; ;(+) :==d; j( Y Quijijik—-ij) withd;; >0,¥j € Z,i=1,2. Sup-
kEZ\O
pose that d; ; and f;;(wy,ws) are periodic in j with the same period, and f;;(wq, ws) are

differentiable with respect to wy and wy, i = 1,2, j € Z. Furthermore Oy, f1,;(w1,0) <
0 and Oy, f2(0,ws) < 0, Vj € Z, and there are M; > 0 and My > 0 such that
fi;(M1,0) < 0, f5;(0,Mz) < 0, O, f1,(wi,w2) < 0 and Oy, fo;(wr,we) < 0 for
all (j,wy,wy) € Z x [0, My] x [0, Ms]. Thus, we can obtain similar conclusions on

traveling waves and spreading speeds under analogous assumptions to (H1)-(H5) and

(D1)-(D2).



Chapter 6
An application

In this chapter, we investigate the spatially periodic lattice version of a well-known

reaction-diffusion model in [8, 19, 33]:

{ uy =di Lyuy + ui(a; — uy — cua), (6.0.1)

u’2 :dQL]‘U/Q + U/Q(a/j — Uy — U2)a t> 07 .] € Z’>

where Lj' =t — 2']', 1=1,2,€Z,0<d; <dy, 0 <c<1and {aj}jez is
a N-periodic sequence for some positive integer N. Then we will do some numerical

simulations for this model. For simplicity, we use the same notation in Sections 3 and
4.

Lemma 6.0.4. If (H1) and (H2) hold true, then (H4) and (H5) are valid.

Proof. First, we show that (H4) holds. It follows from [12, Lemma 2.1] that ¢j, =

min Mo . Similarly we also have ¢;_ > 0, which implies ¢f, + ¢ > 0.
>
To verify (H5), it suffices to show that lim 220 — Jim ¢ (My(p)) = 0. From
u—0t K n—0t
[12, Lemma 2.1], we can get 1im+ s'(My(p)) = 0. O
u—0

Now we impose the following assumption on system (6.0.1)

N
(M) {a;};ez is not a constant sequence, and a := % > a; = 0.
j=1

Lemma 6.0.5. If (M) holds, then (H1)-(H3) hold true.
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Proof. Let ¢ be the positive eigenvector associated with the stability modulus of Aj,
that is,

di(@j1 + dj—1 — 2¢5) + a;0; = s(A1)d,

where j € [1, Nz, ¢o = ¢n, ¢n+1 = ¢1. Dividing the equation by ¢; and summing
both sides of the equation from 1 to N, we get

N

N—1
S(Ay) = %Zaﬁ 94N + Z ¢j1;¢j+1 L o5 :;@v L QﬁN;]\j‘Qﬁl'
j=1 j=2 J

Since a; is non-constant, by a simple computation, we have ¢; also non-constant.

Therefore, we have

A1 > — Za] 2d1N 0.

N-1
In fact, it is easy to see that ]; ¢j_1;j¢j+l + @;TN + ¢N;§V+¢1 —2dyN > 0. Similarly,
we can show that s(Az) > 0, which implies that (H1) holds, so system (6.0.1) has

three N-periodic semi-trivial equilibria Fy := (0,0), Ey := (uj ;,0), Ey == (0,u3 ;) in

P, . By observation,

dyLjus +us(a; —uy ;) =0, j € Z,

so we have A(dz,a —wu3) = 0. If aj —uj ;, j € Z is a constant, by computation, it then
follows that uj must be positive constant eigenvector associated with A(ag, a — u3).
Thus, a; is also a constant, which contradicts the assumption, so we obtain that

aj — uj ; is non-constant, where j € Z.

For the eigenvalue problem (2.0.1) with d; ; = d, we set Rayleigh quotient for the
stability modulus, so it follows that

L
M =

N
(Qb ¢j+1) + Zlhjﬁb?

1

A(d, h) = max —2

PpcRN ’

N
ol

where ¢n11 = ¢1. It is easy to see that if h; is non-constant, then A(dy, h) > A(dz, h)
when 0 < d; < do. Furthermore, we have A\(dy,a — cuj) > A(d2,a — ul) = 0; that is,
(H2) is valid for ¢ € [0,1]. For (H3), we suppose, by contradiction, that there is a
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N-periodic equilibria (ug, vg) > 0 in P;. It then follows that

{ dleuo + UQ}j(CLj — UQJ' — CUOJ‘) = 0,
da Ljvo + vo j(a; — uoj — vo ;) =0, j € Z,

which shows that A(dy,a — ug — cvg) = A(da, a — up — v9) = 0. Similarly, we obtain

that a — ug — cvy is non-constant, which implies
Ady, a — ug — cvg) > A(dg, @ — ug — cvg) = Mda,a — ug — vg) =0,
where ¢ € [0, 1], a contradiction. O

As a result of Lemma 6.0.5 and Theorem 3.0.3, we have the following result.

Theorem 6.0.9. If (M) holds, then E; := (uf,0) is globally asymptotically stable for
all initial value ¢ = (¢1, o) € P, with ¢ # 0.

For simplicity, we consider the following cooperative system:

{ u’l =d; Lju; + Ul(aj - CU;,J' — uy + cug), (6.0.2)

uhy =dy Lijuy + uy(uy — ug) + ug(a; — 2uy; +up), t >0, j € Z.

Let v* = (uj,u}) and introduce a family of operators {Q;}i=0 on Cy+ by Qi(¢) =
u(t, @), where u(t, ¢) is the unique solution of system (6.0.2) with u(0, ) = ¢ € C,.
Let {Q;}:>0 be defined in (2.0.3) and ¢, be denoted by (2.0.4) with P = Q. By
Lemma 6.0.4 and Proposition 5.0.4, it then follows that ¢ > ¢f > 0.

Because of Theorem 4.0.7 and Remark 4.0.1.

Theorem 6.0.10. [f (M) hold and u(t, ¢) is the solution of system(6.0.2) with u(0) =
¢ € Cyx, then the following statements are valid for system (6.0.2):

(i) ]fngCu*,0<¢<w<<6f0rsomewecg, and ¢; = 0, Vj > H, for some

HeZ, thent lim tuj(t, ®) =0 for any c > c,.

—00,j =

(i) If ¢ € Cyr and ¢; = o, Vj < K for some o € R? with o > 0 and K € Z, then
lim (uj(t,¢) — B;) =0 for all c € (0,¢4).

t—o00,j<ct
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By Theorem 4.0.6, we have the following result on periodic traveling waves for
system (6.0.1).

Theorem 6.0.11. If (M) hold, then for any ¢ > ¢, system (6.0.1) yields an N-
periodic rightward traveling wave (U;(j — ct), V;(j — ct)) connecting (0,u}) to (u},0),
with wave profile components U;(§) and V;(€) being continuous and non-increasing in
&, and for any c € (0,¢), system (6.0.1) does not yield N-periodic rightward traveling

wave connecting connecting (0,u}) to (us,0).

Last, we study the shape of traveling waves by taking appropriate coefficients. In
Figure 6.1 and Figure 6.2, we choose d; = 0.3, ds =1, ¢ = 0.9 and a; = 0.1+ | cos(j *
7/30)| for j € [1,90]z under jump initial function

¢; =04, ifj € [1,30]z,
¢; =0, ifj € [31,90]z.

uu(t) uzJ(l)

0.6

0.4

u 2J(t)

0.2

100

Figure 6.1: Traveling wave solutions of Figure 6.2: Traveling wave solution of

species uy ; for j from 1 to 90. species uy ; for j from 1 to 90.

In order to better illustrate the spreading property of u; and us, we take the cross-
section when t = 1, ¢t =T/2,t =3T/4,t =T in Figure 6.1 and Figure 6.2, where T

is biggest coordinate in ¢ axis. We can see the cross-section in Figure 6.3 and 6.4.



42

1.2 05
—t=1 —t=1
—— =T 045 - — T4 |
1h. =172 . T2
. PGS — - t=3"T/4 04 \ =3'T/4| 7
- R A . - T
. 035 4 \ 1
08 / J \ . .
i 03F ‘
— ! —
=06 ; “Ho25t
> i/ E)
/

.........

. L L P L L L L L I te
40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90

Figure 6.3: Cross-section when ¢t = 1, Figure 6.4: Cross-section when ¢t = 1,

t= %, t= %, t =T in Figure 6.1. t= %, t= %, t =T in Figure 6.2.

In Figure 6.5 and Figure 6.6, we choose d; = 0.3, d = 1, ¢ = 0.9 and a; =
0.1+ | cos(j * 7/20)| for j € [1,80]z under initial function with compact support

{@- = 0.4, ifj € [31,50]z,

¢; =0, ifj € [1,30]z or [51,80]z.

Figure 6.5: Traveling wave solutions of Figure 6.6: Traveling wave solutions of

species u; j for j from 1 to 80. species ug ; for j from 1 to 80.

For T, we still use the same notation in Figure 6.3 and Figure 6.4. In Figure 6.7
and 6.8, we let t =1, t=T/2,t=3T/4,t =T to get the cross-section.



Figure 6.7: Cross-section when ¢t = 1, Figure 6.8: Cross-section when ¢t = 1,

t=1

2
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<, t =T in Figure 6.5.
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Chapter 7
Future works

Wang et al. [29] showed some new results on the linear and nonlinear selections for the
model in Yu and Zhao [33], and they utilized the method of upper and lower bound
to estimate the minimal wave speed for the case of nonlinear selection. Since this
thesis was motivated by the work in Yu and Zhao [33], we may use some arguments
and methods in [29] to study the linear and nonlinear selection for the lattice model

in this thesis.

In Section 3, we assume that (H3) hold; that is, there is no interior equilibrium
point in [0,w;] x [0,w3] for system (3.0.3). Chen et al. [3] investigated a more
specific model compared with system (1.0.2) and obtained some conditions for the
nonexistence of positive equilibrium. Motivated by Chen et al. [3], we will find
sufficient conditions for (H3) to hold for system (1.0.2) in the future.

In this thesis, we considered the case where one semi-trivial equilibrium is stable
and the other is unstable (i.e., the monostable case) for system (1.0.2). It is also
essential for system (1.0.2) to investigate the case that two semi-trivial spatially pe-
riodic equilibria are stable (i.e., the bistable case). This motivates us to consider the
bistable case for periodic lattice habitat and investigate the existence, uniqueness,

and stability of the bistable waves for system (1.0.2).
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